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Abstract

In this paper we consider the phenomenon of small stable cycle appearance in au-
tonomous quasilinear systems depending on a parameter and present conditions of such
cycle existence for control theory equations with scalar nonlinearities. The principal
exception of the considered case from usual results about Hopf bifurcation is the degener-
ation of the linear part for all values of the parameter (not only at the bifurcation point).
Small sublinear nonlinearities play the main role in the formulations below. Proofs of the
presented results are based on the monotone operator theory.

*The research was done while D.I.Rachinskii was visiting the Regensburg University, supported by the
Research Fellowship from the Alexander von Humboldt Foundation. The work was partially supported
by grants N°N° 97-01-00692 and 96-15-96048 of Russian Foundation of Basic Researches.



1 Problem statement

Consider the system 2/ = ¢(z,\), * € IR with the scalar parameter A € [0, 1].
Suppose that zero is an equilibrium of this system: (0, \) = 0. We study the so-called
Hopf bifurcation phenomenon: the value Ay of the parameter is called! a Hopf bifurcation
point if there exist arbitrary small (in some appropriate sense) nonzero periodic solutions
of the system with A arbitrary close to Ag. In other words, small nonzero cycles arise from
the equilibrium in the neighborhood of a Hopf bifurcation point.

Usual approach to study the problem is as follows.

The function ¢(x, \) is supposed to be differentiable at zero, i.e., p(z,A) = ANz +
(x, A), where the n x n Jacobian matrix A()\) is continuous in A and the continuous
nonlinearity ¢ (z, A) : R™ x [0,1] — IR™ is sublinear, i.e.,

lim o (x, \)|z| "t =0

|z|—0

uniformly in A. If the matrix A(X) for A = A¢ has no imaginary eigenvalues then the value
Ao can not be a Hopf bifurcation point.

If the matrix A(\g) has a pair of conjugate imaginary eigenvalues +wyi then Ay can
be a Hopf bifurcation point. In [1] the following general conditions were presented for the
value Ay to be a Hopf bifurcation point.

Let +wpi be simple eigenvalues of the matrix A(\), let the values £kwyi be regular
for this matrix for any integer k # £1. Suppose there exist eigenvalues o(\) + w(A)i of
the matrix A(\) with A\ arbitrary close to A9 with positive o(\) as well as with negative
o(A) (here o(\),w(A) depend continuously on A in some neighborhood of the point Ag
and o(Ag) = 0, w(Ag) = wp). Then Ay is a Hopf bifurcation point for the equation
' = A(N)x + ¢(x, \) with any sublinear ¥ (z, A).

This result was proved in [1] with the use of special topological methods and it gener-
alizes and continues the original paper by Hopf (see [2, 3, 4]). The existence result does
not contain any additional conditions for the nonlinearity, to prove stability it is necessary
to use properties of some principal nonlinear terms in the nonlinearity representation.

The stability analysis of small cycles has any sense only if all different from Fwg:
eigenvalues of the matrix A(\g) are in the left half-plane {z : Rez < 0}. If at least one
eigenvalue has positive real part, then small cycles are unstable in any natural sense. If all
eigenvalues except +wyt have negative real parts, then small cycle stability or instability
is defined by linear and nonlinear parts of the system considered.

In this paper we consider equations arising in control theory. These equations can
be reduced to quasi-linear equations ' = Ax + ¢ (x, A) with the matrix A independent
of A and having a pair of eigenvalues +wgi on the imaginary axis. For such equations
even existence results use essentially the representations of the nonlinearity and its sharp
properties.

In the proofs we use methods of monotone operator theory [5, 6].

I The exact definition see below.



2 Main result

Consider the equation

2231 (2) . .

Here L(p) and M (p) are coprime polynomials with real coefficients independent of ¢ and
A; € = deg L(p) > m = deg M(p). The function f(z,\) : IR x [0,1] — IR is supposed to
be continuous, let f(0,\) = 0.

Solutions of equation (1) can be defined as solutions of the system?
Ccll_j = Az +q f(z(t),\), z(t)=d"z(t), z € RS, (2)
where the matrix A and the vectors q and d” are defined by the polynomials L(p) and
M (p). The polynomial L(p) is the characteristic polynomial of the matrix A, its roots
are the eigenvalues for the matrix. The exact formulae for system (2) construction can
be found in almost any manual on control theory, see e.g. [7, 8]. The periodic solutions
7,(t) of (1) and the periodic solutions z,(t) of (2) satisfy the equality x.(t) = d7z.(t).

The solution z,(t) = d?z,(t) of (1) is called orbitally stable if the solution z,(t) of (2)
is orbitally stable. In the same way one defines orbital asymptotic stability and orbital
instability of the solution z,.(t). The solution z.(t) is called e-small if 0 < ||x.(t)] =
maxer |7 (t)| <e.

Definition 1 ([1]). The value Ao of the parameter is a Hopf bifurcation point
with the frequency wy (shortly, a Hopf bifurcation point) for equation (1) if for any
e > 0 there exists a A = \. € (A\g—¢, \g+¢€) such that equation (1) with this X\ has at least
one e-small periodic solution x(t) = xx(t) of a period T =T\ € (2w /wy — €, 27 /wo + €).

Everywhere we suppose that the polynomial L(p) has a pair of simple imaginary roots
+wyi, in other words

L(p) = (0* + wg)La(p),  wo >0,

where Li(d+wgi) # 0. We suppose also that the polynomial L;(p) is Hurwitzian, i.e.,
all its roots have strictly negative real parts. This means that all different from “iwy
eigenvalues of the matrix A lie in the open left half-plane.

The odd and even parts

f(l‘, )‘) — f(—l’, )‘)
9 )

f(I, )‘) + f(_l" )‘)
2

fodd<x7)\) - feven(xa )\> -

of the nonlinearity f(x, \) play different roles in the results below. Suppose the following
hypotheses are valid.
(E1) The odd part can be represented as

foaa(, A) = a(N)z|z|*F + ar (V]2 + Yo, N), (3)

2We denote numbers by usual letters and vectors by bold ones. We use the notation d” to
underline that it is a row vector in contrast to the column vectors z, q etc.
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where 1 < a < 7, the function ¢y(x, \) satisfies
Yoz, Nz =0, [vho(z, A) = vo(y, M| < e max{[z|"", [y~ e -yl (4)
the functions a(\), a;(\) are continuous and
ah) =0, ai(h) A0. (5)
(E2) For some 3 > 1 the even part satisfies the estimates
[feven(@, M < el [ feven(2:A) = feven(y: M| < ¢ max{|z]", [y|" } 2 — gyl (6)

(E3) The relation Sm [Lq(—iwg) M (iwg)] # 0 is valid.

Set v = min{ 3,7},
def

R = 0,1(/\0)(\\5’”1 [Ll(—lwo)M(Zwo)], (7)
and

27 27 1
Co = [ |sint|*"tdt, cy = / sint|"* dt, Cy = Ca |"" 8
[ 15t = [1sint SR 0

0 0
Theorem 1. Let hypotheses (E1), (E2), (E3) be valid and

l<a<vy<26-1. 9)

Let X\o be a limit point® for the set Ay = {\ : a(Nai(N) < 0}. Then N is a Hopf
bifurcation point for equation (1). Moreover, there exist a vicinity A > Ao and a number
g0 > 0 such that the following statements hold.

(i) If k <0, then equation (1) has at least one orbitally stable ey-small periodic solution
for any A € A A;.

(ii) If kK > 0, then equation (1) has at least one orbitally unstable £y-small periodic
solution for any X € A A;1.

(i) Equation (1) has no gy-small periodic solutions of any period T € (Ty — e, T + €o)
for X € A\ Ay, where Ty = 27 /wy.

(iv) Let xx(t) be a periodic solution of equation (1) of the period Ty € (Ty — €9, T + €0)
with the amplitude r = ||z)]| € (0,&0) for A € A. Then the following estimates

_1 1 v—1
[ = cla(V) 7= < x(M)a(A)[7==, T3 = 27 /wo| < Cila(A)[>== (10)
hold, where x(X) — 0 for X — Ao and there exists a p = p(x) € [0,27) such that

.2l v
(1) = rasin = + )| < Cola()|7, (11)

In other words a(Xg) =0 and Ve > 03X # Xg: [A—Xo| <e, A€ A



In conclusion (iv) the values C1,Cy > 0 are independent of A and the choice of z,(t);
the number v satisfies v > 1.

Note that Theorem 1 covers the case a;(Ag) < 0 and a(\) = (A — X\g)?. The point Ag
is a Hopf bifurcation point in spite of the fact that a(\) does not intersect the zero level
at A = )\0.

Condition (E3) means in particular that at least one of the polynomials L(p) and
M (p) is not even. This implies inapplicability of Theorem 1 for the study of the equation
4+ x = f(z,\).

If the nonlinearity f(z, ) is smooth enough, then «, 3 and 7 are integer numbers.
Inequalities (9) are not valid for § = 2 and integer o and . This does not allow to use
Theorem 1 to study equations (1) with smooth f(z, \) having nonzero quadratic principal
terms at zero.

As an example of applications of Theorem 1 consider the equations

2" + 2"+ =P+ b\t + ay( V)2’ + 2%g(x, N),

and

d
o+ o= p (Az® + (N2 + a1 (N)2® + 2%g(z, N)) .

Let g(x, A) be a function continuously differentiable in x and a;(Ag) # 0. Each of these
equations has small nonzero periodic solutions for Aa;(0) < 0. If Aa;(0) > 0, then small
periodic solutions do not exist. Theorem 1 guarantees the existence of small orbitally

stable periodic solutions for the first equation if a;(0) > 0, A < 0 and for the second one
if al(O) < 0, A > 0.

3 Remarks

a. Additional information about small periodic solutions generated by Hopf bifurcation
follows from the proof of Theorem 1 given below.

For example, if k < 0 and for some A\ € A the number of small cycles is finite, then at
least one of them is orbitally asymptotically stable.

b. Theorem 1 can be continued for some less smooth nonlinearities f(z, \).

Theorem 2. Let hypotheses (E1), (E2), (E3) be valid and in (E2) instead of (6) let

| feven (7, A)| < C|x|ﬁa | feven (7, A) = feven(y, A)| < € max{|:1:|“, |y|u} |3j - ylv (12)

and
y>a>1, [>1, Y+2u—1>0, 48+2u—1> 3. (13)
Then conclusions (i) — (iil) of Theorem 1 hold.
The function f(z,\) = a(N)z|z|*" +ay(N) x|z~ +|z|? sin |2 ~° for § > 0 satisfies all
the conditions of Theorem 2, here = 3 — d — 1. The value p may be negative.

The proof of Theorem 2 uses more sharp estimates of integrals of nonlinearities than
in our paper, we do not give it.
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¢. Methods presented in the paper are applicable for the cases where the polynomials
L(p) and M(p) depend on A and for any A the polynomial L(p) has the same pair of
simple roots fwgi or the pair of imaginary roots, depending on \.

4 Proof of Theorem 1

4.1 Scheme of the proof

At the first step of the proof we present a continuous operator Uy(z) in the phase
space IR! which satisfies the following properties.

1. This operator has fixed points. Every its fixed point generates a periodic solution
of system (2) (and equation (1)).

2. Fixed points of this operator can be localized in some invariant set 2, that will be
presented in the evident form. This invariant set is convex and closed, we construct
it as an intersection of a cone with a so-called conic interval.

3. The operator is monotone with respect to the semiordering, generated by some cone.
This gives us the possibility to study the stability with the use of special technics
from [11, 12].

4. For A close to A\g the fixed points of the operator Uy(z) are close to zero as well as
the corresponding periodic cycles of system (2).

The existence of periodic cycles in the case k < 0 follows from the Brauer fixed point
principle, the stability required in (i) follows from the operator U, monotonicity.

If k > 0 then the set 2, is not invariant for the operator Uy. To prove conclusion (ii)
we use another operator V) (z). Its fixed points are the fixed points of the operator U, (z),
the operator V) is also monotone and it transforms the set €2, into itself. Its stable fixed
point from the set €2, is the unstable fixed point of U,. This fixed point generates the
unstable cycle of system (2).

Statements (iii)—(iv) follow from rather simple a priori estimates of small periodic
solutions of equation (1).

4.2 Operator Uy

To construct the main operator U, we use the classical approach of parameter func-
tionalization (see [1, 9]).

Consider the phase space IR’ for system (2). The spectrum o(A) of the matrix A
is the set of all roots of the polynomial L(p); therefore the values twyi are the simple
eigenvalues of this matrix. Denote the corresponding 2-dimensional invariant subspace by
E C R’ and the complementary (¢ — 2)-dimensional invariant subspace by E' C R, If
¢ =2, then E' is a point, this case is the simplest, without loss of generality we suppose
in the proof that ¢ > 2.
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Suppose that the basis g, h in the plane E is chosen such that
Ag = woh, Ah = —wyg, d’g =0, d’h=1. (14)
These equalities give simple formulae for eA'g and e“*h for real t. The relations

Antn AQnt2n A2n+1t2n+l o two o (_1>n<tw0)2n+1
L

n=0

and analogous ones for e*h imply
eAtg = cos wot g + sinwyt h, e'h = — sinwyt g + cos wyt h, t € R. (15)
Every vector z € IR’ can be represented as

z = {(z)g +1(z)h + Qz,

where £(z), n(z) € R, Qz € E'.

Since the polynomial L;(p) is Hurwitzian, all different from +iw, eigenvalues of the
matrix A have negative real parts. Therefore in the (¢ — 2)-dimensional subspace £’ C IR
a scalar product (-, -) exists? such that the estimate

(2, Az') < —k(Z, 7)), ARSI (16)
holds for some® k > 0. Below we use the inequality
ez eMa)) < eV (7 7)), 7z € F, (17)
it follows directly from (16).% Let us extend this scalar product to the whole IR; put
(z'.g) = (z,h) =0, 2Z€FE' (gh)=0, (hh)=(gg) =1

We denote by | - | the usual Euclidean norm in IR® generated by this scalar product. We
also denote by | - | the norms of matrices, generated by this norm.
For any

zeR. Y {2y e R : £(z0) > 0}

set . (2)
n(z

7(z) = — | 2m — arctan — | . 18

(=) Wo < § (Z)) (18)

The function 7(z) maps IRY. onto the interval (37r /(2wy), 57/ (2w0)>, it is continuous and

satisfies
7(rz) = 7(z), r > 0. (19)

4This scalar product is not unique, we choose one and fix it up to the end of the proof.

°One can take any —k > sup{Rez, z € 0(A), z # Lwoi}.

6 Denote the left-hand side of (17) as d(t). Due to (16) the function d(t) satisfies the differential
inequality d < —2kd; d(0) = (z’,Z'). The inequality implies (17).
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Denote by z(t;zp, A) a unique solution of system (2) satisfying the initial condition
z(0) = zg. The required uniqueness and nonlocal continuability of solutions in a neigh-
borhood of the origin follows from assumptions of Theorem 1.

Denote by U, the translation operator along the trajectories of system (2) during the
time 7(zg) (this time is different for various initial points):

Ux(zo) = 2z(7(20); Zo, \), zo € RY,.

The idea of this construction arises to [1].

Every fixed point of the operator U, defines a cycle of system (2), every fixed point
close to zero defines the small periodic solution z(t) = z(t;zo, A) of (2) of the period
T = 7(z0) € (37/(2wy),57/(2wp)) and the small T-periodic solution z(t) = d’z(t) of
equation (1).

The orbital stability of the solutions z(t), x(t) follows from the stability of the fixed
point” z, of the operator U,.

4.3 Cones and some necessary definitions

Put
K.={zcR': &z)>0, |z—&(z)g| < £(z)}, > 0.

The set K, is a cone in IR!, it is convex and closed, it contains the half-line 0z, 6 > 0
together with every point z and it does not contain any strict line.

€
Every® cone K. generates semiordering in IR*: by definition z, > z; < 2z, — 2z, € K..

5
We also use the notation z, > z; if z; — z; € int K.. If we consider the cone K., with

some other €; we use the symbols:“gzl”, > “831” and “€<1”, they have natural sense.
This relation of partial order (we call it e-semiordering) satisfies the usual properties

of ordering ([5, 6]). In particular it admits usual linear operations with inequalities, the

use of limits in inequalities, any bounded (with respect either to the order or any norm)

€
monotone (z,11 > z,) sequence converges etc. The convex closed set

. e €
(u,v).={zeR": v>z>u}
is called a conic interval. All cones K, are normal:

z€ (wv).=|z—ul||z—v|<N|v—u, v,u € R Vgu. (20)

The value N, depends on ¢ only, it is called the cone normality constant.
The operator B is called e-monotone if for any z;, z, from its domain the relation
Zo § z1 implies Bz, § Bz,. The operator B is called strictly e-monotone if it is
monotone and moreover for any z,zs from its domain the inequalities z, é 71, Z1 F 73

€
imply Bz, > Bz;.

"The fixed point zg of the operator B is called stable or Lyapunov stable if for any ¢ > 0
there exists d; > 0 such that |z — zg| < d; implies |B"z — z¢| < ¢ for any positive integer n.
8We consider the cones K. for various values of ¢.
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4.4 Monotonicity of the operator Uy on the invariant set

The main goal of this subsection is the description of the invariant for U, set €2, such
that this operator is strictly €;-monotone on this set:

€1 &1
zo > 71 = Ux(22) > Ux(z1), z1,29 € )\, Zy # 2o, (21)

with some g1, its value we describe below.
The set 2, has the form

O\ = KN(r18,728)
where 0 < r; < ry. Here the parameters €, 1,1, 73 depend on A and €, 71,79 — 0, €, — 00

as A — A\g. The set €2, contains its minimal and maximal elements r;g, r.g and does not
contain the origin z = 0.

Fig. 1. The set Q,

On Fig. 1 one can see the vector g, surrounded by the cones K. and K., , and the conic
interval (rig, r2g).,. The intersection of the conic interval with the cone K. is colored in
grey, the ellipses (their interior colored in dark grey) inside the set €2, is the intersection
of the boundary of the cone K. with the boundary of the conic interval. For small |A— \g|
the angle of the cone K, is almost 7, the angle of the cone K. is small.

The choice of the parameters ¢,e1, 71,79 for every A such that the set €2, is invariant
and implication (21) is valid is based on three auxiliary statements.

Set for any p > 0

K.(p) ={z€ K. :0<&(z) <p}.

Lemma 1. There exist dy,po > 0 such that for any p € (0,p0) and \ satisfying
la(N)| < p?=* the operator Uy maps the set K.(p) into the interior int K. of the cone K.
where € = dop” 1.



Fig. 2 demonstrates the formulation of Lemma 1. Consider the “horn” H = H(dy, v) =
{z : |z — &(z)g] < do[{(z)]"} in the phase space. For any p < py consider the disc
H n{{(z) = p}. Consider the cone K. defined by this disc. The operator Uy maps the
set K.(p) into the interior of the cone K.. The disc is dark grey and the set K.(p) is grey
on Fig. 2.

oqu

Fig. 2. Lemma 1

Lemma 2. There exist di and py € (0,pg) such that for any p € (0,p1) and X
satisfying |a(\)| < p7=° the operator Uy on the set K.(p) is strictly €;-monotone where’
E = dopyil, €1 = dlpliy.

Define the numbers ny, ny by

n]™% = ca(2¢,) Har (o), ny % = max {20050;1|a1()\0)|_1, 2} , (22)

where ¢,, ¢, are the constants from (8). Put r;(\) = nj]a()\)]v%a, j=1,2.

Lemma 3. There ezists a 0 > 0 such that for |[A\—Xo| < & and a(X\) # 0 the inequalities
1 €1
oo (U(n(Ng) —ri(Ng) > 0, o.(Uara(Ng) —ra(Ng) >0 (23)

hold where 1 = dy [r2(N)]'™" and oy = sign[a(\)a; ()], 0. = sign k.
According to Lemmas 1 — 3 there exist values dy,d; > 0 and § > 0 such that for

e = doT’g_l(A), g1 = le%_V()\), CL()\) 7A 0, ’)\ — )\0| <0 (24)

9The values dy, pp come from Lemma 1 as well as the formula for € and the estimate for |a())].



the operator U, maps the set K (r2()\)) into the interior of the cone K.. This operator is
strictly e;-monotone on the set K (r3(\)) and estimates (23) hold.

For any given A satisfying a(\) # 0, |A — Ag| < ¢ define the values ¢, £; by the other
part of (24) and put

€1 &1
M ={ze€ K.:r(N)g <z <ry(N\)g}.

The set €2y (see Fig. 1) is a part of a conic interval, it is convex and closed, it contains
the segment 0g, r1(\) < 0 < ro(A) and does not contain the origin. The vectors ri(\)g,
ro(A)g are the minimal and the maximal elements of the set {2, with respect to the

g1-semiordering.
5
Since z §1 r9(A)g implies the estimate £(z) < ry(\) one has Q) C K (r2(\)). Therefore

the operator U, is strictly e;-monotone on €2, and the relations

Ux(z) € int K¢, Ux(ri(N)g) < Ux(z) < Ux(r2(N)g)

hold for any z € Q2. If o\ < 0, 0, < 0, then the estimates

5 5
nNg < Ung).  Ua(ra(Ng) < (Vg (25)
follow from (23) and consequently for any z € €,
. &1 & .
Ux(z) € int K. N {zo: 1 (N)g < 2o < r2(\)g} = int Q. (26)

This means that for a(A)a;(Ag) < 0, £ < 0 the set 2, is invariant for the operator U,.
Due to the Brauer principle the operator Uy has at least one fixed point z, € €2,. Relation
(26) implies also that every fixed point z, € €2, is the interior point of the set 2.

The part of conclusion (i) about existence is proved. In the next subsection we prove
the rest of conclusion (i): the existence of orbitally stable cycle.

4.5 Stable fixed points

Let k < 0, a(A)ai(Ag) < 0. To prove conclusion (i) of Theorem 1 it is sufficient to
prove the existence of a stable fixed point of the operator U, in §2,. For this we construct
two sequences u,, v,, € {2, such that

lim u, = lim v,, = z,

and . .
1 g1 € 1
u, < Uy(u,) Zz, < Ux(v) < vi. (27)

This implies z, = Uy(z,). Since z, is the interior point of the set {2 one has (u,, v,)., C
Q, for sufficiently large values of n > ng. Relations (27) imply the invariance of the conic
intervals (u,,,v,)e,, n > ng for the e;-monotone operator U, and consequently

Uk(z) € (U, Vy)e, forall  ze€ (u,,vn)e, k=1,2,... (28)



e €
But according to (27) one has u, <z, < Vp, l.e., 2, € int(u,,v,)., and therefore (28)

implies the stability of the fixed point z, of the operator U,.
P €1
For any y € Q, satisfying y < U,(y) put

€1 €1
o(y) =sup{|z —Ux(z)| : z€ Qy, y <z < Ux(2)}.

From the estimates ¢(y) > |y — Ux(y)| > 0 it follows that the set
€1 €1
Gy)={zc Uy <z<Uiz), 2lz-U\(z)] > ¢(y)}

€1
is nonempty and well-defined. Let z € G(y) and therefore z € Q,, z # Ux(2), z < Ux(2).
Then Uy (z) € Q, and since the operator U, is strictly £;-monotone on the set 2 one has

Ux(z) 2 Ux(Ux(z)). Therefore for every z € G(y) the set G(Ux(z)) is nonempty.
The first estimate (25) implies G(r1(\)g) # 0. Therefore there exists a sequence u,
such that ug € G(r1(\)g), u, € G(Ux(u,-1)), n = 1,2,... By construction,

€1 €1 1 €1 €1 €1 €1
uy < Ux(ug) <uy <Ux(wy) <---<u, <Ux(u,) <---

€1
But the relation u,, € €2, implies the estimate u,, < ro(A\)g, n = 0,1,2... Therefore the
sequences u,, and U, (u,) converge to a common limit z, and hence

€1 €1 &1
Z, = U)\(Z*), uy S U)\(un) S Z, S 742()\)g

9
This implies Uy (Ux(u,,)) < z. gl Ux(ro(N)g) and since Uy (r2(N\)g) 2 ro(A\)g and Uy (uy,) 2
Ux(Ux(u,)), one has for all n:

S g €
u, < Uy(uy,) <z, < ra(N)g.

Let us pass to the construction of the sequence v,,.

Denote by P the projector'? on the convex closed set IT = {z € Qy : z, 6§1 z 2 ro(N)g},
where z, is the limit of already given sequence u,. By construction of the point z, the
set II is invariant for the operator Uy and consequently Pz, Uy(Pz) € II for any z € R’
Let 0 <7 < |z, —ro(\)g|, S, = {z € R’ : |z — z.| = r}. Consider on the sphere S, the
vector fields

U(z,0) =z — (1 —0)Ux(Pz) — 0z, 0<6<1

We construct the points v,, in the following way. First of all, we prove that for any
small r there exists the point z, € S, satisfying

z, > U\2), 27y > 2., 27, € Q). (29)

10The point Px is the nearest to x point of the set II.



Then, according to the strict e;-monotonicity of the operator U, on the set €2, the relations
€1 15
z. # z, and z, < z, imply the strict inequality U,(z.) < Ux(z,) and therefore the
€ €1
inequalities z, 2 Ux(z,) < 2,. Consequently for v, = 2/, estimates (27) hold and
limv, =limu, = z,.
Thus we have to find the point z, € S, satisfying (29).
We prove this differently for two cases: ¥(z,60) = 0 for some z € S,,0 € [0,1] and
U(z,0) # 0 for any z € S,, 0 € [0, 1]. ) A A
Suppose that ¥(z,,0) = 0 for some z, € S,, § € [0,1], i.e., z, = (1 — 0)U\(Pz,) + 0z..
Since U)(Pz,) € 11 and z, € II, one has z, € Il and Uy(z,) € II. Therefore Pz, = z, and

~

. €
7, = (1— O)Ur(2) + Oz, < Up(2,).
The definition of the function p(y) and the inequalities

€1 €1 & .
Ux(u,) < z, <z, < Ux(2,), n=20,1,2---

imply the estimate |z, — Ux(2z,)| < ¢(Ux(1,)). But u, 1 € G(Ux(u,)) hence p(Uy(u,)) <
2|u, 41 —Ux(uy41)| for any n. Since u,, — z, one has ¢(Uy(u,,)) — 0 therefore z, = U,(z,
and (29) holds.

Let now W(z,6) # 0 for all z € S,, § € [0,1]. This means that the vector fields
U(z,0) =z — Ux(Pz) and ¥(z,1) = z — z, are homotopic on S, and consequently their
rotations v(z — Uy(Pz), S,) and v(z — z., S,) coincide, hence v(z — U,(Pz),S,) = 1. Put

®(z,0) =z — (1 —0)U\(Pz) — 0rs(N)g, 0<6<1.
From r5(\)g & Br(z.)={z€R" : |z — z.| < r} it follows y(z — r2(A)g, S,) = 0. We get

v(®(2,0), Sr) # v(®(2, 1), S;) therefore there exist z, €.5,, 6 €0, 1] such that ®(z,,0) = 0
or what is the same z, = (1 — 0)U\(Pz,) + 0ry(\)g. Consequently, z, € IT and

~ ~ g
2, = (1— 0)Up(2,) + ra(N)g > Un(2,).

Again we find 2z, satisfying (29). This completely proves conclusion (i) of Theorem 1.

4.6 Unstable fixed points
Put Pz = £(z)g. Consider the operator
\(z) = (2P — I)(2Pz — Uy(z)), ze€ R..

Let us list the properties of the operator V) that we use in the proof of conclusion (ii) as
a separate lemma.

Lemma 4. The following statements are valid:

1. Fized points of the operators Uy and Vy coincide: Uy(z) = z < V\(z) = z.



£ S
2. For allz € RY and any e, > 0 the inequality Uy(z) Sz s equivalent to V\(z) < Z;

£ £
the inequality Uy (z) <z s equivalent to Vy\(z) > 2.

3. The analogs of Lemmas 1 — 3 are valid obtained by replacing Uy in the formulations
of Lemmas 1 — 3 with the operator V).

The first two conclusions of Lemma 4 follow from the identities
Vi(z) —z= (2P — I)(z — Ux(2)), Ux(z) —z= (2P —I)(z — Vi(z)), z € R,

and the fact that the operator 2P — I maps the set int K., into itself. The proof of the
last conclusion repeats the proof of Lemmas 1 — 3 and we do not give it.

Let us construct in the case k > 0, a(X)ai(Ag) < 0 the solution z, of the equivalent
equations z = Uy (z) and z = V) (z) that is unstable fixed point for the operator Uy. This
completes the proof of conclusion (ii) of Theorem 1.

For k > 0 and a(\)ai(\g) < 0 relations (23) imply the inequalities

€1 €1

Un(ri(Ng) <mi(Ng,  Ua(r2(A)g) > r2(Mg.

According to conclusion 2 of Lemma 4 the operator V) satisfies the opposite inequalities

Vn(Vg) = g Var(V)g) < mg (30)

From the third conclusion of Lemma 4 it follows that the operator V) maps the closed
domain €, in its interior. Let us define the sequence z, by the equalities zy = r1(\)g,

Z, = Vi(zn_1), n = 1,2,... Since the operator V) is strictly monotone on ) relations
(30) imply

€1 €1 €1 €1 €1 €1 €1
zo < Vi(z0) =21 < Vi\(21) =22 < -+ < Vi\(Z_1) = 2 < VA(2Z) = 21 < -+ < 12(N\)8.

Therefore the sequence z, converges to some common fixed point z, € int{2, of the
operators V) and U,.
Now let us show that for every k the sequence

yg = 7, yfz1 = U,\(yfl_l), n=12,...

can not completely belong to 2). This proves the required unstability of the fixed point

z. of the operator Uy. Suppose the opposite: y* € Q, for some k and all n. We have
5 5 £

2 < Vi(z1,) and, what is the same, y& < Vi(y®). Therefore y& > Uy (y%) and since the

operator U) is strictly monotone on €2y the relations

€1 €1 €1 €1 €1 €1
zo =y > U\y5) =yl > Uy})=vy5 > >Ulyh_ )=yt >Uyl) =yk, >

€1
are valid. From y* € Q, it follows the estimate y* > r,(\)g = z¢ for all n. Hence the
sequence y* converges to a fixed point y, of the operator Uy. For this fixed point the



: €1 R .. .
relations z, > y. > zg hold. But due to monotonicity of the operator V) the relation
€1
7o <y, implies
€1 €1 €1 €1
Z0<Z1<"'<Zk§y*,

: 1 el : . . :
ie.,, zp < y. < z. This contradiction proves the unstability of the fixed point z, and

conclusion (ii) of Theorem 1.

4.7 Proof of conclusions (iii) — (iv)

Recall that  projects IR’ onto the eigensubspace E’ of the matrix A along the plane
E.

Let z(t) be a periodic solution of equation (1) for A close to Ay that has a small
amplitude 7 > 0 and a period T close to Ty = 27 /wy. This means that z(t) = d”z(t),
where z(t) is a T-periodic solution of system (2). Put

t

J(t) = /eA(tS)q f(z(s), ) ds. (31)

0

Since ||z(t)|lc = r*! and |f(z, )| < co¥a(|z|)|x|, where
Ua(r) = la(M)r=t 77 (32)
we have!?
[J@)]lc < acvalr)r,
and since z(0) = z(T'), we have z(0) — e*7z(0) = J(T) and
(I = e™)Qz(0) = QI(T).

The spectrum of the matrix e4”Q does not contain the value 1 therefore the matrix
I — e47() is invertable, hence

Qz(0)| < 2| I(T)] < crcahn(r)r.
Set zo = (I — Q)z(0) = 2(0) — Qz(0), p = |2o|. The equalities
z(t) = eMz(0) + J(t) = e'zo + eMQz(0) + J(t),  x(t) = d"=z(t)
imply the estimates

lz(t) = d"eMzolle < e5(1Qz(0)| + [I(B)]le) < catin(r)r.

Here and below we use the notation |u(t)||c = max{|u(t)| : 0 < t < 57/(2wp)} both for
scalar and vector functions wu(t).

12We denote by c¢; various constants, the exact values or estimates of these constants does not
play any role, we use only the existence of such constants.




Since d”g = 0, d”h = 1 according to the choice of g and h in (14), formulas (15) imply
dT ez, = £(z0) sinwot + 1(zo) cos wt

and therefore
|2(t) — psin(wot + ¢)|lc < cathr(r)r, (33)
where pcos p = &(zg), psin = n(zy). According to (33)' one has |r — p| < cqh\(r)r and

|z(t) — rsin(wot + )|l < 2cat(r)r (34)

Let us estimate the period T". Suppose r is small enough such that |[r—p| < r/2. From
the equality z(0) — e4Tz(0) = J(T) it follows the equality zy — e*Tzy = (I — Q)J(T) and
hence |zg — e Tzo| < c1A(r)r. But |zg — e'zq| = 2p| sin(wyT'/2)|, this means

|sin(woT/2)] < cxpa(r)r/(2p) < crtpa(r).
As the value wyT/2 is close to m we have |woT /2 — | < e5]sin(weT/2)| and therefore
T — To| = 2wy HweT/2 — 7| < ceoa(r). (35)

Now for the proof of conclusion (iv) we have to prove the first of relations (10): this
relation and estimates (34) — (35) imply the second of relations (10) and relation (11).
Simultaneously we prove that the assumption of the small cycle x(¢) existence implies the
estimate a(X)ay(Ag) < 0; this proves conclusion (iii).

Multiply the equality zg — ez = (I — Q)J(T) by zy:

p*(1 = coswoT) = (20, J(T)).
Since 1 — cos woT = 2sin?(weT/2) < 2¢23(r) and
(20, J(T) = J(T0))| < p|I(T) = I(To)| < crp|T =To| || f((t), Nlle < erp-caoalr) - copa(r)r,
the relations
(20, J(T0))| < 2¢143(r)p? + cocserty (r)rp < cst3(r)rp.

hold. Set

To
J, = /eA(TO_t)q f(rsin(wot + ¢), A) dt.
0

The inequalities
[J(To) = Ju| < ol f((t), A) = f(rsin(wot + ¢), Al < cro¥a(r)||lz(t) — rsin(wot + ¢)||c
and estimate (34) imply the relations

(20, J(To) — J.)| < p|lI(To) — Ji| < p - cro¥a(r) - 2cathr(r)r

Br=lz@lo, p=lpsin(wt +@)lc = |r—pl < |z(t) — psin(wot + ¢)]lc-




and consequently
(20, Ju)| < 2cac1003 ()7 p + cstpi (r)rp = en b3 (r)rp.

But (zg, ATt q) = p(&(q) cos(wot + @) + n(q) sin(wos + ¢)), i.e.,
To

2
(zo,Jx) = pn(q) /sin(wot + @) f(rsin(wot + @), \) dt = pn(q)wy* / foaa(rsint, X) sint dt
0 0

and due to (4),
(20, 3.) = pn(@)wy * (a(N)ear® + ar(Nesr™ +xa(r)r7),  xa() = 0.

Therefore
la(N)car® + a1 (N ey + x1(r)r?] < criwoln(@)| 3 (r)r

or what is the same
[aNear® + ar(Neyr” +xa(r)r] < enwol(@] ™ (Ja)lr (a0 42771 47271,
Since 2v — 1 > v and a1(A) — a1(Ag) for A — Ay the estimate

|a(N)eacy /ar(Xo) + 777 < x2(A = Xo)r™ ™ + X3 (r)|a(N)] + xa(r)r”™*  (36)
holds where xx(-) — 0. If r and |A — X\g| are sufficiently small, then estimate (36) implies

la(N)cacs ! far(Xo) + 7770 < 27 a(N)cacyH far (M) | +7777/2.
Therefore
a(N)ai(Ao) <0, 7% = 0la(N)eac;  ar(Xo)], 1/3 <60 <3 (37)

Now conclusion (iii) follows from the first of relations (37). From relations (36)—(37) it
follows the estimate

10— 1[a(MNeac ar(Mo)] < Cla(N)[(xa(-) + x3(-) + xa(-))
and hence 8 — 1 as A — )\g. This is the same that
rla) 77 = Jea ar (M) TE, A= Ao,

i.e., the first of estimates (10) and conclusion (iv) are valid. [



5 Proofs of Lemmas

5.1 Proof of Lemma 1
The identity

¢
z(t; 2o, \) = 'z + /eA(t_S)q f(d"z(s;29, M), \) ds (38)
0
means that the operator Uy may be defined as
T(to)
Un(zg) = A7)z, + / Ar@)=9)q f(dTz(s; 29, \), \) ds. (39)
0

The last formula has two terms. Let us start from the first one
U, (zo) = e7(®0)g,

This term does not depend on A, it has to be rather close to U, since U, = U, if f = 0.
According to (19) and the definition, U, (rz¢) = rU.(zo), r > 0.
Let us linearize this operator. Since

U.(zo+2)—U.(zg) = e7#019) (7 47) — A7)z, = eAT(m0) 74 (eAr(m0tz) _ oAT(20)) (7,4 7) =

— eAT(zo)Z + (eA(T(zo+z)77'(z0)) . [) 6A‘r(zo)zo + O(Z) —

eAT(20) 5 w—OA (arctan % — arctan 2222;) ez + o(z) =
_ Ar(m), _ L ( +1(2) ”(Z0>> Ar(ao) _
‘ wo  &(z + 77 Z9)? T )T )

(2)

oAT(20), _ ( )€(z0) — n(zo

ATZOZ olz
wo €(20)* + (2o +ola)

)¢
)?
we have X o) .
Ul (2o)z = 70z — — A AT(#0)g mz)§(zo) — 1(20)S (2
( 0) wo 0 €<Z0)2+n<zo>2
where U, is the Jacobi matrix for U,. It follows from U] (rz) = U.(z¢) that
—&(z)g
o0t (54 S e
() £a) ¢

Let ¢ < 1. Then Ul(z) satisfies the uniform'* Lipschitz condition |U.(z;) — Ul(z2)| <
c*|lzy — z2| on K.\ {0} and since |z — £(z)g| < €£(z) for all z € K. then

U.(z) — Ul(g)| < )

14The constant ¢* is independent of ¢.

*

|z — £(z)g| < e, z € K.\ {0}. (40)




The direct computations (since 7(g) = Tp def o Jwo)

1
Ul(g)z = ez — — AeTogn(z) = ez — e*hn(z) = £(z)e g + e*T0Qz =
Wo

= £(z)(cos woTog + sinwoToh) + e Qz = £(2)g + 0 Qz

imply
Ulg)z=¢&(z)g +e'"Qz,  ze R (41)

and due to (17),
Ul(g)z — &(z)g| < e™"|Qz| < ™|z — £(2)g]. (42)

By definition U,(rg) = rg. Therefore for every zg € K. \ {0} the relations

|Ui(20) — £(20)8] =|Us(20) — U.(§(20)8)| = /0 Ui(sz0+(1 — 5)€(20)8)(20—&(20)8) ds| <

< |U.(g)(zo — &(20)8)] +/0 U (520 + (1 = 5)¢(20)8) — Ul(g)] - |20 — &(20)g] ds <

< e "oz — E(zo)g| + celzo — £(z0)g] (due to convexity of the cone and (40), (42))

imply
|U(20) — £(20)g| < (7 + c"e)et (20). (43)

Now let us consider the second term in the right-hand side of (39). Since |f(z,A)| <
la(A)]|z|* + ¢1|x]” and ||z(t; 2o, N ||c < ¢2]zo| relation (39) implies

|Ux(z0) — Ui(z0)| < c3la(N)] |2zo|™ + c3|2o]”

Let us choose some small parameter p > 0 (taking part in the definition of the set K.(p))
such that [a(\)| < p7~. If zg € K.(p), € < 1, then |zo|/v2 < &(z9) < p. Therefore

U (20) = U (20)| < cala(N)] [£(20)]% +cal€(20)]” < cap™™ " E(zo) +cap” ' E(20) < esp”'E(20).

The last relation and (43) imply

Un(z0) — &(z0)g] < (T + *2)e + 5" ) (20). (44)

Since the ball {z : |z — &(zo)g| < r&(zo)} belongs to the interior of K. \ {0} for
r <e/v1+¢e? one has Uy(z) € K.\ {0} if

€

V1+e?

If e = dop~!, then for dy > c5(1 — e *0)~1 and p < py with sufficiently small positive
po = po(cs) inequality (45) holds and therefore the operator U, maps the set K.(p) into
the interior of the cone K.. [ |

(e c*e)e +c5p” 7t <

(45)



5.2 Proof of Lemma 2

During the proof we use some relations obtained in the proof of Lemma 1 and the
function (32), i.e., ¥\(r) = |a(\)|r*~! + r*~1; this function is used along the whole paper.
Due to assumptions of Theorem 1 for any r small enough

[f(@, ) < cioalr)lal, [f(@,X) = Fly, M < con(r)|e—yl, )yl <,

where the constant ¢ is independent of r and A. Since for all z;,z, from the sufficiently
small ball B(rg) = {|zo| < ro} the estimates

lz(t;z1, N)|le < alzi],  [|z(t;21,X) — 2(t; 22, N) |0 < 2|21 — 24|

hold, the relations
1£(d"2(t; 21, A), Mlle < estoa(r) 24
and
1f(d72(t; 21, A), A) = f(d"2(t: 22, M), Nle < catha(r)|21 — 2o
are valid for any z1,ze € B(r), 7 < 1o. Let &(z2) > &(z1) > 0. From (39) it follows that

Ux(22) = Ux(z1) = Ui(22) + Us(z1)| < Chl7(z2) — 7(21)| - || £(d"2(t: 21, A), Ml +

+ Collf(d2(t 21, M), A) — f(d"z(t; 22, M), M) -
Since (arctanz)’ = (1 + 2?)~" <1 the relations

1

_w(]

17(z1) — 7(22)| = i arctan n(z1) — arctan n(22) n(z1) . 1(z2)

Wo §(z1) §(22) §(z1)  &(z2)

1 |Z1 —ZQHZQ‘

= m“ﬁ(zl) —1(22))&(22) + (§(z2) — §(21))n(Z2)| < W0 (2 )€ (22)

imply the estimate

|21 — 22| 21|

Wo é(zl)g(ZQY

[7(22) = 7(z1)] < 21,22 € RL.

Therefore

|21 |25

et

where r = max{|z|, |z2|}. Suppose zi,z; € K.(p). We consider ¢ < 1 hence r < v/2p
and |z,/&(z1) < V2, |22]/€(22) < V2 . If [a(A)] < p7~*, then

Ua(r) < P (V2p)* ! + (V2p)

U (z2) = Un(m1) = Us(22) + Un(m1)] < 5 (1) |22 — ]

and therefore

[Ux(22) — Ur(21) — Us(22) + Us(z1)| < Cp”" 2o — 74,



where the value C' is independent of small p > 0. But from (40) the estimate
Ui(22) — Ui(z1) — UL(8)(22 — 21)| < e[z — 24
follows. Here € = dop”~! and hence the estimate
[Ux(22) — Ux(z1) — UL(g) (22 — 21)| < Cop” |21 — 25 (46)
is valid for some Cy. Put
fo=E(za—2), 2=Qza—7), &=EUN()—Un(z1)), ¥ =Ux(z)—Un(zm)—Eg

According to (41), UL(g)(zo — z1) = &g + eT0z),. So estimate (46) can be rewritten as

N 1/2
((f — &)’ +ly - €AT026|2> < Copy_l\/fg + |22 — 21 — &gl

Now

€ —&| < Coﬂyfl\/fg + |22 — 21 — &ogl?

and since |eAToz)| < e F0|zf| < e *0|zy — 77 — &og| one has

ly| < e *|zy — 7 — &gl + Copy_l\/fg + |22 — 21 — &ogl*.

€1
Let zy # 71, 2y > 7, for e; = dip'™", i.e., & > 0, |20 — 21 — &og| < dip*™"&. This implies

£z (1-Cfor2 e d)eo, Iyl < (M Tdip™ + Con/p 2+ ).

If p < p; and dy, p; are small enough, then these estimates imply the inequality |y| <
- - €
e1€ = dip'77¢ and, what is the same, the required inequality Uy (zs) S Ux(z1). [ |

5.3 Proof of Lemma 3
Let r > 0. The equalities U,(rg) = rg, 7(rg) = Ty and (39) imply the relation

To

Uy(rg) = rg + / AT=9q F(dTa(s; g, N), A) ds (47)
0

and since || f(dTz(t;rg, A), N)||lc < Cowr(r)r for ¥x(r) = |a(N)|r*~t + ¥~ the estimate
[Ux(rg) —rg| < Cra(r)r (48)

holds. Let us estimate the component &(Uy(rg) — rg) of the vector Uy(rg) — rg. Put

To

wy(r) = /eA(TO_S)q f(rdTet*g, ) ds.
0



From (47) it follows that
Ur(rg) — rg — wi(r)| < Cofl f(d"a(t;rg, ), N) — f(rd"eMg, V)]c,
hence
UA(rg) — rg — wa(r)| < Cytha(r)l|z(t; g, A) — re'gllc-
But due to (38)

|2(t;7g, A) — re’'gllc < Cullf(d"z(t;rg, A), A)llc
and therefore
UA(rg) —rg — wa(r)| < CsCan(r)|| f(d" 2(t;rg, M), Mo < CY3(r)r
Consequently
£(UA(rg) — g — wa(r))] < CY3(r)r. (49)

Since
eM(ég 4+ nh) = (€ coswyt — nsinwot)g + (€ sinwot + 1 cos wyt)h

and'® d’g = 0, d"h = 1, one has
To

E(wy(r))= /(f(q) cos wot + n(q) sin wot) f(r sin wpt, \) dt = %(:) /fodd(r sint, ) sint dt
0 0

and according to (3),

) = A Dfeqa()r7 + an()07] + 1760,

where (1) — 0 as r — 0. Therefore

€150 =2 515 + e an (V)] 72) 1310 o)),

this implies
.

ewalrs () = (cos ™Y (sigma() + ey (1) + ol Ja(3)[759) ) Ja (1) |5

Wo

for j =1,2. Due to (22)
Ca eyl far(No)] = 1/2, Ca 3 lar(Ao)| > 2

and since a;(A) — a1(Ao) # 0, a(A) — 0 for A — g, for all A from a sufficiently small
interval |A — \g| < 0 the estimates

signln(@a(VIE(w(r () = Sean D)2

15See the choice (14) of the vectors g and h.



sgnli(a@)os )€ wa(ra (V) > g LD

are valid. Lemma 5 (see the next subsection) gives us

Sm M(wol)Ll (—woi)

Wo |L1 (w02)|2

n(q) = (50)

and consequently sign[n(q)ai(Ao)] = o, sign[n(q)a(N)] = oro.. Therefore

rrowan() 2 M) 25 o e(wara) 2 Cug Mgy 1)

Now we have
R R vo1 vo1
DA (V) < nf a7 40 a(N)] 7 < cola(A)]
for cg > n§~' 4+ 0¥, Ja(N)] <1, j = 1,2 and according to (48) and (49)

v

7=
(52

’UA(Tj()\)g)—Tj(Mg—f(UA(?“j()‘)g)_TJO‘)g)g\ < ‘U)\(Tj()\)g)_rj()\)g‘ < C1conj|a()\)

~— R

and
2v—1
[E(UA(r;(N)g) — 15 (N)g) — E(walr; ()] < Cegnyla(N)]>- . (53)
Since 2v — 1 > ~y the estimates (51) — (53) imply for any a(A) # 0 (if |a())] is sufficiently
small) the inequalities

U1 (N)g) — 11 (Vg — £ (Ng) — 1 (Ng)gl < oaoudind™a(N)[7== (U (1 (Vg) — 11 (Vg)

and

Ux(r>(V)g) — 2N — EUA(r2(Vg) — r2(Ng)el < oudind™|a(N) 7+ EUx(r2(Ng) — r2(Vg).
This coincide with (23) with e; = d;[ro(A)]' 7. |

5.4 Lemma 5

Lemma 5. FEquality (50) holds.
Proof. From the definition of the vectors g and h it follows that

Ll(A)h = %Ll(w(ﬂ)h — C\‘le(woz)g,

This together with (14) implies
dTLl (A)h = §R€L1 (UJOZ'), dTLl (A)g = 95777,[/1 (w(ﬂ)
It follows from the standard formulas



of general linear system theory that
wod” L1 (A)q = Sm M (wyi), d” L, (A)Aq = Re M (wyi).
Since L1(A)Qq = 0 (see [13]) one has

woé(q)d” L1 (A)g + won(q)d” Li(A)h = Sm M (wqi),
wol(q)d Ly (A)h — won(q)dTLi(A)g = Re M (wyi)

and consequently,

wo& (q)Sm Ly (woi) + won(q)Re Ly (woi) = Sm M (woi),

The last two relations prove the lemma. |

Remark. Theorem 1 does not contain statements about the uniqueness of small
cycles for system (2). However, the uniqueness and the asymptotic stability are clear
under some additional assumptions on smoothness of the function f(x,\).

For example, let all the conditions of Theorem 1 be valid. Let additionally the smallest
term in representation (3) of the odd part foqa(x, \) satisfy

[Yo(@, A) = do(y, N <o Nz —yl, v =max{|z|,|y[}, (54)

and let
| fhoen (2, A) = Floen (s M| < ¢ max{|z]72, y|"2}a — y]. (55)

To be definite, suppose k < 0. Then the operator U, is contracting in some appropriate
norm in the vicinity of every fixed point z, € €2,. In particular, this is true for the cone

€1 €1
norm ||zll;, = min{f : —0g < z < Og}:
1UM2) = 2l < collz = zulle, for |z —zle, <7(N), (56)

where ¢ = ¢p(\) =1 — c|a()\)|3%fi (it is possible to use some other norms). Therefore the
topological index of any fixed point z, € (2, of the operator Uy equals 1. On the other
hand, the operator Uy maps closed domain €2 in its interior, this implies that the sum of
indices of all the fixed points contained in €2, is also to 1. This means that the operator
U, has a unique fixed point z, in ). From (56) it follows the exponential orbital stability
of the cycle z*(¢) which contains the point z, and Lyapunov stability of every periodic
solution z*(t + ¢), ¢ € R.

It is easily shown that any cycle of system (2) contains some fixed point of the operator
U, lying in Q). Therefore z*(t) is a unique small cycle.

If estimates (54), (55) are valid and x > 0, then the operator V) is contracting in a
vicinity of its fixed point z, € (2, and again the uniqueness of a small cycle takes place.

The authors do not know if it is possible to guarantee the uniqueness without addi-
tional assumptions on nonlinearity smoothness.
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