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Abstract
We consider a special case of codes based on bipartite expander graphs. The code symbols are associated
with the branches and the symbols connected to a given graph node have to be codewords in a Reed-Solomon
component code. We give parameters of the code and algorithms of the code constructing and encoding.

I. I NTRODUCTION
We consider a special case of the codes based on bipartite expander graph described in [1] and [2].
The code symbols are associated with the branches, and the symbols connected to a given node have
to be codewords of a Reed-Solomon (RS) code. In the known constructions of graph codes with RS
component codes based on finite geometries [3], [4], [5], the same finite field is used for code defining
and for constructing the geometry. We generalize the approach to the case when a finite field of RS code
is not related to the finite field used for constructing the geometry. We also consider the case when a
bipartite graph is coming from a stochastic search procedure.
Section 2 contains a stochastic procedure for a given graph enlargement with the given properties.
Section 3 describes the modifications of expander graphs from geometries. In particular the algorithms of
modification and the set of available parameters are derived. Section 4 gives a method for fast encoding
based on a proper permutation on adjacency matrix of the graph.
II. E XPANDER GRAPHS FROM

A STOCHASTIC PROCEDURE

¶
0
M
The bipartite graph with m nodes in each set can be described by the adjacency matrix A =
MT 0
where M is m × m matrix with the property: each row and each column contains n ones, n ≤ m. The
graph can be used to define a code by associating a code symbol with each edge. So all the ones in the
adjacency matrix can be numbered as the code symbols and total number of ones in the M matrix is equal
to the code length N = mn. Next, each row of the adjacency matrix contains a codeword of [n, k] RS
code and each code symbol enters into codewords of two different RS codes associated with two nodes
of the graph. It is important that we associate each node of the graph with the unique [n, k] Generalized
RS (GRS) code.
The rate the GRS code associated with the nodes is ρ = k/n, and the total rate is bounded by
R ≥ 2ρ − 1. The minimum distance is always lower bounded [3] by D ≥ d (d (d − 1) + 1) where d is
the component code distance. From expansion properties of the graph [1] it follows that the minimum
distance is significantly larger when n and d are big itself. Most often values are m = q 2 +q +1, n = q +1,
and m = q 2 , n = q, for the known constructions over GF (q).
The first problem is construction of the M matrix with given m, n. Let a matrix U is given of a size
u < m with fixed n.
Enlargement 1 procedure:
1. enlarge U by bordering zeros filled row and column to the size u + 1;
∗

µ
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2. choose at random an unused before row of U and choose at random a one in the row (intersection of
the row with unused before column);
3. clone the chosen one to bordering row and column and change the one to zero;
4. choose at random an unused before column of U and choose at random a one in the column (intersection
of the column with unused before row);
5. clone the chosen one to bordering row and column and change the one to zero;
6. perform steps 2-5 n − 1 times and finish the process putting the last one to the corner of bordering
row and column.
It is evident that starting from n × n ones filled matrix we get at random a m × m matrix with the same
n having used the procedure m − n times. It is simple to calculate that the total number of the matrixes
n−1
Q (m−n+i)!
is
. The resulting matrix contains a 4-cycle with probability that depends of the ratio m to n.
(n−1)!i!
i=1

It is not very clear how is related existence of 4-cycle with the concatenated code distance. Nevertheless
we give an enlargement procedure avoiding 4-cycle.
Let a matrix U ∗ of a size u∗ < m with fixed n having no one 4-cycle is given.
Enlargement 2 procedure:
1. enlarge U ∗ by bordering zeros filled row and column to the size u∗ + 1;
2. put the first one to the corner of bordering row and column;
3. choose at random an unmarked row of U ∗ and choose at random a one (unmarked intersection with a
column) in the row;
4. clone the chosen one to bordering row and column and change the one to zero;
5. mark the points in the bordering row and column that can complete a new 4-cycles if they will used
on the next steps;
6. choose at random an unmarked column of U ∗ and choose at random a one (unmarked intersection with
a row) in the column;
7. clone the chosen one to bordering row and column and change the one to zero;
8. mark the points in the bordering row and column that can complete a new 4-cycles if they will used
on the next steps;
9. perform steps 3-8 n − 1 times and finish the process or finish the process with failure if there is no
unmarked points.
“Enlargement 2” procedure not necessary can be applied to any initial matrix U ∗ . It is not obligatory
that the procedure can be used as many times as we want. In the next section we discuss a geometric
interpretation of the enlargement procedure with necessary conditions for its application. Finally we
propose a hypothesis that “Enlargement 2” procedure can be certainly used when u∗ > n3 .
III. E XPANDER GRAPHS FROM GEOMETRIES
The matrix M as a constructive part of the adjacency matrix A of the bipartite graph with m nodes
in each set can be viewed as an incidence matrix for Projective or Euclidian plane with m points and m
lines free of 4-cycles [4], [5]. In a projective case we have the parameters: m = q 2 + q + 1, n = q + 1,
and for Euclidian plane we get the parameters: m = q 2 , n = q (we skip q lines) [3]. Even when we are
limited to use RS component code we need a freedom in choice of the code length. So, the problem,
coming with geometries, is: define available set of parameters of the adjacency matrix.
It is known that the incidence matrix MP G (m, n) , m = q 2 + q + 1, n = q + 1, of the projective plane
P G(2, q) over
form

 GF (q) can always be given in the following standard (block matrix)
G0,0
G0,1
G0,α
G0,α2
... G0,αq−2
B0 V 0
 G1,0
G1,1
G1,α
G1,α2
... G1,αq−2
B1 V 0 


 Gα,0
Gα,1
Gα,α
Gα,α2 ... Gα,αq−2
Bα V 0 

..
..
..
..
..
..
..
.. 
MP G = 
.
.
.
.
.
.
.
. 
,


 G q−2 G q−2 G q−2
α
,1
α
,α Gαq−2 ,α2 ... Gαq−2 ,αq−2 Bαq−2 V0 
 α ,0
 D0
D1
Dα
D α2
...
Dαq−2
Z
V1 
H0
H0
H0
H0
...
H0
H1
1
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where all indices are elements of the finite field GF (q). The q × q permutation matrix Gw,c corresponds
to the q points (1, c, x2 ) and to the q lines x2 = wx1 + ux0 with free u ∈ GF (q). The q × q matrix Dc is
generated by the line x1 = cx0 (one row filled by ones) and q × q matrix Bw is generated by the point
(0, 1, w) (one column filled by ones). Matrix V0 (or H0 ) is the zero column (row) and V1 (or H1 ) is ones
filled column (row). Z is zero matrix and 1 is just one.
The incidence matrix MEG (m, n), m = q 2 , n = q, for Euclidian planeEG(2, q) is the G part of the
matrixMP G . It is clear, if we need to change the parameters of bipartite graph we have to delete some
elements of the standard incidence matrix or to add some other elements.
We consider the following modifications of incidence block matrix MEG : q-cancellation, ∆-cancellation,
θ-extension.
q-cancellation: given the block matrix MEG (m, n) and parameters (v, s) delete the v-th block row and
delete the s−th block column. The result is MEG (m − tq, n − t) incidence matrix after t steps.
∆-cancellation: given the matrix MEG (m, n) and given a binary mq × mq matrix S0 (∆) , 1 ≤ ∆ < mq ,
of the weight ∆ in each row and each column, remove from MEG (m, n) q × q blocks that corresponds
to the ones in S0 (∆). The result is MEG (m, n − ∆) incidence matrix.
θ-extension: given the matrix MEG (m, n) use θ times the procedure “enlargement 2”. The result is
MEG (m + θ, n) incidence matrix.
A geometrical interpretation of θ-extension gives the following result. Given the matrix MEG (m, n)
let say that a set of n − 1 rows having no intersections and n − 1 columns having no intersections too
is the extension set if the intersection points of the chosen rows and columns form an (n − 1) × (n − 1)
permutation matrix. In the other words, an extension set contains n − 1 parallel lines and n − 1 pairwise
non collinear points. θ-extension needs θ different disjoint extension sets. Due to the block structure
of incidence matrixes we see that any set of n − 1 rows ¥and ¦n − 1 columns going through the block
q
independent extension sets and in total
Gw,c is the extension set. As n ≤ q then one block gives n−1
¥ f1 ¦
¥ q ¦
extension
f1 = (q − t) n−1 possible extension sets. After the first f1 extensions we get the new n−1
sets and so on. Finally, we get the iterative extension process with the following result:
f1 <n−1 ¹

θ ≤ F (n, q, 2, t) = f1 +

X
i=1

º
f1
,
n−1

¹

º
fi−1
fi = fi−1 −
(n − 2) , n = q − t − ∆, ∆ ≥ 0, t ≥ 0.
n−1

If F (n, q, 2, t) ≥ q − 1 for all t ≥ b then we can get incidence matrixes for continuous sequence of
values of m at least in the interval n2 + bn ≤ m ≤ q 2 + q + 1, q = n + b.
Implementation of proposed modifications gives full freedom in the choice of component code parameters and the size of expander graph. Thus for the given m, n we can find a proper finite field with q ≥ n,
q 2 ≥ m, and transform the initial incidence matrix to the expected form by using cancellation-extension
procedures. It is evident that the proposed manipulations with matrix can be generalized to Euclidian and
projective space. For any v ≥ 2 we have
fi <n−1 ¹

F (n, q, v, t) = f1 +

X
i=1

º
fi
,
n−1

¹

º
q v−1
f1 = (q − t)
,
n−1

¹

º
fi−1
fi = fi−1 −
(n − 2).
n−1

If F (n, q, v, t) ≥ q v−1 − 1 for all t ≥ b then we can get incidence matrixes for continuous sequence of
values of m at least in the interval (n + b)v−1 n ≤ m ≤ q v−1 b + F (q, n, v, 0), q = n + b.
IV. E NCODING OF LOW DENSITY CONCATENATED CODES
Encoding is the next of most important problems of implementation of general low density codes and
graph codes. Since a graph code is defined by a large parity check matrix, it is not clear how to perform
encoding in a simple way. One particular way for graph code with RS component code is considered
in [3] based on evaluation of a polynomial from a subset of Fq [X, Y, A, B] where quadruple (x, y, a, b)
represents an edge in the bipartite graph. We consider another way based on representation of a codeword
as square array.
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Given the square incidence matrix M (m, n) we set the correspondence between m rows and m columns
and 2m different parity check matrixes of [n, k, r + 1] GRS codes. Different GRS codes in the code
construction give some guarantee that the concatenated code dimension is equal to the low bound K =
m (n − 2r). Encoding procedure consists of two steps: the first – encoding GRS codes from the encoding
sequence of blocks, and the second – final parity check calculations.
Generation of the encoding sequence: take at random any row (just for example), fill any k of n with
information symbols and calculate r parity check symbols from the system parity check equations of GRS
code that corresponds to the chosen row; choose any column that has an intersection with the first row;
fill the column with k − 1 new information symbols (one is defined by the first row) and calculate last
r parity check symbols from the system parity check equations of GRS code for the column; continue
taking a row (column) that has the maximal number of intersections with previously chosen columns
(rows) under the necessary condition – there has to be at least r free symbols in the chosen block for
parity checks. Stop condition: the number of uncalculated parity symbols is equal to the number of rows
plus columns in the rest multiplied by r.
Fact: beginning from the l-th step we can find a column (row) having two (or more) intersections with
already chosen rows (columns) if the incidence matrix contains l-cycles.
Fact: only parity symbols can be uncalculated after the first step of encoding procedure.
The final step of calculation of parity symbols in the rest has to be performed as solution of a system
of linear equation. That is way, it is very important to generate as long encoding sequence as possible.
We can fill up the generation of encoding sequence with moving of chosen row to the up and columns
to the left border of the incidence matrix. Let L = 2 (m − x) be length of the encoding sequence (number
of GRS blocks). Then all uncalculated parity symbols will be collected in the low-right x × x corner (the
rest) of the matrix.
From the model of uniform density of ones in a random incidence matrix we get the following estimate
of L. Let the density of ones in M (m, n) is δ = n/m. Then we have equation: 2xr = δx2 and estimates:
x = 2r/δ = 2rm/n, Lran ≈ 2m (1 − 2r/n). More over, from this estimate we see that a row (or
column) in that corner contains 2r parity symbols in average. Two other empiric estimates
P follow from
the distribution Qw of blocks with w intersections in the given encoding sequence, L = kw=0 Qw . It was
found that empirical distribution of Qw can be approximated as uniform in the range 1 < w < k. Let a
packet be a collection of (k − 2) blocks with w = 2, 3,
k − 1 from the encoding sequence. Then define
P...,
k−1
the number of informationP
symbols in a packet Vk = w=2 w = k (k − 1) /2 − 1 and the number of code
symbols in a packet Vn = k−1
w=2 (n − w) = (k − 2) n − Vk . Now we have empiric (not the bounds) lower
n
L
K
and upper estimates Vk <≈ k−2
<≈ VNn or, after a simple transform Llow ≈ 2m k−r
; Lup ≈ 2m n+r
.
k
A small piece of simulation results with proposed estimates is given in the table where Lmin , Lavr ,
and Lmax are, respectively, the minimal, average, and maximal length of the encoding sequence obtained
under the simulation.
r:m:n
2:256:16
3:256:16
4:256:16

Simulations Lmin : Lavr : Lmax
477 : 490 : 503
428 : 442 : 468
354 : 370 : 399

Lran
384
320
256

Llow
438
393
341

Lup
455
431
409

Complexity estimate: the estimates of the encoding sequence length gives an estimate (in average) of
encoding complexity. The complexity of the first step√is Lran nr ≈ 2m (1 − 2r/n) nr. For the second step
2
we have (4r2 m/n) . It is simple to see that for r ≈ n we have the total complexity of order O (m2 ) or
of order O (z 2 n4 ) if m grows as zn2 for a fixed n.
Fact: fill all GRS blocks in the encoding sequence by zeros information symbols except the last one,
put in the last block a one (only one nonzero) information symbol and calculate all parity symbols in
the rest, then we get the upper estimate of the concatenated (graph) code distance. In average (for a
random incidence matrix of fixed
√ density of ones) we get the following estimate for graph code distance
D ≈ 2mr2 /n or D ≈ 2m, r ≈ n, because there are x = 2mr/n GRS codewords of the weight > r in
the rest.
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