MOCKOBCKUM r'OCYJIAPCTBEHHBIY YHUBEPCUTET
uMmeHnu M.B. J/loMmoHOCOBa

GAKY/IETET BEIYUC/IMTEJIbHONM MATEMATUKH U KUBEPHETUKH

IX MexxayHapoaHas
Hay4YHO-NPaKTU4YecKass KOHQepeHus

CoBpeMeHHbIE
HUHPOpPMaILlMOHHbIE TEXHOJIOTHHU
u UT-o6pa3zoBaHue

CbOPHUK U3BPAHHBLIX TPY/10B

Iloa pepgakuuen
npod. B.A. CyxominHa

MockBa
2014



YJIK [004:377/378](063)
BBK 74.5(0)51431+74.6(0)a431+32.81(0)s1431
C56

H30aHue ocywjecmes1eHO npu huHaHcos8ol
P g1 hoddepoicke

Poccuiickozo ¢hoHda hyHdaMeHMA TbHbIX

uccsiedosaHuli

(npoexkm Ne 14-07-20401 2)

[leyaTaeTcs 1o pelIeHUI0 peJaKIIMOHHO-U3/1aTebCKOT0 0TAe a GaKyIbTeTa
BberuucauTebHOM MaTeMaTUKW U KUOepHETHKH MOCKOBCKOTO rOCy[apCTBEHHOI'O
yHuBepcuTeTa uMeHU M.B. JloMmoHOCOBa
PelleH3eHTHI:
npodeccop, A.¢p.-M.H. A. H. Tomunun
npodeccop, A.¢.-M.H. JI. A. KaimHUYeHKO

C56

CoBpeMeHHble HMHpoOpManUOHHbIe TexHosioruu U MHT-o6pa3oBaHue /
CoopHMK U30paHHbIX TpyAoB IX MexayHapoJHOH  HaAy4YHO-NMPAKTUUYECKOH
koHpepeHuuu. Ilog pea. npod. B.A. Cyxomnuna. - M.: UHTYUT.PY, 2014. - 957 c. -
978-5-9556-0165-6

B c6opHUK TpyJOB BKJOYEHbl Jokjaaabl [X MexayHapoJHOH Hay4HO-
npakTuieckoi koHdpepeHIuU «CoBpeMeHHble MHPOPMaILIMOHHbIE TeXHOMOTHUU U UT-
o6pa3oBaHHey, mpolie/iieil B MOCKOBCKOM rocylapCTBEHHOM YHUBEPCHUTETE UMEHU
M.B. JlomoHocoBa. llenbto KoHpepeHUUHU £ABJSJACh UHTerpayus yCUJIUHN
YHUBEPCUTETOB, HAYKH, UHAYCTPUX U OHM3Heca B pa3BUTHUM HALIMOHATBHOW CUCTEMbI
UT-o6pa3oBaHusi. MarTepuasbl CcO0OpHUKA NpeAHasHauyeHbl [JJs1  Hay4YHbIX
paboOTHUKOB, TMpenoJiaBaTesiedl, acNUpPAHTOB U CTYAEHTOB, UHTEPECYIOIIUXCS
npo6siemamu UT-o6pa3oBaHusi, TeOpETUYECKUMU, METOAUUYECKUMU WU IPUKJIAJHBIMU
BOIPOCaMU B 06/1aCTU UHPOPMAIMOHHBIX TEXHOJOTUH.

U3paHue cbopHuka noasepxaHo PoHAOM COAEWUCTBUS Pa3BUTHUI0 MHTEPHET-
Mezuna, UT-06pa3oBaHus, 4eJ0BEUECKOT0 OTeHMaNa «JIura UHTEpHET-Me/[Uar.

YJIK [004:377/378](063)
BBK 74.5(0)1431+74.6(0)s1431+32.81(0)a431

© PakyabreTr BMK MI'Y umenu M.B. JlomoHOCOBa

978-5-9556-0165-6



Jlarkun U.B.", CesimBepcToB A.B.?

'BocTouHo-Ka3zaxcTaHCKU# rocyjapCTBEHHbIN TeXHUYeCKUH yHUBepcuTeT uM. [l Cepuk6aeBa,
r. Ycrb-KamMeHoropck, kK.¢.-M.H., oieHT Kadepbl «Boiciias MaTeMaTHKay, lativan@yandex.kz
2HMHCcTUTYT npobsieM nepeaadu uHdopManuu uM. A.A. Xapkesuua PAH, . MockBa, K.¢.-M.H.,
BelyIUHA HAYYHBIA COTPYAHUK JJabopaTopuu 6, slvstv@iitp.ru

O cao0scHOCMU Qipazmeﬂmoe meopuu no/i1s1 KOMN/1IeKCHbuIX
qyucena

KJ/IIOYEBBIE CJIOBA

BuiuucaumenvHas C/I0OHCHOCMD, meopus nepesozo nopﬂdxa,
KOMNJIEKCHble YUcC/1d, nepemMeHd K8aHMopos, uepapxus K/a4dccoe.

AHHOTAIMA

B cmambe obcysicdaemcest 8blMUCAUMENAbHAS] CAOHCHOCMb PpazMeHmo8
meopuu nep8ozo Nops0Ka NoJ1si KOMN/AEKCHbIX Yuces ¢ 02paHUYeHuUeM Ha
Yuc/a0 nepemeH K8aAaHMopos 8 PopMyaax, HaXo0sAWUXcs 8 npedsapEeHHOU

¢opme.

HanomMHuM, 4TO Kaxk/1asi OJIHAsA peKypPCMBHO aKCMOMATHU3UpyeMasi TeOpHUs
NepBOro mnopsjka paspewrMa. [IpyuMepamMu TakuMX TeOpUH CJyKaT TeOopHUs
aqrebpavyeckyd 3aMKHYTOIrO I0Ji1 (UKCUPOBAHHOM XapaKTEePUCTHUKH, TEOpUs
BellleCTBEHHO 3aMKHYTBIX IOJIEH, TeOpUsl IMJIOTHBIX JIMHEHHBIX NMOPSAJAKOB 6e3
KOHIIEBBIX 3JIeMEHTOB, apudmeTuka [Ipecbyprepa u ynucras Teopusi paBeHCTBa.
[locnegHsis M3 NepedyUCIEHHbIX TeOpUH paspeuidMa Ha MMOJUHOMHAIbHO
OrpaHUYEHHOW NaMATU U MoJiHa B 3TOM kuacce [1]. Ho gss 6osiblIMHCTBA
paspeliMMbIX TEOPHUH CJI0KHOCTb pa3pellaroliero ajJropuTMa O4YeHb BeJsIMKa.
HanpuMmep, n3BecTeH ajJropuTM [ABaxKJbl 3KCIOHEHLHAJbHOIO BPEMEHHU JJ
TEOPUU MOJIA KOMIIJIEKCHBIX yuces. C Ipyroy CTOpPOHBI, JI0O0K paspeliariiui
aJITOPUTM TEOPUU aNrebpavyeckd 3aMKHYTOro MmoJsisi (GUKCUPOBAHHOU
XapaKTEePUCTHUKH TpeoyeT HCI0J1b30BaTh (mo MeHbllen Mepe)
3KCIOHEHIIMaJIbHYI0 MaMAaTh [2]. HWxkHMe rpaHHUIbl CJAOXKHOCTH apUPMETHUKHU
[Ipecbyprepa u eé ¢pparmMeHTOB 06CyK/Aal0TCsA B paboTe [3]. Boicokasi c/10KHOCTb
Y Y MHOTUX HEINIOJIHBIX TEOPHUil [4].

MBI paccMOTpUM paspellarwljde ajJrOpuTMbl [0 GparMeHTOB TeOpUH
M0JIs1 KOMIIJIEKCHBIX YMCeJI, COCTOSILUX U3 GOPMYyJI, Y KOTOPBIX B NpeiBapEHHOMN
dbopMe uyMCIO mepeMeH KBAaHTOPOB OrPaHUYEHO HEKOTOPON (PUKCUPOBAHHOU
BEJIMYMHOU. AKTyaJIbHOCTb HCCJIel0BAaHUSl TaKUX aJITOPUTMOB OO'bSCHAETCS UX
TECHOM CBSI3bI0 CO MHOTMMH NPHUKJAJHBIMM BONPOCAMM, B YaCTHOCTH, C
UCCie/JOBaHUEM CUCTEM a/irebpandyecKux ypaBHEHUH.

Ucnonb3oBanue 6as3vcoB ['péOGHepa siBjseTCS BecbMa OOLMM METOJO0M
pelileHUsI MHOTUX 33/]a4, CBSI3aHHbIX C CUCTEMaMU ajrebpanvyecKux ypaBHEeHUU
HaJl aJrebpavyeckyd 3aMKHYTbIM nosieM [5]. McTopusi UX BOSHUKHOBEHHUS U, B
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YaCTHOCTH, BKJIaJi B pa3BUTHeE TEOPUH BbIJAIOILEr0CA POCCUUCKOr0 MaTeMaTHKa
AW. llupmoBa onucaH B [6]. ANropuTMbl BblYMC/IeHUs 6a3ucoB ['pébHepa
BXOJAAT BO MHOTHE MaKeThl JAJ CUMBOJIbHBIX BBIYMCIE€HUHN, BKIO4Yasad Maple u
Singular. OpHako nOpUMeHeHHMe 3TUX MeTOJO0B 4YacTO OKa3bIBaeTCs
Mas103pdeKTUBHBIM U3-3a NOSIBJIEHUS B X0/€ BbIYUCJIEHUI MHOTOYJIEHOB OYeHb
BbICOKOM cTeneHu [7-9]. Bpems paboTbl COOTBETCTBYMOLIUX aJIrOPUTMOB
JIBXK/1bl 9KCIIOHEHLIMAIbHOE WJIU elllé BhIIle.

CyliecTBYIOT Apyrue MeTO/bl, He CBsI3aHHble C HaXOXJeHueM 0a3ucoB
['pébHepa 51 MO3BOJIAOILIME  OIpeNeuTh COBMECTHOCTb CUCTEeMBI
asirebpayeCcKMX ypaBHEHUH C palMOHaJbHbIMKU Ko3dpodullMeHTaMHu 3a
JKCIOHEHIMa/ibHOe BpeMsl. BrnepBble 3Ta BO3MOXXHOCTb OblJla IOKa3aHa B
pabote [10], B manbHellieM MeToJ ObLI HEMHOrO ycoBeplleHCTBOBaH [11].
Hapsigy ¢ asTUM pa3BUBaJUCh BEPOATHOCTHbIE aJropuTMhbl [12-14]. OgHako Bce
U3BECTHble BEPOSATHOCTHble METOJbl pelleHUsI CHUCTeM YpaBHEHUH TaKxke
TpPeOYyIOT 3KCIIOHEHLMAJbHOIO BpeMeHH B 001ieM cjy4vae. XOTs HeJaBHO AJiS
pelieHHWs1 3TOW 3aJaud onucaH 3PPeKTUBHbIA BEPOSTHOCTHBINM aJITOPUTM,
MMEWIIUA  HU3KYI  CJO0XHOCTb IPU  HEKOTOPbIX  JIONOJHHUTEJIbHbIX
OTpaHUYEHHUSIX Ha YHUCJIO MOHOMOB B YpaBHeHUsX [14].

B pa6Gore [15] HaliaeH pa3pelmialOlMd aaropuT™m Jjs ¢GopMya B
npe/iBapéHHOW $opMe C OrpaHHMYEHHBIM YMCJIOM IlepeMeH KBaHTOpPOB, BpeMs
paboThbl KOTOPOTO 3KCIIOHEHLIUAJbHO 3aBUCUT OT AJIMHBI GOPMYJIbl, HO ABaXK/bI
9KCIOHEHIIMAJIbHO — OT YHCJIa IIepeMeH KBaHTOPOB.

HanoMHMM BKpaTue cTpoeHHe TaK Ha3blBAeMOW MOJWHOMHUAJIbHON
uepapxuu a3bIkoB PH [1]. OHa u gpyrue el noo06Hble HepapXUK OBLJIU BBeJeHbl
/11 6oJlee TOYHOU KJaaccMPUKanuy Npo6JseM MO CA0XKHOCTU UX pelleHus, Tak
KaK KaX/1y}0 pa3yMHO IOCTaBJIEHHY0 Ip06JieMy, OTBET Ha KOTOPYIO MOXKeT ObITh
TOJIBKO «/1a» WJIA KHET», MOKHO CGOPMY/IMPOBATh B TEPMUHAX IPUHA/IJIEKHOCTH
K COOTBETCTBYIOILEMY A3BIKY.

HuXHUM (Hy/1eBbIM) YPOBHEM 3TOW HepPaAPXUU 00'bSABJISIETCS KJIACC I3bIKOB
pacrno3HaBaeMbIX  JleTEpMUHHUPOBAHHbBIMM  MallMHaMuM  ThlOpuHra  3a
NOJIMHOMMUAJIbHOe BpeMs. TakMM 006pa3oM, S3bIKM 3TOr0 KJjacca CYUTAITCA
HauboJiee JIerKO pacro3HaBaeMbIMU. Hackosibko ompaBZiaHa NoAo06OHas TOYKa
3peHUs, Mbl 00cyauM mno3zaHee. CieAylooliul, NepBblM, YPOBEeHb Hepapxuu
COCTOHUT U3 IBYX KJIACCOB A3bIKOB. fI3bIKM OZHOTO KJIacca, 0003HaYaeMoro Kak P-
Curma-1, pacnosHamwTCAd HeAeTepMHUHHUPOBAHHBIMM MallMHAaMU ThHOpUHra 3a
NOJIMHOMHUAJIbHOE BpeMs, a Apyrou kjacc — P-Ilu-1 comaepXUT Bce AOMOJIHEHUS
J10 A3bIKOB I1epBOro, T.e. 3T0 npocto kyaaccbl NP u coNP, coorBeTcTBeHHO. Eciin
yKe oImpeJiesieHbl KJaccbl YpoBHA k, TO ypoBeHb k+1 cOCTOUT U3 JBYX
noaypoBHed. Ha «HMxHeM» pacnoJsiaraetcsa kjaacc P-Jlenvra-(k+1), A3bIKH
KOTOPOT'0 pacCNO3HAKTCHA JAeTepMHUHHPOBAaHHBIMM MallMHaMy TblOpUHra 3a
NOJIMHOMMAJIbHOE BpeMs, C UCHOJb30BaHUEM si3blka L u3 ksacca P-Curma-k B
KayecTBe OpaKyJ/a, T.e. «IOJACKa34MKa», KOTOPbI MOXET CKa3aTb MIHOBEHHO,
NPUHAAJIEXUT JIU JAHHOE CJ0BO SI3bIKY L. «BepxXHU» MOAYpPOBEHb COCTOUT U3
JIBYX KJIaCCOB sI3bIKOB. B mepBoM u3 Hux - P-Curma-(k+1) cobpaHbl Bce SI3bIKH,
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pacrnosHaBaeMble HeJeTepMUHUPOBAaHHbBIMM  MallMHaMM  ThblopuHra 3a
NOJIMHOMUAJIbHOE BpeMsl, TOXe C UCI0JIb30BaHUEM fi3bIKa L U3 kiacca P-Curma-k
B KauecTBe opakyJsia. Bo BTopoM, P-Ilu-(k+1) - Bce JomoJiHEHHUSI [0 SI3bIKOB
IepBOro Kjacca. BepHo i1 nolypoBHU Ha3BaHbl KBEPXHUM» U KHMXKHUMY, [10 CUX
IIOp HEW3BECTHO, BIIOJIHE BEPOSITHO, YTO MPU AOCTATOYHO O60bIKX Kk (Ba WUIU
6oJiee) Bce kaaccel vepapxuu PH coBnazgaroT.

O6befuHeHUEe BCeX KJIACCOB $3bIKOB, BXOJSALIMX B KaKHWe-TO YPOBHH,
ONMCaHHbIe Bhllle, Ha3biBalOT PH nepapxuei.

[lo aHasoruu c mnosiMHOMHa/lbHOU uepapxued PH [16] ompepensieTcs
3KCIOHeHlMasbHasd uepapxuss EH KkiaccoB CJ/I0XKHOCTH, HyJIEBOW YpOBEHb
KOTOPOM COCTOUT M3 fA3BIKOB, pa3peliMMbIX 3a 3KCIIOHEHLHAJbHOE BpeMs
poly(exp(n)), rae 4ucio n o3HavyaeT JJIMHY BXxoJla. XOTs 3TO He JI0KA3aHO,
IIMPOKO paclnpoCTpaHeHO MHeHHe O TOM, 4yTo uepapxusd EH HeBblpoxzeHHas.
Takxxe paccmatpuBaetca vepapxus EXP-H, HyseBoll ypoBeHb KOTOPOW COCTOUT
M3 SI3bIKOB, paspeliMMbIx 3a BpeMs exp(poly(n)). AHasoru4yHo omnpejessieTcs
uepapxusi DoubleEXP-H /11 aBakAbl 3KCIIOHEHIIMAJIbHOTO BPEMEHH.

OTMeTHUM, 4YTO BBIPOXJEHUEe MOJUHOMHAIbHOW Hepapxuu PH Bieuér
BBIPOXK/ieHHEe JpyTMX aHaJIOTUYHbIX HepapxuM. /loka3zaTe/bCTBO OCHOBAHO Ha
MeTo/ie, Ha3bIBaeMOM HAaOWBKOM MJIM Hakaukod. OiHaKo 06paTHAsA UMILJIMKALUs
He JJ0Ka3aHa.

[TokaxkeM, 4TO paBeHCTBO KJaccoB P-space=EXP Biie4éT paBeHCTBO
kjaccoB EXP-space=DoubleExp. 3necb mHOkecTBo u3 EXP-space gomnyckaeTcs c
UCII0JIb30BaHMeM NaMATH exp(poly(n)), rae 4ucjio n o3Ha4vaeT AJIMHY BXOJa.
MuoxectBO U3 DoubleExp nonyckaetcs 3a BpeMsa exp(exp(poly(n))). OueBugHoO,
Jwoboe  MHoOxecTBO kKiaacca EXP-space pacnosHaBaeMo 3a  JBaX/bl
3KcnoHeHnMasbHoe BpeMd. [lycts P-space=EXP. PaccmoTpuM MHOXecTBO X C/10B
B asipaBuTe 0 U 1, pacno3HaBaeMoe 3a JiBaXK/|bl 3KCIOHEHI[Ua/IbHOEe BpeMs t(x)
asiroputMoM A. 0603HaUUM Y MHOXKeCTBO CJ10B ¢ npedukcoM u3 log t(x) HysneH,
eJIMHHUILBI U cJI0Ba X. B csioBe u3 Y cypdukc X 0HO3HAUHO BOCCTAHABIMBAETCS 110
CJIOBY M3 Y: 3TO CHMBOJIbI IIpaBee caMOMU JieBOM eAuHULbl. OyeBUaHAasA
MoaudUKaL U aJropuT™ma A JonyckaeT MHOXKECTBO Y 32 3KCIIOHEHLMAJbHOE OT
JUTMHBI BXoZia BpeMd. [lo npeanosioxkeHUI0 MHOXeCTBO Y npuHagiexxuT P-space.
CnepgoBaTtesnbHO, Y  fgomyckaeTcsd  aJiCOPUTMOM, TpPeOYHOUIMM  NaMSTH,
3KCIIOHEHIMAJIbHO OTPaHUYEHHOU AJIMHOU cyddukca x. [lockosbKy cioBa u3 Y
OJlHO3HAYHO ONpeJessAlTCd CBOUMHU CcypPUKCAaMU X, COCTABJSIOLMMH
MHOXX€eCTBO X, TO TaKUM 006pa3oM, X mpuHaiexuT kaaccy EXP-space.

M3BecTHO 4YacTH4YHOe BBIPOXJeHUe Hepapxuu AM, oTpaxarwluen
WHTEpPAaKTUBHble B3aUMOJENCTBUS C KOHEYHBIM YHCJIOM pPaAyHAOB MEXAy
BEPOSITHOCTHOM MalIMHOM (ApTypoM), paboTatolei noJiMHOMHA/bHOE BpeEMS, U
MalllMHOM C HeorpaHu4YeHHbIMU pecypcamu (Mepsaunom) [17]. HepopmasnbHo,
ApTyp J[o/KeH y3HaTb WCTUHY, BeJd Auasor ¢ MepsnHOM, 06/1aJaroliuM
ropaszo 60JIbIIMMH BO3MOXKHOCTSIMH, HO IIPU 3TOM, IPOBepsisl, He 0OMaHbIBaeT
au ero MepsinH. KoHeyHOe 4uC/I0 payHL0B MOXXHO CBECTHU K YAaCTHOMY CJIy4alo,
Korga MepsvH f[aéT Bce OTBeThl cpasy. Ilpu 3ToM mocpencTBOM Auasora c
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NOJIMHOMUAJIBHBIM 4YHCJIOM IepeMeXeHUM BOIPOCOB U OTBETOB MOXHO
MOJleJIMPOBAaTh pPaboTy MPOU3BOJIBHOIO aJrOPUTMA C MOJUHOMHAIBHO
OrpaHUYeHHOU NaMAThI0. BaxkHoe oTsinune AM ot PH cocTouT B MCIIO/Ib30BaHUU
ApTypoM BepOSATHOCTHOTO aJroputMa. Ilo aHajiorum c 3TUM pe3y/JabTaTOM
MOXXHO 6bLJIO Obl OXHJATh, UTO Hepapxusi PH Toxe BripoxkjeHa W kjaacc NP
COBIIAZAET C ABOMCTBEHHbIM KyaccoM cONP. OfHaKo MHOrO4YHC/IeHHbIE MONBITKA
Jl0Ka3aThb WUJIM ONIPOBEPTHYTH 3TO yTBEPKJEeHNE He IPUBEJIU K YCIIexy.

Jl11 BCAKOT0 CJI0XKHOCTHOTO KJlacca fA3bIKOB, T.e. KJ1acca, BblJleJI1eMOro Ha
OCHOBAaHUU «OAWHAKOBOCTU» BPEMEHHOW WJHA EMKOCTHOW CJIOXKHOCTH
QJITOPUTMOB, KOTOpble  PpacClO3HAKT A3bIKM 3TOr0  KJjacca, BaXKHOU
XapaKTePUCTUKOM CJIyKaT MOJIHbIe B 3TOM KJlacCe A3bIKU. TaKou A3bIK L JOJIKEH,
BO-TIEPBbIX, CaM NMPHUHAJJIeXaTb 3TOMY KJacCy, BO-BTOPBIX, AJI1 KQXA0T0 fA3bIKa
M w3 3TOro KJjacca BONPOC O NPUHAAJEKHOCTU CJIOB f3bIKYy M [0JKeH
NOJIMHOMUAJIBHO CBOJUTBCA K aHAJOTMYHOMY BOIpoCy AJsA fA3blka L. Takum
06pa3oM, TMOJIHBIA JJisi CJH0KHOCTHOTO KJlacca $I3bIK MOJIHOCTbIO — €ro
XapaKTepU3yeT OTHOCUTEJbHO CJI0KHOCTU BbIYMCJIEHUM, MOXHO, I03TOMY
CKa3aTb, YTO MOJIHBbIM B JAHHOM KJlacce A3bIK — 3TO ero nacmnopr.

fApKUM npHUMepoM 3TOMYy MOXeT CJAYKUTb Kjacc NP, 111 Hero usBecTHO
O4YeHb MHOT'O MOJIHBIX A3bIKOB [1]. B X 4McC/10 BXOAAT S3bIKU, COOTBETCTBYIOILIUE
TaKUM IIPU3HAHO CJOXHBIM 3aZlayaM, KakK 3aZada O CyILeCTBOBAaHUU
raMuJbTOHOBA LIMKJA, 33JaYd O BbINOJHUMOCTU (GOPMYyJ UCUUCIEHUS
BbICKa3bIBAaHUN M 0 BO3MOXXHOCTU MPABUJIbHO PACKpPACUTh BepilUHbI rpada B k
[IBETOB U MHOTHeE JIpyrye LIUPOKO U3BECTHBIE 3a/1a4H.

CTOUT OTMETUTB, YTO OAHUMU TAKUMU BaXKHBIMU [JIS1 IPAKTUKHU 3aja4aMH
CIHMCOK M3BECTHBIX MOJIHBIX Mpob6JseM AJs kiacca NP He ucuyepnbiBaeTcs. B
nocjeHee BpeMs OH aKTHUBHO IIONOJIHAETCA 3a CYET KJACCUYeCKUX 3ajad
anrebpol. HanpuMep, TakoBo#l siBJsieTCs 3aa4a O BBIYMCJIEHUU Teo/e3U4ecKou
JUIMHBl 3JIEMEHTOB B CBOOOJHOM paspeumiuMod Trpylne CTyneHu 2 U
dukcupoBaHHoro panra [18]. B To ke BpeMs [AJisi HEKOTOPBIX, Ka3ajoChb Obl,
O4YeHb TECHO CBSI3aHHBIX C 3TOU 3a/jauel NpobseM paBeHCTBA, CONPSXKEHHOCTH U
CTeNeHU UMEIOTCS aJiTOPUTMbI IOJIMHOMUA/IbHOM cioxkHOCTH [18]. Bosiee Toro,
3TU QJITOPUTMBbI SIBJSKOTCA [OJAHOMHAJbHBIMHA He TOJIbKO OT [JIMHBI
UccielyeMbIX CJI0B, HO TaKXe U OT paHra U CTylleHU pa3peliuMOCTH CBOOOAHOM
paspeliMMoOM TIpyNnbl, 4YTO CUJbHO KOHTPAacTUpPyeT C [JaBHO WU3BECTHbIMHU
aJITOPUTMaMU JJid pelleHus 3TUX 3aa4, OCHOBAaHHbIMM Ha BJIOXKeHUH MarHyca.
HepaBHO 3THM [eTepMHUHHpOBaHHblE IOJMHOMHAJIbHbIE AJTOPUTMBI Y[a/0Ch
3aMeTHO yNpocTUTb [19], UHTEepecHO, YTO BEPOSATHOCTHbIE AHAJIOTH 3THUX
aJITOPUTMOB, KOTOpbIE OMUCAHbl TaM K€, UMEIOT B KauyeCTBE BEPXHEW I'PaHUILbI
CJI0KHOCTU MHOTOYJIEHBI, CTEIEHU KOTOPBIX JIMIIb HA €JUHULYy MeHblle, YeM y
JleTEPMUHUPOBAHHbIX aJITOPUTMOB.

Hannuyrve mNOJNHBIX SA3BIKOB /[JI1 HEKOTOPBIX CJOXHOCTHBIX KJIACCOB
SIBJISIETCSI OTKPBITOM NMpobsieMoil. HanpuMep, cyliecTBOBaHHE MOJHOTO SI3bIKa BO
Bcel uepapxuu PH paBHOCUJIBHO TOMY, YTO OHa UMeeT TOJIbKO KOHEYHOe YHCJIO0
YPOBHEW, T.e. OHA ABJIAETCSA OYTH BBIPOKIEHHOM.
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B oTsinyue oT 3TOro, ypoBHM NOJIMHOMUAJIBHOM uepapxuu PH ponyckaroT
IPOCTYI0 XAapaKTEePUCTHUKY HA OCHOBE IOJIHBIX S3bIKOB B KaXKJOM KJacce.
[IpuMepsbl MOJHBIX S3bIKOB M3 BTOporo P-/lesnbTa-kjaacca MOKHO HauTu B [20].
Jnsa knaccoB P-Curma-k m P-Ilu-k TakoBbIMM ciyxaT KJacchl npeiBapéHHbIX
dopMyJs1 ¢ COOTBETCTBYIOIIMM YUCJIOM IepeMeH KBAaHTOPOB B TEOPUH YHUCTOTO
paBeHCTBA. Bcd ke Teoprs 4MCTOro paBeHCTBA ABJSAETCH MOJIHOW JJif KJacca P-
space [1], ¥ HeW3BeCTHO NpPHUHAAJEXKUT JU oHa uepapxuu PH. B mociegnem
c/ly4yae oHa Oblyia Obl MOJTHOU U TaM.

OtmeTHM, yTO ecau uepapxus PH (uin aHanoruyHas ei) He BBIPOX/AEHA,
TO TNOMHMO  «CTaHJApPTHBbIX» YPOBHEW  HepapxXuH, CYIEeCTBYIOT U
IPOMEXYTOYHbIE KJACChl. AHaJIOTUYHAs CUTyallUsl HAOJIIOJAeTcsl B TeOopuH
THIOPUHIOBBIX CTENEHEeN Hepa3pelnMOCTH, KOTOPOU MOCBSALEHO 3HAYUTEJIbHOE
KOJIMYECTBO NyOJMKauu#, BkJtovasd [21]. MoxXHO 0XWAaTh, YTO CYLIeCTBYeT
MHOTO fI3bIKOB, KOTOpble NPUHAJJIeKAaT HEKOTOPOMY YPOBHIO MepapxuH, HO He
NIOJIHBI B HEM Y He IPUHA/IJIexKaT BJIOKEHHBIM YPOBHSAM. TeM He MeHee, U3BECTHO
JIMIIb HEMHOro KaHAUJATOB U3 kKjacca NP, nyid KOTOpbIX He [JOKa3aHa HU
NOJIMHOMUAJNIbHAas pa3pemiiMocTb, HU NP-mosHoTa. OgWH M3 TakWX fA3BIKOB
COCTOUT U3 nap usoMopPHbIX rpadoB.

U3BecTHBIN pe3ysnbTaT [15] moka3biBaeT, YTO GOPMYJibl C OTPAaHUYEHHBIM
YHUCJIOM IlepeMeH KBAaHTOPOB B TEOPHUHU I10JI1 KOMIIJIEKCHBIX YHCeJ pa3peliuMbl
aJITOPUTMaMHU 3KCIIOHEHLIMAJIbHOTO BpEMEHH, XOTSI 3TO BpeMsl 3aBUCUT OT YMUCJIa
nepeMeH KBAaHTOPOB. JTO MOXKET CJIYKUTb KOCBEHHBIM yKa3aHUEM Ha TO, YTO
JUb0 3KcrnoHeHNUalbHass uepapxusi EXP-H BwipoxaeHa, U060 C/I0KHOCTb
$parMeHTOB C OrpaHUYEHHBbIM YMUCJIOM IlepeMeH KBAaHTOPOB Yy TEOpUH MOJIA
KOMIIJIEKCHBIX YHCeJI CYLeCTBEHHO HUKe, YeM Y U3BECTHbBIX B HACTOsLee BpeMs
aJITOPUTMOB paspelieHus. [locienHee 06CTOSATENBCTBO MOXKET WMETb BaXKHOE
TeopeTUYeCKoe U IpaKTUYeCKoe 3Ha4YeHue.

C Jpyrod CTOpPOHBI, Ja)e COBMECTHOCTb CHUCTeM asirebpanyecKux
YPaBHEHUH C LieJIbIMUA KO3pPULIMeHTaMU, KOTOpasi BbIpaXKaeTcsl B TEOPUM MoJIel
3K3UCTeHUMaIbHOU popmysion, saBaseTcss NP-TpyaHou 3agadeid. A umeHHO, NP-
NOJIHYI0 33/lady O pa3sObUueHHWU MHOXeCTBa LieJibIX YMCeJl Ha J[Be YacTu C
OMHAKOBBIMM CyMMaMHU 3a MOJMHOMHAJIbHOE BpeMs MOXHO CBeCTH K 3ajaye
pacrno3HaBaHUSA OCOOOW TOYKM Ha THUIEPIOBEPXHOCTU B IPOCTPAHCTBE
JlOCTaTOYHO OOJIBIIOKW pa3MepHOCTU. OTMeTHM, 4YTO HpU (UKCUPOBAHHOU
pasMepHOCTH 3Ta 337a4a 3pPeKTUBHO paspelirMa 3a BpeMs, MOJMHOMUAIbHO
3aBUCslIee OT CTENEHU T'MIepPIOBEPXHOCTH [22].

BepHémMca Kk Bompocy O TOM, I[O4YEMy MPHUHATO CYUTATh, YTO
MOJIMHOMUAJIbHbIE AJITOPUTMBbI SBJSIIOTCS ObICTPbIMU. [[/ii 060CHOBaHUSI 3TOTO
4acTO OTPaHUYMBAIOTCA MPOCTbIM yKa3aHUEM Ha TOT QaKT, UTO IKCIOHEHTA C
JIIOOBIM OCHOBaHWEM b OOJbIIMM eJUWHULBI W T[OKa3aTeseM, JMUHEWHO
3aBUCSILMUM OT apTyMeHTa N, CTaHeT 60Jibllle 3HaYyeHHUs JIn60ro MHOro4seHa f(n)
IpU BCeX N, HAYMHAas C HEKOTOPOTro 3HAaYeHUs1 m, 3aBucsiero ot b u f. [loaTomy
Ipyd BCeX BXOJaX, Ybd JAJIMHA n OOJibllle m, aJTOPUTM C BepXHEW OLeHKOHU
BpeMeHU f(n) OyaeT paboTaTb ObICTpee aJIropuTMa C 3SKCIOHEHIMAJTbHOMU
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oleHKoM. To ke BepHO, HapUMep, AJis1 Cy6IKCIIOHEHIMANbHOU GyHKIUKM n'*8,
JTo TeopeTUuyeckoe OOOCHOBAaHHE He BCerja COoIvVIacyeTcsl C IPAKTUKOMH,
IIOCKOJIbKY HHOI/Ia 3KCIIOHEHLUaJibHble aJlOPUTMbl paboTalT ObICTpee
IOJIMHOMUAJIBHBIX Jla’Ke Ha J0CTaTOYHO JJIMHHbIX BXO/aX.

OfHa M3 NpUYMH 3TOro B caeaywlueM. [Ipyu nmogcyéte BpeMeHU pabOThI
6epyTcs BO BHHMMaHHUe TOJIbKO «BHELIHHWE» JeWCTBUS NPOTPaMMbl, & UMEHHO,
CKOJIBKO Y KaKMX ollepalMi pou3BeJia MallhHa C UCXOAHBIMU JAHHBIMU U TEMH,
YTO XPaHATCS B ONEpPaTUBHOW MaMATH (K HNPUMEpPY, CI0KEHUW, BbIYUTAHHUH,
YMHO>KEHUH, CPABHEHUH, NIePEChIIOK U3 OJJHUX fueeK MaMsATH B Jpyrue U T.L.).
AHasioroM 3TOMYy AJi1 MallWH ThHOPUHrA CAYXUT MOACYET 4YUCAA CTUPAHUU-
3aMMCbIBAHUN U CABUTOB T'OJIOBKH. HO B JeCTBUTE/NBLHOCTU BpeMsi PabOThI
TPATUTCS HE TOJbKO HA 3T ONEepaluy, HO U Ha MOMCK HY>KHOU KoMaH/bL. [louTun
TO e caMoe IIPOUCXOJUT U B peaJIbHOM BbIYMCIAMTEJIbHOU MalrHe. KpoMme Toro,
4acTO MOJIMHOMHUAJbHOCTb aJrOpUTMa JAOCTUTaeTcs pa3bopoM KOHEUYHOIro HU
GUKCHPOBAHHOTO YUC/A C/yYaeB, U HalMCAHUEM [IJIs1 KaXK/I0TO U3 3TUX YaCTHBIX
cly4daeB cBoed mnoamporpammbl. Hampumep, AJisi MHOrMX KJaccoB rpados
M3BECTHbl NOJIMHOMHUAJIbHbIE aJTCOPUTMBI, ONpejessolie, U30MOPQHBI JU
JlaHHble rpadbl paccMaTpUBaeMOro KJjacca: JJisi JiepeBbeB, AJs rpados, y
KOTOPBIX BEPIIMHBI UMEIOT CTelIeHU He BbILlEe BTOPOU U T.J.

Jlns 6oJiee aieKBaTHOTO OMUCAHUS CJA0XKHOCTU NPOrpaMM HY>KHO BBECTHU
MOHSITHE KOMOWHUPOBAHHOW (WJM arperupoBaHHOM) Mepbl CJIO0XKHOCTH
aJITOPUTMA, KOTOpasi y4YMTbiBajsia Obl U «BHEIIHIOW» U «BHYTPEHHIOIO» €ro
CJI0’KHOCTb. U/1M TOUHee: HY»KHO YYUTBHIBATh HE TOJIbKO YUCJIO LIaroB Ha JIEHTE,
HO TakXXe U BpeMs IOMCKA B IporpaMMe o4epeJHOM NPUMEHUMOW KOMaHZbI,
KOTOpOe OompefiesisieTcsl CJ0KHOCTbI ONMHCAaHUS (CTPOeHUs1) BCeH MPOrpaMMbl,
TOT/la MHOTr0oe CTaHeT Ha CBO€ MecTo. OiHAKO ec/au 6paTh MPH 3TOM B PaC4yéT
TOJIBKO JIIMHY IPOrpaMMBbl, TO 3TOr'0 OY/leT IBHO He 10CTAaTOYHO.

Paboma evinonxveHa npu yacmuuHol noddepiycke Komumema Hayku MOH PK

(epaum 0726/I'®) u Poccutickozo ¢poHda gpyHdameHMaAbHbIx UccaedosaHuli (npoekm 13-
04-40196-H).

Jlurepartypa

1. Tapu M, IxoHcoH /l. BeruncanTenbHble MallMHbI M TPYAHOpellaeMble 3aAa4u. — M.: Mup, 1982. -
416c.

2. Heintz ]. Definability and fast quantifier elimination in algebraically closed fields // Theoretical
Computer Science. - 1983. - V.24. - P.239-277.

3. Fiirer M. The complexity of Presburger arithmetic with bounded quantifier alternation depth //
Theoretical Computer Science. - 1982. - V.18. - P105-111.

4. Bepemarun H.K. HoBoe joka3saTesbCTBO pa3peliMMOCTU 3JIeMEHTAapHOW TeOpUU JIMHENWHO
yHopsi/IoueHHbIX MHOXKeCTB // MaTtemaTtudeckue 3aMeTku. — 1990. - V.47, N 5. - P.31-38.

5. Kokc [., Jurrtn [Jx., O'llu [. HWpeanb, MHoroo6pasus M aJropuTMbl. BBejeHue B
BBIYMC/IUTE/bHbIE ACIIEKThI aIre6paniyeckoi reoMeTpUU U KOMMYTaTUBHOM anre6pel. - M.: Mup,
2000. - 687 c.

6. Bokut L.A., Chen Y. Grobner-Shirshov bases and their calculation // Bulletin of Mathematical
Sciences. - 2014. doi: 10.1007/s13373-014-0054-6.

7. Mayr E.W, Meyer A.R. The complexity of the word problems for commutative semigroups and
polynomial ideals // Advances in Mathematics. - 1982. - V.46, N 3. - P.305-329.

8. YucrtoB A.JI. [IBaxkZpl SKCIOHEHLMA/IbHAsl HWXKHAS OLleHKAa Ha CTeleHb CHUCTEeMbl 06pa3yoliux

854



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

MOJIMHOMHUAJIBHOTO MPOCTOro uzeasna // Anrebpa u ananus. - 2008. - T.20, Ne 6. - C.186-213.
Mayr E.W, Ritscher S. Dimension-dependent bounds for Grobner bases of polynomial ideals //
Journal of Symbolic Computation. - 2013. - V. 49. - P.78-94.

YuctoB A.JI. ANropuTM MNOJUHOMHANBHOWU CJIOXKHOCTU [AJisI pPa3JioKeHUs] MHOTOYJIEHOB U
HaxoX/leHre KOMIIOHEHT MHOroo6pasusi B Cy63KCIOHeHMa/bHOe BpeMs // 3aluCcKU Hay4YHBIX
cemuHapoB JIOMU. - 1984. - T.137. - C.124-188.

Chistov A.L. An improvement of the complexity bound for solving systems of polynomial
equations // 3anucku Hay4HbIX ceMuHapoB [IOMU. - 2011. - T. 390. - C.299-306.

Schwartz ].T. Fast probabilistic algorithms for verification of polynomial identities // Journal of
the ACM - 1980. - V.27. - P.701-717.

Giusti M., Lecerf G., Salvy B. A Grobner free alternative for polynomial system solving // Journal of
Complexity - 2001. - V17. - P154-211.

Herrero M.I, Jeronimo G., Sabia ]. Affine solution sets of sparse polynomial systems // Journal of
Symbolic Computation - 2013. - V.51. - P.34-54.

'puropbes /I.10. C/102KkHOCTb pa3pelleHHs] TEOPHUU NEPBOTO MOPsi/iKa aaredGpandyecky 3aMKHY ThIX
nosiedt // U3Bectust AH CCCP. Cep. matem. — 1986. - T.50, Ne 5. - C.1106-1120.

Wrathall C. Complete sets and the polynomial-time hierarchy // Theoretical Computer Science. -
1977.-V.3. - P.23-33.

Babai L. Trading group theory for randomness // Proceedings of the 17th ACM Symposium on
Theory of Computing (STOC). - 1985. - P. 421-429.

Miasnikov A.G., Romankov V., Ushakov A., Vershik A. The word and geodesic problems in free
solvable groups // Transactions of the American Mathematical Society. - 2010. - V.362, N29. -
P4655-4682.

Ushakov A. Algorithmic theory of free solvable groups: Randomized computations // Journal of
Algebra. - 2014. - V. 407. - P. 178-200.

Deineko V.G., Klinz B., Weginger G.]. Uniqueness in quadratic and hyperbolic 0-1 programming
problems // Operations Research Letters. — 2013. - V.41. - P. 633-635.

ApciaHoB M.M. OnpefiesiiMble OTHOLIEHHUS B CTPYKTYpax ThIOPHUHIOBBIX cTeneHel // V3BecTus
BBICIIUX y4eOHbIX 3aBeleHUH. MaTeMaTuka. - 2014. - Ne 2. - C.77-81.

CenuBepctoB A.B. O mepedyucieHUH OCOOBbIX TO4YeK Ha apPUHHOW TrUNEepPIOBepXHOCTH [/
MaTeMaTHKa B COBpeMeHHOM Mupe. MaTepuasibl MexayHapoaHOU KOHepeHI[UH, TOCBSIIeHHON
150-neturo [I.A. TpaBe. - Bosorpa: BIIIY. - 2013. - C.35.

855



