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Preface

In the beginning of 90s the authors of this monograph proposed a generaliza-
tion of the concept of hyperbolicity, first for differentiable mappings and later
for Lipschitz mappings, which they called ‘semi-hyperbolicity’. This arose in-
directly in the context of their research at that time on the effect of spatial
discretization on the behavior of a dynamical system, in particular that of
finite machine arithmetic in a computer representation of a dynamical sys-
tem, and rapidly broadened into a series of papers in which differing aspects
and applications of the concept were explored. These papers form the basis of
this monograph, the aim of which is to present a more thorough and system-
atic development of the concept of semi-hyperbolicity, as well as to illustrate
its practicality. While the connection with the theory of hyperbolic systems
is important and will not be neglected, much of the motivation of the au-
thors comes from their interest and background in applications of dynamical
systems and this has naturally influenced the types of questions asked and
investigated.

As it often happens, our everyday duties and new interests at long last
distracted us from semi-hyperbolicity, bi-shadowing and all such things. So,
the manuscript, almost completed, remained not finished formally.

To our surprise and pleasure, the whole theme of semi-hyperbolicity and bi-
shadowing did not die. There appears a number of brilliant investigations. So,
we decided to finalize, at least formally, the manuscript and make it available
on the Web.

Brisbane—Frankfurt—-Moscow—Cork Phil Diamond
1992-2007 Peter Kloeden
Victor Kozyakin

Alexei Pokrovskii
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1

Introduction

1.1 Modeling Dynamical Processes

Real world dynamical processes can be extremely complicated, yet numer-
ous quite simple idealized mathematical models often appear to capture the
essence of what is happening and allow useful predictions to be made. This
fact, which is to some extent justifiable mathematically, has been central to
the resounding success of rationalist scientific thinking over the past four hun-
dred years. Moreover, a large amount of mathematical analysis owes its origin
to the development of concepts and tools needed to formulate and investigate
such idealized mathematical models, which, though relatively simple, are by
no means trivial.

Traditionally mathematical models have involved differential equations,
both ordinary and partial, thus when relevant representing continuous time
dynamical systems on appropriately chosen state spaces. In contrast, much
of the modern theory of dynamical systems has focussed on discrete time
dynamical systems generated by iteration of a mapping f of a given state
space X into itself, that is on difference equations

Tny1 = f(xn), n=0,1,2,.... (1.1)

Though seemingly less complicated, their dynamical behavior can often be
richer without the restricting constraint of continuous time, but in any case
many results can often be transferred to the differential context by means of
suspensions, time—1 maps or Poincaré return maps. Indeed, motivated by the
properties of solutions of smooth differential equations, the mapping f in (1.1)
is often assumed to be a diffeomorphism and the state space X a compact
manifold.

Investigations of the long term or asymptotic behavior have preoccupied
the development of the theory of dynamical systems. Not only has the behavior
of individual systems been of interest, especially the existence of attractors,
but also the classification of classes of systems that share common behavioral



2 1 Introduction

characteristics or retain them under transformation or perturbation. Stability
is the crucial concept here, both within a given system and across a class
of systems, and can correspondingly be distinguished as either dynamical
stability or structural stability. Both types of stability here have connotations
of robustness of dynamical behavior.

An idealized mathematical model f is typically taken as a given and as the
starting point of a mathematical investigation, for which it remains a fixed
reference point. Approximation methods may be required, but an approximat-
ing system f, for example difference equation (1.1) in the finite arithmetic
field of a computer, and its behavior are then usually always compared back
to that of the given idealized system.

In reality, an idealized mathematical model f is precisely that, a con-
veniently selected idealization of some nearby, but only imprecisely known
system f. In applications it is thus desirable that the properties of an ap-
proximation fj, to an idealized system f also say something about those of
possible underlying systems f on which the idealization is based. Robustness
of dynamical behavior is thus a particulary important issue in mathematical
modeling.

1.1.1 Hyperbolicity

The concept of hyperbolicity in dynamical systems provides an elegant means
of addressing the fundamental problem raised in mathematical modeling, that
all systems close to an idealized system should share its essential dynamical
properties. In a sense it combines and subsumes the idea of total stability,
where all systems close to one with an asymptotically stable steady state have
a small attracting set about this steady state, and the analogous idea of total
instability. It is based on the elementary observation that a linear mapping
with a saddle point, hence with both contracting stable and expanding unsta-
ble directions, is robust under small parameter changes of the linear mapping
itself as well as under small nonlinear perturbations. This extends easily to a
hyperbolic cycle with the proviso that the corresponding stable and unstable
linear manifolds are successively mapped onto their counterparts under the
linearized mapping. The profound insight of Anosov [5, 7, 6] was to generalize
this idea to an arbitrary compact invariant subset (in his case a manifold) for
each point of which there is a splitting (of the tangent space) into such stable
and unstable linear manifolds.

Hyperbolicity and its implications have been intensively investigated since
the 1960s led by Smale and his coworkers, with interest being heightened by
the presence of chaos generating mechanisms within noncyclic hyperbolic sets
(see, e.g. [38, 39] and bibliography therein). Identifying and classifying such
sets have been fundamental tasks, as has been establishing their structural
stability in which all systems in some neighborhood of a system with such a
hyperbolic set are homeomorphic to it, thus generalizing the robustness as-
serted by the Hartman-Grobman theorem [39, 63, 64] for a system with a
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simple saddle point. Symbolic dynamics [72, 39] has been a key tool here, in
which the existence of a homeomorphism between a system restricted to a
hyperbolic set and the shift operator on a space of symbol sequences, that is
the conjugacy of these systems, is established, thus allowing the more trans-
parent complicated behavior of the latter system to be transferred back to the
original system. Shadowing [9, 15, 14, 16, 18, 17, 49, 74], which asserts the
existence of a true trajectory close to any approximate, pseudo-trajectory,
is another useful property, suggesting that computer simulations do indeed
reflect the dynamics of chaotic hyperbolic systems.

The importance of hyperbolicity in the theory of dynamical systems cannot
be understated, yet there remains a very wide gap between the deep theoreti-
cal understanding that it provides and the application of these mathematical
results to specific, practical dynamical systems. There are two reasons for
this, one concerning the assumptions made about the systems under investi-
gation and the other the nature of the mathematical assertions made and their
proofs. Much of the theory of hyperbolic systems deals with diffeomorphisms
on compact manifolds, yet many interesting systems lack the invertibility (eg.
difference equations in population modeling) or the smoothness (eg. systems
with hysteresis or control switchings) of diffeomorphisms. Of course, there
have been attempts to generalize hyperbolicity to homeomorphisms or to non-
invertible maps (eg. Ruelle’s pre-hyperbolicity), but then the second issue of
practicality becomes paramount. Hyperbolicity is an extremely difficult prop-
erty to verify for specific systems generating diffeomorphisms and even more
so for its more abstract generalizations to homeomorphisms and noninvert-
ible maps. Indeed, nearly all mathematically confirmed examples of hyperbolic
systems are artificial constructs. The nature of many theorems on hyperbolic
systems and their proofs is another obstacle to their applicability to specific
systems, particular as many proofs are nonconstructive or lack clear, tight es-
timates. Moreover, many assertions in theorems hold only ‘generically’, that
is for systems belonging to some residual subset of systems; though ‘typical’
in such a sense, it says little about a specific model at hand.

1.1.2 Semi-Hyperbolicity

As restrictive as it may seem, hyperbolicity is nevertheless an ubiquitous char-
acteristic of dynamical systems, at least in the sense that many dynamical
systems satisfy some if not all of its defining properties and enjoy many of
the dynamical consequences. In particular, smoothness and invertibility of
the system are not essential, nor are the continuity and equivariance of the
tangent space splitting at each point of a hyperbolic set, nor in fact is the
invariance of the hyperbolic set itself. As mentioned above, various general-
izations of the definition of hyperbolicity have been proposed, but their actual
applicability to specific systems is problematical. What is urgently required is
a pragmatic reformulation of the concept of hyperbolicity that is both widely
and effectively applicable and at the same time directly addresses both the
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practical and philosophical issues raised by the use and analysis of mathemat-
ical modeling.

Several years ago the authors of this monograph proposed such a refor-
mulation, first for differentiable mappings and later for Lipschitz mappings,
which they called ‘semi-hyperbolicity’. This arose indirectly in the context of
their research at that time on the effect of spatial discretization on the behav-
ior of a dynamical system, in particular that of finite machine arithmetic in a
computer representation of a dynamical system, and rapidly broadened into
a series of papers in which differing aspects and applications of the concept
were explored. These papers |2, 1, 3, |4, 21] 22, 23| 24, 25, 26, 27, 28, 29, 30,
31,142, 43, 48] form the basis of this monograph, the aim of which is to present
a more thorough and systematic development of the concept of semi-hyper-
bolicity, as well as to illustrate its practicality. While the connection with the
theory of hyperbolic systems is important and will not be neglected, much of
the motivation of the authors comes from their interest and background in
applications of dynamical systems and this has naturally influenced the types
of questions asked and investigated.

1.2 Outline of Book

The book consists of eight Chapters, List of Notation, Index and Bibliography.

In Chapter 1 we explain the necessity of introducing notions of semi-
hyperbolicity and bi-shadowing from the point of view of mathematical mod-
eling of real processes.

In Chapter 2 we briefly review background material on dynamical systems,
particularly that involving differentiable hyperbolic mappings, and introduce
terminology and results that will be required later.

In Chapter 3 the concept of semi-hyperbolicity is introduced and some ex-
amples are considered. Here different variants of definitions of semi-hyperbol-
icity are given aimed to generalize definition of hyperbolicity to differentiable
mappings, which need not be invertible, so as to differentiable mappings on
a general compact subset of R? and then for a Lipschitz mappings. In both
latter cases the subset on which the mapping is considered is not required to
be invariant. Further generalizations of the concept of semi-hyperbolicity to
mappings in Banach spaces will are given in Chapter 8.

The usefulness of first approximation methods to investigate the properties
of semi-hyperbolic mappings and their trajectories leads us naturally to con-
sider linear operators in spaces of sequences generated in one way or another
by derivatives of semi-hyperbolic mappings. Some elementary properties of
such linear operators that will be needed throughout the book are considered
in Chapter 4.

In Chapter 4 it is also shown that a semi-hyperbolic sequence of matrices
is hyperbolic, i.e. in the linear case semi-hyperbolicity implies hyperbolicity.
This is generally not true for the nonlinear mappings, which will be shown by
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an example in Section 5.1 which demonstrates that a semi-hyperbolic map-
ping may not possess an invariant splitting and so cannot be a hyperbolic.
Nevertheless, it is shown in Section 5.2 that a semi-hyperbolic mapping which
is smooth and invertible in a neighborhood of a compact invariant set is, in
fact, hyperbolic on that set. The proofs depend substantially on background
material and results of Chapter 4.

In Section 2.2 it was mentioned that hyperbolic systems possess some
rather strong and useful properties such as expansivity (see Definition 2.7
and Theorem 2.8) and shadowing (see Theorem 2.9). In Chapter 6 we will
show that these and other properties remain valid for semi-hyperbolic sys-
tems. Moreover, explicit values or sharp estimates of relevant parameters and
intervals of validity are obtained.

In Chapter 7 we consider properties of semi-hyperbolic mappings which
can be conditionally qualified as structure-stability-properties. More precisely,
it will be shown that topological entropy can only increase following to con-
tinuous perturbation of a Lipschitz semi-hyperbolic mapping. Then problems
of conjugation and factorization of semi-hyperbolic mappings will be studied.
And, at last, investigation of chaotic phenomena for semi-hyperbolic mappings
will be discussed.

In the last Chapter 8 we briefly consider several applications of semi-
hyperbolicity and its consequences, in particular to delay differential equa-
tions, systems with hysteresis and the numerical approximation of chaotic
attractors.






2

Smooth Dynamical Systems

In this chapter we briefly review background material on dynamical systems,
particularly that involving differentiable hyperbolic mappings, and introduce
terminology and results that will be required later.

2.1 Hyperbolic Mappings

Major theoretical advances in the theory of dynamical systems have resulted
from a proposal of D. Anosov in the early 1960s to extend the concept of a
hyperbolic set from a finite cyclic set to a general compact invariant subset
K. In particular, it was subsequently realized by S. Smale that such a general-
ization of hyperbolicity could be used to describe highly non-trivial recurrent
behavior in dynamical systems as well as the robustness of such behavior.
Their work and that of many others was in the context of diffeomorphisms
on smooth compact manifolds, motivated in part by the fact that time-one
mappings and return mappings of smooth differential equations are diffeo-
morphisms, and is now known as differentiable dynamics. An objective of this
book is to show that complicated dynamical behavior is also possible under
far less stringent assumptions.

In what follows || - || will denote a fixed, but otherwise arbitrary norm on
R,

2.1.1 Hyperbolic Cycles

Let X be an open subset of R? and f : X — X a differentiable mapping. Such
a mapping generates a discrete time dynamical system through successive
iteration, that is with

xn+1:f(xn)7 n:0,1,27...7

determining the trajectory of the system starting at the point xy € X.
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A trajectory starting at xq is called a cycle of f with period p > 1 if the
successive points xg, 1, . .., £p—1 are distinct and x, = x¢. A point x}, of such
a cycle is called a periodic point of f and a hyperbolic periodic point! if all
of the eigenvalues A§-k) of the derivative D f,, satisfy the non-unit modulus
condition:

k
RYRIEZSS
The eigenvalues of Df,, are, in fact, then the same at each of the points {xo,
x1, ..., zp—1} of the cycle, so the superindex k can be omitted.
Suppose that the eigenvalues, after possible rearrangement, satisfy
Nl <1, 0<j<ng [N|>1, ns+1<j<d (2.1)

for some 0 < ng < d. Then the linear subspaces E; and Ej spanned by the
eigenvectors, and generalized eigenvectors if necessary, of D f,, corresponding
to the eigenvalues with modulus less than 1 and modulus greater than 1,
respectively, form a splitting or decomposition of R%, that is with

d s u
R =FE; & E, .
with dimensions
dimE; =n,, dimE; =n,:=d—n;, (2.2)

and projection operators

p; RY— ES . PY O RYw EYL
Note that an equivalent norm || - ||, , which may depend on x, can be found

such that D f,, B, 1s contractive and D f,,
there is a constant A > 1 such that

IDfotll oy <A Hullews 1D farvllp@n) = Mol

for any uw € E; and v € E} . The linear subspaces E; and Ej, are thus
usually called the stable and unstable subspaces at xy, respectively. Condition
(2.1) is in fact satisfied at each point of the cycle with the same ng, so the
corresponding stable and unstable spaces for each point of the cycle have the
same dimensions (2.2). They are related by the equivariance property:

E: 1s expansive in the sense that
k

for each k.
It is a trivial, yet nevertheless an important observation that a set
K = {xg,...,xp—1} of the points of a cycle of f is invariant under f, or

f-invariant, that is f(K) = K. In addition, the behavior of the dynamical
system generated by the mapping f is robust with respect to small perturba-
tions in the vicinity of such a cyclic a set K when its points are hyperbolic.
This robustness manifests itself globally when the mapping f has only a finite
number of cycles which are all hyperbolic.

1A hyperbolic periodic point of period 1 is called a hyperbolic fized point.
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2.1.2 Anosov Systems

Anosov began the investigation of non-cyclic hyperbolic sets with the concept
of a U-cascade, which is now called an Anosov system, for a diffeomorphism
f on an m-dimensional closed differentiable manifold M in R?. Recall that a
diffeomorphism f : M — M is an invertible mapping for which both f and
its inverse f~! are continuously differentiable on M.

In an Anosov system the tangent space T, M = R™ at each point x € M is
split into stable and unstable subspaces of the tangent mapping T'f, at xt € M
with the separation

6(E;, Ey) = inf{[lu—vl|: we EL, veEy [lul = o] =1}
between these linear subspaces being assumed uniformly bounded from below.

Definition 2.1 (Anosov System). A diffeomorphism [ : M — M where M
is an m-dimensional closed differentiable manifold in R? generates an Anosov
system on M if

Al: for each x € M there exists a splitting T, M = E & EY such that
dimE; =k#0, dmE);=m—k#0,
for some integer k independent of x € M, and
TfoE; = E}yy, TleEy = Efy;
A2: there exist constants X > 1 and g9 > 0 independent of x € M such that:
ITf7ull < A" lull, (I Tfoll = g Aol n>0,

u€ ES andv e EY;
A3: there exists a constant 91 > 0 independent of © € M such that the sepa-
ration

6(E;:aEg) 2 01
forall x € M.

An example of linear mapping f which generates an Anosov system and
is called an Anosov automorphism will be considered in Chapter 3.

Definition 2.1 does not assume that the splitting depends continuously on
x, by which it is meant that in a neighborhood of any point ¢y € M a set of
vectors e1(x), ea(z), ..., em(x) € Ty M which depend continuously on z € M
can be chosen such that the vectors ey (z), ea(z), ..., ex(x) form a basis of
the subspace E2 C T, M and the vectors ep11(x), ext2(z), ..., em(x) form a
basis of the subspace EY C T, M. This continuity is in fact a consequence of
Condition A3 (cf. [6, 13]).
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Theorem 2.2. For an Anosov system generated by a diffeomorphism on a
closed differentiable manifold M of R? the splitting T,M = ES ® E* depends
continuously on x € M.

Note that only compact Riemannian manifolds M were considered in [6,
13], but the proof of Theorem 2.2 there does not make use of this extra
structure and in fact holds for a closed differentiable manifold.

2.1.3 Hyperbolic Diffeomorphisms

In an Anosov system the whole manifold M is a non-cyclic hyperbolic set.
Smale extended the idea to an f-invariant subset K of the manifold. The
term hyperbolic mapping will often be used loosely to refer to a mapping f
that possesses such a hyperbolic invariant set K.

The usual definition of hyperbolicity found in the literature now refers to
a diffeomorphism f : M — M where M is a compact manifold and a compact
f-invariant subset K of M. As for an Anosov system, the splitting is of the
tangent space T, M at each point x € K, but the expansion and contraction on
the stable and unstable subspaces of the tangent mapping 7' f, are expressed
in terms of a Riemannian norm || - ||, on T, M, which may vary with on the
point x € K, thus allowing the constant gg in Condition A2 of an Anosov
system to be set conveniently equal to 1.

Definition 2.3 (Hyperbolicity on a Manifold). A closed subset K of a
compact manifold M which is invariant for a diffeomorphism f : M — M is
said to be hyperbolic if there exists a splitting T, M = EZ®EY for each x € K,
which varies continuously in x € K, a constant A > 1 and a Riemannian norm
Il |z on ToM such that

H1*: For allx € K:
Tf. (B;) = E)S‘(a;)v Tf. (Ey) = E}L(a:)v
H2*: For allx € K, u € E; andv € E}:
ITfrull sy < A lulles (1T favll @) = Alv]la-

Conditions H1* and H2* in Definition 2.3 together imply that the splitting
is continuous as in Theorem 2.2, which thus need not have been assumed,
as well as the constancy of the dimension of the splitting subspaces along a
trajectory of the mapping f.

Remark 2.4. The use of an equivalent adapted norm in Condition H2* in Def-
inition 2.3 allows the constant gg in Condition A2 of an Anosov system to be
set equal to 1. This is convenient for many theoretical purposes, but can be
cumbersome for specific practical examples. The Whitney Embedding The-
orem provides one way of avoiding the problem and using the same norm
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at each point of x € K in the inequalities in Condition H2*. Essentially the
manifold M is embedded in a higher dimensional space R? and the norm of
this space can be used everywhere. Alternatively, Smale has shown that there
is an iterate f! of a hyperbolic diffeomorphism f in the sense of Definition 2.3
such that f!is hyperbolic on the invariant set K with the inequalities in Con-
dition H2* satisfied with respect to a norm that does not depend on the point
of K.

The previous remark motivates the following variation of the definition
of hyperbolicity for a mapping f : X — R? where X is an open subset of
R¢ containing the f-invariant compact set K under consideration, which is a
diffeomorphism on a neighborhood of the set K.

Definition 2.5 (Hyperbolicity). A compact subset K C X which is in-
variant for a diffeomorphism f : X — R? is said to be hyperbolic if there
exist a splitting R = E5 @ E¥ for each x € K, which varies continuously in
x € K, constants X > 1 and g9 > 0, and a norm | - || on R¢ such that

H1: For allx € K:
Df. (E;) = E},), Dfu(Ey) = E¥(,,
H2: For allu € E; andv € E}:
IDful < eoA™"ull,  [IDfvll = eg ' A"llvll, >0,

2.1.4 Generalizations

Various generalizations of hyperbolicity to mappings other than diffeomor-
phisms have been proposed, in particular to homeomorphisms and to not
necessarily invertible continuous mappings. Instead of a splitting into stable
and unstable linear spaces, dynamically defined nonlinear stable and unstable
sets are used.

Let (X, 0) be a compact metric space and let f: X — X be a homeomor-
phism of X onto itself. For an arbitrary point € X and any € > 0, the local
stable and unstable sets of f of size € at = are defined as

We(z) ={y e X: of"x, f"y) <e,n >0}
and
We(z) ={ye X : o(f"z, ["y) <e,n <0},
respectively, while the stable and unstable sets of f at x are defined as
W(x) ={y € X o(f"x, f"y) — 0, n— oo}
and
Whx)={ye X: o(f*=, f*y) — 0, n —» —oc0},

respectively.
Note that # (W2(x) "W (z)) > 1 for any € > 0, where #A denotes the
cardinality of the set A.



12 2 Smooth Dynamical Systems

Definition 2.6 (Hyperbolic Homeomorphism). A homeomorphism [ of
X onto itself is hyperbolic if there exist constants g > 0, K > 0 and A > 1
such that

o(f"z, ffy) S KX forall xe X,ye WS (x) and n>0,
o(f "x, fTy) S KAT" forall we X,ye Wi (x) and n >0,

and there exists dg > 0 such that
#WZ (z) "W (y) =1,
for all z,y € X with o(x,y) < dp.

The case of noninvertible f can be handled by a suggestion of D. Ruelle.
Let f: X — X be a continuous mapping and for each x € X define sequence
set

0
Xt = {{xn}o_ooe H X: flz_p) =2_nt1, n:1,2,...}

n=—oo

and the mapping 1 : X1 — X1 by f{({z,}) = {f(z,)}. Then f! is a homeo-
morphism on X1 with respect to the metric D({zn}, {yn}) = sup, < 0(#n, yn)
and f is said to be hyperbolic on X if fT is hyperbolic on XT.

2.2 Fundamental Properties

The robustness of behavior of a dynamical system in the vicinity of a hy-
perbolic cycle is retained by dynamical systems with nontrivial hyperbolic
sets, but now considerably more complicated dynamical behavior is possible.
Some of the fundamental properties of hyperbolic diffeomorphisms will be
summarized here without proof, focusing on those properties that carry over
(possibly in modified form) to semi-hyperbolic mappings for which proofs will
be presented in later Chapters. To simplify the exposition, these results will
be stated in terms of a diffeomorphism f : X — X C R? with a compact in-
variant hyperbolic subset K. Homeomorphisms will also be considered below.

2.2.1 Expansivity and Shadowing

An immediate consequence of hyperbolicity and portender of complicated
dynamics within a hyperbolic set given its compactness and invariance is that
a diffeomorphism is expansive on a hyperbolic set.

Definition 2.7 (Expansivity). A homeomorphism f : K — K is expansive
on an invariant set K if there exists an € > 0 such that for all x, y € K
condition

/" (@) ="yl <e  foral neZ

implies that x = y.
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Theorem 2.8. A diffeomorphism f with a hyperbolic set K is expansive on
K.

Thus no two distinct trajectories in a hyperbolic set can remain forever
within a certain threshold of each other. Nevertheless, within the hyperbolic
set there is always a true trajectory close to an approximate or pseudo-
trajectory. A sequence {y, } C X is called a §-pseudo-trajectory of a dynamical
system generated by a mapping f if

lyn+1 — flyn)ll <O forall neZ
and a true trajectory {z,} is said to e-shadow a pseudo-trajectory {y,} if

lyn — zn|| < e forall n € Z.

Theorem 2.9 (Shadowing Theorem). If f: X — X is a diffeomorphism
with an f-invariant hyperbolic set K C X, then for every e > 0 there exists
a d > 0 and an open neighborhood U of K in X such that every §-pseudo-
trajectory of f in U is e-shadowed by a true trajectory of f in K.

A dynamical system satisfying the assertion of Theorem 2.9 will be said
to have the shadowing property. The following characterization of hyperbolic
homeomorphisms holds.

Theorem 2.10. A homeomorphism f on a compact metric space (X, ) is
hyperbolic if and only if f is expansive and has the shadowing property.

The pseudo-trajectories in the Shadowing Theorem are often interpreted
as being the true trajectories of a nearby approximating system, for exam-
ple generated by computation of the given system on a digital computer. In
fact hyperbolic diffeomorphisms enjoy a stronger relationship with systems
generated by nearby mappings.

2.2.2 Conjugate Systems

Let s#(K) denote the space of homeomorphisms f : K — K, where K is a
compact subset of R%. Note that (2 (K), g9) is a complete metric space with
the metric

o0(f,9) = max {|| f(z) = g(@)Il, [ f (@) =g~ (@)},

A mapping g € S (K) is said to be topologically semi-conjugate to a mapping
f € H(K) if there exists a continuous mapping h of K onto K such that
foh = hog and topologically conjugate when the mapping h : K — K
is a homeomorphism. Many useful dynamical properties are preserved under
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topological conjugacy or semi-conjugacy, as is illustrated by the Hartman—
Grobman theorem in which the comparison is made between a mapping and its
linearization about a hyperbolic point. In fact, for a hyperbolic diffeomorphism
f there is a neighborhood in (J#(K), 09) of homeomorphisms g which are
semi-conjugate to f under a common semi-conjugacy mapping h which is
close to the identity mapping on K.

Theorem 2.11 (Topological Stability). Let f € (#(K),00) be diffeo-
morphism which is hyperbolic on K. Then given € > 0 there exists a unique
continuous mapping h : K — K with ||z — h(z)|| < € for all x € K and a
0 =40(e) >0 such that hog = foh for all g € ((K), 0o) with oo(f,g) <.
Moreover, if € is small enough and K is a compact manifold, then h maps K
onto K.

The assertion of this theorem is known as the topological stability of the
mapping f when ¢ is small enough to ensure that h is an onto mapping.
The neighboring dynamical systems ¢ in (2 (K), gp) are then also expansive
mappings with the shadowing property. Whether or not the diffeomorphisms
g in this d-neighborhood of f in the space (##(K), go) are also hyperbolic on
K or a subset of K is a much deeper question and has lead to an extensive
structural theory of differential dynamics which involves a stronger concept
of structural stability in the space 2(K) of diffeomorphisms on K with a C'-
metric 1. In this theory generic properties possessed by diffeomorphisms in
a residual subset, that is in a countable intersection of open dense subsets, of
(2(K), 01) are of primary interest.

Topological conjugacies between mappings defined on different compact
sets K;, which need not be subsets of a common space, are also useful in
comparing the dynamics of dynamical systems when that of one of them
is simple enough to be well understood. For example, Smale established a
topological conjugacy between his horseshoe diffeomorphism on the sphere
restricted to the hyperbolic horseshoe subset with the shift operator o on a
space X of bi-infinite sequences © = {x,}nez where x,, € {0,1} with the

metric
Q(xvi) = Z 27‘n|”xn - %TLHa
nez

i.e. where (ox),, = 241 for each n € Z. The dynamics of the system gener-
ated on X' by the homeomorphism o is such that o is expansive on X, the set
Per(o) of all periodic points of ¢ is dense in X and there is a trajectory of o
which is also dense in Y. These properties are carried over to the horseshoe
diffeomorphism on its hyperbolic horseshoe set by the conjugacy homeomor-
phism. Symbolic dynamics has become an indispensable tool in the theory of
dynamical systems.
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2.2.3 Hyperbolic Sets

Often a hyperbolic subset K of a mapping f defined on the set X is not
known in advance and needs to be determined. There are several natural
candidates for such a subset, the most obvious of which is the set Per(f, X)
of all periodic points z € X of f all images f™(x) of which belong to X. More
useful are the sets £2(f, X) of non-wandering points of f and CR(f, X) of
chain recurrent points of f. A point z € X is a non-wandering point of f if
for every neighborhood U of x in X there exists an integer n > 1 such that
UNU, # 0 for a sequence of nonempty sets {Uy} defined recurrently

Uo=U, Uwr=X0fUs), k=01,....

A point z € X is chain recurrent for f if for every € > 0 there exists an
e-pseudo-trajectory {x,} C X of f with o = z and ||zny — || < € for some
N > 0.2 The sets Per(f, X), 2(f, X) and CR(f, X) are closed in X, and

Per(f,X) C £2(f,X) € CR(f, X),

where each subset is f-invariant.

Much of the structural theory of differential dynamics has focussed on the
Aziom A diffeomorphisms introduced by Smale, for which £2(f) is a hyperbolic
set and Per(f) is dense in 2(f), since it turns out that a diffeomorphism
is structurally stable if and only if it is an Axiom A diffeomorphism and
its (nonlinear) stable and unstable manifolds satisfy a strong transversality
condition. Note that Per(f) = 2(f) = CR(f) for a generic system f € 5(X)
and the mapping f +— 2(f) is upper-semicontinuous on (' (X), 0o) at such
an f in the sense that for every € > 0 there exists a 6 = d(¢) > 0 such that

2(g) C O-(2(f)) for all oo(g, f) <6,

where O, (£2(f)) is the open e-neighborhood of the subset £2(f), i.e. the set

0. (Q(f)) - U IntB(s,x)

zeK

with Int B(e, z) being the open ball of radius € centered at z.

A variation of structural stability is §2-stability in which a topological con-
jugacy is established between the restricted mappings f|q(s) and g|o(g). For
nonsmooth mappings to be considered later in this book conjugacies between
fleres) and glcr(g), and also between the sets of their trajectories, will be
important.

2 Sometimes (see, e.g. [68]) a slightly different, though equivalent, definition of
a chain recurrent point is used: a point x € X is called chain recurrent for f
if for every €, N > 0 there exists an e-pseudo-trajectory {z,} C X of f with
ro = rx = x for some K > N.
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2.2.4 Entropy

The word ‘entropy’ refers to a variety of related concepts in mathematics.
In the book we are mainly concerned with that of topological entropy first
introduced by Adler, Konheim and McAndrew as an invariant of topological
conjugacy. Like other concepts of entropy, the topological entropy provides
an index of how complicated the dynamics of a system are. There are sev-
eral equivalent definitions [53, [80] of topological entropy and that used here
is based on Bowen’s scheme which allows the entropy to be defined for a uni-
formly continuous mapping on a subset of a metric space that need not be
compact (cf. [80]).

Let f: X — X be a continuous mapping where X is an open bounded
subset of R? and let K be a compact subset of X. For a fixed positive
integer N denote by Trin(f, K) the totality of finite trajectories x =
{x_n...,20,...,xn} of f that are contained entirely in K and introduce
on Tryn(f, K) the metric

on(z, )= sup |xn — T
—N<n<N

Let € > 0 and denote by Ce(Tr+n(f, K)) the binary logarithm of maximal

number of elements M, ..., 2™ in Troy(f, K) such that?

on(@® ) >¢  forall i+#j.

Definition 2.12. The topological e-entropy he(f,K) of f : X — X on a
compact subset K of X is defined by

he(f, K) = limsup (T

msup 5o ¢ T (f, K))-

The topological entropy h(f, K) of f on K is defined to be the limit*
h(f,K) = lim h.(f, K) = sup he(f, K).
e—0 e>0

One of the most difficult problems in investigating topological entropy is
its explicit evaluation. For an {-expansive mapping f with f(K) = K the
topological entropy in some cases is given by the following formula

h(faK):hG(faK)a 9<§

which will be proved in Lemma 7.1 of Chapter 7.
The following theorem establishing the relation between entropy and the
number of periodic points of a mapping is worth to mentioning here.

3 1f (Y, d) is a metric space and S is a compact subset of Y, then the e-capacity of
the set S, the quantity C.(S) = log s-(.5), is the binary logarithm of the maximal
number s = s.(S) of elements y1,y2,...,ys € S satisfying y; # y; for i # j.
Hence C:(Tr+n(f, K)) is e-capacity of the compact metric space Tr4+n(f, K).

4 The second equality in the definition of topological entropy follows from the
obvious fact that e-entropy h.(f, K) is non-increasing in €.
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Theorem 2.13. If f is an expansive homeomorphism of a compact metric
space K, then
1
h(f, K) > limsup — log N, (f)
n—oo N
where N, (f) is the number of periodic points of f of period n.
If f is a diffeomorphism of a compact manifold M onto itself which satisfies
Azxiom A, then
1
h(f, K) = limsup — log N,,(f).
n

n—oo

2.2.5 Chaos

The term ‘chaotic’ is usually used when one wants to describe rather compli-
cated behavior of a dynamical system that includes sensitive dependence on
initial conditions, an abundance of unstable periodic trajectories and an ir-
regular mixing effects. Although the term is frequently used by many authors,
there it seems no commonly accepted definition of ‘chaos’. Often the behav-
ior of the shift mapping ¢ on the space X of binary sequences, described in
Section 2.2.2; is used to provide a ‘pattern’ for chaotic behavior, which could
be called symbolic dynamics chaos or shift-mapping chaos. The behavior of
the Smale ‘horseshoe’ system and the closely related behavior of a dynamical
system near a transversal homoclinic point are famous examples of this kind
of chaos.

Definition 2.14. Let f : X — X be a diffeomorphism where X is an open
subset of RY. A point y € X is called homoclinic if there exists a fized point
x of f, x £y, such that y € W*(x) N W*(x). A homoclinic point y € X s
called transversal homoclinic if T,W*(z) + T,W*(x) = R%.

The following theorem shows that one can observe ‘chaotic’ behavior of
this kind in a neighborhood of any homoclinic point.

Theorem 2.15 (Smale’s Homoclinic Theorem). Let f be a C' diffeo-
morphism and y a transversal homoclinic point for a fized point x of f. Then
there is an integer n such that g = f™ has a hyperbolic compact invariant set
K which is homeomorphic to a Cantor set and contains x and y. Moreover,
the mapping g|k is topologically conjugate to the shift o acting on the space
X of binary sequences.

Chaotic behavior of this shift mapping kind is, however, quite restrictive.
A more descriptive a broadly applicable definition which retains the essential
features of shift mapping chaos was suggested by Li and Yorke [50] and gen-
eralized to higher dimensions by Marotto [52] and Shiraiwa and Kurata [71].

Definition 2.16 (Li—Yorke Chaos). Let X be a subset of R%. A continuous
mapping f : X — X is called chaotic if
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CH1: There exists a positive integer N such f has a periodic point of minimal
period p for any integer p > N;

CH2: There exists an uncountable f-invariant set S C X containing no peri-
odic points (called a scrambled set) such that

limsup [ f"(z) — f"(y)]| > 0
n—oo
for every x,y € S with x # y, and for every x € S and a periodic point

Ys
CH3: There exists an uncountable subset Sy of S such that

lim inf |17 () = " ()| = 0
for every x,y € Sy.

The following theorem due to Shiraiwa and Kurata [71] expands ‘period 3
implies chaos’ result of Li and York to higher dimensional mappings.

Theorem 2.17. Let X be a subset of R and f : X — X be a C'-map. Let
xg € X be a hyperbolic fixed point of f and assume that the following three
conditions are satisfied:

(i) dim E} > 0;

(i1) there exist an € > 0, a point x1 € W (xo), x1 # X0, and a positive
integer m such that f™(x1) € W2 (xo;

(iii) there exists a disk® D" C WX(xg) such that D* is a neighborhood
of x1 in W2(xo), f™|pw : D¥ — X is an embedding, and f™(D") intersects
W (zo) transversally at f™(z1).

Then the mapping f is chaotic.

5 A disk is a homeomorphic image of a ball from a coordinate space.
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Semi-Hyperbolic Mappings

The concept of semi-hyperbolicity is introduced in this Chapter and some
examples are considered. The first definition generalizes Definition 2.3 to a
differentiable mapping, which need not be invertible, on a compact manifold
and involves variable norms at each point of the compact invariant subset of
the manifold. The second and third definitions apply to a general compact
subset of R? as in Definition 2.5, first for a differentiable mapping and then
for a Lipschitz mapping; in both cases a fixed norm is used and the subset is
not required to be invariant.

Further generalizations of the concept of semi-hyperbolicity to mappings
in Banach spaces will be given in Chapter 8.

3.1 Definitions

Consider a mapping f : X — R? where X is an open subset of R¢ and let
K a nonempty compact subset of X such that K N f(K) # 0, or consider
a mapping f : M — M where M is be a compact manifold and let K be
an f-invariant subset of M. The following definition is stated for a splitting
of R%. An analogous definition holds for a splitting T,M = E$ © E¥ of the
tangent space T, M of a compact manifold M, in which case the projectors
Ps:T,Mw— E%and PY:T,M — E¥.

Definition 3.1. A splitting or decomposition R? = E2® EY with correspond-
ing projectors P : R? s E3 and P* : R +— E¥ defined by

P:RY=ES, PSEY=0, (3.1)
P'RY=E*, PYES =0, (3.2)
is said to be uniform on the compact subset K with respect to a mapping f if

SHO: dim B = dim E% ) for x € K with f(z) e K;
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and there exists a positive real number h such that

SHL: supe e {1 P71l 1221} < A

Note that neither the invariance of the set K with respect to the mapping f
nor the continuity in x of the splitting subspaces E;, E¥ or of the projectors
P7, P! are assumed in Definition 3.1.

Parameters measuring expansion, contraction and other rates in the defi-
nition of a semi-hyperbolic mapping will be given in terms of a 4-tuple called
a split.

Definition 3.2. A 4-tuple s = (Ag, Ay, s, o) Of nonnegative real numbers is
called a split if

As <1< Ay, (T=2)Aw — 1) > paspin.
The split s is called positive if all the values \g, Ay, ps and p,, are positive.

Clearly, for any given A\g and A, satisfying Ay < 1 < A, a 4-tuple of
nonnegative numbers s = (Ag, Ay, is, o) Will be a split if the product pispiy,
is small enough.

An alternative definition of a split with a geometrical interpretation is
possible: a 4-tuple (Ag, Ay, s, ) is a split if and only if the eigenvalues A
and A, of every matrix

A — {511 512}

521 522

with components satisfying [011] < As, [012] < ps, [021] < poa, |022] > Ay are
real and satisfy |A1] <1 < |Aq].

The problem how much the elements of a split can be perturbed in order
to resulting four-tuple of numbers remain be a split is of practical interest.

Set
(]' - )‘S)()‘U - 1) — Hsly

V(S) . /\u - )\s + s + Hu

(3.3)

and note that

(I=2A)Au—1)

v(s) < Y < min{l — X5, \, — 1}, (3.4)

and so v(s) < 1.

Lemma 3.3. If s = (As, A, s, i) 8 a split, then for Xs = A\g + 01, Xu =
Au — 02, Jls = pts + 63, flu = o + 04 and real 61, 02, 3, 64 satisfying 0 <
01, 02,03,04 < v(s) the 4-tuple s = (As, Ay, lls, f) 8 also a split.

Proof. Clearly the elements of the 4-tuple § are non-negative and by (3.3),
(3.4) we have §1 < 1 — As and 3 < A\, — 1. Hence

N =Ad 6 <A4+1-A =1, A=Ay—0>A—(Ay—1)=1,
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and by (3.3)
(1 - XS)(Xu - 1) — Msfiu
> (1= A = 1(8)) (O — 1= () — (st + (8)) (st + 1(5))
= (1 =) (Au = 1) = psprs — v(8)(Au — As + s + pu) = 0.

The lemma is proved. a

3.1.1 Differentiable Mappings on Compact Manifolds

Here the variable norm version of hyperbolicity on a manifold in Definition 2.3
is generalized to differentiable mappings on a manifold.

Definition 3.4. Let s = (Xg, Ay, ios, ) be a split and let M be a compact
manifold in R?. A differentiable mapping f : M — M is said to be s-semi-
hyperbolic on a compact invariant subset K of M if there exists a uniform
splitting T, M = E$ & E* with projectors PS, P¥* and a norm || - |l on TpxM
for each x € K such that

SH2(Diff)*: For all x € K :

1Pf ()T faull f(z) < Asllulla, u€ EZ, (3.5)
1P}y T favll pay < psllvlle, v € By, (3.6)
1 PF oy T faullpo) < pullulle,  u€ EZ, (3.7)
1 Pfay T fovll oy = Aullvlle, ve Ey, (3-8)

where T f,. denotes the tangent mapping of f at the point x.

Nonzero values of ps and pu, allow for a possible leakage away from the
strict equivariance of the splitting subspaces F2 and E? (i.e. Condition H1),
respectively, that holds when the f is a hyperbolic diffeomorphism on K in
the sense of Definition 2.3.

Comparing Definition 3.4 with Definition 2.3 of a hyperbolic diffeomor-
phism, it is clear that a hyperbolic mapping on K with expansivity parameter
A > 1 is s-semi-hyperbolic on K as in Definition 3.4 with the same splitting
and the split s = (A\~%, \,0,0), that is with us = ., = 0.

3.1.2 Differentiable Mappings on Compact Sets

Consider now a differentiable mapping f : X +— R? where X is an open
subset of R?. Definition 2.5 of a hyperbolic diffeomorphism on a compact
subset K of R? will be generalized to a differentiable mapping, which need
not be invertible, and to a nonempty subset K of X such that only satisfies
K N f(K) # 0 rather than being required to be f-invariant.



22 3 Semi-Hyperbolic Mappings

Definition 3.5. Let s = (A, Ay, s, i) be a split and let K a compact subset
of an open subset X of R?. A differentiable mapping f : X + R? is said to
be s-semi-hyperbolic on K if there exists a uniform splitting R* = E3 @& E*
with projectors PS, PY for each v € K and a norm || - || on R? such that

SH2(Diff): For all x € K :

1P}y Dfeull < Asllull,  we Eg, (3.9
1Pfy D favll < psllvll, v e By, (3.10
1Pfay D foull < pullull,  we EZ, (3.11
1PfyDfavll = Aulloll, v e By, (3.12

where D f,, denotes the derivative of the mapping f at the point x.

Comparing Definition 3.5 with Definition 2.5, it is clear here too that a
hyperbolic diffeomorphism on K with expansivity parameter A > 1 is s-semi-
hyperbolic on K as in Definition 3.5 with the same splitting and the split
s=(A"1,)1,0,0), that is with ps = p, = 0.

Since the splitting R? = E$ @ E¥ in Definition 3.5 is uniform then for
projectors P, P condition SH1 from Definition 3.1 holds with some constant
h. To stress this dependency on h, the s-semi-hyperbolic map f : X ~— R?
may be called also (s, h)-semi-hyperbolic.

3.1.3 Lipschitz Mappings on Compact Sets

To allow for nonsmooth applications, the following generalization of Defini-
tion 2.5 to Lipschitz mappings f : X — R? is proposed. A generalization of
Definition 2.3 to Lipschitz mappings on a manifold is also possible, but would
be rather cumbersome and will be omitted as it will not be used elsewhere in
this book.

As in Definition 3.5, the subset K is a nonempty compact subset of X
such that K N f(K) # 0 and a fixed norm is used.

Definition 3.6. Let s = (Ag, Ay, s, o) be a split and K a compact subset of
an open set X C R%. A Lipschitz mapping f : X — R is said to be s-semi-
hyperbolic on K if there exists a splitting R = E3 @ E* on K with projectors
P and P* for each x € K, a norm || - || on RY and a positive real number &

such that

SHO(Lip): dim Ey = dim By for all z,y € K with || f(x) — y[| < 6;
SH2(Lip): The inclusion
r+ut+veX

and the inequalities
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[P, (f(x+u+v) = flz+u+v)) || < Asllu—all, (3.13)
1Py (f(z+u+v) = flz+tu+0) || < pslv—2], (3.14)
1Py (f(z+u+v) = flz+u+0) || < pullu—ull, (3.15)
1Py (flz+u+tv) = fl@t+ut0)| = Al =0l (3.16)

hold for all x,y € K with ||f(z) —y|| < and all u,u € ES and
0,5 € B such that ], ], o]l 7] < 6.

The first three inequalities in Condition SH2(Lip) of Definition 3.6 are just lo-
cal Lipschitz conditions on the projections of the mapping f while the last one
is an expansivity condition which implies a local invertibility in the unstable
direction of f at x. As in the two differentiable cases above (Definitions 3.4
and 3.5), nonzero values of yg and ., allow a possible leakage away from the
equivariance of the splitting subspaces E? and E?.

Remark 3.7. Condition SHO(Lip) in Definition 3.6 is more restrictive that in
uniform splitting Definition 3.1 while SH1(Lip) is the same as SH1 there.
Comparing inequalities (3.13)—(3.16) in Condition SH2(Lip) with corre-
sponding inequalities (3.5)—(3.8) or (3.9)—(3.12), we see that in the first case,
for Lipschitz mappings on compact manifolds, projectors P and P;' are con-
sidered for y from some neighborhood of the point f(z), while in (3.5)—(3.8)
or (3.9)—(3.12) they are considered at the single y = f(«). This additional re-
striction can be regarded as a weak form of continuous dependence of splitting

R? = E2 @ E* in x (see also Section 3.1.4 and Remark there).

3.1.4 Continuous Splittings

The continuous dependence on x of the subspaces ] and E of a splitting
T,M = E; & E¥ of a compact smooth manifold M or of a splitting R™ =
E? @ EY of the space R™ is a fundamental property of hyperbolic mappings,
but does not follow automatically for semi-hyperbolic mappings.

Definition 3.8. A splitting T,M = EI ® EY of a compact smooth mani-
fold M is said to depend continuously on z if in a neighborhood of any
point xg € M a set of vectors er(x),e2(x),...,em(x) € T, M in local coor-
dinates which depends continuously on x can be chosen such that the vectors
e1(x),e2(x), ..., ex(x) form a basis of the subspace ES C T, M and the vectors
ep+1(x), epp2(x), ..., em(x) form a basis of the subspace E¥ C T, M.

For a splitting of the space R™ there is an alternative definition, which is
sometimes more convenient to use, is possible.

Definition 3.9. The splitting R™ = ES @& E¥ is said to depend continuously
on z if the projectors PS and P} defined by (3.1) and (3.2), respectively, are
continuous in x as linear-operator-valued functions.



24 3 Semi-Hyperbolic Mappings

Neither the invariance of the set K with respect to the mapping f nor the
continuity in z of the splitting subspaces Ej, E¥ or of the projectors P, Py
are assumed in Definition 3.1 of a uniform splitting.

For hyperbolic mappings the continuity of the splitting is a direct con-
sequence of the definition, but this does not always follow from the weaker
assumptions of semi-hyperbolicity. In some cases such continuity may hold
and, as will be seen in later chapters, this allows stronger results to be ob-
tained. The following definition applies for semi-hyperbolic mappings with
respect to either a fixed norm or variable adapted norms.

Definition 3.10. A mapping [ is said to be continuously semi-hyperbolic on
K if it is s-semi-hyperbolic on K as in any of Definitions 3.4, 3.5 or 3.6 for
some split s for which the uniform splitting is continuous in x on K in the
sense of Definitions 3.8 or 3.9.

Remark 3.11. A continuously s-semi-hyperbolic differentiable mapping as in
Definition 3.5 is s.-semi-hyperbolic as in Definition 3.6 for any split s. =
(As+e, Ay —¢, ps+e, py+¢) for any sufficiently small € > 0 and an appropriate
choice of 6 = d(g) > 0.

Continuously semi-hyperbolic mappings form an open set in the variety
of all semi-hyperbolic mappings. To be more specific, we shall formulate the
corresponding stronger statement for the case of Lipschitz semi-hyperbolic
mappings.

Denote by C(X,R%) with X C R? the Banach space of all bounded con-
tinuous mappings f : X — R? with the usual C-norm

Ifllc = sup [If (@)l
zeX

Denote by Lip(X,R?) with X C R? the Banach space of all bounded Lipschitz
mappings f : X — R? endowed by the norm

1l = Il + sup W@ =W

z,yeX, Tz#y ||(£ - y”

Denote by 0. (K) the open e-neighborhood of the subset K, i.e. the set

O.(K)= | Int B(e, ),
rzeK

where Int B(e, x) is the open ball of radius € centered at z.

Lemma 3.12. Let X C R be an open set and let the mapping f € Lip(X, R?)
be continuously semi-hyperbolic on a compact set K C X. Then there exists
an n = n(f,X) > 0, a split s, constants h and & and a uniform splitting
Re = E3 & EY such that 0,,(K) C X and every mapping from the set
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F, ={g € Lip(X,RY) : |lg— flluip < n}

is semi-hyperbolic on O, (K) with the split s, constants h and § and the split-
ting R = B3 @ EY.

Proof. Let E5 @ E¥ be a continuous splitting of R? for the mapping f such
that Conditions SHO(Lip)-SH2(Lip) of Definition 3.6 hold for f with the split
s* and positive constants h* and §*.

For each x € X let 7(x) be any one of nearest points in K to z. Since
K is compact, such a function w(x) is well defined, but possibly not in a
unique way, and generally it will be not continuous. For what follows it will
be important that

m(x) = x, z e K,
and
Ir(x) =zl <n,  x€ Oy(K).
Prolongate the splitting R? = E2 @ E* on the whole set X by

Then the splitting
R'=E;®E; =Ej,) ®EY,, z€X, (3.17)

so obtained will satisfy Conditions SHO(Lip)-SH1(Lip) of Definition 3.6 with
the constant h = h*.
Let 79 > 0 be such that &, (K) C X, choose

1
n < min {nOa 55*’ hly(s)} )
where v(s) is as in (3.3), and set

6=0"=2n, s={N;+hn, X\, — hn, p’ + hn, pu;, + hn}

Then each mapping ¢ in the set F;, satisfies Condition SH2(Lip) of Defini-
tion 3.6 on the compact set €, (K) with the splitting (3.17), the split s and
constants h, ¢ just introduced. a

Remark 3.13. In spite of continuity of the splitting R? = ES @ E¥ for the
mapping f in Lemma 3.12, the splitting (3.17) is generally not continuous.
Continuity of the splitting (3.17) may be possible, for example, when the
compact K is a retract of a neighborhood of itself.

3.2 Examples

All diffeomorphisms with a hyperbolic invariant set are semi-hyperbolic on
that set provided the appropriate corresponding definitions are used. Of par-
ticular interest here therefore are examples of mappings which are semi-hyper-
bolic but not hyperbolic, and especially when the set K is not countable.
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3.2.1 Elementary Examples

Differential dynamics concentrates on the behavior of a diffeomorphism within
an invariant set. When one tries to approximate the dynamical behavior of a
mapping numerically, what is happening in the neighboring exterior of such
a set is often also of interest, particularly when the set itself is quite simple.
Consider, for example, the problem of replicating a phase portrait about a
saddle point using finite machine arithmetic. The shadowing results for semi-
hyperbolic mappings in Chapter 6 are useful in such contexts, while those for
hyperbolic diffeomorphisms are not applicable.

Example 3.1/. Let A be a hyperbolic matrix, that is with eigenvalues Ay, ...,
Aq satisfy |A\;] # 1, and consider the splitting

R¢ = E* @ E* (3.18)

where E® is the eigenspace of the matrix A corresponding to the eigenvalues
satisfying |\;| < 1 and E™ is the eigenspace corresponding to the eigenvalues
satisfying |\;| > 1. The linear mapping f : R? s R? defined by f(z) = Ax
is hyperbolic on the singleton set {0} with splitting (3.18), but is only semi-
hyperbolic on, say, the unit disk D5 since Dy is not invariant under f. The
splitting on Dy is obtained by translating that at {0} to each point x € Da,
and is thus both uniform and continuous.

Nonsmooth perturbations of hyperbolic mappings are also another source
of examples of semi-hyperbolic mappings. These are more easily described as
in the following example where the hyperbolic set is a saddle point.

Example 3.15. Let A be a 2 x 2 hyperbolic matrix as in Example 3.14 and
consider the nonlinear mapping f. : R? — R? obtained as a perturbation of
the linear mapping fo(z) = Az, such as

1\ _ [20 1 el

= ()-8 ()= G
for all # = (x1,72)”7 € R? and some £ > 0. This mapping is Lipschitz every-
where, but is not differentiable at the origin. It is semi-hyperbolic in any set

containing the origin in its interior with E2 = {0} @ R! and E* = R! @ {0}
for all x.

Mappings formed by patching together other, often linear, mappings on
adjoining subsets are ubiquitous in electronic and control systems and can
behave very erratically. The switching points or sets can be problematical for
semi-hyperbolicity.

Ezample 3.16. The piecewise linear mapping f : R! — R! with

1
_ ) 3z, <0
f(x)_{élx, z>0
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is not semi-hyperbolic on any set K containing the switching point x = 0 be-
cause there is no appropriate splitting of R! at = 0 for which the inequalities
in Condition SH2(Lip) are satisfied. Each component mapping is semi-hyper-
bolic on its subset of definition, with the splitting E5 & E* = {0} & R* for
r <0 and with ES @ E* = R @ {0} for z > 0.

The piecewise linear mapping f : R! — R! with

1
_ ) —3=, <0
f(x)—{ 4z, x>0

is also not semi-hyperbolic on any set K containing the switching point = 0,
but any iterate f7 for j > 2 is. An admissible splitting is £ ® E¥ = {0} ® R!
for z € K and split s is (As, Ay, s, ptu) = (0,2%973,0,0). Here P is the zero
mapping and P} the identity mapping.

Note that the tent mapping f(z) = 1 — |1 — 2z|, which is Lipschitz, is not

semi-hyperbolic on any subset of R! containing the point = = %

3.2.2 Anosov Endomorphisms

Examples of semi-hyperbolic mappings with a uniform splitting that is ei-
ther not continuous or lacks the equivariance of a splitting for a hyperbolic
mapping are more difficult to describe explicitly. In the following examples, al-
gebraic Anosov automorphisms and noninvertible Anosov endomorphisms are
introduced and ultimately an example with the desired properties obtained as
a differentiable perturbation of an Anosov endomorphism on a torus. Struc-
tural stability is not contradicted here as neither the endomorphism which
is being perturbed nor the perturbations themselves, while differentiable, are
diffeomorphisms.

Write the elements of R? as vectors = with coordinates x1,xs, ..., x4 and
let T¢ be the standard d-dimensional torus, that is the factorization of R? by
the integer lattice. This torus T¢ is a closed differentiable manifold in R with
respect to the locally Euclidean metric

o(z,y) = \/|951 ~Y1lioar T2 = v2lhear T 1Ta = Yalieas
on T? where
[t — S$lmoa1 = min{|t —s+2k|: k=0,%1}, 0<ts<l

The tangent space T, T? can then be identified with R? by an appropriate
choice of natural coordinates generated by those of R?, so T, T¢ = R? for each
r € T4

Denote the natural projection from R? onto T¢ by

II(x) = (zy mod 1, z3 mod 1, ..., x4 mod 1), x = (x1,2Z2,...,24)
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and associate the mapping f : T¢ — T¢ defined by
f(z) = [I(Ax) (3.19)

with a given d x d matrix A with integer components a;;.

In addition, suppose that the matrix A is hyperbolic and R? = E* @ E* is
the splitting described in Example 3.14. Since the eigenvalues of the restriction
Al|gs lie inside the unit circle while those of the restriction A|g« lie outside
the unit circle, there exist constants C' > 0 and A > 1 such that

[A™u]| < CAT"lull, | A™0]| = CTIA o] (3.20)
for all w € E* and v € E*, where || - || is the Euclidean norm on R

Ezample 3.17 (Anosov Automorphisms and Endomorphisms). Let A be an
invertible hyperbolic matrix with integer components. The mapping f defined
by (3.19) is called an algebraic hyperbolic automorphism of the torus T¢ if
|det A| = 1 and an the algebraic hyperbolic endomorphism of T¢ otherwise.

An algebraic hyperbolic automorphism of a torus T¢ is clearly globally
invertible mapping and is a diffeomorphism on T¢, but an algebraic hyper-
bolic endomorphism is generally not a diffeomorphism since it is only locally
invertible.

Since T, T¢ has been identified with R¢, the tangent mapping T'f, can be
identified with A and the linear subspaces ES := E®, E* := E* for x € T¢
are invariant under T f, = A. Thus

T,T=R% = F*® E* = ES @ E* (3.21)

is an equivariant splitting for the tangent mapping 7'f,.
Let P: and P} be projectors corresponding to the splitting (3.21) (see
Definition 3.1) and for each = € T? define a norm

— n n S 3 —-n n U
o]l = max A™|A" Pyl + min A"l A" Py o],

on T, T? = RY, where A is as in (3.20) (in fact, this norm ||-|| does not depend
on z). Then
ITfoulle <A Hulle, (T fovlle = Aolls (3.22)

for all w € Ej,v € EY and z € K, that is Conditions H1* and H2* of
Definition 2.3 are valid for the endomorphism f on the torus T%; if the mapping
f is an automorphism, then it is a hyperbolic diffeomorphism on T¢.

The relations (3.21) and (3.22) for the Anosov hyperbolic endomorphism
f defined in Example 3.17 can be rewritten in the form

1P}y T foullpay <A Hlulley,  we B,
1Pf ()T favll f(z) =0, ve Ey,
|1 Pf ()T favll ) = 0, u € EZ,
1Pfa)y T favll @) = Allvlle, veE;.
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By Definition 3.4 this means that every Anosov hyperbolic endomorphism f is
semi-hyperbolic on the torus T¢. This property of semi-hyperbolicity is robust
under small C''-perturbations, as will be proved in a more general context in
Theorem 5.2 in Chapter 5.

Lemma 3.18. Given an Anosov hyperbolic endomorphism f : T +— T<, there
exists an € > 0 such that every differentiable mapping f. : T¢ — T< which is
e-close to the f in Cl-metric is semi-hyperbolic.

This extends a classical result of Anosov on the robustness of the hyper-
bolicity property when f is an automorphism (i.e. invertible endomorphism),
in which case a nearby diffeomorphism f. : T¢ — T is hyperbolic and has, in
particular, a hyperbolic splitting. Theorem 5.1 will show that invertibility is
essential in this case.

It is sometimes more convenient to consider semi-hyperbolic mappings
on a compact subset of R? rather than on a manifold. This is also possible
for Anosov mappings and their perturbations, but the transition from one
approach to the other is often not trivial in practice. The following example
illustrates how it can be done for one particular mapping which will be used
later in the proof of Theorem 5.1.

Ezxzample 3.19. Consider the 3 x 3 matrix

230
A=1[120
002

which has eigenvalues \; = 2 — \/g, Xo = 2+ v/3 and A3 = 2 with corre-
sponding eigenvectors vy = (1,—1/+/3,0),v2 = (1,1/+/3,0) and vz = (0,0, 1),
respectively. Denote by f : T3 — T2 the continuously differentiable mapping
defined by f(x) = IT(Ax).

Interpret a point z € R® as an ordered triplet (z1, 22, 23) of complex num-
bers with the norm |[|z|| = /]21]2 + 222 + |23]2 and let 2 : T3 — RS be
the immersion which maps the point ¢ = (¢1, 2, 93) € T? to the point
z = (e e'¥2 e¥2) € K, where

K={z€R%: |z|=|z|=|xs|=1}.
Consider the mapping
F(z) = f(P(z)),  21,22,23 #0,
where P is the natural projection on K defined by

21 22 %3

P(Z)Z (>a>7 21,22723750.
|21 |22 |5

The restriction of the mapping F to K is then topologically conjugate by the
immersion ¢ to the mappings f and f., respectively.
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It is not easy to find an explicit expression for F, but its restriction to K
has the form

_ ail ,ai12 @13 az21 022 ,a23 asl ,a32 ,a33
F(z) = (27" 2972 25™°, 217 292287, 211 2% 25%%) z € K,

where the a;; are the components of the matrix A generating the Anosov
endomorphism f.
For each point z € K the sets of vectors

et (z) = <z’zl, —\;32270) , eb(z) = (izl, \;§Z2’O) ,eb(2) =(0,0,iz3),

6?(2) = (Zh 0, O) ) 63(2) = (07 2270) > 6?(2) = (0707 23)
are a basis for R®, for which the differential DF, of F satisfies

DF.e}(z) = (2 — V3)el (F(2)),

DF.éh(z) = (24 V3)eb(F(z)), (3.23)
DF,el(2) = 2e4(F(2)),

DF.e}(z) = DF.e5(z) = DF.e§(z) =0

Consider the splitting T,R® = E ¢ E* for z € K with subspaces

B2 = span {e](2), €](2), €3(2), e5(2)},
E? = span {e3(2), e5(2)}

(i.e. spanned by the vectors indicated) with corresponding projectors P and
P! satisfying

PR®=E:, PJEY!=0, P!'R°=E! P!E;=0.
The relations (3.23) imply that the splitting T,R® = E% & E¥ is invariant for
the differential DF,. On the other hand, the inequalities

|Ppy Dl < 2=V3)|ul,  ueE:,
||PI§'(2)DFZ’U|| 207 Ve Eg‘,
||P;(z)DFZ’U|| 207 u e Eg,
| Pg oy DE:v]| = 2|0, ve EY,

hold, so the differentiable mapping F' is both hyperbolic and semi-hyperbolic
on the compact subset set K of RS in the sense of Definitions 2.5 and 3.5.



4

Semi-Hyperbolic Sequences of Matrices

The usefulness of first approximation methods to investigate the properties of
semi-hyperbolic mappings and their trajectories leads us naturally to consider
linear operators in spaces of sequences generated in one way or another by
derivatives of semi-hyperbolic mappings. Some elementary properties of such
linear operators that will be needed throughout the book are considered here.

Throughout this Chapter || - || will denote a fixed but otherwise arbitrary
norm on R? and ¢°°(I, R%) will denote the space of all bounded sequences of
vectors z,, € R? with indices n taking values in ‘interval’ I in Z which can
be finite, uni- or bi-directionally infinite depending on context. The norm on
(I, R?) is defined as

1z Hloo = sup J2al]
nel

4.1 The Split Matrix

Recall that by Definition 3.2 a split is a four-tuple s = (As, Ay, fts, fo) Of
nonnegative real numbers for which

As <1< Ay, (T=X5)(Ay — 1) > pspiy. (4.1)

Recall also, that the split s is positive if all of the numbers Ay, Ay, ps and p,
are positive. Clearly, without loss of generality, the split in Definitions 3.4, 3.5
and 3.6 can be assumed to be positive.

For a given positive split s define the 2 x 2 split matriz M(s) by

M{(s) = [MuA/SAu 17AJ . (4.2)

Its spectral radius o(s) is given by

11 1 2 A,
o(s) = 3 /\+)\S+\/<>\—)\S) + “A’”‘ (4.3)
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and, as simple but cumbersome calculation show,
o(s)<1l—-v(s)<1 (4.4)

where v(s) was defined in (3.3). Moreover, since the entries of the matrix M(s)
are positive for a positive split s, it follows by the Perron—Frobenius Theorem
that o(s) is the maximal eigenvalue of M(s) and that the corresponding
eigenvector has positive components. This eigenvector will be written here as
(1,7(s))T, where

1 (1 1 2 Apgp,
:: L R I 4.
s) = g (5= het \/ ( o /\6> + 2 (45)

When the split s is fixed, we shall write M = M (s),y = y(s) and o = o(s),

M(i) {uj/sAu 17§u] (i) = UG) (4.6)

and introduce a new norm || - ||, on R? defined by

1y, y2) [l := max {y[yal, [ya]} -

The corresponding norm || M ||, of the linear operator with the matrix (4.2)
clearly coincides with the spectral radius o of M, so ||M|l. =0 < 1 by (4.4)
and |[Mz||. < o|z||. for all z € R

Lemma 4.1. The following inequalities are valid.

min{y, 1} max{|y1], [y2[} < [I(y1,92) ]I« < max{y, 1} max{|y], [y2|}
Proof. By direct calculation. a
The next lemma will play in what follows an important role.
Lemma 4.2. For m = 1,2,... let the following inequalities be satisfied:

Uy < Ay 1+ Psly 1 + 17,
1 4.7
ab, < Btad, o+ —alh b, o
A Ay

with a},,ax ,h*, K™ >0 and aj = a5 = 0. Then

m? 'm>?

, he, A bt
limsup(a;, + ar) < L}7
m— oo v(s)

with v(s) defined by (3.3).
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Proof. Define vectors a,, = (as,,a% )T for m = 0,1,... and h = (h*, h*)T.

Then the inequalities (4.7) can be rewritten in the vector form
a, < May,_1+h, m=12... (4.9)

where ag = 0 and the inequality between vectors is interpreted component-
wise. Since the entries of the matrix M = M (s) are non-negative, we preserve
inequality direction when applying the matrix M to the both sides of inequal-
ity (4.9).Hence

am < M™mag+ (I +M+---+M™ h, m=1,2,...,
from which, in view of equality ag = 0, we obtain

limsupa,, < (I - M) 'h (4.10)

m—00

where the lim sup is applied componentwise.
By direct calculation

1 >\u -1 s )\u

(I_M)_ B (1*)\5)(>\u *1) — HsHuy M (17)‘5)/\“ ’

5o (4.10) can be rewritten componentwise as

(A — )RS + psAgh

limsupa;, <

m—00 T (A=) 1) — fhsptu’
) pah® 4+ (1= X) A hY
limsupa,, < )
e ™ A=A = 1) = et
from which inequality (4.8) is an immediate consequence. O

4.1.1 A Perturbation Theorem

Various proofs for semi-hyperbolic mappings will involve a matrix or a sequ-
ence of matrices that have similar semi-hyperbolic properties. This motivates
the next definition where s = (As, Ay, ts, f£o,) 1S & given split.

Definition 4.3 (Semi-Hyperbolic Matrix). A d x d matriz A is called a
(8, h)-semi-hyperbolic matrix if the corresponding linear mapping is s-semi-
hyperbolic on RY with respect to a splitting R = E° @ E* with corresponding
projectors P® and P“ satisfying || P?|| < h and ||P*]| < h.

The following Perturbation Theorem, which asserts that the class of semi-
hyperbolic matrices is an open set in the space of all matrices, indicates the
robustness of semi-hyperbolic matrices and provides explicit estimates of pos-
sible perturbations which do not affect the semi-hyperbolicity of a matrix.
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Theorem 4.4 (Perturbation Theorem). Let a d x d matriz A be (s,h)-
hyperbolic. Then every d x d matriz A satisfying

||Z—A||g5<$

is (8, h)-hyperbolic with the split's = (As + dhy, Ay — Oh, s + Oh, p1y, + SR).

Proof. In view of (s, h)-hyperbolicity of A there is a decomposition R = E*@
E* with corresponding projections P° : R? — E* and P* = I—P° : R — E*
such that

[P < h, [IP“]| <h

and

|P*AP*a|| < APl |P*AP"a < ]| Pa],
|P*AP | < | Pall, | P"AP"a]| > A,|P ],

for all z € R%. Hence

IP*AP*a|| < || P*(A— A)Poa| + ||P*APz|| < (5h + As)| Pz

and

|PH AP z|| > ||P*AP x| — | P"(A — A)P x| > (A, — 6h)| P x]|.
Similarly,

IP*AP || < (ns + SB)||Pxl, [P “AP*z|| < (j1u + 0h)|| P*x].
Define

Xs =Xs +0h, Ay =Ny —0h, Jis=pis+06h, Jiy = fu + Sh.

By Lemma 3.3 these numbers form a split §, which completes the proof of
Theorem 4.4. O

4.2 Semi-Hyperbolicity Implies Hyperbolicity

In this Section an investigation of the properties of sequences of semi-hyper-
bolic mappings, required later, will be started. Throughout this Section let
{A,} be a sequence of d x d matrices defined for n € I, a given interval of Z
which could be finite or infinite.

Definition 4.5 (Semi-Hyperbolic Sequence of Matrices). A bounded
sequence of d x d matrices {An} will be called (s, h)-semi-hyperbolic if for
each matriz A, n €1, there is a splitting R = E3 @ E* with
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dim E; =dimE,;,, dimE) =dimE] (4.11)

and projections PS : R4 — ES P% =1 — P5:R?— EY

. with the uniform
matriz norm bounds

1Pl <h, [P <R, nel (4.12)

such that

1P An Pzl < As[| Pyl
1P An Pl < psl| Pyl
1P An Pra| < pul| Prel,
1P AnBya| = Al Byl

(4.13)

for alln €1 and x € R?.

Conditions (4.11)—(4.13) are the obvious analogs of Conditions SHO-SH1
in Definition 3.1 of a uniform splitting and of Condition SH2 in the Defini-
tions 3.4 and 3.5 for a semi-hyperbolic mapping. With the index n dropped,
the projection bounds (4.12) and the inequalities (4.13) apply for single a
semi-hyperbolic matrix as in Definition 4.3.

Henceforth let {4, } be an (s, h)-semi-hyperbolic bi-sequence of uniformly
bounded and invertible d x d matrices (cf. Definition 4.5, with I = Z here).

We can interpret inequalities (4.13) in Definition 4.5 as conditions that
ensure the existence of ‘almost equivariant’ splitting R = ES & EY for the
sequence {4, } with contracting subspaces E2 and expanding subspaces EY.
Here the word ‘almost’ means that the subspaces A, FE; | and A,E}, | are,
in fact, only close to EJ and E}, respectively, but generally do not coincide
with them.

The main objective of Section is to show that semi-hyperbolicity of a
matrix sequence {A,} implies existence of a genuinely equivariant splitting
R = E5 & B

4.2.1 Sequence Operators #Z and ¥

For each integer k € Z we define on the sequence space £°°([k, o), R9) the
norm

2]l5% = sup {|Pizall, [Py}
n>k

which is clearly equivalent to the norm ||-||«. Similarly, on the sequence space
0°((—o00, k], R?) we define the norm

25 = sup {{|P3znll, [ Byanl} -
n<k

We now introduce an operator
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X = %[a,k,v] : goo([k, 00)7Rd) — eoo([k_’ OO)aRd)

with parameters « a positive number, k£ an integer and v € P,de that
maps a sequence * = {x,} € £>°([k,0),R%) to the sequence v = {v,} €
0> ([k, o), R%) defined by

Plv, = v,
PTSLUn OZP,,SLAn_l.In_l, n > k+ 1,
Pilog = o Y (Py AnPY) T Py T

— (PY A PYIPY A, Py, n > k.

(4.14)

In view of the split inequalities (4.1) there exists a positive number w such
that for all @ € [1 —w, 1 4+ w| the strict inequalities

ads <1< ady, (1—ad)(ar, —1) > s, (4.15)

hold. Hence the quantity

0= sup

{auu—i—a)\u -1 1—a)\s+aus}
max
a€ll-w,1+w]

o, —1 7 1—al
is well defined and for all & € [1 — w, 1 + w] the spectral radius o(M,,) of the

matrix
g Qs
M, =
{NU/Au 1/(a)‘u)}

is equal (cf. (4.3)) to

{1 1 2 Aot
<7(Ma):5 Y +a/\5+\/<a)\ —a)\s> _1_04;7“

and is less than 1.

Since the entries of the matrix M, are positive (recall that we have re-
stricted ourselves to positive splits s), it follows by the Perron-Frobenius
Theorem that its spectral radius o(M,,) is an eigenvalue and that the cor-
responding eigenvector has positive coordinates. Without loss of generality
this vector has the form (1,7,)? but the exact expression for the value of 7,
is not important here so is omitted (cf. (4.5)). What is important is that for
each a € [1 —w,1 + w] the norm

12115 = sup{vall Poanll, | Pyenl}
n>k

on the space (> ([k, 00), R?) is equivalent to the norm || - |-

Lemma 4.6. For any « € [1 —w, 1+ w], any integer k and any v € P,fRd the
operator o kv s contracting with the constant o(My) in the norm || - [|%,.
Moreover, the set
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s U Qfly,
Yot = {2 WLl <ol [Pl < 2ol >k} @10)

is invariant under K(q, ko) -

Corollary 4.7. For any v € P°R? the operator Rla,kw) has a unique fived
point T* = x[q k0 = {2} for which Pz}, =v and

ap
[Pzl < vl I1Pyzh]l < — ol =k

ady, —
Corollary 4.7 follows immediately from Lemma 4.6 by Banach Contraction

Mapping Theorem, so it is needed only to prove the Lemma 4.6.

Proof. Fix a value of a € [1 —w, 1 + w]. The definition of the vector (1,74)T
gives the equality

L] (L) e (1),

from which it follows that

Lo, 1
+ =o(M . 4.1
A Qg Yo = 0(Ma)Ya (4.17)

ads + apsye = o(M,),

Given arbitrary =, & € (*([k,00),R?) write v = Z[o 1) (z) and v =
Rl k) (®). Then from (4.14) it follows that
P,‘:(’Uk - ﬁk) = 07
;(vn_an) :aPSAn,1($n,1 _%nfl)a n > k+17
o~ _ -1 U u\—1 pu R~
- n
(n = 0n) = & (P An )™ Py (Tng1 — Tnta)

Pu
- (P#HAnP#)_lP#HAnPZ(xn — ), n > k.

el

3

3

In view of (4.13) the following relations are thus valid

| P (v, — vg)[| = 0,
125 (vn — 0| < @As|| Py (Tn—1 — Tn—1)|
+ a/JS”P#(xnfl _5n71)|‘7 nZk—i—L

U -~ :u S ~
P2~ )l < B2 oG — o)
1 _
+ JHPJfﬂ(an = Znt1)|l, n 2>k,

from which and (4.17) it is clear that

1 Za,k,0] () = Pla k0] (X)) < 0(My)||x — 2|3,
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i.e. the operator Z|4 1., is contracting in the norm || - with contraction
constant o(M,,).

It remains only to show that the set (4.16) is invariant for %4 ). Given
an arbitrary @ = {z,} € ¥4 ., denote v = X, (). From (4.13) and

(4.14) it is apparent that

I5
o0

[Pkl = lloll,

[ Prvnll < aXs||Prwn—1| + aps|| Py en—1]], n>k+1,
" ) 1

1Pl < B2l + N Pnsall 2

Hence, in view of the definition (4.16) of the set 7|, ], we have

1Pgvell = o]l
1Bl S @xololl + SEL ),z
1Pl < 2l + ool nz
and thus, from (4.15), can conclude that
| PEvill = Il
Bl < o+ St ===y oy ks,
|Benll < o ol n>k

This completes the proof of invariance of the set (4.16) under %4 i v)-
Lemma 4.6 is proved. a

The next lemma follows immediately from Lemma 4.6 and from the defi-
nition of the operator %, i v)-

Lemma 4.8. The only bounded solution of the difference equation
Tpt1 = CApTy, n >k, (4.18)

which satisfies the condition Pjxy = v is the fived point x|, 1 ] of the operator

%[a,k,v] .

We can combine Lemmata 4.6 and 4.8 to show that the fixed point sequence
Z[1,k,v] Of |1,k 18 Ot only bounded one but is also exponentially convergent
to zero.

Corollary 4.9.  The fized point ©* = x[o kv = {2}, } of the operator X}y i,
satisfies
0

* < e
”an = (1+w)|nik|

[vll,  n>k. (4.19)
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Proof. According to the definition of the constant w > 0 the operator
K1 4w,k has a fixed point x37,, = {77, ,}. By Lemma 4.8 {z7,,,} is
the bounded solution of equation (4.18) for « = 1 4+ w. Hence the sequence
x* = {a},}, where 2}, = (1 + w)* "2}, ., n >k, is the solution of equation
(4.18) for @ = 1. In view of Corollary 4.7 we have for any n > k

Ay + ady — 1
- - oz <
T ol < el

||$I+w,n|| S ||Psx>]f+w,n|| + ||P'rl:xy1‘+w,n|| S

and so by the definition of * the inequalities (4.19) are valid.
Thus, «* is the bounded solution of equation (4.18) for a = 1 and by
Lemma 4.8 it is the fixed point of the operator %[y .) for which estimate
(4.19) is valid. O

We now define an operator
L= Lo g 1°((—00, k], RY) - £2°((—00, k], R)

with parameters o a positive number, k£ an integer and w € P,?Rd that
maps a sequence y = {y,} € £>°((—o0, k], R?) to the sequence w = {w,} €
0°((—o00, k], R?) defined by

Prw, = aPjA,_1yn_1, n<k,
Pilwy = w,

1 —1
Prw, = o (P Ay Py ) Py 1 Yntt

— (P Ay PY)  PY Ay Py, n<k-—1.

The proofs of the following two lemmata and corollaries are essentially
repetitions of those for Lemmata 4.6 and 4.8 and for Corollaries 4.7 and 4.9,
so will be omitted.

Lemma 4.10. For any o € [1 — w, 1 + w], any integer k and any w € P,ng
the operator L k) s contracting in the norm || - || with constant o(M,).
Moreover, the set

S O(ILt U
P = {5 IPizall < T2 ull, |2l < ol n< k)

is invariant under Zq k. w)-

Corollary 4.11. For any w € P*R? the operator Lakw) has a unique fized
point Y* = Yo k) = 1Yn} for which Pily; =w and
Qs
1

1Pyl < T full, IPYwl < el n<E.
S
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Lemma 4.12. The only bounded solution of the difference equation
Ynt+1 = @ApYn, n<k-1,

which satisfies the condition Py, = w is the fized point Y, 1, ., 0f the operator
v%a k,w]-

Corollary 4.13. The fized point y* = Yo k) = {Yn} of the operator Ly j. )

satisfies
0

<
130 < e

el n<k

4.2.2 An Equivariant Splitting

Now let (o k0] = {®[a,k,0],n} denote the fixed point of an operator Z[q kv
and define the operator X, 4 : PER? — R? by

Xia, k¥ = T(a,k,v) k-

Lemma 4.14. The operator Xq ) is linear, P X (o 1Py = P and

Al

1P Kool < gl v € PERY (4.20)
Proof. Let & = {x,} = X4,k be the fixed point of the operator Z[q i and
x = {Tn} = ®[q 3 be the fixed point of the operator Z, iz for given v,
¥ € P¢R? Then by Lemma 4.8 = {z,,} is the solution of equation (4.18)
satisfying the condition PJzy = v, while & = {Z,,} is the solution of equation
(4.18) satisfying the condition PfZ; = v. Hence for any real numbers £ and
¢, the sequence z = £z + (T = {2, + (T} € £°°([k, 00), R?) is the solution
of equation (4.18) satisfying the condition Pz, = v + ¢(v. Using Lemma 4.8
again, we find that z is the fixed point of the operator Z, r cv1¢e), that is
z = w[a’k’§v+cg]. Thus

§(ak0] T CTlak,d] = Tla,k,ev+¢o>

so the mapping @, 1] is linear. Hence the operator X4 11(-) = [q,k,] is linear
too.

Now note that P X(q v = PiT[a,kwx = v for v € P,fRd, which means
that P Xq 5 P; = P, as required.

Estimate (4.20) then follows immediately from the definition of the oper-
ator X[, ;) and from Corollary 4.7. O

Similarly, denote the fixed point of the operator Zj, k] by Yy

a.kaw] T

{Y(a,kw),n} and define an operator Vi, ) : PYR? — R? by

Yv[a,k]w = Yla,k,w],k-

The proof of the next lemma is essentially the same as that of Lemma 4.14.
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Lemma 4.15. The operator Y|, ) is linear, Py'Y[, Py = P¢ and

s ap
|1 Pg Yol < -

< 1—04)\5Hw”’ w € PPRY.

Now define Eg as the set of those v € R? for which the equation
Unt1 = Apn, n >k, (4.21)

has a bounded solution satisfying vy = v, and define E}j as the set of those
w € R? for which the equation

Wpt1 = Apwn, n <k, (4.22)

has a bounded solution satisfying wi; = w. In addition, define subspaces E,ﬁ
and £} of R? by

B} = XpyPiRY, Ef =Yy uPRY, kel (4.23)

Finally, recall that the separation §(E7, E2) between two subspaces E7, Ey C
R? is defined as

§(Er, Bo) = inf{||z +y| : x € By, y € By, [z = [lyl| = 1}.

Lemma 4.16. Suppose that matrices A,, n € Z, are invertible. Then for any
integer k the following relations are valid:

E} = Ej, E} = B}, (4.24)
EfnEr =0, Ef @ B =R?, (4.25)
AkElﬁ = Eli-l-la Ak:E‘;: = E;:_A,_l- (426)

5(EZ "E\g) > (1 - )\s)()‘u - 1) — Hsluy

> 0. 4.27
N h(Aufle,uu)(l*)\sJFﬂs) ( )

Proof. We first prove the identity E,‘: = E‘Z from (4.24). Indeed, if v € E,‘:
then, by definition of Elj, there exists v* € P,fRd such that v = X[ yjv* and,
by definition of the operator X[y 1), v* = Pgvyx where {v,}, n > k, is the fixed
point of the operator %] j .+ satisfying vy, = v. Hence by Lemma 4.8, {v,}
is a bounded solution of equation (4.21) and so v € E,z, from which it follows
that Eg C E,j Similarly, if v € E,i then there exist a bounded solution {v,} of
equation (4.21) satisfying vy, = v. So by Lemma 4.8 {v,} is the fixed point of
the operator i%’[l’k’plgv}. Therefore, by the definition of the operator X[y ;, the
vector v can be represented in the form v = Xy ) Pjv and so v € E\E, from
which it follows that E,ﬁ C E‘Z Combining the two results gives the desired
identity E; = Eg The corresponding identity E}j = ’E\}j is proved analogously.
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To prove the first equality of (4.25) suppose that Eg N E}j # 0 for some
k. Then there exist nonzero v € PSR4, w € P*R? and {v,} € £>°([k,00),R?),
{wy} € °((—o0, k], R?) such that {v,} is the fixed point of the operator
K1 k), {wn} is the fixed point of the operator £ j ., and

Vg = Wg € EZ n E;j, Vg = W 7& 0. (428)

By Lemmata 4.8 and 4.14 the sequence {v, } is a bounded solution of equation
(4.21), and the sequence {w,, } is a bounded solution of equation (4.22). In view
of (4.28), the sequence {x,} defined for all integer k by

Up, 12>k,
Ty =
Wy, n<k

is thus a nonzero bounded solution of
Tpy1 = AnTn, n € 7.

Set x = sup,,¢z [|zn||. Then by Corollary 4.9

Y X
ol < e ogarlieal < ¢

(1+w) 1 + w)lk=nl

for any n < k. Letting n converge to —oo, from the above relations we obtain
xp = v = wg = 0, which contradicts (4.28). The first equality of (4.25) is
thus proved.

To prove the second equality of (4.25) it suffices to note that by Lem-
mata 4.14 and 4.15

dim E > dim P{R?,  dim E}* > dim PR,
and so
dim E + dim E}* > dim P{R? + dim PFR? = dimR? = d.

From this and from the first equality of (4.25) we obtain the second equality
of (4.25).

Now from the definition of the subspaces E,ﬁ, E}j and from invertibility of
matrices A,, n € Z, it follows immediately that

ALEL =FE;.,, AEr=FEq,.

Then by (4.24)
ABp = AkBf = By = By,
AwEr = AER = BY,, = BY, .
from which equalities (4.26) follow.
Finally, we prove the inequality (4.27). Set



4.2 Semi-Hyperbolicity Implies Hyperbolicity 43

95 — l’LS au — Mu

Fix an arbitrary vector x € E,ﬁ, |lz|| = 1, and denote v = Pgz. Then, by the
definition of the subspace E}, ¥ = X|; yjv and from Lemma 4.14

[Pzl < Oullv]l = 0ul| P ]|, (4.29)

Analogously, for an arbitrary vector y € E}j, llyl| = 1, from the definition of
the subspace E}' and from Lemma 4.15 the inequality

I1PEyll < 0s Pyl (4.30)

can be easily obtained.
In view of (4.12) and (4.30)

1
lz +yll = 1P (z +y)l

V

1 S S 1 S U
7 Bzl = 1Byl = 3 (IBell = 05 Byll)

and also in view of (4.12) and (4.29)

1
lz +yll = 112 (@ +y)ll

v

1 S
7 Byl = 1Peel) =2 + (IBLYl = ull ERll) -

S

From (4.29) and (4.30) it follows that in the above inequalities the terms
| Piz|| and ||Pfy|| can be estimated as

1
Pix|| > =——  |Puw| > = .
1Peal 2 -l = g IRl = gl =
Hence
||+||>1 inf { Ost, t — 0,5}
x - mn maxys — tst, t —0,5;.
=1 s> (140,)~1, ¢>(146,)"1 |

We note now that the function max{s—0st, t—0,s} can attain its infimum
on the set s > (1+6,)71, ¢t > (1+0,)~! only in the case when s —0st = t—0,s,
or that is the same, when

(14 6,)s = (14 6,)t.

Introduce the auxiliary variable 7 = (1 + 6,)s = (1 + 6;5)t, so
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From the above reasoning we see that

lztyl>Linfd—" —g T 1> 1~ 6.6 .
h>1|1+6, 1+6; h(1+6,)(1+65)

From the last inequality and from definitions of § (E\,ﬁ, E}j), 0, and 6, we obtain
the required estimate (4.27). O

Remark 4.17. If the invertibility of the matrices A,, n € Z, in Lemma 4.16 is
not assumed, then instead of the equalities (4.26) we can only conclude that

AkEi - Eliﬂv AkE}é = Egﬂ-
That is, the spaces E;j and E}j do not have symmetric properties in this case.
We now summarize the results of this Section in the following theorem.

Theorem 4.18 (Equivariant Splitting Theorem). Let {A,}, n € Z,
be an (s, h) -semi-hyperbolic sequence of invertible d x d matrices. Then the
subspaces E E“ defined by (4.23) form a splzttzng R?¢ = ES &) E“ with
corresponding projections Ps i RY s ES and P“ I — PS : R — E“

n
satisfying the uniform matriz bounds

1Bsl <h, 1Py <. (4.31)
This splitting is equivariant with respect to the matriz sequence {Ay}, i.e
AEy=FE, ., AE,=E] .

Moreover, there exist constants o > 0 and A € (0,1) depending only on the
split s and the parameter h such that for any integer k and vy € Ej the
sequence {v,} defined by

Un41 = Anvna n > kv

satisfies R
vn € By lon] < oA o], >k (4.32)

Analogously, for any integer k and wy, € E}j the sequence {wy} defined by
Wn+1 = Apwy, n <k,

satisfies R
wy € BV, flwn| < oA Jwg |, n < k. (4.33)

Proof. Existence of equivariant splitting R? = EfL @ E;f and inclusions in
(4.32), (4.33) follow immediately from Lemma 4.16. The estimate for norms
|lvn | in (4.32) follows from Corollary 4.9, while the estimate for norms ||wy,]|
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in (4.33) follows from Corollary 4.13. So it is remained only to prove estimates
(4.31) for projections P : R? +— E5 and P¥ =1 — P5 : R% — EX.
Denote

2()‘u -1 + Mu)(l B /\s + ,us)h
(1 - /\S)()‘u - 1) — Hslhy

and prove estimates (4.31) with this h. Clearly

I~

]l = 1P}z + Pyl > ||| Pyl - [|Pya]l]- (4.34)

If
AS A’U/ 1 AS A’U/
[I1Prall — |1 Pyall] > ’Emax{”an”? 1Py}

then from this and from (4.34) we obtain the estimation (4.31). So, suppose
that

AS Au 1 AS Au
1Pl — [ Pyall] < zmaX{Han”, 1P|} (4.35)

Without loss of generality we can also suppose that 13533 # 0, Igﬁx # 0 and
|P:x| > ||P¥x||, which implies

1Pl = max{|| Pal, [Py} (4.36)

Now let us estimate the norm ||z|| from below in the following manner:

2]l = 1Pz + By

PS ﬁ#x ”
( + = )n wall - (H 2ol - 1P xn)‘
1Pyl 1Peal HP ]

Biw .

= | Ball = [IB3a] — 1| Pyall

Peel ||P i

Here, by (4.27) and (4.36), the first term in the right-hand part can be bounded

from below by the value 2k ! max{||P:z||, |[P¥«||} while for the second term
we have estimate (4.35). Thus

1 ~ ~
[z = Zmax{llpixH, [Py},

which completes the proof of estimates (4.31). The theorem is proved. O

Remark 4 19. By statements (4. 32) and (4 33) of Theorem 4.18, the subspaces
ES and E“ in the splitting R% = E’S @ E“ can be treated as ‘asymptotically
stable’ and ‘asymptotically unstable’ ones. In such a situation it seems quite
reasonable to draw the following conclusion from Theorem 4.18: if {4, } is an

(s, h)-semi-hyperbolic sequence of invertible matrices, then it is (8, h)-semi-
hyperbolic with a split 8 = (Ag, Ay, s, ) Satisfying
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XS<13 :\\u>1a ﬁs:ﬂuzoa

(i.e. the subspaces EfL and E}L‘ in the equivariant splitting R? = EfL &) E}j are
stable and unstable, correspondingly, with respect to a unique fixed norm || -||
in R%). Unfortunately, we do not know whether a similar generalization of
Theorem 4.18 is valid or not. A possible way to generalize Theorem 4.18 in
this direction will be discussed in the next Section.

4.2.3 Hyperbolicity of Sequences of Matrices

Here we generalize results of Sections 4.2 and 4.3.2 by defining a version of the
semi-hyperbolic matrix sequence that uses a variable norm (cf. Definition 3.4).

Definition 4.20 (Semi-Hyperbolic Sequence of Matrices). A bounded
sequence of d X d matrices {A,} will be called (s, h)-semi-hyperbolic if there
exists a set of norms {|| - ||[.} on R satisfying the uniform boundedness con-
dition
gzl < llzlla <gllzl, xeR? (4.37)
for some constant ¢ > 1 such that for each matriz A,, n € 1, there exists a
splitting R = B © EY with
dimE;, =dimE, ,, dimE] =dimE} (4.38)

and projections P : R v E3, P% =1 — P$:R% s EY

with the uniform
n’
matriz norm bounds!

P[] < h,  [[PY] < (4.39)
such that
|\P§+1AnPSx||n+1 < Xl Prln,
HP7§+1A7LP#5U||7L+1 < usHP#xllm
|\P#+1AnP§x||n+1 < pul | Pp||ns
| #+1Anp;;$”n+1 > M| Py

(4.40)

The following trivial, though illustrative, example shows that this transi-
tion from ‘fixed norm version’ to ‘variable norm version’ broadens the class of
semi-hyperbolic mappings.

Ezxample 4.21. Consider the following sequence of linear operators
1
Agpx =2z, Agpipi1z = Zw, reR, nez,

acting in the one-dimensional space R!. Clearly, the matrix sequence {4,,} is
not semi-hyperbolic in the sense of Definition 4.5 for any possible choice of
fixed norm in R, but if we define the norms || - ||, on R! by

! Point out that in inequalities (4.39) the original norm || - | on R% can be used
while in (4.40) the variable norms are involved.
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1
=z, n €z,

I2llzn = l2],  ll2ll2n+1 = 3

where |z| denotes the absolute value of the number z, then
1 2 2
[ A2n®]l2n41 = §|2x| = §|x\ = §||x||2n

and

1 1 3
| A2p—12]2n = \Zx\ = 1'””' = ZH?CII%H-

Hence the matrix sequence {A4,} is semi-hyperbolic in the sense of Defini-
tion 4.20.

The special case of a semi-hyperbolic sequence of matrices corresponding
to the situation in which the parameters ps and p,, vanish is called hyperbolic
sequence of matrices. In this case the spaces E; and E}; are equivariant for the
sequence {A,}, so it is convenient to present the formal definition in slightly
different terms to Definition 4.20.

Definition 4.22 (Hyperbolic Sequence of Matrices). A bounded seque-
nee {An} of d x d matrices will be called hyperbolic if for each n € 1 there
exists a norm |- ||, in R? satisfying the uniform boundedness condition (4.37)
and a splitting R = E @ E¥ with corresponding projections P3 : R% +— E3 |
P* =1 — Ps:RY— EY satisfying (4.38) and (4.39) such that

AnE, = Eny, AnEp = En (4.41)
and the inequalities
[AnPrzllnt1 < sl Pralln,  [|[AnPrallng 2 AullPralln (4.42)
hold for some constants 0 < A\g < 1 < Ay,

Using Definitions 4.20 and 4.22, the formulation of Theorem 4.18 now
becomes more compact and elegant.

Theorem 4.23. Every semi-hyperbolic sequence of invertible matrices { Ay},
n € 7, is hyperbolic and vice versa.

Proof. Clearly, every hyperbolic sequence of invertible matrices {A,}, n € Z,
is semi-hyperbolic, so we need only prove that the semi-hyperbolicity of a
matrix sequence implies its hyperbolicity.

An adjustment of the proof of Theorem 4.18 to the ‘variable norm’case can
be done in the same manner as was explained in the proof of Theorem 4.33.
In this way we obtain that for a given (s, h)-semi-hyperbolic sequence of in-
vertible matrices {4, }, n € Z, in the sense of Definition 4.20 there exists a
splitting RY = E\fl @ Eﬁ with corresponding projections 135 : R E\fl and
ﬁ;;‘ =1- ﬁ; :RY Eﬁ with uniform matrix bounds (4.31). This splitting is
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equivariant with respect to the matrix sequence {A,}, i.e. it satisfies (4.41).
Moreover, there exist constants ¢ > 0 and A € (0, 1) such that for any integer

k € Z and vy € EZ the sequence {v,,} defined by
Unt+1 = Ann, n >k, (4.43)
also satisfies
On € B2 vnlln < oA ol n > k. (4.44)

Analogously, for any integer k € Z and wy, € E}j the sequence {w,,} defined
by

Wnt1 = Apwn, n <k, (4.45)
also satisfies
wn € BV, walln < oA will,  n <k (4.46)
Thus, to complete the proof of theorem it suffices to establish the existence
of norms || - || in R satisfying uniform boundedness condition
1 * * d
qjllxll < llzll;, < ¢*llzfl, = eR, (4.47)

with some constant ¢* > 1 such that
[An Pzl < MPrzlln,  AnPiall e = A7 Prell; (4.48)
To construct the required norms, fix an integer k£ € Z and « € R? and choose

vy = Pz, wy = Pz. Then define sequences {v,}, n <k, and {wy,}, n > k,
satisfying (4.43) and (4.45), respectively. Finally, define

el = mace {sup X, sp 3}
n> nx

From (4.44) and (4.46) inequalities (4.48) and estimates (4.47) immediately
follow with an appropriately chosen ¢*. The theorem is proved. a

4.3 A More Abstract Approach

In this Section an abstract approach in terms of linear operators in Banach
spaces to investigation of properties of sequences of semi-hyperbolic mappings
will be developed.
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4.3.1 Semi-Hyperbolic Linear Operators

An abstract approach is also able to clarify to a greater extent the essence
of relationships between conditions of semi-hyperbolicity and hyperbolicity
concepts for sequences of matrices. To implement such an approach we start
by investigating how the property of semi-hyperbolicity of a linear operator
on a Banach space is related to the hyperbolicity property.

Let A: F — FE be a bounded linear operator on a Banach space E and
let s = (s, Au, s, f4u) be a split.

Definition 4.24 (Semi-Hyperbolic Linear Operator). A linear bounded
operator A on a Banach space E with a norm || - || 4s called semi-hyperbolic
(with respect to a split 8 = (g, Ay, s, f), @ constant h and the norm | - ||)
if there is a splitting E = E° & E" with corresponding bounded projectors
P*:Ew— ES and P*=1— P*®: E— E"“ satisfying

[P°] < h,  [|P*]| < h, (4.49)

and , ) ‘ ,
|P*APSa|| < A|[P*all, |P*AP | < u,|P x|,

|\PUAP* 2| < pol|Poaf, | P APvz| > APl (450

Remark 4.25. In Definition 4.24 it is supposed that the linear operator A is
real, i.e. that it acts on a real Banach space E. Often, however in studying
spectral properties of linear operators it is convenient to treat them as if they
were acting on a complex Banach spaces. The natural way to pass from real to
complex operators is the complexification of a linear operators. For the sake
of completness of presentation we briefly review the necessary details.

For a real Banach space F with a norm || - || we define the complezification
of E, the complex Banach space E., as the set of complex vectors z = x + iy
with z,y € F endowed with the norm

Izlc = o +iyle == max [laz+pyl, o feR.
lat+if]=1
For a linear operator A : E +— FE we then define its complexification A, :
E.— E. by
Ac(z +1iy) = Az + 1Ay, x,y € E.

With such definition of complexification, spectral properties of a real op-
erator A are exactly the same as those of its complexification A., i.e. the both
these operators have the same spectrum, the same set of eigenvalues, etc.

For our purposes it is important that the passage from a real linear op-
erator A to its complexification A. preserves all the essential features of
semi-hyperbolicity (see Definition 4.24). More precisely, if A is a semi-hyper-
bolic linear operator satisfying (4.49) and (4.50) then its complexification
A, : E.— E. must satisfy
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PP AP 2lle < Asl|Pizlle,  (|PPAP! 2| < psl| Pe'z |l e,

[P AP 2lle < pull Pizlle, Pl AP 2]le > Al Pe2lle,

for all z € E. with corresponding bounded projectors P} : E. — E? and
P'=1—-P;:E.— EY satisfying

[PZ]le <h, [[Ple < .

It seems quite reasonable now to define the concept of a hyperbolic linear
operator by introducing an additional demand of invariance of the splitting
subspaces E* and E“ with respect to the operator A. Such an invariance
condition can be expressed by one of the following three equivalent conditions:

AE° C E°, AE° C E”®,
or
P°AP* =0, P“AP°=0,
or
P°APYx =0, P“AP°x=0.

Definition 4.26 (Hyperbolic Linear Operator: Metric Definition). A
linear bounded operator A on a Banach space E with a norm | - || is called
hyperbolic (in the norm ||-||) if there is an invariant splitting E = ES®E" with
corresponding bounded projectors P° : E — E® and P* =1 — P : K — E“
satisfying

|P* AP 2| < AIP*all,  [[P*APa]| > AP al,
with appropriate constants \s < 1 and X\, > 1.

The concept of hyperbolicity for a linear operator A on a Banach space
can also be defined in a more clear and constructive way via a description of
the spectral properties of the operator A.

Definition 4.27 (Hyperbolic Linear Operator: Spectral Definition).
A linear bounded operator A on a Banach space is called hyperbolic if its
spectrum does not intersect the unit circle |\| = 1 in the complex plane.

The link between the concepts of semi-hyperbolicity and hyperbolicity
(in the both, metric and spectral, versions) is established by the following
theorem. For linear operator the concepts of semi-hyperbolicity and (metric
or spectral) hyperbolicity are, in fact, equivalent.

Theorem 4.28. For a linear bounded operator A on a Banach space E with

a norm || - || the following three statements are equivalent:

(i) The operator A is semi-hyperbolic with respect to some split s, constant
h and a norm || - ||« equivalent to the norm || -||.

(i) The operator A is metrically hyperbolic in some norm || - ||« equivalent

to the norm || - ||.
(#ii) The operator A is spectrally hyperbolic.
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Proof. As was remarked earlier, throughout the proof of theorem we can treat
FE as the complex Banach space. To prove the theorem we establish the fol-
lowing implications

(i) = (iil) = (ii) = @{).

We first prove the implication (i) = (iii), i.e. that semi-hyperbolicity of the
operator A implies its hyperbolicity in the sense of Definition 4.27. Suppose
the contrary, then there is a complex number A € C with |A\| = 1 which belongs
to the spectrum o(A) of the operator A. As is known from the general spectral
theory, for some sequence of elements xz,, € E, ||z, || = 1, the relation

Axy — Axy = yp — 0, n — oo,
is then valid. This relation can be decomposed as

P°*AP°z, + P°AP“x, — Pz, = P%y, — 0,
PY“AP°z, + P*AP"x,, — Pz, = Py, — 0,

S0,
1Pl [P AP"| + [P AP 2l 4
[PUAP "z, || < [|PYAP x| + [P znll + €5, '
where
en = [Pynll — 0, &5 = [P ynll — 0. (4.52)

Now, without loss of generality, we can regard that the inequalities (4.50) in
Definition 4.24 are valid in the norm || - ||, but not in some equivalent norm
|l - ||l«- Then from (4.51) and (4.50) we obtain

[Pzl < As|| PPzl + psl| P xn|| + €5,
Al Pzpll < pol| PPan || + || Pzl + €5,

and so

(A — 1)es + e
(1= — 1) = pspta’
ey + (1= Xo)ep
(1= A) (A — 1) = psptu

[Pz <

[P <

Hence by (4.52) we have

Mgl + (2= Ag)el

x L S 7 - 0, n— m?
el = 00— — o
which contradicts to the supposition that ||x,|| = 1. The contradiction ob-

tained completes the proof of the implication (i) = (iii).
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We now prove the implication (iii) = (ii), i.e. that hyperbolicity of the
operator A in the sense of Definition 4.27 implies its hyperbolicity in the
sense of Definition 4.26. By supposition, the spectrum o of the operator A
does not intersect the unit circle |A| = 1. Then, since the spectrum of any
operator is a closed set, the set ¢ can be represented as the union 0 = ;U 0y,
of closed subsets o, and o, where o, lies entirely inside the unit circle and o,
lies entirely outside the unit circle.

Denote by E° C FE the invariant spectral subspace of the operator A
corresponding to the part og of its spectrum, and denote by E* C FE the
invariant spectral subspace of the operator A corresponding to the part o, of
its spectrum. Then, as is known from the general spectral theory,

E°NE*=(, E°®FE“=F

hold. Denote by P® : E — E® and P* = I — P’ : E — E" the projections
corresponding to the splitting £ = E° & E", which are bounded in our case.

Now, a linear operator A on a Banach space with the spectral radius o(A)
satisfies

o(4) = limsup | A" [1/7,
n—oo
takes place, from which it follows that for any ¢ > 0 there exists a number c,
such that

JA™) < ce(o(A) + )", n>0. (4.53)

By definition, the closed set o, lies inside the circle |A| < 1. Thus numbers
As € (0,1) and € > 0 can be found such that o, in fact, belongs to the circle
|A| < As — . Then, applying the formula (4.53) to the restriction A|gs of the
linear operator A to its invariant subspace E°, we obtain

1(Alg=)"|| < cs,eAy, n > 0. (4.54)

Analogously, the closed set o, lies outside the circle |A| < 1. So numbers
Ay € (0,1) and € > 0 can be found such that o, belongs to the set |A\| > A, +e¢.
The restriction A|gs of linear operator A to its invariant subspace E*® is an
invertible operator, and applying the formula (4.53) to (A|g+)~", we obtain

N(Alg)"" < cuery™ n > 0. (4.55)

Define the norm || - || in E by

] = max A; ™ (Al )" Pl| + mas X (Al )~ Pl

Clearly
[zl = [[PPz|| + [P x| =[PP + P z| = [,

and, at the same time, by (4.54), (4.55)
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]l < Cs,EHPSxH +Cu,8||Pu33|| < maX{cSﬁHPSH, Cu,€|

P} ]l

Hence the norms || - ||« and || - || are equivalent. To complete the proof of the
implication (iii) = (ii), it remains only to note from (4.54), (4.55) that the
inequalities

[P AP 2|l < Asl|Pals,  [[PYAP x| = Aul[ Pl

then follow, which, together with invariance of the subspaces E° and E* with
respect to A, mean that A is a linear hyperbolic operator in the sense of
Definition 4.26. The implication (iii) = (ii) is then proved.

Finally, the implication (ii) = (i) is evident from the definition of the
split s and constant h, namely s = (A;, Ay, 0,0), h = max {||P?|, ||[P“||}. The
proof of the theorem is thus completed. a

4.3.2 Equivalent Operators in Sequence Spaces

Let {A,,} be a sequence of d x d matrices defined for n belonging to some
interval I C Z of the form [0, V) or [0, 00) or (—o0, 0] or Z. We shall associate
with the sequence {4, } some linear operators acting on a sequence space.
Consider first the linear operator o : 2" +— % defined by

(A T)pt1 = Any, nel (4.56)

Here the definition of the spaces 2 and # depend on L. If T = [0, N], then it

is convenient to set

X =02([0,N +1],R?), & =¢°([1,N + 1],R?); (4.57)
if T = (—o0,0], then
X =X =12((—o0,1],RY); (4.58)
if I =1[0,00), then set
X =1>2(0,00),RY), & = 1>°([1,00), R%); (4.59)
and, finally, if I = Z set
X =% =1~(Z,RY). (4.60)

In every case # C £, but only in the cases I = (—00,0] and I = Z do we
have % = 2.
Consider also the linear operator 2 : 2 +— % defined by

(D2)pt1 = Tny1 — Apy, n €1, (4.61)

thatis, 2 =1— 4.
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4.3.3 An Inversion Theorem

Consider the invertibility problem for the operator 2. It turns out that this
problem depends heavily on which set of indices, I = [0, N] or I = [0, 00) or
I = (—00,0] or I = Z, the sequence of matrices A,, is defined.

For example, to find the inverse operator of & in the case I = [0, N| we need
to find for each z = {z,} € ¢*°([1, N+1],RY) an & = {x,,} € £>°([0, N+1],R%)
which satisfies

Tnt1 = AnTp + Zn+1, nel (4.62)

Clearly, the set of equations (4.62) is not sufficient to define « uniquely when
I = 1[0, N], as xg can be chosen arbitrarily here. Less evident, but similar kind
of problem also occurs when we try to find a bounded sequence x satisfying
(4.62) in the case I = [0,00) or I = (—o0,0].

Let R? = E3 @ E“ be the splitting associated with the matrix A,, for
which the projectors are P : R? +— E2 and P* = I — PS5 : R? — EY. Rewrite

(4.62) in the decomposed form

n

Priown =Py ApPrag + Py An P, + Py 201

Py oxnp =P AP, + Py A Plxy + P 20,

Note that the linear operator U,, = Py, A, Py : E — E} ;| is invertible by
(4.11) and by the last condition (4.13) so we can rewrite these equations as

Py xpyp1 =Py (AnPray, + A Plon + 2n41) (4.63)

Plz, =U Py (Tng1 — APty — 2n41) - (4.64)

Now introduce an auxiliary linear operator ¢, : 2 — %, which, for a

fixed sequence z = {z,} € %, transforms every sequence = {z,,} € 2" into
a sequence w = {w, } € £ satisfying

Projwng = P (AnPian + Ay Pran + 2ng1) (4.65)
Plw, = U;lP:_H (Tnt1 — ApPlxy — 2py1), (4.66)

where both equations are considered for n € 1.

Observe that equations (4.65) do not define P§wy in the case when 0 is
the left end of the interval I, while equations (4.66) do not define Py wn 1
when N is the right end of the interval 1. Hence, to define the operator 2,
correctly equations (4.65) and (4.66)need to be supplemented by one of the
following conditions:

Piwo =0, P¥ wny=0 if T=][0,N], (4.67)

or
Pfw; =0 if T=(—o00,0], (4.68)

or
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Piwy =0, if I=]0,00). (4.69)

The system of equations (4.65)—(4.66) is sufficient and does not need supple-
menting condition in the case when I = Z.
Now introduce an auxiliary norm || - ||3, on the space 2~ by

2[5 = sup max {y[|Bizn |, [[Pyzall}, (4.70)

where the indices n are taken from [0, N + 1] if T = [0, N], from (—oo0, 1]
if I = (—00,0], and from I if J = [0,00) or I = Z, and v = ~(s) is the
value defined by (4.5). As was mentioned in Section 4.1, the split s under
consideration may be treated without loss of generality as positive, in which
case the norm || - ||, in 2" is equivalent to the norm || - ||« as by (4.12) for
any admissible n. To see this, note that for any =, € R? we have

1 S U
g llzall = max {[|[ Pz, [Pyaall} < hllznll,
so by Lemma 4.1

1.
5 min{y, LHlza|l < max {(y[[Pianll, [ Fyzal} < hmax{y, 1}|an],

from which it follows that

1. .
5 min{y, 1@l < f|#ll5, < hmax{y, 1} [ (4.71)

Lemma 4.29. For every z € % the operator 4, : X +— Z has a unique
fized point x € X for which

) < U(hs)nzuoo. (4.72)

Proof. We show first that the operator 7, : 2 +— Z is contracting in the
norm || - ||S, with contraction constant o = o(s) defined by (4.3).

Given xz,x € 2, write y = @ — ¢ and v = 4 (x) — S5 (x). Then by
(4.65), (4.66)

Piﬂ—lvn-&-l = Pri-‘,—l (AnPiyn + AnP#yn) )
Prv, = Un_lP#Jrl (yn+1 - Anpqiyn) ,

which may by supplemented, if needed, by one or the both following equalities
Psvg =0, Pyijons1 =0.
Hence, by definition of the operator U, and by (4.13) we obtain
55 1vnt1ll < Al B ymll + psl| Pryn |l (4.73)

U Ha s 1 U
| Proall < by | Ppynll + b\ I Prs1yn+lls (4.74)
u U
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which may again be supplemented, if needed, by

[ P5voll =0, |[Pyiqvn+1ll = 0. (4.75)
Denote
Vi =sup {v[|Pyvnll}, Vo =sup {||P)vn|}
and
Yi =sup {(V[|[Prynll}, Yo =sup {[|Pyall}
Then

[0]|5e = max {V1,Va},  [ly[lS, = max {¥1, Y2}
and so, from (4.73), (4.74) and from (4.75), if needed, we obtain

Vi S AY1 +ypsYa < (As +vps) [y, (4.76)
Moy, 1 jn 1 o

Vo < Yi+ —W < — . 4.77

v 2y L (L s D)yl (@.77

But from (4.6) we have

o 1
As s =0, — 3 9
st =0 YAu " N

so, by (4.76) and (4.77) we get
[v][S% = max {V1, Va} < ollyll%,,

or equivalently
[7z(®) — (@)% < ollz —z||2.

By the Banach Contraction Mapping Theorem the operator ¢, for any
z € & has a unique fixed point x := Bz € Z for which the estimate

. 1
1#2]l5 < 37— 117:(0)

1%
holds. Unfortunately, the obvious bound on |||« provided by Lemma 4.1 is
only a rough estimate, so another approach is required.

Since by (4.71) the norms || - ||% and || - || are equivalent then, as fol-
lows from Banach Contraction Mapping Theorem, the sequence of successive
iterates

™ = 7, (xmY), m=12,...,

with £(®) = 0, converges in the norm || - || to the fixed point = of 7. In
particular,
) < lim sup 0o (4.78)
m—00

Set
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am =sup {| P3|}, by = sup {[|[Pral™ |} (4.79)
and
h* = sup{|| Py 1zniall}, B =sup{|U; Pryiznga ) (4.80)

Then, by taking the supremum of the norms of the left and right hand sides of
equations (4.65), (4.66) and, if necessary, of one or the both equalities (4.67),
we obtain the system of inequalities

(0799 é Asamfl + ,Ufsbmfl + hsv

1
bm S %am—l + rbm—l + hu7

from which, by Lemma 4.2, it follows that
max{h®, \,h"}

limsup |2 || o < limsup(am + byn) < ) (4.81)
m—oo m— oo V(s
But clearly, by (4.12) and the definition of the operator U,,
S u h
h* < hllzllo, 7" < = |2l (4.82)

The required estimate (4.72) follows from this and from (4.78) and (4.81).
The lemma is proved. a

We can now establish the invertibility of the bounded linear operator &
that was defined by (4.61) for a semi-hyperbolic sequence of matrices {4, }.

Theorem 4.30. If {A,,} is a (s, h)-semi-hyperbolic sequence of dx d matrices,
then the linear operator 9 : X +— % defined by (4.61) (with spaces X, %
defined by (4.57) or (4.58) or (4.59) or (4.60)) is bounded and has a bounded
right inverse 9~ : W — 2 satisfying
h
1271, < —=. (4.83)
>~ wv(s)

Proof. By Lemma 4.29 and the Banach Contraction Mapping Theorem, the
operator 7%, for any z € # has a unique fixed point & := %z for which the
estimate

h
|20 < sl (489
is valid.

The operator % is obviously linear. By comparing equations (4.65) and
(4.66) with (4.63) and (4.64), we conclude that @ is the solution of (4.62).
Thus, the operator 4 is the right inverse to 2, i.e. we can write & = 271,
and the estimate (4.83) follows from (4.84). O
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Remark 4.31. When the sequence of matrices A,, is defined for the set of
indices I = Z the bounded right inverse to 2 operator 2! satisfying (4.83)
is defined uniquely, while in the cases I = [0, N], I = [0,00) and I = (—o0, 0]
it is not.

Remark 4.32. In Definition 4.5, and hence in Theorem 4.30, the matrix sequ-
ence {A,} is supposed to be bounded. This requirement has been imposed
only to simplify proofs and can be easily removed, if required, with the obvious
changes in the formulation of assertions and proofs.

With Definition 4.20 of semi-hyperbolic sequence of matrices an analog of
Theorem 4.30 is valid with some insignificant changes resulting from using the
variable norm inequalities (4.40).

Theorem 4.33. If {A,} is a (s, h)-semi-hyperbolic sequence of d x d matrices
(according to Definition 4.20), then the linear operator 9 : X +— % defined
by (4.61) (with spaces Z',% defined by (4.57) or (4.58) or (4.59) or (4.60))
is bounded and has a bounded right inverse P~ : W — X satisfying

ah
v(s)’

where q is as in estimates (4.37) of Definition 4.20.

177l <
oo

Proof. In the proof of Theorem 4.30, we adjust definition (4.70) of the norm
Il - IS, and definitions (4.79), (4.80) of ay, by, h®, h* by replacing the norms
|Pixyl|, | PYay], ete. by the norms || Pz, ||ln, || P2y, in the following man-
ner

Il = sup max {3[| Byzn[ln, | Fwnlln} -

With such an adjustment the proof of Theorem 4.33 is essentially the same
as that of Theorem 4.30. We need only to multiply by the factor ¢ the cor-
responding sides of inequalities (4.81) and (4.82) involving estimation of the
I - lloo-norms of elements via ay,, by, h, and vice versa. O

4.3.4 Hyperbolicity of the Linear Operator </

To complete Section 4.3 we examine the relationship between the hyperbolic-
ity of a matrix sequence and hyperbolicity of the linear operator &7 defined by
(4.56) in Section 4.3.2. Then, via Theorem 4.23, this will reveal the relation-
ship between the semi-hyperbolicity of a matrix sequence and hyperbolicity
of the linear operator o/ and, via Theorem 4.28, the relationship between the
semi-hyperbolicity of a matrix sequence and semi-hyperbolicity of the linear
operator 7.

Theorem 4.34. The sequence of invertible matrices {A,}, n € Z, is hyper-
bolic if and only if the linear operator o7 : (= (Z,R%) s (>(Z,R?) defined by
(4.56) is hyperbolic.
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Proof. To simplify notation, denote .Z = £*°(Z,R?). Suppose that the seque-
nce of invertible matrices {4, }, n € Z, is hyperbolic. For each integer n, let
the projections P$, P* and norm || - ||, be as in Definition 4.22 and define
linear operators ¢ and £ on .Z by

(P°x), = Pix,, (P%x), = Pra,, n € Z.

Clearly, the operators &2° and & are bounded projections and, moreover,
P 4+ P% = I. Hence the subspaces

E=P°LCY, =YL CYL (4.85)
have trivial intersection and their direct sum coincides with .Z, i.e.
ENEY =0, E&pE'=2L. (4.86)

In addition, it follows from the equivariance relations (4.41) and the definition
of projections &#* and £* that the subspaces &° and &" are invariant under
the linear operator 7, i.e.

dECE, AECE
Introduce the norm

2|5 = sup {|| Ppanln, [ Bywnlln}
neZ

on the space .Z. Using of (4.37) and (4.39) we can obtain the chain of in-
equalities

1 1 1
<max {|| Pz l|n, | Prwnlln} < hllwalln < hqllz,||

for any integer n, from which it follows that
1 *
3g1% e = l12lls < halllleo,

i.e. the norms || - ||s and || - ||k in the space .Z are equivalent.
From inequalities (4.42), which are valid for the matrix sequence {A,, } due
to its hyperbolicity, we obtain immediately that

| Px|5 < Asl| P75, (17 P ]| = Aul| 2|5

Together with (4.85), these inequalities mean that the spectrum o, of the
restriction &7 |gs of the linear operator 7 to its invariant subspace &* lies
entirely in the circle [A| < Ay < 1. Similarly, the spectrum o, of the restriction
| g« of the linear operator o to its invariant subspace & lies entirely outside
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of the circle |A| < A,. Now, from (4.85) and (4.86) it follows that the spectrum
of operator & coincides with the union of the sets o, and o, and thus does
not intersect the circle [A\| = 1. Hence, the linear operator 7 is hyperbolic.

We now consider the opposite implication that hyperbolicity of the opera-
tor o implies hyperbolicity of the matrix sequence {4, }. By supposition, the
spectrum o of the operator &7 does not intersect the unit circle |A\| = 1. Since
the spectrum of any operator is a closed set, the set o can then be represented
as union ¢ = o4 U g, of closed subsets o, which lies entirely inside the unit
circle and o, which lies entirely outside the unit circle.

Denote by &° C £ the invariant spectral subspace of the operator o/
corresponding to the subset o, of its spectrum, and denote by &% C .Z the
invariant spectral subspace of the operator & corresponding to o,. Then, as
is known from the general spectral theory, the relations (4.86) hold. Denote
the projections corresponding to the splitting (4.86) by #° : £ +— &% and
Pl =] — P%: L +— &Y these are bounded in our case.

The spectral radius o(A) of a linear operator A on a Banach space satisfies

o(A) = limsup [ A" [1/7,

n—oo

from which follows the existence for each € > 0 of a number ¢, such that
[A™] < ce(0(A) +e)", n=0. (4.87)

By definition, the closed set o lies in the circle |A\| < 1, so numbers
As € (0,1) and € > 0 can be found such that o, will, in fact, belong to
the circle |A| < As —e. Applying (4.87) to the restriction &7|gs of the linear

operator &/ to its invariant subspace &* (and taking || - || as the operator
norm || - || in (4.87)), we obtain
[(]g:)" oo S ccASs 20,

for an appropriate constant c., from which it follows that

| /" P2 < cA'|l|oo, T €L, >0 (4.88)

Analogously, numbers A, > 1 and € > 0 can be found such that o, belongs
to the exterior of the circle |A\| < A\, + &. Then the restriction o/|gu of the
linear operator o to its invariant subspace &" is invertible and, applying the
formula (4.87) to (&/|g«)!, we obtain

(€4

gu) "o S A", n >0,
for an appropriate constant c., from which it follows
| " P || 0o > A || 2| 0o, re?, n>0. (4.89)

Define a new norm on .Z by
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||, = sup A" /" Pz o0 + inf AJ"| A" P2 oe. (4.90)
n>0 n>0

From (4.88) and (4.89) we conclude that the norms || - || and || - ||« are
equivalent, i.e. there exists such a number @) that

Q7 Mzl < [lzlls < Qllzlloc (4.91)
for all x € Z. From (4.90) it thus follows that
| P2« < Asl| P7ls, [l P 2] > Aul| .- (4.92)

Now fix an integer k € Z and define £}, C R? to be the set of those v € R¢
for which the equation

VUpa1 = Apvp, n>k, (4.93)

has a bounded solution satisfying v, = v. Similarly, define F}} C R? to be the
set of those w € R? for which the equation

Wnt1 = ApWn, n <k, (4.94)

has a bounded solution satisfying wy = w. It is not hard to see that E} and
E} are subspaces of R?. We need to prove that they form a splitting of R,
i.e. with

EiNE=0, Ej®Er=R% (4.95)

Let x € E} N E}. By definition of the subspace E;} there exists a bounded
sequence {v, }, n > k, satisfying (4.93) and v = x. Analogously, by definition
of the subspace E}' there exists a bounded sequence {w,,}, n < k, satisfying
(4.94) and wy, = x. Then the sequence = {z,} defined by

R BT for n>k,
" lw,, for n<k

will satisfy the equation

Tng1 = AnTn, n €z,

and hence
=S

In view of hyperbolicity of the operator o7, this implies that @ = 0. The first
assertion of (4.95) is thus proved.
To prove the second assertion in (4.95) fix an x € R? and define a sequence

x={x,} €% by
T =2, Tn=0 for n#k, (4.96)

and
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x’ =Pz, z"=P"x. (4.97)
Then x = x° 4+ x" and thus x = =] + z}}. We want to show that
xy, € Ej, xp € Ey. (4.98)
Write v®) = 2* and define elements v € Z recursively by
p( ) — dv(")7 n > k.
From (4.92) we then get

o™, > [[o* V), > ... > o™, > ..., n>k,

which mean that the sequence with components v(™ € 2, n > k, is bounded
in the norm || - ||« and thus, by (4.91), is bounded in the norm || - ||« too.
Hence the sequence with elements v,, € R? defined by

Uy = UT(L"), n >k,

is also bounded (in the norm || - ||). Clearly, the sequence {v,, } satisfies (4.93)
and v, = xj. Hence, in view of the definition of the subspace E}, we have
proved the first inclusion of (4.98). The second inclusion of (4.98) is proved
analogously. The second equality in (4.95) is now proved.

Define now operators P; and P by

Plx=uaj, Plz=uxj.
By definition of the points j and z}, these operators are linear and satisfy
PRY'CE;, P'RICE', Pi+P'=1

From these and (4.95) we conclude that the operators P and P} are projec-
tions. To estimate the norms || P;| and ||Py|| we use the chain of inequalities

[Pizll = [l2] < 2°lloc = |#°%]o0 < 2% [lcol|Zlloo = | 27° [[co ||

from which it follows that

IPE < [12°]lo0 < max{[|#°[|oc; |2 [loc}-
Analogously,

[P < 12 loo < max{[| 2 |loc, [[27"]loo}

so a uniform norm bound exists for the projections P; and P with k € Z
(cf. (4.39)).

The equivariant identities (4.41) for the matrix sequence {A,,} then follows
immediately from the definition of subspaces E? and E}! and from invertibility
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of matrices A,. It remains only to construct norms || - ||,, which ensure the
validity of inequalities (4.42). To do it, we will need more detailed information
about properties of the projections &% and Z*.
Given a point z € R? we construct points x,z*,x% € £ by formulae
(4.96) and (4.97). We want to show that
z =z’ if xe€Eg, (4.99)
z=2x" if xeE}. (4.100)
For definiteness, let « € E}. Then, in the same way as the inclusions (4.98)
were obtained, we obtain the inclusions

xy € E), xp e EY n € 2. (4.101)

But, from the equality @ = ®+x* and from the definition (4.96) of the point
x, it follows immediately that

= —x n#k,
which, in view of (4.101) and (4.95), can only be satisfied if
s =xn =0, n # k.

The required relations (4.99) and (4.100) follow from this fact.

xT

Now define the norm || - ||, on R¢ by
lzlle = llzll, = €RY,
where x € £ is the element defined by (4.96). From (4.91) and from the
obvious equality ||z| = ||z||c we obtain

Q7 lzll = Q7 zlloo < llzlli = llzllx < Q]| = Qll]l,

which means that the uniform boundedness condition (cf. (4.37)) are satisfied
by the norms || - ||k, k € Z.

Now, given z € E}, denote y = Agz. Then, as is already proved, y € E} ;.
Define the element € £ by (4.96) and the define element y € .Z in the
same manner by

Yet1 =Y, Yo =0  for n#k+1
Then clearly y = &7z, and from the inclusions = € E}, y € E},; and (4.99)
we obtain that
T €& y=odx € &,

from which, in view of (4.92), we have

[Apzllerr = [F2« < Azl = Asllzlle, =€ ER.
The inequality

[Akzllker = |2l 2 Aallzlls = Aulllln, @€ B}

can be proved analogously. The proof of the theorem is now completed. O
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Semi-Hyperbolicity and Hyperbolicity

In Chapter 4 it was shown that a semi-hyperbolic sequence of matrices is hy-
perbolic, i.e. in the linear case semi-hyperbolicity implies hyperbolicity. This
is generally not true for the nonlinear mappings, which will be shown by an
example in Section 5.1 which demonstrates that a semi-hyperbolic mapping
may not possess an invariant splitting and so cannot be a hyperbolic. Never-
theless, it will be shown in Section 5.2 that a semi-hyperbolic mapping which
is smooth and invertible in a neighborhood of a compact invariant set is, in
fact, hyperbolic on that set. The proofs depend substantially on background
material and results of Chapter 4.

5.1 Perturbation of Anosov Endomorphisms

In this Section an example will be constructed which demonstrates that gen-
erally a semi-hyperbolic mapping may not possess an invariant splitting, and
cannot be a hyperbolic.

We briefly recall some facts about Anosov mappings already considered in
Section 3.2.2. Write the elements of R? as vectors = with coordinates z1, xo,
..., zq and let T¢ be the standard d-dimensional torus, that is the factorization
of R% by the integer lattice. This torus T% is a compact differentiable manifold
in R? with respect to the locally Euclidean metric

o(x,y) = \/|~T1 _y1|3nod1 + |22 _y2|r2nod1 4+t |z _ydEnodl
on T? where
[t — Slmoa1 = min{|t — s+ 2k|: k=0,£1}, 0<t,s<1.

The tangent space T,T? can then be identified with R? by an appropriate
choice of natural coordinates generated by those of R?, so T, T¢ = R? for each
x € T%. Denote the natural projection from R? onto T¢ by
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II(z) = (ry mod 1, zo mod 1, ..., x4 mod 1), x=(x1,T2,...,2q)

and associate with a given d x d matrix A with integer components a;; the
mapping f : T¢ — T? defined by

f(z) = H(Ax).

Theorem 5.1. Let d > 3. There exists a hyperbolic dxd matriz A with integer
components such that for every € > 0 there can be found a differentiable
semi-hyperbolic mapping f- : T¢ — T which is e-close in the C'-norm to
the mapping f(x) = I (Ax) but for which there is no continuous hyperbolic
splitting.

Proof. Let first d = 3. Consider the 3 x 3 matrix

230
A=1120
002

which has eigenvalues Ay = 2 — \/3, Ao = 24 /3 and \3 = 2 with corre-
sponding eigenvectors v; = (1, —1//3,0), v2 = (1,1/4/3,0) and v3 = (0,0, 1),
respectively. Let B be a fixed 3 x 3 matrix

b11 b12 0
0 00

such that vs is not an eigenvector, but otherwise arbitrary.
Consider the sequence of points

) =(0,0,0), ™ =(0,0,27") for n=-1,-2,...
and for € > 0 denote by f. : T? — T3 a continuously differentiable mapping
satisfying

(i) f-is e-close to f in the C'-norm;
(i) fo(xCD) = f@Y)=0and (Tf.)u-1 = A+eB;
(iii) f.(z) = f(z) for all  such that ||z — 2=V || > 5

Such a mapping f. exists for sufficiently small € > 0. It satisfies
2™ = fo 27Dy, n=0,-1,-2,... (5.1)

and is semi-hyperbolic by Lemma 3.18.

Since the mapping f = fy is an Anosov endomorphism, cf. Example 3.17,
it has a hyperbolic splitting at every point x which does not depend on the
point x and can thus be written as

T,T*=E*® E*, €T3, (5.2)
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where E* is the eigenspace of the matrix A corresponding to the eigenvalue
A1 and E* is the eigenspace of the matrix A corresponding to the eigenvalues
)\2 and )\3.

A proof by contradiction will be used to show that the mapping f. for
sufficiently small € > 0 does not have a hyperbolic splitting.

Fix € > 0 sufficiently small and suppose that

T,T° = E;.® E}., x €T3, (5.3)

is a hyperbolic splitting for f.. By Property (iii) f.(z) = f(«) in a neighbor-
hood of the point = 0, so x = 0 is a fixed point of f. and by the Hartman—
Grobman Theorem [51] the splitting (5.3) at the point z = 0 coincides with
the splitting (5.2), that is

Ey.=FE°, Ej.=E"
In fact, these equivalences can be complemented by

= E", n=12....

g(m,e
Indeed, by Properties (ii) and (iii)
(Tf)gm = A for n=2,3,..., (5.4)

and since by supposition the subspaces E} . are equivariant for T'f., then from
(5.4) and (5.1) it follows that

Bl . = (Tfek_n)z(k')E:(k)’g
= (Tfs)m(n-u) (Tfs)z(m.z) - (Tfs)z(k)Eg(k)76
=5 AkinEZ(k)VE (5.5)

for all k > n. But, by the continuity of the splitting (5.3), the subspace EY,,, _

is close to E* for large enough n and thus does not contain vectors from E*.

Hence, taking the limit as k& — oo in the right hand side of (5.5), we obtain
E’LL

W . = lim AF"EY, = E%“
xl )’E k—o0

z(k) g
It remains to observe that
(Tf5>z(1)Eg:(1)’€ = (ng)zu)Eu = (A + EB)E”
# EY = Eg,s = E;L(m,g = E}Z(x(l)),e

since (Tf.),) = A+ €B, and this contradicts the assumed equivariance of
the splitting (5.3) with respect to T f.. This contradiction completes the proof
in the case when d = 3.
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To prove the theorem in the case when d > 3 it suffices to consider the

d x d block diagonal matrices
-~ A0 = BO
i=a] 2= [50)

~ o~

and repeat the previous considerations for the mapping f(x) = II(Az). O

5.2 Converse Case

Any hyperbolic mapping is clearly semi-hyperbolic. Theorem 5.2 below shows
that the converse is also valid for invertible smooth mappings, so establish-
ing equivalence between semi-hyperbolicity and hyperbolicity for invertible
mappings. The proof is valid for the various definitions of semi-hyperbolicity
considered earlier.

Theorem 5.2. Let f : X — R? be a continuously differentiable mapping
which is semi-hyperbolic (according to variable norm Definition 3.4 or to single
norm Definition 3.5) on a bounded open set X C R%. In addition, suppose that
f is invertible in a neighborhood of some compact set K C X and that K s
an invariant set for both f and f=*, that is f(K) = f~1(K) = K. Then f is
hyperbolic on K.

Proof. First we consider an equivariant splitting of R? for the mapping f on
K. Associate with a point & € K the sequence of linear operators

Due to semi-hyperbolicity of the mapping f, for any x € K the sequence of
linear operators {A,, .} will be also semi-hyperbolic'. Then by Theorem 4.18
we can construct for the point = and for any integer n the splitting of the
space RY into the direct sum of subspaces £2 , and E*  satisfying

n,a n,x
An,wE‘Z,m = Aferl,a:’ An@Ez,m = Eﬁﬂm
or, what is the same,
(DF ey = By (DF"aEy, = By, (5.7)
By Lemma 4.16 and by (5.6) the subspace Efm is equal to the set of v € R

for which the equation

! More precisely, if the mapping f is semi-hyperbolic in variable norm sense (see
Definition 3.4), then the sequence {A, .} will be also semi-hyperbolic in the
variable norm sense (see Definition 4.5). If the mapping f is semi-hyperbolic for a
single norm (see Definition 3.5), then the sequence { A, , } will be semi-hyperbolic
for a single norm (see Definition 4.20).
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Vg1 = (D)o, k>n,

has a bounded solution satisfying v, = v, and the subspace E};z can be
described as the set of those w € R for which the equation

Wg41 = (ka+1)wwkh k< n,

has a bounded solution satisfying w, = w. From such an interpretation of
subspaces Ey, ., Ey, , and from invertibility of the linear operators D f, at any

n,r’

point z € K it follows that

~

B e =E gy Ena=Eimm, neL

So, by denoting &; = E&w, & = ng we obtain a splitting R? = &5 @ &%,

T
x € K, satisfying in view of (5.7) the equivariance property

Thus, the mapping f satisfies Condition A1l of Definition 2.1.

Now, from Theorem 4.18 (see inequalities (4.32) and (4.33)) it follows that
the mapping f satisfies Condition A2 of Definition 2.1, and from Lemma 4.16
(see inequality (4.27)) Condition A3 of Definition 2.1 also holds for mapping
f. The mapping f thus satisfies all the conditions of Anosov system (Defini-
tion 2.1) except that f is defined not on a closed Riemann manifold, but on
a neighborhood of a compact invariant set. This distinction makes formally
impossible to use Theorem 2.2 for proving continuous dependence of the split-
ting R? = &3 & &* on o € K. But a closer inspection shows that the fact that
f being defined on a closed Riemann manifold is not essential in the proof of
Theorem 2.2. The statement of this theorem remains valid under the suppo-
sition that f is defined on a compact invariant set. Hence, by this reasoning,
the splitting R? = &% @ &* continuously depends on z € K, and thus, by
Definition 2.5, the mapping f is hyperbolic on K. O

5.2.1 Alternative Proof

The investigation of the relationship between semi-hyperbolicity and hyper-
bolicity in Chapter 4 and in Section 5.2 was intentionally done in a more tra-
ditional analytical manner, via an explicit description of splitting subspaces,
in order that their properties could be determined more fully. Modern tech-
niques based on differential geometry and smooth dynamics (see, e.g., [38]) is
also applicable here and provide an alternative proof of Theorem 5.2, based
on the Mather Projection Lemma 5.3%, by adapting the proof of Hirsch and
Pugh [38].

2 We refer the reader to [38] and other textbooks for an explanation of the terms
used here.
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Let E be a vector bundle over a compact set K C R? and let f: K — K
be a C*! diffeomorphism on a neighborhood of K. Denote by C(E) the Banach
space of bounded continuous sections of £ over K with the sup-norm topology.
Let f: C(E) — C(E) be the continuous linear mapping

flo)=Dfopof". (5.8)

Lemma 5.3 (Mather Projection Lemma). If f— I is a hyperbolic iso-
morphism, then f is hyperbolic on K.

Now let C(TxR?%) = % be the Banach space of bounded continuous sec-
tions of TxRY and let f : € — € be the map (5.8) induced by f. Write
€ = € (F1|k) X €(E2|k). Then, making use of Theorem 4.28, it can be shown
that the conditions of Theorem 5.2 are satisfied by f, SO fis hyperbolic linear
operator. Hence, by the Mather Projection Lemma 5.3, f is hyperbolic on the
set K.
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Expansivity and Shadowing

We saw in Section 2.2 that hyperbolic systems possess some rather strong and
useful properties such as expansivity (see Definition 2.7 and Theorem 2.8) and
shadowing (see Theorem 2.9). In this Chapter we will show that these and
other properties remain valid for semi-hyperbolic systems. Moreover, explicit
values or sharp estimates of relevant parameters and intervals of validity will
be obtained.

6.1 Expansivity

In this Section, semi-hyperbolic dynamical systems are shown to be expo-
nentially expansive, locally at least, and explicit rates of expansion are de-
termined. Differentiability is not required, so the proof will be given for the
Lipschitz mappings only.

6.1.1 Definitions

Let (X, 0) be a metric space.

Definition 6.1. A trajectory of a dynamical system generated by a mapping
f:X — X on a state space X is a sequence ¢ = {x,} C X satisfying

Tpy1 = f (mn)

for all n belonging to some contiguous set 1 of integers. The qualifier finite
may be appended when this set 1 is of finite length and infinite otherwise.

Recall that the dynamical system generated by a homeomorphism f : X —
X is said to be {-expansive on X (see Definition 2.7) if the inequalities

o(f™(zo), f"(yo)) <€ for n=0,%1,+2,...
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imply that z¢ = yo, i.e. any two bi-infinite trajectories {x,} = {f™ (z0)} and
{yn} = {f™ (yo)} which always remain within a threshold £ of each other are
identical. Usually the metric space (X, ) is also assumed to be compact as
it is this together with expansivity that gives rise to complicated dynamical
behavior.

An important characteristic of £-expansivity is the rate of divergence of
different trajectories. Let Trip(f, X) denote the set of all trajectories & =
{z_k,...,20,..., 2k} of the mapping f that are contained entirely in a set X,
and for any @, & € Try,(f, K) define

ok(®,®) = max |z, —Tnl.

Lemma 6.2. Let K be a compact subset of R and let f : K — K be a
continuous &-expansive mapping. Then for every 0 < €,0 < & there exists a
positive integer x(g,0) such that

ox(z, @) >0
holds for all x,@ € Tryy(f, K) with ||xo — Tol| > € and k > (e, 0).

Proof. Suppose the contrary. Then for any positive integer k there exist tra-
jectories z® z*) ¢ Try(f, K) satisfying

2 — 7| >e  and o (@®,z®) <0 <.

By compactness of the set K, the sequences {2(*)} and {E(k)} can be assumed
to converge componentwise to trajectories * and " € Tryoo(f, K). Then

g — Zoll = €,
but at the same time
|z, — 2|l <0 <&, n=0,+1,+2, ...,
which contradicts the £-expansivity of f. O

In expansive systems distinct trajectories often separate exponentially fast,
at least locally, as will be seen from the next Example.

Ezample 6.3. Let (X, 0) be the compact metric space of bi-infinite binary se-
quences x = {x;};°°__, i.e. with z; € {0,1}, endowed with the metric

1=—00"

+o00o )
o(x,y) = Z 271 |z — i,

1=—0Q

and consider the shift mapping o : X +— X on X defined by
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(0x)i = Tiy1, i € L.

The inequality
o(c"x,0"y) <€ <1 (6.1)

can be rewritten as |z, — y,| < & < 1, which for binary sequences x and y
can only be valid if
Ty = Yn- (6.2)

By (6.2), the validity of inequality (6.1) for any m implies the coincidence
of the sequences « and y. Hence the shift mapping o is £-expansive for any
&< 1.

It turns out that the shift mapping o possesses a stronger property than
&-expansivity, namely, the inequalities

max {g (c"x,0"y), o (a_"alc7 U_”y)} > 2" lo(x,y) (6.3)
are valid for n = —n_,...,0,...,ny whenever
o(m,y) <€ <1,
where n_ and n, are the largest possible integers such that
o(c"x,o"y) << 1 for n=-n_,...,0,...,n. (6.4)

To prove this, suppose that inequalities (6.4) are valid with n_ and n.
being maximal. Then by (6.1) and (6.2)

Ty = Yn, n=-n_,...,0,...,n4,
s0 o (x,y) can be represented as
o(@y)= > 2lmi—yl+ Y 27 | —uil,
i<—n_ i>ny

where one of summands on the right hand part is greater than or equal to
%(Q (z,y). For definiteness, let

i 1
Z 2 l|$i—yi|259(w7y)~ (6.5)
i>ny
Similarly for any n = —n_,...,0,...,n4, we obtain
o(c"m,0"y) = ZQ_M |Zitn = Yitn| = 22_”_"' |z — il
icZ i€
= Z 271l oy — ] + Z 271 |2y — g
<—n_ i>ny
= Z 27" i — yil + Z 2" |2 — yil
i<—n_ i>ng

>2" Y 27 ay — wil.

i>n+
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Then by (6.5)
n n 1 n
Q(U Z,o y) Z 52 Q(m7y)7
and the inequalities (6.3) for n = —n_,...,0,...,ny are proved.

Example 6.3 is of fundamental interest because the shift mapping o is con-
jugate to the hyperbolic diffeomorphism of the Smale horseshoe system which
is one of the most prominent examples of a hyperbolic system. It motivates
the following definition of exponential expansivity.

Let 0.(S) denote the open e-neighborhood of a nonempty subset S C R<.

Definition 6.4. Let X C R be an open bounded set and let K be a compact
subset of X. A continuous mapping f : X — R? is said to be exponentially
expansive on K with exponent r > 1 if there exist constants & and ¢ > 0 such
that O¢(K) C X and for any (finite) trajectories

r = {x,ni,...,xo,...7$n+}7 Yy = {yfn,7'~'7y07"'7y’n+}

satisfying x C K and ||y, — || < & forn=—n_,...,0,...,ny at least one
of the following groups of inequalities holds:

lxn — ynll = er™llzo — yoll, n=12,...,n4, (6.6)

or
[2n —ynll = er™"llzo —yol,  n=-1,-2,...,—n_. (6.7)

The exponential expansivity of diffeomorphisms and homeomorphisms on
a compact hyperbolic set is well known. It also holds under the weaker as-
sumptions of semi-hyperbolicity, which will be proved in the next subsection
for Lipschitz mappings satisfying an even weaker version of the inequalities
in Condition SH2(Lip). Explicit values of the exponential expansivity pa-
rameters can be determined in terms of the split coefficients and the other
semi-hyperbolicity parameters.

6.1.2 Lipschitz Mappings

Conditions SHO(Lip), SH1(Lip) and SH2(Lip) of semi-hyperbolicity Definit-
ion 3.6 for a Lipschitz mapping are stronger than necessary for establish-
ing expansivity. In particular, the inequalities of Condition SH2(Lip) can be
weakened. As before, let s = (Ag, Ay, s, tte) be a split which, without loss of
generality, may be supposed to be positive. Consider a mapping f : X — R?,

where X is an open subset of R?, and let K a nonempty compact subset of
X such that K N f(K) # 0.

Theorem 6.5. Let f be a continuous mapping defined on X C R? and for
each x € K there exists a uniform splitting R? = E3 @ ES satisfying Condi-
tion SHI(Lip) and the following modification of Condition SH2(Lip) of Defi-
nition 3.0:
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SH2(Mod): For all = satisfying z, f(x) € K and for all z € R? satisfying
|1P2z||, || Prz|| < 8, the inclusion 4+ z € X and the inequalities

1PF ey (f(x +2) = f(2)) | < AsllPpzll + ps || Py 2]

u N s (6.8)
[ Pfay (f (@ +2) = f(@)) | = Xl Py 2| — pa[ |27 2]
hold.
Then the mapping f is exponentially expansive in K with exponent
5 -1
_ 1 1 Apigfiy
= Lo | — 4, — _
r=o(s) N +As + " As |+ N,
(see (4.3)) and constants
1
c= §h_1 min{y(s),7(s)™'} and &=h"1g, (6.9)

where h as in Condition SH1(Lip) of Definition 3.6.

Proof. Two lemmata will form the basis of the proof. Since the split s is fixed
write M = M(s),0 = o(8) and v = 7(s) (for definitions of these values see
equations (4.2), (4.3) and (4.5) in Section 4.1). In addition, we shall use the
norm || - ||« on R? defined by

[(y1, y2)ll = max{vy[y1], [y2[},
(the split s is assumed to be positive, so v > 0 here).
Lemma 6.6. The inequalities
nllzl < NP2zl 1P 2D, < 2nhmax{y, v~ }]

with n = %min{’y,l} are valid for all z € R? and all x from the semi-
hyperbolicity set K of the mapping f.

Proof. By Lemma 4.1

min{y, 1} max{||Ppz||, [P z[[} < [[([[P7=], |12z 2]«
< max{y, 1} max{||[Pyz], [ P;z(]},

so it suffices to check that the inequalities
1
3l < max{|[Pezll, |22} < A=

hold for all z € R? and all z € K. The inequality on the right follows from
the semi-hyperbolicity Condition SH1(Lip), while that on the left is just
Izl = 1Pz + Pzl < ||[PRz]l + | Pz < 2max{]|Ppz]], | Pz}

The statement of the lemma now follows with = £ min{y, 1}. O
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For the remaining lemma note that semi-hyperbolicity does not require
the sets K and X to be invariant under the mapping f.

Lemma 6.7. Suppose that x, f(x), f*(z) € K and y, f(y), f2(y) € X with

lz =yl 1f @) = F@)l, 1) = Al < b~ (6.10)
Then at least one of the following pair of inequalities
all(lPzroll, 1Pz rol)ll« = [1UIPF eyl 1PF eI+,
ol(1PF2yr2lls 1PF oy r2 Dl = 1UIPF oyl [1PF eI,
holds, where
roi=x—y, r:=f(x)=f), ra=1z)- ).
Proof. By (6.10) and by Condition SH1(Lip) of Definition 3.6
IPZroll, [1PFayrills [[Pf2 a2l <6,
[P0l 1PFyrlls [1PF2(ayrall <6,
from which, by (6.8),
[1PFayrall < Al Piroll + ps | Prroll,
[P (ayr2ll 2 Aull Prgyrill = pull Pyl
or, what is the same,

[P ayrall < AsllPiroll + psl| Prol|

Mu|

u S 1 U
[ Pfpyrll < x |Pf il + /\7HPf2(z)T2”'
U u

Here, by definition of the norm || - ||,
1P2roll < v~ HIC R ol 122 ro )
1Proll < 112zl 122 ol
1P ayrall < v~ P yralls 1 Pfaayr2 D+,
172y T2l < ICPF ol 172 0y r2 D)

and therefore

17 ayrill < v s + s APl 1Pyl

1B 1
1P5rad <97 (B2 4 550 ) 1Pl 1Py rab -

In these inequalities from the definition of the values o = o(s) and v = ~(s)
(see (4.6)),
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|
>\s+u3720—7 /;74_)\7717:0-77
SO
1PF oyl < oy HI(IPgroll, 1 Paroll) s, (6.11)
1PFayrill < oll(1PF eyl [1PF oy r2 D]+ (6.12)

Suppose now that the lemma is not true, that is both the inequalities
all(lPzroll, 1P rol)ll« < IUIPFwyralls 1PF D]+, (6.13)
and
U||(||P;2(z)7‘2||7 |\Pﬁ2(x)r2\|)\\* < ||(HP;(I)7°1||7 ||P}L(I)T1||)||* (6.14)
are true. Then inequalities (6.11) and (6.13) imply that the strict inequality
NP @yrill < NUPFayrall 1 PfayrilDll (6.15)
is valid! from which, in view of inequality o = o(s) < 1, we get
VN PFyrall < NP7yl 1Pyl
The last inequality together with (6.14) shows that
JH(||P;(;I;)7”1||7 HP}@(I)WH)H* < ||(||P;(z)7“1||7 ||P}L(z)7"1||)||*7
and by (6.12) the strict inequality
[ PFayrill < I(1PFyralls 1PF DI« (6.16)
is valid?.
Now, by definition of the norm || - ||, the inequalities (6.15) and (6.16)
imply that
IUEF @y ralls 1PFyra Dl < ICPF eyl 1 PFayralDll
which is a contradiction and so lemma is proved. a
To complete the proof of Theorem 6.5 consider two trajectories
T = {$7n77"'7$05"'7xn+}7 Y= {yfnfa"'ayOM"?ynJr}
satisfying ® C K,y C X and |y, — x| < § for n = —n_,...,ny and write
o= 20 = Yn, Vo = [[(1PFa, )l 1P, ralD | (6.17)

! The analogous nonstrict inequality is obvious by the definition of the norm || - ||..
2 Again, the analogous nonstrict inequality is obvious by the definition of the norm

[ Il
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forn=—-n_,...,ny. From Lemma 6.7 it then follows that at least one of the
inequalities

vo1 >0 'y, v >0y
holds.

For definiteness, suppose that v_; > o ‘1. Then, by Lemma 6.7 again,
at least one of the inequalities

v >o vy, v >0l

holds. But the second of these inequalities can not be valid at the same time
as the inequality v_; > 0~ 'y because of o < 1. Hence, v_y > o~ 'v_;. In the
same way it can be shown that

Upo1>0 ‘v, for n=-n_+1,...,-1,0,
and hence that
n

vp >0 ", for n=-n_+1,...,—-1.

Recalling definition (6.17) of the v, and using Lemma 6.6 to estimate the
norms ||z, — yn|| via v,,, we obtain the inequalities (6.7) with constants ¢ and

¢ as in (6.9).
When v; > o'y, the validity of inequalities (6.6) follows analogously.
This completes the proof of Theorem 6.5. O

Remark 6.8. As mentioned above, condition (6.8) is a weakened version of
Condition SH2(Lip) of Definition 3.6. We will show here that the inequalities
(3.13)—(3.16) of Condition SH2(Lip), namely

1Py (f(x +u+v) = fl@+u+0)| < Asllu—ul, (3.13)
1Py (f(z+u+v) = flz+u+0) || < psllv—2], (3.14)
1Py (f(x+utv) = flz+u+0) | < pullu—ul, (3.15)
1Py (f(x+utv) = flz+ut0) | = Auflo =2, (3.16)

do indeed imply the inequalities (6.8).
Putting y = f(z),u = P?z,v = P“z, = 0 in (3.13) we obtain

1Py (f(+2) — fla+ PU2) | < APz
while puttlng Yy = f(x)7u — O’ v = PUZ75 =0in (314) we obtain
1Pfey (f (2 + Pz) = f(2)) || < psl Pz,

and the first of inequalities of (6.8) follows immediately.
Similarly, the second of inequalities of (6.8) can be obtained by appropriate
choice of elements u,v,u and v in (3.15) and (3.16).
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6.2 Shadowing

The relationship between the behavior of a given (unperturbed) dynamical
system and its perturbed counterparts are also very important for nonsmooth
and nonhomeomorphic systems. For example, a computer simulation of a spe-
cific dynamical system is really only approximation of the given system due
to the finiteness of computer arithmetic and the subsequent round off error: in
particular, computed trajectories are only pseudo-trajectories of the original
system. This relationship is, however, difficult to express in terms of conjugacy,
as it possible for diffeomorphic systems. A convenient and fruitful substitute
for a conjugacy relationship in such situation is provided by bi-shadowing,
in which trajectories and pseudo-trajectories are compared rather than the
mappings themselves.

A typical statement of a problem here can be formulated in the following
general, a somewhat vague form: given a dynamical system

Tnt1 = f(an)

generated by a mapping f on a metric or topological space X, suppose that
the function f can be perturbed at any instant n so that another system

Ynt1 = 2(1,Yn)

is, in fact, observed, where ¢ is close to f and can possibly also vary with n.
Then following Direct Shadowing Problem can be posed: for every trajectory
of every small perturbation ¢ of a given mapping f does there exists a close
trajectory of f? In admitting of non-autonomous perturbations ¢ of the map-
ping f we have a considerably more ‘freedom’. The Direct Shadowing Problem
is usually formulated in terms of relationships between the true trajectories
and pseudo-trajectories of a system f, as in Section 6.2.2.

The Inverse Shadowing Problem is also of interest an every trajectory of a
mapping [ be approzimated (shadowed) by a trajectory of any perturbation ¢
of f from a predefined class 7 ? Here the class of perturbations 7 is usually
taken to be rather ‘small’ to obtain meaningful and strong results. For ex-
ample, the class 7 may consist of all continuous autonomous mappings ¢ or
of all (possibly discontinuous) mappings resulting from some approximation
problem or numerical method.

The asymmetrical roles of the classes of perturbations .7 in each case
should be emphasized, with the class 7 being as ‘fat’ as possible in Direct
Shadowing and as ‘thin’ as possible in indirect or Inverse Shadowing. In the
direct shadowing of the classical Shadowing Lemma (refer to Chapter 2, The-
orem 2.9) this class 7 consists of all possible non-autonomous perturbations
of the given system, while in inverse shadowing a natural and convenient class
J consists of trajectories of all continuous mappings ¢ that are sufficiently
close to f.



80 6 Expansivity and Shadowing
6.2.1 Definitions

Consider a mapping f : X — X where X is an open bounded subset of R?
and let || - || denote a fixed but otherwise arbitrary norm on R

Definition 6.9. A y-pseudo-trajectory of a dynamical system generated by a
mapping f on X is a sequence y = {y,} C X with

1 = f ()l <7, v >0, (6.18)

orn=-n_,...,0,...,ny where ny < oco. The qualifier finite may be ap-
+
pended when ny < oo and infinite otherwise.

Clearly, any trajectory (see Definition 6.1) of a system is its O-pseudo-
trajectory but not every pseudo-trajectory is a trajectory. Pseudo-trajectories
arise naturally due to variety of causes such as to the presence of roundoff error
in computer calculations of trajectories, though accumulated roundoff error
can rapidly destroy any meaningful connection between a computed pseudo-
trajectory and an original trajectory. The concept of shadowing provides a
form of comparison of trajectories and pseudo-trajectories.

Definition 6.10. A trajectory @ = {x,} is said to e-shadow a y-pseudo-
trajectory y = {yn} on some contiguous (finite or infinite) set I C 7Z of
indices® if

[2n —ynl <,  nel

The gist of a Shadowing Theorem (cf. Theorem 2.9) is that, under certain
assumptions on f such as hyperbolicity, for every € > 0 there exists a § =
0(g) > 0 such that each §-pseudo-trajectory is e-shadowed by a true trajectory.
This is what is meant by specifying direct shadowing.

6.2.2 Direct Shadowing

The proof of the Shadowing Theorem for hyperbolic diffeomorphisms does
not require the full structure of hyperbolicity. The theorem stated and proved
below establishes the same result for differentiable semi-hyperbolic mappings.
The proof is not only much shorter in the differentiable semi-hyperbolic case
than for hyperbolic case, but is more general.

Theorem 6.11. Let f : X — X be differentiable and semi-hyperbolic (in the
sense of Definition 3.5) on an open bounded set X C R® with D f, continuous
on X.* Then for every sufficiently small € > 0 there exists a § = 6(g) > 0
such that every 0-pseudo-trajectory y = {yn} of f is e-shadowed by a true
trajectory © = {x, }.

3 Without loss of generality that the set I is one of the follows intervals: I = [0, N]
or [ = (—o00,0] or I =[0,00) or I = (—o00, 00).

4 The continuity of Df, for z € X is needed only to ensure uniform continuity of
Df,.
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Proof. The proof adapts and slightly simplifies those in [15] and [17]. Let

= {yn} be a d-pseudo-trajectory of f deﬁned over some integer interval I of
mdlces Define the nonlinear mapping % : 2 — % by

(Z(x)), = Tns1 — flzn), nel, (6.19)

where © = {z,,} € 2" and spaces 2" and # are as follows

X =02([0,N +1],RY), @& =¢>([1,N +1],R%), if I=][0,N],
X =1°((—o0,1],RY), & = 1°((—0c0,1],R?), if 1= (—00,0],
X = 1°°(]0,00),R%), W = 12([1,00),RY), if T=][0,00),
X =1((—00,00),RY), & =°((—00,00),RY), if = (—o0,00).

Then % is C! with Fréchet derivative
(DF(x)u),, = tUnt1 — D fo, Un.
Let w(t) where t > 0 be the modulus of continuity of Df over X, that is
w(t) =sup{|Dfy — Dfell - z,y € X, |ly—a| <t},

and note that w(t) — 0+ as t — 0+ by the continuity of Df, on the set X.
Define gy to be the largest positive number less than or equal to € such that
w(eo) < 1/(2a(s,h)), where

h _ >\u_>\s+,ufs+.uu
v(s)  (1=A)Au—1) = pispa

Here v(s) is the constant (3.3). Note that the sequence of matrices {Df,, } is
semi-hyperbolic on account of the semi-hyperbolicity of the mapping f. The
derivative D.Z (z) thus has a right inverse D.% (x)~! which satisfies

afs,h) =

D7) < ,/?s) = a(s, h).

Choose § = 6(¢) = 0/(2a(s, h)). Now, if y is the §-pseudo-trajectory sequence
and x is any £°°(I, R?) sequence satisfying ||z — y||oo < €0, then

IDF(x) = DF (Y)llo <sup[|Dfs, = Dfy,|

<w(egg) < L < !
= = 9a(s,h) T 2| DF(y) Y

To complete the proof we need the following fixed point lemma due to
Chow, Lin and Palmer [15].
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Lemma 6.12. Let 2, % be Banach spaces® and F : X — % be a C' map.
Let y € 2 be a point such that D.% (y)~! is a bounded linear right inverse of
D.Z(y) and let €9 > 0 be chosen so that

1

(6.20)

for|lz —yl| <eo. If0 < e <ep and

3

then the equation F(x) = 0 has a unique solution x such that ||z — y|| < e.

Proof. We write
F(x) = F(y) + DF(y)(z —y) + n(x).
For ||z1 —yl|, |71 — y|| < o by (6.20) we have
In(z1) —n(z2)l| = 7 (x1) — F (x2) — D-F (y)(z1 — x2) ||

< / (DF (23 + (a1 — x3)) — DF(y)) b)) - a1 — s
0

|1 — x|

=gz ¢

We can rewrite the equation .7 (z) =0 as
v =y - D) {F(y) +n(x)} =T(x).

For 0 < € < &g, we define B(e,y) = {z € 2 : |z —y|| < e} and show that T
is a contraction on B(e,y). The lemma will then follow immediately from the
Banach Contraction Mapping Theorem.

Note first that if z € B(e, y) then

IT(2) = yll = IDF ()" {F (y) + ()} |

<D 1 £ |21 — 2]
< [1P# ) ”{2||Df<y>1||+2||w =

|l — a2l e |
= < —
2 + 2 - 2

3

[\

where we have used (6.20) and (6.21) with z; = z,2zo = y. Hence T' maps
B(e,y) into itself. Moreover if 21,22 € B(e,y) then, using (6.21),

5 The norms in 2 and % for the simplicity will be denoted by the same symbol
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I7(w1) - (@)l = IDF )™ {aler) — n(e)} |
gion—1|| Mz =zl 1 — 2|
SR PP R

Thus T is indeed a contraction on B(e,y) and the proof of Lemma 6.12 is
completed. a

We now apply Lemma 6.12 to the mapping .% : 2 — % defined in
(6.19), with the Banach spaces 2" and # introduced above and endowed
with the norm || - ||oo. Then the equation .%(x) = 0 has a unique solution
x € Z satisfying ||x — y||oo < €. That is, the d-pseudo-trajectory y = {y,}
is e-shadowed by the true trajectory @ = {x,}. This completes the proof of
Theorem 6.11. ad

6.2.3 Inverse Shadowing

As a distance between the mappings f, ¢ : R — R¢ consider the semi-norm®

1f = @llos = sup [[f(z) — o(@)]|.
z€R4

Definition 6.13. A finite trajectory x = {xg,z1,...,2N} of a mapping f is
called a-robust for some positive number « if there exists an €9 > 0 such that
any continuous mapping ¢ : R — R? satisfying

1f = elloe < €0
has at least one trajectory y = {yo,y1,--.,yn} such that
lyn —znll < allf = @lls,  n=0,1,...,N. (6.22)

This is a form of inverse shadowing where the reference class 7 is the space
of all continuous mappings on X.

Remark 6.14. The key condition in Definition 6.13 is the existence of « in-
dependent of the length of the given trajectory. The estimates (6.22) can be
obtained easily if « is allowed to depend on the length of the trajectory. For
example, any trajectory x is (1 + L + --- + LY)—robust if the mapping f
is Lipschitz with Lipschitz constant L in a neighborhood of the trajectory
x. Indeed, in this case, for a given trajectory « of the mapping f and for a
trajectory y of a mapping ¢ satisfying yo = o we have

[Ynt1 = yns1ll = llp(yn) = f(2n)ll
< Mle(n) = Fyn)ll + 1f (yn) = f(zn)ll
< If = elloc + Lilyn — zall

5 It not a norm because it may take infinite values.
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from which immediately follows the estimate
||yn_mn|| < (1+L+"'+Ln)”f_(p”00ﬂ n=12...,N.

Thus, any trajectory @ = {xg,21,...,2n} of the mapping f is ay-robust
with ay = (1+L+---+ LY).

As the next theorem shows, semi-hyperbolicity allows the robustness con-
stant « to be chosen independently of the particular trajectory and its length
N, uniformly throughout the domain of semi-hyperbolicity X.

Theorem 6.15. Let f : X — X be differentiable and (s, h)-semi-hyperbolic
on an open set X C R®. Then every finite trajectory x C X is a-robust for

any
)\u - )\s + Hs + oy

a>a(s, h) = A= A0 = 1) = ot (6.23)
where Ay, As, iy, s are the parameters of the split 8 = (Ay, As, fhu, ths)-
Proof. Denote by Z the space of (N + 1)-sequences

z={z0,21,.--, 2N} zn €RY, n=0,1,...,N,
satisfying boundary conditions
Py 2o =P} zn = 0. (6.24)

The set & can be regarded as a subspace of the (N + 1)d-dimensional vector
space R? x ... x R (N + 1 times) with the norm

12l = max|lzn]-
<n<N
Let ¢ : R? +— R? be a given mapping and = {zg,71,...,Tx} be a given
trajectory of the mapping f. Introduce the linear operator U, : Ej | +—

E} defined by U,v = P;! Df,, ,v. This operator is surjective on account
of inequality (3.12) from Definition 3.5 and so is invertible, i.e. U, ! is well
defined.

Consider now an operator S : B — Z8, which transforms every sequence
z = {z0,21,...,2n} into a sequence w = {wg,wy,...,wxn} defined by the
boundary conditions

Py wg = P, wn =0

(see (6.24)) and by the relations

P} wy, = P; (¢(Tn_1+ 2n—1) — Tn),
P! w,_ =U, (P! 2, — P Dfy, Ps  zp_ 1+
+ Pgﬂ,(_(p(xn—l +2zn-1) + T + Dfe,_ 2n-1)),

forn=1,2,..., N. The necessity of introducing the operator ¢ is explained
by the next lemma, proof of which is obvious.
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Lemma 6.16. The operator € is continuous, and for any of its fized point
z=1{20,21,...,2N} the sequence

y:{$0+20, $1+Zla R $N+ZN}
is a trajectory of the mapping .

We require some more notation and definitions. Given 3 > 0, denote by
ds(e) the largest positive value ¢ such that

HJCn+Dfxn_127f(IL'n_1+Z)||Sﬂ{—:’ n:1527"'aN7
for any ||z|| < ¢. For each z € & define the pair of real numbers

s _ S u _ U
m*(2) = max [P zll, m"(z) = max [Py 2,

and denote by m(z) the 2-dimensional column vector with components m?(z)
and m¥(z). Let M = M (s) be the split matrix (4.2) and define the column
vector

h =h(1,\, 17,
Lemma 6.17. Let 8 > 0. Then the coordinate-wise inequality
m(A(z)) < Mm(z) + (1 + B)IIf — ¢llch
is valid for every continuous mapping ¢ and every z from the set
W ={zeB: |zl <l —ell)}-
Proof. We estimate first the value of m®(¢(z)). By definition

m*(H(2)) = max_ |vgl, (6.25)

where
v, = Pin ((Tn—1+ 2n-1) — Tn).

Rewrite this as

vp=h+ 1+ 13+ 14 (6.26)
where
I =P; Dfs, P} _ 201,
Iy =P, Dfy, P  zn-1,
I3 = P; (o(xn-1+42n-1) = f(Tn-1+ 2n-1)),
Iy = Pin (f(xn-1+2n-1) = (f(@n_1) + Dfe, 1 2n-1)).
From (3.9),

I1ill < Al Py, 2l (6.27)

n—1
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while from (3.10),
[2ll < psl| P, -y Zn-1]l-

Condition SH1(Lip) of Definition 3.6 implies that

3]l < AllLf = @lloo-
Finally, Condition SH1(Lip) of Definition 3.6 and the definition of the function
ds(e) imply that
[Lall < BB f = ¢llso- (6.28)
From (6.26) and (6.27)—(6.28) it then follows that
lonll < AsllPr,_ zn—all 4+ sl Py, 2zl + (L4 B = @lloch,
and by (6.25)
m® (A (z)) < Asm®(z) + psm®(2) + (1 + B)|f — @lloch- (6.29)

We now estimate the value of m*(#(z)). By definition,

(=) = s, 0], (6.30)
where
U ( :g - P Dfxn 1 Zn,1
+ 97; ( (xn—l+Zn—1)+f(zn—1)+Dfxn,1zn—1))-
Rewrite this as
vty =U,  (Ji+ Jo + I3+ Ju), (6.31)
where
Ji = P} zn, (6.32)
Jo=—P; Dfy, Py 21, (6.33)
J3 =Py (—p(xn-1+4 2n-1) + [(@n-1+ 2n-1), (6.34)
Jy = 7f(1:n—1 + Zn—l) + (f(xn—1> + Dfxn,,l Zn—l)- (635)
The relations (3.12) and (6.32) imply that
10 Tl < AP znll, (6.36)

while (3.11), (3.12) and (6.33) imply that
U T2l < AL all P, 2na -
In addition, (3.12), (6.34) and Condition SH1(Lip) from Definition 3.6 give

1U T3]l < AR = @lloo-
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Finally, (3.12), (6.35), Condition SH1(Lip) from Definition 3.6 and the defi-
nition of the function dg(e) imply that

U Tl < AL MRBIF = ¢llco- (6.37)

From (6.31) and (6.36)—(6.37) it thus follows that

ol <A (IPE 2all + 1l P, 2l + (14 B = plloch)

n—1

so by (6.30)
m (A (z)) <A (M (2) + pem®(2) + (14 B)|[f = ¢lloch) - (6.38)

Inequalities (6.29) and (6.38) are equivalent to the assertion of the lemma.
O

Let us now return to the proof of Theorem 6.15. Without loss of generality
we can assume that the split s = (A, Ay, s, ft) 18 positive, i.e. all of the
numbers Ag, Ay, s, fi,, are positive. We recall from Section 4.1 that o(M) < 1
is the spectral radius (4.3) of the split matrix M and that |- ||, is the auxiliary
norm on R? defined for a given positive split s by

1(y1,y2)[l+ := max{y[ys], [y2]}-

with v = 7(s) > 0 given by (4.5).
Choose any fixed number a > «(s, h), with a(s, k) defined by (6.23), write

«
= —1
b a(s,h) 7
and consider the convex set
1+
= : f < — «||J = Plloo (s
¥ ={=: i@ < 2 IlAf - ol |

which is well defined since o(M) < 1.

Lemma 6.18. There exists an €9 > 0 such that for

If = @lloe < €0 (6.39)
the inclusion ¥V C W is valid.
Proof. We show first that
VYT, (6.40)
where
1+

+ _ . < -1 _
rr = {a el < 28 RIS ol
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Indeed, by definition

— S u
)l = {5 172, 2l s 172, 21}

= max max {7]|P; zull, |17, zull}

= jmax P, zall, 122, 20D,

and then by Lemma 6.6

1 1
> — mi = —mi .
lm(2)llx = 5 mingy, 1} max |lzn]| = 5 min{y, 1}{[2]lo

The inclusion (6.40) then follows from the last inequality.
Now, by definition of the differential of a mapping,

lim inf 667(8) = 00
e—0+ g

and thus a number €9 > 0 can be chosen such that

1+p

21—0(M)

max{y~!, 1}||h|l.c < d5(¢) for e <ep.
Hence, for f and ¢ satisfying (6.39) the inclusion ¥+ C # holds, and thus
by (6.40), ¥ C # . The lemma is proved. O

Let us now complete the proof of Theorem 6.15. Choose ¢35 > 0 as in
Lemma 6.18. Then ¥ C # and for any vector z € ¥ by Lemma 6.17 the
coordinate-wise inequality

m(A(z)) < Mm(z) + (1 + B)|f — ¢llh
is valid. Hence, in view of positivity of the components of the matrix M,
[m (A (2))]l« < [Mm(2)[ls + 1L+ B)If — el Bl

Recall from Section 4.1 that the corresponding matrix norm ||M||. of the
matrix M coincides with the spectral radius o(M) < 1 of M and that
| Myl < o(M)|ly|« for all y € R Hence

[m(A(2))ll« < o(M)[|m(2)[l+ + (1 + B)If = ellollPll«
and by definition of the set ¥ we obtain that
H(z) eV for ze ¥,

that is, the set ¥ is invariant under the operator #. Then, from continuity
of # (see Lemma 6.16) and Schauder Fixed Point Theorem, there exists a
point z* satisfying 57 (z*) = z* such that
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Zrev Cw.
This inclusion and Lemma 6.17 imply that
m(z") =m(A(z")) < Mm(z") + (1 + B)|If — ¢llch-

Hence, by positivity of the components of the matrix M, we have

m(z) < (14 9)f -~ pllt M)t = Lo 1 ay i,

from which

* | < S * Ul S*) < —
oax llznll <m?(27) +m*(2") < allf — ¢l

(see the proof of Lemma 4.2 for additional details). By Lemma 6.16 and by
the last estimate, for any continuous mapping ¢ satisfying ||f — ¢llec < €0

the sequence {zg + 2§, 21 + 25,..., TN + 25} is a finite trajectory of ¢ and
satisfies (6.22). That is, the trajectory @ = {xg,1,...,2n5} is a-robust and
Theorem 6.15 is proved. a

6.3 Bi-Shadowing

The concept of e-shadowing as in Definition 6.10 and a-robustness as in Def-
inition 6.13 allow us to obtain useful information about perturbations of a
given system via Theorems 6.11 and 6.15. Their practical utility is somewhat
limited by their existential rather than constructive character. A unifying ap-
proach for investigating both direct and inverse shadowing is provided by the
concept of bi-shadowing which has the added advantage of providing explicit
values of the parameters involved.

Let Tr(f, K,~) denote the totality of finite or infinite y-pseudo-trajectories
(6.18) of f belonging entirely to the subset K C X. Since a true trajectory
can be regarded as a ~-pseudo-trajectory for any v > 0, in particular with
~v = 0 itself, it makes sense to denote the corresponding set of true trajectories
by Tr(f, K,0) or simply by Tr(f, K). Obviously Tr(f, K) C Tr(f, K,~), with
strict inclusion as there are y-pseudo-trajectories which are not trajectories.

As a distance between mappings ¢ and f on X we consider the semi-norm

lle = flloo = sup [lp(z) — f(=)]].
zeX

Definition 6.19. A dynamical system generated by a mapping f : X — X
s said to be bi-shadowing on a subset K of X with positive parameters «
and B if for any given finite pseudo-trajectory x = {x,} € Trv(f, K,v) with
0 <~ < B and any mapping ¢ : X — X satisfying

o= flloo <B—7 (6.41)
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there exists a trajectory y = {yn} € Tr(p, X) such that

[#n = ynll < a(v+ [l = fllos) (6.42)
for all n for which y is defined.

Remark 6.20. Bi-shadowing conceptualizes the robustness of observed dynam-
ical behavior of a dynamical system and its perturbations such as from com-
puter simulations. It can also be interpreted as a form of dynamical structural
stability when restricted to specific classes of mappings, such as continuous
mappings. Moreover, it implies both the direct shadowing and the inverse
shadowing properties (in the form of a-robustness) discussed above: taking
¢ = f in (6.41) and (6.42) gives ary-shadowing of any ~-pseudo-trajectory
xz € Tr(f,K,v) by a true trajectory y € Tr(f, K), while a-robustness of
any trajectory x of f follows because a trajectory y € Tr(p, X) can always
be found which all¢ — f||c-shadows a given true trajectory x € Tr(f, K),
considered here as the y-pseudo-trajectory with v = 0.

6.3.1 Bi-Shadowing of Finite Trajectories

The main result of this section is that semi-hyperbolicity is sufficient to ensure
bi-shadowing of a dynamical system generated by a Lipschitz mapping with
respect to a class of perturbed systems generated by continuous mappings.
It not only generalizes existing variants of the Shadowing Lemma to a far
broader class of systems, but includes inverse as well as direct shadowing and
provides explicit values of the shadowing parameters.

Theorem 6.21. Let f : X — X be a Lipschitz mapping which is semi-hyper-
bolic on a compact subset K C X with a split s and constants h, 6 (see Defini-
tion 3.6). Then it is bi-shadowing on K with respect to continuous mappings
v : X — X with parameters a = a(s,h) and = (s, h,d) defined by

)\u - )\s + s + o
(1 - )‘S)O‘u - 1) — Msly

a(s,h):=h (6.43)

and
(1 - )\s)()\u - ]-) — sy
max{\, — 1+ ps, 1 — Ag + ft}

B(s,h,8) :=6h~! (6.44)

Proof. We begin with an auxiliary fact. Denote by BY(r) the closed ball of
the radius r centered at 0 in the linear space EY. For each z,y € K with
|l f(z) — y|| <6 and each z € R? satisfying || P:z|| < § introduce the mapping
Fiy.-: By(0) — Ej by the equality

Fuy(v) = P (f(z + Plz +v) - f(z + P}2)).

Lemma 6.22. Let 0 <1 <. Then By (A\ur) C Fiy - (B3 (7).
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Proof. The assertion of lemma is evident for r = 0, so consider the case r > 0.
Denote by 0B¥(r) and Int B¥(r) the boundary and the interior of the ball
BY(r). Clearly,

Fiy-(0) = P/ (f(x + Pjz) — f(x + P;z)) = 0 € Int B (A\ur7). (6.45)
On the other hand, by inequality (3.16)
[Fey.2(0) = Fry z(0)| = Aullo =2l for v,v e B, ofl, [[o]| < 6. (6.46)
In particular, from (6.46) we get
| Fay,=(0)]| = Aur for veEY, ||v]=r<4,
which shows that

Fyy (0B (r)) NInt By (A7) = 0. (6.47)

By Condition SHO(Lip) of Definition 3.6 dimensions of linear spaces E¥ and
Ey coincide for any z,y € K with || f(z) — y|| < ¢. Therefore, by (6.46), the
mapping F, , . (v) is homeomorphic on the ball BY(r) with 0 < r < §. Hence
by the Principle of Domain Invariance [1, p. 396] the image of the boundary
OB (r) of the ball BY(r) under the map F, , .(v) coincides with the boundary
OF, . -(B¥(r)) of the set F,, .(B%(r)), i.e.

Fry-(0By(r)) = 0F, (B (r)).
By (6.47) the latter equality implies
OF, .- (By(r)) NInt B;j()\ur) = 0.
This, together with (6.45), implies the required inclusion
By (A1) C Fyy,-(Bi(r))
and the lemma is proved. a

As an immediate consequence of Lemma 6.22 and inequality (3.16) we
have

Lemma 6.23. Let z,y € K and || f(xz) — y|| < J. Then the operator Q. . =
F;;Z is well defined and continuous on B/(\,0) and satisfies the estimate
1Qz.y.= () < AT ]l

Denote, as in the proof of Theorem 6.11, by % the space of (N + 1)-
sequences

d
z={z0,21,.-., 2N}, 2 €R*, n=0,1,...,N.
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The set % can be regarded as an (N + 1)d-dimensional vector space R? x
-+ x R? (N 4 1 times), with the norm

[#loc = (max, [z

Let @ = {xg,21,...,2n} be a given y-pseudo-trajectory of the system f and
let ¢ be a given continuous mapping such that
B=v+If ¢l (6.48)

satisfies the inequality

B < B(s,h,0d) (6.49)

with 8(s, h,d) as in (6.44).

Introduce an operator 7 : % +— % which transforms the sequence z =
{20,21,-.-,2N} € & into the sequence w = {wp, w1, ..., wy} € £ defined by
the relations

Ppwo=0 (6.50)
and

Py wn =Py (p(Tn-1+ 2n-1) — Tn) (6.51)
forn=1,2,...,N, and by the relations

Pt wy =0 (6.52)

and

P;nffwn*l = anflxajnxzn—l (P;,L(_@<xnfl + anl)
+ f(xnfl + anl) + Tn
— fen—1+ P, zn_1)+2z,)) (6.53)

Tp—1

form=1,2,...,N.
Define an auxiliary parameters a and b as the coordinates of the two-
dimensional vector

(a,0)T = (I —M(s))"*h,  with h=h(1,\;H7, (6.54)
where M (s) is the 2 x 2 split matrix given by (4.2). Explicitly, we have

Auw— 1+ g b
(L=2)Au = 1) = pspter
1*>\s+,uu h
(1 - /\s)<)\u - 1) — sty 7

a =

(6.55)

b=

(6.56)

and thus
a(s,h) =a+0b, p(s,h,d)=7min {ail, bil} . (6.57)
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Consider the set
S (B) ={ze€ P ||P; zl <aB, |P} zn|| <08, 0<n < N} (6.58)

By (6.49) and (6.57)
afB < af(s,h,0) <6, b8 <bl(s,h,d)<d (6.59)

and so, by inclusion x +u+v € X from Condition SH2(Lip) of Definition 3.6,
trajectories from .#(3) belong to X.

Lemma 6.24. The operator € is well defined and continuous on #(3) and
for any of its fized points z = {29, 21,...,2n} € L(0) the sequence

y:{xo—f—Zo, xr1 + 21, ...,JJN—FZN} (660)
is a trajectory of the system .

Proof. We prove first that the operator J# is well defined and continuous at
any point z € .(0). It is evident by (6.59) that the right hand side of (6.51)
is meaningful and depends continuously on z € .7(8). Hence, we need only
to prove for any n = 1,2, ..., N that the right hand side of the equality (6.53)
is meaningful and continuous for z € .(). By Lemma 6.23 it is sufficient to
establish the inequality

1P, (=p(xn-1 4 2n-1) + f(@n-1+ 2n-1)
+ p = f@na + Py zn1) + 20)|] < A
Rewrite the last inequality in the form
|1+ J2 + J3|| < Ao,
where

J1 =P} (—o(@n-1+ 2n-1) + f(Tn_1+ 2n-1))
+ P;ln(xn - f(xn—1)>v

Jo =P (f(wn-1) = f(®n-1+ Py, 2n-1)),

J3 = Pﬁwzn

(6.61)

To estimate ||J1|| note that by (6.48)

||()0(zn—1 + Zn—l) - f(xn—l + Zn—l)” S ||<)0 - f”OO = ﬁ -

and also that ||z, — f(xn_1)| < v since @ is a ~y-pseudo-trajectory of the
mapping f, so by Condition SH1(Lip)

[/1]] < Bh. (6.62)
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By inequality (3.15),

12l < pull Py, 2n—1l]- (6.63)

n—1

Clearly
1 3]] = 1P, znl|- (6.64)

On the other hand, by definition (6.58) of the set .(3), inclusion z € .7 ()
implies that
1P, zn—1ll < Ba, || Py znll < BO. (6.65)

Hence by (6.62)—(6.65)
[Ty + T2+ Jsl| < ol + (T2l + (I J5]] < B(h + appu + b)
so we need to establish the inequality
B(h + ajiy, + b) < Ay0. (6.66)

From (6.55) and (6.56) we have h + ap, +b = Ayb, so (6.66) can be
rewritten as
BAub < Ay6,

but this follows from (6.57). Hence the operator 7 is well defined and con-
tinuous at any point z € .7 ().

It remains to prove that the sequence (6.60) is a trajectory of the system
¢ provided that z = {z9,21,...,2n} € F(0) is a fixed point of the operator
. By assumption z is a fixed point of the operator ¢, so equation (6.51)
can be rewritten as

Py zn = P (p(#n-1 4 2n-1) — 2n)
which can be rearranged to give
P} (xn+2n) = P, p(Tn_1+ 2p_1). (6.67)
Analogously, equation (6.53) can be rewritten as
P;n,lznfl = Qup_1 20,201 (P;,,L(_@(mnfl + anl)
+ f@n-1+2zn1) t2n— f@po1 + Py Zno1) + 20)).

Applying the (nonlinear) operator Fy,,, _, 2, 2, , = Q' | . .., tobothsides
of the last equation we get

anfl,zn,znfl(P;n,lznfl) = Pgﬂ (f(rn—1+2n-1)
- So(xn—l + Zn—l) +xn — f(xn—l + P;nilzn—l) + Zn)-

By definition of the operator F, , ,(v),
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Fop 1o 2n s (P;;"flzn—l)
= P! (f@n1+ P, zZna1+ P 2n1)— f@n1+ P, 2n-1)),

so, by comparing the last two equalities, we obtain

0=P; (2n —@(Tn-1+2n-1) +Tn)
or on rearranging

P (xn+2n) = P o(tn_1+ 2n_1). (6.68)

From (6.67) and (6.68) it now follows that
T + 2n = @(Tn_1+ 2n-1), n=12...,N.

which means that the sequence (6.60) is a trajectory of the system . The
lemma is proved. O

Lemma 6.25. The set . (f3) is invariant under the operator .

Proof. Let z € # () and write w = 52 (z), cf. see (6.51) and (6.53). We can
represent (6.51) in the form

P;nwn = Il + IQ
where

I = P;W ((go(a:n_l + Zn_1) - f($n—1 + Zn—l)) + (f(fn—l) - lfn)) )
12 = Pafn (f(xn—l + zn—l) - f('r”—l)) 9

and rewrite the equality (6.53) in the form
P:gn,lwn—l = an—lyxnvzn—l(‘]l +J2 + J3)

where Jp, J3, J3 are defined in (6.61).
To estimate ||I1]] note that by (6.48) ||l¢ — fllc = 8 — v and also that
|xn — f(zn—1)|| <~ since x is a y-pseudo-trajectory of the mapping f. Hence

[o(@n-1+ 2n-1) = f(@n—1+ 2n-1)|| + [[f (@n-1) — zn|
S@B-MN+v=0
and by Condition SH1(Lip)
[ < 3. (6.69)
By (3.13), (3.14) and from Condition SH2(Lip)

ol < Asll Py, 2|l + ps| P

n—1

Zn_1]|. (6.70)

n—1

Now for each z € £, define the pair of real nonnegative numbers
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m(z) = e, Py znll, m"(2z) = oax, 1Pz, znll,

and denote by m(z) the two-dimensional column vector with coordinates
m®(z) and m*(z). From the estimates (6.69), (6.70) and definition (6.58) of
the set () it follows that

m®(Hz) = m*(w) < Bh+ BAsa + Busb. (6.71)

Analogously, from (6.62)—(6.64), the definition (6.58) of the set #(5) and
Lemma 6.23 it follows that

m* (A z) = m*(w) <A (Buaa + Fb+ Gh). (6.72)

Inequalities (6.71) and (6.72) are equivalent to the coordinate-wise inequality
m(#z) = m(w) < M (s)(a,b)T + Bh,  zc€.7(p), (6.73)
where, in view of (6.54), we have
BM(s)(a,b)" + h = B(M(s)(I = M(s))"' + 1)k
=B — M(s))""h = B(a,0)".

Hence, (6.73) is equivalent to the coordinate-wise estimate

m(A'z) =m(w) < Ba,b)",  ze.Z(B),

which, by the definition (6.58) of .(), means that the set .7(5) is invariant
under the operator 7. |

Let us now finish the proof of Theorem 6.21. By Lemma 6.24 the operator
¢ is continuous on the convex set .(3) and by Lemma 6.25 (.7 (5)) C
(), so by the Brower Fixed Point Theorem .7 has a fixed point z =
{z0,21,...,2n} € Z(B). Hence, by Lemma 6.24 again, the sequence

y={xo+z20, z1+2, ..., cv+2n}

is a trajectory of the mapping .
By definition (6.58) of the set .(3), the estimates

lznll < 1P, znll + [P, 20l < (@+0)B,  n=0,1,...,N,

are valid for the fixed point z € .#(8) of the operator 4. Thus by the
definitions of § and a,b (see (6.48) and (6.57), respectively) we have

[2nll < (s, D) (v + [l = fll):  n=0,1,...,N,
or
”xn _yn” = ”anl < O‘(svh)(')/"_ ”90_ f”OO)ﬂ n=0,1,...,N.

Theorem 6.21 is proved. a
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Remark 6.26. According to Definition 6.19 of bi-shadowing, Theorem 6.21 en-
sures the existence of a trajectory y = {y,} € Tr(p, X), for a given pseudo-
trajectory @ = {x,, } € Tr(f, K,v) with 0 <y < (s, h, d) satisfying

[0 = ynll < (s, B)(v + [l¢ = flloo)-

Sometimes it is of importance that, in fact, the following inequalities

127, (@n = yn)ll; (1P, (20 — yn) || <6,

also hold. This which follows here from the inclusion y,, — x,, = z, € L (0),
definition (6.58) of the set .7(/3) and estimates (6.59) established in the proof
of Theorem 6.21.

6.3.2 Bi-Shadowing of Infinite Trajectories

Assertions on bi-shadowing of infinite trajectories follow from the expansivity
of a semi-hyperbolic Lipschitz mappings and from Theorem 6.21.

Theorem 6.27. Let f : X — X be a Lipschitz mapping which is semi-hyper-
bolic on a compact subset K C X with a split s and constants h,§ (see Def-
inition 3.6) and let o(s,h) and B(s,h) be given by (6.43) and (6.44). Then
the following statements are valid.

(i) For any infinite pseudo-trajectory * = {x,} € Tr(f,K,v) and any
continuous mapping ¢ : X — X satisfying || — flleo < B(8,h,0) — 7 there
exists an infinite trajectory y = {yn} € Tr(p, X) such that

|20 = yull < als, D) (v + [lo = fll<),  nELZ
(i) For any given infinite pseudo-trajectory © = {z,} € Tr(f, K,~) with
v < min{6/(2ha(s,h)), B(s, h,0)}
there exists a unique infinite trajectory y = {yn} € Tr(f, X) such that
[zn = yull < als;h)y,  neZ

Proof. To prove Assertion (i) we associate with the given v-pseudo-trajectory
x = {z,} € Tr(f, K,7) a sequence of finite y-pseudo-trajectories

z®) :{m(flz ...,xék),...,xlgk)} € Tr(f, K,v), k=1,2,...

with

k)

z®) =g, n=0,+1,42,..., +k.

Then, for a given mapping ¢ satisfying ||¢ — fllec < 5(s,h,d) — v by Theo-
rem 6.21 there exists for any kK =1, 2,... a finite trajectory
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k k k
y® =Nl Y € (e, X)

such that
" = zall = 9 = 201 < als, ) (v + I = flloo) (6.74)
for n =0,+1,+£2,...,+k. Moreover, by Remark 6.26 the inequalities
1P2, (s = za)| <0, |1PE (" —zn)ll <6 (6.75)

hold for n = 0,41, +£2,...,tk.

In view of (6.74), for any integer n the sequence {yfmk)} is bounded and
thus, without loss of generality, we can suppose that it converges to a limit
point element y,,, that is yék) — Y, as k — o0.

Taking the limit in (6.75) we obtain

1Pz, (n — xn)ll <0, (1P, (yn — )|l <6,

and so, by the inclusion z,, € K and Condition SH2(Lip) of Definition 3.6, we
have

yn € X, n € 7. (6.76)
Taking the limit k¥ — oo on both sides of
o = ey
we obtain
Yn+1 = @(Yn)-

Together with (6.76) this means that

Y= {yn}tnioo € Tr(p, X).

Finally, taking the limit £ — oo in (6.74) we conclude that the infinite trajec-
tory y € Tr(p, X) of the system ¢ satisfies

[Zn = ynll < (s, ) (v + [l = flloo), n € Z.

This completes the proof of Assertion (i).
To prove Assertion (ii) note first that the existence of an infinite trajectory
y € Tr(f, X) satisfying

”xn - ynH S O‘(Sv h)’)/a n €Z.

follows from Assertion (i). To prove the uniqueness of such an infinite tra-
jectory y € Tr(f, X) we use the exponential expansivity of a semi-hyperbolic
mapping established in Theorem 6.5.

Suppose that the statement of Assertion (ii) is not true. Then there exist
trajectories y,y € Tr(f, X) such that

||yn - ‘Tn”? ”gﬂ - xn” S OL(S, h)fy’ n e Z?
and hence such that
lyn — Unll < 2a(s, h)y < hts, n € Z.

This contradicts Theorem 6.5 and so Assertion (ii) must be true. ad
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6.3.3 Cyclic Bi-Shadowing

Cyclic, or periodic, behavior is often of particular interest in dynamical sys-
tems. Here we show that bi-shadowing is preserved when we restrict attention
to periodic (or cyclic) trajectories.

Definition 6.28. A trajectory = = {z,})_, € Tr(f,K) is called a cycle
(or periodic trajectory) of period N if xy = zo and a pseudo-trajectory
y = {yn}N_y € Tr(f, K,7) is called a y-pseudo-cycle (or periodic y-pseudo-
trajectory) of period N if |[yny — yoll < 7.

Let Cyc(f, K,v) C Tr(f, K, ) denote the totality of y-pseudo-cycles of any
period belonging entirely to the subset K of X, with Cyc(f, K,0) C Tr(f, K)
or Cyc(f,K) C Tr(f, K) denoting the totality of proper cycles of any period
which are contained entirely in K. Obviously Cyc(f, K) C Cyc(f, K,~) for
every v > 0.

A counterpart of bi-shadowing for cycles and pseudo-cycles is also useful.

Definition 6.29. A dynamical system generated by a mapping f : X — X
1s said to be cyclically bi-shadowing with positive parameters o« and 3 on a
subset K of X if for any given pseudo-cycle € Cyc(f, K,v) with0 <~y <fj
and any mapping ¢ : X — X satisfying (6.41) there exists a proper cycle
y € Cyc(p, X) of period N equal to that of x such that (6.42) holds for
n=0,1,...,N.

Note that the cycle y in Definition 6.29 is required only to be in X rather
than in the subset K. Cyclic bi-shadowing is also a consequence of semi-hyper-
bolicity.

Theorem 6.30. Let f : X — X be a Lipschitz mapping which is semi-
hyperbolic on a compact subset K C X with a split s and constants h, 4.
Then it is cyclically bi-shadowing on K with respect to continuous mappings
¢ : X — X with parameters a(s, h) and ((s,h,d) given by (6.43) and (6.44).

The proof repeats verbatim that of Theorem 6.21 with the following two
minor modifications.
First, the boundary conditions

should be used instead of (6.50) and (6.52) in the definition of the operator
H

Second, in the proof the following ‘cyclic’ analog of Lemma 6.24 should be
used.

Lemma 6.31. The operator S is well defined and continuous on .#(3), and
for any of its fized points z = {29, z1,...,2n} € L(0) the sequence

y:{$0+2’0, $1+Zla ,$N+ZN}

is a cycle of the system .






7

Structural Stability

In this Chapter we consider properties of semi-hyperbolic mappings which can
be conditionally qualified as structure-stability-properties. More precisely, it
will be shown that topological entropy can only increase following to contin-
uous perturbation of a Lipschitz semi-hyperbolic mapping. Then problems of
conjugation and factorization of semi-hyperbolic mappings will be studied.
And, at last, investigation of chaotic phenomena for semi-hyperbolic map-
pings will be discussed. Throughout the Chapter || - || will denote a fixed but
otherwise arbitrary norm on R<.

7.1 Topological Entropy

Let throughout this Section X C R? be an open and K C X be a compact
subset of X. By h.(f, K) and h(f, K) it will be denoted the e-entropy and
entropy of the mapping f as they are defined in Definition 2.12.

It was seen in Chapter 6 that semi-hyperbolic mappings are expansive.
The following lemma on connection between e-entropy and entropy of expan-
sive mappings, essentially well known [53], and is quite useful sometimes as
provides a method for calculation of the entropy.

Lemma 7.1. Let K C R? be a compact set and f : K — K be a continuous
&-expansive mapping with f(K) = K. Then

h(faK) :hg(f,K)
holds for every 6 < €.

Proof. Fix 6 with 0 < 6 < £. As was remarked in footnote on the page 16,
he(f, K) is non-increasing in e, then

h(f, K) = sup he(f, K)
e>0
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and by Definition 2.12 of topological entropy it suffices to prove that

for € > 0 sufficiently small. From Lemma 6.2 it follows the existence of such
a (e, 0) for which the inequality

(f, K)

on(z, @) > ¢ for x,x € Tr
+(N+5(e,0))

implies that oy, (2, ) > 0 for any positive integer N. At the same
time, in view of the equality f(K) = K each trajectory & € Tron(f, K) can
be extended to some trajectory in Tri(ny.(-0))(f, K). Hence'

Cs(Eﬁ,(f» K)) S Ce(i(NE(E,@))(f’ K))

from which by Definition 2.12 immediately follows the inequality (7.1). O

A rich theory of topological entropy has been developed for hyperbolic
mappings (cf. [53] and the references therein) and many of the results remain
valid for semi-hyperbolic mappings too. The following theorem is illustrative
of such possible generalizations.

Theorem 7.2. Let X C R? be an open set and f : X — R? be a Lips-
chitz mapping which is continuously s-semi-hyperbolic with constants h,§ on
a compact invariant set f(K) =K C X. Then

h(g, Osj2n(K)) = h(f, K)

for each continuous mapping g : X — X satisfying

o=l < gt

where a(s,h) is defined by (6.43).

Proof. Given mappings f and g, choose real 6 satisfying
2a(s, h)llg = flle <0 < h™'s,

where a(s, h) is defined by (6.43).

By Theorem 6.5 the mapping f is £-expansive in K with the expansivity
constant & = h~'§, and then, by Lemma 7.1, h(f, K) = he(f, K). By Defi-
nition 2.12 of topological entropy hqs(g, O5/2n(K)) < h(g, Os /o1, (K)) for any

! Remind, that the value C.(Trin(f, K)) is defined in Section 2.2.4 as the binary
logarithm of maximal number of elements 2z, 2™ in Tray (f, K) such that
on (2@, 20)) > ¢ for all i # j.



7.2 Structural Stability Properties 103

o > 0. Hence, to complete the proof of the theorem it remains only to prove
the middle inequality in the following relations

h(f, K) = ho(f, K) < ho(g, Os/2n(K)) < h(g, Os j2n(K))

with 0 = 6 —2a(s, h)||g— f|lc > 0. This, in turn, by Definition 2.12 will follow
from validity for any positive N of the inequality

Co([Tx (£,5)) < Col T (9, T/ (K)) (7.2

To prove (7.2) denote by {1, ..., £(P)} the maximal subset of elements from
Tron(f, K) satisfying

QN(:c(i),a:(j)) > 0, i # .

By Theorem 6.30, for each such (® € Tryn(f, K) there exists a trajectory
y® € Tryn(g, X) for which by condition of the theorem

on(y, 2) < a(s, h)|lg - fllc < d/2h.

Hence y@ € Trin(g, Osjon(K)) fori=1,...,p, and

on (@@, y9) > oy (@@, 29)) — on (@, y?) — on (@@, y @)
>0—=2a(s, h)llg— flc =0

for any j # i, from which (7.2) follows. O

7.2 Structural Stability Properties

Let X C R? be a bounded set. Denote by X(X) the metric space of all bi-
infinite sequences & = {x,}5L _ with x,, € X for n = 0,41, 42,... with the
norm

— 00

o, @) = Y 27 M|z, — F. (7.3)

n—=—oo

Let o denote the shift operator on X'(X) defined as
(cx)n = Tpa1, zeX(X), neZ.

Finally, for a set Y C X and a mapping f € C(X,R%) let Troo.(f,Y) C 2(X)
be the totality of bi-infinite trajectories y = {y,} C Y.

For the convenience of references, let us formulate the following evident
statement.

Lemma 7.3. If the set Y C X C RY is compact and f € C(X,R%), then the
set Traoo(f,Y) C X(X) is also compact in the metric space (X(X), 0).
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Definition 7.4. Let fi, fo € C(X,R%) and let Yy and Ys be closed subsets of
X such that f1(Y1) = Y1 and fo(Ye) = Ya. The restriction fily, is said to be
a weak factorization of the restriction fal|y, if there exists a continuous (in
the metric p) surjection

P E;(vaYQ) = E;(vaYQ)

which is shift invariant, i.e. with ® oo = oo P.
Another closely connected concept is that of weak conjugacy.

Definition 7.5. Let f1, fo € C(X,R%) and let Y1 and Yz be closed subsets of
X such that f1(Y1) =Y1 and fo(Y2) = Ya. The restricted mappings f1|y, and
faly, are said to be weakly conjugate if there exists a continuous one-to-one
correspondence

!p : ;I;ro(flaifl) = ;:I;ro(f27}/é)
which is shift invariant.

In the above definitions Y7 and Y5 are closed subsets of the bounded set
X. Hence they are compact, and so are the metric spaces (Trioo(f1,Y1),0)
and (Trioo(f2,Y2), 0). Therefore the one-to-one mapping ¥ in Definition 7.5
is a homeomorphism. In other words, the restricted mappings fi|y, and faly,
are weakly conjugate if the restrictions of the shift operator o to the sets
Treoo(f1,Y1) and Troo(f2,Y2) are topologically conjugate, i.e. topologically
conjugate the mappings o1 = 0|, _(f,,v;) and 02 = 0|, (f2,v5)-

The notion of weak factorization extends an analogue of semi-conjugacy
(see Section 2.2.2 for definitions) to semi-hyperbolic mappings. Weak conju-
gacy is a generalization of topological conjugacy of mappings and reduces to
it in the case of invertible mappings. The suitability of such generalizations in
the analysis of noninvertible mappings is well known; see, for instance book of
Ruelle [68, Section 15.6]. In particular, topological entropy is an invariant with
respect to weak conjugacy and does not increase under weak factorization.

The sets Y7 and Y5 above are often sets of chain recurrent points. Remind,
in the convenient for the following usage form, the necessary definitions from
Section 2.2.3.

Definition 7.6. A point x € Y C X s called e-chain recurrent (in Y') for the
mapping f defined on a set X if there exists an e-pseudo-cycle {x,} CY of
f with g = x. A point x € Y C X is called chain recurrent (in Y) for the
mapping f defined on a set X if it is e-chain recurrent in'Y" for any sufficiently
small € > 0.

Denote the totality of e-chain recurrent in Y points of f by CR(f,e,Y).
The totality CR(f,Y) of chain recurrent in Y points of f is then can be
expressed as
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CR(f,Y) = () CR(f,&,Y).

e>0

If Y C X where X is bounded, then CR(f,Y) is compact and f-invariant,
ie.,

F(CR(f,Y)) = CR(f,Y).

Lemma 7.7. Let X and Y be open bounded subsets of R?, f € C(X,R%) and
CR(f,Y) CY CY C X. Then there exists a nondecreasing function q(, f)
of € > 0 with

lirr(l)q(s,f) =¢q(0, f) =0, q(e, f)>0 for e>0,

such that B -
CR(fa g, Y) g ﬁq(s,f) (CR(f7 Y))

In particular, there exists an € = e(f,Y) > 0 for which CR(f,e,Y) CY.

Proof. Suppose the contrary. Then, for a certain €y > 0, there exists a seque-
nce x®) = {a:gc)} of 1/m-pseudo-cycles of f with

a® Yy, 2l ¢ 0., (CR(LY)). (7.4)

In view of boundedness of the set Y, the set Y is compact and then the
sequence {x(()k)} has a limit point y € Y. By the first inclusion (7.4) and by
the definition of chain recurrence, y € CR(f,Y). But by the second relation
(7.4), y € O-,(CR(f,Y)). The contradiction proves the lemma. O

7.2.1 Weak Factorization

Let X and Y be open bounded subsets of R? with Y C X and let Lﬂ)schitz
mapping f € Lip(X, R?) be continuously semi-hyperbolic on CR(f,Y) with
CR(f,Y) C Y. By Lemma 3.12 there exists an n = n(f,Y) > 0 such that f

is semi-hyperbolic in &, (CR(f,Y)) with a certain split s and constants h, d.
Denote by «, 8 the corresponding constants (6.43), (6.44), i.e.

>\u - )\s + Ms + lflu
(1 - )‘s)(/\u - 1) - /”'sﬂu,

(1 - )\s)()‘u - 1) — MsHy
max{ Ay, — 1+ prg, 1 — As + pru}

a=a(s,h):=h

B =pB(s,h,8):=05h"

Theorem 7.8. Let Y be an open set with Y C X and let the mapping f €
Lip(X,R%) be continuously s-semi-hyperbolic in CR(f,Y) C Y with constants
h,§. If g € C(X,RY) with ||g — f|lc < & where ¢ is such that

€< 5/(2ha), Q(Ev f) <, ﬁq(e,f)-i—aa(CR(fv ?)) cY (7'5)

then the restricted mapping f|CR(f,?)) is a weak factorization Ofg‘CR(g,?))'
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Proof. Consider a mapping g € C(X,R%) such that | f — g|[c < & where ¢
satisfies (7.5). Denote the ball in X(X) of radius € centered at x by

B(x,e) ={y e X(X): ||lzi—yil| <e, i €Z}
and define the mapping @ for & € Tri (g, CR(g,Y)) by

®(x) = Blag,x) N Tx (f,CR(f,Y)). (7.6)

To prove the theorem we need to show that & is well-defined, i.e. that

(i) the set o
B(ae,®) 0 Tt (f,CR(f,Y)) (7.7)

is non-empty;

(ii) the set (7.7) contains exactly one point;

(iii) the mapping @ is a surjection of the set Tri . (g, CR(g,Y)) onto the set
Trino(f, CR(f, V);

(iv) the mapping @ is continuous;
(v) the mapping @ is shift-invariant.

(i) Prove that the set (7.7) is non-empty. First, fix

z = {xa} € Ir(g,CR(g,Y)) (7.8)

and show that for each positive integer m there exists a 1/m-pseudo-cycle
™ = {z(™} c CR(g,1/m,Y)
of the mapping g, satisfying
2™ — 2, || < 1/m, n=-m,...,0,1,...,m. (7.9)

Indeed, remark first that by the continuity of g for a given m there can be
found § = 4, > 0 such that each J-pseudo-trajectory

Y=Y-m,---,Y0,Y1,---,Ym
of g satisfying yo = z_,,, satisfies also the estimates

sup lyn — x| < 1/m.

—m<n<m

Then, in view of inclusion z_,, € CR(g,Y) followed from (7.8), by chain
recurrency Definition 7.6 such a é-pseudo cycle (™ C Y of the mapping g
can be found that ||:C(_":,)l — & _p,|| < 6. Hence, for this é-pseudo cycle (™ the
estimates (7.9) will be also valid. So, the existence of (™) is proved.

Now remark, that each (™ € Tri(g,CR(g,1/m,Y)), m = 1,2,..., is

simultaneously a (1/m + || f — g||¢)-pseudo-cycle of f, i.e.
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2™ C CR(£,1/m+ | f =gl Y).
Consequently, by Lemma 7.7,
2™ C Oyt /mtis—glc.5) (CR(SY))
and so, by suppositions g(e, f) < n(f,Y) (see (7.5)) and by ||f — g|lc < e,
2™ C Oy ) (CR(S,Y) C Opi5.)(CR(S,Y)) (7.10)

for all sufficiently large m. Hence, in view of the definition of 7n(f,Y), the
pseudo-cycles ("™ belong to the region of semi-hyperbolicity of f for all
sufficiently large m. From (6.43), (6.44) it is seen that 6/a < 3, and then due
to the first inequality of (7.5) e < 8/2h < 3 holds. Therefore, by the cyclic bi-
shadowing Theorem 6.30, for each (™) satisfying (7.10) for sufficiently large
m there exists a cycle y("™) of f such that

(™) — M| < ae for all m. (7.11)

Hence -
y(m) c ﬁn(f,Y)+a6(CR(fa Y)))

and by the inclusion of (7.5) y("™) C Y. Moreover, since the trajectory y(™ is
periodic, then, in fact, y™ € Trio(f, CR(f,Y)). Therefore, by Lemma 7.3
the sequence y(™ has a limit point y € Tris(f, CR(f,Y)). By (7.9) and
(7.11)

|2 — ynl| < ae for all n

which means that y € B(ae, x).
So, it is proved that the set (7.7) is non-empty for each

z € Tr(g,CR(g,Y)).

(ii) Prove now that the set (7.7) contains exactly one point. Remark that
because of the first inequality of (7.5) for any two trajectories

y.§ € Blaz.@) N T (f,CR(£.Y)),

the estimate ||y; — ;|| < 2ae < §/h hold. By Theorem 6.5, the set (7.7) then
contains no more than one element, and so the mapping @ is well-defined.
(iii) Prove that @ is a surjection of the set Tri..(g, CR(g,Y)) onto the set
Trioo(f, CR(f,Y)). By definition of the mapping @ we need only to construct
for each y € Troioo(f, CR(f,Y)) an element £ € Tri.(g,CR(g,Y)) with
lz; — yill < ae. As above, for each positive integer m there exist a 1/m-
pseudo-cycle y(™ C CR(g,1/m,Y) of the mapping f satisfying

”y%m)_yn”<1/m7 n=-m,...,0,1,...,m.
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By the definition of chain recurrence, y is a limit in metric (7.3) of a sequence
y™ m=1,2,..., of 1/m-pseudo-cycles of the mapping f. As was mentioned
above, due to the first inequality of (7.5) we have ¢ < (. So, by cyclic bi-
shadowing Theorem 6.30 for sufficiently large m there exist cycles (™ of g
satisfying

[2(™) — M| < e for all n.

It remains to define @ as a limit point of the sequence (™ in the metric space
(X(X), 0) (such a limiting point exists by Lemma 7.3).

(iv) To prove the continuity of the mapping @, we shall suppose the con-
trary. Then there exist

z,z™ ¢ E‘r(g,CR(g,?)), m=12,...,

such that
oz, ™) -0 (7.12)

but o(®(x),d(x(™)) > & for some & > 0. In this case, without loss of gener-
ality, we may assume that

[(®(x))o — (B(x™))o]| > &, m=1,2,... . (7.13)

Now, for any positive integer N denote by on(z, Z) the semi-norm in X'(X)
defined by
on(z,2) = sup |zn—Zull
—N<n<N
Choose a 0 satisfying 2ae < 6 < §/h; such 6 exists by (7.5). Since by Theo-
rem 6.5 the mapping g is é-expansive with & = 6/h on the set CR(f,Y), then
by Lemma 6.2 there exists a positive integer (&, 8) not depending on m such
that
0(e.0)(P(2), D(x™)) > 0 (7.14)

holds whenever (7.13) is valid. At the same time, from the definition of the

mapping @ it follows that @(x) € B(ae,z), and 5o 0,z (P(x), x) < ac.
Hence

0s(2,0) (P (), &™)
< 00y (B(E), T) + 0oz (@, ™) + 0,c.0) (™), B((™))
< ae + Ose ) (T, ™).

Here 2ae < ¢ by the definition of 6 and g, () (z, (™) — 0 in view of
(7.12). Therefore, g%(g—,g)(@(m),@(m(m))) < @ for sufficiently large m, which
contradicts to (7.14) and so the mapping @ is continuous.

(v) The shift invariance identity ¢ o 0 = o o @ follows directly from the
definition of the mapping &.

Theorem 7.8 is thus completely proved. a
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7.2.2 Weak Conjugacy

Theorem 7.8 above is a weak form of semi-conjugacy of semi-hyperbolic map-
pings, while Theorem 7.9 below is a version of structural stability for such
mappings. The explicit estimates of the ‘radii’ of semi-conjugacy and struc-
tural stability in these theorems are particularly useful in applications. Note
that semi-conjugacy in Theorem 7.8 is a C”—robust property, while conjugacy
in Theorem 7.9 below is Lipschitz-robust.

Let again X and Y be open bounded subsets of R? with Y C X and let Lip-
schitz mapping f € Lip(X,R?) be continuously semi-hyperbolic on CR(f,Y")
with CR(f,Y) C Y. Let (f,Y) > 0 be a constant defined in Lemma 7.7
such that CR(f,&,Y) C Y for ¢ < &(f,Y), then by Lemma 3.12 there ex-
ists an = n(f,Y) < (f,Y) such that every mapping g € Lip(X,R%) with
|l f = gllLip < n is semi-hyperbolic in &, (CR(f,Y)).

Theorem 7.9. Let Y be an open set with Y C X and let f € Lip(X,R?)
be a Lipschitz mapping continuously s-semi-hyperbolic in CR(f,Y) CY with
constants h,d. If g € Lip(X,RY) with ||g — fllLip < n(f,Y) then the restricted

mappings f|CR(f77) and g|CR(g77) are weakly conjugate.

Proof. Consider g € Lip(X,R?) satisfying ||g — f|Lip < 7(f,Y). Introduce the
family of mappings gx(z) = Ag(x) + (1 = \)f(z), 0 < A <1, z € X. Clearly,

lgx — fllip < llg — fllLip < n(f,Y). (7.15)

To prove the theorem it suffices, by transitivity of the weak conjugacy relation,
to find a finite set of parameters Ay = 0, A1, ..., Ay = 1 such that the mappings
gx; and gy, , are weak conjugate for each i = 0,1,...,k — 1. Since the family
{gx,0 < X\ < 1} is a compact subset of Lip(X,R9), the existence of the
required set of parameters {\;} is followed from the following result

Lemma 7.10. There exists ¢ > 0 such that gA'CR(gM?) is weakly conjugate
t0 g3lor(gy 7y for all A, A € 0,1] with |A — [ < C.

Proof. By (7.15) and by the definition of n(f,Y), for any A € [0,1] the map-
ping g is continuously semi-hyperbolic in CR(f,n(f,Y),Y). Since n(f,Y) <
e(f,Y), then by Lemma 7.7 CR(f,n(f,Y),Y) C Y. Again from (7.15) it fol-
lows that ||gx — fllc < |lg — fllc < n(f,Y), and so any chain recurrent point
of gx belonging Y is n(f,Y)-chain recurrent point of f. Hence, by definition

of the value n(f,Y),
CR(gx,Y) CCR(f,n(f,Y),Y)CY,  0<A<L (7.16)

Then by Lemmata 3.12 and 7.7 for a given A there exist n > 0 and ¢; > 0
such that all mappings gx(x) with |\ — A| < {; are uniformly semi-hyperbolic
in 0,(CR(g5,Y)) with the same split s and constants h, J.
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By (7.16) CR(g5,Y) C Y and then by Theorem 7.8 there exists a positive
¢ satisfying
€ < 40/(2ha) (7.17)

such that for each gy with ||gx — gx]lc < & the following property is true:

(1) gxlcr(g, 7 is a weak factorization of gi[cg(,, 3) With the corresponding
mapping

#:(@) = B(az,2) N T (g3, CR(g5, 7)),
for € Tr1 (g, CR(g,Y)).

On the other hand, if we choose a positive ¢ satisfying

q(e,95) <m (7.18)

where the function g(e, f) is defined in Lemma 7.7, then for gy, g5 with ||g) —
93llc < € by Lemma 7.7 the following chain of inclusions is true

CR(gx,Y) C CR(g»,0,Y) C CR(gx,¢,Y) € O,(CR(g5,Y))

with any § < € — ||gx — g5llc. Thus, the following property can by written:
(i) CR(gr, ¥) € O,(CR(g3, 7).

Let us choose ¢ > 0 and A € [0,1] such that ¢ < ¢; and |\ — \| < ¢
imply that ||gx — gx]| < €. On account of property (i), g?\|CR(g;,?) is a weak
factorization of g,\|CR( oY) It remains to prove that @, is an injection and

that the inverse mapping @;1 is continuous.
To prove that @, is injective choose arbitrary

z.ze Tr (92, CR(gx,Y))

such that @ # @. By property (ii) and Theorem 6.5 the mapping g, is §/h-
expansive and so
sup ||z; — @;|| > &/h. (7.19)
i€z
On the other hand, by property (i) and the inequality [A— | < ¢, the mapping
&, satisfies
sup |8 (@), — .|, sup [@x(&); — 7] < ae

from which by (7.17) it follows

sup [|Px(x); — zil|, sup |[PA(Z); — 7il| < J/2h. (7.20)

The latter inequality together with (7.19) implies
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sup [|Px(z); — PA(T)i|

> sup [|z; — Zi|| — sup [@r(x); — zi|| — sup [@r(2); — Ti]| >0,
K3 7 7

i.e. the mapping &, is an injection.

Finally, prove continuity of the mapping @;\1(@ in metric (7.3), for which
we shall follow the proof of continuity of the mapping @(x) in Theorem 7.8.
Suppose the contrary. Then there exists a sequence

y"™ € Tr (g3, CR(g5,Y)),
converging in the metric (7.3) to some
y € Tr (g5, CR(g5,Y))

such that (™ = ¢! (y(™)) does not converge to & = &} ' (y). Then without
loss of generality we can suppose that ||x(()m) — xo|| > n for some positive
7. Choose 6 > 0 with 2ae < 6 < §/h; such a 6 exists by (7.17). Then by

Theorem 6.5 and Lemma 6.2 there exists a positive integer (7, 8) satisfying

) B (m) _ . 1>0
03 '™ x) = max Z; il 2 0> 2ae.
(n.0)( .. S ”

From (7.19), (7.20) and the last inequality it then follows that

O3(n,6) (y(m)’ y)

> O3¢(n,0) (w(m)

715) — O3(n,0) (y(m), w(m)) — O3(n,0) (y7 (B)
> 0 —2ae > 0.

The inequality obtained contradicts to the relation

lim g(y(m),y) =0,

m—00

and thus @;1(:0) is continuous. The proofs of Lemma 7.10 and Theorem 7.9
are completed. a

7.3 Chaos

7.3.1 Definition of Chaotic Behavior

Let X be an open bounded subset of R?. Consider a mapping f : X
X and the corresponding discrete-time dynamical system generated by f.
A trajectory of this system is a sequence @ = {x,}>2 _ satisfying x,,11 =
f(zpn), forn=—-n_,...,0,1,2,..., where 0 < n_ < co (note that n_ = n_(x)
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depends on the particular trajectory ). Let Tr(f) denote the totality of
trajectories of the dynamical system generated by f and let Troo(f) be the
subset of € Tr(f) with n_(z) = oco.

Important attributes of chaotic behavior include sensitive dependence on
initial conditions, an abundance of unstable periodic trajectories and an irreg-
ular mixing effect describable informally by the existence of a finite number
of separated subsets Uy, ...,U,, of R? which can be visited by trajectories
of some fixed iterate f* of f in any prescribed order. Symbolic dynamics al-
lows a more exact formulation of this last characteristic. Let X'(m) denote
the totality of all bi-infinite sequences b = {b,, }>° with b, € {1,...,m} for
n=0,+1,42,..., and let # = {w1,...,wy} be an unordered subset of dis-
tinct points in X. Sequences in X'(m) will be used to prescribe the order in
which some disjoint balls of the form

U ={z€eX: |z—w| <e}, i=1,...,m,

are to be visited.
Let € > 0 and k be a positive integer and let Y be a compact subset of X
for which max, yey ||z — y|| > 2e.

Definition 7.11. A continuous mapping f is (e, k)-chaotic in a neighborhood
of Y if for each finite subset # = {w1, ..., wm} of Y with min;; ||w; —w;| >
2e there exists a mapping Zy : X(m) — Troo(f) such that

S1: For each b € X(m) the trajectory z = Zy(b) of f satisfies z; € Uy, for
all integers j;

S2: The mapping b — Z;(b) is shift invariant in the sense that a 1-shift o of
a sequence b € X(m) induces a k-shift o of the corresponding trajectory
Zf (b);

S3: If a sequence b € X(m) is periodic with minimal period p, then the corre-
sponding trajectory z = Z;(b) is periodic with minimal period kp;

S4: For each n > 0 there exists an uncountable subset Xo(n) of X(m) such
that

€ forall a,be Xy(n),a#b,

N |

limsup,, o |Zf(@)n — Z5(b)n] =

and
liminf, .o || Z¢(a)n — Z¢(b)n|| <n  for all a,b e Xy(n).

Note that if f is (e, k)-chaotic on Y then the topological entropy &P of f
in the e-neighborhood of Y is positive and satisfies the inequality &P >
k() ' In(C.;4(Y)), where C.(Y) denotes e-capacity of the compact set Y’
(27, 139].

The above defining properties of chaotic behavior are similar to those in
the Smale transverse homoclinic trajectory theorem (see [67, Theorem 16.2])
with an important difference being that we do not require the existence of
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an invariant Cantor set. In addition we assume neither the uniqueness of the
trajectory Z;(b) for b € X'(m) nor the continuity of Zy, so Zy need not be a
semi-conjugacy. Instead, the definition includes Condition S3, which is usually
a corollary of uniqueness, and Condition S4 which is a form of sensitivity and
irregular mixing as in the Li-Yorke definition of chaos [50], with the subset
of trajectories Z;(Xo(n)) corresponding to the Li—Yorke scrambled subset Sy
and the whole set Z;(X(m)) to their whole set S.

From the physical point of view our definition means that the trajectories
of the system f appear to behave chaotically if the measurements are carried
out with precision no better than € at equal time intervals between subsequent
measurements no shorter than k(e).

Definition 7.12. The minimal €9 > 0 with the property that for each € > &g
the system f is (e, k)-chaotic for an appropriate k is called the chaos threshold
of the system f.

The chaos threshold characterizes accuracy of measurements for which
the behavior of the system in the vicinity of the subset Y appears com-
pletely chaotic if the time lapse between subsequent measurements is suffi-
ciently large. For instance, a chaotic diffeomorphism f which is topologically
conjugate on Y to the shift operator o on ¥(2) has zero chaos threshold.

7.3.2 Perturbations of Bi-Shadowing Systems

A trajectory & = {z,,}> of a continuous bounded mapping f : X — X C R¢
is called homoclinic trajectory if its elements are not all identical and there
exists a point x, € X such that lim,, .o z_, = lim, .o T,, = Ty.

Theorem 7.13. Let x be a homoclinic trajectory of a continuous bounded
mapping f : X — X, suppose that f is both bi-shadowing and cyclically bi-
shadowing on the unordered set {x} with parameters o and (3, and define
v(e) = $ min{B3,e/a} > 0. Then every mapping g € C satisfying |lg — flc <
v(g) is (g, k)-chaotic on a neighborhood of {x} for any positive integer k >
k(e), where

k(e) = max {m : 3 an integer jo :
a; — 2. = y(e), 4 =1Jo,--,Jo+m}. (7.21)

Proof. In the proof below there will be fixed ¢ < max; yeq ||z — y||, a pos-
itive integer k > k(¢) and a finite set # = {w1,...,wm},m > 1, satisfy-
ing min;; [|w; — w;|| > 2e. To prove the theorem we have to construct a
mapping Z; which satisfies Conditions S1-S4. Let 0,(S) denote the open
o-neighborhood of a subset S of R,

For each w € # with w # x, there can be found a positive integer m_ (w),
a non-negative integer m (w) and a finite sequence
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u=u(w) = {u(w),mf(w), U(W) ()15 - -+ 5 u(w)m+(w),1} ,

which are uniquely defined by

such that

u(w)fm_(w)vf(u(w)rm.(w)fl) € ﬁv(s)({x*})a u<w)J ¢ ﬁ’v(f)({x*})

for —m_(w) < j < my(w).

Consider a given integer k > k(e) and a given sequence b € X(m). Define
a sequence v = {v;} in X by vjip, = u(wy); for —m_(w,) < j < my(wy,)
when w,, # z,. and by v; = =z, for all other j. This sequence is a ~y(¢)-
pseudo-trajectory of f. Hence, by the assumed bi-shadowing property of f,
for any mapping g € C with ||g— f|lc < v(¢) the set Z,(b) of all trajectories z
satisfying || 2k, —ws,, || < € for all n is not empty. Furthermore, by the assumed
cyclically bi-shadowing property of f, this set 24(b) contains a trajectory of
minimal period pk if b is periodic with minimal period p.

Standard constructions using Zorn’s lemma [40, pp. 31-36] allow a (single-
valued) selector Z; of the multi-valued mapping b — Z,(b) to be chosen
which satisfies Conditions S1-S3 in Definition 7.11. Indeed, let us denote by
Z the totality of single-valued selectors Z,; which are defined on subsets of
2(Z) C X(m) and satisfy Conditions S1-S3 and consider this set as being
partially ordered by inclusion of the corresponding graphs

Gr(Z,) = {(b.Z,(b)) : be 2(2)}.

By the construction every chain Z (that is, linearly ordered subset) of Z has
an upper bound, the graph of which is defined as the union Udei Gr(Zy).

Hence by Zorn’s lemma there exists a maximal element Z, in the set Z.
Suppose that the strict inclusion 2(Z,) C X(m) holds. Then there exist an
element b, € X (m) \ 2(Z.,). If for some positive integer i the sequence b, is
the ith-shift of a sequence by € Z(Z,) then the mapping

Z.(b) if be 2(Z.),
o) =, Sf Hesh

satisfies Conditions S1-S3 and strictly dominates Z,, which contradicts the
definition of Z,. On the other hand, if the sequence b, cannot be represented
as a shift of a sequence b € 2(Z,) then define Zy(b) as an arbitrary element
from the nonempty set Z;(b) of all trajectories z satisfying ||zx, —ws,, || < € for
all n; again the mapping Z satisfies Conditions S1-S3 and strictly dominates
Z,, and we arrive again at a contradiction.

It remains to prove that the selected mapping Z, also satisfies Condi-
tion S4. This follows immediately from the next general result.
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Lemma 7.14. Let (2,d) be a compact metric space with the power of the
continuum and let .7 be the set of sequences s = {s;};>1 with s; € {2 for all
j > 1. Then for each n > 0 there exists a subset #(n) of . with the power
of the continuum such that iminf; . d(s;,t;) <n for any s,t € .7 (n).

Proof. By compactness of (£2,d) there exists a finite partition & of {2 such
that diam(A) < n for each A € &. Consider the equivalence relation F, on .7
defined by: E, (s, t) is true if and only if s; and ¢; belong to the same subset
from the partition for all sufficiently large j. Denote the set of equivalence
classes by 7 and note that each equivalence class & € .7 contains no more
than a denumerable set of elements, because each element from & differs from
a chosen element {t;};>1 only for a finite number of indices j. On the other
hand, the set . itself has by construction the power of continuum, so 7 has
the power of the continuum.

Choose a single element from each equivalence class in .7, denote the set
of these sequences by .7, and say that two sequences s, t € .7, are connected
if there exist arbitrarily large j for which s; and t; belong to the same subset
from the partition. Since there are connected elements in every set which
contains more than #(2?) elements, there are connected elements in every
denumerable set. The assertion of the Lemma will hold if a subset .#(n) C
& of pairwise connected sequences which has the power of the continuum
can be constructed. That this can be done follows by an application of a
transfinite analogue of the Ramsey Complete Graph Theorem (cf. [32, p. 608,
Theorem 5.23]; see also [33, pp. 427-428]): If G is a graph of power m, where
m is a transfinite cardinal, and if every denumerable subset of G contains two
connected elements, then G contains a complete graph of power m.

This completes the proof of Lemma 7.14 and hence the proof of Theo-
rem 7.13 too. a

The positive integer k(¢) defined by (7.21) represents the maximum num-
ber of iterations of an element of the unordered set {x} that can remain
outside of the (&) neighborhood of the homoclinic point z..

Corollary 7.15. The chaos threshold of each continuous mapping g satisfying
llg — fllc < ~v(e) does not exceed €.

The next theorem provides a simple means of locating homoclinic trajec-
tories. Recall that a mapping f : X — X is said to be £-expansive in X if for
any infinite trajectories x,y € Tr(f) either & = y or sup,,cy [|€n — ynl| > &.

Theorem 7.16. Let w = {wy, ..., wp_1} be ay-pseudo-cycle of a continuous
mapping f : X +— Z which is bi-shadowing and cyclically bi-shadowing
with parameters a, 3 on {w} and &-expansive in Z . Suppose that v < (3,
| f(wo) — woll < B and

20y <max [lw; —wjl, ey + [1f(wo) —wol)) < ¢ (7.22)
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are valid. Then f has a homoclinic trajectory x in an open ary neighborhood

of {w}.

Proof. The point wy is clearly an || f (wo) —wo||-pseudo-equilibrium of f. By the
assumption that || f(wg) — wp|| < B and the cyclically bi-shadowing property
there exists a proper equilibrium z, of f satisfying

|22 — woll < e [|f (wo) — woll- (7.23)
Now consider the bi-infinite sequence {y;} defined by

_Jwo if <0 or j=>p,
Yi = w;  otherwise,

which is obviously a v-pseudo-trajectory of f. In view of the inequality v < 3,
there thus exists a proper trajectory @ = {z;} in the a~y-neighborhood of the
pseudo-trajectory {y;}. The elements of this trajectory are not all identical
because of the first inequality in (7.22). To complete the proof it remains to
show that the trajectory « is homoclinic. To this end it suffices to establish
the limit relationships

lim z_, = lim z, = z.. (7.24)
Suppose that
lim z, = z,. (7.25)

does not hold. Then there exists a sequence of indices j,, — co and an g1 > 0
such that
|z, — | > 1,  m=1,2,.... (7.26)

Consider a coordinate-wise limit point &* = {z}},>_o of the sequence of
shifted trajectories
2™ = {x(_@n?x(:?iﬁl, .. }
defined by ng)jm =z, for n=0,1,2,.... Then (7.26) implies
led — zx] > 1. (7.27)

Now every sequence (™) is a trajectory of f, so «* is also a trajectory of f
because f is continuous. Furthermore, x* satisfies the inequalities

a7, — @]l <€ (7.28)

for all n because of (7.23) and the second inequality in (7.22). The inequalities
(7.28) and (7.27) contradict the £-expansivity property, so the limit (7.25)
must be exist. The other limit is handled similarly, which completes the proof.

O

Note that only the direct shadowing part of bi-shadowing has been used
in the above proof.
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7.3.3 Semi-Hyperbolic Lipschitz Mappings

From Theorems 7.13 and 6.30 we have the following corollary.

Corollary 7.17. Let f be (s, h,§)-semi-hyperbolic on a compact subset Y of
X and x be a homoclinic trajectory of f contained in'Y and define k(e) by
(7.21) and y(e) by

(&) = émin{ﬂ(s,h,d),s/(a(s,h)). (7.29)

Then every mapping g € C satisfying ||lg — fllc < v(g) is (e, k)-chaotic on a
neighborhood of {x} for any positive integer k > k(e).

From this corollary we can establish the chaotic behavior of nonsmooth
perturbations of a diffeomorphism with a hyperbolic homoclinic trajectory,
see [7, 139]. In fact Theorems 7.13 and 6.30 allow us to consider homoclinic
trajectories for much wider classes of systems, such as those with a Marotto
snap-back repellor or generalizations thereof [52, 71, 81].

Ezxample 7.18. Let 0 be a hyperbolic fixed point of a smooth mapping f on
R? and let W* and W* denote the local stable and unstable manifolds of
f at 0. Suppose that there is a point g € W* \ {0} and a positive integer
m with f(zo) = 0 and that the linear space D,,T}: is transversal to 7,
where D, is the derivative of f(™ at the point z and T* and T? are the
tangent spaces to the stable and unstable manifolds. Since zo € W™ \ {0},
there exist points z_,, n > 0, with lim,, o z_, = 0 and f(z_,) = x_p41.
Let N be an arbitrary positive integer, write r(N) = (||[z_n|| + [[z_~n+1]])/2
and U(N,e) = O,(n)(0)J O (x_n) for arbitrary € > 0. It can be verified [27]
for suitable ¢ > 0 and integers N, M > 0 the mapping

N,M,e — fN+JV[(x) if z € ﬁs(x—N)

is semi-hyperbolic on any compact subset of U(N,e) and, hence, that the
mapping f itself is bi-shadowing and cyclically bi-shadowing on its homoclinic
trajectory

T = {...735,”7...,m,l,xmf(xo),...7fm_1(:vo),0,...,O,...}.

Consequently, for every € > 0 there exists a v > 0 such that the chaos thresh-
old of every small continuous perturbation g with ||g — f|lc < 7 does not
exceed €.

7.3.4 Perturbations on Sets of Chain Recurrent Points

Another mechanism for generating robust chaotic behavior in nonsmooth dy-
namical systems involves its set of chain recurrent points.
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Let X is an open bounded subset of R?, let Y be on open subset of X,
and let f: X — X. A point € Y is called (¢,Y)-chain recurrent for f
if there exists a finite e-pseudo-trajectory {zg,z1,...,zr} of f in Y with
xo =z = z, that is connecting  with itself. Let CR(f,,Y) denote the set
of all (¢, Y)-chain recurrent points of f. The set of Y -chain recurrent points of
f is then defined as CR(f,Y) = Ne>0 CR(f,&,Y). Note that if f is continuous
and Y C X, then CR(f,Y) is compact and f(CR(f,Y)) = CR(f,Y).

The following lemma, which is analogous to Smale’s Spectral Decompo-
sition Theorem for Axiom—A diffeomorphisms [39], is an important technical
step in formulating and proving our main result in this section.

Lemma 7.19. Let Y be an open set with YCX and let f € Lip(X,R%) be
bi-shadowing and expansive on CR(f,Y) with CR(f,Y) C Y. Then

(1) the set CR(f,Y) can be decomposed into a disjoint union of a finite number
of closed sets £21, ..., 2§ such that f(§2;) = £2; fori =1,..., K. Moreover,
foreachi=1,... K there exists a bi-infinite trajectory z = {z,}1=° of
[ belonging to §2; such that the two ‘half-trajectories’ zt = {z,}5°, and
27 ={2,}0___ are dense in §2;;

(2) each set §2; can itself be decomposed into a disjoint union of a finite number
of closed sets 2],5 = 1,...,n;, which are cyclically permutated under f,
such that f™ o1 18 topologically mizing, i.e. for any U,V relatively open in
02} there exists an N; v such that ()" (U)NV # 0 for everyn > N; v ;

(3) the periodic points of flog(s57) are dense in CR(f, Y).

Proof of the first property: Points x,y € CR(f,Y) are called chain con-
nected in CR(f,Y) if for any £ > 0 there exist an e-pseudo-trajectory x of f
with 7,y € {&} € CR(f,Y). The set CR(f, X) is partitioned into equivalence
classes of points connected pairwise with each other and every such class &
is a closed subset of CR(f, X) satisfying f(&) = &. These equivalence classes
are called the chain connected components of the restriction f|y. Write & (z)
for the chain connected component containing an element z € CR(f, X).

The proofs of the next lemma and its corollary are straightforward, so will
be omitted.

Lemma 7.20 (cf. [27, Lemma 4]). For every x € CR(f,Y) and every e > 0
there exists a q = q(z,e) > 0 such that each g-pseudo-cycle x of f with
z €{z} CY satisfies {x} C O.(&(x))

Corollary 7.21. For every v € CR(f,Y) and q > 0 there exists a q-pseudo-
cycle © of f with x € {x} and {x} C &(x).

A proof of the next lemma will be given.

Lemma 7.22. Let CR(f,Y) C Y and fly be (s,h,d)-semi-hyperbolic on
CR(f,Y) with respect to continuous mappings g : X — X. Let o, 3 and & be
the corresponding bi-shadowing and expansivity parameters in Theorem 6.30
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and suppose that x and T are members of distinct chain connected components
& and &. Then ||z — Z|| > min{j,¢/a}.

Proof. Suppose the contrary; in particular suppose that
|z —Z[| = ¢ < r = min{B,{/a}.

A contradiction to x and Z belonging to distinct chain connected components
will be obtained by showing that for each € > 0 there exists an e-pseudo-cycle
x* CY which simultaneously contains both x and Z. For this it suffices to
construct two trajectories y and z satisfying, respectively,

yCY, z€{y,: n<0}, Z€{y,: n>0}, (7.30)
2CY, T€{z: n<0}, z€{2,: n>0}L (7.31)

To construct the sequence y fix a positive number ¢ < r — ¢g. By
Corollary 7.21 there exist e-pseudo-cycles € = {zg,...,2m} C &(z) and

x ={Zo,...,ZTm} C &(T) satisfying 9 = x and Ty = Z. Denote by u and u the
infinite periodic sequences defined, respectively, by uy = xx for k =0,...,m
and Uy = Ty for k = 0,...,m. Then consider the infinite sequence w defined
by
_Juw if k<O,
Wk = {ak if k> 0. (7.32)
Since u and u are both e-pseudo trajectories and ||ug —uo|| = ||z —Z[| = ¢, the

sequence w in (7.32) is a (q + €)-pseudo-trajectory of f with w C CR(f,Y).
As f is bi-shadowing on CR(f,Y) with the constants o, 8 and ¢ +¢ < r <
3, there exists a true trajectory y € Y of f which is a(s, h)q close to w.
It remains to prove that this trajectory satisfies the second and the third
inclusions of (7.30). Because u(—km) = x, Ugp = T for the positive integer k,
it suffices to establish the limit relations

lim ||y, — u,| = lim ”yn - anH =0,
n——0o0 n—oo

which can be done in the same way as for the limits in (7.24) above using the
£-expansivity.

The trajectory z is obtained similarly by bi-shadowing with respect to the
pseudo-trajectory w defined by @, = w_j, for all integers k. O

The chain connected components of CR(f,Y) are the required sets (2;.
Lemma 7.22 shows that there are only a finite number of them, while their
closedness and invariance follow from the definition.

It remains to show that each set {2; contains a dense trajectory. Fix ¢ and
consider a countable subset of points {2°,... ,z",...} which is dense in (2;.
Fix ¢ > 0 sufficiently small. By definition, for each v there exists &/v-pseudo-

cycles ¥ = {z,..., a:fl(y)_l} with o = a¥. For each v concatenate v + 1
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times &” to form a pseudo-cycle y of length (v + 1)n(v). Then consider the
bi-infinite sequence w of the form

w:{"')yy7"'7y17y07y17"'7yu7"'}

By definition this is a bi-infinite e-pseudo-trajectory of f, so by the bi-
shadowing property there exists a unique trajectory z in {2; which is ae close
to w. It is straightforward then to check that z has the necessary properties.

Proof of the second property: The proof follows the usual pattern, see [39]
and the references therein, so will only be sketched here. Consider the set (2;.
The essential step is to construct the subset (2{.

For each € > 0 let P(e) be the set of positive integers p with the property
that there exists a e-pseudo-cycle  belonging to {21 of the period p. Define
P = N.>oP(g), which is non-empty because of cyclic shadowing property, and
denote by n; the minimal common denominator of the integers in P.

Let x be an arbitrary point in §21. For each £ > 0 let A(e) denote the set of
all e-pseudo-cycles containing the point x as their first element. Then denote
by A*(e) be totality of the elements of pseudo-cycles in A(e) with indices of
the form nik for k = 1,2,.... Finally, define 2} = NAZ. This set has all of
the required properties.

Proof of the third property: This follows straightforwardly from Theo-
rem 6.30.

This completes the proof of Lemma 7.19. a

Using Lemma 7.19, Theorem 7.13 can be modified to establish the exis-
tence and robustness of chaotic behavior under continuous perturbation of a
semi-hyperbolic mapping on components of its chain recurrent set.

Let Y be an open set with Y C X and let f € Lip(X, R?) be bi-shadowing
and expansive on CR(f,Y) with CR(f,Y) C Y and with spectral decom-
position 2/,j = 1,...,n; and i = 1,..., K. Denote y(¢) = 1 min{3,e/a}
where «, 3 are the bi-shadowing parameters. Property (2) above implies the
existence of a finite integer k(e) defined by

k(e) = max{m: Jv,w € 2]
with () (UL (0)) N0 (w) =0} (733)

where U] (z) = U,(z) N £2]. Indeed, given & > 0, consider a finite (¢)/3-net
a ={ay,...,ar} in the compact set 21. By the topological mixing property,
there then exists a positive integer N such that

(f”l)” (U"}(E)/S(al)) N U}/(E)/d(aj) # @, Z7j = 17 e ,I, n > N.

On the other hand, each set of the form U,i(s) (z) for z € 2} contains at least
one set of the form le(s)/?)(ai), 1 =1,...,1,so this N is a finite upper bound
for k() defined by (7.33).
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Theorem 7.23. Let f, 21 be as above. Then every mapping g € C satisfying
lg — fllc < ~(¢) is (e, k)-chaotic on a neighborhood of §2{ for any positive
integer k > k(e).

Theorems 7.13 and 7.23 have the following corollary.

Corollary 7.24. Let CR(f,Y) C Y and let f be (s,h,d)-semi-hyperbolic on
CR(f,Y) with the spectral decomposition $2!,j=1,...,n;, andi=1,..., K,
where 2} contains more than one element. Define v(g) by (7.29) and k(e) by
(7.33). Then every mapping g € C satisfying ||lg— fllc < v(g) is (g, k)-chaotic
on a neighborhood of 2 for any positive integer k > k(g). In particular, the
chaos threshold of every continuous mapping g satisfying |lg — fllc < ~v(¢)
does not exceed €.

Ezample 7.25. Let f be the canonical Smale horseshoe mapping on the square
Q = [-1,1] x [-1,1] with compression factor 1/5 and expansion factor 5 (cf.
[39]) and let h be a Lipschitz mapping on @ with Lipschitz constant less than
2/3 and with ||h||c < 1/5. Then the mapping H = f+h is semi-hyperbolic on
CR(H, Q) C Int Q [27]; note that H here need not be invertible on CR(H, Q).
Corollary 7.24 is applicable here, so for each € > 0 the chaos threshold of
every sufficiently small continuous perturbation of f does not exceed e.
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Applications

In this Chapter we consider several applications of semi-hyperbolicity and
its consequences, in particular to delay differential equations, systems with
hysteresis and the numerical approximation of chaotic attractors.

8.1 Semi-Hyperbolic Mappings in Banach Spaces

Here it will be shown that semi-hyperbolicity of a Lipschitz mapping on a
given set implies bi-shadowing for a wide class of dynamical systems in infi-
nite dimensional Banach spaces. Definitions of shadowing and bi-shadowing
are given in the next section and that of semi-hyperbolicity for Lipschitz
mappings in Section 8.1.1. The main results are stated in Section 8.1.2, an
example of its application to delay equation is introduced in Section 8.2. Note
that infinite dimensional perturbations of finite-dimensional semi-hyperbolic
mappings were also considered in [22].

8.1.1 Bi-Shadowing with Respect to Completely Continuous
Perturbations

Let E be a Banach space with the norm || - ||. Consider a mapping f: X — X
where X is a subset of E.

Definition 8.1. A dynamical system generated by a mapping f : X — X is
said to be bi-shadowing with respect to completely continuous perturbations
on a subset K of X with positive parameters o and B if for any given finite
pseudo-trajectory x = {x,} € Tr(f, K,v) with 0 < v < 8 and any completely
continuous mapping ¢ : X — X satisfying

o= flloo <B—7 (8.1)

there exists a trajectory y = {yn} € Tr(p, X) such that
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Hxn_ynn < O‘(V"’ H‘p_f”oo) (82)
for all n for which y is defined.

Definition 8.1 generalizes in a natural way the notion of bi-shadowing given
in Definition 6.19 for mappings in finite-dimensional spaces. As is in finite-
dimensional case bi-shadowing with respect to completely continuous pertur-
bations conceptualizes the robust relationship between observed dynamical
behavior of a dynamical system and its computer simulations, and can also
be interpreted as a form of dynamical structural stability when restricted to
specific classes of mappings, such as continuous mappings.

A counterpart of bi-shadowing with respect to completely continuous per-
turbations for cycles and pseudo-cycles is also useful.

Definition 8.2. A dynamical system generated by a mapping f : X — X
1s said to be cyclically bi-shadowing with respect to completely continuous
perturbations on a subset K of X with positive parameters o and 3 if for
any given pseudo-cycle x € Cyc(f, K,v) with 0 <y < 8 and any completely
continuous mapping ¢ : X — X satisfying (8.1) there exists a proper cycle
y € Cyc(p, X) of period N equal to that of x such that (8.2) holds for n =
0,1,...,N.

Note that the cycle y in Definition 8.2 is required only to be in X rather than
in the subset K.

At last, we will need a generalization of the notion of semi-hyperbolicity
for Lipschitz mappings acting in a Banach space.

Definition 8.3. Let s = (A, Ay, s, ftw) be a split and K a closed bounded
subset of an open set X C E. A Lipschitz mapping f : X — X is said to be
s-semi-hyperbolic on K if there exist positive real numbers h,d such that for
each x € K there exists a splitting E = ES ® EY with corresponding projectors
P? and PY satisfying Properties SHO(Lip)-SH2(Lip) from Definition 3.6:

SHO(Lip): The space £} is finite dimensional for all v and dim E} = dim Ey/
if e,y € K with |[f(x) -yl < 6;

SHI(Lip): sup, | P21l | P2} < b

SH2(Lip): The inclusion

r+u+tveX (8.3)
and the inequalities
1Py (f(x+u+tv) = fl@+u+0) | < Asllu—al, (8.4)
15y (f(z +u+v) = flz+u+0)) || < psllo— o], (8.5)
1P (f(x+utv) = fle+u+v) | < pulu—ul,  (86)
1Py (f(z+u+v) = flz+ut0)) ] = Ao -7 (8.7)

hold for all x,y € K with ||f(z) —y|| < and all u,u € ES and
0,5 € B such that |lul, [l Joll, 5] < 6.



8.1 Semi-Hyperbolic Mappings in Banach Spaces 125

Note that continuity in x of the splitting subspaces EZ, E¥ or of the pro-
jectors P, P is not assumed here, nor is invariance of the splitting subspaces,
as is the case in the definition of hyperbolicity of a diffeomorphism. Note also
that contrary to the finite-dimensional case, here we require the set K to be
closed and bounded but not compact as is in Definition 3.6 since requirement
of compactness of the set K in infinite-dimensional case is too restrictive.

8.1.2 Main Results

The main result of this Section is that semi-hyperbolicity is sufficient to ensure
bi-shadowing of a dynamical system generated by a Lipschitz mapping with
respect to perturbed systems generated by completely continuous mappings.

Theorem 8.4. Let K be a closed bounded subset of an open set X C E and f :
X +— X a Lipschitz mapping which is s-semi-hyperbolic on K with constants
h,0. Then it is bi-shadowing on K, with respect to completely continuous
mappings ¢ : X — X with parameters

)\u_)\s+ﬂs+/~Lu

a(sah) =h (1 _ )\8) ()\u — 1) — Hsty

(8.8)

and

B(s,h,6) = oh—t — L= 2) O = 1) = st

. 8.9
max{A, — 1+ ps, 1 — A + po,} (8.9)

The proof of the theorem repeats verbatim that of its finite-dimensional
analogue, Theorem 6.21, with the following three minor modifications.

First, throughout the proof the space R? should be replaced by the Banach
space E. Second, instead of continuity of the operator 5 on .#(8) we should
claim its complete continuity which follows from the complete continuity of
the mapping ¢. Third, instead of use the Brower Fixed Point Theorem for
establishing the existence of a fixed point of the operator # we should use
the Showder Fixed Point Theorem.

Cyclic bi-shadowing is also a consequence of semi-hyperbolicity.

Theorem 8.5. Let f : X — X be a Lipschitz mapping which is s-semi-hyper-
bolic on a subset K of X with constants h, 6. Then it is cyclically bi-shadowing
on K with parameters o(s, h) and B(s, h) given by (8.8) and (8.9), with respect
to completely continuous mappings ¢ : X — X.

Remark 8.6. If we want to get bi-shadowing of infinite trajectories for map-
pings in a Banach space then, in addition to the requirements of Theorem 8.4,
we should demand the compactness of the set K (cf. Theorem 6.27).
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8.2 Delay Differential Equations

Consider the linear delay equation
z'(t) = Az(t) + Bz(t — h). (8.10)

Here x(t) € R%, A and B are real d-matrices and h is a positive constant. We
shall call this equation hyperbolic if its characteristic equation

det(wl — A — Be™™") =0 (8.11)

does not have a purely imaginary solution w = ip.
To each solution w of this equation there corresponds a solution of the
delay equation (8.10) of the form

e a, —00 <t <00 (8.12)

—wh

where a is an eigenvector of the matrix A 4+ Be with the eigenvalue w.

We will also consider nonlinear delay equations of the form
y'(t) = Ay(t) + By(t — h) + F(y(t), y(t — h)). (8.13)

Here F(y,v) is a continuous R?-valued function, which is locally Lipschitz in
y and A,B are as before. Denote by L(F') the set of all continuous function
y(t),t > —h satisfying the equation (8.13) for ¢ > 0. In particular, L(0)
denotes the set of all continuous function z(t), t > —h satisfying the equation
(8.10) for t > 0.

Theorem 8.7. Let the equation (8.10) be hyperbolic. Then there exists a con-
stant v > 0 with the following properties.

a) For each z(t) € L(0) and for each uniformly bounded F(x,u) there exists
a continuous function y(t) € L(F), satisfying the inequality

ly(t) —x(t)| < 7sup |F'(y,v)], t > —h. (8.14)

b) Let F(y,v) be a uniformly bounded and y(t) € L(F). Then there exists a
function x(t) € L(0) satisfying (8.14).

This demonstrates robustness of solutions of a hyperbolic delay equation
with respect to arbitrary continuous perturbations of small amplitude. In
particular, any nonlinear perturbation (8.13) of a linear equation (8.10) has
bounded at ¢ — oo solutions which shadow a given bounded at t — oo solution
of the linear equation. Let us concisely describe the main steps in the proof
of this theorem.

STEP 1. For each continuous function £(s), s € [—h, 0] the equation (8.13)
has a unique solution y(t; &, F'), t > —h which is continuous and satisfies
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y(s;:6, F) =&(s), s €[=h,0]

because F'(y,v) is supposed continuous, uniformly bounded and satisfy local
Lipschitz condition in y. Introduce the shift operator Sg for equation (8.13)
by

(SpO)(T) =y(h =716, F),  —h<7<0.

The operator Sp is completely continuous in the space C' = C([—h, 0], R9).
In particular, denote by S the shift operator for the linear equation (8.10).
The operator S is a linear completely continuous operator in C.

STEP 2. Let &(7), 7 € [—h,0] be an eigenfunction of the complexification
of the operator S with a complex eigenvalue w. Then by the definition £(s)
satisfies the equation

wé' (1) = wAE(T) + BE(T), —h <7 <0.

Thus the set of nonzero eigenvalues of the linear operator S coincides with the
set of complex number z = e where w is a solution of the equation (8.11)
(The corresponding complex eigenfunction are restrictions of functions (8.12)
on [—h,0].)

Since S is completely continuous, the spectrum of S consists of zero and
all complex numbers e*" where w is a solution of the equation (8.11).

STEP 3. By the previous step and the hyperbolicity of the linear equation
(8.10) the spectrum o(S) of the linear operator S consists of two disjoint
parts o(S) = o®(5) Jo"(S), such that ¢® is located strictly inside the unit
disc of a the complex plane and o* is located strictly outside the unit disc.
By the Decomposition Theorem [66, p. 421], it means that the space C' can
be decomposed into a direct sum

C=FEaFE"

so that both E*® and E" are invariant for S, the spectrum of the re-
striction o(S|g=) = o° of S onto E® and the spectrum of the restriction
o(S|g«) = o* Further, since S is completely continuous, the subspace E" is
finite-dimensional. Note that the parallel projection P® of C' onto E* in the
direction of E" can be written in an explicit form as

1
P =—— — 27 tdz. 1
5 ‘2‘21(5 217 dz (8.15)

STEP 4. Introduce an auxiliary norm || - ||s onto the subspace E* by

oo

lzlls =D I5"llc-

n=0
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Clearly this norm is equivalent to the norm || - || and the restriction of the
operator S onto E* contracts in this norm with some constant As < 1. Anal-
ogously, introduce an auxiliary norm || - ||, onto the subspace E* by

oo

lzlle = > IS 2llc

n=0

This norm is also equivalent to the C-norm and the restriction of the operator
S onto E* expands in this norm with some constant A, > 1. Introduce in
C' an auxiliary norm || - ||« by [|¢]l« = max{||P*¢]|s, |P“&|l.} where P* is
defined by (8.15) and P* = I — P*. Denote by s the split (As, Ay, 0,0). By
construction, the linear operator S is s-semi-hyperbolic with constants h,d
where k = max{||P*||., ||P"||+} and § is an arbitrary positive number.

STEP 5. In Step 1 the shift operator Sg of the nonlinear equation (8.13)
is completely continuous. This operator also satisfies the estimate

HSF{ - Sf”* < a! sup|F(y,v)|, t Z _h-

y,v

for some positive ;. Thus Theorem 8.4 is applicable and, taking into account
the equivalence of norms || - ||c and || - ||+, as a corollary to that theorem it
follows that:

Corollary 8.8. There exist a constant v > 0 with the following properties.

a) For each trajectory

n=10,71, - (8.16)
of the shift operator S there exists a trajectory
n" =nly.nt ... (8.17)
of the operator Sg with
17— lle < ysup|F(y, v)l, (8.18)

b) For each trajectory (8.17) of the shift operator Sg there exists a trajectory
(8.16) of the operator S satisfying (8.18).

Theorem 8.7 then follows. O

Note that the construction of the last Section can be carried out also for
some systems described by parabolic equations. Also note that some hysteresis
perturbations, like Prandtl, Besseling and Ishlinskii models in plasticity or
Preisach, Giltay and Madelung models in magnetism ([45]) can be taken into
account both in analysis of delay and parabolic equations.
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8.3 Systems with Hysteresis

Consider a smooth mapping f : R — R?. The dynamical system generated
by a difference equation of the form

In :f(l:n—l)7 n= 1727"' ) (819)

is often used in technical, physical or mechanical applications, where f usu-
ally occurs via a Poincaré section. Throughout, this will be referred to as the
system f. Realistically, a system (8.19) can describe the actual underlying
system only approximately. Thus an important mathematical problem is the
robustness of the system to perturbations. Classical results in this direction
state that a C" dynamical system preserves some of its structural proper-
ties under a small smooth perturbation [34, 60, 72]. However, there are some
kinds of nonsmooth perturbations which are very important. In this Section
we analyze a specific class of perturbations which arise in systems with weak
hysteresis nonlinearities. An important feature of such models is that hystere-
sis nonlinearities are treated as continuous but nonsmooth dynamical systems
W, often with an infinite dimensional set 2 = (W) of internal states w.
This includes such nonlinearities as play, stop, the Besseling—Ishlinskii and
Preisach—Giltay models and so on. Further details may be found in [45, 54].

In such situations the natural description of state space of a perturbed
system (8.19) is 2 = R x £2. So it is more realistic to describe the dynamics
of the perturbed system W by relations of the form

(xn»wn) = W(xnflvwnfl) = (So(xnflvwnfl)v@[}(xnfl;wnfl))

Here ¢ : R? x 2 — R? and ¢ : R? x 2 — 2 are continuous mappings.
Some concrete examples of systems which arise in the theory of hysteresis
nonlinearities are given in Sections 8.3.1 and 8.3.2.

We are concerned with the relationship between the trajectories of a
smooth system f and those of systems W which are close to f in some sense.
An appropriate measure of the distance between the two types of system was
introduced and investigated in Section 6.2.3. It is important to note that,
without extra assumptions, the system (8.19) is not structurally stable in
general.

A natural, additional assumption is hyperbolicity. In these circumstances,
estimates of the distance between trajectories of f and its perturbation W
should not depend explicitly upon the time interval over which the trajectories
are considered. Instead, it is preferable that any estimate should be uniform so
long as the trajectories remain in the region in question. This is the principal
question that we address in this Section.

8.3.1 Transducer Stop

Recall that the nonlinearity stop with threshold value h or transducer stop
([45, p. 23-24]) is a system Uy, with the state space [—h, h], scalar inputs ()
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and outputs w(t). For a smooth input u(t), ¢ > 0, and initial state wg € [—h, h]
the corresponding output w(t) = (Up[wou)(t), t > 0, is defined as a unique
absolutely continuous solution of the problem

W = q(w, (1)), w(0) = wo

where
min{u,0} if w > h,
q(w,u) = u if |w| < h,
max{u,0} if w<—h.

Consider the system described by the equations
¥ =G(z,w), w(t)= (Uplwo](c,z))(t). (8.20)

Here z € R*: h > 0 and w € [—h, h] are parameters, ¢ is a fixed vector from
R? and Uy, is the stop nonlinearity with threshold value h. Equations of such
type arise as description of mechanical systems with elastic-plastic Prager
elements, technical systems with plays or stops and many control systems.

Suppose that the function G satisfies a global Lipschitz condition. Then the
equation (8.20) has a unique solution for any initial condition z(0) = z¢ and
each initial state wg of the hysteresis nonlinearity U},. Let the shift operator
Sh(xo,wp) denote the image of the initial value (zg,wp) after unit time along
the trajectories of the system (8.20). Suppose that F'(z) = G(z,0) is a smooth
function, satisfying F'(0) = 0 and the matrix DFy does not have eigenvalues
with zero real part. Similarly, let So(xg) be the image of the initial value z
after unit time along the trajectories of equation

' = F(z). (8.21)

The mappings W(z,w) = Sp(zw) and f(x) = So(z) generate dynamical
systems W and f respectively, where the state space of the system W is the
product R? x [—h, h]

Clearly, the system f is semi-hyperbolic in some open ball centered at the
origin. From Theorem 6.15 it follows immediately

Theorem 8.9. There exist & > 0 and hg > 0 with the following property: for
any trajectory x(t) € B, 0 < t < t, < 00, of the equation (8.21) and any
h < hg there exists a trajectory (zn(t),wn(t)), 0 <t < t., of (8.20) satisfying

|x(t) — zn(t)] < ah, 0<t<t,.

Corollary 8.10. There exist « > 0 and hg > 0 with the following property:
for any xg € B belonging to the stable manifold of the equation (8.21) there
exists a trajectory (xp(t),wr(t)), t >0, of (8.20) satisfying

|zo(t) — zn(t)] < ah, t>0.
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This result can be treated as a kind of ‘the stable manifold robustness theorem’
with respect to hysteresis perturbations of a system.

Analogues of Theorem 8.9 are valid for equations with such nonlinearities
as play or generalized play, with multi-dimensional plays and stops, with Mizes
and Treska models [45], and so on.

8.3.2 Ishlinskii and Besseling Systems

Let Uy, be the stop nonlinearity with threshold A, as in Section 8.3.1. Consider
h as a parameter, 0 < h < oo, and let u be a Borel measure on [0, co] satisfying

/Ooohdu(h) < 0.

Denote by 42 the totality of continuous functions z(h), h > 0, satisfying
|z(h)| < h. Now introduce a system W, with scalar inputs and outputs and
with state space S, as follows. For a given smooth input u(t), ¢ > 0, and an
initial state zy € J, the corresponding output z(t) = (W, [z0]u)(t), t > 0, is
defined as

aozéﬁvmwmmwwmy

A model of this type includes fundamental mechanical models such as the
Ishlinskii and Besseling systems (|45, p. 342-346]). It might be thought of as
describing a continuum of linked transducers.

Suppose that the function G is globally Lipschitz, as in previous Section.
Consider the system described by equations

=Gz, z2), =z(t)=Wul20](c,z))(t). (8.22)

This extends the system (8.20). Again, (8.22) has a unique solution z(t), t > 0,
for each initial condition x(0) = x¢. Define the corresponding shift operator
S,.(zo). From Theorem 6.15 it follows that

Theorem 8.11. There exist & > 0 and g > 0 with the following property: for
any trajectory x(t), 0 < t < t, < 0o, of the equation (8.21), for any measure
1 satisfying

vwo=Amhmmw<w

and any z(h) € J€, there exists a trajectory (z,(t),z.(t)), 0 < t < ts, of
(8.22) satisfying

|z(t) — z,(t)] < ar(w), 0<t<t,.

Analogues of Theorem 8.11 are valid for models such as the multi-dimensio-
nal Ishlinskii system, the Preisach-Giltay model [45] and its multi-dimensional
analogue [46].
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8.4 Chaotic Attractors under Discretization

The solutions ¢(t;z¢) with initial values ¢(0;x¢) = zo of an ordinary differ-

ential equation
dx
— 2
P f(x) (8.23)

on R? generate a continuous-time dynamical system on R?, which is a flow
{¢(t : )} of diffeomorphisms on R if f is smooth enough. It is well-known (cf.
[42,76]) that if this system has a compact attractor Ag, then the discrete-time
dynamical system generated by a one-step numerical scheme

Tnt1 = Fp(ay) =z, + hf(h;x,) (8.24)

with constant time-step h > 0, such as an Euler or Runge-Kutta scheme, also
has a compact attractor Ay such that

H* (Ah, Ao) — 0 as h — 04+, (825)

where H* is the Hausdorff separation of nonempty compact subsets of R?
defined by
H*(A, B) = maxdist(a, B) = maxmin ||a — b||.
acA acA beB

Convergence (8.25) is often described as the upper semi-continuity of the
numerical attractor A; at h = 0.

In general, a numerical attractor A, need not be lower semi-continuity
under time-discretization at h = 0, that is with

H*(Ag, Ap) =0 as h— 0+, (8.26)

unless additional assumptions are made about the dynamics inside the attrac-
tor Ag. Here it will be assumed that Ag is a hyperbolic invariant set for the
flow generated by the differential equation (8.23) containing a point Tg € Ay
for which the w-limit set w™(Zo) = Ap, which is typical of many chaotic
attractors, where
wh (@) = () U {6(s: 20} (8.27)
T>0s>T
The main technical tool to be used in the proof is the bi-shadowing property
satisfied by the time-1 map &(1 : -) of the continuous-time system on the
hyperbolic set Ay.
Recall that a one-step numerical scheme (8.24) with time-step h > 0 is of
pth order if for every bounded subset D of R? there exists a constant C'p such
that its one-step discretization error satisfies the inequality

¢ (h; o) — Fi(z0)|| < CphP*!

for all zg € D and h > 0. There then exists a constant v > 0 such that the
global discretization error satisfies the inequality
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[p(nh; x) — Fy} (z0)|| < Cpe™™" h? (8.28)

for all ®y € D, h > 0 and n = 0,1,...,Np such that ¢(¢;29) € D for
0<t<hNp,.

Theorem 8.12. Suppose that the mapping f : R? — R? in the differential
equation (8.23) is p + 1 times continuously differentiable and that the one-
step numerical scheme Fy, : RY +— RY (8.24) is of pth order. If the differential
equation (8.23) has a hyperbolic attractor Ay which contains a dense recurrent
trajectory, then the numerical scheme (8.24) has an attractor Ay which is
continuous in h at h =0, that is

H (Ap, Ag) =max {H" (An, Ag), H* (Ag, Ap)} — 0 as h — 0+,

Proof. By the assumed existence of the attractor Ay there is an open bounded
subset 2~ of R? which is positively invariant for the flow ¢ generated by the
differential equation (8.23) and attention can be restricted to this set without
loss of generality. The results of |37, 42, 76] then establish the existence of a
numerical attractor Ay of the numerical scheme (8.24) for sufficiently small
h > 0 which are upper semi-continuous in h at h = 0 in the sense of conver-
gence (8.25). Hence it remains only to show the lower semi-continuity of the
Ah at h =0.

Write () := ¢(1 : z) for the time—1 mapping of the differential equation
(8.23), so & : X — Z . Note that & is a diffeomorphism on #(Z2") and
that the original attractor Ag C #(2") is also an attractor for the discrete-
time dynamical system generated by @, and hence Ay is invariant under .
Moreover, the diffeomorphism @ inherits the hyperbolicity of the flow ¢ on
Agp. Hence by Theorem 6.19 there exist positive constants a and 3 such that
the diffeomorphism @ is bi-shadowing with parameters a and 3 on Ay with
respect to the space of continuous functions ¢ (Z").

It can be assumed without loss of generality that mapping Fj, in the numer-
ical scheme (8.24) satisfies F},(Z") C £ for sufficiently small h, in particular
for h <1. The F' € (&) for n=1,2,... and by (8.28)

sup [|p(nh;z) — Fj'(z)|| < Cgre?™" hP
reX

n=1,2,.... Suppose that Co-e” h? < § and that there is an integer IN;, such
that h = 1/Np, that is Nyh = 1. Then

HqsfF,ﬁvh

= sup ngs(x) — N (g:)H < Cy o' hP < . (8.29)
oo reX

Now let Ty € Ag be any point such that wt(zg) = Ao and define
To(t) = ¢(t,Ty) for each ¢t € [0,1]. For each such ¢ consider the trajectory
{®"(Zo(t)) }nen of the mapping ¢. By the Bi-shadowing Property of ®in Ag
with § = 0 there then exists a 7o(t) € £ such that
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for all n =0,1,.... In particular, for n = 0 we have

" (@o(t) = Fr™ (Go(®) | < o | @ — Y

< aCge” h? (8.30)

|Z0(t) — 7o (t)|| < aCqe? hP,

that is §o(t) € Bacyerhr {To(t)}) C Bacy e ne (Ao) where %B,(S) is the
closed ball of radius g about a subset S of R?.

Since the points go(t) for 0 < t < 1 belong to a common bounded subset
of R, by the absorbing property of the (maximal) numerical attractor Aj, for
each € > 0 there exists an integer N (e, h) such that

y;(t) == F] (Jo(t)) € Boj2(Ap)  forall j > N(e,h),0<t<1.
But from (8.30) we also have ||2"(Zo(t)) — ynn, (t)]] < aCgqe? hP, that is
D" (Zo(t)) € Bac s erhr {Ynn, (B)}) foralln >0,0<t<1.

Hence 9" (Zo(t)) € Bac o e hoej2 (An) for alln > N(e,h) /Ny and 0 <t < 1,
or equivalently

U {2"(@(1)} € Bacyernoresz (An) - (8.31)
n2N(e,h)/Np,

Now the group property of the flow ¢ gives

D"(Zo(t)) = d(n, Zo(t)) = ¢(n, ¢(t,T0(t))) = ¢(n +t, %),

SO

U {"@mr= U {ss20)}
"21\;(2;’21/th s>N(e,h)/Ny,

and hence from (8.31)

U {6(5,%0)} € Bacyeor hotesa (An) -

$>N(e,h)/Ny,

But wt(Zg) = Ao, so by 8.27

Ao C U {0(s,%0)} € Bacy e hrtes2 (An)
s>N(e,h)/Nn,

or equivalently
H* (Ag, Ap) < aCgqe¥hP +¢/2.

Restricting h further to 0 < h < hg(e) so that aCg e h? < /2 also holds and
S0
H* (Ag, Ap) < ¢ (8.32)
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for all 0 < h < ho(e) with A~! an integer.
Finally, the case that h~! is not an integer needs to be considered. Let N},
be the integer such that hN, < 1 < h(Nj + 1). Then

|EN (2) — &(@)|| = | By () — ¢(1;2)
< |EN(z) — ¢(hNw; 2) || + |¢(hNp; z) — p(1;2)]|

1

f(o(s;x)) ds

hNp,
< Cge'h? + M(1— hNy) < Cge? WP + Mh < Kh

< C%.e’YhNh hP &+ ‘

where M = max,ec g ||f(x)] and K = 2max{C4€”, M}. Repeating the above
argument with

|FN" — Bl < Kh

instead of the global discretization estimate (8.29), that is with Cg-e7h? re-
placed by Kh. With an appropriate modification to ho(e), the inequality (8.32)
then holds for all h sufficiently small. Convergence (8.26), that is the lower
semi-continuity of the numerical attractor at h = 0, then holds.

This completes the proof of Theorem 8.12. a
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