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Abstract—We consider sequences in which every symbol of an alphabet occurs at most once.
We construct families of such sequences as nonlinear subcodes of a g-ary [n,k,n — k + 1],
Reed—Solomon code of length n < ¢ consisting of words that have no identical symbols. We in-
troduce the notion of a bunch of words of a linear code. For dimensions & < 3 we obtain
constructive lower estimates (tight bounds in a number of cases) on the maximum cardinality
of a subcode for various n and ¢, and construct subsets of words meeting these estimates and
bounds. We define codes with words that have no identical symbols, observe their relation to
permutation codes, and state an optimization problem for them.
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1. INTRODUCTION

In a number of real-world systems, such as broadband systems [1] and data transmission systems
in powerline communications [2], it is required to construct sequences in which any symbol of an
alphabet occurs at most once and at the same time the sequences differ from each other in a
maximum possible number of symbols. We consider the possibility of solving this problem with
the help of Reed-Solomon (RS) codes.

Let g be a prime or a power of a prime. Denote by IF, the Galois field of ¢ elements. Let
[, = F, \ {0}. Denote by Fy[z] the polynomial ring over F,. Let [n,k,d], be a linear code over F,
of length n and dimension & with minimum distance d. We denote by (n, M, d)q a nonlinear code of
length n and cardinality M with minimum distance d defined over an arbitrary alphabet of size Q.

Definition 1. A vector is called an A-word if its symbols in all positions are different. A subset
of a code consisting of A-words is called an A-subcode. A code is said to be an A-code if all its
codewords are A-words. An A-code will also be referred to as a repetition-free code.

Recall that an (n, M, d), permutation code is defined over an arbitrary alphabet of n sym-
bols [2,3]. Each word of a permutation code is some permutation of the alphabet. The set of
codewords of an (n,M,d), permutation code is called a permutation array and is denoted by
(n,d)PA or (n,M,d)PA. Also, the notation PA(n,d) is used. Permutation codes belong to a
wider class of constant-composition codes, whose words contain each symbol of an alphabet a given
number of times. Definition 1 implies that an (n,M,d)g A-code is a permutation code if and
only if n = Q.

In data transmission, using A-codes with large cardinalities and distances often happens to be
helpful. For permutation codes (whose length equals the alphabet size), the problem was posed in
the literature of increasing the cardinality for given length and distance [2,3]. In the present paper
this problem is naturally generalized so that the length of an optimized A-code can be less than
the alphabet size.
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322 DAVYDOV et al.

Open problem. FEstimate MS(n, d), the mazimum possible cardinality of an A-code of length n
with minimum distance d over an alphabet of size Q. Construct A-codes with large cardinalities
and distances for fized n and Q.

To construct “good” A-codes, it is natural to use A-subcodes of maximum-distance separable
(MDS) codes. In the present paper we consider A-subcodes of an RS code. An advantage of this
approach is, in particular, that encoding/decoding algorithms for RS codes are developed and well
studied.

In Sections 4-8 we consider the [n, k,n — k + 1], extended RS code of length n < q.

Denote the location of the uth position of a codeword by L,, where u = 1,2,...,n, L, € F,
L, # L, for u # y. In an extended code, the location 0 can be used (see [4]). A codeword c of an
extended RS code is given by an information polynomial

k—1
flx) = Z a;x' € Fylz], a; € F,. (1.1)
i=0

The coefficients a; are information symbols. A word c is of the form (see [4])

c= (61702, ce ,Cn) = (f(Ll)af(LQ)v . 7f(Ln))7

cu=f(Ly), u=1,2,...,n. (1.2)

This encoding is nonsystematic. The generator matrix G of the extended [n, k,n —k+1]; RS code
with encoding (1.1) and (1.2) can be written in the form

1 1 1
Ly Ly ... L,
G=| L? L ... L2 |, n<gq, L,eF, L,#L,foru#y. (1.3)
Lyt ooyt Lt

There are other constructions of RS codes (see, e.g., [4-7] and bibliography therein). Here is a
variant of the generator matrix:

L} Ly ... LY
Lb+1 Lb—i—l o Lb—i—l
G = ! 2 " 1<b<q-2, n<q-1, L,€F, (1.4)
Ll{-‘rk—l Lg-‘rk—l o Llr)LJrk_l

The code (1.4) is nonextended; the location 0 is not used. The matrix (1.3) can be obtained from
(1.4) by setting b = 0, L, € Fy, assuming that 00 =1.
Let b=¢g— 2= —1 (mod g —1). Then the generator matrix (1.4) is of the form

I 7 SR . o L'yt .. Lt
retopet o et 1 1.1
G=1| LI Ly ... L |=| L1 Ly ... L, |, (L.5)
Lc11+k:—3 Lg+k—3 o L%+k—3 Lllc—z Ll;-z o Lﬁ_2

where L, € Fy, n < q¢—1, L, # Ly, for u # y. RS codes of the form (1.5) are considered in
Sections 4, 5, 9, and 10.
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SPECIAL SEQUENCES AS SUBCODES 323

1

Note that to write 972 in the form 27!, one should have z # 0. Furthermore, the definition

n .

of a polynomial as an expression [8] of the form Y a;a’, n > 0, is formally violated. The notation
i=0

2972 is often used to avoid formal obstacles.

A codeword ¢ of a nonextended RS code with generator matrix (1.5) can be defined by an
information polynomial

k—2 k—2

f(z) =a_1z77% + Z a;z’ = Z a;zt,  a; € Fq, i=-1,0,1,...,k—2. (1.6)
i=0 i=—1

The coefficients a; are information symbols. The word ¢ has the form (1.2).

RS codes with generator matrices (1.3) and (1.5) contain words consisting of identical nonzero
symbols. This makes it possible to introduce bunches of codewords of size q(q — 1) (see Section 3);
in a bunch, it suffices to study one base word only.

We introduce the notation for the maximum possible cardinality of an A-subcode:

. Méo) (n,d), for the [n,k,d]; RS code with generator matrix (1.3);

. Mé_l)(n,d), for the [n, k,d]; RS code with generator matrix (1.5);
. Mé\/[DS(n, d), for an arbitrary [n, k,d], MDS code.

Let Méo’_l)(n,d) = max{Mq(O) (n,d), Mé_l)(n,d)}. Clearly,

0,—1 MDS A
MOV (n,d) < MMPS(n, d) < M} (n, d).

The goal of the paper is to estimate Méo) (n,n —k+1) and Mq(_l)(n,n —k+1) for £k <3 and
construct [n, k,n—k+1]; RS codes with generator matrices (1.3) and (1.5) that have the maximum
possible cardinality of an A-subcode.

We may say that the goal of the paper is studying special combinatorial properties of RS codes
with generator matrices (1.3) and (1.5).

In what follows, we call [n, k,n — k + 1]; RS codes long codes if n > {
q+1
ns| 2 J
In the present paper we obtain ezact values of Mq(o) (n,n—1) and Mq(_l)(n, n — 1) for all n and
of Méo) (n,n—2) and Mq(_l) (n,n —2) for long codes. We specify RS codes that attain these values.

For short codes, we obtain constructive lower bounds for Mq(o) (n,n—2) and Mé_l)(n, n —2), which
are provided by codes with simple descriptions.

7t 1J, and short codes if

Denote by M2 (n,d) the maximum possible cardinality of a permutation array (n,d)PA [2,3].
Definition 1 implies the following fact.

Lemma 1. Let C be an (n,M,d)g A-code. Denote by C; the (n —t,M,d;)q code obtained by
deleting some t positions from C. Then, independently of the indices of the deleted positions, C; is
an A-code with distance dy > d —t. If C is an MDS code, then d; = d —t. Moreover,

My —t) > M5(Q,Q —t) = M™A(Q,Q —t), n<Q. (1.7)

Thus, in principle, A-codes can be constructed as appropriate permutation codes and their
shortenings. From lower estimates for MTA(Q, Q@ —t), one can get lower estimates for MS(n, n—t).
In the present paper, the problem of surpassing the best known permutation codes and their
shortenings (in cardinality) is not considered. Our goal is finding A-subcodes of large cardinalities
exactly in the RS codes (1.3) and (1.5). However, some comparison is made (see Section 11).
As follows from the comparison, for k& = 2,3, A-subcodes of the [n,k,n — k + 1], RS codes with
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324 DAVYDOV et al.

generator matrices (1.3) and (1.5) in a rather wide range of the parameters n and ¢ are either better
(in cardinality) than shortenings of known permutation codes or not worth than known codes and
their shortenings. On the other hand, in a number of cases known codes are better than RS codes.

Some result of this paper were presented without proofs in [9].

The paper is organized as follows. In Section 2 we briefly state the main results. In Section 3 we
define bunches of words of a linear code. In Section 4 we show basic properties of bunches for the
codes (1.3) and (1.5). Section 5 considers codes with k = 2. Sections 6-8 consider codes (1.3) with
k = 3. Sections 9 and 10 considers codes (1.5) with £ = 3. In Section 11 we compare the results

and give a table of exact values and lower estimates for Mé%_l)(n, n — 2, q) for small ¢ obtained in
this paper.

2. MAIN RESULTS
Denote by IV, the full length of an RS code:

N o= for the code (1.3),
I g—1 for the code (1.5).

We use the function (the least nonnegative residue modulo p)

Op(x) =z (mod p), O,(x) € {0,1,...,p—1}. (2.1)

For long [n,3,n — 2] RS codes (1.3) and (1.5) with {q; IJ < n < Ng, we obtain the following
exact values (see Theorems 6 and 9 and relations (6.3) and (9.2)).

Theorem 1. For any choice of locations in long shortened [n,3,n—2], RS codes with generator
matrices (1.3) and (1.5), we have

MO =2 = 2= 6@aa-1), |77 | <n<a (22)

1
M- =2@-1), |77 <n<o-1 (23)

Here we note formula (2.3), which for odd ¢ # 2™ + 1 provides the best presently known results.
For short [n,3,n — 2]; RS codes (1.3) and (1.5) of length n < Lq; 1J, we obtain many lower

estimates and exact values for various n and ¢; see Theorems 7, 8, 10, and 11 and the corollary.
Also, depending on the values of n and ¢, we find A-subcodes of cardinalities M, where

Mlz(q—l—cl—n)q(q—l), 01:1727 n|Nfb
My = (¢g+1—wn)q(g—1), 2>w>1,
Mz = (q+c2—2n)q(qg—1), c2=3,4, (2.4)

M4:<q+1—2n+7z)q(q—1), t>2, t|n.

Clearly, the cardinality M; seems to be the most attractive, but (using methods of the present
paper) it can be attained only in the case n | N,. Moreover, in a number of cases Ms is a tight
bound for A-subcodes of these RS codes. In the case of My, the constant w, in principle, can be
relatively close to 1.

Because of importance of subcodes with cardinality M; (and partly Ms), we specify in more
detail the conditions (see Theorems 7, 8, and 11; the corollary; and relations (7.8), (7.11), (8.2),
(10.4), and (10.6)—(10.8)) under which such subcodes can be constructed.
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1 . .. .
Theorem 2. Let 3 < n < {q; J Let p be a prime, and v be a positive integer. Then for

[n,3,n — 2]y RS codes with generator matrices (1.3) and (1.5) we have

MO (n,n—2) > (g+2—02(q) —n)g(g — 1), ¢=p™, n=p"" p>2 m>2 (25)

—1
N@Wmn—2ﬂ2@+l—znﬁ@—1% g=p", n=7p""" p=5 m=3,
(2.7)
v>2, p;3§7§p—L

In particular, in (2.6) we can put n = (p*™—1)/(p*—1) forq=p"™, p>2,b>1, and n = ;(q -1)
for odd q.

3. BUNCHES OF WORDS OF A LINEAR CODE

Definition 2. Let a linear [n,k,d], code C contain the all-one codeword! e = (1,...,1).
A bunch W is a set of q(q¢ — 1) codewords such that

W={A+ve|XeF,, yeF, ceC},

where a codeword ¢ contains at least two distinct symbols. The notation Ac means that each symbol
of ¢ is multiplied by A. Similarly, ye = (,...,7). The word c is referred to as a base codeword of
the bunch. Any codeword of a bunch can be taken as its base codeword.

It is easily seen that codewords of the code C in Definition 2 that do not consist of identical
symbols split into disjoint bunches. For an [n, k,d], code, the total number S,(k) of bunches is

k k—1 k—2
q°—q g -1 ;
S, (k) = = = E L 3.1

Note that using codewords of an RS code that consist of identical symbols as a research tool is
known in the literature. For instance, in [10] the [n,2,n — 1]; RS code is considered as a union of
cosets of the [n, 1, n], code with codewords of the form (v, ...,7), v € F,. Moreover, the LDPC code
constructed in [10] uses all codewords of the RS code, regardless of whether there are repetitions
of symbols.

Note also that the set of the ¢ codewords of an [n, k, d], code that consist of identical symbols is
an example of an n-simplex in the space of g-ary vectors of length n equipped with the Hamming
distance; see [11].

Definition 3. Consider a word c of length n over an alphabet of @ elements. Let s;(c) be the
number of symbols of the alphabet that occur j times in ¢, j = 0,1,...,n. Let J(c) be the smallest
value of j such that s;j(c) # 0. Then the vector comprep(c) = (so(c),s1(c),---,8)(c)) is called
the repeating composition of c.

J(c) J(c)
Clearly, for the word c in Definition 3 we have }_ js;(c) =n and si(c) = Q.
Jj=1 Jj=0 J(c)
We call a vector containing ¢ different symbols a 1-word. For a ¢)-word ¢, we have 3 s;(c) = 1.

j=1
An A-word of an (n, M, d)q code is an n-word with repeating composition (max(Q —n,0),n).
Definitions 2 and 3 imply the following result.

! This means that the code contains ¢ — 1 words consisting of identical nonzero symbols.

PROBLEMS OF INFORMATION TRANSMISSION Vol. 46 No. 4 2010
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Theorem 3. If a base word of a bunch contains different (respectively, identical) symbols in
some positions, then all words of this bunch also contain different (respectively, identical) symbols
in these positions. All words of a bunch have the same repeating composition.

By Theorem 3, to study A-words of a code containing the all-one codeword, it suffices to study
base words of bunches and subsets of their positions.

A bunch of a code where a base word (and therefore every word) is an A-word is referred to
as an A-bunch. A bunch of a code where a base word (and therefore every word) is a ¢-word is
referred to as a -bunch.

4. BUNCHES OF WORDS OF RS CODES
WITH GENERATOR MATRICES (1.3) AND (1.5)

Definition 4. Consider [n,k,n —k + 1], RS codes with generator matrices (1.3) and (1.5). An
information polynomial defining according to (1.2) a base word of a bunch is called a base polynomial
of the bunch. As base polynomials of bunches, we always consider normalized polynomials without
free terms. Then for codes (1.3) a base polynomial is of the form

w—1
f(x):xw+2ai:ci, 1<w<k-1, a €l i=12,...,w—1, (4.1)
i=1

where f(z) = x for w = 1. In turn, for codes (1.5), as a base polynomial of a bunch we consider
either a polynomial of the form

w—1
f(l‘):ww‘anilL‘i-i—a_ll‘q_z, 1<w<k-2,
i=1 (4.2)
a€F, i=-1,1,2,...,w—1,
or the polynomial
flo)=at 2=t (13

Denote by A,(k) the number of A-bunches of a nonshortened [Ny, k, Ny — k + 1] RS code.

We emphasize that A-bunches are defined for codes of lengths n < N, i.e., for both short-
ened and nonshortened codes. In cases where we are interested in the number and properties of
A-bunches of precisely a nonshortened code with n = N,, we always note this. After shortening,
the number of A-bunches may become larger, which is shown below.

A polynomial f € Fy[x] is called [8] a permutation polynomial of the field Fy if the corresponding
polynomial function, taking an element e € F, to f(e) € Fy, is a permutation of elements of the
field .

Lemma 2 [8]. (i) Provided that f(0) = 0, in the ring F,lx] there are only two normalized
permutation polynomials f(x) of degree 2 or less: f(x) = = for any q and f(x) = 2% for even q.

(ii) f(z) = 2972 is a permutation polynomial for any q.

The aforesaid implies the following fact.

Lemma 3. A bunch of a nonshortened [Ny, k, Ng—k+1], RS code (1.3) or (1.5) is an A-bunch
if and only if its base polynomial is a permutation polynomial.

We define the following types of words of length N, for nonshortened [Ng,k, Ng — k + 1]4 RS
codes.
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A {q; 1J—codevvord c of the code (1.3) is called a B-word if it has the repeating composition

qg—1 _ q-1
Comprep(c):qq;w%(qwqglbz (7, 1%, ) aodd

(q,O,q) , q even.

272

A {q + 1J—codevvord c of the code (1.5) is called a C-word if it has the repeating composition

-1 -1
(q 727(] _1)7 qud7
q—1 qg—1 2 2
comprep(c) = ) ,02(q) + 1, o |~ 1) =

q . 9
<2,1,2—1>, q even.

A {qg 1J—codevvord c of the code (1.5) is called a D-word if it has the repeating composition

q+1 qg+1

5 ,0, 5 —1), q odd.

comprep(c) = <

A bunch of an RS code in which the base word (and therefore each word) is a B-word (re-
spectively, C-word or D-word) is called a B-bunch (respectively, C-bunch or D-bunch). B-, C-,
and D-bunches are defined only for a nonshortened code. After shortening a code, B-, C-, and
D-bunches may become A-bunches.

Denote by By(k), Cy(k), and Dy(k), respectively, the number of B-, C-, and D-bunches of a
nonshortened [Ny, k, Ny — k + 1] RS code. Here D, (k) = 0 if ¢ is even.

For a nonshortened [Ny, k,N; —k + 1]; RS code, denote by T,(k) the maximum number of
different elements of F in words that contain at least two distinct elements (i.e., are not A-words).
Clearly, T, (k) < Ny.

Theorem 4. For any parameters q and k, we have
M (n,n—k+1) = Ag(k)alg —1), Ty(k)+1<n< N, j=0-1,
M (n,n—k+1) > (Ag(k) + Dg(qg = 1), n<T,(k), j=0,-1.

Proof. From each A-bunch of a nonshortened [Ny, k, N; — k + 1], code one can obtain ¢(q — 1)
A-words of length n < N,. Also, in principle, A-words of length n < N, can be obtained from other
bunches. For T,(k) +1 < n < N, one can use only A-bunches to obtain A-words. This explains
the exact equality in the first relation of the theorem. If n < T,(k), than to obtain A-words of
length n one can use not only A-bunches but also at least one Tj(k)-bunch. This is represented in
the second relation. A

5. RS CODES (1.3) AND (1.5) WITH TWO INFORMATION SYMBOLS

Theorem 5. (i) For any q, in nonshortened [Ny, k,Nq — k + 1]; RS codes (1.3) and (1.5) we
have
Su(2) = 4,(2) = 1.

Furthermore, the unique A-bunch has the base polynomial f(x) = x for the code (1.3) and f(x) =
2972 for the code (1.5).

(ii) For any q and for any choice of locations in shortened [n,2,n — 1], RS codes with generator
matrices (1.3) and (1.5), we have

MP(nn—1)=qlg=1), n<N, j=0-1 (5:1)
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Proof. The value of S;(2) follows from (3.1). By Lemma 2, f(z) = z and f(z) = 2972 are
permutation polynomials for any ¢q. Now we use Theorem 4 and Lemma 3. The equality in (5.1)
follows from the uniqueness of the bunch. A

6. LONG [n,3,n — 2|, RS CODES (1.3)
Lemma 4. Consider the nonshortened [q,3,q — 2]; RS code with matriz (1.3). Let the base
polynomial of a bunch W be of the form f(z) = 2 + ayz, a1 € Fy. Then

(i) In the base word of W, symbols in different positions with locations L and T coincide, i.e.,

f(L) = f(T) for L#T, if an only if
L+T = —ay; (6.1)

(ii) If q is even, then W is an A-bunch for ay =0 and a B-bunch for a; # 0;
(iii) If q is odd, then for any ay the bunch W is a B-bunch, and the element that occurs in the
base word exactly once is in the position with location —;al.

Proof. (i) Let f(L) = f(T), L#T. Then L2 + a1L = T~ + a,T and L? — T2 = —ay(L — T).
2

(ii) If g is even, then f(z) = x° is a permutation polynomial by Lemma 2. Now we apply
Lemma 3. If ¢ is even and a; # 0, then for any location L there is a location T' # L satisfying (6.1).
(iii) If ¢ is odd, then T'= —L — a1, whence T' = L if and only if L = —;al. A
Lemma 5. In the nonshortened [q,3,q—2]q RS code (1.3) with three information sysmbols, any
bunch is either an A-bunch or a B-bunch; i.e.,
S543) =q+1=A4,3)+ By(3). (6.2)
The numbers of A- and B-bunches of the nonshortened [q,3,q — 2], code (1.3) are

1 dd dd
b q 0 ) B (3) — q7 q 0 )
2, q even, q—1, q even.

Aq(?’) = {

Base polynomials of A-bunches are of the form fi(z) = x (for any q) and fa(x) = 22 (for even q).

Proof. Apply Lemma 4, whence (6.2) follows. The value of S4(3) follows from (3.1). For base

polynomials, Lemma 2 is used. A
Lemma 6. For a nonshortened [q,3,q — 2], RS code (1.3), we have Ty(3) = Lq; 1J.
Proof. This follows from Lemma 5. A

Theorem 6. For any choice of locations in the shortened [n,3,n — 2], RS code with generator
matriz (1.3), we have

(6.3)

Q(q_1)7 qud7 +1§n§q7
Mq(o) (n,n—2) = 2

2q(q — 1), q even, g+1§n§q.
Proof. Use Theorem 4 and Lemmas 5 and 6. A
Remark 1. Tt follows from (5.1) and (6.3) that in the interval {qglJ +1 < n < ¢ we have
Mq(o) (n,n—2) = 2Mq(0) (n,n—1) for even g, but Méo) (n,n—2) = Mq(o) (n,n—1) for odd ¢. Thus, in
this interval RS codes (1.3) with k£ = 3 for odd g are inefficient. For odd ¢ in the interval 1 —; ! +1<
n < q—1, RS codes (1.5) with k = 3 are efficient, which provide Mé_l)(n, n—2)= 2M(§0) (n,n—2)

(see Theorem 9).
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7. SHORT [n,3,n — 2], RS CODES (1.3), ¢ ODD

Let ¢ = p™, p > 2 being a prime, m > 1. We represent elements of the prime field IF,, by numbers
from 0 to p — 1; i.e., F,, = {0,1,...,p — 1}. An element e of F; can be written as a polynomial in
powers of a primitive element a of the field F, or as the corresponding m-vector:

m—
e € Z (Em—1,.--,€1,€0), € €Fp,
i=0 (7.1)

iZO, ,’I’)’L—l, qum’ p22

Let é denote the m-digit number in the p-ary notation that corresponds to the vector representation
of e, i.e.,

m—1
e=(em-1,-..,€1,60) < é= Zeipi, p> 2. (7.2)
i=0

Let u denote a position number. In Sections 7 and 8, locations L, of the nonshortened [q, 3, ¢—2],
RS code with generator matrix (1.3) are assigned in such a way that

m—1
Ly=Y Mo = (™ 0 ey ™ e,

51 (7.3)
L, = Egu)pi:u—l, p> 2.

=0

In other words, vector representations of locations considered as m-digit numbers in the p-ary
notation are arranged in ascending lexicographic order.

If m =1, then ¢ = p, m-vectors become numbers, and in (7.2) we have e = é.

Below we give two constructions for shortened RS codes with generator matrix (1.3). The
constructions are based on the following approach. By Lemma 5, in a nonshortened code, bunches
with base polynomials fi(z) = z for any ¢ and fo(x) = 22 for even ¢ are A-bunches, while
bunches with other base polynomials are B-bunches. When the code is shortened to length n,
q — n positions and their locations are deleted. For an A-bunch, any shortening is admissible.
If locations are deleted “favorably,” a B-bunch of the nonshortened code transforms into an A-bunch
of the shortened code. Denote by A, the set of assigned locations, and by X,,, the set of their
pairwise sums. Here the summands are always distinct, whence ¥,, C F, for odd ¢ and 3, C Fq
for even ¢. Equality (6.1) cannot hold for L,T € A,, and —a; € F;\ ¥,. Therefore, B-bunches
of the nonshortened code with base polynomials f(z) = 2% + ajz with —a; € F, \ ¥, turn into
A-bunches of the shortened code. The number of new A-bunches is ¢ — 1 + 02(q) — |2, |. To make
the constructions efficient, one should reduce the cardinality |%,,|.

Thus, we are interested in the following additive combinatorics problem.

Let 0 < n < ¢, and let A,, C [F; be a subset of elements of Fy of cardinality |A,| = n. The set

X, ={L+T: L,TEe€A,, L+#T} composed of sums of distinct elements of the subset A,, is called
the restricted sum set. The problem is to find the minimum cardinality mln |Z | and to determine
the structure of the minimizing set A,.

For an introduction to the problem, see [12, Chapters 2 and 9; 13| and bibliography therein.
Lemma 7 [12, Theorem 9.5, Exercise 9.2.3]. Let ¢ > 3 be a prime. Then we have H/?\lin |2, =
min{2n — 3, q}. "

Lemmas 4 and 5 imply that we have mAin|En| < q¢ — 1+ 02(q) if and only if n < Lq; 1J

(cf. [12, Exercise 9.2.1]). For such n, the constructions given below provide lower bounds on
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qg—1+62(q)— mAlnn |¥,,| and thus upper bounds on mAlnn |X,]. In particular, the bounds of Lemmas 8
and 9 are realized.

Lemma 8. Let ¢ > 3 be a prime, n < q—gl, and A, = {0,1,...,n — 1}. Then %, =
{1,2,...,2n =3} and |E,| =2n -3 = mAin\En|

Proof. The set ¥, is constructed directly. Then take into account that 2n — 3 < ¢ and use
Lemma 7. A

For ¢ = p™, m > v > 1, and b € [, introduce the following notation: H, is the additive

subgroup of F, consisting of p”~" elements of the form (0,...,0,€em—y—1,...,€1,€0) (see (7.1));
- ~ -~
v
sp = (0,...,0,b,0,...,0) is an element of F,; H,(sp) is an additive coset of H, with generator s;.
N C N
v—1 m—uv

Clearly, H,(s9) = Hy.
Lemma 9. Let ¢ =p™, p being a prime, m > v > 1.
(i) Let n =p™ ¥ >3 and A, = H,. Then ¥, = H, \ {0}, |X,| = p™ " — 1, for even q; and
Yn = Hy, |Z,] =p™7Y, for odd q.
(ii) Let
v _q+1

p—1 v=1 7=l
n=p"" < , p=3, 2<y<q 2 T A= Holse):
2 p—1 wv>2 b0

T—1
Then ¥, = U Hy(sp) and |3,| = 7p™ ", where 7 = min{2y — 1, p}.
b=0

Proof. (i) Use the fact that H, is a subgroup. Furthermore, since the set 3, is composed of
sums of distinct elements of the subgroup, we have 0 ¢ ¥,, in the case of an even q.

. - -1 . . .
(ii) The restriction v < P 5 for v = 1 is imposed because we have to ensure the inequality

1 . .
¢+t . The set ¥, is composed of set-theoretic sums of the form H,(sp, )+ Hy(sp,), where

" <
the equality by = by is possible. In the last case, distinct elements of the coset H,(sp, ) are summed.
Since

Hy(sp,) + Hu(sp,) = Huo(Spy+00)

we have ¥, = |J Hy,(sp), where o is the set consisting of all possible pairwise sums of elements
beo
of the set {0,1,...,7 — 1} C F,. Here summands are not necessarily distinct. Clearly, we have

oc={0,1,...,2y—2} CF,. If 2y—2 > p—1, then we can write 0 = {0,1,...,p—1} = F,,. Finally,
note that 7 = |o]. A

To make constructions regular and universal, and also for describing, proving, and realizing
them, it is important to have simple rules for assigning and deleting locations and for defining the
coefficients a1 in base polynomials that generate new A-bunches. The rules used in the constructions
described below are simple and convenient to realize.

In this section, we assume in what follows that p is odd.
Set P =) (p—1).

In Table 1, for the nonshortened [g¢,3, g — 2]; RS code (1.3), we present numbers of positions u
and locations L, = (E,(ﬁ)_l, . ,Eﬁ“),ff)“)). The last entry of each row gives the value of § for which
this position (and its location) are deleted when forming the shortened [n,3,n — 2], code of length
_atl_
n=", é.
Construction 1. Let ¢ = p™, p > 3 being a prime, m > 1. Locations in the nonshortened

lq,3,9—2]4 RS code with generator matrix (1.3) are defined in (7.1)—(7.3). A shortened [n,3,n—2],
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Table 1. Position numbers v and locations L,, of the [g,3,¢ — 2], RS code (1.3)

: IR R I
1 0 0 0 0 0
0 0 0 0 1
Ppm1 P-1 p—1 ... p—1 p—1 p-—1
Ppmt+1 P 0o ... 0 0 0
Ppmt 42 P 0o ... 0 0 1
Ppml+p P 0o ... 0 0 p—1
(¢—p*)/2+1
P P P 0 0 P+1+P
=(@-(—-2p)/2-p+1 P
(g—(p—2)p)/2—p+2 P P P 0 1 P+ Pp
(g—(p—2)p)/2 P P P 0 p—1 P+2+(P-1)p
(¢—(p—2p)/2+1
P P P 1 0 P+1+(P-1
=(@g—(p—-4p)/2-p+1 ( P
(g—(p—4)p)/2—p+2 P P P 1 1 P+ (P—-1)p
(g—(p—4)p)/2 P P P 1 p—1 P+2+(P-2)p
(¢—3p)/2+1
P P P P-1 0 P+1+
=(@-p)/2-p+1 P
(g—p)/2—p+2 P P P P-1 1 P+p
(¢g—p)/2 P P P P-1 p-1 P +2
(g—p)/2+1 P P P P 0 P+1
(g—p)/2+2 P P P P 1 P
(g—p)/2+3 P P P P 2 P-1
(g—1)/2=(q—p)/2+P P P P P P-1 2
(g+1)/2=(q-p)/2+P+1 P P P P P
(g+1)/2+1 P P P P P+1 0
ptr—1=q—1 p—1 p-—1 p—1 p—1 p-—2 0
P =q p—1 p—-1 ... p—1 p—1 p—-1 0
g+1

code of length n = —0 >3, >0, is formed. Here, in a codeword of the nonshortened code,

q — n rightmost positions are deleted, with numbers n 4+ 1,n+ 2,...,q.
A-words of length n are chosen from ¢(n) bunches with base polynomials

fi(z) ==z, filz) = 2 + ai ;x,

vy = (6| Ja | ) (|7 27 )7 1] ) i - 2). (4
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where the function 0,(z) is defined in (2.1), j =2,3,...,¢(n),

34+2h=q+1—(2n—3),
:qgl_hzq;p+z7n2L
p+l=q+1-(2n-2),
n:q;p+1,mz2,
2pt +1+2hpt = q+1— (2n —pb),
. ot ot
o) = A AN 73)
P +1—pt=g+1-(2n—-p"),
i+l
n=9""° +p zq,m>2,
2 P
q-l—l—quq4-1—na
p q
n= " =p"" mz2=2,
p
0,1,...,P—2 —1,
h = i :1727 7m_17 U:1727' 7m_1 (76)
0,1,....P—1 m>2

Note that for m = 1 we have h <P — 2 to ensure that n > 3.

Theorem 7. Let q = p™, p > 3 being a prime, n = g+l _ §d>3,8>0. For the [n,3,n — 2|,
RS code with generator matriz (1.3), we have the following.

(i) Let m > 1, and let ¢(n) be defined as in (7.5) and (7.6). Then

MO (n,n—2) > p(n)q(q — 1),

0 _ M=
Mé)(n,n—Z)z(q+1—n)q(q—1), n=p""" m>2, (7.8)
. +1
MO (0 -2) = emala—1), i m=1 n="7"-n (7.9)

The required number of A-words in (7.7)~(7.9) is guaranteed, for instance, by Construction 1.
(ii) Let

p— _
forv=1,
m>uv 21, 2<y< 2
p—1 forv>2.
Then
(0) n m—v p+1
MY (n,n —2) > atl-2m+ gg=1), n=qp"" 2<y<T 7, (7.10)
_ +3
Méo)(n,n—Z)z<q+1—:n>q(q—1), n=yp" ", p2 <~v<p-—1 (7.11)

Proof. (i) Let us prove that estimates (7.7) hold if we use Construction 1. By Lemma 5, in the
nonshortened code the bunch with the base polynomial fi(z) is an A-bunch, and bunches with
other base polynomials are B-bunches. For an A-bunch, any shortening is admissible. We show
that the choice of locations according to Construction 1 takes B-bunches of the nonshortened code
with base polynomials specified in the construction to A-bunches of the shortened code.

In all cases, for all nonpermutation polynomials f;(z) from (7.4) that we consider, we try to
find locations L and T in the shortened code such that L # T and f;(L) = f;(T). Then, based
on (6.1), we show that there are no such locations; i.e., the equality 7'+ L = —a; ; cannot be
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provided. By the construction, when shortening a code, we always delete positions with numbers

1 1
q—2k +1,q—; +2,...,q. Hence,

LT e {Ll,...,ngl}:{(0,...,0),...,(7),...,P)},

Lrefor.. 1N

(7.12)

.. . 1
For § > 0, we also delete positions with numbers n 4+ 1 < u < q42— .

Now we consider various situations as d grows. Counting and analyzing the coefficients a; ;
and deleted locations, which was made previously for smaller values of 9, is not repeated, since
Construction 1 is of iterative character with respect to §.

Case a. Let
qg+1 q—0p o ven in (7.6
n= —h> +2, 0=h, m>1, with values of h given in (7.6).

Then (7.1)—(7.4) imply that 2 < j <3420 <p, a1, =(1,...,1,j—=2), —a1;=(p—1,...,p—1,
Op(p—37+2)),0p(p—7+2) € {0,p—1-26,p—20,...,p—1} = M. Hence, according to (7.1)—(7.3),
(7.12), and Table 1, to ensure 7'+ L = —a; ; we must have

L=P,.... P "), T=P,. .. P, £l

(7.13)
A 480 = g, (p— 5+ 2).

For 1 < § < P-—1, positions with numbers q; —i and locations (P,...,P,P—i),i=0,1,...,6—1,

are deleted; see Table 1. Therefore, for 0 < § < P — 1 we have KSL),E(()T) e {0,1,...,P — 4},
0+ 0iD e 1,2, 2P—1-25y ={1,2,...,p—2—26} = V. Hence, /") + ¢ £ 0,(p— j+2),
since the sets M and V are disjoint.

Case b. Let
n— q;p+1, §=P, m>2.
Now we have a1 pi1 = (1,...,1,p—1), —a1p41 = (p—1,...,p — 1,1). The position with number
;(q +1)—(P-1) = ;(q —p) + 2 and location (P,...,P,1) is deleted. Relation (7.13) must hold

for 6,(p — j +2) = 1. However, after deleting locations, only one location of the required form
remains, namely, (P,...,P,0); see Table 1.

Case c. Let

¢ ¢
= 1
n="1 p—hpt, 5:p+

5 5 +hp', m >2, where h and t are defined in (7.6).

The largest number of a base polynomial f; used in Case b is j = p+ 1. In Case ¢, 2p’ + 2hp’ —p
new polynomials with numbers k(i) = p + 2 + i are used, where i = 0,1,...,2p' + 2hp! —p—1 <

piTt —pt —p—1. Obviously, p+1 < k(i) — 1 < p'*t! — p'. Let K,.(i) = [k(zj)gr_ 1]. It follows from
the above that K;(i) € {1,2,...,2+2h}, 1 < K;(i) <p—1,

arpiy = (Lo 1, K3 (), Op (Ke1(2))s - - -, Op(K2(2)), 0, (K1(3)), (1)),
—ay () = (p—1,....,p=1,p— K(4),0,(p — K¢—1(i)), ..., 0,(p — K1(2)),0p(p — 7)).
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t

p'+1 D—

+ hpt —
q—p q—7p
5 g

47 P 1 1 the location (P,...,P,0,...,0) corresponds. Hence, the locations
2 ~ -~ < ~ 4

1 . . —
Here, positions are deleted (see Table 1 for ¢ = 1) with numbers 1 5 Py 1,

+1—hp! in descending order. According to (7.1)—(7.3), to the position with number

m—v v

are deleted, where P > P — h > 1.
To ensure the equality T'+ L = —ay ;) for L # T', we must have

L=P,....p 0" 00 Dy =, P dD D),

(7.14)
&0+ 6T = p— Ky ().

Thus, we obtain p — Ky(i) € {p —2—-2h,p—1—2h,...,p—2,p—1} = M, €§L),€§T) €{0,1,...,
P—h—1}, EgL) —|—€§T> €{0,1,...,2P—-2h—2} ={0,1,...,p—3—2h} = V. Therefore, the sets M
and V are disjoint, and (7.14) cannot hold.

Case d. Let

:q_pt+1 . 5:pt+l—|—1 .
2 2

n

This is an instance of Case ¢, with h =P — 1.

Case e. Let
n:;v, 5:‘];1—;, >3 v=23... . m—1
Note that for v = 1 this reduces to Case d with t =m — 1.
In Case e, Lemma 9(i) is realized, since by Construction 1 we have A, = H,. Then the

values —ay ;, additive inverse to coefficients of the polynomials that generate new A-bunches, belong
to I, \ ¥,,. By Lemma 9(i), we have 3,, = H,. Hence, F,\ ¥,, consists of ¢ — p™ " elements of the
form (ep—1,...,€1,€0) with (em—1,€m—2,...,€m—s) 7 (0,...,0). This means that in this case the
coefficients a1 ; themselves must belong to Fy \ ¥,,.

The largest number j of base polynomials f; used in this case is p(n) = p™ +1 — p™~". Hence,

. _ . _ j—1 j-1

1<j—1<pm—p" V. If1<j—1<p™—pm™ ! thenl< ’mefl—‘ gp—landQP([pmAD £ 0.

Let p™ —pm_(’"_l) +1< j.— 1<pmr—pn T, 2<r<wv Thenj—1=p"— pm_(’"_l) + A,

1 <A<p™"(p—1), and Wm__ﬂ = [pr —p+ mA_J. Since
. p p

-1
([ s |) # 0
Thus, for all polynomials of Construction 1 used in this case, in coefficients a;; we have
(em_l, Cm—2y .- ,em_v) 75 (0, PN ,0).
Estimate (7.8) is a particular case of (7.7), with n =p
The equality in (7.9) follows from (7.7) and Lemma 8.
(ii) The assertion of the theorem follows in this case from Lemma 9(ii). Taking this lemma into

. < < p-—1, we have
p p

m—v

account, we have Méo) (n,n—2)>(¢g+1—71p"")q(q— 1), where 7 = min{2y — 1,p}. A
Ezample 1. In Table 2 we present coefficients az, a1, ag of base polynomials f; and base words c;
of twenty-one bunch for the [n,3,n — 2]a5 RS code (1.3) with ¢ = 5% and n < 1 _|2_ ' _ 13, We show
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Table 2. Base polynomials f; and base codewords ¢; of bunches of the [n,3,n — 2]s5
RS code (1.3)

1 2 3 4 5 6 7 8 9 10 11 12 13 «u

00 0 0 0 1 1 1 1 1 2 2 (¥

0 1 2 3 4 0 1 2 3 4 0 1 2 (¥

fi dy ay; ap - 0 1 2 3 4 5 6 7 8 9 10 11 12 L,
i 0 1 0 0 1 2 3 4 5 6 7 8 9 10 11 12 ¢
/o1 5 0 4 0 0 6 14 19 21 16 7 20 10 2 23 24 22 ¢
fs 1 6 0 4 4 0 7 11 17 2 21 13 2 18 6 8 5 9 c3
5=0

f2 01 7 0 4 3 0 8 13 15 24 1 19 9 21 10 18 16 16 ¢
/51 8 0 4 2 0 9 10 18 23 6 20 11 4 19 3 2 3 ¢
x 0=1

fo 1 9 0 4 1 0 5 12 16 22 11 1 18 7 23 13 13 10 c
x ok 0=2

fz 1 10 0 3 0 0 11 24 9 16 14 5 3 23 15 14 15 23 ¢
fs 1 11 0 3 4 0 12 21 7 15 19 11 5 1 24 24 1 5 ¢
fo 1 12 0 3 3 0 1323 5 19 24 17 12 9 3 9 12 17 ¢
fo 1 13 0 3 2 0 14 2 8 18 4 23 19 12 7 19 23 4 ¢
fu 1 14 0 3 1 0 10 2 6 17 9 4 21 15 11 4 9 11 ¢y
¥ x x 0=3

fp 1 15 0 2 0 0 16 9 24 11 7 8 6 6 8 0 11 24 ¢y
fis 1 16 0 2 4 0 17 6 22 10 12 14 13 14 12 10 22 6 i3
*x % % ok x J=

fu 1 17 0 2 3 0 18 8 20 14 17 15 15 17 16 20 8 18 ciy

fis 1 18 0 2 2 0 19 5 23 13 22 21 22 20 20 5 19 O C15
* ok ok ok x % J=

fis 119 0o 2 1 0 15 7 21 12 2 2 4 3 4 15 0 12 ¢y

¥ % k% %  kx J=

fir 120 O 1 0 0 21 19 14 6 0 6 14 19 21 16 7 20 9«cy7
fis 121 0 1 4 0 22 16 12 5 5 12 16 22 0 1 18 7 13
fio 1 22 0 1 3 0 23 18 10 9 10 18 23 0 9 11 4 19 ¢
foo 123 0 1 2 0 24 15 13 8 15 24 0 8 13 21 10 1 €20
for 124 0 1 1 0 20 17 11 7 20 0 7 11 17 6 21 13 ¢

¥ %k % %k sk x *x x 0=8

the cases of Construction 1 with 0 < § <P 4+ 1+ p. Also, we show the cases 6 = 5,6,7, which are
not included in Construction 1. The coefficients a;, locations L,,, and symbols of base words of the
bunches are represented as numbers é according to (7.2). Negations of a; ; and locations L, are also
written as two-dimensional vectors —a; ; = (—agl’j ), —a(()Lj )) and L, = (Egu),ﬁ(()u)). The generator
polynomial of the field is 22 +x+2. Position that are deleted in the shortened code are denoted by .

Remark 2. Shortened A-codes with lengths that are not given in Theorem 7 can be obtained
with the help of Lemma 1. For particular values of p and J, the results of Theorem 7 can be
improved and extended; for instance, see the cases ¢ = 5% and § = 5,6, 7 in Table 2, which are not
included in Construction 1. As an example, we also give the following statement, which can be
proved using ideas of Construction 1 and techniques of the proof of Theorem 7.
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Let ¢ =3™, m >3, =0,1,2,3. For the [n,3,n — 2]; RS code with generator matrix (1.3) we

have
q+1 .

1 34+20=q+4—-2n ifn= 0,
MO (n,n—2) > 2 (7.15)
(g — 1) 10=q+3—2n itn="7" -4

8. SHORT [n,3,n — 2], RS CODES (1.3), ¢ EVEN

Let ¢ = p™, p =2, m > 3. Similarly to Section 7, we represent elements of [, according to (7.1)
and (7.2).

Construction 2. Let ¢ = p™, p =2, m > 3. Locations in the nonshortened [g, 3, g—2], RS code
with generator matrix (1.3) are given by formulas (7.1)—(7.3). We form a shortened [n,3,n — 2|,

code of length
q

2b
Then, similarly to Construction 1, we delete ¢ — n rightmost codeword positions, with numbers
n+1ln+2,...,q.

A-words of length n are chosen from ¢ —n + 2 bunches with base polynomials

n= " =2""b">4 b=1,23,...,m—2.

fi(z) ==z, fa(x) =22 fi(x) :x2+a1,jx, i=3,4,...,q—n+2,

where
a; = (ani’_j)l, . ,agu),a(()l’j)), al(-Lj) € {0,1}, ay; = mz_l 2ial(-17j) =2"—j+2
In other words, =
{a1;1j=34,...,q—n+2y={2m b omb 11 ... 2m 1} (8.1)

i.e., in the base polynomials f;(z), the coeflicients a; ;, considered in a vector representation as
binary numbers, fill the whole range 2™ ... 2™ — 1.

Construction 2 realizes Lemma 9(i).

Theorem 8. Let ¢ = 2™, m > 3. Then for the [n,3,n — 2], RS code with generator matriz
(1.3) we have

MO (n,n—2)>(g+2-n)g(g—1), n=

( b=1,2,...,m—2. (8.2)

The required number of A-words in guaranteed, for instance, by Construction 2.

Proof. Let us prove that estimate (8.2) holds if we use Construction 2. By Lemma 5, in the non-
shortened code, bunches with base polynomials fi(z) and fo(z) are A-bunches, and bunches with
other base polynomials are B-bunches. For an A-bunch, any shortening is admissible. Let us show
that the choice of locations according to Construction 2 transforms B-bunches of the nonshortened
code with base polynomials specified in the construction into A-bunches of the shortened code.

Similarly to Theorem 7, for nonpermutation polynomials f;(x) we try to find locations L and T’
in the shortened code such that L # T and f;(L) = f;(T"). Then, based on (6.1), we show that
there are no such locations; i.e., the equality 7'+ L = a1 ; cannot be provided. In this equality we
take into account that a; ; = —a; ; in a field of characteristic 2.

By the construction, when shortening a code, we delete ¢ — n rightmost positions with locations
Lnt1, Lny2, ..., Lg. Since n =2m7° from (7.1)—(7.3) we have
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Table 3. Base polynomials f; and base codewords ¢; of bunches of the [n,3,n — 2]
RS code (1.3)
12345678 910111213141516  u
0000000011 111111 (Y
0000111100001111 ¢
0oo11001100110011 /¥
0101010101 010101 Y
gy ao asala™al™ 001 2 3 45 6 7 8 9101112131415 I,
fi 010 0123456 7 8 9101112131415 ¢
/2100 0 0 0 0 01 459 81312151411106 7 2 3 co
g<n§q
Theorem 6
/51150 1 1 1 1 0143137 9 410104 9 7 13 3 14 0 cs
f1 1140 1 1 1 0 0151143122132 133121140 15 ¢
/51130 1 1 0 1 012711153 8 4 3154 8120 11 7 cs
fo 1120 1 1 0 0 0135 8 116143 11 6 143 0 13 5 8 co
fz 1110 1 0 1 1 010111 144 515111100 155 4 14 ¢
fs 1100 1 0 1 0 0119 2101 3 8 9 2 0113 8101 cs
fo 1.9 0 1 0 0 1 08157 6149 1 8 0 715146 1 9 co
fu 180 1 0 0 0 09134 211156 0 9134 211156 ¢y
* ok % * ok ok % n:g
/M1 70 0 1 1 1 06101212106 0 5 3159 9153 5 ¢y
fiz1 60 0 1 1 0 07 8158150 713105 2 5 2 1310 1
Az 150 0 1 0 1 0414104 01014128 2 6 8 126 2  ci3
fiu 1. 40 0 1 0 0 05129 0 5129 4 1 8134 1 8 13 c14
k ook ok ok ok ok ok ok ok X * ”I’L:Z
fs 130 0 0 1 1 0220577 514121214119 9 11 ¢5
fis 120 0 0 1 0 0303121260565 7474  cp
Air 110 0 0 0 1 00 6 6131311117 7 1 110101212  ¢f

L,Te{Ly,...,L,} C{L1,...,Lom-s},
L, Te{0,1,...,n—1} C{0,1,...,2m% — 1},

Taking into account the addition rule in a field of characteristic 2, we may write L/—F\T €{0,1,...,
2m=% _ 1}, Now (8.1) implies that T + L # agj). A

Note that shortened A-codes with lengths that are not given in Theorem 8 can be obtained with
the help of Lemma 1.

Ezample 2. In Table 3 we present coefficients ag, a1, ag of base polynomials f; and base words c;
of fourteen bunches for the [n, 3, n—2]16 RS code (1.3) with ¢ = 2*. The coefficients a;, locations L.,
and symbols of base words of the bunches are written as numbers é according to (7.2). The
coefficient a; ; for polynomials of degree 2 and locations L, are also written as 4-vectors a; =
(agl’j ),agl’j ),agl’j ),a(()l’j )) and L, = (Eé“),fgu),fgu),ég“)). The generator polynomial of the field is
z* 4+ 23 + 1. Positions that are deleted in the shortened code are marked with *. We also present
three bunches that are not used in shortening.
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9. LONG [n,3,n — 2], RS CODES (1.5)

Lemma 10. Consider the nonshortened [q —1,3,q — 3] RS code with generator matriz (1.5).
Let the base polynomial of a bunch W be of the form f(z) =z +a_ 1292 =x+a 127 a_| € Fy,.
Then we have the following statements.

(i) In a base word of W, symbols in different positions with locations L and T coincide, i.e.,
f(L) = f(T) for L # T, if and only if
LT = a_q; (9.1
(ii) If a—q =0, then for any q the bunch W is an A-bunch;

(iii) If q is even and a—_y # 0, then W is a C-bunch. The element that occurs in the base word
precisely once is zero and is in the position with location \/a_1;

(iv) Let q be odd. If a_y is a nonzero square in Fy, then W is a C-bunch, and the two elements
that occur in the base word precisely once are at positions with locations +./a_1. If a_y is not a
square in Fy, then W is a D-bunch.

Proof. Below we take into account that all locations are nonzero.

(i) Let f(L) = f(T). Then L+a 1L '=T+a 1T ' and LT(L-T) =a_1(L—T).

(ii) By Lemma 2 we obtain that f(z) = z is a permutation polynomial. Then we use Lemma 3.

(iii) If ¢ is even, then a_1 is always a square. For any location L # ,/a_; there exists a location
T # L satistying (9.1). If L = \/a_y, then T'= L and f(L) = 0.

(iv) Let q¢ be odd. If a_; is a nonzero square, then from (9.1) we have T = a_;L~!. For
L =+,/a_y we obtain T'= L. If a_; is not a square, then always T' # L. A

Lemma 11. In the nonshortened [q—1,3,q—3]; RS code (1.5), each bunch is either an A-bunch,
or C-bunch, or D-bunch; i.e.,

Sq(3) = q+1=A4(3) + Cy(3) + Dy(3).

The numbers of A-, C-, and D-bunches of the nonshortened [q — 1,3,q — 3|4 code (1.5) are,
respectively,

4,3)=2,  C,B3) = {q y v 4 odd: D,3)=1"" ¢ odd
q—1, q even,
For all q, base polynomials of A-bunches are of the form fi(x) =z, fo(x) = 2972 = 271,
Proof. Use (3.1), Lemma 10, and its proof. A
Lemma 12. For the nonshortened [q —1,3,q — 3]q RS code (1.5), we have Ty(3) = V]_;lJ.
Proof. The assertion follows from Lemma 11. A

Theorem 9. For any choice of locations in the shortened [n,3,n — 2], RS code with generator
matriz (1.5), we have

1
Mq(_l)(n,n —2)=2q(q—1), q is arbitrary, {q—;— J +1<n<qg-1 (92)

Proof. Use Theorem 4 and Lemmas 11 and 12. A-words of length n can be obtained from the
A-bunches of the nonshortened code specified in Lemma 11. A

10. SHORT [n,3,n — 2], RS CODES (1.5)

The following two constructions are conceptually close to Constructions 1 and 2, but instead
of (6.1) we use (9.1). By Lemma 11, bunches with the base polynomials fi(z) = x and fa(z) = 271
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are A-bunches, whereas all other polynomials generate C- and D-bunches. When a code is short-
ened to length n, ¢ — 1 — n positions are deleted. Denote by A, the set of assigned loca-
tions, and by II,, the set of products of the assigned locations. Recall that the zero location
is not used in the RS code (1.5). If |II,| < ¢ — 1, then the equality LT = a_; (see (9.1))
cannot hold for LT € A, and a_; € g \ II,. Therefore, C- and D-bunches of the non-
shortened code with base polynomials f(z) = x + a_12~!, where a_; € i \ II,,, turn into
A-bunches of the shortened code. The number of new A-bunches is ¢ — 1 — |II,|. To make
the construction efficient, one should reduce the cardinality |IL,|, thus increasing the cardinality
|F:; \Hn| =q—1- |Hn|
Thus, we are interested in the following combinatorial problems.

Let A, C I}, be a subset of the multiplicative group of the field F, of cardinality |An| = n, where
0 <n < ¢q— 1. Introduce the set Il,, = {LT : L,T € A,,, L # T} composed of products of distinct
elements of A,,. It is required to find the minimum min [II,| and determine the structure of the
minimizing subset A,,. An

Since, when elements are multiplied, their logarithms are added modulo ¢ — 1, the problem can
be reformulated as follows (cf. Section 7).

Let 0 <n < ¢—1, and let T, C Z;—1 be a subset of the residue class ring modulo ¢ — 1 of
cardinality |Y,| = n. Introduce the restricted sum set %1% = {\ 4+ 7 (mod ¢ — 1) : A\, 7 € Ty,
A # 7}. It is required to find the minimum min |£1°8| and determine the structure of the minimizing
subset T,,. Yn

Next, define A, = {a’ | i € T,,}, where « is a primitive element of F,. Then |II,| = |X!8| and
H/{in 1L, | = H%in |Slog|,

As in Section 7, we use results of [12, chs. 2 and 9; 13, Problem 2.1]. If ¢ — 1 is a prime number,
we can use Lemmas 7 and 8.

Lemmas 10 and 11 imply that min III,| < ¢ — 1 if and only if n < Lq; 1J. For such lengths n,
constructions given below yield lower bounds on ¢g—1— IRIH III,,| and thus upper bounds on mAln 1L, .
In particular, the estimates obtained in Lemmas 8 and 13 are realized.

Let v > 2 be a divisor of ¢ — 1, and let r = q;l. Let G, = {ir | i = 0,1,...,v — 1} be the

additive subgroup of the ring Z,_; consisting of v elements forming an arithmetic progression with
common difference r. Denote by G,(w) the additive coset of G, with generator w € Z,_1, where
0<w<r—1and G,(0) = G,.

_ t—1
Lemma 13. Let v | (¢ — 1), r —qvl,n:tv23,1§t§;,Tn= U Gy(w), and
2t—2 w=0
Ay, ={a'|ieY,}. Then ¥, = U Gy(w) and |Hn|:\Z}fg\:(2t—1)v:2n—n

L
Proof. Similarly to Lemma 9, we have the equality G,(w1) + Gy(w2) = Gy(w1 + we), where

the first sum is of set-theoretic sense; in the light of our problem, in the case of wy = we, distinct
elements of the coset H,(w;) are summed. A

Construction 3. Locations L, in the nonshortened [¢ — 1,3,¢ — 3]; RS code with generator
matrix (1.5) are chosen such that L, = a“~!, where u is the position number, u = 1,2,...,q — 1,

and « is a primitive element of F,. A shortened [n,3,n—2], code of length 3 < n < {q ; IJ is formed.

Here, ¢ — 1 — n rightmost positions in a codeword are deleted, with numbers n+1,n+2,...,g—1
and locations o™, o™t ... a?72.

A-words of length n are chosen from ¢ + 4 — 2n bunches with base polynomials
filx) =2z, folz)=292=2a""1 filx) =2+ oA =34, ,q+4-2n.
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Theorem 10. Let 3 <n < {q _|2_ IJ. Then for the shortened [n,3,n—2], RS code with generator
matriz (1.5), we have
-1
M{ D (n,n—2) > (q+4 - 2n)q(g — 1), (10.1)
-1 _ . .
Mq( Jn,n—2) = (g+4—2n)q(q—1) if ¢—1 is odd. (10.2)

The required number of A-words of length n is guaranteed, for example, by Construction 3.

Proof. By Lemma 11, bunches with base polynomials fi(x) and fo(z) are A-bunches, whereas
all other polynomials generate C- and D-bunches. For an A-bunch, any shortening is admissible.
We show that the choice of locations according to Construction 3 transforms C- and D-bunches of
the nonshortened code into A-bunches of the shortened code. Indeed, let L and T be locations of po-
sitions of a shortened word, T' # L. Then by the construction we have L, T € {a, a!,a?,...,a" "1},
and the product is LT € {a!,a?,...,a?**3}. On the other hand, the coefficient in a base polyno-
mial fj(z)is a—1 = a7 € {a®, 09720973, ... a®"72}. Thus, the equality TL = a_; is impossible,
and according to Lemma 10(i) and equation (9.1) we have f;(L) # f;(T), j =3,4,...,¢+4 —2n.

The equality in (10.2) follows from Lemmas 7 and 8. A

. -1
Construction 4. Let v | (¢ — 1), r = 9 , = tv>3,1<t< ; A shortened [n,3,n — 2|,

code with generator matrix (1.5) is formed. The set A,, of locations and the set II,, of products of
locations are of the form (see Lemma 13)

t—1
Ap=J{a" ™ i=0,1,...,0 -1},
=0
I (10.3)
IL, = [ J{a":i=0,1,...,0 -1},

w=0
where a is a primitive element of F,. (Thus, these sets are unions of multiplicative cosets of some
subgroup of the multiplicative group of Fy.) From (10.3) we get |II,| = (2t — 1)v = 2n — 7;

A-words of length n are chosen from ¢+ 1 — 2n + TtL bunches with base polynomials
fi(z) = =, folz) =22 =27, filw)=z+a_yz7", a1y €F;\1I,,

Wherej:3,4,...,q+1—2n+7z.

-1 )
Theorem 11. Let n < 1 5 - For the shortened [n,3,n — 2], RS code with generator ma-
triz (1.5), we have

M{Y(n,n—2) > (g +1-n)glg—1), n|(g—1), (10.4)
q—1

0y - (105)

_ n
Mé 1)(7%”—2)2<Q+1—2n+t>q(q—1), n=tv, vl|(g—1), 2<t<

The required number of A-words of length n is guaranteed, for example, by Construction 4.

Proof. The theorem directly follows from Lemmas 10(i) and 13 and from Construction 4. A

-1 .
Corollary. Let n < 1 5 and let p > 2 be a prime. For the shortened [n,3,n — 2], RS code
with generator matriz (1.5), we have

—1
M (nn—2) 2 (g+1=nala—1), qodd, n="_", (10.6)
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bm
- m b -1
My (nn—=2) 2 (g+1-n)glg—1), q=p"" b21 n= S (10.7)
(-1) _ _ n _ _ __.bm
My P(nn=2)2 (g+1-2n+ Jelg=1), n=tv, ¢=p™, b2l
bm _ b_ (10.8)
=" Loy
pb—1 2

11. COMPARISON OF THE RESULTS

If we compare Theorems 6-11, the corollary, Remark 2, and equations (6.3), (7.7)—(7.11), (7.15),
(8.2), (9.2), (10.1), (10.2), and (10.4)—(10.7), we see the following.

For an odd q, the estimates Mq(_l) (n,n—2) are better than Méo) (n,n—2) at least in the following

cases:
q+1

+1<n<qg-1
~q+1 p—-1 qg-—p
n = — =
2 2 2
g+1
n = —

+ 1;

4;

If n | (¢—1), then, for both even and odd ¢, the estimates Mé_l)(n, n — 2) are often better than
Mq(o) (n,n — 2). Here we can also use Lemma 1.

On the other hand, for both even and odd ¢, the estimates Mq(o) (n,n — 2) are in many cases

better or at least not worse than Mq(_l) (n,n—2). In particular, for n = ¢ only the codes (1.3) exist.

Thus, in various situations, from the point of view of the cardinality of an A-subcode, both the
code (1.3) or the code (1.5) can prove to be better. In a number of cases, both codes yield the
same results.

To illustrate this, in Table 4 we present, using all the obtained results, the values of and lower
estimates for Méo’_l)(n,n —-2) = max{MéO) (n,d), q(_l)(n,d)} in the [n,3,n — 2|4 RS code with
n < q, 13 < g < 32. In the last-but-one column, we present two formulas if they give the same
result. The shortened A-codes of lengths that are not specified in Theorems 6-11 and in the
corollary are obtained with the use of Lemma 1.

Now we make some comparison of the obtained results with known parameters of permutation
codes and their shortenings based on Lemma 1.

In [2, Propositions 1.2 and 1.3, Theorem 2.4, Table 2, Corollary 2.8], the following exact values
of and estimates for the maximum possible cardinality M (n,d) of a permutation array (n,d)PA
are given (the values (11.1) and (11.2) are given with references to earlier works):

MPA(q,q —1)=gq(¢—1), ¢ aprime power, (11.1)
M™(Q,Q-2)=Q(Q-1)(Q—2), (Q—1)a prime power, (11.2)
-1 dd
M (q,q—2) > a(a—1), qodd, ¢ a prime power, (11.3)
2q(q — 1), q even,

M™(q,q—2) > ¢? ¢ aprime power, ¢=2 (mod 3). (11.4)

The exact value (11.2) was obtained in [14]. The estimate (11.4) was given in [2, Corollary 2.§]
with a misprint, which is corrected here. The correct estimate was shown by P.J. Dukes.

If ¢ is a prime power, equations (11.1)—(11.4) and Theorems 4-11 imply the following.
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Table 4. Values of and lower estimates for M,

q
13
13
13
13

16 = 24

16 =24

16 =24

16 =24
17
17
17
17
19
19
19
19
19
23
23
23
23

25 = 52

25 = 52

25 = 52

25 = 52

25 = 52

27 = 33

27 = 33

27 = 33

27 = 33

27 = 33
29
29
29
29
29
31
31
31
31
31
31

32 =2°

32 =2°

32 =2°

32 =2°

32 =2°

32 =2°

19
11 <n<18
10
7T<n<9
6
23
13<n<22
12
8§<n<l11
25
14<n<24
13
9<n<12
8

27
15<n <26
14
10<n<13
9
29
16 <n <28
15
9<n<14
8
31
17 <n <30
16
11<n<15
7T<n<10
5<n<6
32
17<n <31
10<n<16
9
6<n<8
5

DAVYDOV et al.

d=n—2
11

6 <d<10
5
4

14
7<d<13
4<d<6
3
15
8§<d<14
7
4<d<6
17
9<d<16

oo

5<d<T7

o

21
11 <d <20
10
6<d<9
23
12<d <22
11
7<d<10

(@)

25
13<d<24
12
§<d<11
7
27
14 <d <26
13
7<d<12
9
29
15 <d <28
14
9<d<13
5<d<8
3<d<4
30
15 <d <29
8§<d<14
7
4<d<6
3

(07_1)

Méo7_1)(n,n—2)
=13-12 =156
=2-13-12 =312
>3-13-12 = 468
>8-13-12 = 1248
=2-16-15=480
=2-16-15 =480
>10-16 - 15 = 2400
>12-16- 15 = 2880
=17-16 = 272
=2-17-16 =544
>3-17-16 =816
>10-17-16 = 2720
=19-18 = 342
=2-19-18 =684
>3-19-18 =1026
>11-19-18 = 3762
>14-19-18 = 4788
= 23-22 =506
=2-23-22=1012
>3-23-22 =1518
>13-23-22 = 6578
= 25-24 =600
=2-25-24=1200
>3-25-24 =1800
> 142524 = 8400
> 18-25-24 = 10800
=27-26 =702
—2.927.26 = 1404
>3-27-26 = 2106
> 15-27-26 = 10530
>19-27-26 = 13338
=29.28 =812
=2-29-28 =1624
>3-29.28 =2436
>16-29 - 28 = 12992
>17-29 - 28 = 13804

=31-30 =930
=2-31-30 = 1860
>3-31-30=2790
>17-31-30 = 15810
> 22-31-30 = 20460
> 26-31-30 = 24180
=2-32-31=1984
=2-32-31=1984
> 18-32-31 = 17856
=18-32-31 = 17856
>26-32-31 = 25792
=26-32-31 = 25792
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e The cardinality Mq(o’_l)(n, n —k +1) is greater than the estimates MTA(q,q — k + 1) if

q (11.5)

k
k ;
2

, (g —1) is not a prime power, q odd, n <q—1,
qg—1

3
3, (¢ —1) is not a prime power, ¢ even, n <

e The cardinality Mq(o’_l)(n, q — k + 1) coincides with the estimates MY (q,q — k + 1) if

k=2, qeven or odd, n <g,
k=3, (¢ —1) is not a prime power, ¢ even, g +l<n<g (11.6)

k=3, (¢ —1) is not a prime power, ¢ odd, ¢ # 2 (mod 3), n = g;

e The cardinality Mq(o’_l)(n, q — k + 1) is less than the estimates M2 (q,q — k 4 1) if

, (g —1) is a prime power, ¢ even or odd, n < ¢, (11.7)
, (g —1) is not a prime power, q odd, ¢ =2 (mod 3), n =q. '

Thus, under conditions (11.5), A-subcodes of RS codes with generator matrices (1.3) and (1.5)
surpass (in cardinality) known shortened permutation codes, and under conditions (11.6), they
are at least not worse than known codes and their shortenings. On the other hand, under condi-
tions (11.7), known codes are better than the RS codes.

Taking into account the equality in (1.7), it follows from (11.1) and Theorem 5 (see (5.1)) that
My (q.q = 1) = MP (.0 = 1) = M}a,0 1) = alg ~ 1). (11.8)

Thus, in a nonshortened RS code with generator matrix (1.3), A-subcodes of the [g¢,2,q — 1],
code are optimal A-codes.

12. CONCLUSION

In this paper, for g-ary [n, k,n—k+1]; RS codes of length n < ¢ with dimension k£ < 3 and with
generator matrices (1.3) and (1.5), we obtain tight bounds and lower estimates for the maximum
cardinality of an A-subcode, i.e., of a subset of codewords without identical symbols in a codeword.
We construct codes attaining these bounds and estimates. Note that the problem in this paper was
stated precisely for RS codes with generator matrices (1.3) and (1.5).

In solving this problem, the following approaches were found to be useful:
— Using and studying “classical” coding (1.2) with the help of information polynomials;

— Introducing the notion of a “bunch of codewords,” where it suffices to analyze only one (base)
word;

— Assigning locations in the code (1.3) considered as m-digit p-ary numbers for ¢ = p™, in
ascending lexicographic order. Based on this, simple and efficient constructions of shortened codes;

— Efficient use of “standard” location assignment in the code (1.5);

— Specifying a set of locations in a shortened code as an additive or multiplicative subgroup.

It seems that some lower estimates for the maximum cardinality of an A-subcode obtained in
the paper are in fact tight bounds.

To increase the cardinality of an A-subcode for given ¢ and n, one has to study RS codes of
larger cardinality, i.e., with k& > 4. However, this would result in smaller distances between words
of the A-subcode. Also, degrees of the analyzed polynomials would increase, which would make the
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results more laborious and less transparent. Nevertheless, the proposed methods and approaches
can be used in this case too.

Note also that the proposed methods can be applied for studying any linear codes that contain
words of identical symbols; for instance, MDS codes related to projective spaces over finite fields.
Here it is possible to solve problems that are not related to A-subcodes; for instance, finding the
complete weight function of a code, constructing constant-composition codes, or finding the set of
values of a nonpermutation polynomial on all elements of a field (see the bunch types in Section 4).

As is noted in Section 1, the considered problem is a part of a more general problem: constructing
A-codes with large cardinalities and distances, including construction of MDS codes with A-subcodes
of large cardinalities.

In these problems, the following directions of investigation can be marked out.

e Other variants of defining an RS code.

In particular, codes with generator matrix (1.4) for various values of b should be studied. Con-
sidering shortened codes of the doubly extended [q + 1,k,q — k + 2], RS code might be of use.

e Other variants of coding for RS codes.

As an example, we mention systematic coding [4].

o Generalized Reed-Solomon (GRS) code.

Codewords of a GRS code can be obtained from words of an RS code by scalar multiplication
by an arbitrary vector with nonzero elements [4]. Using GRS codes extends possibilities for solving
the problem, but theoretical results for arbitrary vectors are difficult to obtain, which might lead
to the necessity of computer-based estimates and constructions, say based on greedy algorithms.

e MDS codes nonequivalent to RS and GRS codes.

This is an extremely wide research area (see, e.g., [4-7] and bibliography therein). For instance,
we mention cyclic [¢ + 1,k,q — k + 2]; MDS codes from [4, Theorem 11.9]. Note also MDS codes
based on Cauchy matrices. An important role in solving this problem might be played by MDS
codes related to projective spaces over finite fields.

e Permutation and constant-composition codes.

e Complete weight enumerator of a code.

The complete weight enumerator [4, Section 5.6; 15] yields a detailed information on the com-
position of symbols in codewords.

e The set of values of a nonpermutation polynomial on all elements of a field [8, ch. 7, Comments].

The authors are grateful to V.B. Afanas’ev for a useful discussion of the problems and to
P.J. Dukes for sending copies of his works and comments to them. The authors are grateful to
participants of the coding theory seminar at the Institute for Information Transmission Problems
of the Russian Academy of Sciences for detailed discussion of the results and valuable remarks.
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