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Abstract

Kolmogorov’sveryfirst paperonalgorithmicinformation
theory(Kolmogorov,Problemyperedachiinfotmatsii1(1)
(1965),3)wasentitled“Threeapproachesto thedefinition
of the quantityof information”. Thesethreeapproaches
werecalledcombinatorial, probabilisticandalgorithmic.
Trying to establishformal connectionsbetweencombi-
natorial and algorithmic approaches,we prove that ev-
ery linear inequalityincludingKolmogorov complexities
couldbetranslatedinto anequivalentcombinatorialstate-
ment. (Note that the samelinear inequalitiesare true
for Kolmogorov complexities andShannonentropy, see
Hammeret al., (Proceedingsof CCC’97,Ulm).) Entropy
(complexity) proofsof combinatorialinequalitiesgivenin
Llewellyn andRadhakrishnan(PersonalCommunication)
andHammerandShen(TheoryComput.Syst.31 (1998)
1) canbeconsideredasspecialcases(anda naturalstart-
ing points)for this translation.

Keywords: Kolmogorov complexity; Inequalities;Combi-
natorics

1 Intr oduction and examples

Kolmogorov complexity
�������

of a binarystring
�

is de-
fined as the lengthof shortestprogramthat produces

�
.

Complexity dependson theprogrammingsystem,andwe
assumethatprogrammingsystemis optimal (complexity
is minimal up to � �	�
� additive term). Conditionalcom-
plexity

������� ��
is definedas the length of shortestpro-

gramthatproduces
�

giveninput

.

This approachwascalled“algorithmic” in [1]. Com-
binatorial approachwas explainedin the samepaperas

follows:

Consider a variable
�

whose range is a fi-
nite set � of cardinality � . One can say
that the “entropy” of variable

�
is equal to��������� ������� � . When a specific value�����

is fixed,we “eliminate” this entropy by
providing � � �!�"��� � bits of “information”.
For # independentvariables

��$&%(')'('*%+��,
whose

rangehave cardinalities � $
%)'(')'(% � , we have�����-$.%+� � %(')'('*%+��,"�/�0������$*��12����� � ��13')'('.1������,"�
.

And later:

Let
�

and


be variables(with ranges� and4
) that are dependentin the following sense:

not all pairs
�5%6

from �87 4 are allowed as
values. Let 9 be the set of all allowed pairs.
For any

�;: � we considerthe set
4�<

of all
suchthat

�=�>%+��?: 9 . Now the conditional
entropy can be naturally defined as follows:����@� �A�B�C������� � ��4 < � where � ��4 < � standsfor
thecardinalityof

4 <
.

Thereare someevident connectionsbetweencombi-
natorialandalgorithmicapproaches.First, the setof all
stringshavingcomplexity lessthan D containsat most E"F
elements(sincedifferent stringscorrespondto different
programsand the numberof programsdoesnot exceed�G1 E 1;')'('
1 E"FIH $ ). On theotherhand,asKolmogorov
says,if a finite set J with largecardinality � canbede-
fined by a program of a negligible length

�
compared to�����K� � � , thenalmostall elementsof J havecomplexity

closeto
�!�"� � � [1].
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Thereforethe statement
�������ML D canbe informally

translatedinto combinatoriallanguageas
�

belongsto a
naturally definedsetof cardinality about E&F .

In this sectionwe give several examplesshowing a
similarity betweencombinatorial and algorithmic ap-
proaches.In thenext sectionweformulatethreetheorems
thatprovidecombinatorialtranslationsfor linearinequal-
ities involving Kolmogorov complexities. All logarithms
arebinary:

�����ON
standsfor

�����K�-N
.

Our first exampleis theinequality�2���P%+��GQ2�2�����51��2����@1 � ���������=�������51�������6�6�
(1)

Here
�

and


arebinarystrings;
�2���5%6��

denotesthecom-
plexity of pair

���P%+A�
definedascomplexity of the stringR �P%6KS

for a computableencoding
�P%6UTV R �P%6KS

(different
encodingsgive differentcomplexities, but the difference
is � �6�W� ).

Thecombinatorialcounterpartof this inequalityis the
followingstatement:Let X beasubsetof theproduct�Y74

of two finite sets� and
4

. ThenZ X Q Z\[>] � X �_^ Z\[�` � X � (2)

where
Z

standsfor cardinality,
[�]

and
[�`

areprojections
(e.g.,
[>] � X �a�0bW�c: X �&dIfe��P%+�g/: Xih ).

The similarity is straightforward: take logarithmsand
recallthat“combinatorialentropy” is thelogarithmof car-
dinality of range. If a pair of variables

�P%+
rangesoverX0jk�l7 4 , then

�
rangesover

[ ]m� X � and


rangesover[ `n� X � .
Now considera strongerinequality�����5%6��/QQ2�2�����P1��2��@� ���P1 � ���!�"�����2�����51��2����6�+� (3)

(Let usnotethatall inequalitiesfor complexitiesarecon-
sideredup to � ���!�"�aoc� -termwhere

o
is thesumof com-

plexities of all stringsinvolved;we omit � ���!�"�Bop� -terms
(and � �	�W� -terms)in thesequel.)

Inequality (3) is strongerthan (1) since
����@� ���qQ������

.
RecallingKolmogorov’sexplanationof thecombinato-

rial meaningof conditionalentropy, we cometo the fol-
lowing inequality:Z X Q Zi[�] � X �r^ R sut&vw"x ] Z X w Sy% (4)

where X w standsfor the set
bWz�{e��5%6�gk: X|h . Note

that the inequality(4) is strongerthan(2) since
Z X w QZi[ `}� X � for any

�c: X .
The next exampleinvolvesthreevariablesandis con-

sideredin detail in [2]. TheinequalityE �2���P%+�%+~I�aQ������P%+A�@1������P%�~K�@1������%�~K� (5)

is true (up to logarithmic terms) for any three strings�P%6�%�~
. Its combinatorialcounterpartsaysthat� Z X � � Q Z\[�]G` � X �_^ Z\[�]G� � X �_^ Z\[�`�� � X � (6)

for any subsetX of theCartesianproduct ��7 4 7U� of
threefinite sets � ,

4
and � . (Here

[�]�`
standsfor the

projectionof ��7 4 7c� onto ��7 4 etc.)
This inequalityalsocanbe strengthenedby replacing

unconditionalcomplexity by conditionalone:E �2���5%6�%+~I�BQk�2���P%+��@1��2���P%�~K�@1������%+~�� ��� (7)

Thecombinatorialcounterpartis� Z X � � Q Zi[ ]�`}� X �_^ Zi[ ]��B� X �_^ R s{t&vw&x ] Z X w S (8)

where X w �0bIe��%+~IgG�Ae��5%6�%+~Ig/: X|h .
All four examplesgivenabovefollow thesamepattern

andarecoveredby theorem1 below; it saysthat combi-
natorialstatementis trueif andonly if thecorresponding
inequalityholds.

A moresubtleexampleis providedby aninequality�������P1�����-� ���/Qk�����P%6��
(9)

where,asusual,logarithmictermsareomitted. (This in-
equalityis a reversedform of (3), soin factinequality(3)
is anequality.) What is the correspondingcombinatorial
statement?OnecouldtryZ\[>] � X �_^ R s{t.vw"x ] Z X w SPQ Z X %
but this statementis falsefor evidentreasons(considerX
thathaslarge X w for some

�
andsmall X w for many other�

’s). However, onecanfind a truestatementwhich looks
parallelto (9). Hereit is:

Let � and
4

be two finite setsand let X be a
subsetof ��7 4 . Let

N
and� betwo integerssuch

that
N �2� Z X . Then X canbe partitionedintoX � 9��{� with

Z\[>] � 9 �/QkN and
s{t.vw&x ] Z � w Q� .

(10)

2



To prove(10)considertheset � of all
�c: � suchthatZ X w�� � . This setcontainsat most
N

elements(other-
wise
Z X � N � ). Now let 9 be thesetof all

e��P%6�gi: X
suchthat

�Y: � and let � be the remainingpart of X .
Then
[ ]u� 9 ��� � and

Zi[ ]�� 9 �nQCN ; on theotherhand,Z � w is zerofor
��: � anddoesnot exceed� for

�3�: � ,
therefore,

s{t.vw&x ] Z � w Q � .
In fact,thestatement(10)canbeusedasanintermedi-

atestepin theproofof (9).

Our last example is the so-called“basic inequality”
from [4], i.e., theinequality�������P1������P%+�%�~K�BQ������P%6��@1������P%+~I�

(11)

This inequalityfollows from the inequality
�����%+~�� ���iQ����@� ���G1Y���=~�� ���

(which is a “conditional version” of
(1)) using the equalities

�����P%6��3������@� ����1q�2�����
,�����P%�~K�O�3����~�� ���*1\�������

and
�����P%6�%�~K�O�3�����%�~�� ���*1�������

; all threeequalitiesmentionedfollow from (3) and
(9).

Inequality(11) correspondsto the following combina-
torial statement:

Let � ,
4

and � be threefinite setsand let X
be a subsetof ��7 4 7�� . Let � and � be two
integerssuchthat ����� Z\[>]�` � X �/^ Z\[�]G� � X � .
Then X canbepartitionedinto X � 9��c� withZ\[>] � 9 �GQ � and

Z � Q � .
(12)

Thisstatementcanbeprovedasfollows. For each
�?: �

considertheset

X w ��bIe��%+~IgG��e��P%6�%�~KgB: X|h
Theset � canbelinearlyorderedin suchawaythat

Z X w
decreasesas

�
increases.Consider� first elementsof �

in this ordering. Correspondingtriples form the set 9 ;
the remainingpartof X goesto � . (It is easyto seethat
this choiceis optimal; we want to make

Z � smaller, so
weincludelarge X w into 9 .) Theconstructionguarantees
that
Z\[>] � 9 �/Q � . It remainsto provethat

Z � Q � .
Let � $ and � � be the cardinalitiesof

[�]G` � X � and[>]�� � X � . Let us prove first that all X w outside 9 have
cardinalitiesat most � $ � � � � � . Let � ����� and � ����� be the
cardinalitiesof projectionsof X w onto

4
and � . Then� w � �����M� � $ and

� w � �����M� � � . Therefore,the av-
eragevalueof � ����� for � first valuesof

�
(corresponding

to the set 9 ) doesnot exceed� $W� � ; the averagevalueof� ����� for � first valuesof
�

doesnot exceed � � � � . Us-
ing Cauchyinequality, we concludethat the geometric
meanof � first valuesof � ����� [of � ����� ] doesnot exceed� $ � � [resp. � � � � ]. Therefore,the geometricmeanof the
product� ����� � ����� doesnot exceed� $ � � � � � , andthemin-
imal valueof � ����� � ����� doesnot exceed � $ � � � � � . SinceZ X w Q � ����� � ����� , the minimal valueof

Z X w in 9 (and
all thevaluesoutside9 ) doesnot exceed� $ � � � � � .

Now we know that
Z � w Q � $ � � � � � for all

�
(here� w �;� for � first valuesof

�
and � w � X w for remaining�

). It remainsto applytheinequality(8) to getthedesired
result:

Z � Q0� � $ ^ � � ^ � $ � �� � � �
$ � �� Q � '

Thestatement(12) is proved. �
2 Linear inequalities

We hopethat the examplesabove make clear the corre-
spondencebetweencomplexity inequalitiesand combi-
natorialstatements.However, let us give the exact defi-
nitionsfor thegeneralcase.

We consider linear inequalities involving strings� $ %('(')'(%+���
. (Thenumber � of stringsis a constant.)For

any set ��j bK�"%(')'('*% �"h containingelements  $ %('(')'*%  ¢¡
we denoteby

��£
the tuple

e���¤¦¥&%(')'('-%+�>¤!§¨g
. Its complex-

ity (definedin a naturalway usingencodings)is denoted
by
����� £ �

. For example,thebasicinequality(11) canbe
written in thisnotationas�2����© $�ª �@1��2����© $¬« � « ¬ª �GQ2�2����© $¬« � ª �@1�������© $®« ¬ª �
Thegeneralform of the linear inequalityinvolving com-
plexitiesof strings

�-$.%)'('(')%6� �
andtheir combinationsis¯ £�° £W�����>£.� ��± '

The generalform of an inequality involving conditional
complexities is ¯£¬²A³&´Pµ|° £ « ³������>£I� ��³¶� ��± ' (13)
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We assumethat �k·¹¸ � � since
����� £ � � ³ �8������ £¬º®³ � � ³ �

.
Now we needto introducethe notationfor combina-

torial statements.Let � $
%)'('('-% � � besets.For each�?jb���%(')'('*% �&h weconsideraprojectionfunction
[>£

thatmaps� $ 7 ')'(' 7n� � onto » ¤ x £ � ¤ . For any X0j2� $ 7 ^(^(^ 7n� �
by
[�£ � X � wedenotetheimageof X underthisprojection;D £K� X �m� Zi[ £I� X � is its cardinality. (Accordingto Kol-

mogorov,
�!�"� D £�� X � canbeconsideredas“combinatorial

entropy” of projection
�>£

if
�

rangesover X .)
Conditionalcombinatorialentropy canbe definedin a

similar way. Let � and ¸ bedisjoint subsetsof the index
set
bK�"%(')'('-% �&h . For any

�M: X considerasectionof X go-
ing through

�
andhaving all ¸ -coordinatesfixed;consider� -projectionof this section.Cardinalityof this projection

dependson
�
; let D £
¼ ³ � X � bethemaximalcardinality. Re-

formulation: fix ¸ -coordinatesof a variable
�½: X and

considerthe set of all possiblevaluesof � -coordinates.
(This setdependson thevaluesof ¸ -coordinates.)Maxi-
mal cardinalityof this setis denotedby D £W¼ ³ � X � .

The connectionbetweencombinatorial entropy and
Kolmogorov complexity canbe informally describedas
follows. Let X be a set whoseelementsare tuplesof
strings

e��-$.%)'('(')%6� � g
. AssumethatKolmogorov complex-

ity of X is small. Thenthe maximalvalueof
�2��� £ � � ³ �

over all
e���$&%(')'('*%+� � g�: X is closeto

�!�"� D £
¼ ³ � X � . In-
deed,to specify

� £
when
� ³

is known, we need
����� �

bits,where� is thenumberof possiblevaluesof
� £

when� ³
is known. This simpleobservation(refinedin an ap-

propriateway)is themainpointof theproofsgivenbelow.
Ourfirst theoremconsidersthecasewhenonly oneco-

efficient ° £ « ³ is negative. In other words, we consider
inequalityof type����� £¿¾ � � ³*¾ �GQ ¯ £ « ³m° £ « ³ �2��� £ � � ³ � (14)

wheresummationrangesoverpairsof disjointsetsdiffer-
entfrom

� �¬À % ¸�À � andall ° £ « ³ arenon-negative.

Theorem1 The inequality
�	�)ÁK�

is valid for all binary
strings

� $ %('(')'(%+���n�
up to � ���!�"�-���2��� $ �51;')'('
1k�2�����¬�6�6�

term
�

if andonly if

D £¿¾(¼ ³(¾ � X �GQ3Â£ « ³pÃ D £
¼ ³ � X �¢ÄWÅWÆ6Ç È (15)

for anysubsetXÉj0� $ 7 ')'(' 7?� � � � $
%(')'(')% � � are ar-
bitrary finitesets

�
.

This theoremcan be applied to the examplesgiven
above: it saysthat(1) is equivalentto (2), that(3) is equiv-
alent to (4), that (5) is equivalent to (6), and that (7) is
equivalentto (8). A specialcaseof this theorem(inequal-
ities (5) and (6)) was consideredin [2]. Other special
casesof this theoremand theorem2 below are consid-
eredin [5]; in this paperShannonentropy is usedinstead
of Kolmogorov complexity andall � ¤ have two elements
(this restrictionis not essential).

Proof. Let usprove (15) Ê (14) first. Let
� $ %)'('(')%6���

be arbitrarystringsand # £
¼ ³ �q�����>£A� ��³¶� . Considerthe
set X of all tuples

{�Ye�K$
%)'('('(%6 � g
suchthat

�2�� £ �  ³ �/Q# £
¼ ³ for all
� � % ¸ �3Ë�Ì� �¬À % ¸�À � . We want to apply (15)

to X . It is easyto seethat
�!�"� D £W¼ ³ � X �ÍQ # £
¼ ³ 1 � �6�W� .

Indeed,if
 ³

is fixed,only E ^ E , Æ�Î È valuesof
 £

arepossi-
ble, sincethesevaluesareobtainedfrom

 ³
by programs

of lengthat most # £
¼ ³ . Applying (15) to X , we conclude
that
�!�"� D £¿¾)¼ ³*¾ � X ��Q � ° £ « ³ # £
¼ ³ 1 � �	�
� . Notealsothat

theset X canbeenumeratedeffectively providedall # £W¼ ³
aregiven(weneed� ���������=����� $ ��1�'(')'¬1Ï�2�����(�6�6� bits to
specifyall # £W¼ ³ ). Now we seethat � À -coordinatesof any
element


of X aredeterminedby ¸ À -coordinatesof


and

its ordinal numberin the enumerationof all X -elements
having given ¸"À -coordinates.This numberhas

����� D £¿¾)¼ ³(¾
bits,sowe get(14).

Formally speaking,thereis an error in this argument:
wecannotapply(15)to X directly, sinceX canbeinfinite.
However, we canapply (15) to all finite subsetsof X : ifD £ ¾ ¼ ³ ¾ � X}Ð �/Q�Ñ for all finite X}Ð@j�X , then D £ ¾ ¼ ³ ¾ � X �GQkÑ .

Now letusprove(14) Ê (15). Thisproofisgivenin [2]
for the specialcaseof inequalities(5) and (6). It uses
sometrick: to getrid of logarithmicterms,we considera
sequenceof elementsof X insteadof oneelement.

We may assumethat � $.%('(')'*% � � are setsof binary
strings.Let J bea naturalnumber. Let Ò �C $ %)'(')'*%6�Ó
be a sequenceof arbitraryelementsof X . Each

 ¤
is a

sequenceof strings
 ¤$ %)'(')'-%6 ¤�

, so Ò can be considered
as a matrix with J rows and � columns. For any set�;j bK�"%(')'('*% �"h we denotethe sequence

 $£ %(')'('*%+AÓ£
byÒ £ . (To get Ò £ from Ò we consideronly columnsof the

matrix whosenumbersbelongto � .)
Now we apply the inequality (14) to the columnsof

the matrix. For any disjoint sets � % ¸Éj b���%('(')'*% �"h the
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complexity
��� Ò £ � Ò ³ � doesnot exceedJ ����� D £
¼ ³ � X �51� ���!�"� J � wheretheconstantin � -notationdependson X

but noton J . Indeed,to specify Ò £ whenÒ ³ is knownwe
need(for eachrow   ) to use

�!�"� D £
¼ ³ bits for the ordinal
numberof

 ¤£
in thesetof all possibilities(for given

 ¤³
).

Therefore,for any
 $ %(')'('*%+�ÓÔ: X we have�2� Ò £y¾ � Ò ³*¾ ��Q J ¯ ° £ « ³/�!�"� D £
¼ ³ � X �P1 � ���!�"� J �¬'

Now we want to get an upperboundfor D £ ¾ ¼ ³ ¾ � X � . Fix
somevalue of ¸ À -coordinates. We want to get an up-
per bound for the number � of possiblevaluesof � À -
coordinatescompatiblewith fixed ¸ À -coordinates.Con-
sideranarbitrarymatrix Ò whereall rowshave given ¸ À -
coordinates.Since ¸ À -coordinatesarefixed,

�2� Ò ³(¾ �Í�� ���!�"� J � and
��� Ò £¿¾ �8Q J � ° £ « ³/����� D £
¼ ³ � X �Õ1� ���!�"� J � . Ontheotherhand,therearestill � Ó possible

valuesof Ò £¿¾ , andall of themhave boundedcomplexity,
therefore�!�"��� � Ó �O� J �!�"� � QQ J ¯ ° £ « ³ ����� D £
¼ ³ � X �P1 � ���!�"� J �*'
Since
�!�"� J � J V ± as J V×Ö , we get the required

upperboundfor � .
Theorem1 is proved. �
Let us considera specialcaseof (14) whenno condi-

tional complexitiesareinvolved:�2��� $ %)'('('(%6���(�GQ ¯ ° £)�2���>£.� (16)

Here ° £ arenon-negativereals(for all �MØ bK�"%(')'('¬% �&h ).
Theorem2 Theinequality(16) is true for all

� $ %('(')'(%+���
(up to a logarithmic term) if and only if for any Ù ��"%)'(')'*% � thesumof coefficients° £ for all � containingÙ is
at least

�
.

Proof. Let
� ¤

beemptystringsfor all   Ë� Ù . Thenthe
inequality(16) canberewrittenas

������ÚW�GQ � ° £ �2����ÚW�
wherethesumis takenoverall � containingÙ . Therefore,
if (16) is truefor all strings,thesumof coefficients ° £ is
at least

�
.

On theotherhands,if all thesesumsareat least
�
, we

canprove (16) asfollows. Using (3) and(9), we rewrite

�����-$.%)'(')'*%6� � �
as

�2��� $ �P1������ � � � $ �P1������  � � $ %6� � �P13'(')''('('.1��2�����.� � $ %)'('(')%6��� H $ �
andrewritecomplexitiesin theright-handsidein thesame
way (usingthe sameorderof indices). For example,the
term
�����-$.%+�>W�

in theright-handsidebecomes
�����-$(��1������K� ��$)�

. We thenaddomittedconditionsin the right-
handside(e.g.,replace

�2���  � � $ �
by
�����  � � $ %+� � �

) and
geta strongerinequality;this strongerinequalityis valid
accordingto ourassumption(sumof coefficientsfor each������¤�� � $ %(')'(')%6�>¤ H $ � is at least1).

Theorem2 is proved.

This argumentshows alsothat any valid inequalityof
type(16)is apositivelinearcombinationof basicinequal-
ities in thesenseof [4].

Now we return to the generalcaseand considerin-
equalitiesof type

� ° £ « ³ �2��� £ � � ³ � �Û± whereseveral
coefficientsmaybenegative. It is convenientto separate
positive andnegative coefficientsandconsiderinequali-
tiesof type

¯Ü £ « ³"Ý x"Þ\ß £ « ³ ����� £ � � ³ �GQ ¯Ü £ « ³&Ý x"à/á £ « ³ ����� £ � � ³ � (17)

whereall ß £ « ³ and á £ « ³ arepositiveand â %+ã aredisjoint
setsof pairsof disjoint subsetsof

bK�"%(')'('*% �"h .
Thefollowing theoremgivesacombinatorialstatement

that is equivalent to (17). Unfortunately, this condition
is morecomplicatedthanonecouldexpectlooking at the
relationsbetween(9) and(10)or between(11)and(12). It
includesa polynomialfactorthatcorrespondsto additive
logarithmictermin theinequalityaboutcomplexities.

Notation: ä-F is a setof all binarystringsof length D .
Theorem3 Theinequality(17) is valid for givencoeffi-
cientsß £ « ³ and á £ « ³ andfor anystrings

� $ %('(')'*%6���
(upto

a logarithmicterm) if andonly if thefollowing combina-
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torial statementis true:

there existsa constant
Ñ

such that for any D , for
anyset X0j � ä-F � � andfor anyintegers

�I£ « ³
such

that ÂÜ £ « ³&Ý x"à R D £
¼ ³ � X �¿S!å Æ+Ç È Q ÂÜ £ « ³&Ý x"Þ �Aæ Æ+Ç È£ « ³
the set X can be covered by sets 9 £ « ³ (for� � % ¸ �/: â ) such that

D £
¼ ³ � 9 £ « ³¶�/Qk�I£ « ³�^ DPç
(18)

Beforeprovingthistheorem,letuslook atthecombina-
torial translationfor thebasicinequality(11): thereexists
aconstant

Ñ
suchthatfor all D , for any set X0jk�Y7 4 7f�

(where� �C4�� � � ä-F ) andfor any � and � suchthatZ\[ ]�`n� X � Z\[ ]��G� X �¨Q ��� thereexist 9 and � suchthatX0j39c�i� ,
Z\[ ]�� 9 �GQ ��D ç and

Z � Q �KD ç . Weseethat
theonly differencebetweenthis statementand(12) is the
factor D ç . (It seemsquitepossiblethattheorem3 remains
truewithout this factor. However, this factoris neededin
ourproof.)

Proof of theorem3. Assumethat the inequality (17)
is valid up to a logarithmic term � ���������=������$)�B1�'(')'A1����� � �+�6�

. We want to prove (18). For a given D and
given X thereexists someconstant

Ñ"� D % X � that makes
the statement(18) true (for all valuesof

� £ « ³
). This is

evident; what we needto prove is that the samecon-
stantworks for all D andall X . For a given D consider
the “worst-case”set X F andvaluesof

� £ « ³
that require

maximalconstant.The set X F canbe effectively found
(try all possibilities; it is a very long, but finite, pro-
cess). Therefore,complexity of X F is � ������� D � . For
any
�è: X F andfor any disjoint � % ¸�j bK�"%)'('('(% �"h we

have
�2����£K� ��³>�MQl�!�"� D £W¼ ³ � X F �B1 � ������� D � (to specify� £

when
� ³

is fixedwe needto specify X F andtheordi-
nal numberof

� £
). Therefore,if numbers

� £ « ³
satisfythe

inequality

ÂÜ £ « ³&Ý x"à R D £
¼ ³ � X F �¿S å Æ6Ç È Q ÂÜ £ « ³"Ý x"Þ �Aæ Æ6Ç È£ « ³

then¯Ü £ « ³&Ý x"àBá £ « ³ ����� £ � � ³ �/QQ ¯Ü £ « ³&Ý x"àaá £ « ³/�!�"� D £W¼ ³ � X �51 � ������� D �/QQ ¯Ü £ « ³"Ý x"Þ ß £ « ³ �����a� £ « ³ 1 � ���!�"� D �
Combiningthis inequalitywith (17),weconcludethat¯Ü £ « ³&Ý x"Þ�ß £ « ³A�2���>£I� ��³¶��Q ¯Ü £ « ³&Ý x"Þ\ß £ « ³/�!�"�B�K£ « ³�1�éU����� D
for any

��: X F andfor somefixed
é

(not dependingonD ). Therefore,if
�c: X F , then

ß £ « ³ ����� £ � � ³ �/Q ß £ « ³ �!�"�a� £ « ³ 1
éZ â �!�"� D

for at leastone
� � % ¸ �G: â . In otherterms,sets

9 £ « ³ �èb)�ê�.�2��� £ � � ³ ��Q��!�"�a� £ « ³ 1 é
ß £ « ³ Z â

����� D_h
cover X . And

����� D £
¼ ³ � 9 £ « ³ ��QÛ�!�"�B� £ « ³ 1èÑ��!�"� D for
someconstant

Ñ
thatdoesnot dependon D . Since X F is

the“worst-case”setby our assumption,we concludethatÑ&� D % X F � is boundedby a constantnot dependingon D ,
and(18) is true.

To prove the secondpart of the theorem,assumethat
thestatement(18) is true.Weneedto prove

�	�
ë"�
for arbi-

trary tuple
�p�qe���$&%('(')'*%6� � g

. To do that,we “generalize”�
andincludeit in theset X of tuplesof stringsthathave

“similar complexity behavior”. Thenwe apply thestate-
ment(18) to X .

Formally X is definedas the set of all tuples
ì�e�K$&%(')'('*%+ � g

such that
���� £ �  ³ �½Qí����� £ � � ³ �

for any
disjoint sets � % ¸ìj bK�"%(')'('¬% �&h . (This set was already
used in the proof of theorem1.) The set X is not
emptysinceit contains

�
. Moreover,

����� Z X is closeto�����-$.%)'(')'*%6� � �
. Indeed,

����� Z X cannotbe significantly
larger than

����� $ %(')'('*%+���*�
becauseall

2: X have com-
plexity not exceeding

�2��� $ %(')'('*%+���*�
. On theotherhand,X canbe enumeratedby a programthat haslogarithmic

(in
����� $ ��13^)^(^&12�������¬�

) length(we needto specifyall

6



complexity bounds;numberof theseboundsis exponen-
tial in � , but � is consideredas a constant). Therefore,
complexity of any

�: X (including
�
) doesnot exceed

significantly
�!�"� Z X , so

�!�"� Z X cannotbe significantly
lessthan

����� $ %)'(')'(%6���*�
.

Thesameargumentshows thatfor any
� � % ¸ � thenum-

ber
�!�"� D £
¼ ³ � X £ « ³�� differs from

������£A� ��³¶�
at most by� ���!�"�����2���-$(�P13'(')'W1������ � �6�+� .

To apply the statement(18) to X we needto choose
somevalueof D . Let D beequalto

�����-$(�W1î'(')'�1m�2��� � �)1�
. Using this value, we cannotapply (18) directly: an

element
?�ïe�K$
%)'(')'(%6 � gi: X cancontainvery long

 ¤
.

However, the purely combinatorialnatureof (18) allows
usto renameall

 ¤
. Thereis at most E&F of them(sinceall

’shavecomplexity lessthanD ), andthey canbereplaced
by stringsof length D .

Now supposethat(in contradictionwith (17))¯Ü £ « ³"Ý x"àBá £ « ³ ����� £ � � ³ �/LL ¯Ü £ « ³&Ý x"Þiß £ « ³��2���>£I� ��³¶��ð�éÏ�!�"� D %
for someconstant

é
(to befixedlater).

Choosenumbers
� Ð£ « ³ suchthat

�!�"�B� Ð£ « ³ �C����� £ � � ³ �_ð éZ â �!�"� D
Note that

� Ð£ « ³ definedby this formula are not integers.
Let
� £ « ³

be ñ � Ð£ « ³Kò . Then

�����a�I£ « ³u�C�����>£I� ��³¶�_ð éZ â ����� D 1 � �6�W�¬'
We have¯Ü £ « ³&Ý x"à á £ « ³ ����� £ � � ³ �/L ¯Ü £ « ³"Ý x"Þ ß £ « ³ �����a� £ « ³ %
i.e., ÂÜ £ « ³"Ý x"à �����>£I� ��³¶� å Æ+Ç È Q ÂÜ £ « ³&Ý x"Þ R �I£ « ³KS æ Æ+Ç È '
Thenby (18) theset X canbecoveredby sets 9 £ « ³ such
that D £
¼ ³ � 9 £ « ³��GQk�K£ « ³m^ D ç '

For any
� � % ¸ ��!�"� Z 9 £ « ³ Qk����� D ³ � 9 £ « ³ �P1������ D £
¼ ³ � 9 £ « ³ �Q������ ³ �51��!�"�a� £ « ³ 1�Ñ��!�"� DQ������ ³ �51��2��� £ � � ³ �rð éZ â �!�"� D 1�Ñ��!�"� DQ��������P1 � ���!�"� D ��ð éZ â �!�"� D 1�Ñ��!�"� D '

Since XÔóõô£ « ³ 9 £ « ³ , andthe numberof pairs
� � % ¸ � is a

constant(for a fixed � ), we have����� Z X Qk�2�����)1 � ���!�"� D �.ð éZ â ����� D 1mÑ��!�"� D 1 � �	�
�¬'
Because

�!�"� Z X cannot be significantly less then����� $ %)'(')'-%6���(�
, we get a contradiction for

é
large

enough.�
Theunderlyingreasonfor thesecondpartof theproof

canbeexplainedasfollows. X is uniform: mostof its sec-
tions (in a givendirection)have approximatelythe same
size. (The sameis true for projections.)Therefore,if 9
is somepart of X that hassmall sectionsin somedirec-
tion,
Z 9 is small comparedto

Z X andsuch 9 ’s cannot
cover X .

3 Prefix complexity

All inequalitiesfor Kolmogorov complexities werecon-
sideredup to � ���!�"� D � term, where D is a sumof com-
plexities of stringsinvolved. Thereforewe could safely
ignore the differencebetweenseveral existing versions
of complexity. We canuseplain complexity definedby
Kolmogorov in [1]), denotedby

éu�����
in [6] and ö\÷ �����

in [7], or prefix complexity, denotedby
�������

in [6] andöfø ����� in [7].
In this sectionwe areinterestedin equalitiesvalid up

to � �	�
� . Thereforewe should be careful and specify
exactly the versionof complexity we use. Most useful
hereis prefix complexity ö|ø ����� . For example,the in-
equality ö|ø ���5%6��êQ ö|ø �����G1 ö|ø ����G1 � �	�W� is well
known (see[6], example3.1.2,p. 194). The inequalityE �êù{���P%+�%�~K�BQ��êù{���P%6���1��Uù{���P%�~K��1��Uù{���%+~I� was
proved(usingCauchy–Schwartzinequality)in [2]. These
examplesmake thefollowing conjectureplausible:
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Conjecture. Any linear inequalityinvolving uncondi-
tional complexities that is valid up to logarithmictermis
valid up to � �	�
� for prefixcomplexity.

A partialresultin this direction:

Theorem4 Basic inequality (11) is valid up to � �6�W� -
termfor prefixcomplexity:ö|ø �����51 ö|ø ���5%6�%+~I�/Q ö|ø ���P%6��P1 ö|ø ���5%+~I�¬' (19)

Proof. This theorem can be easily derived from
L.A. Levin’s formula for prefix complexity of a pair:ö|ø ���5%6��Õ� ö|ø ������1 ö|ø ��@� �5% ö|ø �����6� (for the proof
see,e.g.,[6], theorem3.9.1,p. 232). Indeed,this formula
allowsusto rewrite (19)as

ö|ø ���%�~�� �P% ö|ø �����+�GQQ ö|ø ��@� �P% ö|ø �����6��1 ö|ø �=~�� �P% öfø �����6�*%
and this inequality is a “relativized” versionof the in-
equality öfø ���%+~I�aQ ö|ø ����@1 öfø �=~K� .

We provide also a direct proof of (19) using a priori
probabilities. Recall that ö|ø �����î��ðp�����aú3����� , whereú

is universalenumerablesemimeasure(see[6], p. 247).
Therefore,weneedto provethatú ���5%6�%+~I� ú ����� � ú ���P%6�� ú ���P%�~K�*'
or ú ���P%6�%�~K� � ú ���P%+�� ú ���5%+~I�ú ����� '
Since
�½û ú ���5%6��pQ ú �����

and
�Cü ú ���5%+~I�pQ ú �����

,
we concludethat¯w « û « ü

ú ���5%6�� ú ���5%+~I�ú ����� Q ¯ w ú �����GLC��'
(In fact we know only that

�Cû ú ���P%+��;� � � ú �����6�
and ö|ø �����k�ýðÕ�!�"� ú ������1 � �6�W� , but for simplicity
we assumethat

� û ú ���P%+��0Q ú �����
and ö|ø �����C�ðp����� ú �����

andomit someconstantsin theproof.)
If the fraction

ú ���P%+�� ú ���5%+~I�+� ú �����
were enumer-

able from below, the proof would be complete,sinceú ���5%6�%+~I�
is maximal. However, we have

ú
in the de-

nominator, andthefractionis notenumerablefrom below.
We needto find anenumerableupperboundfor this frac-
tion having finite sum. For each D by

ú F ���P%+�� we de-
notethe enumerablefunction obtainedfrom

ú ���P%+A�
by

addingan additionalrequirement
� û ú F ���5%6��îQ EIH�F .

(We eliminatevaluesof
ú

that canviolate this require-
ment.)Now considerthefunction¯

FAþPÿ�� Ü w Ý
ú F ���P%+A� ú F ���5%+~I�E H�F

This sumis anuppedboundforú ���P%+A� ú ���P%�~K�ú �����
(let D � ö|ø ����� ; then EIH�F � ú ����� and

ú F � ú ). It is
anenumerableupperboundweaskedfor, since¯w « û « ü ¯FIþ5ÿ�� Ü w Ý

ú F ���P%6�� ú F ���P%�~K�E H�F Q
Q ¯ w ¯
FIþPÿ�� Ü w Ý

� û ú F ���5%6�� � ü ú F ���P%+~I�E H�F Q
Q ¯ w ¯
FIþ5ÿ�� Ü w Ý E H�F

Q ¯ w E ú �����¨Q E '
Theorem4 is proved. �

Corollary : all inequalities involving unconditional
complexities, having one term in the left-handside and
beingtrueup to logarithmicterm,are trueup to � �	�
� for
prefixcomplexity.

(Indeed,theorem2 guaranteesthat suchan inequality
is a positive linear combinationof basicinequalities,so
we canapplytheorem4.)

This corollary canbe proved directly usingsemimea-
suresandthefollowing versionof Jensen’s inequality: if

ß $O13'(')'
1 ß � �Y� , ß ¤ �2± , then� R � $&�����¿S æ ¥ '('(' R � � �����¢S æ���� �?Q
Q
	 � � $.����� � ��� æ ¥ '(')'�	 � � � ����� � ��� æ�
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