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> 4 ÚËÔË˜Ì˚È flÁ˚Í ÄÌÓÎ¸‰‡ 
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ˆËË Á‡ÍÎ˛˜ÂÌ ÏÂÊ‰Û ‰‚ÛÏfl „Î‡‰ÍËÏË ÒÓÔËÍ‡Ò‡-
˛˘ËÏËÒfl ‚ ÚÓ˜ÍÂ 

 

λ

 

q

 

 ÍË‚˚ÏË, Í‡Í ˝ÚÓ ËÁÓ·‡ÊÂ-
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ùÚÓÚ ÚÂÏËÌ ËÒÔÓÎ¸ÁÛÂÚÒfl Ú‡ÍÊÂ ‚ ÌÂÍÓÚÓ˚ı ‰Û„Ëı Á‡‰‡-
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ÌÓ Ì‡ ËÒ.1 ÒÎÂ‚‡. èË ˝ÚÓÏ flÁ˚ÍË ÄÌÓÎ¸‰‡ 

 

�

 

q

 

‰Îfl ÁÌ‡˜ÂÌËÈ 
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 > 4 fl‚Îfl˛ÚÒfl “Ó˜ÂÌ¸ ÛÁÍËÏË”: ‰ÎËÌ‡
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. í‡ÍÓÂ
ÛÒÚÓÈÒÚ‚Ó flÁ˚ÍÓ‚ ÄÌÓÎ¸‰‡ Ó·ÛÒÎÓ‚ÎË‚‡ÂÚÒfl ‚
ÔÂ‚Û˛ Ó˜ÂÂ‰¸ ÒÚÛÍÚÛÓÈ Ú‡Í Ì‡Á˚‚‡ÂÏ˚ı Â-
ÁÓÌ‡ÌÒÌ˚ı ˜ÎÂÌÓ‚ ‚ ÚÂÈÎÓÓ‚ÒÍÓÏ ‡ÁÎÓÊÂÌËË
ÓÚÓ·‡ÊÂÌËfl 
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 ‚ ÌÛÎÂ Ë ÚÂÏ Ù‡ÍÚÓÏ, ˜ÚÓ ÔÓfl-
‰ÓÍ ÂÁÓÌ‡ÌÒÌ˚ı ˜ÎÂÌÓ‚, ÓÚ‚Â˜‡˛˘Ëı Á‡ ÒÛ˘Â-
ÒÚ‚Ó‚‡ÌËÂ ÔÂËÓ‰Ë˜ÂÒÍËı Ú‡ÂÍÚÓËÈ ÔÂËÓ‰‡ 
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 > 4 ‰ÓÎÊÌ˚ ‚˚ÔÓÎÌflÚ¸Òfl ‰ÓÒÚ‡ÚÓ˜-
ÌÓ Ó„‡ÌË˜ËÚÂÎ¸Ì˚Â ÛÒÎÓ‚Ëfl. Ç ˜‡ÒÚÌÓÒÚË, ‚ ÒËÚÛ-
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ÚÛ‡ flÁ˚ÍÓ‚ ÄÌÓÎ¸‰‡ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ËÒ. 1 ËÁÓ·-
‡ÊÂÌ‡ Ì‡ ËÒ. 1 ÒÔ‡‚‡. ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÔÂËÓ-
‰Ë˜ÂÒÍËÂ ÂÊËÏ˚ Ï‡Î˚ı ÔÂËÓ‰Ó‚ Ì‡·Î˛‰‡˛ÚÒfl
‰ÓÒÚ‡ÚÓ˜ÌÓ ˜‡ÒÚÓ Ë fl‚Îfl˛ÚÒfl ‚ ˝ÚÓÏ ÒÏ˚ÒÎÂ ÚË-
ÔË˜Ì˚ÏË. 
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ÓÍÂÒÚÌÓÒÚË ÓÍÛÊÌÓÒÚË 
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 ˝ÚË ÏÌÓÊÂÒÚ‚‡ Ú‡ÍÊÂ
‡ÒÔ‡‰‡˛ÚÒfl ‚ Ó·˙Â‰ËÌÂÌËÂ flÁ˚ÍÓ‚ ÄÌÓÎ¸‰‡ 

 

�q,
„‡ÌËˆ˚ ÍÓÚÓ˚ı ‚ ÚËÔË˜ÌÓÈ ÒËÚÛ‡ˆËË ÛÊÂ ÌÂ ÒÓ-
ÔËÍ‡Ò‡˛ÚÒfl (ÒÏ. ËÒ. 1 ÒÔ‡‚‡), ıÓÚfl Û„ÎÓ‚‡fl ¯Ë-
ËÌ‡ flÁ˚ÍÓ‚ �q ÒÚÂÏËÚÒfl Í ÌÛÎ˛ ÔË ‚ÓÁ‡ÒÚ‡-
ÌËË n. ÑÎfl ÒËÒÚÂÏ (1), (2) ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ Ú‡ÂÍÚÓ-
ËÈ ·ÓÎ¸¯Ëı ‡ÏÔÎËÚÛ‰ ÙËÍÒËÓ‚‡ÌÌÓ„Ó ÔÂËÓ‰‡
fl‚ÎflÂÚÒfl ÒËÚÛ‡ˆËÂÈ Ó·˘Â„Ó ÔÓÎÓÊÂÌËfl. íËÔË˜-
Ì˚È ÒˆÂÌ‡ËÈ ÓÊ‰ÂÌËfl ÔÂËÓ‰Ë˜ÂÒÍËı Ú‡ÂÍÚÓ-
ËÈ ·ÓÎ¸¯Ëı ‡ÏÔÎËÚÛ‰ ÓÍ‡Á˚‚‡ÂÚÒfl ·ÎËÊÂ Í ÒˆÂ-
Ì‡Ë˛ ÓÊ‰ÂÌËfl Ï‡Î˚ı ÔÂËÓ‰Ë˜ÂÒÍËı ÂÊËÏÓ‚
‰Îfl „Î‡‰ÍËı ÒËÒÚÂÏ ‚ ÒÎÛ˜‡Â Ó‰ÌÓ„Ó ËÁ „Î‡‚Ì˚ı Â-
ÁÓÌ‡ÌÒÓ‚, ‡ ÌÂ Í ÒˆÂÌ‡Ë˛ ÓÊ‰ÂÌËfl Ï‡Î˚ı ‰ÎËÌ-
ÌÓÔÂËÓ‰Ë˜ÂÒÍËı ÂÊËÏÓ‚, Í‡Í ÂÒÚÂÒÚ‚ÂÌÌÓ ·˚ÎÓ
·˚ ÓÊË‰‡Ú¸. 

èË˜ËÌ‡ ‡ÁÎË˜Ëfl flÁ˚ÍÓ‚ ÄÌÓÎ¸‰‡ ‚ ÌÛÎÂ Ë
Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË Á‡ÍÎ˛˜‡ÂÚÒfl ‚ ÌÂÔÓÎËÏË‡Î¸ÌÓ-
ÒÚË ÓÒÌÓ‚Ì˚ı ÌÂÎËÌÂÈÌ˚ı ÒÎ‡„‡ÂÏ˚ı ‚ infcond.
ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ‰Îfl ˝ÚËı ÒÎ‡„‡ÂÏ˚ı ÌÂÚ ÚÂÈÎÓ-
Ó‚ÒÍÓ„Ó ‡ÁÎÓÊÂÌËfl Ë ÙÓÏ‡Î¸ÌÓ„Ó ÔÓÌflÚËfl Â-
ÁÓÌ‡ÌÒÌ˚ı ËÎË ÌÂÂÁÓÌ‡ÌÒÌ˚ı ˜ÎÂÌÓ‚. é‰Ì‡ÍÓ
Ò‚ÓÈÒÚ‚‡ ÙÛ¸Â-‡ÁÎÓÊÂÌËÈ ‰Îfl Û„ÎÓ‚˚ı ÍÓÓ‰Ë-
Ì‡Ú ÒÎ‡„‡ÂÏ˚ı (2) ÓÍ‡Á˚‚‡˛ÚÒfl ·ÎËÁÍËÏË Í Ò‚ÓÈ-
ÒÚ‚‡Ï ÙÛ¸Â-‡ÁÎÓÊÂÌËÈ ‰Îfl Û„ÎÓ‚˚ı ÍÓÓ‰ËÌ‡Ú
„Î‡‚Ì˚ı ÂÁÓÌ‡ÌÒÌ˚ı ̃ ÎÂÌÓ‚ ‚ ÎÓÍ‡Î¸ÌÓÏ ÒÎÛ˜‡Â.
ÄÌ‡ÎÓ„Ë ÚÂÓÂÏ Ó ·ËÙÛÍ‡ˆËË ÔÂËÓ‰Ë˜ÂÒÍËı
Ú‡ÂÍÚÓËÈ Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË ÓÍ‡Á˚‚‡˛ÚÒfl ÒÔ‡-
‚Â‰ÎË‚˚ÏË ‰Îfl ÒËÒÚÂÏ Ò ÌÂ„Î‡‰ÍËÏË Ó‰ÌÓÓ‰Ì˚-
ÏË ÒÚ‡¯ËÏË ÒÎ‡„‡ÂÏ˚ÏË ‚ ÓÍÂÒÚÌÓÒÚË ÌÛÎÂ‚Ó-
„Ó ÔÓÎÓÊÂÌËfl ‡‚ÌÓ‚ÂÒËfl. 

2. ãÓÍ‡Î¸Ì‡fl ÚÂÓÂÏ‡ 

ê‡ÒÒÏÓÚËÏ ÒËÒÚÂÏÛ (1) Ò ÓÚÓ·‡ÊÂÌËÂÏ Uλx =
= A(λ)x + Φ(x; λ) + ξ(x; λ). Ç ˆÂÎflı ÛÔÓ˘ÂÌËfl ÙÓ-
ÏÛÎËÓ‚ÓÍ ÔÓÒÚÓÂ, ·ÎËÁÍÓÂ Í ÓÍÛÊÌÓÒÚË S ÒÓ·-
ÒÚ‚ÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ λ Ï‡ÚËˆ˚ A = A(λ) ËÒÔÓÎ¸ÁÛÂÚ-
Òfl ‚ Í‡˜ÂÒÚ‚Â Ô‡‡ÏÂÚ‡ ÒËÒÚÂÏ˚. èÛÒÚ¸ Ô‡‡ÏÂÚ
λ ÏÂÌflÂÚÒfl ‚ ÌÂÍÓÚÓÓÈ ÓÍÂÒÚÌÓÒÚË D Á‡ÏÍÌÛÚÓ„Ó

ÏÌÓÊÂÒÚ‚‡ Λ ⊂ S Ë ‚ÒÂ ÓÚÎË˜Ì˚Â ÓÚ λ Ë  ÒÓ·-λ

ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl σj (λ) Ï‡ÚËˆ˚ A(λ) Í‚‡ÎËÙË-
ˆËÓ‚‡ÌÌÓ ÓÚ‰ÂÎÂÌ˚ ÓÚ S: ||σj(λ)| – 1| ≥ δ > 0 ÔË
λ ∈ D, j = 1, 2, …, N – 2.

èÛÒÚ¸ ÔË ‚ÒÂı λ ∈ D ÙÛÌÍˆËfl Φ(x; λ) Ó„‡ÌË-
˜ÂÌ‡, ÔÓÎÓÊËÚÂÎ¸ÌÓ Ó‰ÌÓÓ‰Ì‡: Φ(θx; λ) = Φ(x; λ)
ÔË x ≠ 0, θ > 0 Ë Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë˛ ÉfiÎ¸‰Â‡ 

(3)

ÔË˜ÂÏ
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é·ÓÁÌ‡˜ËÏ ̃ ÂÂÁ Eλ ÒÓ·ÒÚ‚ÂÌÌÓÂ ÔÓ‰ÔÓÒÚ‡Ì-
ÒÚ‚Ó Ï‡ÚËˆ˚ A(λ), ÓÚ‚Â˜‡˛˘ÂÂ Ô‡Â ÔÓÒÚ˚ı

ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ λ Ë , ‡ ̃ ÂÂÁ  – ËÌ‚‡Ë-
‡ÌÚÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó ‡ÁÏÂÌÓÒÚË N – 2, ‰Ó-
ÔÓÎÌfl˛˘ÂÂ Eλ. èÛÒÚ¸ Pλ – ÍÓÏÏÛÚËÛ˛˘ËÈ Ò A(λ)

ÎËÌÂÈÌ˚È ÔÓÂÍÚÓ Ì‡ ÔÎÓÒÍÓÒÚ¸ Eλ ‚‰ÓÎ¸ .
Ç˚·ÂÂÏ Ú‡ÍÓÈ ÌÂÔÂ˚‚ÌÓ Á‡‚ËÒfl˘ËÈ ÓÚ λ ·‡ÁËÒ

{ , } ‚ Eλ, ˜ÚÓ·˚ Ï‡ÚËˆ‡ A(λ) ËÏÂÎ‡ ‚ ÌÂÏ
˝ÎÂÏÂÌÚ˚ a11 = a22 = Reλ, a21 = –a12 = Imλ. çÂÔÂ-
˚‚ÌÓ Á‡‚ËÒfl˘ÂÂ ÓÚ λ ∈ D ÎËÌÂÈÌÓÂ ÓÚÓ·‡ÊÂÌËÂ

Qλ: � → Eλ, Á‡‰‡‚‡ÂÏÓÂ ‡‚ÂÌÒÚ‚‡ÏË Qλ1 = ,

Qλi = , ÓÔÂ‰ÂÎflÂÚ Ì‡ Eλ ÍÓÏÔÎÂÍÒÌÛ˛ ÒÚÛÍÚÛÛ.

ê‡ÒÒÏÓÚËÏ 2π-ÔÂËÓ‰Ë˜ÂÒÍÛ˛ ÙÛÌÍˆË˛ Ψλ(ϕ) =

= PλΦ(Qλeiϕ; λ), ÔÛÒÚ¸ 

(5)

Φ x1; λ( ) Φ x2; λ( )– K x1 x2– τ ,≤
x1 x2 1, 0 τ 1,≤<= =

sup
x ∞→

lim x s– ξ x; λ( )
λ D∈
sup ∞, s 0.><

λ Eλ'

Eλ'

e1
λ e2

λ

e1
λ

e2
λ

Qλ
1–

Ψλ ϕ( ) ψk
λeikϕ , ψk

λ
�.∈

k ∞–=

∞

∑=

0 1 0 1

e2πqi e2πqi

S S

�q �q

C C
λq

êËÒ. 1. íËÔË˜Ì˚Â ÍÓÌÚÛ˚ flÁ˚ÍÓ‚ ÄÌÓÎ¸‰‡ ‚ ÌÛÎÂ (ÒÎÂ‚‡) Ë Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË (ÒÔ‡‚‡). 
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é flÁ˚Í‡ı ÄÌÓÎ¸‰‡ 3

ÑÎfl Í‡Ê‰Ó„Ó q =  > 0 Ò ‚Á‡ËÏÌÓ ÔÓÒÚ˚ÏË m Ë n

ÓÔÂ‰ÂÎËÏ ÌÂÔÂ˚‚ÌÛ˛ 2π-ÔÂËÓ‰Ë˜ÂÒÍÛ˛ ÙÛÌÍ-

ˆË˛ : � → �: 

(6)

ê‡ÒÒÏÓÚËÏ ÏÌÓÊÂÒÚ‚Ó �q = {ϕ ∈ �: (ϕ) ≠ 0},
ÓÌÓ ÒÓÒÚÓËÚ ËÁ ÌÂ ·ÓÎÂÂ ˜ÂÏ Ò˜ÂÚÌÓ„Ó ˜ËÒÎ‡ ÌÂÔÂ-

ÂÒÂÍ‡˛˘ËıÒfl ËÌÚÂ‚‡ÎÓ‚ dµ = ( , ) (µ ∈ � –
ËÌ‰ÂÍÒ ÔÂÂÒ˜ÂÚ‡). á‡ÙËÍÒËÛÂÏ ‚ÂÚ‚¸ ÍÓÏÔÎÂÍÒ-

ÌÓ„Ó ‡„ÛÏÂÌÚ‡ Ú‡Í, ̃ ÚÓ·˚ ÙÛÌÍˆËfl : �q → �
·˚Î‡ ÌÂÔÂ˚‚Ì‡ Ì‡ Í‡Ê‰ÓÏ ËÌÚÂ‚‡ÎÂ dµ ⊂ �q,
ÔÛÒÚ¸ �q – ÏÌÓÊÂÒÚ‚Ó ÂÂ ÁÌ‡˜ÂÌËÈ. éÒÌÓ‚ÌÓÂ
ÔÂ‰ÔÓÎÓÊÂÌËÂ Ó ÌÂ‚˚ÓÊ‰ÂÌÌÓÒÚË – ˝ÚÓ 

(7)

ÖÒÎË (ϕ) ≠ 0, ÚÓ ÏÌÓÊÂÒÚ‚Ó Int�q fl‚ÎflÂÚÒfl ÓÚ-
Í˚Ú˚Ï ËÌÚÂ‚‡ÎÓÏ, ÂÒÎË ÓÌÓ ÌÂ ÔÛÒÚÓ. ç‡ÔË-

ÏÂ, Ú‡Í ·Û‰ÂÚ, ÂÒÎË  ≠ 0 Ë n ‰ÓÒÚ‡ÚÓ˜ÌÓ ‚ÂÎËÍÓ. 

é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ �µ ÏÌÓÊÂÒÚ‚Ó ÁÌ‡˜ÂÌËÈ ÙÛÌÍ-

ˆËË arg  Ì‡ ËÌÚÂ‚‡ÎÂ dµ ⊂ �q. Ç ÒËÎÛ (7) ÔÓ
Í‡ÈÌÂÈ ÏÂÂ Ó‰ËÌ ËÁ ËÌÚÂ‚‡ÎÓ‚ �µ ËÏÂÂÚ ‚ÌÛÚ-
ÂÌÌËÂ ÚÓ˜ÍË. èÓ˝ÚÓÏÛ ÏÌÓÊÂÒÚ‚Ó �* = �µ

ÌÂÔÛÒÚÓ. èÓ˜ÚË ‚ÒÂ„‰‡ �* = Int�q, ÍÓÌÚÔËÏÂ˚
„ÓÏÓÁ‰ÍË Ë ‚˚ÓÊ‰ÂÌ˚. 

í Â Ó  Â Ï ‡  1. èÛÒÚ¸ ‰Îfl ÌÂÍÓÚÓÓ„Ó q = 

‚˚ÔÓÎÌÂÌÓ ÓÒÌÓ‚ÌÓÂ ÛÒÎÓ‚ËÂ (7).
íÓ„‰‡ ‰Îfl Í‡Ê‰Ó„Ó ÌÂÔÛÒÚÓ„Ó Á‡ÏÍÌÛÚÓ„Ó

ÏÌÓÊÂÒÚ‚‡ � ⊂ �* Ì‡È‰ÂÚÒfl Ú‡ÍÓÂ ε = ε(q, �) > 0,
˜ÚÓ ÔË Î˛·ÓÏ λ ∈ {λ: 0 < |λ – λq| ≤ ε, arg(λ – λq) ∈
∈  �} ÒËÒÚÂÏ‡ 1 ËÏÂÂÚ ÔÓ Í‡ÈÌÂÈ ÏÂÂ Ó‰ÌÛ ÔÂ-
ËÓ‰Ë˜ÂÒÍÛ˛ ÚÓ˜ÍÛ xλ ÏËÌËÏ‡Î¸ÌÓ„Ó ÔÂËÓ‰‡ n Ë
Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÂ ε ≤ |xλ| · |λ – λq|–1≤ ε–1. 

èÛÒÚ¸ ν ∈ �* Ë arg (ϕν) = ν. Ç ÒËÚÛ‡ˆËË Ó·˘Â-

„Ó ÔÓÎÓÊÂÌËfl ÙÛÌÍˆËfl arg  ÒÚÓ„Ó ÏÓÌÓÚÓÌÌ‡ ‚
ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË ϕν; ÏÌÓÊÂÒÚ‚Ó Ú‡ÍËı “„Û·˚ı”
ÁÌ‡˜ÂÌËÈ ϕν ÍÓÌÂ˜ÌÓ. ä‡Ê‰ÓÂ ËÁ ÌËı ÓÔÂ‰ÂÎflÂÚ n-
ÔÂËÓ‰Ë˜ÂÒÍÛ˛ Ó·ËÚÛ (x1, x2, …, xn) ÒËÒÚÂÏ˚ (1), ‰Îfl
ÍÓÚÓÓÈ ÒÔ‡‚Â‰ÎË‚Ó ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÂ ÒÓÓÚÌÓ¯Â-

ÌËÂ xk = | (ϕν)| · |λ – λq|–1 ( ) + o(|λ –

− λq|–1) ÔË λ → λq. í‡ÍËÏ Ó·‡ÁÓÏ, ‰Îfl Í‡Ê‰Ó„Ó ν

m
n
----

Ψq
res

Ψq
res ϕ( ) ψkn 1+

λq eikϕ ≡
k ∞–=

∞

∑–=

≡ e iϕ /n–

n
------------ Ψλq

ϕ 2 jπ+
n

------------------- 
  e 2 jπi/n– .

j 0=

n 1–

∑–

Ψq
res

ϕ1
µ ϕ2

µ

Ψq
res

Int�q .≠

Ψq
res

ψ1
λq

Ψq
res

Int
µ �∈
∪

m
n
----

Ψq
res

Ψq
res

Ψq
res Qλq

e
i ϕν 2πk+( )/n

ÍÓÎË˜ÂÒÚ‚Ó ·ÓÎ¸¯Ëı ÔÂËÓ‰Ë˜ÂÒÍËı Ó·ËÚ ‡‚ÌÓ
ÍÓÎË˜ÂÒÚ‚Û „Û·˚ı Â¯ÂÌËÈ ϕν Û‡‚ÌÂÌËfl

arg (ϕν) = ν Ì‡ ËÌÚÂ‚‡ÎÂ [0, 2π). 

íÂÓÂÏÛ 1 ‰ÓÔÓÎÌflÂÚ ÒÎÂ‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ.
èÛÒÚ¸ ÓÚÍ˚ÚÓÂ ÏÌÓÊÂÒÚ‚Ó �' ÒÓ‰ÂÊËÚ Á‡Ï˚Í‡-

ÌËÂ  ÏÌÓÊÂÒÚ‚‡ �q. ëËÒÚÂÏ‡ 1 ÌÂ ËÏÂÂÚ n-ÔÂ-
ËÓ‰Ë˜ÂÒÍËı ÚÓ˜ÂÍ ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯Ëı ÌÓÏ ÔË
arg(λ – λq) ∉ �', ‰‡ÊÂ ÂÒÎË |λ – λq| Ï‡ÎÓ: ÚÂÓÂÏ‡ 1
ÓÔËÒ˚‚‡ÂÚ flÁ˚Í ÄÌÓÎ¸‰‡ �q ‰ÓÒÚ‡ÚÓ˜ÌÓ ÚÓ˜ÌÓ. 

3. ÉÂÓÏÂÚË˜ÂÒÍ‡fl ËÌÚÂÔÂÚ‡ˆËfl 
ÚÂÓÂÏ˚ 1

Ç ˝ÚÓÏ ‡Á‰ÂÎÂ ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ‰‚ÛÏÂÌ˚Â
ÒËÒÚÂÏ˚ 1, ‚ ÍÓÚÓ˚ı Uλz = λz + Φ(eiϕ; λ) + o(1), „‰Â
o(1) → 0 ÔË z → ∞, z = reiϕ ∈ �. áÌ‡˜ÂÌËfl Ô‡‡ÏÂÚ-
‡ λ ‚˚·Ë‡˛ÚÒfl ËÁ Ï‡ÎÓÈ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË λq,

q = . àÚÂ‡ˆËË Ú‡ÍÓ„Ó ÓÚÓ·‡ÊÂÌËfl Uλ Û‰Ó‚ÎÂÚ‚Ó-

fl˛Ú ‡‚ÂÌÒÚ‚‡Ï Un(z; λ) = λnz – n eiϕ (nϕ) +
+ o(1), „‰Â o(1) → 0 ÔË z → ∞, λ → λq, ÙÛÌÍˆËfl

 ÓÔÂ‰ÂÎÂÌ‡ ÒÓÓÚÌÓ¯ÂÌËÂÏ (6) Ò Ψλ(x) = Φ(x;
λ). ÖÒÎË ‚‚ÂÒÚË Ï‡Î˚È Ô‡‡ÏÂÚ ξ = λ – λq, ÚÓ λn =

= 1 + nξ + o(ξ) Ë Û‡‚ÌÂÌËÂ z – z = 0 ‰Îfl n-ÔÂ-
ËÓ‰Ë˜ÂÒÍËı ÚÓ˜ÂÍ Uλ ÏÓÊÌÓ ÔÂÂÔËÒ‡Ú¸ ‚ ‚Ë‰Â

(n ξ + o(ξ))z = n eiϕ (nϕ) + o(1). éÚ·ÓÒË‚
Ï‡Î˚Â ÒÎ‡„‡ÂÏ˚Â, ÔËıÓ‰ËÏ Í ÔË·ÎËÊÂÌÌÓÏÛ

Û‡‚ÌÂÌË˛ ξr = (nϕ). Ö„Ó Â¯ÂÌËfl z = reiϕ Ë
ÏÌÓÊÂÒÚ‚‡ ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚ‡ ξ, ‰Îfl ÍÓÚÓ˚ı
˝ÚË Â¯ÂÌËfl ÒÛ˘ÂÒÚ‚Û˛Ú, ÓÔËÒ˚‚‡˛ÚÒfl ‚ ÚÂÏË-

Ì‡ı ÍË‚ÓÈ Γq = { (n): ϕ ∈ �} Ë ÏÌÓÊÂÒÚ‚ �q =

= {  ∈ �:  = θ (ϕ), θ ≥ 0, ϕ ∈ �}. Ç ÓÒÌÓ‚Ì˚ı
ÒËÚÛ‡ˆËflı �q fl‚ÎflÂÚÒfl Û„ÎÓÏ (Í‡Í Ì‡ ËÒ. 2), ÌÓ
ÏÓÊÂÚ ËÏÂÚ¸ Ë ·ÓÎÂÂ ÒÎÓÊÌÛ˛ ÒÚÛÍÚÛÛ (ËÒ. 3).
èË·ÎËÊÂÌÌÓÂ Û‡‚ÌÂÌËÂ ËÏÂÂÚ ÌÂÌÛÎÂ‚ÓÂ Â¯Â-
ÌËÂ z ÔË ξ ≠ 0, ÂÒÎË Ë ÚÓÎ¸ÍÓ ÂÒÎË ξ ∈ �q. ÅÓÎÂÂ
ÚÓ„Ó, Í‡Ê‰ÓÂ Ú‡ÌÒ‚ÂÒ‡Î¸ÌÓÂ ÔÂÂÒÂ˜ÂÌËÂ ÎÛ˜‡

Lξ = {  ∈ �:  = θξ, θ > 0} ⊂ �q Ò ÍË‚ÓÈ Γq ÓÔÂ-

‰ÂÎflÂÚ Ò‚ÓÂ Â¯ÂÌËÂ  = , „‰Â 0 ≤ n  < 2π.

í‡Í Í‡Í ÙÛÌÍˆËfl  ËÏÂÂÚ ÔÂËÓ‰ 2π, ÚÓ n ÚÓ˜ÂÍ

 =  fl‚Îfl˛ÚÒfl Â¯ÂÌËflÏË Û‡‚ÌÂÌËfl

ξr = (nϕ); ˝ÚË n ÚÓ˜ÂÍ ÔË·ÎËÊ‡˛Ú n-ÔÂËÓ‰Ë-
˜ÂÒÍÛ˛ Ó·ËÚÛ ÒËÒÚÂÏ˚ zk + 1 = Uλzk ÔË ξ → 0. óËÒ-
ÎÓ ‡ÁÎË˜Ì˚ı ·ÓÎ¸¯Ëı n-ÔÂËÓ‰Ë˜ÂÒÍËı Ó·ËÚ ‚
ÒËÚÛ‡ˆËË Ó·˘Â„Ó ÔÓÎÓÊÂÌËfl ÒÓ‚Ô‡‰‡ÂÚ Ò ˜ËÒÎÓÏ
Ú‡ÌÒ‚ÂÒ‡Î¸Ì˚ı ÔÂÂÒÂ˜ÂÌËÈ ÎÛ˜‡ Lξ Ë ÍË‚ÓÈ Γq. 

Ψq
res

�q

m
n
----

λq
1– Ψq

res

Ψq
res

λq
1– Uλ

n

λq
1– λq

1– Ψq
res

Ψq
res

Ψq
res

ξ̃ ξ̃ Ψq
res

ξ̃ ξ̃

zξ
j rξ

j e
iϕξ

j

ϕξ
j

Ψq
res

zξ
j s, rξ

j e
i ϕξ

j 2πs/n+( )

Ψq
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äÓÁflÍËÌ Ë ‰.

êËÒÛÌÍË 2 Ë 3 ‰ÂÏÓÌÒÚËÛ˛Ú ‡ÁÎË˜Ì˚Â ÍË-
‚˚Â Γ = Γq Ë ÏÌÓÊÂÒÚ‚‡ � = �q. ç‡ ËÒ. 2 ÒÔ‡‚‡
ÔÂ‰ÒÚ‡‚ÎÂÌ‡ ÚËÔË˜Ì‡fl ÒËÚÛ‡ˆËfl. çÛÎ¸ ÎÂÊËÚ ‚ÌÂ
Ó·Î‡ÒÚË, Ó„‡ÌË˜ÂÌÌÓÈ ÍË‚ÓÈ Γq, Ë Í‡Ê‰˚È ÎÛ˜
(Á‡ ËÒÍÎ˛˜ÂÌËÂÏ „‡ÌË˜Ì˚ı) Lξ ⊂ �q ÔÂÂÒÂÍ‡ÂÚ
Γq ‚ ‰‚Ûı ÚÓ˜Í‡ı. ÑÛ„‡fl ÒËÚÛ‡ˆËfl Ó·˘Â„Ó ÔÓÎÓ-
ÊÂÌËfl ÔÓÍ‡Á‡Ì‡ êËÒ. 3 Ì‡ ËÒ.21 ÒÎÂ‚‡: ÍË‚‡fl Γq

ÓÍÛÊ‡ÂÚ Ì‡˜‡ÎÓ ÍÓÓ‰ËÌ‡Ú, �q = �, Í‡Ê‰˚È ÎÛ˜
Lξ ÔÂÂÒÂÍ‡ÂÚ Γq Ú‡ÌÒ‚ÂÒ‡Î¸ÌÓ ‚ Â‰ËÌÒÚ‚ÂÌÌÓÈ
ÚÓ˜ÍÂ. ÖÒÎË n ‚ÂÎËÍÓ, ÚÓ ‰Îfl Â‡ÎËÁ‡ˆËË ÒËÚÛ‡ˆËË
�q = � ÌÂÓ·ıÓ‰ËÏÓ ÛÒÎÓ‚ËÂ ÚËÔ‡ ‡‚ÂÌÒÚ‚‡

(ϕ)dϕ = 0. Ñ‚Â ‰Û„ËÂ ÒËÚÛ‡ˆËË Ì‡ ËÒ. 3 ËÏÂ-

˛Ú ÍÓ‡ÁÏÂÌÓÒÚË 1 Ë 2. 

ìÒÎÓ‚ËÂ (7) ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ Û„ÓÎ �q ËÏÂÂÚ ÌÂÔÛ-
ÒÚÛ˛ ‚ÌÛÚÂÌÌÓÒÚ¸ Int�q. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ �* =

= Int�q. ê‡ÒÒÏÓÚËÏ Î˛·ÓÈ Á‡ÏÍÌÛÚ˚È Û„ÓÎ  ⊂
⊂  Int�q ∪ {0}. íÂÓÂÏ‡ 1 ÛÚ‚ÂÊ‰‡ÂÚ, ˜ÚÓ ÔÂÂÒÂ˜Â-

Ψq
res

0

2π

∫

�̃

ÌËÂ  Ò ÔÓÍÓÎÓÚ˚Ï ÍÛ„ÓÏ 0 < |λ – λq| ≤ ε ‰ÓÒÚ‡ÚÓ˜-
ÌÓ Ï‡ÎÓ„Ó ‡‰ËÛÒ‡ ε fl‚ÎflÂÚÒfl ̃ ‡ÒÚ¸˛ flÁ˚Í‡ ÄÌÓÎ¸-
‰‡ �q ÔÓÒÎÂ Ò‰‚Ë„‡ Ì‡ λq (ÒÏ. ËÒ. 2). üÁ˚Í ÄÌÓÎ¸‰‡
�q Ò ÓÒÚ˚Ï Û„ÎÓÏ ÔË ‚Â¯ËÌÂ λq Ì‡Ô‡‚ÎÂÌ ‚ÌÛÚ¸

Â‰ËÌË˜ÌÓ„Ó ÍÛ„‡, ÂÒÎË Re( (ϕ)) < 0 ‰Îfl ‚ÒÂı ϕ,

Ë Ì‡ÛÊÛ, ÂÒÎË Re( (ϕ)) > 0. ÖÒÎË ÙÛÌÍˆËfl

Re( (ϕ)) ÔËÌËÏ‡ÂÚ ÁÌ‡˜ÂÌËfl ‡ÁÌ˚ı ÁÌ‡-
ÍÓ‚, flÁ˚Í ÄÌÓÎ¸‰‡ �q ÔÓÍ˚‚‡ÂÚ ˜‡ÒÚ¸ ÓÍÛÊ-
ÌÓÒÚË S. 

ä ËÁÛ˜‡ÂÏÓÈ Á‡‰‡˜Â ÏÓÊÂÚ ·˚Ú¸ ÔËÏÂÌËÏ
ÔËÌˆËÔ ÒÏÂÌ˚ ËÌ‰ÂÍÒ‡ [5]. èË ‚ÒÂı λ ≠ λq ÓÔÂ-
‰ÂÎÂÌ ËÌ‰ÂÍÒ γλ Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË ÔÎÓÒÍÓ„Ó ‚ÂÍ-

ÚÓÌÓ„Ó ÔÓÎfl z – z Ë γλ = 1. ÑÎfl λ = λq ËÌ‰ÂÍÒ 
Á‡‚Â‰ÓÏÓ ÓÔÂ‰ÂÎÂÌ, ÂÒÎË 0 ∉ Γ q. Ç ÒÎÛ˜‡Â, ÔÓÍ‡-
Á‡ÌÌÓÏ Ì‡ ËÒ. 3 ÒÎÂ‚‡,  ≠ 1, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,
ÔËÏÂÌËÏ ÔËÌˆËÔ ÒÏÂÌ˚ ËÌ‰ÂÍÒ‡, Ë ÔË λ, ·ÎËÁ-
ÍËı Í λq, ÒÛ˘ÂÒÚ‚ÛÂÚ ·ÓÎ¸¯‡fl ÔÓ ‡ÏÔÎËÚÛ‰Â n-ÔÂË-

�̃

λq
1– Ψq

res

λq
1– Ψq

res

λq
1– Ψq

res

Uλ
n γλq

γλq

Reλ Reλ00 1 –0.218

5

ImξImλ

Γ

�

e2πi/5

C C

êËÒ. 2. íÂÛ„ÓÎ¸Ì˚Â flÁ˚ÍË ÄÌÓÎ¸‰‡ ‰Îfl n = 5, Φ(ϕ) = 3|sinϕ| + icosϕ. 

Reξ

Reξ

Reξ

ImξImξImξ

�

�

�

Γ
ΓΓ

C C C

êËÒ. 3. ê‡ÁÎË˜Ì˚Â ÍË‚˚Â Γ = Γq Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÏÌÓÊÂÒÚ‚‡ � = �q. 
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é flÁ˚Í‡ı ÄÌÓÎ¸‰‡ 5

Ó‰Ë˜ÂÒÍ‡fl Ú‡ÂÍÚÓËfl (ÒÏ.[6]). Ç ÒÎÛ˜‡Â, ÍÓ„‰‡ ÍË-
‚‡fl λq ËÏÂÂÚ ‚Ë‰, ÔÓÍ‡Á‡ÌÌ˚È Ì‡ ËÒ. 2,  = γλ = 1
Ë ÔËÌˆËÔ ÒÏÂÌ˚ ËÌ‰ÂÍÒ‡ ÌÂÔËÏÂÌËÏ. 

4. éˆÂÌÍË ‰ÎËÌ˚ flÁ˚Í‡ ÄÌÓÎ¸‰‡ 

Ç ˝ÚÓÏ ‡Á‰ÂÎÂ ‰‡˛ÚÒfl ‡ÒËÏÔÚÓÚË˜ÂÒÍËÂ (ÔË
n → ∞) ÓˆÂÌÍË ‰ÎËÌ˚ flÁ˚Í‡ ÄÌÓÎ¸‰‡ �q ÒËÒÚÂ-
Ï˚ (1) Ë ‰ÎËÌ˚ Â„Ó ÚÂÛ„ÓÎ¸ÌÓÈ ˜‡ÒÚË. èÛÒÚ¸ 

(8)

é˜Â‚Ë‰ÌÓ, –ψ(λ) ÒÓ‚Ô‡‰‡ÂÚ Ò ÍÓ˝ÙÙËˆËÂÌÚÓÏ 
‚ (5); ψ(λq) ‡‚ÌflÂÚÒfl ÒÂ‰ÌÂÏÛ ÙÛÌÍˆËË (6). á‡‰‡-
‰ËÏÒfl ν > 0 Ë ‡ˆËÓÌ‡Î¸Ì˚Ï q Ë ‡ÒÒÏÓÚËÏ Û„ÓÎ 

(9)

ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ‰ÎËÌ‡ flÁ˚Í‡ ÄÌÓÎ¸‰‡ �q

‚ÌÛÚË Û„Î‡ (9) ÌÂ ÏÂÌ¸¯Â δ, ÂÒÎË Ì‡ Í‡Ê‰ÓÈ ÌÂÔÂ-
˚‚ÌÓÈ ÍË‚ÓÈ L = {λ ∈ �: λ = λ*(ρ), ρ ∈ [0, 1]} ⊂
⊂  �q ∩ {λ ∈ �: 0 < |λ – λq| < δ} Ò ÍÓÌˆ‡ÏË Ì‡ ‡Á-
ÎË˜Ì˚ı ÒÚÓÓÌ‡ı Û„Î‡ (9) ÎÂÊËÚ ÔÓ Í‡ÈÌÂÈ ÏÂÂ
Ó‰Ì‡ Ú‡Í‡fl ÚÓ˜Í‡ λ = λ*(ρ0) ∈ L, ˜ÚÓ ÒËÒÚÂÏ‡ 1 ÔË
˝ÚÓÏ λ ËÏÂÂÚ n-ÔÂËÓ‰Ë˜ÂÒÍÛ˛ ÚÓ˜ÍÛ xL Ë |xL| → ∞
ÔË max{|λ – λq|: λ ∈ L} → 0 (Ú.Â., ÍÓ„‰‡ L ÒÚfl„Ë‚‡-
ÂÚÒfl Í λq). 

í Â Ó  Â Ï ‡  2. ÑÎfl Í‡Ê‰Ó„Ó ν > 0 Ì‡È‰ÂÚÒfl Ú‡-
ÍÓÂ ε = ε(ν, Λ) > 0, ˜ÚÓ ÔË Î˛·ÓÏ ‡ˆËÓÌ‡Î¸ÌÓÏ

q =  > 0 Ò ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯ËÏ n Ë λq ∈ Λ  ‰ÎËÌ‡

flÁ˚Í‡ ÄÌÓÎ¸‰‡ �q ‚ÌÛÚË Û„Î‡ (9) ÌÂ ÏÂÌ¸¯Â . 

Ç ˝ÚÓÈ ÚÂÓÂÏÂ ÌÂÚ ÔÂ‰ÔÓÎÓÊÂÌËfl Ó ÒÔ‡‚Â‰-
ÎË‚ÓÒÚË ÛÒÎÓ‚Ëfl (7) Ë ÌÂÚ ÌËÍ‡ÍËı ‚˚‚Ó‰Ó‚ Ó ÙÓ-
ÏÂ �q. ç‡ ËÒ. 4 flÁ˚Í ÄÌÓÎ¸‰‡ ÒıÂÏ‡ÚË˜ÂÒÍË
ËÁÓ·‡ÊÂÌ ÒÓÒÚÓfl˘ËÏ ËÁ ‰‚Ûı ˜‡ÒÚÂÈ: ÍÓÓÚÍÓÈ
Á‡Í‡¯ÂÌÌÓÈ ÚÂÛ„ÓÎ¸ÌÓÈ ̃ ‡ÒÚË Ë ·ÓÎÂÂ ‰ÎËÌÌÓÈ,
ÛÒÎÓ‚ÌÓ ËÁÓ·‡ÊÂÌÌÓÈ ‚ ‚Ë‰Â ÔÛÌÍÚËÌÓÈ ÎËÌËË.
íÂÛ„ÓÎ¸Ì‡fl ˜‡ÒÚ¸ ÍÓÓ˜Â ε/n; ÂÒÎË L ÔÂÂÒÂÍ‡ÂÚ
flÁ˚Í ÄÌÓÎ¸‰‡ ‚ ÚÂÛ„ÓÎ¸ÌÓÈ ˜‡ÒÚË, ÏÌÓÊÂÒÚ‚Ó
ÚÓ˜ÂÍ λ*(ρ0) Á‡ÔÓÎÌfl˛Ú ÌÂ‚˚ÓÊ‰ÂÌÌ˚È ÔÓÏÂ-
ÊÛÚÓÍ. 

àÁ ÔÂ‰ÔÓÎÓÊÂÌËfl (8) ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ Û„ÎÓ‚‡fl
¯ËËÌ‡ flÁ˚ÍÓ‚ �q ÒÚÂÏËÚÒfl Í ÌÛÎ˛ ÔË ‚ÓÁ‡ÒÚ‡-
ÌËË ÁÌ‡ÏÂÌ‡ÚÂÎÂÈ n: ÍË‚‡fl Γq ÒÚfl„Ë‚‡ÂÚÒfl ‚ ÚÓ˜ÍÛ
ψ(λq) Ë Û„ÓÎ �q ÒÚfl„Ë‚‡ÂÚÒfl ‚ ÎÛ˜ ÔË n → ∞.

é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ Λ� ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı Ú‡ÍËı

λq ∈ Λ  Ò ‡ˆËÓÌ‡Î¸Ì˚ÏË q = , ‰Îfl ÍÓÚÓ˚ı ‚˚-

ÔÓÎÌÂÌÓ ÛÒÎÓ‚ËÂ ÌÂ‚˚ÓÊ‰ÂÌÌÓÒÚË (7). èÂ‰ÔÓ-
ÎÓÊËÏ, ˜ÚÓ Λ� ·ÂÒÍÓÌÂ˜ÌÓ. àÁ (8) ÒÎÂ‰ÛÂÚ, ˜ÚÓ,

γλq

ψ λ( ) := 
1

2π
------ e iϕ– Ψλ ϕ( ) ϕd

0

2π

∫– 0, λ Λ .∈≠

ψ1
λ

�q λ �: Im λ λ q–( )ψ λq( )( ) ≤∈{=

≤ νRe λ λ q–( )ψ λq( )( ) } .

m
n
----

ε
n
---

m
n
----

ÂÒÎË λq ∈ Λ � Ë ÁÌ‡ÏÂÌ‡ÚÂÎ¸ n ‰ÓÒÚ‡ÚÓ˜ÌÓ ‚ÂÎËÍ, ÚÓ

ÙÛÌÍˆËfl  ÌÂ Ó·‡˘‡ÂÚÒfl ‚ ÌÛÎ¸ Ë ÏÌÓÊÂÒÚ‚Ó
�q fl‚ÎflÂÚÒfl ÌÂ‚˚ÓÊ‰ÂÌÌ˚Ï ÔÓÏÂÊÛÚÍÓÏ: �q =

= [ , ], „‰Â  > . èÓÎÓÊËÏ ∆q =  – .
íÂÓÂÏ‡ 1 ÛÚ‚ÂÊ‰‡ÂÚ, ˜ÚÓ ‰Îfl Í‡Ê‰Ó„Ó θ ∈ (0, 1)
Ì‡È‰ÂÚÒfl Ú‡ÍÓÂ δq(θ) > 0, ˜ÚÓ ÔË Î˛·ÓÏ λ ËÁ ÏÌÓ-

ÊÂÒÚ‚‡ {0 < |λ – λq| ≤ δq(θ)} ∩ λ: arg(λ – λq) –

−  ≤ , ÒËÒÚÂÏ‡ (1) ËÏÂÂÚ ÔÂËÓ‰Ë˜Â-

ÒÍËÂ ÚÓ˜ÍË xλ ÏËÌËÏ‡Î¸ÌÓ„Ó ÔÂËÓ‰‡ n Ò ÌÓÏÓÈ

|xλ| ∈  ( |λ – λq|–1, |λ – λq|–1), „‰Â  > 0 ÌÂ Á‡‚ËÒflÚ
ÓÚ λ. ç‡ÁÓ‚ÂÏ ˜ËÒÎÓ δq(θ) ÌËÊÌÂÈ „‡ÌËˆÂÈ ‰ÎËÌ˚
ÚÂÛ„ÓÎ¸ÌÓÈ ̃ ‡ÒÚË flÁ˚Í‡ ÄÌÓÎ¸‰‡ �q ÔË ̋ ÚÓÏ θ. 

èÛÒÚ¸ A(λ) Ë Φ(x; λ) ÎËÔ¯ËˆÂ‚˚ ÔÓ λ. èÛÒÚ¸ 0 <
< s1 < s Ë 0 < τ1 < τ, „‰Â s Ë τ – ÔÓÍ‡Á‡ÚÂÎË ÒÚÂÔÂÌË

‚ (4) Ë (3). èÛÒÚ¸ ρn > 0 Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë˛2

(10)

„‰Â supremum ·ÂÂÚÒfl ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ n ÔÓ
‚ÒÂÏ ‚Á‡ËÏÌÓ ÔÓÒÚ˚Ï Ò ÌËÏ m. 

í Â Ó  Â Ï ‡  3. èÛÒÚ¸ ‚ÂÌ˚ ÒÓÓÚÌÓ¯ÂÌËfl (8),
(10). íÓ„‰‡ ÔË Î˛·ÓÏ θ ∈ (0, 1) ‚ÂÎË˜ËÌ‡ δq(θ) = ρn

fl‚ÎflÂÚÒfl ÌËÊÌÂÈ „‡ÌËˆÂÈ ‰ÎËÌ˚ ÚÂÛ„ÓÎ¸ÌÓÈ
˜‡ÒÚË flÁ˚Í‡ ÄÌÓÎ¸‰‡ �q Ò ‚Â¯ËÌÓÈ λq ∈ Λ �

‰Îfl Í‡Ê‰Ó„Ó ‡ˆËÓÌ‡Î¸ÌÓ„Ó q Ò ‰ÓÒÚ‡ÚÓ˜ÌÓ
·ÓÎ¸¯ËÏ ÁÌ‡ÏÂÌ‡ÚÂÎÂÏ n. 

2 îÓÏÛÎ‡ (10) ÍÓÂÍÚÌ‡, ∆q > 0 ‰Îfl Î˛·˚ı q =  Ò ‰ÓÒÚ‡-

ÚÓ˜ÌÓ ·ÓÎ¸¯ËÏË n ÔË λq ∈ Λ �.

Ψq
res

Mq
– Mq

+ Mq
+ Mq

– Mq
+ Mq

–





Mq
+ Mq

–+
2

--------------------- θ∆q

2
---------





r1
q r2

q r j
q

m
n
----

n
τ1ρn

τ1 ρn
s1+( )∆q

1–

q m/n= λq, Λ�∈
sup 0 ÔË n ∞,→ →

10

λq
λ*(0)

λ*(1)

{|λ–λq| = δ}

L = {λ = λ*(ρ)}
λ*(ρ0)

�q �

C

Reλ

Imλ

êËÒ. 4. ä ÓÔÂ‰ÂÎÂÌË˛ ‰ÎËÌ˚ flÁ˚Í‡ ÄÌÓÎ¸‰‡. 
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äÓÁflÍËÌ Ë ‰.

5. ëËÒÚÂÏ˚ ÒÓ ÒÍ‡ÎflÌ˚Ï 
Ô‡‡ÏÂÚÓÏ 

èÛÒÚ¸ ÚÂÔÂ¸ λ = λ(µ), µ ∈ (0, 1). ÖÒÎË ÍË‚‡fl
λ(µ) ÔÂÂÒÂÍ‡ÂÚ Ú‡ÌÒ‚ÂÒ‡Î¸ÌÓ ÓÍÛÊÌÓÒÚ¸ S ‚
ÚÓ˜ÍÂ λ0(µ0) = λq, ÚÓ ÔË ·ÎËÁÍËı Í µ0 ÁÌ‡˜ÂÌËflı µ
ÏÓÊÂÚ ‚ÓÁÌËÍ‡Ú¸ fl‚ÎÂÌËÂ ÒÛ·ÙÛÍ‡ˆËË, Á‡ÏÂ˜ÂÌ-
ÌÓÂ ‚ [7] ‰Îfl ÔÂËÓ‰Ë˜ÂÒÍËı Ú‡ÂÍÚÓËÈ ‚ ÓÍÂÒÚ-
ÌÓÒÚË ÌÛÎfl. ùÚÓ fl‚ÎÂÌËÂ Á‡ÍÎ˛˜‡ÂÚÒfl ‚ ÚÓÏ, ˜ÚÓ
ÔË ÒÚÂÏÎÂÌËË Ô‡‡ÏÂÚ‡ µ Í µ0 (Ì‡ ÔÎÓÒÍÓÒÚË λ
˝ÚÓÏÛ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÒÚÂÏÎÂÌËÂ Ô‡‡ÏÂÚ‡ λ
‚‰ÓÎ¸ ÍË‚ÓÈ λ(µ) Í ÚÓ˜ÍÂ λq) Û ÒËÒÚÂÏ˚ ÒÔÓ‡‰Ë˜Â-
ÒÍË ÓÊ‰‡˛ÚÒfl Ë ÛÏË‡˛Ú Ï‡Î˚Â ÔÂËÓ‰Ë˜ÂÒÍËÂ
Ú‡ÂÍÚÓËË ‡ÒÚÛ˘Â„Ó ÏËÌËÏ‡Î¸ÌÓ„Ó ÔÂËÓ‰‡. 

ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ Û ÒËÒÚÂÏ˚ xk + 1 = Uµxk, Á‡‚Ë-
Òfl˘ÂÈ ÓÚ Ô‡‡ÏÂÚ‡ µ ∈ �, ‚ ÚÓ˜ÍÂ µ0 Ì‡·Î˛‰‡ÂÚÒfl
ÒÛ·ÙÛÍ‡ˆËfl Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË, ÂÒÎË ‚ Î˛·ÓÈ
ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË µ0 Ì‡È‰ÂÚÒfl µ, ÔË ÍÓÚÓÓÏ Û ÒË-
ÒÚÂÏ˚ ÂÒÚ¸ ÔÂËÓ‰Ë˜ÂÒÍ‡fl ÚÓ˜Í‡ xµ Ò ÏËÌËÏ‡Î¸Ì˚Ï
ÔÂËÓ‰ÓÏ p > p0 Ë ÌÓÏÓÈ |xµ| > p0 ÔË Î˛·ÓÏ p0.

Ç ÌÛÎÂ ‰Îfl „Î‡‰ÍËı ÒËÒÚÂÏ ÒÛ·ÙÛÍ‡ˆËfl ‚ÓÁÌË-
Í‡ÂÚ ‚Ó ‚ÒÂı Ó·˘Ëı ÒËÚÛ‡ˆËflı [7], ÍÓÏÂ „Î‡‚Ì˚ı
ÂÁÓÌ‡ÌÒÓ‚. Ç ÛÒÎÓ‚Ëflı ÚÂÓÂÏ˚ 1 ˝ÚÓ fl‚ÎÂÌËÂ
Ì‡·Î˛‰‡ÂÚÒfl ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ ÍË‚‡fl λ(µ) ÌÂ ÎÂÊËÚ
‚ ÒÂÍÚÓÂ �. 

í Â Ó  Â Ï ‡  4. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ψ(λ) ≠ 0 Ì‡
Á‡ÏÍÌÛÚÓÏ ÏÌÓÊÂÒÚ‚Â Λ ⊂ S. èÛÒÚ¸ argλ – argb ≠

≠  + πk, argψ(λ) – argb ≠ πk ‰Îfl ÌÂÍÓÚÓÓ„Ó b ≠ 0

ÔË ‚ÒÂı λ ∈ Λ Ë ‚ÒÂı ˆÂÎ˚ı k. 

íÓ„‰‡ ÔË  = b Ë λ(µ0) = λq ∈ Λ  ÔË Î˛-

·ÓÏ ‡ˆËÓÌ‡Î¸ÌÓÏ q Ò ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯ËÏ ÁÌ‡-
ÏÂÌ‡ÚÂÎÂÏ ËÎË Ë‡ˆËÓÌ‡Î¸ÌÓÏ q Û ÒËÒÚÂÏ˚ 1 Ò
λ = λ(µ) Ì‡·Î˛‰‡ÂÚÒfl ÒÛ·ÙÛÍ‡ˆËfl Ì‡ ·ÂÒÍÓÌÂ˜-
ÌÓÒÚË ‚ ÚÓ˜ÍÂ µ0. 

ÉÂÓÏÂÚË˜ÂÒÍË ÔË˜ËÌ‡ ÒÛ·ÙÛÍ‡ˆËË – ÔÂÂÒÂ-
˜ÂÌËÂ ·ÂÒÍÓÌÂ˜ÌÓ„Ó ˜ËÒÎ‡ flÁ˚ÍÓ‚ ÄÌÓÎ¸‰‡ ÍË-
‚ÓÈ λ(µ) ‚ ÓÍÂÒÚÌÓÒÚË λ(µ0). ÖÒÎË q Ë‡ˆËÓÌ‡Î¸-
ÌÓÂ, ÚÓ ÂÒÚÂÒÚ‚ÂÌÌ˚ÏË Í‡Ì‰Ë‰‡Ú‡ÏË Ì‡ ÔÂËÓ‰˚
Ú‡ÂÍÚÓËÈ fl‚Îfl˛ÚÒfl ÁÌ‡ÏÂÌ‡ÚÂÎË ÔÓ‰ıÓ‰fl˘Ëı Ë

ÔÓÏÂÊÛÚÓ˜Ì˚ı ‰Ó·ÂÈ q. ÖÒÎË q =  ‡ˆËÓÌ‡Î¸-

ÌÓÂ, ÚÓ ıÓÓ¯ËÂ Í‡Ì‰Ë‰‡Ú˚ – ̋ ÚÓ ÁÌ‡ÏÂÌ‡ÚÂÎË ‰Ó-

·ÂÈ , ‰Îfl ÍÓÚÓ˚ı |m1n – mn1| = 1.

6. ëËÒÚÂÏ˚, ÔÓÓÊ‰ÂÌÌ˚Â 
ÓÔÂ‡ÚÓÓÏ Ò‰‚Ë„‡ 

ëËÒÚÂÏ˚ (1) ÏÓ„ÛÚ ÓÔÂ‰ÂÎflÚ¸Òfl ÓÔÂ‡ÚÓÓÏ
Ò‰‚Ë„‡ Á‡ ÔÂËÓ‰ T ‰Îfl Û‡‚ÌÂÌËÈ x' = g(t, x), x ∈ �N

Ò T-ÔÂËÓ‰Ë˜ÂÒÍËÏË ÔÓ t Ô‡‚˚ÏË ˜‡ÒÚflÏË. ÖÒÎË
g(t, x) = Bx + G(t, x) + o(1), |x| → ∞, „‰Â B – ˝ÚÓ Ï‡Ú-

π
2
---

dλ
dµ µ0( )
-----------------

m
n
----

m1

n1
------

Ëˆ‡ N × N Ë G(t, x) ≡ G t,  ÔË x ≠ 0, ÚÓ ÓÔÂ‡ÚÓ

Ò‰‚Ë„‡ ËÏÂÂÚ ‚Ë‰ U(x) = Ax + Φ(x) + o(1), |x| → ∞, „‰Â

A = eTB, ‡ ÌÂÎËÌÂÈÌÓÒÚ¸ Φ(x) = G(t, etBx)dt,

x ∈  �N, ÔÓÎÓÊËÚÂÎ¸ÌÓ Ó‰ÌÓÓ‰Ì‡ ÒÚÂÔÂÌË ÌÛÎ¸:

Φ(x) ≡ Φ . 

ê‡ÒÒÏÓÚËÏ ‰‚ÛÏÂÌ˚È ÔËÏÂ, ÍÓÚÓ˚È Á‡-
ÔË¯ÂÏ ‚ ÍÓÏÔÎÂÍÒÌÓÈ ÙÓÏÂ 

(11)

Á‰ÂÒ¸ a, b: � → � – ˝ÚÓ 2π-ÔÂËÓ‰Ë˜ÂÒÍËÂ ÙÛÌÍ-
ˆËË, ν ∈ � – Ô‡‡ÏÂÚ. èÛÒÚ¸ ÙÛÌÍˆËfl f : � → �
ËÏÂÂÚ ‡‰Ë‡Î¸Ì˚È ÔÂ‰ÂÎ F Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË:

f (θz) – F(z)| = 0, F(z) = F(z/|z|). íÓ„‰‡ ÓÔÂ‡-

ÚÓ Ò‰‚Ë„‡ ‰Îfl (11) ËÏÂÂÚ Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË ‚Ë‰
U(z; ν) = λz + Φ(z; ν) + o(1), „‰Â λ = e2πν – Ô‡‡ÏÂÚ,
ÎÂÊ‡˘ËÈ ‚·ÎËÁË ÓÍÛÊÌÓÒÚË S, ÂÒÎË Reν Ï‡ÎÓ, ‡
ÔÓÎÓÊËÚÂÎ¸ÌÓ Ó‰ÌÓÓ‰ÌÓÂ ÒÎ‡„‡ÂÏÓÂ Φ ÓÔÂ‰Â-
ÎflÂÚÒfl ‡‚ÂÌÒÚ‚ÓÏ 

èË q = , ν = iq Ë λq ÙÛÌÍˆËfl (6) ËÏÂÂÚ ‚Ë‰ 

„‰Â

èÓ‰˜ÂÍÌÂÏ, ̃ ÚÓ ÔË a(t) ≡ α0 ÚÂÓÂÏ‡ 1 ÌÂ ÔËÏÂ-

ÌËÏ‡; Á‰ÂÒ¸  ≡ const. 

ê‡‰Ë‡Î¸Ì˚È ÔÂ‰ÂÎ F ‚ ÂÒÚÂÒÚ‚ÂÌÌ˚ı ÔËÎÓÊÂ-
ÌËflı ÏÓÊÂÚ ÓÍ‡Á‡Ú¸Òfl ‡Á˚‚Ì˚Ï, Ì‡ÔËÏÂ ‰Îfl
ÒÍ‡ÎflÌÓ„Ó Û‡‚ÌÂÌËfl x'' + ν1x' + ν2x = b(t) + a(t) f (x),
ÂÒÎË f – ÌÂÎËÌÂÈÌÓÒÚ¸ Ò Ì‡Ò˚˘ÂÌËÂÏ: f (x) → f± ÔË
x → ±∞. ÑÎfl Ï‡Î˚ı ν1 Ë ÔÓÎÓÊËÚÂÎ¸Ì˚ı ν2 ˝ÚÓ
Û‡‚ÌÂÌËÂ ËÏÂÂÚ ÍÓÏÔÎÂÍÒÌÛ˛ ÙÓÏÛ comp Ò ν
·ÎËÁÍËÏ Í ÏÌËÏÓÈ ÓÒË. ëÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ÔÂ‰ÂÎ¸-
Ì‡fl ÙÛÌÍˆËfl F(z) = F(eiϕ) ‡Á˚‚Ì‡ (ÍÛÒÓ˜ÌÓ-ÔÓÒÚÓ-
flÌÌ‡), ÌÓ ÓÔÂ‡ÚÓ Ò‰‚Ë„‡ ÌÂÔÂ˚‚ÂÌ Ë ÚÂÓÂÏ‡ 1
ÔËÏÂÌËÏ‡. 

Ñ.à. ê‡˜ËÌÒÍËÈ ÔÓ‰‰ÂÊ‡Ì Science Foundation
Ireland ÔÓ ÔÓ„‡ÏÏÂ Research Frontiers Programme,
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Ñ.à. ê‡˜ËÌÒÍËÈ Ë Ä.å. ä‡ÒÌÓÒÂÎ¸ÒÍËÈ ÔÓ‰‰Â-
Ê‡Ì˚ „‡ÌÚÓÏ Enterprise Ireland IC/2006/0004. ÇÒÂ
‡‚ÚÓ˚ ÔÓ‰‰ÂÊ‡Ì˚ êÓÒÒËÈÒÍËÏ ÙÓÌ‰ÓÏ ÙÛÌ‰‡-
ÏÂÌÚ‡Î¸Ì˚ı ËÒÒÎÂ‰Ó‚‡ÌËÈ („‡ÌÚ˚ 04-01-00330 Ë
06-01-00256). 

Ä‚ÚÓ˚ ÓÒÓ·Ó ·Î‡„Ó‰‡Ì˚ äÎ‡ÛÒÛ òÌ‡È‰ÂÛ
ËÁ ËÌÒÚËÚÛÚ‡ ÇÂÈÂ¯Ú‡ÒÒ‡ ‚ ÅÂÎËÌÂ, Ò Û˜‡ÒÚËÂÏ
ÍÓÚÓÓ„Ó ·˚ÎË Ì‡˜‡Ú˚ Ó·ÒÛÊ‰ÂÌËfl ÔÓ ÚÂÏÂ ÒÓÓ·-
˘ÂÌËfl. 
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