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Abstract

In a series of papers we have described normal forms of parabolic Monge-Ampére equations (PMAESs)
by means of their characteristic distribution. In particular, PMAEs with two independent variables are
associated with Lagrangian (or Legendrian) subdistributions of the contact distribution of a 5-dimensional
contact manifold. The geometry of Cartan fields (sections of the contact distribution) allowed us to
get the aforementioned normal forms. In the present work, for a distinguished class of PMAEs, we will
construct 3-parametric families of solutions starting from a particular type of Cartan field contained in the
characteristic distribution. We will illustrate the method by several concrete computations. Moreover, we
will see that for some linear PMAEs (including the 1-dimensional heat equation) each solution produces
a Cartan field of the aforementioned type; as a result, a recursive process for obtaining new solutions will
be offered. At the end, after showing that some classical equations on affine connected 3-dimensional
manifolds are PMAEs, we will apply the integration method to some particular examples.
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1 Introduction

1.1 Notation and conventions

Throughout this paper, everything is supposed to be C*° and local. For simplicity, when X is a vector field
and P is a distribution on the same manifold, we write “X € P” to indicate that X is a smooth (local)
section of tangent subbundle P. We will use X(T') to denote the Lie derivative of a tensor T along X. We
denote by (v1,vs) the linear span of vectors vy, vs. Finally, first and second order jet coordinates will be
indifferently denoted either by z., 2y, 2za; 22y, Zyy OF D, 4,71, S, t, respectively.

1.2 Introduction to the main results

In this paper we present a method to obtain families of solutions of parabolic Monge-Ampére equations
(PMAEs). Such method is based on the geometrical approach to PMAEs developed in several previous
papers (see [2, 3, 4, 5]).

MAE:s are second order PDEs of the form

N (Zpzzyy — ziy) + Azgy + Bzyy + C2yy + D =0, (1)
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in the unknown function z = z(z,y), with coefficients A, B, C, D and N depending on z, y, 2, 2z, zy. As
it is well known, any contact transformation maps a MAE into another one. As we said, in what follows we
will be concerned with PMAEs, which form the following subclass of (1):

N(zpozyy — 22,) + AZog + Bzay + Czyy + D=0, B> —4AC+4ND = 0. (2)

Geometrically, this means that characteristic directions at any point of the contact manifold
M = {(x,y, 2, 2z, zy) } fill a 2-dimensional subdistribution D of the contact distribution C of M:

C={0=0}, with 0 =dz— z,dx — z,dy.

We call D the characteristic distribution of the PMAE. As D is generally non integrable, it is necessary to
consider also its derived flag

DcD =D+[D,D] c D' =D +[D,D]. (3)

Generically, D” = TM. Symmetry properties of (3) allow to obtain important classification results on
PMAEs in a simple and straightforward way. In fact, such a study is based, to a large extent, on the
geometry of Cartan fields, i.e. sections of C. Cartan fields are not all contact-equivalent: there exists a
simple invariant, called type, which is an integer number belonging to {2,3,4} that measures the degree
of “genericity” of a Cartan field X: the higher the type, the less symmetric X is with respect to C. More
precisely, X is of type 2,3 or 4 if it is contained in many, one or no integrable 2-dimensional subdistribution
of C, respectively. As we shall see, the existence of a Cartan field contained in the characteristic distribution
of a PMAE gives information about the existence of various kinds of intermediate integrals (classical, non-
holonomic, complete).

Roughly speaking, a complete integral of (2) is any 3-parametric family of solutions: its existence is equivalent
to the existence of a generalized intermediate integral, i.e. a Cartan field of type less than 4 contained in the
characteristic distribution D. This is a generalization of both the classical ([7]) and the non-holonomic ([10])
notion of intermediate integral; in fact, a classical intermediate integral f € C*°(M) of (2) can be identified
with a hamiltonian field X (a special kind of type 2 Cartan field) contained in D, whereas a non-holonomic
intermediate integral is any Cartan field of type 2 in D.

The existence of intermediate integrals of equation (2) is strictly linked to integrability properties of the
derived flag (3). In particular, we will focus on the following case: when D" is 4-dimensional and integrable,
the associated PMAE is contact equivalent to

Zyy = b(2,Y, 2, 22, 2y), 0., (D) #0. (4)
The characteristic distribution of above PMAE is

D= (8, B, +bd,), 0, :=0,+qo.
The method for finding complete integrals of equation (4) consist of 4 steps:

1. for an arbitrary coeflicient F' € C*°(M), consider the Cartan field
X = Fo, + 0, + bd,; (5)
2. impose on X the condition of being of type 3:
rank{#, X (0), X%(0), X3(0)} = 3; (6)
3. find the only integrable 2-dimensional distribution containing X:

D:={0=0,X(0) =0,X%(0) = 0};

4. integrate D, thus obtaining 0o® (generalized) solutions of (5); if M is the first order jet bundle of R? x
R — R? (which, locally, is always the case), then check whether such surfaces in M are prolongations
of classical solutions R? — R or not.



The above method will be illustrated by several examples of linear and non-linear MAEs, including (linear
and non-linear) heat and Burgers’ equations.

We underline that in the case of the heat equation, provided that F' = F(z,y), a straightforward calculation
shows that F' produces a Cartan field of type 3 if and only if

Fyy = Iy,

i.e. if F'is a solution to the heat equation. This implies that, from each solution of the heat equation, we
get a 3-parametric family of solutions. These, in turn, generate new families of solutions, and so on. This
recursive procedure allows us to obtain some hierarchies of solutions starting from simple ones. In particular,
we obtain all polynomial solutions of the heat equation by starting from the constant solution. Of course
this procedure applies to all MAEs that are contact-equivalent to the heat equation.

Finally, it is easily seen that, given a torsion-free linear connection on R3, the system of second order PDEs
describing totally geodesic surfaces defines a section of J%(7) — J!(7), where 7 : R? x R — R? is the
trivial bundle. But such a section is just a Lagrangian distribution on the contact manifold J*(7), so that
it corresponds, for what was said above, to a PMAE: in the case of a metric connection, such PMAE turns
out to be the equation of the zero-Gaussian curvature for surfaces. Thus, such PMAEs, if non-generic, can
be put in some more simple form (such forms are listed in Theorem 4) by a contact transformation. We
apply this observation to a simple example: indeed we see which kind of zero-Gaussian curvature equation
corresponds to the heat equation via a partial Legendre transformation. Then, we exploit the knowledge of
some solutions to the heat equation to get solutions of the corresponding zero-Gaussian curvature equation.

2 Preliminary notions

In this section we briefly survey and sum up, without proofs, the main results of [4, 5] which will be necessary
for our purposes.

2.1 Contact manifolds and scalar PDEs with two independent variables

Although most of what follows is generalizable to higher dimensions (see [2] for an introduction to the field),
we will limit ourselves to MAEs with two independent variables. In order to define such MAEs, we need to
consider a 5-dimensional contact manifold.

Definition 1. A 5-dimensional smooth manifold M endowed with a 4-dimensional distribution C = Ker 6,
where
dONdO NG F£0

is called a (5-dimensional) contact manifold. A diffeomorphism of M which preserves C is called a contact
transformation.

Note that 6 induces a conformal symplectic structure on the contact distribution C by means of the 2-form
df. We will denote by W+ the orthogonal complement of W C C w.r.t df.

Example 1. Let V be a 3-dimensional manifold. The manifold whose points are the 2-dimensional tangent
planes of V will be denoted J'(V,2) (the classical space of contact elements in the sense of Sophus Lie, i.e.
PT*V )and called space of 1-jets of 2-submanifolds of V. Each jet p € J'(V,2) represents a plane Ly of
T,V ; so, we have a projection mo: J'(V,2) =V, p = p. If z,y,2 are local coordinates on V, each tangent
plane p s described by _
0(p) := (dz)p — po(dr)p — qo(dy)p, m0(p) =p

(the parameters po and qo are the directional coefficients); in other words, we are considering first order
Taylor expansion z = zo + po(x — o) + qo(y — Yo); then, by dropping 0 subindexes, (z,y, z,p,q) represents a
set of coordinates on J'(V,2). The contact distribution C can be defined in this way: X, € Cy if and only
of (m10)«(Xy) € Ly. Alternatively, 6, := (m10)*0(p) (defined as above) and C = Ker(h). As a consequence,
0 =dz — pdx — qdy.

The local expression obtained in the above example holds in general: there always exists a set of coordinates
(z,9,z,p,q) w.r.t. the contact form 6 (which is defined up to a conformal factor) is given by

0 = dz — pdx — qdy.
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Such coordinates are called contact (or Darbouz) coordinates. Locally defined vector fields
5 def A def
Or = 0y +p0sy, 0y = 0y +q0., 0y, 0,

span the contact distribution C. The 2-form df is non-degenerate on C,,, Vm € M, so that it is a conformal
symplectic structure df|c in the distribution C.

Recall that a Legendre transformation is a local contact transformation (x,y,z,p,q) — (2',y',2,0',¢)
defined by
' =p,y=q,d=2-pr—qy, p=—x, ¢ =y (7)

The action of such transformation on vector fields interchanges the roles of variables x, y and p, g, respectively;
in fact

8, 0y Oy =By, Oy =0y, By Dy Dy Oy

Sometimes it is useful to define a “partial” Legendre transformation; for instance, we can take
' =p,y =y, d=r-pr,p=—2, ¢ =g

in this case, only the coordinates x and p are interchanged (joint the corresponding partial derivatives).

Recall also that an integrable subdistribution of C is df-isotropic, hence it has dimension < 2. As it is well
know, any 2-dimensional integral submanifold of C, that is to say, a Lagrangian submanifold, if parametrizable
by (z,y), is of the form:

_ 09 _ 99

z=¢(x,y), P=0 17 9y (8)

Definition 2. A scalar first order partial differential equation (1°° order PDE) with two independent vari-
ables is a hypersurface F of a 5-dimensional contact manifold (M,C). A solution of F is, by definition, a
Lagrangian submanifold contained in F.

If F = {f(2%, 2,p;) = 0}, f € C®(M), a solution parametrized by (z,y) can be written as (8), where the
function ¢ satisfies
0p 8(;5)

’%7@

which coincides with the classical notion of solution.

)

f ('r7 y? z

Remark 1. The role of coordinates “x,y”, as independent variables is purely external. A contact transfor-
mation can change the aforesaid role (see (7)).

Definition 3. The prolongation of a contact manifold (M,C) is the fiber bundle = : M) — M where

MO = | ) £Cn)

meM

with L(C,,) the Lagrangian Grassmannian of (Cp, (d0)y). A point of M) will be denoted either by m' or
by Lml .

*

The tangent space to the fibres of m has a special structure. Namely, T,,,1£(C,,) ~ L’ ©® L ,, where ®
is the symmetric product. This implies that the notion of rank of a vertical tangent vector, i.e. a vector
belonging to T,,1 L(Cy,) is well defined. In the next section we will see that vectors of rank 1 are strictly
related with characteristic directions of a given PDE.

Example 2. If M = JY(V,2), we can consider the space J*(V,2) of 2-jets of 2-submanifolds of V. Its
elements are the equivalence classes of 2-submanifolds having a contact of order 2: if (x,y,z) are local
coordinates on V, then theses classes correspond to second order Taylor expansions z = zo + po(x — xg) +
q0(y —yo) + 37r0(z — 20)? + s0(x — 20) (Y — yo) + 3to(y — yo)>. The space defined in this way can be identified
with the dense open set of M) comprised by Lagrangian planes which project on V without degeneracy.

A system of contact coordinates (x,y, z,p,q) on M induces coordinates
(,9,2,p,4,7, 8, 1), (9)
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on MM as follows: a point m' = L,,1 € M1 has coordinates (9) iff the corresponding Lagrangian plane
L1 is given by: N N

Ly = (0p +10p + 50g, 0y + 50, +t0g) C Cppy,
where all vectors are taken in the point m = m(m?!).

Each Lagrangian submanifold ¥ C M can be naturally lifted to M} by considering the set of tangent planes
YW =T, 2 € MY |m € $}. If ¥ can be parametrized by (8) then () is

R R
U7 1= By’ Ox2’ dxdy’ — Oy?’

ox’ (10)

Definition 4. Let (M,C) be a 5-dimensional contact manifold and M) its prolongation. A hypersurface
E of MY s called a scalar second order partial differential equation (2" order PDE) with two independent
variables. A solution of € is a Lagrangian submanifold ¥ C M whose prolongation ¥V is contained in &.

As in the first order case, if £ = {F(z,y,2,p,q,7,5,t) = 0}, then a solution ¥ parametrized by z,y can be
written as (10) where the function ¢ = ¢(x,y) satisfies the equation

F<x7y7¢’ 9¢ 09 ¢ 0%¢ 32(25)

Oz’ Oy’ 0x2’ Oxdy’ Oy?

)

which coincides with the classical notion of solution.

2.2 Monge-Ampére equations and characteristic distributions
The following definition is due to V.V. Lychagin (see [10, 11]).

Definition 5. Let w € A2(M) not in the differential ideal generated by 6. We associate with w the hyper-
surface &, of MY defined by

&, Y mt e MW s v, , =0}, (11)

where Ly,1 C TrnyM is the Lagrangian plane associated with m! (recall that 7 is the projection of MO
onto M ). Equations of this form are called Monge-Ampére equations (MAFEs).

A generic MAE takes the form
N(rt — s*)+ Ar+ Bs+ Ct+ D =0, (12)

with N, A, B,C,D € C*(M) and, conversely, each equation (12) is a MAE.

There exists a one-to-one correspondence between MAEs (11) and 2-dimensional subdistributions of the
contact distribution C, up to df-orthogonality. In fact, if D = (X,Y) C C, then Exg)ay (o) is a MAE
equation. Also, a direct computation shows that if we had started from D' we would have obtained the
same MAE. Conversely, if &, is a MAE, we can canonically reconstruct the above distributions D and D+
in the following way. Let us consider a point m! € &, and a vector v of rank 1 at m! tangent to &,. Let
us consider an adapted curve to v at m'. The points of such curve are Lagrangian planes at m = w(m?!): in
view of the fact that v is of rank 1, all such Lagrangian planes have a common 1-dimensional intersection
U1, called a characteristic direction. Since, up to a factor, there are only 2 vectors of rank 1 at m!, then
to such point two lines E}nl and ﬂfnl of T,,M are associated. If we let the point m! vary on the fibre of
E., — M, then £} | (vesp. ¢2,) fills a 2-dimensional distribution D (resp. D) such that, if D = (X,Y) C C,
then Exp)ry(9) = Ew- Distributions D and D+ are called the characteristic distributions of the MAE &,,.

Note that the sign of
A= B? —4AC +4ND

determines if equation (12) is hyperbolic (A > 0, with two families of characteristic directions), elliptic
(A < 0, without characteristic directions) or parabolic (A = 0, with one family of characteristic directions).
Thus, in the case in which the MAE is parabolic, the characteristic distributions D and D+ coincide, i.e. we
obtain a Lagrangian distribution. The above reasoning proves the following proposition (see [2, 3, 4, 5] for
full details and a multidimensional generalization).



Proposition 1. There is a one-to-one correspondence between MAEs (resp. PMAEs) and 2-dimensional
(resp. Lagrangian) subdistributions of C up to df-orthogonality: if D = (X,Y) C C then Ex@yry () i5 a
MAE (parabolic if D is Lagrangian). Conversely, if £ is a MAE (resp. PMAFE), then, their characteristic
distributions are 2-dimensional d9-orthogonal subdistributions of C (resp. coincide, thus giving a Lagrangian
distribution). In particular, a PMAE is equivalent to a section of M® = M.

In view of above proposition, we will indifferently write Exp)ry () or Ep. From now on we will take into
account only PMAEs. The above reasoning suggests the following alternative way of defining PMAEs:

mM € &y if and only if L,,0) ﬂDm #0. (13)

Property (13) allows us to say that a solution of a PMAE is a Lagrangian submanifold which non-trivially
intersects its characteristic (Lagrangian) distribution. If the generators of D are locally expressed by

X =0, + R0, +50,, Y =0,+S0,+To,, (14)
with R, §, T € C°(M), then
X(0) =dp— Rdx — Sdy, Y (0)=dq— Sdx—Tdy,
from which it follows that equation Exg)ny () C MW is
(s—8)2—~(r—-R)(t—-T)=0

(a particular case of (12)). By using total or partial Legendre transformations it can easily be showed that
expression (14) is the most general coordinate representation of D, up to contact transformations.

Remark 2. In view Section 5, note that the above construction of a PMAE starting from its Lagrangian
characteristic distribution can be immediately generalized to multidimensional MAEs (see [2] for full de-
tails). Namely, let (M1 C?") be a (2n + 1)-dimensional contact manifold with Darboux coordinates
(T1,. .. T, 2,1, - -, Pn) and let, as above, M) = { Lagrangian subspaces of C} be the prolongation of M,
locally described by coordinates (x;, z,p;,Tij = Tj; = ZIMJ); then, any Lagrangian distribution D = Dlcc
is of the form D = (X1,..., Xy), with X; = 0y, + ;0> + Ri1(2,2,p)0p, + -+ + Rin(x,2,p)0p,, Rij = Rji,
and, hence, corresponds to the section
rij = Rij (z, Z,p)
of bundle M) — M. Therefore, ezactly as in the two variables case, one can associate with D the 2" order

scalar MAE Ep = {Lagrangian subspaces non trivially intersecting D} C M® | whose coordinate expression

18
det Hrij — Rz]“ =0

2.3 Geometry of Cartan fields

A Cartan field is by definition, a section X of the contact distribution C. There is an integer that is
canonically associated with the direction spanned by such a field.

Definition 6. The type of a Cartan field X € C is the rank of system
0, X(0), X*(0), X*(0). (15)

The type of a Cartan field can take the values 2,3 or 4 (1 is not possible as 6 has no characteristic symmetries.
Furthermore, we do not consider higher order derivatives because X*(6) is always dependent on (15) since
all of them are incident with X. Any 1-form a € A'(M) determines a Cartan vector field X, € C by the
relation

Xo(0)=Xpudd =a—a(Z2)8, 6(X,)=0,

where Z is the Reeb vector field (associated with 6) defined by conditions 8(Z) = 1, Z 4df = 0. In particular
X = Xx() for any Cartan field X. Although X, depends on the choice of 6, its direction does not change.
In the case oo = df, we simply write X instead of X4 and it will be called the Hamiltonian vector field
associated with f. X; coincides with the classical characteristic vector field of the first order equation f = 0.
Its local expression in a contact coordinate system (x,y, z,p,q) on M is

Xy = 8p(f) 8y + 0(f) 8y — Bu(f) By — Dy (f) By
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In particular: X, = —0,, Xy = =04, X, = —p0p, — @04, Xp = 5,,;, Xq = é\y.

The following theorem is a consequence of the Darboux theorem.

Theorem 1 (structure of integrable distributions). Let D be a 2-dimensional distribution in C. Then D is
integrable if and only if it is spanned by two hamiltonian fields X; e Xg4, with f and g independent and in
involution: X;(g) = X4(f) =0. In this case, there is a contact chart x,y,z,p,q, such that D = (0p, 0,).

The normal forms for Cartan fields are described in the following statement.
Theorem 2 ([4]). Let X € C. Then, up to a factor,
1) X is of type 2 if and only if, in o suitable conlact chart, il takes the form
X =0, (Hamiltonian) or X =0, + 20, (non-Hamiltonian).
In this case, X is contained in the family of integrable distributions (X, Xy), where X(f) = 0.
2) X is of type 3 if and only if in a suitable contact chart, it takes the form
X =0, +bd,;, with X(b) #0;

In this case X is contained in just one integrable distribution, namely (0p,04) which intrinsically can
be defined as {0 = 0, X(0) = 0, X%(6) = 0}.

3) X is of type 4 if and only if it is not contained in any integrable distribution.

2.4 Normal forms of parabolic Monge-Ampére equations

Normal forms of PMAEs are derived from the corresponding normal forms of the associated characteristic
distributions.

Let £ be a second order PDE. An intermediate integral of £ is a function f € C°°(M) such that solutions
of 1% order PDE f = k, k € R, are also solutions of £. It can be showed that for PMAE this is equivalent
to Xy € D, i.e. Xy is characteristic for the equation. Furthermore, as D is lagrangian, f is a first integral
of any characteristic field of &,. It follows that there exist PMAEs without intermediate integrals and it is
interesting to consider possible extensions of the classical notion:

Definition 7. A generalized intermediate integral of a PMAE &, is a field X € D of type less than 4 (i.e.
2 or 3).

Definition 8. A complete integral of &, = Ep is a 2-dimensional foliation of M whose leaves are solutions
of Ep or, equivalently, a 2-dimensional integrable distribution D C C such that D,, ND,, # 0 for any m € M.

Let us now show the (almost) equivalence of the two above definitions: if X € D is a generalized intermediate
integral, it has type 2 or 3. Then, according to Theorem 2, X is included in, at least, an integrable
distribution, that is a complete integral. Conversely, if D is a complete integral, the same theorem shows
that each field in DND cannot be of type 4. This reasoning suggests the scheme proposed in the Introduction
to obtain complete integrals of a PMAE. Indeed, once a vector field of type 3 is found, one can construct
the only integrable distribution D containing it.

Theorem 3 ([4, 6]). Let D C C be a non generic lagrangian distribution. Then, there exist local contact
coordinates on M in which D takes one of the following normal forms:

a) D= (9,, d,);
b) D= (9, Dy +b3,), be C®(M), 8,(b)+#0;
¢) D= (D + 20, 0, — 20, + bd,), be C®(M), 8,(b)+20.(b) #0.



For self-consistency, we give a sketch of the proof of previous theorem. If D is integrable, then by a contact
transformation we can put it in the form (9, 9,) in view of Theorem 1. Then we obtain the normal form a)
by applying a partial Legendre transformation. When D is not integrable, D’ has rank 3 and it is completely
determined by a generator X of its df-orthogonal complement. Normal forms for X are listed in Theorem
2. Consequently, we get normal forms b) and c).

Finally, in order to obtain normal forms for PMAEs, it is sufficient to compute &, where w = X (0) A Y (6)
with D = (X,Y’). This observation, together Theorem 3, leads to the following

Theorem 4. Let £ be a PMAE and D be the corresponding characteristic distribution. If dim D" < 5, then
there exist local contact coordinates on M in which £ takes one of the following normal forms:

1) zyy =0, when D is integrable;
2) zyy =b, be C®(M), 0,,(b) # 0, when D" is 4-dimensional and integrable;

8) zyy — 2224y + 2°250 = b, b € C®(M) with 0., (b) + 20,(b) # 0, when D" is 4-dimensional and
non-integrable.

3 Construction of a complete integral starting from a vector field
of type 3

In this section we implement the scheme exposed in the introduction and we will apply it to several PMAESs
of type (4) including the heat and Burgers equations.

We recall that the first step consists in determining a vector field of type 3 inscribed in the characteristic
distribution of the given PMAE. Then, in view of 2) of Theorem 2, we compute the only integrable distri-
bution containing such Cartan field. Such integrable distribution is by definition a complete integral of the
given PMAE. In more concrete words, to find a Cartan field of type 3, we must impose (6) with X given by
(5). A priori we have 5 PDEs in the unknown F (i.e. the vanishing of all minor of order 4 of matrix obtained
by {6, X (), X2(), X3()}). Actually such matrix turns out to be of rank one, so that the condition of X
to be of type 3 reduces to the following single PDE:

5 5

Z AijEEi.’L‘J‘ + Z Bijbmimj+

i,j=1 i,j=1
+ b, (b, F + b, F, + pb,F, — b, F), — b, F, — bF, + gb,F, — pb,F,, — ¢b,F, + b,F,) =0 (16)

where F;; and b;; are the second derivative w.r.t. (z1, 2,23, 24,25) = (2,¥, 2,p, q) and A, B are the following
symmetric matrices

0 b aby b, F bb, 00 0 0 0

1 by 0 pby, G by F 01 g F b

A= 3 gb, Db, 2pqby, qG + pbyF pbb, +qb,F |, B=-b,| 0 ¢ ¢* qF qb
bpF' G qG+ pbyF 2FG bG + b, F? 0 F gF F? bWF

bb, b,F  pbb, +gb,F  bG + b, F? 2bb, F' 0 b gb bF b

where G := 5y (F)— él(b) +bF, + FF, — b,F. As one can see, finding solutions to equation (16) could be a
quite difficult task. For this reason, for the computations of complete integrals of PMAEs, we will consider
specific assumptions on the form of F'.

Once a Cartan field X of type 3 is obtained, we have to find three linearly independent functions f1, fa, fs
on the contact manifold M such that they satisfy the following system

hif + By X (0) + hy X2(0) = df; (17)

for some smooth functions h}, hi, hy on M, where X is given by (5). This essentially means that the
(integrable) distribution D = {6 = 0, X () = 0, X%(6) = 0} is described by {df; = 0, dfz = 0, dfs = 0}. For
the sake of clarity, we will refer to the following equation

hot + h1 X (0) + ha X?(0) = df. (18)
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Note that (18) implies
dho A0+ ho AdO + dhy A X(0) + hy AdX(0) + dha A X2(0) + ha AdX?(0) = 0. (19)

Equation (19) gives an overdetermined system of 10 PDEs in 3 unknown variables. After obtaining ho, hy, ho
from (19), we can solve (18) to obtain three linearly independent functions fi, fa, f3. The submanifold
{fi = K1,fa = K2, f3 = K3}, K; € R, is a complete integral of (4). In many cases, from a complete
integral, classical solutions can be also obtained.

3.1 Some computations of complete integrals of the heat equation

We now illustrate the procedure described above by computing some examples of complete integrals of the
heat equation
Zyy = 2z (20)

The characteristic distribution of (20) is
(Op, Oy + pdy) (21)

and a vector field of type 3 contained in (21) is of the form
X := FO, + 0, +pd,, FeC®M). (22)

To start with, we will consider the “most simple case”, i.e., as a vector field of type 3 we take that obtained
by putting F' = K, in (22), with K4 € R. In fact, it is to see that, in this case, the constant function is a
solution of (16). After writing this case in full details, we will consider some less trivial examples. Namely,
we will examine the cases when F' ia a linear combination of exponential functions and when F' depends on
“first derivative” p and ¢. As we will see in Section 4 the computation of simple complete integrals of the
heat equation is the starting point for generating new solutions.

So, let F' = K4 € R. In this case a set of solutions to (17) is provided by
hy =1, hi=y, hj=3(2z—y%
h3=0, h?=1, hi=—y (23)
h3=0, h3=0, h3=1

Then, by integrating (17), we obtain

1 1 1
fi= 6K4y3—5py2+qy—K4-ry—Z+xp, f2= §K4y2—py—K4x+q, f3=—Kiy +p.

Therefore a complete integral is
=K, =K, fs=K;3, K,eR

so that, by solving the second the third equations w.r.t. p,q and then substitute them in the first one, we
obtain the following 3-parametric family of solutions to (20):

1 1
2 = 6K4y3 + 5Kggf + Koy + Koy + Ksx — K (24)

Now we analyze the case in which the F the vector field of type 3 is (22) depend only on (z,y). In view of
equation (16), in this case we have that
Fyy = Fy =0, (25)

i.e. F is a solution of the heat equation (in Section 4 we shall use this property for generating solutions
starting from a known one). A particular solution of (25) is provided by

F = Kef3otKay | g eKie—Kay g K, K, € R. (26)



In this case, a set of solutions to (19) is still given by (23). By integrating (17), we obtain the following three
linearly independent functions

f1= st (KleK?.HKW(Kgy? — 2K2z — 2K3y + 2) + KpeX37=Kav(_ K2y2 4 2K2x — 2Kay — 2)

+K3 (=22 + 2qy + 2pr — py2)>
f2=xz (KleK’ﬁ”K”(Ksy — 1) = KoelSm =Koy (Kyy + 1) — K3 (py — q)>

2 2
fa=—w; <K1€K3$+K3y — Kyelso—Ksy Kgp)

Thus, a complete integral is {f1 = K4, fo = K5, f3 = K¢}, K; € R. If we compute p and ¢ from the second
and third equations and substitute them in the first one, once fixed K7, K5 and K3, we obtain the following
3-parametric family of solutions of the heat equation

2 = 2K R30Sy _ 9, Kiet sy 4 |3(Kgy? + 2Ksy + 2Kex — 2K,) (27)

We note that, in some sense, we have already obtained the above complete integral. Indeed (26) is actually
a solution of the heat equation (see also Section 4 to see how to exploit this observation) and the above
complete integral is a linear combination of (26) and of polynomials coming from (24).

Now we analyze the case in which the vector field of type 3 is (22) with
F=kip+kog+ks, ki kseR, kQER\{O}

It straightforward to check that the above F satisfies (16). In this case, equation (19) is satisfied by the
following functions
ho = ¢

hy — — c1k2pg—cikip®+eikikog® Feakogtcskop
1 (—k1pa+p2—k2q?)k2

ho — c1kag®+c1kipg—cakigtcskag—cip®+cap
2 (—Fk1pa+p2—k2q?)k2

By using the above functions, by putting h’ := h; with ¢; = 6}, we can integrate (17) and finding functions
f1, f2 and f5 such that {f1 = K1, fo = K», f3 = K3} is a complete integral of the heat equation. We limited
ourself to take into consideration the case k1 = k2 = 1, ks = 0. In this case, solutions to (17) are

V5(p + 29)
5p> -2z -y,

2v/5 (ﬁ(p+2Q)>+x+y.

f3 = 5 arctanh 5

1 5
fi=z—p+q, fo= 21n(p2—pq—q2)+\5[arctanh<

Instead of the above fa, we can consider the as a new fs the following linear combination:
Sonew = 2f2 + f3 =In(p*> — pq — ¢*) — 3z — .

By solving the system {f1 = K1, fopow = Ko, f3 = K3}, we obtain the following 3-parametric family of
solutions to the heat equation:

3ve3ety+Kz + \/5y/e3etyTKatanh (@(x +y— Kg)) F V5K, \/1 — tanh? (%(I +y— Kg))

. \/1tamh2 (%(:L'erng))
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3.2 A complete integral of the Burger equation

In this and in the next section we apply the procedure of computing complete integrals described in the
beginning of the section to non-linear MAEs of type (4). To start with, we consider the Burgers’ equation

Zyy = Zg + 224 (28)

We underline that Burgers’ equation cannot be linearized by a contact transformation. In particular, it is not
contact-equivalent to the heat equation. In fact, it is well known that the algebra of contact symmetries of a
linear PDE contains an abelian subalgebra that is isomorphic to the linear space of its solutions. This is not
the case of Burgers’ equation as its algebra of contact symmetries is 5-dimensional (see for instance [9] for
a general introduction to the argument). It is worth noting that the well-known Hopf-Cole transformation
links the Burgers’ equation to the heat equation by a non-local transformation in the sense that it maps a
solution of the former to a solution of the latter, but it is not a map between the two equations.

A vector field of type 3 contained in the characteristic distribution of (28) is given by (5) with

inpz—i—

LN
z
and b= p+ zq. Let us put
Fi=—2qz+4p+ 2>, Fy,=qz*—2¢*>+ 2pz.

After a computation, we realize that a set of solutions of (17) is

2/23F} arctanh (F1f4p) Fo(—Fy + 6p) + 222(3p2? + 2pq — 42q® + 223q) Fy

hl _ Vz3Fy
0 22F2F, ’
. 6 arctanh (51;7;’1’) VZ3F Fy — zF (—Fy + 12p) b 223rctanh (5;7;11’) VZ23F Fy + 2Fy (Fy — 4p)
1 FyF2 e 2Py F?
o ApFy(Fy — 6p)(In(22F») — 21n(p)) — 4F1(¢* Fy + 3pF> — 3zp?) F o —6
hy = 2 ’ R
FiFop 0= T53
2 —12p22Fy(In(2%Fy) — 21n(p)) — 22(3p2? — 4pq — 42¢° + 223q) Py 13— 3
1 F2F12p ’ 1 97
W2 o —4pzFy(In(22Fy) — 21n(p)) — 22(Fs — p2)Fy h3 = 1 ,
> FF2p ) z
and the corresponding f;’s are
2 Fi—4
" 2z* arctanh (\/237;1)) N by = 22(—In(22Fy) + 21n(p)) vl fae e
1 /723F1 Y, 2 F1 3 3 42’ .

Thus, {fi = K1, fo = K2, f3 = K3} (we put on the right hand side term of third equation K3 for simplicity
reasons) is a complete integral of equation (28). If we solve the second and third equations w.r.t. p and
q and substitute in the first one, we obtain the following 3-parametric family of solutions of the Burgers’
equation:

—2tanh(yK3 — K1 K3) F 4\/26*21{5(“’(2) — 2tanh?(yK3 — K1 K3)e 2K3(@—Kz2)
(_8672K§(w,K2) + tanhQ(st _ K1K3) + 8tanh2(yK3 _ K1K3)672K§(m7K2))

11
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3.3 Complete integrals of other non-linear equations

In this section we apply our method to compute complete integrals of some non-linear PMAE. We start by
considering
2
Zyy = 25 (29)

Even in this simple case, equation (16) is rather complicated. Anyway it is easy to see that a vector field of
type 3 contained in the characteristic distribution of (29) is given by (5) with

F=p*, b=p°

and a set of solutions to system (17) is

h2 =0, hy =1,
1 _
hy =0, =1, h=—y,
h%——i 9 1 3 yp—1
2p3 2:—%7 hy = 27
1
f1:x+y+;7 fa=q—p, fa=z—In(-p) —ylg—p),

from which we obtain the following complete integral of (29):

z=—In(z+y+ Ky) + Koy + Ks.

A more interesting example is provided by the so-called “non-linear heat equation”

0

We analyze the case in which f = z, so that the above equation becomes

0
2y = —(22y) = zz + 224y (30)

dy

Also in this case, PDE (16) is not easy to handle. However, we were able to find a solution: a vector field of
type 3 contained in the characteristic distribution of (30) is given by (5) with
pq —q° p—q

F=32"% = .
4 z

A straightforward computation shows that a set of solutions to system (17) is

Wl

h3:2( : ) :
hé:(), hg:07 0 p_q2
z 4
hl: ) hzzo, 3 z 3
L@y ! 2 h=-2( —5)
2 2 1 z
hlzL’ h2:_§ 2 2 9 %
=7 7| mteeon(2)
» 1 5 P—q
fi=y+—5—, f2:x_§ 2 _ 0 4
@ -p ¢ =P 2y (2 s
=(2p—3¢ ( ) ;
f3 ( p_qg

from which we obtain the following complete integral of (30):

1 (3K, — 32)5 (K1 — y)* — Ksz + K3K,
6 (3K — 32)3 (Kz — ) '
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4 Generation of solutions for M AEs equivalent to the heat equation

In this section we construct an algorithmic recursive procedure for generating solutions (starting from a
known one) of MAEs which are equivalent to the heat equation (up to a contact transformation). We
observe that among such MAEs we find those belonging to the following class:

Zyy = k12e + kozy + k3z, k1 € R\ {0}, ko, k3 € R

In fact, equation (20) is transformed into equation wy, = w, + 26w, + (—a — %)w by considering the new
unknown w = e** Yz (see, for example [15], Ch.III, sec. 3)). Moreover, a change s = Az, transforms w,
into Aws.

The following propositions are useful for applying the aforementioned recursive procedure for generating
solutions of the heat equation.

Proposition 2. Solutions to equation (20) and vector fields of type 3
X = F8p+5y—|—p6q, F = F(x,y)
contained in its characteristic distribution are in one-to-one correspondence.

Proof. In the case F = F(z,y) and b = p, PDE (16) reduces to (25). O

Proposition 3. Equation (19) is always satisfied by the following functions:
ho = c1
hi = —c1y+c2 (31)
hy = %(clyQ — 20y + 2¢3) — ]%x

where X is given by (5) with F = F(x,y) satisfying Fy, — F, = 0.
Proof. Straightforward. O

Description of an algorithmic procedure for constructing solutions to (20) starting from a
known one. Here we describe how to use the above proposition for obtaining a hierarchy of solutions of
(20) (and, of course, to all equation contact-equivalent to it) starting from a know one. Let us consider a
solution z = z(x, y) to equation (20). In view of Proposition 2, such solution gives also a vector field of type
3 inscribed in the characteristic distribution of (20). We have already seen in Section 3 how to construct
a complete integral starting from this kind of vector field. Such integrals are by definition a 3-parametric
family of solutions of the considered MAE, thus by using them it is possible to construct a 3-parametric
family of vector fields of type 3 inscribed in the characteristic distribution of (20). Then, we can start again
the procedure. We note that the results contained in Proposition (3) permit to skip the discussion of the
overdetermined system coming from (19) and go directly to compute the function f of equation (18).

4.1 Some hierarchies of solutions for the heat equation

In this section we compute some hierarchies of solutions for the heat equation (20) starting from some very
elementary solutions. We have already seen in Section 3.1 that, if we consider as Cartan field of type 3 that
obtained with FF = K, € R in (5), then we can construct the complete integral (24). As pointed out in
Proposition 2, if we substitute F' of (22) with function (24), we obtain a 3-parametric family of Cartan fields
of type 3 contained in the characteristic distribution of the heat equation. Then, by using hg, h1, he of (31),
by putting h; := h; with ¢x = §%, we can integrate (17). and by making the same procedure as above, we
obtain the following solution to the heat equation:

1 1 1 1 1 1 1 1
= — K%+ — Kyay* + — K39® + — Ky22y? + S Kaoy® + — Koy* + ~Kyz® + — K322
P oo Y T gty g ey b Rty b syt oy el 4 g sty
1 , 1. 1., 1,
+§K23:y *gKly +§K2~’L’ *Kll’eriK?y + K7z + Koy — K5. (32)
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If we iterate once again the recursive procedure, we obtain a solution of the heat equation which is a linear
combination of the following polynomial:

1, y, >+ 2z, > + 6yz, y* + 120%c + 1222, y° + 202> + 60yx?, y° + 30yz + 180y%? + 12023,
y" + 42y°x + 4200°% 22 + 840yx>, ¥ + 56152 + 840y*2? + 3360y%x> + 1680z,
v’ + 72y7z + 1512y°22 + 10080y°z> + 15120y

Of course, we can repeat the recursive procedure an arbitrary number of times, obtaining to the n'" step a
solution depending on 3n + 1 parameters. In this way we obtain the following proposition

Proposition 4. The constant solution of the heat equation generates the hierarchy formed by all and only
the polynomial solutions.

Proof. Let us call “0 step” when we consider the constant solution, then 15 step when we obtain (24), and
so on. At the n'® step of the recursive procedure we obtain a solution which is a linear combination of the
following polynomials:

m\ (2k)!
Pm(T,y) =y + Y <2k)(k)ym 2k 0 <m < 3n.
k

Linear combination of p,,(z,y) are the only polynomial solutions of the heat equation (see for instance
[8])- O

We note that, if we consider, in the 0 step, the F' given by (26), the recursive procedure do not give new
solutions. Indeed, after the 15 step, we obtain (27), so that if we iterate the procedure, we obtain (26) plus the
polynomial solutions. A similar phenomenon appears if we consider in the 0 step F' = K3 cos(nwy)e’”Qﬂz“’ +

—7L27T2.'IJ

Ky sin(nmy)e

5 Zero-Gaussian curvature equation, totally geodesic equation and
PMAEs

Let (V"1 V) be a smooth manifold with a torsionless affine connection V, and let S C V be a smooth

hypersurface, locally described by equation
F =0,

with F € C*(V) such that d,F # 0 for any x € S. With S one can associate the second fundamental form:
h:D(S) x D(S) = C*(95),

defined (up to a factor) by

h(X,Y) L (YV)(F), (33)

for any vector fields X,Y € D(S) (for a more standard, but equivalent definition of h, see [13, 14]). In the
case when V is a semi-Riemannian manifold, with metric g, and V is its Levi-Civita connection, definition
(33) reduces to the standard one by choosing a function F' whose gradient field coincides, on S, with the
normal vector field N.

S is said to be degenerate when such is its second fundamental form, i.e.,

rankh < n =dim S, (34)

at any point of S. For an analogous notion in projective differential geometry, related with various de-
generacies of the Gauss Map, see [1] In local coordinates, condition (34) is expressed as follows. Let
1.+, Tn, Tnt1 = 2 be a local chart on V' and let

F(zi,...,xn,2) = f(x1,...,2,) —2=0

be the local expression of .S in such chart; then, vector fields

B, € 0,, + f2. 0.,
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i=1,...,n, form a basis of T'(S) with respect to which h is represented by matrix ||h;;|, with

hij = (0, 00,) = Vg (92,)(F)

Tq

= v({)z,- (azg)(F) - fmimj + fzjvc?gg7 (az)(F) + fmi{vi)z (az])(F) + ijvf)z (az)(F)}v

ie.,
hij = _ff61f67 + Rij (‘/L'v Z, fx) (35)
with

Rij =Y fur (V5 + fo, Tk ir + foThirj + foi Tt o)
k=1

- (F;LjJrl + waF;L:zril + fﬂﬂiFZi},j + fﬂﬂifijZi%,n-&-l) )

the I'}; being the Christoffel symbols of V in the chart (z1,...,25,2), 2 = Zn41. Hence, condition (34)
translates into

det [|hi;]| = det || fz,2, — Rij|| =0, (36)
which is a scalar PMAE in the unknown function f(x1,...,2,—1). If the rank of h is zero, i.e. h vanishes
on S, then we obtain a system of PDEs described by the vanishing of (35):

fmzxj - Rij =0 (37)

Below we comment, equation (36) and system (37).

System (37) can be interpreted as a section of J2(V,n) — J*(V,n) (see also Remark 2 and [2, 12]), i.e. as
a Lagrangian distribution on J'(V,n). By construction, such Lagrangian distribution is the characteristic
distribution of (36), and viceversa.

System (37) describes totally geodesic hypersurfaces of V. Indeed, this is the case when the connection V
is the Levi-Civita connection of some (semi-Riemannian) metric. In fact, a submanifold S is called totally
geodesic when any geodesic curve of S with respect to the induced metric g|g is also a geodesic of V. As
is well known, such property is equivalent to the identically vanishing of the second fundamental form h
on S. Now, the latter condition makes sense also for an affinely connected manifold (V"1 V) (in fact,
the definition of (33) was given only for hypersurfaces, but it can be easily extended to submanifolds of
any codimension, see also [12, 14]); so, totally geodesic submanifolds of (V, V), with V symmetric, are by
definition those whose second form & identically vanishes.

For what concerns (36), we call it the equation of zero-Gaussian curvature. The reason for choosing this
name is that, in the case of a Levi Civita connection, (36) describes hypersurfaces with vanishing Gauss-
Kronecker curvature. We note that, even in the case in which we are dealing only with an affinely connected
manifold (V"*1, V), equation (36) can be canonically obtained. In the 3-dimensional case (n = 2), this is a
classical PMAE (i.e. with two independent variables). To sum up, we have obtained the following result

Proposition 5. The equation of zero-Gaussian curvature of hypersurfaces of an affinely connected manifold
(V,V) is a MAE (PMAE in the case when dim(V') = 3) whose characteristic distribution is the Lagrangian
distribution defining totally geodesic hypersurfaces, and viceversa.

Now we show how the system of PDEs describing m-dimensional totally geodesic submanifolds can be
obtained via the exponential map. Recall that, for any point p € V', one can define the exponential map

exp: T,(V) 36— 7¢(1) €V,

where t — v¢(t) is the parametrized geodesic passing through p with velocity &; such map is a diffeomorphism
between a neighborhood of 0 € T,(V) and a neighborhood of p in V. Now, for any p* C JY(V,m), let
L,i C T,V be the m-dimensional linear subspace representing pl; then, we can associate with p' the 2-jet
of the submanifold image of L,: via the exponential map:

ov(pY) = 72 (exp(Lyo))

In this way a section ov: J*(V,m) — J2(V,m) is defined; the image of ov is, by construction, the second
order PDE of the totally geodesic m-submanifolds.
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5.1 A complete integral of a zero Gaussian curvature equation via a contact
transformation

Let us consider the case when V is 3-dimensional. In this case, using coordinates (x,y, 2, 2z, Zy, Zoz, Zeys Zyy),
system (37) reads as follows:

Zow + 11+ (2093 — Thy)ze — T2y + (I3 — 20'13) 22 — 20%5202, — Tizz) — 83202, = 0

Zay + T3 4+ (T35 — Tig)ze + (D3 — IFy)zy — T332 + (T35 . 1;%3 - IF%?,Q)ZarZy ) )
—F13zy — 33252y — F33212y =0

Zyy + D39 = Tooze + (2033 — T35)2y — 20532,z + (T35 — 20'5;) 27 — T332,2 — 3320 = 0

As we said before, system (38) describes a characteristic distribution of a PMAE of the form (36). It is of
interest to find for which connections V does such equation fall into one of the three non-generic classes of
PMAE:s listed in Theorem 4; this will be the subject of a future work. For the moment let us consider the
following example. Let V be the connection that has vanishing Christoffel symbols except I's, = —z. The
corresponding PMAE (36), which reads:

ZraZyy — zfy — T2ge =0, (39)
turns out to be contact-equivalent to the heat equation via the partial Legendre transformation
o =p oy =y F=z—ap p =z ¢ =g (40)

which we recall that is a contact transformation. Taking into account (38), equation (39) is the one describing
surfaces z = z(x, y) with zero-Gaussian curvature for the connection V.

If we have a complete integral of the heat equation, then we automatically get a 3-parametric family of
surfaces with zero Gaussian curvature by means of the partial Legendre transformation.

As an example, take the integral (32) of the heat equation with Ky = 1, K3 = Ko = K3 = 0 and free
K5, Kg, K7:
720 24 4 6 2

In order to apply transformation (40) to the above surface, we have also to consider the equations giving its
extension to the space of 1-jets:

_ L6 L oa, 1 oo 13 y?
z=——y + =2y + -y + 2"+ K7 | = +2 | + K¢y — Ks. (41)

0z 1, 1 5 1,
=2 =_ — — K 42
P o 24y +2:cy +23:+ 7, (42)
0z 1 . 1 4 1,
=" =_ = — K Ks. 43
q 9y 207 +6xy +2xy+ 7y + Kg (43)

Now, applying (40) to (41)—(43) and drop the prime symbols, we obtain

1 1 1 1. y?
z—ap=—y° — —py' + -p°y* — —p* + K7 <p> + Koy — Ks

7207 24 4 6 2
1 4 1 2 1 2

=yt 2 PP+ K

T =5yt = opy P+ Ky

= L Ity Ky 4 K

4= 1559~ ghy TP Y+ Ky + Ko

The second equation gives

1 1
p= §y2 T 6\/6344 + 72z — 12K7 =: ¢(x,y, K7)

so that

720

represents a 3-parametric family of solutions of the zero Gaussian curvature equation (for the particular
choice of linear connection in R?).

1 1 1 1 y?
z=1¢+ =y’ — ﬂ¢y4 + Z¢2y2 + 6¢3 + K7 (2 +¢2> + Koy — K5
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Remark 3. Note that complete integrals obtained by this method are not always of classical type: for
example, if we considered solution (24), we would obtain “generalized” solutions in the sense that they cannot
be parametrized by x,y.
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