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AJITEBPA N1 AJITEBPANYECKASA TEOMETPUA

O KOHEYHBIX HEPASPEIINVMBIX I'PVIIIIAX,
T'PA®BI TPFOHBEPTA—KETI'EJIA KOTOPBIX
HE COAEP>KAT TPEYI'OJIbBHNUKOB

O.A. Auekceesal!, A.C. Konaparbes?

!Pyccko-Bpuranckuii nacturyT yrpasienns, Bopommosa 12, 454014 Yens6unck, Poccust
Alekseeva.O.A@rbiu.ru
2Nucruryr maremarukn u Mexannku uM. H.H. Kpacosckoro YpO PAH, Kosasesckoit 16,
620990 Exarepun6bypr, Poccust

a.s.kondratiev@imm.uran.ru

[Tycrb G — koneunas rpymna u 7(G) — MHOXKECTBO BCEX IPOCTBIX JIEJIUTEJIEH ee MopsijiKa.
I'padom npocroix gnces (uaun rpadom I'pronbepra—Kerens) I'(G) rpynmer G naseiBaercs rpad ¢
MHO)KecTBOM BepiinH 7(G), B KOTOPOM JiBe Pa3JIMYHbIe BEPIIUHBL P U ¢ CMEXKHBI TOTJ[a U TOJBKO
Tor1a, Koryma (G COMEPKUT JIEMEHT TOPSIKa Pg.

Jroungo 1] uccenosasa koneunsie rpyiibl, rpadbl ['prorbepra—Keresst KOTOPBIX SIBJISTIOTCS
JIePEeBbSIMU, T. €. CBA3HBIMU I'padaMu, He COAePKaITUMI IUKJIbI. Mbl paccmaTpuBaeM OoJiee 001y 1o
3aJ1a4y OIMUCAHUSI CTPOEHUST KOHEYHBIX Iy, rpadbl I pionbepra—Keresst KOTOPbIX He COIEPIKAT
TPEYTOJIBLHUKOB, T. €. 3-IUKJOB. JIerko mokasbiBaeTcs, 9To ecau G — IPyIIa ¢ TAKUM CBOACTBOM,
To smubo G paspemnma, 160 dhakrop-rpymnna G/S(G) rpynnbt G 110 ee paspermnMoMy PaIuKaLy
S(G) nourn mpocra, T. €. mMeeT HeabesleB IPOcToil MoKoIb. B [2] u 3] Mbr ommcann konedmnsie
MOYTH MPOCTHIE U Pa3pPEIUMbIe TPYIILI ¢ TAKUM CBOWCTBOM COOTBETCTBEHHO.

B manmoit pabore MbI IIPOJOJKAEM ITH HCCIEIO0BAHUS, PACCMATPUBAA CTPOEHNE KOHEUHBIX
HEpa3penmMBbIX TPYII ¢ TaKuM cBoiicTBoM. [lokazana

Teopema. Ecau G - konewnaa nepaspewumasn zpynna u zpag I'(G) ne codeporcum mpeyzono-
nukos, mo |m(G)| < 8 u |7(S(G))| < 3.

Kpowme Toro, nosy4deno jeraibHoe onucanue rpyii G, yI0BIETBOPSIONIUX YCJIOBUIO TEOPEMBbI,
B ciayuae, korga m(S(G)) comepKuT 4ducio, He Jensiiee nopsiiok rpyuisl G/S(G).
Pa6ora Beinosinena npu dunancosoit nojyiep:kke rpanra PH® (npoekr 15-11-10025).

JIutepatypa
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2. AntekceeBa O. A., Korgparees A. C. Koneurwvie nowmu npocmauie epynnot, epago. I'pronbepea—Kezens
Komopwux ne codepotcam mpeyzoavnukos // Mexa. koud. "Manbuesckue urenus". Tes. moksi. Hosocu-
oupck: UM u HI'Y, 2014. C. 50.

3. Anekceena O. A., Kongparber A. C. O xoHeuHbvix paspeusumvix epynnax, epago. I'pronbepea—Kezens
Komopwux ne codepotcam mpeyzosvnukos // Mexa. koud. "Manbuesckue urenus". Tes. moki. Hosocu-
oupck: UM u HI'Y, 2015. C. 83.
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O IIEPECEYEHUNAX MAKCUMAJIBHBIX 6-ITOATPVYIIII KOHEYHBIX
I'PVYIIII

JI.M. BejsokoHb

Benopyccko-Poccuticknit yausepcuret, mpocuekt Mupa 43, 212000 Morunés, Benapycs
bellu2006@yandex.ru

PacemaTpuBaioTcsi TOJIBKO KOHEYHBIE IPYIIbL. VICIIONIB3yIoTCst Olpese/ennsi 1 0603HaYeHusI,
upussitele B MoHOorpadusx [1] u [2]. O6osHauaem uepes T HEKOTOPOE MHOXKECTBO IIPOCTBHIX ‘M-
cern; @ = P\m, P — muO)kecTBO Beex npocreix unces. Ilyers § — menycras dopmanus, 0 —
noxarpymnunosoii m-byukrop [2]. Eciu auist moboit rpynust G muoxkectso 0(G) BRIOUaer Bee §-
abHOpMaJIbHBbIE MaKCHUMAJIbHbIE MOArpymbl rpynnsl G, 1o 0 OyieM Ha3bBaTh $-aOHOPMAJIHLHO
HOJIHBIM M-QYHKTOPOM; B ciydae § = N m-pyHkrop 0 HaspiBaeTcss aOHOPMAJILHO IHOJHBIM [3)].
Yepes 0, Oymem ob6o3HAYATDL MOATPYIIIIOBON M-~(QYHKTOP, COMOCTABIAIONINN KaxKmaoi rpymme G
camy rpyniy G U MHOXKECTBO BCEX T€X €€ MaKCHUMAaJIbHBIX O-IOJATrpYIIN, MHIEKC KarXKJoi U3 KO-
TOpBIX He nesnTes Ha quciaa u3 m. depes Pg(G) obosHauaOT HepecedeHne Beex O-mOArpymn
rpynusl G. Ecin g mo6oit rpynnst G muoxkecrso 0(G)\ {G} coBmagaer ¢ MHO)KeCTBOM Bcex
MaKCHMAJIbHBIX (BCEX MAKCUMAJIbHBIX $-aOHOpMaJbHbIX) noarpymn B G, 1o @ (G) = D (G),
(Do, (G) = A§(G), COOTBETCTBEHHO; A§(G) = Ar(G), ecn § = RN). Tepes Oy 1(G) (Py_7(G))
0003HATAEM TIepPeCceteHne BCeX MAKCHMAIBHBIX O-110rpymnil (0 ;-I0ArpyII, COOTBETCTBEHHO) TPYII-
bl G, He cozeprkaiux HopMmasbHol B G moarpymnmsl N. Ilepeceuenne Bcex MakCUMAIbHBIX (BCexX
MaKCHMAJIbHBIX §-a0HOPMAaJIbHBIX) TIOArPYII IPyHIbl (G, KazK/ias U3 KOTOPBIX UMeeT B3aUMHO IIPO-
CTOli ¢ YMCIaMu U3 T MHJEKC U He cogepxkur N, obosnadaeMm udepes P, x(G) (A§,N(G) COOTBET-
crBenHo). Ecim B rpynne G He cylecTByeT MaKCUMAJIBHBIX HOJAIPYIIL, OTBEYAIONINX YKA3AHHBIM
TPeGOBAHISIM, COOTBETCTBYIOIIHE TIepecedeHns canTaeM cosmataonmmi ¢ G. Hoxrpyma Fy(G)

rpynnst G, N — HopMasibHast B G IOArPYIIIA, OLPEJIENISETCsT CIEYIOMIM 96pa30M:~15‘ ~N(G) DN,
Soc(G/N) = Fn(G)/N [4]; ncnonbzyem obosnauenus Fo, (G), Fo, (G), Fo, (G), FAg(G) B CO-

-
OTBETCTBYIOIIUX CJIydaax mis N € { Dy(G), Dy (G), D (G), AQ(G) }

Teopema 1. HUmerom mecmo ciedyroujue ymeepircoen.

(1) Jlaa ecaxoti epynnoe G- u nodzpynnosozo m-@ynxmopa O cnpasedauco pasencmeo

@ G) = Do_(G).

0r,Fay (G)(
(2) ITycmo § = 6, — aokarvhas Sp-3amkrymasn Gopmayus, codeprcausan Popmayul0 6cex
nuavnomenwmuoir © -epynn Ry . U nyemo epynna G ¢ §, nodzpynna @ (G) obaadaem ceoticmeom

Cr. Ecau m-pynxmop 0 asasemcs §-abHopmasvHo noarvim, mo O 0 W(G) % G.
L) ‘:IDG7r

Caeactsue 1.1 [4]. Hmerom mecmo caedyrowsue ymeeporcderusa.

2

(1) Jasn ecaxoti epynno. G u nenycmol Gopmayu § 6bNOAHAECMCA PABEHCMEO Aé(G) =
F (G
™ Ag( )

Q).

(2) ITycmo § = 6§ — aokaavras Sp-3amrnyman Gopmanus, cooeprcawsan Hopmanulo 6Cex
nuavnomenmuoix © -epynn Ry . Ecau epynna G ¢ §, nodepynna @ (G) obaadaem ceoticmeom Cy,

moAiF (@) 4G

Aﬂ'
Tak kak P, (G) # G, eciiu G — n'd-rpynna u noarpynna @, (G) obaamaer coiicrsom Cy, TO
u3 yrBepxenus (1) Teopembl 1 nosydyaem
Caencrue 1.2 [4]. Ilyemv G — ©'d-epynna, nodepynna @ (G) obaadaem ceoticmeom Cr.
Tozda ¢ G cywecmeyem Tomsa 6v, 00HA MAKCUMAAOLHAA, T -undexca nodzpynna, me cooepICauLan
Fo._(G); nepeceuenue scex maxux nodepynn cosnadaem ¢ O (G).
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Teopema 2. ITycmv 0 — &N,/ -abropmanvro noanvts m-pynxmop. M nyemv nodzpynna @ (G)
epynno. G obaadaem ceoticmseom Cr. Toeda:
1) Py 7. )(C) = Pe.(G);

(2) ecau G 7é FW/(G), mo q)emm(c;) 7é G.

Coeyromuii pe3ysibraT, BbITEKAIONMI U3 TeopeMbl 2 Ipu T = &, jokasaH B [5] juist ciaydas
0 — suuMopdHBIIT AOHOPMAJIBHO TIOJIHBINA M-(MYHKTOP.

CaenctBue 2.1. Ilycmov 8 — abnopmaavro noanowd m-pynxmop, G epynna. Tozda:

(1) Dy 565 (C) = Do(C);

(2) ecau G # F(G), mo CD&%(G) #G.

U3 yreepxaenus (1) caencreust 2.1, Kak u u3 caecTBus 1.2, BeITeKaeT yrBepKienue 5] o cos-
NMaJIeHu ToArpy sl PpaTTUHN HeeMHUYHOM Tpynnbl (G ¢ TepeceveHreM BCeX €€ MaKCHUMAaIbHbBIX
noarpym, ze comepramux F(G).

Teopema 3. ITycmv nodepynna @ (G) epynnoe G obaadaem ceoticmeom Cr. Tozda:

D) A, 7.5(G) = 2(G);

(2) ecau G # Fou(G), mo 6 G cywecmayrom Makcumasvorove aOHOPMAABHBIE NOOZPYNIL, UME-
HOULUE 63AUMHO NPOCTIBE € YUCAAMU U3 T undexco u ne codepocauue Fo (G).

Teopema 3, BbIBOJUMAasi U3 TEOPEMbI 2, a TakKxKe TeopeMa 2 u cjieicTsue 2.1 BKIIOYAIOT pe-
3ysbTaT paboTel [5| 0 TOM, UTO B KaXK10i HEHIJIBIIOTEHTHOM! rpymie (G CyIecTByeT HeHOpMaIbHAas
MakcHMasIbHas noarpymmna M rakas, aro MF (G) = G; nepecevenne Bcex TaKNX MaKCHMAaJbHBIX
HeHOpMaJIbHBIX moArpymn M cosnagaer ¢ noarpynmoit Lammona A(G).

JIureparypa
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HaByKa, 2003.

3. Boponuu E.H., Bopomuu P.B. O nepecevernuax §-abnopmarvhox marxcumasvror 0-nodzpynn //
Becri Hamprsinanpaait Akagsmii HaByk Bemapyci. 2007. Ne3. C. 47-52.

4. Besokonb JI. M. O nepeceuenusr makcumasvruoir nodepynn xoneunoix epynn / / Iipobrembr busuku,
MmarTemMaTuky u TexHuku. 2014. Ne4(21). C. 46-59.
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O BUPAIITMOHAJIbHON KOMIIO3UITNN KBAJPATUYHBIX ®OPM HA/T
ITOJIEM AJITEBPANYECKUNX Y1 CEJI

A.A. BoagapeHko

Benopycckuii rocy1apCTBeHHbBINA YHUBEPCUTET, MEXaHUKO-MaTeMaTUIeCKnl (pakyibTeT
Hesasucumoctn 4, 220050 Munck, Berapycs bondarenko®@bsu.by

[Tycrs f(X) u g(Y) — HEBBIPOXK JIEHHBIE KBa IPATUIHbBIE (DOPMbI PA3MEPHOCTH 1M, 1 7 HAJT [IOJIEM
K, char K # 2.

Onpepenenne. Eciu npousseenue f(X)-g(Y) bupannonanbHo sKBUBaJeHTHO HaJ| K KBaJI-
paruuanoit popme h(Z) wag K pasmepHocTs m+n, To 0y1eM rOBOPUTH, YTO KBAIPATHIHbIE (POPMBI
f(X) n g(Y) obpasyror 6uparponanbayo kommnosuimo h(Z) uax nosem K.

[IepBble pe3yabTaThl 10 IPodIEMe KOMIIO3UIIUN BOCXOAAT K ['yPBUILY, KOTOPBIH U3y vas 3aaty
o “cymme kBajzparos’. Kiaccuueckue pesynbrarhl ['ypBumia n Pamona mo 3Toil 3a1atde XOpPOIIO
m3sectHbl (cM. [1]). B [2| mosyuensr nepsble obmmme TeopeMbl 0 GHPAIMOHAIBHON KOMIIO3HIIUH
KBaJIpaTUIHBIX POpM HaJ mojeM K, moHoe pelneHre IpobaeMbl OMPAIMOHATIBHON KOMIIO3UITHN
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KBa/IpATHYHBIX (DOPM Ha/[ JIOKAJILHBIM [10JIEM JIAHO B [3], Ha/| 1106aIbHBIM [OJIEM [OJIOKUTEILHOT
XapaKTePUCTUKHA B [4].

OcHoBHas 1EIb HACTOAIIETO COODINEHUST — PeIIeHne IpobIeMbl GUPAIMOHAIBHON KOMIOSUIUH
HaJ[ [10JIEM aJIreOpanvecKux Iucel.

Permmenne npo6iiembl 6uparonaabaoil KoMnosunuu Keaaparudabix dopm f(X) u g(Y) nHag
noseM asnrebpamdeckux uncen L B caydae, ecau f(X) mmbo g(Y') usorponna wax L, cremyer us
reopembl 1 crarbu [2]. IlosHoe perenne npobiemsr, korga obe Kpajparuduabie dopmbl f(X) u
g(Y') anmsorpomusie Hasg oeMm L, mpu 1 < m < n < 4, naer

Teopema. ITycmo f(X) u g(Y) — anusomponnwvie xeadpamusunvie Gopmovl pasmeprocmu m u
n nad nosem aszebpauveckux wucea L, 1 < m < n < 4. Tozda bupayuonasvran komnosuyus h(Z)
nad L onpedesera 00noznaumno ¢ mownocmyvio do L-skeusasenmuocmu caedyrousum o6pasom:

1) npu 1 =m < n <4 6uUPayUOHANLHAA KOMNOZUYUA CYULecmeyem 6ce20a u

h(Zl, .. ~7zn+1) = ag(zl, s 7Zn)7

ede a € Dr(f);

2)npum=n=2um=n=23 OUPayUOHANLHAA KOMNOZUUUA CYUWECTNEYEM M020a U MOALKO
moeda, xoeda f(X) u g(Y) axeusasernmmos ¢ mounocmovio do mrosrcumens wad L, u ecaum = n =
2, mo h(z1,29,23,24) = ag(z1, 22), 2de a € Dr(f), ecau m = n = 3, mo h(z1, 22, 23, 24, 25, 26) =
A22 4+ az3 + B22 + aB23), 2de g(Y) ~ Af(X), f(X) ~ a(2? + ax3 + Bx3);

3) npum = n = 4 GuPaUONAALHAA KOMNOZULUA CYUWLELCEYEM M0o20a U MoAbKo mo2da, K020a
F(X) ug(Y) sxsusasenmmv, ¢ mourocmoio 0o muoscumens nad L odnoti u mot orce ngpucmeposots
Bopwe, u ecan f(X) ~ a(z? + oz} + B3 + abzl), g(Y) ~ by + i + Byl + aBad), mo
h(z1, 22, 23, 24, 25, 26, 27, 28) = ab(2] + az3 + 323 + afz3);

4) npum =2 un =3 OUPAUUOHAALHAA KOMNOZULUA CYWECTEYEm Mo2da U MoAbKo mozda,
koeda f(X) aeasemcsa ¢ mownocmvro do mmoscumensn nad L nodgopmoti g(Y), u ecau f(X) ~
a(x? + ax3), g(Y) ~ b(y} + ays + aBy3), mo h(z1, 22, 23, 24, 25) = ab(2} + az3 + B23 + aB23);

5) npum = 2,3 un =4 6upayuoHaANLHAA KOMNOSUYUA CYUECMBYEem Mo2da U MOALKO Mo20da,
koeda g(Y) akeusasenmna ¢ mownocmovio do mmoocumens nad L nducmeposots opme, u f(X)
¢ mounocmuio do mmoscumens nad L acaaemes nodpopmoti g(Y), u ecau f(X) ~ a(z? + az?)
npum =2, f(X) ~ a(a? + ax} + Ba3) npum =3, u g(Y) ~ by} + w3 + By3 + aBy3), mo
h(z1y- -+ Zmin) = ab(2? + @23 + B22 + aB23).

Ecin cpenn apxumemoBbix HOpMHUPOBaHUi 1M0Jisi I HET BEIIECTBEHHBIX, TO TEOPEMa ITOJIHO-
CTBIO DeIaeT BOIPOC O GHPAIMOHAIBHON KOMIO3UIMN aHU30TPONHbIX (opM Haz L, ubo Jrobast
aHU30TPOIHAsT (popMa Hal STUM IMoJieM pasMepHocTn < 4.

Hay mossimun anreGpanyecKux 9ucesl, y KOTOPBIX €CTh BEleCTBEeHHbIe HOPMUPOBAHUS, BOIIPOC
0 OupaIMOHAJILHON KOMIIO3UIIMKA aHU3O0TPOIHBIX (POPM JIAJIEK OT 3aBEPIICHU.
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CUMMETPUN AJITOPUTMOB MATPNYHOI'O YMHOKEHU A

B.1l. Bypuuenko

Jlaboparopust Teopun KoHeuHbIx rpymnn VMuacruryra maremarnku HAH Benapycu,
Kwuposa 32a, 246000 I'omenn, Bemrapych

vpburich@gmail.com

Hannas pabora cBsizaHa ¢ IpobJIeMoii OBICTPOro yMHOXKEHUsI MATPUIl. PaccMaTpuBaoTcst HEKOM-
MyTaruBHble (B cMbicie [1]) amropurmbr ymuoxennst marpui. Ilycrs K — mose, R — accorma-
tuBHast K-aarebpa, X u'Y — m X n u n X p marpuiisl Hag K. Beranciaenne nponssenennss XY
o6braabIM criocoboM ("crpoka Ha crosben") Tpebyer mnp ymHoxkeHuit B R. OjHaKO, CyIIECTBYIOT
6outee OpIcTpBIE aqropuT™Mel. [Ipu m = n = p = 2 gocrarouno 7 ymuoxkenuit (asropurm [rpac-
cena, [2|), upu (m,n,p) = (2,3,3) — 15 ymuoxenwuii (aaropurm Xonkpodra, [3]), m=n=p=3
— 23 ymuoskennst (anmropursm Jlagepmana, [4]), mpu m = n = p = 21 — (n® — 4n) /3 + 6n? ymmowNe-
Huii (ajropuT™ TpusinHeitHOrO arperuposanus [lana, [5]). O6o3HavMM MEUHUMAIBHOE HEOOXOIUMOE
TICI0 YMHOXKEHHi depes r(m,n,p) (Boobre rosops, r(m,n,p) 3asucut ot K).

Ecsin ectb (HeTpUBHAJIBHBIN) AITOPUTM YMHOYKEHUS 10 X 1 MATPUIIBI HA 1 X P MATPHUILY, TPEOY-
IO 7 YMHOYKEHUH, €10 MOYKHO IIPUMEHUTH PEKYPCUBHO U II0KA3aTh, UTO YMHOYXKEHHE JIBYX KBaJI-
patapix N X N marpun nang K tpebyer O(NT) apudmernaeckux onepanuit, e 7 = 310g,,,, T
(cm. [1]). Tosromy HaxoxkjieHne BepxHEil OleHKH Jisi (1, N, p) TIPH KOHKPETHBIX M, 1, P — IIPaK-
TUYIEeCKU (M TEOPETHYIECKH) BayKHAs 3a/1a4a.

AJITOPUTMbI MATPUIHOTO YMHOMKEHHUsT TECHO CBAZAHBI C PA3JIOKEHUAME TeH30PoB. [lycTh U=
U1 ®...®U; — TeH30pHOE NPOU3Be/IeHNe HECKOJIbKIX npocTpancTs Hajl K. Tensop u € U nasbiBa-
€TCST PASAOHCUMBIM, €CTTH U = U] ® ... @ uy, u; € U;. Haiee, ecsin t € U — npon3BOJILHBIN TEH30D,
u A= {ti,...,ts} — MHOXKECTBO PA3JIOKUMBIX T€H30POB Takoe, 4To t1 + ...+ ts = t, Torga A
HA3BIBACTCS AA20pUMMOM (JUTHHBL S) 0AA 6wnucaenus mensopa t. Munnvanbhast nauHa s = | Al
HA3BIBAETCSl PaH2oM TeH30pa t, u obo3Havdaercs depes rk(t).

Yepes My, = M, p(K) obosuatmm mpocTpancTso a X b marpur wvan K. s qanaeix m,n,p
noja0xKuM Ly = My, Lo = Myp, Ly = Mpp,, L = L1 ® Ly ® L3, 1 pacCMOTPUM TEH30D

<m’ n)p) — E €ij X €ik X er; € L.
1<i<m, 1<j<n, 1<k<p

XOpOIIIo U3BECTHO, YTO AJTOPUTMBI, BBITUCIIAIOININE IPOU3BEIEHNE M X N U N X P MATPHUI], HAXO-
JISATCs B OMEKIUY C aJTOPUTMAMU, BBIYUCIIAIOIIUME TEH30D (1M, 1, P), U 9TO

r(m,n,p) = rk({m, n, p)).

TakuMm 06pa3oM, U3ydeHHe aJrOPUTMOB MATPUIHOIO YMHOXKEHHsI — 9TO B TOYHOCTU U3YyUEHHE
PA3JIOZKEHUI TEH30POB (M, 1, P).

ABTOD CumMTAET, YTO OJHUM U3 IUIOJOTBOPHBIX ITyTell JIJIsi TOCTPOEHHsI SKOHOMUYHBIX aJIrOPUT-
MOB (T.e., KODOTKHMX DA3JIOKEHUH TEH30POB) SIBJISETCS MCCIIEJI0BAHNE AJTOPUTMOB, OOJIAIAIOIIIX
HETPUBUAJIBHOI rpynmoii cummMerpun. JaguM HeoOXoMUMbIE ONpE/IeTeHUs.

Iycrs U = U @ ... ® U — Tensopuoe npousseenne, kak soime. Asromopdusym g € GL(U)
PABAOHCUM, €CITH OH COITIACOBAH, B OY€BUHOM CMBICIIE, CO CTPYKTYPOil TEH30PHOIO POU3Be /[eHUsT
na U (IIpu 5TOM ¢ MOMKET HepCTaBiisaTh haKrophbl Uy, ..., U; nerpusnasbubiv o6pasom). I'pymmy
BCeX Pas3IoKUMBIX apromMopdusmon obosratnm S(U) = S(Uy,...,U;). s pammoro Tensopa
t € U onpenenum ero epynny usomponuu I'(t) Kak

I'(t) ={g € SU) | g(t) = t}.
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Hanee, nyist nansoro asropurma A = {t1,...,ts}, BBIUUCISIONIErO ¢, OUPEIEIUM €r0 2PYnNny ae6-
MoMOPHU3IMOG

Aut(A) = {g € S(U) [ g(A) = A}.
Hcno, aro Beerga Aut(A) < I'(t).

OueBuUIHO, TIEPBBIi IMAr IPU UCCIEIOBAHUN AJITOPUTMOB C TOYKM 3DEHUs] UX CHUMMETPUU —
OIIPEJICJIUTD T'PYIIIbl ABTOMOPMU3MOB JJIsi U3BECTHBIX XOPOIIUX AJTOPUTMOB. DTO SIBJISETCH OC-
HOBHBIM PE3YJIbTATOM HACTOMIIEH pabOTHI.

IIycrs 8, H, L, Po; ozunaqgator anropurmbl Ilrpaccena, Xonkpodra, Jlagepmana u Ilana, co-
OTBETCTBEHHO (TOYHEe, COOTBETCTBYIOIINE AJIOPUTMBI, BBIUUC/ISONME TeH30phl (2,2, 2), (2,3,3),
(3,3,3), (21,21,21)). JokazaHna cieyrolias TeopeMa.

Teopema 1. Hmerom mecmo u3omophuamol

Aut(S) >~ S3 x Sy, Aut(f}C) & S3 X Zy,

Aut(L) = S4, Aut(ﬂ)zl) = Sl X ZQ X Sg .

(Koneuno, ykazaHHble TpyIIbl aBTOMOPGU3MOB HalIeHbl B sIBHOM BHUJIE, & HE TOJIBKO C TOY-
HOCTBIO J10 n30MOpdu3Ma.)

B xozie uccaenosanust Haiiyena rpynmna usorpoiuu I'(t), rue t = (m,n, p), 1yist J06LIX M, 1, p.

Teopema 2. [Tycmn I'(t) — 2pynna usomponuu mensopa t = (m,n,p), u I'Y(t) — nodepynna
anemenmos g € I'(t), coxpansowux daxmopu npoussedenusn Ly @ Lo @ Ly (m.e. suda g = g1 ®
g2 ® g3, gi € GL(L;)). Toeda T°(t) cosnadaem c epynnoti cex npeobpazosanut cuda

T(a,b,c) : 11 @ 9 @ T3 az1b™t @ broc ' @ cxzat,
2de z; € Li, a € GLy(K), b € GLy(K), ¢ € GLy(K). @axmopepynna T'(t)/TO(t) usomopdhna
odrnoti uz epynn 1, Zs uau Ss.
Koneuno, ropaszgo 6oJiee BaxkHOIl, 4eM TeopeMa, 1, SBJIgercs cjielyIomast
O6parnas 3aga4da. s nanuoit noarpyunsl G < I'(t) u r > 1 onucars Bce G-UHBapUaHTHbBIE
AJICOPUTMBI IJIMHBL 7', BBIYUC/ISIONHE T.
(MmeHHO B X0JIe peleHust 3a/1a4 TaKOro BUJIA 1 BOZMOXKHO ObLIO Obl HANTH HOBBIE AJITOPUTMBI).
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JANMATOHAJIN3YEMBIE KOPHU MATPNYHbBIX ITOJIMHOMOB HA/I
KOHEYHBIMMU I10JIAMMN

®.6. BypTtbika

FOxxub1it denepasbablii yHUBEPCUTET
Bosbmas Caznosast 105/42, 344006 Pocros-na-lony, Poccust

bbfilipp@ya.ru
PaccmoTpuM MaTpuvHbIe TOJTUHOMBI CJACTYIONIETO BUIA:
FX)=Fq- X +Fg1- X'+ 4+ Fy- X?+F1 - X +Fo € 2V [X], (1)

rne F; € Zév *N' — gosbpdunmentsr u X € Z]]?V XN mrepeneHHAs1, sIBJISIONACCS MATPUIAMIE, CO-
CTOSIIIUMU U3 3JIEMEHTOB KOJIbIIa BBIYETOB Zj [0 MOJYJIIO IPOCTOro 4ucia p, p > 2. Kopuem (1)
Ha3bIBaETCs MaTpuia S € ZI],V XN rakas, uro F(S) = 0, rme 0 € ZI])V XN _ gyjeBast MaTpHIIA.
Haxoxienne KopHeil MATPUYHBIX TOJUHOMOB € Zi’)\f *N1X] nmeer npuioxkenusi B Kpurnrorpadun,
HanpuMep, anaau3 kpunrocroitkocru [T na Marpuanbix nosunaoMax [1-3| wiam orbickanue 1e-
PHOJIOB TIOJINJIMHEHHBIX PEKYDPPEHTHBIX PEruCTPOB cipura [4].

st moncka xKopHeit (1) MOXKHO, K IPUMEDY, C6ECU €20 K CUCTNEME CKAAAPHHLT GAE0PAULECKUT
ypasrenuts Hax Zy. Januerii MeToxn ObLT pacCMOTPEH B [5| Ha mpuMepe MATPHUIHBLIX IIOJIMHOMOB
naJ Zo, ONHAKO OH sABJsAeTCA HeI(PDEKTUBHBIM, TAK KAK CUCTEMAa CKAJISPHBIX yPABHEHUI MMeeT
OOJIBIIIIE PA3MEPBI U SIBJISIETCST TPYAHOPEIIAEMOTA.

Hpyroii meToy mioncka Kopreil (1) ocHOBaH Ha paboTe C NOAUHOMUANLHOMU Mampuyamu. C
€ro MOMOITBI0 MOYKHO HAHTH BCe KODHU, SIBJISIIONINECS JIMarOHaIN3UpyeMbIMu MaTpuriamu. Jlan-
HBIT MeTost ObLT paccMOTpeH B [6,7] [yisi MATPUYIHBIX HOJIMHOMOB HAJI| [OJIEM KOMILIEKCHBIX YHCeJl
C. B nannoii paboTe paccMaTpuBaeTCs BOIPOC O €ro HepeHOCHMOCTH Ha, ciyuait Z,. Hamommmm
HEKOTOPbIEe HeOOXOMMBIe olipeiesieHus u3 [6].

Ounpenesienne 1. [lnaronaansupyeMbiMi KOpHAME (1) Ha3bIBAIOTCS KOPHUA S € , TIpeT-
craBuMble B Buyte S = V-D -Vl e V € Zé,VXN — obparumas marpuna, D € Zé,VXN -
JInaroHajbHasi MaTPUIIA.

NxN
Zp

Onpenenenne 2. IlosmHOMUANIBHON MaTpHIEil, COOTBETCTBYIOMIEH MATPUIHOMY ITOJUHOMY
(1), naseaerca F(z) = Fg-ad + Fg -2  + .. + Fo- 2?2+ F; -2 + Fy € Z}])VXN[:E], rje
F; € Z;)V *N — xoscbdbunmentst, ¥ € Z, — cKalsgpHast epeMenHas (T.e. B IOJMHOMHATILHON MATPHIIE
9JIEMEHT C UHIEKCAMU i, j — ITO IMOJUHOM, K0P UIMEHTH KOTOPOrO B3SATHI U3 1, j-X IJIEMEHTOB
MaTPUI-KOo3hDMUIUEHTOB MATPUYHOTO MOJTMHOMA IIPU COOTBETCTBYIONIUX CTEIICHSIX ).

Onpenenenue 3. Jlarenrnsm kopuem F(z) € Z5*N[z] naspsacrcs takoe A € Zp, aro
det(F(N)) =0, rue d(z) = det(F(x)) € Zp|x] — cranspublii monuaoM cremenu d - N.

Omnpenenenne 4. JIaTeHTHBIM BEKTOPOM, COOTBETCTBYIONIUM JIATEHTHOMY KODHIO A € Zj, 10-
JMHOMUAJBHON MaTpulsl F(z), HaseiBaercs BekTop U € Ker(F(N)).

Teopema 1. ITycmov F(z) € Z:f)VXN[x] UMEEM AGMEHMHBIE KOPHU N1, ..., AN € Ly, Marue 4mo

ona N, i €1, N cywecmsyrom sameHmHbie 8eKMopbl U; € Zé\f , 00pasyUUE AUHETHO HE3ABUCU-
myr0 cucmemy eexmopos {U, ..., v }. Toeda

S =V -diag(\,..., \n) - V1 e Z)"N (2)
ABAACTNCA KOPHEM Mmampuunozo nosuroma F(X) € Zév XNIX], 20e V € ZI],V N wampuua, i

-1 cmoabey, komopoti paser Uy, diag(Ai, ..., AN) — OUGZOHAABHAA MAMPULA CO BHAYEHUAMU N; HA
JUua20HAAU.

Teopema 1 6bL1a jJokazana B [6] st mosist kKomiiekcHbix auncesi C. OHAKO JIErKO IIPOBEPUTD,
YTO OHA BBINOJHAETCA U Jis Zp. JefcTBUTENBHO, OHA IPOCTO CJIeyeT M3 TOro, YTO BCe COD-
CTBEHHBIE YHCJIa ¥ BEKTOPBI JIIOOOr0 KOpHS S € Z;V *N mommmoma F(X) € Zév *N1X] snsiores
JIJATEHTHBIMU KOPHAMM WM BEKTOPpaMM COOTBETCTBEHHO JIJIfA ?(x)
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Jannasi TeopeMa JlaeT aJropuTM IOMCKa BCex juaroHasmsupyeMmbix Kopreit F(X). Cuauasna
HeOOXOMMO HAfTH BCe KOPHHU A1, ..., Ay CKaJsisipHOro nojuHoMa det(F(x)) € Zy|x], 3arem mst Vi €
1,t soruncasiercs Ker(F();)). Uz Bekropos € Ker(F()\;)) u A; cTposiTcst pas/maHble KOMOMHAIAH
B cooTBeTCTBUY ¢ (OPMYJION (2) ¥ TOJIy9aroTCsi, COOTBETCTBEHHO, pa3jindHble KOpHU (1).

PaccmoTpum Bompoc 0 KoUUIecTBE UATOHATU3UPYEMBIX KOPHEIL.

Teopema 2. ITycmv F(x) € Zi,VXN[x} c deg(F) = d umeem t aamenmuoir KopHel A1, ..., At
maxux, ¥mo \; # N\j daa i # j, N <t < N -d. U nyemv YA; coomeememeyem odromeprioe
nodnpocmparcmso aamenmuvix eexkmopos V; = Lin{v;}. Toeda xoasuuecmso duazonaiusupyemoir
rkopnet F(X) € ZY*N[X] ne npesoczodum Cy.

Teopema 3. Ilycmo F(x) € ZY*N[a] ¢ deg(F) = d umeem aamenmuvie wopuu Ay, ..., Ag.n
maxue, wmo \; # \j 0aa i # j. U nycmo YA; coomsemcmeyem odnomeproe noodnpocmparcmeo
aamenmunx sexmopos Vi = Lin{T;} makux, wmo o060t nabop éexmopos {Ui, , ..., Uiy } A6AAEMCA
Aunetino nezasucumvim. Tozda ece kopnu F(X) € ZIZDV *N(X] asamomea duazonaiusupyemoimu, u
uz xoaunecmeo = CY . Jpyeuz wopueti (1) ne umeem.

Marpuunbie nommnombr F(X) € Zév *N[X], 1715 KOTOPBIX BBITIOJHEHO YCJIOBHE U3 TEOPEMBI 3, —
9TO, TaK Ha3bIBAEMBIE, NOAUHOMbL 06we20 nososicerus |7]. OHE UMEIOT MOoAbKO IUArOHAIU3UPYe-
Mble perreHus. MaTpudaHble TOJTMHOMBI JKe, He HAXOJANINeCs: B ciydae OOIIero MmoJI0yKeHus, MOTyT
UMETHb HEJUAIl'OHAJIN3UPYyEMbIC PEIICHUA, KOTOPbIE HeO6XOILHMO HNCKaTb OTAEJILHO.

Ormerum, uro B [6-7] yTBepKIenus TeopeMm 2 u 3 060CHOBBIBAINCH st ciaydast nosst C. B
JIAHHOIT paboTe yCTAHOBJIEHO, YTO OHH TAKIKE CIPABEIINBBI U JIs Lp.

VeraHoB/IEHA TaKKe CJIEIYIONAs TeopeMa.

Teopema 4. ITycmv F(x) € Z;VXN[x} uMeem AGMENMHbIE KOPHU A1, ..., AN, 20e N; # Aj.
H nyemo 3N ¢ k-meprom nodnpocmparcmeom samernmmuoiz eexmopos Vi = Lin{U1, ..., Uk}
A ocmaavhoim Ny i £ § nycmov coomeememeyom 00HOMEPHbE NOONPOCTPAHCMEE AUMEHMHBLL
sexkmopos V; = Lin{t;}. X nycmo evnoansemea Vj N Lin{ty, ..., Uj_1,Uj41...,0n} = 0. Tozda
KoAuMecmeo duazonarusupyemos kopuet, (1) < p* — k- (p —1).

Bamernm, 9To B cirydae 1mojist C MaTpuvIHBIA TOJIMHOM, YI0BJIETBOPSIIONIUI YCIIOBUSIM TEOPEMBI
4, 6yjer uMeTh DECKOHEIHOE YUCI0 KOPHETi.

Paboma svnoanena npu gurnarcosoti noddeporcke eparwma POOU Nel5-07-00597 A.
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HACBIINTEHHBIE ®OPMAIINN 1 BSAVUMHO IIEPECTAHOBOYHBIE
ITPOU3BEJAEHNA KOHEYHBIX I'PVIIII

A.®. Bacuases!, T.I1. Bacuabesa?, JI.H. CuMoHeHKO?

'Tomenscknit rocymapersenustii yausepenrer uM. O. Cxopunsr, Coserckas 104, 246019 Tomens, Bemapycs
formation56@mail.ru
2Benopycckuii rocyjapcTBEHHbBINH YHIBEPCUTET TpaHcIopTa, Kuposa 34, 246653 Tomens, Benapycs

tivasilyeva@mail.ru, dsimonenkon@mail.ru

PaccmarpuBatorcst ToibKO KOHEUHBIE I'PyIIibl. Kirace rpyiin, 3aMKHY ThIil OTHOCUTEILHO B3ATHS
rOMOMOP(MU3MOB U TOIPSIMBIX TPOU3BEIEHNN, HA3BIBAETCS (POPMAITHEIL.

IIycre § — mexoropasi dopmarusi. Haxoxaerune ycaoBuit, Ipu KOTOPBIX § COJEPXKHUT BCsI-
kyto rpynny G = AB, tne A € § u B € §, aBnusercs knaccudeckoil 3amaqeit. Eme B 1938
roxy @urrunr [1] noKa3as HUIBIOTEHTHOCTH IPYIIILI, SIBJISIOMIEHCS IPOM3BEICHIEM CBOUX HOD-
MaJIbHBIX HUJIBIIOTEHTHBIX MOJATPYIIL. DTOT PE3YJIbTAT MOCIYKUJ OCHOBOW IOCJEIYIOIMNUX MHO-
TOYMCJIEHHBIX UCCJIEIOBAHUI 110 U3ydYeHUIO (pOpMaIinii, 3aMKHYTBIX OTHOCUTEIBHO MIPOU3BeIeHMI
3ajlaHHbIX §-noarpyni. B 1972 roxy Bpaiic u Kocen [2] mosyamim KOHCTpYKTHBHOE OIECAHIE BCEX
pPa3penInMbIX HACJIEICTBEHHBIX (bopMaluii §, comepKaimx BCsaKyoo rpymny G, IpeJcTaBuMyiO B
[POU3BEJIEHNE CBOMX HOPMAaJIbHBIX §-noarpyiil. B patore [4] Ambepr, JI. C. Kazapun, Xédauur
HAIIUIM HACJIEJCTBEHHBIE (DOPMAIUU §, 3aMKHYTBIE OTHOCUTEIBHO MTPOU3BEICHUI TPOU3BOJIHHBIX
F-noarpyui. B paborax [5], [6] B kiacce Bcex pa3pemnMbIxX IPYIIT ObLIO MOJIYY€HO OIUCAHIE HOD-
MaJIbHO HACJIEJICTBEHHBIX HACHINEHHBIX (phopMaIuil §, comepxkaimux Beskyio rpynny G = AB, e
Au B — abuopmanbibie (KonrpropManbibie, T.e. A = G = BY) F-noarpymms B G.

B nocnemaue rompl aKTUBHO M3YYAIOTCS [IPOU3BEJIEHUS TPYIII, Y KOTOPHIX (PAKTOPHI CBA3AHBI
OTIPEJIEJIEHHBIMU YCJIOBUSIMU TIEPECTAHOBOYHOCTH JIJIsT MIO/ITPYIIIL.

Coruacho |7, c. 151] rpynna G = AB Ha3bIBaeTCsl IPOU3BE/IEHIEM B3aNMHO [1€PECTAHOBOYHBIX
moarpyun A u B, eciu A nepecTaHOBOYHA ¢ KaykKIOi moarpymnmoii u3 B u B mepecTaHOBOYHA C
Kaxk 101 mojrpynmnoit us A. Bojiee Toro, eciim Kaxkjasi moarpyimna u3 A mepecTaHOBOYHA, ¢ KaXK IO
moarpymnmoit u3 B, To rpynmna G = AB Ha3biBaeTCsT TPOU3BEIEHNEM TOTATHHO MEPECTAHOBOIHBIX
noarpynn A u B. B pabore [8] Acaan u Hlaanan nokasanu, uro rpynna G = AB, rie Au B —
TOTAJIBHO MEPECTAHOBOTHBIE CBEPXPA3PEIIMBIE TOArPYIILI (7, caMa SIBISIETCST CBEPXPA3PENTIMOI.
DTOT pe3ysbTaT MOCJIYXKHJI OCHOBOW ncciegoBanuii B [9], [10] (cm. rakxke [7]) mo HaxoXeHUIO
dopmaruii §, 3aMKHYTBIX OTHOCUTEJIHHO IPOU3BEJEHUN TOTAJIHHO MEPECTAHOBOYHBIX IOJIPYIIIL.
Ormerum creyromuii pesysabrar us [10].

Hycmov § — dopmayusa, codeporcausan KAacc 8CET ceeprpadpeuumsy epynn. Tozda § codep-
otcum scaxyro epynny G = AB, 2de A u B — momaavho nepecmanosoumsie c8eprpaspetiuMmbie
nodzpynnuv. epynno. G.

Jlns kpaTkocTu (pOPMYIUPOBOK BBEIEM

Omnpenenenwne. Ilycts § u X — kuaccer rpymm, npudem § C X. Kiace § mazosem M P-
3aMKHYTHIM B X, eciin § comepKut Besikyio X-rpymnny G = AB, tne A u B — B3auMHO miepecTa-
HOBOYHBIE §-IIOAIPYIIbI rpynibl G.

[Iycroit kirace 6ynem cuntars M P-3aMKHyTHIM B jiioboMm Kiracce X.

B ciyuae, korjma X = & — kjacc Bcex rpyiii, Kiace § OyzaeM HasbiBaTh M P-3aMkHyTbIM. Ecim
X = G — kJiacc Bcex pa3peliuMbIX IPYII, TO § OyaemM Ha3bBaTh pazpermuMbiM M P-3aMKHYTHIM
KJIACCOM.

N3BecTHO HEMHOTO NMPUMEPOB (OPMAIHiil, 3aMKHYTBIX OTHOCUTE/ILHO B3sITHS B3aUMHO I€pe-
CTAHOBOYHBIX Npou3Beienuii noarpymi (eum. [7]). B wacraocru, M P-3aMKHY THIME sIBJIsIEOTCsI (bOD-
Malluu BCEX T-TPYII, POPMAINHA BCEX PA3PEIIUMBIX T-IPYIII, (GOPMAIUK BCEX TUCIEPCUBHBIX 110
Ope rpyln 1 HEKOTOPBIE JIP.

Bosuukaer ciemyromntas
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IIpoGuema. ITycmv § — dopmayus (kaace Pummunea, kaace lynka) uw X — xaace epynn,
npuuem § C X. Jlas dannozo waacca X onucamv ece gopmayuu (kaacco, Pummunza, Kaaccv
HTynxa) §, M P-samxnymoie 6 X.

B macrosmem coobmennu gannast mpobemMa MCCIeayeTcsa B Caydae, KOraa § — HaChIeHHAsT
dopmanust, a X — KJIacc BcexX I'PYIIIL.

HanomuumMm, uro dopmaiust § HasbIBaeTCst HAachlIeHHOM, ecim u3 G /P(G) € § Bcerna cuenyer,
aro G € §.

Muorue Kiaccuiyeckne (popMalny SIBISIOTCS HACBIIIEHHLIMUI, HAIIPUMED, (POPMAaIUi BCEX HIIb-
HOTEHTHBIX, BCEX CBEPXPA3PEIINMbIX, BCEX Pa3pelrMbIx rpyii u Ap. Lamor [11] BBea noxsTne
JIOKAJILHOH (popMalliy, KOTOPOe MO3BOJIIeT KOHCTPYHUPOBAaTh HachleHnuble (popmanuu. CorjaacHo
n3BecTHOIT TeopeMme JIrobezemep-ITIMuaa cemeiicTBa BceX HACBIIIEHHBIX M BCEX JIOKAJIBHBIX popMa-
muit copnagaor (cM. [12, ro. IV]).

Teopema. [Tycmv § — Hacviuernas GopMatus, COOEPAHCAWAL 6CE CEEPTPASPEULUMDLE T -2PYN-
not daam = w(F), u F' — makcumarvrods 6nympennut aokaivroti oxpan §. Popmavyua § Aeasem-
ca M P-3amxnymoti moeda u moavko moada, xozda dopmayus F(p) M P-3amrxnyma das a106020
npocmozo p.

U3 TeopeMbl mostydaeTest CJIe/yIomuii n3BecTHbI pesyasrar (eMm. |7, c. 162]).

CaencrBue 1. IIycmov epynna G = AB — npousseederue 63auUMHO NEPECMAHOBOUHBIL NO0-
epynn A u B. Ecau A u B ducnepcusnv. no Ope, mo G ducnepcusha no Ope.

B pabore [13] B. C. MonaxoB uccieoBaj KJaacc BCeX IPYII, Yy KOTOPBIX JIEO0asi HOArPyYIIa
[IMmunara saBisiercs ceepxpaspenuMoii. VM 6b110 II0Ka3aHo, YTO TAKOH KJIACC SIBJISETCS HACHIIIEH-
Hoit HacyeacTBeHHOM dhopmarnmeit urTunra, comepKalieil Bce CBepXpa3perinMble IPYIIIbI.

CaencrBue 2. Ilycmov epynna G = AB — npousseederue 63auMHO NEPECMAHOBOYHBIL NO0-
epynn A u B. Fcau 6 A u B mob6as nodepynna Illmudma aseasemes ceeprpadpeutumoti, mo 10064
nodepynna HImudma epynnv G ceeprpaspeusuma.

Orcrona BLITEKAET CJIEAYIOINNA XOPOIIO U3BECTHLIA PE3yJIbTaT.

CaencrBue 3. Ecau epynna G = AB — npouseedenue 63auUMHO NEPECMAHOBOUHBLL HUABNLO-
menwmuwir nodepynn A u B, mo G ceeprpaspeuwsuma.
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ITIOITAPHO IIEPECTAHOBOYHBIE ITPOU3BE/IEHWNA 1
K-P-CYBHOPMAJIBHBIE ITIOATI'PVIIIIBI KOHEYHBIX I'PVYIIII

A.C. Berepa

Tomesnbckuii rocynaperennbiit yuusepcurer umenu ®@. Cropunbl, Coserckas 104, 246019 Tomesn, Benapycn
artem.vegera@gmail.com

Pacemarpusaiorest Tosibko koneunble rpymibl. O. Keresnem B pabore [1] 6bu10 npemioxe-
HO OIIpeJiesIeHne §-I0CTIZKIMOI (coryiacHo coBpemenHoit TepmuHosornn [2] K-§-cybropmasibHOih)
MTO/ITPYTITIB.

IIycts § — memycras popmartust. [logrpynma H rpynmnsr G HazeBaercss K-§-cybHOpMAIBHOIM
B (G, ecm cymecTByer 1iens moarpynn H = Hy C Hy C --- C H, 1 C H, = G takas, 9ro b0
H, 1 vopmaJsibHa B H;, 1ubo HZS C H; 1 nnst moboro i =1,...,n.

Canenyst unee O. Keressi, B pabore [3] 6110 BBejieHO Ciie/IyIoniee

Ounpenenenne 1. [loarpynna H rpymnmner G HaseiBaercst K-P-cy6nopmasbhoit 8 G (0603Ha-
gaerca H K-P-sn G), ecim cymecrsyer nenb nogrpynn H = HyC Hy C---C H, 1 C H, =G
Takas, 9To Jubo H; 1 wopmambna B H;, smbo |H; : H;_i| ectb mpocroe €mcsio mjisi Jaroboro
1=1,...,n.

Ecin H = G nim B yKasauHoii BbIlIe nenu uujiekc |H; : H;_1| — npocroe qucio mjst aroboro
i=1,...,n, 7o H nassBaercs P-cybropmasbhoii B G [4].

OueBuHO, YTO BCsIKas cyOHOpMaJibHAsI moArpyina sisisiercss K-P-cybropmasbsaoit. O6paTHoe
yTBepK/JIeHHe B 00IIeM CiIydae HeBepHO [3].

CsoiictBa P-cybHOpMaIbHBIX 1 K-P-cyOHOPMAJIBHBIX MOAPYIII U X PUJIOXKEHUS K U3y I€HUIO
npoussesiernit G = AB 6bun paceMoTpeHsl B paborax [3-5].

B nacrostimem coobmmennn nsydaercs: Biaustane K-P-cybHopMaibHOCTH Ha cTpoerue rpymn G =
G1Gs - - - Gy, TIPEICTABUMBIX B TIPOU3BEJIEHUE CBOMX MOMAPHO MEPECTAaHOBOYHBIX moarpynn G, Go,

., Gp.

Ounpenesienne 2 [3]. Ipynna G HasblBaeTCsl W-CBEPXPA3PEIIIMOIA, €C/IN JT06asi ee CHIIOBCKAast
noarpytna sipjsiercsi K-P-cybropmasibroil B G.

B [3] 6bL10 ycTaHOBIEHO, UTO KJIACC BCEX W-CBEPXPa3PEIINMbIX IPYII 06pa3yeT HaCJIeCTBeH-
HYIO HACBIIIEHHYO0 (POPMAIMIO U COCTOUT U3 JIUCIEPCUBHBIX 110 Ope rpyii.

Teopema 1. Ilycmv G = G1G3 - - - G, — npousseederue paspeuiumvls NonapHO NePeECMaHO80Y-
nowx nodepynn G, Ga, ..., Gy. Ecau nodepynno, G; K-P-sn GG u Gj K-P-sn G;G das mobovi
i,7 €{1,2,...n}, mo G paspewuma.

Caencrsue 1 [3]. ITyemv G = AB — npoussedenue paspewumvix nodepynn A v B. Ecau A
K-P-sn G u B K-P-sn G, mo G paspewuma.

Teopema 2. Ilyecmv G = G1Ga--- Gy, — npoussedenue nonapHo NepecmaHo80YHbLL CEEPI-
paspewumux nodzpynn Gi, Ga, ..., Gp. Ecau das a1060G napo 3,5 € {1,2,...n}, 2de i # j,
nodepynna G; K-P-sn G;G, nodepynna G; K-P-sn G;G; u xommymarm epynno. G rusvnomen-
mem, mo G ceeprpaspewiuma.

Cornacuo [6] u [7] rpynna G = AB Ha3blBaeTCsl IPOU3BEIEHIEM B3aUMHO I1€PECTAHOBOYHBIX
(B3auMHO Sn-mepecTaHoBOUYHBIX) noarpymn A u B, eciu A nepecraHoBodHa ¢ Jr060ii (cooTseTct-
BEHHO, CyOHOPMAJIBHOIT) Toarpymmoit u3 B, a B mepecranoBo4Ha ¢ Jiio0oii (COOTBETCTBEHHO, CyO-
HOPMAJIbHO ) HOArpyIIoi us A.

CaexncrBue 2 8, c.166]|. I[Tycmv G = G1Gs--- G, — npoussedenue NonapHo 83aUMHO ST~
NePECMano8OYHHLE (63AUMHO NEPECTNANO80UHHIT) ceeprpaspewumvir nodzpynn Gi, Ga, ..., Gy.
Ecau xommymanm epynnoe G Husvnomenmem, mo G c8eprpa3pewsuma.
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Teopema 3. [lycmo G = G1Gs - - - G, — npoussederue NONAPHO NEPECMNAHOBOUHBLL W-CEEPT-
paspewumvir nodepynn G1, Ga, ..., Gp. Ecau das mobot napo i, € {1,2,...n}, 2de i # j,
nodepynna G; K-P-sn G;G;, nodepynna G; K-P-sn G;G; u undexcor |G;G; = Gi| v |G;Gj = Gy
63aummo npocmu,, mo G W-ceeprpaspewuma.

Caexncrue 3 [9]. [lyemv G = G1G2 -+ - Gy, — npoussederue nonapho 83aUMHO SN-NEPecma-
HOBOUHVLT (63AUMHO MEPECMANOBOUYNHNT) W-ceeprpaspewumvur nodepynn G, Ga, ..., Gy,. Ecau
dns moboti napo. 1,5 € {1,2,...n}, 2de i # j, undexco, |G;G; : Gi| u |GiG; : G| e3aumno
npocmat, mo G W-CEepTpaspetuMa.
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O CBOMCTBE PEIIIETOYHOI'O OBbEAMHEHUSA 7-PA3PEIIINMBIX
OUTTUHI'OBBIX ®YHKTOPOB

E.A. Burbko

Burebckuit rocynapcrsennsiit yuusepcurer nmenu I1.M. Mameposa
Mockosckuit np-t 33, 210038 Burebek, Benapycs — alenkavit@tut.by

B onpenenenusix u 0603HaueHnsIx Mbl ciejyeM [1].

Bcee paccmarpuBaembie B paboTe IpyIIIbl KOHEIHBI.

IIycts X — mekoropsiil Hemycroit kiracc @urruara. OTobpazkerue f, KOTOpoe KaxKJI0i rpyIiie
G € X craBUT B COOTBETCTBIE HEKOTOPOE HEIyCTOe MHOXKeCTBO ee noiarpymi f(G), HasbiBaercs [2]
GuUTTUHTOBLIM X-(PYHKTOPOM, €CJIM BBITIOJTHSIOTCS CJIEIYIONINE YCIOBHUS:

(i) ecim @ : G — a(G) — m3omopdusm, 1o f(a(G)) ={a(X): X € f(G)};

(ii) ecit N 9 G, 10 f(N)={XNN:X € f(G)}.

QurtuaroB X-pyHKTOP HA3LIBAETCH:

1) m-paspermmbiM, eciin X = 6™ — KJacc BCeX m-pas3penIuMbIX IPYIIIL;

2) COUpsi?KEeHHBIM, ecyin Jiist Kaxk0il rpynnbl G € X muoxkectBo f((G) eCcTh KJIacC CONpsizKeH-
HBIX MOATpyII Ipyimsl G

3) m-cBsi3aHHBIM, ecau Kaxkiast noarpynna X € f(G) sBiasgercs m-CBS3aHHON MOJATPYIIION
rpyunsl G € X;

4) npoHOpMaJIbHBIM, ecyin KaxKjas noarpynmna X € f(G) sBisiercsi IpOHOPMAJILHOI B TpyIIIe

G e X.
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QUTTUHTOBBI -pa3pentuMble (DyHKTOPBI f U ¢ HA3BIBAIOTCS [I€PECTAHOBOTHBIME, eciid X Y =
Y X s mobeix moarpynn X € f(G) n' Y € g(G) rakux, 9ro CymecTBYeT XOJUIOBCKAsi CUCTEMA
rpymnsl G, KoTopasi peaynupyercss B X u B Y.

IIycts f — durrunros X-dyukrop. Torga Char f — MHOXKECTBO BCEX MPOCTBIX YHUCEJI P, JIJIs
KOTOpbIX cymiectByer rpynmna G € X u nogrpynna X € f(G) takue, 9T0 9HCIO P SABJSIETCS
nmenureneM | X |. MuoxkectBo Charf HasbiBaeTcs xapakTepucTukoii byHKTOpa f.

Ounpenesnienne. Ilycrs {f; : i € I} — MHOXKECTBO HIPOHOPMAJIBLHBIX COIPSI?KEHHBIX MOIAPHO
IIePECTAHOBOYHBIX TT-Pa3PEIINMBIX T-CBA3aHHLIX (huTTHHrOBLIX dynkTopos u Char f;NChar f; = ()
st Beex 4,7 € I, ecom i # j. Oupenenum oneparmio Vo caepytonmm obpaszom: (Vierfi)(G) =
{ILic; Xi = Xi € fi(G), cymecrByer Xo/noBcKas cucreMa rpymibl G, KOTOpas Peylmupyercs B
noarpymiy X; s Beex @ € I}

Ilycts f — conpsikennstit purtuaros X-dgyukrop. Torma f* — orobparkenne, KOTOpoe KaK10i
rpyune G € X conocrasisier Muoxkectso {7 (T) : T € f(G x G)}, e w1 — NPOEKIHUs TOAIPY b
T Ha TIEPBYIO KOMIIOHEHTY.

Teopema. ITycmo {f; : i € I} — MH02CECMBO NPOHOPMANBHOLT CONPANCEHHHLT NONAPHO Ne-
PECTNAHOBOUHYIT T -PA3PEUUMDIT T-CEAZAHHHT Fummunezoswir dynxmopos, Charf; N Charf; = ()
onn ecex i,j € I, ecau i # j. Toeda (Vierfi)* = Vier f7.

JIutepatypa

1. Doerk K. Finite Soluble Groups. Berlin New York : Walter de Gruyter, 1992.
2. Burpko E.A., Bopo6ses H.T. Qummunzosv. dyrxmopv, u paduraave konewnvix epynn // Cub.
mateM. )kyprai. 2011. T.52. Ne6. C.1253-1263.

OB AJITEBPANYECKUX PEIMIETKAX
®OPMAILINN KOHEYHBIX I'PYIIII

H.H. Bopo6bes', A.P. Ky3nerosa’

113 22 L2 2
Yupexaenne obpazoBanus “Burebckuit rocynapcrsennniii yausepcurer um. I[1.M. Marmeposa”,
Kadepa aarebpbl 1 METOAVKY MPENOJABAHUS MaTEMATHKH,
Mockosckmit pocnekT 33, 210038 Burebek, Bemapycn

Lyornic2001@mail.ru, 2anyakuznetsovar@gmail.com

Bce paccmarpuBaembie rpyIibl KOHEUHBI. Mbl Oy/1eM HCIIOIB30BATE CTAHIAPTHYIO TEPMUHOJIO-
ruto u3 |1, 2|.

Hamomaum, aTo dpopMmarimeii Ha3bIBaeTCsI KJIACC T'PYII, KOTOPBI 3aMKHYT OTHOCUTE/ILHO B3si-
THsT TOMOMOP(HBIX 00PA30B M KOHETHBIX TOIPIMBIX TTpon3Beiennit. COBOKYIHOCTH KJIACCOB TPYIIT
© HasbIBaeTCs MOJIHOI pereTkoii dhhopmaruii [2], eciu epeceyenue 060t cCOBOKyIHOCTH (hopMa-
nuit u3 © cHoBa HpUHALIEKAT O, 1 BO MHOXKecTBe O mMeercs Takoil Kiacc §, uro $) C §F mias
Jioboro apyroro kiacca $) € ©. [lonnas pemerka hopmaniuii © Ha3bIBAETCS YACTUIHON aarebpoii
dopmarmit [2] (em. Takxke [3]), ecian st 06010 IPOCTOrO YKCHA P U st M060i dhopmanun § € ©
nmeer Mecto N,F € O. 3xech cumposom M, obozHavaoT Kiaacce Becex p-rpymn. Kak nokasano B
monorpadun A.H. Ckubbl [2] Takue 1mosHble pPelIeTKN ¥ YacTHYHbIe AJaredpbl UIPAIOT IIPU U3Y-
YEHUM KJIACCOB TPYIIl TY K€ POJib, 9TO M camu Kjacchl (dopmanuu, kiraccsl PurTunra u Jp.)
npu u3ydeHun rpymn. HeTpysHO MOKa3aTh, UTO KJIACC BCEX TOTAJBHO HACBIMEHHBIX (POPMAIHii
lso, a pu dbukcupoBanHoMm n > ( KJIacc BCeX N-KPATHO HACBINEHHLIX dopMaruil [, sSBId0TCH
YaCTUIHBIME ajirebpamu (cM. 1opobHee [2]).

DJIeMeHT a NOJIHOI penteTky L HA3bIBAETCsI KOMIIAKTHBIM, eCJIM U3 HepaBeHcTBa a < V(z; | i €
I) cnenyer, uro a < mjy V x4, V...V x4, TIE i1, i2,...,i, € I, JjIsi HEKOTOPOrO HATYPAJIBHOTO
n. Iomras pemrerka dhopManmii Ha3bIBAETCST AJITEOPAMIECKON, eCan KaXKIbI ee 3JeMEeHT MOXKET
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6I)IT]:> opeacTaBJIEH B BUIE PEIIETOTHOI'O O6'beI[I/IHeHI/Iﬂ IIOAXOAAIICTO ceMelicTBa KOMIIaAKTHBIX dJIe-
MEHTOB.

OCHOBHOIT pe3yJIBTAT IIPEJICTABIISIET CJIELYFOIIasT

Teopema. Beakas wacmuunas ar2ebpa Gopmayuti ABAALMCA aN2e0PaUNecKot PewemKotl.

CuencrBue 1 (A.H. Ckuba [2]). Pewemka 6cex T-3aMKHYMBIET N-KPAMHO HACHIUEHHDT BOD-
Mmayut 17 areebpauvHa.

CaencrBue 2. Pewemka n-kpammo HACHUEHHOT Gopmayud 1, anrzebpauvha.

Cuaencreue 3 (B.I. Cadonos [4]). Pewemka 6cer T-3aMKHYMOT MOMAALHO HACHIUEHNHIT
popmayuii I7 anzebpauvna.

CaencrBue 4. Pewemkxa momasvHo HACHUEHHLT GOpmauull loo an2ebpauina.

JIuteparypa
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NMHBEKTOPHI KOHEYHBIX I'PVYIIII

H.T. Bopo6bes', M.I. Ceménon?

Burebckuit rocyiapcrsennsiit yuusepeurer nmenu 11.M. Mameposa
Mockosckmit pocnekt 33, 210038 Burebek, Bemrapycn

1yorobyovnt@tut.by, ?mg-semenow@mail.ru

SHaAYNTENBHDBIN TPOrPECC B PA3BUTHY HEAPU(DMETHIECKON CHIOBCKON TEOPUN KOHEUHDBIX TPYIII
6bu1 gocrurayT B pabore lammorna, @umepa u Xapwiu [1], tae ycranosieno, 9to st 006010
kJacca QurTunra § B J110001 KOHEYHON PA3PENINMOil I'PYIIIIE CYIIECTBYIOT §-UHBEKTOPDI U JIIOObIE
JIBa U3 HUX CONpsiKeHbl. HarmoMunM, 970 Kj1ace rpymn § Ha3biBaloT Kiaccom Purrunra, ecimm § 3a-
MKHYT OTHOCHUTEJIbHO B3sITHSI HOPMAJIbHBIX HOJAIPYIIT U IPOU3BEIEHNN HOPMAJIbHBIX §-TIOIPYIIIL.
[Tpu srom noarpynma V rpynnet G HasbiBaeTcs §-uHbekTopoM G, eciu V (| N siBasiercst §-Makcu-
MaJIbHOH moarpymmoit B N jijist Jiroboit cybropMasbHO# moarpynnbl N u3 G. Jlokaiusyst nmoHsiTue
kitacca @urrunra, JI.A. [llemerkos onpegesnnt B [2] Muox)ecTBO PUTTHHTA KOHEIHOM IPY B, KAK
HEIyCTOe MHOXKECTBO F €€ MOJIPyII, KOTOPOe 3aMKHYTO OTHOCUTEILHO B3SITUSI HOPMAJIBHBIX IO/
Y1, HOPDMAJBHBIX ITpou3Beiennii u corpsizkennii. [lonsarne F-unbvekropa st muoxkectsa Out-
tuara F onpesessercs aHAJOIMYIHO TOHSITUIO §-UHBbEKTOpa juist Kiacca Ourrtunra §. Samernm,
4T0 KaxkaoMy kiaccy Purrunra § coorsercrByer MHOKecTBo Purrnnra F = {H < G : H € §},
x0Tsi obpaTHOe B 0bIeM ciydae HeBepHo (cM. |3, npumep VIII.2.2(b)]). Bosee Toro, B sT0M City-
Jae MHOXKECTBO BCEX §-MHBEKTOPOB U F-mHBEKTOPOB Ipymibl G coBragator. [losTomy, ykasaHHas
Boie Teopema [ammona-Puiepa-Xaprin siBisiercs cieacrsueM Teopembl [1lemerkosa (2| o Tom,
qTO JiyIst J1I060ro MHOKecTBa PurrTnHra F B KOHEUHOI 7-paspemmmoil rpymme (7T — MHOXKEeCTBO
BCEX IPOCTBIX JIeIUTENei TTOPAIKOB BeeX rpymil u3 F) cymecTByioT F-UHBEKTOPHI U JTIO0bIE /1Ba
U3 HUX COIPSI?KEHBI.

[Iycts F — muoxkecrBo @urtnnra kKoneynoii rpyiibsl G u Gg — HanboJibIlas HOpMaJibHast F-1101-
rpynna G. Moxso nokasars, uro ecan X — kinacc Purrunra, to Fe X = {H < G: H/Hy € X}
sBseTcs MHOKecTBOM @urtrira G. [TycTh m — HEKOTOPOE MHOZKECTBO IMTPOCTHIX TUCENT, 7T — JTOTIOJI-
HeHue T BO MHOXKECTBE BceX HpocThix unces u & — knacc @urrunra Beex m'-rpymi. MuoxkecTBo
Ourrunra F rpymnnsl G HazoBeM T-HaChIeHHBIM, eciin F = F o €. Hamu jgokasana

Teopema 1. B 10601 xoreuwnot m-padpewumoti epynne G daa A100020 T-HACHUEHHO20 MHO-
atcecmea Pummunrza F epynnon G cywecmsyrom F-unsexmopvl u 41000l 060, U3 HUL CONPANHCEHDL.
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[Tycrb B ganbheitimeM m = o(F) — MHOKECTBO BCeX MIPOCTHIX JleJIuTe el TTOpsIKOB Beex F-1osi-
rpymn u3 MmuoxkectBa @urtunra F rpynnet G u &™ — KJ1ace Bcex m-pa3perimMbiX rpyiir. TeopeMbr
Hlemerkosa [2| u Basutecrepa-Bomunme [4] o cymecrBoBannu n COUPSIKEHHOCTH F-HHBEKTOPOB
SIBJIAIOTCS CHEIUAJTbHBIME CJIyYasiMU CJIEIYIOIIEro, JOKA3aHHOIO HAMU, PE3yJIbTaTa.

Teopema 2. IIycmv F — mroocecmeo Pummumnea konewnoti epynnot G. Tozda ecau G € FeB™,
mo 6 G cywecmsyiom F-unsexmopov, u 410061 066 U3 HUT CONPAIICEHDL.
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OB OJIHOM I'MIIOTE3E TOMIICOHA 11 3HAKOIIEPEMEHHBIX I'PVIIII

N.B. T'opmkos

Mucruryr maremaruku u Mexanuku um. H. H. Kpacosckoro YPO PAH
Exarepunbypr, Poccusi ilygor8@gmail.com

[Tycte G xoneunast rpymnna, N(G) MHOKECTBO Pa3sMepOB KJIACCOB CONPSI?KEHHBIX 3JIEMEHTOB
rpyminbsl G. B BOCBMEIIECATHIX TOHAX IMPOILIOrO CTOJETHs TOMIICOHOM ObLia cOpPMYyIMpOBaHA
cJIeJIyIoIIas TUIoTe3a.

T'unioreza Tomricona.llycms L xoneunan weabesesa npocmas epynna, G KoHeuHas 2pynna
¢ mpusuasonvim yenmpom u N(G) = N(L). Tozda G ~ L.

O6osnaunm uepe3 7(G) MHOXKECTBO BCeX HPOCTBIX Jesutesieii mopsijaka rpynmsl G. Ilycrs
GK(G) — rpad npocrsix dncen rpymisl G ¢ MuoxkectBo Beprmd 7(G), U JBa HPOCTLIX UHC/IA
p u q u3 7(G) coemuuennbl pebpom, ecsim B G HaiijieTcst 3JleMeHT Topsijika pq. B Hacrosiiuii Mo-
MEHT CIIPaBeJJINBOCTb IUIOTE3hl TOMIICOHA JIOKa3aHa MOYTH JIJIsi BCEX KOHEUHBIX MPOCTHIX I'PYIII
¢ HeCBA3HBIM TpadoM npocThix duces. B yacraocrn, Anasu n Janemkxax (emorpu [1]) mokazam
ee it 3HAKOIIEPEMEHHBIX TPYII cTerneHu p, p+ 1 u p+ 2, rae p npocroe uuc/io dosbinee 11. B pa-
6orax [2—4] Obl1a 0Ka3aHA CIPABEJINBOCTD TUIIOTE3BI JJIs 3HAKOIIEPEMEHHBIX TPy crerneHu 10,
16 u 22, umeronux CBsA3HBIN Ipad mpocTbix unce. OHAKO BOIPOC O CIPABEITUBOCTH THIIOTE3bI
JUIS 3HAKOIIEPEMEHHBIX IPYII OCTaeTcs OTKPBIThIM. [lycTh G KoHeunast rpyIa ¢ TPUBHAJIbHBIM
nentpom Takasi, uro N(G) = N(V,,), rae V,, 3HaKonepeMeHHast W CUMMeTPUYECKast IPyIIa CTe-
meHn n > 5. Beuto jgokasaHo, uTo B (G CyIIeCTBYeT KOMIIO3UIIMOHHBIN (hakTop H m3oMopdHBI
3HAKOIIEPEMEHHON rpytie crereHu m < n, e m 0oJibiine JIMO0 PABHO MaKCHUMAJILHOIO ITPOCTO-
rO YHCJIa He TPEBOCXOMAIIErO n. Takke, OBLIO JOKA3AHO, ITO MAKCHUMAJILHBIN TTPOCTON JeTUTEND
qucia |G|/|H| ne npesocxomutr n/2.
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O BEPXHEMN OIIEHKE IIEPMAHEHTOB

A.B. Edpumos

Ornen maremaruku Komu HIT PAH, Yepnosa 3a, 167000 Ceikreiskap, Poccust dmefim@mail.ru

Berauciienne nepMaHeHTOB UMEET OOJIBIIYIO AJITOPUTMUYECKYIO CJIOXKHOCTh. [loaTomy akTy-
aLHOM SIBJIsIETCsT 3ajada WX OTEeHKH. B mamHON paboTe MBI paccMaTpUBaeM BEPXHUE OIEHKN
MEPMAHEHTOB TTPOU3BOJIBHBIX BEIIECTBEHHBIX MAaTPHUI] TPETHEro MOPsiKa, OMUPAasiCh Ha IOJIXOJI,
upeioxkennsiii FOpkarom u Paitzepom B [1].

Onpenenenune 1. Anrebpoii [lumenoBa ¢ n 06pa3yroOUMu HaA30BEM aCCONMATUBHYIO aJredpy
P, (1), HOPOXK/ICHHYO HA/[ [IOJIEM BEIIECTBEHHBIX YNCeJ eJMHUIEH U dJleMeHTaMu L, k= 1,...,n,
CBABAHHDLIME OIPEJIE/IAIONUMI cooTHOmenusaMu: 1y = 0, ikl = g, kL =1,...,n.

U3 oupenenenust ciemyer, aro anrebpa Py, () siBiisiercst KOHEITHOMEPHON pazMepHOCTH 2™, KOM-
MYTATHBHOMN, 0018/1a€T eINHUTIEH, M KayK Bl ee 9JIEMEHT OTHO3HATHO MPEJICTABIISIETCS B CIIEIYIO-
IEM CTaHJAPTHOM BHJIE:

n
a=ag+ Z E Oky  keylhy - - Uy G050k Kk € R
t=1 k1 <<kt

Badukcupyem B asnrebpe P (1) ocHosroit 6asuc {1,:}. Torga peryuspromy momymo Pi(t) co-
OTBETCTBYET CJIe/lyIOIIee IByMEpHOe MATPHIHOE PEryJsipHOE IIPeICTaBICHHE:

agn 0

air ap

T:ag+ a1 —

B obmmem ciyuae cupapenjimBo CIeAyIlee YTBEPKICHHE.

VrBepxkaenue 1. Ecau 6 anzebpe P,(1) sagurcuposamsv ocroenoli ynopadouennod 6asuc
{1,01,t2,...,t1L2 ... Ln}, mo peeyaapromy modyaio P, (1) coomeememeyem mampuunoe npedcmas-
Aenue, conocmasasouee Kadtcdomy aaemenmy a € Po(1) 2™ x 2"-mampuuy T(a), asamouwyrocs
HUNCHEMPEY20ALHOT, CUMMEMPUYHOT OMHOCUMEADHO 8MOPOCENeHHol JUA2OHANU U C IAEMEH-
mamu ag Ha 2aaenotl duazonant. Kosduyuenm ag, iy g, NPU MOHOME Lig L, - - . L, 6TO0UM 6 aH-
noe npedcmasaenue 6 xavecmese aanemenma posro 2"t pas. B wacmmocmu, xospdunuenm ais.
BCMPEUAETNCA POBHO 00UH PA3 U HATOOUMCA 6 HUNCHEM Ae60M Y2y mampuub. T(a).

Herpynno Bugers, uro KerT' = {0}, nosromy jaHHOe MATPUYHOE HPEJCTABJIEHUE SIBJISIET-
csi TOUHBIM, U ainrebpy P, (1) MOXKHO paccMarpuBaTh Kak ajarebpy 2" X 2" HUKHETPEYTrOJbHBIX
BeIIeCTBEeHHBIX MATPHI] CIIEIUATHLHOTO BUIA.

YrBepxkaeuue 2. Paccmompum 8 x 8 mampuuy T'(a), 2de a = 22:1 agly, — 00HOPOOHLT sA6-

menm nepeoti cmeneny 6 anzebpe Py(1). Obosnavum |a| = \/22:1 a2. Tozda cnpasedauevi caedy-
rowue ymeepocoenus: 1) Ecau xoma 6v 0dun Kosdduyuenm ay paser Hya10, Mo MAKCUMANLHOE
cureyasproe wucao mampuyw, T'(a) pasro |a|; 2) Ecau ece koadduyuenmos ay, e pasHv Hya10, Mo
MaKCuMavHoe curzyaaproe wucao mampuyse T'(a) navodumes ¢ npomesicymse (|al,2]al/V/3).

Xoporio u3BecTHa CBsi3b MeXK 1y ajredpoii ['pacemana u dyHkimeii onpeeuress (CM., HAIIPU-
Mep, [2]). AnasioruvHasi cBsi3b CyIecTByeT Mexy asirebpoii Ilumenosa u dyHKImeil nepmaseHTa
(3], crp. 110). Onumem ee Gosee moxpobuo. B anrebpe P,(v) paccmorpum m (m < n) ofHo-
POJIHBIX JIEMEHTOB LEPBOH CTENEeHN a; = » .4 Qiklk, ¢ = 1,...,m. Hepes A = (a;j) obGo3Ha4nM
IPSIMOYTOJIBHYIO M X 1 MaTpHUILy, 00pa3oBaHHYI0 Ko3(uumeHTaMu 3j1eMeHTOB a;. ObGo3HauInM
gyepe3 Ay, .k, MaTpHUIly, KOTOPyI0 00pa3yior cToJbubl ¢ HoMepaMu ki < kg < --- < ky, MaTpuIsl
A. Torga HeTPYIHO BUJIETH, YTO

aLas ... 4y = E per( Ak, k. )lky - Lk, s
k1<-<km
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rie per(Ag, . i, ) 03Hadaer nepmaneHT marpuibl Ay, . B gacraoctu, eciim m = n, to
a1ay . ..a, =per(A)iita. .. Ly. (1)

Hanee paccmorpum cxemy, npepinoxkennyio FOpkarom u Paiizepom B [1]. lepeiinem B hopmyite
(1) ot snemenToB ajrebpbl [IuMeHOBa K HEKOTOPOMY MX MATPUYHOMY IIpeJICTaBIeHuo. B ornanu
or [1] MBI GyzieM paccMaTpUBATL MATPUYHOE PEryJISIPHOE [IPE/ICTABICHHE:

T(a1)T(a2)...T(an) = T(per(A)tite ... tp). (2)

U3 yreepxkaenusi 1 ciemyer, 9To Marpuiia B IpaBoil YacTu paseHcTBa (2) mpejcrasisier coboii
2" x 2™ maTpuIly, y KOTOPOi B JIEBOM HUYKHEM yTJIy CTOUT 3jeMeHT per(A), a Bce ocrajbHbIe
3jIeMeHTHI PaBHEI ():

T(a1)T'(az)...T(ay,) = per(A)Ean .

Tora npuMensist K JAHHOMY PaBEHCTBY JIIOOYIO0 MATPUIHYIO HOPMY ||- ||, au1st KoTopoit || Ean 1| > 1,
[OJIy4aeM HEPABEHCTBO

per(A)| < [[T(a))|[[[T(az)l|- - [IT(an)ll; (3)

HO3BOJISIIONIEE OIEHUTDH IIEPMAHEHT MaTPHUIIBI CBEPXY.

[TpumenuMm K HepaBeHCTBY (3) CHEKTPAJILHYIO HOPMY ||-||s. st Ipon3BosIbHON BelecTBeHHOI
MaTpurpl A oHa paBHa ee MaKCHMAJBLHOMY CHHIY/ISPHOMY YHCIIY, T.€. KOPHIO U3 MaKCHMAaJbLHOTO
coberpennoro wucyia Marpunsl AT A, Kak cieyer us yreepskaenns 2, B cayqae n = 3 ||T(a;)||s <
%|ai|. Otciofia moJIyIaeM CIIeAyIONLyo OIEHKY Jis [epMaHeHTa [IPOU3BOJILHOI BEIeCTBEHHOMN
MaTPHUIIBI 3-TO TTOPSIJIKA:

8
[per(A)| < %!MH@H%L (4)

Ecnn ota u3 kommonenT sjiemenTa a; pasaa 0, To Kak ciaenyer us yreepxkaenus 2, ||T(a;)||s =
|a;|. Orcroga, ¢ yaeTrom TOro, 9TO MEPMAHEHT MATPUIIBI HE MEHSIETCs P [IEPECTAHOBKE CTPOK U
CTOJIONOB IOJIyYaeM, 9TO IS IePMAaHEHTa IIPOU3BOJBLHON BEIIECTBEHHONE 3 X 3 MATPHUIIBI, CPEIy
3JIEMEHTOB KOTOPOIi eCTh XOTs Obl OJUH HYJICBOIi, BBIIOJIHIETCA CJICLYIOIee HepaBeHCTBO

4
[per(4)] < glaillaz|las]- (5)

Bo muorux ciaygasx omenku (4), (5) JAKOT JIydiniuii pe3ysbTaTr, YeM OINEHKH, HPUBEJIECHHbIE
B [3]|, crp. 116-117, XOoTs 1 He CpaBHUMBI C HUMH. YYUTHIBas ClenuaibHblii Buj marpur 1'(a),
a € P,(t), MOXKHO HOIBITATHCS JIOKA3aTh YTBEPXKCHIE, AHAJIOTUIHOE YTBEPKICHHIO 2, U B CJIydae
[IPOU3BOJILHOTO N, U, CJIEJ0BATEIBHO, HOJIyINTh ONEHKHN, aHajgorndubie dopmynam (4), (5), mis
BEIECTBEHHBIX KBAIPATHBIX MATPHIL TPOU3BOJBLHOTO HOPSIIKA.
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HAVMEHBIIIA I TPUIIPSIMOYTOJIBHA I KOHTPYSHIIA HA
CBOBOJ/IHOM TPUOUJIE

FOa. B. 2Ky4ok

Jlyranckuit HanmoHa JbHBIN yHUBepcuTeT uMenu Tapaca IlleBuenko
mwromaab Lorosis, 1, Crapobenbek, 92703, Ykpauna yulia.mih@mail.ru

ZK.-J1. JIogs u M.O. Pouko [1] BBesin nonsitue rpuona. Hemycroe muoxkecto T', cHaOKeHHOE
TpeMsi OMHAPHBIMH aCCOIMATUBHLIMU oneparusaMu —, - 1 |, yJI0BIeTBOPSIONUMEA CJIEYIONINAE
akcuoMmbl: (z 4 y) dz=xd@ykz2), (xFhy dz=2k (yd2), dy)bFz=zF (yF 2),
(zdy) dz=z4@Wwlz),(zxLly dz=2L(ydz), @4y Lz=z L (yF 2),
(zkFy) Lz=ak(yLlz), (xLlytz=zkF(yk 2) asa scex z,y,z € T, Ha3BIBaETCS
rpuonioM. Ecsn oneparuu - u L coBnasaror, To Tprou i npespaiiaercs B gumonon |2, 3|. Ecam
ke omepanuu -, F u L coBHmamaioT, TO TPUOUJ, IIpeBpaIiaercs B mnoayrpyimmny. Takum obpasom,
KaxKJIbI JIUMOHOMJT M KasKJasl MOJyIPYIIa MOIYT PacCMaTPpUBATLCs Kak TPUOUIBL. [Ipumepbl
TPHOUJIOB MOXKHO HaiiTu B [4, 5].

Tpuoun (T, H,F, L) 6yaem HA3BIBATH IPSMOYTOJIBHBIM TPHOUIOM HJIH IPSIMOYTOJIBHON TPUCBI3-
koii, ecsm nosyrpynnst (T,4), (T,F) u (T, 1) saBisiorcss npsiMOYroJbHBIME CBsi3kamu. Kiiace
BCEX TPSIMOYTOJIbHBIX TPHOWJIOB sIBJISIETCSI [IOJMHOT00Opa3eM MHOT0oOpasusi Tprou10B. Ecu p —
KoHrpysHIs Ha Tpuouge (T, -,F, L) rakas, aro (T,-,F, L)/p ectb npsiMOyrosbHbIi TPUOU, TO
Oy/1eM TOBOPUTD, YTO ) — TPHUIPSAMOYTOJIbHAS KOHIDYIHIIUSL.

PaceMOoTpuM KOHCTPYKIUIO CBOOOIHOIO TPUOU/IA.

[Iycts Y — npoussosbHoe Hermyctoe MHoxectso, ¥ = {T|z € Y}, X = YUY u F[X] —
cBobonast moayrpynna Ha X. Ilycrs nanee P C F[X] — momnosyrpymnia, KOTopast COIEPIKUT
CJIOBA W, B 3AIIICH KOTOPBIX JeMeHT T (r € Y) BXOAUT KaK MUHUMYM OuH pa3. Jljist KaxK0ro
w € P depe3 W 0003HAYNM CJIOBO, MOJIYIEHHOE M3 W 3aMeHOi Bcex OyKB T (r € V) Ha .

Ha muoxkectBe P omnpejiesinm oneparuu 1, - u L o mpasuiam:

wadu=wu, whktu=wu, wlu=wu

Jutst Beex w,u € P. Anrebpy (P, -, F, L) obosnauum yepes Frt(Y).

IIpennoxenune. Fri(Y) — c6060dnvii mpuoud.

JlokazaTesbCcTBO 3TOr0 IpeJIIozKeH sl COBIIAJIaeT ¢ J0Ka3aTeIbCTBOM Ipeioxkenust 1.9 u3 [1],
HOJIyYeHHBIM JIJIsI CBOOOIHOIO TPHOMIa paHra 1.

Hycrs manee w € F[X] uw € Frt(Y). Yepes w(® (coorsercrrenmo, wl) o6oznasmm nepsyro
(COOTBETCTBEHHO, TIOCIIEHION) OyKBY c10Ba w. [ToaokuM u — HadaabHOE (COOTBETCTBEHHO, KOHEY-
HOE) MOJIC/IOBO CJIOBA W MEHEMAJIBHOI jmmabl Taxoe, ato ull) € Y (coorsercreenno, u(®) € Y). B

srom caydae u(l) (coorercreenno, u(®)) Gymem obosnauars uepes wl (coorsercreenmo, wll).
Omnpegennm ornomenne y #a Muoxecrse Fri(Y), nonaras

© o [

(0] 1] ~(1)) = (w2, wy ", w, ,@(1))

wy yws & (ﬂ)vl(o),wl ,wy W1

st Beex wi, we € Fri(Y).

Crenyromiasi TeopeMa XapaKTepu3yeT HAaUMEHbBIIYI0 TPUIIPSIMOYTOJbHY IO KOHIDYSHIHIO HA CBO-
6oH0M Tpuoue Fri(Y).

Teopema. Omnowenue ¥ AGAACMCA HAUMEHOULET MPUNPAMOY20ALHOT KOH2PYIHUUET Ha CBO-
600nom mpuoude Frt(Y).

Kpowme sT0r0, B TepMHHAX TPUCBI30K MOATPHOUIOB [5] OlicaHo cTpoeHne cBOOOIHBIX TPHOU-
JIOB.
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O IIEPECEYEHUSX ABEJIEBOI 11 HUJIBIIOTEHTHO IIOATPVYIIII B
KOHEYHBIX I'PVYIIITAX

B.1. 3enkos

WMucturyT maremaruku u mexanuku ¥ pO PAH
C.Kosasesckoit 16, 620990 Exarepundypr, Poccust
v1i9z52@mail.ru

ITycts G — koHeunas rpymnmna, A — abeneBa HOATpyIa U B — HUJIBIIOTEHTHAS TOArPYIIIA U3
G. Panee aBropom [1, Teopema 1| 66110 10Ka3aHO, UTO 17151 J1I0OBIX abesieBbix noarpynn A u B uz G
MUHUMaJIbHbIE [I0 BKJIIOUeHuto nepecedenus sujga A () BY, rae g € G, sexar B F(G), rae F(G) —
moarpynna Purrunra rpynnsl G. Ho yxe npumep cumMerpudeckoit rpynmst G = Sy, tiae A — abe-
JeBa Ho/rpyia nopsiyika 4, He jexamas B F(G), a B € Syly(G), nokaspiBaeT, 9T0 MUHUMAJIbHbBIE
1o BKJIOYeHnto nepecedenns suga A () BY nexar B F/(G), a eciin paccMOTpeTh MEHAMAJIBHBIE 110
BKJIIOUEHHUIO Tiepecedenns Buja B () A9, to He Bce onn sexkar B F'(G). D1oT npuMep HOKa3bIBACT,
ITO JIJIsT PACCMOTPEHNST MUHUMAJIHHBIX MO0 BKJIIOYEHUIO TepecedeHnil abemeBoit 1 HUILIOTEHTHOM
MOJIMPYIIN BayKeH TOPSJIOK, B KOTOPOM 3allucaHbl mojgrpymnsl. Ho cymiecTByer GoJiee CIIOKHBIH
upumep (cM. mpumep 5) rpynnsl G, B KOTOPOM JIazke B CJIydae 3alliCi MUHUMAJIBHBIX 110 BKJIIOTE-
Huto nepecevennii B Bugie A () BY ne Bce onu siexkar B F/(G). OHako BO BCeX yKa3aHHbBIX IIPUMePaX
CYIIECTBYET HEKOTOPOe MUHUMAJIbHOE 110 BKJIIOYEeHHIO Iepecedenue Bujua A () BY, KoTtopoe JjieKur
B F(G). Kak nokaspiBaer cjiefiyrolasi TeopeMa, 3T0 sIBJICHIE UMEeT MeCTO B JIIOOI pa3pennMoi
KOHEYHO! I'pyIIe.

Teopema. [lycmv G — paspewsuman koneunasn epynna, A — abeaesa u B — nusvnomenmmas
nodzpynnw, us G. Tozda 6 epynne G cywecmsyem saemenm g makot, wmo A B9 < F(G).

IIpumep 1. G = Eg X\ Dg ¢ Tounbim peiicrBuem Dg Ha FEy. [Ipumep mokasbiBaeT, 9TO OC/Ia-
6uTH ycsoBre abesIeBOCTH TPYIIbl A B TeopeMe /10 HUIBIIOTEHTHOCTH HEBOZMOXKHO C COXPAHEHUEM
3aKJ/oYenusi, Tak Kak upu A = B ~ Dg umeem A (| BY # 1 ausa mo6oro siaementa g u3 G.

IIpumep 2. G = Aut(L3(2)). B sroit rpynue upu A = B € Syl,(G) nmeem A(BY # 1 s
Jiroboro ssteMenTa g 3 G. Takum 0Opas3oM, U B HepaspelIuMbIX I'PYINIaxX ycjaopue abeseBoctu A
HEJTB351 OCJA0UTD JI0 HUJIBIIOTEHTHOCTH ¢ COXPAHEHUEM 3aKJIIOUEHUST TeOPEMBI.

ITokaxkeM, 9TO yCJIOBHE HUJILIOTEHTHOCTH IOATPYIIBLI B TakyKe HEBO3MOXKHO OCJIA0UTDL 10
CBEPXPA3PEIIUMOCTH ¢ COXPAHEHUEM 3aKTIOUEHUsT TEOPEMBI.

IIpumep 3. I'pynna G = S ceepxpaspemuma. Ilycte A ~ Sy € Syl,(G), B = G. Torga
ANBY =A £ F(G) nns moboro snementa g n3 G.

IIpumep 4. G = A5, A € Syly(G), B ~ Zs X Zy. Torma A BY # 1 jyist 06010 ssieMenTa g
u3 G.

DT NPpUMEPHI MOKA3BIBAIOT, 9TO YCJIOBUsI, HAJIOXKEHHBIE B TeOPEME Ha MOArpynnsl A u B HeBo3-
MOKHO CYIIECTBEHHO OCTabNTh KAK B PA3PENTNMOM, TaK U B HEPA3PEITNMOM CIydae ¢ COXPAHeHUEeM
BaKJIIOYEHHUS TEOPEMBI.

Crnemytommuit mpuMep MOKA3BIBALT, IYTO B HEKOTOPBIX CIYUAIX, PACCMATPUBAEMBIX B YCJIOBUIX
TeopeMbl, Jyisi abesieBoii moarpynmbsl A cymecrByer nojarpynmna BY rtakasi, uro A((BY # 1 —
MUHUMaJIbHOE 110 BKJoUeHnio nepecedenne u A (| BY £ F(G).
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IIpumep 5. G = Z3 x Sy. B aroit rpyune Z(G) = Zy, O3(G) ~ Es. CusoBckast 2-noarpymia
T w3 G pasua Z(G) x S, tne S ~ Dg u Z(T) ~ Ey. Illycts © — s1ement nopsinka 4 usz S, a
z — unpomonus u3 Z(G). Torma xz — snement nopsjka 4 Taxoit, uro ((z2)?) = (2?) = Z(S) n
JUTsT MHBOJTIONHT 4, JyIst KoTopoit S = (z,1), mueem (xz)! = 2tz = 27127 = (22)7L. TlosTomy
(wz,i) ~ (x,i) ~ Dg u (xz,i)((z,i) = (i,2?) ~ E;. ClesoBaTesbHo, €Cil B34Th TOATPYTITY
A= (i,2%2) ~ Eyu 81 = (x2,i), 70 A S1 = (i) £ O2(G) u AN O2(G) = (222). Eciu mosoxuTnh
B =81 = (xz,i) ~ Dg, o S1()02(G) = (22, x2i) ~ E4. Takum obpaszom, unsosmonus x> us Sy
nexut B G’ =~ Ay, a maBomonmn 12 u 2°2i m3 S1 nexat B Oo(G)\G'. B O2(G) cemb mupomonmit,
npudem Ha Tpex uuposonuax uz Oq(G) (G, asasiomuxest menTpamu noarpyni Sy, S{ u S{ 2,
sement f mopsifka Tpu n3 G AEHCTByeT TPaH3UTHBHO, IEeHTpasm3ys uHBosonmio z n3 Z(G).
CureroBaTesibHO, 3j1eMeHT [ JIeiCTByeT TPaH3UTUBHO Ha Tpex mHBoonusax n3 Oz(G), rexamux
e Z(G) n BHe G, a Takyke HA MHOMKECTBE HEYIIODsJIOYEHHBIX I1ap, COCTABJEHHBIX U3 TAKUX
MHBOJTIONMI, KOTOPBIX Takze Tpu. [losTomy mapa mxsomonmit {2, v32;} ns S1\G’ ne comepxur

TpeTbio mHBoONHIO 222 13 O(G)\G'. Ho npu conpsizkeHnn s1eMeHToM f, a 3aTeM f2 HHBOJIONUS

2
222 GyjieT ColepIKaThCA B MAPAX MHBOJIOINUI, COOTBETCTBYIONMX TIOIDYIITIAM S{ u S{ . Tak xak

S1ﬂS{ = O02(G"), 10 AﬂS{ = (2%2) = AﬂS{Q. Taxum obpasom, m = {(z%2), (i)} = M,
IIpUYeM OJIHO MUHMMAaJbHOe Tiepeceuenne (r2z) nexur B F(G), a ropoe (i) me nexxur B F(G).

Pa6ora Beinosinena 3a cuer rpanta Poccuiickoro naygnoro donjga (npoekr 15-11-10025).
JIutepaTtypa

1. Benkos B.U. epeceuenue abeaesvir nodzpynn 6 konewnvix epynnax // Mar. 3amerku. 1994. T. 56.
Ne1-2. C.150-152.

HEKOTOPBIE APUOMETNYECKUWE CJIEACTBNA PABEHCTBA I'PA®OB
I'PEOHBEPTA-KETI'EJIA IBYX KOHEYHDBIX ITPOCTBIX KJIACCUTYECKUX
I'PVIIII HA ITIOJIAMUN PASHBIX XAPAKTEPUCTUK

M.P. 3uHoBbeBa

MNucruryr maremarnku n mexanuku ¥YpO PAH
C. Kosanesckoii 16, 620016 Exarepunbypr, Poccust  zinovieva-mr@yandex.ru

Ipagom npocmwx wucea nwma epagom 'pronbepea—Kezeasn GK(G) koneuanoii rpynnbsl G Ha-
3BIBAETCS Tpad, BEPUIMHAME KOTOPOTO CJIYKAT MPOCTHIE JEJIUTENN TOpsijKa Tpynnbl G, U JBe
Pa3/IMYHbIe BEPIIUHBI T U § CMEXKHBI TOTJIA U TOJILKO TOr/a, Korja G COJEepXKUT 9JIEMEHT TOPSJIKa
rs.

B "Koyposckoii Terpagu" [1] A. B. Bacusibes nocrasui Bompoc 16.26 06 omnmcanum Bcex
map Hen30MOP(MHBIX KOHEYHBIX ITPOCTBIX HeabeJIeBhIX IPYIII C OJMHAKOBLIM rpadoM ['prorbepra—
Kerens. Xaru [2] u M. A. Be3nuna [3] mosyumin takoe onucanue B ciydae, KOIJIa OJHa U3 TPYIIII
COBIIAJIAET CO CIOPAIUIECKON M 3HAKOIIEPEMEHHOM IPYIIIOi COOTBETCTBEHHO. ABTOD [4] UCCJIETTIO-
BaJI 3TOT BOIPOC JJIsi KOHEYHBIX MPOCTBIX T'PYII JIUEBA THUIIA HAJ| TIOJSIMU OJIHON XapaKTEePUCTUKH.
IN'unoresa A.B. BacuibeBa B 3THX CJIydasix IMOATBEPIKIAETCS.

B jannoit paboTe mpojo/KaeTcsi NCCieioBanue, HadaToe aBropoM B [4]-[6].

Xopomno uzBectHa Teopema ZKurmouau [7|: ecau ¢ un — namypaasvrvie wucaa, ¢ > 2, n > 2,
mo cywecmeyem npocmoe wucao, deasuee ¢" — 1 u ne deaswee ¢ — 1 npu a1060M HaMYpPaALHOM
i < mn, Kpome caedyrouus cayuaes: ¢ =2 un = 6; ¢ = 2¥ — 1 daa nexomopozo npocmozo wucaa k
un=2.

3Jeck mpocToe unciio, jgensiee ¢° — 1 u ne gensmee ¢° — 1 npu 060M HATYPAIBLHOM § < 70,
HA3bIBAETCSI NPUMUMUBHBIM NPOCTBLM deaumenem ducia q" — 1 u obo3Hadaercs depes 1, (q) nim
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KDPATKO Ty, ecin ¢ dbukcuposano. O6o3HaunM Takxke depes R, (q) — MHOXKECTBO NPUMHUTHBHBIX
MPOCTHIX JeuTeneit qucaa ¢ — 1.

Hagnee ¢ = pf u ¢ = pi”', rie p, p1 — pasiaumunble mpocTble Yncaa U f, fi — HATYpAJbHbIE
qUCTIA.

Ob6ozuanM 1epe3 M MHOKECTBO KOHETHBIX ITPOCTHIX KJIACCUIECKUX IPYIII Af_l (q), rmen > 17,
Bn(q), tie n > 5, Cp(q), tie n > 5, D (q), tne n > 5.

B [6] cchopmymnupoBana cieyrormast

Teopema. ITycmv G u G1 — neusomopdnvie epynnoe u3 M Had nosamu nopadkos q u qi
coomsememeenno. Ecau epago GK(G) v GK(G1) cosnadarom, mo 6vinoaneno o0HO u3 cae-
dyrougux ymeeporcdenui: (1) {G,G1}y = {AE |(q), Ai 1(ql)}, ede ny € {n—1,n,n+1}; (2)
{G,G1} = {Bn(9), Bu(a1)}; (3) {G, G} = {Bu(q), Cu(a1)}; (4) {G,G1} = {Cu(q), Cular)}; (5)
{G,G1} = {Dr(q), Ds(q1)}; (6) {G,G1} = {Du(q), Dnl@)}; (7) {G,G1} = {*Dr(a1), Ds(a)}; (8)
[G.G1} = 12Du(0), 2Dular)}; (9) 1G, G} = {Az(a), Do(a)}; (10) {G,G1} = [ A5(a), Delar)};
(11) {G,G1} = {AE [(q), Dny(q1)}, 2deny € {2n/3 —1/3,2n/3 — 1} u 31 <ny =3 (mod 4).

esibro maHHOM pabOTHI ABJSIETCS YTOYHEHME yTBEp:KIeHU 3Toit Teopembl. OCHOBaHUS ISt
BBIIEIEHNsT MHOXKecTBa M aeT cieayiolnee IpeIIoXKeHne.

Ilpennoxkenue 1. I[fycmv G € M u G — Koneunas npocmas 2pynna Maxas, 4mo epagdo
GK(G) u GK(Gy) cosnadarom. Tozda G € M uau (G, G1) = (AZ(q),2 Da(q1)), 2de q u g1 newem-

Hbl.

st yreepekennit (9) u (10) TeopeMbl MOXKHO HOJIYUUTH CJIeyIONIe apiudMeTuIecKue Cejl-
CTBUS paBeHCTBa IpadOB MPOCTHIX YUCET.

IIpensoxenune 2. [Tycmo G = A7(q), G1 = D¢(q1). Ecau epago GK(G) u GK(G1) cosna-
darom, mo 6viNOAHEHDL CAEOYIOUWUE YMBEPHCIEHUA:

(1) m(¢® — 1) = m(qf — 1);

(2) m(a(¢* +q+1)/(3,qg — 1)) = m(qi (g} +1)/2), 6 wacmmocmu, p1 € Rs(q) up € Ra(qr);

(3) {r3(q1),rs(q1)} = {rs(q),r6(q)} dan nexomopwxr npocmux deaumenet r3(q1) € Rsz(q1),
rs(q1) € Rs(q1), 5(q) € Rs(q) ure(q) € Re(q).

Sameuanue 1. ABropy U3BECTHO 6OJIBIIOE YHCIO AP (¢, 1), YAOBIETBOPSIONUX YTBEPIK Ie-
Huio (1) npeiozkeHnst 2, HO HEM3BECTHO CYIIECTBOBAHKE XOTsI ObI OJIHOI Iaphl YHUCEJI, Y/IOBIETBO-
pstormux yreepxKaenusm (1)—(3).

Ipeanoxenue 3. [Tycmy G = 2A7(q), G1 = Dg(q1). Ecau epago. GK (G) u GK(G1) cosna-
darom, mo 6bINOAHEHDL CACOYIOWUE YMBEPHCOCHU:

(1) 7(¢* = 1) = n(qf — 1);

(2) 7(a(e® — a+1)/(3,0+ 1)) = 7(au(g3 +1)/2), 6 wacmmocmu, pr € Re(q) © p € Ra(ar);

(3) {rs(q1),rs(q1)} = {r3(q),r10(q)} dna nexomopwx npocmwuxr desumenetds r3(q1) € Rs(qr),
r8(q1) € Rs(q1), 3(q) € R3(q) v 7“10((1) € Rio(q)-

Sameyanue 2. ABTOpY U3BECTHA TOJIBKO OJHA HAapa (¢, q1), Y/IOBIETBOPSIONIUX YTBEPXK ICHUIO
(1) u (2) npemmoxkenus 3, a umenno: (q,q1) = (5,7). Ecim ¢ = 5, To r3(¢q) = 31, r10(q) = 521. Ecomn
q1 =7, 10 r3(q1) = 19, r3(¢q1) = 1201. Takum obpaszom, {19,1201} # {31,521} u yrBepxieHue
(3) mast Taxoit mapsl quces (¢, q) He BLIIOJIHEHO.

AHaﬂOFI/ILIHbIe ycJ10Bus Ha IIPOCTHBIC AeJIUTEe/IM MOXKHO IIOJIYIUTDb U B IPYTUX C/Iy4dadX TeOPEMbI.

Pa6ora Beinosnnena npu dunancosoit mojyep:kke PODU (nmpoexr 13-01-00469).
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O IIEPECTAHOBOYHOCTU n-MAKCVUMAJIBHBIX ITIOAI'PVIIII C
p-HWMJIBIIOTEHTHBIMMU IIOATI'PVIIIIAMN IIIMUWTA

B.H. Kuaruna

lomenbekuit naxkenepHsbiit nacruryT MYC Pecriybimku Benapych
Peunnkoe mocce, 35a, 246035 T'omenn, Benapycs  knyagina@mail.ru

PaccmarpuBarorcss Tonbko KoHeunble Ipynnbl. I'pyrmoit [TImuira HA3BIBAIOT HEHUJIBIIOTEHT-
HYyIO TPYIIILY, BCE COOCTBEHHBIE TOAIPYIIIHI KOTOPO#H HUJIBIOTEHTHBI.

[omrpymma H rpynnbsl G Ha3biBaeTCst 2-MAKCUMAJIBHOM HOJIPYIIION, €C/IU CYIIECTBYeT MaK-
cumasibaas noarpymmna M B rpymnme G Takasi, ato H copepxkutcs B M B KadecTBe MAKCUMAJTBHOM
MOArPYIIBI. AHAJOTUYIHO ONpPEJEIeTCs 3-MaKCUMaJIbHAs MOATPYIa U T.J. B obmeM ciyuae,
JUIsT HaTypasibHOro 1 > 1 moarpymma K rpymmsl (G Ha3bIBA€TCS N-MaKCHUMAaJIbHON HOJAIPYIIIOi B
(G, ecau CyIIECTBYET CYIIECTBYET IEIMOYKa HOAIPYIII

K=KycK;c..CK, 1CK,=G,

Takasd, uTo K; sBJIgeTCd MaKCUMaJIbHOU moarpymmoit B K41 muia kaxgaoro ¢ = 0,1,...,n — 1.

B pabore [1] uccienoBaauch rpyiiibl, B KOTOPBIX MAKCUMAJIbHbIE TOJAIPYIIIbI IePECTAHOBOY-
Hbl ¢ HeKoTOpbiME noirpynnamu [IImuara. B pabore [2] msyudanuch rpymibl, B KOTOPBIX JIJIst
HEKOTOPOTO (PUKCUPOBAHHOTO 711 BCE N-MAKCUMAJIbHbBIE TIO/IIPYIIIIBI IIEPECTAHOBOYHBI CO BCEMHU TIOJI-
rpymnavu Hmuara. B gacraocrn, npu n € {1,2,3}, ycraHoBIeHa METAHUIBIIOTEHTHOCTh TAKO
IPYIIbL, & IPpU 1 > 4 1 yCJIOBUU PA3peruMOCTU CaMO IPYIIIbl — ee HUJIbIoTeHTHas! jJymHa ([2],
Teopema 2). B s10ii pabore Takke ObLIN M3yUYeHbI P-pa3peIiuMble TPYIIbI, B KOTOPBIX KayKasi
N-MaKCUMaJIbHAS MOATPYIIIa IePecTaHOBOYHA, ¢ JII0OOH p-HuabnoreHTHON moarpynmoit [TImurra.
st Kazk 1010 (pUKCUPOBAHHOTO N yCTaHOBJIEHA p-iyinHa Takoii rpymmusl ([2], Teopema 1).

B macrosimeit 3aMeTKe MBI JIOTIOJIHSIEM ITOJIYUYE€HHBIE PE3YJIBTATHI U JIOKA3BIBAEM, UTO IPU TeX
x)e ycsoBusix, uro u B Teopeme 1 uz [2|, dakroprpymna G/F(G) p-samkuyra. 3aecy F(G) —
noarpymna @urrunra rpynnsl G. lokazaHa cieayrorias TeopeMa.

Teopema. agurcupyem npocmoe wucao p u namypasvroe wucao n € {1,2,3}. Ecau 6 p-pas-
pewumots epynne G KaxHcIas N-MAKCUMAALHAA TOJPYNNG NEPECMAHOBOUHE C KAHCIOT P-HUADTLO-
menmmuoti pd-nodepynnoti [lImudma, mo G/F(G) p-samrnyma.

CanencrBue. 3agurcupyem npocmoe wucao p u namypasvroe wucao n € {1,2,3}. Ecau
6 p-paspewumots 2pynne G Kaxncoaa N-MAKCUMAALHAA NOOPYNNG NEPECMAHOBOUHG ¢ KAHCAOT
p-ruavnomenmmnot pd-nodepynnot Llmudma, mo 1,(G) < 1.
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KOHEYHBIE I'PVIIIIBI C OBOBINIEHHO CYBHOPMAJIBHBIMN
n-MAKCUMAJIBHBIMU ITOAT'PVYIIIIAMMUN

B.A. KoBajsieBa

Tomenbekmit rocynapcrsennsnit yauuepcureT nmenu @. Ckopunbl, Coerckast 104, 246019 I'omens, Bemapych

vika.kovalyova@rambler.ru

Bce paccmarpuBaeMble B COOOIIEHUN TPYIIIBL ABIAIOTC KoHedHbIME. CrMBosioM 7((G) 0603Ha-
JaeTcss MHOXKECTBO BCEX MPOCTBIX JeJuTe el mopsiaka rpymuibl G.

Hamomaum, aTo cobctBennast noarpyimna M rpymnmsl G HA3BIBAETCST MAKCUMAALHOT N0J2pyn-
noti B G, ecitm M He cojiep:KUTCA HA B KaKOW Jpyro#l cobcrBennoi moarpymie u3 G.

PeBy.HI)Ta,TBI, CBdA3aHHbIE C U3YYECHUEM MaKCUMAJIbHbLIX IOATPYIIII, COCTaBUJ/JIXA OJHO U3 CaMbIX
CoZlepzKaTe/IbHBIX HAIPABJICHUN B TEOPUH KOHEYHBIX I'pyIIl. IIperke BCero 3To CBSI3aHO C TEM,
YTO MHOT'ME€ U3BECTHBIC KJIaCChI I'DYIIII AOITYCKAIOT OIIMCaHNE Ha OCHOBE CBOICTB MaKCUMAaJIbHBIX
moarpymin. Kpome Toro, MakcmMaJjbHBIE IMOATPYIILI JIE?KAT B OCHOBE MHOTUX BarKHBIX IPU3HA-
KOB NPWHAJJIEXKHOCTH TPYIIIBI BBIJIEJIEHHOMY KJjaccy rpymi. Hambosiee m3BECTHBIMU CpeId HUX
aBasiorcsa TeopeMma Jleckumca-Auko-ToMmircora 0 paspemmMoCcTi TPyIIbl, 0018 Iai0Mell HIIbIIO-
TEHTHOI MaKCUMAaJIbHON MOIPYIIION, KJIaCC HUWIBIOTEHTHOCTH 2-CHJIOBCKUX TOAIPYIIT KOTOPOI
He MIPEBOCXOINT JBYX, a Takxke TeopeMmbl O.}0. [IIMuara u B. Xynmnepra o paspemmnMocTy TPYIIIL,
BCe MaKCHMAaJIbHbIE OJAIPYIIIBI KOTOPBIX SIBASIOTCS HUJIBIIOTEHTHBIMU U CBEPXPa3PEIIUMbIMU CO-
OTBETCTBEHHO.

ITo Mepe pasBuTHs TEOPUU MAKCHUMAJILHBIX HOAPYIIIT ABTOPAMU CTAIN HPEIIPUHAMATHCA 10~
IBITKU U3yU€HUsT U puMeHenns nx obobmiennii. Tak, ogauM n3 006001IeHniT MAKCUMAJILHOM O
IPYIIIBL SIBJISIETCS TIOHATHE N-MaKCHMAaJIbHON moarpynmbl. HamomuanM, uro moarpynma H rpymmb
G HazbIBaeTCs 2-MaKCuMasvbrol (6mopol makcumasorot) noarpynnoit 8 G, eciu H sBisiercst
MaKCUMAJILHOM MOArPYNIo# B HEKOTOPON MakcuMabHON mogarpymnme M rpynmsl G. AHaAJIOTHIHO
MOT'YT OBITH OIIPEJEJIEHBI 3-MAKCUMAALHDIE TTOJTPYIIIBI U T.JI.

PaboTbl, HOCBAIMIEHHbIE U3YUCHUIO N-MAKCUMAJIbHBIX noarpymir (n > 1), cocraBuiam obImp-
HOe HAIIPABJICHUE TEOPUH KOHEUYHBIX IPYII, 00OTAIEHHOE OOJIBIINM YUCJIOM TJIyDOKHUX TEOpEM U
conepKaTe/bHbIX puMepoB. Hanbosiee pannme pe3yabTaThbl B 9TOM HAIPABICHUN OBLIN IIOJTYe-
ubl JI. Pesien [1], onucasmum HepaspenmMbie IPyIIbl ¢ aGeJI€BBIMU BTOPBIMUA MAKCUMAJbHBIMU
noirpymnavu, u B. Xynneprom [2], ycTaHOBUBIIMM CBEPXPa3peIInMOCTh IPYIIIbI, B KOTOPOil Bce
BTOpbIE MaKCHMAaJIbHbBIE MTOAIPYIILI HOpMaJIbHbL. Kpome Toro, B 9T0it ke pabore XyImepT JT0Ka-
3aJI, YTO B CJIydae, Korja Bce 3-MaKCHMAaJIbHBIE TOAIPYIIIBI TPYIbl G HOPMAJBHBI, KOMMYTAHT
G’ aABnsgeTcs HUILIIOTEHTHON IPYIIION M TJIaBHLI panr rpynnbl G He IPeBOCXoAuT AByX. Ilozxe,
pesyabTaThl Penen u Xymmepra moayduan ob600IeHne U pa3BuTHe B paboTax MHOTUX JIPYTHUX aB-
topos (3. duko, M. Cynzyku, T.M. I'aren, B.E. Jeckunc, A.E. Cuencep, A. Mann, P. HImuur,
B.A. Benepuukos, 9.M. ITanbuuk, H.I1. Koraroposuu, f.I. Bepkosutu, P.K. Arpasas, II. ®ua-
Besu1, A. Bannecrep-Bosmame, JI.M. Dckysppo, B. To, III. T'o, K.II. Ilam, B. JIu, III. JIu, B.A.
Besonoros, A.®. Bacuiber, T.11. Bacunbera, B.C. Monaxos, B.H. Cemenuyk, A.H. Cxuba, B.H.
Trorsinos, B.H. Kusaruna, B.M1. Mypamrko, /I.II. Arapeera, E.B. Jlerdekosa, FO.B. Jlynenko u
Jp.). B aroit cBsi3u, cieiyer mpexiie BCEro OTMETUTH HE MOTEPSIBINYI0 CBOe (byHJIAMEHTAJIbLHOE
3HaUeHue U B HacTosiee BpeMst pabory A. Manna (3|, B KOTOPOil 0OTMeUYeHHbIe BbIIIE Pe3yJIbTaThl
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Xymnnepra 6bLIM IEpEHeCEeHbl He TOIBKO Ha CyOHOPMAJIBHBIE MOArPYIIIBI, HO M Ha TPOU3BOJIBHOE 1,
3aBUCSIIEE TOJIBKO OT YHCJIA IPOCTBIX JeuTeseil mopsijka rpymisl. B yacrHocT, ManuOM GbLI0
JIOKA3aHO, ITO €CJIU BCE N-MAaKCHUMAJbHbIE TIOAIPYIIIBI pa3penuMoii rpytbl G cyGHOPMAJIbHBL 1
|7(G)| > n+1, ro G uunbnorentHa; ecin xe |1(G)| > n—1, To G ABASETCS P-IUCIEPCUBHON 115t
HEKOTOPOro yropsijouenust ¢ Muoxkecrsa m(G). U nakoren, B ciaydae, korjpa |7(G)| = n, Mauu
IPUBEJI TOJHOE onucanne rpynmsl G.
[Tycrs § — rurace rpymm. Hamomuanm, aro nogrpynna H rpytmbl G Ha3bBAeTCs § -CYOHOPMaALHOT

6 cmuicae Kezean [4] mmn K-§-cybropmarvrot [5] B G, ecin HaiijeTcss Takast Ielb HOIPYIII

H=Hy<H,<---<H,=0@G,
qro ymbo H; 1 Hopmasbha B H;, 6o

Hi1/(Hi-1)n, €3

JJ1l BCAKOTO ¢ = 1,...,m.

Hamu nosmydena mosnasi Kiaccudukalivsi IPYII, Y KOTOPBIX BCe BTOpbIe JuOO BCE TPETHU
MaKCUMaJIbHbIE TOArPyHIbl K-§-cyOHOPMA/IBHBI B CiIy4dae, Koraa § = 4 — Kjacc Bcex cBepxpas-
permMbIxX rpymi [6, 7|, 9ro mo3BosnIo 0600IUTE U PA3BUTH PE3YJIbTaThl MHOTHX M3 YIOMSIHY THIX
Boiie apropos (B. Xynmepr, P.K. Arpasai, B.H. Cemenuyk, B.C. Monaxos, B.H. Kusiruna, A.H.
Ckuba, FO.B. Jlynenko u gp.). OrmernMm, 910 JIsi OJIy9eHUsT TaKOH KiaccuduKalnuu paHee B
paborax [8, 9] 6bLIO JOCTUTHYTO pACIIMPEHHe OTMEYEHHBIX pe3ysbraToB paborer A. Manua |[3|
o K-4U-cyOHOpMAaJIBHBIX TTOATPYIII, YTO, B CBOIO OYEPENhb, IIPUBEJIO K HEOOXOIUMOCTHA Pa3BUTHS
cooTBeTcTByOMUX pe3ysibraroB X. Buranara, K. Iépka, O.-FO. Kpamepa u ap.
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SHAYEHUA HEJIOYNCJIEHHBIX MHOI'OY/IEHOB BE3 OBLIINX
KOPHEN B IIOJIAX KOMIIJIEKCHBIX 1 p-A/INYECKUX YUNCEJI

9.U. Kosanesckas!', O.H. Kemem, O.B. Peikosa?

Benopycckuit rocyjapcTBeHHbLI arpapHblil TEXHUUECKUl YHUBEPCUTET
np. HesaBucumoctu 99, 220023 Munck
! ekovalevsk@mail.ru, Zoly8521@yandex.ru

B Teopun TpaHCIEHIEHTHBIX YHCeI U3BECTHBI HepaBeHcTBa [esibdonia 1] 1ist 3Hauennit 1Byx
MHOrowIeHoB Py, Py € Z[x] B TPaHCIEHIEHTHON TOYKE, IPU BBINOJIHEHUN KOTOPBIX HOJIYYaeM, YTO
P, u P, obsazarenbHo nMmeloT obmunii Koperb. Mbl 0000IaeM 1 ycuimBaeM Aemmy I eavgornda B
BaKHBIX JIJIsI TIPUJIOZKEHUI CITydasix.

IIycrs P = P(t) € Z[t], deg P = n u Bbicora muorounena H(P) pasua H, rue H(P) — s10
MaKCHMyM MojyJeii ero koadunuentos. Hepes ¢; = ¢;(n), i = 1,2, 3,4, 0bo3HaINM HEKOTOPDIE
BEJIMUNHBL, 3aBHCSINNE OT n 1 He 3asucsmue or H. ITycrs p > 2 — npocroe uncio, © € R, w € Q,
— TpPaHCIEH/IeHTHbIe Yncia. Eciau Muorowien P upusomum Hax Z, 1. e. P(t) = Pi(t) - Po(t), To
XopoIo u3BecTHO (cM. |2, ¢. 26]), uro n = ni + ng, e n; = deg Py, ng = deg Py, u c;H <
H(P)H(Py) < coH. Tonoxxum H(Py) = HM npu 0 < \; < 1, H(P,) = H'™. Tpusenem
nepasencmeo Ienvponda nius P, Py € Z[t] 6e3 obuux kopweii |1, c. 182]:

1< (1P| + [ Pa(0)]) - H(P)TE™ - H(P) 5", max H(P) < Q. 1)

Orcroma econ min;— 2 [P(t)] < Q™ upu w > 0, To w < 2n, unave HepaseHcTso (1) HpoTHBOpE-
YUBO.

Mpr1 mostygaem HepaBeHCTBO Buja (1)1t MuOrOwIeHOB Py, Py € Z[t] 6e3 06mumx KopHeii B mose
C u anrebpanieckom sampikannn Q) nosust Qp:

1 < egmax |Py(t)| - max | P(w)], - QM)+ A=20m - max (H(PR) < Q. (2)
i=1,2 i=1,2 i=1,2

Herpyamno nmokazars, 110 A\j(n—n1)+ (1 —A1)ny < n—1. ITosromy ecim max;—1 2 | P;(z)] < Q™"
max;—1 2 |Pj(w)|, < QY, To u3 (2) caeayer, uro w + v < n — 1. Hepasencrso (2) obobuaer u
ycunuBaer HepasercTso (1). OrmernM, uro mepasencrso (2) B Q, 6bu10 10Ka3aH0 B [3).

ABTOpBI BBIpakaroT bOjaromapHocTh mpodeccopy B.U. BepHuky 3a mocTaHOBKY 3aJadu U I10-
JIe3HbIe 00CY K ICHHUS.
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O IIOJINTOHAX HAJ CUHI'VJIAPHBIMU ITOJIVIPVYIIIIAMMN

N.B. Koxyxos, A.P. XanmuynauHa

Hanwmonanwusrit uccienosarensekuit yausepcurer MUIT, 124498, Mocksa, Poccust

kozhuhov_i b@mail.ru, haliullinaar@gmail.com

ITonuzon (asmomam) X wnax nomyrpymmoit S (cm. [1]) — sTo MuOKecTBO X, HA KOTOPOM J€ii-
cTByeT HoJyrpyiia S, T.e. oupejesneHo orobpaxenne X X S — X, (z,s) — xS, yJI0BI€TBOPSIOIIEE
yeaosuio x(st) = (xs)t upu Bcex x € X, s,t € S. st mOJyrpyIIl OTHOCUTEIHHO HECIOXKHO-
IO CTPOEHHsI BCE MOJHMIOHbI HaJ[ HUMHU MOTYT OBITH IIOJHOCTBIO onucanbl. Tak, B [2| Gbuin onum-
CaHbl B TEOPETUKO-I'PYIIIOBBIX U TEOPETUKO-MHOXKECTBEHHBIX TEPMUHAX ITOJUIOHBI HAJ, BIIOJIHE
O-mpocteivm nosyrpymmamu MO(G, I, A, P) n sronne mpocreivu nomyrpymmamu M(G, I, A, P)
(3mecy G —rpynma, I u A — maOXKecTBa, P — conasua-marpuria). Briosie mpocTsIME HOTy TPy IIIAMIE
SIBJISIFOTCSL, B YACTHOCTH, NOAYZPYNNLL ACEWT / NPAGHIT HYAel, & TAKIKE UX HPIMbIE TIPOU3BEICHUSs
— NPAMOY200bHYBIE C68A3KY (ISl TIOJIyIeHUs] IPSIMOYTOJIbHON CBSI3KM HYKHO B3sTb B KadectBe G
IPYIIY W3 OJHOTO JEMEHTa, a B KauyecTBe COHIBUY-MATpuIlpl P marpuily u3z ejunaui). [Ipsvo-
YrOJIbHAsI CBSI3KA MMEEeT PsiJl aJlbTePHATUBHBIX OIpeJeseHnii: 1) moyrpyIia, yiaoBaeTBopsoniast
TOXKJecTBaM T2 = x, Yz = rz; 2) NOJYTPYIIa C TOXKICCTBOM TYT = x; 3) HOIYIpYyIIa, yiIo-
BJIETBOPSIOIIAsT KBA3UTOXKIECTBY XY = yr — & = ¥y. CuneysapHotl nosyzpynnot Mbl Ha3bIBAEM
[TOJIYTPYIILY JIEBBIX WJIM IIPABBIX HYJIEA.

Bcee xonrpysHImmn mpou3BoILHOrO MOJUTOHA HAJL TOJIYTPYIIION JIEBBIX HYJIel ObLIN OIUCAHBI B
[3], mpaBbIx Hyseit — B [4].

[Tosuron HaJT TOJYTPYIIIOH MOYXKeT OBITH PACCMOTPEH KaK yHapHas ajrebpa, T.e. YHUBEPCAJb-
Hast ajrebpa, y KOTOpOil Bce omeparuu yHapHbl. HamoMHNM, 9TO YHHBepcaJbHas ajrebpa Ha3bl-
BAETCS NOINPAMO HEPA3AONHCUMOT, €CIIU OHA HE PA3JIaraeTcs B HETPUBUAJIBHOE TOJIIPSIMOE IIPOU3-
Begenue aarebp. MHTepec K MOANPSIMO HEPA3/TOKUMbBIM YHUBEPCAJILHBIM aredpaM 00bICHSIETC s
XOPOIIIO U3BECTHOI TeopeMoit Bupkroda, yTeep:K naolieii, 9To BeaKkas aaredpa BJIseTcs OIIPs-
MBIM IIPOU3BEIEHNEM IOIIPSIMO HEPA3JTOKUMBIX aJreop. M3BecTHo, 9T0 HETpUBUAJIbHAS TIOIIPSI-
MO HepazjIoKuMasl ajarebpa — 3TO B TOYHOCTH ajirebpa, pelérTKa KOHIPYSHIUNA KOTOPOH MMeer
e,ZLI/IHCTBeHHbH?I aTOM. HO,Z[HpﬂMO HEPa3JI0O2KUMbI€ TIOJIMT'OHBI Ha/Jl CUHTYJ/IAPHbBIMU IIOJYI'DYIIIaMU,
a TakyKe HaJ| IPSIMOYTOJIbHBIMU CBsI3KAMU OBLIN OXapaKTePH30BaHbI B [5.

ITosimron A Ha3bIBaETCS UHBEKMUBHBIM, €CJIH JJisd JTI0O0r0 MHHEKTUBHOIO FOMOMOP(MU3MA, (X :
X — Y monuronos u soboro romomopdusma ¢ @ X — A cymectByer romomopdusm ¢ 1 Y — A
TaKoi, 9To Yo = . Unsexmuenas 060404Kxa TOJUTOHA B — 3T0 MUHUMAJILHBIN NHHEKTUBHBIN HAJI-
rosturoH nojiurona B. Ilosmron A HasbIBaeTCs NpoekmueHbiM, €CIU JJIsT JTFI0OOT0 CIOPBEKTUBHOIO
romomopdusma « : X — Y mosuroHos u Jioboro romomopdusma ¢ : A — Y cymecTByer romo-
MopdusMm ¢ : A — X Takoii, uto oy = . IIpoexmusHvim Hakpumuem TOJTUTOHa B Ha3bIBaeTCS
IPOEKTUBHBIN IMOIUIOH P, INjis KOTOPOro CYIIECTBYET CIOPBLEKTUBHLINA romomopdusm 6 : P — B
TaKoii, 9To JyIsA JI060ro cobcTBeHHOrO NoAmosmrona P C P orpanuuenue O|pr : P’ — B me
SIBJISIETCST CIOPHEKTUBHBIM. XOPOIIO U3BECTHO, YTO, KaK U B CJIyYae MOJYJIeH Ha, KOJTbIAMU, WHb-
eKTHBHasT 000JI0UKA CYIIECTBYET y KarXKJIOr0 IMOJIUIOHA, a IMPOEKTUBHOE HAKPBITHE HE y KarXKJOTO.
Tax:ke U3BECTHO HEOOXOIUMOE YCIOBHE HHHLEKTUBHOCTH IIOJUIOHA — 3TO HAJUYINE Y HETO HYJIEBOIO
9j1ieMeHTa ([IPU 9TOM €JMHCTBEHHOCTU HyJIs MOxkeT He ObiTb). [losmron X HasbiBaeTcs cenapa-
beavnvim, ecan Jgist J0ObIX z,y € X Takux, 94To  # y, cymecrByer s € S\ {1} Takoe, uro
x # y. B pabore [6] st cenapabebHBIX [IOTUIOHOB HaJl HOJIYTPYIION JIEBBIX HyJIel ObLIn Haii-
JIEHbI yCJIOBUsI MHHEKTUBHOCTH IIOJIMIOHA U MOCTPOEHa MHbEKTUBHAs 000J0YKa 1osuroHa. B [7]
HaXO0XK/IEHUE YCJIOBUII MHBbEKTUBHOCTU U TIOCTPOEHNE MHbEKTHUBHON ODOJIOUKU IMOJIUTIOHA HAJ[ I10-
JIYTPYIITION JIEBBIX HyJseil ObLIO OCyIecTBEHO 0Oe3 mpemnosioxkeHus cenapabdenbuoctu. Jlatee, B
[7] 6bL10 TOKA3aHO, YTO HAMYME HyJIsl SBJSIETCS HEOOXOIUMBIM M JIOCTATOYHBIM YCJIOBUEM HUHb-
€KTUBHOCTH IIOJIMT'OHOB Ha/ I'PYIIIIaMU U IIOJIUTOHOB Ha/l IIOJIYI'DYIIIIaMU IIPaBbIX Hyﬂeﬁ. HOSTOMy
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IIOCTpOECHHNE MHBHEKTUBHON O6OJIOIIKI/I HEMHbCKTHUBHOI'O IIOJIMT'OHA HaJI prHHOﬁ nJjm HOHpryHHOI‘;I
IIPaBBIX HYJICH COCTOUT B IIPUCOCINHEHIN K 3TOMY IOJUIOHY BHEITHUM oOpa3oM Hyssd. Kpome Toro,
B 7] 6bLIM TOJIyYeHBI YCIIOBUST TPOEKTHBHOCTH TIOJIMTOHOB HA/J[ TPYIIIAMHE, [IOJIyTPYIIIAME [IPABBIX
U HOJIyTPYIIIAMH JIEBBIX HYyJIEH U IOCTPOEHBI IIPOEKTUBHBLIE HAKPLITUs IOJUIOHOB. B wacrnocrw,
0Ka3aJI0Ch, 9TO IPOEKTUBHOE HAKPBITHE CYIIECTBYET Y JIIOOOTO MMOJIMIOHA HaJ, TAKUMHU HOJyTPYII-
namu. OHIM U3 pe3yabTaToB PaboTh |7] fBisgeTcst TOT haKT, 9TO HAJ| MOJYTPYIIIION JEBbIX HyJIei
IIPOEKTHUBHBIMHU IIOJIUT'OHAMU ABJIAIOTCA B TOYHOCTU KOIIPOU3BEIACHU A (T.e. JU3'BbIOHKTHLIE O6']:>e,ZLI/I—
HEHUsT) CBOOOHBIX TOJIUTOHOB U MOJMTOHOB, COCTOSIINX U3 HYJIEH.

ITycres X — momuron Ham nosyrpymnmnoii S. Bygem ropoputh, 9To mosyrpymnmna S geicTByeT Ha
X appexmueno, ecin

VezeXas=uat)=s=t

Jytst Beex §,t € S.

B pa6ore [3] 6buin onucanbl moauronbl X HaJ| CHHIYJISIPHBIMA [IOJYIPyHHaMu S, y KOTOPBIX
pemérka kKoHrpysunuit ConX mojyssipaa, win JuCTpuOyTUBHA, WJIH sIBJIETCs Tenbio. OTmernM,
9TO B CiIydae MOAyJspHocTH pernérku KoHrpysHimii ConX mosjumrona X HaJi MOJIyTpyHION Jie-
BBIX HyJell S MaKCUMaJbHBIN HOPAI0K moJjinrona X paBeH 5, a MAKCUMAJbHBIN MOPSIOK IIOJIY-
rpyunsl S, ecsin oHa JeiictByer apderTuBHo Ha X, paBeH 9. MakcuMajbHbBIN TOPSJIOK PEMIETKH
KOHTPy3HIHiT paBer 13. B ciiyvuae momyrpymmsr TpaBbix HyTeit S MOPSIIOK MOy ISIPHON PeIéTKY
KOHTPY3HITU He mpesbimmaeT 200, MAKCHMATBHBIN TOPIOK MOJUTOHA X C MOJYJISPHON PEIETKO
KOHT'DYSHITUI paBeH 9, MAKCUMAaJIBHBIN MTOPSIOK MOJIYIPYIIbl S, JeiicTByIoIei 3(ppeKTUBHO Ha
X, paBen 27. Pabora 110 OIUCAHUIO TIOJIUTOHOB HAJ[ MPSIMOYTOJIBHBIMU CBSI3KAMU, UMEIONIUX MO-
JYJASIPHYIO PEIIETKY KOHTPYIHIINM, aBTOPAMU HE 3aBepIeHa, HO IOJIyUYeHHbIE UMH HEeOOXOIUMbIe
YCJIOBUSI TTOKA3bIBAIOT, YTO MOPSIOK MOJUTOHA X MPU 9TOM He MpeBBIIIaeT 9.
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O KOHEYHBIX I'PVYIIITIAX G C HECBA3HBIM I'PA®OM ITPOCTHIX UUNCEJI
1 OTPAHUYEHUSMUN HA 71 (G)

B.A. KoanakoBa

WNucturyT maremaruku u Mexanuku YpO PAH
C. Kosanesckoii 16, 620990 Exkarepuntypr, Poccust  leralid@mail.ru

[Tyctes G — koneunas rpymmna. O6o3naunm depe3 m((G) MHOKECTBO BCEX MPOCTBIX JEIUTe el
nopsizika rpytunst G. I'pag npocmwx wucea (epag I'pronbepea — Keeean) T'(G) rpynubt G onpe-
Jesisiercst Kak rpad ¢ MuHoxkecTBoM Beprind 7(G), B KOTOPOM JiBe pPa3JIMYHblE BEDIIUHBL P U ¢
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CMEXKHBI TOIJIa ¥ TOJBKO TOra, Korja B G ecTh ssieMeHT nopsijka pqg. I'pynmna G HasbiBaercs n-
npumaprot, eciu |7(G)| = n. Obo3nadnM uncao KoMnoHeHT casznocru rpada I'(G) gepes s(G),
a MHOXKECTBO €ro CBsI3HbIX KommoneHT — depes {m;(G) | 1 < i < s(G)}; st rpynnst G geTHOro
nopsizika cauraeM, 9to 2 € m1(G).

B pamkax o6mieil 3a/1a1uu n3ydeHnst KOHEYHbBIX TPYIIII [0 CBOMCTBaM UX IPpad OB IPOCTHIX THUCE
HAIlle BHUMAaHUE IPEXK/Ie BCEro MpuBeKaeT 6oJiee MOIPOOHOE M3yUeHHe KJIacca KOHEUHBIX MDY
C HECBS3HBIM I'DAGOM IPOCTBIX YUCEI. DTO OObSIICHSETCS TEM, YTO YKA3aHHBINH KJIACC IIHMPOKO
0b60b1TaeT Kjaacc KoHedHblx rpynn PpoberHmyca, 9TO cpady BHIHO W3 H3BECTHOH CTPYKTYPHOI
TeopeMbl ['proubepra —Keresst 0 KOHEUHBIX IPYIIIAX ¢ HECBSI3HBIM IpacOM IPOCTHIX YHUCET (CM.
[1]). Bamernm TakKe, YTO KJIACC KOHEIHBIX TPYIII € HECBS3HBIM IPadOM IIPOCTBIX YHCE/I COBIIAIAECT
C KJIACCOM KOHEYHBIX TPYII, MMEIONIUX U30JMPOBAHHYIO MOAIPYIIILY.

B pamkax ormeuennoii 3ajaun A.C. Kongparses u 1.B. Xpawmuos [4] — [7] usyuanu koneunbie
IPYIIIBI, UMEIOIIIE HECBI3HbII MPad NPOCTHIX YUCEII ¢ YUCJIOM BepInH, He npesocxosmum 4. A.C.
Kon/ipaTbeBbiM ObLIN OIPeJIesIeHbl KOHEYHbIE [IOYTH [IPOCTHIE S-IIPUMapHBIE IPYIIIBI U UX Ipadbl
[pronbepra — Keress [8]. ABropom coBmectro ¢ A.C. KonparbesbiM [9] ObLIO TOIy9€HO OIICAHTE
IJIaBHBIX (haKTOPOB KOMMYTAHTOB KOHEUHBIX HEPA3PEIINMbIX H-IIPUMAPHBIX IPyIIl G ¢ HECBSI3HBIM
rpadom ['pronbepra—Kerens B cayuae, korjga G/F(G) — mouru npocrast n-nmpuMapHas IPYyTIna
st n < 4. Hama 1iesis — omnmcars S-upumapsble Ipyibl G ¢ HECBSI3HBIM IpadOM HPOCTHIX YH-
CeJl B OCTAJIbHBIX CJIydasX. ECTeCTBEHHO HAYATH M3YUeHNe, HAKIIAIbIBAs HEKOTOPbIE OrPAHIYCHHST
Ha kommoHeHTy 71 (G). Pesysbrarom 910it paboThl sIBIIsIeTCs ONUCaHue H-IpUMapHbIX rpymn G ¢
HECBSI3HBIM rpadOoM IPOCTBHIX dnces Takux, 4ro jmbo 71 (G) = {2}, mmbo 3 & m(G) # {2} u
3 € m(G). Jokazausl JiBe T€OPEMBI.

Teopema 1. [Tycmo G — konewnas 5-npumapras epynna u w1 (G) = {2}. Tozda evinoansemes
0010 U3 caedyrowux ymeepxrcoerut:

(1) G =Z O(G) NS — epynna Ppobenuyca, 2de O(G) — 4-npumapras abesesa 2pynna u S —
YUKAUMECKAA 2-2DYNNa Ui 0600UWEHHAA 2PYNNa KEAMEPHUOHOS;

(2) G — epynna Ppobenuyca ¢ adpom O2(G) u 4-npumaprvim JONONHUMEALLHBIM MHOACUMC-
NEM;

(3) G =2 AXN(BXC) — 2-¢hpobenuycosa epynna, 20e A = O2(G), B — yukauveckan 4-
npumapnas 2'-epynna u C — yukaiuueckas 2-2pynna;

(4) G = Ly(r), r > 65537 — npocmoe wucao @epma uau Mepcenna u |w(r? —1)| = 4;

(5) G = G/O2(GQ) = Ly(2™), 2de aubo m € {6,8,9}, aubo m > 11 — npocmoe wucno.
Ecau O3(G) # 1, mo Oz(G) asasemca npamvim npoussederuem MUHUMAAOHOLE HOPMANDHHIL
nodepynn nopadka 2°™ 6 G, kascdan uz xomopux xak G-mo0yss USOMOPPHHG eCECTNEEHHOMY
GF(2™)SLy(2™)-modymo;

(6) G = G/O2(G) = Sz(q), 2de ¢ = 2P, p > 7T u q— 1 — npocmuie wucaa, |w(q — e1/2q +
D =2ulr(g+ev2¢+ 1) =1 0dane € {+,-}, 5 € (g —ev2¢ + 1). Ecau O2(G) # 1,
mo O(G) AGAAECCA NPAMBIM NPOUSEEICHUEM MUHUMAALHBIT HOPMAALHHIT N002pyYnn NopaAdka q*
6 G, xasicdan uz vomopwx xax G-modyav usomopdna ecmecmeenromy d-mepromy GF(q)Sz(q)-
MOOYNI0.

Teopema 2. [Tyemv G — KOHEUHAA D-NPUMAPHGA 2PYNNA C HECEAZHHIM 2DAPOM NPOCTBLL
wucea, G = G/F(G) — nowmu npocmas 5-npumapnas 2pynna, 3 € ©(G) u 3 € m(G) # {2}.
Tozda svinoansaemes 00HO u3 caedyrowur ymeepacoenuti:

(1) G usomopgra La(53) uau La(173);

(2) G = Lo(p), 2de aubo p > 65537 — npocmoe wucao Pepma uru Mepcenna u |m(p? —1)| = 4,
aubo p > 41 — npocmoe wucao, |w(p? —1)| =4 u 3 € n(Z5H);

(3) G usomopgra La(37) uaru PGLo(3"), 2de v — newemmnoe npocmoe wucao, |m(3%" — 1) = 4
ur &n(G);

(4) G = Ly(p"), 2de p € {5,17}, r — neuemmnoe npocmoe wucao, |rw(p*" —1)| =4, 3 € 7(
ur & n(G).

"+1
)
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Pabora Bernosena npu gpuHancoBoit momepkke mporpamMmmbl PH® st oTaebHBIX HAY THBIX
rpymn (npoekt 14-11-00061).
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IMOJIVIIEITHBIE I'PVIIIIOBHIE KOJIBIIA KOHEYHBIX JIMHEMHBIX T'PYIIII
" ITPOCTBIX I'PVIIII P

A.B. Kyxapes, I'.E. IIyauackwnii

Besopycckuit rocy/1JapCTBEHHBIN YHUBEPCUTET, MEXaAHIMKO-MAaTEMATHIECKUil (DaKyJIbTer,

np. Hezasucumoctn, 4, 220030 Munck, Bemapycs kukharev@mail.ru, punins@mail.ru

Pabora mocssiimena uCCaeI0BaHAIO0 BOIPOCA O MOJIYHEITHOCTH IPYIIIOBLIX KOJIE KOHEYHBIX JIN-
HEWHBIX TPYII ¥ TPOCTHIX TPYII JTHEBCKOTO Thma. Koiblo R HASBIBAETCS NOAYUENHBIM, ECTTH OHO
KaK JIEBBIM U KaK MPaBbiii R-MOIY/Ib sB/ISETCS MPIMON CyMMOU IENHBIX MofyJel. B HacTosiee
BpeMsI He U3BECTHO, TSI KAKUX KOHEUHBIX IPymIl (G TPYNNoBbie Koblla F'G HAT 38/ IaHHBIM TI0JIEM
F xapakrepucruku p > 0 siBisirorcst nostynensabiMu (eMm. [1]). Hagyy anrebpandeckn 3aMKHYTHIM
mosleM F' XapaKTepuCTUKN P TOJIYTEMHOCTh IPYTIIOBOro Koablia F'G koneuHoit rpynmel G paBHO-
CIJIbHA TOMY, 9TO JepeBbsi bpayspa Bcex j1edeKTHBIX p-0/I0KOB rpymibl (G MMEIOT BHUJ, ~3BE3bI”
€ MCKJIIOYATEIHHON BepImHol B nenTpe |2, ciexcrsue VIIL2.22|. B pa6ore [3| nokazano, uro B
cilydae IUKJInIeckoii pedexkTHoil rpynmsl gepeso Bpayspa so6oro p-6s10ka rpymnbt GL(n, ¢) npu
p # 2, p 1 q ABAFETCS NPSIMBIM OTPE3KOM € HCKJIIOUUTENbHO BepumHOii Ha konie. B [4] ycra-
HOBJIeH BuJI JiepeBbeB Bpasypa rpynmn PSL(2, ¢). O6muit ciyuaii rpynn suga PSL(n, q), a Takke
SL(n, q), ocraJcst HEPaCCMOTPEHHBIM.

Hawmu nmostyden mostHBINH OTBET Ha BOIPOC, JJI KAKUX YUCEN N, ¢ U P TPYIIOBOE KOJBIO TPYIII
GL(n,q), SL(n,q), PSL(n,q) u G2(q) HaJ npOU3BOJIILHBIM II0JIEM XapAKTEPUCTHKH P SIBJISETCS
TTOJTY TIECTTHBIM.

Teopema 1. Ilyemv G = GL(n,q), n > 2F — noae zapaxmepucmuru p, desswed |G|.
Tozda epynnosoe xoavuo F'G noayuennoe, ecau u moavko ecau unoAHEHO A1060€ U3 CACOYIOWUT
yca08ul:

I)n=2,p=qe{2,3};

2)ne€{2,3}, p=3,¢=2,5 (mod 9).

Teopema 2. I[Iyemv G = SL(n,q) uau PSL(n,q), n > 2, F — noae zapaxmepucmuru p,
deaswets |G|. Tozda epynnosoe xoavuo FG noayuennoe, ecau U mMoAbKO €CAU GbNOAHEHO A1060€e
U3 CACIYOUUT YCAOBUL:
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)n=2uplqg—1,p#2;

2)n=2up=qec{23};

3)ne{2,3}, p=3uqg=2,5 (mod9).

Vcnonb3yst cBesienust o jepeBbsix Bpayspa p-6si0koB Koneunbix rpymi [lesasie tuna Ga(q)
[5,6] u rpyrm Pu 2Go(q?), 2F4(q?) [7], /lerko mosry9uTh OTBET O TOIYTENHOCTH IPYTIOBBIX KOJIerT
9THUX I'PYIIIL

Teopema 3. Ecau G = Ga(q) u F' — noae noaoorcumenvnotl xapaxmepucmuku, deaswed |G|,
mo epynnosoe Koavuo FG He A6aAemes NOAYUENHDIM.

Teopema 4. IIycmv G = 2Ga(q?), ¢ = 3™ m > 0 u F — nose zapaxmepucmuru p,
deasweti |G|. I'pynnosoe xoavuo FG noayuennoe, ecau u moavko ecau p | ¢ — 1.

Teopema 5. Ecau G = 2Fy(q?), ¢ = 22" m > 0 u F — nose xapaxmepucmuxu p, dessuier
|G|, mo epynnosoe xoavyo FG ne noayuyennoe.
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TEOPEMA TUITA XUHYMHA JJId CJIIVHAA PACXOAVMOCTU B
TPEXMEPHOM EBKJINIOBOM ITPOCTPAHCTBE

A.B. JIynesuu!, A.C. Kyaun', H.B. IIlamykosa?

"Mucruryr maremarnkn HAH Benapycu, Cypranosa 11, 220072 Munck, Berapycs
kifeislife@gmail.com, kunixd@gmail.com
2Kowmangao-nmkeneprsiii uacruryr MUC PB, MammuroctponTensras 25, 220118 Munck, Berapycs
shamukova n@mail.ru

B 1924 rony A.41. Xununn [1| qokaszan 3aMmedaTebHy0 TEOPEMY, CTABIIYI0 OCHOBOM /sl MHO-
rux 3aja4 Merpudeckoit reopun unces. [lycrs W(H) — nosoxKuresbHas MOHOTOHHO yOBIBAIOIIAST
dyuknus, oupenenennas Ha Ry u I C R — mekoropsiit unrepas. MuoxkectBo Touek x € I,
JUIsl KOTOPBIX CyIIECTBYeT OECKOHEYHO MHOIO peleHuil p,q € 7 uepasencrsa |qr — p| < U(q),
obosnaunm Kak £1(¥). Teopema Xununna riacutr, aro 1(L1(V)) = 0, econ Y - U(h) < o0, u
w(L1(¥)) = pu(I) B mporuBHOM Citydae.

ITo anasorun obosnaunm uepes L, (V) mHOXKecTBO TOUeK T € I, JJIsi KOTOPBIX CYIIECTBYET
HeckomeaHo MHoro permenuit Hepasenctsa |P(z)| < H(P) " W(H(P)) B 1eI0YHCIeHHbIX MO
smHoMax P crenenu me 6osee n. Ipu W(H) = H™*, (A < 1) HECI0XKHO JI0KA3aTh, UCHOJIL3Ys
npunnun smukos Jupuxie, aro pu(L,(¥)) = p(l). B 1932 rogy Masep [2] BbuiBumy rumnoresy,
aro p(Ln (V) = 0 mpu U(H) = H=*, (A > 1). B 1964 roxy runoreza Masepa 6bi1a noKasama
CupunpkykoM [3]. B 1966 roay Beitkep nokasan, uro ecin Y po; W(h) < 00, TO 1jIst IOUTH BCex
x € R nepasencrso |P(z)| < U"(H (P)) nmeer He 6ojiee €M KOHETHOE IHCIIO PEIICHNUIT B 1€I09UC-
JIEHHBIX TosinHOMax P crenenu He Gosiee n, a Takzke Hpeanosnoxui, aro st L, (V) cupaseninba
Teopema tuia Xununna, a uMeHHO, (L, (V) = 0 ecou Y2 ¥(h) < oo, u pu(Ln(¥)) = p(I) B
IIPOTUBHOM CJIydae. DTa IHIIOTe3a B Cilydae CXOJAMMOCTH Oblila JoKa3aHa BepHHUKOM, a B ciyuae
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pacxomumocTu — bepecHeBrieM. AHaAJIOTUYHBIE PE3YIBTATHI ObLIN HOJIYIEHBI B MOJISAX KOMILIEKC-
HBIX U p-agmdeckux uncea Bepamkom, BacuabeBbiM n KoBaseBckoii.

B namnoit pabore Mbl paccMaTpuBaeM TeOpPEMy THUIA XUHIUHA B CJy9Iae PACXOIUMOCTH B IIPO-
crpanctse R3. Ormernn, uro Bepunkom, Bynapunoii u JIUKHHCOH MOJIyYeH aHAJIOT TeOpeMbl XIH-
YnHa B ClIydae pacxoauMocti B mpocrpaHcTBe R X C x Q,. Ilycrs v = (v1,v2,v3) 1 A = (A1, A2, A3)
— BEKTODBI € JIEHCTBUTEJLHBIMU KOODJIUHATAMU, YAOBJIETBOPHAIONIAE YCIOBUIM

/U’i>0) )\l>07 i:172737
v +v2 +v3=n—3,
AM+ A+ A3 =1.

Onpegemum uepes £, MHOXKECTBO TOUCK (11,T2,23) € I = (—%; %)3, JJ1s1 KOTOPBIX CYIIECTBYET
OECKOHEYHO MHOT'O HEIPUBOJIUMBIX IOJMHOMOB P cTernenu poOBHO 7, YAOBIETBOPSIOININX CHCTEME
HEPaBEHCTB

|P(a1)| < H(P)~"' W™ (H(P)),

|P(a2)| < H(P)~" W2 (H(P)),

|P(ws)| < H(P)~"0 (H(P)).

B nanHoit pabore JoKa3aHa CJie/yomast

Teopema. Ecaun >3 uy ;2 U(h) =00, mo p(Lyy) = pu(l).

B xojie Jl0Ka3aTeIbeTBa TeOPEMbI MBI JIOKA3BIBAEM PETYJISPHOCTH CHCTEMbI TOYEK COIPSIZKEH-
HBIX JIefiCTBUTEIbHBIX aJarebpanIecKuX 9ices CTENeHn POBHO 1.
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OBb MHTET'PAJIBHBIX KPVBBIX OBOBIIEHHBIX NEITOYEK TOAbI C
ABYMSA S9KCITOHEHTAMMU

M.B. Musosanos!, O.I'. Mensenesa?,

Benopycckuit rocyjapCcTBEeHHBIN Ie1arOrnIecKuil yHUBEPCUTET

1
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Tlox obobmenHoit memoukoit Toabl ¢ AByMsI SKCIIOHEHTAMU OyIeM ITOHUMATH TaMUJIBTOHOBY
cucreMy nuddepeHnInaabHbIX YPaBHEHUI ¢ FaMIJIBTOHUAHOM BHIA

H = %(p% 4. +p721) + 6%60‘1‘11"‘"'4“171‘171 + C%eﬁlth-l-“'-hﬁnqn‘ (1)
O6o6r1ennbie 1enmoIKu Tobl BOSHUKAIOT MPU PEITEHNNA MHOTUX (PU3MIECKUX 3a1ad.
Ha kaxkmo0it opbure KOIpHUCOeIUHEHHOIO IIPEACTABICHNS IPOU3BOJILHOM Ipynnsl JIu onpemese-
Ha KAHOHUYECKAasl CUMILIEKTHIECKAs CTPYKTYPa, KOTOpas IPEBPAIIaeT OPOUTY B CUMILIEKTUIECKOE
mHOoroobpasue. Muorue obobOIeHHbIe ernoYkn Tobl MOXKHO pacCMaTPUBATh KaK IaMUJIbBTOHOBBI
CHCTEMBI Ha OpOUTaxX KOIIPUCOEIMHEHHOI'O MIPEICTaBIEeHNsT DOPETeBCKUX MOATPYIII BEIEeCTBEHHBIX
IIPOCTBIX paciienuMbix rpymm Jlu. Takoil moaxom IposiCHIET CyTh Jiejla U YIIPOIIAET MHOIHE JI0-
Kazaresnbcrsa [1].
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B [2] nokazano, uro Jsrobast 0606meHHast nenouKa To/pl ¢ AByMsl 9KCIIOHEHTaMU b0 MHTErpU-
pyercs B KBaJIpaTypax, MO0 CBOANTCA K PEIIeHNIO HeJTuHEHHOro auddepeHnaabHOr0 ypaBHeHNsI

BTOPOI'O IIOPAIKA
1 k 2y
O O 2 sy 9
y ( P B vl -y (2)

B moaykpyre 1 — 22 —y2 > 0, y > 0 ¢ xospdunuentamu k u \ ogmoro 3maxa. Onucanne pe-
meHnit ypaBHeHus (2) BOJIM3U TPAHUIBI HOJIYKPYTa JaeT BO3MOYKHOCTDH HCCJIEIOBATDL [IOBE/ICHUE
MHTErpasIbHBIX KPUBBIX 1ernodek Tosel ¢ ravmuibsronuanom (1) "na 6eckoneunocrn".

Usyuenne pernennit (2) B6imu3u ocu Oz, T.e. IpH Masblx y > 0, MOXKHO IIPOBECTH, OJIOXKIB
B (2) y?> = 0. B pesy/brare nojydaercss ypapHeHne, He cojieprKaliee epeMeHHoil x:

vy +y? — kA =0,
e kA > 0. Ero obrmee perrerne mmeeT B
y? = kxa? + Ciz + Oy, y =tV x + C, (3)

rae C1,Co,C' — npousBosibHble moctosinabie 3. Bropast uz dbopmyn (3) maer Tounbie perieHus
ypasHeHust (2), a repBast — IpUOIIMKEHHBIE.

C nomornpio dopmyst (3) HOIydeHbl TOYHbIE U TPUOJINKEHHbIE pertenns rernodek Tomapr ¢ ra-
MUJIBTOHHAHOM (1), TI03BOJISIIOIIME MIOHSATH [IOBEJIEHHE COOTBETCTBYIOMINX WHTEIPAJIBHBIX KPUBBIX
npu t — o0.
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KOHEYHBIE I'PVIIIIBI C 4-ABHOPMAJIBHBIMU 1
M-CYBHOPMAJIBHBIMY HNJIBIIOTEHTHBIMMU IIOJAT'PYIIIIAMU

B. C. Mounaxos
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Victor.Monakhov@gmail.com

Bee paccmarpuBaemble IPYIIBI MPEIOIATAIOTC KOHEYHBIMA. Vcmoib3yemast TepMUHOIOTUST
coorsercrByer [1].

Yepes 7(G) obo3navaeTcst MHOKECTBO BCEX IPOCTBIX JeJiuTe el mopsijika rpymmbl G. 3amnich
A X B ozHagaeT moJiyupsiMoe MPOU3BEIeHIe HOPMAaJIbLHON moaArpynnbl A n noarpynnsr B. Vcnob-
3YIOTCST TAKKe CJIEIyTonne 0603HAICHMSI:

H < G — H ssasiercs noarpyumoii rpymisr G

H < G — H aBngercs cobcTBEeHHO# mtoarpymoii rpyuisl G

H < - G — H aBnsieTcst MaKCUMaJILHON moArpymmnoi rpynnst G.

[Monrpynmoi#t Kaprepa Ha3bIBAIOT HUIBIOTEHTHYIO CAMOHOPMAIN3YEMYIO TIOATPYIIY.

[Moxrpynmnoit Tamona rpynnbl G HasbBaeTCs moArpynna K, yaIoBIETBOPSIIOMAS CJIELYIOITIM
JIBYM YCJIOBUSIM:

1) K cBepxpa3spemninma;

2) ecrin K < K; < Ky <G, 1o | K9 : Ky | — He npocroe 1uciio.
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IIycts § — dopmanusi, G — rpynna, N u U — dopmanum Bcex HUIBIIOTEHTHBIX U CBEPXPAa3-
PEITUMBIX TPYIIIT COOTBETCTBEHHO. [lepecedenne Bcex HOPMAJIBHBIX TOArPyII rpymibl G, pakTop-
IPYIIIBI 110 KOTOPBIM IPHHAJIEKAT §, 0003HadTaeTcss depes GY U HA3BIBAECTCS §-KOPAMKAJIOM
rpymst G. fcuo, aro G? < GY s dopmarmii § C §, B gacroct, GY < G™.

[Momrpymmma H rpynnsr G HasbiBaeTCst §-CyOHOPMAJIBHOM, €CJIH CYIIECTBYET MEMOYKa OAIPYIIIL

H=Hy< -Hi <-...<-H,=@G,

takast, uto H;/Corep, H;_1 € § 111 Bcex i. DTO PABHOCHIBHO TOMY, UTO Hf < Coreq, H;—1. 3necn
CoregH = ﬂgeG HY9 — anpo noarpyunst H B rpymie G.

Knacc rpytin, B KOTOPBIX BCe IPUMapHbIE MUKINIECKUE TOATPYIIILI LU-cyOHOPMAIbLHBI, 0003HA~
qaercd depe3 X. ['pymmbr u3 3Toro Kiracca mojHOCThIO onucanbl B pabore B. C. Monaxosa n B. H.
Kusirunoit [2]. B wacrroctn, rpynna G € X Torga u TOJIBKO TOIJIA, KOIJA KayKasl MOAIPYIIIa C
HUJIBIIOTEHTHBIM KOMMYTAHTOM CBepxpas3periuma. ['pyIibl, B KOTOPBIX BCe IPUMapPHBIE MOJIIPYII-
bl $-CyOHOPMAJIBHBI, COCTABJISIIOT KJiace Wil, MOJTHOCTRIO U3ydeHHbIil B pabore A. @. Bacuiibena,
T. 1. Bacwibepoii u B. H. Tiorsrosa [3|. B wacrrocTH, rpymna G € wil Torjga u TOJLKO TOIJA,
KOTJIa KaxKJlash MeTaHUIBIIOTEHTHAST TOJArpyIa cBepxpaspermma. [lorsTao, uro wil C X.

[Moxrpynna H rpyunsl G HasbiBaercs §-abHopMaibaoi, ecin L/Corep K ¢ § st Bcex noj-
rpymn K u L takux, uro H < K < - L < G. 9T0 paBHOCHIBHO TOMY, 4T0 LS He COIep:KuTcs B
Corer K. Ilosromy Kaxkaast $)-abHOpMaJIbHAsT TOJAIPYIIa §-abHOpMaJbHa st hopmaruit § C £,
B YaCTHOCTH, KaxKjas $-aOHOopMaJsibHas mojarpyimna Jl-abHopMasbHa.

Ob61mume cBoficTBa IPYIII, ¥ KOTOPBIX KaxK 1asl MOATPYIIIa §-CYOHOpMa/IbHA UK §-abHOpMAaJIbHA,
JIUIsE HACJIE/ICTBEHHOI HachleHHoi dbopmaryu § uccienobanuch B [4-6]. [losHoe onmcanue crpo-
eHUs TPYIIBI, B KOTOPOU KaxKiasl moarpymmna U-cybHopMaabaa uin LU-abHOpMAJIbHA, IIOJIYIUIN
B.H. Cemenuyk u A. H. Ckuba |7]. B ar0ii pabore OHM IpeIOKUIH CJIEIYIONYIO 3a1ady.

Bamava. Kakxoe cmpoenue umeem epynna, y xomopot Karcoas HUADNOMEHMHAA NO0PYNNG
U-cybropmarvra usu U-abHopmarvra?

Pemenne srToit 3ala9U IIOJIYIE€HO B CJIe,ILyIOHleIL/'I TeopeMe.

Teopema. B 2pynne G xasrcdas Husvnomenmuas nodepynna -abropmasvra usu -cybrop-
MAABHG Mo20a U MoAbKo mozda, koz2da aubo G € wil, aubo svinosnsomes ciedyroujue ymeep-
orcdenus:

1) cunosckan p-nodepynna P daa nexomopozo p € w(G) asaaemea nodepynnot Kapmepa u P
asasemes nodepynnot Lauwnouya; ecau G ¢ X, mo P uukauveckas; ecau G € X\ wil, mo P
neyukauveckan u p — naumenvuwee 6 m(G);

2) G* = GM — p'-zoanosa nodzpynna epynnv G;

3) R X G™m € wil das scex R < P; 6 wacmmocmu, 6ce MemaHuALbROMERMHbIE NO0PYNIbL
6 RG™ ceepxpaspewumot.

3AMEYAHUE. Coruacho [3| st siro6oro HarypasbHOro n cyiecrsyer rpynna G € wil, Huib-
[OTEHTHAs [UIHHA KOTOPOii paBHa n. IlosTroMmy B Teopeme moxarpymma GY MoKeT HMeTH JIIOGYIO
HIUIBIIOTEHTHYIO JUinHy. B uactaocTH, GY MOXKeT GbITh HECBEPXPA3PEIINMOil B OTIIHYHAE OT CUTY-
arnuu TeopeMbl u3 7).
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B/INAHWE OBOBINTEHHO CYBHOPMAJIBHBIX ITOATI'PVYIIIT HA
ITPOU3BEAEHNA KOHEYHBIX I'PVIIII
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Paccmarpupatorcst ToJIbKO KOHeUHBIE TpyHITbl. OIHIM U3 COJIEPKATEBHBIX HAIIPABJICHUN TE€O-
pUU TPYII SIBJISIETCS U3YYEeHUEe CTPYKTYPBI I'PYIIIBI, IPEeJICTABUMON B ITPOU3BEIEHNE CBOUX IIOJI-
IPYII, B 3aBUCUMOCTH OT CBOMCTB coMmHOX)KUTe e, K 1mepBbIM pesysbraTaM JIAHHOTO HAIIPABJICHUS
OTHOCHUTCsT 3HAMEHHUTas TeopeMa BepHcaiija 0 paspernmuMocTd OUIPUMAPHBIX I'PYIIIL.

Bo muorux paborax msydasauch hoOpMaIu IPYIII, 3aMKHYThIE OTHOCUTEIBHO B3SITUS IIPOU3-
BeJIEHU{T OIIpeJIeJIEHHOTO THIla HOArpyni (Ipon3BoJIbHBIX |1|, HOpMaIbHBIX (CyOHOPMAJIBbHBIX) [2],
abHOPMAJIbHBIX 1 KOHTPHOPMAJILHBIX [3| u T.11.).

B nocsteame 10161 AKTUBHO TTPOBOISITCS UCCIETOBaHUsT (DOPMAIUil, 3aMKHY THIX OTHOCUTEIHHO
npousBeJeHuil 0000IIEHHO CyOHOPMAJIBHBIX MOAIPYII. 3JeCh BaXKHYIO POJIb UIPAET MOHATHE §-
cyOHOPMAJIBHOU TTO/ATPYIIIBI, BIIEPBbIE BBEJEHHOE B Kitacce paspemuMbix rpymm T.0. XoykcoMm B
[4] n pacupocrpanennoe JI.A. ITlemerkoBbiM B MOHOrpadun [5| HA IPOU3BOJIbHBIE TPYIIIIHL.

Onpenenenune 1. Ilycrs § — semycras dopmanus. [logrpymnma H rpymnmel G Ha3bIBAETCS
$-cyoropMmasbHOM B (G, ecim 6o H = G, qubo cyinecTByeT MakKCHMaJbHas IEIb HOAIPYIII
H=HyCH, C---C H, =G rakas, 9r0 HS C H;_, g i =1,...,n.

Qopwmaruu, 3aMKHYTBIE OTHOCUTEJIBHO IMPOU3BEIEHUI §-CYOHOPMAJIBHBIX IOATPYII, H3y4a-
JCh B paborax [6-8] u np. BaxkHyio posib B 9THX HCCIEOBAHUAX UIPAIOT (DOPMAIIUK C YCJIOBUEM
[MTemeTkoBa, T.e. popmaruu F, y KOTOPBIX BCAKAsd MUHUMAJIbHAS HE §-IPYIIIA sIBJISIETCS JIMOO
rpymmoit [muara, 60 MUKINIECKO IPYIIIOR IPOCTOrO MOPSIKA.

B pa6ote [9] B Ki1acce Bcex paspermMbIX MDY OblIa 0Ly YeHa CJIe/IyOIast XapaKTePH3aliust
dopmanmit ¢ yeirosuem Illemerkona.

Teopema 1. Jlaa Hacaedecmeennoti HACHUEHHOT GOPMAUUL T PASPEUUMDBLT 2PYNN, CAEIYIOULUE
YCAOBUA IKBUBAACHIMHDL

(1) § codeporcum scaryro paspewumyro epynny G = AB, y kKomopot 6ce UukAuYeckue npu-
Mmaprvie nodepynnov, nodepynn A u B asasromesa §-cybropmaroromu 6 G.

(2) § — gopmayua c yeaosuem Illememrosa.

B [10] @urTHHr 10Ka3aJ1, YTO HPOU3BEJEHNE JBYX HOPMAJbHBIX HHUJIBIIOTEHTHBIX HOJIIDYIII
HUWIBIIOTEHTHO, OTKY/Ia CJIEYET, YTO BO BCIAKOH I'PYIIIIE CYIIECTBYET €IMHCTBEHHAS MAKCUMAaIbHAS
HOpMaJIbHAsI HUIbIIOTeHTHAst noArpymna F(G), koropyto ceiiuac Ha3blBaOT NOArpynnoi OurruH-
ra. 9Ta HOJIPYIIIa OKa3bIBaeT OOJIBIIOE BIUSHUE HA CTPOEHUE PAa3PENIUMOil IPYIIIbI.

B pabore [11] aBropamu 6b1710 pacCMOTPEHO elrie 0/fHO 00001IeHIe CyOHOPMAIBHOCTH — MOHSI-
tie F(G)-cyOHOPMAIBHON TOATPYIIIIBL.

Ounpepnesienne 2. [oarpynna H rpynust G aaseiBaercs F(G)-cybHopmasibhoii, ecin H cy6-
HopMmasbHa B HF(G).

B [11] usywanuce npoussenenust F'(G)-cybHOpMAIbHBIX TOArpyIil. B acTHOCTH, ObLTa OJTY-
JeHa
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Teopema 2. [Tycmo epynna G = AB asasemcs npouseedenuem ceoux F(G)-cybropmanvrow
Huabnomenmmolr nodepynn. Tozda epynna G HUALNOMEHMHA.

st hopMyJIMPOBKH CJIEAYIOIIErO pe3yabTaTa HaM MOTpedyeTcss KOHCTPYKIIAS IIPSIMOTO IIPO-
U3BEJIEHUs] HACJIEJICTBEHHBIX HACbIIEeHHbIX (opMarmit rpynn [12, c.96]. IIycrs I — nemycroe
mHOXKecTBO. st Kaxkmgoro ¢ € I mycrb §; — HacjaeIcTBeHHasI HacblmenHas gopmarnus. [Ipes-
nosoxuM, 4ro m(F;) N 7(F;) = O musa seex i,j € I, i # j. Obosnaunm m; = 7(§F;). Torna
ié& =(G= Om1 (G) x -+ % Omn(G)\Omj (G) € Sijy 1 < j<mn, {i1,...,in} CI).

Teopema 3. [lycmv § — HACHIUWEHHAA HACACOCTBEHHAA HOPMAUUSA PA3PEUUMDBIT 2PYNN, U
m =7m(F). Caedyrowue ymeepotcoenun IKEUCAAECHMHL:

(1) § codeporcum ecaxyro paspewumyro epynny G = AB, y komopoti A u B — F(G)-cybnop-
MaALHBLE T-1002DpYynnovL.

(2) Cywecmeyem makoe pasbuenue o = {m;|i € I} mHoscecmsa npocmuLr wuces ™ Ha NONAPHO
HENEPECEKAOULUECH NOOMHONCECTNEA, HMO § = ‘XISM'

1€

ITo usBectHOl Teopeme JIépka [13]| rpymma ceepxpaspelinma, ecjid OHA COJEPKUT YeThIpe
CBepXpaspelnMble TIO/rPYIIbL ¢ MOMAPHO B3aUMHO npocTbivu uHaekcamu. Opucen [14] 3amern,
4T0 ecan rpymna G ecTh IPOU3BeJIeHNE JIBYX HOPMAJIbHBIX (CyOHOPMAJIbHBIX) CBEPXPa3PEINMbIX
[IOJINPYIII, UMEIOINX B3AMMHO IIPOCThIE WMHIEKCHI B HEl, TO oHa cBepxpasperiuma. Cieyrormii
[puMep IOoKa3bIBaeT, 9To B TeopeMe PpuceHa ycjioBue CyOHOPMAaJbHOCTH HEJIb3sl 3aMEHUTH Ha
F(G)-cybropmambraocts. [Tycts G — rpymma, msoMopdHas CHMMETPUYIECKON TPYIIIE CTEIeH 3.
Torma cymecrByer Tounblil HenpuBoguMbIid FrG-Monyns V' pasmeproctu 2 mag nojaem Fr. Ilycrs
T — nmonynpsimoe npoussefenue V u G. Pacemorpum A = VG3 u B = VGo, rne G, — cuiloBeKas
p-noprpynmna G u p € {2,3}. Tak kak 7 = 1(mod p) miast p € {2,3}, To HETPYHO BHUIETH, YTO
A u B cBepxpaspenmmmbl. Tak kak V' — rtounslii Henpusogumbiit F7G-monyins, to F(T) = V.
Takum obpaszom, A u B — F(T')-cybnopmasibibie moarpymnmsl 1. 3amerum, uro T = AB, no T,
B cuyy cBoiictB FrG-momyiist V', He siBJisteTcsl cBepxXpas3pemmumMoit rpyimoii. Tem He MeHee BepHa
CJIEJTy OITIast

Teopema 4. [Iycmv A, B u C — F(G)-cybnopmanvrvie c6eprpazpeusumvie nodzpynni 2pynino.
G. Ecau undexcor A, B u C 6 G nonaprno esaummo npocmovs, mo G ceeprpaspewuma.
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KOMITOSUIINOHHBIE ®OPMAIINN ca-F-I'PVYIIII 1 ITPON3BEAEHIN A
B3AVMHO IIEPECTAHOBOYHBIX ITOJAI'PVYIIII
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PaccmarpuBarorcst TOIbKO KOHEYHBIE TPYIIILI. BarKHoi 3a1atueil TeOpUun IPYIIl SABJISIETCS U3Y-
genune opmarnuit. Hamomuum, uro hopmartineit HazbiBaeTcst KJIACC TPYIII, 3aMKHYThIIT OTHOCUTEIIb-
HO B3sITHsI TOMOMOP(MHBIX 00Pa30B 1 HOAUPSIMBIX 11pousse/ieHuit. B 1963 rouy B pabore [1] Tamorr
[TOJIOXKUJT HAYAJIO0 CUCTEeMATHIeCKOMY u3ydeHuio (opmaruii rpymi. OH BBeJ MOHSATHE HACHIIIEH-
Hoit popMmaruu, KOTOPOE B HACTOAIIEE BPEMsI SIBJASICTCH KJIACCUYECKUM U AKTUBHO IPUMEHSICTCS
B HCCJIEJIOBAHUH PA3JIMYHBIX BOIIPOCOB TEOPUU TPYIII U €€ HPUJIOXKEHUI B Teopun (pOPMaIbLHBIX
SI3BIKOB U aBTOMaToB (cM. [2]).

B ¢Bsi3u ¢ BOIIPOCOM TIOCTPOEHHMsI HACHIIIEHHBIX (hopMmaruii B pabore [3] ObL10 BBEIeHO TIOHSTHE
JloKabHO# hopmariuu. B nasbHeiieM ObLIO JIOKA3aHO, ITO BCSIKas HEITycTast (GopMaliust sSBIIsIeTCS
HACBIIIEHHON TOIJ[a U TOJBKO TOIVIA, KOIjla OHa siBJIseTcst JoKasbHoil [4, IV, Teopema 4.6].

Hapsiny ¢ siokanbubiMu hopMaIusMu BayKHYIO POJIb UI'PAIOT KOMIIO3UIIMOHHBIE (DOpMAIIUU.
Bruepsbie kommosuiimonubie popManun 66T BBeJIeHb U paccMarpuBainchk JI.A. ITlemeTkoBBIM
B [5]. [Tycrs J — Kitacc Bcex mpocThix rpyii, a K — MHOXKECTBO BCeX KOMIIO3UIMOHHBIX (hbak-
TOpOB rpymibl GG, B3sTHIX C TOYHOCTBIO 10 u3oMopdusma. Orobpaxkenune f : J — {dopmarm}
Ha3bIBAETCsI KOMIIO3UIMOHHBIM dKpanoM. Dopmarusa § Ha3bIBAETCS KOMIIO3UIIMOHHOMN, €cIu OHa
uMeeT XOTs Obl OJIH KOMIIO3UIMOHHBIN 3kpaH f Takoii, uro § = (G € & | G/Cq(H/K) € f(A)
Jtst siroboro riiasaoro dakropa H/K u A € Ky / i )- Hapsiity ¢ arum, koMosunuossble hopmanum
paccMaTpHBaJIUCh B APYyToit TepmuHoaorun P. Bapom B HeomybamKoBaHHO pyKonucu (OTMEIEHO
B |4, IV, crp. 370]). P. Bap BBen nousitne paspemumo HacoimeHHoil dhopmanuu. HamomuuM, aro
dopmarnust § Ha3bIBAETCS Pa3perinMoO HACBIIEHHOM, ecau u3 toro, yro G/P(Gg) € F, Bcerma
cienyer, uro G € §. DKBUBAJIEHTHOCTH JIBYyX HOHSATHI jaeT TeopeMa bapa [4, IV, Teopema 4.17] o
TOM, 4YTO HelycTas hopMaIus sIBJIAETCS KOMIO3UIIMOHHON TOTJIA U TOJILKO TOIJa, KOIJia OHA Pa3-
peruMo HacbieHHasi. Kaxknast jiokajabHas hopMalius siBjisieTcsi KoMmosuimonnoit. Kiace Beex
KBa3UHUJIBIIOTEHTHBIX I'PYII SBJISIETCS IPUMEPOM KOMITO3UIIMOHHOM (POpMAIUH, He sIBJISIOIIEHCS
JIOKAJILHOM.

Kowmmnozunmonnsie hopmalnyy HAILIA IPUMEHEHNE TIPU U3yueHnn (DOPMAITMOHHON CTaOUIHLHO-
CTH NIpU JEWCTBUU T'PYIIT aBTOMOPMU3MOB, CBOICTB KOPAINKAJIOB, I'HIIEPIIEHTPOB, HUCCJIEI0OBAHIN
ayirebphl popManuii u Apyrux BorpocoB. OJIHAKO, B OTJIMYHWE OT JIOKAJBHBIX (DOpMAIUil IpUMe-
HeHUEe KOMIIO3UIMOHHBIX (DOpMAaIuil IPU U3yYeHUH [POU3BEJIEHUI I'PYIII JIO HOCJIEHETO BpEMe-
HU OCTABAJIOCh HE3HAYUTEbHBIM. DTO 00bSACHSIIETCS OTCYTCTBUEM JIOCTATOYHOTO KOJIMIECTBA KOH-
KPETHBIX KOHCTPYKIIANA W MPUMEpPOB KOMITO3UITMOHHBIX bopmaruii. [TosTomy Bo3HuMKaeT 3ajada
KOHCTPYHUPOBAHUS HOBBIX IIPUMEPOB KOMITO3UIIMOHHBIX (DOPMAIINH, TOJIE3HBIX ISl U3y UeHUs hak-
topuzanuii rpyii. [Ipumep Takoit KoHCTpyKImu ObL1 npesoxken 1'o Baupbunem nu A.H. Ckuboii
B paborax |6, 7|. B macrosieit pabore mpojio/izKeHbl UCCIEI0BAHNS B JAHHOM HAIIPABJICHUH.

B.A. Benepuukos B [8] BBeJs moHsITHE c-CBEpXpa3peruMoil rpymibl. HamoMuuM, 910 rpyina
(G Ha3BIBAETCSI C-CBEPXPA3PEINMOi, eCiin oHa 00JaIaeT TJIABHBIM PSIOM, Bee PaKTOPBI KOTOPO-
ro m3oMopdHbI pocThiM rpyimnaMm. CeoficTBa Kjacca i, BceX c-CBEPXpas3pelninMbiX TPy ObLIH
uzyuenol A.®. Bacuibesbim u T.J. Bacusibesoit B pabore [9]. B wactHOCTH, OHU JIOKa3a/u, 4TO
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kJace 4, siBJIsieTcs KOMIIO3UIMOHHOM, HO HeHachleHHOl dhopmarumeii. B pabore [10] . Pobuncon
YCTaHOBWJI CTPYKTYPHbIE CBONCTBaA ¢-CBepXpa3permuMblx rpymi (B repmunosoruu [10] SC-rpym).

B pabotre [11] 6bu10 BBEJICHO TMOHSITHE KOHEYHOI Ca-F-TPYIIIBI, SIBJIAIONIEEcs: 0000IIEHnEeM ¢~
CBEPXPa3peInMoCcTi. Bhlin yCTaHOBIEHBI OCHOBHBIE CBOMCTBA KJIACCA g BCEX CA-§-TPYIII U IIPO-
U3BEJIEHNN HOPMAJIbHBIX CA-§-IIOJITPYIIIL.

Ounpenenenne [11]. [lycts § — kiace rpymn. Byaem roBoputs, uto rpymnma G siBisieTcs ca-
S-TpyIIoit, eciin ee KaKJiblii HeabeJIeBbIil TVIAaBHBIH (DAKTOD SIBJISIETCA MPOCTON T'PYIION, a s
KaxkJ10ro ee abesesoro riasaoro dgakropa H/K semonnsiercs H/K N Cq(H/K) € §.

Teopema 1 [11]. ITycmv § — Hnacviwennan gopmayus u f — ee MaKCUMAAHYT BHYMPEHHUT
A0KaAoHOG oKkpan. Toeda dopmayusn Feq ABAAEMCA KOMNOZUUUOHHOT U UMEEM MAKCUMAALHOLY
SHYMPEHHUT KOMNO3UuoHnoll sxpar h maxot, wmo h(N) = §eq, ecau N — npocmas neabenesa
epynna u h(N) = f(p), ecau N — npocmas p-epynna, 20e p — npocmoe 4ucao.

Crenyromast TeopeMa OIUCHIBAET CTPYKTYPHBIE CBOICTBA KOHEYHON CA-F-T'PYIIIIBL.

Teopema 2. [lycmv § — paspewumas Hacvuennas gopmayus. I'pynna G asasemcs ca-§-
epynnoti mozda u moavko mozda, kozda G ydoeaemeopaem CACOYOUWUM YMEEPHCIEHUAM.:

1 ) GS — GS;

2) ecau G® # 1, mo G®/Z(G®) asanemcesa npsamvim npoussedenuem G-uneapuanmmsiz npo-
CDLE 2pynn;

8) Z(G®) C Zz(Q).

Caenys [12, ¢. 149|, rpynny G = H K Gynem Ha3bIBATH IIPOU3BEICHUEM B3aUMHO [IEPECTAHOBOY-
weix noarpynn H u K, eciu H niepecranoBotuna ¢ Jioboit nmoarpymmnoi n3 K, a K nepectanoBovuna
¢ Joboit moarpymmnoit ns H.

Teopema 3. Ilycmov § — nacviwennas gopmavus, codepacauyas xaace b ecex ceeprpaspewsu-
mux epynn. Ecau epynna G = HK — npoussedenue 83GUMMHO NEPECTAMOBOUHBLEL CA-T-n002pynn
H u K u xommymanm G' epynnu G xeazurusvnomenmen, mo G — ca-§-2pynna.

Ecmm § = U, To cupaBemmBo ciemyroree

Cuaencrsue 3.1 [13]. ITycmo G = HK — npoussedenue 63aumHo NePECMaH0804HHLT NOJZPYNN
H u K. Ecau H u K c-ceeprpaspewumv, v xommymanm G’ epynnoe G xeazunusvnomenmen,
moeda G — c-CeEPTPAPEWUMAA 2PYNNQ.
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O KOHTPYSHIINLIX HA IIOJIVIPVIIIE JINMHEMHBIX OTHOIIIEHNIA

M.. Haymuk

Burebckuit rocynapcrsensslil yuusepcurer nMmenu 11.M. Mameposa
Mockosckuit np-t 33, 210038 Burebek, Betapycs  naumik@tut.by

[Tycrs V' — BekTOpHOE IPOCTPAHCTBO HaJj TeJaoM. HanomHuM, 4TO JmHeiiHOe oTHOomeHue [1]
Ha V — 3T0 momupocTpaHcTBO IpocTpancTBa V @ V', n o6o3HauaeTCss MyJIbTHILINKATHBHAST [I0JTY-
IPYINa BCeX JMHEeHHbIX oTHomeHuit Ha V' uepes LR(V'). B 2] 6buin onucanbl Bce KOHIPYSHIUU
noxyrpymnst LR(V). B mannoit pabore rokasana cieLyiomnas

Teopema. Pewemxa xonepysnyuti na noayepynne LR(V) asasemes ducmpubymuenot pe-
wemxoy.

CaencrBue. Peuwemxa KoM2pysnyut noiyepynno, AUHEUHbsIr npeobpazosatuts A8AAEMC A Juc-
mpubymuerot peuemrod.
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O ITIPOHOPMAJILHOCTU U CUJIBHOM IIPOHOPMAJIBHOCTH
XOJIJIOBBIX ITIOAT'PVYIIII

M.H. HecrepoB

Hosocubupcknit rocymapcrBeHHbil yHuBepeuTeT, MexaHnKo-MareMaTuIecKuii pakyIpTeT
ITuporosa 2, 630090 Hoocubupck, Poccus mauk00@mail.ru

Bcrony depes m obo3nayaercss HEKOTOpOe (PUKCHPOBAHHOE MHOXKECTBO NPOCTHIX umnces. Iloj-
rpynna H koHewdHOi rpymnbl G HA3BIBACTCS T-XOJJIOBOM, €C/IM OHA SIBJISAETCS T-TPYIHoil (T.e.
BCe IIPOCTBIE JIEJIUTENU €€ MOPSIKA JIEXKAT B 7T), a ee UHJEKC He JIEJUTCA Ha duciaa u3 m. Iloj-
rpynna H Ha3piBaeTCs XOJIJIOBOM IOJIPYIIION, €CJi OHA SIBJISETCS T-XOJUIOBOH JIJIsi HEKOTOPOTO
MHOXKeCTBa 7 (9KBUBaJIeHTHO, ecnt |H| u |G : H| B3aUMHO IIPOCTBHI).

ToBopsiT, uto moarpynmna H rpynmnsr G IPOHOPMAJIbHA, €Ciu Jjist ioboro smementa g € G
noarpynnsl H u HY conpsizkennl B nogrpymnne (H, HY).

B «Koyposckoii rerpajn» 3anucana ciejyomnias npobiaema |1, 18.32]: Bcerya s xosioBa noji-
rpylia KOHEIHON IPYyIIbl IPOHOPMAaJIbHA B CBOEM HOpMaJbHOM 3ambikaHuu?! OTpunareibHoe pe-
IIeHue 11podJIeMbl JAET CIIeyIoast

Teopema. [Tycms mHO00HCECMBO NPOCBIT YUCEA T MAKOBO, 4MO

(1) cywecmsyem npocmas epynna X, codeporcawsan bosee 001020 KAGCCA CONPAHCEHHBIT T -
TOANOBBLL NOD2PYNN;

(2) cywecmeyem npocmas epynna Y, codepacawyas m-Toan08Y NOOZPYNNY, OMAUYHYIO OM. CEO-
€20 HOpMasu3amopa 6 Y .

Tozda 6 pezyaaprom cnaemenuy G = X 1Y cyuwecmsyem HenpoHOpMasbHas T-TOAA06a N00-
2pYNNG, HOPMAALHOE 3AMBIKAHUE KOMopol cosnadaem ¢ G.
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YciioBusIM TeOpeMbl YJI0BJIeTBOpsieT, HanpuMep, MHOxkecTBO {2,3}: rpymmna X = PSL3(2) co-
JIEPKUT JIBa KJIACCa COMPSIKEHHBIX {2, 3 }-x0/m0BbIx noarpyni u rpynna Y = PSLy(16) conepkur
{2, 3}-x010By MOAIPYIIILY, OTJIMYHYIO OT CBOEr0 HOpMaJsu3aropa B Y.

[Momrpymmny H rpytuisl G Ha3bIBAIOT CUJABHO HPOHOPMAJIBHOM, €CJIH st JIF0OO0I TOIPY B
K < H u mo6oro s1ementa g € G noarpynma K9 coupsizkeHa ¢ HeKOTOPO#t toarpymmoi uz H (Ho
Heobs3aTesbHo ¢ K) ¢ nomorpio srementa u3 (H, K9).

[Mostyueno rakxke orpunaresibHoe pemnieHue 1pobaemsbl [1, 17.45(6)|: BepHO JH, YTO XOJIOBBI
HOJIMPYIIIBI IPOCTBIX TPYII CUJIBHO IPOHOPMAJIbHBI? A mMeHHO, mokasano, uro PSp1o(7) conep-
KUt {2, 3}-X0JUI0BY TOArPyIILy, He SIBJSIONLYIOCS CUIBHO IIPOHOPMasbHOi. OTMeTnM, 4To paHee
He OBLIO M3BECTHO MPUMEPOB MPOHOPMAJIBHBIX, HO HE CHUJIBHO ITPOHOPMAJIBHBIX XOJLIOBBIX IO

IPYIIIL.
Pa6ora Bbinosinena npu dpunancosoit nojyiep:kke PHO (poekt 14-21-00065).
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O CMJIOBCKUX CUCTEMAX KOHEYHbBIX T'PVIIII

9.M. ITanpuuk

ITosonkuit rocy1apCTBEHHBIN YHUBEPCUATET

Baoxuna 29, 211440 Hosonosonk, Burebekas 06:1., Benapycs bashunsviat@mail.ru

O6o3HaueHNs] U TEPMUHOJIOTUST CTaHapTHbIe [1 — 3].

®. XoJsur BBEJI MOHSTHE CUJIOBCKON CHCTEMBI JJIsi KOHEYHOM paspernumoii rpymisl G [1, omnpe-
nesenne VI.2.1 b)|. Do Habop cumoBckux moarpyin rpyimbl G, B3ATHIX [0 OJHON JIJIS KAXK OO
p € 7(G), KOTOpBIE TOIAPHO E€PECTAHOBOYHBI.

B ¢Bs3u ¢ mporpeccoM Teopnn KOHEYHBIX TPYII OBLIH TOTYyIeHbl (DYHIAMEHTAILHBIE PE3Y/Ih-
TaTBl B 0OJIACTH TEOPEM CHJIOBCKOI'O THIIA /IS XOJUIOBBIX IIOJIPYIIT KOHEIHBIX IPYIIIL, Oy I€HHBIE
B ocHoBHoM Tpyzaamu @. I'pocca, E.P. Baosuna u /1.0. Pesuna [3].

C UCIIOIB30BaAHUEM STUX PE3y/IbTATOB MOSBUIACH BOZMOXKHOCTH 00OOIINTD MOHATHE CUTIOBCKOM
CHCTEMBI [T Pa3PENINMBIX IPYIIIL.

Onpegenenne 1. Muoxecrso & = {Gq, ..., G}, tue {s,...,t} — Bce pasaudHble IPOCTHIE
Jesurenn nopsiyika |G| koneunoii rpynnel G, HA30BEM CHEIUATLHON CHJIOBCKOl CHCTEMO TPYIIIIbI
G, ecin G5 mlepectaHoBOYHA €O BeceMmu norpynnamu Muoxkectsa & (kparko: CCGs—cucrema).

Eciu s = 2, To MOKeT ObITh JIOKa3aH CJIeIyIONUil pe3y/IbTar.

Teopema 1. Caedyrowue ceoticmsa koneunot epynnu sxeusarenmuoi: (1) G—paspewumasn
epynna; (2) G umeem cunosckyro cucmemy 6 cmvicae @. Xoana; (3) G umeem CCGo—cucmemy.

Hokazaresscrso. To, uro (1) < (2) nokazano @. Xomwiom |1, Teopema VI.2.3|. Hokazxkem, 1ro
(3) < (1). fcno, uro gocTaToUHO JOKA3aTh, 9TO (3) = (1).

[Mpeanonoxkum, uro G — npocras Heabesesa rpynna. Eciu G € {A,,n > 5}, ro G He umeer
CCGo—cucremsl |3, Teopema 8.1, Tabu.2|. Eciu G € Spor, to G ne umeer CCGo—cucremsl |3,
reopema 8.2, tabs.4; 4, 1.5, pazmen 5.3].

[pemmonoxum, uro G € Chev(q), ¢ = pf, G = G/Z(G), p > 2. o ycnosmo B G u G
ectb xosuosa {2, p}-noxrpymma T. Tlo [3, Teopema 8.3] T neskut B noarpymme Bopenst B rpymiibt
G (tak xak T — paspermmmasg IpyTa, TO OHa He OTJIMYHAs OT B mapabosmHeckast MOATPyIIIa
[2, ¢.87 u ciencrsue 2.16, ¢.86]). Ecima p > 2, To Gy — abenesa rpymma [2, c.61]. ITo Teopeme
Jzx. Yonrepa [2, Teopema 4.126] G € {L2(2/); La(q), ¢ = £3 (mod 8), J1,2Ga(q)}. D rpymms! He
nmetor CCGo—cucrem [1, reopema 11.8.27; 3, 1a6s1.10; 3, tabi.4; 3, ta6:1.9]. (Hanpumep, y rpymmn
2G5(q) 1o [3, Tab1.9] Bee mpocThie memmrenmn t # 2,3 mexamm 6b1 B (g — 1), mm B (g + 1),
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win B {7}, uro HeBozMoxkHO). Eciu ke p = 2, 1o 1o [3, Teopema 8.3| Bce CHIIOBCKHE HOAIPYIIIIbI
HEUETHOTro IIOPs/IKa, JO/KHEI JexKaTh B moarpymmne Bopens B. Ho Torma Go < G u G' # G .
Urax, G — me mpocras rpynma. Ilycts 1 # M 1 G, M C G. Torna GoGy N M = MsM, nns
Beex ¢t € w(G) Nw(M). o zakmouenuto uaykiwn (3) < (1) B M. Touno rak, BBy |1, 1emma
1.7.7], G/M = G* nmeer CCG%—cucremy u (3) < (1). Ho Torga u rpynna G paspemmma. Teopema
JIOKa3aHa.

Ipymna G ¢ CCGs—cucremoii moxker 6biTh u npocroii. Hanpumep, G = L3(q), 12|(q + 1),
91 (g+1).

Teopema 2. ITycmv s — naubosvwut npocmot deaumens nopadka koneurnot epynno, G. Ecau
G umeem CCGg—cucmemy, mo ona ABAAEMCA S—padpewumoti epynnod.

Jokazarenncrso. Kak n B JokaszaTenncrse TeopeMbl 1, cpasy cumraem, uto G € Chev(q),
qg=p!, G=G/Z(G).

ITo ycnosuio B G u G ecrb xomossl {t, s}-nonrpynust 7' u T nis Beex t ¢ {2,p}, t € ©(G).
Ilycte s # p. Tak xak ¢ < s, To no |5, reopema 1] Ty < T. Hosromy N = Ng(Ts) nmeer
B G npumapHblil nian 6Gunpumapublii uaiaexc i (Beuny T's 4 G) u w(i) C {2,p}. Ecom ungekc
npuMapHsiii, To 1o [6, reopema 5.8| G rakas rpynmna, uro He nmeer C'CGg—cucrem. Ecom N umeer
B G GunpuMapHublii najexc, To 1o |7| N ects paspermmmas noarpyumna 8 G € {La(q), L3(3), Ls(5),
PSps(3),Us(3), Us(4), Us(7), Us(2), M11, Mia}. Io 3, Ta61.3, 4, 7| 51u rpyuns: ze nmetor CCGs—
cucrem. Eciim s = p, To, Kak u B moKa3areabcTBe TeopeMbl 1, G <1 G. [loaromy G — He mpocras
IpyIIa U yTBEP:KJIEHNE JTOKa3bIBaeTCsa Kak U B TeopeMe 1. Teopema jokazana.

C ucnosn3oBanuem teopeMm 1, 4, siemmbl 14 B [5], reopem 8.3, 8.8, 8.9 B [3] u Teopembr 2Kurmon-
qu (gacTHblii ciaydait reopembl Peiira |7, emma 2.1]) nokaseiBaercs cieayomuii oommit haxr.

Teopema 3. Ilycmv s — npocmoti deaumerv nopadka xoweuwnot epynnut G, s > 3. Ecau G
umeem CCGg—cucmemy, mo oHa AGAACNCA S—PA3PEWUMOT 2pynnod.

U3 Tteopem 1 1 3 He CJI0KHO TOJIyIUTH

CaencrBue. [Tyemv G — konewnas epynna ¢ CCGg—cucmemot, s # 3. Hyemv m C w(G) u
s ¢ 7. Ecau undekco, nopmaauzamopos cunosckux nodepynn Gy, t € m, 63aumHo npocmol ¢ S, mo
6 G ecmv Gg—unsapuanmmuan s'—nodepynna K = (G¢/t € 7).
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KOHEYHBIE ITPOCTBIE I'PVIIIIBI, B KOTOPBIX HOPMAJIN3ATOP
CHNJIOBCKOM s-IIOATrPYIIIIBI UMEET BUIIPUMAPHBIN NHIEKC

9.M. IManpuuk, C.FO. Bamyu

Ilosronkuit rocy1apCTBEHHBIN YHUBEPCUTET

Baoxuna 29, 211440 Hosonosonuk, Burebekas 06:1., Besapycs bashunsviat@mail.ru

O6o3HaueHNs] U TEPMUHOJIOIUsT CTaHapTHble |1, 2|.

Bunpumapnoe uncio ¢ — guciao Buga ¢ = t - ra>0,b>0tur — pa3JndHbBIe IIPOCTHIE
qncia. [lycrs 90 obo3HawaeT MHOXKECTBO cjeayomux rpynn G ¢ yKasaHHBIME CBOWCTBAME WX
pa3penmMbIX MakcuMaabHbIX oarpymnn M < - G unzaekca i (Bciomy Hike k > 0):

M(1) La(q), g = 22" M = Dyg—1), i = 22k_1(q +1), ¢+ 1 — upocroe ancio Pepma;

M(2) La(q),
M(3) La(q), q ,M=Dy 1,i=q(qg+1)/2,p>2, (¢+1)/2 — cremens mpocTOro 4ucia;
M(4) La(p), M = Dp+1, i=p-(p—1)/2, (p — 1)/2 — crenens npocroro uucia, p > 2;

M(5) Lalq), g =p/, p>2, M = Na(G,),i=q+1, f =2F- fo, fo =1 unu npocroe wuco.

B pab6ore [3| onucanbl HeabeseBbl KOMIIO3UIUOHHBIE (DaKTOPbl KOHEYHBIX IPYII, Y KOTOPBIX
HOPMAJIN3aTOP CUJIOBCKON S—IOJAIPYIIIbI UMeeT HpuMapHbIiii uujexc (i = t%).

B aT0i1 3aMeTKe T0Ka3bIBAETCS MTOXOXKUM PE3Y/IHTAT.

qg= 2f M = Dygy1), i = 2/=1(¢ — 1), ¢ — 1 — npocroe uncio Mepcenna;

Teopema. [lycmb s — npocmoe wucao u Hopmasudamop N cunrosckoti S—nodzpynnot 6 KoHeu-
noti npocmoti epynne G umeem Gunpumapnoii undexc i = t® - r®. Toeda

(1) s =2, G € {A6; L2(q) € M(5) c p=2; La(11), N = Ay; Ly(13), N = Ag; L3(3); L3(8),
i=23%-73; Us(3), i =3%-13; U3(8), i = 33-19; PSpy(3), i = 33-5; S2(8), i = 5-13; Sz(32),
i=052-41};

(2) s=3,Ge {A5,’ Ag; My1, N =2 E9.QD1g; LQ(Q) S m(l), 3’(q—1), N=M; Lg(q) S 93?(2),

La(q) € M(5) cp=3, M = N; PSpy(3), i =2°-5; U3(3), N = G3 N Zg; L3(3), i = 22 - 13},
(3) 3, G e {A5, s =5; Ag, s = 5; M1y, s = 11; My, s = 11; L3(3), s = 13; L3(5),

s >

s =31; U3(3)? s = 7 U3( )7 § =09, 13; LQ(Q) € m(l)z S|(q_ 1); N = M;' LQ(Q) € m(2)z S|(Q+ 1);
N = M; La(q) € M(3), s|(¢g—1), N = M; La(q) € M(4), s|(p+1), N = M; La(q) € M(5),
N =M, Us3(7),s=43,i=2"7-73; Us(2), s = 11, i = 219. 35, PSp,(3), s = 5}.

JokazarenbcTBo. Tak kKak N ecTh s—paszpelinmMasi MoArPyIa OUIPUMAPHOTO UHIEKCA B IIPO-
croii rpynme G, to u3 jgemm 3.1, 4.1, 4.2, 4.3, 4.4, 4.5, 5.1 B |4] HEnOCPEJICTBEHHO BUIHO KaKHUe
rpynubl G UMeroT S—paspelmmble noArpyiisl K 6unpumapHoro uxjekca, s € m(K). B arux jem-
MaxX YKa3aHO U CTpoeHHe Takux moArpymi. Cpeau TaKux MOArPYII HOPMAJIU3aTOPAMU CHJIOBCKUX
S—TOJIIPYIII SIBJISIOTCH T€, KOTOPBIE YKA3aHbI B 3aK/II0UEHUN TEOpeMbl. TeopeMa JoKa3aHa.
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O COBCTBEHHBIX [HOJ®OPMAIINSIX OJTHOIIOPOXKJIEHHOI
HACJIEICTBEHHOM w-HACHIILIIEHHO ®OPMAIINN

B.M. Cenbkun

Tomenbckmit rocynusepcurer um.P.Cxopunbl, Coserckas 104, 246019 'omenn, Berapych
selkin69@mail.ru

Bce paccmaTrpuBaeMble TPYTIIBI TPEMOIATAIOTCS KOHETHBIMHU. VICITONB3yeTcst OOIMenpuHsITasT
rTepmuHOIOTHS [1-4].

IIycTh w — MpPOM3BOJIBHOE HEIyCTOE MHOXKECTBO MPOCTHIX uunces. Besikast yHKIms Bujga fo:
wU{w'} = {dopmanuu rpynn} HazbiBaeTcs w-0KaabHbIM ciiyTHHKOM [4]. Cumsosiom LE, < f >
obosnaunm kiacc rpyni (G|G/O0,(G) € f(w') u G/F,(G) € f(p) nnst Bcex p € w N 7w(G)). Ecin
Juist bopmanuu § Mbl nMeeM paBeHCcTBO § = LF,, < f >, To roBopum, 4t0o f — W-JIOKAJILHBIHI
V-cuytuuk dpopmanuu §. B aToMm citydae, Mbl Ha3bIBaeM § w-HACBIIMIEHHON dhopmarimeii.

@opmalus § HA3bIBAETCs OHOIIOPOXKICHHON HACIEICTBEHHON Ww-HACBIIIEHHON popMaImeil, ec-
Ju B § Halijercs Takas rpyima (G, 94To § COBIAJJAET C IIEPECeYEeHMEM BCEX TeX HAaCJIEICTBEHHBIX
w-HAaCBIEHHBIX dhopMaruii, KoTopble cojepxkar G.

MaxkcumajibHast HaCJIeCTBEHHAS w-HACBIMEHHas moadopmMarus (opmanun § — Takasi cod-
CTBEeHHasI HACJEICTBEHHAs W-HacbhlleHHas moadopMaius M dopmamun §, aTo mjst aroboit Ha-
CJIEJICTBEHHO w-HachIeHHo dhopmarun §) ¢ yeaosuem I C ) C § umeer mecto M = 6.

Teopema. Beakas cobcmeennan HacAeOCMBEEHHAA W-HACHIUENHAA TOOPOPMAUUA 00HONOPOIHC-
dennot HacAedCmEeHHOT W-HACHULEHHOT POPMAUUL T COOEPHCUMCA 8 HEKOMOPOT, MAKCUMAABHOTL
HacAedcmeenHHoll w-HacvleHHot nodgopmavuu Gopmauun, §.
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O IIEPECEYEHUN HEHMNJIBIIOTEHTHBIX MAKCNMAJIBHbBIX ITOAI'PVYIIII

M.B. Ceabkusn, P.B. Bopoauu, E.H. Boponuu, C.H. BoikoB

Tomesibeknit rocymaperBennblii yuusepcurer umenn ©. CKoprHbI
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Bcee paccmarpuBaemMblie rpymnmbl KoHedHBI. VcciiemoBanue IepecedeHnii MaKCUMAJIbLHBIX IT0-
IPYII SBJISETCS OJHON M3 KJIACCHYECKHUX 3ajad Bocxousnmx K pabore Pparrunm [1]. B 50-x
rogax Teopema Pparrunu nosyunsia passurue B paborax lamona [2], deckunca [3|. Janbueii-
Uil “HTEepeC K MOArpyIaM (DPATTUHUEBOrO TUIA, B 3HAUUTEIbHON CTEIIeHN!, CBSI3aH C pa3BUTHEM
reopun dopmarmii (cM. MoHOrpaduio [4]).

Teopema. B 110601 Hepaspewumoti 2pynne nodepynna, pasHas NEPECEHEHUI) BCET HEHUNADTLO-
MEHMHLT AOHOPMANDHBIL MAKCUMAAOHDIT TO0PYNT, HE CONPANCEHHBLT C 0GHHOT HEHUADTLOMEHITL-
HOT ABHOPMANDHOT MAKCUMAAOHOT NOJPYNNOT, MEMAHUADNOMEHTIHE.

CaencrBue. B 110001 Hepazpewumoti epynne nodepynna, pasHas NEPECeueHuto 6cer abHop-
MANOHBLT MAKCUMAAOHBLT 1002DYNN, HE CONPAHCERHBL ¢ AanHot aOHOPMarbHOTE nodepynnot, me-
MAHUAONOMEHTIHA.



Anrebpa u anrebpandeckasi F€OMETPUS 45

JIureparypa

1. Frattini G. Intorno alla generasione dei gruppi di operazioni // Atti Acad. Dei Lincei. 1885. Vol. 1.
P. 281-285.

2. Gaschiitz W. Uber die ®-Untergruppen endlicher Gruppen // Math. Z. 1953. Bd. 58. S. 160-170.

3. Deskins W.E. A condition for the solvability of a finite group // 1I1.J.Math. 1961. Vol.5. Ne2,
P.306-313.

4. Cenbkur M. B. Maxcumanrvroe nodepynno. 6 meopuu kaaccos xKoweunvix 2pynn. Ma.: Benapyckas
HaByKa, 1997.

KOHEYHDBIE T'PVIIIIBI, ¥ KOTOPBIX BCE COBCTBEHHDBIE ITOAI'PVIIIIbI
JINBO OBOBIIIEHHO CYBHOPMAJIbHBI, JINBO OBOBIIEHHO
ABHOPMAJIbHBI

B.H. Cemenuyk

Tomesnbekmit rocynapersennsntit yunsepcurer numenun ®@. Cropunbl, CoBerckas 104, 246019 'omesns, Benapycs

semenchuk@gsu.by

PaccmarpuBatorcst ToJIbKO KOHewHbIe Tpymibl. B pabore [1] @arraxu u3y<nsa rpymibl, y KOTo-
PBIX J1I00ast COOCTBEHHAs MOATPYIIa Ju00 HOpMaJIbHa, MO0 abHOpMasbHa. 3aTeM D0ept nu Bayman
B pabore |2] usydwiu rpynmbl, y KOTOPBIX Ji0bast cCOOCTBEHHAsI MOJArpyIna Jubo cyOHOpMAaJbHA,
b0 abHopMasibHa. B Teopun K/1acCoOB KOHEUHDBIX I'PYIII €CTeCTBEHHBIM 0000IIIeHeM TOHATHS CyO-
HOPMaJIbHOCTU U aOHOPMAaJIbHOCTH SIBJISIIOTCSI ITIOHSITHSI §-CyOHOPMAJIbHOCTH U §-a0HOPMaJIbHOCTH.
31echk § — HeKOTOpasi GOPMAIIHs, T. €. KJIACC IPYIII, 3aMKHYTBIX OTHOCUTEIFHO TOMOMOP(MHBIX 00-
Pa30B ¥ MOAIPIMBIX IIPOU3BEICHMIA.

B 1986 roay coorsercreenHo B paborax [3,4] @epcrep u B. H. Cemenuyk usyvasu rpynust, y
KOTOPBIX COOCTBEHHBIE IMOAIPYIIIIBI §-CYOHOPMAJIBHBI MK §-adHOpMaJIbHbBL. JlasbHelinee pa3Burue
JIAHHOTO HampasieHusi cBszaHo ¢ padoroii B.H. Cemenuyka u C.H. Ilesuyka [5|, B koropoii
OrpaHMYeHUsT HAKJIAIbIBAJUCH TOJBKO HA IPUMAPHBIE ITOATPYIIIIDL.

BazkHblit m1ar B pa3BUTHE JTAaHHOTO HalpaBjieHus: cBsizal ¢ paboroit B. H. Cemenuyka u A. H.
Ckubbl [6], T/1e onmcaHbl IPYIIBI, ¥ KOTOPHIX COOCTBEHHbIE IOJArPYIIbI LU-CyOHOPMAIBHBI UK
$l-abHopMasibHa 11t popmariuu Il BceX CBEPXpPa3penIiuMbIX TPYIIIL.

Dopmarust HaA3bIBACTCS HACIEICTBEHHOMN, €C/IN OHA 3aMKHYTa OTHOCUTE/ILHO B3SITHS OATPYIIIL,
U HACBIIIEHHOM, €C/IM OHA 3aMKHYTa OTHOCUTEIHLHO (hpaTTUHUEBBIX PACIIAPEHMIA.

I'pymma HasbiBaeTcss MUHUMAJIBHONW He §-TPYINION, ecii OHa He IPUHAJJIEXKUT §, HO BCe ee
cOOCTBEHHBIE MOATPYIIILI IPUHALIE)KAT §. B 9aCcTHOCTH, HEHWJILIIOTEHTHAs IPYIIIa, Y KOTOPOit
BCe CODCTBEHHBIE MMOATPYIIBI HUJIBIIOTEHTHBI, Ha3biBaeTcs rpytmoit [IImura.

Baxknyto posib B JasbHERIINX HMCCIeI0BaHuAX chirpain gpopmanun Illemerkosa, T.e. popma-
UK §, Y KOTOPBIX BCE MUHUMAJIBHBIE HE §-TPYIIbL SBJIsiOTCsT rpymnamu [Imuara wiu rpynnaMm
IIPOCTBIX MTOPSIIKOB.

Teopema. Iycmov § — nacviuennan nacaedcmeennans opmavus Lllememrosa, codeporcau,asn
ece nuavnomernmmole epynno. Toeda u moavko mozada 10005 COOCMBENHAA NOJPYNNG 2PYNNDL
G & § aubo F-cybropmanrvra, aubo §-abnopmarvran, koeda G umeem caedyroulee cmpoeHue:

1) G — paspewumasn epynna;

2) G =Gy NGy, 20e Gy = GS €3, G4 — uurauueckasa nodepynna Kapmepa epynno G

3) marxcumanrvran nodepynna us Gy nopmanvia 6 G.

CaenctBue 1. ITycmv § — dopmayus ecex p-rnusvnomenmuoix epynn. Toeda u moavko moeada
aobas cobecmeennan nodepynna He p-wusvnomenmuot 2pynnve G Aub0o §-cyoHOpMasvHa, AUOO
§-abropmanvna, xozda G = Gp N Gy, 2de G4 — yukauueckas nodepynna Kapmepa epynnv G u
marcumanvnas nodepynna us Gg nopmaavra 6 G, a Gp = GS.
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CaencrBue 2. [lycmo § — dopmavus scex p-pasaoncumoix epynn. Tozda u moavko mozda
a0bas cobemeernas nodepynna ne p-padsodcumot epynnovt G aubo §-cyobrnopmanvha, Aub0 §-ab-
HOPMANOHG, Ko2da G — paspewumasn epynna 001020 U3 CACOYIOWUT MUNOS:

1) G = Gp NGy, 2de G; — uyurauveckas nodepynna Kapmepa epynnoe G u MakcuMaibHas
nodepynna uz Gy nopmarvna 6 G, a Gp = GS.

2) G = Gy NGy, 2de G, — yurauveckasn nodepynna Kapmepa epynno. G- u maxcumaronas
nodepynna uz Gy nopmarvra 6 G, a Gy = GS.
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KOHEYHBIE I'PVIIIIBI C HUJIBIIOTEHTHBIMUW HOPMAJIBHBIMUA
IIOAI'PVIIIIAMMN

N.JI. Coxop

Tomesnbekuil rocygapersennslii yuusepcurer umenn ©. CKOpuHbBI
Coserckasi, 104, 246019 T'omens, Benapycs Irina.Sokhor@gmail.com

PaccmarpuBatorcst TOJBKO KOHEUYHBIE I'PYMIbL. Vcmoab3yeMasi TepMUHOJIOIUST COOTBETCTBY-
et [1]. Yepes I obosnavaercs: popMalysi BceX HUIBIOTEHTHBIX rpyii. PopMmarus Ha3bIBAETCs
HACJIEJICTBEHHOMN, /TN OHA 3aMKHYTA OTHOCUTEIHHO ToArpyn. Dopmariis Ha3bIBaeTCs PaIuKaTh-
HOIf, ec/i OHa siBJIsieTcs: KiaaccoM Purruara. GO — M-Kopaaukas rpynmsl G — IepecedeHne Beex
HOPMaJIbHBIX HOArpyHIl rpymnsl (G, dbakTop-rpyiina no KOTOPBIM HHJIbIOTeHTH]; [A]|B — nosy-
IIpsIMO€e TIPOM3BeJIeHNe HOPMAaJIbHON moAarpynnsl A u noarpynmst B.

[Iycts § — mekoropoiit kiaace rpyuir. ['pynmna G Ha3piBaeTC MUHUMAJILHON HE §-T'PYIIION, ecyiu
(G He NpUHAJIEXKHT §, a Kazkjias COOCTBEHHAas MoArpyIna u3 (G IpuHaJIEXKUT §. MUHIMAIbHBIE
He Y-rpynnsl HaszbBaoT rpynnamu [IMuara 1 ux cBOiCTBa XOPOIIO U3BECTHBI [2].

EcrecTBeHHO BO3ZHUKAET 3a/1a9a U3y IE€HUsI CBOMCTB I'PYIIIIBI, B KOTOPOH KJIACCY § MPUHAJIEIKAT
JIUIITH HEKOTOPBIE COOCTBEHHBIE TIOATPYIIBI, HATPIMED, HOPMAJILHBIE.

Jokazana cyieyomnas Teopema.

Teopema. I[Iycmov § — Hexomopas nacaedcmeennas padukarsvras gopmayua. Ecau 6 paspe-
wumot epynne G, ne npunadsescautets §, Kagcdas cOOCMBEHHAA HOPMAALHAA NOOPYNNG TPU-
HadaedHcum §, Mo Cnpasedsuesl cne@ymwue ymeeporcoeHua:

1) GG =G, 2dep=|G: M|, M — nopmasvras makcumarvhas nodepynna G;

2) G/G‘JrI — YUKAUMECKAA D-2DPYNNa;

3) G=G" <z >, 2de x € Gy;

4) Gm < :Ep >c §;

5) G

O6pamn0, ecau paspewumasn epynna G ydosaemeopaem yciosusm 4)-5), mo xascdan cob-

CMBEHHAA HOPMAALHAA Nodepynna 2pynnvt G npunadaesrcum §.
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[Ipu jjoKa3aTebCTBe UCIIOIB3YeTCs CAEAYIONAast JIEMMA, [PEICTABJISIIOINAsT CAMOCTOSITE/IbHBII
HHTEpEC.

Jlemma. Iycmov § — nexomopas nacaedemeennasn gopmavyus. Ecau 6 paspewumots epynne G
Kaostcdan cobecmeennas nodepynna, codepoicausasn wommymarnm G, npunadaescum §, mo xasrcdas
cobcmeentas Hopmaroras nodepynna 2pynnot G npunadaedicum §.

[Ipu § = N nonyaaem o6odienue rpymn HImuara.

CaencrBue. [lycms M — HOPMAALHAA MAKCUMAALHAA NOJZPYNNG PA3PEUWUMOT HEHUABNO-
menwmnol epynno. G u |G : M| = p. Kaosicdaa cobemeennan nopmaavras nodepynna epynnot G
nuavnomenmma mozda u moavko moeda, xozda G = [GV] < x >, 2de < x > — cunoscran
p-nodepynna epynnve G u [G™N] < 2P > nuavnomenmma.
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AJITOPUTMBI OIIPEAEJIEHN A 9JIEMEHTOB NMHKAIICYJINPOBAHHBIX
KOJIEITL BBIYETOB

A.B. TpemnaueBa

FOxwubIit henepanbHbIil yHUBEPCUTET
Bospmasn Canosas 105/42, 344006 Pocros-na-lony, Poccus
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Nukancymuposanusie (black-box) mnpejcrasienus: anrebpandeckux CTPyKTYpP HOMOIaioT Olle-
HUTH CJIOXKHOCTH aJrOPUTMOB, KOTOPBIE CTPOSATCH OE30THOCUTEILHO KOHKPETHOIO MIPEJICTABICHIS
ssementa |1, 2, 3|.

[IpakTuveckasi EHHOCTH UHKAIICYJINPOBAHHBIX KOJIEI[ COCTOUT B TOM, YTO OHH JAIOT OIEHKHU Ha
CJIO’KHOCTb KPUIITOAHAJIN3a [MOJTHOCTHI0 TOMOMOP(HBIX KPUIITOCUCTEM B aTake Ha OCHOBE Iudp-
TeKCTOB [4, 5.

Ounpenenienne 1. Huxancyiuposannoe koavyo svuemos — smo wecmepka (n,k,h, F,G,T)
6 xomopot n € N — onpedeasem Kosuvwecmeo asemenmos 6 koavue, k € N — onpedeasem dauny
bumosozo npedcmasaenus koduposku. Pynxuyuu h, F, G,’T" onpedesenvl caedyrouyum o6pa3om.

1. Oynrkuyua h : {0,1}F = Z, conocmasasem snemenm us xoavua xascdoti k-6ummnoti deoum-
Hnoti cmpoxe. Pynxuyus h cropsexmuena, m. e. KaHCObT INEMEHM, KOALUQ NPEOCTNABAEH NO
MeHbWET mepe 00Hot 6umosoti cmporoti.

2. Oynwyuu F,G : {0,1}F x {0,1}F — {0,1}* svinoansrom croocenue u ymmoocernue. Omnu
ydosaemesopsrom caedyrouyum coommnowenusm h(F(z,y)) = h(z) + h(y) u h(G(z,y)) =

h(z)h(y).

3. Oynxyua T : {0,1}* x {0,1}* — {true, false} nposepaem pasercmeo deys unkancysupo-
sannvix aanemenmos: T(x,y) = true mozda u moavko mozda, xozda h(x) = h(y).

Ounpenenenne 2. [Iycmo(n,k,h, F,G,T) — unkancysuposanmoe xoavuo evwemos. O6osra-
YWUM 0MOOPadtCEHUE, CONOCMABAAIOWEE IAEMENMY T Hexkomopoe npedcmasaenue [x] kax [|. IIpo-
baema UHKANCYAUPOBAHHO20 KOADUG BbIUETNO8 COCMOUM 6 CACIYOULEM: HATMU AA20PUMM
A xomopwiti no dannomy n u opakysam F,G,T,[] u npedcmasaeruro o € Ly, naxodum o« 6 A6HOM
sude.
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Wckowmprit anropurm A MOXKeT OBITH IPEJICTABICH B BUJE IOCIEI0BATEILHOCTH OTBETOB HA
Boupock! Buga « f([x]) =17 » , tme f([x]) — mosmnoM, 3bdEKTUBHO BBIMUCINMBII B HHKAIICYJIH-
poBanHoM Kouiblie (n,k, h, F,G,T).

Ounpenenenne 3. Qyrxyuro (noaurom) f([x]) 6ydem nasweamv sggdexmuero evvuciumot 6
UHKANCYAUPOBAHHOM Koavue sbiuemos (n, k, h, F,G,T), ecau € MOAHCHO SbUUCAUMD, NOABIYACH
opaxyramu F, G u T auww O(logn) pas.

Ounpenenenne 4. [Hoaunom f([x]) 6ydem nazvieamov paspestcennvim 6 UHKANCYAUPOSAHHOM
Koavue evivemos (n, k, h, F, G, T), ecau kosuuecmeo ezo nenyreeux koapduyuenmos pasro O(logn).

Paspexennblii nosmuoM B Kouiblie (n, k, h, F, G, T') Bcerga siByisiercst 9K TUBHO BHIYUCTUMOI
dyHKIHE.

Jdemma 1. Ecau f([x]) — afifermusto evmucauman dynxuus, mo f([z])? — maxorce spex-
MUBHO GLIMUCAUMAA PYHKUUL.

B03BOAUTD MOIMHOM B CTENeHb, GOJIBIIYIO Y€M 72 He IMEET CMBIC/IA, TI03TOMY JIOCTATOIHO BO3-
BectH ero B crenenb d = d mod n. s 3TOro MOXKHO BOCIIOJIB30BATLCS AJICOPUTMOM OBICTPOIO
BO3BEJICHUsl B CTEIleHb: CHadaJla HOJIYYUTh JIBOMYHOE Ipe/IcTaBeHue ducia d = {ng ,--didp, na-
Jlee TIoC/eIOBAaTEILHBIM Bo3BeenneM B Keagpar nomygaem f([z])2, f([z])%, f([z])8, f([x])', ...,
f ([a:])QDDg2 "l PesysibraT mosydaercs HepeMHOXKEHHEM TeX CTeIleHeil, IPpU KOTOPBIX B JIBOMYIHOM
pazyioxkennu d CTOsIIa eIUHATA, T.€.

Teopema. B cayuae KoAbua 6bMEMOE MO MPOCMOMY MOOYAI0 CYUWECTNEYEM MAKaAA NOCACIO-
sameavrocmy afdexmueno euvucaumur Pynruut fi([z]), 0 < i < O(logyn) (komopyro 6y-
dem HA3LLEAMb KAACCUPUUUPYIOWET), MO NOCACOOBAMENDHBLMU OMBEMAMU HA GONPOCH. 6UIa
fi([z]) = 17 anemenm unkancysupos8anno20 KoAvUG ONPEIEAAENCA NO CE0EMY NPEICTNABAEHUIO
00HO3HAUHO.

Waest nokasaTejbcTBa COCTOUT B TOM, UTO 2"7 modn B ciIydae, €CJii M — IPOCTOE THCTIO
SIBJIIETCST CUMBOJIOM JIexKaH/ipa U B IOJIOBUHE CJIyYaeB PaBeH 1, 9To IO3BOJISET yJAadHO KJIACCH-
duIUIpoBaTH JIEMEHT T.

CpoiicTBa pa3peKeHHBIX TTOJUHOMOB TIOXO0KHM Ha CBONCTBA CJIyYallHBIX NMEPECTAHOBOK B Z, W
MOZKHO MOKa3aTh YTO IIPU KOJUIECTBE STUX MOJUHOMOB C IOJIABJISIONIEH BEPOATHOCTHIO HAMIeTCst
TaKOii, KOTOPbIil MPUHUMAET 3HaYeHne 1 Ha NPUOJIN3UTETHHO MOJOBUHE 3JIEMEHTOB IIPOU3BOJIBHO
BLIOPAHHOIO MHOYKECTBA.

Takum 06pazoM, MOMYYAeTCs, 9TO Ha KarzKJOM Iare ¢ IOMOMIBIO HEKOTOPOTO Pa3perKeHHOTO
HOJTMHOMA BO3MOYKHO C IOJABJIAIONIEH BEPOATHOCTBIO «CY3UTh» 00JIACTDb IOUCKA IPUMEPHO BJBOE,
YTO MOXKHO IIPEJACTaBUTb B BUJIE 6HHapHOFO JepeBa IOUCKa B JIMCTHAX KOTOPOI'O HaAXOAATCH dJ1e-
MEHTBHI HHKAICYTMPOBAHHOIO KOJIbIA BBIYETOB U 3TO JIEPEBO OyeT cOamancupoBaHo.

Pa6ora BeinosiHeHa nipu puHaHCOBOI ToaepKKe TpanTta POOU Nel15-07-00597 A.
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O KOHEYHBIX PASPEININMMBIX I'PVYIIIIAX C MAJIBIM HOPMAJIbBHBIM
PAHTOM CMJIOBCKUX IIOAI'PVIIII HEKOTOPBIX ®AKTOPOB

A.A. Tpodbumyk

Bpecrckuii rocymapersennbiii yausepcurer umenu A.C. Ilymkuna,
oymsBap Kocmonasros 21, 224016 Bpect, Benapycs
alexander.trofimuk@gmail.com

PaccmarpuBarorcst ToIbKO KOHEYHBIE IPYIIbl. Bece 0003HAYEHUsT M HUCIIOJIb3YeMbIe OIIpeesie-
Husi coorBercrBytor [1]. HamoMmuuM, 910 GUIUK/IMIECKON HA3BIBAIOT IPYIILY, KOTOpPasl SABJISAETCS
[IPOM3BEIEHNEM JIBYX IUKJIMIECKUX ITOAIPYIIIL.

B. C. MonaxoB [2| BBeJI OHsSITHE HOPMAJILHOIO PAHra P-IPYIIILL P eIy onmmM 00pasoM:

r(P) = maxlog, | X/®(X)].

Baecy O(X) — noarpynma @parrunu rpynnst X, a 3amuck X < P o3nagaer, uro X — HOp-
MaJibHasd MOAIrPYyIIa rpynibsl P.

OueBuyiHo, uTO p-rpymmna P uMeer HOPMAJIBHBII paHr 1 TOrJa U TOJIBKO TOTa, Korja P IuK-
mndeckast. VI3 reopemst I111.11.5 [3]| coremyer, 4o HOpMAaJsIbHBIN PAHT HPUMAPHOI OUIMKINIECKOl
IPYIIBI HEYETHOTO MopsiKa He npesbimaeT 2. Obparnoe HeBepHo. Tax, r,(S) = 2 jyrst 9KcTpacie-
[UAJIBHON TPyl S opsiyika 27, HO S He siBjsiercs Gunukndeckoil. Kpome toro, us [3, Teopemsr
I11.7.6, 111.12.4, T11.12.5] coremyer, 4ro Besikast 2-IpyIina HOPMAJILHOTO paHra < 2 sIBJISIeTCsT OUIUK-
simaeckoit. OHAKO, CYIIECTBYIOT OUIUKJINIECKUE 2-TPYIIIIbI, KOTOPbIE UMEIOT HOPMAJIbHBINA PAHT 3.
B crarbe Xymmepra [4] mocTpoena GUIUKIMHecKas TPyIIa MopsaKa 2°

G:(a,b,c|a2:b8202:l, [a,b] = ¢, [b,c]:b4,[a,c] =1),

y KoTopoii m,(G) = 3.

B pabore [5| mosydeHsl OleHKH MHBAPUAHTOB (IIPOM3BOIHOMN JJINHBI, HUJILIOTEHTHON JJINHBI
U p-JUIMHBI) pa3permMoii IPYIIbl, 00J1a/Iafoleii HOpMaJIbHBIM PsIJIOM, CHJIOBCKHE HOJAIPYIIIBI B
dbakTopax KOTOpPOro sIBJISIOTCS OUIUKIINIECKUMU.

Pacemorpum st rpymiel G IIENOUKY HOAIPYIIIT

(I)(G):G()CGlC...CGm_lCGm:F(G), G; < G. (1)

Baecy F(G) — noarpynna @urrunra rpymuist G.

PasButnem pesysibrato pabotsr [5| crasa pabora [6], B KOTOpOIi MccIe0BaINCH Pa3pENTIMble
IPYIIIbI, Y KOTOPBIX CHJIOBCKHE MOAPYIIBI B (pakTopax nernodku (1) Guimkimaeckue.

[TpomozKeHreM pe3yIbTaToB, PACCMOTPEHHBIX BBIIIE, SBJISIETCS CJIeLyTOIIast

Teopema. Ilycmov 6 paspewumoti epynne G cyuecmsyem uenowka nodepynn (1) maxas, wmo
rn(P) < 2 das kaosrcdol cunosckol nodepynnoe P us gaxmopos G;/Gi—1, i = 1,2,...,m. To-
2da Huavnomenwmmas dauna epynno. G He Npesvluuaem 4, a npoudsodnas OAura Parmop-2pynnol
G/®(G) ne npesviwaem 5.

Pa6ora Beimosnena npu dunancosoit mozepkke BPODU (rpant Ne ®15PM-025).
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O p-CBEPXPA3PEIIIMMOCTI KOHEUYHOI ®AKTOPU3YEMO! I'PVIIIIbI
C HOPMAJIBHBIMU COMHO>KUVUTEJIAMN

N.K. Yupuk

Tomenbckuit nnxkenepusbiii uactutryT MYUC Pecniybsinku Benapych
npocnekT Peunnkwuit 35a, 246023 T'omenb, Benapycs  chyrykira@mail.com

B komeunoit rpyiie mpou3sejieHre IBYX HOPMAJIbHBIX CBEPXPA3PEIIUMBIX MOATPYIII B 00IIeM
cilydae He SBJISIeTCS CBepXpa3perntuMoii noArpyumnoit. CooTBeTCTBYIOIIHE IPUMEPDI XOPOIIIO H3BECT-
Hbl |1, crp. 159-160]. [Tosromy Jyisi mostydeHns CBEPXPa3pelnMoCcTi KoHeuHoii rpynnbl G = AB
C HOPMAJLHBIMA COMHOXKUTEIIMIA A 1 B HEOOXOUMBI JTOTTOJTHUTELHBIE OTPAHIIEHUSI.

Bap [2, crp. 186] ycranoBui cBepxpaspenmMocTsb KoHeuHoil rpynisl G = AB ¢ HOpMaJIbHbI-
MU CBEpXpaspemmMbIMu noarpymnmnavMu A u B npu yenosuu, 9ro KoMMyTanT G — HUJIBIIOTEHT-
Hasl moJrpymmna. Yciaosue HusbnoreHTHOCTH KoMMyTanta A. @. Bacuawes u T. 1. Bacusnesa |3,
caesicTBre 3| 3aMeHHIM TPEOOBAHUEM CYIIECTBOBAHUS HUJIBIIOTEHTHONW HOPMAJILHOMN MOAIPYIIIbI
W rakoii, uro B G/W Bce cuiioBckue noarpymibsl abenesbl. B pabore @puzen [4| ycranosiena
CBEpPXPAa3peIIMMOCTh KOHeUHO! rpynnbl G = AB 1upu ycioBun, 910 A 1 B — HOpMaJjbHBIE CBEPX-
pa3pentuMblie TOAIPYIIIBl B3AUMHO ITPOCTBIX HHICKCOB.

B sToM nampapiieHuEN TOJIyYeHBI «p-aHAJIOTU» JAHHLIX Pe3ysbTaToB. Jlokazana cjesmyromas
TeopeMa.

Teopema. [Iycms p — npocmoe wucro, A u B — HOPMAALHBIE P-CEEPTPAZPEUUMBLE NODLPYNIL DL
xoneunoti epynnot G u G = AB. Ecau cywecmeyem p-HUANOMEHMHAA HOPMAALHASL NOJ2DYNNA
W maxan, wmo 6 G/W ece cunrosckue nodepynnu abesesv, mo G p-c6eprpaspewiuma.

CaencrBue 1. [Iycmo p — npocmoe wucao, A u B — Hopmansvrbie p-c6eprpaspettiumoie noo-
epynnot Koneunot epynno, G u G = AB. Ecau kommymarnm G’ p-nuavnomernmen, mo G p-ceep-
DAZPEULUMG.

CaencrBue 2. [Iycmy p — npocmoe wucao, A u B — HOpMasvbHbie D-C6EPTPAZPEUUMDBLE NOO-
epynno Konewrnot epynno G u G = AB. Ecau (|G : A, |G : B|) =1, mo G p-ceeprpaspewiuma.

Caencrsue 3. I[Iycms p — npocmoe wucao, A u B — Hopmaavibie p-c6epIpaspetiumoie noo-
epynnol Koreurnot epynnot G u G = AB. Ecau 6 AN B cuaosckas p-nodepynna yukAuMeckas, mo
G p-ceeprpaspewuma.

CaencrBue 4. [lycmv p — npocmoe wucro, A u B — HopmaavHvie ceeprpadpewumoie nood-
epynnot kKoneurnotl epynnot G u G = AB. Ecau A xoanosa, mo G ceeprpaspeusuma.
U3 TeopeMbl CIIeJyIOT TaKyKe OTMeUYeHHbIe BbIIE Pe3y/IbraThl pabor [2—4].
JIutepaTtypa

1. Monaxos B.C. Bsgedenue 6 meopuio KoneuHur 2pynn u ur kaaccos. Muuck: Boimmiimast mkosa.
2006.

2. Baer R. Classes of finite groups and their properties // Illinois J. Math. 1957. Vol. 1. P. 115-187.

3. Bacmwibes A. @., BacuibeBa T.U. O xonewnwnix epynnax, y xKomopur 2ia8Hvie GaKmops, A6AAOMCA
npocmoimu epynnamu // VI3Bectus Bpiciinx yueOHBIX 3aBesiennit. Maremaruka. 1997. Ne 11 (426). C. 10-14.



Anrebpa u anrebpandeckasi F€OMETPUS 51

4. Friesen D. Products of normal supersolvable subgroups // Proceedings of the American Mathematical
Society. 1971. Vol. 30, Ne 1. P. 46-48.

5. Bray H. G., Deskins W. E., Johnson D., Humphreys J. F., Puttaswamaian B. M., Venzke P., Walls G. L.,
Weinstein M. Between nilpotent and solvable. Passaic: Polygonal Publ. House, 1982.

O MHOTI'OOBPA3USX IMPEICTABJIEHUN CBOBOJIHBIX
ABEJIEBBIX I'PVYIIII

A.A. IITapomer

BenrocynuBepcurer, MexaHUKO-MaTEMATHIECKUN (DAKYIBTET

Heszasucumoctu 4, 220050 Munck, Besapycs sharomet@mail.ru
st moroo6pasust M C M,, = M,,(P) oupeeauM MHOroobpasue IepecTaHOBOUYHBIX MAaTPUIL
C(m,M) ={(a1,...,am) € Mla;a; = aja;,i,j =1,m},

KOTOPO€E MOXKHO HHTEPIPETUPOBATL KaK MHOr0oOpasue IpeIcTaBaeHuil CBOOOIHON abesIeBoii rpyIl-
ubl parra m [1,2]. O6sraro M — 310 M, min jmHeiinast anrebpandeckas rpyIiia.

B kauecTBe OCHOBHOI 3a7a4i paccMaTPUBAETCsT J0KA3aTEILCTBO HEIPUBOAMMOCTH MHOI000-
pasust C'(m, M) win onucaxue ero HEMPUBOAUMBIX KOMIIOHEHT. BoJibioe KoymaecTBo paboT mo-
cBsileHo u3ydenuto muoroobpasuii C'(m, M, ). Yrobbl BOCIIOJIL30BATHCS STUME PE3yJIbTaTaMu JIJIs
muoroobpasuii C'(m, GL,,) u C(m, SL,,), paccMOTPIM B3aNMOCSI3U MK,y HEITPUBOIMMOCTBIO KOM-
MyTaTOpHBIX MHOroobpasuit C'(m,n), C(m,GL,) u C(m,SLy,)

Herpyauo yoemursest, aro C'(m, GL,, ) siBiasercs OTKpBITHIM IT0THBIM MHOKecTBOM B C'(m, My, )
U, 3HAYUT OHU HEIPUBOAUMBI OJIHOBPEMEHHO.

Yro kacaercs maoroobpasuii C'(m, GL,) u C(m, SL,), To uX 0JJHOBpeMeHHAasT HEIPUBOIUMOCTh
CJIeJIyeT U3 CJAeIYIONEero boJiee obIEro pe3y/ibTaTa.

Teopema 1. ITyemv G = TH — nowmu npamoe npouseedenue odnomeprozo mopa T u (ceas-
noti) pedyxmuenoti epynno, H. Tozda mrozoobpasue C(m, H) nenpusodumo mozda u moavko mo-
20a, xo02da nenpusodumo mnozoobpazue C(m,G).

OTmeruM Toc/Ie/IHIE PE3yIbTaThl O HeNpUBOAUMOCTH MHOroobpasuit C'(m, M,,), He nperenyst
Ha TOJTHOTY 0030pa. IlepBblil pesysbrar, cocTosAIMi B JOKA3ATENbCTEE HEIPUBOJAUMOCTH MHOI'O-
obpasust C(2, M,,), conepxurcst B usBecTHoil pabore [3]. Xopomio usBectro, uro npu m,n > 4
MHOr00Opaszue C(m,n) IPUBOJAUMO, & IPU N = 3 HENPUBOAUMO IIPU JIOOOM M. SHAIUTETHHOE KO-
augecTBO pabor Kacaercs Henpusogumoctu C(3,n); Tak, B pabore [4] nokazano, uro C(3,n) upu-
BOAMMO iUt > 32. ABropsl [5] 3amernin, uTo u3 paccyzxkaenuii ['ypaabauka B [4] jerko ciesyer,
gro C'(3,n) upusogumo st n > 29. Hakonen, B pabore [6] nokazano, uro C'(3,n) HEIPUBOIUMO
npu n < 10 B IPenNoNo:KeHnH, YTO XapaKTePUCTUKA I0JI HyJeBasd. Boopoc 0 HeIPUBOLUMOCTH
C(3,n) upu 10 < n < 29 noka ocraercsi OTKPHITHIM.

OTH pe3yabTaThl, KaK IOKA3aHO BBIIIE, BJIEKYT 3a CO0OI COOTBETCTBYIOIINE CJEIACTBUS IIJIsT
OJIHOCBSI3HOM I'pyHnbl SL,,, KOTOpble MBI cODEpEM B cieylomiee npeioxkenue. [IockoabKy B 60JIb-
[IIHCTBE YKA3aHHBIX PabOT XapaKTEPUCTUKa OCHOBHOIO ITOJIsI IIPEIOIAaraeTcsl HyJIeBOii, TO U MbI
COXPAHUM 3TO OI'PAHUYCHUE.

IIpennoxkenune. Mrozoobpasue C(m,SLy,) nad nosem Hyse60 TapaKmepucmuKry Henpueoou-
M0 6 cayuaar 1 — 3 u npusodumo 6 cayuaax 4,5.

1. m=2, an — aoboe;
2. n=3, a m — moboe;

3. m=3,n<10;
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4. m=>4,n>4;
5. m=3,n2>29.

Bce ckazaHHOe BBIIIE MOKHO CIMTATh PA3BEPHYTONH MOTHBUPOBKON 3a/1a4i OIMCAHUSI 3aBUCH-
MocTn HenpusouMocTi MHoroobpasust C'(m, G) or mapamerpa m u panra rpyimsl G it O7HO-
CBA3HON I'PYIIIEI.

B pabore [7| mokasamo, 4ro st HeomHocBs3HOI rpynnsl G muoroobpasme C(m,G) He sB-
JISIeTCsl HEIPUBOJMMBIM Il ™ > 2, 9TO BMecTe ¢ Teopemoil Puuapscona [8] mokasbiBaer, 4ro
HaJI [OJIEM KOMIUIEKCHBIX THCEJ OJHOCBSI3HOCTD TPYIHIbLI G SIBIISETCS HEOOXOAUMBIM U JIOCTATOY-
HBIM yCJIOBHeM HenpuoaumocT MuHoroobpasust C'(2, ). st HeoaoCBs3HOM rpynbl G ocTaeTcst
HajiTn HenpuBoAUMBIe KOMIOHEHTHI 15t C(m, G). Ecin orpanmaursest ciaydaeM m = 2, TO ecTe-
CTBEHHBIMI KAH/IIJATAME Ha POJIb HEMPUBOIXUMBIX KoMionent B (2, G) ssisiorcs p(W (G, 7)),
e 7 : G — G — ynusepcanbHoe Hakpbitue, p i G X G — G X G — ero KBajpaT, a 7 — 3J1eMeHT
dbyHIaMenTaTbHON TPYIIIbL.

Taxum 06pa3oM, JI7Tst HeTPUBOANMOCTH MHOKecTB 1 (7) ocTaTouno yoemThest B HeIPHBOTH-

moctn nogmuozkectsa p(W (G, y)), B 9acTHOCTH, JOCTATOTHO JI0KA3aTh HelpuBouMocTs W (G, ).

EnHCcTBeHHBLI M3BECTHBI HAM pe3yJIbraT, KaCAIONHUiCs HelpuBoguMocTi MEOoroobpasus W (G, )
JIUIST OJIHOCBSI3HOM TPYIIIBI, CONEPKUTCSA B [5],  cocTonT B TOM, 9TO MHOrOOGpasue

W (SLy,¢) = {(a,b) € SL2|[a,b] = cE}

HEIPUBOJIUMO, €CJTH € — TPUMUTHUBHBINA KOPEHb U3 eIUHUATIBI cTereHn 7. OTMETHM, YTO 3TO PelaeT
3814y ONMCAHWs HEIIPUBOMMBIX KOMIIOHEHT B MHOroo6pasusx C(2,G) st rpyun Tuna A, eciau
n + 1 — mpocroe uuco.

OnuiieM HenpuBOAUMBIE KOMIIOHEHTHI MHOroobpasus C(2,G) mis rpynn tuna A, B obieM
caydae. Hepes Cy4 Oymem obo3HaqaTh rpyiiny Bcex kopueit u3 1 creneru d. OCHOBHBIM PE3Y/IBTATOM
SIBJISIETCST CJIEJIYIONIAsT TEOPeMa.

Teopema 2. I[Tycmv G anzebpauveckas epynna muna Ay, a ©: SL,11 — G — ynusepcasvhoe
naxpumue, a F = {(E|( € Cq} — dyndamenmanvran epynna. Tozda 1enpusodumvimu KoMNoHeH-
mamu daa C(2,G) asasomes muoorcecmsa p(W (SLy, €)), 2de ¢ € Cq.
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KOHEYHBIE II-PA3PEIINMBIE HEIIPMBOJIUMbBIE KOMIIJIEKCHBIE
JINMHEVHBIE I'PVIIIHI C II-XOJIJIOBOM TI-IIOATPVIIIION

A.A. dauenko

WNucruryt maremarukun HAH Benapycu, Kuposa 32%, 246050 ['omenn, Benapych
yadchenko_56@mail.ru

[TycTh ™ — HEKOTOPOE MHOXKECTBO IIPOCTHIX Ynces1, G — KOHeYHAasl T-paspeniuMast PyIa, Ko-
TOpask UMeeT TOYHDII KOMILJIEKCHBII XapaKTep Y CTEINeHH 1 U COIEPIKUT T-XOJLI0BY 1 [-moarpytry
H. Ecm m = {p}, p — upocroe uucyo, to Okysima [1| nokazan, uro H HOopmasibHa B G, KOrja
n<|H|/e—1,tnee=1upup>2ue=2upup=2. dnuenko [2] paccmorpen ciyuaii, Korjua
T — MPOM3BOJLHOE MHOYKECTBO MPOCThIX uncen u n < |H|/e — 1, rne € = 1, Korja cujioBckast
2-nioarpynna rpynnsl H He siBiisieTcst 0000IIEeHHO IPyIIIoil KBATEPHUOHOB, U € = 2 B IIPOTHBHOM
ciyaae. Okazasoch, aro 6o noarpynmna H wopmansaa B G, mmbo n = |H|/e —1 = ¢“ = f. Bnecn
¢ — TpoCTOe T'-4mciio, o — HEKOTOPoe HaTypabHOe YUC/I0. FCam »Ke T — MHOXKECTBO IPOCTBIX
HeYeTHBIX unces, rpynna G paspenmMma U XapakTep Y HENPUBOAUM, TO B 3] yTBepKuaeTcs. 4To
mbo H <« G, mbo n penurcs va |H| wim Ha Takyio cremedb f > 1 HEKOTOPOrO MPOCTOrO UUCIIA,
qro f = —1 wm 1(mod|H|). Tam xke ycranosieno, uro, kornan < 2|H|u H AG, ton = |H| -1,
|H|, |[H| + 1, 2(|H| — 1) nom 2|H| — 1 u n — cTeneHsb IpoCTOro Yuc/a 3a MUCKJIIOUYEHNEM, MOXKET
ObITh, ciydas, Korga n = |H].

B cepuu crareii [4-6] jmokasbiBaeTCst, 4TO MIPUBEJEHHOE BBIIIE YTBEKPKJICHUE CHPABEJIMBO U
IUIsE T-pa3pelInMbIX TPYIIL. B mocienneil craTbe 3TO cepun IMOCTaBICHA

3amaya. CrupaBejInBo JIU CIeyIoIlee YTBEPKIeHne?!

ITyemv G — T-paspewumas Henpusodumas sunetinas epynna cmenewu n u H — ee m-xoanrosa
TI-nodepynna neuwemnozo nopadka. Ecau n ne desumesa wa |[H| u n ne deaumcsa na maxyro cme-
nensv f > 1 nexomopozo npocmozo wucaa, wmo f = +1(mod|H|), mo H<G.

J1st paspermmMbIx rpyI 310 yrepKienne sepHo [3]|. dokasannas B [4-6] Teopema sgaer 1mo-
JIOYKUTEILHBIN OTBET Ha MOCTABJIEHHDIH BOIPOC 6e3 IpUMEeHeHHsI TeOPeMbl 0 KJacCHuUKAIUH [1PO-
cThix rpym, ecan n < 2|H|. B [7] B HEKOTOPBIX 9aCTHBIX CJydasxX yTBEPXKJEHHE JIOKA3aAHO JIJIs
[IPOU3BOJILHOTO N, TaKKe 0€3 MPUMEHEHHsI TEOPEMbBI O KJIACCH(DUKAIME TPOCTHIX I'PYIIIL.

[Ipu |H| = p sra 3a7a4a COBIAIAET C IOCTABJIEHHOI B [8] 3a1aueii Aiizekca 0 iepeHOCe TeopeMbl
0 pa3peIuMbIX HEIPUBOJUMBIX JIMHEHHBIX TPYIINAX HA P-Pa3peliuMble TPYIIIIb.

B [9] nocrasiennast 3a/iaua peniaeTcsi HOJI0KUTEIbHO 6e3 IPUMEHEHHs TeOPeMbl O KJiaccubu-
KAl KOHEYHBIX IIPOCTBIX TPy, eciau 2-nojarpyiia Cuiosa B G abesiesa.

B [10] ona peraercst moJI0XKUTEIBHO C IPUMEHEHHEM TEOPEMbl O KJIacCU(UKAIUN KOHETHBIX
[IPOCTBIX I'PYIII.

[Tpu joKa3aTeNbCTBE TUX PE3YJILTATOB OCHOBHBIM siBjsieTcst ciydaii, korga G = HO(G).
B stom cayuaae ycmosue, utro H — TI-monrpynma B (G, pABHOCHJIBHO TOMY, 9TO Coﬂ,(G) (H) =
Co_,(@)(h) nia kaxyoro neepunmanoro siaementa h € H [10]. Iosnesubivu npu jlokaszaresberse
HEKOTOPBIX U3 IPHUBEJICHHBIX PE3YJIbTaTOB OKA3AJINCh CJIeIyIONINe YTBePK ICHNSL.

JIemma 1 ([8]). Ecau I’ = AB — epynna, 2de B<T' u (|A|,|B|) =1, mo B = [B, A]Cp(A).

Jlemma 1 B iuTeparype BCTpedaeTcs TOJMLKO JJIst CIydast, KOrJa rpyina B npuMapHa.

JIemmMma 2 ([10], ctp. 152-153). Ilycmo I' = AB — epynna, 2de B<T', (|A|,|B|) =1 u Cg(a) =
Cp(A) dns wasrcdozo snemernma a € A% . IIpednorosicum, wmo dasa rexomopoti A-uneapuarmmot
nodepynnu, By C B wucao |B : Bi| ne deaumea na maxyro cmenens f > 1 npocmozo wucaa, wmo
f=1(mod |A|). Toeda B = BiCp(A).

YcaoBue B. Ckaxewm, uro mist I', A, G, C, x u n BeimosHeHo yciosue B, ecim I' = AG,
rae G — vopmasibhast B ' mogarpynna, (|A[,|G|) = 1, A — rpynma HedeTHOro HOpsijika, GOJIbIEro
3, KoTopasi He siByisiercst HopMmasibHOli B rpytne I', Ca(a) = Cg(A) = C jyist KaxKJ10ro sJ1eMeHTa
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a € A#, u G uMeeT TOYHBIN HENPUBOIUMBINA KOMIIJIEKCHBI XapakTep X CTEleHU 7, KOTOPBIA
SIBJISIETCS] (-MHBAPHAHTHBIM XOTs ObI /IS OJJHOTO 3jeMeHTa, a € A# .

Teopema 1. [Iycmv daa ', A, G, C, x un swnoanero ycaosue B. Tozda cnpasediuso kaxrtcdoe
U3 CACOYIOUUT YMBEPHCOEHUT:

(1) ecaun = |A|+ 1, mo G = Oz(G)C u nodepynna C' abenresa;

(2) ecaun =2|A|—1, mo G = O4(G)C, q — newemmoe npocmoe wucso, C' paspewruma u |A|—1
deaum |C|, ecau C ne abenesa;

(8) ecaun = 2(|A|—1), mo G = O2(G)C u aubo C ne aberesa, no paspewsuma, aubo C/Z(I") =
PSL(2,5) u T umeem eduncmeenmnvili He YukAUMECKUT KOMNOZUUUOHHBLT Parmop.

Teopema 2. [Tycmv dasa T, A, G, C, x un swnoaneno ycaosue B u n < 2|A|. Tozda cnpa-
68e0AuB0 Kascdoe u3 caedyrowur ymeeparcoenuti:

(1) n Asazemcs cmenenvro NPOCMO20 YUCAA §;

(2) G = O04(G)C, 2de q uz (1);

(3) ecau epynna G we paspewuma, mo n = 2(|A| — 1), C/Z(T') =2 PSL(2,5) u I' umeem
eQUHCMBEHHBIT HE UUKAUMECKUT KOMNOSUUUOHHBIT Parkmop.

Teopema 3. [Tycmv G — 7 -paspewumas nenpusodumasn sunelinas epynna cmeneru n < 2|H |
¢ m-x0an0600 T1-nodepynnoti H neuemmnozo nopadka, 6oavwezo 3, uw H AG. Tozda cnpasediuso
Kaotcdoe u3 CACOYULUT YMEEPAHCOEHUT:

(1) n=|H|—-1,|H|,|H|+ 1,2(|H| — 1) uau 2|H| — 1 un - cmenens npocmoz0 wucia q, 3a
uckMoveHuem cayvas, koeda n = |H|;

(2) gaxmopepynna G /O (G) abeaesa;

(8) ecaun = |H|, mo G =[O (G), HINg(H) ¢ abenesoti nodepynnoti (O (G), H] u [O (G), HIN
Ng(H) =1, ecau orce n # |H|, mo G = Oy(G)Ng(H), 20e q us (1);

(4) ecau epynna G we paspewuma, mo n = 2(|H| — 1), (Ca(H))~/Z(G) = PSL(2,5) u G
umeem eQUHCMBEHHBIT HE UUKAUYECKUT KOMNOZUUUOHHBIT Parmop.

st caydast, korga |m| > 1, moka3arenbeTBO STHX TeopeM npusoguTes B [11] u [12].
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Assume that a finite group G acts on a set 2. An element x € ) is called a G-regular point if
|zG| = |G|, i.e. if the stabilizer of z is trivial. Define the action of the group G on QF by the rule

g (i, vi) = (g ).

If G acts faithfully and transitively on €2, then the minimal number k such that the set QF contains
a G-regular point is called the base size of G and is denoted by b(G). For a positive integer m the
number of G-regular orbits on Q™ is denoted by Reg(G,m) (this number equals 0 if m < b(G)).
If H is a subgroup of G and G acts by the right multiplication on the set € of right cosets of H
then G/Hg acts faithfully and transitively on the set 2. (Here Hg = NgegH?.) In this case, we
denote b(G/H¢) and Reg(G/Hg, m) by by (G) and Regp (G, m) respectively.

Thus by (G) is the minimal number k such that there exist elements xy, ...,z € G for which
H*N...NnH"* = Hg.

Consider the problem 17.41 from “Kourovka notebook” [1]:

Let H be a solvable subgroup of finite group G and G does not contain nontrivial normal
solvable subgroups. Are there always exist five subgroups conjugated with H such that their
intersection is trivial?

The problem is reduced to the case then G is almost simple in [2]. Specifically, it is proved that
if for each almost simple group G and solvable subgroup H of G condition Regy(G,5) > 5 holds
then for each finite nonsolvable group G and solvable subgroup H of G condition Regr(G,5) > 5
holds.

We have proved the following theorem

Theorem 1. Let H be a solvable subgroup of an almost simple group G whose socle is
isomorphic to An, n > 5. Then Regy(G,5) > 5. In particular by (G) < 5.
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LOCALLY SMALL HIGHEST WEIGHTS
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The Jordan block structure of images of regular unipotent elements from subsystem subgroups
of type (5 in irreducible representations of groups of type C,, in characteristic p > 11 with locally
small highest weights is determined.

In what follows K is an algebraically closed field of characteristic p > 11, G = C,(K), n > 2,
w(¢p) is the highest weight of an irreducible representation ¢, J,,(z) is the set of Jordan block sizes
of element ¢(x) (without multiplicities), N, is the set of integers i with 1 <1i <a, w;, 1 <i<n,
are the fundamental weights of G.

Theorem 1. Letp > 11, G = G, (K), n > 2, ¢ be a p-restricted irreducible representation
of G, w(p) =w = a1wi + ... + apwy, and z € G be a regular unipotent element from a subsystem
subgroup of type Co. Assume that an—1 + 2a, < p. Set S = 3a1 + 4(az + ... + ay).

1) Let S < p. Then J,(x) = Ngy1 or one of the following holds:

(1) w=w;, 2<i<n, Jy(x) = Ngi1 \ {2,3};

(it) w = arwi, a1 > 1, Jo(z) = Ngy1 \ {2,3a1 —4,3a1 — 1,3a1};

(i) w = wy, Jo(x) = {1,4};

() w=w; +wy, 2<i<n—1, Jy(x) = Ngi1 \ {1},

(v) n =3 and w is a weight from Items a)-d) below:

(a) w=ws, ‘]90(35) = Ng1\{1,2,3};

(b) w € {wa + w3, 2w + w3, w1 + w3, wi + 2ws, dws}, Jo(z) = Ngyq1 \ {1};
(¢) w = 3w, Jo(¥) = N1 \ {2};

(d) w=2ws, J,(z) = Ngy1 \ {1,4}.

2) Assume that S > p. Then J,(x) = N, or one of the following holds:
(i) w=3Y +wj, 2< j <. Jo(e) =N, \ {p— 1}

(i) w = aywi, a1 > §, Jo(x) = Ny \ {2,p — 2};
(111) w = a;—1wi—1 + ajw;, a1 +a;=p—1,1<n—1, N, \ {2,p — 2} C Jw(:v) C N,.

Hence |J,(x)| > p — 2 when S > p.

These results can be applied for investigating the behaviour of unipotent elements in modular
representations of simple algebraic groups and recognizing representations and linear groups.

The proof of Theorem 1 is based on constructing direct summands with prescribed properties
in restrictions of a module under consideration to subsystem subgroups of type Cy and subgroups
of type Ay containing relevant unipotent elements. In many cases we can construct certain direct
summands in such restrictions to subgroups of type A; that are tilting modules with highest
weights not too large with respect to the characteristic. The results of A.A. Osinovskaya [1] on
the block structure of images of regular unipotent elements in irreducible representations of the
group C5(C) and the information of the structure of tilting modules for the group of type A; with
highest weights less than 2p — 2 [2| are used essentially.

This research has been supported by the State Research Programme "Convergance"(2011-
2015) and by the Belarusian Republican Foundation for Fundamental Research, project F14-043.
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A finitely generated group G is called a generalized Baumslag-Solitar group or a GBS group if
G can act on a tree so that the stabilizers of vertices and edges are infinite cyclic groups. By the
Bass-Serre theorem, G can be represented as m1(A), the fundamental group of a graph of groups
A (see [1]).

For a GBS group GG, we can present the corresponding graph of groups A by a labeled graph
(A, \), where A is a finite connected graph and A\: E(A) — Z \ {0} labels the edges of A. The
label X, of an edge e with the source vertex v determines an embedding o, : e — v*¢ of the cyclic
edge group (e) into the cyclic vertex group (v). Using the notion of expansion for labeled graphs,
we can easily see that every GBS group can be presented by infinitely many labeled graphs.

Recently GBS groups have been quite actively studied [2—4]. In particular, the isomorphism
problem for GB.S groups has been discussed: to find out algorithmically when two given labeled
graphs determine isomorphic GBS groups. This problem is solved only in several special cases
[5-7], the general solution is not found.

If two labeled graphs A and B determine isomorphic GBS groups 71 (A) & m1(B) and 71 (A) is
not isomorphic to Z, Z? or the Klein bottle group, then there exists a finite sequence of expansion
and collapse (see fig.1) moves connecting A and B [8]. A labeled graph is called reduced if it admits
no collapse move (equivalently, the labeled graph contains no edges with distinct endpoints and
labels £1).

an
collapse c
—_—
bn
- d
expansion

Fig. 1: Expansion and collapse moves.

For labeled graph A (a GBS group G), denote the set of reduced labeled graphs with the
fundamental group isomorphic to m(A) (resp. G) by R(A) (resp. R(G)).

Three types of transformations of labeled graphs play an important role in studying GBS
groups: slides (see fig. 2), inductions, and .&/* moves.

Theorem (Clay M., Forester M. [2]). Let G be a GBS group and A,B € R(G). Then A
and B are connected by a finite sequence of slides, inductions and </ ' ~moves with all intermediate
labeled graphs reduced.

An edge e of a labeled graph A is called mobile (see [6]) if there exists ¢ € m1(A) such that
G! C G.. Here G, is an edge cyclic group, corresponding to the edge e. In [6] it is proved that
there is an algorithm to find out whether a given edge e mobile or not.
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slide
+“—>

Fig. 2: A slide.

The main result of this talk is another piece of the isomorphism problem for GBS groups:
Theorem. Let A and B be labeled graphs. Suppose that A has at most one mobile edge. Then
there is an algorithm to find out whether the groups w1 (A) and m1(B) are isomorphic.
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Let G be a simple connected linear algebraic group over an algebraically closed field Fp of
positive characteristic p. Let o be a Steinberg endomorphism and T a maximal o-invariant torus
of G. It is well known that all maximal tori are conjugate in G and the quotient Ng(T)/T is
isomorphic to the Weyl group W of G.

Problem 1. Describe groups G, in which Ng(T') splits over 7.

The similar question arises in simple groups of Lie type. Let T' =T N G be a maximal torus in a
finite group of Lie type G and N = N&(T') N G be the algebraic normalizer of G.

Problem 2. Describe groups G and their maximal tori 7', in which N splits over T

Problem 1 was solved for Chevalley groups. It is convenient to present the results in the
following table:
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Group Existence of a complement
SLy(Fp) p=2ornisodd
PSL,(F,) Always
Spon(F p) p=2
PSpo,(Fy) p=2orn<2
SO9n+1(Fp) Always
SOy, (F,) Always
PSOs,(F,) Always
Es(Fy) p=2
E7(E?) p=2
Eg (ﬁp) p=2
F4(Fp> p=2
G (F,) Always
Problem 2 was solved for classical Chevalley groups. Let {ni,...,n;,} be a partition of n. We
assume that
NE=...=Ny <Np41 = =4l < oo < NYyp ol g+l = oo o = N4l
and let a1 = ng, l1, a0 = nyyi,lo, ..o ar = 0y, L

Theorem. Let T' be a mazimal torus of G = SLy(q) with the cycle-type (n1)(n2) ... (nm),
m > 5. Let T and N be the mmages of T and N in G = PSL, (q). Then T has a complement in N
if and only if one of the following holds:
(1) q is even;
(2) a; is odd for some 1 <i<r;
(3) (n)2 < (g —1)a.

Similar results were obtained all classical Chevalley groups |1, 2|.
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If G is a finite group, then we refer to the set of the orders of elements of G as the spectrum of
G and denote this set by w(G). Groups whose spectra coincide are said to be isospectral. Recently,
the following assertion known as Mazurov’s conjecture was proved: if L is a finite simple sporadic
group, or an alternating group, or an exceptional group of Lie type, other than Jo, Ag, A1p and
3D4(2), or if L is a finite simple classical group of dimension larger than 60, and G is a finite
group isospectral to L, then up to isomorphism L < G < Aut L (see [1]).
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A natural question arising in this context is when exactly w(G) = w(L) provided that L is
a finite nonabelian simple group and L < G < Aut L (cf. [2, Question 17.36]). The answer is
known for sporadic and alternating groups, and is of prime interest for groups of Lie type. Every
finite group of Lie type can be realized as G, = Cx(0) for some suitable simple linear algebraic
group G and a surjective endomorphism o of G. The spectra of certain extensions of G, can be
computed using the following lemma due to Zavarnitsine |3, Proposition 13|.

Lemma 1 (Zavarnitsine). Let G be a connected linear algebraic group over an algebraically
closed field of a positive characteristic. Let o be a surjective endomorphism of G and set G, =
Ca(o®). If Gy, is finite for some k, then o is an automorphism of Gy, and w(Ggo) = k - w(Gy),
where Gro is a coset in G x (o).

Lemma 1 is a powerful tool which allows one to handle extensions by diagonal and field
automorphisms, but it cannot be applied to the extension of PSL,(q) by the involutory graph
automorphism, or equivalently, by the inverse transpose automorphism. Recall that the inverse
transpose automorphism of GL,(q) is the automorphism 7 acting by ¢” = (¢")~!, where g '
denotes the transpose of g. Calculating the spectrum of G = PSL,,(q) x () is finding the orders
of the elements of the coset PSL,(q)7. Since (g7)? = gg7, the latter problem is closely related
to the equation h = gg” where h is a given element of GL,(q) and g € GL,(q). This equation
has been exhaustively studied by Fulman and Guralnick in [4]|. Starting from their work, we first
determine for what h € SL,(q) there is ¢ € SL,(q) such that g¢g” = h and then resolve the
question of isospectrality.

Theorem 1. Letn and q be odd, L = PSL,(q), and let T be the inverse transpose automorphism
of L. Then w(L7) = 2-w(Spn-1(q))- If q is a power of a prime p and G = Lx(7), then w(G) = w(L)
unless one of the following holds:

(1) g= —1 (mod 4), n =2+ pF~! for some k > 1, and 4p* € w(G) \ w(L);

(2) n=254+1 for some k> 1, (n,q—1) #1, and 2(¢™ /2 —1) € w(G) \ w(L).

Theorem 2. Let n > 4 be even, q be a power of an odd prime p, L = PSLy(q), T be the
inverse transpose automorphism of L, and let G = L x (1). Then w(Q) is the union of w(L) and
the set of all divisors of the following numbers:

(i) 2(q"/2 £ 1)/ (4, "/ + 1);

(i) 2[¢™ — e1,q™ — £2]/0, where 2(n1 + ng2) = n, e1,e2 € {+1,—1}, 6 =2 if (¢"™ —¢e1)2 =
(¢"* — €2)2, and 0 = 1 otherwise;

(iii) 2p* ifn =141, k> 2.

Furthermore, w(G) = w(L) unless one of the following holds:

(1) ¢=1 (mod 4), (n)s < (q— 1)z, and ¢ + 1 € w(G) \ w(L);

2)n=1+p"1 k>2, and 2p* € w(G) \ w(L);

(3) (n,g— 1) #1, (n)e >3, and w(G) \ w(L) contains 2[¢™ — 1,¢" + 1], where n; = (n)a,
ng =n/2—(n)a.

In the theorems above (a,b) and [a,b] denote the greatest common divisor and the least
common multiple of positive integers a and b, respectively. Also we write (a)2 to denote the
highest power of 2 dividing a and (a)y to denote a/(a)s.

Observe that similar results can be obtained for unitary groups since there is a one-to-one
correspondence between the conjugacy classes in the coset PSL,(¢)T and those in the coset
PSU,(¢q)7 (under some proper definition of GU,(q)), and this correspondence preserves the order
of the elements in a conjugacy class [5, Section 2].
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Results stated in this talk were obtained by the author in a joint work with Piroska Lakatos
(University of Debrecen, Hungary).

Let K = GF(p) and G be an elementary abelian p-group of order p™. We regard the p*-
dimensional subspace C' of the modular group algebra K[G] = A, as linear codes. We will
denote the Jacobson radical of A, ,, by J. The class of codes in the radical of the group algebra
Apm has a significant practical value. If the minimum (Hamming) weight of a k-dimensional
subspace C' is d, then the linear code C is referred to as a (p™, p*, d)-code.

For abelian G Berman [1] initiated the study of the Jacobson radical of the group algebra
Ap.m. For A, he has proved that the well known Reed-Muller (RM)-codes are the powers of the
radical of the group algebra. A code C in A, is called a monomial code |2| if it is generated by
some monomials of the form X i“XgQ .. .Xf;lm, where 0 < b; < p — 1. We will present codes which
are ideals in J. These codes are monomial codes. Some of them are isomorphic to well-known
codes and some of them are not. We give a new method to construct self-dual binary codes with
parameters (27,271, 2%) for arbitrary even m. These codes are self-dual and they have some
very good properties. The construction is introduced using "complement free" sets of binary m-
tuples as the exponents of the generator elements. For m = 2k denote the set of all k-subsets
of {1,2,...,2k} by X. The elements of X can be described with the help of binary sequences
(k1,ka, ..., k) consisting of k zeros and k ones in any order. Clearly the cardinality of the set
X is (2kk) We say that a subset Y of binary m-tuples in X is complement free if y € Y implies
1—y¢Y, where 1 =(1,1,...,1). Then a maximal complement free subset of X has cardinality
%(215) = (2kk:11)‘

The construction is described in the following theorem:

Theorem. Let C' be a binary code with RM(k — 1,2k) C C C RM(k, 2k). Suppose that a basis
of the quotient space C/RM(k — 1,2k) is

m m
{fof +RM(k — 1,2k), where 0 <k; <1 and » k= k} ,
i=1 i=1

where the set of the exponents (ki,ka, ..., kn) is a maximal complement free subset among the
k-subsets of {1,2,3,...,2k}.

Then C forms a [22F,22F=1 2] self-dual doubly-even code.

Along with investigating these codes and pointing out their good properties, we will also
provide some other codes in J.
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In this paper we consider finite groups only, so the term “group” always means “a finite group”.

D.S. Passman in [1] has proved that a p-soluble group G always possesses three Sylow p-
subgroups such that their intersection is equal to O,(G). Later V.I. Zenkov [2] has proved the
same statement for an arbitrary group. In [3-4] S. Dolfi has proved that in every m-soluble group
G there exist elements z,y € G such that the equality H N H* N HY = O,(G) holds.

In connection with these results, in the Kourovka Notebook [5] the author formulated the
following Problem 17.55:

Does there exist an absolute constant k such that for any prefrattini subgroup H in any finite
soluble group G there exist k conjugates of H whose intersection is ®(G), the Frattini subgroup of
G?

The main goal of this paper is to give an affirmative answer to this question.

Theorem. Let H be a prefrattini subgroup of a soluble group G. Then there exist elements
x,y € G such that the equality H N H* N HY = ®(G) holds.

Corollary 1. Let H be a prefrattini subgroup of a soluble group G. If ®(G) = 1, then there
exist elements x,y € G such that the equality H N H* N HY = 1 holds.

Corollary 2. Let H be a prefrattini subgroup of a soluble group G. Then the inequalities

|H| < {/|G)? - |®(G)| and |H/®(G)| < |G : H|* hold.

Corollary 3. Let H be a prefrattini subgroup of a soluble group G. If ®(G) = 1, then the
inequalities |H| < {/|G|* and |H| < |G : H|* hold.

The concept of a prefrattini subgroup of a soluble group was introduced by Gaschiitz in [6].
Considering a complemented chief factor L/K of a soluble group G as a G-module, Gaschiitz has
proved that GG has a normal section that is a completely reducible G-module whose composition
components are G-isomorphic to L/K, and the composition length m is equal to the number of
complemented and G-isomorphic to L/K factors of a chief series of G. This section is denoted
by Crg(L/K) and called the crown of G corresponding to L/K. A constructive definition of the
crown of a soluble group G corresponding to a complemented chief factor L/K is given below:

Cra(L/K) = Ca(L/K)/R,

where R is the intersection of the cores of maximal subgroups complementing L/K.

A crown of a soluble group G is the crown corresponding to a complemented chief factor of G.
The set of all crowns of G is denoted by Cr(G). The Jordan-Holder theorem implies that for the
construction of Cr(G) it suffices to consider some chief series of G and to choose in it a maximal
system L1/Ky, ..., Li/K; of pairwise non-G-isomorphic complemented chief factors. Then we
have Cr(G) = {Crq(L1/K1),...,Cra(Li/Ky) }.

Definition. Let G be a soluble group, and Cr(G) = {Crg(L1/K1),...,Cra(Li/K;)}. Let G;
be a complement of Crg(L;/K;) in G, where i € I = {1,2,...,t}. Then the subgroup (,c; G; is
called a prefrattini subgroup of G.

By Definition, every soluble group has at least one prefrattini subgroup.

The following theorem gives basic properties of prefrattini subgroups.

Theorem [6]. For a soluble group G, the following conditions hold:

1) if H is a prefrattini subgroup of G and N < G, then:

a) H” is a prefrattini subgroup of G for any element x € G;
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b) HN/N s a prefrattini subgroup of G/N;

c) H covers all Frattini chief factors of G and avoids all complemented chief factors of G
d) Coreq(H) = ®(G);

e) |H| is the product of the orders of all Frattini chief factors in a chief series of G,

2) any two prefrattini subgroups of G are conjugate in G.
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All considered groups are finite.

One of the most striking results in the theory of subnormal subgroups is the celebrated “join”
theorem, proved by H. Wielandt in 1939: the subgroup generated by two subnormal subgroups of
a finite group is itself subnormal. As a result, the set sn(G) of all subnormal subgroups of a group
G is a sublattice of the subgroup lattice.

The Wielandt theorem was developed in the formation theory using concepts of §-subnormality
and K-§-subnormality.

The first concept was proposed by R. Carter and T. Hawkes. Let § be a non-empty formation.
A subgroup H of a group G is said to be §-subnormal in G if either H = G or there exists a
maximal chain of subgroups

H=HycH,C---CH,=(G

such that Hf C H;_j forallt=1,...,n. The set of all F-subnormal subgroups of a group G is
denoted by sng(G).

It is rather clear that the 91-subnormal subgroups of a group G for the formation 91 of all
nilpotent groups are subnormal, and they coincide in the soluble universe. However the equality
sny(G) = sn(G), does not hold in general.

To avoid the above situation, O.H. Kegel introduced a little bit different notion of §-subnorma-
lity. It unites the notions of subnormal and F-subnormal subgroup.

A subgroup H of a group G is called §-subnormal in sense of Kegel (or simply K-F-subnormal)
in G if there exists a chain of subgroups

H=HyCH C--CH,=G

such that H;_1 is either normal in H; or Hf C H; 1 for alli = 1,...,n. We shall write H €
sni_z(G) and denote by snk_gz(G) the set of all K-F-subnormal subgroups of a group G.
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Obviously, snx_n(G) = sn(G) for every group G.

Let § be a formation. One might wonder whether the set of F-subnormal subgroups of a group
forms a sublattice of the subgroup lattice. As simple examples show, the answer to this question,
in general, is negative.

Therefore the following question naturally arises:

Which are the formations § for which the set snz(G) is a sublattice of the subgroup lattice of
G for every group G?

This question was first proposed by L.A. Shemetkov in his monograph [1, Problem 12| in 1978
and it appeared in the Kourovka Notebook [2, Problem 9.75] in 1984.

In 1992, A. Ballester-Bolinches, K. Doerk, and M.D. Perez-Ramos [3| gave the answer to that
question in the soluble universe for subgroup-closed saturated formations. In 1993, A.F. Vasil’ev,
S.F. Kamornikov, and V.N. Semenchuk [4] published the solution of the Shemetkov problem in the
general finite universe for subgroup-closed saturated formations. The following important result
was obtained in 2002. A.F. Vasil’ev and the first author in [5] characterized the subgroup-closed
lattice formations which are soluble.

In 1978, O.H. Kegel [6] showed that if § is a subgroup-closed formation such that §§ = §,
then the set of all K-§-subnormal subgroups of a group G is a sublattice of the subgroup lattice
of G for every group G. He also asks in [6] for other formations enjoying the lattice property for
K-§-subnormal subgroups:

Which are the formations § for which the set sni_g(G) is a sublattice of the subgroup lattice
of G for every group G ¢

In 1993, A.F. Vasil’ev, the first author, and V.N. Semenchuk [4] gave the answer to that
question in the general finite universe for subgroup-closed saturated formations.

We say that § is a lattice (respectively, K-lattice) formation if the set of all F-subnormal
(respectively, K-F-subnormal) subgroups is a sublattice of the lattice of all subgroups in every
group.

The following theorem gives the solution to the Shemetkov and Kegel problems for the case
of all subgroup-closed formations.

Theorem. Let § be a subgroup-closed formation. The following statements are pairwise equi-
valent:

1. The set of all K-F-subnormal subgroups is a sublattice of the subgroup lattice of every group.

2. The set of all §-subnormal subgroups is a sublattice of the subgroup lattice of every group.

3. 5§ =M x R x £ for some subgroup-closed formations M, R and £ satisfying the following
conditions:

(a) T (M) Nmw(R) =0, 7(R) N7(L) =0 and #(M) N7 (L) = 0.

(b) M = Sy oM is a saturated formation, and it is an M?-normal Fitting class.

(¢) Every non-cyclic M-critical group G with ®(G) = 1 is a primitive group of type 2 such
that G/Soc(G) is a cyclic group of prime power order.

(d) There exists a partition {m;|j € J} of m(R) such that & = X ;e &5, and |m;| > 1 for all
jed.

(e) £ - ‘ﬁﬂ(g)
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This report is devoted to Jack connection coefficients, a generalization of the connection
coefficients of the classical subalgebras of the group algebra of the symmetric group closely related
to the theory of Jack symmetric functions. First introduced by Goulden and Jackson (1996) these
numbers indexed by three partitions of a given integer n and the Jack parameter o are defined as
the coefficients in the power sum expansion of some Cauchy sum for Jack symmetric functions.
Goulden and Jackson [1] conjectured that they are polynomials in f = a — 1 with non negative
integer coefficients of combinatorial significance, the Matchings-Jack conjecture.

We show that Jack connection coefficients satisfy a recurrence formula when two of the
partitions are equal to the single part (n) and prove the Matchings-Jack conjecture in this case.

The ring of symmetric functions A has the following bases indexed by partitions A of
integer numbers: monomial basis m), power sums py, Schur polynomials sy, zonal polynomials Z
(see [2]). Let (-, -) be the scalar product on A such that (py,p.) = 21y, where zy = [, i™Mm;(A)!
(m;(A) is a number of i-parts of A). The Schur polynomials are characterized by the fact that they
form an orthonormal basis of A for (-,-) and the transition matrix between Schur and monomial
symmetric functions is upper triangular. The zonal polynomials directly linked with the theory
of the zonal spherical functions and verify the same properties as the sy (except the unit length
property) if the scalar product is replaced by (-, )2 with (px,pu)2 = 24()‘)2,\5)\# where £()\) is the
number of parts of A\. These functions are linked with classical subalgebras of the group algebra:

I. Class algebra, i. e. the center of CS,, with the basis (C))x-, where C) is a sum of
permutations of cycle type A.

IT. Double coset algebra, i. e. Hecke algebra of the Gelfand pair (Sa,, B,,), where B,
is a centralizer of f, = (12)(34)...(2n — 1,2n), with basis (K))-n where K, is a sum of all
permutations w € Sy, such that f,wf,w™! has cycle type A\ (see [2]).

Let Cf\w and b;\W be the connection coefficients of these algebras:

— A — A
CuCv=3 ., O  Ku, =) b K,

Using an additional parameter «, Henry Jack [3| introduced the bases of Jack symmetric
functions J{ which are characterized by two properties: (1) (J%, J)a = jr(a)dy, where the

scalar product (-,-), is defined by (py,pu)a = /™23y, and jy(a) is some normalizing factor;
(2) the transition matrix between J¢ and m, is upper triangular. So J} = 1/jx(1)sy and J3 = Z,.
Goulden and Jackson [1] showed that

Z Z)\ C/u/pA( )p)\ p/\ Zh ( )SW(Z),

A, vEn YHn

)\
2 A <x>w<y>m<z>:ZZv@)Zw(y)Zy(z)

A, vEn
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and introduced the coefficients af;,,(a) by the equality

S 0 e i () = 3

A p,vbn yHn v

Computations of a},(c) for all A, p,v F n < 8 showed that the aj, () are polynomials in
B = a—1 with non negative integer coefficients and of degree at most n—min{¢(u), ¢(v)}. Goulden
and Jackson conjectured this property for arbitrary A, u, v. Moreover, following the combinatorial
interpretation in Proposition 1, they also suggest the stronger Matchings-Jack conjecture.
Dolega and Féray [4] proved that the aj, (a) are polynomials in o with rational coefficients.

Graph interpretation. For a partition A = (Ay,...,\,) F n, consider the graph G on 2n
vertices consisting of p cycles of lengths 2A1,...,2),. A matching in G is a set of edges without
common vertices that contains all the vertices of GG. Coloring successively the edges of the cycles
of G in gray and black colors, we get two matchings: g (gray edges) and b (black edges). We also
colour successively vertices of G in two colours and call a matching of G by bipartite if the ends
of each its edge have different colors. We call such graph induced by A a A-graph.

Proposition 1 [1|. The quantity bf;l,/|Bn] (resp. c;’\u,) is the number of matchings (resp.
bipartite matchings) § such that b U ¢ is a p-graph and g U ¢ is a v-graph.

Matchings-Jack Conjecture [1]. There exists a function wt on matchings such that

au(B+1) =3 g

for all A\, pu,v = n where the summation is over all matchings as in Proposition 1, and wty(J) €
{0,1,...,n —min{l(p),£(v)}}, wtr(0) =0 <= ¢ is bipartite.

We prove Matchings-Jack conjecture in the case p = v = (n) (Theorem 2) using the recurrence
formula in Theorem 1. Define the following operations on matchings:

Ny =ANEUGR=1), Mgy =A\(kDUE+1-1), XED =X\ (k+1+1)U (k).

Theorem 1. For integer n and partition A - n+ 1, the Jack connection coefficients a;\, verify

the following recurrence formula for any i € {1,...,0(\)}:
Ai—2 ( : \
T(N;—1—d,d LX)
i1 nr1(@) = (@ = 1N = 1an @)+ 3 a (@) +ad a7 (a).
d=1 i

This formula admits a nice combinatorial interpretation in terms of graphs in the special cases
a =1, 2 that provided us with the intuition for the general case and that we used in the proof of
Theorem 2. We call a matching ¢ such that both b U § and g U ¢ are 2n-cycles ((n)-graphs) a
good matching. Denote by G(\) the set of all good matchings of the A-graph G.

Theorem 2. Let A be a partition of n and G a A-graph. Then there exists a function
wtr: G(A) = {0,1,...,n — 1} such that

A (B+1) = 3 B0 Wiy () =0 < § is bipartite.
deg(N)

As a consequence, the quantity a »(B+1) is a nonnegative integer polynomial in B with constant

term ¢\, = a), (1) and sum of coeﬁﬁczemﬁs equal to b)), /|Bn| = a),,(2).
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In 1955, Jacobson has proved that a finite-dimensional Lie algebra over a field of characteristic
zero admitting a non-singular (invertible) derivation is nilpotent. The problem of whether the
inverse of this statement is correct remained open until a paper of Dixmier and Lister, where an
example of nilpotent Lie algebra all of which derivations are nilpotent (and hence, singular), was
constructed. For Lie algebras in prime characteristic the situation is more complicated. In this
case there exist non-nilpotent Lie algebras, even simple ones, which admit nonsingular derivations
(Benkart, Kostrikin and Kuznetsov).

In a paper of Moens the notion of a Leibniz-derivation of order k is introduced as a generalization
of derivations and pre-derivations of Lie algebras. Moens has proved that a finite-dimensional
Lie algebra over a field of characteristic zero is nilpotent if and only if it admits an invertible
Leibniz-derivation. After that, Fialowski, Khudoyberdiyev and Omirov have proved that a finite-
dimensional Leibniz algebra is nilpotent if and only if it admits an invertible Leibniz-derivation. It
should be noted that there exist non-nilpotent Filippov (n-Lie) algebras with invertible derivations.
The authors have showed that the same result holds for alternative algebras (in particularly, for
associative algebras) [1]. Also, in this article an example of nilpotent alternative (non-associative)
algebra over a field of positive characteristic possessing only singular derivations was provided.

The main purpose of this talk is to discuss the analogues of Moens’ theorem for Jordan, (—1,1)-
and Malcev algebras.

Acknowledgements. The authors are grateful to RFBR, project 14-01-31122.
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All groups in this talk are finite. The spectrum w(G) of a group G is the set of its element
orders. By a section of G we mean a quotient group H/N, where N, H < G and N < H. Groups
G and H are called isospectral, if w(G) = w(H). Let w be a subset of natural numbers. Following
[1], we call a group G critical with respect to w (or w-critical), if w coincides with the spectrum
of G and does not coincide with the spectrum of any proper section of G.

If a simple group L has infinitely many groups isospectral to L, then it is important to
study critical groups isospectral to L. In [2, 3] the complete description is given of critical groups
isospectral to non-abelian simple alternating and sporadic groups and also the special linear group
SL3(3).

In this work we study groups critical with respect to the spectrum of the projective special
unitary group Us(3). In particular, we prove the following

Theorem. Let G be a group isospectral to Us(3) that contains a normal subgroup N, such that
G/N ~ PGLy(7). Then N is a 2-group and every G-chief factor of N is isomorphic to a 6-
dimensional module of the group PGLy(7). Also G = NH for some subgroup H ~ PGLo(7). If
in addition G is critical with respect to w(Us(3)), then |N| = 26.

Moreover, H has a representation (a,b,c | a®> = b3 = ¢ = (ab)” = (ac)? = (bc)? = [a,b]* = 1)
and if we regard N as a vector space over GF(2) then a base of N can be chosen in such a way
that the action of H on N is defined by the following matrices:

This work was partially supported by RFBR Grants 13-01-00505 and 14-01-90013.
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We consider groups of period 12. In particular, we give a criterion for such groups to be locally
finite.

It is well known that groups of period 4 and groups of period 6 are locally finite [1-4]. The
local finiteness of groups of period 12 with some additional conditions has been proved in [1, 5-7].

For groups of period 12, we reduce the question of the local finiteness to a question of the
finiteness of their subgroups generated by three elements of order 3. Our main result is as follows.

Theorem. A group of period 12 is locally finite if and only if every its subgroup that satisfies
one of the assumptions 1 or 2 below, is finite.

(1) H is generated by an element a of order 3 and elements b and c of order 2 such that
(ab)® = (bc)® = 1.

2) H is generated by elements a and b of order 3 and an element ¢ of order 2 such that
(ac)? = 1.

For the proof of the theorem we first prove the following facts.

Lemma 1. If G is a finite group of period 12 and p € {2,3}, then the p-length of G is at most
two, and this bound is exact. Furthermore, if the 2-length of G equals 2 and the 2-length of every
proper subgroup of G is less than two, then G is isomorphic to either Sy, or the semidirect product
of a non-cyclic group of order 4 by the group B = (a,x | a® = 2* = 1,a* = a™'). In particular, G
contains a subgroup isomorphic to Ay.

Lemma 2. If G is a locally finite group of period 12, then

G =023232(G) = 032323(G).

The proof of the theorem also uses computations with the help of GAP [8]. A good example is
given by

Lemma 3. Suppose that G is a group of period 12 generated by an element a of order 3 and
involutions b, ¢ such that (ab)® = (be)> = 1. Then G is a semidirect product of the subgroup
H = {(bc)®) coinciding with its commutator subgroup, and a group A = {(a,b) isomorphic to Ay.
The subgroup H is generated by elements x1 = bc, xo = x{, ©3 = 2§, T4 = :cg, T = :cg, T = T§,
and the action of A on H is determined by the following equalities:

a a a a -1 ,.a a .
xf = X9, 2§ = x3,25 = XT1,T4 = T5 ,T5 = T, T = T4; (1)

b -1 b b b b b -1
T =T, Ty = T4, T3 = T5, T4 = L2, T3 = X3, Lg = Lg - (2)

Proof of Lemma 3. Computations in GAP [8] show that in the group
K= {(a,bc|1=0a®=b*=c = (ab)® = (abc)® = (ac)*? = (abc)'?)

the subgroup H = ((bc)X) coincides with its commutator subgroup, and K/H ~ A4. It is clear
that G is a homomorphic image of K, and the kernel of the corresponding homomorphism lies in
H. The equality 2% = xl_l follows from the fact that b and ¢ are involutions and x; = be. Other
equalities from (1) and (2) follow from the definitions of elements x;, i = 1,...,6, and the defining
relations of the group A.

The research of the first author was supported by RFBR, project 13-01-00505 and that of the
second author by RFBR, project 14-01-90013.
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We consider the arithmetic background of integral representations of finite groups over the
maximal orders of local and algebraic number fields.

Some infinite series of integral pairwise inequivalent absolutely irreducible representations
of finite p-groups with the additional congruence conditions are constructed. Certain problems
concerning integral two-dimensional representations over number rings are discussed.

In his recent publication [9] J.-P. Serre emphasized remarkable connections between integral
irreducible representations of the group of quaternions and the genus theory of Gauss and Hilbert,
and the theory of Hilbert’s symbol. This was also considered in our recent paper [7| as an
application to the description of globally irreducible representations over arithmetic rings which
was earlier introduced by F. Van Oystaeyen and A. E. Zalesskii, see [8]. This is also motivated by
the following question considered by J.-P. Serre, W. Feit and other mathematicians (see also [1,
2,6,9|):

Let p: G — GL,(K) be a linear representation of a finite group G over a number field K. Is
it possible to realize p over O, the ring of integers of K, i. e. is p conjugate to a homomorphism
of G into GL,(Ok) ?

Another approach to generalization of integral representations of finite groups was proposed
by D. K. Faddeev in [3] (see also [4] and [5]) where a generalization of the theory of Steinitz and
Chevalley has been suggested.
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PERIODIC GROUPS WHOSE ELEMENT ORDERS ARE SMALL

A. Mamontov

Institute of Mathematics, Novosibirsk, Russia

andreysmamontov@gmail.com

A group G is said to be periodic if, for every g € G there exists a natural n such that ¢ = 1. If
there exists a common n with ¢” =1 for all g € G then n is called a period of G and the smallest
such n is said to be the exponent of G. A group G is locally finite if every finite set of its elements
is contained in a finite subgroup. The class C), of groups of period n is a variety, i.e. it is closed
under taking subgroups, factor groups and cartesian products.

The set w(G) consisting of all orders of elements of G is called the spectrum of G. If w(G) is
finite then p(G) is the set of maximal elements of w(G) with respect to division.

We consider the following general question. If w(G) is given, what can we say about G, in
particular, is such G locally finite? Some recent results here are the following:

e (E. Jabara, D. V. Lytkina, V. D. Mazurov, A. S. Mamontov, 2014) Suppose that u(G) =

{4,5,6}. Then G is locally finite and one of the following statements holds:
1. N = O5(G) is a non-trivial elementary Abelian group, G = NC, where C' is isomorphic
to (m,y | 23 =y* =1,2¥ = 271), or SLy(3), and C acts freely on N.
2. T = O2(@G) is a non-trivial elementary Abelian group, and G/T ~ As.
3. G is isomorphic to S5 or Sg.
e (E. Jabara A. S. Mamontov, 2015) Suppose that ©(G) = u(Lz(4)) = {3,4,5,7} then G ~
L3(4).

e (A.S. Mamontov, 2015) If u(G) = {6, 7}, then G is an extension of a locally finite group by
a group of odd order.
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COMMUTATIVE MATRIX ALGEBRAS OF LENGTH n — 2

0.V. Markova

Lomonosov Moscow State University, Department of Mechanics and Mathematics
1 Leninskie Gory, 119991, Moscow, Russia
ov__markova@mail.ru

Definition. The length of a finite system of generators 8 for a finite-dimensional associative
algebra A over an arbitrary field is defined as the minimal nonnegative integer [(8) such that the
words in 8 of length not exceeding I(8) span this algebra (as a vector space). The maximal length
for the systems of generators of an algebra is referred to as the length of the algebra, we denote it
by I(A) (see [1]).

The problem of computing the length of the full matrix algebra M, (F) over a field as a function
of the matrix size n was stated by A. Paz in [2] and is still open in general. On the other hand, for
a commutative subalgebra in the matrix algebra of order n an upper bound linear on n is known.
In particular, for algebras over the field of complex numbers C A. Paz has shown that this length is
at most n— 1. Later it has been proved in [3-4] that this bound also holds for commutative matrix
subalgebras over arbitrary fields and that a commutative subalgebra A in the matrix algebra
M, (FF) satisfies the equation [(A) = n — 1 if and only if A is generated by a nondegenerate matrix
C, i.e. by such a matrix C' € M, (F), that dimp((C° = I,, C, C?,..., C" 1)) =n.

In the present talk we describe commutative subalgebras of length n—2 (closest to the maximal
one) in the algebra M, (F) over fields which contain at least n + 1 elements.

The following theorem shows that this question can be reduced to the case of nilpotent
commutative subalgebras:

Theorem 1. Let F be an algebraically closed field, n € N, n > 2, and let A be a commutative
subalgebra in M, (F) with [(A) = n — 2. Then there exist a number m € N, 2 < m < n, a
commutative subalgebra B C M, (F) of length m—2 and of the form FE+N, where N is a nilpotent
algebra, and if m < n, a commutative subalgebra C C M, _.,,(F) generated by a nondegenerate
matriz, such that the algebra A is conjugate to the algebra B & C.

Applying the description of some nilpotent commutative subalgebras in M, (F) given by
D.A. Suprunenko, R.I. Tyshkevich [5, Chapter 3] and I.A. Pavlov [6], we obtain our main result:

Theorem 2. Let n > 3 and let F be a field with at least n+ 1 elements. Set A= FE15+---+
Ey_2n—1, where E; j denotes the matriz with the unit on the position (i,j) and zeros on the other
positions. Let A be a commutative subalgebra in M, (F) that contains the identity matrix I,. Then
I(A) =n — 2 if and only if the algebra A is conjugate in My (F) to one of the following algebras:
.FIy & Cp—a, where Cp,_o C My _o(FF) is a subalgebra generated by a nondegenerate matriz;
Ao = (In, A, A2 AR,

. Al;n = <E1,n7 C| Ce AO;n>§

‘AQ;n = <En,n—1; C‘ Ce -AO;n>;

- Aszu(a) = (Era + aFys, C| C € Agy), a € F\ {0} forn=4;

. charFF = 2, .A4;4 = <E4, ELQ + E13747 E173 + E’2’47 E1’4> fO?" n =4 and charF = 2;

7. Asa(B) = { <a0(5) +bly cC(B) +dls
O aC(B) + bl

matriz of an irreducible polynomial t*> + 3 € F[t], for n = 4 and charF = 2;

8. Ajium ® Cppy, where j =0,1,2, 3 <m <n, Cpy, € My_p(F) is a subalgebra generated by
a nondegenerate matriz.
Algebras of types 27 are pairwise non-conjugate.

This result is a generalization of a similar classification obtained for algebras over algebraically
closed fields in [7].

The author has been partially supported by grants MD-962.2014.1 and RFBR No. 15-31-20329.

SYETIESGRNCIE CITN

) la,b,c,d € IF}, where C(B) is the companion
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ON THE REALIZABILITY OF A GRAPH
AS THE GRUENBERG-KEGEL GRAPH OF A FINITE GROUP

N.V. Maslova

N.N. Krasovskii Institute of Mathematics and Mechanics of the Ural Branch of Russian Academy of Sciences,
16 S. Kovalevskaya str., 620990 Yekaterinburg, Russia,
Ural Federal University named after the first President of Russia B.N. Yeltsin,
19 Mira str., 620002 Yekaterinburg, Russia

butterson@mail.ru

In this abstract “a group” always means “a finite group” and “a graph” means “an undirected
graph without loops and multiple edges”.

The study of arithmetical properties of groups attracts many researchers working in finite
group theory. One of problems in this field is concerned with properties of the Gruenberg-Kegel
graph of a group.

Let G be a group. Denote by 7(G) the set of all prime divisors of the order of G and by w(G)
the spectrum of G, i.e., the set of all its element orders. The set w(G) determines the Gruenberg—
Kegel graph (or the prime graph) I'(G) of G; in this graph, the vertex set is w(G) and distinct
vertices p and ¢ are adjacent if and only if pq € w(G).

We say that a graph I with |7 (G)| vertices can be realized as the Gruenberg—Kegel graph of a
group G if there exists a labeling of the vertices of I by distinct primes from 7(G) such that the
labeled graph is equal to I'(G).

The following problem arises.

Problem. Let I' be a graph. Can I' be realized as the Gruenberg—Kegel graph of a group?

Of course, in general, the problem has the negative solution. For example, the Gruenberg—
Kegel theorem and the description of connected components of the Gruenberg—Kegel graphs for
all simple non-abelian groups [1,2] imply that the graph consisting of five pairwise non-adajcent
vertices (a 5-coclique) cannot be realized as the Gruenberg—Kegel graph of a group.

There are not many results concerning this interesting problem.

In [3] it has been shown that a graph can be realized as the Gruenberg—Kegel graph of a
solvable group if and only if its complement is 3-colorable and triangle free.

I. N. ZharkovIn who was a student of V. D. Mazurov, has proved that a chain can be realized
as the Gruenberg—Kegel graph of a group if and only if the length of this chain is at most 4 [4,
unpublished].
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In [5] it has been shown that any graph with at most five vertices, except a 5-coclique, can be
realized as the Gruenberg—Kegel graph of a group.

Herer we give a solution of the problem mentioned above for all complete bipartite graphs
K, where K, 5, is the graph with m +n vertices whose vertices can be divided into two disjoint
subsets U and V such that |U| = m, |V| = n, and vertices are adjacent if and only if they belong
to different subsets. We prove the following theorem.

Theorem. Let I' be a complete bipartite graph K, ,,, where m < n. Then the following
statements hold:

(1) T can be realized as the Gruenberg—Kegel graph of a group if and only if m +n < 6 and
(m,n) # (3,3);

(2) if m+n <6 and (m,n) # (3,3),(1,5), then there exist infinitely many sets T' of primes
such that T' can be realized as the Gruenberg—Kegel graph of a group G and T' = w(G);

(3) if (m,n) = (1,5) and I' can be realized as the Gruenberg—Kegel graph of a group G, then
7(G) ={2,3,7,13,19,37}, O2(G) # 1 and G/02(G) = 2G(27).
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COMMUTATIVE NILPOTENT ALGEBRAS AND RESTRICTIONS OF WEIL
REPRESENTATIONS

C. Pallikaros

University of Cyprus, Department of Mathematics and Statistics
1678 Nicosia, Cyprus pallikar@ucy.ac.cy

Let F be the field GF(¢?) of ¢* elements, ¢ odd, and let V be an F-vector space endowed with
a nonsingular Hermitian form ¢. Let ¢ be the adjoint involutory antiautomorphism of EndpV
associated to the form, and let U(p) be the corresponding unitary group. In this joint work with
H. N. Ward, we investigate whether the restrictions of the Weil representation of U(p) to certain
subgroups are multiplicity-free. These subgroups consist of the members of U(y) in subalgebras
of the form FI + N, where N is a o-stable commutative nilpotent subalgebra of EndrV with the
further property that IV contains its annihilator. In this setup, the extremal case of (nonreductive)
self-dual pairs in the unitary group for which the self-centralizing Abelian subgroup has scalar
semisimple part is being considered.
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THE ZIEGLER SPECTRUM OF A-INFINITY PLANE SINGULARITY

Gena Puninski

Belarusian State University
av. Nezalezhnosti 4, 220030 Minsk, Belarus punins@mail.ru

Let F be an algebraically closed field of characteristic zero and let R = F|[[z,y]]/(y?) be the
so-called A, plane singularity. We consider the theory T' of z-torsion free R-modules.

The classification of indecomposable finitely generated modules in 7' (i.e. finitely generated
indecomposable maximal Cohen-Macaulay R-modules) is well known [1]. Namely each such a
module is either isomorphic to the right ideal I,, = (x,3™) of R or to the right ideal I, = zR.

We will calculate the Ziegler spectrum, Zg, of torsion-free R-modules, i.e. a topological space
(see [2]) whose points are indecomposable pure injective models of T'. Because the modules I, and
I are linearly compact they are (the only) finitely generated points of Zg.

Theorem. Fach infinitely generated point of Zg is the following:

1) the ring of quotients Q of R;

1) the integral closure R of R in Q;

3) G = F((y)) the ring of Laurent power series.

Furthermore one can execute the Cantor-Bendixson analysis on the Ziegler spectrum.

Proposition.

1) The modules I, n < o0 are the only isolated points in Zg;

2) the modules 1, and R have Cantor-Bendizson rank 1;

3) Q and G have CB-rank 2.

Thus the Cantor—Bendixson rank of 7g equals 2.

This note is an announcement of some results from a project, joint with Ivo Herzog, where
infinitely generated points of the Ziegler spectrum are used to get a better (than the Auslander—
Reiten quiver) understanding of the category of finitely generated R-modules.
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ON SCHUR 3-GROUPS

G.K. Ryabov
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Let G be a finite group. An S-ring A over G is a subring of the group ring ZG that has a
linear basis associated with a special partition of G. About 40 years ago R. Poschel suggested the
problem which can be formulated as follows: for which group G every S-ring A over it is schurian,
i.e. the partition of G corresponding to A consists of the orbits of the one point stabilizer of a
permutation group in Sym(G) that contains a regular subgroup isomorphic to G. We prove that
the groups Msn = (a,b ]a3n_1 =0 =eab = a3n_2+1>, where n > 3, are not Schur and the
groups Zs X Zsn, where n > 1, are Schur. Modulo previously obtained results, it follows that every
non-cyclic Schur p-group is isomorphic to Zs X Zs x Zs or Z3 X Zsn, n > 1, whenever p is an odd
prime.
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ON PARTIALLY ORDERED RINGS
E.E. Shirshova

Moscow, Russia

Let G be a partially ordered additive group [1]. An element x € G is said to be very much
less than y € G (x < y) if nx < y for all n € Z. We denote by M, the set of all g € G such that
g < a for some a € G, where a > 0.

Definition 1. A ring R is called a partially right K-ordered ring, if it satisfies the conditions:
1) < R,+ > is a partially ordered group; 2) if a > 0 in R, then ar < a for all r € R. If the order
of the group < R,+ > is linear, we say that the ring R is a linear right KX-ordered ring.

Theorem 2. Let R be a ring, I being an ideal of R satisfying the conditions: 1) the rings
< I1,<1> and < R/I,<9> are partially right K-ordered rings; 2) the conditions a € I and a >1 0
imply the inequality ar <1 a for each r € R. Then the ring R can be furnished with a partial right
K-order <, from which the order <y inherits in the ring I, and the order <o inherits in the ring
R/I; and I being a convex ideal of R under the order <.

Let U be a system of ideals of a ring R, including {0} and R. The system of ideals U is called
complete, if for any subsystem of U the following is true: both union and intersection of ideals
forming this subsystem belong to U. An inclusion of ideals A C B are said to be a step, if the
relation A C J C B implies A = J or J = B for each ideal J of R.

Theorem 3 If R is a linear right X-ordered ring, then there exists a complete system of right
ideals in R, where any step of right ideals I C J in this system satisfies the conditions: 1) JR C I;
2) 1 is a convez ideal of J; 3) I = My, for allb € J\ I, where b > 0.

Theorem 4 Let R be a ring without an identity element, and there exists a complete system
of right ideals in R which satisfies the condition: if I C J is any step of right ideals in this system,
then I is an ideal of J, and the quotient group < J/I,+ > is a torsion-free group. Then R can be
made into a linear right X-ordered ring.
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SPECTRAL DECOMPOSITION OF AN INCIDENCE STRUCTURE

Johannes Siemons
School of Mathematics, University of East Anglia, Norwich, NR4 7TJ, UK

Let X and Y be finite sets and let .S be a subset of X x Y. Then 8§ = (X,Y’;.5) is an incidence
structure on (X, Y'), and we say that x € X is incident with y € Y if (x,y) belongs to S. Many
combinatorial objects can be described efficiently in the language of incidence structures. These
includes graphs, codes, designs, simplicial complexes, ranked partially ordered sets, and so on.
The automorphism group G := Aut(8) of 8 consists of all pairs (g,h) € Sym(X) x Sym(Y) so
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that (z,y) € S if and only if (29,4"). In particular, we have two distinct actions of G, one on X
and one on Y.

In this note we discuss the relationship between these two actions at the level of permutation
modules for X and Y.

Let R = C and denote the free R-module with basis X by RX. The elements of RX thus are
all formal sums ) .y 7,2 where 7, € R. On RX we have the standard inner product (, ) by
setting (z,2') = 0if 2 # 2’ € X and (z,z) = 1 otherwise. Evidently RX is a permutation module
for G by setting (3 cx 72 2)9 = cx Texd for g € G.

To the incidence structure 8 = (X, Y;.S) now associate two linear incidence maps in a standard
fashion:

e: RX - RY and 0: RY — RX,

defined on the respective bases by

e(z) = Z y forzeX and J(y)= Z x foryeY.
y: (z,y)€S x: (z,y)€S

These maps are adjoints of each other and therefore the maps
v =0s: RX - RX and v =¢ed: RY = RY

are symmetric with respect to the inner products on RX and RY. Evidently all eigenvalues are
real and non-negative.

A simple argument shows that any non-zero eigenvalue of v is also an eigenvalue of ¥~ and
vice versa. Furthermore, for such a non-zero eigenvalue the two corresponding eigenspaces are
isomorphic to each other via the restriction of € or 0. Therefore it make sense to speak of the
non-zero eigenvalues of 8 = (X,Y;.5).

Theorem (Spectral Decomposition) Let § = (X,Y;S) be a finite incidence structure with
etgenvalues \g > A1 > ... > Ay > 0. Denote the corresponding eigenspaces by Ey, F1, .., By € RX
and E{, E,.., E{ C RY. Further, denote the kernel of ¢ and 0 by Kx C RX and Ky C RY,
respectively, and let G be the automorphism group of 8. Then

RX = EyoE1 & ... E & Kx and

RY = Ey®@ E & ... E & Ky (1)

are G-invariant orthogonal decompositions into pairwise isomorphic G-modules E; ~ E! for all
1=0,..,t.

We note that the actual decomposition is obtained in a standard fashion which is completely
explicit. The projection 7; : RX — E; is a polynomial expression in the g, A1, ..., \s and v™.
Therefore any element in f in RX is decomposed as f = fo+ fi+...+ fi+ fx with f; = m;(f) € E;
and fx € Kx. Such explicit formulae are essential in many computations.

For regular graphs (take X =vertices and Y =edges of the graph) this decomposition coincides
with the decomposition afforded by the usual graph spectrum. For association schemes (take
X =Y and define ’incidence’ by ’i-association’ for a suitable i) the eigenspaces are closely related
(identical in most cases) to the decomposition afforded by the minimal idempotents of the scheme.
Fundamental properties of association schemes, such as Delsarte’s Linear Programming Bound
and estimates for inner and outer distributions are immediate from the explicit decomposition



78 JuckperHasa MaTeMaTUKa, ajredpa U UX MPUTOXKEHUST

just mentioned. But we note that these properties of association schemes transfer naturally to
incidence structures in general.

For a finite projective space PG(n,q) we may consider the incidence structure of s-versus t-
dimensional subspaces of PG(n, q). Here the spectra are easy to compute, all spectral values turn
out to be integral and all eigenspaces are irreducible GL(n, ¢)-modules. The same is true for the
q = 1 analogue when § is the incidence structure of s-versus ¢-dimensional subsets of a n-set.

These comments show that spectral compositions provide a unifying principle that opens up
new perspectives. In this talk I will concentrate on orbits of automorphism groups of incidence
structures. This is joint work [1,2] with Ben Summer at UEA and Francesca Dalla Volta at Milan
Bicocca.
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ON SOME ARITHMETIC PROPERTIES OF FINITE GROUPS

A.N. Skiba
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alexander.skiba49@gmail.com

We fix some partition ¢ = {o;]i € I} of the set of all primes P (that is, P = U;cr0; and
oiNo; =0 for all i # j). A group G is called o-primary if G is a o;-group for some i = i(G).

We say that a finite group G is: o-soluble if every chief factor of G is o-primary; o-nilpotent
if (H/K) % (G/Cg(H/K)) is o-primary for every chief factor H/K of G.

Based on these concepts, we develop and unify [1-5] some aspects of the theories of soluble and
quasinilpotent groups, of the subgroup lattices theory and of the theory of subnormal subgroups.
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ON FINITE GROUPS ISOSPECTRAL TO SIMPLE LINEAR GROUPS
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Given a finite group G, denote by w(G) the spectrum of G, i.e., the set of its element orders.
We call finite groups G and H isospectral if w(G) = w(H). Let h(G) be the number of pairwise
nonisomorphic groups isospectral to G. Group G is called recognizable (by spectrum) if h(G) = 1,
almost recognizable if h(G) < oo, and non-recognizable if h(G) = oco. Since every finite group with
a nontrivial normal soluble subgroup is non-recognizable (see [1, Corollary 4] and |2, Lemma 1|),
of prime interest is the recognition problem for nonabelian simple groups. It turned out that many
of nonabelian finite simple groups are recognizable or at least almost recognizable. Recently it was
proved in |3| the following

Theorem 1. Suppose that L ~ PSL,(q) or L ~ PSU,(q) and n > 45. Then a finite group
isospectral to L is isomorphic to a group G with L < G < AutL. In particular, there are only
finitely many pairwise non-isomorphic finite groups G with w(G) = w(L).

It follows from this theorem that simple linear and unitary groups of sufficiently large dimension
are almost-recognizable. We continue investigation of the recognition problem for simple linear
and unitary groups and prove

Theorem 2. Suppose that L ~ PSL,(q) or L ~ PSU,(q) and 27 < n < 44. Then a finite
group isospectral to L is isomorphic to a group G with L < G < AutL. In particular, there are
only finitely many pairwise non-isomorphic finite groups G with w(G) = w(L).

The work is supported by Russian Science Foundation (project 14-21-00065).
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ON THE NORMAL STRUCTURE OF ISOTROPIC REDUCTIVE GROUPS
OVER RINGS

Anastasia Stavroval!, Alexei Stepanov?

Saint Petersburg State University
'a_stavrova@mail.ru, %stepanov239@gmail.com

Let K be a domain and let G be a reductive group scheme over K. We study the normal
structure of the group of points G(R) of G over a commutative ring R. For G = GL,, it was
described by J. Wilson (n > 4) and I. Golubchik (n > 3). For a Chevalley groups the standard
normal structure was established by L. Vaserstein with invertible structure constants and by E. Abe
in the general case.

Theorem (L. Vaserstein). Let G be a Chevalley—Demazure group scheme with a reduced irredu-
cible root system ® # Ay and let R be a commutative ring. Given a normal subgroup H < G(R)
there exists an ideal a of R such that

E(R,a) < H < C(R, q),
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where C(R, a) is the preimage of the center under the reduction homomorphism G(R) — G(R/a).

The ideal a is called the level of H. By standard arguments using standard commutator
formulas and elementary computations to describe the level, a proof reduces to extraction of
unipotents. This is a difficult part of Vaserstein’s and Abe’s proofs.

A substantial progeress in understanding the structure theory of isotropic but nonsplit reductive
algebraic groups was made by V.Petrov and A.Stavrova. In particular, they proved that the
elementary subgroup Ep(R) does not depend of the choice of a parabolic subgroup P of G.
Recently A.Stavrova computed the level of a normal subgroup H of G(R) provided that the
structure constants are invertible. It turns out that the level is defined by an ideal a of R, similarly
to the case of Chevalley groups.

Another ingredient is a new proof of the Vaserstein theorem obtained by A.Stepanov. The
main idea of this proof consists of 2 parts. First, we reformulate a way of extracting transvections
in GL,(R) in terms of parabolic subgroups and extract a unipotent element from the generic
element of GG. Second, we show that if this unipotent vanishes for all elements of H, then H lies in
a subscheme, which is proper over any K-algebra. After that by standard arguments one proves
that such H is central. In this way we obtain the following result.

Theorem. Let G be a simple algebraic group scheme of constant type ® defined over a
connected commutative ring K such that the structure constants of ® are invertible in K. Assume
moreover that G contains at least two distinct parabolic subgroups Py < Py < G over K.

Let R be a K-algebra. Given a subgroup H < G(R), normalized by the elementary subgroup
E(R), there exists an ideal a of R such that

E(R,a) < H < C(R,a),

where C(R, a) is the preimage of the center under the reduction homomorphism G(R) — G(R/a).

BIG COMPOSITION FACTORS IN RESTRICTIONS OF MODULAR
REPRESENTATIONS OF CLASSICAL ALGEBRAIC GROUPS
TO SUBSYSTEM SUBGROUPS

I.D. Suprunenko

Institute of Mathematics, National Academy of Belarus

11 Surganov str., 220072, Minsk, Belarus suprunenko@im.bas-net.by

The goal of the talk is to discuss constructing of composition factors with certain special
properties in restrictions of modular irreducible representations of classical algebraic groups to
subsystem subgroups with two simple components. We shall deal with factors that are in a certain
sense big enough (or not too small) for both components of a subgroup under consideration. The
existence of such factors yield effective tools for solving a number of questions, in particular, for
finding or estimating various parameters of the images of individual elements in representations
of such groups, and not only for elements of relevant subsystem subgroups. Often the analysis of
restrictions to subsystem subgroups with several simple components yields a useful information
that, probably, cannot be obtained if we deal with simple subsystem subgroups only. It was
A.E. Zalesskii who has drawn the author’s attention to investigating restrictions of representations
of simple algebraic groups to non-simple subsystem subgroups. In a joint paper [1] we have proved
that the restriction of a nontrivial representation of a simple algebraic group to a subsystem
subgroup with two simple components almost always has a composition factor that is nontrivial
for both components.
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In what follows K is an algebraically closed field, G = A,(K) or C,(K), w; (1 <1i < r) are
the fundamental weights of G, w(¢p) is the highest weight of an irreducible representation ¢, and

*

©* is the representation dual to ¢. If w(p) = Y7 ajw;, set s(¢) = > ., a;, put
YX(p)=a1+2(az+ ...+ ar_1) + ar

for G = A, (K) and
X(p)=a1+2(az+ ...+ ar)

for G = C(K), in both cases set t(¢) = 3(p) — s(¢). A subgroup in G is called a subsystem
subgroup if it is generated by the root subgroups associated with all roots of a subsystem in the
root system. We write an irreducible representation p of a semisimple group H with two simple
components Hy and Hs in the form p; ® po where p; is an irreducible representation of H;, i = 1, 2.
Some of the results that will be discussed are stated below.

Theorem 1. Let 2 <[ <r —3 for G = A.(K) and 2 <1 <r —2 for G = C.(K), and let
 be an irreducible representation of G. Assume that Hy and Hy C G are commuting subsystem
subgroups of types A; and A,_;_1, respectively, for G = A.(K) and of types C; and C._; for
G = C.(K). Set H = HiHs. If Y = 1)1 ® ¥9 is a composition factor of the restriction p|H,
then s(i1) + s(¢2) < 3(g). The representation p|H has a composition factor 7 = 11 ® 1o with
s(m1) = s(p) and s(12) = t(p).

Theorem 2. In the assumptions of Theorem 1 if ¢ is nontrivial, then ¢|H has a composition
factor p = p1 ® pa with s(p1) > s(¢) — 1 and s(p2) > 0.

Now let K be a field of positive characteristic p. The parameter s(¢) is important for describing
the behavior of unipotent elements in p-restricted irreducible representations, but for arbitrary
representations another parameter appears more useful. By the Steinberg tensor product theorem,
an irreducible representation ¢ of G is equivalent to a tensor product @7_, ©; Frt where Fr is
the Frobenius morphism determined by raising the elements of K to the pth power and ¢; are
p-restricted irreducible representations of G (all coefficients of their highest weights are less than
p). Set s1(¢) = >7_,s(¢i). One easily observes that s(¢p) is correctly determined. We call ¢
p-large if s1(¢) > p. For p > 2 it is proved in [2, Theorem 1.1] that for every unipotent element
x € G the degree of the minimal polynomial of ¢(x) is equal to the order of z if ¢ is p-large. Hence
for applications in the analysis of the behavior of unipotent elements in modular representations
it is worth to get an analog of Theorem 1 that for p-large representation ¢ would yield a factor =
with s(71) and s(72) close to the values from Theorem 1 and big s;(71). We have such result for
G = A,(K) and a certain class of representations.

Theorem 3. Let G = A, (K). In the assumptions of Theorem 1 let ¢ be a p-restricted
representation with highest weight Y i, a;w;, s(@) > p, Y10 a; #0, and Y ;o a; # 0. Then
w|H has a composition factor p1 ® pa, where @; is an irreducible representation of H;, i = 1,2;
1 1s p-large, s(¢1) > s(¢) —p; for t(p) > p the representation o is p-large and s(p2) > t(¢) —p;
if t(¢) < p, the parameter s(p2) > t(p).

We shall also discuss how the analysis of restrictions of representations of classical algebraic
groups to subsystem subgroups with two simple components can be used for investigating the
behavior of unipotent elements in representations. In particular, we use this approach for finding
estimates for the number of certain Jordan blocks in the images of such elements in irreducible
representations (the blocks of the maximal possible size or the blocks whose order is equal to the
order of an element under consideration).

This research has been supported by the Belarusian Republican Foundation for Fundamental
Research, project F14-043.
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DIVISION ALGEBRAS OF PRIME DEGREE WITH INFINITE GENUS

S.V. Tikhonov

Belarusian State University, Faculty of Mechanics and Mathematics
Nezavisimosti Ave. 4, 220030 Minsk, Belarus tikhonovsv@bsu.by

The genus gen(D) of a finite-dimensional central division algebra D over a field F' is defined
as the collection of classes [D'] € Br(F), where D' is a central division F-algebra having the same
maximal subfields as D. In [1], it is shown that there are quaternion algebras with infinite genus.
Besides, it is proved that there exists a field F' over which there are infinitely many nonisomorphic
quaternion algebras with center F', and any two quaternion division algebras with center F' have
the same genus. In [2], we generalize the results from [1] to the case of division algebras of any
prime degree. More precisely, for any prime p, we construct a division algebra of degree p with
infinite genus. Moreover, we show that there exists a field K such that there are infinitely many
nonisomorphic central division K-algebras of degree p, and any two such algebras have the same
genus.
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ON STRONGLY SUPERSOLUBLE FINITE GROUPS

V.A. Vasilyev

Francisk Skorina Gomel State University, Department of Mathematics
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Throughout this report, all groups are finite. The notion of a normal subgroup takes a central
place in the theory of groups. One of its generalizations is the notion of a modular subgroup, i.e.
a modular element (in the sense of Kurosh [1, Chapter 2, p. 43|) of the lattice of all subgroups of
a group. Recall that a subgroup M of a group G is called modular in G, if the following assertions
hold:

(X, MNZ)=(X,M)NnZ for all X <G, Z < G such that X < Z, and

2) (M, YNZ)=(M,Y)ynZ forall Y < G,Z < G such that M < Z.

Properties of modular subgroups were studied in the book [1]. Groups with all subgroups are
modular were studied by R. Schmidt [1], [2] and I. Zimmermann [3]|. By parity of reasoning with
subnormal subgroup, in [3] the notion of a submodular subgroup was introduced.

Definition 1 [3]. A subgroup H of a group G is called submodular in G if there exists a chain
of subgroups H = Hy < H; < ... < Hg; 1 < Hy; = G such that H;_1 is a modular subgroup in
H;fori=1,...,s.

Using this notion we introduce a key notion of this report.
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Definition 2. A group G we will call strongly supersoluble if G is supersoluble and every
Sylow subgroup of G is submodular in G.

Denote sil the class of all strongly supersoluble groups. The following results are obtained.

Theorem 1. Let G be a group. Then the following hold:

1) if G is strongly supersoluble, then every subgroup of G is strongly supersoluble;

2) if G is strongly supersoluble and N I G, then G/N is strongly supersoluble;

3) if N; <G and G/N; is strongly supersoluble for i = 1,2, then G/Ny N Ny is strongly
supersoluble;

4) if H; < G, H; is strongly supersoluble, i = 1,2 and Hy N Hy = 1, then Hy X Hy is strongly
supersoluble;

5) if G/®(Q) is strongly supersoluble, then G is strongly supersoluble;

6) the class of groups st is a hereditary saturated formation.

We denote 9B the class of all abelian groups of exponent free from squares of primes.

Theorem 2. The class of all strongly supersoluble groups is a local formation and has a local
screen f such that f(p) = A(p — 1) VB for any prime p.

Theorem 3. Let the group G = AB be the product of nilpotent subgroups A and B. If A
and B are submodular in G, then G is strongly supersoluble.

In Theorem 3 we can’t discard the submodularity of one of subgroups.

Example. In group G = AB, where A ~ Z17 and B ~ Aut(Z17) ~ Zy4, the subgroup A is
submodular, but the subgroup B is not submodular in G. The group G is supersoluble, but not
strongly supersoluble. The example also shows that sil # Ll.

Theorem 4. A group G is strongly supersoluble if and only if G is metanilpotent and any
Sylow subgroup of G is submodular in G.
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REDUCED WHITEHEAD GROUPS FOR OUTER FORMS OF
ANISOTROPIC GROUPS OF TYPE A,

V.I. Yanchevskii

Institute of Mathematics, National Academy of Belarus
11 Surganov str., 220072, Minsk, Belarus yanch@im.bas-net.by

Let K be a field and D a central finite-dimensional division K-algebra.

We will be interested in the problem of describing of reduced Whitehead groups of anisotropic
groups of type A,. It is well known that there are two forms (inner and outer) of such groups. As
for inner case the groups of K-rational points of anisotropic groups can be described as

SL(D) = {d € D*|Nrdp(d) = 1},

where Nrdp is the reduced norm homomorphism of D* to K*. The describing of normal structure
of such groups is a very vast problem for the arbitrary field K, but at least the special case of
algebraic number fields K we have the following fundamental Segev’s result [1,2].

If one looks at the similar problem for outer forms in anisotropic situation, so there are no
any complete results even in the case related to computation of reduced Whitehead groups of
such forms. In our talk we will discuss the problem of description of reduced Whitehead groups
for multiplicative groups of tame henselian division algebras. More precisely, let k£ be any field of
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characteristic different from 2, and let K be a quadratic extension. Denote the non-trivial Galois
automorphism of K over k by o. Let D be a central division algebra over K (i.e. K = center of
D) such that o extends to an involution 7 of D (in this case 7 is an unitary involution). One can
define the unitary group of D as

U(D,7) = {d e D*|d"d =1},

and special unitary group
SU(D,t)=U(D,7)NSL(D).

The latter group is the group of k-rational points of outer form of an anisotropic k-defined algebraic
group of type 2A,_1. The main problem in this situation is the problem of computation of so-
called reduced Whitehead group of D:

SUK{"(D,t)=SU(D,1)/[U(D,1),U(D,T)],

where [U(D,7),U(D, )] is the commutator subgroup of U (D, 7).

For some time there was a widespread opinion that the above group is trivial at least in the
situation of global fields k, but Sury proved in [3] that this is not the case (see also [4] for other
kind of fields k). Since groups SUK{"(D, ) are nontrivial in general, then the problem of its
computation arises. In the talk among other topics [see 5-10] we will discuss some results, which
deal with tame henselian division algebras D and allows us to reduce mainly the computation of
SUK{(D, ) to processing with objects defined over residue algebra D.
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SINGER CYCLES IN COMPLEX REPRESENTATIONS
OF THE GENERAL LINEAR GROUP
OVER A FINITE FIELD

A.E. Zalesski
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Let G = PGL(n,q) be the projective general linear group of degree n over a finite field of ¢
elements. Let ¢t € G be a Singer cycle in G, that is, an element of order (¢" — 1)/(q — 1) whose
preimage in GL(n, q) is irreducible. Let ¢ be an irreducible representation of G over the complex
numbers. We prove that 1 is an eigenvalue of ¢(t), unless, possibly, the degree of ¢ is strictly less
than [¢|, the order of ¢. This answers a question raised by Pablo Spiga (University of Milan in
Bicocca). Irreducible representations of G of degree less than |t| are well known, and the inspection
yields a more precise answer. Namely, the degree is either |¢| — 1 or 1, or 3 for the case where
(n,0) = (3,2).

Apart from an intrinsic interest, the result is assumed to be used as a base of induction for
studying the occurrence of eigenvalue 1 for other semisimple elements of G. The method can
probably be used to prove that the minimum polynomial degree of ¢(t) equals |t| with the same
exceptions as above. In another direction, one can try to generalize the result to other classical
groups. (The case G = PSL(n,q) can be easily deduce to the above result.)

The proof is somehow by induction on the number of divisors of n. If n is a prime, the result
follows by applying standard results of the Deligne-Lusztig theory of characters of groups of Lie
type. The main difficulties arise in performing the induction step. In this situation, that is, when n
is not a prime, an essential role in the proof is played by representation theory of groups with cyclic
Sylow p-subgroup, not only over the complex numbers but also over the ring of p-adic integers.
The starting point is the fact that the group T' = (t) contains a cyclic Sylow p-subgroup, unless
n =2 and g+ 1 is a 2-power, or (n,q) = (6,2). However, the reasonuing is not straightforward
as the representation theory of groups with cyclic Sylow p-subgroup is efficient for analyzing
eigenvalues of p-elements whereas ¢ is not usually a p-element. Exactly this requires realization
of the representation in question over the ring of p-adic integers, and some use of the theory of
projective modules over such rings.

ABELIAN BY SIMPLE FINITE MOUFANG LOOPS

Andrei V. Zavarnitsine

Sobolev Institute of Mathematics, 4, Koptyug av., 630090, Novosibirsk, Russia

zav@math.nsc.ru

Recall that a loop M is Moufang if the identity xy - zz = (x - yz)z holds for all x,y,z € M.
Suppose there is a short exact sequence of finite Moufang loops

1-U—-F—-M—1,

where U is an abelian group. We will identify U with its image in E and say that the extension F
is minimal, if U contains no subgroup that is a normal subloop of E. The case where M is simple
is of special interest due to the classification [1].

We give explicitly two construction of minimal extensions of abelian groups by simple Moufang
loops. The first one is based on the correspondence between Moufang loops and groups with
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triality. Given a group G, any RG-module V gives rise to a module for the wreathlike triality
group G X G X G on which S3 acts by permuting the three factors. We obtain a criterion when
this module admits triality and write a multiplication formula in the corresponding Moufang loop
which we call a Moufang semidirect product G LV

The second construction may be viewed as a generalization of group action on associative
algebras to Moufang loop ‘action’ on alternative algebras. Whenever a Moufang loop M is mapped
to invertible elements A* of an alternative algebra A, one can always construct an outer semidirect
product M AU which is a Moufang loop, where U is any factor group of the additive group of A
invariant under the operators L., , and T, for m,n € M.

Thus the known nontrivial (i. e. nonassociative and not of the form U x M) minimal extensions
of finite simple noncyclic Moufang loops are as follows:

e Moufang semidirect products G £V for a finite simple group G.

e Outer semidirect products M AU for a finite simple Paige-Moufang loop M and an irreducible
factor space U of the corresponding Cayley algebra.

e Nonsplit central extensions 1 — Zo — E — M (q) — 1, where ¢ is an odd prime power or
g =2, and M(q) is the the simple Paige-Moufang loop over F,.

The extensions in the last case are isomorphic to the elements of norm 1 of the finite Cayley
algebra O(q) if ¢ is odd, and to the exceptional double cover of M(2) of order 240 if ¢ = 2. We
put forward

Conjecture. Up to isomorphism, the only nontrivial minimal extensions for finite simple
noncyclic Moufang loops are those given in the list above.

We also remark that the case where M is cyclic was treated in [2].
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ON FREE LEFT n-DINILPOTENT DOPPELALGEBRAS

A.V. Zhuchok
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Recall that a doppelalgebra [1] is a nonempty set with two binary associative operations 4 and
F satisfying the axioms (zr Hy)Fz=2 4 (yF 2), (tFy) 4z=2F (y 4 2). As usual, N denotes
the set of all positive integers.

Lemma. In a doppelalgebra (D,,F) for any n > 1,n € N, and any z; € D, 1 <i <n+1,
and x; € {4,F}, 1 < j <n, any parenthesizing of

XT1 k1 T2 *2 ... %y Tyt

gives the same element from D.

A doppelalgebra (D, -, ) will be called left dinilpotent, if for some n € N and any 1, ..., Zp,
x € D the following identities hold:

(X1 #1 oe Fpe1 Tp) AT = 21 %1 o k1 Ty, = (21 %1 oo ko1 X)) T,
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where *1, ..., %,_1 € {-,F}. The least such n we shall call the left dinilpotency index of (D, -, ).
For k € N a left dinilpotent doppelalgebra of left dinilpotency index < k is said to be left k-
dinilpotent. The notion of a left dinilpotent doppelalgebra is an analog of the notion of a left
nilpotent semigroup [2]. It is clear that operations of any left 1-dinilpotent doppelalgebra coincide
and it is a left zero semigroup. The class of all left n-dinilpotent doppelalgebras forms a subvariety
of the variety of doppelalgebras. A doppelalgebra which is free in the variety of left n-dinilpotent
doppelalgebras will be called a free left n-dinilpotent doppelalgebra.

Let X be an arbitrary nonempty set and let w be an arbitrary word in the alphabet X. The
length of w will be denoted by . Let further F[X] be the free semigroup on X, T be the free
monoid on the two-element set {a,b} and # € T be an empty word. Fix n € N. If [,, > n for

n
w € F[X], by @ denote the initial subword with the length n of w. By definition, the length Iy of
0
0 is equal to 0 and U = @ for all u € T\{0}. Define operations - and - on

L, ={(w,u) e FIX|XT |ly—Ily=1,1,<n}

by
(wiwe, urauz), ly, + ly, <n,
(w1, u1) A (wa, ug) = n n—1
(wiws, urauy), ly, + Ly, >n,

(wrw2, urbuz), Ly + lw, <,
(w1, u1) F (wa, uz) = n Nl
, —
(wiws, urbuz), ly, + ly, >n
for all (w1, u1), (w2, u2) € Ly,,. The obtained algebra will be denoted by FDDA! (X).

Theorem. FDDA! (X) is the free left n-dinilpotent doppelalgebra.

We also consider separately free left n-dinilpotent doppelalgebras of rank 1 and characterize
the least left n-dinilpotent congruence on a free doppelalgebra. In order to construct free right
n-dinilpotent doppelalgebras and characterize the least right n-dinilpotent congruence on a free
doppelalgebra we use the duality principle.
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An algebra (D, H,F) with two binary associative operations 4 and - is called a dimonoid [1]
if for all x,y, z € D the following conditions hold:

(xy)-z = z(yk2), (aby)-dz = ab(yHz), (zdy)Fz = z-(yk2).

A dimonoid (D, ,F) will be called abelian (in the same as a digroup in [2]) if z 4y =y +F =z
for all z,y € D. For example, any left zero and right zero dimonoid is abelian. More general
information on dimonoids and examples of different dimonoids can be found, e.g., in [1-3].
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Let X be a nonempty set and F'Cm(X) be the free commutative monoid on X with the unity
e. We put FAd(X) = X x FOm(X) and define two binary operations < and F on FAd(X) by

(z,u) 4 (y,v) = (z,uyv), (z,u)F (y,v) = (y,zuv).

Theorem 1. The algebra Fx = (FAd(X),,F) is the free abelian dimonoid of rank | X|.

We denote by §, the free abelian dimonoid Fx on an n-element set X.

Let (S,0) be an arbitrary semigroup and a € S. Define on S a new binary operation o, by
xo,y=xzoaoy forall z,y € S. Clearly, (S,0,) is a semigroup, it is called a variant of (S, o).

Corollary 1. The free abelian dimonoid §1 is isomorphic to the variant (N°, +1) of the additive
semigroup of all nonnegative integers.

Proposition 1. The endomorphism monoid End(F1) of the free abelian dimonoid §1 is
isomorphic to the semigroup (N°, %), where xxy =x +y+x -y for all z,y € N°.

Denote by P the set of all prime numbers.

Proposition 2. Let X be a singleton set, Y be an arbitrary set and End(Fx) = End(Fy).
Then |Y| = 1 and the isomorphisms of End(Fx) onto End(§Fy) are in a natural one-to-one
correspondence with permutations of P.

From here it follows that the automorphism group Aut(End(F1)) of the endomorphism monoid
End(F1) is isomorphic to the symmetric group S(P) on a countably infinite set P.

Theorem 2. Let (z,¢), (y,w) € FAd(X), where w = wi'wy?...ws" # e. Every isomorphism
End(§x) — End(Fy) is induced by the isomorphism m, : §x — Fy such that

(z,6)mp = (z0,€), (y,w)mp = (Y@, (w10)* (w2p)*? ... (Wnp)*™),

where p : X =Y is a uniquely determined bijection.

Corollary 2. For an arbitrary set X with |X| > 2, the automorphism group Aut(End(Fx))
is isomorphic to the symmetric group S(X).

We observe that the automorphism group of the endomorphism monoid of a free semigroup
or a free monoid was described by Mashevitsky G. and Schein B.M. [4].
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O BEPXHEMN OIIEHKE YHNCJIA JOIIOJIHUTEJILHBIX JAYT B
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Ounpenenenne 1. I'pad G* = (V*, ") naswiBaercsa pebeprvim k-pacwupenuem (k — nary-
pasbHoe) rpada G = (V, a), ecsin rpad G BKIajbiBaercst B Kaxkablii nojrpad rpada G*, momy-
qalonuiicst yaajaeHueM Jo0bix ero k pebep.

Ounpegesnienne 1. lpad G* = (V*, a*) HazbiBaeTcst Munumaibhbim pebeprvim k-pacuiupenuem
n-seprmuaoro rpada G = (V, a), eciin BBIIOJHSIOTCS CJIE/IYIONINE YCIOBUS:

1) rpad G* aBnsiercst pebephbiM k-paciuperuem G

2) rpad G* comepxkur n BepimH, To ecth |V*| = |V];

3) & uMeeT MUHUMAJILHYIO MOIIHOCTD Cpeji BeeX rpadoB, yAOBIETBOPSIIOMINX YCJIOBUSAM 1) 1
2).

OcHoBHBI€ OlIpe/ie/ieH sl Jal0TCst B coorBercTBun ¢ paboramu [1,2]. Ilocrpoenre MuUHUMAIBLHOTO
pebeproro k-pacimmpenusi rpada G MOXKHO IPEJCTABUTD Kak JobaBieHue K rpady G MUHUMAJILHO
BO3MOXKHOI'O YHC/Ia HOBBIX pebep (1ayr), Tak 4robbl noryuusinuiics rpad okasajcs pebepHbIM k-
pacimmpenneM. B mammHoit pabore MbI OyaeM paccMaTpuBaTh ciaydail k = 1.

OG6o3HAYNM YHCIIO JIONOJHATEJNbHBIX pebep (Jyr) B MUHUMAaJbHOM peGepHOM l-paciimpeHun
gepes ec(G). Yucio pebep (myr) B rpade G Oyaem obosnadars depes F(G).

Jns HeopreHTHPOBAHHBIX rpadOB XOPONIEH ONEHKHM YHUCJIa JOMOJHATEIbHBIX pebep B MUHU-
MaJIbHOM pebepHoM 1-pactupennn Hen3pecTHo. OUeBUIHO, YTO TOJHBIH rpad SIBITeTCS pebepHBIM
1-pacmmpenuem jist JIIOOOIO OTJIMYHOTO OT HEro rpada ¢ TeM ¥Ke YUCJIOM BEpIUH. DTO II03BO-
JISIET TOJIY9IUTh TPUBHAIBHYIO OIEHKY YHC/Ia JIOTIOJTHUTENBHBIX pebep MUHIMAIBLHOTO pebepHoro
1-pacmmpenust, OJJHAKO OHa JIOCTUTAaeTCd TOJBKO JiJIsi Tpada, MOJydaromerocs U3 MOJHOrO yiia-
JIeHreM O HOTO pebpa. [l mpon3BOMBHBIX OPUEHTHPOBAHHBIX IPadOB XOPOITeil OMEHKN [HUC/Ia
JIOTIOJTHUTEILHBIX pebep B MUHUMAJILHOM pebepHOoM l-paciupenun Takske HemsBecTHO. OJHAKO
JUUTsT HATIPABICHHBIX TPadoB WK JUrpadoB TAKYIO OINEHKY YAaJI0Ch MOJIYINTh, U OHA SBJISETCS
JIOCTHU2KMMOIA.

Teopema. /Jlas npouseosvrozo duepaga G cnpasedaiusa ouenka:

ec(G) < E(G). (1)

Panee B pabore [2]| GbL1 10Ty 9€eH CJIeYIONMIA Pe3ysibTaT, Ha KOTOPOM JOCTUraeTCs IPUBEIeH-
HAsl OIEHKA.

Teopema. Eduncmsertvim ¢ mouHocmvio 0o U30MopPhu3ma MUHUMAALHOIM pebeprvim 1-pac-
WUPEHUEM N-BEPUUHHO020 MYDPHUPE ABAALMCA NOAHIT T -8epuLuHHbLl 2pad bes nemenw. Ilpu k >
1 n-sepuwunHbll MYPHUP He UMEEM MUHUMAGALHOT PebepHul k-paciiuperud.

Vianoch HafiTH erne ceMeicTBa TUrpadoB, JIJIsT KOTOPBIX OIEHKA SIBJISIETCS JOCTUKIMOIA.

Teopema. [amusomonosa 0puEeHMAUUL YUKAG UMeEEM eJUHCTEEHHOE ¢ MOYHOCTbIO 00 U30-
MOPPUMA MUHUMANDHOE pebepHoe 1-pacuiupenue, KoOmopoe NoAyuaemcsa A06asaeHUem OAf KadC-
doti dyeu scmpeurod.
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Bamerum, 4TO JIsi IPOU3BOJIbHBIX I'pados onenka (1) He BbinosHsercs. Ilog coeduneruem
nByx rpados Gp = (V1,a1) u Gy = (Va, ), He uMeomux obIuxX BepIuH, HOHIMAeTCst rpad

G1+G2:(V1UV2,041U042UV1XVQUVQXVl).

B paGore (3| mokasbiBaeTcst ciieilyoluii pe3yabTaT OTHOCUTEIbHO MUHUMAJBHBIX PEOEPHBIX k-
PACITIPEHNiT HEOPUEHTUPOBAHHBIX TpadoB Buga K, + O,.

Teopema. ITpu k < n/2 epad Kok + On_op A6AAEMCA COUHCMBEHHBIM C TOYHOCTIDIO 00
UBOMOPPHUSMA MUHUMANLHOLM pebephbim k-pacwupenuem epaga K, + Op. Ilpu k > n/2 epad
Ky, + O ne umeem munumarvoroix pebepnois k-pacuiupenu.

I'pad K,, + O, comepkur W + mn pebep. OupejiesinM YUCIO JIOMOJIHUTETBHBIX pebep
B €r0 MUHMMAJIbHOM pebepHOM l-pacimuperun: jiBe BepiinHbl u3 dactu O COeIUHSIOTCS pedpoM

MEXK/Iy COOOM M ¢ OCTABIIMMUCS 1 — 2 BEPIIMHAMU, IIOJIYYaeM:
ec(Kpy + Oy) = 2n — 3.

MozkHO HaiiTu 3HAYEeHUs M U N, UPU KOTOPbIX oneHKa (1) He Gy/jer BbINOJHATHCA: m = 1
un > 3. llpu m = 1 rpad K,, + O, oxasbiBaerca 3e3noit K1, = K1 + O, u couepXur n
pebep. Takum obpazowm, mobas 3Bes3na Ki, npu n > 1 nmeer eIMHCTBEHHOE C TOYHOCTBIO JI0
n3oMopdu3Ma MUHUMAJbHOE pebepHoe 1-pacimpenue, IpudeM Jijisl HETO CIPABEIINBO

GC(KLH) == 2E(K17n) -3

unpun >3
ec(Klm) > E(Kl,n).
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O PACHIMPEHUAX CUJIBHO PEI'VJIAPHBIX I'PA®OB BE3
TPEYI'OJIBHNKOB C COBCTBEHHBIM SHAYEHUWUEM 4
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Mpr paccmaTpuBaeM HEOpHEHTUPOBAHHbBIE rpadbl €3 1eTesb u KpaTHBIX pebep. s Bepuinabr
a rpada I" uepes I';(a) 0603HAUNM i-OKPECTHOCTD BEPIIUHBI @, TO €CTh, HOArpad, WH/LYIUPOBAHHBII
I' Ha MHOXKeCTBe BCeX BEpINUH, HAXOJAIUXCs Ha paccrosiun i or a. lloarpad I'(a) = T'i(a)
HA3BIBAETCsI OKPECTHOCTBIO BEPIIUHBI ¢ U 0b6o3Ha4daeTcs [a], ecim rpad [N dukcuposan.

CrelleHbI0 BEPIIMHBI HA3BIBAETCSA YUCJIO BEPIINH B ee okpecTHocTH. I'pad I' HaswiBaercst pe-
IYJIIPHBIM CTereHu k, eciu cremneHb Joboit BepmuHbl ¢ u3 ' paBra k. ['pad I' HazoBem pebepro
peryJsipHbIM ¢ iapamerpaMu (v, k, A), eciiu OH COJIEPXKUT v BEPIIUH, PEryJIsipeH CTeleHn k, 1 KaxK-
J0e ero pebpo JiexKuT B A Tpeyrogbaukax. I'padp I' — Bmosire perymspubiit rpad ¢ nmapamerpamu
(v,k, A\, 1), eciiu OH PeBGEPHO PEryJIsipEH ¢ COOTBETCTBYIONIMMU HapameTrpamu, u [a] N [b] comepkur
TOYHO (4 BEPIIHUH JIJIsd JIOOBIX JBYX BePINUH a,b, Haxomdmxcs Ha paccroguuu 2 B I'. Brosine pe-
IYJISIDHBIN rpad HA3BIBAETCH CHJIBHO PEryJISpPHBIM rpadom, eciu oH umMeer jguamerp 2. ['pacdom B
[IOJIOBUHHOM CJIyYae Ha3bIBAeTCsl CUIIBHO peryJisipHblii rpad ¢ mapamerpamu (4 + 1, 20, pp— 1, p).
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Eciou Beprunsbl u, w HaxozsTcst Ha paccrosuun ¢ B I, To uepes b;(u, w) (yepes ¢;(u, w)) obo-
sHaqnM 1ucsIo BeprmnH B nepecedenun Ly (u) (Ii—1(u)) ¢ [w]. I'pad I' mnamerpa d nassiBaercs
JIACTAHI[MOHHO PEryJIsiPHBIM C MacCHMBOM IepecedeHuil {bg,b1,...,b4_1;c1,...,Cq}, ecau 3HATE-
aust b;(u,w) u ¢;(u,w) He 3aBUCAT OT BHIOOpA BEPINUH U, w HA paccTosHuu i B I' mjs ar060ro
1 =20,...,d. I'padom Thritsiopa HA3BIBAETCHA IUCTAHIIMOHHO PErYJISIPHBIN rpad ¢ MacCUBOM Iepece-
gennit {k, u, 1;1, u, k}.

Jx. Kysen npeyroxkmi 3ajady U3ydeHUsl JTACTAHIIMOHHO PEryJIsipHBIX I'padoB, B KOTOPBIX
OKPECTHOCTH BEPIIUH — CUJILHO DeryJsspHble rpadbl CO BTOPHIM COOCTBEHHBIM 3HAYEHUEM, He
OosbINM ¢, 718 JAHHOT'O HaTypaJIbHOrO Yucia t. B HacTosmee BpeMs 3aj1a4a KyiieHa 0JIHOCTBIO
permena ans t = 3.

B [1| mauaro pemenune 3anaun Kynena mist t = 4. A uMeHHO TOJIyYeHa PEJYKIMs K OKPECT-
HOCTSIM BEPIIWH, sIBJISIOIIAMCST UCKIIOUUTETbHBIMEU rpadamu. HeTpyaHo moka3aTh, 9TO CHIBHO
peryJspHbIil Tpad 6e3 TPeyroJIbHUKOB C HETJIABHBIM COOCTBEHHBIM 3HaUeHUEM 4 MMEeT Iapamer-
psl (352,26,0,2), (352,36,0,4), (392,46,0,6), (552,76,0,12), (667,96,0, 16) wiu (784,116, 0, 20).

B manmoit cratbe nzydens! rpadbl, B KOTOPBIX OKPECTHOCTU BEPIIUH UMEIOT BBIIEYKa3aHHBIE
napamerpsl, npudem v > 392. Panee, B [2] 66110 J0Ka3aHO, UTO JUCTAHIMOHHO PErYIISIPHBIA rpad,
B KOTOPOM OKDECTHOCTH BEPIINH — CHJIBHO peryisgpHbie rpadsl ¢ mapamerpamu (352, 36,0,4),
SIBJISIETCSI CUJIBHO pery/isipHbiM rpadom ¢ napamerpamu (9593, 352, 36, 12). Cayuait okpecrHoCTElH
¢ mapamerpamu (352,26, 0,2) siBasgeTCS 0O9eHb TPYAHBIM (TPAHUIA JJIst JrHaMeTpa uMeeT BT d <
26).

Teopema. I'pag, 6 KOMOPOM OKPECTIHOCINU GEPULUN, — CUALHO PE2YAAPHBLE 2padhvl ¢ napamem-
pamu (392,46,0,6), (552,76,0,12), (667,96,0,16) uau (784,116,0,20) ne sasasemcs ducmaniyu-
OHHO PEYNAPHBLM.

Pa6ora Beinosinena npu dunancosoit nojyep:kke rpanra PH® (nmpoekr 14-11-00061).
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ITPOCTBIE HENNEJIOYNCJIEHHBIE BEPIIIVHBI PEJIAKCAIIVIOHHOTI'O
MHOTI'OT'PAHHUKA OJ14 3AJAYN JIMHENHBIX IIOPAIKOB U
OTCEKAIOININE ®ACETHI

I'.T". Bosoramsnan

WucTuTyT KubepHeTukn ['Py3HHCKOTO TEXHUYECKOIO YHUBEPCUTETA,
ya. Cauapo Eymu 5, Tounucu, ['pysust

bolotashvili@yahoo.com

Iloctpoenne muororpananka N P-Tpy1HOM 381891 C TOMOIIIBIO IMHEHHBIX HEPABEHCTB, & IIOTOM
KCIIOJIb30BAHNE WX IIPU PEIeHne 33JIa9u €CTh Hallla OCHOBHA 3a/1ada. Jlannas paboTa rocBsinena
aroit ipobsieme. Mbl /711 HEIEJIOYNCIEHHON BEPIINHDBI PEJIAKCAIIMOHHOTO MHOTOTDAHHUKA 331891
JITHEWHBIX MTOPSIKOB HAXOIUM CMEYKHBIE I1€JI0OYUCIEHHbIE BEPIIUHBI U C UX ITOMOIIBIO OTHO3HAYHO
ompeessieM (paceTsl.

[Tycrs umeem muoxkectBa N, = {1,2,...,n}. Ecim aro6omy JuHEHHOMY HOPSIKY 91%2...0,
U3 MHOYKECTBa 371eMeHToB NN, COOCTaBUM TOUKY B (n? — 1)-MepHOM IPOCTPAHCTBE CJIeLyFOTTIM

obpazom:
1, s<ugq,
T —
"0, s>,
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TO 3a/1a49a JIMHENHBIX IIOPAJKOB KaK 3a/a4da IMeJIOINCICHHOT'O JITHENHOTO IIporpaMMmUpOBaHUA UMeE-

€T BHIL:
n n
Z Zcijmij — max
1=1,i#£7 j=1

Tij € {0, 1},i 75 7,%,7=1,...,n.

Mmuororpanuuk, coorsercrBytomuit cucreme (1),(2) ecTh HaYa/bHBINA peJAKCAIIMOHHBIH MHOIO-
TPaHHUK, KOTOPKIt 0bo3HaunmM depes B,. MHororpanauk B, mMeeT Kak Ie/JOUNCIEeHHbIE BEPII-
HbI B3aMMHO OJIHOZHAYHO COOTBETCTBYIOIIUE JIOIYCTUMBIM PEIIEHUSIM, TaK U HeIeJ0YNCICHHbIE
BepiuHbL. JIMHEHYO BBITYKJIYyI0 000JIOUKY IEJOUNCIEHHBIX BEPIIUH MHOIOIPAHHUKA B3, Ha30-
BeM MHOI'OI'DAHHUKOM JIMHEHHBIX IMOPSIIKOB U 0003HAYNM 4Yepe3 Pj,. YUuThiBas, CHCTEMY PAaBEHCTB
xij+xj = 1,1 %# j,4,5 = 1,...,n muororpannuku By, u P,, paccmarpusatorcs B n(n—1)/2-mepaom
IIPOCTPAHCTBE.
[Tonydens! ciaenyooye pe3yabTaThL.

0 0 _ 0 _ .0 —
Teopema 1. Touxa x°, umerowasn ciedyrowue KoopouHGMDL T° = (xisiq =z = 1/2,s #
_ . 0 — 0 _ _ . 40 _ 0 _ _
¢8q=1...m; o, =a;,; = 1/2,s = 1,...,m; Ty, = O,a?jqis =1,8 # ¢,s,q = 1,....,m),
2de I, = {i1,.yim} u o = {J1,.--sJm} — menepecexarowuecs noOMHONCECMBA MHONCECTMEA
{1,2,...,n}, m > 3, asasemcs HEULAOWUCACHHOT BePUUHOT MHO202PaHHUKA By, .

Omnpenenenue 1. HernenouncieHHY0 BEPIIUHY U3 T€OPEMbI 1 HA30BEM ITPOCTOI HEIEJIOTUC-
JIEHHO! BepIINHOM HAYaJbLHOIO PeIAKCAIMOHHOIO MHOIOTpaHHUKa Bi,.

Teopema 2. IIpocmas neuesowucrennas eepuiuna ¥
KUE CMENHCHBIE UENOHVUCAEHHBLE BEPWUHDL, KOTNOPBLE COOMBEMCMEYIOM, CACOYIOUUM AUHETHDIM 10~
pAdKaM:

MHO202PAHHUKA Bn UMEETM, TMOABKO Ta-

PA TP
JPALIP,
edep=1,2,..,m—1, JP — moboti sunetirviti nopAdox 1na mrosicecmee Jy —{fsi, Jsos s Jsp )3
Ap — w0601 suretnvill nopadok na mrooicecmee nap {is, Js,, lsyJsgs -+ ispjsp}
IP — moboti auretinoi nopadox 1a mroscecmse Iy — {isy, sy, .oy is, }-

Hasee paccmorpum dacery MHOrOrpaHHUKA JIMHEHHBIX TOPSIKOB u3 [1].

0y wigo— > Y wig, <Ht-1)/2, (3)
s=1

s=1,s#q q=1

0ie {91, ey b}y {J1s---» Jm} HEIEPECEKAIOIINECS MOJAMHOXKeCTBa MHOXKecTBa {1,2,...,n}, m > 3,
1 <t <m — 2, cjioykeHne U BLIYUTAHUE UHIEKCOB IPOU3BOIUTCS 110 mod m.
IIpu t = 1 u3 HepaBencrBa (3) HosrydaeM HepBbil Kiace daceT MHOrorpaHHuka P,, Koropble
HE3aBUCUMO JIPYT OT JIpyra ObLIH MOJIyUYeHbl B paboTax |2—4|. IIx Ha3bIBAIOT IPOCTBIMU (DaceTaMu.
Teopema 3. [[erouucaenmoie 8EPUUHDL PEAGKCAUUOHHO20 MHO202PaHHUKG By coomeemcmey-
ouLue AUHETHM NOPAOKAM
JPA,IP,

edep=t,t+1, JP — moboti aunetinonli nopadox na mruoxncecmee Jy — {Jsy, Jsys s Jsp 1

Ay — 060t aunetinoid nopadox na mmuodcecmse nap {is) s, lsyJsys s bsy sy b

IP — moboti auretinoi nopadox 1na mruoscecmse Iy — {is,,lsy, -0y is, }i

U MOABKO MU YEAOUUCAEHHDIE BEPULUHDL YOOBALTNBOPAIOM Hepasencmsy (3) Kak pasencmay.
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0 HEIe/JIOUUCJAeHHasI BEePpIINHA MHOI'OI'paHHHUKA Bn7 nMeroIiast

Onpenenenune 2. Eciu x
CMEXKHBIE TICJIOUUCIICHHBIE BEPIITUHBI, KOTOPhIE OJIHO3HAYHO OIPEIEIsiorT daceTbl, TO 3Tu dace-
ThI 6y,[(eM Ha3bIBaTh MaKCHUMaJIbHO OTCEKaIOIUMMM JIJIA HeLLeJIOLH/ICJIeHHOI;'I BEPIINHBI .TO.

Teopema 4. ITycmo 20 — npocmas HeyesoMUCAIEHNAA 6epuUNa MH0202panNuKe By, mozda

ons 20 gacemot (3) ABAAIOMCA MAKCUMANLHO OMCEKAIOULUMU.
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OIITUMU3AIINA TNMHAMWNYECKNX ITEH I'OCTUHUIIHBI

A .M. Boungonosckuii, M.4. KoBajies

O6bemuuennbtii nactTuTyT podsieM uudopmaruku HAH Benapycu, Cypranosa 6, 220012 Munck, Benapyco

kovalyov_ my@newman.bas-net.by, andrei.bandalouski@gmail.com

Paccmarpupaercs 3ajiata ompejiesieHUst 1I€H Ha, TOCTHHUIHBIE HOMEPA PA3JIMIHBIX KaTErOpHii
Ha KaKIblil JIeHb B 3aaHHOM HHTEpBaJe BpeMeHH B OyIyIleM C IeJIbI0 MaKCHUMU3AIUU JTOXO/IA.
IIpemnosaraercs, 9To CIPOC SIBJISIETCS SJIACTUIHLIM, TAKUM YTO €0 BEJINYMHA SIBJISETCSI JIMHEHHO
yobiBatomieit dynkimeii or nensl: dro(pre) = are — beDre, t1€ dro(Pre) — BeaMUIMHA CIPOCA HA
HOMepa KaTeropuul ¢ B JIeHb T U Dy — IEHA COOTBETCTBYIOIIEI0 HOMepA.

B OUIIN HAH Besnapycu [1,2] co3nana sKcrepuMeHTaIbHAsS CUCTEMA TUHAMIIECKOTO [[eHO00-
pa3oBaHusl TOCTHHUILL. B IOKJIa/e OIUCLIBAETCS ONTHUMHU3AIMOHHAS KOMIIOHEHTa 3TOH CHCTEMbI.
Ha BXO/, OHTI/IIVH/IS&L[I/IOHHOI?I KOMIIOHEHTDI IIOJaI0OTCA:

t — naeHTUPUKATOP TEKYIIETo IHSI;

J — KOJIM4eCcTBO TUIIOB HOMEPOB (1-MeCTHBIN, 2-MeCTHBI 1 T.11.);

C' — KOJIM4IeCTBO Kareropuii HoMepoB (KaTeropusi Onpeie/isieTcsi TUIIOM HOMepa, CE30HOM, Bpe-
MeEHeM 10 3aceJICHUs, ITPOJOJIZKUTE/IbHOCTBIO ITPOXKUBaAHUA 1 T.H.);

[t+1,t 4+ T] — ropu30HT IIITAHUPOBAHIS;

r,c — CBOOONHBII KO3 dUIIeHT TUHEHHON DYyHKIUN CIIPOca OT II€HBI JIJI JHHA T U KATeTOPUH C;

b. — yrioBoil ko duimeHT JTUHEHHON (YHKIIMU CIpoca OT IEeHBI JJjIsd Kareropuw c. llpes-
HoJIaraeTcs, 9TO OH He 3aBUCUT OT JHH Jyld 3aJaHHOI KaTeropuu HOMEpOB. SHAYeHHUd Gr. U b.
OIIPEJIEJISIIOTCST IIPOTHO3HON KOMIIOHEHTOM CHCTEMBI Ha OCHOBE UCTOPUYECKUX JIAHHBIX.

L; . — HIKHSAS TPaHUIA HEHBI Pr ¢

U;.c — BepxHss rpaHuIa HeHbl Pr c;

he — CTOMMOCTD OOCJIy2KUBaHUS HOMEPa KATErOPHUH C;

R, ; — Kojlm4ecTBO HOMEPOB THIIA j, JOCTYIHBIX B JCHb T;

M; — MHOXKeCTBO KaTeropuii, BKIIOYAIOMNX THI j KOMHATHL. IIpeimosaraercs, 4To MHOXKe-
crBa M IpoHyMepOBaHbI 110 HEYObIBAHMIO LIeH KOMHAT.

MaxkcuMuszanyst J0Xoa TOCTHHUALBL JOCTUIAeTCsT 38 CUeT PEIleHrs: CAedyIollei 3a1adl MaTe-
MaTHYECKOIO IIPOrPaMMUPOBAHUSI C CelapabeIbHON KBaJIPaTHIHON BOIHYTOH 1e1eBOil (dhyHKIMei
1 JTUHEHHBIMU OI'PAHUIEHUSIMHU.

t+T t+T

C C
max Z Z (ar,c - bCpT,C)(pT,C - hc) - WZ Z Yr,c (2)

c=1 t7=t+1 c=11=t+1
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Ipu yCJIOBUAX

Lie<pre, 7=t+1,...t+T, c=1,...,C, (3)

Pre <Urc+Yre, T=t+1,...,t+T,c=1,...,C, (4)

are > bepre, T=t+1,...,t+T, c=1,...,C, (5)

Drec > he, T=t+1,...,t+T, c=1,...,C, (6)

> (tre=bepre) SRy, T=t+ 1, t+T, j=1,...,J, (7)
ceM;

Drei < Pries, €1 €My, co € My, T=t+1,...,t+T, (8)

Drcs < Preg, 2 € Mo, c3€ Mz, T=t+1,...,t+T, (9)

Drcs < Drey, €3 € M3, ca € My, T=t+1,...,t+1T, (10)

Dres < Dres, C4 € My, cs € Ms, T=t+1,...,t+T, (11)

Pre>0, yre >0,V 7, c. (12)

31ech

Yr,c — BCIIOMOTaTeJIbHAsA IIePeMEHHAs, TT03BOJIAIONIAA HAPYIIUTh BePXHIE IPAHUIILI IIeH B CIIy-
Jae, KOIJa He CyIeCTBYeT PEIIeHUsI, JIOIyCTHMOIO0 OTHOCATEIBFHO STUX BEPXHUX T'PAHUIL

W — moctaTodno GOJIBITOE YUCIO0, TPEBOCXOAINTEe ONMTUMAIBHOE 3HAUECHNE B CIyUae, KOTIA
BEpPXHUE TPAHUIIBI IIEH OTCYTCTBYIOT.

Henesast dbyukust (2) npejcrasisier cobOi KOJUYECTBO JIEHEI OT MPOJAYK MUHYC PACXO/Ib
Ha 00C/TyKUBAHWE HOMEPOB W MUHYC CTOMMOCTD HAPYIIEHUS BEPXHUX TPAHUI T€H. DTH TPAHUIILI
He OyJIyT HAPYIIEHBI B ONTUMAJBLHOM PEIEHUN, €CJI CYIIECTBYET peIleHne, TOMYyCTUMOE OTHO-
curesibHO BepxHUX rpanull. CoorHomenus (3) u (4) oTBeYAIOT 33 HUXKHHME U BEPXHHUE [PAHUIIbI
IeH. 3HAYeHUE HEePEMEHHON Yr . MOXKHO HCIIOJIB30BATDH JJlsl PEryJIMPOBAHUA H3JIUIIHEIO CIIPOCa
6e3 0TKa30B o cTOPOHbI rocTuHulpl. Orpanudenus (5) rapaHTUPYIOT HEOTPUIATEIHHOCTH CIIPO-
ca. Coornomenust (6) TpebyioT, 4To0BI IeHa HOMepa OblLiaa GoJiblne JIMOO PaBHA CTOMMOCTH €ro
o6cayxkuanusi. Orpanndenust (7) obecrnednBaroT TO, 4TO CyMMAapHbI CIIPOC HA HOMEpa OJIHOTO
THIa B PA3HBIX KATETOPUSX B J€Hb T HE TPEBOCXOUT KOJIMIECTBA JTOCTYITHBIX HOMEPOB 3TOTO TUIIA
B 10T JIeHb. Orpanndenust (8)—(11) obecreunBatoT nepapxuio IeH Ha HOMEepPa Pa3HbIX THUIIOB.

Bazaua (2)-(12) moxer ObITH JeKOMIIO3UpoBaHa Ha T’ moj3a/ad, rje Kaxjas 10/13a/1a9a pac-
CMATPUBAET OJMH JeHb 7, T =t + 1,...,t +T. OnTuManbHOe perreHne UCXOTHON 3a1a49u OTpe,ie-
JISIETCS ONTUMAJIBHBIMY PEIIEHUAME 03,124,

[IpuBementast MOETb He JOMYCKAET MPEBBIMNIEHNe BMECTIMOCTH TOCTHHUTIBI. Fesn cripoc mpe-
BBIIIIAET BMECTUMOCTD, MOJIETh ABTOMATHYIECKN YBEJIUIUT TEHbI JJIsi CHUYKEHUsT CIIPOCa JI0 OITHU-
MaJIbHOTO YPOBHsl. 3Hasl ONTHMAJbHBIE IEHBI Py ., MOKHO BBIYHCIHUTH COOTBECTBYIONIUI OKUIae-
MBIl CIIPOC A7 e — bePy ., KOTOPBIH MOJKHO HCIOJIBb30BATD JIJIst ONEHKH 3arPy?KEeHHOCTH TOCTUHUIIBL
U [JIAHUPOBAHUsI COOTBECTBYIONIEro obciykupanus. Pemenne 3agaun (2)—(12) mMoxker 6bITH 1Ipo-
AHAJIM3UPOBAHO, OJOOPEHO MM MOIUMUIITPOBAHO MeHeIKepoM. Ha OCHOBAHUM peIeHrsT MOYKHO
NPUMEHUTD CJIELYIOIIHE JBE TOJUTUKA OPOHUPOBAHUSA HOMEPOB. IlepBast MOJUTHKA COCTOUT B TOM,
4TOOB! IPUHUMATEL BCE 3aBKH 110 3aJAHHBIM IEHAM Pj ., U IIPE0OPA3OBBIBATH IEHbI M10C/Ie Kazk-
noft sasBku. Bropas nosmTnka cocTouT B TOM, YTOOBI IPUHUMATDH He Oostee ar . — bepy . 3asBOK
B KaXoi kareropuu c. IPPEKTUBHOCTD BTOPOI MOJUTUKN CYIIECTBEHHO 3aBUCUT OT KAIECTBA
IIPOTHO3a crpoca. He3aBucuMo OT MOJIUTUKU OPOHUPOBAHMS, MBI IIpEjIaraeM peoOpPa3oBbIBATD
TEHBI TTOCTIE KayKJI0T0 OGPOHUPOBAHS, TOCKOJIBKY KaxK/10e OPOHUPOBAHNE YMEHBITACT KOJIMIECTBO
JIOCTYITHBIX HOMEpOB. MbI Takske MpejjiaraeéM paccMaTpUBaTh HECKOJIBKO TOPH30HTOB ILJIAHUPO-
BaHUsI Pa3IndHON AJMHbI, Hampumep, 1, 7, 31, 90, 180 u 360 mHeil, 1 OTHLICKUBATHL PEIICHUS JIJIS
BCEX TOPU30HTOB IJIAHUPOBAHUS OJHOBPEMEHHO, TMOCKOJIBKY TOYHOCTH MPOTHO3a YMEHBIIAETCS C
YBEJMYIEHNEM JUIMHBI TOPUZOHTA TIJIAHUPOBAHMS.
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Hayumno-uccienoBarenbckas pabora BBIIOJMHEHA IpU (PUHAHCOBOI MOjiep:kKe Bemopycckoro
pecnybsnkanckoro Gousa GyHIaAMEHTAJIBHBIX uccjenaoBanuii mo mgorosopy Ne D14M-005 ot 23
mast 2014 rona.
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BBIPAYKEHUE YNCJIA IIOMEYEHHBIX CBSI3HBIX TPA®OB YEPE3
YIICJIO IIOMEYEHHBIX BJIOKOB C IIOMOIIIbIO MHOT'OYJIEHOB
PA3BUEHUMN

B.A. BobGuabiii

MI'TY um. H.9. Baymana, Mocksa, Poccuiickas ®enepartust
vitvobl@yandex.ru

Teopema. [lycmo Cp, — “UCAO NOMEUEHHBIX CEAZHBIL 2pados ¢ n sepuwuHamu, B, — wucio
NOMEYEHHHT O6A0K08 ¢ N sepuunamu, a Yi(x1,...,T) — mHozousen pasbuerut. Toeda npu n > 1
gepHa HopmYLa

1
Cn = EYn_l(TlBQ, ,an) (1)

o
HokazarenncrBo. Bregem npoussossiyto dbyukuuio: B(z) = > Bp;—’:.
p=2 '

B paborax [1| u 2] aBropoM 6bLIO [IOIy9€HO COOTHOIIEHUE

(n—1)!

- [z exp(nB'(2))=7", (2)

Cp =

ryie [271] — oneparop dopmambhoro Beruera [3, C. 25].
Mmuorowrens! pasouennii (muorowrenst besa) Y, (1, ..., £y) MOryT 6bITH OHPEJEICHBI C MO~
MOIIIbIO pou3BosIelt dbyukiyu [4, c. 174]

exp(meﬁ) :ZYn(xl,...,xn)ﬁ Yo = 1. (3)
m=1 ’ n=0 ’

st sTux MHOrOwIeHoB u3BecTHa dopmyda [4, c. 173]

Yo (21, ooy ) = ;) I{%(ﬂ)“(%)km )

rJie CyMMHPOBAHHE IPOBOMUTCS O BCeM pasbueHusiM 7(m) qucia m:
ki +2ko+ ...+ mkp, =m,k; > 1,i=1,...,m.
[Moacrasnsist B (2) Beipazkenue jist B'(z) ¢ nomompio (3) mosydnm

. ('n — 1)' 1 > zp_l -n __ (n B 1)' —1 - Zm -n _
C, = B [z ]exp(npg2 Bpi@ — 1)!)2 = [z ]exp(mg1 nBpy,+1 o )z =
n—1)! | P (n—1)! 1 1
(TL)[Z 1] E :Y};(iﬂl,...,l’p) p' - ( n ) Yn—l(xlw"?xn—l)m = ﬁYn—l(nB%“'?an)‘

p=0
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3n1ech T, = nBp41. JlokazarenbeTBo 3aKOHYIEHO.

CaencrBue 1. [Tycms L, — 4UCAO NOMEUEHHBIT CEASHBIL 2pados 6e3 MOCMOS ¢ N 6EPUUHAMU,
B, — wucao nomevwernnur 6.a0%06 ¢ n sepuuramu, o Yi(1, ..., k) — MHo2ousen pasbuerud. Tozda
npu n > 3 eepra Gopmyaa

1
Ln = —Yn,l(O, 7’LB3, ceey an)
n

HokaszarenbcTtBo. Tak Kak rpad 6e3 MOCTOB He MMeeT OJOKOB, COCTOSIIIINX U3 OIHOrO pebpa,
10 By = 0 u u3 (1) mostydanm yTBEpK/ICHUE CJICJICTBUSL.

Caencrsue 2. IIycmv E, — wucao nomevennsis 2ieposuix 2pagos ¢ n eepuunamu, B, —
YUCAO NOMEUEHHBIT FUAEPOGHLT OA0K0G ¢ N sepuunamu, a Yi (X1, ...,Tx) — MHO20YUAEN DPA3OUEHUL.
Tozda npu n > 3 sepra Popmyaa

1 _ _
En = —Yn,l((), nt, ceey ’I’LBn)
n

JoxkazarenbcTBo. Tak Kak sitiepoB rpad sBisiercs rpadom 6e3 MOCTOB |, CJI€I0OBATEIbHO, He
umeeT 6JIOKOB, COCTOSIIUX U3 OHOTO pebpa, 10 By = 0 u u3 (1) mosiyunm yTBepK/IeHUe CJIe/ICTBUSI.
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O BAJAYE INEJIOYNCJIEHHOTI'O ITPO'PAMMUPOBAHUA C
OI'PAHNMYEHHBIMU MVHOPAMMUI

J.B. IT'pubanos', C.I1. Becesos?,

'"Humxeropomckuit Tocymapersennstit YausepcuTer uM. JlobadgeBcroro
npocu. 'arapuna 23, 603950 Huxxuuit Hosropon, Poccusa
Jlaboparopust JIATAC, Hanmonansusrit Mccmenosarensckuit YuausepcureT Boicmas [1Ikona DkoHOMUKM
Pommonosa 136, 603093 Huxuuit Hosropon, Poccua  dimitry.gribanov@gmail.com
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Pacemorpum marpury A € Z™*™ nycrs r eé panr. [lycrs P(A,b) = {x € R" : Az < b}, te
b € Z™. Takum obpasom P(A,b) ectb mosmsip 3aauHblil cucremoii ¢ marpureii A. O6osnaunm 3a
A(A) u 6(A) coOTBETCTBEHHO MAKCHUMAJbHOE ¥ MUHUMAJIbHOE abCOTIOTHBIE 3HAYEHUST I X 7' MUHO-
pos marpuipl A. Obpamasics K padore [1], 6yzem HasbBaTh MATPUIy A nowmu yHUMOOYAAPHOT
ecim A(A) =2 u A,_1(A) <1, ne A,_1 ecThb MakCHUMaJIbHOE abCOMIOTHOE 3HAUEHIE MIHODPOB
nopsika (r—1) x (r—1). B pabore [2| 6umodyaaprovimu MaTpunaMu Ha3BaHbl Takie MaTpuibl A, y
KOTOpBIX A(A) = 2. Takke B JaHHOI paboTe OBLIN MOy IE€HBI PE3YJIBTATEL O IO IPAX 33 TAHHBIX
cucTeMaMi ¢ GUMOLYJISIPHBIME MaTpuliaMu orpanndenuii. Hanpumep, 3a1a49a IpoBepKU COIEPIKUT
JIT TAKO¥ TIOJINJIP EJIYI0 TOYKY CBOJIUTCS K 3ajade OlpeJIeIeHUsT TeJIECHOCTH MTOJIN3IPa, KOTOpast
SIBJISIETCS TIOJTMHOMUAJIBHO Pa3PEIInMOi.

B pabore [3] mambl onpenenenust k-modyaaprott u k-peeyaaproli MATPHI|, TaKXkKe OMUCAHBI
CBOMCTBA JAHHBIX MATPUI] U [OJIUIPOB 3a/IaHHBIX CUCTEMAMU C TAKUMU MATPUIAMHU.

Ounpenesienne 1 Marpuna A HasbiBaeTcst k-MOJyJISIDHOI, eciu Jist J1t060i eé 6a3ucHOi (1 X 1)
nommarpunel B Bepro |det(B)| € {0, £k : i € N}.
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Omnpeaenenune 2 Marpunia A Ha3bIBaeTCsI k-pPerysipHOi, ecyin J1jist JTF000i €€ HEBBIPOXK JEHHOM
KBaJIpaTHO{ moaMarpunsl B BepHo, uro kB~ memounciennas Marpuna.
Iupunoii BeIIyKJIOro Teua P OyaeM Ha3bIBATH CJIEAYIOIIYIO BEIUINHY:

w(P) = mincezn\{o} {maxcha: — mincha:}.

Xununsabiv [4] 6bun ycraHoBiIeH cioenyomuii dakr: ecom P He cofep:KuT To4YeK u3 Z", Torjua
width(P) < f(n), rae Besmtunna f(n) 3aBECHT TOIBLKO OT pasMepHOCTH. CyIIEeCTByeT MHOTO OIIEHOK
na semmranny f(n). Hammyumnras onenxa O(n®/4log®(n)) mama B paGore [5|. Hammyuamas orenka
quist cnmiutekcos O(nlog(n)) nana B padore [6].

PesynbraTrbl paboThr:

1) Hoxasaro, wmo 3a0a4a 4eao UCAEHH020 NPOZPAMMUPOSAHUL € NOUMU YHUMOOYAAPHOT MAT-
PUYETL 02PAHUNEHUT NONUHOMUANDHO PASPEUUMA. K COMHCANEHUIO CAOHCHDIT NPUMEPOS NOAUIIPOE
3A0AHHLT MAKUMU MAMPUYAMU NOKA HE 6biA0 HATLOEHO.

2) Ilyemv P = P(A,b) ecmov cumnaexc u P NZ" = (), mozda w(P) < 6(A) — 1. Ecau orce
w(P) > §(A) — 1, mo 6 P mootcho HAUMU U4eayto MoKy, UCNOAb3YA NOAUHOMUAALHVLT AA20-
pumm. Takoice 6 makom cayuae, 0as 3a004U YEAOUUCAEHHOT ONMUMUSAUUY NPUMEHUMDL AA20-
PUMMDBL 2pYnnoeoti mMunumusayuy npedsodicenrvie Lomopu u Xy [7,8], wmo npusodum % epe-
mennot caoorcnocmu O(nod(A)). B dannom pesyavmame cyuecmeerno UCnosb3yomes c60Ucmea
yIJIoBOro MHororpanuuka [7,9]. Beedenuem 6 usyuenue CumMniekcos 6€3 Ueabir movex Mo2ym
nocayotcums pabomoy [10,11].

3) Ilyemv P = P(A,b) ecmv noaumon u P NZ" = 0. Hycmv maxoice 110600 6asuchvill
munop mampuyve A ecmo £A(A) uau 0. Toeda w(P) < (A(A) —1)(n+1). B npomusrom cayuae
noxasaro, wmo |PNZ" > n+1. Boaee mozo, dannvie n+ 1 yesvix movex mozym 6vimo Hatderv
3a nosunomuasvnoe epems. lokazamesvcmeo onybaurosano 6 cbopruke [12].

4) Anansoeuunoidi peayavmam noayuen 0as k-modyaapnot mampuyst A. B darnrom cayuae, oas

svinoarernus nepasencmea |P N Z" > n+ 1 nyocno, wmobow w(P) > (A(A) — 1)?((2))(71 +1).
Hozxooicutl pesysvmam noayuwer u 0 cayuas k-peeyaaprot mampuus, A.

5) ITpuseden npumep konyca 3adarnto2o GUMOLYIAPHON Mampuyel o2parnuienutl U noposrcoe-
1020 IKCNOHEHUUAADHBIM YUCAOM 00pas3youur. J1annoili npumep 8axHceH, NOMOMY 4IMO U3 NPOMU-
BONOAONHCHO20 YMBEPAHCIEHUA O NONUHOMUAALHOCTIU YUCAQ PEOEP 6 A1000M DUMOILYIISIPHOM KOHYyCe
€1e006aAa 0Bl NOAUHOMUGALHOCTVL 3G0A4U YEAOUUCAEHHO020 NPOZDAMMUPOSGHUA HA NOAUMONE C
OUMOOYAAPHOT Mampuyels o2paHudeHU.

PaboTa BbINIO/IHEHA TIPU TOJJIEPKKE J1A00PATOPUH aJTOPUTMOB U aHAJIM3a CETEBBIX CTPYKTYD
HITY BIID, rpant npasutenbcrBa PO gor. 11.G34.31.0067 u npu nomuepkke POOU, rpant
15-01-06249.
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MUHUMMN3ALINA CUMMETPUYECKHNX BYJIEBBIX ®YHKIII B
KJIACCE IIOJIMHOMOB PUJA — MAJIJIEPA

B.B. [Ibsuyenko, B.Il. Cynpyn

Benrocynueepcurer, MeXaHHKO-MATEMATUIECKUN (DaKYIHTET
up-t HezaBucumoctu 4, 220050 Mwunck, Bemapycs
suprun@bsu.by

[Tox mosmmromom Pusa-Masiepa OyieBoit dyukium F' = F(x1, x9, ..., ;) TOHIMAETCS TOJIU-
HOM, B CJIaraeMble KOTOPOI'O OJHA YaCTh HePEeMEeHHbIX (PYHKIMKA F BXOJUT TOJBKO ¢ OTPUIIAHUEM,
a JIpyras ee 9acTh — TOJBKO 6e3 orpurianus. B qacraoctu, nosmuom 2Kerankuna P(F) ssisercs
HOJIOXKHUTEJILHO TIOJIAPU30BaHHBIM TToimHOMOM Pua-Maiiepa dynkiuu F.

B obmmem ciryuae 6ysnesa dyukuust F = F(x1, 22, ..., T) umeer 2" nosuaomos Puna-Masiepa,
KOTOpbIE OTJIUYAIOTCs JIPYT OT JIpyra HOJsSpU3alyeil ImepeMeHHbIX, YUCIOM CIaraeéMbIX U IHCIOM
BXOXKJICHHI ITEPEMEHHBIX B CJIAraeMble MOJTTHOMOB.

Ecsn 6ynesa dynkuust F' = F(x1, 9, ...,Ty) ABISETCS CUMMETPUIECKON, TO TaKasi DOYHKIUs
umeer n+ 1 pazimasbix nosuaoMoB Puna-Massepa Py(F'), Pi(F), ..., P,(F), rue nomunom Py (F)
cozepKuUT poBHO k nepemenubix ¢ orpunanneM u 0 < k < n. 3necy Py(F') - mommnom 2Kerankuna
P(F) u P,(F) - orpunarejbHO 1M0JsipU30BaHHbIl osmHOM Pujia-Masiepa dyakmun F, KOTOpBbIi
obosnaqdaercs kak Q(F).

MeToz1, IoCTpOeHUsT MOHOTOHHO MOJISIPU30BaHHBIX OJHOMOB P(F') u Q(F') mjist cummerpude-
ckux OyseBbix dbyukuuit F' = F(x1, xg, ..., T,,) (MeTom Tpeyrosbuuka) omucan B padore [1], a meros
PasJIoXKeHnsl CUMMETPUIECKUX OysieBbIX (DYHKIMI N IIepeMeHHbIX B HOJMHOMBI Pumga-MaJiepa ¢
[POU3BOJILHOM TOJIIpU3aIueil IepeMeHHBIX IIPUBOUTCS B [2].

Mo cioxuOCTEIO OMMHOMa Pj(F') 06b149HO0 onuMaeTcst anciio [y (Py) ciaraeMbIx (1eMeHTap-
HBIX KOHbIOHKIH ) i 9uciio lo(Py) BXOXK IeHUii IePeMEHHBIX 1,12, ... ,Ly B CJaraeMble HOJIMHOMA
Py(F).

ITo anasoruu ¢ Teopueit JJTH® noy kparaaiiimmm noarnHomoM Puga-Masutepa Py o (F') Gystesoii
dbyukmuu F 6yjgeM noHuMaTh HOJMHOM ¢ MUHUMAJIbHBIM 3HAUYEHUEM [| Cpejiu BCEeX IMOJIMHOMOB
Py(F), Pi(F), ..., P,(F), a 1oj; MUHUMAJIbHBIM HOJIUHOMOM P (F) — IIOJIMHOM ¢ MUHUMAJIbHBIM
suadenneM [ cpeau nojmaomoB Py(F'), Py (F), ..., Py(F).

Cileslyer OTMETHTD, 9TO JI0 HMOCJIEIHEr0 BPEMEHN 110l MEHUMAJIbLHLIM oJuHOMOM Pumta-Maji-
Jiepa Oysiepoit dyukimn F' monnmalsica Kpardaimuii mosunaom Puga-Mastepa, 910 COBEpITEHHO
HEe COOTBETCTBYET OOINENPUHSITOMY OINpeJeNeHnIo Kpardaiimeid u Munumaabaoit JTH® GyneBbix
dyuKInMii.

[Mycrs F = F(x1,x2,...,Ty) — OIPOU3BOJIbHAS CUMMETPpUYECKasi OysieBa (DYHKIUS N IePEeMeH-
ubix u Py(F), Pi(F), ..., Py(F) - BceBo3amoxkuble mosmuoMbl Puya-Masutepa dyuxrmn F. Kak iprit
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u3 n + 1 noamHOMOB nMeer ciokHOCTD U1 (Fy), 11(P1), ... , l1(Py,). Torma nox cioxuocrsio 11 (F)

dyukpm F' nounmaercs [y (F) = Or<r}€i£1 l1(Py). OueBuno, 1aro 31€ech [1(F') — 9ncio caaraeMbix
<n

nosmHOMa Pypopry(F). @ynknus ennona Li(n) st ONEHKE CJIOKHOCTH (110 YHCITY CJIaraeMbIX)
CUMMeTpHUYecKuX OyieBbIX (DYHKIWIA N IIepeMeHHBIX onpejensercs, Kak Li(n) = maxli(F), riae
MakcumyM Gepercs 1o Beem 2D cuviverpueckny GymeBbiM hyHKIIAM 72 TIEPEMEHHBIM.

B 1995 rosy 6110 yeranosieno [3], uro Ly(n) = [Za—]. Ormernn, 4To 1aHHAS ONEHKA yHK-
run [lenHona cupase/ymBa Kak JijIsi CHMMETPHYIECKUX, TaK ¥ Jist IPOU3BOJILHBIX OYJIEBBIX (DyHK-
U N IIepEeMEHHBIX.

Beegem B pacemorpenne dyukuuio [ennona Lo(n) Jist OIEHKH CII0KHOCTH CHMMETPHYECKIX
6ynesbix dyukunit F' = F(x1, %2, ..., Ty) 110 YUCITy BXOXKICHUI IEPEMEHHBIX B CJIATACMBbIE TTOJIMHO-
moB Puma-Mammepa.

IIycrs F' = F(x1,22,...,,) — NPOU3BOJIbHAS CUMMeTpHUecKast OysieBa (DyHKIMS 1 IEPEMEH-
usix u Py(F), Pi(F), ..., P,(F) - BceBosmozkuble nosmuomsl Puna-Masutepa dynknnn F, kax-
JIBI 113 KOTOPBIX UMEET CJIOYKHOCTD (110 HCJIy BXOXKJIEHUIT IEPEMEHHBIX B CJIaraeMble TOJTHHOMOB)
L(Po), L(P1), ... , Li(Py). Torma lo(F) = ogignZQ(Pk) u La(n) = maxly(F) , rae MakcumyMm

GepeTcs 0 BCEM CUMMETPUIECKUM Oy/IeBBIM (DYHKITUSIM 7 IEPEMEHHDBIM.

st Berancienust 3uadenuii Lo(n) npu yeaosun, uro 2 < n < 14, 6bl1a HanmcaHa nporpamMmma
Ha si3bike C++ B cpene paspaborku Borland Builder 6 gyt OC cemeiictBa Windows, Kortopas
peaJsin3yer npuBeJieHHbIN B pabore [2| Mero nocrpoenust nojuHoMoB Py (F') cummerpudeckux Oy-
neBbix byukuuit F' = F(x1,x2, ..., ). Pabora nporpaMMbl oCHOBaHa Ha 1lepebope BCEBO3MOXKHBIX
nosnuuoMoB Pua-Mastepa seex 211 cuvmerpuueckux 6yieBbix dbyHKImil n HepeMeHHbIX. Pe-
3yJIBTATHI OIBITHON 3KCILIyaTAIIMA TPOrPAMMBI [IPEJICTABJIEHBI [TOCPEICTBOM TabJIUIBI, B KOTOPOI
IpUBEJIEHBI TaKKe JIOKaJbHBbIEe KOJbl m(F') cummerpudeckux OyseBbix dbynkuuii F'; Ha KOTOPBIX

6bw10 JrocTurayTo 3Hadenne dpyuknun [Hennona La(n).

n | La(n) m(F) k
2 2 010 0
3 7 0110 1
4 20 00100 2
5 52 010010 2
6 | 126 0010010 0
7 295 01001001 1
8 680 001001001 0
9 | 1531 0110110110 1
10 | 3410 00100100100 2
11 | 7504 010010010010 | 2
12 | 16380 | 0010010010010 | O
13 | 35491 | 01001001001001 | 1
14 | 76454 | 001001001001001 | O

K nacrostimemy BpeMeHH MOKa HE yIaj0Ch BBIBECTH AHAJIUTUIECKYIO 3aBUCHMOCTDH 3HATEHUS
dyukuu Hlennona Lo(n) oT uncia nepeMeHHbIX 1 CUMMeTPpUYeCKuX OysieBbix dbyuknuii. OqHako
HayJHBbIE UCCJIEJOBAHNS B 9TOM HAaIIPaBJIEHUN ITPOIOIZKAIOTCH.

JIutepatypa
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IIOCTOIITUMAJIBHBIN AHAJIN3 3AJAYN OTBICKAHUA
IIOAMHO2KECTBA BEKTOPOB

B.A. Emenuuen, K.I'. Kyspmun

BesrocyHuBepcuret, MeXaHINKO-MaTeMATHIECKUil aKyIbTeT
up-T Hesasucumoctu 4, 220030 Munck, Benapycs
vemelichev@gmail.com, kuzminkg@mail.ru

[Tycrb 3a1aH0 KOHEUHOE CEeMENCTBO BEKTOPOB {v1, Vg, . . ., Uy } JEHCTBUTEILHOTO IPOCTPAHCTBA
R* u nmarypamproe uncio m < n. 3 sToro cemeiicrsa Tpebyercst BLIGPATh 1M BEKTOPOB, €BKJ/II-
JIOB& HOPMa CyMMBbI KOTOPBIX MakcHMaJibHa. Takas 3a/iada Bo3HUKaeT (CM., Hanpumep, [1,2]) npu
HAXOXKIEHNN (DPUKCHPOBAHHOTO YHUCJIa YIACTKOB B UHUCIOBOM MOC/IEI0BATETLHOCTH, 0OPa30BAHHOM
KBA3UIEPUOUIECKHU TTOBTOPSIONUMCST (pparMeHToOM PHU 3aJaHHOM ducjie mMoBTOPOB. lomobHast
CUTyaIsl TUTHIHA JJI PSAa TAKUX TPUIOKEHWH KaK pPaJIMOIOKAIHs, TeICKOMMYHUKAINS, 00~
paboTKa PeYeBbIX CUI'HAJIOB, JIEKTPOHHAs pa3Bejka u jp. [3]. B cuiy npupoasr stux 3aja4 uc-
XOJIHBIE JTAHHDBIE — KOMIIOHEHTBI BEKTOPOB — HEM30EKHO 38]AI0TCSI ¢ HEKOTOPOH TOrPentHoCThio. B
TaKUX YCJOBHSX YKeJIATe/bHO HE TOJIBKO YMETh HAXO/IUTh ONTUMAJILHBIE PEIICHUSI, HO U ITPOBOUTD
JUIST KaXKJIOr0 U3 HUX [MOCTONTUMAJIBHBIN aHAJN3, 9TOOBI HMOJIYINTh HEOOXOAUMYI0 UH(MOPMAIIIIO
0 TpeJIeIbHOM YPOBHE M3MEHEHHUH B MPOCTPAHCTBE MApaMeTPOB, COXPAHSIONINX OMTUMATHLHOCTD
BBIOPAHHOT'O pellieHus. IucioBasi XapaKTePUCTUKA, OIIPeJIeJISTIONIas YKa3aHHbIH IpeIe/IbHBII yPo-
BE€Hb, OOBITHO [4| HA3BIBAETCS PAJIIYCOM YCTOHINBOCTH perenusi. J{jist Toro 9Tobbl gaTh CTPOroe
OIIpeJieJIeHNEe PAJINYCa YCTORNIUBOCTH U yKa3aTh €r0 BEPXHIOK JIOCTUXKUMYIO OIEHKY, BBEJEM DSl
obo3HaveHui.

ITycTb U3 BEKTOPOB V1, V2, ..., VU, KaK U3 CTOJOIOB oOpasoBana Marpuia V = [v;;] € RFx,
Crpoku marpunst V' 6ygem obosnadars Vi, ¢ € Ng = {1,2,...,k}. U uycre X C {0,1}" —
MHOYKECTBO BCEX OyJIeBBIX BEKTOPOB T = (I'1,T2,...,Ty) ", KAXKIBIH 13 KOTOPIX COIEPXKUT POBHO
m equnnt,. Torma 3amada Z (V') momncka MOIMHOKECTBA BEKTOPOB UMEET BH/I:

|Vz|2 — max,
rzeX

ryie || - ||z — eBkimoBa HopMa B mpocTpanctse RF. MuorkecTBO OnTHMATBHEIX (MAKCHMATLHBIX)
perrennii 3agaan Z (V') 6ynem obosnadars gepes Opt(V).
BosMylneHre KOMIIOHEHT BEKTOPOB U3 MHOXKECTBA {U1, V2, . .., Up } OyIeM MOJIEIUPOBATD, [IPU-

OaByIsAs K MCXOAHOI MaTpuie V BosMymmaioniyio Marpuiy V' = [vl’-j] € R**™. Tem campiM, BO3MY-

1eHHast 3a/1a4a sanuceBaercst B Buje Z(V + V'), a MHOXKeCTBO ee OUTUMAJIBHBIX DeIleHnii nmeer
sug Opt(V + V7).
0

ycrs 20 € Opt(V). To amanoruu ¢ [4] pagmycom ycroitumsoctu pemenns 0 Ha30BeM YHCIIO

#@7

0, ecin = = ),

[1]

sup =, ecjan

p(xov V) -

rae
E={e>0: VYV €Qe) (2" € Opt(V + V")},

Qe) = {V' e R®" - |[V'|1 < €},
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V=" > il

1ENE JEN,

Teopema. /s paduyca yemotivusocmu p(z®, V) onmumarvrozo pewenus x° sadawu Z(V)
6EPHA CACIYIOUAA DOCTNUNCUMAA OUEHKA:

0 .
z°,V) < min (Vix9)2 + max(Vix V;z)2 — max |Vix
Pt < i |2 BV = 3 (Ve ~ g Vi

B uacrHocrn, sra oreHka JOCTIZKAMa Jyist Tex 3ajad Z(V'), B KOTOPBIX KayK/Iblil BEKTOD T €
X\ {2°} nogumnmen mepasencTsy

max |Viz| > max |V;z°|.
iEN 1€EN},

Pabora Boimosnena npu dpunancopoii noggepkke BPOOU, mpoext Ne @13K-078.
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O PAZINYCE YCTOMYNBOCTU MHOT'OKPUTEPUAJIBHOMN
MHBECTUIIMIOHHON 3AIAYN C HOPMAMMU I'EJIb/IEPA B
ITPOCTPAHCTBAX ITAPAMETPOB

B.A. Emenuyes, B.A. MbiukoB

Be.HFOCyHI/IBepCI/ITeT, MeXaHUKO-MaTeMaTuIeCKU (ba,KyJII)TeT
np-t HezaBucumoctu 4, 220030 Muuck, Bemapycs
vemelichev@gmail.com, vadim.mychkov@gmail.com

PaCCManI/IBaeTCH S-KpuTepunuaJibHad JUCKPETHasA NHBECTUIIUOHHAaA 3aJa9a C KPpUTECPpUAMU Kpaﬁ-
HEero OoIITHUMU3Ma

Z°(F) - T,€r) = maxe x—maXZe'-a:~—>max k e N,
( ) fk( ) k) iEN ik €N, - ijkLj povas S5

cocrosimasi B oucke Muoxkecrsa [lapero P*(E), T.e. MHOxkecTBa [Tapero-onruMaibHbIX noprde-
Jei.

Bnecb Ny, = {1,2,...,m}; e; — i-s1 crpoka k-ro cedenust e, € R™*™ TpexuHI€KCHON MATPHIIBI
E = lejji] € R™ "% e;51, — olleHKa sKoHOMHI4ecKoil sdbdekrusnoctu Bujga k € N, nnBecTunu-
OHHOTO HpoeKTa ¢ momepoMm j € N, B caydae, KOT/Ia PBIHOK HAXOMWUTCS B COCTOSHUM § € Np;
xj = 1, ecnm j-it npoeKT peanusyercs, u x; = 0 — B nuporusHoM ciydae; X C E" — muoxkecrso
BCEX JIOMYCTUMBIX HHBECTHIMOHHEIX TIopTdeneit & = (11, 2o, . .., 2n) .
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st mo6bix uuces p,q,r € [1,00] B npocrpancTBax cocrosinuii ppiaka R™ u npoekros R™,
a Tak ke B KpUTepuaJabHOM IpocTpancTse 3ddextusnocrn R 3a1a1uM cOOTBETCTBEHHO HOPMBI
lesnbepa lp, Iy u ., Te. mox Hopmoit Marpunsl F € R™X"X¢ GyieM noHUMATh YHCIIO

IE[l = lI(lellgp, lle2llgps - - - - llesllap)l,-»
e
lexllgp = I(llekllq: lleakllgs - - - > lemkllg)llp, & € Ns.

Pajuycom ycroitausocru p*(p, q,r) s3amaau Z°(E), kak obbrano [1-3|, HasoBem unciio
s sup=Z, ecau = # (),
p*(pig;r) = —
0, ecinn = = (0,
rje
E={e>0:VE €Q(e) (P*(E+E')C P(E))},
Qe) ={E' e R™™ |E|| < e}
Teopema. IIpu X # P*(E) u aobvx p,q,r € [1,00] cnpasedausn caedyrouyue ouenku paduyca
yemotuusocmu p*(p, q,r) 3adawu Z°%(E):

© < p*(p,q, ) < m/Ppt/agt/Ty,
20e

i V(' @)
= min ax ; ,
2¢P(B) o'cP.B) ||([[2']lg; [%llg)]lu

/
1 = min 77(37 ) ,
2¢P*(B) a'eP(z,E) [|2" — z|]1

v(@',x) = min{ fy(2', ) — fr(z,ex) : k € N5},
P(z,E)={2' € P*(E): f(«/,E) > f(z,E) & f(2',E) # f(z,E)},
f(@,E) = (fi(z,e1), f2(z,e2),. .., fs(z,e5)),
uw=min{p',¢'}, 1/p+1/p' =1, 1/¢+1/¢ = 1.

Caencrsue 1 [1]. IIpu amobom p € [1, 00| eeprv nepasencmea

/ /
min /7(3:—’36) < p*(00,p,p) < (ns)*/?  min max M
2¢P*(B) o/€P(z,B) ||/ [l + ||zl 2¢P*(E) «'eP(z,E) ||z’ — x|y
CuencrBue 2 [2]. IIpu amobom p € [1,00] seprol Hepasencmesa
v(2', @) v(2', @)

min max 2" < p5(p,o0,p) < (ms Up min -_

2¢Ps(E) o/'eP(x.E) ||/ — |1’

Caencrsue 3 [3]. IIpu amobom p € [1, 00| eephvl nepasencmea

/ /
min X /PY(:E—’:U) < p*(00, p,00) < n'/P min max M
o¢P*(E) o'eP(w.E) |2/ ||y + ||z 2¢P3(E) 2/€P(x,B) [|7' — ()1

Pabora BeimonmHena npu vactuunoit duHancoBoi noanepkke BPODU, mpoekt Ne O13K-078.
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OIITUMMU3AIIMOHHEIE 3AJAYN HA MHOXKECTBE PA3MEIIIEHUI

O.A. Ement!, T.H. Bap6osmnua?

Monrasckuit yHuBEpCHTET SKOHOMUKHE 1 Toprosiun, Kosams 3, 36014 IToarasa, Yxpamma
yemetsli@ukr.net
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IIpu perienuu npobemM B pa3ndHbIX OTPACISIX HAYKUA U TEXHUKU BAXKHYIO POJIb UT'PAIOT OIITH-
MUBAIMOHHBIE 33191 KOMOMHATOPHOTO THUTIA U METOJIBI UX PerteHusa. AKTya IbHbIM HATIPABICHIEM
UCCTeOBAHUN B 00/1aCTH KOMOMHATOPHOW ONMTUMUBAINY SIBJITFOTCA METO/BI U AJITOPUTMBI €BKJTU-
JIOBOY KOMOWHATODPHOW ONTHUMU3AINA. 387a9d B 3TOH 007acTh KIaccuUIUPYIOT KaK 10 BUIY
11eJ1eBOil (DYHKIUU U JOMOJTHUTEIbHBIX OIPAHUYEHN, TAK U B COOTBETCTBUU C €BKJ/IMJIOBBIM KOM-
OMHATOPHBIM MHOXKECTBOM, KOTOPOe OIpeesisieT KOMOMHATOPHOE orpaHmueHne. TakuM obpasoMm
BBIJICJISIIOT ONITUMUBAIIMOHHBIE 33JIa9 HA IEPECTAHOBKAX, COYETAHUSX, TIOJIUIIEPECTAHOBKAX U T.JI.
B nmaHHOM JI0KJI8Jie PACCMATPUBAETCS PellleHrne ONTUMHU3AIMOHHBIX 3a/a9 Ha OOIIEM MHOXKECTBE
pas3MeleHu.

IIycts G = {g1,...,9n} — HEKOTOpOE MyJIBTUMHOMKECTBO, TO €Chb COBOKYIHOCTH 9JIEMEHTOB,
CpeJiu KOTOPBIX MOT'YT OBITH M OJINHAKOBLIE, E,’;(G) — obree MHOXKECTBO k-pasmerrienuii (T.e. MHO-
JKECTBO BCEX YIOPSIJIOUEHHBIX k-BbIOOPOK) u3 MysbrumuoxkectBa G. Ecou k = 7, Eﬁ(G) SIBJISIETCS
OBIIIM MHOXKECTBOM IIepecTaHoBOK (oGosnauaercss Fi(G)). O6osnaunm takxke J, = {1,2,...n}
— MHOYKECTBO 7 IIEPBBIX HATYPAJbHBIX THCEJL.

B paborax [1-3| usyuensl cBoiicTBa J01ycTHMOIT 06ACTH ONTUMU3AIMOHHBIX 33/1a4 HA pa3Melre-
HUSIX, OCOOEHHOCTH PeIlleHnst 6€3yCJIOBHBIX 33189 KOMOMHATOPHON ONTHMHU3AIINN HA PA3MENIEHUSX.
B wacTHOCTH, yCTAaHOBJIEHO, JIOCTATOYHOE YCJIOBAE TOrO, 9TO TOYKA SIBJISETCS PEIlleHrneM JIMHEHHOM
6e3yCIOBHOI 3a/1a4i MUHUMU3AIMA HA PAa3MeIIeHUsIX, T.e. 3aJadn rmoucka napel < L(z*),x* >
TaKoil, 4TOo

k k
L(z*) = min cjrj, x¥ =arg min CiT; (1)
3ti 3Ly
k k
©€E}(G) r€E(G)

Uccnenosanue cBORCTB 6e3yC/IOBHBIX 3a/a4 HA Pa3MeIIeHUX ObLIO MPOJIOJIZKEeHO B [4], rue 6bL1o
YCTAHOBJIEHO TAKYKe JJOCTATOYHOE YCJIOBUE PEIIEHUS.
Teopema 1. I[Tycmo saemenmo. mysvmummnodtcecmsa 6 3adave (1) ydosaemeoparom ycaosuio

0<g1<...<gy, (2)
a Koapduyuernmo, uesesott PYHKUUL — YCAOBUIO
Cqr = . =Cgoe1 > Cgp = ... =Cgg1 > ... > Cq, = ... = Cp,

npusem T — nauborvwuil undexc marotd, wmo cg. > 0, a t — naumenvwul undexc maxot, 4mo
cq. < 0. Touxa z* asasemesa munumanvio 6 3adave (1) moeda u moavko moeda, Kozda ona ydo-
6.1€MBOPACT YCAOBUAM



104 JuckperHasa MaTeMaTUKa, ajredpa U UX MPUTOXKEHUST

(:c;;w, ...,x;w+l_1) € B (G*) Yt € J1,G® = {gaus oo Gawir—1 } 0 = |G|

(l’zw, ...,l’;erl_l) € Emw (Gw) Yw € Jk\ Ji—1, GV = {gn_k+qw, ""gﬁ—k+qw+1—1}’ My = ’Gw|

B paborax [5-8| ucciieoBasiock perenre JTUHEHHBIX YCIOBHBIX 33189 ONTHMU3AIUN HA Da3Me-
mennx. [IpeioykeHbl METOIBI Ha PA3HBIX UAEHHBIX OCHOBAHUSIX. MeToIbl OTCceueHmst [577] HUCIIOJIb-
3yIOT UIEHHYIO OJIM30CTD 3a1a9 KOMOMHATOPHON 1 JUCKPETHON onTuMusarun. Jpyroi moaxosm co-
CTOUT B UCIIOJIb3OBaHNN paa61/1eH1/15{ MHOI'OI'PaHHUKa Ha KJIaCCbl 9KBUBaJICHTHOCTHU C IIOCJIEYIOIUM
HAIIPABJIEHHBIM [1€PeGOPOM MOJIY YEHHBIX KJIACCOB [8]. DTOT 1m0/1X0/1 ObLI PACIPOCTPAHEH TaK¥Ke Ha
pellieHre ONTUMU3AIMOHHBIX 3a/a4 C JIPOOHO-JIMHEHOM 1esieBoit dbyukiwmeit [9].

AKTyaTbHBIM HAPABICHUEM HCCIEIOBAHNEM B O0OJACTU ONMTHUMU3AINH SIBIISIETCS PACCMOTPE-
HUEe 3aJ1a9 C PA3JIMYHBIMA BUJAME HEOIPEIEJEHHOCTH, B TOM YHCJIe cToxacTudeckoit. OauH u3
BO3MOXKHBIX IIOJXOJ0B K ITIOCTaHOBKaM OIITHMHUIAIMOHHBIX 3a/Ja9 Ha PaSMEIIeHUAX C BEPOATHOCT-
HOIT HeonpeieIeHHOCTbIO TpeyiokeHbl B [10], [11]. Dror moaxom ocHOBBIBAETCs HA BBEJIECHUU OT-
HOIIIEHUSI JIMTHETHOTO IIopsdaKa Ha MHOXKECTBe cnyqaﬁme BeJIMYNH NJIN Ha CbaKTOp—MHO)KeCTBe 110
HEKOTOPOMY OTHONIIEHUIO SKBUBAJECHTHOCTH.

B pPaMKaXxX TaKOI'O IIOJXOJa K ITOCTaHOBKaM OIITHMH3aIlMOHHBIX 3a/J1a4 UCCJICAYIOTCA CBOIiCTBA
JINHEHHBIX OE3yCJIOBHBIX 3aJlad Ha Pa3MENIEHUsX, BO3MOXKHOCTH IPUMEHEHUs] METOJa BeTBEl u
I'pPaHuUIL JdJigd pelIeHn s JIMHENHBIX 3a/a49 C AOIMOJIHUTE/JIbHBIMU OI'DaAHUYCHUAMMN.

PaccMmorpenne onTuMu3aIMoOnHBIX 33189 B YCJIOBUSX HEIOJHON UH(MOPMAIMY TO3BOJUT OCY-
IIECTBJISATDH MOCTPOEHUE aJIEKBATHBIX MOJeseil JJisi OO/IBIIEro YUCIa TPAKTUIECKH 3HAUUMBIX 3a-
Jad.
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PA3PEIIIAIOIIIVE MHO>KECTBA 2-IIOPOT'OBBIX ®YHKIINN

E.M. 3amapaeBa

Hwxeropoackuit l'ocymapcrsennsiit Y uuBepcurer nm. H.U.JlobageBckoro

np. Farapuna, 23, 603950, r. Huxxuuit Hosropox, Poccusi  elena.zamaraeva@gmail.com

Hycrs B¢ = {0,1,...,n— 1}, n > 2wud > 1. Oynxmua f : E¢ — {0,1} nasbsaerca k-
nopo206ot [Ist HATYPATILHOIO k, €CJIU CYIIeCTBYIOT IeHCTBUTEIbHBIE YUCIA 410, 411, - - - , Akq TAKIE,
91O

d
Ml(f): :L’EEZ:ZG,Z‘J‘IL’]‘SCLZ'(), st =1,...,k p,
i=1
d
rie M, (f) = {z € E?: f(x) = v}. Hepasenctsa > a;;x; < aj s i = 1,...,k nHaspisatorcs
i=1
NOPO20GHIMU WA ONPEIEAAIOUWUMY K-TIOPOTOBYIO (DyHKITHIO f.
O603maunm uepes T(d, n, k) xnace k-noporosbix dyukimii nag Ee.

st mroboit k-mmoporopoit yHKIMH f CYIIECTBYIOT MMOPOroBble GYHKINA f1,. .., fi Takue, 9TO
flx) = filx)& ... &fr(x).
Byzaem rooputh, uro f onpedeasemcsa dyurumsimu fi, ..., fr w {f1,..., fr} — onpedeasrowee

MHOooHceCmEo f.

Boinykiyio 060/1049Ky MHOKecTBa Todek X C R oGosnaumm uepes Conv(X). Jdnsa dyukuun
f:E?— {0,1} obosnaamm P(f) = Conv(M;(f)). O6oznaamm wepes §(P) u Diam(P) momais
U JIUAMETP BBIILYKJIOIO MHOTOYTOJIbHUKA PP cOOTBETCTBEHHO.

Iycrs € — kmace {0, 1}-snaunpix dynxmuit nag BS u f € C. Paspewarouwum mmoscecmeom
dbynxmun f orHocuTebHO Kiacca C naszpiBaercs muoxectso T C EY taxoe, 4ro Hukaxas apyras
dyuknus u3 C He coBnajaer ¢ f Ha BceMm 1. Paspermatoriee MHOXKeCTBO 1’ HA3BIBAETCST MYNUKOESBIM,
€CJIM HUKAKOEe ero COOCTBEHHOE ITOJIMHOXKECTBO He sBJseTcs paspemaiomumM st f. ObozHadnm
4epe3 o( f, C) MUHUMAJIbHYIO MOIHOCTH pa3pelalero MuoxkecrBa f orHocuTesabHo C.

ObozHaunM TakKe

BE2)={z€E?:21=0Vas=0Va =n—1Vag=n—1}.

[Mycte A;(f) mas ¢ = 1,2 — MHOXKECTBO BCEX MHOXKECTB M3 { HOPOTOBBIX HEPABEHCTB, OIPE-
Jesstonux f U TaKuX, 9YTO MPSMbIE, COOTBETCTBYOMNE KO3 DUIMEeHTaM TOPOTOBBIX HEPABEHCTB,
nepecekafoTcss BHYTpH E2, ecim i = 2. PaccMOTpPIM MHOTOYTOIBHUK, 06pa3oBaHHLI Mepecede-
mem Conv(E?2) ¢ moaynpocTpancTBaMu, 3aJaHHBIMI HEPABEHCTBAMU U3 HEKOTOPOIO MHOMKECTBA,
A € ;. Yepes a1(A) obo3HaunM JIeKCHKOrpadhUIecKn HAUMEHbBIIYI0 BEPIIMHY MHOIOYTIOJIbHUKA,
CMEXKHYIO C II€pBO HOPOI'OBOW HPAMON U I'paHUllei E,%, a depe3 az(A) — sekcukorpaduaeckn
HanOOJIBIITYIO BEPIIUNHY MHOTOYTOJIbHUKA, CMEXKHYIO CO BTOPOIW IOPOTOBOI MHPAMON W T'DaHUIlCH
E2. Yepes o(A) 0603HauUM TOUKY HepecedeHus IPAMBIX, COOTBETCTBYIONIAX MOPOTOBBIM HepaBeH-
crBaM, eciiu A € 2s. Beenem obosnadenue:

Pmaz(f) = sup Zaj(A)o(A)az(A).
ARy

Hycrs f € T(2,n,2)\T(2,n), B(E2)NM;(f) # 0 us(f) # 0. Ectu praz(f) < 7, To HA3OBEM
onophoti Takyto dbyakuuo f/ € T(2,n,2), qyst KOTOPOii HalijyTcs mOporosble HepasencTea A’ €

Aa(f'), yAOBIETBODSIIONINE YCIOBUSIM:
1) f(z) = f'(x) nst Beex @ € E2\ (o'} Ud'dly);
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2) ost i = 1,2 cymecrsyer z € o'a; taxoit, uro o’z N E2 C My(f) u za, N E2 C Moy(f),
upuiem o'z N E2 # 0, xa; N E2 # 0.

3) Zayo'aly = pmaz(f).

IToporoseie HepasencrBa A’ HazoBeM onoprvimu st f.

Teopema. Kaace T(2,n,2) pasbusaemcs na 9 noOMHONCECE NO OUEHKE HA MOUSHOCTL MY~
NUKOB020 PA3PEUAIOULL20 MHOHCECTNEA, O UMEHHO:

1) ecau f =1, mo o(f,T(2,n,2)) =4,

2) unane, ecau |[Mi(f)] <1, mo o(f,%T(2,n,2)) = Q(n?);

3) unave, ecau f € T(2,n), mo o(f,T(2,n,2)) =0 <A1rgllir(1f)l(a1(A)a2(A))>;

€2
4) unave, ecau S(P(f)) =0, mo o(f,T(2,n,2)) = O(v/2n — Diam(P(f));
5) unaue, ecau My(f) N B(E2?) =0, mo

o(f,%(2,n,2)) = O(min(v/2n — Diam(P(f)), Diam(P(f))?));

6) unave, ecau cywecmeyem eOUHCMBEHHAA ONPEJEAAIOUAA NAPA NOPOLOSUT PyHKUUl, MO
o(f,%(2,n,2)) <9;
7) unave, ecau Myi(f) C B(E2), mo o(f,%(2,n,2)) =n +4;

8) unave, ecau Pmag(f) < m, mo

. 1 1
o(f,%(2n2) =0 (mm (” 7= Pmar() | max(pra(f) — arcsin £ — aresin £ (5 + l2>2>>> |

20e l; = l(oa;), 0 = 0(A),a; = a1(A),as = az(A) u A — napa onopnwxr nepasercms oaa f;
9) unave o(f,%(2,n,2)) = O(n).

JIutepaTtypa
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NTPbI B PACKPACKY I'PA®A

FO.A. 3yes

MockoBckuit FOCy‘HapCTBeHHBIﬁ yYHuUBEpcurer TEeXHOJIOTUIT 1 yupaBJI€eHU,

Bemusinoit Bast 73, 109044 Mocksa, yurizuev@mailfrom.ru

B mocrestree necsatuierne XX Beka B Teopun TpadOB BOZHUKIIO U TOJYUUIO PA3BUTHE HOBOE
HaIlIpaBJIeHHe — u2pv, 8 packpacky epaga. Hanbosiee n3BeCcTHON M MCCIEIOBAHHON UT'POIl STBJISIETCST
crepytomast. 3aaan mpocroii rpada G(V, E). Amica u Bob moouepéao BEIOMPAIOT OIHY U3 ellé He
OKpalI€HHbIX BEPIINH 1 OKpPAaIlInBalOT eé B OJJlUH U3 M 3aJaHHBLIX IIBETOB. HpI/I 9TOM HHKaKHe JIBe
CMEXKHBIE BEPIMHBI HE JTOJKHBI OBITH OKPAIEHBI OJIHAM IIBETOM. AJTHCa JTeJIaeT MePBLIi XOm 1,
€CJII WT'pa, 3aBepPIaeTCsl MPaBUIBHON PACKpacKoil rpada, To OHa BBIUTPbIBaeT. Eciu »Ke Ha HEKO-
TOPOM 3Talle WIPHI MPABUJIbHAS PACKPACKA CTAHOBUTCS HEBO3MOYKHOW (MMeETCsl HEOKpAICHHAS
BEPIIMHA, B OKPYKEHUU KOTOPOil MCHOJIb30BaHbI BCE KPACKHU), TO BbIUIPbIiBaeT Boo.

Hawmmenbimiee 9ucyio 1BETOB 1M, MPU KOTOPOM WI'Pa SIBJSIETCS BBIMIPBINTHON Jijisi AJIMCHI, Ha-
3BIBACTCS UZPOGHIM TPOMAMUYECKUM wucaom (game chromatic number) rpada G u oboznadaercs
Xg(G). Cupaseymso oueBugaoe HepaBeHCTBO X(G) < x4(G) < A(G) + 1, rae x(G) — xpomarn-
geckoe unciio rpada G, A(G) — ero MakcuMasIbHast CTEHEHb. SHAYATEILHOE TUCII0 UCCIICIOBAHII
OBLJIO TIOCBSIIIEHO OIEHKAM MaKCHMAaJIbHBIX 3HadeHU X4(G) B pasnumunbix Kiaaccax rpados. Tax
B KJIACCE JIECOB 9TOT MAKCUMyM PaBEH IETBIPEM.
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Jlpyryto nHTEepecHyI0 UIPY B packpacky rpada G MOXKHO IOJIyYUTh, CJIENKa U3MEHUB [TPABUJIA.
[TycTh gncsio 1BeTOB M = 2, XOJBI IEJAIOTCS TI0 OYepeIH, TepBhIi X0 Aetaer AJjrca, a MPOUrphl-
BaeT TOT, KTO IPHU HAJUYIUNA HEOKPAIICHHLIX BEPIIMUH HE MOXKET CJleJIaTh odepeaHoro xoja. Fcan
2Ke Tpad OKa3bIBAETCS MOJIHOCTHIO PACKPAIIEHHBIM, YTO BO3MOXKHO JIUIIb B CJIy4ae JBY/I0JIHHOTO
rpada GG, TO pe3yIbTATOM UI'PBI CINTAETCsT HUUbsi. Cjleyomast TeopeMa OIMChIBAET Pe3YIIbTAThI
3TOI UI'PBI B IIPOCTEUIINX CIIYYIadX.

Teopema 1. Ecau 6 xauecmee G e3am npocmoti yuka Cy, mo Aauca npouepwieaem. Eciu 6
rauecmee G 63ama npocmas yensv P, mo pesysvmamom uzpvl asaiemcs nuswvs. Eeau 6 xave-
cmee G 63am n-meprvili kyb B, mo Aauca npouzpuieaem. B xaacce depesves 803MOxHCHDL 6Ce
mpu pe3yabmama uzpul.

JlokazaTeabCTBO TEOPEMbBI IIPOBOJIUTCS OIMCAHUEM BBIMIPBINIHON CTPaTernu, KOorja pesysibTa-
TOM UI'PLI ABJIAETCS BBIAIPBINI OJHON U3 CTOPOH, U OLIMCAHUEM HUYEHHON CTpaTeruu JJjid KarKa0n
CTOPOHBI B CiIydae HUYbEH.

Paccmorpum Temephb cyimecTBEHHO MHYIO UTPY B pacKpacKy rpada, panee B HaydIHOI JIATEpa-
Type, MO-BUIUMOMY, HE BCTPEUABIINYIOCsS. M€ MOCTaHOBKA IMOJICKA3aHa 3aJiadeil, IpejiaraBireics
na MockoBckoii Mmaremarudeckoii onmmnuaze B 2005 romy [1, 66]. Anmca packpamusaer cBouUM
HEepPBbIM XOJIOM B M 1BeTOB Bee pébpa rpada G(V, E), nocie yero Bob nbiraercsi packpacuThb B
Te Ke m 1BeTOB Bepmuubl rpada G Tak, 9ToOBI HU JjIs KAKOro pedbpa obe ero BepIIuHbl He ObLII
OKpallleHbl B 1BeT pebpa. Eciau eMmy 310 yaaércsi, To OH BBIMIPaJl, €cjii HeT — mobequia Ajmca.
PesynbraT 9T0i Hrphl N3ydascsa aBTOPOM sl TOJHOTO n-BepmuHHOro rpada K,. dcHo, 9To sToT
pPEe3yJILTAT 3aBUCUT OT COOTHOIIEHUS 1M U 1.

st mostnoro n-seprimuaoro rpada K, u m Kpacok onpejenum mupejgukar P (m,n)

0, ecnm ajst J1F0O0I packpacku pédep rpada K, cyiiecTByeT

pacKpacka ero BepIInH, JA0Nas IPABUIbHYIO PACKpacKy rpada K,
P(m,n) = 1, ecnu cymecTByeT Takas packKpacka pebep rpada K, 9TO HUKaKas
pacKpacka ero BepIiH He IIPUBOJIUT K IIPABUJILHON pacKpacKe
rpacda K,.

Cuiestyroniasi TeopeMa OMKMCBIBAET MOBeJeHNe npejukara P (m,n) B 3aBUCUMOCTH OT M 1 M.

Teopema 2 [2|. Jasa kaoscdozo namypaivrozo m cyuecmeyem makoe Hamypasvhoe v (m),
umo P (m,n) =1 npun>v(m) u P (m,n)=0npun<uv(m).
Qyrxyus v (M) CMPo2o MOHOMONHO BO3PACMAETN, NO M. U UMEEM KEAOPAMUUHHL NOPAJOK
pocma v (m) = O (m?).
Ecau ¢ — cmenens npocmozo wucaa makas, wmo m < g — 1, mo v (m) ydosaemeopaem d6ot-
HOMY HEPABEHCMEY
m?/2e+2 <wv(m) < ¢,

2dee=2,71... — ocnosarue HAMYPAALHOL0 NA02APUPMA.

JokazaTebcTBO MOHOTOHHOCTH TIpeaukaTa P (m,n) 1mo m u no n mpoBOJAUTCS CTaHIAPTHBIMUI
JIst Teopuu TpadOB METOJAMHI U HE COCTABJISIET TPY/Ia.

Huxusist onerka TeopeMbl JOKa3bIBACTCSI BEPOATHOCTHBIM METO/IOM C UCIIOIb30BAHUEM JIOKATb-
Hoit siemmbr Jlosaca (cm. [3, 85]). st npousBosibHOI bukcupoBanHoil okpacku pédbep rpada K,
OKpAIIBaeM KaXKIyIO ero BepIInHy HE3aBUCUMO U PABHOBEPOSTHO B OJWH U3 M IBETOB. [y Kax-
noro pebpa e = {v;,v;} € E (K,) oupenennm cobeitie A.: «pebpo e i BEepIINHbL V;, U OKPAIIEHBI
B ojuH 1Ber». Torma cobbirue | ) c€E(Kn) A, COOTBETCTBYeT HPABUJILHONH BEPIIMHHON PACKPACKE.
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s xaxoro A, mveem P (A.) = 1/m?. Cobuite A, MOXKeT 3aBUCETH JIUIIL OT COOBITHE Ay 1ist
CMEXHBIX ¢ e pébep €, a mx 2 (n — 2). IIpn 2em ™2 (n — 2) < 1 yenosus MoKambHoit eMMbl JIo-
Baca BBINOJHEHBI, & 3HAYUT [PABUJIbHASI BEPIUHHAsST pacKpacka cyiecTByer. OTcroma moryuaeM
v (m) > m?/2e + 2.

Unest nosyuennst BepxHeil orieHkn cogepzkurcs B |1, 381|. Ilycrpb yucso Bepums n = ¢?, aucio
1BeToB m = q — 1, re ¢ — crenenb npocroro yuciaa. Bepmunel rpadga K2 0TOXKIECTBIAIOTCS C
TOUKAMU KOHEUHOI addUHHON IJIOCKOCTH HOPsIKa ¢. MHOXKECTBO u3 ¢? + ¢ IPAMBIX IJIOCKOCTH
pasbuBaercs Ha ¢ + 1 OAMHOXKECTB — HAIIPABJIEHUN, KayK/I0€ U3 KOTOPBIX COJIEPKUT ¢ HMPAMBIX.
IIpsiMble KayKI0ro HAIPAB/ICHHS HE [EPECEKAIOTC U MOKPHIBAIOT Bee g2 Touek. U3 ¢ + 1 nampas-
JleHm#t AJtnca TPOM3BOJILHO BRIOMpaeT ¢ — 1 n oKpaImmBaeT pédbpa KayKI0ro n3 HUX B OTAETLHBIH
nBeT. Pébpa IByX OCTABIINXCsi HAIIPABJIEHUI OKPAIMBAIOTCHA MPOM3BOJIbHO. Termeph mpu Jjr000it
packpacke g2 BepHmH B ¢ — 1 1BeTOB HaiiéTCst peGPO, JBE BEPIIMHBI KOTOPOIO OKPAIIEHBI B IIBET
pebpa. B camom Jesie, Ipu packpacke g2 TOYeK B ¢ — 1 I[BETOB HAfETCH IIBET, UCIOJIL3yeMbIi
bosiee ¢ pa3. IloaToMmy cpeau ¢ TpsSIMBIX HAIIPABJIEHWS] STOTO I[BETA HANIETCS IpsiMasi C JIBYMsI
TOYKaMHU 9TOrO IIBETa, T.e. 00e BEPIINHBI COOTBETCTBYIONMEro pebpa OyIyT OKpalleHbl B I[BET peb-
pa. Orcroma P (q -1, q2) = 1. JIyisi IpOU3BOIBLHOIO YHC/IA [[BETOB M, HoJIoxKus ¢ = 2/1082(m+1)1

umeem m < g —1 1 ¢2 < 4(m +1)%. Do naér P (m,4(m + 1)2> = 1. Orxyna v (m) < 4(m +1)?,

YTO U YyCTAHABJIMBAET HOPSJIOK pocTa v (m).

B kadecrBe HeEmOCpeICTBEHHOTO CJIEJICTBUS M3 TEOPEMBI MOJIYyYaeM CJEIYIONINe OIEHKU JIJIs
qrciia KPacok M B 3aBHCHMOCTHU OT 4ucja Bepiiud n rpada K.

CaencrBue. Ecaum > (/2e(n —2), mo P(m,n) =0. Ecaum < q, 2de ¢ — ao0bas cmenens
npocmozo wucaa maxaa, wmo q> < n, mo P(m,n) = 1.
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IINKJINYECKU I'PA® TAMUJIBTOHOBA MATPOUIA

A.H. Ucauenko', SI.A. Ucayenko?

!Besrocynusepcurer, daxyabTeT MIPHKIAIHON MATEMATHKE U HH(MOPMATHK,
Hesasucumoctu 4, 220050, Munck, Benapycs isachen@bsu.by

2000 “Axcenuep”, TTaBesenkas 1., 2, 115054 Mocksa, Poccust yarais@mail.ru

Teopust MATPOUAOB TECHO CBA3aHa ¢ Teopueil rpacdos. MHOIrHE IMOHATHS TEOPUU MATPOUIOB
IIOABUJINCH KaK O606H_[eHI/I$I COOTBeTCTByIOH_H/IX I‘pa(bOBbIX IIOHATHUU 1 IIpuBeJ/JIN K BOSHUKHOBEHUIO
OTIEJbHBIX HAIIPABJICHUI B UCCJICIOBAHUA MATPOUIOB. B CBOIO oYepenn, XapaKTepu3alus MaTpO-
MJIOB 3a9aCTyIO JIaéTCs B TepMUHAX CBOWCTB rpados. [IpuBeneHHbINl HUXKE PE3yIbTaT SIBJISIETCS
IPUMEPOM TAKOI XapaKTepU3aIliu.

Marpons [1,2] M Ha KOHeYHOM MHOXKecTBe S MOXKHO oupezesuth Kak napy (S,C), tae C
CeMeiiCTBO TOAMHOMKECTB U3 27, VIOBIETBOPSIONIEE [BYM AKCHOMAM:

Clleem X #Y €eC,10 X ¢ Y,

C2) ecm C1,Cy € C u z € C1 N Cy, 1o cymectsyer C3 € C, takoe uaro C3 C (C1 U Cy)\z.

IMonmuoxkecrsa 3 C' HA3BIBAIOTCA MUKJIAMU MaTponaa. LIUK/I U3 OIHOIO 3/1eMEeHTa HA3LIBAIOT
neTéit. Marpon Ha3BIBAIOT CBAZHBIM, €CJIM JJIA JIOOBIX 3JIEMEHTOB MHOXKECTBA S CyIIECTBYET CO-
Jiepzanmit ux ki, Panr p(X) maoxectsa X C S 9T0 MOITHOCTH MAKCHMAJIBHOIO MTOJIMHOYKECTBA
X me comepxariero nukia. Panr marpouna M pasen p(S).
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Hpoiicteennsiit k M marpony M* = (S,C*) onpenensiercst cemeiicrsom C*, cocTosmum n3
MUHUMAJIBHBIX HEIYCTBIX MOJAMHOXKeCTB X MHOMXKecTBa S Takux, 4to | X NY| # 1 ais Kaxaoro
mukaa Y € C. [ukiibl JBORCTBEHHOIO MATPOU I8 HA3BIBAIOTCA KOIMKJIAMY UCXOIHOIO MATPOU/IA.

st mpoussosibaOro HeopuenTrposanHoro rpada G = (V, E) napa (E,C), rae C' MHOXKeCTBO
1ukJI0B rpada obpasyer marpon i M (G), KOTOPBI HA3BIBAIOT IIUKJIXIECKIM MaTpor1oM rpada G.
B cBoto ouepesib 1Mo TUKIIAM MATPOUIA MOYXKHO OIMPEIETNTh TaK HA3BIBAEMBIN ITHKINIECKUi rpad.

[Tycrs M = (S, C) marpous Ha MHOXKecTBe S, onpejie/énnbiii cemeiicrsoM 1uk/os C. [ukim-
geckuit rpad G(M) = (V, E) marpouna M sto rpad ¢ muoxkecrBoM Beprmua V = C' u MHOKe-
crBOM pédep E, cocrosimum u3 nap (Ch, Cy) Takux, 9ro:

1) Cy U Cy cBsA3HOE TIOAMHOXKECTBO MaTponsa M

2) p(C1UCy) = |C1UCo —2.

B pabore [3] 6b110 BBEIEHO HOHSITHE TAMUJIBTOHOBA MATPOUJIA. | aMUIBTOHOB MATPOM] — MaT-
pOU/I, IMEIONTUH TUKJT ¢ IUCJIOM 9JIEMEHTOB Ha €JINHUILY OOJIBIIAM PAHTa MaTPOUTIA.

O/1HO U3 CBOWCTE raMUJILTOHOBA MATPOUIA JIAET CIEAYIONEe YTBEPIKICHNE.

Teopema. [[ukiuveckutl 2pagh 2aMUABMOHOBE MAMPOUIE ABAAELMCA CEAIHDIM.

CrupaBeInBoCTb JAHHOTO YTBEPXKIECHUS BHITEKAET U3 ABYX (DAKTOB:

— marpons, M 6e3 KOeT/IN SIBJISIETCsT CBI3HBIM TOT/Ia M TOJIHKO TOTA, KOT/Ia €ro TUKJINIeCKUH
rpad G(M) cBs3HbBI;

— KaK [OKA3aHO B [4] raMHJIbTOHOB MATPOUJL SIBJISETCS CBSI3HBIM.
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K TUIIOTE3E XAPTCOUJIIA-PUHTEJIA OB AHTUMATNYHOCTUA
CB4A3HBIX TTPA®OB

B.H. Kamnaues

Benopycckuit I'ocymapcrBennsiit YausepcureT, MexaHnKo-MaTeMaTuIeCcKuii (haKyabTeT
Heszasucumoctu 4, 220050, Munck, Benapycs

vitkalachev@gmail.com

B 1990 r. Xaprcduig u Punrens BBesun B coeil kKuure [1| nousitue anmumazuueckoti nymepa-
yuu pebep epaga:

Ounpenenenne 1. [lycte G = (V, E) — (n,m)-rpad, a ¢ : E — {1,2,...,m} — HekoTOpas
unbekTuBHas Gynkuus. Oupegennm va V' dyukiuio f, nonoxkus i Yo € V f(v) = Xep(e), rae
e poberaeT MHOYKECTBO pebep, HHIMIEHTHBIX v. Fen Takas f TakyKe OKa3bIBAETCS NHbHEKTHBHOI,
TO (byHKIUsS p(€) HABBIBACTCS GHMUMALUNECKOT HYMEPAUUET.

I'padbl, 11t KOTOPBIX Takask HyMepaliysi BO3MOYKHA, ObIIM HA3BAHBI aHMUMa2U%eCkuMU. Tak-
e B [1] BbICKA3aHO IIPEIIOIOKEHHE, YTO BCe CBsI3HBIE TPadbl € N 2> 3 SBJISIOTCS aHTUMAITICCKU-
Mmu. Takum 06pazoM, eciu Ta TUIOTe3a BEPHA, MOJIydaeM elle OJIHO TPUBUAJIBLHOE CBOMCTBO JIist
csa3HbIX Tpados (kpome Ko).

B obimiem cirydae rumoresa J10 CUX 0P He JIOKa3aHa U He OIIPOBEPIHYTA, XOTs CYIIECTBYET MHOTO
paboT, el MOCBSINEHHbIX. Bce MMeIoumecst Ha CEerojiHsl Pe3ysIbTaThl MOJYyIeHbl MyTeM CyKeHUsI
3218491 Ha HEKOTOPBII KJrace rpados.
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Teopust anrebpandeckoii gexkomnosunuu rpados (AJII') 6buia paspadorana B Muncke P.I.
TeimkeBr4 u €€ yYeHUKAMU U 3apEKOMeH0Baja cebst Kak 3(pdEKTUBHBIN CIIOCOD peleHust pas3-
JIMYHBIX 3aja4 Ha rpadax. Xors A/l usHavajibHO co3/1aBaJIach JJjisl PEIIeHUs] aJIrOPUTMIICCKUX
3a/1a9 U [OJICUeTa HEKOTOPBIX XapaKTEPUCTUK Ipad OB, MOCIEHIE PE3YJIHTATHI TIO3BOJISIOT YTBED-
JKJIaTh, 9TO T4 TEOPHsl TAKXKe NPUMEHUMA U JJIs MCCJIeJI0BaHUs TUIOTE3 (HAIPUMED, CUIHHOM
runore3bl Beprka nim runoressr Kem-YiaMa o peKOHCTPYUPYEMOCTH ).

Tak, B wactaoctn, B 2008 r. M. Bappyc B pabore [2| mokaszan, uto pacrmemsisieMble rpadbl
u 1-pazjoxkumbie rpadbl gBisdoTcs anTuMmarndeckumu. B 2014 rogy sToT pesysbrar 6611 0000-
IIIEH aBTOPOM U ITIEpEHEeCeH Ha GoJiee MIMPOKHE KIacchl rpadoB, a uMeHHO Ha (1,2)-noasprve un
(1,2)-pasaoorcumvie rpadsr [3]. Takxke B 2014 rojy aBTOPOM OBIIO MOKA3AHO, UTO CEA3HBIE YHU-
epagpvr asasromesn anmumazueckumy [4] (Ha OCHOBE MOJHOrO ONMCAHUS CTPYKTYPBI yHUIPadOB,
nostyaentoro P. 1. Teimkesnd B [5]).

B nacrositiiem mokJiajie npeicTaBaeHbl pe3y IbTaThl JAJbHEHINNX UCCIIeIOBAHNI B 06JIACTH TIPHU-
mennmoctr AJIIN K jokasarenbcTBy runoressl Xapcerduiga-Punresss. OCHOBHOE TOCTUKEHIE —
JIOKA3aTeIbCTBO CBOficTBa anTuMarndnoctu (1, Q)-noasprwz u (1, Q)-passoscumvxr rpados s
IIPOM3BOJIBHOTO () > 3 IPU BBIIOJHEHUN HEKOTOPBIX OrpAHUYEHMIT Ha CTEIleHN BEpIINH TUX T'pa-
dbos. A umenno: degb < dega n degb < dege st Va € A,be B,ce C,rne V=AUBUC, G(A)
— Bepxusist goust (1, Q)-nossiproro uiau (1, Q)-pasnoxkumoro rpada, G(B) - ero HUXKHSIS J0JIs,
G(C) - npousBoJIbHBIN Irpad (ecau OH eCTh).
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3-PACKPAIIIMBAEMOCTDb YUCTBIX JETCKNX PUCYHKOB CHAPKOB
3AJAYA “OXOTA HA CHAPKA”

T.9. Kpenkeinb

MockoBCKnMit TEXHUYECKHIT YHUBEPCUTET CBA3M U MHAMOPMATHUKH,
Kadepa TeOPUU BEPOSITHOCTEN U ITPUKJIAIHON MaTEeMaTUKN

Asuamoropnas 8a, 11024 Mocksa, Poccuiickas @enepanust  krenkel2001@mail.ru

Teopust cHapKOB — pazfie/l TEOPUM TOIOJIOTUYECKUX I'padoB U KOMOMHATOPHON TOIIOJIOIUU,
B KOTOPOM pacCMaTPUBAETCH 33Jia4a IIOJIUIIPAILHOIO BJIOYKEHUS HETPUBUAJILHBIX KyOHIECKUX
(TpuBasieHTHBIX) TpadOB B KOMIIAKTHBIE PUMAHOBBI MOBEPXHOCTHU POJIA ¢.

Cuapk siBJisieTcst KyoudeckuMm rpadom, He jiomyckatomumM packpacky o Teiity. I'pad [lerep-
cena (1898) siBjisiercsi MUHUMAJILHBIM U €IMHCTBEHHbIM cHapkoM ¢ 10 Bepruuaamu u 15 peGpamu.
B 1946 romy TarTt mociie mosiBjieHusi nByX Kybmdeckux rpados Bianymm gokasas, 9To Jioboi
HETPUBHAJILHLIN KyOmdeckuii rpad moxkeT ObITH cBesieH K rpady Ilerepcena ¢ momornsio aByx
orepaluil - CJUsSHUS BEPIIUH U BBIYEPKUBAHUS pebdep.

VccenemoBanust B TeOpun CHAPKOB MOTHBUPOBaHbI runiore3oii ['pronbayma (1969).

T'unoresza I'proubayma. Ecau xybuueckudi epagh donycraem nosusdpasbhoe 8A0HCEHUE 6 OPU-
EHMUPOBAHHYIO NOBEPTHOCTIL, MO 0K § — PACKPAWUUBGEM.
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Cam TepmuH “cHapk” ObLIT BBeseH apaaepom B 1976 romy k 100-jeTuio myOJIMKaImy OIMBI
JIstouca Kapposna “ The hunting of the snark”, mocBsiieHHON MOTOHE 3a 3aral0YHBIM CYIIECTBOM,
MMEHYEeMbIM “‘CHapK’.

Teopema Illennona. Pebpa 106020 2paga mozym Obimbv okpauteHv, mak, 4mo Abvie dsa
pebpa ¢ obwuM KOHUOM OYOYM UMEMb PASAUYHBIE UBEMA NPU UCTOALI0BAHUU CAMOE DOAbULEE
L%mj ugemos, 20e M — MAKCUMANDHOE HUCAO Pebep, UCTOOAUUL U3 00HOT BEPULUHDL.

CHapku — 3TO TpHWBAJIEHTHBIE Ipadbl M = 3 U MOTOMY XPOMATHYECKOE UUCJIO CHAPKA 10
TeopeMe [llenHona paBHO 4, T.e. OH HepacKpaluBaeM 10 TeiTy.

Y1061 OTYInNTh 3-PACKPAITIBAEMOCThH CHAPKA BBICKAYKEM CJICIYIONYIO THIIOTE3Y:

T'unoresa o 3-packpaimuBaeMocTu cHapkoB. CHapx packpawusaem no Tetdmy npu nepe-
xode om cHapkro8 6 Kame20puo wucmox demckur pucymnxos I'pomendura Dessin.

[Tepexos oT cHApKaA K YUCTOMY JIETCKOMY PHUCYHKY CHapKa OCYIIecTBjsieTcs jobaBieHueM Oe-
JIOIl BEPINMHBI [TOCEPEINHE KaXKIOoro pebpa CHapKa, T.e. TIOCTPOEHMEM JBYKpAIIeHHOIro Irpada ¢
oJrypebpamMu.

Jlemma I'porenauka. Cywecmeyem buexyus mescdy napamyu Benrozo (2973, B) u demerumu
pucynkamu I'pomenduka Dessin, 20e ) 4,3 KOMNAKMNAA PUMAHOGA NOGEPTHOCTIL poda g ¢ mpems
OMMENEHHBLMU MOUKaAMU, G 3 Mmepomopdras Gynxuus Beaozo ¢ mpemsa KPpUMUMECKUMU 3HAYE-
HUAMU.

Cdopmynupyem 3amady:

Bagada "Oxora wa Cuapka". Hatmu napy Berozo (D 9.3 B) daa wucmozo demckozo pu-
cynra Crapra.

Cuapk c¢ 6oJibinoit 6ykBel — 310 rpad Ilerepcena.

3ATAYA O B3BEIIIEHHOI HE3ABUCHUMON {K;, K;}-YIIAKOBKE I'PA®A

B.B. Jlennu

Nucruryr maremaruku HAH Benapycu, Cypranosa 11, 220072 Munck, Benapycs
lepin@im.bas-net.by

PaccmarpuBaercst 3ajaua o B3BerienHoil HesaBucumoii { K1, Ko }-ynakoske rpada, numeromero
Beca Ha BepIuHaxX u pebpax. YacTHBIMHU CIydasiMd 3TOW 3aJadi SABJSIOTCS 3a/a9u 00 HHITY-
[IMPOBAHHOM IMApPOCOYETAHUN U O JIUCCOMUUPYIONEM MHOXKeCTBe B rpade. 3ajada 0 B3BElIeHHO
nezasucumoii { K1, Ks }-ynakoBke rpada BOSHUKAET IPU IPUMEHEHUH METO/Ia MOLYJISPHOI TIeKOM-
HOBUIMY JIJIsT PEIIeHNUs] yKa3aHHbIX 3a/a4 [1].

IIycrs H — dpurcupoBaHHOE MHOXKECTBO CBA3HBIX I'pacdoB. H-ynakosxoti rpada G HA3bIBAETCS
MHOXKeCTBO 8 = {G1,Ga, ..., Gy} nonapHo He mepecekamuxcs Mo BepimHaM noarpados rpada
G, Kaxplil u3 KOoTophix nzomopden rpady uz H. [oopsrt, aro sepwuna epaga G noxpueaem-
ca H-ynaxosxod, eciin oHa NpUHAIEKUT oaArpady 3Toil yrakosku. Hesasucumot H-ynarxosrot
rpacda G HazbiBaercst H-ymakoBka S, B KOTOPOil HUKaKue 1Ba HoJrpada yIIaKOBKUA He COeIUHEHBI
pebpom rpada G. Ecau nan rpad G ¢ Becopbivu dyukimsavu wy : V(G) - Nuwg: E(G) - N
Ha BepIinHax u pebpax, u Hezasucumast { K, Ko }-ynakoska S rpada G, 10 6ecom ynaxosru S Ha-
spiBaeTest ), o wv (V) +D_cpwi(e), tie U =Ug,cs g2, V(Gi) 1 F = Ug,es £(Gi). Pacemar-
puBaercs 3ajada o B3BeleHHOI Heszasucumoit { Ky, Ko }-ynakoBke rpada, B KoTopoit Tpebyercs
Haiity nesasucumyo { K, Ko }-ynakoBky HanGOJIbIIETO BeCa.

Ecan muoxecrBo nogarpados 8 ssisercs nesasucumoit { K1, Ko }-ynakoskoii rpada G, o ero
MOZKHO OiHO3HaHO 3a/1aTh napoit Muoxects (U, F), rne U = Ug,cs, V(Gi) n F = g, cs, E(Gi).

Bynem mpeamonarats, 9To s KaXKA0T0 pebpa vu € E BbITOTHIETCST

max{wy (v), wy (u), wg(vu)} > 0.
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[Moxmuoxkectso Bepiua U C V(G) nasbiBaercs: duccoyuupyrouyum muostcecmsom rpada G,
ec/im MakKCHMaJibHasl crenenb Bepiui B nojarpade G[U] we mpesocxomut 1. 3ajada o gauccoru-
UPYIOIIEM MHOXKECTBE HambOJIbIEro pasmepa sipjsercs NP-TpymHoit i IBYIOJIbHBIX rpadoB,
st Cy-CcBOOOIHBIX ABYIOJILHBIX IPadOB ¢ MaKCUMAaJILHOI BepIInHHOI crenenbio 3. Pemaercs sra
3aJ1a4a 34 MMOJTMHOMHUAJIBLHOE BPEMsI B HECKOJIBKUX KJIaccax rpados.

IToamuO)KecTBO pebep rpada G HA3BLIBAETCS NAPOCOYEMAHUEM, €CIA HU KaKue JiBa pedbpa u3
9TOr0 MHOYKECTBA HE MMEIOT OOIIEl KOHIIEBOH BEPIIUHBL. HMHOYUUPOSAHHIM NAPOCOUEMAHUEM Ha-
3BpIBaETCH Iapocoderanue ' # (), B KOTopoM HE Kakue jiBa pebpa He coeuHeHbl pebpoM rpada G,
T.e. MAKCHMaJIbHasl cTelleHb BepimH B nofarpade G|[F| pasna 1. Sagada 06 WHYIMPOBAHHOM IIa-
pocodeTaHny HaubOJIbINEro pasmepa sapisiercs NP-TpyiHoi 1j1s 4By 10IbHBIX IPadOB, IIaHAPHBIX
rpacdos. OHa 3¢pPEeKTUBHO pelIaeTcst B HECKOJIBKUX KJiaccax rpados.

YcranaBiauBast olpeiesieHHbIe Beca BepiuHaM u pedpam rpada G, Mmbl MOKeM (HOPMYJIUPOBATD
M3BECTHBIC 331490 B BUJIe B3BEIIEHHON 3a1a4n o Hezaucumoii { K, K }-ynakoske rpada G.

[Iycrs G — rpad. Ecim wy (u) = 1 s kaxioit Bepmuabt u € V(G), awg(e) = 0 ist Kaxk10ro
pebpa e € E(G) u (U*, F*) — naubosbiero Beca Hesasucumast { K7, Ko }-ynakoska rpada G, To
U* sByisieTcss HaubOJIBINIMM HE3aBUCUMBIM MHOXKECTBOM B rpade G.

Ecmu wy (u) = 0 qyis kaxxaoit seprunst v € V(G), a wg(e) = 1 s kaxgoro pebpa e € E(Q)
u (U*, F*) — mauGoubinero Beca nesasucumasi { K7, Ko}-ynakoeka rpabda G, to F* apiagercs
HaMOOJILIITIM WHIYIIUPOBAHHBIM MapocodyeTanueM B rpade G.

Ecmn wy(u) = 1 pus xkaxkoii sepmusbl u € V(G), a wgp(e) = 2 ayis kaxgoro pebpa e €
E(G), n (U*, F*) — naubosbiero Beca HezapucuMmast { K1, K }-ynakoska rpada G, ro U*UV (F™)
SIBJISIETCS HAUOOJIBIAM JIUCCOIUUPYIOIINM MHOXKeCTBOM B rpade G.

Teopema 1. Cywecmesyem aazopummol, KOMOPbLE PEWAIOM B36EUEHHYI0 30004y 0 HE346U-
cumoti { K1, Ka}-ynaxosxe dan depesves 3a epema O(n), das yruyuriuueckur 2pados 3a 6pems
O(n?), das xozpados u pacwenasemvx 2pagos 3a epema O(n+m), dasa co-gem-c60600nvix 2pados
3a epema O(m(m +n)), ede n — wucao sepwun um — wucao pebep epaga.

Teopema 2. Cywecmeyem arzopumm, Mmaxotl, Mo ecal Ha €20 6Lod daH 836eUeHHVIT 2pad
G = (V,E) u ez0 dpesecnas 0eKoMNO3ULUA WUPUHLL K, MO OH Pewaem 636eweHnyto 3adayy o
nesacucumoti { K1, Ka}-ynaxoexe sa epema O(28mk), 2de m = |V(T)| — wucao ysaos 6 depese
JexoMNO3UYUL.

TTapameTrpusoBaHHAasS CJIOXKHOCTD. B Teopun napamMeTpu30BaHHON CJI0KHOCTH BXO/I 3a/a9H
cocrout u3 aByx uacreil (I, k), rme I — 310 riaBHas 9acTh, a k (9acTo HATypasbHOE YHCIIO) —
napaMerp. Boiaensior ciaeayomye Tpu Kareropun GpUKCUPOBAHHO-IIAPAMETPUIECKON CI0XKHOCTH
NP-mronuBIX 3ama:

1. 3amaum, KOTOpbIE [JIsT KaXKJA0r0 (PUKCHPOBAHHOTO k MOTYT OBITH PelIeHbl 38 MOJTMHOMUAIb-
HOe BpeMsl, Ille CTelleHb IOJIMHOMA He 3aBHCUT OT k;

2. Bagauu, KOTOpPLIE s KasKI0r0 (PUKCUPOBAHHOIO k MOILYT OLIThL PEIIeHbl 38 IOJINHOMUIAb-
HO€ BpeMs, HO CTEIIeHb IIOJIMHOMAa 3aBUCHUT OT k,

3. st mekoroporo dpukcupoBaHHOro k 3amada sBisiercs NP-TpymHoii;

Bagaun pacio3HaBaHUs, KOTOPhIE IIPUHAIJIEKAT [IEPBOI KATErOPUHT, HA3BIBAIOTCS (DPUKCHPOBAH-
HO-TIapamMeTrpudecku paspermMbiMu (anri. fixed-parameter tractable) u obpasyror kiacc FPT.
Hpyrumu ciosamu, ecsn 3aga4a (I, k) Mmoxker 6bITh periena ajropurmom ¢ Tpypoemkoctbio O( f (k)4
n®) win O(f(k)n®), tne f — 910 HeKoTOpAasi BbrUucAUMast (PYHKIUsI, & ¢ — HEKOTOPask KOHCTAHTA
He 3aBuUCAIas oT k, To oHa npuHaIeRuT Kiaaccy FPT.

WsBecTHO, 9TO JJIsI OKA3aTEILCTBA TOrO, UTO HEKOTOPAas IapaMeTPpU30BaHHAS 3a1a1a sIBJIsSeT-
cs1 PUKCUPOBAHHO-IIAPAMETPUYIECCKI PA3PEIINMOM, JOCTATOUHO HARTH aJrOPUTM IIPeoOpa3OBaHUs
KaxKJ0il ee MHAMBUAYAJIbHONH 3a1a4u K AIpY, T.C., JJld KaxKJI0M MHIUBUAYyaAJILHON 3aa4u (I R k:)
sagaun P, nocrpourh unauBuayasbuyio sagady (I, k') Takyio, 9To BBIIOJHSIOTCS CJIeLyONIUe
YCJIOBUS:

1.k <kwu|I'l <g(k), rne g — Hexoropas BbruncanMast GyHKIUS;
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2. peobpaszosanne 3anaun (I, k) x (I', k') ocymecTsisiercst 3a NOJIMHOMHUATIBHOE BPEMSI;

3. unuBuayanbuas 3ana4da (I, k) umeer orser "1a" roryma u Tosibko Tora, Korja sagada (I, k')
umeer orser "ma".

Pacemorpum ciemyiorniyio mapaMeTpu30BaHHYIO 3a1ady:

B3BEIIEHHAS 3AJTAYA O HE3ABUCUMOIN { K1, K5}-VIIAKOBKE

Bxox: rpad G = (V, E), Becosbie dyukimm wy : V(G) - Nuwg : E(G) — N, nonoxnrens-
Hoe 11e510€ K.

Bonpoc: Cymecrsyer Jjin HesaBucumasi { K1, Ko }-yliakoBka, nuMmeromias Bec He MeHee k.

[Tapametrp: k.

Yacrupiv Bapuantom B3BEIIEHHON 3AJAYN O HE3ABUCUMOM { K, K5 }-YITAKOB-
KE rpada ssiasiercas 3AJJAYA Ob UHAYIIMPOBAHHOM ITAPOCOYETAHUWNNA:

Bxox: rpad G = (V, E), nonoxuresnbHoe 1esoe k.

Bompoc: CytecTByer i MHIYIIIPOBAHHOE TIAPOCOYETAHNE C He MeHee deM k pebpami.

[Tapamerp: k.

UzBectro, uto sta 3AJTAYA OB MHJIYIIMPOBAHHOM ITAPOCOYETAHUU asnsercs
W/(1]-rpymmoit, mosromy B3BEIIIEHHAS 3AJTAYA O HE3ABUCUMOW {K7, Ko }-YITAKOB-
KE rakxke sBisiercss W[1|-rpyanoii. CienoBarebHo, MaIo BEPOSATHO, 4TO 06€ 3ajadu MPUHA-
snexkar knaccy FPT. Ilosromy mpejicrapiisieT HayqHbIH UHTEPEC BbIICHEHUE IApPaMETPU30BAHHOMN
CJIOYKHOCTHU 9THUX 3aJ1ad B Kjaccax rpadoB, B KOTOPBIX OHN ocTafoTcss NP-moaHbMm.

Teopema 3. B3BEIIEHHA A 3A/JAYA O HEBABACHMOM {K,, K,}-VITAKOBKE 6 x.rac-
ce epahos, cmenenu 6epuLuH KOmMopulLT o2parurens, wuciom d umeem adpo, cocmosuee us O(d?k)
sepuwiut (m.e. pasmep A0pa AGAAEMCA Aunelnvim, ecau d — konemanma). Jlas ao06020 epaga A0po
moorcem 6vimv nocmpoeno 3a epema O(n+m), ede n = |V| um = |E|.

B [3| mokazamno, uro SAJJTAYA OB NHAYIIVPOBAHHOM ITAPOCOYETAHUN ssisercs
NP-mostaoit B kacce Cy-cBOOOIHBIX JIBYI0bHBIX I'padoB. [Tockombky kiaace Cy-CBOOOIHBIX JIBY-
JIOJIBHBIX IPadOB COJIEPKUTCS B Kiacce rpadoB ¢ obxBaroM He MeHbIuM mectu, To B3BEITEH-
HAA 3AJJAYA O HEBABUCUMOI { K7, K2 }-YITAKOBKE sBnstercss NP-noHoit B mocire nem
KJtacce rpadoB.

Teopema 4. B3BEIIIEHHA S 3AJTAYA O HE3BABUCHUMOMH { K1, Ko}-VIIAKOBKE 6 x.aac-
ce epagpoe ¢ obzeamom He menvuum weemu umeem adpo ¢ O(k3) eepwunamu. Jlas amobozo 2paga
A0po moorcem 6vims nocmpoeno 3a epems O(n +m), eden = |V| um = |E|.

Pabora Beimosinena npu mogaepkke Bemopycckoro pecmybsmmkanckoro pouga dyHIaMeHTa b
HBIX nccaeoBannii (mpoekt ®14PA-004).
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ITIOCTPOEHUE AOE-IIEIIN B IIJIOCKOM I'PA®E
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[Mycts G = (V, E) — tpad, a T = vy, k1,01, ..., kp, U, Uy = vg — 3ilsiepoB 1uka B Hem. [Ipe-
IOJIOXKHM, UTO B KasKJI0# Bepimne v € V 3anan mukimdecknii mopsgox OF (v), onpenensiomnuit
cucremy nepexonos Ag(v) € OF(v) B s1oit Bepmmme. B ciyuae, xorma Vo € V(G) Ag(v) = OF(v),
cucremy tepexonoB Ag(v) GyaeM Ha3pBaTH MOJHON CUCTEMOI MEPEXOI0B.

Onpenenenne 1. Mapwpym T ydem nazvieams A-uenviro mozda u mosvko moada, xko2da oH
asasemes Ag-cosmecmumoti yenvro. Takum obpazom, nocaedosamenvhoie pebpa 6 uyenu T (unyu-
denmmnvle 6epuwune v) AGAAOMEA cocedamu 6 yurauveckom nopadke OF (v).

Omnpenenenue 2. bBydem 20sopums, umo uens C = viejvses ... v, 6 epage G umeem yno-
padouennoe oxsamweanue (asasemca OE-uyenvio), ecau das 10600 ee mawasvroll wacmu
C; = viejvzes...e;, | < (|JE(G)|+ |H(G)|) svnoanero ycaosue

Int(C;) N (E(G)UH(G)) = 0.

Onpenenenue 3. bydem 2osopums, umo uensv asasemca AOFE-uenvio, ecau ona 00HOBPEMEHHO
asasemea OF-uyenvio u A-uenvio.

Jausbiii Buj 1emneit mogpobuo onmcan B MoHorpadun I Dusitiaepa [1]. B obmem ciayuae
3a/1a1a MONCKA TaKoi Tenn B rpade OTHOCUTCS K Kitaccy NP-TpyaHbIX 3a/1a4, 0IHAKO IS HEKO-
TOPBIX YACTHBIX CIYyYaeB CYMIECTBYIOT 3((heKTUBHBIE AJTOPUTMbBI ee pelnenusi. B paborax maH-
HOT'O aBTOPa MPUBOJSITCS TAKXKEe MOJMHOMHUAIBHBIH aJIropuT™ Il BHEIIHEIIOCKuX rpados [2| u
Jist 4-perynsipabix rpados [1] (T.e. rpados, crenenb Kaxkioi BepIIMHBI KOTOPBLIX pasHa 4). B
[1, Caencreue VI.6] mpuBoauTcst J0Ka3aTeIbCTBO CYIIECTBOBaHUS A-1ienu Jiyist J1000ro CBsI3HO-
ro 4-peryssipHoro rpada Ha 060 moBepxHOCTH. JIJIsT JTOKA3aTeIhCcTBA JTAHHOTO (PaKTa aBTOP
ucnosbdyer Jlemmy o pacmenienun |1, Jlemma I11.26]. Takxke joka3aHo, 9TO CyIIECTBYET MOJIH-
HOMMAJIBHBIN aJITOPUTM JIJIsT pacimo3HaBanus A-menu B 4-peryisgpaom rpade.

B obmem ciaydae mHasmudane B rpade A-lienin BOBCE He 0O3HAYAET BBITOJHEHUE JIJIsT HEe YCIOBUS
YIOPSITOYEHHOT0 OXBaThiBaHuA. OHAKO, MAPIIPYT, JIJIsT KOTOPOTO He BBHITIOJIHEHO YCIOBHE YIIOPSI-
JIOYEHHOI'0 OXBATBIBAHUS, BCEra OyIeT COlep:KaTh IIEPEXOJl Yepe3 OXBATBLIBAIONIUN UK. DTOT
[epexo/i HECOBMECTHUM ¢ cucTeMoil nepexoios A-tenu. Takum o6pazom crpase/ymsa Teopema [3].

Teopema 1. Ecau 6 naockom epage G epage cywecmeyem A-uensv, mo cyuecmeyem u AOE-
Yeno.

Ouesnyizo, uro T.K. Jyisi Becex v € V(G), nmeem deg(v) = 4, 1o 4-perynspubiii rpad siBisiercst
SiiepoBbIM. PaccMoTpuM ciecTBre u3 TeopeMbr 1.

Caencrue 1. B ceasnom naockom 4-pezyaapnom epage cywecmeyem AOE-yens.

B [3]| nupusesen anropurm AOE-TRAIL nocrpoenusi AO E-nenu.

Teopema 2. Buwucisumenrvas caooctocms anrzopumma AOE-TRAIL asasaemca suretinots ae-
aununott O(|E)).

Paccmorpum mpousBosbHbil mtockuit rpad G. B [4] mokasano, uro B G Beerja cyimecTByer
sitieporo O E-tiokpbitre. Kcimu G sBIIsieTcst IIOCKUM 3#1epOBBIM I'padOM, TO B HEM CYIIECTBYET
OE-nukin. Ilnockuit sitiepos rpad nmeer OFE-nuki (1ienb), 0JHAKO OH MOYKET M HE SIBIATHCS
AQOE-nensio.

Omnpepenenne 4. iseposvim AOE-noxpuimuem Ha3vi8aemces MUHUMAALHAL N0 MOULHOCTIU
ynopadouenras nocaedosamenvrocmsv A-uenet, asasouurca O E-noxpomuem. Ecau yopamos mpe-
6osaHUE MUHUMAALHOCTVE, MO nokpuimue 6ydem nasvsams AOE-noxpumuem [3)].

Cnemoarensbuo, O FE-1ielb MOYKHO CUHTATH TOCJIEI0BATEILHOCTHIO HeCKOIbKUX A-nemneit. Ho
ecau rpad sIBJIsIeTCst cyrpadoM HEKOTOPOro 4-peryssipHoro rpada, Bceraa BO3MOXKHO IIOCTPOUTD
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sitieporo AO E-niokpeiTre. PaccMOTpPEHHBIH BBIIIE aJrOpuTM st 4-peryssipHoro rpada mo3BOJIUT
HOCTPOUTD TaKoe MOKPBITHE ocie gonoanenus rpacda G 1o 4-perynsaproro rpada G nobasienn-
eMm N pebep, rye 2N — uucsio BepuinH HederHoit crenenn rpada G [5).

Paspaborana nporpamma [6], kotopasi obecrieunBaer onpejenenne AOE-nienu B MI0CKOM 4-
peryasipaom rpade. Ilporpamma sBisieTcst peannsarneil IpeIcTaBIEHHOTO AJTOPUTMA U MOXKET
OBITH UCIIOJIL30BAHA JIJIS JIEMOHCTPAIIMY Pa3pabOTAHHBIX AJITOPUTMOB ITOMCKA PEIeHns yKa3aHHO
sajadu. Kakmgoe pebpo rpada mpeacTaBiserTcs CIIMCKOM UHITUIEHTHBIX €My BEpPINUH U JIEBhIX U

MIPaBBIX COCETHUX pebep, MHIIEHTHLIX KaKI0i U3 BEPIMNH U 3HAYEHHEM PaHra KarkKIoro pebpa.
st mpeacrasienus rpada B MaMITH KOMITBIOTEPA UCIOJIb3YIOTCS CJIEIYIONIIE KIACCHL:

struct GraphEdge{
int v1,v2; //VHIUOeHTHEHe BepUIMHE
int 11,12; //Cocenuue pebpa Ipy BpameHWW IPOTHB YaCOBOM CTpeK:
int r1,r2; //Cocenuue pebpa mnpu BpalleHHW IO YaCOBOM CTpENKe
bool £0; //®mar cMexsHocTH pebpa BHEWHEN rpaHU
int rank; //pasr pebpa
void REPLACE(); //llepecTaHoBKa MHIEKCOB pebpa
GraphEdge (){ //KoHCTpyKTOp II0 yMONYaHUD
};
s

class Graph{
public:
GraphEdge *E; //Habop pebep rpada
int EdgeNum; //Yucno pebep rpada
Graph(int N){ //KoucTpyxTop rpada u3s N pebep
EdgeNum=N+1;
E=new GraphEdge [N+1];
s
Graph(O{}; //KoHCTpyXTOop IO yMOIYaHUD
void WriteData(int *ATrail); //3amuchs oTBeTa
int *FindATrail(int vO0); //llouck A-memu
int Deg(int vertex);//OupenmeseHne CTeNeHN BepLKHE
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Cxembl pazzesenns cekpera (CPC) siexkar B 0cHOBE MHOIMX KPUIITOrpabuIecKuX IPOTOKOJIOB.
B wacTHOCTH, pasnesrenne ceKpera MPUMEHSIETCS JIJIsi COBMECTHBIX KOH(MDUIEHIMATLHBIX BHIUYUCIIE-
Huit 1], mudposanus Ha ocHOBe aTpubyToB [2| M 3JEKTPOHHOIO 3AIUIIEHHOTO ToJI0COBaHus |3)].
Basknoii 3aja4eil B pa3ienennn CeKpeTra sBISETCS MOCTPOEHUe TAKMX CXEM, TJIE II0Jb30BATE N
MOI'YT POBEPUTH KOPPEKTHOCTH CEKPETa U T€M CaMbIM He JIOIyCTUTHL OOMAaH CO CTOPOHBI OCTAJb-
HBIX yYaCTHUKOB U juiepa. B cxemax Bepudurmpyemoro pasnesnenns cekpera (CBPC) muiep
pacupeesisier nHGOPMAIMIO O CEKPETHOM 3HAYEHUH CPEJIM yIaCTHUKOB TaKUM 00PA30M, 9TO JIJIst
YECTHBIX T10JIb30BATENEHl TapAHTUPYETCsI IOy IeHNe UMU 3HAYEHUsT CEKPeTa, & /I HEUECTHBIX -
HEBO3MOKHOCTH BOCCTAHOBUTDL CEKPET.

CBPC mnosBosisier “gecTHBIM’ I0JIB30BATENISIM T.€. TE€M, KOTOPBIE CJIEIYIOT IMIPOTOKOJY BOC-
CTAHOBJICHHsI CEKPETa, NPOBEPUTH KOPPEKTHOCTH YACTHUYHBIX CEKPETOB IIPH UX PACIpPEICJCHAN 1
BOCCTAHOBJIEHUY UCXOJJHOTO CeKpera. Bepudukaius pas/ie/ieHust CeKpeTa, JIEXKUT TaKyKe B OCHOBE
KpUITorpaduIecKoro MpoToKoIa COBMECTHBIX KoHbmnennnaabubix seranciaennii (CKB) [1] .

B ocnoBe Bepudukaium cxem pasjesieHnst cekpera JexuT 1mojaxoj Pesbavana [4], Koropsiii
OCHOBBIBAETCsI Ha CBOiicTBe romomopdnocTn GyHKIMN auckpernoro jorapudma. Ilosxe Bena-
noy [2| npegoxkun eme onun 1mox0x. O6a ITUX METO/IA IPUMEHSIIOTCS JIUIIb JJisi BepudUKaIUi
napamMeTpoB 1moporosoii cxembr [Tlamupa.

B nociieinie 1o/Ibl Oy YUIN PA3BUTHE METOJbI BepU(DUKAIUU IS MOJLYJISIPHOIO pa3Jieie-
HUsI CEKpeTa, 4TO OOYCJIOBJIEHO OBICTPOJIEHCTBIEM MOJLYJISIPHOIO aJIlOPUTMa BOCCTAHOBJIEHUs [5),
AJIAIITUBHBIMU CBOHCTBAME TakKuX cxeM [6] 1 BO3MOXKHOCTBIO BKJIIOUUTH BEPUMUKAIUIO JIJIsi TIPO-
U3BOJIBHBIX CTPYKTYD soctyna [7]. Vsydennem jganHoro Bompoca 3anuMasuck Vdrene (8], Kbour
u 1p.|9], Kaiis u Cenbikyk [10]. B ux paborax mpesjioKeHbl aaropuTMbl BepUMUKAIMH JIJIs
MOJIYJISIPHBIX 1OpOrosbuix cxeM Munborra [11] n Acmyca-Bioma [5] B Kosbie nensix ances. O6-
MMM HEJOCTATKOM JAHHBIX METOJOB SIBJIAETCS WX IPUMEHUMOCTD JIUIL B KOJIBIE HEIBIX TUCE,
9TO, B CHJIy OTCYTCTBHsI COBEPIIEHHON CXEMbl B 9TOM KOJIblle [12] jeaeT ux HenpuMeHNMbBIMU Ha
npakTuke. [[penMyImecTBOM Mpe/IoKeHHBIX HAMU MTOJTMHOMHUATBHBIX CXeM MOJLY/ISIPHOTO pa3JIese-
HUsI CEKPETa SIBJISIeTCS UX TeOPETUKO-MH(MOPMAIIMOHHAST CTORKOCTD: TIOJIMHOMUAJIbHAST MOJLY IS PHAST
cxeMa SIBJISIETCsI, B ODIIEeM CJIydae, COBEPIIEHHOMH, & B IIOPOIOBOM - UJI€aJIbHOI [7].

[TosTomy BepuduKaIys TOJIUHOMUAIBLHON MOJLYJISIDHON CXEMBbI SIBJISIETCS aKTYAJIbHOI 3a/1a4eii.
Hamu npepiaraercs Bepudukanmst Bcex IapaMeTpPOB Pa3/IeIeHus CeKpPeTa, T.e. JIUJep MyOJuKyeT
CEKpEeTHBIC TTapaMeTpPhbl, BKJII0Uas OCHOBHOII CceKper, 3amudpoBaHHbIe OJHOCTOPOHHEl (yHKImei
BepupUKAITI.

[MToporosasi mommaoMuasbaas mopayisphas CPC 6buta npemioxkena B paborax (6], [7] u yxe
npussita B Kadecrse crangapra B PB (CTB 34.101.60). lannas cxema [03BOJISIET Pa3jienTh
cekperHoe 3Hadenne s(x) € Fpz]. IIpomexyrounsiit cekper S(x) (¢, k)-moporosoit MOy IspHOIL
HOJIMHOMUAJIBHON CXeMbl BbIOMpaeTcst Tak, 9robbl degS(x) < tn, rue t — mopor, a n — obias
CTENeHb MOJyJIell yIaCcTHUKOB.

st pasesienust cekpera CirydaiiHbIM 00pa30oM BBIOUPAETCsl IPOMEKYTOUHOE 3HAUEHHE CEK-
pera S(x) € Fy[z] ¢ yciaosuem degS(x) < tn. CiydaitHbIM 06pa3soM BBHIOHPAIOTCS MONAPHO pa3-
Jau4Hble HenpuBoguMmble m;(z),i = 1,..,k n p(x) ¢ orpanndenuem degm;(z) = degp(x) = n. B
pabotre [7] ykazan crocob BeiGopa napamerpos t, k,n,p. duinepom mybmukytores mg(x), p(x), a
s(z) = S(z) mod p(x) HazHavIaeTCs B KadeCTBe CeKpeTa cXeMbl. JIMIepoM 10 CEKpeTHBIM KaHasaM
YYACTHUKOB OTIIPABJISIIOTCSI UX YacTu4Hble cekpeThl: S;(x) = S(x) mod m;(z).
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Jl7st BOCCTAHOBJIEHUST YYACTHUKYM W3 [TOJMHOXKeCTBa A OOMEHUBAKOTCS CBOMMH YaCTUIHBIME
cekperamu s;(x),1 € A u HaxonaT 3HaYeHue cekpera s(x) npumensis anropurm CRT.
[Tycrs 3amanbl napamerpsl (¢, k)-MOPOroBoiil MOLYJISIPHOl CXEMBI:

my(z), me(z),...,my(z),p(x), S(x),s(x) € Fplz].

IIpu srom, s(z) = S(z) mod p(z) nm S(z) = p(x)q(x) + s(z). Obobmast H3BECTHDIH MeTO,
sepudukanun Pesbamana [4], mpearaercs HOCTYIUTEL CyeayonmM obpasom. Iloab3oBareso,
T.e. obsagaremo moauHoma S;(x),i = 1,2,..., k dakruaeckn HEOOXOIUMO MPOBEPUTH YCJIOBHE:
S(z) = mi(x)g(x) + si(x) wm s;(x) = S(x) mod m;(x), upu Tom, uro mosmHOM S(X) OCTAETCs
CKPBITBIM.

C »sroit nennio ycaosue S(x) = m;i(x)q(z) + si(x) nepenumenm B Buge: S(oj) = si(j),j =
1,2,...,n, vae a1, 2, ...,y - KOPHA MHOTOUJIEHA M;(Z). DTO MO3BOJIAET TIOJMHOMUAJIBHYIO CXEMY
Acmyra-Bitoma naTepipeTupoarh Kak cxeMmy Illamupa, a 3HAUNAT, IpUMEHNMa BEPUPUKAIIIS 110
Denpamany [4].
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JANCTAHIIMOHHO PEI'VJIAPHBIE 'PA®DBI, B KOTOPBIX OKPECTHOCTU
BEPIIVH CMJIBHO PET'VJIAPHBI CO BTOPBIM COBCTBEHHBIM
SHAYEHVEM, HE BOJIBIIINM ¢

A.A. Maxuesn

WNucturyr maremaruku uMm. H.H. Kpacosckoro YpO PAH, Kosasesckoii 16, 620990 Exarepunbypr, Poccust

makhnev@imm.uran.ru

Mps1 paccMaTpuBaeM HEOPUEHTUPOBAHHBIE Ipadbl €3 meTesib U KpaTHBIX pedep. [l BepIiuHb
a rpada I' uepes I';(a) 0603HaIMM i-OKPECTHOCTD BEPIIUHBI @, TO €CTh, MoArpad, NHLYIMPOBAHHbII
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I' Ha MHOXKeCTBe BCeX BEpINUH, HAXOJAIuUXCs Ha paccrosaun i or a. [loarpad I'(a) = T'i(a)
HA3BIBAETCsI OKPECTHOCTBIO BEPIIUHBI @ U 0603Ha4daercs [a], ecim rpad [N dpukcuposan.

CrelleHbI0 BEPIIMHBI HA3BIBAETCSA YUCJIO BEpIINH B ee okpecTtHocTh. I'pad I' HasbiBaercst pe-
IYJIIPHBIM cTereHu k, ecu cremneHb Joboit BepuHbl ¢ u3 ' paBua k. ['pad I' HazsoBem pebepro
PeryJIsipHBIM ¢ apaMeTpamMu (v, k, A), €CJIi OH COJIEPYKUT U BEPIIIMH, PEryJIsipDeH CTeleH: k, U KarxK-
J0e ero pebpo JiexKuT B A Tpeyrogbaukax. I'padp I' — BmosiHe perymsipublit rpad ¢ nmapamerpamu
(v, k, A, 1), ecitm OH pebEPHO PEryJISIPEH ¢ COOTBETCTBYOIUMH HapaMerpami, u [a] N [b] comepxut
TOYHO (4 BEPIIUH JIJIs JIOOBIX JABYX BepINUH a,b, Haxomsmmxcs na paccroguuu 2 B I'. Brosine pe-
IYJISIDHBIN rpad HA3BIBAETCS CUIBHO PEryJIspPHBIM rpadom, ecju oH umMeer jguamerp 2. ['pacdom B
HOJIOBIHHOM CJIyvdae Ha3bIBACTCS CUIIBHO PEry/sipHbIil rpad ¢ mapamerpamu (4p+ 1,20, p—1, u).

Ecsin Bepmusbl u, w HaXoJATCs Ha paccrosiauu i B ') 10 uepes b;(u, w) (uepes ¢;(u,w)) obo-
sHaduM 4ncso Bepumu B nepecedennu I'iyq(u) (I'i—1(uw)) ¢ [w]. T'pad I' nnamerpa d nassiaercs
JINCTAHIIMOHHO DPEryJISIPHBIM ¢ MaccuBOM mepecedenuii {bg, b1,...,b4_1;¢1,...,Cq}, €can 3Hade-
Hust b;(u,w) u ¢;(u,w) He 3aBUCAT OT BBIOOPA BEPIIMH U, w Ha paccrosHud ¢ B I' jis siroboro
1 =0,...,d. I'pacdbom Tailsiopa Ha3bIBaETCH JUCTAHIIMOHHO PErYJISPHBII rpad ¢ MaccuBOM Imepece-
gennit {k, p, 1;1, u, k}.

Cucrema MHIUJIECHTHOCTH C MHOXKECTBOM TOYEK P U MHOXKeCTBOM HpAMBbIX L HA3bIBAETCH (-
YaCTUIHOl reoMeTpueit mopsijka (s, 1), ecjim KaxKias IpsiMasi COJAEPKUT POBHO S+ 1 TOUKy, KaxK1ast
TOYKa JIEXKUT POBHO HA t + 1 mpsAMOii, /1100bIe JIBe TOYKHU JieyKaT He DoJjiee YeM Ha OJIHOU MPSAMOIL,
u st sioboro antudutara (a,l) € (P, L) Haiijilercss TOYHO v MPSIMBIX, [TPOXOJAIINX HYepe3 a W
nepecekaommux | (o6osuavenne pG,(s,t)). B ciyuae o = 1 reomerpusi HasbiBaeTcsi 0000IEHHBIM
YeTBIPEXYTOJILHUKOM 1 obo3Hadaercs GQ(s,t). Toueunsrit rpad reomeTpun onpeiessieTcst Ha MHO-
JKecTBe TOUeK P 1 JiBe TOUKHM CMEXKHBI, €CJIM OHU JieXKaT Ha IpstMoii. Todeunblit rpad reomerpun
pGla(s,t) cumbio perymspen ¢ v = (s+1)(1+st/a), k= s(t+1), A\=s—1+t(a—1), p = a(t+1).
CujbHO peryJsipHbIii rpad ¢ TaKUMH apaMeTpaMu JIIsi HEKOTOPBIX HATYPaJbHBIX dHUCeT (S, t
Ha3bIBaeTCs 1ceBgoreomerpudeckum rpadom mist pGy (s, t).

Jx. Kynen npemioxkui 3ajady WU3ydeHUs] JTACTAHIIHOHHO PEryJISPHBIX I'padoB, B KOTOPBIX
OKPECTHOCTH BEPIIUH — CUJIBHO PEryJisipHble rpadbl CO BTOPBIM COOCTBEHHBIM 3HAYEHUEM, HE O0JIb-
muM t, JJIsl JAHHOTO HATYPAJIbHOTO YNCIa t. 3aMEeTHM, 9TO CUJIBHO PEryJIsipHBINA Tpad ¢ HelebiM
COOCTBEHHBIM 3HAYEHUEM SIBJIsieTCd TpadOM B MOJIOBUHHOM CJIy4ae, a BIIOJIHE PeryJsipHblil rpad,
B KOTOPOM OKPECTHOCTHU BEPIIUH — CUJIBHO PEryJisipHble I'padbl B MMOJOBUHHOM CJIydae, JTUO0 mMe-
er nuamerp 2, ymubo siBisiercs: rpadom Taittopa. Takum obpasom, 3amada Kynena moxker ObITH
pelieHa mnomaroBo Jyisd t = 1,2, ...

B nmacrosiiee Bpems 3ataua Kysmena mosmocteio perena i ¢t = 3. Binsurcesa K 3aBepIieHATO
[IEPEYNCICHIEe MACCUBOB MIEPECEUCHUI TUCTAHIIMOHHO PETYISPHBIX I'PadOB, B KOTOPHIX OKPECTHO-
CTH BEPIIMH — CUJIHO peryJisipHble rpadbl ¢ COOCTBEHHBIM 3HaueHneM t st 3 < ¢ < 4 [1-2].

B mannoit crarhe HayaTa pazpabdoOTKa MPOrpaMMbl U3YyU€HUs JTUCTAHIIMOHHO PEryJISAPHBIX I'Da-
¢ 0B, B KOTOPBIX OKPECTHOCTU BEPIIUH — CUJIBHO PeryJsipHble Tpadbl ¢ HEIVIABHBIM COOCTBEHHBIM
3HavenueM t, 4 <t < 5.

Cusbao perysisipabiii rpad [ ¢ HeryiaBHBIM cOOCTBEHHBIM 3HadeHUEM 771 — 1 HA30BEM HMCKJIIO-
YUTEILHBIM, €CJI OH HE MPUHA/JIEXKUT CJEIYIOMEMY CITHCKY:

(1) obbeuHEHNE U30JMPOBAHHBIX 1M-KJIVK;

(2) nmceBnoreomerpuaeckuit rpad mias pGy(t +m — 1,t);

(3) momosiHeHue TceBgOreoMeTprueckoro rpada st pG, (s, m — 1);
(4) rpad B noourHOM catyuae ¢ napamerpamu (4u+1, 2p, p—1, p), (=1+/4p +1)/2 = m—1.

A. Hoiimaiiep [3] mokaszasi, aro cuiibHO perysisipablii rpad I' ¢ HersiaBHbIM COOCTBEHHBIM 3HAUE-
HueM m — 1 npuHAIIEKUT JUOO BBIIIEYKA3aHHOMY CIIMCKY, JJUOO KOHETHOMY MHOXKECTBY HCKJIFO-
9UTEbHBIX rpadoB.

Teopema. [Tycmo I' — ducmanyuonno peeyasaproili epagd, 6 KOMOPOM OKPECMHOCTNU SEPUUH
— CUABHO pe2YAAPHBIE 2Paghvl ¢ HE2AABHIM cObCmEeHHbIM 3HaveHuem t, 4 <t < 5, u — gepuwura
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epaga T' . Tozda [u] — uckaovumenvrolli cusvro peeyraprull epad ¢ neeaasnvm cobemeerbim
3naveruem 5, uau 6epro 00HO U3 Ymeeparcoenul:

(1) [u] — obsedunenue usoaruposarrvr 6-Kauk;

(2) [u] — ncesdozeomempuneckuti epap ora pGs_5(s,s —5) u aubo

(1) T' — cuavno peeyaspnoiii epag ¢ napamempamu (176,49,12,14), (209, 100,45, 50), (806,
625, 480, 500), (1464, 1225,1020,1050), u s = 6,9, 24,34 coomsemcmeento, 1ubo

(1i) s = 6 u ' — epagp [orconcona J(14,7), e2o cmandapmnoe wacmmoe uisu 2pagd ¢ Maccusom
nepecewernud {49,36,1;1,12,49}, aubo

(1i1) s =7 u Tumeem maccus nepecevernuds {64,42,1;1,21,64}, aubo

(iv) s =10 u I' — epagp Tatinopa;

(3) [u] — donoanerue ncesdozeomempuneckozo epaga dasn pGe(s,5), I' — cuavho pezyaaprou
epag ¢ napamempamu (259,42,5,7), (356,85,30,17), u s = 8,6 coomsememeserno usu s = 12 u
I' — epagp Tatinopa;

(4) [u] — epag 6 norosunrom caywae ¢ napamempamu (4l+1,21,1-1,1), 1 € {21,22,24,25,27, 28,
29,30} u ' — epag Totiropa.

Pa6ora Beinosnena npu dunancosoit nmojep:kke rpanta PH® (nmpoekr 15-11-10025).
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OB ABTOMOP®U3MAX CUJIHBHO PETVJISIPHBIX TPA®OB C
ITAPAMETPAMMU (204,28,2,4) 1 (595,144,18,40)

A.A. Maxues, .B. ITagyunx

WNucturyr maremaruku um. H.H. Kpacosckoro ¥YpO PAH, Kosasesckoii 16, 620990 Exarepunbypr, Poccust

makhnev@imm.uran.ru, dpaduchikh@gmail.com

Mp1 paccMaTpuBaeM HEOPUEHTUPOBAHHBIE rpadbl 0€3 meTesb U KpaTHbIX pebep. Jlis BepIumHb
a rpaca I' uepes I';(a) 0603HAUUM i-OKPECTHOCTD BEPIIUHBI @, TO €CTh, HOArPad, WH/LYIUPOBAHHbIIH
I’ Ha MHOXKeCTBe BCeX BEPIINH, HAXOAMNXCs Ha paccrosuun ¢ ot a. [onoxum [a] = T'y(a).

Ecsn Bepmuusl u, w HaxoaaTCs Ha paccrosiannu ¢ B I', To gepes b;(u, w) (aepes ¢;(u,w)) obo-
sHa4nM 4ucso Beprind B nepecedennn L'y (u) (Ii—1(u)) ¢ [w]. I'pad I' nuamerpa d nassiBaercs
AUCTNAHYUOHHO pe2YAapHbIM ¢ maccusom nepecesenuti {by, b, ..., bg_1;¢1,...,cq}, eciu 3HAUEHUST
bi(u, w) u ¢;(u, w) HE 3aBUCAT OT BLIOOPA BEPIIUH U, W HA paccTosuun ¢ B I' jiyist roboro i = 0, ..., d.

Hucrannuonno peryisipubiit rpad I' ¢ maccuBom nepeceuennit {204, 175,48, 1; 1,12, 175,204}
apnserca AT4(4,6,5)-rpadom (cum. [1]). ArTunonanbsroe qactroe I mveer mapamerpsr (800, 204,
28,60) u HersaBHBIE cOOCTBEHHbIE 3HaUeHUst 4, —36, epBasi U BTOpasi OKPECTHOCTH BEPIIUHBI B r
CHJIBHO peryJisipHbl ¢ apamerpamu (204, 28,2, 4) u (595, 144, 18, 40), Bropast OKDeCTHOCTb BEPIIIH-
Hbl B [ AIBJISIeTCS IUCTAHIIMOHHO PEryIsipHBIM IpadoM ¢ MaccuBoM nepecedenmii {144, 125,32, 1; 1,
8,125,144}. B pabore ucciienyorcst aBTOMOPMOU3MBI CUIILHO PEry/IsSPHBIX IpadoB ¢ IapaMerpamu
(204,28,2,4) u (595, 144, 18, 40).

Teopema 1. ITycmo I' asasemcsa cuavno peeyaaproim epagom c napamempamy (204,28,2,4),
G = Aut(T"), g — anemernm uz G npocmozo nopadka p u ) = Fix(g). Toeda 7(G) C {2,3,5,7,17}
U BLINOAHAECMCA 00HO U3 CACOYOUUT YMEEPHCIeHUT:
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(1) Q — nycmoti epag, p = 2,3,17;
(2) Q asasemea n-kauxot, subon =1, p="7, aubon =4, p=>5;
(3) Q asanemesn l-koxauxot, p =2 u l = 8,10,...34;
(4) Q codeporcum zeodesuneckuts 2-nymv u Aubo
(1) p=3, Q — oxkmasdp, aubo
(ii) p = 2, cmenenu sepwun 6 2 pasnw 2,4, ...,26 u [Q] = 4,6, ...,34.

CuaexncrBue. Cuavho pezyaaproiii epad ¢ ¢ napamempamy (204,28,2,4) ne asasemes eep-
WUHHO CUMMEMPUYHBIM.

Teopema 2. ITycmo I' asasemces cuavho peeyaaproim epagom ¢ napamempamu (595,144, 18,
40), G = Aut(l'), g — asemenm us G npocmozo nopadra p v Q = Fix(g). Toeda 7w(G) C
{2, ,7, 11,13,17,19,23,29} u svinoanaemcs 00Ho u3 cAedyowux ymeeparcoenul:

Q — nycmot epa, p=>5,7,17;

(4) Q asanemes obsedunenuem m uU30AUPOSAHHLT S-Kauk, p = 5, ai(g) = 20t — 61 +4 u
[ =28,10,...34;
(5) Q codeporcum zeodesuneckuts 2-nymv u p < 29.

Pa6ora Beinosnrena npu dunancosoii nmojyep:kke rpanta PH® (npoekr 14-11-00061).
JIutepatypa
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IIEPEUYNCJIEHUE IIOMEYEHHBIX T'EOJE3NYECKIX SMJIEPOBBIX
KAKTYCOB

A.K. MeJgemko

MI'TY um. H.9. Baymana, Mocksa, Poccuiickass @eneparust
akmeleshko@gmail.com

T'eonesudeckuit rpad — 9T0 CBA3HBIN rpad, ¥y KOTOPOro Jirodasi mapa BEpITUH CBsI3aHA €JI1MH-
CTBEHHON KpaTdaiiieii menbio (reogesuyeckoit) [1]. Kakrycom nasbiBaercst cBsisHblil rpad, B Ko-
TOpoM HeT pebep, siexkarux 6osee deM Ha ojHoM mpocroM 1ukie [2, C. 93]. Bee 610ku KakTyca —
pebpa mim MpoCcThbie UKL DIIepoB rpad — 3TO CBA3HBIN I'pad, BCe BEPIIUHBI KOTOPOTO UMEIOT
gyernyto crenenb |2, C. 22|. Diiepossl rpadsl sBisitorest rpadamu 6e3 mocros [3|. [lnanapabrii
rpad — 310 rpad, KOTOPBII MOXKHO YJI0KUTH Ha ILJIOCKOCTH 0Oe3 mepecevenus: pebep. JIBa rpada
Ha3bIBAIOTCA TOMEOMOPQHBIMHU, €CJIH UX MOYKHO ITOJIyIUTDb U3 OJHOI0 I'pada ¢ IMOMOIILIO IOCIEI0-
BATEJILHOCTHU TToApa3buenHunii pebep.

[Tomeuennbie 3ilepoBbl KAKTyChl nepedncyensl B [3|. B pabore [4] nepednciiensl moMedeHHbIe
reoie3nIeCKrne KaKTyChbI.

JlemMma. Bce nomeuenmvie 2eodeaudeckue aUAEPOGHL KAKMYCHL — 2Padvl C HEYETHBLM YUCAOM
B8EPUIUM.

JoxkazarenbcTBo. Vcmonb3yeM MHIYKIUIO 10 Yucay OJIokoB. IlycTh reomesmveckuii 9iyiepos
KaKTyC cocTouT u3 ojuoro 6isoka. Cremiur u Yorcon [1] mokasasnu, uro rpad sBjsieTcst reojie3n-
9EeCKUM TLJIAHAPHBIM TOJIBKO TOTVIA, KOT/Ia KaK/Iblil ero 010K — pebpo, HeIeTHBIN MUK niu rpad,
romeoMopHbIil TTostHOMY Tpady Ky. Tak Kak KaKTychl sIBJISIOTCSH ITAHAPHBIMU rpadamu, a dii-
JIepoBbI rpadbl — rpadbl 6€3 MOCTOB, TO OJIOKH T'e€0Ie3UIECKOTO IepoBa KaKTyca — HEIETHBIE
mukasl. CiegoBaTeIbHO, IJIsl Te0Ae3UIECKOro diMIepoBa KaKTyCca, COCTOAIIEN0 M3 OJHOI0 OJIOKA,
JIeMMa, BEPHA.
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Jomyctum, 9To JleMMa BepHa 1yid rpada, cocrosirero u3 k 6/i0koB, k > 1, u moKaxkem, 9TO
OHa BepHa Ijs1 rpadua, cocrosimero u3 k + 1 6sokoB. IlycTh reomesmdeckmii sijiepoB KakTyc,
cocrostimuii u3 k OJIOKOB, MMeeT HedeTHOe Yucjo BepiuH n. Torma k jo6o0il BepIiinHe KaKTyca
[IPUCOEINHUM OJIOK C HEYeTHBIM YUCJIOM BEPIIWH 771 U HOJIyIuM rpad, cocrosmuii u3 k+ 1 6JI0KOB.
Bepmuaa KakTyca, K KOTOPOi MpUCOeMHIIE OJI0K, Oy/ieT Toukoii codnenenusi. Crie0BaTe/bHO,
reoJIe3MYecKnii SMIEPOB KaKTyc, cocTosnuii u3 k + 1 OJIOKOB, UMEET HEYETHOE UUCJIO BEPIIUH:
m +n — 1. Jlemma mokaszaHa.

Teopema. IIycmv GE, — “ucro nomeuennvir 2€00e3uteckur UAEPOSHT KAKMYCO8 C N 8ep-
wunamu, moeda npu p > 1 eepra dopmyaa

—~ (2p+ Dk <p— 1>‘ (1)

Hokazarenbcrio. Ilycrs C), — 9nC/I0 TOMEUEHHBIX CBSI3HBIX rpadoB ¢ n BeprmHaMmu, a B, —
o0

n
4ICJIO TIOMEYEHHBIX 6JI0KOB ¢ 1 Bepmnnamu. Beegem npoussonamyio dynkmmo: B(z) = Y B, %y

B pabore [5] aBTOpoM OBLIO TI0JIYYEHO COOTHOIIEHHE

n—1)" _ _
C, = 7( ) [z Yexp(nB'(2))z ™,
n
e [271] — omepaTop dopmambhoro Beruera [6, C. 25].
O6o3znauast yepe3 B(2) 9KCIOHEHIUATBHYIO TPOU3BOJSIILYIO (DYHKIMIO JJIst 9UCIa BJI0KOB Mo~
MECYCHHDBIX I'€OJIC3NICCKUX SﬁﬂepOBbIX KaKTyCOB, HOJIy‘{I/IM

_ (n—1)!

GE [z exp(nB'(2))z".

Tak KaK, COTJIACHO JIEMME Y Me0/Ie€3NIECKIX SMIEPOBBIX KAKTYCOB HE MOYKET OBITH OJIOKOB C YETHBIM
9HUCJIOM BEpIINH, TO

& 1 2n+1 & 1 2’2
=250 on i1 =2.5""=3 2(1 — 22
n=1 n+ ) n=1 -7 )
CeroBaTe/IBHO,
(n—1)! _4 nz? _
G, = O g (12 Y
n n [Z ] eXp 2(1 _ Z) z
Pa3znarast SKCIIOHEHTY B CTEIEHHON Psifl, HaiiAeM
o k—1_2k—n
PN nlz
GEp = (n— 1l ]Z 2k (1 — 22)FE!

Ucnonb3yst usBecrusiii psj [7, C.141|

e =y (M)

m=0
[IOJTY UM
oo k—1_2k—n+2m kE—1
= (n—1)z""! ntoEm T (mer
B = - < .
k=0m=0
Haiinem pemrenne ypasuenusi 2k + 2m — n = —1 B nesbix ynciaax. Tak Kak HE CyIIECTBYeT

re0JIe3MIECKHX JJIEPOBBIX KAKTYCOB C YeTHBIM YHCJIOM Bepimni, To n = 2p + 1. Torma 2k + 2m —
2p+1)=—1lum=p—k.
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Boruuciius Boraer dyuknum, Haiigem

0 k—1
(2p+1)" (p-1
= | 7
GEyp1 = (201 i\ _ 1)
k=0

YuursiBas, 9T0 OMHOMHUAJIBHBIN KO3hduImenT odbpaiaercs B HyIb npu p—1 < k—1, momyanm
YTBEPKICHIE TEOPEMBI.

Aprop 6arogaput B.A. Bobiioro 3a 1ieHHbIe 3aMeUaHUS.
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AJITOPUTM PACIIOBHABAHUA A4-CTPYKTVYPHI
OJHOTI'O PACIINPEHNA ITOPOI'OBBIX I'PA®OB

FO.M. Mereabckuii, B.A. Tumodeena

Besrocynusepcurer, MexaHUKO-MaTeMATHIECKUI (hpaKyIbTeT
Hezasucumoctu 4, 220050 Munck, Benapych
metelsky@bsu.by, varvara.timofeeva@gmail.com

B pabore paccmarpuBaioTcs KOHEUHbIE HEOPUEHTHPOBAHHBIE rpadbl 0€3 meTe/ib U KPaTHBIX
pebep.

Onpenenenune 1. A -crpykrypoit rpada G HasbiBaeTcs runeprpad, BepIImHAMU KOTOPOIO
SABJIAIOTCA BepIuHbl rpada G, a pebpaMu — Bce 4-3jIeMEHTHBIE ITOAMHOYKECTBA BEPIIUH, [TOPOXK-
namomue B G Kakoit-ymmbo us rpados 2Ko, Cy mim Py.

[Mousitne A4-crpykrypsl BBesm Bappyc u Becr [1]. Ono 10/cKa3aHO MIMPOKO U3BECTHBIM B
TEOPUU COBEPINIEHHBIX I'PadOB MOHATHEM Pj-CTPyKTYypbI, BBeJleHHbIM B. XBaTaiom.

Uccnenosanme A4-CTPYKTYp UHTEPECHO B CHJTY IEJIOTO PSIa COOOPArKEHMA.

Bo-niepBbIx, n3BeCTHO, 9TO JJIs Psifia TPYIHO BBIYUCIUMBIX B OOIEM CJIydae IapaMeTpoB rpa-
da (Takux KakK IUIOTHOCTb, YUCJIO HE3ABUCUMOCTH, XPOMATHYECKOE UYHCJIO U JIP.) B KJAcce CO-
BEpIIEHHBIX TPpad OB CyIIECTBYIOT MOJMHOMUAAIbHBIE AJITOPUTMBI UX HaxOXKJeHus. M3BecTHO, 9TO
JBa rpada ¢ oJuHAKOBBIMU A4-CTpyKTypamu 00 00a COBEepINeHHbI, JInO0 00a He COBEPIIEHHBI.
Tem cambiM, B 11060M Kiacce rpados, A4-n30MOPdHBIX rpadaM U3 HEKOTOPOro IoakJjacca P co-
BEePHICHHBIX l—‘paq)OB7 YIIOMAHYTBIE BbBIIIC ITapaMETPbl BBIYUCJIAOTCA 3a IMOJIMHOMHAJIbHOE BPEMII.
Ocobo cTouT OTMETUTD, UTO Kaacc rpados, Ag-n3oMopdubx rpacdam u3 P, gBjsgeTcs paciimpe-
HueM Kjacca P.

Bo-BTOphIX, KaxK10e pebpo A4-CTpyKTyphl Ipada HOpoXKIaeT B 3TOM rpade moarpad, J0mycKa-
FOIUI OIIEPAIIAIO TIEPEeK/TI0UeHrst. B pe3ysbraTe MpUMEHEHUs! ITON ONepaIlii CTeIleHHAsT [TOC/IeI0-
BaTEIbHOCTE rpada He MEHSIeTCsI, XOTs Pe3yJIbTAT OIePAIui, BOOOIIE TOBOP, y2Ke He m30MOpgdeH
ucxonuomy rpady. OIuH U3 NEHTPAJIBHBIX PE3YJIBTATOB TEOPUHU CTEIIEHHBIX MOCJIE0BATETLHOCTEH
yTBEpzKaeT, ITO Fpa.Cbe C OIMHAKOBBIMU CTEIIEHHBIMU ITOC/IEA0BATEJIBHOCTAMU MOI'YT ITIOJIYyY€HDbI
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OJIH U3 JIPYyTOro C IOMOIIBI0 HEKOTOPOH Iernovukn mnepek/odeHuit. Takum obpa3om, Mpu uCcJieno-
BaHuu A4-CTPYKTYDP MOTYT OBITH YCTAHOBJIEHBI HOBBIE CBI3U MeXKy A4-CTPYKTYPOIl U cTerneHHoi
ITOCJIeIOBATE/IHLHOCTBIO rpada.

Onpenenenne 2. ['pad Ha3bIBaeTCs MOPOTOBBIM, €CJIN OH HE COMEPXKUT IMOPOXKIEHHBIX II0JI-
rpacdos, nzomopdubix 2K9, Cy niu Py.

NsBectHO, 9TO Tpad SABJISETCS MOPOTOBBIM TOIJA W TOJHKO TOI/A, KOTJIa OH MOXKET OBIThH
ITOJIyI€H U3 OJIHOBEPIIUHHOrO rpada mocaeqoBaTeIbHBIMU J00aBIEHUSIME JTOMUHUPYIONTUX U U30-
JIMPOBAHHBIX BEPIITHH.

[TockosbKy A4-CTpyKTypa moporoBoro rpada He cojepKuT pebep, IpeJIcTaBIIsieTcsi HHTEPec-
HBIM U3y4eHne A4-cTpyKTypbl OimzKaiiinmux pacimpennii noporossix rpados. Tak, B [1] ucciemno-
BaHa A4-CTPYKTypa pacllelliseMbIX IpadoB.

B sannoil pabore B KavuecTBe paclIipenus OPoroBbix rpados paccmorpel kiacc (1, 00)-1poc-
TBIX IpadoOB.

Omnpepenenne 3. I'pad Hazosem (1, 00)-POCTHIM, €CJIH €10 MOZKHO IOJIY IUTh U3 OJIHOBEPIIIIH-
HOro rpada ¢ IOMOIIBIO IOC/IEI0BATEILHBIX OllepaIlnii COeIMHEHUsT C OHOBEPITUHHBIM I'pacoM 1
IU3BIOHKTHOTO 00bEIMHEHNSI C TTOJTHBIM Ipad oM.

Apropamu paspaboTaH MOJHHOMUAIBHBIN agroput™ pacnosnoBanust As-crpykrypsl (1, 00)—
IIPOCTBIX rpadoB.
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O CJIO?KHOCTU PACIIOBHABAHUS 'PA®OB IIEPECEYEHUI PEBEP
3-YHNPOPMHDBIX I'MIIEPTPA®OB KPATHOCTUW HE BHIIIIE 2

FO.M. Metenbcknii, P.I1. I1lamos

BenrocynuBepcurer, MexaHIKO-MAaTEMATHIECKUN (DAKYIHTET
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B pabore paccmarpuBaioTcs KOHEUHbIE HEOPUEHTHUPOBAHHBIE rpadbl 6e3 meTejib U KPaTHBIX
pebep. I'pag nepecevernuts pebep L(H) runeprpada H onpenensercs yCIOBUIMHE:

1) Bepmmnbl rpada L(H) 6ueKTuBHO cOOTBETCTBYIOT pebpam runeprpada H;

2) aBe BepmmHbI cMexkHBI B L(H) TOrja M TOJBKO TOr/a, KOTJa COOTBETCTBYIOIME pebpa
runieprpada H mnepecekarorcs.

lNuneprpad HazbBaercst k-yHUPOPMHIM, €CIH KarKI0e ero pedpo COAEPKHUT B TOYHOCTUH K
BepmuH. Kpammocms runeprpada — MaKCUMAJIBLHOE YUCJIO0 ero pebep, COoJepKalluX mapy Bep-
mun. Kiace rpados mepecedenuit pebep k-yuudopMmubIX runeprpadoB KPaTHOCTU HE BBIIIE M
oboznauum 4epes L.

Cemeiicto Q = (Q1,Q2, . .., Qp) kKiauk rpada G HA3BIBAETCS NOKPLIMUEM STOTO Ipada, ecin
KaxKJiash BEpIINHA U KaXKJ0e pedpPO CONEPKUTCS B HEKOTOPOU KJIUKe U3 (J; IpU 3TOM KJIUKU @);
HA3bIBAIOTCsL KAacmepamu NoKpeiTust. [Tokpeirue Q) rpada G HasbiBaercs (k, m)-nokpwmuem, ecim
BBITIOJIHAIOTCS CJIEJLYIOIIIE YCJIOBUS:

1) kaxkas BepruHa rpada G BxoauT He GoJiee YeM B k KJIACTEPOB MOKPBITUST (;

2) sobble JBa KiaacTepa n3 () mMeror He 6osiee YeM m OBIIUX BEPIInH.

Teopema 1 [1]. I'pag G npunadaescum xaaccy L mozda u moavko mozda, Kozda cyuecmsy-
em (k, m)-nokpwmue smozo epaga.

Pacemorpum crieytoryto 3amaqdy. I[lycts S — MHOXKECTBO yIaCTHUKOB HEKOTOPOTO MEPOIPHSi-
Tus (KOH(EPEeHIMI, CUMIIO3HYMa, Che3/a 1 T.J1.), B pAMKaxX KOTOPOTrO [IPEeII0JIaraeTcst OPraHu30BaTh
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Psi 3acelaHuil TPYIII ero yYaCTHUKOB. 11pu 3TOM 3a/1aHbl TaKHe W TOJBKO TaKue Iapbl JIFOAEH U3
S, KaxKjas U3 KOTOPHIX 00si3aHa yYaCTBOBATH XOTsI ObI B OJHOM 3aceqanuu. A Besikoe (m + 1)-
3JIEMEHTHOE ITOJIMHOYKECTBO U3 S MOXKET yIaCTBOBAThL He 60jIiee YeM B OJTHOM 3ace aHnu. Bo3MOKHO
JIM TaK OPTaHW30BaTb 3aCeIaHusi, YTOObl KXl yIacTHUK 3acenas He 6ojee yem k pa3? Obo-
sHaunM depe3 G rpad, BEPIIMHAME KOTOPOTO SIBJISTFOTCST SJIEMEHTHI U3 S, U JIBE BEPIITUHBI CMEXKHBI
TOTJIa M TOJBKO TOTJIA, KOTJIa COOTBETCTBYIOIIHE JTFO/IN JIOJI?KHBI YIACTBOBATH B COBMECTHOM 3aCe-
nanun. OgeBuHO, uTO Besikoe (k, m)-niokpeitue rpada G 3agaer criocod Tpebyemoii opranusanum
MEPOTPUSITHSI.

W3Becrro, uyro 3amaua pacrnosHasanus ‘G € LI IOJIMHOMUAJILHO Pa3peIINMa JJIsd KazKIo-
ro dukcupopannoro 1 < m < oo ([2 — 4]). P.Hlinény u J.Kratochvil ([5]) moxazamu, uro mpu
durcupoBannoMm k > 3 3ajada pacrno3HaBaHus ‘G € L}C” sipyisiercst NP-nosnoii. B [1] mokasano,
uro Jyist pukcHpoBaHHOro m > 1 3ajada pacnosnasanus ‘G € L (k — gacTe BXoga) sB/IseTCs
NP-tiosHO¥.

Hamu nostywen ciretyrornuii pe3yJibrar:

Teopema 2. 3adaua pacnosnasarus “G € L% 7 asasemces, NP-noanod.

Unest rokazaTesbcrBa TeopeMbl 2 o3anMcTBoBana u3 [5]. B wacraocTH, ncnosbp3oBana ciery-
omas Bepcusi pacnosnasaresbuoit 3aaau 3-BBIIIOJIHUMOCTD:

Bagaga A. Brod: Muoxecrso OyieBbix nepemenubix X = {x1,22,...,%,} u Takoii HaOOD
D = {dy,ds,...,dny} smeMenTapHbIX JU3BIOHKIMIT HaL X, ITO KazKAast AU3BIOHKINA d;j COTEPIKUT
He DoJiee Tpex JINTEpPAJIOB U KaxKjiasl IepeMeHHasl T; BXOIUT He OOJIbIle, YeM B TPHU JU3bIOHKIINH
u3 D.

Bonpoc: Cymecrsyer i Takast dyukius ¢ : X — {0, 1}, aro B Touke (t(x1),t(x2),...,t(xy))
KasKJad dJIeMeHTapHasd JU3BLIOHKINS d; HCTHHHA?

UsBectHO, uro 3amaua A sisisiercst NP-tiosinoit [6]. Jlerko Bujers, uro 3a1ada pacrio3HABAHUS
“G € L3 npunamyexur xnaccy NP. B fnokasatenbcTse TeopeMbl 2 MOCTPOEHO MOJMHOMUATLHOE
cBefienne 3aaun A K 3asade pacrnosnasanus “G € L27. A mMeHHO, 1O TPOU3BOJILHOMY BXOJLY
sagaun A nocrpoer rpad F, st KOTOpOro cymecryer (3,2)-MoKpbITHE TOIJIA U TOJBKO TOIJIA,
KOTJIa CyIecTByeT Tpebyemast bYHKIHSA t JJIsT COOTBETCTBYIONETo Bxoa 3agadn A. Jlobasus K
KaxKJ10#1 Bepiuue rpacda F 1o k — 3 KoHIeBbIX pebpa u3 TeopeMbl 1 HEIOCPEICTBEHHO MOy YaeM

CaencrBue. 3adava pacnosnasarus “G € L% 7 asasemcs NP-noanot oas durcuposarntozo
k> 3.

Pabora BoimosHena npu duHAHCOBON MOAAepKKe bemopycckoro peciyb/mKaHcKoro GoHga
dbynramenTanbubix ucciaenoanuii (mpoekr Ned15MJI/1-022).
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O PABEHCTBE YNCEJI P4-YIIAKOBKU "N P4-IIOKPBITUA B TPA®AX
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IIycte F — muOX)ecTBO rpadoB. MakcuMaabHOE YUCIO MOMAPHO HEITEPECEKAIOITIXCS TOPOXK-
JeHHbIX noArpados rpada G, npunaigexammx F, HaszpiBaeTcs ducyiom F-ymakoBku rpada G.
MuHuMabHOE YHC/I0 BepiinH Ipada G, MOKPHIBAIOIIEe BCe OPOXKAeHHbBIE moarpadsl u3 F Ha3bl-
BAETCs €ro YncJIOM F-ITOKPLITHSI.

Onpenenenune 1. Kéuuropeim rpadom orHOCuTETbHO F HA3BIBAETCS TPad, KaXKIbIH TOPOXK-
JEeHHBIN moarpad KOToporo obJiagaeT CBORCTBOM: UnC/IO F-yIIAKOBKU PABHO YUCTY F-ITOKPLITHS.
Kiace Becex kéHuroebix rpados orHocuTeabHO MHOXKecTBa F obo3Hauaem uepes K(F). Ecau F
cocTouT u3 equHCTBeHHOrO rpada H, To Oyaem roBoputh o kiacce Kénuroserx rpados oTHOCH-
resibHo H 1 obosnadars ero K (H).

Bajate 00 yrakoBke rpada MoCBSIIEHO HEMAJIO paboT, OCOOEHHO €€ aJrOPUTMUIECKUM aCIIeK-
tam (cMm., Hanpumep, [1, 2]). UssectHo, uro 3amaua noucka unciaa H-ynakosku NP-mosmna s
soboro rpacda H, UMEIOIEero KOMIIOHEHTY CBSI3HOCTH C TpeMs Wjn 0oJiee BepIIMHAME. Bymaydn
copmynupoBanbl Kak 3agadn LIJIT, zagatan 06 F-ynakoske n F-oKpeITUN 00Pa3yIoOT APy ABOI-
CTBEHHBIX 3a/ad. KEHurossl rpadbl, TaKUM 00pa3oM, CYyTb I'padbl, Yy KOTOPBIX [JIA JIOOOro Io-
POXKIAEHHOTO T0/Arpada OTCYTCTBYET PA3PhIB ABONCTBEHHOCTH, 9TO CIIOCOOCTBYeT 3(PDEKTUBHOMY
PEIIEeHNIO 3TUX 3aJa4 /I TaKUX I'pacdoB.

Kacc K(F) upn mobom F sIBiisteTcst HACIEICTBEHHBIM U, CJI€I0BATEIBHO, MOYKET OBITH OIH-
CaH MHOXKECTBOM 3allpelieHHbIX I'padoB (MUHUMAJBHBIX 110 OTHOIIEHUIO <«OBITH IIOPOXK/IEHHBIM
noarpacdom» rpados, He npuHamiexkamux F). dnsg P Takyio XapakTepusanuio JaéT TeopeMa
Kénura BMecTe ¢ U3BECTHBIM KPUTEPHEM JIBYI0JBHOCTH. KpoMe 3Toil KJIaCCHIeCKON TeOpeMbI aB-
TOPY M3BECTHBI CJIEYIONIIE PE3YJILTATEI TAKOTO POJia, /It OOBIKHOBEHHBIX rpadoB: B 3] 9Ta 3a1a1a
perena juist Kiaacca K(Ps); B [4] — ans kiacca K(C), riae € — MHOXKECTBO BCEX HMPOCTHIX IUKJIOB.

Llesb HacTosimelt paboThl — oxapakTepuzoBaTh Kiacc rpados K(Py). [Ipumensiercs apa nomxo-
Ja K OIMICAHUIO 3TOro Kiacca. OIMH U3 HUX — KOHCTPYKTUBHBIN: IIOKA3aHO, KaK MOYKHO ITOCTPOUTH
rpadbl JJAHHOTO KJIaCCa C MOMOIIBIO TPOIE/IyPhl PACIIUPEHHOTO To/ipa3buenus. Bropoii moaxos —
CTaHJIaPTHOE OIMCAHNEe HAC/IEICTBEHHOIO KJIACCa 3allpeEHHBIME MoArpadamu.

Omnpenenenne 2. Bynem naszbiBarh cBsi3ublil rpad G P4-CBI3HBIM, €CJIU €ro JOIOJIHEHNe
CBSI3HO U Uepe3 KayK/IyI0 ero BepIINHY ITPOXOJAUT XOTsI Obl OJIUH TMOPOXKJIEHHBIN 4-TIyTh.

Jlemma 1. I'pagp asasemces kénu2o6vMm moz20a U MoAbKO mozda, Ko20a KaxtcIvil e20 MaKCU-
MaAALHOLT 1O 8KA0MeHUI0 Py-ceasnoiti nodepad kénuzos.

Omnepanns 3aMeHbI KOIpaOM BEPIIUHBL & COCTOUT B CJICAYIOIIEM: 3Ta BEPIINHA, YIAJIICTCS U3
rpada; K rpady H00aBJISIOTCS HECKOJIBKO HOBBIX BEDIIUH, U KaXKJash U3 HUX COEIUHSIETCS PeOpoM
C KaxKJOi BEPIIUHOMN, CMEXKHOI & B MCXOIHOM r'pade; HOBbIE BEPIIUHBI COCIUMHEHBI MEXK Iy Cco0O0it
Tak, ITO 00pa3yoT Korpad.

Omnpenenenne 3. Hazopém myTh rpada BHUCAINM, €CJIU CTEHeHb OIHOW U3 ero BepiiuH 1,
a oCTaJbHBIX — He 6ojiee 2. KoHTaKTHOI BepINMHON BHUCSIYEro IIyTH HA30BEM BepIIMHY I'pada,
CMEXKHYIO OJIHOI M3 BEpINUH IIyTH, HO eMy He NPHHaJJIeXKAIlyIo (ecjm Takas MMeeTCsi, TO OHa
eJINHCTBEHHAsT ).

Omnepanns 3aMeHbl KOrpadoM BHUCSIYEro IIyTH U3 3 BEPIIUH COCTOUT B CJACIYIONIEM: BEPIITUHBI
9TOrO IMyTH YAAJIIIOTCs n3 rpada; K rpady 100aB/IsieTCss HECKOJIBKO HOBBIX BEPIINH, COETMHEHHBIX
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MeXKIy coDOi Tak, 9TO 00pas3yioT Korpad; HOBbIE BEPIIMHBI COEJMHEHBI ¢ KOHTAKTHON BepIu-
HOI TaK, 9TOOBI MAKCUMAJILHBIN MTyTh, COMEPKAIINNA KOHTAKTHYIO U J0OABIEHHBIE BEPITHHBI NMEJT
JUINHY 3.

Omneparust 3aMeHbI KOTpahOM BUCSYEr0 MyTH U3 2 BEPIIUH COCTOUT B CJIEIYIONIEM: BEPITHHBI
3TOro IyTH yJasdioTcs us rpada; K rpady nobasisiorcs sepmunbl ki, ko, ..., k,, KoTopsle co-
eJIMHEHBI [IOIMapHO MEXKIY CODOI M COeNMHEHBI ¢ KOHTAKTHON BEPIIMHON; K rpady J00aBIsSIOTCS
Bepiusl I1, 12, ..., lp—1 1, 6616 MOKeT, [, npuaém N (l;) = {ki, ko, ..., ki}; Kaxayoo nobasien-
HYIO BEpIINHY, & TaK »Ke KOHTAaKTHYIO BEPIINHY, eC/Id €€ CTeleHb B MCXOOHOH rpade paBHa 2,
MOXKHO 3aMEHUTh KOTpadOM ITPOU3BOJIBHON CTPYKTYPHI.

IIycres H — aBynonbubrit rpad. Kaxkmoe pedbpo storo rpada, npuHaIIexKalee KaKoMy-HIOYIb
IUKJTY, TOJIPa300bEM OJIHOM BepITMHON. 3aMEeHUM TTPOU3BOJBLHBIMU KOTpadaMu HEKOTOPbIE Bep-
IIMHBI CTEIIeHW 1 1 2, Ipu 9TOM ecan B IukJje rpada H ecTs BepimHa v, cMexKHas ¢ 3 u HoJiee
BEpPIITTHAME CTETeHN OOJIBIE 1, TO BEpITUHBI 4-KJ1acca, COJAEPIKAIIEro v, He MOTYT ObITH 3aMEHEHBI
Korpadamu, a Tak e ecjim B 1uKJje rpada H ecTb BepinHa v creneHn 3 u 60jiee, TO BEPIIMHA
4-gJracca, comepxKalllero v U BeplInHa 4-Kjacca, COIepKallero BEPIINHY, OTCTOSIILYIO Ha PacCTo-
SIHUU 2 OT v, He MOTYT OBbITH 3aMeHeHbl Korpadamu ogHoBpeMerHO. [lociemanM maroM 3aMeHnM
KorpadaMi HEKOTOPBIE BUCSIYNE MYyTH U3 2 U 3 BEpINUH. ByIeM roBOPUTD, UTO PE3YIbTUPY IO
rpad nosydern DQ-mpeobpazoBanueM JBYI0JbHOTO rpada H.

Ob6ozHaunM A MHOXKeCTBO I'padOB U JOMOJHEHHUH rpadoB, MOy IeHHBIX U3 KA JJIHHBI KpaT-
HOiT 4 obaBjieHIeM JIBYX BEPIIUH, HE CMEXKHBIX MEXKJIy CODOM, KarXKasi 13 KOTOPBIX COeIUHSIETCS
PpedPOM ¢ OIHOI BEPIINHON MUKJIA, IPUIEM PACCTOSTHAE MEXK LY H0DABJIEHHBIMI BEPIINHAMUI HEIET-
HO.

Ob6ozuaunm B MHOXKeCTBO I'padOB U JOMOJHEHH rpadOoB, HOJIYIeHHBIX U3 UK/ JJIHHBI KpaT-
Hoit 4 ;obaBIEHUEM BUCSYEro MyTH JJIMHBI 2, CMEXKHOTO C BEPIIUHONW ¢ HOMepoM 0 M 3aMeHOi
KorpadoM U3 JABYX BEPIINH BEPIIUHBI IuKaa ¢ HOoMepoMm 4k, k € N, a Tak ke MOJydYeHHDbIX U3
[UKJIA JJIMHBL KPATHON 4 100aB/IeHHEeM BEPIINHBI, CMEKHON ¢ BepiinHoii ¢ HoMepoM () 1 3aMeHoii
korpadaMu U3 JBYX BEpIIUH BepuIuH IuKia ¢ Homepamu 4k, k € N u 41+ 2,1 € NU {0}.

O6o3naunm € MHOXKECTBO IUKJIOB M UX JOMOJTHEHUHN C YMCIOM BEPINH HE MeHee b U He KpaT-
HBIM 4.

Ob6ozHaunM D MHOXKECTBO IpadOB U JOIOJHEHUI IPpadOB, MOJIYIeHHBIX U3 UK IJINHBL k1 +
ko + k3 + k4 3aMeHO0lt KorpadaMu U3 JIByX BepIlnnH BepinH ¢ Homepamu 0, ki, k1 + ko, k1 + ko + k3,
upuiaéM k1 = ke = ks =ks =1 (mod 4),k; > 5,0 =2,3,4wm ky =1 (mod 4),k; > 5,ka = kg =
2 (mod 4),k3 =3 (mod 4).

O6ozHaInM € MHOXKECTBO MUHUMAJTBHBIX 3AIPENEHHBIX I'PadOB U3 6 1 7 BEPIINH, He BXOJSIIIX
B AU C. Takux rpados poHO 64.

Teopema 1. Pj-ceasghoill epagd Asasemcs KEHUL0SVM M0o20a U MOALKO mo2da, Ko20a ModHcem
bvims noayven DQ-npeobpasosaruem 06YAoavH020 2pada U He co0eprHcumm noporcoEHHbLT nodepa-
Ppos uz mmoocecmsa D.

Teopema 2. I'pagvr mroocecmea AUBUCUDUE cocmasanarom mMuoncecmeo MUHUMGADHOLT
sanpew,ennor epagos das kaacca K(Py).

Pa6ora Beimoaena npu dbuHancoBoil nomaepxkke aaboparopun JIATAC, HIIY BIID (rpant
npasurenberBa ag. 11.G34.31.0057; POOU, upoexr Ne14-01-00515-a).
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NCITIOJIBSOBAHUE TEOPUN MHO>KECTB IIP1 ®OPMAJIBHOM

OIINCAHUU KJIACCOB IIPEJMETHOMN OBJIACTEN B ITIOHATUAX

METAMO/IEJIN OB bEKTHOIN CUCTEMEI

I1.T1. Oneiinuk

K.T.H, CHCTEMHBIII apxXuTeKTOp nporpammuoro obecnedennsi, OAO «Acron»

monent, axrurcknit nacturyt (dbumman) FOxuo-Poccniickoro rocyapcTBEHHOrO MOIUTEXHUIECKOTO

yuuBepcureTa um. M.U. Ilnarosa, Poccusi, Pocros-na-/lony

xsl@list.ru

B macrosiiiee BpeMst IOMUHUPYIOIIEH METOAOJIOTHEN, HCIIOIB3YEMOIl IIPU Pa3spaboTKe MPUIOZKe-
HUH, sIBJISETCsI 00 bEKTHO-OPUEHTUPOBAHHBIH 1101X0/1. B manHOi cTaThe mpeicTaBieH (popMasibHbI

MaTEMATUIECKUNA allrrapart, OCHOBAHHBIN HAa TeOpUrn MHOXKECTB n HOSBOJ’[HIOIL[I/IfI OIINCATH OOBEKT-

HYIO MOJEJb JiIoboil mpeamerHoit obsactu. OcHOBON 111 pa3pabaTbIBAEMOrO MOIXOAA SIBJISIETCS
MeTaMOJIeJIb, UCIOJb3yeMasi B YHU(DUIMPOBAHHON cpejie OLICTPOil pa3paboTKM KOPIIOPATUBHBIX
nadopmarmonnbix cucrem SharpArchitect RAD Studio [1]. B pa6orax [|2-8] 6puia npencrasie-
Ha IOJTHAsT JUArpaMMa KJIACCOB METAMOJIEIN U IOJAPOOHO OIUCAHO HA3HAYEHUE KJIACCOB, & TaK¥Ke
e€ spourionust u pacmmpenue. Ha puc. 1 npejicraBien dparMenT MeTaMoJiesd ¢ OTODparKeHneM

KJIIOYEBBIX ACCOIUAINI, BayKHBIX JJIsl JAJIbHENIIEero 006Cy K IeHMsI.

£, Class [ Chass v [ ConcreteAttribute V| | AbstractAttrbute v | | VitvalAttribute V|
[ Abstract Class Abstract Class 1= Abstract Class 1 Abstract Class
-# ImageamedMetabodelTiern -+ AbstrackAttrioute -+ CaptionedMetaModelIten -+ Abstractattribute
Visusalization® uie ¥ | | | mhertabletiass /
Abstract Class Abstract Class p y
b MamedMetaModelTtem + Class ¢ Mptinheritabletiass L | Fypedaitribute < TDefaultVake> ¥
£ Abstract Class & | Attributes | Generic Abstract Class
Class 5 % concratestribute
& Class ¥ o, SO ) i
4 FustomAFEributediiass ¥ | ! Computationaltiass = FBasetlass> % | ! Simple TypedAttribute < TDefaultVake>
Abstract Class Generic Abstrack Class - Generic Abstract Class
- =Inheritableclass b CustomAtributedClass b TypedAttribute <TDefaultValue:=
& Class : :
K Class | IypedValueR angedAttribute <TDefauitValue, TValveRange> % |
‘ | T ; . N Generic Abstract Class
AMathod W DomainClass Codefomputationaltiass <FBasefiass> % ¥ SimpleTypedattribute < Toefaultvalue =
Abstract Class Class Generic Abstract Class i
 Metahodslltern  CustomAttributedClass b Computationalclass < TBaseClssss
{ CfassedvalueAttribute < IValvellass, IDefawitVale= %

ﬁ Class Generic Abstract Class
[ TypedAttribute <TDefaulttalue=
[ rodemMethod ¥ | | [ event ’

Bbstract Class Bbstract Class P X
+Method & MetaMadelThern | MotfoheritabfetiassedValueAttribute < TValvetlass, TBefaultValve> ¥

Generic Abstrct Class

b ClassedValueAttribute <TialueClass, Toefaultyslue

| ValidationRule ¥ EoncreteAttributesValidationRule % |

[ Abstract Class

Abstract Clazs

Q IMultiplicity Classedvalueattribute

¥ |

b MarmedMet sModelTtern S zlidationRule ! MultiplicitytiassedValueAttribute < TValuetlass, FefaultValue>
Genetic Abstract Class
= ClassedvalueAltribute =TV alueClass, TDeFaultValue =
(P IClassLevelyalidationRule :
HasstheckingValidationRule % | | UniguetombinationAttributesVaidationRoe % |
Abstract Class Abstract Class
+Yalidationfule # Concretesttributesyalidationfule
| Inver Hassthecks idationRuke | Design imetiassedValveAttribute < TValvetiass, TDefaultVakes ¥ |
Abstract Class Generic Abstract Class
= ClassCheckingvalidstionfule b Multiplicity Classedyzlueattribute =Ty slueClass, TDeFault ahe =
(P ICompatablewithMaster Type<TAtrbute, ConcreteAttribute> IattributeLevelvalidationRule
. IUnigue CombinationRunTimeClassedCallectionAttributesyalidationRule < TClassY aluenttribute =
TypedAttributesValidationRule < TAfEribute> ¥ ICompatable'WithMaster Type <TClassValusAttribute, Concretedttribute=
Generic Abstract Class S S " 5 . -
b ConcreteAttributesy slidationk ule UinigueCombinationRun Himeriasse deol VAEErDLE Rerfe = FEk i L
Gereric Abstract Class
TAHbLreLevaliaidationE e = UniqueCombinationattributesy zlidationR uk
ﬁ) ITypedialueR angedattributesyalidationfule h
n Eribet ionR e = FValueR, tribute, TVakepe> ¥ i | CustomAttribotedtiassedValueAttribute = Valvelass, TDefauftVake >

Generic Abstract Class

=+ TypedattributesyalidationRule < TV alueR angedAttributes=

Generic Abstract Class
= MultiplicityClassedYalue Attribute = TalueClass, TDefaultalue=

Puc. 1. @parment yuundunupoBanHOil MeTaMOIAEH 00bEKTHON CHCTEMbI
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OnbiT mokaszaj, uro npu npoektupoBaruu VC GoJibIlle BCETO BBIJAEISIOT COXPAHSIEMBIX CYIIl-
HOCTEli, KOTOpbIe B HaIlleM C/Iydae OMMCBIBAIOTCs MeTakjaaccoM DomainClass, mpeacTaBiigiomem
kJtaccnl ipemerHoii obsactu (KITO). B obiiem ciydae st onmcanust BeeX KJIacCoB IIPeIMEeTHOT
obustactu (DC) ucnosb3yercst MHOXKECTBO, SJIEMEHTAMU KOTOPBIX sIBJISIETCSI BEKTOPA U OIIUCHIBAEMOE
Kak (2):

DC = < ATT, BCde, M, E,VLR,VSR, BHC, R > (1)

rJe 3JeMeHThl BekTopa Kaxkoro KITO sagaHbl ciieryronmM oopas3om:

ATT (Attribute) — MHOXKeCTBO aTpubyTOB KJIacca MpeJIMeTHONH 001acTu;

BCdc (BaseClass)— MHO)KeCTBO 6Ha30BbIX KJIACCOB MIPEIMETHOMN 061aCTH, OT KOTOPOIO YHAC/IEI0BAH
JIAHHBIIN;

M (Method) — MHOXKECTBO METOJIOB KJIACCA, MO3BOJISIONINX PEAIN30BAThH IOBEJICHIE SK3EMILISPOB
KJIACCOB, T.€. JUHAMHYECKYIO COCTABJISIONIYIO;

E (Event) — MmHOXKecTBO 06pabOTINKOB COOBITUI, BO3HUKAIONIMX B JKU3HEHHOM IUKJIE O0HEKTA
KJIACCA MIPEIMETHON 0DJIacTH;

VLR (ValidationRule) — mHOX)ecTBO mpennKaToB, MpeICTABISIONMX BaJUIAIIMOHHBIE MTPABUIIA,
KOTOPBIM JIOJI?KEH OTBEYATH KarKIbIil OOBEKT;

VSR (VisualizationRule) — MHOXKeCTBO BU3yaM3aIiMOHHBIX PABUJI, KOTOPBIE YIPABJISAIOT BHUJIU-
MOCTBIO, JIOCTYITHOCTh, IIBETOM OT/IEJIbHBIX aTPUOYTOB;

BHC (BehaviorController) — MHO?KeCTBO KOHTPOJIJIEPOB TIOBE/ICHUST, TIO3BOJISIIONINX YIIPABIATH KaK
[IOBEJICHIEM OObEKTOB, TaK U I0JIb30BATEIbCKIM HHTEPdEeicoM ITPUIIOKEHIST;

R (Report) — MHOKECTBO OTYETOB CHCTEMBI, TIO3BOJISIIOIINE BBIBOANTD 9K3EMILIAPHI Kiracca (00b-
eKTa) B yJOOHOM Jjisl [I0JIb30BaTE sl BUJIE C BOBMOYKHOCTBIO PACIIEYATKU JIAHHBIX.

[TpeacTaBIeHHbII TOIX0J UCIIOIBL30BAJIC ABTOPOM MHOTOKPATHO IPH (POPMAaJIbHOM OMUCAHUH
PasIMYHBIX [IPUKJIQIHBIX 00JIacTeil, KOTopble MoJpobHO onmcaHbl B paborax |5, 8.
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KOJIMYECTBO COBEPIIIEHHBIX ITAPOCOYETAHUN HA
TPEYITOJIbHBIX PEIIIETKAX ®UKCUPOBAHHON IIINPUHEI

C.H. Ilepeneuko

IleTpo3aBosckuil roCy/ITapCTBEHHBIH YHUBEPCUTET

Jlenuna 33, 185910 IlerpozaBomck, Poccust persn@newmail.ru

IIpobema momcuéra COBEPIIEHHBIX MAPOCOUYETAHUM (B JI@JIbHERIIEM TIPOCTO MapOCOUETAHMIA )
B HEKOTOPOM CeMelicTBe rpadOB TECHO CBSI3aHa C OJHON M3 KJIACCHIECKUX PEIIETOYHBIX MOeseit
CTATUCTUYECKON MEXaHUKU — TaK HasbiBaeMoil 3adauel; o dumepaz. Ilpu paBeHCTBE akKTHUBHOCTEIH
BCeX JMMEPOB ITPOU3BOISINAA PYHKIUS JIJI IUCJIa TapOCOIeTAHNH CTAHOBUTCS UACHTHIHON ITpo-
U3BOJSIIEN (DYHKIIUU B MOJIETU JIUMEPOB.

B cuny ncropudecku cI0KuUBIITIXCsST OOCTOATENLCTB B (GUUIECKUX TPUIOKEHUSIX HAMOOIbITIIA
MHTEPEC BBI3BIBAIOT JABYXIIapaMETPUYECKHE CEeMeCTBa ILIaHAPHBIX pPeméTodHbiX rpados. Dop-
MaJIbHO I TaKUX I'pacoB 3a/1a4a MMOACYETA CBOAUTCA K BhluucaeHuio rndadduana. OgHako ero
BBIYUC/IEHAE B CUMBOJILHOM BH/I€ HATAJIKMBAETCSI Ha CEPbE3HBIE TPYIHOCTH, 1 HEMHOIOYMCIEHHBIE
paspemniuMble CIydan IIPUBOIST K MPOMO3IKIM BBIPDAXKEHUSIM B BUJIE JIBOWHBIX IIPOU3BEICHNN, aHa~
JIN3 KOTOPBIX OKA3BIBAETCS UPE3BLIYAHO CJI0KHBIM. C BBIYMCIUTEIBHON TOYKH 3peHnsa 3pdek-
THUBHOCTB ITOIOOHOTO POJia (POPMYJI TaKKe OCTABJISIET YKeJIaTh JIydIIero. BhIIOIHITE PacIéThl 3a
pa3yMHOe BpeMsI MOXKHO TOJIBKO B Ipadax HeOOIBIIOTO WM YMEPEHHOI0 Hopsiaka. B ciaokuBIeii-
CsI CHTYAIUN [IPEJICTABJISIET MHTEPEC N3y YeHNe aJIbTePHATUBHBIX METO/IOB TOACIETA, TTO3BOJISTFOIIIX
[IPOBOJIUTH KaK TOYHBIE, TaK W IPUOJIUKEHHBIE BHIUNCIEHUS B OOIBINMNX I'padax.

Jlanroe coolIreHne MoCBAIMEHO0 0OCYKIEHUIO TTOAX0/1a, OCHOBAHHOTO Ha, CBEJICHUU NBYXIIapa-
METPUYIECKOH 3a/1a9u K HAOOPY O/IHOMIapaMeTpUIecKuX 3ajad. B kadecTBe rpadoB paccMaTpuBa-
FOTCsI, KaK IIOKA3aHO HA PUCYHKE, (DPArMEHTHI TPEYTOJBHOM PeméTKu B (hopMe MapasiieIorpaMMa.
Bynem oboznavaTh rpadbl yKa3aHHOTO ce-
meiicTBa cumBosiom T, 5. HeocnabGesaro-
Ui WHTEpeC K 3ITOMY CeMefiCTBY o00y-
CJIOBJIEH, TIPEXKJIE BCEro, T€M, UTO CIOCOD
rnocrpoenns 1mdaddoBoil opueHTAIMT B
T,,,n u3BecTen yxe Gosiee mosyseka [1],
OJIHAKO IIPEJIIPUHUMABIINECS] paHee I0-
IIBITKHU TOJIYIUTh BHIPAKEHUSI, IIPUTO/IHBIE
JUIsT TIPOBEJIEHUsT PAcUYETOB, K YCIeXy He
npuBoguan. CpaBHUTE/LHO HEIABHO ObLI
JIOCTUTHYT CYIIECTBEHHBIA IIPOrpecc B UC- ¥
CJIEJIOBAHUN POJICTBEHHON MOJEJIN, COOT-

BETCTBYIOIIEH YKJIAJKe TPEYroJbHOM PeméTku Ha IOBepXHOCTh Topa |2, 3]. B To ke Bpems s
gmcia napocouderanuii B8 T, ,, BOSHUKAIOMIUX B 3aja4€ CO CBOOOIHBIMU I'DAHUYHBIMU YCIOBHAMH,
M3BECTEH JINIIb HE3HAYNTE/IbHBIN HAOOP YUCIOBLIX JAHHBIX IIPH HEOOJIBINNX 3HAYECHUAX M U 7.

B xome pemienust nepeducgimTe/IbHON 331240 TapaMeTp 1M, HA3bIBAEMbIH IMUPUHON PEIIéTKH,
duKcHpoBasice, U BEIMUCIAIOCH KOIHIecTBO napocoderanuii B Ty, , mpu pasmransix n. [lockonbky
B rpadax HEIETHOTO MOPSIIKA OTCYTCTBYIOT COBEPIIEHHBIE TAPOCOIETAHUS, TO MOYXKHO 0003HAUTUTD
OJIHAM ¥ TeM YKe CUMBOJIOM K, , 1ancio napocoderanuit B Ty, , Ipn 96THBIX 3HAYEHUAX M U B
rpacdax T, 2, 1pu HeuéTHeix m. Ilo obmenpunaromy corsamennio K, o = 1.

IIpu dburcnpoBaHHOM M HOCIETOBATETBHOCTD { Ky 5} = Ky 0, Ko 1, K2, ... sIBIISIETCS MO-
HOTOHHO BO3PACTAIOIIEHl U YJIOBJIETBOPSET JUHEHHOMY DPEKYPPEHTHOMY COOTHOIIEHUIO C IOCTO-
AHHBIMU KO3 durimentamu. [JocKoNbKY [JIsT TPEYTOIBHON PENIETKN MOYKHO ITOCTPOUTH MaTPHUILY
[epeHoca, IPUMEHUB aHAJIOTUIHYTO [4] cxeMy KOJMpOBaHWs COCTOSIHUIN, TO CYIIECTBOBAHKE TAKOTO
COOTHOIIIEHNsS BBITEKaeT u3 TeopeMbl Kanu-lIamuiabrona. B Ttepmumnax mnpomsBomsnux GyHKImi
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Gm(z) =Y 02 o Kmnz™ AaHHOE 06CTOATENBCTBO COOTBETCTBYET TOMY, 9T0 Gy (2) = Pr(2)/Qm(2)
parmonabHbl. [Ipu BeiBosie Gy (2) UCIIOIB30BAIOCH YCJIOBHE HOPMUPOBKE @, (0) = 1.

Hig 2 < m < 11 O6bLIM BBIYKUCIAEHBI JTOCTATOYHO JAJINHHBIE HAYAJIbHBIE OTPE3KHU ITOCTIEI0BA-
resibHOCTE { Ky 1y }, U3 KOTOPBIX Y1AI0Ch BOCCTAHOBUTDH KaK CaMU PEKYPPEHTHBIE COOTHOIICHHS,
TaK ¥ acCOIUMpOBaHHble ¢ HUMU Gy, (2). HeckosbKo mpocTeiiimx npruMepoB IPUBE/IeHbI HIKE:

1—4z+ 22
(1—2)(1—62+22)’

(1—2)(1+2)(1 —2z—52%2— 23 +2%)
(1+2—322—-323+24)(1 — 32 — 322 + 23 + 24)°

Gs(z) =

Gy(z) =

[Topsiky peKyppeHTHBIX COOTHOIIEHU B PACCMATPUBAEMOM MOIEJIN CYIIIECTBEHHO 3aBUCSIT OT YET-

HOCTH IMUPHHBI PEMIETKN U BO BCEX M3YUEHHBIX CIIyYasx OKAa3aauch paBHbMm 271

TP IETHBIX
suadenusix m u 3M/2 IIPU HEYETHBIX.

CsoiicrBa P, (2) 1 Qry (2) 6im3Ku, b0 COBIAIAIOT CO CBOMCTBAMNI AHAIOTHYHBIX ITOJIHHOMOB B
ceMelicTBe TIPSIMOYTOJIbHBIX PEIEToK Buaa Py, X P, [5]. B uactHoctu, ¢, — pp, = 1 1pu HeuéTHBIX
M U PABHO 2 NPH YETHBIX, IJe ¢y = degQm(z), pm = deg Pp(z). Cummerpus kosbdunmen-
TOB PEKYPPEHTHOIO COOTHOINEHUsI MPUBOJIUT K paBeHCTBAM @, (2) = —z29 Q. (1/2), Pn(z) =
2Pm P, (1/2), KOTOpBIE HIMEIOT MECTO IIPY HEYETHBIX M. B TO yKe BpeMsl IIpU BBIIOJIHEHUN YCJIOBUSI
m mod 4 = 0 3namenaresn Q,(z) yJIOBIETBOPSIOT HECKOJIBKO MHOMY COOTHOIICHUIO: Qn,(z) =
29 (1/2). Bee HaiijieHHbIe B X0/le BBILOJIHEHNs] paboThl @y, (z) OKazaimuch IpUBOAUMBI B Z[z].
s pemérok Pp, X P, nogobHas curyalius HabJIIOIaeTCA TOJIBKO B UCKJIIOUNTEIBHBIX CIydasix.

st BBIBOJIA PEKYPPEHTHOIO COOTHOINEHUS JIJIMHA HAYAIbHOTO U3BECTHOTO OTPE3Ka IOCTIeI0-
BarenabHocTu {Kp, ,} 0KHA, 110 KpaifHelt Mepe, B 2 pa3a IPEBBIIIATH OPAI0K COOTHOIICHHS.
[To mpuumHe KCHOHEHIIUATHLHOTO POCTA MOPSIKA MOJICUET MapOCOUYEeTaHUN OKA3bIBAETCS BEChMAa
TpymoémkumM. Tak, HampuMmep, upu m = 12 HeoOXOAMMO HAWTH HMAapOCOYETAHHWsS BO BCeX rpadax
BILIOTH 110 T'12 4096 I10CKO/IBKY pacuéTsl BEIIOIHAINCH B CHCTEMe KOMIIBIOTepHOiT ajrebper Maple,
To npn 12 < m < 25 BBIMUCIANINCH deMeHTbl K, , g n < n*. Ilpn 9éTHBIX M B KadecTse n*
BeiOupasioch 3uaderue 300. B HeuérHOM cityuae MoxkHO ObLT0 1TOJ102kUTE N = 200. [losryuerubix
JIAHHBIX OKa3aJI0Ch JOCTATOYHO, YTOOBI ¢ BBICOKOW TOYHOCTBIO OLEHUTH ACUMITOTUKY [y, 5, 1IPH
n — 00, KOTOpast UMeeT cieayiomuit Bux: Ky, , ~ C(m)A(m)".

B pesysibrare npruMeHeHUsT SKCTPAIOJISIIMOHHBIX METOJIOB YCKOPEHHUsI CXOIUMOCTH K HabOpPy
A(M) yaamoch BBIYHCINTD «MOJIEKYJISIPHYIO CBOOO/LY» — OJIMH U3 BayKHEHIINX [apaMeTPOB Pelé-
TouHO# Mozeu. C MOTPENTHOCTBIO, HE MPEBBIIIAIIEH eIMHNILY TOCJIEIHEr0 YIEPKAHHOTO pa3-
psjia, MoJydYeHHOe 3HAYEHNE OKa3aJoch paBHBIM 2,356 527 3. VMcnosib30BaHHbIl B paboTe MOIXO/I
SIBJISIETCSI TIEPBBIM CUCTEMATUIECKUM METOJIOM OIEHKH JAHHOTO apaMeTpa B MOJIEJISIX CO CBODOI-
HBIMU IPAHUYHBIME yCJIOBUSIMH. ParHee N3BECTHBIE METOJIBI CYIIECTBEHHO OIUPAJIUCH HA CBOWCTBO
PEryJISIPHOCTH UCCIEIYEeMBIX rpados.
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O ITPUMJIOKEHUUN TEOPUN ®YHKIIMOHAJIBHBIX CUCTEM K
HEKOTOPBIM ITPOBJIEMAM TEOPUN KOJIJIEKTVBHOI'O BHIBOPA

H.JI. IToaakos

Qunancossiit YuausepcureT upu llpasuresscrse PO
ITlep6akosckas 38, 105187 Mocksa, PO  gelvella@mail.ru

Bgenenue. Teopusa xoarexmuenozo ewbopa (social choice theory) nsygaer pasaumanbie MeTo-
bl arperupoBaHusl KOJIIEKTHBHBIX IPEIINOYTEHUI 10 TPOMUIAM HHINBUIYAJIbHBIX IPEIIIOYTe-
Huit. KiaccudaeckuM pe3ysibTaToM TeOPHH KOJIIEKTUBHOI'O BBIOOPA SIBJISIETCSI M3BECTHAST MEOPEMA
Ippoy o0 nesozmoocnocmu, cM. [1-2]. DrTa Teopema yTBEpIKIAET, YTO HE CYIIECTBYET IIPOIE/LYPhI
arpernpoBaHusl PAIMOHAIBLHBIX MPEIIOYTEHNH, 00/1a1aI01Iell HEKOTOPBIMI €CTeCTBEHHBIMHI CBOM-
cramu. B pabore [3| C. Illesax ycraHoBujI, 9TO NPUHIUI HEBO3MOXKHOCTH DPPOY MOXKET OBITH
PaclIpoCTpaHCH Ha HEepallMOHaJIbHBIC ITPEAINIOYTEeHUA TP HEKOTOPBLIX JTOIIOJITHUTE/IbHBIX yCJ’[OBHﬂX.
JokazaTesbeTBO OCHOBHOI TeopeMbl paboThl [3| ucnosb3yer moHsTust Teopun yHKIHOHATBHBIX
CHCTEM; B T.H. IIPOCTOM CJIy9Iae OHO MOXKET ObITh IIPOUHTEPIPETUPOBAHO KAaK OIUCAHNE (PparMeHTa
coomeememeus Iaaya oz kaaccos duckpemmuvr gynkyui (o coorsercrsun [amya (inv, pol) mis
KytaccoB auckperHbix dyukimit cM. [4]). Moxxox C. Hlesaxa okasbiBaeTcsi BeCbMa ILIOIOTBOD-
HBIM M MOZKET IIPETEHI0BATh Ha POJIb OJHOIO U3 YHUBEPCAJbHBIX METOIOB aOCTPaKTHON Teopuu
KOJLIEKTUBHOIO BbIOOpa. C IOMOIIBIO0 MOAMMDUKAIINN 3TOI0 IOAX0/1a Oblila YCTAHOBJIEHA IIOJIHASI
KJtaccupuKaIus CUMMETPUIHBIX KJIACCOB r-(PYHKIMA BBIOOpa, 00JIaJAI0NUX Cc80tUCmeom Ippoy,
cM. [5]. OHOBpEMEHHO ITOT MOXO/ MO3BOJISIET JIEPKO TIOJIyYUTh HEKOTOPbIE TIO3UTHBHbIE PE3YJ/Ib-
TaThl (Mmeopemvl 0 803MOdCHOCMU) B CIydae T.H. orpaHudYeHHbIX obsacreii (restricted domains).
B macrosiueii pabore Mbl IPUBOAMM IIOJHOE OIMCAHUE MHOXKECTBA KJIOHOB IIPOCTLIX IIPABUJI ar-
PErupoBaHusi, KOTOPbIE COXPAHSIIOT KAKOe-JTHOO0 CHMMETPUTHOE MHOXKECTBO PEULGHOULUL NPAGUA.
3aMeTuM, 4TO JJIA KaxKJOro KJoHa F M3 9TOro MHOXKECTBa MOYKHO JIaTh HECJIOXKHOE OIUCAHNE
MHOXKeCTBa inv F, 9To IMO3BOJISIET ellle IIpe PacpPOCTPAHUTh MPUHITUI DPPOY, & TaKxKe 00HApY-
JKATH HEKOTOpbIe "marosiormyeckue” ciydand ero HapyIleHUsl.

Bazosble nousaTus. IlycTs gans KoHedHbie MuOkKecTBa @ (yeaosuit), A (pemtennit) u C C A9
(pemaronux npasmi). B Tummdmoil cuTyannm MHOXKECTBO () €CTh MHOKECTBO BCEX HEITyCTBIX MOJI-
MHOMKeCTB MHOKecTBa A (1 MHoxectso [A]? HeymopsioueHHbIX Iap 3/1eMeHToB MHOMKecTBa A),
a C ecTh MHOMKECTBO BCeX (YHKIMi BBIOGOpa (MM, COOTBETCTBEHHO, NX orpanmdennii ma [A]?). B
bosee obmieil curyanmuu B KadecrBe C MOXKHO paccMaTpUBATL MHOXKECTBO (hyHKIUI BLIOOpa Ha
MyJIbTI/IMHO)KeCTBaX NJIN Ha IIOJMHOXKECTBaX MHOZKECTBa A, O6OFaIHeHHbIX HeKOTOpOﬁ JIOIIOJITHH-
TEJIbHOU CTPYKTYPOIi.

MmuozkectBo C Ha3BIBAETCS CUMMEMPUHHDIM, ECITH JIJTsT KayKI0H IIepecTaHOBKU 0 MHOXKeCTBa A
CyIIEeCTBYeT TaKasl IIEPECTAHOBKA 0 MHOXKECTBa (), YTO BMECTe ¢ KaxKI0l PyHKIMeH A MHOXKECTBO
C comepxut pyHKIMIO Ay, OLNPEICICHHYIO PABEHCTBAMEI

ho(q) = o~ "h(0™q)

JUIs BceX ¢ € () (CBOHCTBO CHMMETPHYHOCTH HIPAET POJIb 3aMKHYTOCTH OTHOCHTEIHLHO H30MOD-
dbusmoB).

[Tycte mano marypasbHoe uncsio n (y9acTHHKOB rosocoBanust mian Kpurepues). (IIpocroe)
npasuao azpezuposarus 1o obast GyHkus f: A" — A, yI0BIeTBOPSIONIAs YCIOBUIO KOHCEPBaQ-
muerocmu (MHAYE, KEA3UMPUEULALHOCTIL)

(Vxy,x9,...,2, € A) \/ flz1,20,...2p) = x;

1<i<n

(o nmpaBmiiax arperupoBanust 6osiee obiero Bujga cM. [3,5]).
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[IpaBuso arperupoBanusi [ coxpansem mmoscecmeo C, ecam st kaxkzgoro (hy, ha, ..., hy) €
n
C™ muoxkectBo C comeprkur dyukmmio f(hy,ha, ..., hy).
Jlerko npoBepuTh, YTO OTHOIIEHUE coXpaHeHust pyHKiueil f (IPOU3BOJIBHON apHOCTH) HA MHO-
xecrBe A muozkecrBa C C A9 B eCTECTBEHHOM CMBIC/IE HOPOXKIAET COOTBETCTBHE Lasya MexKLy

oynespivu pemerkamu P((J A4") u P(P(AQ)). D10 cooTBETCTBIE MOXKHO PACCMATPHBATH KAK
n<w

dparment coorsercteua (inv, pol) (cm. [4]), ecim xaxaoe muoxkectso C C AY oroxaecTsuTh
¢ npexukaroM {(h(q1),h(q2),...,h(gn)): h € C}, tne m = |Q| u (¢i)i<m ecTb dbukcupoBamHast
HyMepanust MHOKecTBa (). 13 9T0r0, B 9aCTHOCTH, BBITEKAET, ITO MHOYKECTBO IIPABUJI arpErupo-
BaHWsl, KOTOPBIE COXPAHSIIOT HEKOTOpoe MHOXKecTBO C, 3aMKHYTO OTHOCHTEIHHO KOMIIO3HI[UMH U
COJIEP2KUT BCE HPOEKINH, T.€. €CTh KA0H. Kiton Becex (IIPOCTDIX) MPaBUII arpernpoBaHmst, KOTOPbIe
coxpansitor MmaokecTBO C, o603naunm cumBosiom Av C. Cieyroniast Teopema Jaer 3hdekTrBHOE
onmcanue MuoxkecTBa {AvC: C cummerpudHo}.

OcHoBHasi TeopeMma. Brauajie Mbl OIpe/ie/IUM HEKOTOPBIE CIEIUAIbHbIE KJIOHBI IPABHJI ar-
perupoBaHust. MHOKeCTBO BCeX IPABUII arpernpoBaHnst 0bo3HadnM cuMBosioM Av. JIis kaxaoro
HATYPaJLHOTO Ymcia 7 cuMBosioM ASY oboszmadum muokectBo {a € A<Y: |ranal < r}.

Kuousr E,. [Ing kaxgoro HaTypaJbHOTO 9HUCIa 7 > 2 CUMBOJIOM E, 0003HAYNM MHOXKECTBO
Beex gyukimit f € Av, KOTOpbIe COBIAJAIOT ¢ HEKOTOPOil MpoeKIueil na MHOxkecTBe ASY.

Kuaoustr M,,,. [lj1s1 Kaxk 1010 HATYPAJILHOTO YUCTIA M > 2 CUMBOJIOM M, 0003HAINM MHOXKECTBO
Bcex dyHKIMi f € Av, KOTOpbIE y/IOBIETBOPSIOT YCIOBHIO

(f(a)=an{icdoma: a; =a} C {i €domb: b, =b}) — f(b) =10

aust Beex a € ASY, b € ASY, (doma = domb), a € rana, b € ranb.

Kunonsl Fg. Bunapraoe ornomenue R na MHoxkecrse A<Y HasbiBaeTcst ycmotinuevim, eciin

1. aRb — a = ob g HEKOTOPOIT TEPECTAHOBKN 0 MHOXKECTBaA A;

2. aRb — cam = ob7 mnsa nmoboit lepecTaHOBKE ¢ MHOYXKeCTBa A, HaTypaabHOro unciaa k u
dyuxiyn 7: {1,2,...,k} — doma.

JI1sl KasKJI0ro yCTOMYIMBOIO OTHOIICHUSI OTHOINEHMs 3KBUBAaJCHTHOCTH R Ha MHOxKecTBe A<
cumBojioM Fgr 0bo3HaunM MHOXKECTBO Beex GyHKIUN f € Av, KOTOpble COBIAJAIOT ¢ HEKOTOPOI
IIpOEeKIIell Ha KarKI0OM KJIacCe SKBUBAJEHTHOCTU OTHOIIeHUsT K.

Kuaousr Pyp. Ilycrs Il ects omuna u3 IlocToBCckuX KJ1accoB, KOTOPBIH COCTOUT u3 (DYHKITUH,
coxpansifomux 0 u 1, 1 3aMKHYT OTHOCUTE/IHLHO ABONCTBEHHOCTH. JJIsT KarKI0r0 JBYX3JI€MEHTHOTO
MHOXKecTBa B oboszHaumM cumBojsioM Ilp kjoH ¢ HOcuTenmem B, skBubajeHTHBIN [locToBCcKOMY
kiaaccy II. Cumposom Prp obosmaumM MHOXKeCTBO Beex dyHKmit f € Av, yIOBI€TBOPSIONTIX
ycnosuio f | B<Y € Ilg ns Beex B € [A]%

Teopema 1. ITycmo daro cummempuuroe mnosicecmeo C C AX (pewarowuzr npasua). Tozda
CYULLCMBYIOM, MAKUE HATNYPAAOHBIE YUCAG T, T > 2, YCMOTUHUBOE OMHOWEHUE IKGUBAAEHTTIHOCTU
R na mmoorcecmee A<Y u samxrymoti ommocumenvro deoticmeennocmu Ilocmosckuti xaace 11 C
To1, wmo

AvC=E,NnM,,NFrNPy.
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IIONCK PA3PE3A I'PA®A, VICIIOJIb3YEMBIN B PEIIIEHUU
HEKOTOPBIX 3AJAY JIOTUYECKOTI'O IITPOEKTUUPOBAHU A

10.B. ITorrocun', C.A. INorTrocuna?

! O6wenunennei naCTHTYT TPOoGIeM mHpopMaruky HAH Benapycn,
Cypranosa 6, 220012 Mwunck, Bemapycs pott@newman.bas-net.by
2Benopycckuit TOCYIapCTBEHHbIH yHHBEPCHTeT WHMOPMATHKH ¥ Pa/IA03IEKTPOHIKH,

I1.Bposku 6, 220013 Munck, Benapycs s.pottosina@gmail.com

Corumacuo (1], must rpada G = (V, E) ¢ MHOXKecTBOM BepiinH V' 1 MHOXKeCTBOM pebep E 1 HeKo-
TOPDBIX HEIIEPECEKAIOIMMNXCA IMTOIMHOXKECTB A n B MHOZKeCTBa V Pa3pe3oM Ha3bIBaCTCA MHO2KECTBO
pebep, OIHM KOHITBI KOTOPBIX JexkaT B A, npyrue — B B. PaccmarpuBaeTcst 3a7a9a HAXOXKTEHUST
MaKCHMAJIbHOTO pa3pesa B rpade, pebpa KOTOPOro B3BEIEeHb! JeHCTBUTEBHBIMU UUCIAME, T. €.
TaKOI'o pa3pesa, y KOTOPOro CyMMa BECOB pebep MaKCUMAJIbHA.

O/iHO U3 BaXKHBIX 33121 JIOTUIECKOIO ITPOEKTUPOBAHUS sIBJISETCS 3a/[a4a JIEKOMIIO3UIUU OY-
neBbIx dyHKIWiA. PacemorpuM o1y 3azady B cieyiomieil ocranoske [2|. st cucteMbl MOTHO-
CTBIO OIpeJie/ieHHbIX OyieBbix byHkimi y = f(x), rme y = (Y1,42, -, Ym), X = (r1, 22, ..., T7),
f(x) = (fi(x), fa(x), ..., fm(x)), Tpebyercst HaiiTu cynepnosunuo 'y = ¢(w,z2), w = g(z1), rie
Z1 U Zg — BEKTODHBIE [I€PEMEHHBbIE, KOMIIOHEHTAMI KOTOPBIX CJIY?KAT COOTBETCTBEHHO MEPEMEH-
Hble U3 [OJMHOXKECTB Z1 U Zz, obpadyonmx pasbuenue MHoxkecrBa X = {x1,z2,...,x;}. pn
9TOM YHCJIO KOMIIOHEHT BEKTOPHOM MEPEMEHHON W JIOJI?)KHO OBITH MEHbIIE, YeM Y IePEeMEHHON Z1 .
K sromy TpeboBanuto 106aBuM emie 1o, 9Tobbl byHKIMN ¢(W,Z2) 1 g(z1) ObLIM KAK MOYXKHO 6oJiee
[IPOCTBHIMU.

TabsmaHbIil METOJ| IEKOMIIO3UIMN [3| mpepycMarpuBaeT IIPEICTABICHIE MCXOHON CHCTEMBbI
OyseBbIX (DYHKIUI B BHe AByMepHON Tabsunbl M, cTosbiiaM KOTOPOit COOTBETCTBYIOT MHOXKE-
CTBa 3HAYEHUIl MEPEMEHHOU Z1, & CTPOKAM — MHOXKECTBa, 3HAYEHUN IepeMeHHON zg. [Ipunucas
pasauIHbIM cTosbaM Tabaunbl M pasnndHbie OysIeBbl BEKTOPBI, MOIYIHM DYHKINIO W = g(Z1),
3HAYECHUSIMU KOTOPOH SIBJISIFOTCsI yKasaHHble BeKTOPbI. CiioxkHOCTH dyHKIui ¢(w,z2) n g(z1)
CHJIbHO 3aBHCUT OT BapuWaHTa TaKOI'O KOAUPOBAHUAI.

B pa6ore [4] npeyraraercst MmeTon KoaupoBaHust CTOIOIOB TabuIbl M ) 11e1b10 KOTOPOTO SIBJIsi-
ercst ynporierne byHkimii ¢(w, z2) u g(z1). Meros npeacrasisier coboil MHOIOIIATOBBIH IPOIECC,
Ha KayKJIOM {-M Ilfare KOTOPOro BBOJUTCS IePeMeHHAas W;, ABJSIONIAsICA KOMIOHEHTON BEKTOpa W,
U OIIpeJIeNAOTCs ee 3Hauenust. [{jist sroro crpourcest noubiit rpad G = (V) E) u Ha napax pas/imd-
HBIX CTOJIOOB Tabaunbl M 3amaercs nejgodncientas QyHKIUs h, 3HATeHIs KOTOPO OIIPeIe/IsI0T-
cd caenytomuM obpazom. Ecmu kaxkapiit crosnberr Tadbauibl M paccMaTpuBaTh Kak OysieB BEKTOD
pPa3MepHOCTU SM, TJie § — YUCJIO CTPOK Tabsuibl M, To paccroguue 1o XIMMUHTY MEXKJIYy ¢-M H
J-M cToJIONAMU sIBJIsieTCsI 3HAaUYeHneM (DYHKIUMU h Ha JaHHO mape crojbnoB. Bepmunam rpada G
COOTBETCTBYIOT CTOJIOIGI Tabauibl M, a pebpaM IPUMIMCBIBAIOTCS BECA B BUJIE COOTBETCTBYIOIINX
sHadeHuil pyuxmyuua h.

Ha i-M mare ynoMmstHyTOro Imporecca HaxOQUuTCsI MaKCUMAJIBHBIA pa3pes rpada G, npeacras-
JsieMblil apoit nogMuoxkects A, B mHOXKecTBa V', U nepeMeHHast w;, mosydaer 3Hadenue 0 (nim
1) mist cTosI610B, COOTBETCTBYIONMX BepmnHaM u3 A, u 3nadenne 1 (wim 0) jyist cTosbos, coor-
BETCTBYIONINX BepIuHaM u3 MHOXKecTBa B. Jljist nmoncka paspesa UCHOJIB3YETCS ,, 2K IHBI ajro-
pur™m u3 crareu |5]. 3arem yjassiiorest pebpa, coejuHsONIe BepnHbl n3 A ¢ Beprinaamu u3 B,
U BBINOJIHsIeTCs cemyrormuii, (j + 1)-it mar. IIporecc 3akanumBaercsi, korja rpad G cranoBurcs
nyctbiM. VcnonbzoBanue byHKIMU h yKa3aHHOTO BHUJA CIOCOOCTBYET YBEJIUYEHUIO BO3MOXKHO-
CTH CKJIEUBAHUS JIEMEHTAPHBIX KOHBIOHKIINIA B JIN3BIOHKTUBHBIX HOPMaJILHBIX (hopMax dDyHKIIHI
P(w,z2) u g(z1).

Jpyroii 3a/1a4eii, rje MOXKeT ObITh UCIIOJIb30BaH ITOUCK MaKCUMAJIbHOI'O pa3pesa, sABJIseTCs 3a-
Jlada KOJUPOBAHUST COCTOSHUN JUCKpeTHOTO aBromara. OIHON n3 Mojiesieil moBeIeHns JJUCKPETHO-
o yCTpOﬁCTBa SIBJISIETCA KOHEYHBIN aBTOMaT, KOTOprf/i COCTOUT M3 MHOZKeCTBa BXOJHBLIX CUTI'HAJIOB
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A, MHOYXeCTBa BBIXOJHBIX CUTHAJIOB B, MHOXXeCTBa COCTOsIHUN () W IBYX PYHKIWI — (PYHKIAN
BIX0JI0B P (a,q) = b n dynxuun nepexonor ¥(a,q) = q*, rmea € A, b€ B, q,q" € Quq"
SIBJISIETCST COCTOSTHAEM, B KOTOPOE aBTOMAT ITEPEXOJIUT M3 COCTOSIHUS ¢ IIPU BXOJHOM CHUTHAJIE d.

B mporecce cunresa stormyeckoit cxembl dyakimu ¢ n U npeobpaldyiorca B cucremy Oyiie-
BBIX (DYHKIUN MTOCPEICTBOM 3aMEHbI aOCTPAKTHBIX CUMBOJIOB a, b u ¢ OyjaeBbiMu BekTOpamu. B
PYHKIIMOHAJILHOM OIUCAHUU CUHTE3UPYEMON CXEMBI 9aCTO BXOJIbI M BBIXOJIbI YK€ IPEJICTABIEHBI
B BUJIe OyJIEBBIX BEKTOPOB. 3aJiada 3aKJ0UaeTCsd B TOM, YTOOBI IPUIIACATH AOCTPAKTHBIM CHMBO-
JaM cocTostHuil g OyJIeBbl BEKTOPHI Z = (21,22, ..., 2);) B COOTBETCTBUU C HEKOTOPBIM KPUTEPUEM
onruMusaruu. B aTom ciydae jiroboe cocTosiHIE aBTOMATa OYET IIPEJICTABIEHO B CXeMe HaDOpOM
COCTOSIHUH JIBONYHBIX 9JIEMEHTOB IIAMSITU (TPUTTEPOB), TJie COCTOSIHUE §-T0 TPUTTepa [PEeCTaBIIsIeT
co00ii 3HaYEHNE BHY TPEHHEH TepeMEHHO z;. ByJieB BEKTOD Z, IPUITNCAHHBII COCTOSTHIIO aBTOMATA,
HAa3bIBAETCSI KOJIOM COCTOSIHUSI.

B ciyuae cuaxpoHHO# peasm3aliuu aBToMaTa IPU KOJUPOBAHUU COCTOSHUN OOBITHO IIpecJie-
JIyeTCsl CJICJIYIONIHe IeJIN: MOJIyIeHne KaK MOYXKHO 0oJjiee MPOCTON cucTeMbl OyJieBbIX (DYHKITH,
OIMCHIBAOMIEH KOMOMHAIIMOHHYIO YaCTh IIPOEKTHPYEMOrO YCTPOWCTBa |2|, wiau yMeHbIleHue WMH-
TEHCHBHOCTH IIepeKItoYeHnil ssiemMenToB namsitu [6]. [Tocsientee Beer K yMeHbIeHUO 10TpebIIsi-
eMoi sHeprum mpoekTupyemoit cxemoil. Ilpemmaraercsa ciemyrommit MeTor sHEProcOeperaoero
KOJIUPOBAHUS COCTOSTHUI aBTOMATA, MCIOJIb3YIONUI MIONCK MAKCHMAJIBHOIO paspes3a B rpade.

PaccmarpuBaioTcss BEPOSITHOCTH 1IEPEXOJ0B MEXK/Ly COCTOSHUAMU, U UeM OOJIbITIE BEPOSITHOCTD
epexoJia Jjisk KAaKON-TO IMapbl COCTOSIHUN, TeM MEHbIIIE JIOJIXKHO OBITH 110 BO3MOYKHOCTH KOMIIOHEHT
B KOJIaX 3TUX COCTOSHUIN, KOTOPbIe UMEIOT PA3JIndHble 3HAYEHHSI, HE Ba’KHO, B KAKOM HallPABJIEHUH
IIPOUCXOIUT MIEPEXO/T. SHAUCHUST BHY TPEHHUX [TEPEMEHHBIX 21, 22, ..., 2k OIPEIEIISIOTCS CIEIYOIINM
00pa3oM.

Peanmmzyercst Takoil ke MHOTOIIATOBBII POIECC, KAK B IIPeAbLLyIeil 3agade. Texkyinast cuTy-
aIldsl B 9TOM IPOIECCE XapaKTEPU3YeTCsl YaCTHIHBIMU KOJAMHU COCTOSHUI (21,22, ..., 25), J < k,
u B3BereHHbIM rpacdom G = (V) E), BepmHbl KOTOPOTO COOTBETCTBYIOT COCTOSIHUSIM ABTOMATA.
JlBe BepiuHbBL 3TOr0 rpada CBI3aHbl PeOPOM, €CJIM U TOJBKO €CJU COOTBETCTBYIOIINE COCTOSHUS
IMEIOT OJWMH ¥ TOT »Ke 4JacTH4YHbIl Koj. Kaxxmoe pebpo vsvy € E umeer Bec hgy = 1 — py, e
Di; — BEPOSITHOCTB IIEPEXOJia MEXK/Iy COCTOSIHUSIMU (s U G¢, COOTBETCTBYIOIIUMU BEPIINHAM Vg U U,
HE3aBHCUMO OT HAIIPDABJIEHUS IIePEX0Na, T. €. Dy = Pst + Pts, TJ€ Pst — BEPOSITHOCTH IIEPEXOJIA U3
COCTOSTHUS (s B COCTOsIHUE . Ha KaxKJIoM miare HAXOIUTCS MaKCUMAJIbHBINA Pa3pes, OlpeIesIsioT-
Csl 3HaYeHUs] OYepe/IHOM IepeMentoil z; u yiaJsiorcs pebpa, npuna/iexkaue pa3pesy. [Iporecc
3aKaHIUBAETCs, Korja rpad G okasbiBaeTcs mycThiM. OUeBUIHO, JIJIsi CHUXKEHUST TIEPEKTI0UATE b
HON aKTHBHOCTHU 3JIEMEHTOB IIAMSITH, €CJIH BEPOSATHOCTD Pi; BBICOKA, TO PACCTOSIHHE 110 XIMMUHIY
MEXK/Iy KOJIAMU COCTOSIHUN s U ¢ JIOJIPKHO OBITH CJiejlaHo KOpoTKuM. Ha mociieinem trare pebpa-
MU CBSI3aHBI T€ BEPIIMHBI, COOTBETCTBYIOIIE KOTOPBIM IAPhI COCTOSIHUIN CBSI3aHBI TEPEXOIAME C
HaunbOJIbINell BEPOATHOCTHIO. PaccTosiHus MEXK/Iy UX KOJAMU PABHO €MHHUIIE.

JIutepatypa

1. Kpucrodugec H. Teopus epagos. Anzopummuveckuis nodxod. M.: Mup, 1978.

2. 3akpesckuii A./l., Ilorrocun FO.B., Yepemucunosa JI. /1. Jloeuueckue 0cHO6bL MpoexmuposaHus,
duckpemmoixr yempoticms. M.: @uzmaraut, 2007.

3. ITorrocun FO. B., Illecrakos E. A. Tabauunvie memodv, 0eKoMnosuyuy cucmem nosnocmyio onpede-
AeHHBT byaesux Pynkuyut. Murck: Bernopyc. nayka, 2006.

4. Taghavi Afshord S., Pottosin Yu. V. A new suboptimal decomposition algorithm based on the tabular
method // Tanaesckue urenus:: noknaasl [ecroit Mex nynapomHoi HayuHo# kKoHbepentunu (27-28 mapra
2014 1., Munck). Munck: OUIIN HAH Benapycu, 2014. C. 161-165.

5. Bakpesckuit A.Jl. Packpacka epaos npu dexomnosuyuu 6yseswr dywryud. Munck: MTK HAH
Benapycn, 2000. Boio. 5. C. 83-97.

6. 3akpesckuilt A.I. Anzopummos snepeocbepezarouse2o Koduposarus cocmosnul asmomama |/ Vn-
dopmaruka. 2011. Ne1(29). C. 68-78.
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AHAJIN3 HE YCTOMYMNBOCTU 'PAANEHTHOI'O AJITOPUTMA B OJJHOM
CIIEIITMAJIBHON 3AJAYE JVUCKPETHOM OIITUMUN3AIINN

A.B. Pamazaunos

Bakunckuit locynapcrsennniii Yuusepcurer, Baxy, Azepbaiiazkan
rab-unibak@rambler.ru, ram-bsu@mail.ru

B nanmnoit pabore aHaM3upyeTcs He yCTONIHMBOCTD I'PAUEHTHOrO aJrOPUTMa B OJIHO CIIernu-
aJbHON 3ajia4e JTUCKPETHON ONTUMU3AIAN.

[Iycre Z7 (R} )- MHOKECTBO N-MEPHBEIX HEOTPHUIATE/ILHBIX e/ I0IUCTICHHEIX (JIeHCTBUTEIbHEIX)
BekTOpOB, P C Z7 - IOpsAKOBO-BBIMyKI0e MHOXKeCTBO [1]. Pacemorpnym 3a1axy

n n
fl@)=> czi— Y a? — max, (1)
i=1 =1

rae ¢ = (T1,...,2,) € Pc=(c1,...,¢n), = (a1,...,a) € R

IIycrs 29 (z*) - rpaguentHOe (onTmMasbHoe) pernenne 3ajaun (1). Ilog rapanrTupoBanHbI
OIEHKO! TOYHOCTH I'PAJIEHTHOrO aJlrOpUTMa perteHns 3a1a4u (1), Kak 0OBITHO, IOHHMAEM TAKOe
qucso € > 0, uro (f(z*) — f(29))/(f(2*) — f(0)) < e. Bagaay, noaydennyro u3 3agaan (1) myrem
BO3MYIIEHIs BEKTOPa ¢ = (c1,...,¢,) € R B npenenax (0,6), obosnaumm gepes A(0). Ilycrs € n
£(9) - rapanTupoBanHble oneHky st 3aga4au (1) u A(J) coorBercTBenno. I'pajmenTHBII aaropurM
OyjieM Ha3bIBaTh HE yCTOW4IMBbIM st 3a1a4u (1), ecom £(9) > & (em., Hamp., [2]).

Teopema. IIpu masviz 6o3mywenuar (korebanuaxr) eexmopa ¢ = (c1,...,¢n) 6 3adave (1)
2paduernmHoil ar20pUMM He Yemotuus.

JIutepatypa

1. Kosastes M. M. Mampoudw 6 duckpemnoti onmumusayuu. Muuck: 1987, 222 c.
2. Pamazanos A. B. Anaaus yemotuusocmu 2paduermuozo ar2opumma 6 3a0aue 06CAYHCUBAHUE CEMU
co wmpagom // Becrnuk Bakunckoro Yuusepcurera. 2014. Ne3. C. 38-44.

O BBIYUCJINTEJIBHOMN CJIOXKHOCTU ITONCKA OCOBBIX TOYEK

A.B. CeauBepcrosn

WucruryT npobaem nepenaun undopmanun uMm. A.A. Xapkesnua PAH

Boubmoit Kapernwriii 19, 1, 127051 Mocksa, Poccus  slvstv@iitp.ru

Muorue BaxKHBIE 332491 KOMOMHATOPHON ONTHUMU3AIINN OCTAIOTCS BHIYUCIUTEIHHO TPYIHBIMU
HocJ/Ie JUINTENBHOro 1onucka 3¢ dekTuBHBIX MeTo0B pernenus [1]. Pacnosnasarue ocoboii Toukn
Ha KOMILJIEKCHON TUIIEPIIOBEPXHOCTH CJIYZKHUT MIPUMEPOM BBIUUCIUTEIHHO TPY/IHON 381841, CBA3aH-
HOIT ¢ KoMGuHaTOpHOH onTumu3almeil [2]. [TpoekTuBHAsSI TUIIEPIIOBEPXHOCTD, 3a1aHHast (HopMoit f
HaJ[ TOJIEM XaPaKTEePUCTUKHU HYJIb, 0c00asd, €CIU COBOKYITHOCTb YACTHLIX IPOM3BOIHBIX ITEPBOTO
ITOPSIJTKA 687]; s 0 < k < n uMeer HeTpUBUAIbHBIA Hy1b. Ecim dopMma f nmMmeer panmoHabHBIE
K03 bUIMEHTDI, TO 9TO YCJIOBHE MOXKHO IIPOBEPUTH 3a IKCIIOHEHIMa bHoe (0T n) Bpems. Bosee
TOI'0, COBMECTHOCTD JII000# CHCTEMBI ajredpandecKnX ypaBHEHHUI ¢ paloHaIbHBIMUA KO3(MDUIU-
eHTaMM MOKeT ObITh IIPOBEpeHa 3a SKCIIOHEHInaIbHoe BpeMs [3].

Hazosem (—1, 1)-T0uKOii BCAKYIO TOUKY B IPOEKTUBHOM IPOCTPAHCTBE, UbU OJIHOPOJIHBIE KOOD-
JUHATHI paBHBI —1 wn 1 ¢ TOYHOCTBIO 10 OOINEro HEHYJIEBOTO MHOXKHUTEJIS. DTO BEPIINHBI MHOI'O-
MepHoro Kyba. IIpoBepka npuHa ek HOCTH HEKOTOPO# (—1,1)-TOYKM K JIAHHON IHIIEPIIIOCKOCTH

siBsisiercst N P-niosaoit 3ayiadeit [4]. Tloaxomupl K ee periennto, ocHoBaHHBbIe Ha TeopeMe ['nibbepra
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Nullstellensatz, ob6cyzknatorcs B [5]. OTMernm, 9T0 COOTBETCTBYIOIAS 3a/a49a ONTUMU3AIUE MO-
JKeT ObITD PelleHa ICeBI0NOTMHOMUAIBHBIM aJITOPUTMOM, OCHOBAHHBIM Ha METOJIE JMHAMUIECKOIO
uporpammuposanust [4]. Tlogcuer uncia (—1, 1)-Touek Ha MMIEPIIOCKOCTH 3HAYUTEIIBHO CJIOXKHEE.

[TokazkeMm, 9TO 3aja4a O PACIO3HABAHUU THMIIEPILIOCKOCTH, Ha KOTOPOW HE JIEXKUT HUKaKas
BEpIIMHA MHOTOMEPHOIO Kyba, CBOJUTCA K MPOBEPKE TJIAIKOCTH KOMILJIEKCHOW IIPOEKTUBHON I'd-
[EPIOBEPXHOCTH TPeTheil crenenn (KyOWKM) WM OATOH creneHd (KBUHTHUKH). DTH PE3yJIbTATHI
YCHJIMBAIOT paHee II0JIyUeHHbIe Pe3ysbraTsl u3 [2].

Hajiee paccMaTpuBaIOTCsI IPOEKTUBHBIE TUIIEPIIOBEPXHOCTH, KOTOPbIE 3aiaHbl (DOPMaMU C Iie-
JIBIMU KO3 DUITMEHTAMU.

Teopema 1. Cywecmeyem demepmMuHupoO8aHHbIl AA20PUMM, KOMOPVIL NOAYHAEM HA 6X00 2U-

n

nepnaockocmo H, sadannyto aunetinot gopmoti h = > apXp ¢ HEHYALBOMU UeAbMU KOIPHuLU-

k=0
enmami, oy, # 0 0aa kaotcdozo undexca k, 2de n = 3, U 36 NOAUHOMUGADHOE BPEMA GHLOAET, TMAKYIO

kyouky S, wmo H ne codepotcum nu 0dnot (—1,1)-mouwku mozda u moavko mozda, xozda S 2ra0-
kas. Boaee mozo, ocobvie mouku na S 63aummno odnoznawno coomsememesyrom (—1,1)-mouxam,
npunadsesrcausum H.
n
HokazaresscrBo. Conocrasum JmHeitnoit dopme h dopmy Tperbeii cremenn f = > akxz.

k=0
BeixoioMm ajropurMa CIyKUT orpanunderre popMbl f Ha MUIepIIocKocTb H , KOTOpoe oIpeiesisieT

TUIEPILIOCKOe cedeHne S — TUIeproBepXHOCTh B H.

Qopwma f onpenesisieT TJIAIKYI0 THIEPIIOBEPXHOCT, ITOCKOJIBKY BCe KO MUIIMEHTH! (v OTJIMY-
bl or Hysa. CrreoBaTeIbHO, OCOOBIMI TOYKAME Ha S CJIyKAT TOYKH KACAHUS TUITEPILIOCKOCTH
H c xy6ukoii, 3aganHoii dopmoit f. Ecau B Hekoropoit (—1,1)-rouke x obe dopmer h u f obpa-
MAIOTCS B HYJIb, TO TPOEKTUBHBIE THIIEPTIOBEPXHOCTH, 33/ IaHHBIE STUMHU (POPMaMU, KACAIOTCS JIPYT
apyra B x. CireioBaresibHO, S uMeeT 0Cco0yI0 TOYKY X.

ITockombKy j1st KaKI0ro mHieKca k KoIMQUIUEHT (v OTAUYEH OT HYyJIsl, I'PAJIUEHTHI pOpM
Vh u Vf KoJumHeapHbl B TOYKAX C KOOPJHMHATAMH, Y/IOBJIETBOPSIONIMI PABEHCTBAM T; = 1‘3
TS BeeX MHeKcoB k u j. Takme Toukn — s10 (—1, 1)-Touxnu. B sToM ciaywae ocobble Toukn Ha S
B3AMMHO OJIHO3HAYHO cOOTBeTCTBYIOT (—1, 1)-Toukam, jexamum na H. Teopema nokazana.

Orpanudenne n > 3 B YCJIOBUU TeOpeMbI 1 CBSI3aHO C Te€M, UTO B caydae n < 2 nepecedenue S
COJIEPKUT He Hojiee Tpex TOYeK.

B HEKOTOPDLIX CJIyYdadx Ky6I/IKa IIPOCKTHUBHO 3KBHBaJICHTHA TaKOBOI CIIenmaJIbHOIroO BU1a, 1103~
BOJISIIOITIETO OTIPEJIEJISATh 0COOble TOYKH, eCIi OHU cymiecTByoT [6]. Bosmorkuo, nsydenue runep-
ITOBEPXHOCTEN TTO3BOJIUT YTOYHUTH PE3YAbTAThl O CJI0KHOCTH HAXOXKIEHUsT BTOPOro perrerus NP-
nosHoi 3ama4n |7|. elicTBUTENBHO, €cin n3BeCTHA OJiHA 0C0Hasi TOUKA W MPOCKTUBHBIA ABTOMOD-
du3zm kybuku, To 06paz ocoboit TOUKM ToxkKe OyIeT ocoboii Toukoil. Tak momck BTOPOIT 0coboit
TOYKY CBOJIUTCS K MOUCKY aBTOMOPMI3Ma, He OCTABJISIONIETO TEPBYIO TOUKY HemoaBukHo. Cire-
JIYIOIUI PEe3ysIbTaT TOBOPUT O HETPUBUAJBLHOCTH IPYIIBI aBTOMOPMU3MOB TUIAKON KyOUKH.

Teopema 2. I'nadkas xybura obaadaem NpoexkmMuUBHvIM AETMOMOPHUIMOM 6MOPO20 NOPAJKA.

Pesynbrar, anajgorudnsiit Teopeme 1, cripaBeyIuB U JIJIsl KBUHTUKHA, HO 663 B3AUMHO OJIHO3HAY-
HOT'O COOTBETCTBUS OCOOBIX TOYEK U BEPIIUH Kyba.

Teopema 3. Cywecmseyem demepmunuposanmbill ai20pUMM, KOMOPLIT NOAYUAEM HA 6T00

n

eunepnaockocmov H, sadannyro sunetinot gopmoti h = > apXp ¢ HEHYAEEBMU UEABMU KOIPHU-
k=

yuermamu, ap 7 0 das xascdozo undexca k, 2de n > S,Ou 30 NOANUHOMUAALHOE BPEMS 6bLOAEM

maxyro xKeunmuxry S, wmo H wne codeporcum 1w 00not (—1, 1)-mowku moeda u moavko moezda, xo-
2da S 2aadrasn. Bosee mozo, ecau S 0cobas, Mo MHOHCECTIBO 0COOBLL MOUEK KOHEUHOE U BKAIONAEM,
ece (—1,1)-mouku, npunadaescauue H.
n
Joxazaresnberso. Conocrasum suneiinoit dpopme h dopmy nsroit crenenn f = Y. agz;. Bol-

k=0
XOJIOM AJITOPUTMa CJIYXKHUT orpaHuveHne popMbl f Ha MHIEPIIOCKOCTH H, KOTOPOEe OIpeesIsier
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TUIIEPILJIOCKOE ceveHne S — IUIeproBepxHOCTh B H.

OcobbiMu TOYKaMU Ha S CIIy?KAT TOYKH KACAHUS THHEPIIOCKOCTH H ¢ KBUHTUKOMN, 38/ IaHHON
dopwmoii f. Ecim B HekoTopoii (—1, 1)-Touke x 06e popmbl h 1 f 06paIaroTcs B HyJIb, TO IPOEKTUB-
HbIE TUIEPIIOBEPXHOCTH, 3a/JJaHHbIE STUMU (POPMaMU, KacaloTcs apyr japyra B X. Clie/oBaTesbHO,
S umeer 0cobyI0 TOUKY X.

ITockombKy a1t KaxKkaoro uHuekca k ko3 @UIUEHT o OTAUYEH OT HYyJIsd, I'PAIUEHTHl popM

Vhn Vf KOJIJNIMHEapHbI B TOYKaX C KOOpJAMHAaTaMH1, YJIOBJIECTBOPAIONINMA PaBEHCTBaAM l’é = IE? JJIA

Beex uHeKcos k 1 j. Takne Toukn — 310 (—1, 1, —y/—1, v/—1)-rouxn. [TockombKy koadbumenTs
ay mesnie, eci Ha H pexxnt mekoropaa (—1,1, —/—1,y/—1)-Touka, To Ha meit jexxut u (—1,1)-
TOYKa, NoJTydaeMas 3aMeHoil koopaunaT ++1/—1 ma +1. Teopema oKazamna.

[Tostygennbie pe3yabTaThl MILTIOCTPUPYIOT BBIYUCIATEIBHYIO TPYAHOCTD MPOBEPKHU VI IKOCTH
TUIIEPIIOBEPXHOCTE BBICIIUX CTEIEHell, XOTs JJIsi KBaJIPUKK IVIAJIKOCTh poBepsiercst Jjierko. C
JPYTOif CTOPOHBI, OHU MOTYT OBITH TOJIE3HBI JJIs aHAJIN3a Pa3JINIHBIX KOMOMHATOPHBIX 3314,
[TOCKOJTBKY B3aUMHOE PACIIOJIOYKEHHE 0COOBIX TOUEK CBSI3aHO HEKOTOPBIMU ONPAHMYEHUSIMU.
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7. Haitnerko B.T. O caoorchocmu nazoocdenua emopozo pewenus, NP-noanot sadawu // Beeni Harpr-
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O MATEMATNUYECKOM OBOCHOBAHMIM SOLID ITPVHITNUIIOB

E.A. Tomennen

OmI'Y um. @.M. locroesckoro, Mupa 55-A, 644077 Owmck, Poccust

etyumentcev@gmail.com

SOLID — sTo abbpeBuarypa, oOpa3oBaHHAs HA3BAHUSIMH IISITH APXUTEKTYPHBIX MPUHIIAIIOB
00'beKTHO-OpreHTHpoBaHHOrO nporpammuposanus: The Single Reposnsibility Principle (SRP),
The Open-Closed Principle (OCP), The Liskov Substitution Principle (LSP), The Interface
Segregation Principle (ISP), The Dependency Inversion Principle (DIP). Briepsoie LSP b1 pac-
ckazan bapbapoii JInckos Ha kodepenn OOPSLA’87 [1], ocraBibHble IPUHIAIIBL Oy OIMKOBAHBI
B kuure Beprpana Meiiepa [2] B 1988 romy. 3naunrenbayio poss B nomyisipusanun SOLID cbirpast
Po6epr Maprun, koropsiii omybsmkosan ceputo crareit [3—-6| B xxypuase The C++ Report. On
ke mpuayman abopesuarypy SOLID.

Jns ynoberea unraTess mpuBegeM (pOPMYTUPOBKU JTAHHBIX MTPUHITUIIOB:

The Single Responsibility Principle. Jloaoticha 6vims posto odna npuswuna 0as usmeHeHus
KAACCA.

The Open-Closed Principle. IIpozpammnsie cyusnocmu (kaacco,, modyau, dynrkyun u m.n.)
QONIHCHDL OBIMD OMEPOIMDL OAS PACUUPEHUA, HO 3AKPDIMDBL OAA USMEHEHUA.
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The Liskov Substitution Principle. ®yukinm, KoTOpbIe UCIOIB3YIOT CCHLIKKA Ha 0a30BbIE
KJIACCHI, JIOJI2KHBI UMETH BO3MOYKHOCTH HUCIOJIB30BATH OObEKTHI ITPOU3BOIHBIX KJIACCOB, HE 3HAs 00
9TOM.

The Interface Segregation Principle. Kauenmot ne dossichor 3a6ucems om memodos, Ko-
mopvie 0OHU HE UCTLOABIYIOM.

The Dependency Inversion Priciple. Modyau seprrux ypostet ne doasichv, 3asucems om
Modyaeti wusichux yposhet. Oba muna modyareti dossichvl 3asucems om abcmparxuyut. Abcmparyuu
He doaotchol 3asucems om demaneti. Jemaau doadrchovr 3a6ucems om abCmparyul.

HecmoTpst Ha TO, 9TO PpUHIMIIAM y2Ke TOUTH TPHU JIECATKA JIET, JI0 CUX TIOP HE CJIOXKUJIOCH €U~
HOT'O MHEHHSI OTHOCHUTEJILHO I1€JIECOOOPA3HOCTH WX IPUMEHEHHUs Ha MPAKTUKE, IIOTOMY UTO IIPHU-
BBIYHBIE JIJIsT TPOIPAMMUCTOB KOHCTPYKITUH: OIIEPATOP JJIsi CO3/IAHUS HOBOIO O0'bEKTA NEew, enum,
orepaTop MHOXKECTBEHHOTO BbibOpal switch, 1enouKa BBIZOBOB if—else—if, omepaTopsl MpUBeIeHHSs
THIIA U T.JI, 38 PEJIKUM UCKJodeHueM, mporusopedar SOLID.

Taxk, mpobsiema co switch B ToM, 4TO OH TpedyeT sIBHOrO mepebopa BceX BO3MOXKHBIX BAPUAHTOB,
9TO Ha MPAKTUKE He BCerja Bo3MOxKHO. Hampumep, B rpadumdecKoM peakTope B JAHHOW MOMEHT
€CTh YeTpble rpaduuecKuX NPUMUTHBA: JUHU, IJIJIUIC, IPIMOYTOJbHUK, JJoMaHasd. [Iponemypa
OTPHMCOBKH M300parkeHusi UCIOIb3yeT switch mo Tuiy rpaduaeckoro MpUMUTHBA JJIsT OTPUCOBKHI
KaXKJI0ro rpaduteckoro sjieMenTa pucynka. HeT HuKakoil rapaHTuu, 9To Uepe3 HEKOTPOe BpeMs
He moTpedyeTcss J00ABUTH KAKOW-HUOYIb HOBBIN 9JIEMEHT, CKaXKeM, BCTPOEHHOE N300parkeHne WIn
pacubunTesth. Torma mpugercs Mogudunupoparsb switch, aro npsimo Hapytaer OCP.

Omeparop new TpedyeT sSIBHOIO YKa3aHUS THUIIA, KOTOPBIA OH CO3IaeT. A 3TO 3HAUUT, UTO €C-
Jin oTpedbyeTcsi co37aTh OOBEKT JPYroro TUMA, TO MPHUIAETCH MOAUMUITPOBATEL OIEPATOD NEW,
uro onsith Hapyimaer OCP. UTobbl n36aBUTBHCS OT JAHHOTO HEIOCTATKA HCIIOJIB3YeTCs MMaTTepH
A6crpakThast dabpuka [7].

Bozaukaer Bopoc: MOXKHO Jit (pOPMAJIBHO JI0OKa3aTh mwim onpoBeprayTh SOLID?

Viasoch MoyYuTh MaTeMaTudeckoe 0O0CHOBAHUE BCEX D IPUHIIUIIOB, UCIOJIL3Ysl JIOTUKY XO-
apa [8]. Andasurom B soruke Xoapa sIBJISIeTCsI TAK Ha3blBaeMasl Tpoiika Xoapa

{Pys{ey,

rae P, Q — yrBepKaeHusT — (POPMYJIBI JIOTUKHU IIPEIUKATOB, P Ha3BIBAIOT IpeayCcaoBueM, () —
IIOCTYCJIOBUEM, S — KOMaH1a KaKOro-JIM00 s3bIKa IIPOrPaMMUPOBAHMSI.

B mokaszarenbcTBe 3aMefiCTBOBAHBI TOJBKO [IBE€ AKCHOMBI JaHHON JIOTHKMU:

AKcuoMa KOMIIO3UIIVN.

{(PyS{Q}AQIT{R} - {P}S; T{R}

AkcuomMa BBIBOAMMOCTH

Py — P {P}S{Q},Q — Q1 F {P1}S{Q1}

Cuuraercst, uro SOLID — 3710 npuHImnel 06beKTHO-OPHEHTHPOBAHHOTO ITPOIPAMMUPOBAHUSI.
O1HaKO MMOCKOJIbKY B JI0KA3aTE/ILCTBE HE JeJIaJ0Ch HUKAKUAX IIPEJIITOJIOKEHHI O CTPYKTYPE CAMUX
omeparopos, To SOLID mpuHIUIBI CIpaBeIuBbl U JJIsl MPOIEJLYPHOTO IPOrpaMMUpPOBaHUs. A
ITOCKOJIBKY HE UCIIOJIL30BAJINCH AKCHOMBI IpucBanBanus u mukia, To SOLID rakike criipaBeyinBeI
u 771 (DYHKITHOHAJIBHOTO TPOIPAMMUPOBAHUSI.
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S O W

O TUIINBAIINN NEPAPXNYECKUNX CTPYKTVYP JAHHBIX

I'.B. YepHbIinieB

OI'BYH Uucruryr undopmaruku u npobdsieMm perunonaabuoro ynpasienns KBHIT PAH,
. Apmang 37a, 360000 Hasbunk, Poccust chern gen@mail333.com

Aurebpanmyeckre MeTOJbI, C yUETOM OIbITa WX IPUMEHEHUsI B TEOPHUH 0a3 JAHHBIX PEJIsIIi-
onnoro tuna |[1,2|, oKaspIBaIOTCS TMOJIE3HBIMU B HCCJIEJIOBAHUSX MH(MOPMAIMOHHBIX CTPYKTYD U
apyrux TunoB. B mammoi#t paboTe mpesiaraeTcs MOAXOM K TUIMU3AINN OJHOTO KJIACCa UepapXute-
CKHUX CTPYKTYP, OCHOBaHHBIIl Ha TE€OPETUKO-KATEIOPHOI XapaKTEePUCTUKE 3JIEMEHTOB HePaAPXUU.

IlongaTne cTPyKTYPHI JAHHDBIX ABJISAETCH PYHIAMEHTAIHHBIM TOHITHEM, BO MHOIOM OIIPE/IEJIST0-
IIIUM TIOCTPOEHHE aJITOPUTMOB 00PAbOTKY JAHHBIX. BaKHEHIIINMU CBOUCTBAME CTPYKTYD JIAHHBIX,
BJIMSIONINX HA Ka4eCTBO aJTOPUTMOB, SBJAIOTCS UX OJHOPOJHOCTDb U PETyIsPHOCTD.

OHOPOHOCTH CTPYKTYPBI CBSI3BIBAIOT C COBOKYIIHOCTBIO UCIIOJIb3YeMbIX B Heil (TUIIOB) 3Je-
MEHTOB, & PEryJISIPHOCTh — € MOBTOPSIEMOCTBIO CBSA3EH MEXKJIy HUMHU (CYIIECTBOBAHUEM 3aKOHOMED-
HocTeit). EcTecTBEHHBIM IIpeiCTaBIeHHEeM COBOKYIIHOCTH OOBEKTOB, CTPYKTYPbI KazKJI0r0 00beKTa,
ABJIIETCS UePapXUdecKoe IIpe/ICTaBJICHUE.

Bynem paccmaTpuBaTh KOpHEBBIE JI€PEBbsI, CTPYKTYPa KOTOPLIX COMAEPXKUT PEryJIsiPHOCTU CIIe-
[MAJIbHOTO BHUJIA, B CBA3U C YeM OyJeM Ha3bIBAThH UX MEPAPXUIECKUMU CTPYKTypamu. Vepapxute-
CKHe CTPYKTYDbI IpejcTabisieM kareropueii myreit Cp [3]|, koTopasi comepxut:

1. kiacc oobekroB Op = {v1,v2,...,0;,...} C BbIIEJIEHHBIM OObEKTOM UR;

2. Ui KazkJoil ymopsiiodeHHoit mapel (vs,v;), v;,v; € Op — MHOXKeCTBO MOPGhU3MOB BUIA
Mp (vi,v5) = {(vi, vy, ... iy, v5) | {vi, vy, ... 05, 05} € Op}, Takoe, aro |[Mp (v, v;)| = 1
(mosromy Mp(a,b) — epuHcTBeHHBIH MOPhU3IM MeK Ty 00beKTaMu a 1 b);

3. I KaXKJI0# YIIOPSIAOIeHHOW TPOUKH 0O BEKTOB (vi, vy, vk) — dyHKIHIO (KOMHO3I/IHI/HO>
Mp (vj,vi) © Mp (v5,v5) = Mp (v, vk) ,
3a/[aBaeMyIO IPABIIOM (KOHKAaTeHANUsA) (Vs, ..., V) - (Vj, ..., V) = (Vi,. .., V), ..., Vk);
4. nisa kaxgoro v € Op eaunnynbli Mopdusm (equnuiy) 1, = Mp(v,v) = (v).

ITyrs mexkiy obbekTamm v; u v; B Kareropun Cp — 3T0 I1oc/I€10BaTEILHOCTD 0OBEKTOB B
upejicrapirennn Mopdusma Mp (v;, vj).
Baxkneiimee 1moHATHE KaTeropuy IIyTell — XapaKTEPUCTUYCCKUH TEPMUHAJIBHBIA IIYTb X,t,

UHTEPHIPETUPYETCA KaK IIOCJI€JOBATEILHOCTL BEPIIUH JA€peBa OT TepMHHaﬂbHOﬁ BEPIINHBI ’Ut K
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vR. COBOKYIIHOCTH BCEX XapaKTEPUCTUIECKUX IyTeil omnosHadHo onpeiesnsier Cp. Jlas x-myreit
BBOJISITCS TIOHSTUST OOPATHOIO YTH, JEJUTENsI, OOIIEro u HanboJee ObIIero JeInTes.

PaszpaboTka TeopeTHKo-KaTeropHbIX IOJIOXKEHUH JJIsl nepapxudeckux crpykryp ([4]) npusesa
K OIMCAHWIO PEryJIsiPHOCTEH, TO3BOJIAIONINX 0DOCHOBATH BBEJIEHUE JIJIS STUX CTPYKTYP cxeMbl. Cxe-
Ma, IO CYTH, SIBJISIETCS TUIIOM COOTBETCTBYIOIIEN MepapXuvecKoil CTPYKTYPBI, UYTO IMO3BOJISIET BCe
JIEACTBUS HAJl NEPAPXUIECKUMHU CTPYKTYPAME M MX COCTABJISIIONINMU BbIPAXKaTh depe3 JIefHCTBIs
CO CXEMOY.

Jnst kareropun Cp cxemoii Ha3bIBAETCST KATEropusi Sp, Takasl, 9TO KayKJbIil TepMUHAJbHBIH
Xx-1iyTh 13 Cp m3oMopdeH POBHO OJHOMY TEPMHUHAJIBHOMY X-IIyTH U3 Sp.

JI1000#t HETEpMUHABHBIN Y-IIyTh X, OJHO3HATHO OIPEIesseT MHOXKECTBO X-IIyTeil, /s KOTO-
PBIX Xy SABISETCS HanbosbmmM obmuM gemuresneM: S(xy) = {Xv;, = (vi,v,...,vR) | i € I}, Tae
I, — UHJEKCHOE MHOYKECTBO JIJIsl TIEPBBIX KOMIIOHEHTOB 3TuX myreii. [Ipu srom, Y, Ha3oBeM X-
[yTeM THUIIA cmpykmypa, a daeMenTsl MaoKecTBa {Mp (v5,v) | i € I} — anemenmamu cmpyxmy-
Pol. 37eCh KaXKJIBI 00BEKT CTPYKTYPBI ¥; MOXKET OIPEIeNATh, JTHO0 TEPMUHABHBIN Y-y Th, JTHOO
X-ILyTh THUIIA CTPYKTYpPa (CTPYKTYPHBIH THUII).

Beejiennble TOHSATHSI CTPYKTYPBI U €€ JIEMEHTOB SIBJISIFOTCSI JIOCTATOYHBIMU JIJIsi [IPEJICTAB-
JIEHUsI TIPOM3BOJIBHOIO JIepeBa, B KOTOPOM CTPYKTYPHBIM THII XapaKTepu3yeT HeTepMUHAJbHBIE
BEPINUHBI, & XapPaKTEPUCTUCTUICCKIE TEPMUHAJbHBIE TIyTU — BUCSYHE BEPITUHBI. JlaHHBIE THUIIBI
SIBJISTFOTCSI OCHOBHBIMH «CTPYKTYPOOOPA3yoIUMuy djieMeHTaMu Kak st kareropun Cp, Tak u
JJIS ee CXeMbI Sp.

JIroboe mommHOXKeCcTBO Y-1yTeit kKareropun Cp obpasyer mogKaTeropuio 3roit kareropun. MHO-
xectBo usoMopdubix nojxareropuit R(Cp) = §Ch | Cp 2 CL, CL,CL C Cp, i # j} KaTeropun
Cp nazoseM pezyaaprocmoio B Cp. Perynsiprocts B Kareroputo Cp BHOCSAT cTpyKTypbI. 3oMopd-
HBIMU B CTPYKTYPE SBJISIOTCS O0BEKTHI, OLPEIESIONIINEe TePMUHAIbHBIE X-IIyTH.

OnpenesnuM eme oauH BuJ peryisipHoctu. Ecim x,, [ GUKCHUPOBAHHOIO v; HE SIBJISETCS
TePMHUHAJBHBIM X-IIyTEM, TO Xy, Oy/leT HamOOJBIMNM OOIINM JeJnTeIeM HEKOTOPOT'O MHOXKECTBA
X-IyTeit, koropoe obpasdyer nojgkareroputo kareropun Cp. O603HAUNM 3Ty MOIKATETOPUIO, IS
KazkJI0ro Takoro vj, depes C{. Eciu Bee mogKaTeropuu 3 910l COBOKYIHOCTH H30MOPMOHbL IPYT
apyry, r.e. Vi,j € I, (i # j), C = ;j , TO Xy HA30BEM X-IIyTE€M TUIA MACCUS, & JIEMEHTHI MHO-
JKECTBa {CQP’J |ie IU} — 2AEMEHMAMYU MACCUBE, TJIe KAXKJIBINA v; OIPEJIEIISIET, JIN00 TePMUHAJILHBIIH
X-IIyTh, OO X-IlyTh Tula MaccuB. Ha camom jejie, Tun MaccuBa (Kak OObEKT) MOXKHO BBECTH
TOJLKO B Sp.

OcuoBuble cooTHomenns Mex 1y Kareropueit Cp, ee cxemoit Sp u ux nogkareropusivu Cp C Cp
u Sp C Sp WLIIOCTPUPYET CJIe/yIONas KOMMY TATUBHAS JHarpaMMa;

Feons
Sp Cp
Fabs
Fpr Fflt
F/cons
/ /
s, Cl

Fabs
rie Fqps — dyukrop abcrparupoBanus, 3amatonuit Tunnsamnuio kareropun Cp mocpeicTBoM Ka-
Teropun Sp, Feons — OYHKTOP KOHKpETHU3AIWMY, 380Nl KOHCTPYKTUBHOE MPEJICTABIEHIE Ka-
teropun Sp kareropueit Cp, F. . . u F,, — ananormdnsie GyHKTODBI, HO JEHCTBYIONIIE HA COOT-
BETCTBYIOIIUX nojxareropusx, Fp. — dynkrop npoekuun, F ¢ — dbynkrop dunbrpanun.

CMbLT (DYHKTOPA TPOEKITUH 3AKTIOUAETCA B BBIICTCHUN MOJICXEM B CXeMe Sp, P 9TOM COTJIa-
COBaHHOE ¢ HUM JeiicTBrue (hyHKTOpa (DUIBTPAIUN BBIJEISET COOTBETCTBYIONLYIO ITOIKATEIOPUIO

C% B xareropun Cp. CoryacoBanue 3aK/II0UAETCsL B OLIPEIEICHIH TAK HA3BIBAEMOIO PACIINPEHHO-
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r0 ecTecTBeHHOro npeodbpasosanus « : Fy. = Fy;, koropoe nossosut dynkropy Fyy; BbliennTs B
/ /
Cp xonkpernyio nogxareropuio Cp, nzomopdmyio nojcxeme Sp.
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O MMHOPAX MATPUIIBI OTPAHUYEHNN MHOTI'OUHJIEKCHBIX
TPAHCIIOPTHBIX 3AJAY

B.H. ITleBuenko

Huxeroponckmit 'ocynapcrsennstit Y HuBepcurer uM. JlobateBcKoro
npoct. Farapuna 23, 603950 Huwxuuit Hosropoa, Poccust  shev@vmk.unn.ru

[esb Moero Jokjasa — IOKa3aTh CBI3b MEXKJLy TPUAHTYJIAINMSAMYU MHOTOMHJIEKCHBIX TPaHC-
HOPTHBIX MHOTOTPAHHUKOB [1-3| u HeKoTopbIMU (KaK MPABUJIO SKCTPEMAJIbHBIMU) TPUAHTYJISATHSsI-
mu d-mepHoro Ky6a [4, 5]. IIycrs B, — Marpuna, cTosdiaMu KOTOpOii SIBJISIOTCS BCe Pa3IMIHbIe
GyJIeBBI BEKTODBI JJIHHLL 1, a BF — €6 moamarpuna, cocrapieHHas u3 CToaGI0B, COIEPKAIIIX POB-
HO k epmuun. Pacemorpum marpuiyy A(iq,ig, ..., 0, n), COCTABJIEHHYIO U3 1) SK3EMILIAPOB (i) —
HEOTPUIATEIBLHOE TieJI0e ucIo) MaTpuisl B, Eciu canrarh cTo6Ib pACCMATPHBACMBIX MATPHII
JIEKCUKOTpadUIecKn yrnopsiJloueHHbIME, TO odeBuHO By, = A(1,1,...,1;n). Ussecrro [2, 3|, uro
MATPHUIBI PACCMATPUBAEMBIX KJIACCOB O0JIAIAI0T CTPOYETHOM CUMMETPHEN.

Cpenactsa.

AHaJIu3 XapaKTePUCTHIECKOr0 MHOrOd/IeHa MaTpuibl AA ' HO3BOMISIET TONYYHTh Psiji Kade-
CTBEHHBIX PE3yJIbTATOB O MUHUMAJILHBIX TPHAHIYJISIIUIX KyOoB HEOObINON pasmepuoctu [6], mo-
CKOJIBKY BCE €10 KOPHH TIEJIBIE, & YUC/I0 PA3IMIHBIX CPEJIN HUX 3aBUCUT TOJIBKO OT n. IIpeiaraercs
PaACIPOCTPAHUTD ITOT MOJXOJ, Ha IEPMAHEHTBI M IIOIEPMAHEHTDI TOI YKe MaTPUIIbI, 00/1aIal0II1e
AHAJOTMYHLIME cBojicTBaMu (cM. |7]). B wacTHOCTH, 9TOT MOAXOM HO3BOJISIET YTOYHUTDL HOHSTHE
“HeboJIbINas Pa3MEPHOCTD .
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BO3BPAIIIEHVE K MHOI'OITPAHHUKY I'OMOPI

B.A. Ilasik

Komanno-umkenepusiit nucturyr MUC Pecnybiuku Benapycs,
Mammunocrpounresneit 25, 220118 Munck, Bemapycs
v.shlyk@gmail.com

Beesenne Pasbdom Tomopu [1] riasHOro yriosoro MHOrorpaHuuka (IJIaBHONO MHOIOIDaH-
Hrka [OMOpH) MOJIOXKUIIO HAYATIO TEOPETUKO-TPYIIIOBOMY MOJXOLY B IEIOUUCIEHHOM JIMHEHHOM
nporpammMupoBaunu. B cepenmae 1990-x rogos moarsepauaach 3(Hh@HEKTUBHOCTE MTOPOXKIAEMBIX C
€ro MOMOIIBIO oTcedenuii u oneHok. C Tex 1Mop IJIaBHBI MHOrOrpaHHuK ['oMOpH IIpU3HAH KJIIOYe-
BBIM OOBEKTOM B TEOPUH U IIPAKTHKE [EJOINCICHHOrO IIPOrPaAMMUPOBanust. ABTOP HaYaI U3yYaTh
ero 1o npeioxenuio JIvurpust Anekceesnda CynpyHeHko. Bblin Joka3aHbl HOBbIE CBOHCTBA €ro
dacer u cybaamuTHBHAA XapakTepusaiusi daceT Oojee 0OOIMIEro MHOTOTPAHHUKA Ha TaCTUIHON
anrebpe BMECTO KOHEYHOIT abesieBoii IpyIIbl B CTaHIAPTHOM ciaydae |2]. Beickazannoe Imurpuem
AtekceeBrUeM TOXKeTaHHE HANTH WHTEPECHYIO UHTEPIIPETAINIO BBEIEHHOTO 0000IIEHHOI0 MHOTO-
IPaHHKKA Y/IAJI0Ch BBIIOMHATH B 1996 1. — ero cras moamron pasbuenuit unces [3]. Ilocsre onnca-
Hust ero dacer [4] ocHoBHOE BHEMaHUE ObLIO yieaeHo BepiimHaM. [JaBablii MHOrorpanHuk ['omopu
obJtajiaer cummerpueil, 06yCI0BIEHHO aBTOMOPMU3IMAMEI €10 OCHOBHOM IpyIibl. OIHAKO OHSATH
CTPYKTYPY MHOYKECTBa BEPIITHH MIOJUTOIA PA30MEeHNIT YHCesT OKA3aJI0Ch Jierde |5, IOCKOIbKY YacTu
pas3bueHuil CKJIaIbIBAIOTCA OOBIYHBIM 00pa3oM. JlocTurayroe moOHIMAHNE TO3BOJIN/IO TPOIOJI2KUTH
Hauaroe [OMOpU M3yUeHHe BEpIINH €ro MHOIOIPDAHHUKA, O KOTOPBIX MOCJIe TMOHEPCKOi paboTsl [1]
CYIIECTBEHHBIX PE3YJILTATOB IOJIy9eHO He ObLI0. BBHy mpakTHIecKoro sHaveHus (aceT BepIu-
HBI BBINAJIU U3 TI0JI 3peHust uccjenopareseil. Hanbosiee 1mMoJIHO HOBbIE PE3yJILTATHI O BEPIIUHAX
IpeJicTaBIeHsl B [6].

Tanee G — komneunast abejiesa rpynma, 0 — ee Hynesoit snement, G = G\ {0}, go € G.
Imasubiv MHOrorpanuukoM T'omopu P(G, go) (nanee — I'MIY) masbiBaeTcst BbIyK/Iasi 000JI0UKA
HEOTPHIATE/THHBIX TeIOUNCIeHHbIX pemennii t = (t(g),g € G7) ypasnenus > o+ t(9)g = go-
MuoxkecrBo Bepiun P(G, gg) obosuauaercs V (G, go)

Tomopu [1] mokazas, aro Beprmabl ['MI' gBJIsIIOTCST €10 HEIPUBOAUMBIMU TOYKAMHE, TO €CTh
trakumu t € P(G, go), uro ans mobeix v = (r(g9),g € GT) u s = (s(g),g € G*) uz ycnonit
0 < r(g) <tg), 0<s(g) <tg), r# s cuenyer nepasenctso ., o+ 7(9)g # D jec+ 5(9)9.
Curesiyioniasi TeopeMa JaeT reOMeTPUIECKYI0 XapaKTePU3alUIo HEIIPUBOIUMBIX TOYEK.

Teopema 1. IJesowucaennas mowka P(G,go) nenpusoduma mozda u moavko moezda, koz2da
ONG HE ABAAECCA 6HNYKAOT KoMOuNayuel dsyx dpyeur yeaovwucaenmvir movex P(G, go).

T'omopu pacemarpusan dacerst I'MI' kax Hepasencrsa ) g+ m(g)t(g) = mo, obosHaas ux
(m,m0), tne ™ = (7(g),g € GT). @acernl, ormmanbie ot t(g) > 0, OH Ha3BaJ HETPUBUAJIBHBIMU.
O6osnauum Gy = {g € GT|t(g) > 0}. Cesasu mexty sepumuamu I'MID u cogepKammmn ux
HETPUBHAJILHBIME (haceTaMu yCTaHABJINBAET

Teopema 2. ITycmwv sepwuna t € V(G, go) aesrcum na nempusuasvhol gaceme (w,my) u
nyemo h =3 o+ u(g)g, h # 0,1, 2de sce u(g) yeavie, 0 < u(g) < t(g), g € G*. Tozda

1. mouka w = (w(g),g € GT) ¢ xomnonenmamu w(g) = t(g) —u(g), g € G*, g # h, u
w(h) =t(h) + 1 aeorcum na daceme (7, m);

2. sexmop kosfpuyuernmos m dacemev. ydosaemeopaem coommowenwo w(h) =32, u(g)m(g).

Tomopu moxaszait, uro 0b0it aBTomopdusm ¢ rpymnmbl GG mpeobpaldyeT KaxKIyio BepIuHy ¢t €
V(G,g0) b sepummy T = {i(g),g € G*} = {t(~1(9)),g € G*} amororpammmca P(G, o(g0)).
BBesiem j1Be KOMOMHATOPHBIE OIEPAIHN [, f U [, TA€ h, f € Gy 1a V(G ¢(g0)). Onepamust pu, ¢
CKJlenBaeT Kazkyio u3 k = min(ty,ty) nap ssemenroB h u f B ssement h + f, a onmepaims fip,
CKJIEUBAET tj, 3J1eMeHTOB h B sy1eMeHT tph.
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Teopema 3. Ecau ® eepwune t mnoeozpannura P(G,go) npumenuma onepayus pup § (uiu
pn) ¢ nexomopvimu h, f € Gy, mo pp £(t) (coomeemcemeenno, iy (t)) marorce sepuuna P(G, go)
cmentcnan eepusune t.

Orciona crexyer, uro Bce Bepumubl P(G, gg) MOXKHO HOCTPOUTE C HOMOIIBIO ONEPAIHil [ip,
u pp w3 nonmuoxkecrsa S(G, gp) TeX BEPIIMH, KOTOPbIE HEJb3sl MOJIYYUTh U3 JPYTUX BEPIINH C
HIOMOIIBIO BBEJICHHBIX ji-omiepanuii. Mbl HA3BAIM UX ONOPHbIMU BEPIITHHAMU.

Teopema 4. Kaacc onoproxr eepuwun mnozozpannuxos P(G, go), go € G, unsapuarmen om-
HOCUMENLHO DeTCMEUA,

V(G) x Aut(G) - V(G) : (t,p) —»t- =1,

epynnor asmomoppusmos Aut(G) epynnee G na mnoorcecmee V(G) = UgoeaV (G, go) ecex sepuiumn
ecex I'MI" na epynne G.

Teopema 5. C mounocmuio do usmenernua sremernmos h u f onepavyuu pip, ¢ u pup Kommymu-
pyrom ¢ aemomopgusmamu: (fn,f(t)) - ¢ = fpny )t 0) u (1n(t)) - @ = ppm)(t - ¢).

Crnemytomast TeopeMa CYMMHPYET OCHOBHBIE PE3YIbTATHI O CTPYKTYpPE MHOXKECTBa BEPIIHH
V(G, go) mmororpannuka P(G, go). B neit omepamunt iy, 1) o(f) 1 Hop(h) OO03HAUEHBI [T TTPOCTOTHI
gepes [y, 1 Auty, (G) — crabummsarop siementa go B Aut(G).

Teopema 6. Mrnoowcecmso V (G, go) ecmov nenepecexaroueecs obsedurerue opoum ommuocu-
meavro deticmeusn Auty, (G). s aoboti sepuuno, t € V(G,go) u 110600 onepayuu i, ¢ uu
ph, npumernumol  t, npeobpasosarue t - o = py(t - @), ¢ € Auty,(G), omobpasicaem opbu-
my eepwunv, t Ha opbumy eepwiunst w(t). Hexomopue opbumovl cocmosm moavko u3 ONOPHOLT
BEPUWUN, OCTNAALHBIE OPOUMDL ONOPHULT Gepwun He codeporcam. Taxum obpasom, S(G,go) ecmv
nenepecexaroweecs obsedunenue opbum, cocmoswur us onopuvix eepuun P(G, go). das V(G,0)
BUINONHANMCA AHAN02UNHBLE YmEepocienus ommnocumenvho Aut(G).

13 reopembl ciiejiyer, 9To B KadecTBe BepimHHOro 6asuca P(G, gp), U3 KOTOPOro MOYKHO IO~
CTPOUTH BCE €r0 OCTAJbHBIE BEPIMIMHBI, N KOTOPBIH, CIEI0BATENHHO, TIOJTHOCTHIO OMPEIEISIET ITOT
MHOTOI'DAHHUK, MOYKHO B3$ITh JIIOOYIO CHCTEMY MpEJCTAaBUTEECH OPOUT OTHOCUTEJBHO JEHCTBUS
Autg, (G) na muOXKecTBe onopHbIxX BepiuH S(G, o).

Teopema 7. Juamemp Kascdozo 2aa6H020 mrozoepannuka omopu pagen 2.

B 2012 r. ma EBpomneiickoit KoH(bepeHInn 1Mo nccjieJOBAHNIO OIIEPAIIii ST IMeJI 1eCTh PaCCKa3aTh
U3JIO’KEHHBIE Pe3y/IbTaThl (Tora emle He omybmkoBanubie) Panbdy T'omopu. B cBoem jokiaje o
posu rnaguoro muororpanuuka B LIJIIT om, mo ero cioBam, cobupasicst CenuaabHO MTOLIEPKHYTh
BaYKHOCTDb M3YUIEHUST €r0 BEPIITHH.
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ON CIRCULAR DISARRANGED STRINGS OF SEQUENCES
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Two sequences (a1, as, .. .,a,) and (b1, by, ..., b,), sharing n — 1 elements, are said disarranged if for
every subset @ C [n], the sets {a; | ¢ € Q} and {b; | i € Q} are different. In this paper we investigate
properties of these pairs of sequences. Moreover we extend the definition of disarranged pairs to a circular
string of n-sequences and prove that, for every positive integer m, except some initials values for n even,
there exists a similar structure of length m.

Introduction

Let n be a positive integer, R = (a1, a2, ...,a,) and S = (b1, ba, ..., b,) n-sequences of distinct
elements, sharing exactly n — 1 elements.

We associate with R and S the bijection f defined by the relation f(a;) = b;, 1 <1i < n, and
represented in two line notation by the 2 x n array

ap ag ... Qp
by by ... by )

Let v and v be the different elements which belong to the first and the second line respectively.
The function f is formed by the linear ordering I(f) = (u, f(u), f2(u),..., fF=1(u),v), where k
is the minimum positive integer such that f*(u) = v, and a permutation 7(f) on the remaining
elements. In [2| a similar function, called widened permutation, is investigated in the context of
the theory of species of Joyal. We say that R and S are disarranged if for every set
{il,ig, e ,ir} - {1,2, Ce ,n} {ail,aiz, Ce ,air} 75 {bil,bz‘z,. . .,bir}.
The sequences R and S are called 1-disarranged if there exists an index i € [n] such that a; = b;
and the sequences, obtained from R and S after deleting a; and b;, are disarranged. In this case
we say that the pair (R, S) is 1-disarranged.

We extend the definition to a string of n-sequences.

Definition 1. Let n,m € N; an m-string (S1,952,...,5,) of n-sequences, is called
disarranged if:

(A1) S; is disjoint from S;—1 and Sit1,
(A2) S;_1 and S;4+1 are disarranged.

forevery i =2,...,m—1.
A disarranged m-string of n-sequences is circular when the properties (A1) and (A2) are
satisfied for every i =1,2,...,m (taking the indices modulo m).

Main results

The notion of circular disarranged string of n-sequences has application in relation to an
edge coloring problem of graphs [4]. In this paper we investigate properties of disarranged pairs
of sequences and circular disarranged string of n sequences. In particular we prove that the n-
sequences R and S, sharing exactly n—1 elements are disarranged if and only if the linear ordering
[(R, S) contains all the elements of R and S. Moreover we prove that, for every positive integer m,
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there exists a circular disarranged string of n sequences of length m, except some initials values
for n even.

The following theorem is a consequence of some Lemmas and Propositions.

Theorem 1. Let m,n be positive integers. For n odd and every m > 2 or for n even and
m > 6 even (m # 14) or for m > 2n+ 1 odd (m # 2n + 7), there exists a circular disarranged
m-string. For the remaining cases, there exists a circular 1-disarranged m-string.
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Let G = (V(G), E(G)) be a simple undirected connected graph of order n and let A = A(G)
be its adjacency matrix. The largest eigenvalue of A, denoted by p(G), is called the spectral radius
of the graph G. According to the Perron-Frobenius theory of matrices [1]| the spectral radius p(G)
is a positive real root of multiplicity 1 of the characteristic polynomial det(zE, — A) and there
exists a unique positive unit eigenvector corresponding to p(G), called the Perron vector. Let
d; = deg(v;) be the degree of any vertex v; € V of the graph G and (dy, ds, ..., d,,) be the degree
sequence of the graph G, where dy < do < ... < d,. Then d; = § is called the minimum degree.

The union of two graphs G and H is the graph G U H with vertex set V(G) UV (H) and edge
set E(G)U E(H). If graphs G and H are disjoint, then we call their union a disjoint union and
denote it by G + H. The union of k disjoint copies of a graph G is denoted by kG. The join of
two disjoint graphs G and H, denoted by G V H, is obtained from G + H by joining each vertex
of G to each vertex of H.

A cycle or path passing through all the vertices of a graph is called Hamiltonian. A graph
G, containing Hamiltonian cycle or path, is called Hamiltonian or traceable correspondingly. It is
known that the problem of deciding whether a given graph is Hamiltonian or traceable is NP-
complete. Recently, spectral theory of graphs has been applied to this problem. In particular, the
following Brualdi-Solheid-Turan type problem [2] has been intensively studied:

Problem. For a given graph F, what is the maximum spectral radius of a graph G on n vertices
without a subgraph isomorphic to F?

This problem has been considered for the cases where F' is a clique, an even or odd path
(cycle) of the given length and a Hamiltonian path (cycle) ([3-6]). For example, sufficient spectral
conditions for the existence of Hamiltonian paths and cycles are studied. Fiedler, Nikiforov gave
tight sufficient conditions for the existence of Hamiltonian paths and cycles in terms of the spectral
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radius of graphs or the complements of graphs [3]. Lu et al. [4] studied sufficient conditions for
Hamiltonian paths in connected graphs and Hamiltonian cycles in bipartite graphs in terms of
the spectral radius of a graph. Some other spectral conditions for Hamiltonian paths and cycles
in graphs have been given in [7-8]. In 2014 9] the sufficient condition of traceability of the graph
was found in terms of the spectral radius:

Theorem 1 [9]. Let G be a graph on n > 4 vertices with 6 > 1. If p(G) > n — 3, then G
contains a Hamiltonian path unless G € {K1 V (Kp—3 +2K1), Ko V4K, K1V (K1,3+ K1)}.

In this work the following sufficient condition for the Hamiltonicity of a given graph in terms
of its spectral radius has been obtained.

Theorem 2. Let G be a simple connected graph on n > 8 vertices with 6 > 2. If p(G) > n—3,
then the graph G is Hamiltonian unless G € {5K1V K4, K3V (K14 + K1), KoV (Kp—a 4+ 2K1)} .

The proof of the theorem is based on the following well-known facts.

Lemma 1 [10]. Let G be a simple graph with n vertices and m edges and 6 be the minimum
degree of vertices of G. Then its spectral radius p(G) satisfies the inequality:

§—1++/(0+1)2+4(2m — on)
p(G) < 5 :

Lemma 2 [10]. f(z) =2 — 1+ +/(x + 1)2 + 4(2m — an) is a decreasing function of  on the
interval [1;n — 1], wheren —1 <m <n(n—1)/2 and 2m > xn.
From lemmas 1, 2, and the conditions of the theorem one can receive the following inequality:

n? — 5n + 10 < 2m. (13)

Let us assume that the graph G is not Hamiltonian. Then according to the Chvatal theorem
[11] there exists a number k € N, such that dy < k < n/2 and d,,_; < n —k — 1 for the degree
sequence of the graph G: 6 = d; < ds < ... < d,. Therefore:

2m =Y di<k-k+(n—-2k)(n—k—1)+k(n—1)=n"+3k>+k—2kn—n.  (14)

i=1

and one can show that k € {1,2,...,6}. However, from the condition § > 2 it follows, that &k # 1.
In the case k = 2 the inequality (14) gives the upper bound: 2m < n? — 5n + 14. Thus:
(n—5)

5 5 +7=C%_,+4.

Note that the upper bound C2_, + 4 for the number of edges m is reached only for the graph
G = KoV (K,,—4+2K1). Moreover, a graph H, obtained from the graph G by removing only one
edge, can have only one of the following degree sequences:
1) (2,2,(n—=3),...,(n—=3),(n—2),(n—2)), i.e. H=2K1V (K,—4+ 2K1);

2) (2,2, (n—4),€7;4—4),(n— 3),...,(n=3),(n—1),(n—1)),ie. H= KoV (2K1V K,_¢) +2K1);
n—6
3) (2,2,(n—4),(n—=3),...,(n—3),(n—2),(n—1)).

n—>5
Using the structure of the adjacency matrices of these graphs we show that for them the
inequality p(H) < n — 3 is valid. Hence, for the graph, obtained from the graph G by removing
two edges, this inequality is valid as well according to the following statement:
Lemma 3 [1]. Let G be a simple connected graph and H be its proper subgraph. Then p(G) >

p(H).
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For the cases k = 3;5; 6 one can easily check that the spectral radius of G satisfies the inequality
p(H) < n — 3. For the case k = 4 the unique graphs that satisfy the inequality p(H) > n — 3 are
5K1V K4 and K3V (K1,4 + Kl).

This work is supported by the Institute of Mathematics of NAS of Belarus in the framework
of the SPFR "Convergence” and the BRFFR No. F14RA-004.
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Sperner family [1, 2|, formally an antichain in the inclusion lattice over the power set of a
universal set X, is also called an independent system. The independence is defined as the non-
containing-ship between every pair of members. In other words, the dependence is defined as
the existence of a containing-ship for some pairs. This is a relation between two members. In
contrast, the dependence in linear algebra is defined by the relation between one member and
one group (many members). We therefore ask if this relational difference for the Sperner family is
appropriate, borrowing the concept from linear algebra? We study the above question by starting
from investigating the purpose of independence definition arranged for the Sperner family.

If the purpose is to make the family compact, there should be no redundant member in
the family. An independent system (the Sperner family) is thus equivalent to a family without
any redundant member. A redundant member is clearly understood by words is a member, whose
existence or not does not make any difference for the family. By this interpretation, the dependence
relation is built between the redundant member and the rest of the family.

To check if there is a difference made by the suspicious redundant member, the originally
BhmstaticB Dk member needs to be regarded as a function to have the ability to influence (make
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a difference). One simple arrangement is to regard the member as a Boolean function and the
family (union of members) as a combination of functions. To be more specific, the member is a
function composed of product (logic AND) of operands; the family is a function composed of a
sum (logic OR) of products. For example, the member [01100] and the family [11000], [10100],
[01100] are regarded as the Boolean functions be and ab + ac + be respectively.

To check if the family is compact (independent) needs to check for every member to be not
redundant. The check for a specific member is to check if the reduced family (the original family
excluding the specific member) behaves identically to the original family. The above two families
(the reduced one the original one) are regarded as two Boolean functions. Two functions to be
identical require the two corresponding outputs to be identical for every possible input. Therefore,
we need to check the difference between the two outputs for every possible input. The requirements
on checking every member (Boolean function) and every input (Boolean block) make the checking
lengthy. To simplify and to visualize the checking, we design a full-pattern (the all possible Boolean
block combination) image for the testing Boolean functions. In this sense, the checking work is
implemented by an image processing. A full-pattern image for the case of the universal set X with
cardinality five will be presented in the conference.
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The notion of augmenting graphs generalizes Berge’s idea of augmenting chains, which was
used by Edmonds in his celebrated solution of the maximum matching problem. This problem
is a special case of the more general maximum independent set (MIS) problem. Recently, the
augmenting graph approach has been successfully applied to solve MIS in various other special
cases. However, our knowledge of augmenting graphs is still very limited, and we do not even
know what the minimal infinite classes of augmenting graphs are. In the present paper, we find
an answer to this question and apply it to extend the area of polynomial-time solvability of the
maximum independent set problem.
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We consider the complexity results for the CLUSTERING MINIMUM BICLIQUE COMPLETION
problem on some subclasses of bipartite graphs.

A finite undirected graph G = (V, E) is bipartite if its vertex set V' can be partitioned into
two sets X,Y C V (partite sets) such that every edge of G has its ends in different sets X,Y.
For a vertex v € V, the set of vertices of the graph G adjacent to v is denoted by Ng(v).
Let G = (X UY, E) be an arbitrary bipartite graph with non-empty partite sets X,Y and let
p be a positive integer such that p < |X|. If we add all edges of the set E = {{x,y} : x €
X,y € Y,{z,y} ¢ E} to the graph G, we obtain a complete bipartite graph G' = (X UY,E U
E) whose the partite set X can be partitioned into p non-empty sets X1, Xo, ... , Xp with the
following condition: Ng/(x) = Ngr(2') for every pair of vertices x,2’ € X;, i € {1,2,...,p}. The
CLUSTERING MINIMUM BICLIQUE COMPLETION problem is to find a minimum cardinality set
E' C E to be added to the graph G so that the partite set X of the resulting bipartite graph
G' = (X UY,E U E’) can be partitioned into p non-empty sets X1, Xo,..., X, with the same
condition. The decision version of the problem can be stated as follows:

CLUSTERING MINIMUM BicLIQUE COMPLETION

Instance: A bipartite graph G = (X UY, E) with non-empty parts X and Y, two positive
integers p < | X| and k.

Question: Can G be transformed by adding at most k£ additional edges connecting vertices
from different sets X,Y into a bipartite graph G’ whose the partite set X can be partitioned
into p non-empty sets Xi,...,X, such that Ng/(x) = Ng/(2') for any two vertices z,z’ € X,
ie{l,2,...,p}?

This problem, also known as the MULTICAST PARTITION problem, has been introduced by
N. Faure [1, 2] and arises in telecommunication network technologies [2]. The computational
complexity of the CLUSTERING MINIMUM BICLIQUE COMPLETION problem for various subclasses
of bipartite graphs is little-studied. To the best of our knowledge, there is only two results. N.
Faure et. al. in 2] showed that: (a) the problem is N P-complete for fixed p = 2 (by a reduction
from the MAXIMUM EDGE BICLIQUE problem) and (b) the problem restricted to bipartite graphs
G = (X UY, E) with degrees of vertices of Y at most 1 can be solved in strongly polynomial
time by a dynamic programming algorithm. On the other hand, the problem is well-studied from
a mathematical programming point of view [3-6].

We provide several well-known subclasses of bipartite graphs, for which the considered problem
remains N P-complete. Recall that a graph G is H-free if G does not contain an isomorphic copy
of the graph H as an induced subgraph.

Theorem 1. CLUSTERING MINIMUM BICLIQUE COMPLETION for Py-free bipartite graphs is
N P-complete.

Corollary 1. CLUSTERING MINIMUM BICLIQUE COMPLETION s N P-complete for the follow-
ing subclasses of bipartite graphs (for definitions we refer to [7,8]): bipartite permutation graphs,
convex graphs and chordal bipartite graphs.

A bipartite graph G = (X UY, E) is (3, 2)-regular if the degree of every vertex of X is 3 and
the degree of every vertex of Y is 2.

Theorem 2. CLUSTERING MINIMUM BICLIQUE COMPLETION for Cy-free (3,2)-reqular bipar-
tite graphs and p = 2 is N P-complete.
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On the positive side, the CLUSTERING MINIMUM BICLIQUE COMPLETION problem for 2K5-
free bipartite graphs G = (X UY, E) can be solved in O(|X|*|Y|p) time, assuming that the input
graph is represented by adjacency lists.

This work was supported by Belarusian Republican Foundation for Fundamental Research
(project F14RA-004).
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1. Introduction. Orlovich et al. [1, 2| have used the non-hereditary class of triangle graphs as
a model to establish computational complexity results for several independence and domination
related parameters. We introduce some its non-hereditary subclasses and use them to study the
computational complexity for other similar parameters.

Triangle graphs arise from the study of general partition graphs by DeTemple et. al. [3]. A
general partition graph G is an intersection graph on a set S such that every maximal independent
set of G corresponds to a partition of S. General partition graphs have been studied in connection
to the lattice polygon triangulations and in a more general setting [4].

It has been noted by McAvaney et. al. [5] that for a graph G to be a general partition graph,
the following triangle condition is sufficient: For every maximal independent set I C V(G) and
every edge uv € E(G — I) there exists a vertex w € I such that the vertices u, v, and w induce a
triangle in G. Such graphs have been called triangle graphs by Orlovich et. al. [1].

According to Sampathkumar and Neeralagi [6], a vertex set S C V(G) is called a neighbourhood
set if

G = J G(N[).

ves

A neighbourhood set S is thus a dominating set having a property that every edge not covered
by the vertices of S has both its ends adjacent to the same arbitrary vertex in S.
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This definition obviously leads to the way to specify the triangle graphs equivalently as the
graphs having the property of every maximal independent set being a neighbourhood set (actually
an independent neighbourhood set [7]). As a consequence of this coincidence, Orlovich et. al. have
established that the minimum independent neighbourhood set cardinality n;(G), which is equal
to the independent domination number i(G) in triangle graphs, is polynomially inapproximable
in a triangle graph G up to the factor of |V (G)|*~¢ for arbitrary £ > 0 unless P = NP [1]; and for
the maximum minimal independent neighbourhood set cardinality (N;(G), coinciding with «(G)
in triangle graphs) they have shown the NP-hardness of the computation problem [2].

2. Domination and irredundance triangle graphs. We introduce domination and irredun-
dance triangle graphs as the graphs having every dominating and maximal irredundant set,
respectively, being a neighbourhood set. A set S C V(G) is called irredundant 8] if N[S'\ {s}] #
N|[S] for every s € S. Anbeek et. al. have noted that a sufficient condition for the graph to be a
general partition graph is edge simpliciality (i.e. having every edge belong to a simplicial clique, a
clique having a vertex adjacent only to the other vertices in that clique), which they have called
the edge condition |9]. We give the following characterization:

Theorem 1. The classes of domination triangle graphs and irredundance triangle graphs
coincide and are precisely defined by the edge condition.

It is also interesting to note that the edge condition in fact characterizes the class of upper-
bound graphs known from the intersection graph theory and defined in terms of partially ordered
sets [10].

We notice that the minimum-cardinality parameters for dominating, neighbourhood and maxi-
mal irredundant sets — respectively the domination number v(G), the neighbourhood number 72(G)
and the irredundance number ir(G) for a graph G — coincide in such graphs. This observation is
then used to prove the following result.

Theorem 2. Computing the parameters v(G) = n(G) = ir(G) for an arbitrary edge-simplicial
graph is clog |V (G)|-inapprozimable in polynomial time for some fized ¢ > 0 unless P = NP.

It is worth noting that we are not aware of any prior approximation bounds for ir(G) and
computational complexity results for n(G).

3. 1-triangle graphs. We then introduce the class of 1-triangle graphs which are triangle
graphs with the restriction that every edge in E(G —I) for every maximal independent set I forms
a triangle with exactly one vertex in I. We provide the following characterization of 1-triangle
graphs:

Theorem 3. For every connected 1-triangle graph G, at least one of the following holds:

1) G is a complete bipartite graph;
2) G is a graph isomorphic to K, x K, for some m;
3) G is a (K4 — e)-free domination triangle graph.

We show that every maximal independent set in 1-triangle graphs is a perfect neighbourhood
set, which is defined by Sampathkumar and Neeralagi [7] as a neighbourhood set in which the
closed neighbourhoods of every two vertices are edge disjoint. This is used in the proof of the
following

Theorem 4. Computing the minimum and mazimum cardinalities ny(G) and Np(G) of perfect
neighbourhood sets in a 1-triangle graph G is NP-hard.

To the best of our knowledge, this is the first account of computational complexity for n,,.

This work has been partially supported by the BRFFR grant (Project F15MLD-022).
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1. Introduction. The concepts of distance packing and covering in graphs was introduced by
Meir and Moon in [1|. We consider finite, simple, undirected graphs without loops and multiple
edges. A set P of vertices in a graph is called a k-packing (or a k-independent set) if the distance
between any two distinct vertices in this set is larger than k. The maximum size of the k-packings
in a graph G is called the k-packing number of G and is denoted by pi(G). A set D of vertices in a
graph G is called a k-covering (or a k-domination set) if for any vertex v in V(G) there is a vertex
in D at a distance no more than k from v. The minimum size of the k-domination sets in a graph
G is called the k-domination number of G and is denoted by 75 (G). A set I of vertices in a graph
is called a k-independent domination set if it is both a k-packing and a k-covering. The minimum
size of the k-independent domination sets in a graph G is called the k-independent domination
number of G and is denoted by ix(G). For every graph G, the inequality vx(G) < ix(G) < pr(G)
holds.

The relation between the distance packing, domination and independent domination numbers
has been widely studied in the literature. In [1] it is shown that the equality 75 (T") = por(T) holds
for any tree T'. In [2] this equality is proved for a larger class of sun-free chordal graphs, which
includes line graphs of trees, interval graphs and powers of block graphs. In [3] the graphs with
equal k-packing and 2k-packing numbers are characterized. This characterization implies a simple
polynomial recognition algorithm for such graphs.

2. Recognition of k-equipackable graphs. A graph G is called k-equipackable if ir,(G) =
pk(G). For k = 1 such graphs have been widely studied under the name well-covered, see the
survey by Plummer [4]. In [5] it is shown that deciding whether a graph is not k-equipackable
is an NP-complete problem. Lesk and Plummer [6] obtained that the recognition of line 1-
equipackable graphs is a polynomially solvable problem. In [7] it is proved that recognizing
non-2-equipackable line graphs is an NP-complete problem. Our following result establishes the
computational complexity for the problem of recognizing k-equipackable line graphs for k > 2.
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Theorem 1. Deciding whether a given line graph is not k-equipackable is an NP-complete
problem for any fized k > 2.

Corollary 1. Let G be a line graph. Deciding whether G* is not well-covered is an NP-complete
problem for any fized k > 2.

3. Subclasses of k-equipackable graphs. Let k be a positive integer and R be the class of
graphs with pi(G) = par(G) for every G € Ry. In [3]| a simple characterization of the class Ry, is
obtained. In [2] it is proved that for every sun-free chordal graph G the equality v (G) = par(G)
holds. Using this results, we obtain the following characterization.

Theorem 2. The following statements are equivalent for a sun-free chordal graph G:

1) (G) = pr(G);
2 ) G € Ry.

Corollary 2. The problem of recognizing sun-free chordal graphs G having v,(G) = pi(G) is
polynomially solvable.

Using the characterization of the graphs with equal k-packing and 2k-packing numbers from
[3], we obtain the following.

Theorem 3. Fvery graph in Ry, is k-equipackable.

Thus, all the sun-free chordal graphs with 74(G) = px(G) are k-equipackable. It is an open
question whether there are any other k-equipackable sun-free chordal graphs.

We thank Yury L. Orlovich for stating the question of recognizing the complexity of k-
equipackable line graphs and multiple useful comments and suggestions during the course of this
work.

This work has been partially supported by the Belarusian BRFFR grant (Project F15MLD-
022).
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Public key cryptography is nowadays commonly used (electronic banking, etc.). Hovever, most
of the currently used public key schemes may soon turn out to be completely insecure. As soon
as sufficiently large quantum computer is built, most of the problems that are now considered
computationally infeasible and are the basis of today’s cryptography, will become easy to solve.
These problems are integer factorization (the basis of RSA cryptosystem) and discrete logarithm
problem (the basis of ElGamal cryptosystem, Diffie-Hellman key exchange and Elliptic Curve
Cryptography). For both of these problems there are known efficient quantum algorithms |7,8].

Post-Quantum Cryptography [1] is the domain of Cryptography dealing with cryptographic
algorithms that are considered secure against attacks by quantum computers. Multivariate Crypto-
graphy [2] is one of the most important directions of Post-Quantum Cryptography. The main
idea of Multivariate Cryptography is to use the system of nonlinear polynomial equations as the
trapdoor one-way permutations (the most important building blocks of public key cryptosystems).
The system should be designed in such a way that solving it (and inverting the permutation) is
impossible without some secret information. The problem of solving random system of nonlinear
equations is known to be very hard (it is an NP-hard problem).

In papers 9] and [10] V. Ustymenko proposed a family of trapdoor one-way permutations
based on the family of graphs of large girth D(n,q). The main idea was to use random walks
on these graphs as encryption tools. The vertices of the graph D(n,q) are represented as the
sequence of n elements of a finite field Fy. The set of edges is defined by the system of polynomial
equations. Consequently, the walk on the chosen path can be represented as a polynomial map
W :TFq — F,. This map is further hidden using two invertible affine transformations A and B. The
public information are the coefficients of the resulting polynomial map £ = BoW o A. The secret
information (trapdoor) is the walk on the graph and the affine transformations. Some aspects of
the computer implementation of this family of permutations was given in [3|, [4], [5] and [6].

In this talk we present the orignal construction of the graph based one-way permutation by
V. Ustimenko. Next we show that this construction is not secure. We use the fact that the inverse of
such permutation is a polynomial map of small degree. We show the way to recover the coefficients
of this inverse without the knowledge of secret information by solving properly constructed large
system of linear equations.

Finally we present the modification of the original construction. This modification results in
a small decrease of efficiency of algorithms (generation of permutations, applying permutations).
However the resulting permutation does not have the main defect of the original one — the degree
of the inverse polynomial does not have to be small. The degree depends on the chosen finite field
and we prove that we can choose a finite field, so that the degree was arbitrarily large.

References

1. Bernstein D.J., Buchmann J., Dahmen E. Post-Quantum Cryptography. Springer, 2009.

2. Ding J., Gower J.E., Schmidt D.S. Multivariate Public Key Cryptosystems. Advances in Information
Security. Springer, 2006.

3. Klisowski M., Romanczuk U., Ustimenko V. The implementation of cubic public keys based on a
new family of algebraic graphs // Annales UMCS, Informatica. 2011. V. 11. No. 2 P. 127-141.

4. Klisowski M., Ustimenko V. On the implementation of public keys algorithms based on algebraic
graphs over finite commutative rings // Proceedings of the 2010 International Multiconference on Computer
Science and Information Technology (IMCSIT) . 2010. P. 303-308



JluckpeTHast MaTEMaTHKa, U MaTeMaTHIeCKasi KNOepHEeTHKa, 155

5. Klisowski M., Ustimenko V. On the implementation of cubic public keys based on algebraic graphs
over the finite commutative rings and their symmetries // Albanian Journal of Mathematics. 2011. V. 5.
No. 3, P. 139-149.

6. Klisowski M., Ustimenko V. On the comparison of cryptographical properties of two different families
of graphs with large cycle indicator // Mathematics in Computer Science. 2012. V. 6. No. 2. P. 181-198.

7. Proos J., Zalka C. Shor’s discrete logarithm quantum algorithm for elliptic curves // Quantum
Information & Computation. 2003. V. 3. No.4. P. 317-344.

8. Shor P.W. Polynomial-time algorithms for prime factorization and discrete logarithms on a quantum
computer // STAM J. Comput. 1997. V. 26. No. 5. P. 1484-1509.

9. Ustimenko V.A. Graphs with special arcs and cryptography // Acta Applicandae Mathematicae.
2002. V. 74. No. 2. P. 117-153.

10. Ustimenko V.A. Maximality of affine group, and hidden graph cryptosystems // Algebra Discrete
Math.. 2005. No. 1. P. 133-150.

CONSTRUCTION OF 4-CONNECTED GRAPHIC MATROIDS WITH
ESSENTIAL ELEMENTS

P.P. Malavadkar!, M.P. Gadiya!, S.B. Dhotre?, M.M. Shikare?

IMIT College of Engineering, Pune-411038, India
pmalavadkar@gmail.com, mahaveer.gadiya@mitcoe.edu.in
2Savitribai Phule Pune University, Pune-411007, India

dsantosh2@yahoo.co.in, mmshikare@gmail.com

An element e of an n-connected matroid M is called essential element if neither M \ e nor
M /e is n-connected. Tutte proved that in a 3-connected matroid M every element is essential if
and only if M is wheel or whirl. We give construction of some families of 4-connected graphic
matroids in which every element is essential.

CRITICAL HEREDITARY CLASSES FOR ALGORITHMIC GRAPH
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A hereditary graph class is a set of simple graphs closed under isomorphism and deletion of
vertices. It is well-known that each hereditary class X can be defined by a set of forbidden induced
subgraphs Y, written X = Free(Y). If a hereditary class can be defined by a finite set of forbidden
induced fragments, then it is called finitely defined. For example, the sets of line graphs and
bounded degree graphs are finitely defined, but the sets of planar graphs and bipartite graphs do
not.

Given an algorithmic graph problem, the problem of its complexity classification in the family
of hereditary classes is of our attention. How to classify hereditary graph classes with respect
to the complexity of a given problem? The first natural idea coming to mind is to consider
phase transition between easy and hard hereditary classes under some definitions of easiness and
hardness. It is like determining critical temperatures, when ice melts to water or water turns to
steam. We know that the answer is zero and one hundred degrees Celsius, respectively. The phase-
transition approach seams to be unsuccessful. For a given NP-complete graph problem II, natural
definitions of easy and hard instances are the following. A hereditary class is II-easy if II can be
solved for its graphs in polynomial time. If IT is NP-complete for a hereditary class, then it is said
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to be II-hard. In fact, these notions were introduced in the paper of V.E. Alekseev [1]|, where the
absence of maximal easy classes was also proved for any NP-complete graph problem. Minimal
hard classes may exist or may not exist. It is easy to prove that the set of all complete graphs is
a minimal hard case for the travelling salesman problem. The following result was proved in [2].

Theorem 1. For each k, there are no minimal hard classes for the vertex and edge k-colorability
problems.

So, minimal hard classes could be called critical, as they play a specific role in the analysis of
the computational complexity. But, they may be absent at all. In other words, both sets of easy
and hard classes can be open with respect to the inclusion relation. That is why we consider the
phase-transition approach to be useless.

To solve the major problem, we have to take into account the fact of the existence of infinite
monotonically decreasing chains of hard classes. Intuitively, the limits of such kind sequences have
a special role in the analysis of computational complexity. It is really true. This leads to the
notion of a boundary class. A class X is II-limit if there is an infinite monotonically decreasing

chain X1 O Xy O ... of II-hard classes such that X = [ X;. A minimal II-limit class is said to

=1
be II-boundary. This notion was introduced by V.E. Alekseev [1]|, who also proved the following
theorem certifying its significance.

Theorem 2. A finitely defined class is I1-hard if and only if it contains a II-boundary class.

By the theorem, if the set of all II-boundary classes, called the II-boundary system, is known,
then, for the problem II, we have a complete complexity dichotomy in the family of finitely defined
classes. Moreover, any NP-complete graph problem has boundary classes. One more corollary is
the fact that there are no finitely defined classes with an intermediate complexity, i.e. different
from polynomial-time solvability and NP-completeness.

Assuming P # NP, one boundary class is known for the independent set problem [1], four
boundary classes are known for the dominating set problem [3,4], two boundary classes are known
for the Hamiltonian cycle problem [5]. Unfortunately, for all of the mentioned problems, there is
no a complete description of a boundary system. Only one result of this type exists [6]. An idea
arises that obtaining a complete description of the boundary system of a given graph problem
may be a problem impossible to solve, because the structure of the answer is too complex. This
is certified by the following result [5,7].

Theorem 3. For each k > 2, the boundary systems for the vertex and edge k-colorability
problems have the continuum cardinality.

Sometimes, a known subset of a boundary system is enough to obtain a complexity dichotomy
for some simple subfamily of the hereditary graph classes family. This idea really works sometimes.
There is a dichotomy for the independent set problem within the family of classes defined by
induced subgraphs with at most five vertices. Similar results exist for one forbidden induced
structure for the dominating set problem [8] and the coloring problem [9]. There are some dichoto-
mies for the vertex 3- and 4-colorability problems and one small forbidden induced structure
[10,11]. There exist dichotomies for the vertex and edge 3-colorability problems and several small
forbidden induced fragments [12,13].

The talk will be devoted to the results above and some other results in the theory of critical
hereditary graph classes.

The article was prepared within the framework of the Academic Fund Program at the National
Research University Higher School of Economics (HSE) in 2015-2016 (grant 15-01-0010) and
supported within the framework of a subsidy granted to the HSE by the Government of the
Russian Federation for the implementation of the Global Competitiveness Program.
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Since 1974, descriptive complexity characterizes computational complexity in terms of logical
languages. Fagin [1] first shown that the complexity class NP coincides with the set of problems
expressible in second order existential (SO3) logic. Stockmeyer |2] extended Fagin’s result to the
polynomial-time hierarchy (PH) characterized by second order logic. Further research revealed
logical characterizations for various complexity classes [3].

However, there are complexity classes such as PSPACE-complete problems, NP-complete
problems, coNP-complete problems, P-complete problems, NL-complete problems, and NP N coNP
for which no logics were known till now. The purpose of our research is to develop logics for these
classes.

Let us give necessary definitions. We use notations and definitions of finite model theory
as stated in [4]. For convenience and without loss of generality, we consider vocabularies without
constant symbols and without function symbols. So, a vocabulary is a finite set 7 = {R{*, ..., Rl }
of relation symbols of specified arities. A structure is a tuple A = (|A|, R{,..., R:}), where |A| is
a nonempty finite set, and each R{‘ is a relation on A such that arity(Rf‘) =a;, 1 <7< m. By
a model class we mean a set structures of a fixed vocabulary 7 that is closed under isomorphism.
By STRUC]|7] we denote the model class of all structures for the vocabulary 7.
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We define a logic £ as follows. For every vocabulary 7, the language £(7) is the recursive set of
all well-formed sentences (whose elements are called L£-sentences) with the symbols of 7 and with
the symbols predefined for the logic £. In addition, |= is a binary relation between L-sentences and
structures, so that for each L-sentence I' with the vocabulary 7, the set {A € STRUC[7] | A =T}
denoted by MODII'] is a model class. Also, we say that a L-sentence I" defines a model class K if
K = MODI[T.

We will characterize a model class as a complexity theoretic problem. Let £ be a logic, C a
complexity class, and 7 a vocabulary. We say that £ captures C if for every vocabulary 7, the
following two conditions are satisfied:

1) For every L-sentence I' with the vocabulary 7, the model class MODII'] belongs to C.

2) For every model class K C STRUC]|7] in C, there exists a L-sentence I' that defines K.

Let us proceed to our results. First of all, note that it is very unlikely that one could construct
a complete problem (for any reasonable complexity class) using structures which interpret only
unary relation symbols. The argument is essentially that such classes of structures are interpretable
with sparse languages for which it is highly improbable to find a complete problem. Therefore, we
consider complete problems on structures containing at least one binary relation in what follows.

QSAT PSPACE complete
. . PSPACE
FO[2"°"]  FO(PFP) SO(TC)  SOROW]
co-NP complete PTIME Hierarchy SO NP complete
SAT SAT
co-NP SOV NP SO3
NP N co-NP
o(1) ,*" "+, P complete
FO [n ] Horn-*, P P
FO(LFP)  SO(Horn) sl
FO[(log n)°W] “truly NC
FOllogn| feasible” AC!
FO(CFL) SAC!
FO(TC)  SO(Krom):—2SAT NLcomp_—7 NL

Fig. 1: The World of Computability and Complexity from NL to PSPACE
(a fragment of Immerman’s diagram [3])

Let € denote one of the following complexity classes: NL, P, NP, coNP, and PSPACE if we
allow linear order < in structures and without linear order < just the last three of them. The
technique used in all cases is the same. We start out with a logic £ that captures the complexity
class C (for definiteness, by £ we mean one of the following logics: FO(TC), FO(LFP), SO3, SOV,
and SO(PFP), respectively). Then, for each L-sentence I' and for each Turing machine 7', we take
the sentence

(YAT)V (=7 AT) (1)

where T is a fixed L-sentence defining some C-complete problem, and + is constructed so that ~
is satisfied for a structure A if and only if on all sufficiently small structures B (taking ||B]| <
logloglog ||A|| enough), the machine T" witnesses that the models of YT are reducible to those
of I'. Tt then follows that the sentence (1) defines a class which is the same as I' if " defines a
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C-complete problem and is finitely different from Y otherwise. In the presence of linear order <,
~ can be chosen to be a first-order sentence, while without linear order < it can be chosen to be
an existential sentence. Thus, there exist logics capturing complete problems in the complexity
classes NL, P, coNP, NP, and PSPACE, based on the canonical form (1).

Besides, we extend our approach beyond complete problems. One can build a class of logical
sentences that defines exactly the problems being in NP N coNP. The technique is analogous
to the one above. For a pair (A,I') of sentences (A is universal second-order and T' existential
second-order), we take the existential second-order sentence

yAT (2)

where v is an existential second-order sentence constructed so that - is satisfied for a structure A if
and only if A and I" are equivalent for all sufficiently small structures B (taking || B|| < loglog || A||
enough). Then, either v is identically true, or v defines a finite set. Therefore, MOD[y A T'] is in
NP N coNP. Thus, there exists a logic capturing NP N coNP, based on the canonical form (2).

In conclusion, we have modified a fragment of Immerman’s diagram [3] in respect to the
complexity classes from NL to PSPACE, as shown in Figure 1.

For purposes of clarity, in the diagram we have permitted ourself to shade areas depicting the
following complexity classes: PSPACE-complete problems, NP-complete problems, coNP-complete
problems, P-complete problems, NL-complete problems, and NP N coNP for which we have deve-
loped logics for the first time.
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1. Introduction. Let J be a finite set of intervals on the real line. We assume that the
endpoints of all intervals have rational coordinates. Every element I € J has a non-negative
rational weight w(I). A set of intervals is called independent if no two intervals in this set have a
common interior point, and k-independent if it is a union of k pairwise disjoint independent sets.
Here k is a non-negative integer number. In the problem WEIGHTED k-INDEPENDENT SET OF
INTERVALS the objective is to find a k-independent subset of J with maximum total weight. This
problem is widely studied and has a lot of applications in interval scheduling, resource allocation,
etc. For more details see surveys by Kovalyov et al. [1] and Kolen et al. [2]. It can be solved in
polynomial time (Bouzina and Emmons [3]). We consider a generalization of this problem where
the selected set of intervals must not be k-independent, but some overlap measure (which we call
composite u-redundancy) of this set must be limited by a given number R. We define the composite
u-redundancy in Section 2.
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A special case of the WEIGHTED 1-INDEPENDENT SET OF INTERVALS problem is the problem
where the weight of every interval is equal to its length. For arbitrary positive k& we generalize
this problem in the following way.There is a set J of intervals on the real line and the objective
is to find a k-independent subset of J with maximum measure of the union. We call this problem
MAXIMUM COVERAGE BY k-INDEPENDENT SET OF INTERVALS. We study this problem and
also its generalization where the selected set must not be k-independent, but the composite u-
redundancy of this set must be limited by a given number R.

2. Main definitions. Let u be a non-negative integer number and J be a subset of J. We
define the set of projective u-redundancy of J to be the set of such points on the real line that
belong to at least u + 1 intervals from J. The measure of this set, that is, the total length of
intervals in it, is called the projective u-redundancy of J and is denoted by P(d,u).

Further, let x1,...,z, be all the distinct left and right endpoints of intervals from J sorted
in the increasing order. Let s; be the number of intervals in J containing the interval [z, z;41],
1 < j <m — 1. We define the total u-redundancy of the set J as

m—1

T(d,u) = Z max{(z;41 — ;) - (s; —u),0}.
j=1

Thus, in the projective u-redundancy, only one excessive interval of the intersection contributes
to the redundancy value, and in the total u-redundancy all the excessive intervals of the intersection
contribute to the redundancy value.

Let p and t be non-negative rational numbers such that p +t > 0. We define the composite
u-redundancy of a set J to be the value p- P(J,u) +t-T(d,u).

Both projective and total u-redundancy can be viewed as the measures that indicate the extent
to which the set of intervals is not u-independent. In particular, the following lemma is true.

Lemma 1. A finite set of intervals is k-independent if and only if its projective (or total)
k-redundancy is equal to zero.

3. Maximum weight selection problem. In the problem MAXWEIGHT we are given
three integer numbers u, p, and ¢, an upper bound R on the composite u-redundancy and a
ground set J = {Iy,...,I,} of intervals. Each interval is associated with a non-negative rational
weight. The objective is to select a subset § C J of the maximum total weight, provided that its
composite u-redundancy does not exceed R. For R = 0 this problem is precisely the WEIGHTED
u-INDEPENDENT SET OF INTERVALS problem.

The complexity of the MAXWEIGHT problem is characterized by the following theorem.

Theorem 1. The MAXWEIGHT problem is NP-hard (in the ordinary sense) for any fized u,
p, t even if the weight of every interval is equal to its length and all endpoints of the intervals have
integer coordinates.

The next two theorems show that for any fixed u two restricted cases of the considered problem
can be solved by pseudo-polynomial algorithms.

Theorem 2. Let W be the total weight of all intervals in J. There exists a pseudo-polynomial
dynamic programming algorithm with running time O(u?Wn'+2) for the case where the weights
of all intevals are integer numbers.

Theorem 3. There exists a pseudo-polynomial dynamic programming algorithm with running
time O(u?(R + 1)n“*2) for the case where the endpoints of all intervals have integer coordinates.

It is an open question whether the general MAXWEIGHT problem is strongly NP-hard or
pseudo-polynomially solvable.

4. Maximum coverage selection problem. The problem MAXCOVERAGE differs from the
MAXWEIGHT problem in that the criterion is to maximize the measure of the union of the selected
intervals, that is, the total length of the intervals of this union. For R = 0 this problem is precisely
the MAXIMUM COVERAGE BY u-INDEPENDENT SET OF INTERVALS problem. The complexity of
the MAXCOVERAGE problem is characterized by the following theorem.
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Theorem 4. The MAXCOVERAGE problem is NP-hard (in the ordinary sense) for arbitrary
fized non-negative rational numbers p and t, and for both u =0 and v = 1.

One special case of this problem can be solved in pseudo-polynomial time.

Theorem 5. Let L be the union measure of all intervals in J. There exists a pseudo-polynomial
dynamic programming algorithm with running time O(Ln**2) for the case where u € {0,1} and
the endpoints of all intervals have integer coordinates.

Theorem 6. There exists a %-approximation algorithm with running time O(nlogn) for the
MAXCOVERAGE problem with u = 1.

We also prove that for the developed algorithm the number % in this bound cannot be replaced
with a larger constant.

According to the following theorem, the case u > 2 is much simpler.

Theorem 7. There exists an algorithm with running time O(nlogn) that finds a 2-independent
subset J of intervals such that the union of the intervals in J coincides with the union of the
wntervals in J.

This implies that the problems MAXCOVERAGE and MAXIMUM COVERAGE BY u-INDEPENDENT
SET OF INTERVALS are solvable in O(nlogn) time for u > 2.

The work is partially supported by the Belarusian Republican Foundation for Fundamental

Research under the grant number ®15C0O-043.
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Anatomical ultrasound (B-Mode ultrasound) is an essential diagnosing tool in medical practice,
especially in pediatrics, cardiology and emergency, due to its high availability, absence of any risk
both for patients and medical staff, compact size as well as low costs of examinations. The area
of ultrasound applications can be easily extended utilizing the fact that this imaging technique
has a relative high time resolution comparing with other medical image modalities. It allows
to create real-time diagnosing tools in two, three and even in four dimensions. Musculoskeletal
ultrasound is successfully applied for diagnosing injured extremities, as the most frequent trauma
in children and adults [5]. Today, the high-end systems are able not only to to detect fractures
of long bones as reposition of their fragments but, under special conditions, to help recognizing
cracks and deformation of bone surfaces (cortical bones) [8] as well. However, the conventional
clinical systems provide only manual approach called freehand ultrasound examinations [7]. A
linear transducer (ultrasound head) is usually placed on the patient’s skin using gel or over
a gel pillow [2|. To acquire one or more sonograms (ultrasonic images) a diagnosing physician
tries to find an optimal position and orientation of the transducer relative to the patient’s
anatomy. Then he or she applies some forces on the ultrasound head in the direction of the
patient to avoid attenuation of ultrasound waves in air. The examination of musculoskeletal
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structures can be carried out usually up to 10-15 c¢m of depth, depending on the transducer
model, selected working wave frequency and quantity of patient’s fat in the examination area.
This approach has many serious drawbacks for the required diagnosing. Firstly, the examination
produces additional pain for injured patients. Secondly, the procedure is very time-consuming.
The diagnosing strongly depends on sonographic skills of the operator and is practically restricted
for dimensions higher than two. More complex ultrasound scanners that can work in higher
dimensions in semi-automatic or automatic modes are commercially available for acquisition of
patient anatomy in gynaecology, echocardiography, endocrinology, etc. [1, 4]. They use either
special (usually mechanical) transducers or linear transducers coupled with optical, magnetic or
mechanical tracking systems. However, the application of similar scanners for examinations of long
bones is not a simple task, due to a high variability of the bone anatomy, scattering and total
reflection of ultrasound waves from bone surfaces. Developing new scanning principles, approaches
to the rapid and accurate processing of the acquired data for analysing injured extremities remain
being the challenging tasks, which are especially important for diagnosing injures in children, who
are limited in their ability to remain immobile during the scanning time.

In this work we aim at a possible solution of the aforementioned problems for the task
of diagnosing injures of long bones. The following results were obtained. Firstly, we created a
software simulator of automated ultrasound-based 3D scanner UFASS (Ultrasound-based Fracture
Analysis Scanning System, an improved robotized version of the scanner patented in [6]), which
is able to acquire a series of realistic ultrasonic images of the long bones’ cortical surfaces.
Contours are represented by a reference 3D volumetric model of the human limb, obtained using
Computed Tomography (CT). The proposed simulator is a virtual device intended for positioning
and orienting of the virtual transducers in automatic mode relatively to the scanned 3D object
(human limb) and image acquisition utilizing a cross-section of the scanned object and predefined
physical properties of the ultrasound. The simulator allows to carry out experiments with realistic
results without significant expenses of human and material resources. Secondly, we designed and
implemented an efficient algorithm for 3D reconstruction of the anatomical surface of the radial
bone using a set of mechanically tracked 2D sonograms. The algorithm includes the following ideas:
tiling original data on a set of patches, building a space subdivision inside each patch (interpolating
contours lying between pair of neighboring original contours), building a triangulation of each
patch and stitching together the resulted surface patches into one mesh. The implementation of
the algorithm utilizes kd-trees for the sufficient processing speed. The proposed approach works
effectively on irregular, sparse and noisy data, obtained by the software simulator of automated
ultrasound-based 3D scanner UFASS.

A series of experiments showed that our algorithm can successfully reconstruct surfaces from
anatomical structures with relatively simple geometry (e.g. body of the radial bone) as well
as surfaces from objects with more complex geometrical structure and higher curvature (e.g.
metaphysis and epiphysis of distal radius), which could not be effectively handled by the prior
algorithms [3|. The proposed algorithm reconstructs surfaces with relatively high accuracy, which
was confirmed by the quantitative estimation of the root mean square (RMS) of the distances
between points of the resulted mesh and points of the reference mesh, obtained from the CT-
image of the same bone by the marching cubes algorithm, and the RMS of the distances between
points of the not smoothed resulted mesh and the points of the smoothed one. The reconstructed
surface correctly interpolates the initial data and demonstrates an appropriate smoothness. It is
worth to note that the algorithm builds "almost" regular triangulation of the surface in the sense
that almost all triangles have the same dimensions. Moreover, it was experimentally showed that
due to the inherently smooth geometry of the radial bone it is possible to emphasize bone areas
with possible fractures by calculating local distances from the not smoothed reconstructed surface
to the smoothed reconstructed surface. And this potentially can speed up the process of detecting
fractures in traumatology. For the visual perception of the experiments we implemented a graphical
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representation of the results of comparing two meshes, where distances between corresponding
points of compared meshes were mapped over a color space and used for visualization of the mesh
reconstruction accuracy and locating fractures of the bone.

This work could not be possible without the exceptional contribution of Dr. Aleh Kryvanos.
I would like to thank him for the invaluable scientific support and productive discussions during
our collaboration.
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The triangulated graphs (chordal) class has been noticed because of their properties. Among
these properties we mention: perfection, recognition algorithms and ability to solve some combinato-
rial optimization problems (determining the stability number and minimum number of covering
cliques) with linear complexity algorithms. Because of this, various ways of generalizing this notion
were introduced.

Interest for strongly chordal (M. Farber [45], see [3], [5]. A graph G is strongly chordal if and
only if every induced subgraph of G has a simple vertex. A vertex v of the graph G is simple in
G if the set {N[u] : v € NJ[v]} is linearly ordered by inclusion.) graphs arises in several ways.
The problems of locating minimum weight dominating sets and minimum weight independent
dominating sets in strongly chordal graphs with real vertex weights can be solved in polynomial
time, whereas each of these problems is NP-hard for chordal graphs.

Graphs with maximum neighborhood orderings were characterized and turned out to be
algorithmically useful. These graphs are dual (in the sense of hypergraphs) to chordal graphs [1].
The graph G is dually chordal [1] iff G has a maximum neighborhood ordering. In [9] specifies that
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the doubly chordal graphs holds: clique problem can be solved in polynomial time, independent
set in linear time, the recognition problem in linear time.

Many problems efficiently solvable for strongly chordal and doubly chordal graphs remain
efficiently solvable for dually chordal graphs too [2]. A. Brandstadt, V. Chepoi, F. Dragan, in [2]
gives an algorithm for solving the connected r-domination and Steiner tree problem in linear time
on doubly chordal graphs and in quadratic time on dually chordal graphs.

We say that v is simplicial in G if N[v] is complete. A vertex u € N[v] is a mazimum neighbor
of v if for all w € NJv] the inclusion N[w] C NJu] holds (note that v = v is not excluded). A
vertex v is doubly simplicial if it is simplicial and has a maximum neighbor. A graph is doubly
chordal if it admits a doubly perfect elimination ordering vy, va, ..., v, of vertices such that for each
1 <4 < n, v; is doubly simplicial in the subgraph induced by {v;, ..., v, }.

A set A C V(G) is called a weak set of the graph G if Ng(A) # V(G) — A and G[A] is
connected. If A is a weak set, maximal with respect to set inclusion, then G[A] is called a weak
component.

Let G = (V, E) be a connected and non-complete graph. If A is a weak set, then the partition
{A,N(A),V\ A\ N(A)} is called a weak decomposition of G with respect to A.

A graph G is hereditary doubly chordal if any induced subgraph of G is doubly chordal. A new
characterization of hereditary doubly chordal graphs, using weakly decomposition, is given below.

Theorem. Let G = (V, E) be a connected and non-complete graph, G[A] is a weak component.
The graph G is hereditary doubly chordal if and only if the following hold: (1) N(A) is clique; (2)
G—-A—-N(A), G(AUN(A)) are hereditary doubly chordal graphs.

The above results lead to a recognition algorithm with running time O(n(n+m)) for hereditary
doubly chordal graphs.

Corollary. Let G = (V, E) be a connected and non-complete graph with G(A) a weak component
in G. If G is hereditary doubly chordal then

a(G) = max{a(G(A)) + a(R),a(G(AUN(A)))};

w(G) = max{|[N(A)| + w(R),w(G(AUN(A4)))},

where R=G — A — N(A).

The Corollary implies an algorithm with running time O(n(n + m)) for the construction of a
stable set of maximum cardinal and a clique of maximum cardinal in a hereditary doubly chordal
graph.
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The RSA is one of the most popular cryptosystems. It is based on number factorisation problem
and Euler Theorem. Peter Shor discovered that factorisation problem can be effectively solved with
the usage of theoretical quantum computer. It means that RSA could not be a security tool in the
future postquantum era. One of the research directions which can lead to a postquantum secure
public key is the Multivariate Cryptography which uses a polynomial maps of affine space K"
defined over a finite commutative ring into itself as encryption tools (see [1]). This is a young
promising research area with the current lack of known cryptosystems with the proven resistence
against attacks with the use of Turing machines. Other important direction of Postquantum
Cryptography is the studies of Elliptic Curves cryptosystems.

Applications of Algebraic Graph Theory to Multivariate Cryptography were observed in our
talks at Erdos Centennial (2013, Budapest) and Central European Conference on Cryptology 2014
(Alfred Renyi Institute, Budapest) [2, 3|. This talk was devoted to algorithms based on bijective
maps of affine spaces into itself. Applications of algebraic graphs to cryptography started from
symmetric algorithms based on explicit constructions of extremal graph theory and their directed
analogue (see survey [4, 5]). The main idea is to convert an algebraic graph in finite automaton
and use the preudorandom walks on the graph as encryption tools. This approach can be also
used for the key exchange protocols. Nowadays the idea of "symbolic walks” on algebraic graphs
when the walk on the graph depends on parameters given as special multivariate polynomials in
variables depending from plainspace vector brings several public key cryptosystems. Other source
of graphs suitable for cryptography is connected with finite geometries and their flag system (see
[4], [11] and further references).

Our presentation at DIMA 2015 includes new cryptoalgorithms in terms of Algebraic Combina-
torics which use non bijective transformations of K™.

Multivariate cryptography started from studies of potential for the special quadratic encryption
multivariate bijective map of K", where K is an extention os finite field F, of characteristic 2.
One of the first such cryptosystems were proposed by Imai and Matsumoto, cryptanalysis for this
system was invented by J. Patarin. The survey on various modifications of this algorithm and
corresponding cryptanalysis the reader can find in [1]. Bijective multivariate sparse encryption
maps of rather high degree based on walks in algebraic graphs were proposed in [6].

One of the first usage of non bijective map of multivariate cryptography was in oil and vinegar
crytosystem proposed in 7] and analysed in [8]. Nowadays this general idea is strongly supported
by publication [9] devoted to security analysis of direct attacks on modified unbalanced oil and
vinegar systems. It looks like such systems and rainbow signatures schemes may lead to promising
Public Key Schemes of Multivariate Encryption defined over finite fields. Non bijective multivariate
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sparse encryption maps of degree 3 and > 3 based on walks on algebraic graphs D(n, K) defined
over general commutative ring and their homomorphic images were proposed in [10].

The new cryptosystems with non bijective multivariate encryption maps on the affine space
Zy" into itself will be presented. It uses the plainspace Z}", where n = k(k —1)/2, k > 2 can

m
be arbitrary natural number. The private key space is formed by sequence of general multivariate
polynomials from Z,, [z, z9, ..., xr_1] and sequence of parameters l;, i = 1,2,...,k —1 which are

mutually prime with ¢(m). The properties of the encryption map depends heavily on the prime
factorisation of m. This non bijective encryption map is the deformation of special computation
generated by Schubert automaton of "k — 1 dimensional projective geometry” over Z,,. This
method does not use the partition of variables into groups, non bijective nature of the map caused
by zero devisors of composite integer m. In fact the idea of multiple "hidden RSA” is used.

This algorithm is a modification of public key cryptosystem based on the computation of Tits
automaton in the case of finite projective geometry [11], which were presented at the conference
ALCOMA 2015.

The talk is dedicated to the memory of D. A. Suprunenko whose research is an inspirational
example of multifaceted work in Pure and Applied Mathematics in areas of Algebra and Discrete
Mathematics.

References

1. Ding J., Gower J. E., Schmidt D. S. Multivariate Public Key Cryptosystems. Springer. Advances in
Information Security. V. 25. 2006.

2. Polak M., Romariczuk U., Ustimenko V., Wréblewska A. On the applications of Extremal Graph
Theory to Coding Theory and Cryptography // Erdés Centennial, Proceedings of Erdés Centennial (EP
100). Electronic Notes in Discrete Mathematics. 2013. V. 43. P. 329-342.

3. Ustimenko V. A. Explicit constructions of extremal graphs and new multivariate cryptosystems
// Studia Scientiarum Mathematicarum Hungarica, Special issue “Proceedings of The Central European
Conference, 2014, Budapest” (to appear in 2015).

4. Ustimenko V. A. Graphs with Special Arcs and Cryptograph // Acta Applicandae Mathematicae.
2002. V. 71. No 2. P. 117-153.

5. Ustimenko V. On the extremal graph theory for directed graphs and its cryptographical applications
// In: T. Shaska, W.C. Huffman, D. Joener and V. Ustimenko. Advances in Coding Theory and Cryptogra-
phy. Series on Coding and Cryptology. 2007. V. 3. P. 181-200.

6. Ustimenko V. On Multivariate Cryptosystems Based on Computable Maps with Invertible Decompo-
sitions // Annales of UMCS. Informatica (special issue “Proceedings of International Conference Cryptogra-
phy and Security Systems”). 2014. V. 14. P. 7-18.

7. Patarin J. The Oil i Vinegar digital signatures // Dagstuhl Workshop on Cryptography. 1997.

8. Kipnis A., Shamir A. Cryptanalisis of the Oil and Vinegar Signature Scheme // Advances in
Cryptology, Crypto 96. Lecture Notes in Computer Science. 1996. V. 1462. P. 257-266.

9. Bulygin S., Petzoldt A., Buchmann J. Towards provable security of the unbalanced oil and vinegar
signature scheme under direct attacks // In “Progress in Cryptology, INDOCRYPT”, eds.: Guang Gong,
KishanChand Gupta editors, Lecture notes in Computer Science. 2010. V. 6498. P. 17-32.

10. Romanczuk-Polubiec U., Ustimenko V. On two windows multivariate cryptosystem depending on
random parameters // Algebra and Discrete Mathematics. 2015. V. 19. No. 1. P. 101-129.

11. Ustimenko V. A. On the flag geometry of simple group of Lie type and Multivariate Cryptography

// Algebra and Discrete Mathematics. 2015. V. 19. No 1. P. 130-144.



ZLI/ICerTHaH MaTeMaTUuKa, aﬂre6pa " X MPUJIOZKEHU A

167

COAEP>XKAHUE

Anrebpa u anredbpandeckKkas reoMeTpusi

Anekceea O.A., KouaparpbeB A.C. O KOHEUYHBIX HEpa3PENIMMBIX TIPyIIIax, rpadbl
I'prorbepra—Kerenss KOTOPBIX HE COMEPIKAT TPEYTOTBHITKOB .+« « vt vvve e e eettee e eeeteeeanneeeennnns
Benokons JI.M. O nepecedeHnssx MakKCUMAaJIbHBIX O-TIOAIPYII KOHETHBIX TPYIIIT ..o venvenn...
Bougapenko A.A. O GupanyoHaJBHON KOMIIO3UIMK KBaIPATHIHBIX (DOPM HaJI [I0JIeM aJjiredpa-
S (Y6420 0 Qe 1 (e <) S
Bypuuyenko B.II. CumMerpun ajropuTMOB MATPATHOTO YMHOMKEHTST « o vvevnveenneenneennnn..

Byprbika ®@.B. /Inaronanmn3syeMble KOPHE MATPUIHBIX ITOJUHOMOB HaJl KOHEIHBIMU TTOJISIMHA . . .
BacuabeB A.®., BacuareBa T.U., Cumonenko I.H. Hacoimmennbie hopmarum u B3anMHO
[I€PECTAHOBOYHbBIE ITPOU3BEIEHUST KOHETHBIX TPYIIIT . ..t e utvett e et et e et et e e e e e eeeeee s
Berepa A.C. Ilonapuo nepecranoBounble npousseiienust u K-P-cyGHopMasibHbIE TIOAIPYIIIBI KO-
2 (chs 12023 0l ) 160 P
Burbko E.A. O cBoiicTBe pereroqHoro o6be InHeHnsT T-Pa3permMbix (DUTTUHIOBBIX (DYHKTOPOB
Bopobses H.H., KysHnerosa A.P. O6 ajrebpanyeckux perierkax (popMaliuii KOHEIHBIX I'PYIIII
Bopoobes H.T., Ceméuo M.I'. UHBLEKTOPBI KOHEUHBIX TPYIIIL -« vt enevenneeeeeaaeeaneennn.
Topmikos U.B. O6 osmoit runorese ToMIicoHa 11 3HAKOIEPEMEHHBIX TPYIIIT .. vvvvvvennnennn ..
Edumon I.B. O BepxHEil OMEHKE TEPMAHEHTOB . ...ttt tete et et et et ettt ae e
Kyyok FOn.B. Hanmenbinasi TpUIIPSIMOYTOJIbHAST KOHI'PYIHIUS Ha CBOOOIHOM TPHOHUIE . ... ..

3enkoB B.M. O nepeceuenusix abeieBoil U1 HUJIBIIOTEHTHON! MOATNPYII B KOHEYHBIX TPYIIIAX
3unoBbeBa M.P. Hekoropnie apudmernyeckue caeacTBust paBencTsa rpados ['onbepra-Keress
JIBYX KOHEUHBIX IIPOCTHIX KJIACCHIECKUX I'PYIIT HAJ, MOJISAMHI PASHBIX XAPAKTEPUCTHK ... ovvennnn ..
Kuaarnua B.H. O nepectaHOBOYHOCTU N-MaKCUMAJIBHBIX IOJAIPYII C P-HUIBIIOTEHTHBIMU TIOJI-
rpymmaMi ITIMBIITA .. ... e e e
KoBaneBa B.A. Koneunbie rpymmbl ¢ 000OIIEHHO CYOHOPMAJIBHBIMU 7i-MaKCHUMAJIbHBIMY IO
L) 8081 2 (P
KoBasieBckas .., Kemernt O.H., PeikoBa O.B. 3nauenus: 1neg09ncaeHHbIX MHOTOWIEHOB
663 O6HH/IX KOpHeﬁ B IIOJIAX KOMIIJIEKCHBIX U p—a,ZLI/I“IeCKI/IX S 12 (7 3

Koxyxos U.B., Xaguymiauua A.P. O nojmronax HaJi CHHIYJISPHBIMEA MOJIYTPYIIAMA . . . . ..
KomanakoBa B.A. O koneunbix rpymmax (G ¢ HECBA3HBIM rpaOM IPOCTHIX YUCE U OrPAHUIE-
HIAMI HA T1(G) oo e e
Kyxapes A.B., Ilyaunckwii I'.E. [Toxyuemnmbie rpynmoBbie KOIbIIa KOHEIHBIX JIMHEHHBIX TPYIIIL
T TIPOCTBIX TPYIIIT P oo e e e e e e e
JIyueBuu A.B., Kynuu A.C., IITamykoBa H.B. Teopema Tuna XuHunHa Jjisi CJIydas Pacxo-
JMMOCTH B TPEXMEDHOM €BKJIMJIOBOM ITTPOCTPAHCTBE . ..t ettt ettt et ee et et e et e e e e eee e
Munoarnos M.B. Measeaesa O.I'. O6 unTerpajbHbIX KPUBBIX OOOOIEHHBIX IEITOYEK TOMBI
C JBYMST SKCIIOHEHTAMEIL .+« vttt ettt e nt ettt et e ettt e et e et et et e et e e e e e e e ae s
Monaxos B.C. Koneunbie rpynnst ¢ $-a0HOpMAIBHBIME U LU-CyOHOPMAIBHBIMU HUJIHIIOTEHTHDI-
MJ TIOJITDYIIIIAMIL . .t e ettt ettt ettt ettt et e et e e et e e et e et e e e e e e et e e e et e e
Mypamko B.., Bacuibes A.®. Biusinue 060611eHHO ¢yOHOPMAJIbHBIX HOAIPYIII Ha ITPOU3-
BEJIEHUST KOHETHBIX TPYIIIL « .+« ot e e ottt sttt et e et e et e e e e e et e et e et e et et e e e e e e e ee e
Mbeicaoser; E.H. Komnosunuonusie hopmaiiuu ca-§-rpyIiin U Mpou3BeeHs B3aUMHO IIepecTa-
HOBOYHBIX TIOIIPYIIIL - ..t e ete ettt ettt et e ettt e et e et e et e e e e et e e e e e e et e e e aeee s

Haymuk M.U. O KOHrpyHIIUAX HA TOIYTPYIINE JIUHEAHBIX OTHOIMEHUH « ..o .vveeeeeanennn..
Hecrepos M.H. O npoHOpMabHOCTH U CHJIBHON ITPOHOPMAJIBHOCTH XOJIJIOBBIX HOAIPYIIII . . . . .
ITampunk .M. O CunoBCKUX CHCTEMAX KOHETHBIX TPYIIIL .. v eutvttettateate et aneanennennenn.
ITanpuuk .M., Bamnyn C.FO. Koneunbie npocrsie rpyIibl, B KOTOPBIX HOPMAJIU3aTOP CHJIOB-
CKOM S-TIOATPYTIBI UMEET OUTTPUMAPHBIF FHIIEKC .« .ttt vttt e e ettt e ettt e e et e e eeiee e e

Cembkua B.M. O coberBeHHBIX 1101(OPMaIUsX OJHOIOPOXKJIEHHO HAC/IEeICTBEHHON w-
HACBHITEHHON (DOPMAITIITL .+« o e oottt t ettt e ettt et e et et e e e et e e e ettt e ettt e e et eeiee s

11

13
14
15
16
17
18
20
21

22

24

25

27
28

29

31

32

33

34

36

38
40
40
41

43

44



168 JuckperHasa MaTeMaTUKa, ajredpa U UX MPUTOXKEHUST

Ceabkun M.B., Bopoanua P.B., Bopoanu E.H., Beikos C.H. O nepeceduennn HEHUJIBIIO-
TEHTHBIX MAKCAMATBHDBIX TTOITDYIIIL ..t vttt ettt et ettt e et e et et e e et e e e et e e e eaee s
Cemenuyk B.H. Koneunbie rpyImbl, y KOTOPBIX BCe COOCTBEHHBIE TOTPYIIIBI MO0 000OIIEHHO
CyOHOPMAJIBHBI, JINOO ODODIIEHHO AOHOPMAJIBHBL . « - .« t s\t e sttt ettt et e et e e e et e e et e ae e e e

Coxop N.JI. Konevnbre rpymimbl ¢ HUJIBHOTEHTHBIMA HOPMAJIBHBIMY HOJAIPYIIHAMI .. ..o ovenn...

TpemnayeBa A.B. Ajropurmel onpejiesieHusT 3JIeMEHTOB WHKAIICYTMPOBAHHBIX KOJIEI[ BEIYETOB . .
Tpodumyk A.A. O KOHEUHBIX PA3PEMIUMbBIX IPYIIAX C MAJIbIM HOPMAJIbHBIM PAHTOM CUJIOBCKUAX
TIOJIIPYIIIT HEKOTOPBIX (DAKTOPOB - .« e vt ttette e et ettt et et et et e e e e et et e e e e
Yupuk U.K. O p-cBepxpaspermmmMocTi KOHEYHO! (haKTOpU3yeMOi IPYIIIbl ¢ HOPMAJbHBIME CO-
D1 1027 N cha 2615 SRR

HTapomer A.A. O MHOrOOOpa3usiX MPEICTABIEHII CBOOOIHBIX aOEJIEBBIX TPYIIIT .. vwnnn. ...
Anuenko A.A. Koneunbie II-paspemniumbie HEPUBOIUMBIE KOMILJIEKCHBIE JIMHEHHBIE I'PYIIIBI C
II-x0nm0BO#t TI-TIOATPYIIIIONM . ... ...ttt et e et e e et e e e e

Baykalov A. Intersection of conjugated solvable subgroups in a symmetric group .............
Busel T., Suprunenko I. The Jordan block structure of images of regular unipotent elements
from subsystem subgroups of type C5 in irreducible representations of groups of type C,, with locally
small highest Welghts .. ... ...

Dudkin F.A. On the isomorphism problem for generalized Baumslag-Solitar groups ...........

Galt A.A. On splitting of the normalizer of a maximal torus in Chevalley groups .............
Grechkoseeva M.A. Orders of elements in the extension of the special linear group by the inverse
Transpose INVOIUTION . ...ttt ettt e ettt e ettt e et e

Hannusch C. Construction of self-dual binary codes ........ ... .. .. .. i it
Kamornikov S.F. On intersection of triple of prefrattini subgroups in finite soluble group ....
Kamornikov S.F., Xiaolan Yi. Subgroup-closed lattice and K-lattice formations ............

Kanunnikov A.L., Vassilieva E.A. A recurrence formula for Jack connection coefficients . ...

Kaygorodov 1., Popov Yu. A characterization of nilpotent nonassociative algebras by invertible
Leibniz-derivations . ...... ...

Lytkin Yu. Critical groups with spectra coinciding with the spectrum of Us(3) ................
Lytkina D.V., Mazurov V.D. On groups of period 12 ....... ... ... ... . i,
Malinin D. Some representations of finite groups ........... ...t
Mamontov A. Periodic groups whose element orders are small ...............................
Markova O.V. Commutative matrix algebras of lengthn —2 ...... .. .. .. .. .. .. .. .. ..
Maslova N.V. On the realizability of a graph as the Gruenberg-Kegel graph of a finite group .
Pallikaros C. Commutative nilpotent algebras and restrictions of Weil representations ........
Puninski G. The Ziegler spectrum of A-infinity plane singularity ................ .. ... ...
Ryabov G.K. On Schur 3-groups .. .....c.uouuinuint it
Shirshova E.E. On partially ordered Tings ............ouiiiniiitiii i aaens
Siemons J. Spectral decomposition of an incidence structure ............... ... .o,
Skiba A.N. On some arithmetic properties of finite groups ......... ... ...t
Staroletov A.M. On finite groups isospectral to simple linear groups .........................

Stavrova A., Stepanov A. On the normal structure of isotropic reductive groups over rings .
Suprunenko I.D. Big composition factors in restrictions of modular representations of classical
algebraic groups to subsystem SUDGIOUDPS . ... ...ttt

Tikhonov S.V. Division algebras of prime degree with infinite genus ..........................
Vasilyev V.A. On strongly supersoluble finite groups ......... ... ...

Yanchevskii V.I. Reduced Whitehead groups for outer forms of anisotropic groups of type A,
Zalesski A.E. Singer cycles in complex representations of the general linear group over a finite
Beld o

Zavarnitsine A.V. Abelian by simple finite moufang loops .......... .. ... .t

44

45
46
47

49

50
51

93
55

56
57
o8

99
61
62
63
65

67
68
69
70
71
72
73
74
75
5
76
76
78
79
79

80
82
82
83

85
85



JuckpeTHas MaTeMaTUKa, ajredpa n UX MPUTOXKEHUS 169

Zhuchok A.V. On free left n-dinilpotent doppelalgebras ............. ... i a.. 86

Zhuchok Y.V. On automorphisms of the endomorphism semigroup of a free abelian dimonoid 87



170 JuckperHasa MaTeMaTUKa, ajredpa U UX MPUTOXKEHUST

ZLI/ICerTHaH MaTeMaTukKa M MaTeMaTm4decCKad KI/IGGPHGTI/IKa

Aobpocumor M.B., Moaenosa O.B. O BepxHeil oreHKe 4uc/ia JOMOJHAUTEILHBIX YT B MUHU-
MaJIbHOM PEOEPHOM 1-DACIITUPEHUI JIATPAME - .« e vtve ettt et e e et e et et aee e
Benoycos .H., MaxuaeB A.A. O pacimpeHusix CUJIBHO PeryJisipHbiX rpadoB 6e3 TpeyroJib-

HUKOB C COOCTBEHHBIM SHATEHUEM 4 ...\ttt ettt ettt e e ettt et e
BouoramBuau I'.T'. IlpocTbie HerenoYnceHHble BEPIIUHBI PEJIAKCAIIMOHHOIO MHOTOTPAHHUKA

JUISE 331297 JINHEHHBIX MOPSIIKOB U OTCEKAIOMIAE (DACETBL ...t vttt ettt nte et e,
Bougonosckuit A.M., Kosanes M. 4. Ourumusanys JUHAMUIECKAX [I€H TOCTUHULBL . . ... ..
Boo6asrit B.A. Breipaxkenue unciia mIOMeIeHHBIX CBI3HBIX IpadOB 4epe3 UnC/I0 IOMEUEeHHBIX 0J10-

KOB C TIOMOITIHI0 MHOTOUIEHOB PABOHEHIIIT . ...t ottv ettt e ettt ettt e et et e e e
I'puGanos /1.B., Becemos C.M. O 3amade 1e10YNCTEHHOIO TPOrPAMMUPOBAHNS C OTPAHNIECH-

HBIMI MIHODAMIL -« .« ettt ettt ettt ettt ettt e e e e e e e e e e e e et e et e et e e e e e e
Absiauenko B.B., Cynpys B.II. Munumuzanust cumMerpudeckux OyJIeBbIX (DYHKIUI B Kjacce

TOMUHOMOB PUIa-MaJITIEDA ..« oottt et e et e
Emenuues B.A., Kyspmunu K.T'. [locrontumanbHbI aHAINS 381291 OTBICKAHUS [TOIMHOXKECTBA

BEKTOPOB vt ettt ettt et e ettt ettt et et e e e e e e e e e e
Emenuges B.A., MbrukoB B.WI. O pajuyce ycTOWYNBOCTH MHOTOKPUTEPUATHHON MHBECTHUIIU-

OHHOIT OyJreBoOil 3a7a4uu ¢ HopMaMu L'estb/iepa B IPOCTPAHCTBAX IMAPAMETPOB .. ..vvurennneenneennn..
Emen; O.A., Bap6osimua T.H. OnruMmusaiiuoHHble 3aa491 Ha MHOYKECTBE Pa3MeEIleHnid . . ... .
3amapaeBa E.M. Paspemaromnine MHOXKECTBa 2-TIOPOTOBBIX PYHKITAM .. .vvvvveeeennnnen...
3yeB FO.A. UITPBI B PACKPACKY TPAMA .« vttt ettt ettt ettt ettt e e e e et e e eeiee s
HUcauenko A.H., Ucauenko f.A. [Tukandeckuit rpad raMUIBTOHOBA MATPOUA .. .vvvnn....

KamageB B.H. K runoreze Xaprcduaaa-Pumresss 06 aHTUMATTIHOCTH CBA3HBIX TPadoB ... ...
Kpenkenas T.D. 3-packpammBaeMOCTb YACTHIX JETCKUX PUCYHKOB CHAPKOB 1 3ajada “‘Oxora Ha
CHAPKA” oottt et e et
Jlenuu B.B. 3azaua o B3Bemtennoit nezasucumoii { K1, Ko }-ynakoBke rpada ..................
Maxkaposckux T.A., CaBunikuii E.A. Ilocrpoernune AOE-tienu B miockom rpade ...........

Martsees I'.B., T'anubyc T.B. Bepudukariuss MOIYISIPHOTO PA3METEHUS CEKPETA . ..vvnuwe. ...
MaxueB A.A. JluctaHuoHHO peryJisipable rpadbl, B KOTOPBIX OKPECTHOCTH BEPIIUH CUJIBHO
PEryJIsipHBI CO BTOPBIM COOCTBEHHBIM 3HAYCHUEM, HE OOIIBIIIHIM £ ..ottt vttt vt et eneneanenns
MaxueB A.A., Ilagyuunx .B. O6 aBromopdusMax CHIBHO peryJisipHbIX I'padoOB C ImapaMer-
pamu (204, 28, 2, 4) m (595, 144, 18, 40) .\ttt
Meneniko A.K. I[lepeunciieHne moMedeHHBIX T€0IE3UIECKUX IATEPOBBIX KAKTYCOB .. ..........
Meteasckuii FO.M, TumodeeBa B.A. Ajropur™m paciossHaBanusi A4-CTPYKTYPbI OJHOIO pac-
MIAPEHUST TIOPOTOBBIX TPAMOB - - .« e ettt ettt ettt et e et e et et et ettt e e e e et e
Merenbckuit FO.M., ITlamos P.II. O ciroxuaoctn pacrnosHaBanus rpadoB mmepecedeHunii pebep
3-yHUMOPMHBIX TUIEPTPAPOB KPATHOCTH HE BBIIIE 2 ..\ttt ettt ettt e e e e eee e e aee s
MokeeB J.B. O pasencree uncesn Py-ynakoBKU U Py-MIOKPHITUST B TPAdAX «vvvvveneeennnnn...
Ouneiinuk I1.II. Vcnosib30BaHne TEOpUUM MHOXKECTB IPH (POPMAJIbHOM OIMCAHUU IIPUKJIAJHBIX
[IPEJIMETHBIX 00JIACTEl B TOHSITUSIX METAMOJIE/N OOBEKTHON CHCTEMBL . ..t o vtesteeeeeeee ..
Ilepeneuko C.H. KoautuecTBO COBEPIIEHHBIX TApOCOYETAHNI HA TPEYTOJBHBIX PEIeTKaxX (puK-
167070 70 1 (017 00 110711037113 SN
IMonsikos H.JI. O npusoxkennn teopuu (QyHKIMOHATHHBIX CHCTEM K HEKOTOPBIM ITpOoBJIeMaM
TEOPUU KOJIJIEKTUBHOI'O BBIDODA .« vt vttt ettt e et e et e et e et e et et e et e et e e e
ITortocun FO.B., IlorTtocuua C.A. Ilonck paspesa rpada, UCIOIb3yeMblit B PEIIEHIN HEKO-
TOPBIX 33129 JIOTHIECKOTO TPOEKTHPOBAHIIST « -« vt ettt et e ettt ettt ettt et e e e e e eneens
PamazanoB A.B. AHajin3 He yCTOWYMBOCTHM I'DaJUEHTHOIO AJI'OPUTMAa B OIHON CIEIUAJIBHON
3aJ1a9€ JIUCKPETHON OTITUMUBAIIAIFL .« .« .« e e te et e et e e e e et e et e et e et et e et e e e e e eee e
CemmBepcToB A.B. O BBIUNC/IUTENBHON CJIOKHOCTH ITOMCKA OCOOBIX TOUEK .. 'vvennrennnnn..
Tromenues E.A. O maremarudeckom obocHoBarnuu SOLID HPUHIUIIOB .. ...vvuveenneennn. ...

YepuepimieB I'B. O tunuzanum nepapxudecKux CTPYKTYP JAHHBIX .. eveenreenneenneennnennn.

89

90

91
93

95

96

98

100

101
103
105
106
108
109

110
111
114
116

117

119
120

122

123
125

127

129

131

133



JluckperHasi MaTeMaTHKa, ajredpa U UX MPUJIOXKEHUsI 171
IMTeBuenko B.H. O MuHOpax MaTpuilsl OrpaHUYeHil MHOIOWHIEKCHBIX TPAHCIIOPTHBIX 3ajad . 141
IMTnesix B.A. Bosppaienue K MHOTOTPAHHUKY [OMODPHT ...ttt 142
Beggas F., Ferrari M.M., Kheddouci H., Zagaglia N. On circular disarranged strings of
SEQUETICES « « e vttt ettt et e ettt e et e e e e e e e e e e e e e e e 144
Benediktovich V.I. Spectral condition for Hamiltonicity of a graph .............. .. .. .. .. 145
Chow B.-S. Can we borrow the concept of independent relation from linear algebra in some
discrete math applications ... ...... ... i 147
Dabrowski K., de Werra D., Lozin V., Zamaraev V. Combinatorics and algorithms for
augMENting Graphis ... e 148
Duginov O. On the complexity of the clustering minimum biclique completion problem ....... 149
Irzhavski P.A., Kartynnik Y.A., Orlovich Y.L. Domination triangle, irredundance triangle
and 1-triangle graphis ... ... 150
Kartynnik Y., Ryzhikov A. Graphs with equal distance parameters ........................ 152
Klisowski M. Trapdoor one-way permutations and multivariate polynomials based on random
Walks 0N graphis . ... 154
Malavadkar P.P., Gadiya M.P., Dhotre S.B., Shikare M.M. Construction of 4-connected
graphic matroids with essential elements ....... ... ... . 155
Malyshev D.S. Critical hereditary classes for algorithmic graph problems .................... 155
Naidenko V.G. Logical characterizations of complexity classes ............... ... ..., 157
Ryzhikov A., Kovalyov M. Interval selection problems with limited overlap ................. 159
Sanakoyeu A.O. Fast algorithm for 3D reconstruction of anatomical surfaces from a set of
contours of radial bome .. ... ... 161
Talmaciu M., Lepin V.V. On doubly chordal graphs ............ ... ... .. ... ... ... .. 163
Ustymenko V., Romanczuk-Polubiec U., Polak M., Wroblewska A. On the new
applications of algebraic graph theory to multivariate cryptography ............. .. .. ... ... .. ... 165



Hayqnoe n3nanne

,Z[I/ICerTHaﬂ MaTeMaTukKa, aﬂre6pa n UX IIPpUJIO2KEeHUA

Tesuchl JOKJIaa0B

Penaxroper . /. Cynpynenxo, B. B. Jlenun, O. HU. dyzunos
Kommbrorepnast Bepcrka O. U. J[yeunos

Ilomnucano B nmeuaTs 26.8.2015 1.
®opmar 60 x 84'/s. Yeu. meu. m1. 20,46, Yu.-uzza. 1. 18,32. Tupasx 110 sx3. 3axaz Ne 3.

Orneuarano Ha pusorpade Uucruryra maremarnkn HAH Bemapycu.
Usnarens u momurpadudeckoe UCIOJTHEHHE:

Wucruryr maremarnkun HAH Benapycu.
CBUIETEIBECTBO O MOCYIaPCTBEHHON PErUCTPAIAN
U3aTesIs, U3TOTOBUTEJS, PACIIPOCTPAHUTEJSI IEIATHBIX W3 IaHUHA
Ne 1/257 or 2 anpesst 2014 r.

200072, Munck, yi. Cypranosa, 11.



