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' PaccvorpnM rrlalKoe oro6paxeulre I !)i/ -r lt/.
Clrcreuu nuga

x,,=f(x, , - t )  ( l )

sBtrsroTcr. KJIaccHqecKt{M cpeAcTBoM OIII{CaHng. \v-
iIaMI{KrI CLICTeM ynpaBneHl{q, O6'I'eKTOB TeXHI4r{eC-
Kofo, Mexaul4qecKoro H Ap. npoucxoxAeHl{t. 06rI'I-
Ho ypaBHeHug (1) onncblBator AI4HaMI4KJ coorBercr-
Byrotqux peanbHblx CIICTeM JII{Ub npI{0JIIIXeHHO, I4

Bo3rruKaer npo6leua Hx rpy6ocru no orHoIUeHI{Io K
Bo3MyttreHuqM pasluvHorl np]lpoAbl. Corlacso
KJraccr{qecKr.rM pe3ynbraraM (cu., Hanpuuep, [1]),
AocraroqHo rnaAKI{e cIIcreMbI (l) coxpaux}or IuHo-
rue crpyKTypHrte ceot lcrBa npl t  rJ ' l  aA xnx ( l ra l t lx

B MerprrKe Cl) no:rr.lyulennsx. I4uetotcl, oAHaKo,
KJraccbr HerJraAKIrx Bo3MylIleHHR, npeAc'raBrqto[IHx
3Haqr4TeJrbHstIi uurepec. K Huttl orHoctTcs npexAe
Bcefo pa3nfiqHoro poAa a[[poKcI,IMaqHI{ II HHTepnO-
rqrlr4l4, epe ue uufte u [pocrpaHcrBeHHble ArrcKperlr-
3arlnlr rl r.n. flrq trx aHaJIn3a B crarbe l4cnoJlb3yerct
TexHl{Ka, HeAaBHo npeAno)KeHHaq aBTopal\4II AJI'
npu6luxeHHoro l lccneAoBaHI'I '  xaorllqecKl{x ArIHa-
MI{qCCKTIX CI4CTCNl,

l. Hnxe ocHoBHbIM o6texrou aHailII3a flBrflercfl
Knacc oileparopHblx Bo3Myu{ennft crcrelt (1), ecre-
crBeHHo BO3HUKaIOqUU nplr onHcaHnu AI4HaMIIKII CI{-
creM co c.rr a6lruu f LIcrepe3I{cHbIMI{ HenI{HeRHocrtMI4

[2 l. f ucrepe3lrcHble Helr.treti nocrn TpaKryror cx s 12]
H HI{)Ke KaK HenpepblBHble, Ho ilpuHqlrnl'{anbHo He-

fJraAKrre AuHaMI4qeCKIIe CI4CTeMU w, UaCto c 6ecxo-
HeqHoMepHbIN{ rlpocrpaHcrBoM Q = Q(W) nHy'r-
peHHr{x cocrotHlrll rrl. Sror KJIacc coAep)KI'IT TaKI{e
seluuefiHocru, KaK lro$r, y[op, MoAeJIu I4urluncxo-
ro-Eecce.rurHra, llpefi:axa*funraq u up. (cu. [2]).
B raxux cLITyaIIusx ecrecrBeHHoe Qasoaoe lrpocr-
paHcrBo Bo3MyuIeHHoii cucreull ( l) - 3To npqMoe
npor{3BeAeHus 9 = }t '1 x Q. Taruv o6pa:ou, guua-

Y nu ee p c u nte m K eu u c ne u d u, E p uc 6 t: u, A tt r: ttt p u Lttta

Y u t ute p ct t me m,\u rcu u,,[l,tr u Lt tt u z. A o c m p u t u a

14 u cnuuny m n p o (t,ceu nep e r)avu uuQ rt p uutgttt
Pocctrf icrot i  A rcadeuuu xuyrc, M ctcxeo

MIIKa BO3MyrqenHOn Cr{CTeMbI OIrIICblBaeTCq COOTHO-

UIEHHqMN

(xr, 0),,)  = S(x, - 1, 0)n _ 1) 
=

- (O(x,-1,o),_1), I - (xn 1,o, , -1)) ,  (2)

rge oro6pax(eHuq o: !)td x o -+ !)td u f: Iltd x Q -+ fl
HenpepbrBHbI.

BogHuxaer o6nlas npo6,reua o cxogcrne Qa-
3oBbrx noprperoB rlagxoti QyurqnoHaltsoti AHHa-
MrrqecKor? cIIcreMbI (l) u oneparopHoll AI4HaMHqec-
xor? cucreusr (2). lloqvepxHeM, qro cucreMa (l) ue
sB rs.ercs, noo6rqe roBops, crpyKTypHo-ycrofi u ltrori
B KaKoM-JIIr6o ecrecreeHHoM cMbIcJIe rlo orHolre-
HIIIo K paccMaTpuBaeMoMy Knaccy so:t'lyu1euufi.
AHarus crpyKTypHoIi ycrorlvnBocrl{ cl{creM c
ACI{MNTOTI{I{ECKH YCTORqITBbIM COCTOqHUCM PABHO-
Becvs, LIJIIT Op6nTaJIbHO aCHM[TOTnqeCKIr ycTov'{n-
BbrMr4 asroxore6a:etvflMr4 coAep)Kl4Tcx n [3, 4]. C.rre-
qyrorqnft ecrecrBeHHstt? urar - uccJIeAoBaHI{e onepa-
TopHbIX Bo3MyIrIeHI4li s o6r acrqx runep6onl{qHocrn
ucxoguoli cncreMbl (Hanpttuep. B oKpecrHocrll rI{-
nep6o:ruuecKoro cocroqHnq paBHoBecl{t). Xela-
TeJIbHO, .rrO6rr oqeHKrr 6rusocru rpaexropnll qnyx

cHcTeM He 3aBIICeIrI,d qBHO OT AJII4HbI BpeMeHlroro I{H-
TepBaJra, a 6unr.r paBHoMepHbIMIr Ao rex nop, noKa
TpaeKTopurl o6e[x cI4cTeM IlaxoAtTcq B cooTBeTCT-
nyroqeli o6nacru (npegno,raraercl, 'rro s eroll o6-
Jracrr{ Moryr coAep)Karbcq cKorb yroAHo AJTHHHbIe
KycKrr rpaexropnla).

Oqesxa 6nr.rgocur - ocHoBHafl TeMa crarbn. 06-
ulrle yrBepxqeHl{s c$oprtlynupoBaHbl e pa:ge:re 2.
Kax oxa:anocr,, .nro6aq lpllHaArex(atqaq o6naclu
runep6o.nuvHocrll TpaeKTopuq cllcreMbl (I) uoxer
6uru orcre)KeHa HeKoropoll rpaexropuet't npl{ JIro-
6orr.r gocraroqHo MaJroM orreparopHoM Bo3MylqeHuI{.
Pa:qe.nu 3 u 4 coqepxar npllMepbl npuMeHeHnq o6-
rrlr4x pe3ynbraroB K HccneAoBaulllo glr$QepeHIII4-

aJrbrrbrx ypanueuufi c I(oHKperHbIMI'l r14crepe3r{cHbl-
un seluriefiHocrsMlr. 3ru npuuepsl ugerino 6nrasxu
K HeKOTopbIM pe3ynbTarar.a n:r [5].

2.  BeeAeN{ Bcn o Mo r  aren bH bI  e orrp e Ae --

JreHr{ f l .  v t  06osHa r IeHna. Eyger* lcvurarr$lrx-

crrpoBaHHbIM HeKoropoe MHo)KecrBo % g qld.
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PaccroqHne rvrexAy cucreMaMu (l) u (2) (Ha uHoxe-
crve %) 6yqeru xapaKTeprr30Barb sern.rHHori

,l(s,fl =.. 
rlLl.,,1*(r,co) 

-l(x)l

KoHe.rHt,l l i  na6op X = -rs, r1, ...,.rrir, Ha3brBaercq K o -
HeqHof i  rpae KToprrel : i  (q lnHtrAf cucreuu/,
ecJIIrr/r =./1r,, _,), ru = l, 2, ..., N. /]"rrx "nro6oro KoMnaKT-
Huro MHo)Ke nya%* c ff o6osHavuu: Th(f 9r*) * cono-

KyrrHocrb rpaexroplui cucreMbr (1), lexaqnx a

N{Ho)KecrBe %*. Auanofr{rrHo, Arq Kax(Aoro rof e O

o6o:ua.{r.rN{: Tt(S, trlf ) - coBoKyrHocrb KoHeqHbrx
rpaeKTopHV

(-rn,  tDu) ,  (x1,  cD,)  ,  . . . ,  (xr ,  o")  (3)

crrcreMbr (2), yqonrerBopflrorqux paBeHcrBy oo = rrl,T .

Ilycrl o( - rroJro)KureJrbHoe qncJro, a% * c% - rov'-

i laKTHoe MHoxecrBo. CHcrerray ( l) Ha:oaeu c-r p y -
0of i  B %*no orHorrreHr{ro K HenpepbrB-

i r  br  M one paTop H br ru B o3MytI Ie HrrqM, ecJrr{
cyqecrByer raKoe €* > 0, qro Arq xaxqorl qauuoir

rpaeKropr.rr4 x* = .xf , xi, ..., ,,il e Tr(f,%*), xax-

goli HenpeprrsHor? cucreMbr (2 ), ygornernoprroqeli
dtS,fl < t*, u Ka)KAOro <ox e OcyulecrByerrpaeKro-
piln (3) n3 ruHo>Keclna 1l(S, ro*), ypoarerBop*ou{as

y{- ' rroBnx) l l r , , -  * I  I l< CIr l (S,,  i lpr{  n = 0, 1,  . . . ,  N. l lo-
' -neAHee oilpelleJleHrre o3HaqaeT, r{To KaxAat
TpaeKTopuq crrcrellrbr i l) voxer 6Hrs orcne)KeHa c
ior lHocrbro,  He 3aBHcqu{eA or AJII IHbI
'r 'p a e K To p lr u, nepnorl KoMrroHeHTorl uexoropofi
'rpaeKropr{rr Ro3MyuleHHori cucreuu (2).

l lpousuoguyro oro6paxeHr{s/r rouxe x e !Ji/
o6osHa.rlrv Df, . Ha:oneM qerBepKy Heorpr{rlareirb-
rrbrx qp1ceJr s = ( t r , ,  t r , ,  p, ,  F,)  luxororuu.rFror l ,
CCJII4

1"., < I < 1"", (4)

(1-1".)(1",-  1)>p.,p, .  (5)

.rl-irx nro6ux yAoBJrerBopqrcn{r.rx HepaBeHcrBau (4)
.ii-IceJl /t., t, qerBepKa s II4xoroMIrqHa, ecJlr4 [pol{3-
;:1.' ieHue !t"lt, AocraroqHo MaJro. f:rx gaHuofi qlrxo-

: lun.lsoii r{erBepKrr s r{ noJrox(ureJrbHoro y oro6pa-
:)i i i)Hvelna:onelr (s, Y)-n o Jr y f r4 n e p 6 o r u.r e c -
i,.rIM Ha MHo)KecrBe %*, ecr.u Ka)KAoMy x e 'X*

i.oorBergrByer raKzur geKoMrro3r4rrur T,Ild = E, @ Ei c

coorBercrByrcrqr4Mr{ npoeKropauu Pl ra Pi, uro

l lp i i , ,oL, l l  <I. i l rziL ,  ue Ei,

l l r i , ,nLvl i  <F.t t  rzt t  ,  veEi,

IAI,IMOHI u gp

l l r ' )uny,ul)>t,, l lvlt  ,  ve Ei,

l lr i , , ,rf ,r l)<pr, i tul l  .  ue Ei,

I  p: l l ,  l lpl t l l  < v
T e op e u a 1. Il),c'mu omo6patreuuef ae"naemca

(s, y)-nonyzttnep6onuuecKu,^4 a W,*. Tozda cucn'Leila
(l) npu rcatrdou

0)0*(s,9 _-
l , - t r ,*F,*F,

(1-L,)( t r , -  l ) -p,p, ,
narlrremcfl a-zpy6oi) e %* no on'rHourcHuto K Henpe-
p b rB Hb 1"44 One p amo p Hb til ao 3ily t4eHunJfi .

3.  Hanousuru,  r r ro HelHHel isocrb ynop pa3 -
Max a /r - sro npeo6pa:onareJrb U1 c npocrpancr-
BoM cocrosuuir l-h, /r], cxalxpHbrMu BXoAaMu u\t) u
cKanqpHbrMn Bbrxo[aMr4 ro(t) t2]. l lpu rnagxoM BXo-
ae u(t). t > 0, u HarranbHoM cocroqHrru an e l-h, hl
coorBercrByroquri Bbrxo[ ro(/) = (Uolan]u)(t), / ) 0,
onpeAeJrflerc{ KaK eAuHcrBeHHoe a6conrorHo ne-
npepbrBHoe peltreHrre 3aAarrH

6D'= 4(o,  r r ' ( / ) ) ,  tD(O) = 6u.

rtre

0))  h,

co < -/r.

PaccuorpHu cr{creMy, onr.rcbr BaeMyro coorHorrreHuqMu

.r'= F(r, ro), ro(r) = (U,.[ro,,](c, r))(r). (6)

3gecrxe !) id;  h>0urr le [- i ,  h]  urparor_porrb napa-
MerpoB; c * cplrxclrposaHHsrii BeKrop nr llt/; U - npe-
o6pa:onarenb ynop pa3Maxa h (cu. l7l). Taxue ypas-
HeHHq BO3HIIKaTOT rrpu O[IrCaHr{r{ MeXaHI{r{eCKrrX Cr.rC-
TeM c ylpyrorrJracrur{ecKuMr4 3 Jr eMeHTaMr{ llparep a,
TexHrrqecKrrx clrcreM c rroQraun rr ylopaMr{, MHo-
rux cIrcTeM aBToMaTnrrecKoro peryJrr.rpoBaHnfl u ap.
llpeqnoloxr4M, qro SyHxqlrx F ygon:rernopfler rJro-
6arr,norry ycJroBrrlo Jftinurzqa. Torga ypanHeHlre (6)
IIMeeT eAI{HCTBeHHOe pe[reHrre Ilprr KaxAoM HaqaIr,-
HoM ycrroBrrra x(0) - "r0 rr Ka)KAoM HaqarbHoM cocloq-
Hr4rr o)0 fr4crepe3rrcnorZ uennHeriHocrv .U. Paccrtror-
pvM oneparop cgBr.rra Shr(xe, ot,,) :a eAfiHr4qHoe Bpe-
Mrr no rpaeKropnqM ypaBHeHraa (6) r oneparop
cABr{ra Shu(xs) TaK)Ke 3a eAuHr{rrHoe BpeMs no rpaeK-
TOpuqM ypaBHeHuq

3 ru o n e p ar oo ", "o " J, u= il'J; o " r ".t o " " u r " u ". *tJl
crrcreMbr S u/ rge npocrpaHcrBo c^ocrorHttit cucre-
urr S - 3ro rpqMoe rpor{3BeAeHlle l}t/ x [-h, h].

flycrr 8(x) = F(.r, 0) - rraAKaq Qyuxqua, yAoBrIe-
rBopqrcnlas ycJIoBI{to 8(0) = 0, a uarpuqa Dg(0) ue
rrMeer co6crnenuux quce,'r ua ruHzvorl ocu. TorAa
cHcreva /no.nyrlrnep6oJrr4rrHa B HeKoropoM 3aMKHy-
roM rxape 9J c qeurpou B rryJre. 14: reopeur,r I clegyer

I  
min {  u,  0}  npu

q(a,u) = 1 a npn l to l  <f t ,

I  max {u,0} npu
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Teopeua 2. Cyu4ecmsyturn maKue cr > 0 u
ho) 0, ,tko dna **doi mpabrcmopuy x.(t) e 9J., 0 <
<" t < t * 1 e, \t p as He uua (7 ) i rcax d o z o h < hs Hafi d em'

,, *fo"**opua (xoQ), oa(/)),0 < r < t*,.ypaeHeHun
(6), ydoanemeopa,nu4aa s4euKe lx(t) - xof)13 uh npu

03t<t*.
Cn eA crB LI e I' Cyu4ecmsltom nxaKue a > 0 u

ho) 0, qmo dna nto6ozo xs € YJJ, npuHaortercaule?o
yLmortuueoily ilHo?oQ1pasun .ypazHeHufl 

(7), nail-
'demca mpaeKmopua (xoQ)' or(/)), t 2.0, ypaeueuua
(6), ydoinemuopaou4oi oqen'rce lxo(t) - xoQ)l3 uh

npu t> 0.
C.negctnue 1 - ero yrBepxAeuue o6 ycrolirrl'IBoc-

Tr.I qeHTpaJlbHoro unoroo6pa3[.fl no orHoIxeHI'IIo K

rl.rcTepe3lrcHblM BO3MyIqeHI{qM u3yqaeMol',I CI{CTeMbI'

Ananorn reopeMbl 2 u ee cJIeAcrBI'Ifl BepHbI- n

AJIfl cl{creM c raKI'IMI'I ne.nr'trerlnocrflMl{, xax nro$r

nnu o6o6rqeHsstrl nroSr, MoAeJIIT Mrseca u Tpec-

xa [2] u t.g.

4. llycrr F = P(ir) - Mepa Eopelr ua [0, *], ygon-

reTBopqloqat ycJIoBltlo

JnaP"1n1 < * '
0

O6osHaqrNa qepe3 Z conorynHocrb -H9np-ep-bIBHbIx
rbynrurfi z(h\, i > 0, grx Koropblx lz(h)l s h' BseAeM

npeo6paaonareJlb Wu co cKarlpHbIMI'l BxoAaMIr I{

BbIxoAaML u c npocfpaHcrBoM cocrolHl'Ifi Z' !,xn
fJraAKoro BXoAa u(t), t z 0, It Ha'Ianr,Horo. cocroflHl{'l

zn e Z coorBercrByioquft BblxoA 7(t) = (Wu[.zcllXr)"

r 2 0, onpegeJllaM PaBeHcTBOM

:
z(.t) = 

J 
(U tzo(ft)l u)(t)d1t(h),

0

rge Ll o - oro ynop pa3Maxa h. Taxue cltcreMbl onu-
cblBalor SyugauentiulbHble MexaHI'IqecKI'Ie MoAeJIlr

lnanplruep,-rrnogenr'r I4uril'rHcroro u Eeccenrmra lZD'

IlpeqnoloxlrM, r{To $yurqux F rla ;xe, qro LI B
npeAbIAyIrIeM pa3AeJIe. Paccuorpuu cl{creMy' orII{-
cbl BaeMyIo yp aBHeHI'rtMI'I

x' = F(x, z), 7(t) = (Wulzol(c, "x))(r), (8)

aHaJrorr4r{HblMll ypaBHeuuxrrl (6). Ypaoneuue (8) npu

Kax<AoM HaqarbHoM ycJIoBI'ru -r(0) 
= -x0 I{ Kax<AoM Ha-

qzurbHoM cocrolHl{rl rl,lgrepe3llcHoIi HellryreEnocrlr

r.rMeer eAI.IHcrBeHHoe petueHr'Ie x\t), t > 0. CleAona-

TeJrbHo, onpeAeJleH oneparop cABI'Ira Sh*(rg) no rpa-

eKropI,ItM ypaBHeHrIJI (8). I,Is reopeMbl I grtrexaet

Teoperua 3.  Cyu4ecmsyrcm maKue a> 0 u

eo > 0, 'r 'mo dna rcatrcdofi mpaeKmop.uu x(t),0 S I <

i/* ( '-, ypayHeHufl (7), dna rcawdofi '+tepbt V,ldoe'
nem6o p fltouleii Y c no euro

u dna rcaxdozo z(h) e Z uatidemcn mpaeKmopun
(-xu(t), zu(t)), 0 < I < t*, ypaeueuua (8), dna rcomopou

lx(r) - x,(t)l < o,r(1t') nPu 0 < t < t*.

Asanorr.r reopeMbl 3 nepHu AJII ypaBHesutt c

MHofoMepHofi uogelrro I'Iut:tuncroto, MoAeJIbIo
flpefi:axa-lltnraq [2], tuHorouepnblMt'I aHaJIoraMI4
MoleJII,I lr.urar [6, 7].

O. Ilafruong, II. KloeAeH I'r A.B. lloxpoBcKnl
roAlepxaHbl rpaHToM A89 132609 AnctpalultcKoro
coBera rro HayqHbIM lrccJle[oBaHI'rxu, B'C' Kosqruu
u M.A. KpacHocelrcxurl qacrl'IqHo noAAepxaHbt
rpaHroM qi-Ot-oOSa4 Poccnficxoro Songa Synga-
MeHTaJIbHbIx rIccJIeAOBaHLIU.
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