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2 A. DUDIN AND O. SEMENOVAfuntion of the stationary distribution in a unit dis of a omplex plane. It inludesalulation of roots of some funtion in the unit dis. In ase of high dimensionalityof the probability vetors (it is de�ned by the produt of dimensionalities of the statespaes of the underlying proesses of the BMAP input, semi-Markovian (SM) servieand MAP ow of disasters), root determination problems and problems relating toomputation of derivatives an arise. After the probability vetor orresponding to azero state of the queue length is alulated, all other probability vetors are alulatedreurrently from the equilibrium equations. This proedure is not very stable beauseit inludes subtration operation.Shortomings of suh an approah are well-known and alternative approah foralulation of the stationary state probability vetors of similar Markov hains waselaborated by M. Neuts and V. Ramaswami, see, e. g. [12℄, [13℄. However, thisalternative proedure was elaborated only for so alled skip-free to the left multi-dimensional Markov hains whih have upper Hessenberg blok transition matrix. Inase of the disaster appearane, the embedded Markov hain does not belong to thelass of skip-free to the left Markov hains. So, the approah elaborated in [13℄ annot be applied.This approah exploits the idea of so alled ensoredMarkov hains, see, e. g. [9℄, [10℄.Using the same idea, in this paper we present a stable proedure for alulation of thestationary distribution of embedded Markov hain for the BMAP=SM=1 system withdisasters.The rest of the paper onsists of the following. Brief desription of the model ispresented in setion 2. The embedded Markov hain under onsideration is de�ned insetion 3. In setion 4, the algorithm for alulation the stationary distribution thatstems from [5℄ is given and the alternative stable algorithm is presented. Setion 5ontains three numerial examples illustrating the stationary distribution alulationby means of the present algorithm and algorithm from [5℄. Some onlusions basingon more extensive omputer omparison of the mentioned algorithms are made.



Stable algorithm for a BMAP=SM=1 queueing system with disasters 32. ModelDesription of the model oinides with the one given in [5℄. For onveniene, wemaintain denotations of that paper.We onsider a single-server system with an unlimited waiting spae. The input tothe system is a bath Markovian arrival proess (BMAP). The set of the BMAP'sis dense in the set of all Markov point proesses, so the BMAP's suit for adequatemodelling a wide range of ows in real life systems, teleommuniation networks inpartiular. The BMAP is determined by the direting proess �t; t � 0 having a statespae f0; 1; : : : ; Lg and by a matrix generating funtion D(z) = P1k=0Dkzk; jzj � 1where the (L+ 1)� (L+ 1) matries Dk de�ne the intensities of the proess �t; t � 0transitions whih are aompanied by generation of the bath onsisting of k ustomersarriving into a system, k � 0. For more information about a BMAP, see [3℄ and [11℄.A servie proess is of SM (semi-Markovian) type. It means that the suessiveservie times are the sojourn times of a semi-Markovian proess mt; t � 0. Thisproess has a state spae f1; :::;Mg and a semi-Markovian kernel B(t).The arrival of disasters to the system is a MAP (partial ase of the BMAP allowingonly non-group arrivals) whih is determined by the direting proess �t; t � 0 witha state spae f0; 1; :::; Ng and a matrix generating funtion F (z) = F0 + F1z; jzj � 1.Disaster arrival auses immediate removal of all ustomers from the system. If thesystem is empty at a disaster arrival epoh, this disaster is ignored by the system.3. Embedded Markov hainLet tn be the n-th epoh of ustomer departures from the system. It's a servieompletion epoh or a disaster arrival epoh at a busy period.Consider the following four-dimensional Markov hain:�n = fin; �n; �n;mng; n � 1;where in is a queue length at the epoh tn+0; in � 0; �n is the state of arrival diretingproess �t at the epoh tn; �n = 0; L; �n is the state of disasters direting proess �nat the epoh tn + 0; �n = 0; N and mn is the state of servie direting proess mt atthe epoh tn + 0;mn = 1;M .



4 A. DUDIN AND O. SEMENOVADenote by Pf(i; �; �;m) ! (l; �0; �0;m0)g the one-step transition probabilities ofMarkov hain �n; n � 1:Pf(i; �; �;m)! (l; �0; �0;m0)g == Pfin+1 = l; �n+1 = �0; �n+1 = �0;mn+1 = m0jin = i; �n = �; �n = �;mn = mg;i; l � 0; �; �0 = 0; L; �; �0 = 0; N; m;m0 = 1;M:Enumerate the states of the Markov hain �n; n � 1 in lexiographi order and formthe matries Pi;l, onsisting of transition probabilities Pf(i; �; �;m) ! (l; �0; �0;m0)g.These matries are de�ned by formulas:
Pi;l = 8>>>>>>>>>>>><>>>>>>>>>>>>:


l�i+1; if i > 0; l > 0; l � i� 1;S; if i > 0; l = 0;
0 + S; if i = 1; l = 0;Pl+1j=1	j
l�j+1; if i = 0; l > 0;	1
0 +P1j=1	jS; if i = 0; l = 0;O; if l < i� 1; l 6= 0; (1)
where the matries 
l; l � 0 are de�ned by the matrix expansion1Xl=0 
lzl = �̂(z) = Z 10 eD(z)t 
 eF0t 
 dB(t); (2)the matries S and 	j ; j � 0 are de�ned as:S = Z 10 eD(1)t
�eF0tF1�
 (B(1)�B(t))dt; (3)	j = Z 10 �eD0tDj�
 eF (1)tdt
 EM : (4)Here 
 is symbol of the Kroneker produt, E� denotes an identity matrix of orre-sponding size. Index an be omitted if its value is lear from ontext.Formulas (1){(4) along with the probabilisti sense of involved matries are pre-sented in [5℄. 4. Main resultDue to the disaster presene, under the evident assumptions about the irreduibilityand non-periodiity of direting proesses �t; �t;mt; t � 0 and existene of positive



Stable algorithm for a BMAP=SM=1 queueing system with disasters 5�nite means of their sojourn times in all states the stationary state probabilities�(i; �; �;m) = limn!1Pfin = i; �n = �; �n = �;mn = mg exist.Denote by �i the vetor of stationary probabilities �(i; �; �;m) listed in the lexio-graphi order, i � 0.In [5℄, the algorithm for alulation of unknown vetor �0 is presented. As followsfrom [5℄, the rest of the vetors �i; i � 1 an be alulated as:�i = �0Fi + ��Qi; i � 1; (5)where �� is a stohasti row eigenvetor of the matrix S + �̂(1) (its expliit form ispresented in [5℄) and the matries Fi; Qi;� 1 are alulated reurrently:F1 = (E �	1
0 � (	�E)ZS)
�10 ; (6)Q1 = �S
�10 ; (7)Fl+1 =  Fl � l+1Xn=1	n
l�n+1 � lXn=1Fn
l�n+1!
�10 ; l � 1; (8)Ql+1 =  Ql � lXn=1Qn
l�n+1!
�10 ; l � 1; (9)where 	 = �((D0 � F (1))�1((D(1)�D0)
EN+1))
EM ;Z = (E � S � �̂(1) + 1��)�1;1 is olumn vetor onsisting of 1.Sine reursions (8), (9) ontain subtration operation, it is expetable that they arenot stable in omputer realization. Our numerial experiene on�rms this instability.Also, non-singularity of the matrix 
0 is required in (6)-(9). Although this assump-tion an be not very restritive (see [4℄), sometimes it does not hold.Thus, below we present the alternative algorithm for a stable alulation of vetors�i; i � 0.Let G be the matrix, whih haraterizes transitions of omponents f�n; �n;mng ofthe Markov hain �n; n � 1 in the time interval during whih the state of the omponent



6 A. DUDIN AND O. SEMENOVAin hanges from k+1 to k and no disaster appears, k � 0. It is easy to verify that thematrix G does not depend on the value of k; k � 0 and satis�es the matrix equationG = �̂(G) = 1Xl=0 
lGl: (10)This equation an be rewritten in the formG = (E �
1)�1 
0 + 1Xl=2 
lGl!and its solution an be found as G = limn!1Gn, where the matries Gn; n � 1 arealulated reurrently:Gn+1 = (E �
1)�1 
0 + 1Xl=2 
lGln! ; n � 0with appropriate initial ondition (in our ase, e.g., G0 = 0), see, e.g. [12℄.Matrix E � 
1 is not singular due to H'Adamard or O. Taussky theorem (see [6℄)as the matrix 
1 is substohasti.More involved proedures for solving equations of type (10) an be found, e.g. in[14℄.Let H be the matrix that haraterizes the transitions of omponents f�n; �n;mngof the Markov hain �n; n � 1 in the interval whih starts from the state k of theomponent in and �nishes by reahing the state 0 without visiting the state k�1; k � 1(due to a disaster arrival). This matrix does not depend on k and is alulated as:H = (G�E)(�̂(1)�E)�1S: (11)Non-singularity of the inverted matrix also follows from H'Adamard's theorem. For-mula (11) for the matrix H is derived basing on the following equation whih is learfrom this matrix de�nition:H = S+�Pk;k + 1Xn=k+1 nXi=k Gn�i�H:Theorem 1. The probability vetors �i; i � 0 are alulated by the following way:�i = �0�i; i � 1; (12)



Stable algorithm for a BMAP=SM=1 queueing system with disasters 7where the matries �i are alulated reurrently:�0 = E; �k =�V k + k�1Xi=1 �iY (i)k ��E � Y (k)k ��1; k � 1; (13)where the matries Y (i)k ; V k are alulated asY (i)k = 1Xl=0 
l+k�i+1Gl; i = 1; k; V k = 1Xl=0 P0;l+kGl; k � 1; (14)vetor �0 satis�es the system�0(E � V 0) = 0; �0 1Xi=0 �i1 = 1; (15)where V 0 = 1Xk=0P0;kGk + 1Xk=1P0;k k�1Xi=0 GiH; (16)0 is row-vetor onsisting of 0.Present the sketh of the proof. The notion of a ensored Markov hain [9℄,[10℄ isexploited.Brief de�nition of a ensored Markov hain for a salar ase is the following. Let�n; n � 1 be the Markov hain with the state spae f0; 1; : : :g and one-step transitionprobability matrix P . Fix some integer k; k � 0 and onsider the proess �(k)n ; n � 1de�ned on the subset f0; 1; : : : ; kg. Its trajetories are obtained from the trajetories ofthe original Markov hain �n; n � 1 by removing all epohs when �n > k. The proess�(k)n ; n � 1 is alled a ensored proess. It is known from [9℄,[10℄ that this proess is theMarkov hain as well and its stationary probability vetor is the stationary probabilityvetor of the original Markov hain �n; n � 1 restrited to the states f0; 1; : : : ; kg andnormalized to sum 1.Consider the Markov hain �n; n � 1 desribing the queue under onsiderationand �x some integer k; k � 1. Construt the ensored Markov hain �(k)n ; n � 1.Its trajetories are obtained from the trajetories of the original Markov hain �n =fin; �n; �n;mng; n � 1 by means of deleting the moments when the value of omponentin is greater than k. Analyzing transitions of the ensored hain, we see that the partof equilibrium equations for the omponents of the invariant probability vetor of the



8 A. DUDIN AND O. SEMENOVAensored Markov hain oinides to the equilibrium equations of original Markov hain�n; n � 1 but the last equation (whih takes into aount the transition of omponentsf�n; �n;mng of the hain �n; n � 1 during the removed periods of time) has the form�k = �0 �Vk + kXi=1 �i �Y (i)k ; (17)where the matries �Vk; �Y (i)k are de�ned by formulas (14).As mentioned above, the entries �0; : : : ;�k of the stationary probability vetorof Markov hain �n; n � 1 oinide up to the normalizing onstant with stationaryprobability vetors of the ensored Markov hain �(k)n ; n � 1: So, they satisfy thesystem (17) as well.Sine we have �xed k; k � 1 arbitrarily, the system (17) holds for any k. It impliesrelations (12), (13). Now, by putting k = 0 and taking into aount normalizationondition we get formulas (15), (16).It onludes the outline of the proof.As above, non-singularity of the matrix E� �Y (k)k follows from H'Adamard's theorem.It follows from the theorem of Lederman [2℄ that the matrix (E � �Y (k)k )�1 has onlynon-negative entries. So, reursions (13) do not involve subtration operations and arenumerially stable.Remark. It is possible to avoid in�nite sums in formulas (14), (16) beause we analulate sums likeP1l=0 
lGl,P1l=0 P0;lGl analytially. However, it is more onvenientfrom omputational point of view to work with suh sums.5. Numerial resultsTo illustrate the work of the presented algorithm for the stationary state distributionalulation and its omparison with algorithm elaborated in [5℄ we present the followingnumerial results.Example 1. The BMAP-input is haraterized by the matriesD0 = 0� �1:45 0:450:6 �2:6 1A ; D1 = D2 = 0� 0:5 00 1 1A :



Stable algorithm for a BMAP=SM=1 queueing system with disasters 9This BMAP has the fundamental rate � = 2:14 and the orrelation oeÆient  =0:035.We assume that the kernel B(t) that desribes the servie proess has the formB(t) = diagfB1(t); : : : ; BM (t)gP:Here diagfa1; : : : ; aMg denotes a diagonal matrix with the diagonal entries a1; : : : ; aM ;P is a stohasti matrix and Bi(t); i = 1;M are distribution funtions.In our example we set M = 2 andBm(t) = kXi=1 q(m)i Z t0 (m)i ((m)i �)h(m)i �1(h(m)i � 1)! e�(m)i �d�; m = 1;M;P = 0� 0:65 0:350:45 0:55 1A ;k = 2, q(1)1 = 0:6, q(1)2 = 0:4, q(2)1 = q(2)2 = 0:5, (1)1 = 15, (1)2 = (2)1 = 10, (2)2 = 8,h(1)1 = 1, h(1)2 = 2, h(2)1 = 3, h(2)2 = 4.The average servie time is equal to 0.242.For the disasters ow we assume that N = 2 andF0 = 0� �0:25 0:150:24 �0:33 1A ; F1 = 0� 0:1 00 0:09 1A :The ow of disasters has the fundamental rate ' = 0:096 and the orrelation oeÆient� = 9:84 � 10�5.The key point of the both algorithms for alulation of the stationary state distribu-tion is the forming the system of linear algebrai equations for the entries of the vetor�0.Using the algorithm presented in [5℄ we get the roots z1 = 0:087, z2 = 0:096,z3 = 0:128, z4 = 0:142, z5 = 0:647, z6 = 0:698, z7 = 0:838, z8 = 0:956 and the system



10 A. DUDIN AND O. SEMENOVAfor the entries or the vetor �0 in the form
�0
0BBBBBBBBBBBBBBBBBB�

�0:00019 0:00021 �0:0016 0:0053 �0:33 0:5 �1:7 2:20:00029 �0:00033 0:0024 �0:0074 �0:17 0:29 �1:4 2:10:0003 0:00022 0:0026 0:0055 0:52 0:51 2:8 2:3�0:00045 �0:00034 �0:0037 �0:0076 0:27 0:3 2:2 2:10:00054 �0:00061 �0:00076 0:0024 0:50 �0:61 �1:1 1:4�0:00082 0:00091 0:0011 �0:0033 0:26 �0:36 �0:88 1:3�0:00084 �0:00062 0:0011 0:0025 �0:79 �0:63 1:7 1:40:0012 0:00094 �0:0017 �0:0034 �0:41 �0:36 1:3 1:3
1CCCCCCCCCCCCCCCCCCA =(18)

= (�5:5 � 10�8; 7:8 � 10�7; 4:7 � 10�7;�1:8 � 10�5; 1:5 � 10�4;�2:5 � 10�3;�5:2 � 10�3; 0:61):When we use the algorithm based on formulas (12)-(16) we get from the system (15)the following relation:
�0
0BBBBBBBBBBBBBBBBBB�

2:28 �0:24 �0:05 �0:03 �0:14 �0:09 �0:02 �0:013:33 0:72 �0:06 �0:05 �0:13 �0:11 �0:03 �0:022:29 �0:05 0:64 �0:21 �0:04 �0:02 �0:13 �0:083:35 �0:08 �0:26 0:75 �0:05 �0:04 �0:11 �0:092:66 �0:10 �0:02 �0:01 0:60 �0:23 �0:04 �0:024:05 �0:15 �0:04 �0:03 �0:26 0:76 �0:04 �0:032:68 �0:03 �0:13 �0:08 �0:06 �0:04 0:63 �0:224:08 �0:05 �0:15 �0:13 �0:07 �0:06 �0:23 0:78
1CCCCCCCCCCCCCCCCCCA = (19)

= (1; 0; : : : ; 0):Both systems (18) and (19) have the same solution de�ned as�0 = (0:0645; 0:048; 0:0402; 0:0298; 0:0551; 0:0395; 0:0342; 0:0244):



Stable algorithm for a BMAP=SM=1 queueing system with disasters 11Example 2. Now we assume that BMAP-input is de�ned by the matriesD0 = 0BBBBBB� �2:15 0:39 0:66 0:60:56 �2:32 0:26 0:50:04 0:28 �2 0:181:44 1:8 0:4 �5:64
1CCCCCCA ; D1 = 0BBBBBB� 0:125 0 0 00 0:25 0 00 0 0:375 00 0 0 0:5

1CCCCCCA ;
D2 = 0BBBBBB� 0:375 0 0 00 0:75 0 00 0 1:125 00 0 0 1:5

1CCCCCCA :This BMAP has the fundamental rate � = 2:14 and the orrelation oeÆient  =0:016.The servie proess is the same as in previous example and the disasters ow isharaterized by the matries
F0 = 0BBBBBB� �0:5 0:15 0:2 0:050:12 �0:45 0:12 0:120:07 0:35 �0:64 0:140:18 0:12 0:24 �0:43

1CCCCCCA ; F1 = 0BBBBBB� 0:1 0 0 00 0:09 0 00 0 0:08 00 0 0 0:07
1CCCCCCA :The ow of disasters has the fundamental rate ' = 0:086 and the orrelation oeÆient� = 2:25 � 10�4.In this ase the dimensionality of the vetors �i; i � 0 is 32 and using the algorithmelaborated in [5℄ we did not get a result after two days of omputation on PC PentiumII. Using the algorithm de�ned by the formulas (12)-(16) we have got the values of the�rst 40 vetors of the stationary state distribution with the auray 10�6 during twohours. Present for example the value of the vetor �0�0 = (0:006; 0:0046; 0:0098; 0:0075; 0:0061; 0:0046; 0:0043; 0:0033; 0:0103; 0:0077;0:017; 0:0126; 0:0105; 0:0078; 0:0074; 0:0055; 0:0183; 0:0134; 0:03; 0:0219; 0:0184;0:0134; 0:013; 0:0094; 0:0036; 0:0026; 0:0059; 0:0043; 0:0036; 0:0026; 0:0026; 0:0018):



12 A. DUDIN AND O. SEMENOVATo ompare the stability of the both algorithms for alulation of vetors �i; i > 0we return to the data of example 1.Present for example the form of matries F1 and F3 whih are alulated by relations(6), (8).
F1 =

0BBBBBBBBBBBBBBBBBB�
2:97 �3:25 �0:08 0:15 �0:25 0:52 �0:01 �0:015�2:70 5:70 0:04 �0:32 0:12 �1:09 8:7 � 10�5 0:01�0:13 0:25 3:01 �3:33 �0:02 �0:02 �0:24 0:530:06 �0:52 �2:72 5:88 0:0001 0:02 0:12 �1:09�0:27 0:70 �0:01 �0:02 3:29 �4:6 �0:07 0:190:16 �1:37 0:0001 0:02 �3:01 8:15 0:03 �0:39�0:01 �0:03 �0:26 0:71 �0:11 0:31 3:33 �4:70:0002 0:04 0:16 �1:39 0:06 �0:62 �3:03 8:36

1CCCCCCCCCCCCCCCCCCA ;

F3 =
0BBBBBBBBBBBBBBBBBB�

142:6 �251:6 �12:8 32:6 �50:1 141:5 3:1 �14:5�201:8 363:1 19:4 �49:6 77:1 �218:7 �5:3 23:5�20:6 52:2 149:5 �269:1 5:0 �23:2 �51:8 149:231:1 �79:4 �212:3 389:7 �8:5 37:6 79:9 �231:2�63:8 181:5 4:4 �19:6 256:7 �580:7 �21:4 69:598:7 �280:3 �7:4 31:8 �380:2 870:5 33:7 �109:37:1 �31:5 �66:1 192:1 �34:2 111:2 268:2 �617:9�11:9 51:1 102:7 �297:3 53:9 �174:9 �398:2 929:1
1CCCCCCCCCCCCCCCCCCA :

The entries of these matries have di�erent signs and grow in modulus when theindex of the matrix Fi inreases. E.g., the entries of the matrix F6 are already of order105. It leads to numerial instability and the vetor �10 alulated by means of usingformulas (5)-(9) is already negative.Correspondingly, the matries �1 and �3, whih are used in (12), have the following



Stable algorithm for a BMAP=SM=1 queueing system with disasters 13values:
�1 =

0BBBBBBBBBBBBBBBBBB�
0:263 0:155 0:036 0:023 0:112 0:069 0:021 0:0130:226 0:222 0:048 0:044 0:118 0:107 0:029 0:0250:058 0:037 0:241 0:142 0:034 0:022 0:100 0:0610:076 0:071 0:199 0:197 0:047 0:041 0:101 0:0930:107 0:070 0:020 0:014 0:306 0:182 0:032 0:0210:149 0:135 0:037 0:032 0:236 0:220 0:042 0:0370:033 0:023 0:095 0:061 0:052 0:033 0:287 0:1700:059 0:051 0:128 0:117 0:068 0:059 0:212 0:199

1CCCCCCCCCCCCCCCCCCA ;

�3 =
0BBBBBBBBBBBBBBBBBB�

0:033 0:024 0:008 0:006 0:031 0:023 0:008 0:0060:077 0:072 0:021 0:019 0:069 0:062 0:021 0:0170:012 0:010 0:029 0:021 0:013 0:010 0:026 0:0190:034 0:031 0:065 0:061 0:032 0:028 0:058 0:0520:030 0:024 0:008 0:006 0:071 0:051 0:013 0:0100:076 0:068 0:022 0:019 0:133 0:121 0:031 0:0260:013 0:011 0:025 0:020 0:021 0:016 0:063 0:0450:036 0:031 0:064 0:057 0:049 0:042 0:116 0:106
1CCCCCCCCCCCCCCCCCCA :

All entries are non-negative. The entries of matries �i; i � 1 derease when iinreases. E.g., the entries of the matrix �6 are of order 10�3. It allows us to alulatethe �rst 40 vetors of the stationary state distribution with the auray 10�6 during10 minutes.For example the vetors �i; i = 1; 8 alulated by formula (12) have the following



14 A. DUDIN AND O. SEMENOVAvalues: �1 = (0:0469; 0:0356; 0:0294; 0:0223; 0:0454; 0:0331; 0:0284; 0:0207);�2 = (0:0216; 0:0181; 0:0135; 0:0113; 0:0257; 0:0207; 0:0161; 0:0130);�3 = (0:0134; 0:0115; 0:0084; 0:0072; 0:0179; 0:0148; 0:0112; 0:0093);�4 = (0:0078; 0:0068; 0:0049; 0:0043; 0:0115; 0:0097; 0:0072; 0:0061);�5 = (0:0049; 0:0042; 0:0031; 0:0027; 0:0076; 0:0065; 0:0048; 0:0041);�6 = (0:0030; 0:0026; 0:0019; 0:0017; 0:0049; 0:0042; 0:0031; 0:0027);�7 = (0:0019; 0:0017; 0:0012; 0:0010; 0:0032; 0:0028; 0:0020; 0:0017);�8 = (0:0012; 0:0011; 0:0008; 0:0007; 0:0021; 0:0018; 0:0013; 0:0011):As the result of other extensive numerial experiments the following onlusions anbe stated:� in the region of parameters spae where both algorithms work, alulated prob-abilities oinide with a high auray that on�rms the orretness of the pre-sented algorithm;� the presented algorithm works stably for all values of the input, servie anddisaster parameters;� the stability of alulations basing on algorithm from [5℄ depends essentiallyon : (a) dimension of vetors, (b) traÆ intensity � (produt of the BMAPfundamental rate and average servie time), () whether the servie proess isatually semi-Markovian one of just reurrent (i. e. the kernel B(t) is justa distribution funtion). In ase of vetors dimension greater than 10, theproedure of alulating the vetor �0 may not work. In ase of reurrent servie,the proedure for alulating the vetors �i; i � 1 is not so bad as it is reportedsometimes in literature. In ase � is about 0,4{0,6 and (L + 1)(N + 1) = 4about 30 �rst probability vetors are alulated orretly. In ase of heavy traÆ(� = 0; 95), about 40 vetors are orret. In ase of SM-servie, the situation ismuh worse. For (L+1)(N+1)M = 8, only about 10 vetors are alulated well;� alulation of matries involved into formulas (1){(4) with auray 10�10 andnegleting the values of order 10�k; k � 10 in (14){(16) provides auray about
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