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Abstract. We study a reaction-diffusion system of N equations with k nonzero and N — k
zero diffusion coefficients. More exactly, the first k equations of the system contain the terms

a;Au; — fj(a,v), i = 1, k, with the diffusion coefficient a; > 0. The right-hand sides of the
other N — k equations contain only nonlinear interaction functions —h;(u,v), j =k + 1, N,
with zero diffusion. Here u = (u1,...,u;) and v = (vg41,...,vyN) are unknown concen-
tration vectors. Under appropriate assumptions on the interaction functions f(-) and h(-),
we construct the trajectory attractor 29 of this reaction-diffusion system. We also find the
trajectory attractors A°, § = (81,...,dy), for the analogous reaction-diffusion systems hav-
ing the terms 6;Av; — hj(u,v), j = k41, N, with small diffusion coefficients 6; > 0 in
the last N — k equations. We prove that the trajectory attractors 2° converge to 20 (in an
appropriate topology) as § — 0+.
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INTRODUCTION

The global attractors for reaction-diffusion equations have been studied in a number of papers
(see, e.g., [1-5] and the references therein). The major consideration has been given to reaction-
diffusion systems for which the initial-value problem has a unique strong solution in the corre-
sponding function space.

The present paper deals with reaction-diffusion systems for which it is possible to construct
global (in time) weak solutions, but the uniqueness theorem for the corresponding Cauchy problem
fails or is not proved yet. This situation is quite typical for model equations of chemical kinetics.
Moreover, we assume that some diffusion coefficients of the system vanish. For such a system, in
Secs. 1 and 2, we construct the trajectory attractor and study the main properties of this set. We
note that the method of trajectory attractors is extremely useful in the study of equations without
unique solvability of the Cauchy problem (see, e.g., [6-11]).

Consider the system

Oru = alAu —f(u,v) + gy, f:=(0f, - fr), (0.1)
OV = —h(u,v) + go, h := (hgt1,...,hN),
where u = (ui(x,t),...,ux(x,t)), v = (vgpg1(z,t),...,on(2z,t)), © € Q@ € R*" t > 0,

g1 = (g11(z),...,016(x)), 82 = (92.6+1(2),...,g2.n(2)), and a is a diagonal k x k matrix with
positive elements (the diffusion coefficients). On the boundary 0f2, zero conditions are assumed for
the unknown vector functions u(z,t) and v(z,t). The nonlinear interaction vector functions f(u, v)
and h(u,v) can have an arbitrary polynomial growth in u and v; however, f(u,v) and h(u,v)
must satisfy some inequalities ensuring the main a priori estimates for a solution of system (0.1)
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TRAJECTORY ATTRACTOR OF A REACTION-DIFFUSION SYSTEM 209

and (0.2) (see Section 1). Moreover, since the Laplace operator is lacking in equations (0.2), we
assume in addition that

Z Z uvéjgl 253, V(Ekt1s- - én) ERNTH,

j=k+11= k+1 j=k+1
0h;/Ou;(u,v)| <D, i=1,k j=k+1,N, VY(uv)ecRFxRVF

where ¢ > 0 and D > 0 are chosen numbers. Also assume that the functions g;(x) and gs(x) are
known and that g;(-) € [L2(Q)]* and ga(-) € [H ()N F.

Let us now define weak solutions (u(z,t),v(z,t)) to system (0.1), (0.2) and, using the Galerkin
method, find weak solutions satisfying the following estimate:

IV Ty < VO yv—re™ " + C (IO I + IVO)[Frgv—s)e™ + B2 VE>0, (0.3)

for some positive values o, C, and R. Here H} := H}(Q) and Ly := Lo(Q).

In Section 2, we construct the trajectory attractor 2A° for system (0.1) and (0.2). For this purpose,
we define the class K1(S) of weak solutions (u(z,t),v(z,t)) to (0.1) and (0.2) on the semiaxis
0 < t < 400 such that the component v(z,t) satisfies the inequality ||V(t)||[2Hé}N7k < Se 9t + R?
for any ¢ > 0. Here S > 0 is arbitrarily chosen, whereas o and R are taken from (0.3).

Consider the time translation semigroup {T'(1)} := {T'(7),7 > 0} acting on the trajectory space
K*(S) by the formula T'(7)(u(t),v(t)) = (u(t + 7), v(t + 7)).

We claim that K1(S) is closed in the weak topology @fc and is invariant with respect to
{T(r),7 >0}, i.e.,, T(T)KT(S) CKT(S) for 7 > 0 (see Section 2).

Moreover, we claim that the semigroup {7'(7)}|c+(s) has a compact (in the topology o)
absorbing set P. Therefore, {T'(7)}|xc+(s) has the global attractor 2°(S). The set 2°(S) is compact
in ©'2° and strictly invariant with respect to {T()}, T(7)A°(S) = A°(S9), for all T > 0, and A°(S)
attracts (in the topology @fc) the bounded sets of the trajectories in the space K1 (S) as the time
7 tends to +o0o. We shall also prove that 21°(S) =: 2° does not depend on S. The set 2O is referred
to as the trajectory attractor of the reaction-diffusion system (0.1)-(0.2).

To describe the structure of the trajectory attractor A, we define (in Section 2) the kernel K° for
system (0.1)—(0.2) that consists of all its bounded weak solutions (u(z,t),v(z,t)), —oo < t < 4o00.
We prove that A% = I1, K9, where II, is the restriction operator on the semiaxis R

In Section 3, we obtain similar results for the reaction-diffusion system

Opu = aAu — f(u,v) + g1 (x), ulpo =0, (0.4)
Ov =0Av —h(u,v) + ga(z), v]ga =0, (0.5)
where 6 = (0x41,...,0n) is the diagonal matrix with elements §; > 0, and §; are small for all

j =k +1,N. Similarly to system (0.1) and (0.2), we construct trajectory attractors A% for sys-
tem (0.4) and (0.5).
In Section 4, we prove that A% — 2A° in the weak topology (910C as d — 0+ .

In conclusion, we note that the global attractor of a particular system (0.1)—(0.2) of two scalar
equations (N = 2 and k = 1), the so-called called partly dissipative system,

Ou = Au — f(u,v) + g1(z), (0.6)
Ov=" —h(u,v) + g2(z), (0.7)
has been constructed in [12] under some additional conditions which ensure the unique solvability
of the Cauchy problem for this system. For the case in which this condition fails, the trajectory

attractor for system (0.6)-(0.7) was constructed in [13]. It was also proved that 2A° — A° as

§ — 0+, where 2° is the trajectory attractor of the reaction-diffusion system which differs from the
above system (0.6)—(0.7) by the presence of the small diffusion term dAv on the right-hand side of
equation (0.7).
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210 V. V. CHEPYZHOV, M. 1. VISHIK

1. REACTION-DIFFUSION SYSTEM WITH A
SERIES OF ZERO DIFFUSION COEFFICIENTS

Consider the following reaction-diffusion system:

Opu = aAu — f(u,v) + g1(x),

v = —h(u,v)+ g (z). (1.2)
Here u = (uy(z,t),...,ur(z,t)) and v = (vgy1(x,t),...,vn(x,t)) are unknown vector functions,
1<k< N, N>2 2zcQeR" 00cC! and t ]R+ The diagonal elements of the matrix
a = diag(ay,as,...,ar) are positive, a; > 0 (i = 1,k). The nonlinear vector functions f and
h are of the form f(u,v) = (fi(u,v),..., fr(u, )) h(u v) = (hgt1(u,v),...,An(u,v)), and
(u,v) € R¥ x RN=k = RN, Assume that f(u,v) and h(u,v) are continuous with respect to

(u,v) € RY and satisfy the following growth conditions:

<Z|u Pi 4 Z |v]|p7> C<Zfzuvuz+ Z hj(u,v)

j=k+1 j=k+1

Co<2|u S |vg|pj+1) (13
j=kt1
k
Z|f’ u,v)|% + Z |hj(u,v)|% <C0<Z|u,;pi+ Z |vj|PI —i—l), V(u,v) € RY,
J=kt1 i—1 J=kt1 (1.4)

where o, C, and C are some positive constants and p, > 2 and ¢, = p./(p. — 1), r = 1, N, are
constant. Moreover, assume that

hj € C*(RY),  h;(0,0)=0, j=k+1,N, (1.5)

and that the following inequalities hold:

Z Z (u,v)E;& > Z €2, VY(ér1,....En) ERNTF o >0, (1.6)

j=k+1 l= k+1 j=k+1
oh;
8@6@‘

(w,v)|<D,i=1k j=k+1,N, VY(uv)ecR" (1.7)

Here D stands for a positive constant depending on f and h. Note that the constant ¢ in (1.3) and
(1.6) is the same. (These inequalities can be achieved by choosing a sufficiently small o.)

The vector functions g1 (z) and ga(z) in (1.1) and (1.2) satisfy the conditions

g1 = (911, 91%) € [L2(D]*, g2 = (92641, --,92,n) € [Hy()]VF. (1.8)

Throughout the paper,
H:=LyQ), V:=H Q).

For a given Banach space X, we usually denote the norm in X by || - || x, and, for brevity, denote
the norms in H and V by || - || and | - ||, respectively. Recall that the Poincaré inequality implies
that the norm of a function w in V = H{ () is equivalent to the norm

== 7l = ([ §:j 0, u(e) e
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TRAJECTORY ATTRACTOR OF A REACTION-DIFFUSION SYSTEM 211

For brevity, the norms of vector functions in H*, HN =% and V* V~N~=F are also denoted by || - ||
and || - ||1, respectively.
At the boundary 02, we pose the Dirichlet conditions

uilon =0, i=1,k, and wvjlspn =0, j=k+1,N, (1.9)

and, at t = 0, consider the initial conditions
Uili—o = uip, i=1,k, —and vjle—o =vo;, j=k+1,N, (1.10)

where it is assumed that
wio € Hyi=1,k, and wvy; € H, j=k+1,N. (1.11)
Note that, for k£ = 1, system (1.1)—(1.2) is of the form

Opur = a1Auy — fi(ur,v2,...,on) + g11(2), (1.12)
Ov; = — hj(u1,ve,...,0n) + g2, (), j=2,N, (1.13)

and, in this case, only the first equation is partial differential indeed. System (1.13) consists of
ordinary differential equations depending on the function u; = uq(z,t), and the spatial variable
x € ) can be regarded as a parameter. The boundary and initial conditions for the entire system
(1.12)—(1.13) are (1.9) and (1.10). This system corresponds to the case in which only equation
(1.12) has a nonzero diffusion coefficient a; = 1, whereas the other diffusion coefficients vanish,
a; =0, j =2, N. Note that, for N = 2, these systems were studied in [12], where they were referred
to as “partly dissipative” reaction-diffusion systems. In particular, the Fitz—Hugh—-Nagumo system
is of this form (see [1, 14, 15]).

For a given M > 0 and for any functions u;(-) € Ly, (0, M;L,, (), i = 1,k, and v;(-) €
Ly, (0,M;Ly. (2)),j=k+1,N, it follows from (1.4) that

fi(u(+),v(+)) € Lg; (0, M; Lg, (),  i= 1Lk, (1.14)
hi(a(-),v(+)) € Lq, (0,M; Ly, (),  j=k+1,N, (1.15)
k N
ZHfi(u,V)HqLiqi(QM;Lqi) + Z th(u7V>H%qu(o,M;qu)
i=1 j=k+1
k N
< a(Zmﬂlﬁji(o,M;Lm) + Y ||vj|y§1pj(O,M;ij) +1>. (1.16)
i=1 j=k—+1

(Here and below, the symbols C; stand for positive constants depending on f, h, and €.)
If it is known in addition that u;(-) € La(0, M; V) for i = 1, k, then
(IZA’LLZ()-FQL@() GLQ(O,M, H_I(Q)) (117)

The Sobolev embedding theorem implies that H(Q) C L, () for s > n(1/2 —1/p), and hence, for
the conjugate spaces

H™(Q) = [H5(Q)]"  and  Lg(Q) = [Ly(Q)]" (¢ +p~" =1),
we have the embedding L,(Q) C H~*(2). Therefore, if s > max{1,n(1/2—1/p;)} for i = 1, k, then,
by (1.14) and (1.17), the right-hand sides of equations (1.1) belong to the space Ly, (0, M; H=*(2)).

It is clear that, for j = k+ 1, N, the right-hand sides of equations (1.2) belong to the space
Ly, (0, M; Ly, (2)) since g; < 2 (this follows from (1.15)). Write r; = max{1,n(1/2 — 1/p;)} for
i = 1,k. We can now seek solutions u;(x,t) and v;(z,t) of equations (1.1) and (1.2) in the spaces
of distributions D’(0, M; H~"(Q))) (i = 1,k) and D'(0,M;Ly;(Q)) (j = k+1,N), respectively
(see [16]), such that

Orui(+) € L (0, M; H™ () and - 9yv;(-) € Ly, (0, M; Ly, (2)).
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS ~ Vol. 16 No.2 2009




212 V. V. CHEPYZHOV, M. 1. VISHIK

A couple of vector functions (u(z,t),v(x,t)),(x,t) € Q x Ry, is said to be a weak solution to
system (1.1)—(1.2) if, for every M >0

ul( ’ ) € Lpi (07 M; Lpz‘ (Q)) N LQ(Oa M; V)a L= 17@
Uj(')Eij(O,M;ij(Q)), ]:k+17N7
the functions u;(z, t) satisfy equations (1.1) in the distribution sense of the spaces D’(0,M; H~"(£2))
for i = 1,k, and the functions v;(z,t)) satisfy equations (1.2) in the spaces of distributions
D'(0,M; Ly, (Q)) for j =k +1,N (see [2, 3, 16]).
Since a weak solution (u(z,t),v(z,t)) satisfies (1.1)—(1.2), we find that

u(-) € Loo(0,M; H*) and v(-) € Loo(0, M; HN7F).
Then, using the well-known Lions-Magenes lemma (see [17]), we obtain
u(-) € Cu([0,M]; H*) and v(-) € Cyu([0, M]; HN7F).

Consequently, for every ¢ > 0, the values u;(-,t) and v;(-,t) make sense in the space H and, in
particular, the initial conditions (1.10) are meaningful. We often omit the spatial variable x in
arguments of the functions u(-) and v(-) for brevity.

The solvability of the problem (1.1), (1.2), (1.9), and (1.10) is established by using the Galerkin
approximation method (see, e.g., [3]). The procedure relies on a priori estimates given below. The
Galerkin method uses the basis of the eigenvectors of the Laplace operator with Dirichlet boundary

conditions, o~
—Awl(w) :/\lwl(a:), wl|aQ:0, wl(-) eC (Q), l:1,2,...,
D<A <Xd<A3<..., N — 40 (l—>OO)

Let us outline the main steps of the method (see, e.g., [1-3, 16]). Let (u™(z,t),v™(x,t)) be the
Galerkin approximation of order m € N. Recall that

ul(z,t) =Y agtw(x), i=Lk  ozt) =Y Butw(z), j=k+LN,
=1 =1

where the real functions {a;;(t)}*, and {8;,(t)}]", are the solutions of the Galerkin system

%um =aP,Au" — P, f(u"™,v") + P,.g1, u™(0) = Pyuo, (1.18)
d
@Vm = — Qunh(u™,v") + Qmn82, v™(0) = QmVo. (1.19)

Here P,, and @,, are orthogonal projections in H k and HN=F to the finite-dimensional subspaces
m m
Hy = w(x)R* ¢ H* and H)Y* =) w(x)RV " c HVF.
=1 =1

It is clear that the Cauchy problem for the system of ordinary differential equations (1.18)—(1.19)
has a solution (u™(z,t),v™(z,t)) such that, for some t,, > 0,

uf'(+) € CH([0,t,); VN C*Q)), i=1,k, (1.20)
of"(-) € CN([0,t,); VN C*(Q)), j=k+1,N. (1.21)

(Recall that the solutions are linear combinations of eigenfunctions of the Laplacian, which are
smooth functions with respect to x € 2.) Moreover, since the pair (u”(z,t), v""(z,t)) satisfies an
a priori estimate discussed below, we can assume that ¢, = +oc.

RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 16 No. 2 2009
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To pass to the limit in the approximations (u”(z,t) and v"(z,t)) as m — oo and to obtain an
exact weak solution (u(z,t),v(z,t)) of system (1.1)—(1.2), we need some a priori estimates. Let us
begin with the first “energy” estimate.

We claim that any weak solution (u(-),v(-)) of system (1.1)—(1.2) has the following properties:
u(-) € C(Ry; H*),v(-) € C(Ry; HY7F), and the real function |[u(t)[|3, +[|v(¢)||3;~—« is absolutely
continuous for ¢t > 0 and satisfies the following “energy” differential identity:

M{Zum o+ Y ij(t)rz} Zazuw 2+ /Zfzuvuzxwd

j=k+1
k
/ Z hj(u,v)v,(z,t)de = Z g1, ui(t Z (g2,5,v;(t)) . (1.22)
j=k+1 i=1 j=k+1
Here and below, the symbol (-, -) stands for the inner product in H and || - || for the norm in H.

Note that every Galerkin approximation (u"(t),v™(t)) of order m also satisfies identity (1.22),
where u and v are replaced by u” and v™. To verify this assertion, we merely take the inner
product in H* of (1.18) and u™(t) and the inner product in H¥N=* of (1.19) and v™(¢). Then we
add the results, integrate by parts in the term with the Laplacian, and use the elementary formulas

Sl @7 =2 Sur .o ®), @) =2 Lo, o),

which hold since the functions (u™(t), v™(t)) are sufficiently smooth (see (1.20)—(1.21)). The proof
of (1.22) for an arbitrary weak solution (u(t),v(t)) of (1.1)—(1.2) is a more delicate question, and
it can be carried out by using the approach described in [3] for general reaction-diffusion systems.

Proposition 1.1. For any weak solution (u(t),v(t)) of problem (1.1), (1.2), (1.10), the following
inequalities hold:

t
a1 + v ®)1I* + 2@/0 IVu(s)|e“ds < (Juoll® + [ voll?) e~ + R,

(1.23)
t+1 t+1 k
2@/ IIVu(S)Il2d8+0/ (ZHW(S) T lo; ()17 >
¢ ¢ i=1 j=kt1
< ([aol® + [[voll*) e~ + R, Vvt =0, (1.24)

where a := min{a;,i = 1,k} and Ry and Ry are some positive values depending on o, C,|Q), |1l
and ||gzl| (recall that |[u]| := |[allge, (V] = [VIia~-r, gl := lgillmx, and g2l := llg2llm~-x)-

Proof. Using inequality (1.3), we obtain the following differential inequality from identity (1.22):

S I + v} + alVu() ||2+a/{zuzxtw+ S et b

j=k+1
< u@lllgll + [Iv@)[lllg2ll + €182, vE = 0. (1.25)

Using the elementary inequality [b|P > |b|> — 1, for p > 2, we see from (1.25) that

5 dt{Hu( WP+ IvO?} + all Va@®)* + o {[la@)|” + [v()]*}
< [lu@llllgll + [v@)lligzll + €12 + 20. (1.26)
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS ~ Vol. 16~ No.2 2009



214 V. V. CHEPYZHOV, M. 1. VISHIK

Applying the Cauchy inequality to the right-hand side of (1.26), we have

%{Illl(lt)ll2 v} + 20 Va@)|? + o {la@)[* + [[v($)]*}
o lg1l* + o7 gl +2C10] + 4o (1.27)
For brevity, write
¢t) = lu®I* + IV@I?,  o(t) =2alVu@®)|*, R§ =0 [lgill* + o gal* +2C19| + 4o
This yields
L0+ 0(0) +oC(6) < Y

Multiplying this inequality by e°* and making some elementary manipulations with the integration
with respect to time, we obtain the inequalities

d g o
ZCBeT] + o(t)e” < Rge”™
and
C(t / ¢ osds R2 -1 [ ot ] SR% —legt
Replacing the expressions for ( and ¢, we have
t
[a@)|? + V(O + 2@/0 IVu(s)|Pe=*ds < (Ju(0)> + [v(0)[?) e** + RS, (1.28)
where
R} == Rio™ ' =07 ?||gi|)® + 0 %|g|® + 2071 C|Q| + 4. (1.29)

Using identity (1.22) and the Young inequality, similarly to (1.25)—(1.27), we see that

i{Hu(t)ll2 +IIv®)*} + 2al [ Vu(t)]|*

/{Z\uwtm S oot i bdr < Collen P + el + 1), Ve >0,
j=k+1 (130)

where the constant Cy depends on o and is independent of g1 and g,. Integrating inequality (1.30)
over the segment [t,¢ + 1], we obtain

Di +Z HU] |PJ )

j=k+1

t+1 t+1  k
(e + D1 + (e + D1 +20 [ V) Pds+o [ (X ol

< (@I + IvOl) + CollgI” + llg=2]* + 1),
which, owing to (1.28), implies that

t+1 t+1, k
2a/ \|vu(s)\2ds+a/ (Z i (s)
t ¢ i=1

where

B+ S I, s < (IO [[v(0)][2)e "+ B3,
j=k+1
(1.31)

Rj == R} + Cx (|lgull* + llgall* + 1) - (1.32)

Remark 1.1. We note that every Galerkin approximation (u™(t),v™(t)) also satisfies (1.23)
and (1.24) with the same constants R; and Ro because the proof of these estimates uses identity
(1.22), (u™(t),v™(t)) satisfies this identity, and we clearly have ||uf’|| < ||Juo]| and [|v§']] < [|[vol|-
In particular, for a chosen uy and v, the functions u*(¢) are uniformly bounded (with respect to
m € N) in the spaces

Lo (0, M; H) 1 Ly, (0, M; L, (2)) N Lo(0,M; V) for i = LF, (1.33)
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 16 No. 2 2009
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and v (t) are uniformly bounded (with respect to m € N) in
Loo(0,M; H) N L, (0, M; L, () for j=F+1,N. (1.34)

Unfortunately, the estimates in the spaces (1.34) are insufficient to pass to the limit in the Galerkin
approximation for system (1.18)—(1.19) and to obtain a weak solution of the original problem (1.1),
(1.2), (1.9), (1.10). To carry out this passage to the limit, we need a stronger a priori estimate
that guarantees the uniform boundedness (with respect to m € N) of the family v7"(¢) in the space
Loo(0, M; V).

Up to now, we do not take assumptions (1.6) and (1.7) into account. It is time to use these
conditions in the second a priori estimate, which enables us to find a weak solution to system
(1.1), (1.2).

From now on, instead of (1.11), assume that the initial data v satisfy the condition
V0,5 S V, j =k 4+ 1, N. (135)

Multiply equations (1.2) by —Awvj, integrate the result in z over 2, take the sum over j, and
write out the identity

N N N
1d
Sd DIV @))° —/ > hi(u(z, ), v(z,1)Avi(z, t)de = > (Vga;, Vu(t)).  (1.36)
=k+1 Qj=k+1 j=k+1
Here we have used the formulas of integration by part,
1d
— (O, Avy) = 5£|\ij(t)||2, (92,5, Avj) = (Vga,;, Vu;(t)),

which hold if v;(t) are sufficiently regular (see, e.g., [3]), say, if v;(-) € C([0, M];C?(Q2)) for
j = k+ 1, N. This property holds for the vector function v (¢) taken from an arbitrary Galerkin
approximation. Therefore, every derivative v (t) satisfies (1.36), and we can carry out our trans-
formations under the assumption that v(t) is sufficiently regular or v(t) = v (¢) is taken from
a Galerkin approximation. We stress that arbitrary weak solution of system (1.1)—(1.2) need not
satisfy (1.36). (This remark is also related to inequality (1.37) below.)

Let us return to the second a priori estimate. Integrate by parts in the integral on the left-hand
side of (1.36) which contains the functions h;. Taking into account the condition h;(0,0) = 0 (see
(1.5)) and using the zero boundary conditions (1.9) for v;, we obtain

N n N
/ Z h]-(u,v)Avjdaz:/Z Z Oz, hj(u,v)0,, vjdx
Q Q

j=k+1 r=1 j=k+1
n N N n N k
:/Z Z Z ahj/avl(u,v)azrvjawrvldm+/Z Z Z8hj/8ui(u,v)8wrvjazruidx
Q=1 j=k+1i=k+1 Qr=1j=k+1 i=1
n N N k n
>0y > 10l =D Y DY 100,05 ll100,wil
r=1 j=k+1 j=k+1i=1 r=1
N k
>ollvIE = D( Y IVulh) (D IVuilh) = ollvIE = Dalviuls, (1.37)
j=k+1 i=1

where we set D1 = /k(N —k)D. Here, we have used conditions (1.6)—(1.7) and applied the
Cauchy—Schwartz inequality. Using elementary inequalities, we find that

1 -
Dillviisffull < Jollvli+ o~ D fulf, (1.38)
al 1
> (V92 V) < ollvii + o7 el (1.39)
j=k+1
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Inequalities (1.36)—(1.39) yield
d
= (IVOIR) + ollvOI < Csllullt + Cullg]l1, (1.40)
where C3 = 2071 D? and C'4 =201, Tt follows from (1.40) that

d U (e o
a(\lv()ll2 ") < Csllullfe” + Cullgallfe.
Then
Iv(t)[I3e” < |lv(0 ||1+03/ Ja(s)||3e7*ds + Cao ™" ||ga||Te”

after integration with respect to time, and therefore

t
VIR < VO + 207 D% [ u(s)lfe Vs + 202 lt. (4)
0
Finally, we estimate the integral on the right hand side of (1.41) by using inequality (1.23), which
gives s . R2
/ lu(s)[[fe=7¢ds < (||u( Z +[Iv(0)[1%) e= + 271
Therefore, by (1.41), we obtain the followmg estimate:
IV < [v(O)Te" + Cs ([u(0)]1* + [[v(0)[]*) e~ + R?, (1.42)
where o 1 ) Lo
R “'DiR}/a+207%g:ll], Cs=0"'D? (1.43)

(the value R; is defined in (1.29)).

It follows from inequality (1.42) that the family of Galerkin approximations v (t) is uniformly
bounded (with respect to m € N) in the space Lo (0,M; V). Combining this result with the
boundedness of the complete Galerkin approximations (um(t) v™(t)) in the spaces (1.33) and
(1.34), we finally pass to the limit in the Galerkin system (1.18)-(1.19) by using the standard
scheme (see, e.g., [2, 3]) and obtain a weak solution (u(t), v(t)) of the original problem (1.1), (1.2),
(1.9), (1.10). This weak solution satisfies (1.42).

Hence, we have proved the following assertion.

Proposition 1.2. Under assumption (1.35), problem (1.1), (1.2), (1.9), and (1.10) has a weak
solution (u(t),v(t)), such that v(-) € Loo(Ry; V=) and the following inequality holds:

IV@OIT < [Ivollfe™" + Cs ([[uoll* + lIvoll*) e=7" + R%, vt >0, (1.44)
where the value R and the constant Cs are defined in (1.43).

The Lions—Magenes lemma mentioned above implies that the weak solution thus constructed
satisfies the relation v(-) € Cu(R,;VN=F) ie., for every t > 0, the value v(t) € VN is well
defined, and inequality (1.44) holds for all t > 0

2. TRAJECTORY ATTRACTOR OF REACTION-DIFFUSION SYSTEM
Let us now define the spaces f}fc, .7:2 and the topology @fc in f}fc. Write

( (y(z,t),2(z,t) = (yi(x,t), i = 1,k, zj(z,t), j=k+1,N), x€Q, t >0, )
such that
s | YELERUHYNIFRVY, e LR L, @), i =T
T zern®yvTh, 2 € Lt(Ry; Ly (), j=Fk+ L, N;
and
(Owi € Ly (R H(Q), i =T ks Oz € LY (Ry5 Ly, (), j=k+1,N.

(2.1)
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In the space .7-10‘3, we define the following local weak convergence topology. By definition, a sequence
{(y"(-),2z"(-)), p € N} C Fl¢ converges to (y(-),z(-)) € FP° in ©%° as u — oo if, for each
M > 0, the following limit relations hold:

0, M; HY), weakly in Ly (0, M; VF),
0,M; L, (), i = TF;

0, M; VN=Fk),
0.M;L,,(9)), j = FFL,N;

yi() —vy() as p — oo x-weakly in L (0,
(\)—=wyi(-) as p—oo weaklyin Ly, (0,
z'() —z() as pu — oo x-weakly in L (0,
( )—'Zj(') as u— oo weaklyin L, (
and
81‘,3/5(')—/&%(') as p— oo weakly in Ly, (0, M; H " (Q)), i=1,k,
Oz (+) — 0z (+) as p— oo weakly in Ly, (0, M; Ly, (), j =k +1,N.

The space ffc equipped with the topology @ﬁ’c is a Hausdorff Frechét—Urysohn topological
vector space having a countable topology base (see, e.g., [3]). We consider a linear subspace .7-"_? C
Fle¢ consisting of the vector functions (y,z) € Fi°° with finite norm

I(y,z )”Fb = Yl Lo rysmry + ”yHLb(R+ vy T Z {’Z/z |Lb (Ry;Ly,) T ”8tyZHLb (Ry;H —W)}

+ ||Z||LOO(R+;V) + Z |:||,Z]||L1;J (R+;ij) + ”6th||ng (R+;qu):| . (2 2)
j=1 '

Recall that the norm of a function ¢ in the space LB(R+;X ), where X is a Banach space and
p > 1, is defined by the formula H‘z’”ib(uhx) = SUp;sq fttH l¢(s)||5%ds. Obviously, F? with the
P ) i

norm (2.2) is a Banach space.

Remark 2.1. Any ball B, = {||(y,z)|]]_-§)r < r} in the space FY is compact in the topology
©'°c. Moreover, the corresponding topological subspace Br|@1+oc is metrizable (see, e.g., [18]). (Note
that the space f};’?c|®1_'(—)c is not metrizable.)

Let us now define the space K (5) of solutions (trajectories) for system (1.1)—(1.2) that depends
on a parameter S > 0.

Definition 2.1. The space K (5) consists of the functions (u(-),v(-)) € F}°° such that
(i) the couple (u(t),v(t)),t > 0, is a weak solution of system (1.1)—(1.2);
(ii) the vector function v(t) satisfies the inequality
Iv(®)|f <Se " +R?* Vt>0, (2.3)

where the values o and R are taken from the inequality (1.44).

We note that, by Proposition 1.2, the trajectory space K, (S) is nonempty.
Consider the translation semigroup {T(7)} := {T(7), 7 > 0} acting on F'°° by the formula

T(T)(y(t),z(t)) = (y(t+71),2(t+71)), t=0. (2.4)
Clearly, the semigroup {7'(7)} takes K4 (5) to itself,
T(1): KL (S) — K.(9), V1 > 0. (2.5)

Proposition 2.1. The space K (S) belongs to F>, and the following inequality holds:
IT(T)(w, v)ll 7o < Co ([u(0)]* + S) e + R3, V7 >0, (2.6)
where Cg > 0 and p > 0 are independent of g1 and g2, whereas Ry = R3(||g1l, [|g2]])-
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Proof. Inequalities (1.23), (1.24), and (2.3) yield

1T (r)ull? oy T IT(T Jull7y e, Vk)+ZHT T)uill}

N—

2 —p1T 2
N Z:Z 0l (8iz,,) < CrO)I +8)e™7 + Y, .

for suitable p; and Ry. To estimate the norms ||T(T)8tUiHL};_(]R+;H*W) and [|T(7)0wv; Ly vy :L, )

(R+7L )

+T(r)v]?

we merely use equations (1.1)—(1.2). Thus, we obtain the following estimate for Oyu;:

[/ttﬂH@tul( )| ds} 1/q;

< [/;H lla; Aug(s) ?}_rids} o + [/ttﬂ | fi(u(s), v(s))

t+1 1/2 t+1 k 1/q;
<08[ / ||ui<s>|r%ds} +cg{ / (Znul( n +Zuv3 el >ds+1]
t t =1

+ Crollg1]l < Cru(JJu(0)[|> + S)e "7 + R, Vi>r7

1/
“_ ds] gl s

where we have used estimate (1.24) and the inequality ¢; < 2. Consequently,

IT(T)0euill Ly iy sm-ri) < Cra(u(0)[* + S)e™" + Rg. (2.8)
Similarly, it follows from equation (1.2) that

IT(T)0w; Iy (2yiL,,) < Crs(lu(0)]* + S)e™ ™" + R7. (2.9)
Combining (2.7), (2.8), and (2.9), we obtain (2.6). In particular, KX (S) C F%.

Proposition 2.2. The space K4 (S) is closed in ©'2° for every S >0

Proof. Consider an arbitrary sequence (u*(t),v#(t)) =: (ut,v*) € K. (5), p = 1,2,...,
which converges as p — oo in ©'°¢ to an element (u(t),v(t)) =: (u,v) € F°. We claim that

(u,v) € K4 (5). By the definition of the topology @fc, for every segment [0, M], the following
convergences hold as p — oo:

u’(-) —u(-) =-weakly in Lo (0, M; Hk)

u'(-) —u(-)  weakly in Ly(0, M; V") , (2.10)
vi*(-) = v(+) *weakly in Lo (0, M; VN_’“)

ut' () — u;(+)  weakly in Ly, (0, M;L,, (), i =1,k o)
vi(+) —v;(+)  weakly in Ly, (0,M; L, (Q), j=k+ 1N’ ‘

Oul' () — Oyu;(+) weakly in L

w0, M;H™" (), i =1,k o1
O} () — Opwj(+) weakly in Lg, (0, ' (2.12)

0,M; Ly, (), j=F+LN
In particular, the sequences {u!'} are bounded in Lo, (0, M; H), Lo(0, M;V*), L,.(0, M; L,.()) for
i = 1, k, the sequences {v'} are bounded in Loo (0, M; V) and in Ly, (0, M; Ly, (2)) for j = k + 1, N,
whereas the sequences {dyuj'} and {9;v}} are bounded in the spaces qu(O,M;H_” (©)) and

Ly, (0, M; Ly, (£2)), respectively. Hence, due to inequalities (1.16), the sequences { f;(u*,v*)} and
{hj(u*,v*)} are bounded in the spaces Lg, (0, M; Ly, (2)) and in Ly, (0, M; Ly, (©2)), respectively.
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Then, passing (if necessary) to a subsequence {¢'} C {u} and keeping the notation {u}, we can
assume that = wovi) i) w~m>wwmemmeam?

hi(u*,v*) — x;(+) (p— o00) weakly in Lg, (0, M; L, () (2.13)

where ¢, = p;(z,t) and x; = xj(x,t) are some elements of the spaces Lg, (0, M; Ly, (£2)) and
Ly, (0, M; L, (£2)), respectively.
Since (u*(t),v*(t)) is a weak solution of system (1.1)—(1.2), we have
dut = aAu* — f(u*, v*) + g (), OvH = —h(u”,v") + go(z).
Using (2.10), (2.12), and (2.13), we conclude that the couple (u(t),v(t)) satisfies the differential
cquations Oru = alAu — p(x,t) + g1 (z), v =—x(z,t) + go(x), 0<t< M,
in the distribution sense. Recall that the sequence {u!'(¢)} is bounded in the space Lo (0, M; V'), and
{0ul'(t)} is bounded in L, (0, M; H"(£2)). Moreover, the embedding V' € H = Lo() is compact.
Therefore, by the Aubin theorem (see [19, 20]), the sequence {u!(t)} formes a precompact set in
the space Ly (0, M; L2(€2)). This means that u!'(-) — u;(+) (u — 00) strongly in Lo (Q2x]0, M) for
i = 1,k. Passing to a subsequence gives u#(z,t) — u(z,t) (un — oo) for a.e. (z,t) € Qx]0, M].
Similarly, we obtain v#(z,t) — v(z,t) (u — oo) for a.e. (x,t) € Q2x]0, M[. Using the continuity of
the vector functions f and h, we obtain
(0 (2, £), VA (2, 1)) — E(u(e, 1), v(,1),  B(u(z,£),v4(z,1)) — h(u(z, 1), v(z,1))
as 1t — oo for a.e. (z,t) € 2x]0, M. Recall that the sequences {f;(u*,v#*)} and {h;(u*,v#)} are
bounded in the spaces Lg, (0, M; Ly, (2)) and Lg, (0, M; Ly, (£2)), respectively. Applying the known
Lions lemma concerning the weak convergence (see [16, Ch.1, Lemma 1.3]), we have the following
limit relations as u — oo :

fi(u*,v*) — fi(u,v) weakly in L, (0,M; L, (), =1k,

hj(u”,v") — hj(u,v) weakly in Lg;(0,M; Ly, (), j=k+1,N.
Hence, due to (2.13), we conclude that ¢(z,t) = f(u(z,t),v(x,t)) and x(z,t) = h(u(z,t),v(z,t))
for a.e. 2x]0, M|[. That is, the couple (u(zx,t),v(z,t)) is a weak solution of system (1.1)—(1.2). It

remains to prove inequality (2.3) for the function v(z,t) thus constructed. Indeed, the functions
v (z,t) satisfy (2.3), and therefore the inequality

esssup{|[v*(O)||7 |t <O <t+1} < Se 7" + R?

holds for all 1 € N and for every 6 > 0. Recall that v#(-) — v(-) *-weakly in L., (0, M;VN=F)
for any M > 0. Hence, for a chosen t > 0,

esssup {[V(O)[|7 |t <O <t+1} <liminf, o {|V/O)|] [t <O<t+1} <Se 7" +R>. (2.14)

The Lions-Magenes lemma implies that v(-) € Cy,(Ry; VN =F) and, in particular, the real function
lv(t)|l1, t = 0, is lower semicontinuous, i.e.,
V() < liminfe e+ [|v(0)]l2
(see, e.g., [3]). Applying this relation, together with (2.14), we see that
|v(t)]|1 < Se " + R* for any t > 0.
We have established inequality (2.3) for the vector function v(t), and therefore (u,v) € K,(S).
We have proved that K (S) is closed in ©'9°.

Let us now study the translation semigroup {7'(7)} acting on the trajectory space K4 (S5), be-
ginning with the main definitions.

Definition 2.2. A set P C K, (.5) is said to be absorbing for the semigroup {T'(7)} if, for every
bounded set B C K4(5) in f_'i, there is a 71 = 71(B) > 0 such that T'(7)B C P for all 7 > 7.

Definition 2.3. A set P C K (S) is said to be attracting for the semigroup {T'(7)} if any
neighborhood O(P) of the set P in the topology @LSC is an absorbing set for {T'(7)}, i.e., for every
bounded set B C K4 (S) in F?, there is a 7 = 71(B, 0) > 0 such that T(7)B C O(P) for all 7 > 7.
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Definition 2.4. A set A C K, (S) is called a trajectory attractor for the semigroup {7'(7)}
on K (9) if A is bounded in FP? 7, compact with respect to @loc strictly invariant with respect to

T
{T(m)}, Le, T(HA=2A,  Yr>0, (2.15)
and 2 is an attracting set for {T'(7)}.

Let us now construct a trajectory attractor for {7(7)} on K4 (S). Inequality (2.6) implies that
the set P = {(u, v) € KL (5) | ||(u, V)Hf}‘; < 2R§} is absorbing for the semigroup {T'(7)} on K4 (5).
This set is bounded in .7-'3. Therefore, the topological subspace P‘@l_;_ac is compact and metrizable
(see Remark 2.1). Using (2.5) and the obvious inequality

IT(T)(w, V)l < (V)| forall 7>0,

we see that the semigroup {T'(7)} takes P to itself, T(7)P C P for all 7 > 0. The semigroup
{T'(7)} is continuous on P in the topology ©'?°. Hence, we have a continuous semigroup acting on
a compact metric space. Applying the general theorem on the existence of a global attractor of a
semigroup (see, e.g., [1, 2, 4]), we conclude that the set

=N [U T(G)P}
@loc
=0 0>T1 +

serves as the global attractor of {7T'(7)}. Consequently, the set 2(S) C P has the following prop-
erties: 2(9) is bounded in F?, compact with respect to ©'°¢, strictly invariant (7'(7)2(S) = A(S)
for any 7 > 0), and, as a global attractor, the set 2(S) attracts any set B C P. However, P is an
absorbing set for {T'(7)}. Hence, (S) attracts any F?-bounded set B C K (S). Therefore, 2(S)
is a trajectory attractor of {T'(7)} on K (S) in the topology ©'¢°.

Proposition 2.3. The tmjectory attractor thus constructed does not depend on S, A(S) = 2.
In particular, A = A(0), i.e
sSup {HV ”1 | t = } < R2> V(u, V) € Qla (216)
where R is as in (2.3).
Proof. Let S > 0. It follows from the definition of Iy (S) that £, (S) C K (S;) for all S; > S.
Hence, (S) C A(S7) for Sy > S. Having (2.3), we note that

T(T)K4(S1) CK4(S) for 7>=0 11log(S:/9)
and, in particular,

T(T)A(S1) CK(S) for T3>0 'log(5/S).
However, the set 2(S) is strictly invariant, A(Sy) = T(7)24(S1), i.e., A(S1) C K (S), and the set
A(S), as the attractor in K, (5), attracts 2(S1). Therefore, using the strict invariance of 24(S;)
again, we conclude that 2(S7) C 4(S) for all S; > S. Hence, 24(S1) = 2A4(S) for all S; > S. We have
proved that 20 = 2((S) does not depend on S for S > 0, i.e., the inequality

sup {|[v(t)[|7 [t >0} < S+R* forall S>0,
holds for every (u,v) € 2, and we obtain (2.16).

In conclusion of this section, we describe the structure of the trajectory attractor 2l by using the
notion of kernel of system (1.1), (1.2), which consists of all weak solutions of the system that are
defined on the entire time axis.

Define the spaces F1°¢, FP and the topology ©'°¢ similarly to .’ch, }"J'i and @5?0 by replacing the

semiaxis R, (¢ > 0) by the entire axis R (—oo < t < oc). For example, the norm in FP? is defined
by the formula (cf. (2.2))

1522l = Wyl e+ I s + 3 [l 5ty + 10l o)
=1

—k
izl myvy-s + > [HZjHng (RiL,,) T HathHng (R;qu)} : (2.17)
j=1
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Definition 2.5. The kernel K of system (1.1)—(1.2) in the space F® consists of all weak solutions
{u(t),v(t)},t € R of this system from F'°¢ belonging to F" (i.e., having the finite norm |[|(u, v)|| 2,
defined by (2.17)) which satisfy the inequality sup {||v(¢)||1 | t € R} < R, where the value R is taken
from inequality (2.3).

Let I be the operator of restriction to R, . This operator takes a function {¢(¢),t € R} to the
function {II;¢(t),t > 0}, where I11¢(t) = ¢(¢) for all ¢ > 0.

Theorem 2.1. The kernel K of system (1.1)~(1.2) is bounded in the space F® and compact with

respect to the topology ©'°°. The trajectory attractor A of (1.1)~(1.2) coincides with the restriction
of K to the semiaxis Ry : A =11 K.

The proof is straightforward.

3. REACTION-DIFFUSION SYSTEMS WITH A SERIES
OF SMALL DIFFUSION COEFFICIENTS

In this section, we study the reaction-diffusion system that differs from system (1.1)—(1.2) in the
following way: the second set of equations for the vector components v;,j = k 4 1, N, can contain
diffusion terms 0;Av; with small (possibly nonzero!) diffusion coefficients d;. Thus, the system
reads as follows:

Opu = aAu — f(u,v) + g1(x), (3.1)
Ov =0Av —h(u,v) + ga(z), (3.2)

where 6 = diag(dgx+1,0k+2,..-,0n), 0; = 0 (j = k+1,N). If § = 0, we obtain the reaction-
diffusion system treated in Section 1. As above, we supply the system with the Dirichlet boundary

conditions
u‘aQ = 0, V‘aQ = 0. (3.3)

Here the notation is the same as in Section 1. In particular, the vector functions f and h sat-
isfy (1.3)-(1.7), and g; and go satisfy (1.8). The couple of vector functions (u(zx,t),v(z,t)) =
(ur(x,t), ..., uk(x,t), vpg1 (2, t),...,on(x, 1)), (z,t) € Q x [0, M], is referred to as a weak solution
of system (3.1)-(3.2) if
ui(+) € Ly, (0, M; L, (Q)) N Lao(0,M; V), i=1,k, (3.4)
Uj(') € L;D](O’M,LPJ(Q)) ng(O,M, V)v ] =k+ ]-an (35)
and the functions u;(x,t) and v;(x,t) satisfy equations (3.1) and (3.2) in the spaces of distributions
D'(0,M; H-"(2)) and D’'(0, M; H~"i(2)), respectively. Here
ri =max{1,n(1/2 - 1/p;)}, i=1k;
rj =max{l,n(1/2—-1/p;)}, j=k+1,N. (3.6)
Remark 3.1. Unlike the case § = 0, which was treated in Section 1, we now assume that the
components v;(z,t), j =k + 1, N, belong to the space L,, (0, M; L, (£2)) N L2(0, M; V). Note that,
for §; > 0, the right-hand sides of (3.2) clearly belong to
La(0, M; H™H () + Ly, (0,M; L, () € Ly (0,M; H(Q)), j=E LN

because ¢; < 2 and Lg, (), H=1(2) € H~"(Q) for r; defined in (3.6). Hence, we can consider the
derivatives Opv;(t) in equations (3.2) as distributions in D'(0, M; H~"(Q)). For 6; = 0, we also
consider the distribution space D'(0, M; H~"7(£2)) since Ly, (2) C H~"/(Q2). Then the definition of
a weak solution for 6; > 0 and §; = 0 is the same.

For an arbitrary weak solution (u(-),v(-)) of (3.1)-(3.2) we have

Dy ELQ@'(O?M;Hiri(Q))a Z:mv 6tUj GL‘IJ’(O7M; Hﬁr‘j(Q)% J=k+1,N.
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By the Lions-Magenes lemma, u(-) € C, ([0, M]; H*) and v(-) € C, ([0, M]; HN=F). Therefore,
the values u(t) and v(t) are well defined for all ¢ > 0, and the following initial data are meaningful
for (3.1)-(3.2):

u’t:() =g € Hk, (37)

V|t:0 =Vg € HN_k. (38)

The existence of a weak solution for problem (3.1)—(3.3), (3.7), (3.8) can be proved by using the
Galerkin method outlined in Section 1 in the case of & = 0. In fact, if all the diffusion coefficients

are positive, 0; > 0,7 = k+ 1, N, then, to construct a weak solution, it is sufficient to have only
the first a priori estimate. Moreover, assumptions (1.6) and (1.7) are not needed for the existence

of weak solutions, and the space H™V~* for the initial data in (3.8) is quite sufficient. At the same
time, if 0; = 0 for some j, then, to construct a weak solution of the system, we also need the second
a priori estimate.

Recall that any weak solution of (3.1)—(3.2) satisfies the energy identity

th{Zum OF+ Y I} + me O+ S SITu0I°

j=k+1 i=k+1
N
/ Zf’ u, v)u,(x,t) dx—l—/ Z hj(u, v)v;(x,t)de = Z(gl,i,ui(t)) + Z (g2,5,v;(t))
j=k+1 i=1 j=k+1

(cf. (1.22)). This identity implies the following assertion.

Proposition 3.1. For every weak solution (u(t),v(t)),t = 0, of system (3.1)—(3.8) with initial
data (3.7) and (3.8), the following inequalities hold:

Ja(t)2 + v ()] +2a / [Vu(s)]2e= =) ds +2 / S 5 Vey (o2 ds

j=k+1
< (haol® + [[voll?) e " + R3, (3.9)
t+1 t+1 N t+1 k
2 [Calvat)Pas+2 [ 30 619l <o [ (Zuuxs) : Jos ()13 )
k boj=kt1 ¢ i=1 j=k+1
< ([luoll® + [Ivoll*) e=7" + R3, Vvt >0, (3.10)

where Ry and Ry are the same as in (1.29) and (1.32).

The proof is similar to that of Proposition 1.1.

In Section 4, we study the limit behavior of the trajectory attractors of the system (3.1)—(3.3)
as & — 0T. This limit would exist if we could construct “stronger” weak solutions for system
(3.1)-(3.3) that are uniformly bounded (with respect to &) in the space F? introduced in Section 2.
To obtain a solution of this kind, we need the second a priori estimate similar to (1.44), which can
be proved in the case of § = 0. We must also consider stronger initial conditions for the function
v(-) which satisfies (1.35). In this way, we apply the differential identity

LS @+ S slagol - / 3 V1) A (o, e

j=k+1 j=k+1 j=k+1
= Z (Vg2,5, V(1)) -
j=k+1

which is similar to identity (1.36) and holds for an arbitrary Galerkin approximation (u™(t), v'™(t))
for problem (3.1)-(3.3), (3.7), (3.8). Using assumptions (1.6)—(1.7), we can prove the following
assertion, similarly to the proof of Proposition 1.2.
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Proposition 3.2. Assume that vo € VN=F. Then problem (3.1)~(3.3), (3.7), (3.8) has a weak

solution (u(t),v(t)) belonging to the classes (3.4)~(3.5) and such that v(-) € Loo(Ry; VN=F) and
the inequality

IVOIT < llvollfe™" + Cs ([[uoll* + [[vol|*) =" + R?
holds for any t > 0, where the value R and the constant Cs do not depend on & = {0k+1,...,0Nn},
0; 20,j=Fk+1,N, and they are the same as in Proposition 1.2 (see (1.43)).
Let us now construct the trajectory attractor for reaction-diffusion system (3.1)-(3.2).

Consider the spaces ]}fc and .7:“2 and the topology ©'°c which almost coincide with the spaces
F fc and .7:_? and the topology @lfc introduced in Section 2, with the following modifications:

e in ]}ﬂfc, the functions 0;2z; belong to L}ZC(RJF; H " (Q)), j=k+1,N;

e in .Z:"}i, the function 0;z; belongs to ng (Ry; H™(Q)), j=k+1,N;

e in @B‘:C, &gz;-‘(-) — Orzj(+) as p — oo weakly in Ly, (0, M; H™"(Q)), j=k+1,N.
Since Ly, () € H™"(Q), it is clear that FI°¢ C _ﬂfc, FP c FP, and Chile ©'°c, and the second
and third embeddings are continuous.

The trajectory spaces K2 (S) for system (3.1)—(3.2) are defined similarly to the spaces K (S)
corresponding to system (1.1)—(1.2) (see Definition 2.1). Note that K9 (S) = K (S) (this is a simple
exercise).

Definition 3.1. The space K (S) consists of the functions (u(-),v(-)) € F}° such that

(i) (u(t),v(t)),t =0, is a weak solution of system (3.1)—(3.2);
(ii) the vector function v(t) satisfies the inequality
[vt)||? < Se '+ R?, Vt>0, (3.11)

where the values o and R are taken from inequality (1.44).

Using Proposition 3.2, we prove that the trajectory spaces Ki(S ) are nonempty for any S > 0.

Propositions 2.1 and 2.2 remain valid for the spaces Ki(S). Indeed, we can repeat the proofs

of these assertions, taking into account Propositions 3.1 and 3.2 and omitting the positive terms
containing 6 in (3.9) and (3.10).

It follows from Proposition 3.1 that the set P° = {(u,v) € K3(S) | H(u,v)Hﬁi < 2R3} is
absorbing for the semigroup {T'(7)} acting on K3 (S) by the formula (2.4). The set P‘s\élfc is a
metric space and, moreover, P? is bounded in the norm of .7}4?

Now let us construct the trajectory attractor A° for system (3.1)—(3.2) by the formula

2w = [ U T(e)Pﬂ o

=0 6>T1
The set A% does not depend on S, and

sup {[V()[|? | £ >0} < R® forany (u,v)e2A’.

The proof of this property is similar to that of Proposition 2.3.

Note that, for the “limit” case & = 0, the trajectory attractor 2° coincides with the attractor 2
constructed in Section 2.

Finally, let K% be the kernel of system (3.1)-(3.2) (formed by the weak solutions (u(t), v(t)) of
system (3.1)—(3.2) that are defined for all + € R and bounded in FP and satisfy the inequality

sup {[[v()[1 [t € R} < R,
where R is taken from inequality (2.3)). Similarly to Theorem 2.1, we can prove that
A% =11, K°. (3.12)
This formula is used in the next section.
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Note that the absorbing sets P% are uniformly bounded (with respect to &) in the space ]:"_E
Thus, the following assertion holds.

Corollary 3.1. The family of trajectory attractors {A°} is :um'formly bounded (with respect to
8 = {0k+1,...,0n}, 8; 20,k +1,N) in the norm of the space F?, and the family of kernels {Ko}
is uniformly bounded (with respect to 6 = {0x+1,...,0n}, 0; 20,k +1,N) in Fb.

4. CONVERGENCE OF THE TRAJECTORY ATTRACTORS 2% AS § — 0

To begin with, consider a sequence of weak solutions {(y*(t),z"(t)),t > 0},en of system (3.1)—
(3.2) belonging to the spaces K3 (0). Here the diffusion coefficients are 6 = {6} ,,..., 0k}, o >
0, k+1,N.

Proposition 4.1. If the sequence {(y*"(t),z"(t)),t > 0} is bounded in the space F?, (y*,z") €
K3 (0) and |6#| — 0% as p — oo, then there is a subsequence of indices {i'} C {u} and a couple
(v.z) € F? such that (y",2") — (y,2) as i/ — 0o in 0, (y(t),2(t)) (t > 0) is a weak solution
of system (1.1)—(1.2), and

(y,2) € K2(0). (4.1)

Proof. The functions (y*(t),z"(t)) satisfy the system

oy" = alAy" —f(y",z") + gi1(x), (4.2)
Ozt = 6" Az" — h(y",z") + go(x).

The sequence {(y*(-),z*(-))} is precompact in ®1°C since it is bounded in f"}i (see Remark
1.1). Hence, there is a subsequence of indices {z/'} C {u} such that (y*'(-),z* (-)) — (y(-),z(-))

as i/ — oo in ©'9¢ for some couple (y(-),2(-)) € F2. Therefore, for any M > 0, the following
convergences take place as u — oo:

y*(-) = y(-) s*-weakly in Lo (0,M; H")
y*(-) —y(-)  weakly in Ly(0, M;V*) : (4.4)
z"(-) — z(-) *-weakly in Lo (0, M;VVNF)

y'(-) — () weakly in Ly, (0, M; L, (), i = 1,k } 45)
2{(+) = 2(-)  weakly in L, (0, M;L,,(Q)), j=k+1,N ’ '
Oyt (+) — Owyi(+) weakly in L, (0, M; H™" (), i =1,k } ' (46)

Oz () — Opzj(+) weakly in Ly (0, M; H™(Q)), j=k+1,N

Here for brevity, we denote the indices p’ by .

Let us now choose an arbitrary M > 0 and apply the reasoning in the proof of Proposition 2.2.
Passing to a subsequence {u'} (if necessary), which we denote by {u} again, we see that

fily*,z") — fi(y,z) weakly in L, (0, M; Ly, (92)),
hi(y",z") — h;(y,z) weakly in L, (0,M; Ly, (), j=Fk+1,N, asp— ooc. (

It follows from the second formula in (4.4) that Ay*(-) — Ay(-) weakly in Ly(0, M;[H~1]¥) as
@ — o0o. Recall that, by assumption, the sequence {z*(-)} is bounded in Lo, (R, ; VY ~*). Hence,

16" Az || L 0,151 -1 -*) < max {51'; J=Fk+1, N} C/HZMHLM(O,M;VN*’G)
< |0*|C"K — 0 (6" — 01),
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and therefore
0" Azt — 0 strongly in Lo (0, M;[H V%) as pu— oo. (4.9)

It is clear that the convergences (4.4)—(4.9) proved above are stronger than the convergence in the
space of distributions D' (0 M H="(Q) x TV, H" (Q)) . Passing to the limit as g — oo

in the system (4.2)—(4.3), we see that the couple of vector functions (y(t),z(t)),t € [0, M] satisfies
the equations

oy = alAy — f(y,z) + gi1(x), Oz = —h(y,z) + ga(x)
for any M > 0, i.e., (y(t),z(t)), t € Ry, is a weak solution of system (1.1)—(1.2). It remains to
verify relation (4.1). By assumption, (y*,z*) € K3 (0), i.e., the vector functions z#(-) satisfy the
inequality
sup {|[z"(t)||7 |t > 0} < R* forany peN.
Moreover, z*(-) — z(-) *-weakly in Lo (0, M; VN=F) for any M > 0, and therefore

esssup{||z Wit > } < liminf esssup{Hz“ Wit > }
/J,—)OO

Recall that the real function ||z(¢)||? is lower semicontinuous for ¢ > 0, which implies the inequality

2
sup {[lz(t)[7 |t > 0} <R
This proves (3.11) for the function z with S =0, i.e., (y,z) € K2(0).
Now let us state and prove the main theorem on the convergence of trajectory attractors.
Recall that the trajectory attractors A% are uniformly bounded (with respect to 0; = 0,
j=k+1,N) in ]:_E (see Corollary 3.1). Consequently, all these trajectory attractors lie inside
a ball B, C .7-"}; with sufficiently large radius r,
A° C B,. (4.10)
Note that the topological subspace B, |gi.. is metrizable (see Remark 1.1).
+

Theorem 4.1. The trajectory attractors A° of system (3.1), (3.2) converge in the topology (:)fc
as § — OV to the trajectory attractor A° of system (1.1)—(1.2),

A A% (5 —0F) in Oc. (4.11)

) Proof. We must show that, for an arbitrary e-neighborhood O, (21°) of the set 2(° in the topology
O, there is a number &y = dy(e) such that
A CO.(A%) VS, 0<6;<d, j=k+1,N,

or, equivalently,

A cO.(.K% V&, 0<6;<d, j=k+1,N, (4.12)
where K0 is the kernel of system (1.1)—(1.2) (see (3.12)).

Assume that (4.12) fails. Then there is a sequence 6" — 0% (1 — oc) such that
A" ¢ O (LK) (4.13)
for some £ > 0. Choose now an arbitrary sequence 7, > 0 such that
Ty — 00 (as  p — 00).

Note that . .
T(r,)A" =A% VueN, (4.14)

because the trajectory attractor is strictly invariant (see (2.15)), and therefore (4.13) and (4.14)
yield
T(r,)2%" ¢ O:(TL4K°).
Hence, there are couples (u,v) such that
wh(-) = (u(),v*(-)) e A%, (4.15)
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and the functions
WH(E) = T(m)wh(t) = (Wt +7), v (E+ 7)), 8
do not belong to O, (11, K°),

WV
k=

WH(.) ¢ O.(TLK°%), VueN. (4.16)

We claim that the couple W' (t) = (U¥(t), V¥(t)) is a solution of system (3.1), (3.2) with the
diffusion coefficients 6 = 6* for t > —,,, since (u”(t + 7,,), v*(t + 7)) is a solution of the system
for t 4+ 7, > 0, and the system is autonomous. Moreover,

sup {[[V#()[l1 [t > —7u} < R, (4.17)

due to (4.15), because %" € k8" (0) (see Proposition 2.3).

For a given ¢ < 0, denote by féoc and .7:"}’ the spaces similar to f(l)oc = ﬁﬂfc and .7:"(')9 = .7:"3,
respectively, (which consist of functions defined on the semiaxis |/, +o0o[, see (2.1)), and the norm
in Fp is defined by formula (2.2) in which the semiaxis R, =]0, +-oo[ is replaced by Ry =]¢, +-00].
Define the topology (:)}Z"C in the spaces ]:'éoc and .7},}3 similarly to that in (:)ljr)C

It follows from (4.10) that the function W#(t),t > —7,, belongs to the ball with radius r in the
space FP°

Tm )

W (llz <7 Y (1.18)

Owing to Remark 2.1, for any chosen M > 0, the sequence {W*(t), 7, > M} is precompact in
the topology ©'°%,. In other words, for every M > 0, there is a subsequence p’ = y’(M) such that

{W* ()} converges in the topology ©'°¢ . Using the well-known Cantor diagonal construction, we
can find a subsequence of indices {¢””} C {u} and a function W(t),t € R, such that

W“N( )= W() (i — 00) in élfgo = éloc, (4.19)

and, by (4.18),
W)z <,y (4.20)

i.e., W € F° and, according to (4.17),
sup{[|[V(t)]|1 | t € R} < R. (4.21)

We claim that the function W (t),t € R, belongs to the kernel K of the limit system (1.1)—(1.2).
Indeed, we apply Proposition 4.1 to each subsequence {W“/( )} convergent in ©°5,, where we
clearly may replace the semiaxis [0, +oo[ by the semiaxis [—M, +oo, since the reaction-diffusion

system under the consideration is autonomous. Consequently, the function W(t), t > —M, is a
weak solution of (1.1)—(1.2) for every M > 0 and, using (4.20) and (4.21), we see that

W(-)eK°.
It also follows from (4.19) that
TLWH' (1) = TLW() (4 — 00) in Ol
and thus, if p” is sufficiently large, then
ILWH' (L) € O.(IT, W) C O.(I1.K°),
which contradicts (4.16). This proves property (4.11).
We have also proved the following corollary.

Corollary 4.1. The kernels IC‘S~ of system (3.1)—(3.2) converge as & — 07 to the kernel K° of
system (1.1)—~(1.2) in the topology ©'°°,

K — K% (6 —0") in O
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