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We consider the space-periodic Korteweg—de Vries equation (KdV)
O = udyu + I, u(0,z) = u’(z), (1)

where x € St = [0,27] and u(t,0) = u(t,27). The linear term with third-order derivative
generates rapid oscillations for higher Fourier modes. In this work we reveal connection
between the smoothness properties of the solutions and the algebraic structure of the
nonlinear resonances between the high-frequency oscillations.

Our main goal is to make the relations between time-averaging effects and smoothness
issues more explicit, rather than to obtain global regularity results under minimal restric-
tions (see, e.g., [2], [3], [4], [5] and the references therein). In particular, our approach and
aim are completely different than the machinery and harmonic analysis tools that were
developed over the past decade and half for investigating dispersive partial differential
equations. Moreover, we also remark that our tools and ideas can be easily applied to
multi-dimensional equations and multi-component systems.

Our approach is as follows. First, we rewrite the problem as a system of ODE for time-
dependent Fourier coefficients. Second, to make the effects of time averaging explicit we
single out oscillating factors and do several integration by parts, with respect to time, to
obtain several generations of equations for slowly varying coefficients. Resonances reveal
themselves as obstacles to the integrations by parts and produce resonant terms in the
equations, integrated terms become more and more regular. Higher generations of equa-
tions allow solutions with less regularity. To show their regularity we use straightforward
estimates of multilinear operators, energy estimates and the contraction principle. To
use the contraction principle in low-order Sobolev spaces we use splitting to high and low
Fourier modes and exploit averaging-induced squeezing of higher modes. In order to justify
our estimates we use a Galerkin approximations procedure. We do not use in our anal-
ysis the specific properties of the KdV equation such as complete integrability or special
conserved quantities.

We now describe our method in greater detail. One can easily see that smooth solutions
conserve the Lo-norm and, in addition, fOQTr u(t,x)dr = 027r u(0,z)dx. Therefore we assume
that the solution has mean value zero. Using the Fourier series in x

) 1 27 ik
u(t,x) = k; up(t)e™®,  up € C,  up(t) = 27r/0 u(t, z)e”*dr, (2)
0

we define the homogeneous Sobolev spaces
lullFe = I{IRPurdE, = D P Juel?, s €R,
keZy
and obtain for the coefficients uy(t) the infinite coupled system of ODE’s
1. :
Opur, = ik D unun, — ik, u(0) =, ke Zg=12\{0}. (3)

ki1+ko=k
1



2

Transformation of variables. Next, we use the following transformation of variables:

up(t) = e *ly (), k€ Z. (4)

Substituting (4) into (3), multiplying by eikst, and using the identity
(kp + ko) — k3 — k3 = 3(k1 + ko) k1o, (5)

we obtain the equivalent system
Opvg = *Zk‘ Z eBFkkaty v, vp(0) =00 =, k€ Zg. (6)
k1+ko=k

In the first place, the substitution (4) eliminates the linear term ik3uy, in (3) with highest
growth as |k| — oo; secondly, (and most importantly) introduces oscillating exponentials
into the nonlinear term.

Definition 1. A function v is called a solution of (6) on [0, 7], if v € Leo([0,T]; H°) and
the integrated equation (6)

vg () — v ( zk:/ lgkklkﬁvkl (7)o, (T)dT, k€ Zo (7)
0 k1+ko=

is satisfied for all k € Zo. Accordingly, u(z,t) with ug(t) = e "**tv(t) is then called a
weak solution of the KdV.

Averaging. Differentiation by parts in téme I. We apply the elementary formula
ew(t) = (e%w(t)/a) — (e /a)w(t)" to the right-hand side of (6):

i3kk1kat i3kk1kat
Oy, = O lzkz T Uk Uy | lzk Z iat(vk Vg,) =
2 it 13kk1ks 2 it 13kkiks 1
1+ke= 1+ko=
(8)

1 6i3kk1k2tvklvk2 1 ei3k‘k‘11€2t

*815 T — 6 W(U]Qaﬂ}kl + (% at’l]kz).
Ky +ka=k 172 kytho=k 12

Expressing 0k, and Oyvg, from the original equation (6) and using the identity
(k1 + ko + k3)® — k§ — k3 — k3 = 3(k1 + k2) (kz + ks) (ks + k1), (9)
we obtain the KdV in the following first form:

1 7
at <Uk - 6B2(U71})k> = 6R3<U7U7v)k7 ke Z07 (1())
where _—
7 1kaot
By (u,v) = Ba(u,v,t), = £ Itk k € Zo, (11)
k1ko
ki1+ko=k
and
€i3(k1+k‘2)(l€2+k3)(k3+k1)t
Rs(u,v,w); = Z k‘ Uy Vioy W s k € Zy. (12)
1+t kg =k !

As a result, we obtain the equation (10) with bounded operators:

Lemma 1. The operator Rs is bounded: Ry : H* x H* x H* — H* for s > 1/2, and the
operator Bo is smoothing: By : H° x H® — H5t! for s > —1/2.
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Averaging. Differentiation by parts in time II. The trilinear operator Rs3 is bounded

only in sufficiently smooth Sobolev spaces HS, s > 1/2, therefore we are unable to use (10)

to establish a priori estimates for all s > 0. For this reason we again use the idea of

differentiation by parts and represent the exponential as a time derivative. But before

doing that we have to take care of the resonances that are the obstruction to this procedure.
We single out in (12)the terms for which

(k‘l—}—k‘Q)(k‘Q—Fkg)(kg—{—kl) =0, k1+k2+k3 =k € Zy. (13)
Accordingly,
R3(v,0,0)k = Rires(v*)k + Ranres(v®),
res
R3yes (Ug)k = Z ey 1;:2 Vs »
ki+kaot+ks=k ! (14)
3 nonres e’i3(k1+k2)(k2+k3)(k3+k‘1)t
RBnres('U )k: = k Uy Vky Vk3 5
1 +ho+ ks =k !

where the first summation is carried out over ki, ko, k3, satisfying (13) (the resonance),
while in the second summation (ki + k2)(k2 + k3)(ks + k1) # O (the nonresonant terms).
For the resonant operator we obtain using (13) the expression

Vg Vg
Rires(v*)1 = ?(HUII%2 — [k ?) =t Aves(0)i = z(ll’volli2 — [ ?), (15)
where the last equality holds if the energy is conserved. Equation (10) goes over into
1 1 i
6t <7)k — 6BQ(’U,’U)k> = gAres(U>k + 6R3nres(U3)' (16)
We express the last term on the right-hand side as a time derivative:
nonres i3(k1+k2)(k‘2+k3)(l€3+k1)t 1
e
Ranes(v )= > ’ Uk Uk Uy = 50 B3 (v, v, v)i—
k1 +ko-+Hha=k !
1 nonres ei.?)(kl+k2)(k2+k3)(k3+k‘1)t

= Z (atvk’l Vo Uk + (% atvkz?./k3 —+ Vg, Ukzatvkg),
3 kgt ki(k1 + ko) (ko + k3) (ks + k1)

(17)

where
nonres et3(k1+k2) (ko +ks3)(k3+k1)t

B3 (u, v, w) k1+k§k3:k o Oex o) Ok o) s )

As before, the Oyvk,, Opvg,, Orvg, in (17) are expressed from the equation (6), and after
straight forward calculations we obtain
nonres et3(k1tk2) (k2 +ks)(ks+k1)t

Py S ki(ky + ko) (k2 + k3) (ks + k1)

Uy Vioy W - (18)

(8tvk1 Vo Vks + Vky &gkaka + Uk, Uiy 8tvk3) =

=iBy(v,v,v,0),
where 1
B4(u,v,w, So)k = iBi@/’v v, w, (P)k: + B42<u7v7w7 QO)k

and
nonres i@ (k1,kz k3, ka)t

Bi(uavawvso)k — Z uklvk2wk3§0k‘4,
b ey (L R2) (k1 4 s 4 ka) (k2 + kg + Fa)




nonres

Bz(uﬂ}?w?(p)k = Z
k1+ko+ks+ks=
The phase function ® here is

D (ky, ko, k3, ka) = (k1 + ko + k3 + ka)® — k5 — k3 — k3 — k3,

ei@(kl,kg,kg,kq)t (k3 + k4)
. ki(k1 + ko) (k1 + ks + ka) (ko + k3 + ka)

Uky Vo Wiz Py -

and, unlike (5), (9), does not have a nice factorization, however, its particular analytic
expression is not used below. As a result, we obtain the second form of the KdV.

1 1 1 7
Oy <Uk — éBg(v,v)k - 18Bg(v,v,v)k> = éAres(v)k + EB;;(’U,U,U,U)k, keZo (19)

Lemma 2. The operators Bo,Bs, By and Ayes are smoothing in Hs for s > 0:
By : H® x H* — H** for s > —1/2,
Bs: H® x H* x H* — H*? for s > 0,
By: H® x H* x H* x H* — H*® for s >0, ¢ <1/2,
Ares : H® — H*T1 for s > 0.
The conservation of the Ho—norm, this lemma, ?xnd equation (19) make it possible to
obtain a priori estimates in the Sobolev spaces H® for the solution v (more precisely,

uniform in m a priori estimates for the Galerkin approximations ’U(m)) for any s > 0.
Based on this we have

Theorem 1. Let so > 0, v(0) € H* and T > 0 be fized, and let 0 < o < so. Then
the exists a subsequence v(m)(t) of the Galerkin solutions, which converges strongly in
Ly([0,T]; H?), for any 1 < p < oo and *-weak in Loo([0,T]; H*0) to v™®(t), which is a
solution of the KdV equation in the sense of Definition 1 and

HUOOHLOO([O,T],HSO) < MSO = Mso (Tv S0, HU(O)HHSQ)'
In addition, v>°(t) conserves energy:
X Ol o = 10l ;30 a.e. on [0,T].

Uniqueness and Lipschitz continuity (regular case s > 1/2). The uniqueness and
Lipschitz continuity with respect to the initial data is proved in terms of the KdV equation
in the first form (10). We observe that the equation is not resolved with respect to the
time derivative, and the next lemma on the invertibility of the linearized operator on the
left-hand side in (10) plays the the key role.

Lemma 3. Let ¢ € H°. Then the linear operator L,, Lyv =v— Ba(p,v) is bounded and
invertible in HY for § > —1/2, for any fized t. For f € H the equation Lyv = f has a
unique solution v = L;lf e HY, and

ol < 125 ooy 1 lios 125 ooy < Flllello).
where F' is monotone increasing and independent of t.

Theorem 2. Let s> 1/2, v(0) = v € H®, and T > 0 be fized. Then the volution
v =™ of the KdV equation constructed in Theorem 1 is unique, is of class C([0,T]; H®),
1§ Lipschitz continuous with respect to the initial data, and conserves energy.
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Proof. The solution v = v*°, from Theorem 1 satisfies the integrated first form of the KdV

1 1 i !

) = §Bao(0 0O = 0(0) = $B O+ & [ Rallolr)Phudr, 0n(0) = of,
0

for all ¢t € [0, 7). Setting y(t) = v(t) —v°, y(0) = 0, we have y € Loo([0,T]; H®). The

symmetry of By, Ba(u,v) = Ba(v,u), gives

y(t) ~ 3B, y(0) = L Baly(t) / Ro((y(r) + )"

Setting Loy =y — ;BQ(’UO, y), by Lemma 3 we have

o0 = L5 ) (1Ba0.00) + § [ Ra(u(r) +2)sir ) = )0

Since y(0) = 0, Ba(y,y) is “quadratically” small and the mapping F is a contraction in
C([0,T*]; H?) for small T*. Therefore this equation has a unique small solution on a short
time interval. Step by step we reach T'. This follows from the established a priori estimates
of the solution in Hs, s> 0. O

Remark 1. R3 is bounded in H*®, s > 1/2, hence the restriction s > 1/2.

Uniqueness in the non-regular case ( 0 < s < 1/2). We first point out that for
the proof of uniqueness for 0 < s < 1/2 we cannot use the equation (10) because Rj3 is
unbounded for s < 1/2. The equation (19) has all terms bounded, however, it is not clear
how to prove the invertibility of the linearized operator under the time derivative in (19).
Let v, w be two solutions in H? with v(0) = v°, w(0) = w°. Similarly to Theorem 2
we want to transform the problem to the equation in Leo([T1,T1 + 7], H?) for y(t), where
v(t) = v + y(t), of the form
y = Fraly,v?). (20)
Here F,,, is a Lipschitz mapping in Lo ([T1,T) 4 7], H?) with Lipschitz constant < 1, so
that this equation has a unique small solution y in Lo ([Th,T1 4 7], H‘)). The parameter n
describes the construction of the operator F ,, which involves the splitting of the Fourier
modes yi of the solution y into high modes (with |k| > n) and low modes (with |k| < n).
The Lipschitz estimate for y(t) = v(t) — v" and 2(t) = w(t) — w® will have the form

Hff,n(y,vo) — fT’”(z’w0)||Loo([T1,T1+T],H‘9) <
(Fi(m) + TFa(m) Iy = 2l g1y 1y 0 HCI0 — 0 10,

where Fj (n) — 0 as m — oo. Once (21) is constructed, we first choose n large enough
and then 7 small so that

(21)

1
[ Frn(y) — fT,n(Z)HLOO([T17T1+T},H9) < §Hy - ZHLOO([Tl,T1+T],H9) + CHWO - QUOHHH-
Tterating then last estimate over short time intervals we obtain
lo = wll;_ o0 < C"2C + 1) = w’l| .

Thus, we need to construct (20) with property (21). This is achieved by the following
representation of the nonresonant operator Rsnres. We denote by II,, the spectral projection
onto the Fourier modes with wave numbers m with |m| < n, and set II_,, = I —1II,,. Using
this splitting we have

Ranres (’LL, v, w) R(n)

3nres0

(u, v, w) + RY L (u, 0, w)

3nresl



where
(n) nonres ei3(k’1 +k2)(ka+ks)(ks+k1)t
R3nres0(u7 v, w)k = Z 2 Ug H_pvp, 1w,
ke +ho+ks=k 1

The operator Réﬁiesl has better continuity properties than Rspyes, however, the correspond-

ing constant grows as n — oo and plays the role of Fy(n) in (21).

Lemma 4. Let 0 <s<1. Then R(n) is bounded in H® and satisfies

3nresl
RS e (11, v, 0) | e < can® o 0] ol o + canllaal ol ol -

We represent the remaining operator Réﬁleso as the time derivative as we did before for

the entire Rsnres in (17). As a result we the third form of the KdV:

1 1
O <Uk — ~By(vH)

: - 18B§o’<v3>k) = & Rares (01 + ¢ R 001 + 2B (0 (22)

18
It can be shown that B?()g) has a small norm as n — oo; the corresponding constant is the
Fi(n) in (21).

Lemma 5. If0 < s <1, then

C
1B (v, 0, 0)ll 7= < S lololloll

For s <0 ( )
C(p, a
1B @0, )0 < =g [0l
where p=—5>0, >0 and p+ a < 5/6.
This shows that (22) can be written in the form (20), (21), and we obtain the main
result:

Theorem 3. Let s € [0,1/2] and T > 0. For any v(0) = v° € H® the solution v = 0>
of the KdV equation constructed in Theorem 1 is unique, belongs to C([0,T], H®) and
Lipschitz continuously depends on the initial data.

The results described above are obtained jointly with A.V.Babin and E.S.Titi [1]. The
work was supported by the RFBR grants 09-01-00288 and 11-01-00339.
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