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Abstract
For p € [0, 1) and ¢ > 0, the nonautonomous 2D Navier—Stokes equations
with singularly oscillating external force
du—vAu+w-Viu=—-Vp+go@t)+e g (t/e),
V-u=0
are considered, together with the averaged equations
ou —vAu+ - Vyu =—=Vp+got),
V-u=0
formally corresponding to the limiting case ¢ = 0. Under suitable assumptions
on the external force, the uniform boundedness of the related uniform global
attractors A° is established, as well as the convergence of the attractors .A° of
the first system to the attractor A° of the second one as ¢ — 0. When the
Grashof number of the averaged equations is small, the convergence rate of .A®
to A is controlled by Ke'~*.

Mathematics Subject Classification: 35B40, 35B41, 35B45, 35Q30

1. Introduction

Let p € [0, 1) be a fixed parameter, and let @ C R? be a bounded domain with boundary
9 of class C! (although this assumption is inessential). We consider the nonautonomous
two-dimensional Navier—Stokes equations with the nonslip boundary condition

ou —vAu + ulaxlu + u28X2u =—-Vp+golx,t)+e g (x,t/e), (L

1 2
Oy i + 0y,u” =0, ulyo =0,
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ruling the flow of a fluid which fills an infinite cylinder of cross section €2, whose motion is
parallel to the plane of Q2. Here, x = (x, xp) € €,

u=u(x,t)= W', 1), u*(x, 1)

is the unknown velocity vector field and p = p(x, ¢) is the unknown pressure. The Laplace
operator A := 831 +8§2 acts in x-space. The parameter v > 0 stands for the kinematic viscosity,
while the density of the fluid is assumed to be constant and equal to 1. Along with (1.1), we

consider the averaged Navier—Stokes equations

{8,u—vAu+u'8X1u+u28xZu=—Vp+go(x,t), (12)

E)xlu' +8X2u2 =0, ulyo =0,
formally corresponding to the case ¢ = 0.

Remark 1.1. Somehow, the last assertion unveils our main result. Indeed, in the more
challenging situation p > 0, the fact that (1.2) could be considered the (formal) limit as
& — 0% of (1.1) is far from being clear: in principle, the averaging effect due to the term ¢ /¢
could be completely destroyed by the blow up of the oscillation amplitude.

The function

gox, ) +ePgi(x,1/e)  €>0,
g (x, 1) =

go(x, 1) e =0,
represents the external force of systems (1.1) and (1.2), respectively. The aim of this work is to
study the asymptotic properties of the nonautonomous Navier—Stokes equations depending on
the small parameter ¢, which reflects the rate of fast time oscillations in the term e~ g (x, t/¢)
with amplitude of order e ™”. Both gy(x, ¢) and g; (x, t) are supposed to be translation bounded
in the space le"c (R; [L2(2)17).

Remark 1.2. The model of the 2D Navier—Stokes equations subject to an oscillating external
force, with a growing amplitude depending on the oscillation rate, was formulated in 2003 by
Victor I Yudovich in a private communication with Mark I Vishik, at the conference dedicated
to the 100th anniversary of Kolmogorov. Yudovich motivated the relevance of this model in
view of applications to problems arising in vibration hydrodynamics, a field to which he turned
his mathematical interests during his last years (see [30-32]).

The longtime behaviour of autonomous and nonautonomous 2D Navier—Stokes equations
is a widely investigated subject, which attracted the attention of a large number of authors
(we refer the reader to the monographs [2,7, 11, 15,21, 24, 25] and references therein). Some
problems related to the homogenization and the averaging of uniform global attractors for
such equations have been analysed in [8,9, 18,20,26]. Analogous issues for other relevant
evolution equations of mathematical physics with rapidly oscillating coefficients and terms
have been studied in [3, 5, 10, 12-14, 16, 18, 20,27, 28, 33].

In this paper, working in the usual phase space H of the Navier—Stokes equations (namely,
the closure in [L?(2)]? of divergence-free functions), we prove the following facts concerning
the family {.A°} of uniform global attractors of the dynamical processes generated by systems
(1.1) and (1.2), respectively:

(i) The family {.A°} is uniformly (w.r.t. &) bounded in H:

sup [|A®|lm < oo.
eel0,1]
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(ii) The attractors A converge to .A” as ¢ — 0" in the standard Hausdorff semidistance in H:
lim {disty (A%, A%} =0.
e—0*

These conclusions are drawn under certain boundedness assumptions on the function

t
Gi(t, )= / g1(s)ds, t>T.

We emphasize that the parameter p is allowed to belong to the interval [0, 1). When p > 0,
we are dealing with singular oscillations.

Similar results in the literature can be found in [8, 18, 20], which establish the convergence
of the attractors in the nonsingular situation p = 0, where the uniform boundedness of the
family {A%} in H is straightforward. If the Grashof number of the averaged equation is small,
the paper [8] shows that the attractor .A° is exponential, and provides the estimate (for p = 0)

disty (A%, A%) < K /e,

for some K > 0. On the other hand, for small Grashof numbers of the averaged equation, our
conclusion (ii) (in the general case 0 < p < 1) improves to

disty (A%, A% < Ke'™7,

for some K > 0. In particular, when p = 0, we obtain the Lipschitz continuity of the family
{Af}ate = 0.

Analogous averaging results for uniform global attractors of dissipative wave equations
with singularly time oscillating external forces have been found in [5], whereas the paper [9]
deals with homogenization of uniform global attractors of the nonautonomous 2D Navier—
Stokes equations having the external force of the form go(x, ) + e7”g1(x/e, t), p € [0, 1),
hence, with singular oscillations in the space variable.

Plan of the paper.  In the next section, we introduce some notation and the basic assumptions.
In section 3, we recall some results on the existence of the uniform global attractors .4°
associated, for every given ¢ € [0, 1], to (1.1) or (1.2). Then, section 4 is devoted to the
analysis of a linear evolution Stokes equation in the presence of an oscillating external force.
In section 5, the uniform bound for the attractors is established, while section 6 deals with the
convergence A° — A” as ¢ — 0*. In section 7, we prove the Holder continuity of {4°} at
& = 0 when the Grashof number of the averaged equation is small (and so .A° is exponential).

2. Notation and basic assumptions

For r € R, we set R; = [t, +00). Throughout the paper, C will stand for a generic positive
constant, depending on 2 and v, but independent of €, gy, g, and of the choice of the initial
time v € R. Whenever needed, the dependence on p approaching the critical value 1 will be
highlighted. In the following, we agree to omit the dependence on the space variable x. Given

a normed space X, we usually denote the norm in X by || - || x, and we indicate by
distx (By, Bz) := sup inf ||by — bal|x
b[EB] szBz

the Hausdorff semidistance in X from a set B; to a set B;.
We introduce the usual Hilbert spaces associated with Navier—Stokes system

[Lao()P

H :={u € [CF@P | d,u’ +0,,u% = 0}
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and

[H'@P
V= {u € [C(QP | dyu' +0,,u® = 0} ,

and we denote by
P:[Ly())P — H

the Leray—Helmholtz orthogonal projection from [L,(2)]*> onto H. Consider the (strictly)
positive selfadjoint operator

A:=—PA
acting on H, with domain
D(A) :=[H* Q)P N V.

We call & > 0 the first eigenvalue of the Stokes operator A. We also define, for o € R, the
scale of Hilbert spaces

H® := D(A°?)
with inner products and norms

(,v)o == (A7%u, A*v) 11, @) lullo == 1A *ulliz, 0
(we agree to omit the index o whenever o = 0). In particular,

H'=H (), H°=H, H'=vV, H? = D(A),
and we have the generalized Poincaré inequality

luellorr = 272 ulles Vu e H*. 2.1
Then, we introduce the standard bilinear and trilinear forms

B(u,u) =P (ulaxlu + uzaxZu) ,
b(u, v, w) := (B(u, v), w).

The form b is continuous on H! x H' x H! and satisfies the identities

b(u,v,w) = —b(u, w, v), 2.2)

b(u, w, w) =0, 2.3)
and the inequalities

1bGu, v, w)| < cllall el ol w2 wi?, 24)

b, v, wyl < cllull el ol 1ol wlly, (2.5)

where ¢ > 0 is an absolute constant independent of the domain 2 (see [11, 21, 24]). Note that
(2.5) is an immediate consequence of (2.2) and (2.4).

Assumptions on the external force. The functions go(¢) and g;(¢) are taken from the space
Lg(]R; H) of translation bounded functions in leOC (R; H); namely,

t+1
laolly o= sup [ leo(s) P ds = 3 26)
t

teR

t+1
lgill7; = sup f g1 ()11 ds = M7, @7
teR Jt
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for some My, M > 0. As a straightforward consequence of (2.7), we have (see, e.g. [5])

gl < Qe, (2.8)
having put

0. - {MO +2M P e >0, (2.9)

B M() e =0.
Observe that Q. is of the order e * as ¢ — 0*.
We conclude the section recalling an inequality and a Gronwall-type lemma needed in the
sequel.

Lemma 2.1. For every t € R, every nonnegative locally summable function ¢ on R, and
every B > 0, we have

t 6+1
/ @(s)e P9 ds < p—— sup/ @(s)ds, (2.10)
0

T —¢ 0>t

forallt > t.

Proof. Writing t — © = N + @, for some nonnegative integer N and some @ € [0, 1), we

have
N-1 t—n

t
/ @(s)e P ds < Ze_ﬂ”/

T =0 t—n—

T+w
o(s) ds+e_ﬁN/ o(s)ds,
1 T

where the sum vanishes if N = 0. Therefore,

¢ N 0+1 1 0+1
f @(s)e P9 ds < Ze_ﬂ” sup/ ps)ds < —— sup/ @(s)ds,
T =0 0>t Jo 1 - eiﬂ 0

0>t
as claimed. O

Lemma 2.2. Let ¢ : R, — R, fulfil, for almost every t > t, the differential inequality
d
a((¢)+¢1(¢)§(l) < ¢a(1), (2.11)
where, for every t > 1, the scalar functions ¢, and ¢, satisfy
t t+1
[awazpe-n-r. [ eos<m
T t

forsome B >0,y > 0and M > 0. Then,
MeY
1—e 8’

c(r) <e’¢(r)e P 4 vt > T

Proof. Fix t > 7, and define, for s € [z, t],
t
w(s) = / pi(y)dy = Bt —s) —y.
Multiplying (2.11) by exp [/ ¢1(s) ds] and integrating in ¢, we obtain

t t
ct) < ¢(r)e ™+ / e Wes(s)ds < e’¢(r)e P ¥ / e P00, (s)ds.

T T

From (2.10), we see that

t
; M
f e pas)ds <
T — €

which concludes the proof. ]
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3. Attractors for nonautonomous Navier—Stokes equations

3.1. Well-posedness of the problem
We rewrite (1.1) and (1.2) in the unitary abstract form
du+vAu+ B(u,u) = g°(t), 3.1

where the pressure p has disappeared by force of the application of the Leray—Helmholtz
projection P. For any fixed ¢ € [0, 1] and any t € R, the Cauchy problem for (3.1), with
initial data

Uly=r =u, € H, 3.2)
has a unique weak solution [2,7, 11,21, 24, 25]

ueCRy; HYNLYR,; HY
such that

due LY(R,; H Y.

For every t > t, this solution satisfies the energy identity
L IR + vlu I} = @, )
2 dt ! ’ '
Hence, we deduce the inequality
d - e
3 IO+ Vi@l < 007 g O,

which, in light of (2.8) and (2.10) (note that 8/(1 —e™#) < 1 + ), readily yields, for every
t >tandevery t € R,

lu@1? < llu(@)?e™ 7 + (vA) (1 +v1) Q7 (3.3)
and

lu@)|I> + v/t lu@)I7ds < lu@)* + 2" Q7 (¢t — T +1). (34
Besides, T

¢ —Dlu®l} < Q(t — . [u@I Q7). (3.5)

where Q(, -, -) is a positive function, increasing in each argument (see [2, 6,7, 25]).

3.2. Dynamical processes and attractors

If the functions go(¢) and g;(¢) are translation bounded, i.e. conditions (2.6) and (2.7) hold,
equation (3.1) generates the dynamical process

{Us(ts T)s t 2 Iz TE R}
acting on H by the formula
Us(t, Dur = u(t), 12T,

where u(¢) is the solution to (3.1) with initial data (3.2). It follows from (3.3) that the process
{U.(¢, 7)} has a uniformly (w.r.t. T € R) absorbing set

B :={ueH||ul <CQ.}, (3.6)



Navier—Stokes equations with singularly oscillating forces 357

bounded in H for any fixed ¢. That is, for any bounded set B C H of initial data, there is a
time T = T (B, ¢) such that

U.(t,7)B C B?, VvVt € R, Vi>t+T.
Estimate (3.5) implies that
Bf = U U(t+1,7)B°
TeR

is also uniformly absorbing. Moreover, B¢ is bounded in H', and therefore compactin H. A
process having a compact uniformly absorbing set is called uniformly compact (see [6,7, 17]).

Definition 3.1. A closed set A C H is called the uniform (w.r.t. T € R) global attractor of
the process {U (¢, t)} acting on H if A is a uniformly attracting set, that is, for any bounded
set B C H,

distgy(U(t,t)B, A) — 0 ast — 1 — 400,

and A satisfies the following minimality property: Abelongs to any closed uniformly attracting
set of the process {U (¢, 7)} (for brevity, we sometimes call .4 merely the attractor).

Since the process {U,(¢, t)} is uniformly compact, it has the uniform global attractor

Af = w(B) =N U Ug(t,r)EH ,

h>0 | t—t2h

where B is an arbitrary bounded uniformly absorbing set of the process {U.(z, 7)} (see
[6,7, 17]); for example, we can set B = B®. From (3.3), it is readily seen that

||~AS|| < CQ&‘a VS € [O» 1]7

with Q. given by (2.9). On the other hand, .A? is also bounded in H I for each fixed ¢, since
A® C Bj. Nonetheless, it is clear that the size of the attractor A° in H (and so in H 1) may
approach infinity as ¢ — 0*.

3.3. Structure of attractors

A function ¥ () with values in a Banach space X is called translation compact in le‘)C R; X),
and we write ¥ € LY(R; X), if the family of its time translations {¢(r + 7) | T € R} is
precompact in the space LY(R; X), endowed with the local uniform convergence topology in
the space Lo(—T, T; X), for every T > 0. It is well known that L5 (R; X) C LQ(R; X). The
hull of i in le"C (R; X) is the set

LY (R; X)

HW) :={y@+71) |1 €R} ,
and the inequality

Wl < Il

holds for every I/Af € H() (cf [7]). Several translation compactness criteria for functions with
values in various spaces can be found in [7]. We remark that almost periodic functions (cf [1])
with values in X are translation compact, both in C,(R; X) and in L'z"C (R; X). However, the
class of translation compact functions is significantly wider, and turns out to be very effective
in the study of nonautonomous dynamical systems and their attractors.
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Assuming go, g1 € L5 (R; H), the external force g°(¢) appearing in equation (3.1) clearly
belongs to LY (R; H) as well. Besides, if ¢ > 0 and g° € H(g*), then

§°() = &) +e " gi(t/e),
for some gy € H(go) and g; € H(g1). In which case, to describe the structure of the uniform
global attractor A°, we consider the family of equations

ou+vAu+ B(u,n) = g°(t), g% e H(gY). 3.7
For every external force §° € H(g®), equation (3.7) generates the process {Usz:(f, T)} on H,

which shares similar properties as those of the process {U, (¢, T)}, corresponding to the original
equation (3.1) with external force g°(¢). Moreover, the map

(ul’v gg) = U§5 (t’ T)uf
is (H x H(g®), H)-continuous (see [7]).
Definition 3.2. The kernel K of equation (3.7) is the family of all its complete solutions
{ti(¢), t € R} which are uniformly bounded in H. The set
Ke(r) ={ii(r) |t e Kge} C H
is called the kernel section of K- at time t = .
For every ¢ € [0, 1], the following representation of the uniform global attractor A° of
equation (3.1) holds [7]:
A= | K. (3.9)
§°eH(g")
Actually, ICz (0) can be replaced by K (), for an arbitrary T € R.

Remark 3.3. In fact, we could as well assume the translation compactness of go(¢) and g;(¢)
in a weaker space (cf [5]). For instance, in LY*(R; H~!). Indeed, appealing to the results of
the recent paper [23], the representation (3.8) still holds if we require the compactness of the
families of time translations of gy and g in L12OC (R; H) with respect to whatever metrizable
topology. In which case, it suffices to replace H(g®) in (3.8) with the set

{8 € LY*(R; H) | 3{r,} C Rsuch that g°(t +7,) > §(1)},
where now the convergence takes place in the assigned metric.

4. Evolution Stokes equation with oscillating external force

In this section, we dwell on the evolution Stokes equation with time dependent external force
and with null initial data given at an initial time 7 € R

oV +AV =K(1), V0= =0.

The following lemma is straightforward.

Lemmad4.1. If K € L12OC (R; H"), then the above problem has a unique solution
V e CR,; H) N LY(R,; H?).

Moreover, the inequalities

t
IVOR<C [ P K (5) ds
and

t+1 t+1
f 1V (s)l13ds < IIV(t)II§+/ IK ()17 ds
t t

hold for every t > t and some 8 > 0, independent of the initial time T € R.
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Proof. Multiply the equation by A%V, and apply standard arguments (cf [2, 25]). O
Setting
t
K(t,r):/k(s)ds, t>1, 1€k,
T
the main result of the section reads as follows.
Proposition 4.2. Let k € LY*(R; H™'). Assume that
t+1
sup {HK(r, r)||2+/ 1K (s, r>||%ds} <, @.1)
t>1,t1€eR t
for some £ > 0. Then, the solution v(t) to the problem
v+ Av =k(t/e), V|=: =0, “4.2)
with ¢ € (0, 1], satisfies the inequality
t+1
lo@)11* + / lo@)l7 ds < CL%%, Vi >,
t
where C is independent of k.
Proof. Without loss of generality, we may assume v = 0. Denoting
t
V() = / v(s)ds,
0
we have, for any ¢ > 0,
t
V(i) =v() = / d;v(s)ds,
0
as v(0) = 0. Integrating (4.2) in time, we see that the function V (¢) solves the problem
0,V+AV = K.(1), Vli=o =0, “4.3)

with external force
t t/e
K. (1) =/ k(s/e) ds = 8/ k(s)ds =eK (t/¢,0).
0 0

It follows from (4.1) that

sup [|[K: (0| < Ce
>0

and

t+1 (t+1)/e 1+1
/ K. (s)]|3ds = 53/ 1K (s, 0)||3 ds < 2¢% sup {/ IK (s, 0)||%ds} < 2072,
t t t

& >0

Accordingly, by (2.10),
t
/ e PUV|K ()] ds < CE6?,
0
and applying lemma 4.1, we obtain
t+1
||V<z)||§+f IV(s)l3ds < L.
t

Hence, on account of (4.3) and the equalities

v(t) =9, V(1), AV = V©Oll2. AV @)l = IV @)l3,
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we have

oI < IV Oll2 + 1K (D) < Cle
and

lo@IIF <20V @OI15 + 21 K01,
from which we derive the integral estimate

t+1
/ lv(s)[IFds < Ce2e%
t

This finishes the proof. U

5. Uniform boundedness of the attractors

We now prove the uniform boundedness of .4° in H. To this end, setting

t
G, 1) =/ g1(s)ds, t>T,
T
we assume that
t+1
sup {nGl(r, r)||2+f IG1(s, DIIF ds} <0 (5.1
t>1,7eR t

for some £ > 0.

Theorem 5.1. Within (5.1), the attractors A® are uniformly (w.r.t. €) bounded in H, namely,

sup ||A®] < oo.
e€[0,1]

Remark 5.2. Note that A° might not be uniformly bounded in the space H', even if assumption
(5.1) is satisfied.

Proof. Let u(t) = U(t, T)u, be the solution to (3.1)—(3.2) with initial data u, € H. For
& > 0, we consider the auxiliary evolution Stokes problem

dv+vAv =¢""g (t/e), V]j=r = 0. 5.2)

Proposition 4.2 provides the estimate
t+1
lv@®)|? +/ v(s)||3ds < Ce2e21=P), Vi > T (5.3)
t

Then, we introduce the function
w(r) = u(t) —v(),
which satisfies the problem
ow+vAw+ B(w+v, w+v) = go, W=y = Uy.

Taking the scalar product by w, we obtain

L w4 vljwl + b + ) = (80, w)
2dtw V{wil w+v, v, w) = {go, W),
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where we used the relation b(w + v, w, w) = 0 provided by (2.3). In light of (2.4) and (2.5),
we observe that

v 2 20120112

1b(w, v, w)| < cllwllflwllvl < gllwlll + Cllw(*llvlly,

b < < v 24 CliolPlul?

[D(v, v, w)| < cllvllllvllillw] < 8||w||1+ lvll“llvllys
so that

b < v 2,0 21012 + Cllw Pl

[b(w +v, v, w)| < lew||1+ lwll“llvlly + Cllvl*llvlly
Moreover,

(g0, w) < Zlwl} +Cllgol”
Therefore, using the inequality

o> < ce, Vi >,
coming from (5.3) (as ¢ < 1) along with the control

Miwl? < flwlf,

we are led to

d
auwn2 +avjwl* < Clwlvllf + CE[v]T + Cligoll?,

which, upon defining the functions
@1(1) =2 — Clv@) I3,
() = CEv@) I + Cligo® 1%,

can be rewritten in the more convenient form

d o 2
a||w|| +orllwl” < ¢o.

For every t > t, the integral estimate (5.3) together with (2.6) entail

t t
/ @1(s)ds = Av(r — 7) — C/ lv)|3ds > av(t — 1) — CE22TP(t —t+ 1)
T T
and
t+1
f @2(s)ds < C (¢ + M3).
t
At this point, we put
B =x1v/2,
noting the trivial implication

e < eo(p, 0) = [B/(CL)

Accordingly, if ¢ < &y, the integral control for ¢; improves to

17677 = ce?0-0 < B,
t

f pi1(s)ds = Bt — 1) — B,
T

and lemma 2.2 applies with ¢ (¢) = ||w(?)||?, yielding
lw®> < Ce™ P Nue|* + C (€' + M5), Vi >
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Recalling that # = w + v, and using again (5.3), we end up with
lu@)? < Ce PP u, |* + C (€ + ¢4 + M), Vi > 1.
Thus, for every ¢ < &, the process {U, (¢, )} has the absorbing set
By:={ueH||ul®><C(€+'+M)}.

On the other hand, if &g < ¢ < 1, the process {U,(¢, t)} possesses also the absorbing set
(cf (3.3) and (3.6))

B ={ueH]||ul <CQ}.
In conclusion, for every ¢ € [0, 1], the bounded set
B, := By U B®

is an absorbing set for {U.(¢, )} which is independent of €. Since A° C B,, the proof is
completed. |

In fact, we also have an integral uniform boundedness in H' for all trajectories constituting
the attractor A4°.

Corollary 5.3. For every ¢ € [0, 1], the estimate

t+1
sup sup / ||u(s)||%ds =C<x
t

teR uekye

holds, for some C = C(£).
The proof is left to the reader.

Remark 5.4. Condition (5.1) takes place, for instance, when g; € Loo(R; H) N L12°C (R; HY
is a time periodic function of period T > 0 with zero mean, that is,

T
/ gi1(s)ds =0.
0

Other examples of quasiperiodic and almost periodic in time functions satisfying (5.1) can be
found in [6, 7].

Remark 5.5. In light of (2.1), a sufficient condition in order for (5.1) to hold is to require that

¢/ oa \2
sup [Gi(D)h < = (—) ,
RIS S\ T

where G is the primitive of g; given by
t
Gl(t)=/ g1(s)ds, t e R.
0

Remark 5.6. In the more challenging case p = 1, the uniform boundedness of the attractors
A® in ¢ can still be established recasting the above proof, under the condition

1+l
)~ sup {[ G (s, D)IIF dS} < co,
t>1,7€R 1

where ¢y > 0is some absolute constant. The uniform boundedness in the general case remains
an open problem.
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6. Convergence of the attractors

The main result of the paper reads as follows.

Theorem 6.1. Let gy, g1 € LY (R; H), and let (5.1) hold. Then, the uniform global attractors
A converge to A° in the limit ¢ — O in the following sense:

lim {disty (A7, A%} = 0.
The proof of the theorem requires some steps. Firstly, we study the deviation of two
solutions to (3.1) with & > 0 and ¢ = 0, respectively, sharing the same initial data. We denote
ut(t) = Ue(t, Dz,

with u, belonging to the absorbing set B, found in the previous section. In particular, for
e = 0, since u, € B,, (3.4) yields the bound

nme+/MmeﬁmsR& ©.1)
t
for some Ry = Ry(p), as the size of B, depends on p.
Lemma 6.2. For every ¢ € (0, 1], every Tt € R and every vector u, € B,, the deviation

w(t) = u® (1) — u’ (1),
with u® (0) = u®(0) = u., fulfils the estimate

lw@)| < De'=Pelt=0), Vi > 1, (6.2)
for some positive constants D = D(p, £) and R = R(p, £), both independent of ¢.

Proof. Since the deviation w(#) solves

dw +vAw + B, u®) — Bu®, u®) = e"g, (t/¢), W= =0,
the difference

q(1) =w(t) —v(),
where v(¢) is the solution to (5.2), fulfils the Cauchy problem

3q +vAq +Bw®, u®) — Bu®, u’) =0, Gli=e = 0. (6.3)
At this point, we take the scalar product in H of equation (6.3) and ¢, so getting

1d

s lalP +vllalli+ (B, u) = B, u%), g) =0. (6.4)

From the equality
Bw®, u®) — Bw®, u®) = Bw®, g +v) + B(g +v,u®) + B(g +v, g +v),
by means of (2.3), we derive
(B®, u®) — B, u’), q)
=bw®, v,q)+b(q,u’ q) +bw,u’ q) +b(g,v,q) +b(v,v,q). (6.5)
We now proceed to estimate the terms in the right-hand side. Exploiting (2.4), we find

Vv
|M%w@n<dmmmwwm<zwﬁ+0MWW%i (6.6)

Vv
IM%mqﬂ<dMMMMMh<ZMﬁ+CMWMﬁ, (6.7)

v
wwm4n<dMMMMMh<Zmﬁ+cwWwM (6.8)
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and
6@, v, )|+ b, u®, )| < 2ellu® |11 ol vl g I (6.9)
< §||q||% +Cla® Nl vl o]
Therefore,

(B@®,u®) — B(u®,u"), q)|
<vligli +Cligl? (1’15 + [vI7) + ClollP vl + Cla vl
which, as ||v|| satisfies (5.3) and ||u°| satisfies (6.1), can be rewritten as
(B, u®) — B, u®), q)| < vlgll; + kgl + f.
where we set
h(t) = C (I’ O3+ [v(@)]13)
and
f@) =]} + CRote" P [u’ )L [[v (@) 1.
Then, (6.4) turns into

1d.
—— < h|ql? + f.
> d gl gl + f.

Recalling that ||g(7)|| = 0, the Gronwall lemma entails

lg@®]* < Z/t f(s)exp <2 /lh(y) dy) ds < 2exp <2/Ih(s) ds) /t f(s)ds.

On the other hand, from (5.3) and (6.1), we learn that

f h(s)ds < C(R}+€H)(t —T+1)

T

and

t t
f fls)ds <C* P —r+ 1)+ CROES(I"O)/ 1® ()1 v (s) |1 ds
T T

t 1/2 t 1/2
L Cre*=P(t — 7 4 1) + CRyte' = (/ 1u®(s) I3 ds) </ v (s)]? ds)
T T

<CU Pt — T+ 1)+ CRE* Pt —T+1)

<CeTP 0+ RIHt — T +1).

Consequently,

”q(t)”Z g C£2(17p)(£4+ R(Z)EZ)(I T+ l)eC(RS+€2)(t77.'+l) < D1282(17p)eZR|(t7‘L’)’

for some D; = D;(p, £) and Ry = R;(p, £). Finally, as w = g + v, using (5.3) to control
[lv]l, we obtain the desired conclusion (6.2). ([l

In order to study the convergence of the uniform global attractors, we actually need
a generalization of lemma 6.2, which applies to the whole family of equations (3.7), with
external forces ¢ = g° € H(g®). To this end, we observe that every function g; € H(g;)
fulfils the inequality (5.1) (see [5] for a proof). More precisely, defining

t
Gl(r,ﬂ:/ §1(s) ds, 1>,
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we have

t+1
sup {IIGl(t, t)||2+/ ||G1(s,t)||%} <O (6.10)
t

t>1,7€eR
For any ¢ € [0, 1], let
ut(t) = U (1, 1) ye

be the solution to (3.7) with external force g° = go + & °g,(-/¢) € H(g®) and y, € B,. For
& > 0, we consider the deviation

w(t) = a° (1) — a°@).
Lemma 6.3. The inequality
W)l < De'~PeRtD), vVt > 1,

holds, with D and R as in lemma 6.2.

Proof. We repeat the proof of lemma 6.2, with #°, gy and g in place of u®, go and g,
respectively, noting that (6.1) still holds for #°, as the family {Ug: (2, 7)), 8° € H(g®), is
(H x H(g®), H)-continuous, and using (6.10) in place of (5.1). O

We can now complete the proof of the theorem, using the following argument from [5],
which we report in some detail for the reader’s convenience.

Proof of theorem 6.1. For ¢ > 0, let u® € A°. Thus, in view of (3.8), there exists a complete
bounded trajectory u° (¢) of equation (3.7), with some external force

g =8 +e81(/e) € H(g"),
such that #¢(0) = u®. Forevery L > 0,
u(—L) € A® C B,.
From the straightforward equality
U = Uge (0, —L)it* (— L),
by applying lemma 6.3 with t = 0 and T = —L, we have that
u® — Ug, (0, —L)a* (—L)|| < De'~PeRE. (6.11)

On the other hand (see [7]), the set A° attracts U, 2(t, —L)B,, uniformly as g € H(g"). Then,
for every § > 0, there is T = T (§) > 0, independent of L, such that

disty (U, (T — L, —L)a*(—L), A% < 6. (6.12)
Setting L = T, and collecting the two above inequalities, we readily get
disty (u®, A%) < De!=PeRT 4+ 5.

Since u® € A® and § > 0 are arbitrary, taking the limit ¢ — 07, the conclusion follows. [
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7. Holder continuity of A< ate = 0

In this final section, we consider the Navier—Stokes equations under the assumption that the
Grashof number G of the averaged system (3.1) with ¢ = 0 satisfies the following inequality:

lgollzy 1
Gy = 2 < —, 7.1
0 YR o (7.1
where ¢ is the smallest possible absolute constant such that
1b(v, w,v)| = [b(v, v, w)| < crllvlllviliwlh, Vv, weH'. (1.2)

Clearly, with reference to (2.4) and (2.5), ¢; < c.

Remark 7.1. As shown in [4],

a < cﬁ/ «/E,
where ¢, is the constant from the celebrated scalar Ladyzhenskaya inequality
I e < el FIMV2IV FI2, Vf € Hy(Q.

The bound
oL <2/Q77)* =0.6590. ..
is demonstrated in [22], whereas the sharp value
oL = (- 1.8622...)7"* =0.6429...
is obtained numerically in [29]. Therefore, (7.1) holds provided that
Go < 3.4206...= (21 - 1.8622.. )2 =2/t < 1/ey.
Since A > 27 /|2] (see [19]), this is certainly true whenever

12 llgol .2

. <21.4923...= (873 -1.8622...)/2.
V

When (7.1) holds, the paper [8] proves that the averaged equation has a unique complete
solution {u(t), t € R} such that

sup [lu(r)]| < oo.
teR

Moreover, this solution attracts any other solution ug(t), t > t, of the averaged equation with
exponential rate as t — T — +00, namely,

llugo(t) — ()| < Cllugo () —i(z)[le "7, Vi>1, VteR, (7.3)
for some C > 0 and x > 0. Then, the attractor .4° has the form
A =T rer ™.

Besides, it follows from (7.3) that the uniform global attractor A% is exponential, that is, it
attracts any bounded (in H) set of initial data with exponential rate x.

Theorem 7.2. Let the assumptions of theorem 6.1 hold. If the Grashof number G of the
averaged system satisfies (7.1), then we have the Holder continuity property at ¢ =0

disty (A7, A% < K, e'7", (7.4)

for some K, > 0 depending (besides on p) on v, ||g0||Lg and || g; ||Lg.
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Proof. The main point is to show that, within assumption (7.1), lemmas 6.2 and 6.3 hold with
the exponent R = 0 if ¢ < ¢y, for some ¢; = ¢;(p) > 0.
We preliminarily observe that, in light of (3.3) and (3.4), the function

u’(t) = Uo(t, Dy, ur € B,,
satisfies, for all ¢ > 7, the inequalities
[’ O < R; + () 21+ v Mg, (1.5)
t
v/ [u®(s)lIFds < RZ + (vA) ' MZ(t — T + 1), (7.6)
T

with My as in (2.6), where R, = R,(p) is the radius of the absorbing set B,.

We now proceed as in the proof of lemma 6.2, and we obtain equalities (6.4) and (6.5).
This time, to estimate the left-hand sides of (6.6)—(6.8), we use inequality (7.2) in place of
(2.4). This leads to

Vv

2
C
1b(q, u®, ) < cilighligu’ll < Enqn% + inqnznuOu%,

3:

2
C
Ib(q, v, @)l < cillglhliglivi < = llgl? + ;‘nqnznvn%,

~

2
b, v, )| < cillgllillviilivii < ||q||1 +;|Ivll lvll3,

7;

where the constant i > 0 will be specified later. Slmllarly to (6.9), we also have

1/2 1/2
b, v, @)+ b, u®, @) < 2elu Iy o) vl g

% 2c2
< 5||q||%+ 1N vl
"

Therefore, owing to (6.5),

(B®,u®) — Bw®,u®), q)| < w/2+wlqli + (v /DlglPNu’llF + T gl vl
+et Pl +2¢2 !

Then, it follows from (6.4) that

d _ _
allq||2+(v—2/x)llqll?—(2 1T + 2t vl) Nl

la® M ol ol

< 2ei Pl +4c i Pl ol Tl (1.7)
Consequently, using the inequality

rv =2m)lgl* < (v = 2m)lq117,
for 0 < 2u < v, we obtain from (7.7) that

%Ilq||2+w1 Igl* < ¢, (7.8)
having set

@1(1) =2 —2w) — v @O F = 2 v,

(1) =2t vOIP v 117 +4c2/f1 ||u0(t>||||u°<r)||1||v<r)||||v(t>||1.

Since ||v||f satisfies (5.3), we see that

t
/ lv(s)|Fds < CL22P(r — T+ 1), vt > 1.
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Hence, defining
B = [)u) — cfu_z(vx)_lMg] — 22 — ZC%,u_lCEzez(l_p),
Y= cfv_zRf + cfv_z(v)»)_lMg + ZCfM_lCﬁzsz(l_”),

and taking advantage of (7.6), we find the inequality
t
f P1(s)ds > A —2w)(t — 1) — v 2[R} + W) "Mt — T + 1]
T

—2cip [Pt — T+ D] =Bt — 1) — 1.
Due to (7.1) (recall that Mo = [|goll ;).

AV — c%v’z(vk)’lMg > 0.
Thus, fixing u > 0 sufficiently small,

[Av — v 2(wA) ' M| - 2An > 0.
Accordingly (u is now fixed),

B = [ — 2w M) - 2ap — 2ci I Ce P > 0,
for a sufficiently small ¢y = &;(u) > 0. Thus,
B = [Av — c%v_z(v)»)_'Mg] —2A — 2C%/,L_1C£282(]_’0) > B, Ve < &1.
For this chosen ., we also have that

yi = v 2R+ v (A) T MG + 2t C et Ly,
where

y =V 2R2+ v (oa) I ME + 2¢inT I CO > 0.

In conclusion, for ¢ < ¢, we end up with the inequality

t
/ p1(8)ds = Bt —1t) — v, vVt > 1.

(7.9)

(7.10)

(7.11)

To estimate ¢, (t), we note that ||v|| and ||u°|| satisfy (5.3) and (7.5), respectively. Hence,

¢ <2077 ClE T w1} + 4P C VP TR, W 1 (1],
with

D2 . 2 -2 2

R, := R, + (wA) “(1 +vA) M.

Observing that ||v||; satisfies (5.3), exploiting (7.6), and using the Cauchy inequality

t+1 t+1 1/2 t+1
/ ||u0(s)||1||v<s>||1ds<</ ||u0<s)||%ds) (/ ||v(s>||%ds)

we learn from (7.12) that

t+1 t+1
/ @r(s)ds < Cere*1=P) 4 Cp2e2U-PR, ( / ||u°(s)||%ds>
1 t
ﬁ*’

< CeAe*1=0 4 cp220-m R

with

R =7 [1?3 +2(vk)_1M§] .

*

(7.12)

172

’
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Consequently,
t+1 .
f 0 (s)ds < M := Ce®1=P (¢* + ¢*R,R,). (7.13)
t

At this point, we apply lemma 2.2 to the function ¢(¢) = |¢(¢)||>, which fulfils (7.8). On
account of (7.11)—(7.13) and the fact that ¢ (7) = 0, this yields

lgl* < = D327, Ve < g,

1—e#
for some D, = D,(p, £). Finally, for the function w = ¢ + v, using (5.3), we obtain the
inequality (6.2) with R = 0 for all ¢ < ¢;. This also implies lemma 6.3 with R = 0.

We now proceed to prove (7.4). If ¢ < g1, we repeat the proof of theorem 6.1, but replacing
(6.11) with the estimate

lu® — Ugy (0, =L)a* (—L)|| < De'~".
For L = T, this inequality together with (6.12) entail
disty (A%, A% < De'™” +6, Vs > 0.
From the arbitrariness of § > 0, we eventually obtain
disty (A°, A%) < De'™", Ve < ¢.

In order to extend the inequality to the case 1 > ¢ > &1, we merely increase the constant D
accordingly, so to get (7.4) for all € € (0, 1] and for some K, > 0. O

Remark 7.3. It can be shown that, under condition (7.1), there is &, > 0 such that, for all
& < &, equation (3.1) has also a unique bounded complete solution {u#°(¢), ¢ € R} such that

1Uge (1, Dur — i )| < Cllur — a*(2)lle™10, Vi > 1, VT eR,

where »; > 0 and C > 0 are independent of ¢. Thus, the uniform global attractor .4° is
exponential with rate »;. Moreover, similarly to (7.4) we have the inequality

disty (A%, A) < K, &' 7",

In which case, the uniform attractors .A° converge to A’ as ¢ — 0% w.r.t. the symmetric
Hausdorff distance. The proofs of these assertions are left to the reader.
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