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The problem on asymptotic of the value
w(m,n) = mlo,(p(1,n),p(2,n),...,p(n,n))

is considered, where ,,(z1, x9, . .., x,) is the mth elementary symmetric func-
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1 Statement of the Problem

Let

with

/q(t) dt =1, (2)
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where

q(t) = aB(t)t’t >0, BO)=1, a>0 0<~vy<I. (3)

and the function () is continuous on the interval [0, 1].
The problem on asymptotic of the value

w(m,n) = mlo,(p(1,n),p(2,n),...,p(n,n))

is considered, where o,,(x1,22,...,x,) is the mth elementary symmetric function of n
variables. This problem arises in particular in the analysis of the distribution of transient
time and other combinatorial characteristics in random nonequiprobable graphs [7] whose
distributions have proved essential to the analysis of discretizations of dynamical systems
with quasi-chaotic behavior. See [3, 6] and references therein.

Theorem 1 The following relations are valid for n — oo

1
wmm) = HRFONT 0 Eow g <y 0
1,22 m 1
w(m,n) — e 27 as —— — T, = —: 5
() S =3 6)
m 1
m(m,n) — L(y,azx) as — =, 0<’y<§ (6)
n

where L(7, z) is the entire analytic function defined by the infinite product

Ly, 2) = ﬁ { [1 n wz] e_()} | (7)

k=1 v
For 0 < v < 3 and for the values |z| < 2 the following representation

-, EH{E () e as — g

w(m,n) — e =

is also valid.

Note a specification of the theorem above in the spirit of random mappings theory [1].
Denote Z(n) = {1,2,...,n} for a positive integer n. Let also the set =(n) be endowed
with a probability measure pu,, , given by equalities i, ,(k) = p(k,n) where the function ¢
and the numbers p(k,n) are as in (1). Consider now the random mapping F' defined by

n

Pu(F = f) = ][ p(f(k),n).

k=1

Generally speaking, this mean that the “appeal” of a point n is proportional to its weight
p(k,n). If ¢ = 1, then F,, is a completely random mapping. We emphasize here that
the completely random mappings is essentially a purely combinatorial object. The theory
of completely random mappings is quite well developed, using specifically combinatorial
methods. See [1] and bibliography therein.



For a mapping f : Z(n) — Z(n) and for an element k € Z(n) we denote by Q(k, f) the
first recurrence time, that is Q(k, f) = min{i : f'(k) = f7(k), for some j < i}. Designate
further by Q(z, f) the scaled distribution function

Q. f) = 4k Qk. ) < on')

where #.S denotes the cardinality of the finite set S. The function Q is a random function
if f is constructed as realization of the random mapping F. Thus, we can consider the
mathematical expectation Q,,(x). The theorem above implies the following corollary
immediately.

Corollary 1 The following relations are valid for n — oo

Qin(z) = L(v,ax) as 0<y< % (8)
Random mapping with similar asymptotic of weights of elements arises naturally, for
instance, in the analysis of discretizations of random mappings where the box counting
dimension of the invariant measure differs from its correlation dimension [3].
To conclude this section we note that the equality (5) can be obtained also as a
corollary of Theorem 1 [2].

2 Proof
The proof of the theorem is based on the following two lemmas.
Lemma 1 Let f(z) and f,.(2), n = 1,2,..., be entire analytic functions of z € C' such
that
fu(2) — f(2) as n — oo

uniformly with respect to z from any bounded circle |z| < R. Let u(n) be integer-valued
function and v(n) be real-valued one such that

Then

e o (n))H
F(n) ! / — (z)dz:%f(x)(l—i—o(l)) as mn — oo.

271
|z|=p

Lemma 2 Let f(n, z) be the polynomial

fln,z) =[] (1 +p(k,n)2). (9)

k=1



Then uniformly with respect to z from any bounded circle |z| < R the following relations
are valid

f(n, \/ﬁz)e"/ﬁz = erlhdma) oy, 00, % <v<1;
- 1
f(n, n(logn)—lz)e_ n(logn)=tz 6_%0‘222 4s n— oo, y= 5;
1
f(n,n72)e™* — L(y,az) as n — oo, 0<y< 3

where L(7, z) is the entire analytic function defined by (7).

Proof of Theorem 1. Since the proof is identical for the cases 0 < v < %, v = % and
% < v <1 it will be presented only for the last case.

Remark that the value of %W(m, n) by the Viete theorem coincides with the coefficient
at the term 2™ in the Taylor expansion of the function f(n,z) defined by (9). Then by
the theorem on residue of an analytic function

1 f(n, z)
w(m,n) = m!% / pore dz
|zl=p

and, after substitution z = y/nw,

w(m,n) = m! QL / ﬂfn(w) dw

where
falw) = f(n, \/ﬁw)e_‘/ﬁw.

From this and from Lemmas 1 and 2 the statement of Theorem for the case % <v<1

immediately follows. U

Although Lemma 1 is in line with statements from the theory of integral’s asymptotics
proven with the help of the saddle point method (see. e.g. [4, 5]), we failed to find
the appropriate reference to the exact formulation. Because of this and for the sake of
completeness of presentation, below is given the full proof of Lemma 1.

Proof of Lemma 1. By the theorem on residue of an analytic function

1 / ev(n)z ; (v(n) )1
- —_—ad = ——
21 Zi(m)+H w(n)!

|zl=p
for any value of p > 0. Hence, choosing p = E”g , the value of F'(n) may be represented
as

(v(n))"™

Fin) = p(n)!

f(@) +&(n), (10)



where

el/(n)z
€ =5r [ e ()~ @) d

z

|2|=

Estimate the value of |{(n)|. Fulfil the substitution z = %ew in the above integral.
Then

|§(n)| < 1 / ei(n)(cos p+isin ) {fn <Mew) _f(x):| Miew 10| <

27 (M) p(n)+1 i)+ 1) v(n) v(n)

o)
3 (“(’”ew) ~ ()| d

1 T et(n) cos
%_W (M>u(n) y(n)
(n) ip
fo (%e )—f(sv)

(p:

v(n)
1 et (p(n) 1) / Jn)(cos o1
2 (p(n))Hm

—T

Now, using the Stirling’s formula
1 w(n) 1
or = () (o ()
2mp(n) e p(n)

€(n)] < ch(n) (11)

we may write that

with an appropriate constant ¢y where

o :u(n) (n)(cos p—1)
o) =55 [ e

In view of (10) and (11) it remains to show that

3 (Me) - (@)

v(n)

nn) —0 as n — 00. (12)

To do it introduce auxiliary constants

. 2(1 —cosp)
X= mn —————
—m<p<m %)
and
comsw s (L) - I e = e (B0 ).
n>1 |2|<2z ol <x—1/2 (u(n)) ~1/4 v(n)




Clearly x > 0, ¢; < 0o and €(n) — 0 as n — oo in view of uniform convergence of the
sequence { f,(z)} to f(z) on any bounded circle. Hence

n(n) < \/@/ﬂe‘@(“"g fn (Mei“’> — f(=)

v(n)
and, by substitution /u(n)xe = ¥, we obtain that

p(n)xm
1 22
n(n) < / e
<

dp

o (B3 ) o)

V2mx

p(n)xm
where

(u(n)*/*

_ e (000 s
o = g [ () -]
—(p(n))1/4
| )
= 7%2 pn) i n(n)x _
) = = [ | (M) < ) av,
e
Vi N
B = = [ e (“Egm) ~ ()| dv.

By definition of the value €(n), we have

A (Me" ;ffn)x> — f(x)

v(n)

<e(n)  for [ < (u(n)"*

and thus
(u(n))t/4 5
2
. e T dy | e(n) < | Ze(n). (13)
TX X
—(u(n))2/4

At the same time, by definition of the constant ¢; we have

]1(71) S

I(n), I3(n) <

dp | e =¢(n)—0 as n—oo.  (14)

From (13), (14) it follows (12) which completes the proof of the lemma. O



In the proof of Lemma 2 properties of the numbers p(k,n) play an important role. So,
establish these properties prior to pass to the proof of Lemma 2. From the theorem on
mean value of integral it follows that

(k=17 k-1

k
k — < — k=1,2...,n. 1
p( 7n) aﬁ(Tk,n) ’}/TL’Y ) n > Ten > na 5 4y , ( 5)
Therefore
k ~ kY — (k—1)7
p(k,n)—a<5 (ﬁ)ww,n)) EEREU kezew (o)
where

B(k,n) < max

5(%) -0

and thus, in view of continuity of the function (3(t),

B(n) = Jnax B(k,n) =0 as n — oo. (17)
From the continuity of the function ((¢) it follows that the product of the first two
multipliers in (15) is uniformly (with respect to n and k € [1,n]) bounded. At the same
time, for a given 7 € (0, 1] the numbers k'~ (k7 — (k — 1)7) are also uniformly bounded.
Then by (16) such a constant p, = p(a, ) can be chosen that

a (k= (k=1)7) < yp.k" (18)
and simultaneously

k!
0<p(k,n) <p——

<pn . (19)

Proof of Lemma 2. Case 1 < < 1. Set g(n,z) = f(n,/nz)e” V"™, then

n

g(n,z):e"/ﬁzn(l—i-pkn\/_z :H{ 1+pkn\/_z)e pk”)‘/ﬁz} (20)

k=1 k=1

3

(here the latter equality follows from (1) and (2)). By (19), 0 < p(k,n)y/n < p.nz~" and
so p(k,n)y/n — 0 as n — oo uniformly with respect to k. Hence for any R < oo such a
value n(R) can be chosen that [p(k,n)y/nz| < 3 for n > n(R), |z| < R uniformly with
respect to k. Then, for such n and z, the representation

1+ p(k, n)/mz = en(Fpenmviz) _ gplkn)viz=} (plkn)Viiz) +00en2) (o) viiz) (91
is valid where
10(k,n, z)| <6y < o0, n>n(R), 1<k<n, |z]| <R (22)
By substituting (21) in (20) we obtain that

g(n, z) = o~ 5 (Zior (k) )22 +0(n.2) (29)



where

O(n,z) =n

N

( 0(k,n, z)p3(k,n)) 23 (24)

From (1) it is seen that p(k,n) = 1q(t;,) with an appropriate ¢4, € [£21, £]. Thus,
given arbitrary € > 0, we can write

—Zp (k,n) = Si(e,n) + Sa(g,n)

where

Sem=1 3 Phn),  Sen=; Y %qZ(tk,n).

1<k<en en<k<n

From (19) it follows that

S (8 n) 2 1-2y Z k2'y 1) Cpi 1— 2'y<€n>2(’yfl)+1

1<k<en

with an appropriate constant ¢, and thus
Lo 5 0
Si(e,n) < SCopiE T —0 as € —0. (25)

On the other hand, in view of summability of the function ¢?(¢) on the interval [e, 1],

1
Sg(s,n)—>§/ F(t)dt as n— oo.

From this and from (25) it follows that

n 1 1
gZpQ(k;,n) — 5/ F(t)dt as n — oo. (26)
k=1 0

At the same time from (19), (22) and (24) it follows that

6(n.2) < 3(Zrekn 2)lp’ (k. n))

k=1

< Gopin 3(3-) (Z k30— ) 2 < rolpin?’(%ﬂ)n?’w_l)“zg

with an appropriate constant c¢;. Thus

1

0(n, 2)| < foerpin~2. (27)

From (23), (26), (27) and from the definition of the function g(n, z) the statement of
the lemma for the case % < v <1 follows.



Case v = 3. Set g(n, z) = f(n,/n(logn)~1z)e” v nlogn) ™2 then by (1) and (2)

g(n,z) = H {(1 + p(k,n)y/n(log n)—lz) e~Plhn) "(log”)_lz} : (28)

=1

x>

By (19). 0 < p(k.n)\/n{logm) T < p.(logn) "2 and so p(k,n)y/llogn) T — 0 as
n — oo uniformly with respect to k. Hence for any R < oo such a value n(R) can be

chosen that ‘p(k,n) n(log n)—lz‘ < £ for n > n(R), |z| < R uniformly with respect to

k. Then for such n and z the representation

1 + pk,n) n(logn)‘lz:eln(”p(’“’”) nllogn) ~1z) _

_ k) /nlogm) Ve (k) y/llog ) 12) +00kin.2) (plkn) /nflog ) 12)” (29)
is valid where
|0(k,n,z)| < by < oo, n>n(R), 1<k<n, |z| <R (30)

By substituting (29) in (28) we obtain that

gln, 2) = e~ 7ogn (Liza P (km)) 22 +0(n.2) (31)

O(n,z) = (logn> (Ze (k,n,2)p )) 2.

Estimation of 8(n, z) is done analogously to the previous case. From (19), (30) and
(31) it follows that

0(n, z)| < (logn)2 <Z|9(k,n,z)|p3(k;,n)> B <
< 6op; (logn) g(Zk )

< GoerpPn 2 (logn)~ 2850 as n— oo (32)

where

Before estimating the first summand in the power of the number e in (31), we recall

Euler’s formula:
"1
li — —1 =C
i (Z o8 ) ’

m=1

from which it immediately follows

n

£ 4w

m=k+1

<C,, 1<k<n, (33)




with an appropriate constant C,.
Now, fix an € > 0 and choose such a real number § > 0 that

11— 3(0)] = |3(0) — ()] <e,  0<t<d

(this can be done by continuity of the function (3(¢)). Then we can write

noe= B
2logn ;p (k,n) = S1(6,n) + S2(6,n)
where
Si1(0,n) = 2(k,n), Sy(0,n) = P2k n).
1(0,n) Zlognl;anp( ) 2(6,n) QIOgnén%;n (k,n)

From (19) and (33) it follows that

1 1 1 n
0 < 2 E - < 2( « +log — ) <
S(0m) < 2log np* . k — 2log np* ¢ 08 on/ —

n<k<

<

210gnpz (Cy +|logd|) =0 as n — oo.

At the same time by (15)

2

Si(6n) = o 3 4% (7) (\/E — k- 1)2 with 7, < 6.

2logn

1<k<én
Thus 5
Si(8,n) = % + S11(6,n) + S1a(8, 1) + Si3(5,n)
where

S11(6,n) o’ ! logn
n) = E - —
o dogn \ | 525, F ")
2

Su@n) = o 3 (P —1) (VE-VE-T) .

2logn ETm
o? 2 1
1) = 4 k—+vVk—1) ——=5.
S13(0,m) 2logn 1;&1 { (\/_ ) k}

From (33) it follows that
_ a(C. + [log )

S11(6
‘ 11( ,n)|__ 210g7l
From (34) it follows that
a’e 2 o’ 4
Sia(8,m)| < 4( k—\/k:—1> < 2 <
S n)] = 2logn Z vk ~ 2logn Z k—
1<k<én 1<k<én
< 2a25C* + |log d] + logn.
logn

10



At last, since

JW‘M)?:Q&—)?S;

Elle

then

IN

[S15(3,m)| DD

2logn Tl

o? 1 1 202
3 ——— || = . 40
2logn ( +;(k—1 k)) logn (40)

From (37), (38), (39) and (40) it follows that

(Vi VEET) - s

2

lim sup [ S1(0,n) — % < 2a’,

n—oo

and thus in view of (35) and (36)

<2a8

lim sup

n—oo

o2
2log nZP (k. ) _7

Since ¢ is arbitrary, then

n n
li “(kyn) = —
no 210gnzp( ™)

32) the statement of the lemma in the case v = 1 follows.
n,z) = f(n,n2)e ™% then

—~

From this and from (31)
Case0<fy<— Set

)
—

—n7z

—=

g(n,z) =e (1+p(k,n)nz) H{ L+ p(k,n)nz )e—p(k,n)mz} (41)
k=1

k

Il
—

(here the latter equality follows from (1) and (2)). Set also

glm,n,z) = f[l{ 1+ p(k,n)n7z) e PEmn=} (42)
L(m,y,7) = f[l{[ k= _1> z} e_H} (43)

Now, using the evident inequality
(14 2)e™?| < et

and inequalities (18), (19) we can estimate the values |g(m,n, z)| and |L(m,y, az)| as
follows

lg(m,n, 2)|, |L(m, 7, az)| < P (SR PO o 02 (SR K200 1P

11



Since the power series Y ;2 | k?0~1 is summable for 0 <y < } then
lg(m.n.2)|, |£(m, 7, az)| < (44)

with an appropriate constant w uniformly with respect to all possible combinations of n
and m. Analogously, for the functions

gm,n,z) = [ {Q+pkn)niz)ertmm=}, (45)
k=m+1

~ > A — Y Y (k—1)Y

Gonpan) =[] {[re U1 ommmn (46)
k=m+1 v

we can get the following estimates

G(m, n,2) — 1], |L(m,v,0z)| < e™F —1 (47)
where
w(m) = 4p? ( Z k‘2(7_1)> —0 as m — oo
k=m+1

Represent the difference g(n, z) — L£(7, az) in the form
g(n,z) — L(v,az) = g(m,n,z)g(m,n,z) — L(m,, az)E(m,'y, az) =
= (g(m,n,z) — L(m,~,az)) +
+ g(m,n,z)(g(m,n,z) — 1)+ L(m, v, az) (E(m,% az) — 1)
where the integer m will be chosen later. Then by (44) and (47)

wlz|?

|g(n> Z) o ;C(")QCYZ” < |g(m,n,z) - [,(m,’y,az)\ + 2e

el _ 1’ . 8)

Now, fix a numbers R > 0, € > 0 and choose such a big integer m = m(R, ¢) that

2e~F?

e (MR _ 1’ <e.
Then by (48)
g(n, 2) = L(v,az)| < [g(m,n,2) — L(m,v,e2)[+¢e,  |z[ <R, n>m(Re). (49)
But in view of (16), (17)
glm,n,z) — L(m,y,az) as n— oo

for any fixed m uniformly with respect to z from any bounded circle. From here and from
(49) we get that
limsup|g(n, ) — £(1,02)| <e, || <R
and thus, since ¢ is arbitrary,
g(n,z) = L(y,az) as n— oo

uniformly with respect to |z| < R.
The lemma is completely proved and so is the theorem. |
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