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All  the enumera t i ons  c o n s i d e r e d  below a r e  p r i m i t i v e  e num e r a t i ons  of f a m i l i e s  of r e c u r s i v e l y  e n u m e r -  
able s e t s  and a re  a s s u m e d  to be computable .  < zr, y ~- denotes  the n u m e r a l  of the pa i r  of the na tu ra l  num-  
b e r s  ~ a n c l y  in C a u t o r ' s  e n u m e r a t i o n  of a l l  the p a i r s  of na tu ra l  n u m b e r s ,  and L(zcj and ~(~c} are  the 
le f t  and the r i gh t  enumera t ion  funct ions ,  r e s p e c t i v e l y :  ~'C< xo ~ )  = zt:,  z(<zr,  y>)  = y .  In what fol lows 
we sha l l  not d i s t ingu i sh  be tween  a p a i r  of na tu ra l  number s  and i t s  n u m e r a l .  An enumera t ion  ~ of a fami ly  
of r e c u r s i v e l y  e n u m e r a b l e  s e t s  i s  ca l l ed  pos i t ive  if  the s e t  {<~:,y>]~(~c) = ¢¢(y)} i s  r e c u r s i v e l y  e n u m e r -  
ab le .  An e n u m e r a t i o n  of a f ami ly  is  ca l l ed  min ima l  if  i t  i s  equiva lent  to e v e r y  enumera t ion  of th is  fami ly  
which i s  r educ ib l e  to i t .  Eve ry  pos i t ive  e n u m e r a t i o n  i s  m i n i m a l  [3]. Al l  these  def in i t ions  and p r o p e r t i e s  
can  be found in [1 ]. 

A f ami ly  ~ of s e t s  i s  ca l l ed  d i s c r e t e  if  t h e r e  e x i s t s  a f ami ly  ~ F  of finite s e t s  such that:  

1) for  e v e r y  A ~  t h e r e  e x i s t s  p ~ Z p , s u c h t h a t  p ___A; 

2) for  e v e r y  , ~ , B ~  and p ~ F , i f  p ~ d  and P ~ _ B  , t h e n  A--B.  

If we in t roduce  the na tu ra l  topology on the power  se t  of the se t  of na tu ra l  num be r s  [5], then eve ry  e lement  
of the d i s c r e t e  fami ly  c~ would be an i s o l a t e d  point,  and e v e r y  finite se t  ~ F  would de t e rmine  a neigh-  
borhood not containing more  than one e l emen t  of ~ .  If a d i s c r e t e  f ami ly  i s  such that  t he re  ex i s t s  a s t r i c t -  
ly  computable  f ami ly  of f inite s e t s  which s a t i s f i e s  the condit ions 1) and 2) ( i .e . ,  t he re  ex i s t  a computable  
e n u m e r a t i o n  /~ of the f ami ly  oY z and a genera l  r e c u r s i v e  function ~ such that  for  al l  ~c , ](~=2 = the num-  
be r  of the e l emen t s  of p (~c)), then ~ is  ca l l ed  e f fec t ive ly  d i s c r e t e  (finitely s e p a r a b l e  in [3]). If ~ is  a 
computable  enumera t i on  of an e f fec t ive ly  d i s c r e t e  f ami ly  of r e c u r s i v e l y  enumerab le  s e t s ,  then ~ i s  pos i t ive  
s ince  ~(.~) == ~ ( y ) - ~ >  3 z ( ~ ( ~ ) ~ ( ~ r ) ~ o r f ~ ) ,  where  2~ is  a s t r i c t l y  computable  enumera t ion  of the fami ly  
c~p . Let  us weaken the condit ion of the f ami ly  ~ . We shal l  ca l l  a f ami ly  of s e t s  ~ weakly  effect ive d i s -  
c r e t e  if the re  ex i s t s  a computable  f ami ly  of finite s e t s  sa t i s fy ing  the p r o p e r t i e s  1) and 2). The following 
t h e o r e m  shows that  the p r o p e r t y  of having a pos i t ive  enumera t ion  is  p r e s e r v e d  in  this  case .  

THEOREM 1. Every  weakly  e f fec t ive ly  d i s c r e t e  computable  f ami ly  of r e c u r s i v e l y  enumerab le  se t s  
has  a pos i t ive  enumera t ion .  

P roof .  Let  ~ be a weakly  ef fec t ive  d i s c r e t e  f ami ly ,  ¢c be i t s  computable  enumera t ion ,  and le t  ~ p  
be a computable  f ami ly  of finite s e t s  sa t i s fy ing  1) and 2), /3 be i t s  computable  enumera t ion .  Let  us con-  
s t r u c t  the enumera t i ons  e and 9 and the se t  P .  ~ s (~c} i s  a finite o r  empty  subse t  of the se t  ~(~cJ 
cons t ruc t ed  a ~ e r  8 s teps  of computa t ion  of the se t  ~(~c2 by the method which g ives  the computable  e n u m e r -  
a t ion ¢~ . ~ s ~ ( ~  and q ~(~c) a r e  f ini te  o r  empty  subse t s  of the se t s  ¢ ( ~ )  and ¢(oc~ r e s p e c t i v e l y ,  con-  

s t ruc t ed  at  the s tep  s of the cons t ruc t ion  d e s c r i b e d  below. To s t a r t  with,  le t  us put ¢~(~)  = "~°(~c) -~ 
for  a l l  ~r .  

S tep~  ~ O). 1. We make  the f i r s t  number  which i s  not a l r e a d y  a s u c c e s s o r  a s u c c e s s o r  o f s .  
Le t  ~ s ~  = n and ~g'Cs) = r ~  . If r n ~  r~ ,  then we pass  to the point  2. Let  t h e r e f o r e  r,z ~ r~ . It 
fol lows f r o m  the p r o p e r t i e s  of the functions E'~=2 and ~(~r) that ~ z , ~  -- s ,which means  that  ~n and 
have s u c c e s s o r s .  Let  ~z-~ , ~  . In th is  c a s e  le t  us v e r i f y  the condit ion ( - ~ z  ~- s ) ( p $ ( Z )  "-- ~ s ( r n 2 ~ s ( ~ ) ) .  

If such a $ does  not ex i s t ,  then we pass  to the point 2. If t he  condition i s  s a t i s f i ed ,  then we find the s m a l l -  
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e s t  ~ wh ich  s a t i s f i e s  i t  {let us deno te  i t  by 4 '  ); t hen  we f ind S , ~  s s u c h  tha t  ~ 8 ( , ~  ~ 5 ~ , ~ )  v / ~ [ ~  ¢ 
! 

'~sCn) m~'sCrn) . Such an 5 t c a n  a l w a y s  be found; fo r  ff we a s s u m e  tha t  (VJ~.s)c~S'(~')~ vsCm) n ~:scn)) 

and hence  that  p t ~ i s  f in i t e ,  t hen  i t  fo l lows  t h a t / ~  ( r  r) ~ ~(, ,~)n ~(,~) Hence ,  by v i r t u e  of  d i s c r e t e n e s s ,  

the  f i r s t  t e r m  of the d i s j u n c t i o n  i s  s a t i s f i e d  by v(,7) --rCm) (it i s  obv ious  f r o m  the  s e q u e l  tha t  z'C~r) --- ~ (~ ) ) .  

If in the p r o c e s s  of  f inding s u c h  an s ~ the le f t  hand t e r m  of  the d i s j u n c t i o n  is  s a t i s f i e d  f i r s t  of  a l l ,  then  we 
s e t  rn f r e e  f r o m  a l l  i t s  s u c c e s s o r s ,  we m a k e  a l l  f o r m e r  s u c c e s s o r s  of  r n  s u c c e s s o r s  of rL and m a k e  the  

f i r s t  n u m b e r  wh ich  i s  not a l r e a d y  a s u c c e s s o r ,  a s u c c e s s o r  of  r n .  L e t ,  in  t h i s  c a s e ,  ~o be the  s m a l l e s t  

s u c h  ~ , then  we put z'~'~(a) = vs¢ r,) u ~ ( , ~ )  . We now p a s s  to the  point  2. In the c o n t r a r y  c a s e  we d i -  

r e c t l y  p a s s  to the  point  2. 

2.  Le t  us put 

,g~-t Cm).= ~s(,.~) ~ s+l(r,~), ,Cs+t(n) = ,rsCn) u s~(.~), 

i f  t hey  have  a l r e a d y  been  c o n s t r u c t e d  at the point  1. F o r  e a c h  ~ such  tha t  ~ i s  a s u c c e s o r  of  / i . ,  we put 

¢.5+~(~ ~ ~s(~c) u v s+ t (n )  . S i m i l a r l y  we c o n s t r u c t  ~+¢(~cJ f o r  a l l  ~c wh ich  a r e  s u c c e s s o r s  of  ~ .  

F o r  a l l t h e  r e m a i n i n g  x and k w e p u t  ~ s ÷ t ( ~ ) =  ~(~c) ,  ~$+~(,~)-- v~(~¢}. 

F o r  a l l  ~ F which  a r e  s u c c e s s o r s  o f  n ,  l e t  the p a i r s  < ~ ,  y ~-, < F ,  ~r > b e l o n g  to  P . Next  we do 

the s a m e  fo r  a l l  the s u c c e s s o r s  o f  r n  . L e t  the p a i r  ~ ~. ~ > be long  to P .  We p a s s  to the  s t e p  $ + / .  The  

c o n s t r u c t i o n  i s  now c o m p l e t e .  

L e t  us p r o v e  tha t  9 i s  an  e s s e n t i a l  p o s i t i v e  e n u m e r a t i o n .  It i s  o b v io u s  f r o m  the c o n s t r u c t i o n  tha t  

i s  a compu t ab l e  e n u m e r a t i o n  and P is  a r e c u r s i v e l y  e n u m e r a b l e  s e t  s u c h  tha t  f o r  e v e r y  ~ c ,  c~ (~c) - -  ~-(x~.  

a) F o r  e v e r y  ~ c ,  y (~c )~  ~'. 

It i s  obv ious  f r o m  the  c o n s t r u c t i o n  tha t  i f  ~= i s  a cons t an t  s u c c e s s o r  of r~ ,  t hen  g ( ~  = ~(,~) . 

T h e r e f o r e ,  i t  is  s u f f i c i en t  to p r o v e  tha t  ~c b e c o m e s  a cons t an t  s u c c e s s o r  of  s o m e  n u m b e r  at  a c e r t a i n  s t ep .  

S ince  the c o n s t r u c t i o n  c a n  be  con t inued  in f in i t e ly  long,  ~ b e c o m e s  a s u c c e s s o r  of  s o m e  m .  If ~c b e c o m e s  
f r e e ,  then  at  th i s  s t ep  i t  would  b e c o m e  a s u c c e s s o r  o f  a l e s s e r  n u m b e r .  Hence  it  f o l l o w s  tha t  t h e r e  e x i s t s  

n o ~  ~n of  wh ich  ~c i s  a cons t an t  s u c c e s s o r .  

b) F o r  e v e r y  ~ e ~ t h e r e  e x i s t s  an ~" such  that  ~(~c)- A .  L e t  A - -  ~(r~ e ) - -  ~(rz~) , w h e r e  n e i s  

the  s m a l l e s t  n u m e r a l  of  A in  the  e n u m e r a t i o n  ¢¢ . It i s  s u f f i c i e n t  to  p r o v e  tha t  n o a c q u i r e s  a c o n s t a n t  
s u c c e s s o r  at s o m e  s t ep .  If n o l o s e s  a s u c c e s s o r  at  s o m e  s t ep ,  t h e n  i t  a c q u i r e s  a new one a t  the  s a m e  

s tep .  C o n s e q u e n t l y ,  i t  i s  su f f i c i en t  to  p r o v e  tha t  r% cannot  l o s e  s u c c e s s o r s  at  an  in f in i t e  n u m b e r  of  s t e p s .  

Le t  us a s s u m e  the  c o n t r a r y .  T h e n  t h e r e  e x i s t  i n f in i t e ly  m a n y  s t e p s  S~ (S,, -~ s ,  ~ . . .  ) , and n u m b e r s  
$ / 

~ i ,  " ~  (not n e c e s s a r i l y  d i s t inc t )  such  tha t  s [  > s ~  , ~ '~  < ~ o  , ~ ~ [ r ~ ) ~ ( ~ o ) = - ~ ( ~ o ) = A  (the f i r s t  

t e r m  of  the d i s j u n c t i o n  at the  point  1 i s  s a t i s f i e d  a t  the  s t ep  S£ ). It f o l l ows  f r o m  rn~ ~ z~ o tha t  t h e r e  
e x i s t s  an ~ s u c h t h a t  r r ~ , ~  o and r r z . = ~  f o r  i n f in i t e ly  m a n y  ,~ . T h e n  ~-(~r~) ~ o¢(~o)= c(/z~) and f r o m  

the  d i s c r e t e n e s s  of  o ~ ,  we have  "~(,-rO~,~(m)=~(~o)~ ,4. T h i s  i s  a c o n t r a d i c t i o n  s i n c e  rz~ i s  the  s m a l l e s t  
n u m e r a l  of A in  the  e n u m e r a t i o n  o¢ . 

c) P =  ~,=x.~/>~C~c)=~Cp3}. If , : ~ . ~ / > e  ~ ,  then  ~c and y a r e  c o n s t a n t  s u c c e s s o r s  of  the s a m e  

n u m b e r  f r o m  s o m e  m o m e n t .  In th is  c a s e  i t  i s  e a s y  to s e e  tha t  v(~)  = v~F) .  Let  ~(~c) = ~(F)  • At a 
su f f i c i en t ly  g r e a t  s t ep  in  a), ~c cud Y b e c o m e  cons tan t  s u c c e s s o r s .  Le t  us a s s u m e  tha t  ~r and Y a r e  

cons tan t  s u c c e s s o r s  of  d i f f e r e n t  n u m b e r s  n and r~ , ~ ,:rr~ . T h e n  ~ ( x )  -- ~ ( ~ ) ,  g(F) - ~ ( ~ )  , and 

~ C ~ ) =  ~Cr~) .  We now find a s t ep  ~ and a n u m b e r  z such  that  ~ ' e ( s ) - -  rz , ~ ' ( s ) = r , ~  , z,,~ .~ , / 5  C~r) = 

= p { ~ O f o r  a l l  z / ~  z , and /~(z)_~ "~Cr,~)n~:s(a) . The  r i g h t  hznd t e r m  of the  d i s j u n c t i o n  a t  the point  1 

cannot  hold good.  So we s e t  y f r e e .  T h i s  i s  a c o n t r a d i c t i o n .  Hence ,  ~r and ~ b e c o m e  s u c c e s s o r s  of  the  
s a m e  n u m b e r  at  s o m e  s t ep ,  and the  p a i r  < ~ .  y > b e lo n g s  to P . The  t h e o r e m  i s  p r o v e d .  

T H E O R E M  2. T h e r e  e x i s t s  a c o m p u t a b l e  w e a k l y  e f f e c t i v e l y  d i s c r e t e  f a m i l y  of  r e c u r s i v e l y  e n u m e r a -  
b l e  s e t s  which  is  not  d i s c r e t e .  

P r o o f .  L e t  A be an  e n u m e r a b l e  unso lvab l e  s e t  and ~z e A- . Le t  us def ine  ~ =  ~ A ~ {~r} I x e A } 
and i t s  e n u m e r a t i o n  
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f A~t~},xCA, 
T h e n  oc ~' CA u~cc})= A u ~a~ i s  u n s o l v a b l e  and i f  ~ r ~  ~z .~:~A- t hen  oc "t (A u {~c}) _~ ~r~ Hence  i t  f o l -  

l o w s  tha t  i f  a ~ b  and ~z. ~ e  A , t hen  the  e n u m e r a t i o n s  ~ a  and ~ g  a r e  not  c o m p a r a b l e .  Conse que n t l y ,  
i s  no t  e f f e c t i v e l y  d i s c r e t e  a c c o r d i n g  to  [3]. H o w e v e r ,  C/~ i s  a w e a k l y  e f f e c t i v e l y  d i s c r e t e  f a m i l y .  We 

c o n s t r u c t  the  f a m i l y  ~ F  of  f in i t e  s e t s  s a t i s f y i n g  the  cond i t i ons  1) and  2) and i t s  c o m p u t a b l e  e n u m e r a -  
t i on  ~ in  the  fo l lowing  m a n n e r .  L e t  ~ be a c o m p u t a b l e  e n u m e r a t i o n  of ~ . L e t  us  de f ine  v-~ (~r) ~- 
fo r  a l l  ~ . 

S tep  ~ .  C c , ~ - - - -  ~ • I f  ~ ' ~ - ~ ) _ _ q o c " C - ~ ) a n d t h e r e  e x i s t s  y e o c ~ c ~  --  A '~ , t hen  we def ine  ~C~r~ 

-~'~-~C~c) u l y o ~ ,  w h e r e  ~/o i s  t he  s m a l l e s t  such  y . F o r  e v e r y  k ¢:~r  (for a l l  k , if  t he  cond i t ion  i s  not  

s a t i s f i e d )  we  de f ine  ~,z(/~)_~ ~,~-~(;~). W e n o w p a s s t o s t e p ~ + !  . The  t h e o r e m  is  p r o v e d .  

By u s i n g  the  d i a g o n a l  m e t h o d  u s e d  in the  c o n s t r u c t i o n  of Sec .  4 in  [2] we can  c o n s t r u c t  a w e a k l y  e f -  
f e c t i v e l y  d i s c r e t e  c o m p u t a b l e  f a m i l y  of f in i t e  s e t s  w h i c h  i s  not  e f f e c t i v e l y  d i s c r e t e .  Le t  us  now c o n s t r u c t  
a c o m p u t a b l e  d i s c r e t e  f a m i l y  w h i c h  i s  not  w e a k l y  e f f e c t i v e l y  d i s c r e t e .  In t h i s  c o n s t r u c t i o n  we u s e  i d e a s  
f r o m  [2]. W e  n e e d  the  fo l lowing  l e m m a  fo r  f u r t h e r  u s e .  

L E M M A  1. L e t  FX he a c o m p u t a b l e  w e a k l y  e f f e c t i v e l y  d i s c r e t e  f a m i l y  of  r e c u r s i v e l y  e n u m e r a b l e  
s e t s .  T h e n  t h e r e  e x i s t s  a c o m p u t a b l e  f a m i l y  ~ of f in i t e  s e t s  s a t i s f y i n g  the cond i t i ons  1) and  2) of the  
d e f i n i t i o n  and the  cond i t i on  3): F o r  e v e r y  P ~ ~ "  t h e r e  e x i s t s  an  ,4 e Cf~ s u c h  tha t  P ~  A • 

P r o o f .  L e t  oc be a c o m p u t a b l e  e n u m e r a t i o n  of ~ and p be a c o m p u t a b l e  e n u m e r a t i o n  of  the  f a m i l y  
O'~ of  f in i t e  s e t s  s a t i s f y i n g  the  c o n d i t i o n s  1) ~nd 2).  Le t  us  c o n s t r u c t  the  e n u m e r a t i o n  ~) . We def ine  
~ -  ( ~ )  ~ ~ f o r  a l l  ~r . 

S t ep  ~(~__~_Q) ~(,~) ----~c . If t h e r e  e x i s t s  a n  L s u c h t h a t  £ ~  and p ~ i ~  c_ o~ '~(~) ,  then  we 

de f ine  ~'~(~c)= , z - ~ : ;  u / ~ ( ~ o ~  , w h e r e  z; o i s  the  s m a l l e s t  such  ~ . 

F o r  e v e r y  ~ , ~ c  ( for  a l l  ,~  ff such  an ~ d o e s  no t  e x i s t )  we de f ine  ~ ( y )  --- Cn-~ ( ~  . W e  now 
p a s s  to the  s t e p  n +  / • T h u s  the  c o n s t r u c t i o n  h a s  b e e n  a c c o m p l i s h e d .  

L e t  us de f ine  # (or)= U ¢ ' ~ c ) ,  ~ t ~(~r)} x ~ o .  It i s  e a s i l y  s e e n  tha t  ¢C~) ~ oc C~c) • L e t  Eo be the  

s m a l l e s t  ~ such  t ha t  pC£)~ ~ c ~ .  T h e n  i f  ~(,-z) ~ nc fo r  a l l  ~- ,  s t a r t i n g  f r o m  a c e r t a i n  one ,  we have  

v ~ . ~ =  ~ ' ~ - ~ ) c t p ( ~ o ~ , a n d i f  ~( .~¢ -  ~r fo r  a l l  such  tT. , t hen  w e  have  ~ ' C ~  = (~c) ; w h e n c e  

i t  i s  obv ious  tha t  v(a:)  i s  f in i t e  and  P(~o)  ~ v('..~). If vC.~,x(y)r~, . . (~) ,  then  p(~o)  ~- ocCi / )~  (~). 
In t h i s  c a s e ,  s i n c e  the  f a m i l y  O~ s s a t i s f i e s  the  cond i t i on  2),  we have  o~.y~ ~= o~(z) . Hence , (  s a t i s f i e s  
t he  c o n d i t i o n s  1),  2) ,  and  3).  The  l e m m a  i s  p r o v e d .  

L e t  ¢r (¢,,j) be a c o m p u t a b l e  e n u m e r a t i o n  of  the  f a m i l y  of  a l l  r e c u r s i v e l y  e n u m e r a b l e  s e t s  such  tha t  
fo r  e v e r y  c o m p u t a b l e  e n u m e r a t i o n  o¢ of  an a r b i t r a r y  f a m i l y  of  e n u m e r a b l e  s e t s  t h e r e  e x i s t s  an  ~ such  
tha t  f o r  a l l  j , we  have  ~,(j}= ¢r(i , j~ [1]. 

T H E O R E M  3. T h e r e  e x i s t s  a d i s c r e t e  f a m i l y  of  r e c u r s i v e l y  e n u m e r a b l e  s e t s  wh ich  i s  not  w e a k l y  e f -  
f e c t i v e l y  d i s c r e t e  and  wh ich  has  a p o s i t i v e  e n u m e r a t i o n .  

P r o o f .  W e  c o n s t r u c t  an  e n u m e r a t i o n  o~ of  s o m e  f a m i l y  of r e c u r s i v e l y  e n u m e r a b l e  s e t s .  At  the  

s a m e  t i m e  we  c o n s t r u c t  the  s e t s  M , P  and the  f u n c t i o n s  c(e ,~ , . , , -C(e ,n . ) ,  ~ ( e , ~ ) ,  ,'-% (e,,~). ~ ( e , ~ )  

/4a, p a ,  and  ~c a ( a : ) '  a r e  the  f in i te  o r  e m p t y  s u b s e t s  of  the  s e t s  M , P and o c ( ~ ) ,  r e s p e c t i v e l y ,  ob t a ined  
at  the  s t e p  n of the  c o n s t r u c t i o n .  ~ n(e, ~ i s  the  f i n i t e  o r  the  e m p t y  s u b s e t  of  the  s e t  ¢r (e. ~) c o m p u t e d  
a f t e r  ~z s t e p s  of  the  c o m p u t a t i o n  o f  the  s e t  ¢r (e. £; by the  s a m e  m e t h o d  which  g i v e s  t he  c o m p u t a b l e  e n u m e r -  

a t i o n  of  ~ . It w i l l  be obv ious  f r o m  wha t  f o l l ows  tha t  P =  {,~ r ,  y >  1 ~ (Y) ~ ~ (a:)}, and t ha t  e v e r y  se t  ~c (ac) 

i s  of  one of  the  f o r m s  M u |  ~(e,r~)} , ~ u t / (e ,n ) , /~ ,  (e,,'x,} , M ~ {./Ce, n) ,  ~.  (e ,n)  t fo r  s o m e  e , n , 

w h e r e  / ( e , , ' ~ ) ,  /7., (e,n) . A s ( e , ~ ) C M .  D u r i n g  the  c o n s t r u c t i o n  e v e r y  n u m b e r  b e c o m e s  a s u c c e s s o r  of 
s o m e  n u m b e r .  An  e v e n  n u m b e r  h a s  s u c c e s s o r s  of  both  t~e  l e f t  and r i g h t  t y p e s  s i m u l t a n e o u s l y .  If a n u m -  
b e r  • m i s  a s u c c e s s o r  of  e a t  a l l  s t e p s  f r o m  a c e r t a i n  s t e p  o n w a r d s ,  t hen  ac i s  c a l l e d  a cons t an t  s u c -  
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s o r  of  e . A n u m b e r  r t  i s  s a id  to  be unused  a t  the  s t e p  ~c i f  ~ ¢  .C/ ~ "-~ fg) (for  e v e r y  n t h i s  s e t  i s  
&~O 

f in i te )  and a n u m b e r  k i s  c a l l e d  f r e e  i f  /( i s  not  a s u c c e s s o r .  W e  d e f i n e  M " / -  ~ and  ~- ' (~c)  ,= ~ fo r  
e v e r y  a :  . 

S tep  r~ t 'n~,o) . If i,. i s  even ,  t h e n w e  p a s s  to  the  point  1; i n t h e  c o n t r a r y  c a s e ,  we p a s s  to the 
po in t  2. 

1. r t ~ d / ¢ ,  ~(X¢) ,= e . If c ( e . / z - - 0  has  been  d e f i n e d ,  then  we p a s s  to  (~) . Le t  c ( a ,  ~ - ¢ )  be 
not  d e f i n e d .  T h e n  if  e i s  e v e n ,  we p a s s  to  the  po in t  1.1;  and i f  e i s  odd ,  we  p a s s  to the  po in t  1 .2 .  

1 .1.  e = g,-n . W e  v e r i f y  the  c o n d i t i o n  

f .e , ' . , ,~ X._,=y) ( ve  <, e)  ( y e  "= "(,-,',.~,)~ y ~  , n--,,~, ( cc  e~. ,~_~ ~ 

i s  de f ined  ==~ ( e '  i s  even  =){]:(e;n- ' , ) , ,~ , (e;Iz- , ' ) ,G(e, /z-")) /~(m,q = ~¢) & ( e / i s  odd ~ j C c e .  ~ 

, z - / )¢ .  ~'r(,",r.i.))))) . If t h i s  cond i t i on  i s  no t  fu l f i l l ed ,  t hen  we p a s s  to ( ~ ) .  If i t  i s  f u l f i l l e d ,  t hen  l e t  ~o ,Ya 

be the  s m a l l e s t  n u m b e r s  s a t i s f y i n g  i t .  W e  de f ine  j t ' (~ , .n )  = ~/o , f l  (e,n)'='E'o , ~nd 

e '  even , e~e ,  ~/>e, et.odd 
C(~,n-O defined c (~, a- , ' )  defined 

F o r  e v e r y  e ' >  e we l e t  o ( ~ , t / ~ ) , f C e : n ) ,  ~ ( ~ ( r t ) .  /r.,(et,/z), /zj (~z,,,z) r e m a i n  unde f ined .  L e t  ~ , ~  be  

t h e  two s m a l l e s t  u n u s e d  n u m b e r s  not  b e l o n g i n g  to  M~c/  ~ Yo} and ~, ; ~$ be the  two s m a l l e s t  f r e e  n u m -  

b e r s .  We de f ine  c {e ,n) ,=,:A, . f~>,k ,~n)  ,. u ,  , /zzfe.n)-=. u; ,  w h e r e  we ca l l  ~, a s  a l e f t  s u c c e s s o r ,  and  

£a  as  a r i g h t  s u c c e s s o r ,  of e . F o r  e v e r y  ~ '> e we s e t  e "  f r e e  f r o m  a l l  i t s  s u c c e s s o r s  (if i t  h a s  t hem)  

and we m a k e  a l l  f o r m e r  s u c c e s s o r s  of e '  l e f t  s u c c e s s o r s  of  e .  We de f ine  ~ " ( ~ , ) .  M'~u  {~c(~,n),,4, (e ,a)} ,  

,,c "t( ~$ ) ,,= Mnu { f ( e ,n ) :  A z (e,  ~ ) } .  (Le t  us  o b s e r v e  t h a t  qr'~(nT, r: o ) ~  n n ~ .  ( ~ ) n o c  ~z) ). F o r  e a c h  r e m a i n i n g  

l e f t  s u c c e s s o r  of  e , we  de f ine  ~"(a:) ,~ ~ c ~ ' ( a r ) u ~ . " ( . A , )  . (Le t  us  o b s e r v e  tha t  f o r  e v e r y  l e f t  s u c c e s s o r  
a - ¢  

of ~ at  t h i s  s t e p ,  ~ ( a : ) ~  ~ a ( k , ) . )  We now p a s s  to  (~). 

1 .2 .  e=2,'r~ + ,t . Le t  y be the  s m a l l e s t  unused  n u m b e r .  We def ine  J ( e , n ) = i /  , c(e .n)=/~,  , 
w h e r e  ~ ,  i s  the  s m a l l e s t  f r e e  n u m b e r .  We ca l l  ~f a s  a s u c c e s s o r  of  e We def ine  ~ ( ~ f  ) M ~ - '  
{yr (Gn)~. W e  now p a s s  to,(K). 

2 .  r c = g k 4 - ¢ .  E ( k ) =  e .  If c ( e . n - / )  i s  no t  de f ined  o r  ~ i s o d d ,  t h e n w e  p a s s  to  (~) . L e t  t h e r e -  

f o r e  e = g r , ~  and e ( e , n - ¢ )  be  d e f i n e d ,  c(e, , ' z-¢)  = < ~ , , k a >  , ~?(e, er) ---- g . One of  the  f o l l o w i n g  c a s e s  a l -  
w a y s  o c c u r s :  

Case  2 .1 .  [._qegCe/.~e~ c ( e r , ~ - O  i s  de f i ne d  & ( ( e  / i s  e v e n  ~ { ] ( e t ,  n -¢ ) ,  A,(er, a - r ) ,  "~z 
c,n,k  #),,( i s  odd " c , , ,  i ; )) .  

In th i s  c a s e  we p a s s  to  ( ~ ) .  

C a s e  2 .2 .  The  c a s e  2.1 d o e s  not  o c c u r ,  and t ~ ,  (e, .~-O,/z  z (e,~-¢)~.n~'~(rn.[.) ~ .  In t h i s  c a s e  we 

define ,~¢~-----/v (a~l~ce ,, ( m , b ) u I / G C e , / z - / )  ~$(e,,z-O}&..~#/(e,'t-/)},.,4"Ce, n>~J'(~rz. @ L e t  us  r e d e f i n e  

A , ( e , ~ )  = u ,  , / ~  (e /z)  = us , w h e r e  u , ,  u~ a r e  the  two s m a l l e s t  u n u s e d  n u m b e r s  no t  b e l o n g i n g  to  h¢a . 

L e t  ~ be the  s m a l l e s t  f r e e  n u m b e r .  Le t  us  s e t  e f r e e  f r o m  the r i g h t  s u c c e s s o r  ~ ,  and m a k e  ~ a 

l e f t  s u c c e s s o r ,  and ~ a r i g h t  s u c c e s s o r ,  of e . We de f ine  c ( e . ~ ) =  , ~ 4 , ~ >  , ~ ¢ ( ~ , ) - ~  "-"(~,)uAC~u 

~',~,)--,4¢ u {fi'C~,=),/}a(e, rt)}:. (We o b s e r v e  t h a t  ,c "-"(,4,, )'- ~ "(~, ) , 

~"6"n,i)c=~af/~,)n,,c'~f,~y) ). F o r  e a c h  r e m a i n i n g  l e f t  s u c c e s s o r  of  e we de f ine  ~"(~E '"~ ' ( ze )uecn( ,~ , )  . 
We now p a s s  to (~). 

~¢~_ ~-, 
C a s e  2 .3 .  The  c a s e s  2.1 and 2.2 do not  o c c u r .  We de f ine ,  in  t h i s  c a s e ,  M u £) 

&.x '~ f (e , / z~)}  • We then  p a s s  to (~) . (We o b s e r v e  tha t  a f t e r  ~ ( , ~ , )  and ~ ( ~ , ,  have  b e e n  c o n s t r u c t e d  
.,n-, " - n ,,., ~n(,.$,~)). a s  in  (~) , we shotfid have  ~ ( r r t .~ )~  ~c 6~,9 
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(*) .  If,  a t  the  s t e p  n , M "~ i s  not  de f ined ,  w e  put  M~----/~ n- '  , and i f  f o r  e v e r y  ~ ,  ~ ( ~ )  has  no t  

C~) u M ~ . If f o r  e a c h  of the  fo l lowing  e q u a t i o n s  the  l e f t  hand a l r e a d y  b e e n  de f ined ,  we put  oc ~ (~ )  ~ ,~-t 

s i d e  h a s  no t  y e t  b e e n  d e f i n e d  and w a s  not  d e f i n e d  a t  the  po in t  1.1 and the  r i g h t  h a n d  s ide  has  been  de f ined ,  

then  we put  ~ (et, n )  ~ c (et ,~- , ' ) ,  f(e:, ' , )---f(efn-V, ~(e~,~)  ,~ ~? (e t ,~ - ,  ') , /z (el,,',). = A, (e(,'r-¢), /r z (e~,rr), 
/ e ! --,/zz(e;re-d fo r  e v e r y  . 

If Jc and  5/ a r e  both le f t  s u c c e s s o r s  of  the  s a m e  n u m b e r , . t h e n  we l e t  the  p a i r  ~.r,F> be long  to P . 
W e  a l s o  l e t  t he  p a i r  <n .n~ ,  b e l o n g  to  P .  W e  then  p a s s  to  the  s t e p  ~ + /  . T h u s  the  c o n s t r u c t i o n  i s  c o m p l e t e .  

It i s  obv ious  t ha t  oc i s  a c o m p u t a b l e  e n u m e r a t i o n ,  and A¢ and P a r e  e n u m e r a b l e  s e t s .  L e t  ~ 

[ ~ ( ~ c ) } ~ . ~ o .  W e  o b s e r v e  tha t  c (e,  rr) and ] ( e , ~ )  a r e  e i t h e r  bo th  de f i ne d  o r  a r e  both not de f ined ;  i f  e i s  

odd ,  t hen  ](¢,, '~), ~(e ,r~) ,  and ,~(e,,a} a r e  not  de f i ne d  fo r  a l l  n ; and ff e i s  even ,  t hen  c(e,~),~C~',,'O, 
,~,(e.,~) , and  ~ , , ~ }  a r e  e i t h e r  a l l  d e f i ned  o r  a l l  not  de f ined .  

a) F o r  e v e r y  e t h e r e  e x i s t s  an fro such  tha t  e i t h e r  c ( e ,  n /  i s  d e f i n e d ,  o r  i t  i s  not  de f ined  for  a l l  
~ r r ~ ,  . F o r  ¢ - = o  t h i s  s t a t e m e n t  i s  o b v i o u s .  L e t  t h i s  s t a t e m e n t  be  t r u e  fo r  a l l  e ' <  e ( e ~ - o ) ,  and l e t  rr o 
be s a m e  fo r  a l l  e ~ e  . In t h i s  c a s e  i f  c ( ~ , ~ - ¢ )  i s  de f i ne d  and c ( ~ , ~ )  i s  not  de f i ne d  fo r  ~. ~ ' ~ a ,  then  

" e ~  e ,  c ( e , r r z - d  i s  not  de f i ne d  and c~e,lr~} t h i s  can  be so  on ly  a t  the  po in t  1.1 when  a - ~ , ~ ,  e ( ~ ) = ~ ,  
i s  de f ined ,  wh ich  c o n t r a d i c t s  the  i nduc t ion  h y p o t h e s i s .  We o b s e r v e  tha t  i f  f o r  e v e r y  ~z ~ ~o , c (e .~ )  i s  

d e f i n e d ,  t hen  f o r  e v e r y  r z ~  r r° ,  we have  f ( e . ~ ) = J ' ( e , a , , ) .  

b) Le t  us  a s s u m e  tha t  e i s  such  tha t  c ~ , ~ )  i s  de f ined  and ~ ( e . r ~ ) = ~ r ( ~ , r e o )  fo r  a l l  n ~ o  , 

f o r  s o m e  n u m b e r  ~ o  • If e i s  odd ,  t h e n  f o r  e v e r y  '~z ~ re o , we have  c ( ~ , r ~ ) ~  , w h e r e  A i s  the  on ly  

s u c c e s s o r  of  $ , ~ ( ~ ) ~  Mu{](~,r~o)  }, and fo r  e v e r y  ~c~A , we have  . ] ( e . % ) ~ o c t ' ~  . Le t  e b e  even.  

T h e n  f o r  e v e r y  r~ ~ ~z o , we have  g ( c [ ~ . n ) ) - , ~ ,  and  ~ ( ~ n ) = g ¢  fo r  s o m e  ~ a n d  ~o , and  d d o e s  not  
l o s e  l e f t  s u c c e s s o r s .  If t he  c a s e  2~2 o c c u r s  fo r  e ,  and £o a t  i n f i n i t e l y  m a n y  s t e p s ,  t hen  e v e r y  r i g h t  s u c -  
c e s s o r  o f  e b e c o m e s  a l e f t  s u c c e s s o r  a t  a s u f f i c i e n t l y  g r e a t  s t e p ,  the  func t ions  £ ,  (e,n}, and ~ e ( e . n )  
a r e  r e d e f i n e d  i n f i n i t e l y  m a n y  t i m e s ,  and f o r  e v e r y  c o n s t a n t  s u c c e s s o r  x of  e we have  ~ ( ~ c ) = M u  tf(~.,,zo~} 

at  a s u f f i c i e n t l y  g r e a t  s t e p .  A l s o  f o r  e v e r y  ~c which  i s  not  a c o n s t a n t  s u c c e s s o r  of e , we  have  

] ( e ,  r z~9~¢(~c )  • If the  c a s e  2.2 o c c u r s  f o r  e and  £o not  m o r e  than  a f i n i t e  n u m b e r  of  t i m e s ,  t hen  t h e r e  

e x i s t  re~ and ~ (n~, ,~o ' )  such  tha t  fo r  e v e r y  n ~ a ,  , we have  c(e,,,z)'= , ,~ . ,~ i~:  ,~ i s  a c o n s t a n t  r i g h t  

suooessor of e . / , ,  ,¢, ( , , , , , ; ,  , .  

[jCCe,,z)  , / r  z (e.,'~,~}; fo r  e a c h  ~ wh ich  i s  not  a c o n s t a n t  of  e , l e f t  o r  r i g h t ,  we have  ~(e , r~ , )  ~(~e_v) ; 

fo r  e v e r y  ~c wh ich  i s  not  a c o n s t a n t  l e f t  s u c c e s s o r  of  e , we have  A, ( e , ~ ) ¢  ~ ( ~ c )  , and f o r  e v e r y  ~ c ~ ,  

we have  2 ~ ( ~ , ~  ¢ ~*(~) .  L e t  e and  ~o be  such  tha t  I ,  ~ rr o i s  no t  de f i ne d  for  e v e r y  c(~,n)  . Then  e 

d o e s  not  have  a s u c c e s s o r  a t  any  s t e p  a f t e r  the  s t e p  ~ o .  A l l  t h e s e  f a c t s  a r e  i m m e d i a t e l y  obv ious  f r o m  

the  c o n s t r u c t i o n .  

e) C~ i s  an in f in i t e  f a m i l y .  It i s  e a s i l y  s e e n  tha t  i f  ~ i s  odd,  t hen  t h e r e  e x i s t  ~o and £ such  
tha t  c(a,, '~) i s  de f i ned  and i s  equa l  to £ fo r  e v e r y  n ~ n  o . A c c o r d i n g  to  b) ,  o ¢ ( ~ )  i s  d i s t i n c t  f r o m  
~,(~) for ~ c ~ . .  

d) F o r  e v e r y  ~c t h e r e  e x i s t s  an e such  tha t  ~c i s  a c o n s t a n t  s u c c e s s o r  of  e ( left  o r  r i g h t ,  if  
i s  even ) .  E v e r y  n u m b e r  b e c o m e s  a s u c c e s s o r ,  on ly  i f  a t  t he  po in t  1.2,  a t  s o m e  s t e p .  M o r e o v e r ,  i f  e i s  
e v e n  and  ~c i s  a r i g h t  s u c c e s s o r  of a ,  t hen ,  a c c o r d i n g  to  the  c a s e  2 .2 ,  ~ can  b e c o m e  a l e f t  s u c c e s s o r  
o f ~  . If ~ i s  odd and ~ i s  s u c c e s s o r  of ~ , o r i f  ~ i s  e v e n  and ~ i s  a r i g h t  o r  a l e f t  s u c c e s o r  of  e ,  
t hen  ~v c a n  b e c o m e  a l e f t  s u c c e s s o r  of  s o m e  ~ Q  e at  an  e v e n  s t ep .  A l l  p o s s i b l e  t r a n s p o s i t i o n s  of vc have  
b e e n  d e s c r i b e d  above .  Hence  i t  f o l l ows  tha t  t h e r e  e x i s t s  an  ~ , ~  e such  tha t  ~ i s  a c o n s t a n t  s u c c e s s o r  
o f  e ~ ,  r i g h t  o r  l e f t ,  i f  e ~  i s  e v e n .  

e) e,~ i s  a d i s c r e t e  f a m i l y ,  d e F X  , which  m e a n s  tha t  $ = ~ ( ~ ) .  A c c o r d i n g  to d}, ~c i s  ° c o n s t a n t  
s u c c e s s o r  of  ~ . W e  o b s e r v e  t h a t  i f  ~ b e c o m e s  a c o n s t a n t  s u c c e s s o r  of  ~ a t  the  s t e p  ,~, , ,  then  c (~,rr} 
i s  de f i ned  fo r  e v e r y  ~z~z,, .  Hence  a c c o r d i n g  to b) t h e r e  e x i s t s  a n u m b e r  ~ which  i s  the  v a l u e  of  one of  the  
func t i ons  j-C, /z,, and ~ s u c h t h a t  ~ e ~  and f o r  e v e r y  A~e6~ ,  ~ ~ / ~  ( ~ . = ~ ( ~ ) ,  ~ cannot  
be a cons t an t  s u c c e s s o r  of ~ , r i g h t  o r  l e f t  i f  e i s  even ,  a s  i s  ~z~ s i n c e  ~ L 
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f) ~¢. is  a pos i t ive  e n u m e r a t i o n .  

If e is odd, then ~ has  a unique s u c c e s s o r ,  and if ~ is even ,  then e cannot  have m o r e  than one 
cons tan t  r igh t  s u c c e s s o r .  Le t  ~ c ~ / ]  . If < or. 5 , > e P  , then  a= and ~/ a r e  left  s u c c e s s o r s  of  the s a m e  
n u m b e r  at  s o m e  s tep .  If they  a r e  se t  f r e e ,  then  they  aga in  b e c o m e  the lef t  s u c c e s s o r s  of  one and the s a m e  
n u m b e r  at the s a m e  s tep .  A c c o r d i n g  to  the cons t ruc t ion ,  o¢ (~r) ~ ~ ( ~ ) .  

Le t  ~c(~c) = ~:(~/). A c c o r d i n g  to d), :2= and ~/ a r e  cons tan t  s u c c e s s o r s ,  and a c c o r d i n g  to b), ~c and 
~/can be cons tan t  s u c c e s s o r s  o f  only  one n u m b e r ;  m o r e o v e r  both  a r e  l e f t  s u c c e s s o r s  s ince  ~ c ~ ,  . Then ,  

a c c o r d i n g  to the cons t ruc t i on ,  the pa i r  ,=~, ~/> be longs  to ~ .  Hence ,  {<:r.~,> l ,~ (~) - -~(y )}  = P is  
e n u m e r a b l e .  

g) 6~ is  not  a weak ly  e f fec t ive ly  d i s c r e t e  f ami ly .  A c c o r d i n g  to  b) and d) e v e r y  se t  of C)g has  one 
of  the f o r m s  

whe re  J(e./ro),,~,(e,/ro).,~fg.,Tc)f[M . Let  us a s s u m e  that  C2~ is  a weak ly  e f f ec t ive ly  d i s c r e t e  f ami ly .  Then  
a c c o r d i n g  to L e m m a  1 t h e r e  e x i s t s  a computab le  f ami ly  of  f in i te  s e t s  s a t i s fy ing  the condi t ions  1), 2}, and 3). 

Le t  ~ be such  that  {¢r(e,£)} ~ o  is  th is  f ami ly .  Then  f r o m  the  f o r m  of the e l e m e n t s  of  O~, we have  

~r(e,£) n ~ @  ¢~ fo r  e v e r y  Z .  We shal l  p rove  that  t h e r e  ex i s t s  an  ~o such that  c(2~, /z)  i s  def ined fo r  

e v e r y  /z ~ n o • Le t  us  a s s u m e  the c o n t r a r y .  T h e n  t h e r e  e x i s t s  an r, o such  that  f o r  e v e r y  e / - :  2 e  e i t h e r  

c(e(, . ,)  is  def ined fo r  e v e r y  / z~ /~  o,  o r  ne i the r  c ( e ( / z )  nor  c ( 2 e / z ) i s  def ined  fo r  e v e r y  ,,z~,/, o . L e t  

A'={el~e/. ,=Ze and c(er,,a) is  def ined fo r  e v e r y  r ~ r z  o } , ~ =  { e ' l e / e A  , e ! is even ,  the  c a s e  2.2 

o c c u r s  for  e ' and ~:~ not m o r e  than a f ini te  n u m b e r  of t i m e s } ,  C--- { ~ / t  e / e  A , e '  i s  even ,  the case  

2.2 o c c u r s  f o r  e ,  z and £ :  is  an infinite n u m b e r  of t i m e s  },  whe re  ~ ( o z , ~ , ) =  £~ . 

A c c o r d i n g  to a) and b) t he re  e x i s t s  an rz I (rr, ~ n o ) such  that  fo r  e v e r y  r ~ n l ,  ~(J .n)=f (e l ,  n,), 
~'g t for every  and for every  . If Z ,  then according to b) 

~(e I ,~ , )  is  an e l em e n t  of  not m o r e  than two se t s  of  ~ ; and if e / e 8  , then /~ (e / ,n , )  is  an e l e m e n t  of 

exac t ly  one se t  of O~ and the s a m e  is  t r u e  of  /~z (~/ ,n,) .  Since O~ is  inf ini te ,  the f ami ly  L~(~,~)}~;~o 

is  a l so  inf ini te .  Hence ,  we can  f ind an ~ such  tha t  ~c~e,/rz,) ~ (e ,~)  f o r  e v e r y  e z E  A and /~,(e.~z~), 

~(~,(~)¢(¢~(e,~;) fo r  e v e r y  £ / ~ 2 ~ .  T h e r e  ex i s t s  ~/e ~ ( e , ~ ) ,  ~ /~2 ,¢ .  L e t  us choose  an  '~z such  that  

~z ==it,, nz~2~.. , e ~ ) =  2e ,  (.,,~,,zz , ~"=(e,~)f~'(e,£) and /z,(e/n~t},.~(~;~T,')~(e,~. ) fo r  e v e r y  ~ ' ~  C . 

Such an /z~ ex i s t s  s ince  the s e t  ~r (e .g)  is f ini te ,  and s ince  the case  2.2 o c c u r s  for  e v e r y  g Z e C  on an 
infinite n u m b e r  o f  s t eps ,  the funct ions  ~., (e/ , /z)  and ~= (e ,n )  are r e d e f i n e d  inf in i te ly  m a n y  t i m e s ,  e v e r y  
n u m b e r  which  was  f o r m e r l y  a value o f  one of these  func t ions  and then  c e a s e d  to  be so a c c o r d i n g  to the 
c a s e  2.2 cannot  be a value of any of  t h e m  at a suff ic ient ly  g r e a t  s t ep .  Hence f o r  n = ~ 7  z , ~ ( e ,  £)  s a t i s f i e s  
the condi t ion 1) of  the  c o n s t r u c t i o n  and c (~e,n~) is def ined.  Th i s  c o n t r a d i c t s  ou r  suppos i t ion .  

Th i s  impl i e s  tha t  t he re  ex i s t s  an n o such  that  c (2,e.,,,), f( ,7~.a) , and ~(ge.~,)  a r e  def ined for  

e v e r y  r z ~ / z  o . Let~(?e. / , )=ffi  go .  The c a s e  2.2 cannot  o c c u r  an  infinite n u m b e r  of t i m e s  fo r  g and i o  

s ince  ~C~. go ) is  a f ini te  se t .  Th i s  m e a n s  that  t h e r e  ex i s t  n , . ~  and ~ such  that  r~  ~ a o ,  c (2,e,.¢) = 
<'~,,'~z > fo r  e v e r y  /z ~ n ,  , ~ ,  is  a cons tan t  left  s u c c e s s o r  of  e , and ~ is  a cons tan t  r i gh t  s u c c e s s o r  

of  e . If the case  2.2 o c c u r s  fo r  e and ~'o an  infinite n u m b e r  of  s t eps ,  then f r o m  the o b s e r v a t i o n s  made  
dur ing  the c o n s t r u c t i o n  we have ~ (e. r5 o ) ~ ~ (~ ,  ) no¢ (~=). But ~ ( ~ , )  ¢ ~ ( ~  } , which  c o n t r a d i c t s  the  c o n -  
di t ion 2). This  imp l i e s  that  t he re  ex i s t s  an  a= such  that  r t z ~ / ,  , and fo r  e v e r y  ~z~,~ a , we have n = ? ~ , ¢ ,  

S(~)=2e and the case  2.1 o c c u r s .  Le t  us a s s u m e  that  at an infinite n u m b e r  of s t eps  r~ the c o r r e s p o n d i n g  

e / ~  2 e  a re  even  and ~ 5Cer, n-¢),/~,(e~,~-~), ,~z(er,~-,))  n~'Ce.ga~ ~ ¢ . (The c a s e  w h e r e  at  an infinite 

n u m b e r  of  s t eps  the c o r r e s p o n d i n g  e ¢ a r e  odd and Oc(e;n_t)efr(e. £.o)is c o n s i d e r e d  ana logous ly . )  T h e n  

t h e r e  ex i s t  infini tely many  s teps  rv such  tha t  t h e r e  ex i s t s  an e ~ fo r  each  of t hem such  that  e ~ 2 e ,  e ] 

i s  even,  and ]{e ; , . , -~ , )  ~fg(~./,o ) , o r  t h e r e  ex i s t  inf ini tely m a n y  s t eps  /~ such  tha t  t h e r e  e x i s t s  an ~ /  fo r  

each  of  t hem such  tha t  e~ '~  2 e  , e ~ i s  even ,  and £ ,  ( e ; ,~ -¢ )  a ~rCe, ~o ) ,  o r  the  s a m e  is  t r u e  o f / ~ z  (e,/re-~). 
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Let  the f i rs t  case occur .  Then, since ~(e.  £o) is finite, there  exis ts  ~ e ~ ( ~ , £  o) such that F is  the value 
of the function f at an infinite number  of steps.  The function f has the proper ty :  If ~=~CCe, n ) , then 

=c ~ yCCe/,nz) for  eve ry  e l > e ,  r n > / z  . This implies  that there exists  an eo / such that e a / ~ 2 e  and 

] (¢o / ,~ )  = y for infinitely many ra . According to a) the function ~(e~, rz)  is ei ther  not defined for all 

sufficiently large  r~, or  is defined and is  constant for  them. Consequently, there  exists  an ~j such that 

'a~ ~rro , 9 / ~ / d  , 0~(eo,r/zj) for  eve ry  /z~/r~ , and jc(e~,n~) ~.~(e,~. o ) . According to the condi-  

t ion 3) of Lemma 1, ~z(e, io) is  contained in some set  of ~ .  For  every  lz~/r  o we have f (2e . tz)  - 

j-c(Re,,¢o) and according to b) j-t(2e,,7o)efE(e,,~ implies  that e i ther  ¢r(e~£o)¢_~:(~) or ~(e.i,o)~= 
/ f f e f i / r , )Eor(~)  But ~, and h, are not constant successo r s  o¢.(k~) Hence, ~(e,,,Tj)eo=C~,) or . . 

of e~o since eo / ~ ~=z. This  contradic ts  b). The remaining  two cases  are considered analogously.  Hence 
C~ is not a weakly effectively d i sc re te  family.  The theorem is proved.  

A family of sets  is cal led normal  if with eve ry  finite set  all its nonempty subsets  belong to it [4]. It 
has  been proved in [4] that eve ry  minimal  enumerat ion  of an infinite normal  family is equivalent to an enu- 
mera t ion  in which eve ry  finite set has  a finite set  of numera ls .  The following theorem states that eve ry  
minimal enumerat ion of a d i sc re te  family also has this proper ty .  

THEOREM 4. Every  minimal  enumera t ion  of an infinite computable d i scre te  family of r ecu r s ive ly  
enumerable  sets  is equivalent to an enumerat ion  in which every  finite set  has a finite set of numera ls .  

P roof .  Let  t- be a minimal  computable enumerat ion  of the family oE and ] be a s t r ic t ly  c o m -  
putable enumerat ion  of the family  of all finite se ts .  We shall cons t ruc t  the enumerat ion p and the func- 

tion /~ , As a p re l iminary  we put /e °C=C ) = ~ for all a: . 

Step 0. We put /~ (9) -= 0 ,  p t (o)= ~ ~(0). 

Step $~-r(s~o)  • Let  / z ( o ) , / z ( ~ ) . . . / r ( 1 ) ,  (~< $+f , b e  a l ready defined a t t h e  previous steps.  
Let  ee(s+~)==~c, ~ ( s + t ) = ~  [ [ ( o c )  and g(~c) are  the left and the r ight  enumerat ion functions in Cantor ' s  
enumerat ion  of all the pai rs  of natural  numbers] .  

p ( j ) ) ,  then we put /z.(£4-~)=- ,~c . In the con-  

t r a r y  case we have /~ (~'~-~) undefined. For  every  j ' ~  d + ~  , if ~ ( / ' )  is defined, we put /~=+~(/')= 

ps+c(j.) u~s÷,/z(j} . We put p~=(]) -- ps÷, ( j )  for all the remaining  ]" . We now pass to the step s + 2  

The construct ion is complete .  It is obvious f rom the construct ion that p is a computable enumerat ion 
and /a is a computable function. The family Cg is infinite and discre te ;  therefore  the condition 1) will 
be satisfied at an infinite number  of s teps.  Hence/~ is defined everywhere .  It is  eas i ly  seen that/~(zc) = 

~/~ (~c) for all oc ; consequently,  / a (~ )  e C2" . Let  us assume that A eC~ and that p ( x )  ~ /1 for every  x . 

Let  A =  ~0z) .  As Cg is d i sc re te ,  there  exis ts  a s tep ,s+/  such that f ~ ( s + ~ )  ~- / z ,  ,~£(5+~)= z ,  / (g)~_ 
2: ~÷~ ( /z) and ] ( ~ ) ~  Z~ for  everyZ~eC~ , D ~  A . Thenwe  put /~(~+f)=/z at this step for the c o r r e -  

sponding i . We obtain /~ (£+¢) = "C(~}, which contradicts  the assumption.  Hence/~ is an enumerat ion 

of the family Og • 

Let ~ be finite and ~ ~ C~. Also let A-----¢: (/z) . By vir tue  of what has been proved above, we have 

pCx)=A for  some ~ . Let /~'+t(=c)= ~so÷¢(~) .= A at the step so+  [ , then at every  subsequent step 

s + / ,  such that ~E'(s+¢)=rr~.  ~(rn)-~  A , the condition 1) would not be satisfied and A would not get 
more  than one numera l  in the enumera t i on /~  . Thus A has a finite set of numera ls  in the enumerat ion p . 
According to the construct ion,  /~(~c)= ~-~(=c) for every ~c , i.e., /~ reduces  to 'Z" . If ¢- is a 

minimal  enumeration,  then /3 is equivalent to ~ . The theorem is proved. 

COROLLARY. Every  infinite computable d iscre te  family of finite se ts  is computable with finite 
repet i t ions (i.e., has an enumerat ion in which every  set has a finite set of numerals) .  

Let  us observe that an example of a computable family of finite sets  which cannot be computable 

with finite repet i t ions  is given in [4]. 

I take this opportunity to express  my gratitude to S. S. Marchenkov and V. A. Uspenskii for taking 

in teres t  in this  paper .  
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