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1. INTRODUCTION

The investigation of the asymptotic behavior of
trigonometric series near the origin is a prominent topic
in mathematical analysis. For trigonometric series in
one variable, this problem was exhaustively studied by
various authors in a series of publications dating back
to the work of G. H. Hardy [4], 1928.

Trigonometric series in several variables have got
less attention. The aim of the work is to partially fill this
gap by finding the asymptotics of trigonometric series
in several variables with the terms, having a form of ‘one
minus the cosine’ accurate to a decreasing power-like
factor.

Given a real number α> 0, consider the function

Fd (θ) := ∑
z∈Zd \{0}

1

‖z‖d+α (1−cos〈z,θ〉), (1)

defined for θ ∈ Rd . Here Zd is the lattice of points from
Rd with integer coordinates, 〈·, ·〉 is the standard inner
product and ‖ ·‖ is the max-norm in Rd defined by

〈x, y〉 = x1 y1 +x2 y2 +·· ·+xd yd ,

‖x‖ = max{|x1|, |x2|, . . . , |xd |},

where x = {x1, x2, . . . , xd }, y = {y1, y2, . . . , yd }.

The series in (1) is uniformly convergent for any
α> 0 and, therefore, function Fd (θ) is non-negative and

continuous, and Fd (0) = 0. We will be interested in
study of the asymptotic behavior of Fd (θ) as θ→ 0.

For d = 1, function Fd (θ) can be represented in the
form

Fd (θ) = 2Hα(θ), (2)

where

Hα(θ) =
∞∑

n=1

1

n1+α (1−cosnθ), θ ∈R,

and its asymptotics as θ → 0 can be described with
the help of classical results going back to the work of
G. H. Hardy [4] in which it was shown that for the func-
tions

f (θ) =
∞∑

n=1
an cosnθ, g (θ) =

∞∑
n=1

an sinnθ,

where 0 < α < 1 and nαan → 1, the following asymp-
totics as θ→ 0+ are valid:

f (θ) ' Γ(1−α)sin
(πα

2

)
θα−1, (3)

g (θ) ' Γ(1−α)cos
(πα

2

)
θα−1. (4)

Here Γ(·) is the gamma function, and, for functions
h1(θ) and h2(θ), the notation h1(θ) ' h2(θ) as θ → θ0

means that h1(θ)/h2(θ) → 1 as θ→ θ0.

1 The article was translated by the author.
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If α = 1, that is, nan → 1, then instead of (3) and (4)
the following limit relations are valid:

f (θ) ' | lnθ|, g (θ) → π

2
.

as θ→ 0+ [5]. In [1], it was shown that the asymptotics
(4) is valid also for 0 <α< 2, and, in [11, 12], the asymp-
totic behavior of function f (θ) for all α> 1 and of func-
tion g (θ) for all α≥ 2 were analyzed.

So, in [1,4,5,11,12], the asymptotic behavior of func-
tions f (θ) and g (θ) has been completely investigated for
all α> 0. In particular, from [11, 12] it follows that

Hα(θ) ' H∗
α(θ), (5)

where

H∗
α(θ) = 1

α
Γ(1−α)cos

(πα
2

)
|θ|α

for 0 <α< 2,

H∗
α(θ) = 1

2
θ2 ln

1

|θ|
for α= 2, and

H∗
α(θ) = 1

2
ζ(α−1)θ2

for α> 2, where

ζ(s) =
∞∑

n=1

1

ns

is the Riemann zeta function.

The quantity Γ(1−α)cos(πα2 ) in the previous formu-
las is indeterminate when α = 1 since Γ(0) = ∞ and
cos(π2 ) = 0. This indeterminate form can be resolved by
treating Γ(1−α)cos(πα2 ) in the case α= 1 as

lim
α→1−Γ(1−α)cos

(πα
2

)
= π

2
.

This indeterminate form can be resolved also with the
help of the identity

Γ(1−α)cos
(πα

2

)
≡ π

2Γ(α)sin(πα2 )
.

Note that, in works [1,4,5,11,12], as well as in subse-
quent publications [2,3,6–8], one can find quite a num-
ber of deeper results than those mentioned earlier, part
of which are included in monograph [13, Ch. V].

From (2) and (5) it follows that

F1(θ) ' 2H∗
α(θ)

for d = 1 and each α > 0. For d ≥ 2 the asymptotic be-
havior of function Fd (θ) at zero is much less studied. It
is known [9,10] that function F2(θ) has a lower bound of
the order ‖θ‖α near the origin.

In connection with this, the aim of the work is to
study the asymptotic behavior of function Fd (θ) at zero
for all d ≥ 2.

2. MAIN RESULTS

For an arbitrary set of numbers θ1,θ2, . . . ,θd , let us
define the quantity

ω(θ1,θ2, . . . ,θd ) =

=
θd∫

−θd

· · ·
θ2∫

−θ2

∣∣θ1 +η2 +·· ·+ηd
∣∣α dη2 . . .dηd

and consider the symmetric function

Ad (θ) = ∑
{i j }

ω(θi1 ,θi2 , . . . ,θid )

θi2 · · ·θid

, (6)

where the summation is taken over all permutations {i j }
of coordinates of the vector θ = {θ1,θ2, . . . ,θd }. If some
of the variables θi in (6) vanishes, then, the value of
Ad (θ) under the corresponding values of the argument
is uniquely defined by continuity.

Let |θ| denotes the Euclidean norm of the vector

θ = {θ1, . . . ,θd }, that is |θ| :=
√
θ2

1 +·· ·+θ2
d .

Theorem 1. Let d ≥ 2. Then,

Fd (θ) ' 2

α
Γ(1−α)cos

(πα
2

)
Ad (θ)

for 0 <α< 2,

Fd (θ) ' 2d−1(d +2)

3
|θ|2 ln

1

|θ|

for α= 2 and

Fd (θ) ' 1

6

( ∞∑
n=1

(2n +1)d (n +1)

nd+α−1

)
|θ|2−

− 1

6

( ∞∑
n=1

(2n −1)d (n −1)

nd+α−1

)
|θ|2

for α> 2.

Function Ad (θ) is positive for θ 6= 0 and homoge-
neous of order α, that is, Ad (tθ) ≡ tαAd (θ) for t ≥ 0.
Therefore, for 0 < α < 2, the claim of Theorem 1 can be
represented also in the following form:

Fd (θ) ' 2

α
Γ(1−α)cos

(πα
2

)
Ad

( θ
|θ|

)
|θ|α,

where 0 < c ≤ Ad (θ) ≤ C <∞ for all θ satisfying |θ| = 1,
and hence

c∗|θ|α ≤ Fd (θ) ≤ c∗|θ|α
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for all θ with sufficiently small values of the norm |θ|,
where c∗ and c∗ are some positive constants.

Application of the methods of studying the asymp-
totic behavior of trigonometric series, developed in [1–
8,11,12] for analyzing the one-dimensional case, causes
certain difficulty in passing to dimensions d ≥ 2. There-
fore, to prove Theorem 1 we used a method of ‘reduc-
tion to dimension one’, which allows to express function
Fd (θ) as some explicit combination of one-dimensional
functions F1(·), or rather functions Hα(·), and thereby,
to reduce analysis of the case we are interested in to the
one-dimensional case. A similar idea was used in [9,10].

Definition (6) of the function Ad (θ) can be found
inconvenient in practical applications, since it eventu-
ally requires the calculation of integrals determining the
function ω(θ1,θ2, . . . ,θd ). Let us simplify the definition
(6) by taking advantage of the fact that the multiple inte-
grals determining ω(θ1,θ2, . . . ,θd ) can be computed ex-
plicitly and expressed via the functions

x(m,α) = xm |x|α.

From here, the next theorem about an alternative repre-
sentation of function Ad (θ) follows.

Theorem 2. For function Ad (θ), the following alter-
native representation holds:

Ad (θ) = ∑
{i j }

ν(θi1 ,θi2 , . . . ,θid )

θi2 · · ·θid

, (7)

where summation is taken over all permutations {i j } of
coordinates of the vector θ = {θ1,θ2, . . . ,θd }, and function
ν(·) is determined by the equality

ν(θ1,θ2, . . . ,θd ) = 1

(α+1) · · · (α+d −1)
×

× ∑
s2,...,sd=±1

s2 · · · sd (θ1 + s2θ2 +·· ·+ sdθd )(d−1,α) .

The resulting expression for function Ad (θ) is albeit
more cumbersome than (6) but has the advantage that
it does not require to calculate any integrals.

Let us present an example of calculating the asymp-
totic behavior of function Fd (θ) for d = 2 and 0 < α < 2
with the help of Theorems 1 and 2.

Example 1. Let 0 <α< 2, then,

F2(θ) ' 2

α(α+1)
Γ(1−α)cos

(πα
2

)
F̃2(θ),

where

F̃2(θ) = 1

θ2
(θ1 +θ2)|θ1 +θ2|α−

− 1

θ2
(θ1 −θ2)|θ1 −θ2|α+

+ 1

θ1
(θ2 +θ1)|θ2 +θ1|α−

− 1

θ1
(θ2 −θ1)|θ2 −θ1|α.

Now consider the case when function F (θ) is defined
by a series of more general than (1) form.

Theorem 3. Let 0 <α≤ 2 and

F (θ) = ∑
z∈Zd \{0}

az (1−cos〈z,θ〉), θ ∈Rd ,

where
az‖z‖d+α→ 1 as ‖z‖→∞. (8)

Then, F (θ) ' Fd (θ) as θ→ 0.

Thus, for 0 <α≤ 2 the asymptotics of F (θ) can be calcu-
lated explicitly by using Theorem 1 for Fd (θ). In the case
α > 2, one can only say that F (θ) has the same order of
decrease at zero as function Fd (θ), that is F (θ) ∼ Fd (θ)
as θ→ 0. Here, for functions h1(x) and h2(x), we write
h1(x) ∼ h2(x) as x → x0 if there exist c,C ∈ (0,∞) such
that c ≤ h1(x)/h2(x) ≤C as x → x0.

If, in Theorem 3, the condition (8) is replaced by a
less restrictive condition

0 < a∗ ≤ az‖z‖d+α ≤ a∗ <∞, z ∈Zd \ {0},

then,
a∗Fd (θ) ≤ F (θ) ≤ a∗Fd (θ),

and one can only say that the order of decrease of func-
tion F (θ) for each α > 0 is the same as the order of
decrease of function Fd (θ), that is, in this case, F (θ) ∼
Fd (θ) as θ → 0. However, it is difficult to obtain exact
asymptotics for function F (θ) in this case.
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