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Additional parameters in inverse monodromy problems

1. V. V’yugin and R. R. Gontsov

Abstract. Several inverse problems of the analytic theory of differential
equations are considered: an estimate of the number of extra singular
points occurring in the construction of a Fuchsian equation for an arbitrary
(for instance, reducible) monodromy representation is found; an estimate of
the Poincaré rank of the unique non-Fuchsian singularity of the regular linear
system constructed for an arbitrary monodromy representation is obtained;
the problem of the meromorphic reduction to polynomial form of a linear
system in the neighbourhood of an irregular singularity is investigated (which
is related to the reduction of a linear system to a Birkhoff standard form).
Bibliography: 12 titles.

§ 1. Introduction

Consider a linear differential equation

Py

dzP + 1(Z)dzzu—l -+ bp(z)y =0 (1)
of order p with coefficients by (2), ..., b,(2) meromorphic on the Riemann sphere C
and holomorphic outside the set of singular points ay, ..., a,.

By the monodromy representation or the monodromy of this equation we mean
the representation

x: m(C\{ai,...,a,}, 20) — GL(p,C) (2)

of the fundamental group of the space C\ {ay,...,a,} in the space of non-singular
complex matrices of order p defined as follows. In the neighbourhood of a non-
singular point zy we consider a basis (y1(2), ..., yp(2)) in the solution space of equa-
tion (1). Analytic continuation of the functions y1 (), ...,y,(2) along an arbitrary
loop v outgoing from zg and lying in C\{a, . . ., a, } transforms the basis (y1, . . ., yp)
into an (in general different) basis (g1, ...,7p). The two bases are related by means
of a non-singular transition matrix G, corresponding to the loop 7:

W1 up) = W1, Up) Gy
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The map [y] — G, (which depends only on the homotopy class [y] of the loop 7)
defines the representation y. By the monodromy matriz of equation (1) at a singular
point a; (with respect to the basis (y1,...,¥,)) we mean the matrix G; correspond-
ing to a simple loop v; encircling a;, so that G; = x([v:])-

A singular point a; of equation (1) is said to be Fuchsian if the coefficient b;(z)
has at this point a pole of order j or lower (j = 1,...,p). By Fuchs’s theorem
(see [1]) a singular point a; is Fuchsian if and only if it is regular (that is, each
solution has at most power growth in the neighbourhood of a;). Equation (1) is
said to be Fuchsian if all its singular points are Fuchsian.

The problem of the construction of Fuchsian equation (1) with prescribed singu-
lar points ay,...,a, and prescribed monodromy representation (2) has a negative
solution in the general case because the number of parameters determining the
equation is less than the number of parameters determining the set of representa-
tions x (see [2], [1]). Hence in the construction of a Fuchsian equation there arise
extra ‘apparent’ singular points (at which the coefficients of the equation are singu-
lar, but its solutions are holomorphic). If the representation (2) is irreducible, then
an expression for the smallest possible number of such singular points has been
obtained by Bolibrukh [2]. In the present paper we consider the case of a reducible
representation.

Alongside equation (1) one can consider a linear system

dy _

dz - B(Z)y7 y(z) € (va (3)

of p equations with matrix B(z) meromorphic on the Riemann sphere and holo-
morphic outside the points aq, ...,a,. One defines the monodromy representation
of this system in the same way as for equation (1); one merely needs to consider in
place of the row (y1,...,yp) a fundamental matriz Y (z) the columns of which form
a basis in the solution space of the system.

A singular point a; of the system (3) is said to be Fuchsian if the matrix B(z)
has a simple pole at this point. A Fuchsian singular point of a linear system is
always regular, although a regular singularity is not necessarily Fuchsian (see [1]).
A system (3) is said to be Fuchsian if all its singular points are Fuchsian.

Similarly to scalar equation (1) the problem of the construction of a Fuchsian
system (3) with prescribed singular points a1, ...,a, and prescribed monodromy
representation (2) (which is called the Riemann—Hilbert problem) has a negative
solution in the general case (see [1]-[3]). One knows various sufficient conditions
for the affirmative solution of this problem (one such condition is the irreducibility
of the representation (2)).

A method of the solution of problems related to the Riemann—Hilbert problem
has been developed by Bolibrukh; its idea is as follows. From the representation (2)
one constructs over the Riemann sphere a family .# of holomorphic vector bundles
of rank p with logarithmic connections having the prescribed singular points and
the prescribed monodromy. Recall that one defines a bundle F' of rank p by a set
{U;} of neighbourhoods covering the sphere and a set {g;;} of gluing cocycles, holo-
morphically invertible matrices of order p defined on the non-empty intersections
U;NU;j (so that g;;(#) is holomorphic in U;NU; and det g;;(z) does not vanish there),
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with the following properties:

(1) gij(2) = g5;' (2);

(2) gij(z)gjk(z)gki(z) =T1ifU; N Uj ﬂ Uy 75 .
A connection V is defined by a set {w’} of local matrix-valued differential 1-forms
(w' is defined in U;) satisfying in the intersections U;NU; # @ the gluing conditions

w' = (dgij)g;;" + gijw’ g5 (4)

The connection defines locally the system dy = w’y. The monodromy of the con-
nection (similarly to the monodromy of the system (3)) describes the branching
pattern of solutions of these local systems after analytic continuation along closed
paths encircling the singular points. A connection V is said to be logarithmic
(Fuchsian) if all singularities of the forms w’ are first-order poles. The Riemann—
Hilbert problem for a fixed representation (2) is solved in the affirmative if some
bundle in the family # turns out to be holomorphically trivial (because then one
can take for the cocycles g;; the identity matrices and, in view of gluing condi-
tion (4), the connection V defines a Fuchsian system with monodromy (2) on the
entire Riemann sphere).

The Birkhoff-Grothendieck theorem states that each holomorphic vector bun-
dle F of rank p on the Riemann sphere is equivalent to a bundle with the following
description:

(Uo =C, U = C\ {0}, gooe = 2™), K =diag(k1,...,kp),

where {k;}, k1 > --- > k,, is a system of integers called the splitting type of the
bundle F.
Let Ymin(x) be the following quantity:
Fnin (x) = min (ky — k),
which is defined for an arbitrary representation y.
The main results of §§3, 4 of the present paper are as follows.

Theorem 1. The quantity Ymin(X) has the following estimate:

Fmin(x) < (p—1)(n—1).

The Poincaré rank of a singular point of the system (3) is by definition one
less than the order of the pole of the matrix B(z) at this point (for instance, the
Poincaré rank of a Fuchsian singularity is zero).

Although we have pointed out already that the Riemann—Hilbert problem has a
negative solution in the general case, by Plemelj’s theorem (see [1], [3]), for a fixed
representation (2) one can construct a system (3) that is Fuchsian at all points but
one, at which it is regular; and we present here an estimate for the Poincaré rank
of the regular singularity of the so-constructed system.

Corollary 1. Each representation (2) can be realized as the monodromy represen-
tation of a system (3) that is Fuchsian at all points but one, at which it is regular,
such that its Poincaré rank at this point is at most (n — 1)(p — 1).
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Theorem 2. For an arbitrary representation (2) there exists Fuchsian equation (1)
with fized monodromy such that the number m of extra apparent singular points of
this equation satisfies the inequality

< (n+Dpp—1)

< 1.
m 5 +

In our §5, which is mostly of an independent nature, we study questions related
to the problem of the meromorphic transformation of a system of linear differential
equations into a Birkhoff standard form.

8 2. Proof of Deligne’s lemma

If the monodromy representation of a system (3) is irreducible, then one can
associate with this system a linear differential equation

U ... Up y
) duq duy, dy
— det| dz T dz dz | =0 5
Wiut,...,up) | oo )
dPuq dPu, dPy
dzr 7 dzP dzP
of the form (1) with respect to an unknown function y(z), where u1,...,u, are the
entries in an arbitrary row of a fundamental matrix of the system and W (uy, ..., up)

is their Wronskian. One easily demonstrates that the entries in an arbitrary row
of a fundamental matrix of a system (3) with irreducible monodromy are linearly
independent, therefore the functions u1, ..., u, form a basis in the solution space of
the above equation and its monodromy coincides with that of the system. In this
case the extra apparent singular points of equation (5) are zeros of the Wronskian
W (u1,...,up), which is not identically zero under the above assumptions.

In the case when the monodromy representation of the system (3) is reducible
one cannot in general proceed to an equation in the above-described fashion. For
instance, if the matrix B(z) of the system is diagonal, then the entries in each row
of an arbitrary fundamental matrix of this system are linearly dependent. However,
there exists another method of passing from the system to a scalar equation with
the same monodromy, which is based on a result usually called Deligne’s lemma
([4], Lemma II.1.3). We present here an analytic proof of this lemma (stated in [4]
in algebraic terms).

We say that a transformation y = I'(z)y of the system (3) is meromorphically
invertible if its matrix I'(z) is meromorphic and det I'(z) # 0. Such a transformation
takes the system (3) to another system

dy ~, .-
Y _B
= B (6)
with matrix of coefficients
B(z) =TB(z)I' ' + ‘fTF r- (7)
z
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Lemma 1 (Deligne [4]). For each system (3) there exists a transformation y=T'(z)y
meromorphically invertible on the Riemann sphere that takes it to a system (6), (7)
with matriz of coefficients B(z) of the following form:

0 1 0
B(z) = . ; (®)
0 0 1
by o —by
where by (z), ...,by(2) are meromorphic functions.

Proof (based on Exercise 7 in [5], §1.1). We consider a p-dimensional row vector
to(z) with polynomials of degree p — 1 as components and express ¢o(z) in the
following form:

1 ) 1 .
to(z) =ap+ar1(z — 20) + 3 as(z—20)*+ -+ -1 ap_1(z —20)P7 7,
where zg is a point distinct from the singular points of the system (3). Next, we
define the meromorphic vector-valued functions ¢1(2),...,t,(2) on the Riemann

sphere by the formulae
dt; .
tj+1:7+th(Z), 7=0,...,p—1. (9)
dz
Consider the matrix I'(z) with rows t¢(2),...,t,—1(2). Let C be a constant non-
singular matrix of order p with rows co,...,cp—1. We claim that we can select the

vector to(z) such that I'(zg) = C, that is, det I'(z) # 0. To this end we set

to(20) = ag = co,

t1(20) = a1 + a9 B(20) = c1, that is, a1 = c1 —coB(20).

In the general case

tj(Zo) = Oy + Fj(ao,ozl, N -7aj—1) = Cj,
where Fj(ao,a1,...,a;-1) is an already known vector, that is,
O[j:ijFj(Oé(),Otl,...,Oéj_l), jzl,...,pfl.

We see that we have selected the coefficients ; of the polynomial ¢¢(z) such that
the corresponding matrix I'(z) is meromorphically invertible on the entire Riemann
sphere. Consider the vector-valued function b(z) = (by(2),...,b1(2)) such that
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It follows by (9) that
ar_pr- I'B,
dz

therefore the transformation § = I'(z)y takes (3) to a system with matrix of coeffi-
cients

dr’ ~ ~
rBrt+ dfr—l =I'BI'+B-TBI'=28
z
of the required form. The proof of Lemma 1 is complete.

Alongside singular points aq, . . ., a,, of the original system (3), the system (6), (7)
has singularities at the zeros z1,...,z,, of the function detI'(z) (not contributing
to the monodromy). We shall assume that one singular point of the system (3) (for
instance, a,,) is at infinity (otherwise we could use a linear fractional transformation

= 1/(z — a,) of the Riemann sphere taking the singular points aq,...,an—1,ay
to singular points by = 1/(a1 —ay), - .., bp—1 = 1/(an—1 — an), by, = oo of the same
Poincaré ranks).

One readily sees that the first component of a solution of the system (6) with

matrix of coefficients B(z) of the form (8) is a solution of an equation of the form (1)

with singular points a1, ...,a, and extra apparent singularities z1,..., z,,. Hence
one can take for a basis in the solution space of this equation the components
U1, ..., up of the first row of a fundamental matrix Y () of the system (6). The
functions w1, ..., u, are linearly independent since the matrix Y (z) has the following
form:
Ul e up
duy duy,
Y(2) = dz dz
dP~1uy dP~ 1,
dzp=1 77 dzp—1
and the linear dependence of the functions uy, ..., u, would imply the linear depen-

dence of the columns of the matrix Y (z). Thus, the monodromy of the equation
so constructed coincides with the monodromy of the system (6) and therefore of
the system (3) (recall that the monodromy matrices of the constructed equations
at the additional singular points are equal to the identity). Moreover, it follows
from Fuchs’s theorem that if all singularities of (3) are regular, then the resulting
equation is Fuchsian. We now find an estimate for the number m of its apparent
singularities 21, ..., 2m.
We write the Laurent series of the matrix of coefficients B(z) of the system (3)
in a neighbourhood of a; # oo in the following form:
B, BL,

B(Z)Zm—l-“--l-z_ai

+By+--,  BL 1 #0

(as concerns the neighbourhood of a,, = co, the principal part of the Laurent series
of the matrix B(z) is a polynomial of degree r,, — 1), where r; is the Poincaré
rank of the system at the singular point a;.

The function detT'(z) (in Lemma 1) has zeros and poles at z1,...,2m,a1,...,
ayp = 0.
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It follows by formulae (9) that in the neighbourhood of the point a; # oo the
(vector-valued) function ¢;(z) has the following representation:

1 ~

W%’(Z), j=0,...,p—1,

tj(z) =

where #;(z) is a holomorphic function in the neighbourhood of a;, therefore
I'(z) = diag(1, (z — a;) "D (2 — ai)*(pfl)(”ﬂ))f‘(z),
where I'(z) is a holomorphic matrix in the neighbourhood of a;. Hence

—1
ord,, detT'(z) > f]%(ri +1), i1=1,...,n—1.

At the same time, in the neighbourhood of infinity the matrix B(z) has the following
representation:
B(z) = 2" 'By(2),

where By(z) is a matrix holomorphic in this neighbourhood. Hence the function
t;(#) has in this neighbourhood the following expression:

t](z) :Zp71+j(rn71)ftij(z)’ j :07"'3p7 ]'7
where %V](z) is a holomorphic function in the neighbourhood of infinity. Then
L(z) = diag(zp_l, P zp_1+(p_1)(’”"_1))f(z),
where f(z) is a matrix holomorphic in the neighbourhood of infinity. Consequently,

to Vi, 1y 2220

Let d; be the order of the zero of detT'(z) at z;. Then

ord,, detT'(z) = —p(p — 1) —

n

0= idi+zn:ordai detT'(2) > idi - (Zri"‘")p(pgl)’
i=1 i=1

=1 =1
so that
. - plp—1)
m< Zd < (ZM)Q
i= i=

We have thus established the following auxiliary result.

Lemma 2. For an arbitrary system (3) one can construct a scalar equation (1)
with the same monodromy such that the number m of its apparent singularities
satisfies the inequality

m < (R+n)p(p—1)7

2

where R = Y"""_| 1; is the sum of the Poincaré ranks of singular points of the system.
Moreover, if the system has only regular singularities, then the resulting equation
is Fuchsian.
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8§ 3. Holomorphic bundles and regular systems

In this section we prove Theorem 1. Consider a family of holomorphic vector
bundles F* on the Riemann sphere with logarithmic connections V4 having the
prescribed monodromy (2). The method of constructing the family # has been
explained in detail by Bolibrukh (see [1], [3]). We recall here only the central
points of this construction.

Each bundle F* is defined by a system A = {Ay,..., Ay} of admissible matri-
ces \; (diagonal matrices with integer entries A} forming a non-increasing sequence
)\g > )\g+17 j=1,...,p—1) and has the following coordinate description. One
covers the sphere by a system O,...,0O, of small neighbourhoods of the points
ai,...,a, and a set {U,} complementing {O;}. For each non-empty intersection
0; N U, one can express the gluing cocycle g;,(2) in the following form:

gia(2) = (z — ai)™ (2 — a;) P87,

where

_ 1 —1
Ei = Tm hl(SZ G»LSz)

is an upper-triangular matrix with eigenvalues pg such that
0<Repl <1, j=1,...,p, (10)

and S; is a non-singular constant matrix reducing the monodromy matrix G; to
upper-triangular form.

For non-empty intersections O; NU, NUpg the cocycle g;3(z) is an analytic contin-
uation of the cocycle g;o(2) and gop(2) = const. Strictly speaking, F* depends also
on the system S = {S1,...,S,} of matrices S; reducing the monodromy matrices G;
to upper-triangular form. Hence, in view of this connection, one should denote
elements of .% by FMS but we require in what follows only their dependence on
the system A and mean by F* the bundle constructed for the fixed system A and
some system S.

The connection V4 is defined by the forms w® trivial in U, and by the forms w
that have the following expressions in the neighbourhoods O;:

A

dz

zZ — Q;

Wi — (Ai + (2 — ai)Ai’Ei(Z - ai>_A1) 1D

(it follows from the definition of an admissible matrix A; and the upper-triangular
matrix F; that z = a; is a first-order pole of the form w”'). One easily verifies
that the forms w™, w® and w®,w” satisfy gluing conditions (4) on the non-empty
intersections O; N U, and U, N Ug.

Definition 1. One calls the eigenvalues @j = )\g —|—p{ of the matrix A;+FE; exponents
of the connection V» at the point z = aj;.

It follows from the expression (11) for the connection form w”¢ that at a Fuchsian
point z = a; exponents are eigenvalues of the residue matrix res,, whi,



Additional parameters in inverse monodromy problems 1761

As already pointed out in the introduction, a logarithmic connection on a trivial
bundle defines a Fuchsian system (3). On the other hand, in the case of the holomor-
phic bundle F* of splitting type (ki,. .., kp), for which we consider the equivalent
coordinate description

(U1 =C, Us =C\ {a1}, gioo = (z — al)K), K = diag(kq,...,kp),

the logarithmic connection V* defines a system (3) that is Fuchsian at all points
but one (z = ay), at which it is regular, and the fundamental matrix Y;(z) has the
following form in the neighbourhood of this point:

Yi(2) = (2 = a1) " Va(2)(z — a)™ (2 — an) ™, (12)

where V4(z) is a holomorphically invertible matrix in a neighbourhood of a;. As
regards the neighbourhoods of the other (Fuchsian) singularities a;, there exist in
these neighbourhoods fundamental matrices Y;(z) of the following form:

Yi(2) = Vi(2)(z — ai) (2 — ai) ™", (13)

where V;(z) is holomorphically invertible in a neighbourhood of a; (see [1], [3] for
details).

Definition 2. The degree deg F* of a bundle F* is the quantity

P
deg F* = zn:lresai trwh = iZﬂf
i—

i=1 j=1

The degree of a bundle is an integer equal to the sum of the coefficients k; of
the splitting type of this bundle. This can be demonstrated as follows. Consider
a system (3) with form w = B(z)dz corresponding to the connection V2. One
sees from the expressions (12), (13) for the fundamental matrix Yi(z) and the
other fundamental matrices Y;(z) of this system and also from Liouville’s formula
dlndet Y;(z) = trw that

< tr K ddet V1 tI’(Al + El) )
resqy, trw =resq, | — dz

Z—a i det V] z—a
= —tr K +tr(A1 + E1),
ddetV;  tr(A; + E;)
det V; Z—a;

resg, trw = resg, ( dz) =tr(A; + E;)

(the differential forms ddetV;/detV; are holomorphic at the corresponding
points a;). By the theorem on the sum of the residues

n
E res,, trw = 0,
i=1

that is,

i=1
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and .
deg FA = Ztr(Ai +E)=trK.
i=1
Bolibrukh showed that for the splitting type of the bundle F* € .# constructed
from the irreducible representation (2) one has the inequalities

k'ifkl'+1<n72, ’L:L,p*l

(see [1], [3]). On this basis we prove the following result, one consequence of which
is Theorem 1.

Proposition 1. Consider a bundle F» € F with logarithmic connection vA
the exponents of which satisfy the condition 0 < Ref3] < M, M € N. Then the
following inequalities hold for the splitting type of this bundle:

ki—ki+1<nM—17 iZl,...,p—l.

Proof. We consider two separate cases.

Case 1. For the splitting type of the bundle F* one has the inequalities
k¢7k1+1<n72, Z:L,pfl

Since M € N, the required result is in this case a direct consequence of these
relations.

Case 2. For some [ one has k; — k; 11 > n—1. In this case we claim that k; — k;11 <
nM — 1.

We show first that the bundle F* has a subbundle F'! of rank [ stabilized by the
connection VA and of splitting type (k1, ..., k). In terms of the coordinate descrip-
tion of the (F*, V) the existence of such a subbundle means that the cocycles g;;
and the forms w; have the block upper-triangular form:

1 1
(Y95 * A
gl] - ( 0 g%) 9 Wi = ( 0 w?) 9

with all the blocks gilj and w} of size [ x . In that case the forms w} define a
restriction V! of the connection V4 to the subbundle F'.

Consider the system (3) with regular singular point a; and Fuchsian singular-
ities as, ...,a, corresponding to the connection VA. The form ' = B(z)dz of
the coefficients of this system has simple poles in O, = C \ {a;}, and in the
neighbourhood O; of the point a; it has the following form:

W' = (dY)Y; = — dz + (z —a1) Fw(z —a)¥, (14)

Z — Qi

where the form w has a logarithmic singularity at the point a;. This follows from
the form (12) of the fundamental matrix of this system in the neighbourhood
of the point z = ay:

Yi(2) = (z —a1) Vi (2)(z — al)Al(z —ap)P.
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Recall that the matrix V;(z) is holomorphically invertible at the point a; and the
set of diagonal elements of the matrix K coincides with the splitting type of
the bundle FA.

By (14) the entries w;,; and wy,; of the matrix-valued differential 1-forms w’
and w are connected for m # j by the equality

Wiy = (2 = a) T w,;

ordg, wm; = —1. By assumption k; — k41 > n — 2 for some [, therefore we have
kj —km > n—2for j <1, m > I. Hence the orders ord,, w), mj atb the point ay
of the differential forms w/, m; with indicated indices are greater than n — 3, whereas
the sum of the orders ord,, wy,; at the singular points distinct from a; is at least
—n + 1 (since the form ' has logarithmic singularities at these points). We thus
obtain for meromorphic forms wjnj with indicated indices on the Riemann sphere
that the sum of their orders over all singularities and zeros is greater than —2,
although this sum is known to be —2 for a non-trivial differential form (the degree
of the canonical divisor; see [6], §17). Hence these forms (as well as the w,,;) are
identically equal to zero, so that the forms w’ and w are block upper triangular:

1 1
; (W * _ [wWo *

where the matrix-valued forms w! and w{ have size [ x [ and satisfy (in view of (14))
the gluing condition

1
1 -K' 1
W= — dz+(z—a wy(z —a
T a (z —a1) o(z — a1
where K! = diag(ki, ..., k).
Thus the vector bundle F* has an equivalent coordinate description

(01, O = C\ {a1}, g1oo = (2 — al)K), K = diag(ki, ..., k),

and the logarithmic connection V* is defined in the neighbourhoods O; and O
by forms w, w’ of the structure (15) satisfying gluing condition (14). Hence the
bundle F* has a subbundle F' of rank [ with connection V! defined in the neigh-
bourhoods O7 and O by the forms w}, w! satisfying gluing condition (16). By
construction the connection V4 stabilizes the subbundle F! and coincides on it
with the connection V', and the splitting type of the subbundle F' is equal to
(k1,..., k).

Assume that k; — k;1 > nM. Then for the mean value of the exponents L ﬁj of
the connection V! (which are the eigenvalues of the matrices res,, w§ and res,, w')
on the subbundle F'' we have the lower bound

degF ]431 +"'+]€l kl+1
lgl = > M
ln;; b In “n +M

; (16)

while for the mean value of the other exponents 2 ,6’{ (the eigenvalues of the matrices
res,, wi and res,; w?) we have the upper bound

n p—l1

1 2,  degF —deg F! kit thy ki
< .
—ZnZZ b= (p—1Dn (p—10n n

i=1 j=1
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Hence the mean value of the exponents 153 is larger by M at least than the mean
value of the exponents 2 Z , while by the hypothesis the real parts of all the expo-
nents of the connection V* are strictly less than M. We arrive at a contradiction,
therefore k; — k;j11 < nM — 1 for each [. The proof of Proposition 1 is complete.

Proof of Theorem 1. It is sufficient to consider the canonical bundle F° correspond-
ing to the system A = {0,...,0} of zero matrices. In that case the exponents 3] of
the connection VY satisfy, in view of (10), the condition

0 <Ref! =Rep! < 1.

Then it follows by Proposition 1 that for the coefficients k! of the splitting type of
the bundle F° we have the inequalities

k) — k), <n—-1, di=1,...,p—1
Hence
p—1
Funin (1) = min (ks — k) < kY = ) = D ( — kD) < (n = 1)(p ~ 1).
=1

The proof of Theorem 1 is complete.

Proof of Corollary 1. Consider the canonical bundle F° with logarithmic connec-
tion V° constructed from the representation (2). It has splitting type (K9, ..., kg)
with k9 — k) < (n—1)(p — 1) (see the proof of Theorem 1). Corresponding to the
connection V is a system (3) with regular singularity at a; and Fuchsian singu-
larities at ao,...,a, that has the prescribed monodromy (2). For an estimate of
the Poincaré rank 7 at the singular point a; recall that the form ' = B(z)dz
of the coefficients of this system has the structure (14) in the neighbourhood of a;:

’ 0 K° K°
w=- dz+(z—a1) ™" w(z—a1)",
zZ — Qi
where K° = diag(k?, ..., kg) and the form w has a simple pole at a;. Hence the

order of the pole of the matrix elements of the form w’ at this point is at most
kY — k) + 1 and therefore r; < kY — k) < (n —1)(p — 1). The proof of Corollary 1
is complete.

We point out that for the dimension p = 3 (the lowest dimension in which there
exists a counterexample in the Riemann—Hilbert problem) one has a better estimate
of the Poincaré rank r; of the regular singularity of the system constructed from
the representation (2):

n
<[l

2

where [z] is the integer part of the quantity = ([2], Corollary 2.3.3). Moreover,
for p = 3 there exist representations for which one cannot construct a similar
system of lower Poincaré rank r; (see [2], Proposition 2.2.4, the proof of Theo-
rem 2.3.3, and Corollary 2.3.2), so that the non-sharp estimate of Corollary 1 is
not completely pointless (there exist representations (2) from which one cannot
construct a system (3) with regular singularities and of low Poincaré rank at the
unique non-Fuchsian singular point).
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8 4. Additional singularities of a Fuchsian equation

Consider the family .% of holomorphic vector bundles F* with logarithmic con-
nections V4 constructed from the representation (2). By the Fuchsian weight of
the bundle FA € .% we mean the quantity

p

A(EN = 37 (ks — k),

i=1

where (ky,...,k,) is the splitting type of the bundle F*.

The function v: % — N U {0} is bounded if and only if the representation (2)
is irreducible ([2], Theorem 4.2.1). Moreover, for the splitting type of an arbi-
trary bundle F* € .% constructed from an irreducible representation one has the
inequalities

ki—ki+1<n—2, 7;:1,...,])—17

and for such a representation one can define the quantity

FA 2)p(p 1)
(X) FAeg ( ) 2 ’

which is called the maximum Fuchsian weight of the irreducible representation x.

The smallest possible number m of extra apparent singular points arising in the
construction of Fuchsian equation (1) from the irreducible representation (2) can
be expressed by the following formula ([2], Theorem 4.4.1):

n—2)pp-—1
mo = % - ’ymax(X)' (17)
This question was earlier considered also in [7], where one can find an upper estimate
of the quantity mg in the case when the monodromy representation is irreducible
and one of the monodromy matrices G; is diagonalizable (in that paper the authors
considered equations on a compact Riemann surface of arbitrary genus).

Proof of Theorem 2. Tt follows from Plemelj’s theorem (see also [1]) that each
representation (2) can be realized by a Fuchsian system with an extra apparent
singularity. We now discuss this in greater detail.

Consider a holomorphic vector bundle F* with logarithmic connection V4 con-
structed from the representation x* obtained from (2) by the addition of an extra
singular point a,41 with identity monodromy matrix.

Corresponding to the connection V* is a system (3) with Fuchsian singularities
ai,...,a, and regular singularity a,+1 that has the prescribed monodromy x*. In
the neighbourhood of z = a,4; the fundamental matrix Y (z) of this system
has the form (12):

Y(2) = (2 = ans1) “V(2)(2 = anya)

where K is an integer diagonal matrix and V' (z) a holomorphically invertible matrix
in this neighbourhood (E, 11 = 0 because Gp,+1 = I).
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By Bolibrukh’s rearrangement lemma ([2], Lemma 4.1.3) there exists a matrix
I'(z) holomorphically invertible outside the point a,41 and a matrix U(z) holomor-
phically invertible in a neighbourhood of a, 41 such that

D(2)(2 = an41) "V (2) = U(2) (2 = an41)",

where K is an integer diagonal matrix with entries that are a rearrangement of the
diagonal entries of the matrix —K. Then the transformation y" = I'(z)y takes
the above system to another system for which aq,...,a, remain Fuchsian sin-
gularities (the matrix I'(z) is holomorphically invertible in the neighbourhood of
these points), while in the neighbourhood of z = a,41 its fundamental matrix
Y’(z) =T'(2)Y (2) has the following form:

V'(2) =U(2)(2 - an+1)ﬁ(z - @n+1)A”“ =U(z)(z — an+1)f(+/\n+1.

Thus, the point a,y; is also Fuchsian for the transformed system because the
coefficient matrix

) ~
B(s) = Lyt o W p Bt A
dz dz Z— Upy1

U*l

has a simple pole at this point. Furthermore, all the solutions of the so-constructed
system are single-valued meromorphic functions in the neighbourhood of z = a, 11
and the sum R of the Poincaré ranks of the singular points is equal to zero.

Using Lemma 2 we now construct a Fuchsian differential equation with
monodromy x* such that the number m of apparent singular points satisfies the
inequality

m< At Dpe—1)

2

Bearing in mind that z = a,,1 is also an apparent singularity of the so-constructed
equation with respect to originally prescribed singular points a1, ..., a, we obtain
the required estimate. (It is assumed in the definition of an apparent singularity
that solutions of the equation are single-valued holomorphic in its neighbourhood,
and we only know so far that they are meromorphic. However, after the transfor-
mation ¥ = (2 — a,41)Ny of the unknown function y(z), where N is the highest
order of the pole at a,41 of the solutions of the constructed equation, we obtain a
Fuchsian equation with the same singularities and monodromy that now has holo-
morphic solutions in the neighbourhood of z = a,1.) The proof of Theorem 2 is
complete.

In the case of a representation (2) for which the Riemann-Hilbert problem has
an affirmative solution, the estimate of above-proved Theorem 2 can be refined in
a natural way to m < np(p — 1)/2 (because the representation is realized by a
Fuchsian system with prescribed singularities ai,...,a;). In particular, one can
obtain this estimate for an irreducible representation x, which is weaker than (17).
Hence one cannot earnestly call Theorem 2 a generalization of relation (17) to the
case of an arbitrary representation; it is rather a supplement to this relation.
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8§ 5. Meromorphic reduction of a linear system

The problem of the transformation of a system of linear differential equations in
the neighbourhood of an irregular (that is, not a regular) singularity to a Birkhoff
standard form reads as follows (the singular point is normally put at infinity).

Consider a system

d T
3 =CEw C@= 3 Cu (18)
of p linear differential equations in a neighbourhood O = {z € C: |z| > R} of an
irregular singularity oo of Poincaré rank r (C,. # 0).

A linear transformation

y=T(2)y (19)
takes (18) to the system
dy =\~ TR Qe 1
2= C(2)y, C(z) ==z - I +TC()I . (20)

One chooses (19) to be either analytic (with T'(z) holomorphically invertible in Oy),
so that one speaks about the analytic equivalence of the systems (18) and (20),
or meromorphic (the matrix I'(z) is meromorphically invertible in O ), when one
speaks about the meromorphic equivalence of these systems. An analytic trans-
formation does not change the Poincaré rank of the original system, whereas a
meromorphic one can increase or decrease the Poincaré rank.

If the matrix C(z) of the transformed system (20) has the polynomial form

C(z) =Cpz" + -+ Co, Cp #0, (21)

and ' < r, then one says that the system (20), (21) is a Birkhoff standard form of
the original system (18).

An analytic transformation of a linear system to a Birkhoff standard form is not
always possible: a counterexample was discovered by Gantmakher (see [8]).

We say that a system (18) is reducible if it can be reduced by a transforma-
tion (19) to a system (20) with block upper-triangular matrix of coefficients C/(z):

=7 o) 22)

(irrespective of whether the transformation is analytic or meromorphic: one can
show that if a system (18) is reduced to the form (22) by a meromorphic transfor-
mation, then it can also be reduced to a similar block upper-triangular form by a
holomorphic transformation). Otherwise we say that the system (18) is irreducible.

One sufficient condition for the reduction of a linear system to a Birkhoff stan-
dard form by an analytic transformation is due to Bolibrukh: if a system (18) is
irreducible, then it can be analytically transformed into a Birkhoff standard form
(see [2], 1], [3]).

The question of the existence of a meromorphic transformation of a linear system
to the Birkhoff standard form is not yet resolved. As is known, this question has an
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affirmative answer in dimensions p = 2 and p = 3; one also knows various conditions
for an affirmative solution in an arbitrary dimension p (one can learn details from
Balser’s survey [9]).

Using meromorphic transformations (19) one can always reduce the system (18)
to the polynomial form (20), (21) (of higher Poincaré rank r’ though). In this
section we obtain an estimate for r’. We shall consider only reducible systems
(since one can always transform analytically an irreducible system to a Birkhoff
standard form).

We can assume that the matrix C(z) of the coefficients of the system (18) has a
block upper-triangular form:

Clz)=| o . % ; (23)
0 0 C™()

where C1, ..., C™ are irreducible blocks of sizes p1, . . . s Pm,, Tespectively, 2 < m < p.
By [10] this system has a formal fundamental matriz Y (z) of the following form:

~

Y(z) = F(2)2"e?®), (24)

where F(z) is a formal (matrix) Laurent series (in 1/z) of block upper-triangular

~

form (23) with finite principal part such that det F'(z) is distinct from the zero series;
L is a constant block upper-triangular matrix of the form (23) such that the real
parts of the eigenvalues of L lie in the half-open interval [0,1); Q(2) is a diagonal
matrix with polynomials of z!/% on the diagonal (for some positive integer s) of
degree at most r (with respect to z).

The formal substitution of the matrix 17(2) in the system (18) makes it a correct
identity (although the series F|(z) can have an empty convergence annulus).

For a further discussion we require the following technical result.

Lemma 3. One can transform the system (18), (23) by means of a meromorphic
transformation (19) into a system (20) of a similar block upper-triangular form
of Poincaré rank at most v and with formal fundamental matriz (24), where the

formal Laurent series ﬁ(z) 1s replaced by
W)=y Waz™,
n=0
which is an invertible (in the sense that det Wy # 0) formal Taylor series in 1/z.
Proof. By an analogue of Sauvage’s lemma (see [11]) for formal series, one obtains
U()F(2) = "W (2),

where U(z) is an upper-triangular (matrix) polynomial of z and 1/z (det U(z) = 1),
D is a diagonal integer matrix, W (z) is a formal invertible (matrix) Taylor series
in 1/z (of the block upper-triangular form (23) because W(z) = 2~ PU(2)F(z)).
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The required meromorphic transformation is defined by the upper-triangular matrix
I'(z) =27PU(2).

The Poincaré rank of the transformed system is equal to the Poincaré rank of
the system with fundamental matrix Y (z) = 2%e®(*) (because the formal analytic
transformation y = w1 (2)y does not change the Poincaré rank) and the coefficient
matrix

C'(z) = o Yy l=z %(zLeQ(z))e_Q(z)z_L =L+ (z c(liCj) P

The (generally speaking, fractional) degree of the polynomial z dQ/dz is at most r,
and the real parts of the eigenvalues of L lie in the half-open interval [0, 1), therefore
the leading power in the expansion of the matrix C’(2) is strictly less than r + 1.
However, C’(z) contains only integer powers of z, so that this degree is at most r.
The proof of Lemma 3 is complete.

One can study the problem of the reduction of a linear system to the Birkhoff
standard form, similarly to the Riemann—Hilbert problem, by means of the theory of
holomorphic bundles with connections (see [1], [3]). We shall use the main methods
of these papers for the proof of the following result.

Theorem 3. Using a meromorphic transformation (19) one can transform the sys-
tem (18), (23) into a system (20) with matriz of coefficients C(z) having the poly-
nomial form (21), where
!/
< i

r <1 —&—rlrgnjzzxmpj
Proof. Consider the fundamental matrix Y (z) of the system (18) having the same
block upper-triangular form as the matrix (23) of the coefficients of the system.
Then

where
T'(z) = * E'  « *
1
&= 0o = » fo BegmhG=lo s ()
0 0 Tm(z) 0 o Em™

The matrix T'(z) is single-valued and holomorphically invertible in Oy \ {00}, G is
the monodromy matrix of the system (18) (with respect to the basis of the columns
of Y(2)), and the eigenvalues p’ of the matrix E satisfy the condition

0<Rep’ <1, j=1,...,p.

From the system (18) we construct over the Riemann sphere a holomorphic
vector bundle F' with coordinate description F = (Ou, Og = C, ¢oo0 = T(2)).
The matrix-valued differential 1-forms

E
wy = —dz, Woo = Cz) dz,
z z
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defined in the neighbourhoods Oy and O, respectively, define a connection V in
the bundle F' because in the intersection Oy N Oy = O \ {00} they satisfy gluing
condition (4):

c E
Woo = (2) dz = (dY)Y~ ! = (dT)T‘l—i—T(Z dz) T = (dgoc0) Ity + Jo00W0Gp -

z

It follows from the form (25) of the cocycle gooo(z) = T(2) that the bundle F
has a family of subbundles 0 = FC Cc F* C---C F™ = F,

FI/Fi7' = (On, Og=C, glog=T7(2)), j=1....m

The matrix-valued differential 1-forms w) = (E?/z)dz and wi, = (CY(2)/z)dz,
which are defined in Oy and O, respectively, define a connection V7 in the
quotient bundle F7 /FJ~1 constructed from the irreducible system z dy/dz = C7(2)y

of size p;. For the splitting type (k{ ey k{;j) of this bundle we have the inequalities

0<k —kl,, < i=1,...,p; — 1 (26)

([2], Proposition 4.5.1, see also [1], [3]).
In view of Lemma 3, we can assume that the formal fundamental matrix Y (z)
of the system (18), (23) has the form

o~

?(z) = W(z)zLeQ(Z),

where W(z) is an invertible (matrix-valued) formal Taylor series (in 1/z) of the
block upper-triangular form (23), and the matrices L and Q(z) = diag(Q'(z),...,
Q™(z)) are the same as in (24). Hence the formal fundamental matrices Y7 (z) of
the systems z dy/dz = C7(z)y have the following representations:

Vi) =Wi(2)Xe@®, j=1,....)m

(we denote by Wi () and L’ the diagonal blocks of the matrices W(z) and L,
respectively).
It follows now by Liouville’s formula dIndet Y7 (z) = trwi_ that

ddet Wi N tr L
det Wi z

resootrwgozresoo( dz+dter> = —tr 7.

Hence
Z k] = deg F7 /F7™1 = resg trw)) + reso trwl, = tr B/ —tr L7,
i=1

and since the real parts of the eigenvalues of the matrices £/ and L’ lie in [0,1), it
follows that

Pj
—pi <Y K <p;, j=1...m (27)
i=1
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Inequalities (26) and (27) yield

_P

-1 , _ -
b 1<k <<k < B

1
Tr+1, jzl,,m

We have thus obtained for the coefficients kf of the splitting type of each bundle
F7/Fi=! the common estimate

k| < 1+ 5 ( max p;—1). (28)

<jsm

By the definition of equivalent vector bundles, for the cocycle ggoo(z) of the
bundle F7/Fi~! we have the matrix relation

H(2)ghoo(2) = 27O HY(2),  j=1,....m,
where K; = diag(k{, RN kg;j) and H and Hg are matrices holomorphically invert-

ible in Oy and Oy, respectively. Denoting by H.,(z) the block diagonal matrix
Hy =diag(HL,,..., HT) we obtain

ziKlH& * *
Heogooo = 0 * = Zng(/)O()’ (29)
0 0 z_KmHSn

where K = diag(K,...,Kn), gho(2) is a cocycle holomorphically invertible in
O \ {00} and equivalent to the identity cocycle, which means that one can trans-
form the matrix ¢/_, into the identity matrix by multiplication by a holomorphically
invertible matrix in O, on the left and by a holomorphically invertible matrix in Og
on the right. We can demonstrate this as follows.

Let Hy(z) be the block diagonal matrix

Hy = diag(Hg, ..., HJ").

Then
1 % =
g</>oOHO_ t= 0 .k
0 0 1
We now explain by the example of a matrix of size p = 2 that the upper-triangular

cocycle
~ 1 a
900 (Z) = (0 1>

is equivalent to the identity cocycle. A holomorphic function a(z) in Oy N Oy can
be represented as a sum a(z) = a~(z) + a™(z) of a holomorphic function a™(2)
in Oy and a holomorphic function a™(2) in Og. Hence

G D6 )66 )6
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As regards the case of an upper-triangular cocycle gooo(z) of arbitrary size p with
ones on the main diagonal, one acts in a similar fashion, multiplying on the left
by upper-triangular matrices with ones on the main diagonal that are holomorphic
in Oy, multiplying on the right by upper-triangular matrices with ones on the
diagonal holomorphic in Oy, and transforming the columns of g9 one after another
into the corresponding columns of the identity matrix.

Thus, we obtain for the cocycle ¢/ _,(z) the factorization

9he0(2) = Goo(2)Go (2),

where G, and Gg are block upper-triangular matrices (23) holomorphically invert-
ible in O and Oy, respectively. Hence by (29),

G 2" Huogooo = Glo.
This matrix relation means that there exists a linear system

z % =C'(2)y, (30)
on the entire Riemann sphere with just two singular points, 0 and oo, that is ana-
lytically equivalent in Oy = C to the system dy = woy (so that 0 is a Fuchsian
singularity of (30), and therefore the matrix C’(z) is holomorphic in C) and mero-
morphically equivalent in Oy to the system dy = wsy, that is, to the original
system (18). The meromorphic equivalence in O, is defined by means of a linear
transformation with matrix I'(z) = G !2X H.,, which is therefore a composite of
three transformations, the first and the third of which do not change the Poincaré
rank at co. Thus, the Poincaré rank ' of the system (30) at oo is equal to the
Poincaré rank of the system obtained from (18) by the linear transformation with
matrix T'y(2) = 2. The matrix C”(2) of coefficients of such a system has the form

C"(z) = K + 2KC(2)27 %,

therefore r’ = r+max; ; |k;—k;| (where the k; are diagonal entries of the matrix K).
By the estimate (28),

|k — kj| < 1—|—7’(1r<r;_agxmpj - 1),

therefore C(z) is a polynomial of degree

' <147 max pj.
1<j<m

The proof of Theorem 3 is complete.

Corollary 2 (Bruno [12]). The system (18) with upper-triangular matriz of coeffi-
cients can be reduced by a meromorphic transformation (19) to a Birkhoff standard
form, which is also upper triangular.

Proof. Since the matrix C(z) of the coefficients of (18) is upper triangular, it follows
that max;<j<m p; = 1 and it follows by the estimate (28) that K (from the previous
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theorem) is the zero matrix. Thus, one reduces the upper-triangular system (18)
to the polynomial form (21) by means of a meromorphic transformation (19) with
upper-triangular matrix I'(z) = G3!H,I'1 not increasing the Poincaré rank
(T'; is the upper-triangular matrix from Lemma 3, H., is a diagonal matrix, and
G is the upper-triangular matrix from the previous theorem). The proof of
Corollary 2 is complete.
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