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Abstract In various problems of control theory, non-autonomous and multivalued
dynamical systems, wavelet theory and other fields of mathematics information about
the rate of growth of matrix products with factors taken from some matrix set plays a
key role. One of the most prominent quantities characterizing the exponential rate of
growth of matrix products is the so-called joint or generalized spectral radius. In the
work some explicit a priori estimates for the joint spectral radius with the help of the
generalized Gelfand formula are obtained. These estimates are based on the notion of
the measure of irreducibility (quasi-controllability) of matrix sets proposed previously
by A. Pokrovskii and the author.
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1 Introduction

In various problems of control theory [9], non-autonomous and multivalued dynamical
systems [2-4], wavelet theory [11,12,14] and other fields of mathematics information
about the rate of growth of matrix products with factors taken from some matrix set
plays a key role. One of the most prominent values characterizing the exponential rate
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92 VICTOR KOZYAKIN

of growth of matrix products is the so-called joint or generalized spectral radius. The
aim of the paper is to obtain efficient explicit estimates of the joint spectral radius.

Let of = {A1,...,Ar} be a set of real m x m matrices. As usually, for n > 1 denote
by /" the set of all n-products of matrices from .o7; 0 =1.

Let || - || be a fixed but otherwise arbitrary norm in R?. Then the limit
ple) = limsup [l ||V/", (1)
n—oo
where

"l = max [|A]l = max ||Ag, - Ay, Ay,
Acagm Aijegf

is called the joint spectral radius of the matrix set &/ [35]. In fact, the limit in (1) does
not depend on the norm || - ||. Moreover, for any n > 1 the estimates (/) < ||.&™|"/™
hold [35], and therefore the joint spectral radius can be defined also by the following
formula:
plet) = inf |l™|"". (2)
n>1

If the matrix set &7 consists of a single matrix then (1) turns into the known Gelfand
formula for the spectral radius of a linear operator. By this reason sometimes (1) is
called the generalized Gelfand formula [37].

For each n > 1 it can be defined also the quantity

p(#") = max p(A) = max p(4;

c A A
Acarn A€ol tn iz i),

where maximum is taken over all possible n-products of the matrices from the set o7,
and p(-) denotes the spectral radius of the corresponding matrix, that is the maximum
of modules of its eigenvalues. In these notations the limit
_ . 1
p(e/) = lim sup(p(e/™)) /" (3)
n—oo
is called the generalized spectral radius of the matrix set o7 [12,13]. Moreover, for any

n > 1 the estimates p(&/) > (p(%"))l/” hold, and hence the generalized spectral
radius can be defined also as follows:

pler) = sup(p(a™)"/". )
n>1
As is shown in [6, Thm. 2], see also [15,36,37], the quantities p(«) and p(<)
coincide with each other if the matrix set 7 is bounded. This allows to speak simply
about spectral radius of </, which will be denoted in what follows as p()
(= () = p(7)).
In view of (2), (4) for any n the quantities (p(«™))"/™ and ||&™|"/™ form lower
and upper bounds, respectively, for the spectral radius of «:

(p(?™NM"™ < p(et) < |l2™ V™ (5)

This last formula may serve as the basis for a posteriori estimating the accuracy of
computation of p(&). The first algorithms of a kind in the context of control theory
problems have been suggested in [9], for linear inclusions in [4], and for problems of
wavelet theory in [11,12,14]. Later the computational efficiency of these algorithms
was essentially improved in [16,27]. Unfortunately, the common feature of all such
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ON EXPLICIT A PRIORI ESTIMATES OF THE JOINT SPECTRAL RADIUS 93

algorithms is that they do not specify the amount of computational steps required to
achieve desired accuracy of approximation of p(&/).

In [15,35] it was proved that the spectral radius of the matrix set </ can be deter-
mined by the equality

p() = lunﬁ <1, (6)

where infimum is taken over all norms in R%. For irreducible matrix sets! & infimum
in (6) is attained, and for such matrix sets there are norms | - || in RY, called eztremal
norms, for which

el < pl?). 0

In various situations it is important to know the conditions under which p(/) > 0.

To answer this question, in general case one can use, for example, Theorem A from

[8], which claims the existence of a constant Cy > 1 depending only on dimension of a

space such that for any bounded matrix set &7 and any norm || - || in R? the following
inequality holds:

ler | < Caple)lle " (®)

From here it follows that the equality p(«/) = 0 implies the equality ||«/¢|| = 0, and
then also the equality &% = {0}. In virtue of (2) the converse is also valid: &% = {0}
implies p(«/) = 0. So, theoretically verification of the condition p(%/) = 0 may be
fulfilled in a finite number of steps: it suffices only to check that all d-products of
matrices from &7 vanish. Of course this remark is hardly suitable in practice since even
for moderate values of d = 3,4, r = 5,6 the computational burden of calculations
becomes too high.

Remark that by (7) p(«/) > 0 for irreducible matrix sets <.

Some works suggest another formulas to compute p(7). So, in [10] it is shown that

(/) = lim sup max [tr(A4;, --- AigAil)\l/n , 9)

n—oo ijG

where as usually tr(-) denotes the trace of a matrix. In [28,33,34] LP-generalizations
of the formulas (2), (4), (9) and (6) are proposed for computation of the spectral
radius of matrix sets. Algorithms for computation of p(<) based on the relation (6)
are considered, e.g., in [17,18,28]. In [29] it was noted that the norm in the definition
of the joint spectral radius can be replaced by a positive homogeneous polynomial of
even degree. By developing further this idea one can replace the norm in (1) by an
arbitrary homogeneous function strictly positive outside of zero. Namely, let v(x) be
a strictly positive for  # 0 homogeneous function with degree of homogeneity s > 0,
that is v(tz) = t*v(x) for any ¢ > 0. Then by introducing for an arbitrary matrix A
the notation

J(A) — su v(Az)
W=t

one can easily get the following generalization of formula (1):

p(#7) = lim sup (V(szn))l/'m )

n—oo

(10)

IA matrix set 7 is called irreducible, if the matrices from & have no common invariant
subspaces except {0} and R™.
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94 VICTOR KOZYAKIN

where

v(#™) = max v(A) = max v(A

AL A,
Acarn A; €l tn i24in)

As is shown in [29], in a number of situations (10) gives a better approximation to p(<?)
because the collection of positive homogeneous functions is richer than the collection
of norms. In particular, the Lebesgue sets? of positive homogeneous functions may be
non-convex in contrast to the Lebesgue sets of norms.

In [7] it is established that in the case when all matrices from ¢/ have non-negative
entries the following inequalities hold

AT e AR S plet) < pMAP 4 AT, (1)
where A®™ denotes the n-fold Kronecker (tensor) product of the matrix A with itself.
Here the fact that the right-hand and left-hand sides of the inequalities (11) do not con-
tain mixed products of the matrices from ¢/ looks somewhat surprising. Theoretically,
the inequalities (11) allow to compute p(&7) with any desirable accuracy. However,
dimension of the matrix A(lg" +- -4+ A®™ increases in n so rapidly that even for mode-
rate values of d = 3,4, r = 5,6 computations become practically impossible. In the
general case of arbitrary matrix sets &/ a bit more complicated analog of formula (11)
is also valid [7].

In investigation of properties of the spectral radius of matrix sets some implicit
definitions of the joint (generalized) spectral radius play an important role. Let the
matrix set <7 be irreducible. Then [4] the value of p equals to p(<7) if and only if if
there is a norm || - || in R™ such that

= Azl 12
pllxll gg@l\ izl (12)

The norm satisfying (12) is called the Barabanov norm. Similarly [32, Thm. 3.3], [34],
the quantity p equals to p(<7) if and only if for some central-symmetric convex body®
S the following equality holds

pS = conv (LTJ AiS> , (13)

=1

where conv(-) stands for the convex hull of a set. As is noted by V. Protasov in [32],
the relation (13) was proved by A. Dranishnikov and S. Konyagin, so it is natural to
call the central-symmetric set S the Dranishnikov—Konyagin—Protasov set. The set S
can be treated as the unit ball of some norm || - || in R? (recently this norm is usually
called the Protasov norm). As Barabanov norms as Protasov norms are the extremal
norms, that is they satisfy the inequality (7). In [30,31,40] it is shown that Barabanov
and Protasov norms are dual to each other.

Remark that formulas (6), (12) and (13) define the joint or generalized spectral
radius for a matrix set in an apparently computationally nonconstructive manner.
In spite of that, namely such formulas underlie quite a number of theoretical construc-
tions (see, e.g., [5,20,21,29,39,40]) and algorithms [33] for computation of p().

2The Lebesgue set of a function v(z) is the set {z : v(z) < c} for some c.
3The set is called the body if it contains at least one interior point.
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ON EXPLICIT A PRIORI ESTIMATES OF THE JOINT SPECTRAL RADIUS 95

In [29] it was noted that the quantity p is an upper bound for p(«7) if for some
strictly positive homogeneous polynomial p(z) of degree 2d the following inequality
holds:

d d
ﬁ}gﬁ;p(z‘lﬂ) < p*'p(z), VazeR
By using this observation, in [29] algorithms for evaluating of the spectral radius p(#)
were developed which are computationally no less efficient and accurate than those
proposed in [7].

As is shown in [41, Lem. 2.3], [39, Lem. 6.5], [32, Sec. 5.2], [33, Thm. 3], see also

the survey in [38], for irreducible matrix sets o/ the following inequalities are valid:

PV < p(at) < ||l (14)

for a suitable constant v € (0,1). Some computable estimates of the constant vy are
obtained in [32, Sec. §].

When the matrix set 7 is not irreducible the situation is more complicated. In this
case, by the Bochi inequality (8), p(«/) may vanish, which happens if and only if
#% = {0}. But if p(#) # 0 then [41, Lem. 2.3]

A < () < Y™ (15)

with some constant v« € (0,1), which is weaker than (14). Unfortunately, [39,41]
contain neither exact values nor at least effectively computable estimates for s.

The work is organized as follows. In Introduction we have presented a concise
survey of publications related to the problem of evaluation of the joint (generalized)
spectral radius. In Section 2 the technique by V. Protasov to get potentially computable
estimates of the joint spectral radius is described. In Theorem 1 from Section 3 we
obtain new a priori estimates of the joint spectral radius based on the notion of the
measure of irreducibility (quasi-controllability) of matrix sets proposed previously by
A. Pokrovskii and the author. Section 4 is devoted to the proof of Theorem 1. At last, in
Section 5 we cite examples from [26], which demonstrate how the value of the measure
of irreducibility for some matrix sets can be evaluated.

2 Protasov estimates

Throughout the paper & = {A1,..., Ar} is an irreducible set of real d x d matrices.
Provided that p(2) = 1, one can derive from [32] the following estimate for the constant
v in (14):
s Pi) - pa1 ()
(L 1)

) (16)
in which the quantities p1(&7),...,pq_1(&) are determined by the equalities

/)= inf sup max dist(4;x, L), k=1,2,...,d—1,
P e, 1o R )
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where the external infimum is taken over all subspaces L C R? of dimension k, || - | is
the Euclidean norm® in R¢, and dist(A;x, L) denotes the distance from the point A;x
to the subspace L, that is dist(A;x, L) = inf e, | Az — y].

As is noted in [32], all the quantities p1 (), .., pq_1(&) are strictly positive since
due to irreducibility of & the matrices A1, ..., Ar have no non-trivial invariant spaces.
Thus, the quantity « characterizes, in a sense, a ‘degree of irreducibility’ of the matrix
set 7.

If p(27) # 1 then the estimate for the constant v can be derived from the already
proven inequality (16) by applying the latter to the matrix set

o' =p N ) = {p () Ar,....p"  ()Ar},

for which p(e?’) = 1. In this case the constant v in (14) can be estimated from below
as follows:

s 2D pa ) pa( ) paa (S
ST (Ut l@) )T (p(e) + [l ])*=1"

and, if to take into account that by (5) p(«7) < ||#7|, then

p1() - pa—1(H)
(2] |)d-1

2

3 Main theorem

Our aim is to obtain one more explicit a priori estimate of the joint spectral radius
with the help of the generalized Gelfand formula. Such an estimate might have many
implications in the area of the joint spectral radius. In particular, knowledge of the
constant v might be useful in evaluating the local Lipschitz constant of the joint spectral
radius at an irreducible inclusion [39].

Denote by %, for n > 1 the collection of all finite products of matrices from &7 U{I},
consisting of no more than k factors, that is <%, = ngodk. Then o/, (x) denotes the
set of all the vectors Az where A € 4,. Let || - || be a norm in RY; the ball of radius ¢
in this norm is denoted by S(¥).

Let us call the p-measure of irreducibility of the matrix set &7 (with respect to the
norm || - ||) the quantity xp(2/) determined as

Xp(&) = infd sup{t : S(t) C conv{#)p(z) U op(—x)}}.
A

Under the name ‘the measure of quasi-controllability’ the measure of irreducibility
xp(27) was introduced and investigated in [22-26] where the overshooting effects for
the transient regimes of linear remote control systems were studied. The reason why
the quantity xp(2) got the name ‘the measure of irreducibility’ is in the following
lemma.

Lemma 1 Let p > d— 1. The matriz set < is irreducible iff xp(</) > 0.

4Formally, the norm || - || in [32] is not assumed to be Euclidean. However, to estimate the

quantity H =~~1in [32, Thm. 8.2] the author uses the notion of perpendicularity of subspaces
and evaluates the area of a triangle with sides measured by the norm || - ||, which implicitly
mean that the norm || - || is Euclidean.
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ON EXPLICIT A PRIORI ESTIMATES OF THE JOINT SPECTRAL RADIUS 97

The proof of Lemma 1 can be found in [25, Thm. 2.4], [26, Thm 1.4], [23, Thm. 2].

Theorem 1 For anyn > 1, p > d— 1 the following inequalities are valid

p(t) < |l™ 7™ < (p( )™ p(e2), (17)
uhere (L (o))
_ max{l, (p
7717(»‘27) = —Xp(%) ,
and therefore
(wp( )™ 2™ < p(et) < ||| (18)
uhere (L7}
) =T

Remark that while computation of np(%/) requires the knowledge of the value of
p(47), which is a priory unknown, the quantity vp(2/) can be evaluated in a finite
number of algebraic operations involving only information about the entries of the
matrices from & .

4 Proof of theorem 1

The proof of Theorem 1 follows the idea of the proof of Theorem 2.3 from [26], see also
[25, Thm. 2.3], [23, Thm. 4].

As was noted above the estimate p(.7) < ||&™||*/™ follows from (2). Therefore only
the estimate ||&/"||"/™ < (ny(7))"/™p(«/) needs to be proved. Suppose the contrary.
In this case, for some n > 1,

™M™ > (p() " p(2),

or, what is the same,
™[] > np()p" ().

Then, by definition of ||&7"||, there are matrices A;,, A;,,...,A;, € & for which

[Ai,, - Aiy Ai | = || > mp () p" ().

i7l o
Hence, there is a non-zero vector x« € R such that

[A4i,, -+ Aiy Aiy 2| > 1p()p" ()| 2]

i7l
It is convenient to rewrite this last inequality in the following form

[[As, -+ Aiy Aiy x| = pp()p"™ () [l (19)

in
where p is some number strictly greater than unity: p > 1.

To complete the proof of Theorem 1 we will need two auxiliary statements. Denote
by o the collection of all finite products of matrices from o7, that is oo = Up>147 k.
For each matrix A € @/ the amount of the factors Ay, Aa,...,Aq € & in the}epre-
sentation A = Aj Ay --- Aq is called the length of A and is denoted by len(A).
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98 VICTOR KOZYAKIN

Lemma 2 Givenp > d—1 and the irreducible matriz set o/ . Let for some zs« # 0 € ]Rd,
F € /s and v > 0 the inequality

[Faxll = vz, (20)
hold. Then for any x # 0 € R? there is a matriz Fy = FLy € oo such that len(F) <
len(Fy) <len(F)+p and

[ Fex]| = vxp ()2
Proof Choose a fixed but otherwise arbitrary vector = € RY. By definition of the

measure of irreducibility the vector xp(&)||z«||~'z+ belongs to the centered convex
hull of the vectors 4% (||z||~'z). Then there exist numbers 61, 0o, ..., 05,

S
6l <1, (21)
=1

and matrices G1,Ga,...,Gs € 4 such that

S
D billzl T Giw = xp() ]|
=1

Therefore
S
Y il T G = xp() || T P,
i=1
from which by (20)
S
D 0:FGiz|l > vxp()|]l-
i=1
Then by (21) there is an index i, 1 < ¢ < s, for which the matrix F = FG; satisfies
the inequality
[Fzzl = vxp(e)lz].
It remains to note that due to G; € 4 independently of = the length of the

matrix Fy = F'G; does not exceed the length of the matrix F' augmented by p, that is
len(F) <len(Fy) <len(F) + p. The lemma is proved. O

Lemma 3 Let for some set of matrices A;,, Aiy, ..., As, € A the inequality (19) hold.

Then for any x # 0 € R? there is a matriz Fy € /s such that n <len(Fr) <n+p
and

|Fox]| > (np(er)) ™) |1z, (22)

where n = pt/ (VP > 1

Proof Set v = pmp(«/)p™ (/). Then by Lemma 2 for any x # 0 € R? there is a matrix
Fy € 9/ such that n <len(Fi) <n+p and

[ Feall = pnp (o )xp()p" ()|,
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ON EXPLICIT A PRIORI ESTIMATES OF THE JOINT SPECTRAL RADIUS 99

which is equivalent, by definition of np(<), to the following chain of relations

|Faz] > u%m(ﬂ)/’"(ﬂ)lw

_ p n _p max{l (&)} len(F,)

= max{1, () }o" (ol = s - GO (o)
_len(Fg) 17 D .SZ{ en(F.

=t LDy tenF, (23)

plen(Fz)—n (d)

As is easy to see, by the inequalities n < len(F%x) < n+ p as the first as the second
factors in the right-hand part of (23) are greater than or equal to 1, from which the
required inequality (22) follows. O

Lemma 4 Let for some set of matrices A;,, Asy, ..., As, € A the inequality (19) hold.
Then there is a sequence of matrices Hy, € o/, k = 0,1,..., for which len(Hy) — oo
as k — oo and

IR = (p(ar )" k= 0,1, (24)

Proof Let us choose a non-zero but otherwise arbitrary vector x € Rd7 and construct
an auxiliary sequence of the vectors {z(k)}, k =0,1,..., by setting z(0) = z,

I(k-i—l):Fw(k)l'(k), k=0,1,...,

where Fj is the matrix defined in Lemma 3. Then by Lemma 3 the following relations
hold:

(k4 V)| = |y z(B)l| = (np()) " F=|z(k)], k=0,1,... ,
from which

1 Eek) Fu) Fr(o)z(0)]]

> (np(ar))lerFew)totlenfo)Henfoo)p ), k=0,1,...,  (25)
By setting now
Hy=Fypy  FoyFro), k£=01,...,
from (25) we get
1 ;
12 (O)]| > (np(e)) " M 2 (O)], k=0,1,...,
which imply the required estimates (24). The lemma is proved. o

We now complete the proof of Theorem 1. By Lemma 4 the inequality (19) implies
the existence of such a sequence of matrices H, € &, k = 0,1,..., for which the
estimates (24) hold. Then, by setting n; = len(H}) from the definition of ||| we
get

L™ [ = | H [ 2 mp(a).

Passing here to the limit in the left-hand part as nj; — oo we obtain:

p(e/) = limsup |&"||"/™ > limsup | |/™ > np(er),
n—o00 N — 00
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100 VICTOR KOZYAKIN

which is impossible since n > 1 and the value of p(&/) is strictly positive for any irre-
ducible matrix set (the latter follows, for example, from the inequality (7) valid for some
extremal norm). The obtained contradiction completes the proof of the estimates (17).
It remains only to note that the estimates (18) directly follow from (17) and the
inequality p(&) < ||.<7|| valid by (5).
The proof of Theorem 1 is completed.

5 Comments and examples

Remark that with one trivial exception Theorem 1 is inapplicable for matrix sets
consisting of a single matrix. This is because a singleton matrix set & = {A} may be
irreducible only in the case when A is a matrix of dimension 2 x 2, and also it has no
real eigenvalues.

In a sense, irreducibility of matrix sets naturally arising in control theory is similar
to the Kalman ‘complete controllability plus complete observability’ property.

Consider, in particular, a real d x d matrix A = (a;;) and column-vectors b, c € R,
Form with their help the matrix set &7 = @/(A,b,c) = {A, Q} where Q = (g;;) = bel
is the matrix with the entries ¢;; = b;c;, 4,5 = 1,...,d. Then the matrix set &/ (A,b,c)
is irreducible if and only if the pair (A, ) is completely controllable and the pair (A, c)
is completely observable by Kalman [26].

Reproduce a pair of examples from [26] which demonstrate how to verify the irre-
ducibility of a matrix set and how to evaluate its measure of irreducibility. Proofs of
the corresponding statements can be found in [26]. The next example came from the
theory of asynchronous systems, see, e.g., [1,19]. Given a real d x d matrix A = (a;j),
form the matrix set Z(A) = {41, Aa,..., Aq} where

1 0 0 0
0 1 0 0
A = :
ai1 Q32 Qi Aid
0 0 0 1

Recall that the matrix A is said to be indecomposable if it cannot be represented

in a block-triangle form
BC
+=(v5)

by any transposition of its rows and corresponding columns. The matrix A is inde-
composable if and only if it has no proper non-zero invariant set spanned over some
number of the basis vectors

e; ={0,0,...,1,...,0}, i=12....d

Let || - || be the norm in R? defined by the equality ||z| = |z1| + |z2| + - - - + |zql.
Set

1 . 1 . L
a= gomin{[[(A - Del - |lzl =1}, § = 5min{la|: i # j ay; # 0}
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ON EXPLICIT A PRIORI ESTIMATES OF THE JOINT SPECTRAL RADIUS 101

Ezample 1 The matrix set &?(A) is irreducible iff the matrix A indecomposable and 1
is not its eigenvalue. In this case xq[2(A)] > aB% 1.

The next example was communicated to the author by E. Kaszkurewicz. Let ¥ (A)

be the matrix set composed of the matrices A, V1A, VoA, ...,V ;A. Here A is a real

d x d matrix with the entries a;;, and V;, i = 1,2,...,d, are the diagonal matrices of
the form

Vi = diag{v1i,v2i, -, Viiy - - -y Vai )
where v;; = 1 for i # j, v;; = —1 for ¢ = j.

Set

Let again ||| be the norm in R? defined by the equality ||z|| = |@1|+|z2]|+- - -+ |zq]-

- 1 . ~ . . .
&= zminf|Aal| s Jloll =1}, 5= min{lag|: i #j,ai; # 0.

Ezample 2 The matrix set #'(A) is irreducible iff the matrix A is indecomposable and
non-degenerate. In this case yg[¥ (4)] > @39 1.

Acknowledgments

The author is grateful to the reviewer for a number of valuable remarks.

References

10.

11.

12.

13.

. Asarin E. A., Kozyakin V. S., Krasnosel’skii M. A. and Kuznetsov N. A., Analysis of the

Stability of Asynchronous Discrete Systems, Moscow: Nauka, in Russian, (1992)

. Aulbach B. and Siegmund S., The dichotomy spectrum for noninvertible systems of linear

difference equations, J. Difference Equ. Appl., 7(6), 895-913, (2001)

. Aulbach B. and Siegmund S., A spectral theory for nonautonomous difference equations,

in New trends in difference equations, Proceedings of the 5th international conference on
difference equations and applications, Temuco, Chile, January 2-7, (2000), S.e.a. Elaydi,
ed., London: Taylor & Francis, 45-55, (2002)

. Barabanov N. E., Lyapunov Indicator of Discrete Inclusions I, Automat. Remote Control,

49(2), 152-157, (1988)

. Barabanov N., Lyapunov Exponent and Joint Spectral Radius: Some Known and New

Results, in Proceedings of the 44th IEEE Conference on Decision and Control and
European Control Conference 2005, Seville, Spain, 2332-2337, December 12-15, (2005)

. Berger M. A. and Wang Y., Bounded Semigroups of Matrices, Linear Algebra Appl., 166,

21-27, (1992)

. Blondel V. D. and Nesterov Y., Computationally Efficient Approximations of the Joint

Spectral Radius, SIAM J. Matriz Anal. Appl., 27(1), 256-272, (2005)

. Bochi J., Inequalities for Numerical Invariants of Sets of Matrices, Linear Algebra Appl.,

368, 71-81, (2003)

. Brayton R. K. and Tong C. H., Constructive Stability and Asymptotic Stability of

Dynamical Systems, IEEE Trans. Circuits Syst., 27, 1121-1130, (1980)

Chen Q. and Zhou X., Characterization of Joint Spectral Radius via Trace, Linear Algebra
Appl., 315(1-3), 175-188, (2000)

Colella D. and Heil C., The Characterization of Continuous, Four-Coefficient Scaling Func-
tions and Wavelets, IEEE Trans. Inf. Theory, 38(2/II), 876-881, (1992)

Daubechies I. and Lagarias J. C., Sets of Matrices all Infinite Products of Which Converge,
Linear Algebra Appl., 161, 227-263, April, (1992)

Daubechies I. and Lagarias J. C., Corrigendum/addendum to: Sets of Matrices all Infinite
Products of Which Converge, Linear Algebra Appl., 327, 69-83, (2001)

@ Springer



102

VICTOR KOZYAKIN

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Daubechies I. and Lagarias J. C., Two-Scale Difference Equations II: Local Regularity,
Infinite Products of Matrices, and Fractals, SIAM J. Math. Anal., 23(4), 1031-1079,
(1992)

Elsner L., The Generalized Spectral-Radius Theorem: An Analytic-Geometric Proof,
Linear Algebra Appl., 220, 151-159, (1995)

Gripenberg G., Computing the Joint Spectral Radius, Linear Algebra Appl., 234, 4360,
(1996)

Guglielmi N. and Zennaro M., Polytope Norms and Related Algorithms for the Computa-
tion of the Joint Spectral Radius, in Proceedings of the 44th IEEE Conference on Decision
and Control and European Control Conference 2005, Seville, Spain, 3007-3012, December
12-15, (2005)

Guglielmi N. and Zennaro M., An Algorithm for Finding Extremal Polytope Norms of
Matrix Families, Linear Algebra Appl., 428(10), 2265-2282, (2008)

Kleptsyn A. F., Kozjakin V. S., Krasnoselskii M. A. and Kuznetsov N. A., Desynchroniza-
tion of Linear Systems, Math. Comput. Simul., 26, 423-431, (1984)

Kozyakin V., A Dynamical Systems Construction of a Counterexample to the Finiteness
Conjecture, in Proceedings of the 44th IEEE Conference on Decision and Control and
European Control Conference 2005, Seville, Spain, 2338-2343, December 12-15, (2005)
Kozyakin V. S., Structure of Extremal Trajectories of Discrete Linear Systems and the
Finiteness Conjecture, Automat. Remote Control, 68(1), 174-209, (2007)

Kozyakin V. S., Kuznetsov N. A. and Pokrovskii A. V., Transients in Quasi—Controllable
Systems. Overshooting, Stability and Instability, in Preprints of the 12th World IFAC
Congress, Sydney, Australia, 465-468, July 18-23, (1993)

Kozyakin V. S.; Kuznetsov N. A. and Pokrovskii A. V., Quasi-Controllability and
Estimates of Amplitudes of Transient Regimes in Discrete Systems, in Proceedings of
CESA’98 IMACS-IEEE Multiconference, Hammamet, Tunisia, Borne P., Ksouri M. and
El Kamel A., eds., 1, CD-ROM ISBN 2-9512309-0-7, 266-271, April 1-4, (1998)
Kozyakin V. S. and Pokrovskii A. V., The Role of Controllability-Type Properties in the
Study of the Stability of Desynchronized Dynamical Systems, Soviet Phys. Dokl., 37(5),
213-215, (1992)

Kozyakin V. S. and Pokrovskii A. V., Estimates of Amplitudes of Transient Regimes
in Quasi-Controllable Discrete Systems, CADSEM Report 96-005, Deakin University,
Geelong, Australia, (1996)

Kozyakin V. S. and Pokrovskii A. V., Quasi-Controllability and Estimation of the
Amplitudes of Transient Regimes in Discrete Systems, [zv., Ross. Akad. Estestv. Nauk,
Mat. Mat. Model. Inform. Upr., 1(8), 128-150, in Russian, (1997)

Maesumi M., An Efficient Lower Bound for the Generalized Spectral Radius of a Set of
Matrices, Linear Algebra Appl., 240, 1-7, (1996)

Maesumi M., Construction of Optimal Norms for Semi-Groups of Matrices, in Proceedings
of the 44th IEEE Conference on Decision and Control and European Control Conference
2005, Seville, Spain, 3013-3018, December 12-15, (2005)

Parrilo P. A. and Jadbabaie A., Approximation of the Joint Spectral Radius Using sum
of Squares, Linear Algebra Appl., 428(10), 2385-2402, (2008)

Plischke E. and Wirth F., Duality Results for the Joint Spectral Radius and Transient
Behavior, Linear Algebra Appl., 428(10), 2368-2384, (2008)

Plischke E., Wirth F. and Barabanov N., Duality Results for the Joint Spectral
Radius and Transient Behavior, in Proceedings of the 44th IEEE Conference on
Decision and Control and European Control Conference 2005, Seville, Spain, 23442349,
December 12-15, (2005)

Protasov V. Yu., The Joint Spectral Radius and Invariant Sets of Linear Operators, Fun-
damentalnaya i prikladnaya matematika, 2(1), 205-231, in Russian, (1996)

Protasov V., The Geometric Approach for Computing the Joint Spectral Radius, in
Proceedings of the 44th IEEE Conference on Decision and Control and European Control
Conference 2005, Seville, Spain, 3001-3006, December 12-15, (2005)

Protasov V. Yu., A Generalization of the Joint Spectral Radius: The Geometrical
Approach, Facta Univ., Ser. Math. Inf., 13, 19-23, (1998)

Rota G.-C. and Strang G., A Note on the Joint Spectral Radius, Indag. Math., 22,
379-381, (1960)

Shih M.-H., Simultaneous Schur Stability, Linear Algebra Appl., 287(1-3), 323-336,
(1999)

@ Springer



ON EXPLICIT A PRIORI ESTIMATES OF THE JOINT SPECTRAL RADIUS 103

37.

38.

39.

40.

41.

Shih M.-H., Wu J.-W., and Pang C.-T., Asymptotic Stability and Generalized Gelfand
Spectral Radius Formula, Linear Algebra Appl., 252, 61-70, (1997)

Theys J., Joint Spectral Radius: theory and approximations, Ph.D. thesis, Faculté des
sciences appliquées, Département d’ingénierie mathématique, Center for Systems Engi-
neering and Applied Mechanics, Université Catholique de Louvain, May (2005)

Wirth F., The Generalized Spectral Radius and Extremal Norms, Linear Algebra Appl.,
342, 17-40, (2002)

Wirth F., On the Structure of the Set of Extremal Norms of a Linear Inclusion, in Proceed-
ings of the 44th IEEE Conference on Decision and Control, and the European Control
Conference 2005, Seville, Spain, 3019-3024, December 12-15, (2005)

Wirth F., On the Calculation of Time-Varying Stability Radii, Int. J. Robust Nonlinear
Control, 8(12), 1043-1058, (1998)

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /AdobeSansMM
    /AdobeSerifMM
    /AGaramond-Bold
    /AGaramond-BoldItalic
    /AGaramond-BoldItalicOsF
    /AGaramond-BoldOsF
    /AGaramondExp-Bold
    /AGaramondExp-BoldItalic
    /AGaramondExp-Italic
    /AGaramondExp-Regular
    /AGaramondExp-Semibold
    /AGaramondExp-SemiboldItalic
    /AGaramond-Italic
    /AGaramond-ItalicOsF
    /AGaramond-Regular
    /AGaramond-RegularSC
    /AGaramond-Semibold
    /AGaramond-SemiboldItalic
    /AGaramond-SemiboldItalicOsF
    /AGaramond-SemiboldSC
    /AGaramond-Titling
    /Aldine401BT-BoldA
    /Aldine401BT-BoldItalicA
    /Aldine401BT-ItalicA
    /Aldine401BT-RomanA
    /AmerTypewriterITCbyBT-Bold
    /AmerTypewriterITCbyBT-Medium
    /AMUDHAM
    /Anna
    /AntiqueOlive-Bold
    /AntiqueOlive-Compact
    /AntiqueOlive-Italic
    /AntiqueOlive-Roman
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /AvantGarde-Book
    /AvantGarde-BookOblique
    /AvantGarde-Demi
    /AvantGarde-DemiOblique
    /AvantGardeITCbyBT-Book
    /AvantGardeITCbyBT-BookOblique
    /AvantGardeITCbyBT-Demi
    /AvantGardeITCbyBT-DemiOblique
    /AvantGardeITCbyBT-MediumOblique
    /BaskervilleBE-Italic
    /BaskervilleBE-Medium
    /BaskervilleBE-MediumItalic
    /BaskervilleBE-Regular
    /Baskerville-Bold
    /Baskerville-Normal
    /Baskerville-Normal-Italic
    /Benguiat-Bold
    /Benguiat-Light
    /BernhardBoldCondensedBT-Regular
    /BernhardFashionBT-Regular
    /BernhardModernBT-Bold
    /BernhardModernBT-BoldItalic
    /BernhardModernBT-Italic
    /BernhardModernBT-Roman
    /BookAntiqua
    /Bookman-Demi
    /Bookman-DemiItalic
    /Bookman-Light
    /Bookman-LightItalic
    /BookmanOldStyle
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolFive
    /BookshelfSymbolFour
    /BookshelfSymbolOne-Regular
    /BookshelfSymbolThree-Regular
    /Boton-Italic
    /Boton-Medium
    /Boton-MediumItalic
    /Boton-Regular
    /Boulevard
    /Broadway-Normal
    /CaflischScript-Bold
    /CaflischScript-Regular
    /CaslonOpenfaceBT-Regular
    /CenturySchL-Bold
    /CenturySchL-BoldItal
    /CenturySchL-Ital
    /CenturySchL-Roma
    /CenturySchoolbook-Thin
    /Chancery-Bold-Bold
    /Chancery-MediumItalic-Medium-Italic
    /Chancery-Medium-Medium
    /CheltenhamBT-Bold
    /CheltenhamBT-BoldItalic
    /CheltenhamBT-Italic
    /CheltenhamBT-Roman
    /CMB10
    /CMBSY10
    /CMBSY5
    /CMBSY6
    /CMBSY7
    /CMBSY8
    /CMBSY9
    /CMBX10
    /CMBX12
    /CMBX5
    /CMBX6
    /CMBX7
    /CMBX8
    /CMBX9
    /CMBXSL10
    /CMBXTI10
    /CMCSC10
    /CMCSC8
    /CMCSC9
    /CMDUNH10
    /CMEX10
    /CMEX7
    /CMEX8
    /CMEX9
    /CMFF10
    /CMFI10
    /CMFIB8
    /CMINCH
    /CMITT10
    /CMMI10
    /CMMI12
    /CMMI5
    /CMMI6
    /CMMI7
    /CMMI8
    /CMMI9
    /CMMIB10
    /CMMIB5
    /CMMIB6
    /CMMIB7
    /CMMIB8
    /CMMIB9
    /CMR10
    /CMR12
    /CMR17
    /CMR5
    /CMR6
    /CMR7
    /CMR8
    /CMR9
    /CMSL10
    /CMSL12
    /CMSL8
    /CMSL9
    /CMSLTT10
    /CMSS10
    /CMSS12
    /CMSS17
    /CMSS8
    /CMSS9
    /CMSSBX10
    /CMSSDC10
    /CMSSI10
    /CMSSI12
    /CMSSI17
    /CMSSI8
    /CMSSI9
    /CMSSQ8
    /CMSSQI8
    /CMSY10
    /CMSY5
    /CMSY6
    /CMSY7
    /CMSY8
    /CMSY9
    /CMTCSC10
    /CMTEX10
    /CMTEX8
    /CMTEX9
    /CMTI10
    /CMTI12
    /CMTI7
    /CMTI8
    /CMTI9
    /CMTT10
    /CMTT12
    /CMTT8
    /CMTT9
    /CMU10
    /CMVTT10
    /ComicSansMS
    /CopperplateGothicBT-Bold
    /CopperplateGothicBT-BoldCond
    /CopperplateGothicBT-Heavy
    /CopperplateGothicBT-Roman
    /CopperplateGothicBT-RomanCond
    /Cottonwood
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Critter
    /CS-CharterBT-Bold
    /Dingbats
    /EnglischeSchT-Bold
    /EnglischeSchT-Regu
    /EUEX10
    /EUFB10
    /EUFB5
    /EUFB7
    /EUFM10
    /EUFM5
    /EUFM7
    /EURB10
    /EURB5
    /EURB7
    /EURM10
    /EURM5
    /EURM7
    /EuroMono-Bold
    /EuroMono-BoldItalic
    /EuroMono-Italic
    /EuroMono-Regular
    /EuroSans-Bold
    /EuroSans-BoldItalic
    /EuroSans-Italic
    /EuroSans-Regular
    /EuroSerif-Bold
    /EuroSerif-BoldItalic
    /EuroSerif-Italic
    /EuroSerif-Regular
    /EUSB10
    /EUSB5
    /EUSB7
    /EUSM10
    /EUSM5
    /EUSM7
    /ExPonto-Regular
    /FuturaBlackBT-Regular
    /FuturaBT-Bold
    /FuturaBT-BoldCondensed
    /FuturaBT-BoldCondensedItalic
    /FuturaBT-BoldItalic
    /FuturaBT-Book
    /FuturaBT-BookItalic
    /FuturaBT-ExtraBlack
    /FuturaBT-ExtraBlackCondensed
    /FuturaBT-ExtraBlackCondItalic
    /FuturaBT-ExtraBlackItalic
    /FuturaBT-Heavy
    /FuturaBT-HeavyItalic
    /FuturaBT-Light
    /FuturaBT-LightCondensed
    /FuturaBT-LightItalic
    /FuturaBT-Medium
    /FuturaBT-MediumCondensed
    /FuturaBT-MediumItalic
    /Futura-CondensedExtraBold-Thin
    /Futura-CondensedLight-Thin
    /Futura-Condensed-Thin
    /FUTURAK
    /FuturaLtCnBT-Italic
    /FuturaMdCnBT-Italic
    /FUTURAS
    /Futura-Thin
    /Garamond-BoldCondensed
    /Garamond-BoldCondensedItalic
    /Garamond-BookCondensed
    /Garamond-BookCondensedItalic
    /GaramondITCbyBT-Bold
    /GaramondITCbyBT-BoldItalic
    /GaramondITCbyBT-Book
    /GaramondITCbyBT-BookItalic
    /Garamond-LightCondensed
    /Garamond-LightCondensedItalic
    /Garamond-Medium-Italic
    /Garamond-Normal
    /GenoaRoman
    /Geometric231BT-BoldC
    /Geometric231BT-RomanC
    /Geometric415BT-BlackA
    /Geometric415BT-BlackItalicA
    /Geometric415BT-LiteA
    /Geometric415BT-LiteItalicA
    /Geometric415BT-MediumA
    /Geometric415BT-MediumItalicA
    /Giddyup
    /Giddyup-Thangs
    /GillSans
    /GillSans-Bold
    /GillSans-BoldItalic
    /Goudy
    /Goudy-Bold
    /Goudy-BoldItalic
    /Goudy-ExtraBold
    /GoudyHandtooledBT-Regular
    /Goudy-Italic
    /GraphicLight
    /GREEKC__
    /GRMK10
    /GRMK12
    /GRMK8
    /GRMK9
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Hobo-Thin
    /Humanist521BT-Roman
    /ICMEX10
    /ICMMI8
    /ICMSY8
    /ICMTT8
    /ILASY8
    /ILCMSS8
    /ILCMSSB8
    /ILCMSSI8
    /JPBR8R
    /KuenstlerScript-Black
    /LASY10
    /LASY5
    /LASY6
    /LASY7
    /LASY8
    /LASY9
    /LASYB10
    /LCIRCLE10
    /LCIRCLEW10
    /LCMSS8
    /LCMSSB8
    /LCMSSI8
    /LINE10
    /LINEW10
    /LinotypeZapfino-Ornaments
    /Lithos-Black
    /Lithos-Regular
    /LOGO10
    /LOGO8
    /LOGO9
    /LOGOBF10
    /LOGOSL10
    /LSANSUNI
    /LucidaSans
    /LucidaSans-Bold
    /LucidaSans-BoldItalic
    /LucidaSans-Italic
    /MezzMM
    /Minion-BoldCondensed
    /Minion-BoldCondensedItalic
    /Minion-Condensed
    /Minion-CondensedItalic
    /Minion-Ornaments
    /MSAM10
    /MSAM5
    /MSAM6
    /MSAM7
    /MSAM8
    /MSAM9
    /MSBM10
    /MSBM10A
    /MSBM5
    /MSBM6
    /MSBM7
    /MSBM8
    /MSBM9
    /MTEX
    /MTEXB
    /MTEXH
    /MTGU
    /MTGUB
    /MTMI
    /MTMIB
    /MTMIH
    /MTMS
    /MTMSB
    /MTMUB
    /MTMUH
    /MTSY
    /MTSYB
    /MTSYH
    /MTSYN
    /Myriad-Bold
    /Myriad-BoldItalic
    /Myriad-CnBold
    /Myriad-CnBoldItalic
    /Myriad-CnItalic
    /Myriad-CnSemibold
    /Myriad-CnSemiboldItalic
    /Myriad-Condensed
    /Myriad-Italic
    /Myriad-Roman
    /Myriad-Tilt
    /NewBaskerville-Light
    /NewsGothic
    /News-Gothic-Bold
    /News-Gothic-Normal
    /NimbusMonL-Bold
    /NimbusMonL-BoldObli
    /NimbusMonL-Regu
    /NimbusMonL-ReguObli
    /NimbusRomNo9L-Medi
    /NimbusRomNo9L-MediItal
    /NimbusRomNo9L-Regu
    /NimbusRomNo9L-ReguItal
    /NimbusSanL-Bold
    /NimbusSanL-BoldCond
    /NimbusSanL-BoldCondItal
    /NimbusSanL-BoldItal
    /NimbusSanL-Regu
    /NimbusSanL-ReguCond
    /NimbusSanL-ReguCondItal
    /NimbusSanL-ReguItal
    /Nueva-BoldExtended
    /Nueva-Roman
    /NuptialScript
    /OfficinaSans-Bold
    /OfficinaSans-BoldItalic
    /OfficinaSans-Book
    /OfficinaSans-BookItalic
    /OfficinaSerif-Bold
    /OfficinaSerif-BoldItalic
    /OfficinaSerif-Book
    /OfficinaSerif-BookItalic
    /Optima
    /Optima-Bold
    /Optima-BoldItalic
    /Optima-Italic
    /OriginalGaramondBT-BoldItalic
    /OUP1
    /Palatino-Bold
    /Palatino-BoldItalic
    /Palatino-Italic
    /Palatino-Roman
    /Poetica-ChanceryI
    /PopplLaudatio-Italic
    /PopplLaudatio-Medium
    /PopplLaudatio-MediumItalic
    /PopplLaudatio-Regular
    /RMTMIB
    /RMTMIH
    /RMTMUB
    /RMTMUH
    /rsfs10
    /rsfs5
    /rsfs7
    /Sanvito-Light
    /Sanvito-Roman
    /SouvenirITCbyBT-Demi
    /SouvenirITCbyBT-DemiItalic
    /SouvenirITCbyBT-Light
    /SouvenirITCbyBT-LightItalic
    /Souvenir-Light
    /StandardSymL
    /SYLFAEN
    /Symbol
    /SymbolProportionalBT-Regular
    /TektonMM
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Italic
    /TimesNewRomanPS
    /TimesNewRomanPS-Bold
    /TimesNewRomanPS-BoldItalic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-Italic
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Oblique
    /Times-Roman
    /Times-RomanSmallCaps
    /Times-Sc
    /Times-SCB
    /TT0140M
    /TT0141M
    /Univers
    /Univers-Bold
    /Univers-BoldItalic
    /Univers-Italic
    /Upsilon
    /URWBookmanL-DemiBold
    /URWBookmanL-DemiBoldItal
    /URWBookmanL-Ligh
    /URWBookmanL-LighItal
    /URWChanceryL-MediItal
    /URWGothicL-Book
    /URWGothicL-BookObli
    /URWGothicL-Demi
    /URWGothicL-DemiObli
    /URWPalladioL-Bold
    /URWPalladioL-BoldItal
    /URWPalladioL-Ital
    /URWPalladioL-Roma
    /Utopia-Italic
    /Utopia-Regular
    /Utopia-Semibold
    /Utopia-SemiboldItalic
    /VAGRounded-Black
    /VAGRounded-Bold
    /VAGRounded-Light
    /VAGRounded-Thin
    /Viva-BoldExtraExtended
    /Viva-Regular
    /Wingdings-Regular
    /WNCYB10
    /WNCYI10
    /WNCYR10
    /WNCYSC10
    /WNCYSS10
    /WoodtypeOrnaments-One
    /XYATIP10
    /XYBSQL10
    /XYBTIP10
    /XYCIRC10
    /XYCMAT10
    /XYCMBT10
    /XYDASH10
    /XYEUAT10
    /XYEUBT10
    /zapfchancery-Thin-Italic
    /ZapfDingbats
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


