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Àëåêñàíäð Ãåííàäèåâè÷ Êóðîø

(19 ÿíâàðÿ 1908 ã. � 18 ìàÿ 1971 ã.)

À. Ã. Êóðîø ðîäèëñÿ â ïîñ. ßðöåâî Ñìîëåíñêîé ãóá. (íûíå � ãî-
ðîä â Ñìîëåíñêîé îáë.) â ñåìüå ñëóæàùåãî - êîíòîðùèêà ßðöåâñêîé
õëîï÷àòî-áóìàæíîé ôàáðèêè Ã. Ä. Êóðîøà. Ìàòü Àíàñòàñèÿ Ëåîí-
òüåâíà áûëà øêîëüíûì ðàáîòíèêîì. Â ñåìüå áûëà ìëàäøàÿ ñåñòðà
Âåðà. Â 1916 ã., â âîçðàñòå 8 ëåò À. Ã. Êóðîø ïîñòóïàåò ñðàçó â òðå-
òèé êëàññ øêîëû. Ñ 1920 ã. ïîñëå ñìåðòè îòöà À. Ã. Êóðîø ñîâìåùàåò
ó÷åáó â øêîëå ñ ðàáîòîé, ñíà÷àëà ïîìîùíèêîì ÷åðòåæíèêà, ïîçæå
ïîìîùíèêîì ñ÷åòîâîäà.

Â âîçðàñòå 15 ëåò ïîñëå îêîí÷àíèÿ øêîëû À. Ã. Êóðîø áûë
íàïðàâëåí ïî ñïåöèàëüíîé ïóòåâêå â Ìîñêâó äëÿ ïîñòóïëåíèÿ â
òåêñòèëüíûé èíñòèòóò. Îí áëåñòÿùå ñäàåò âñòóïèòåëüíûå ýêçàìå-
íû, îäíàêî åãî íå çà÷èñëÿþò â ñâÿçè ñ ìàëûì âîçðàñòîì. Âåðíóâ-
øèñü â ßðöåâî îí ó÷èòñÿ íà ßðöåâñêèõ âå÷åðíèõ ïðîôåññèîíàëüíî-
òåõíè÷åñêèõ êóðñàõ, ñîâìåùàÿ ó÷åáó ñ ðàáîòîé. Ïîñëå îêîí÷àíèÿ
êóðñîâ â 1924, ïî ðåêîìåíäàöèè ßðöåâñêîãî îòäåëà íàðîäíîãî îá-
ðàçîâàíèÿ, ïîñòóïàåò íà ôèçèêî-òåõíè÷åñêîå îòäåëåíèå ïåäàãîãè÷å-
ñêîãî ôàêóëüòåòà îðãàíèçîâàííîãî â 1918 ã. Ñìîëåíñêîãî óíèâåðñè-
òåòà. Â 1926 ã. â ýòîì óíèâåðñèòåòå ÷èòàë ëåêöèè ïî òåîðèè ìíî-
æåñòâ, òåîðèè ôóíêöèé è ïî òîïîëîãèè Ï. Ñ. Àëåêñàíäðîâ. Íåçàäîë-
ãî äî ýòîãî, ïðîèçîøëà âñòðå÷à Ï. Ñ. Àëåêñàíäðîâà ñ âûäàþùèìñÿ
àëãåáðàèñòîì Ýììè Í¼òåð, êîòîðàÿ óâëåêëà åãî èäåÿìè òåîðåòèêî-
ìíîæåñòâåííîé àëãåáðû. Ïàâåë Ñåðãååâè÷ çàðàçèë ìîëîäîãî Êóðî-
øà ýòîé óâëå÷åííîñòüþ. Âñòðå÷à ñ Ï.Ñ.Àëåêñàíäðîâûì îïðåäåëèëà
äàëüíåéøèé æèçíåííûé ïóòü À. Ã. Êóðîøà.

Ïîñëå îêîí÷àíèÿ â 1928 ã. ïåäàãîãè÷åñêîãî ôàêóëüòåòà ôèçèêî-
òåõíè÷åñêîãî îòäåëåíèÿ Ñìîëåíñêîãî óíèâåðñèòåòà áûë íàïðàâëåí â
Ñàðàòîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ã. ×åðíûøåâñêî-
ãî, ãäå ïîçäíåå â 1935 ã. ñîçäàë è âîçãëàâèë êàôåäðó àëãåáðû. Îäíî-
âðåìåííî ïîñòóïèë â àñïèðàíòóðó ê ïðîôåññîðó Ï. Ñ. Àëåêñàíäðîâó.
Îñåíüþ 1929 ã. Ï. Ñ. Àëåêñàíäðîâ äîáèâàåòñÿ íàïðàâëåíèÿ À. Ã. Êó-
ðîøà â àñïèðàíòóðó ïðè ÍÈÈ ìàòåìàòèêè è ìåõàíèêè ÌÃÓ. Ýòîò
èíñòèòóò áûë ñîçäàí è âîçãëàâëÿëñÿ Î. Þ. Øìèäòîì. Îäíîâðåìåí-
íî Î. Þ. Øìèäò îðãàíèçîâàë â 1929 ã. êàôåäðó âûñøåé àëãåáðû è
íàó÷íî-èññëåäîâàòåëüñêèé ñåìèíàð êàôåäðû, ïî ñåé äåíü èãðàþùèé
âàæíóþ ðîëü â ôîðìèðîâàíèè ñîâåòñêîé è ðîññèéñêèé øêîëû îáùåé
àëãåáðû.

Â 1930 ã. À. Ã. Êóðîø íà÷àë ïðåïîäàâàòü â äîëæíîñòè àññèñòåíòà,
ñ 1932 ã. â äîëæíîñòè äîöåíòà íà êàôåäðå âûñøåé àëãåáðû ôèçèêî-
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ìåõàíè÷åñêîãî ôàêóëüòåòà ÌÃÓ. Ïîñëå ðåîðãàíèçàöèè â 1933 ã. � íà
ìåõàíèêî-ìàòåìàòè÷åñêîì ôàêóëüòåòå ÌÃÓ. Ýòîé ðàáîòå îí ïîñâÿ-
òèë âñþ ñâîþ æèçíü. Â 1936 ã. çàùèòèë äèññåðòàöèþ íà ñîèñêàíèå
ó÷¼íîé ñòåïåíè äîêòîðà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê; ñ 1937 ã. �
ïðîôåññîð; ñ 1949 ïî 1971 ãã. � çàâåäóþùèé êàôåäðîé âûñøåé àë-
ãåáðû ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÌÃÓ.

Êðîìå ÌÃÓ À. Ã. Êóðîø ïðåïîäàâàë â Èíäóñòðèàëüíî-
ïåäàãîãè÷åñêîì è Ìîñêîâñêîì ýíåðãåòè÷åñêîì èíñòèòóòàõ, çàâåäî-
âàë êàôåäðîé àëãåáðû â Ñàðàòîâñêîì óíèâåðñèòåòå, êàôåäðîé ìàòå-
ìàòèêè â Ãîìåëüñêîì ïåäàãîãè÷åñêîì èíñòèòóòå, ÿâëÿëñÿ ñòàðøèì
íàó÷íûì ñîòðóäíèêîì ÌÈÀÍ, ðàáîòàë â ìàòåìàòè÷åñêîì èíñòèòóòå
ÀÍ ÓÑÑÐ, çàâåäîâàë ìàòåìàòè÷åñêîé ðåäàêöèåé èçäàòåëüñòâà ÈË.

Íà÷àëî ðàáîòû À. Ã. Êóðîøà â ÌÃÓ â 1930 ã. ïðèøëîñü íà ñëîæ-
íîå âðåìÿ, êîãäà â î÷åðåäíîé ðàç ñîâåðøàëàñü ëîìêà ñèñòåìû îáðà-
çîâàíèÿ, à ïîòîì îò íåå îòêàçûâàëèñü. Íà À. Ã. Êóðîøà áûëî âîç-
ëîæåíî ÷òåíèÿ êóðñà àëãåáðû ó ìàòåìàòèêîâ è ó ìåõàíèêîâ. Çäåñü
ïðîÿâèëñÿ åãî çàìå÷àòåëüíûé òàëàíò ëåêòîðà, óìåþùåãî çàðàæàòü
ñëóøàòåëåé ïðåäìåòîì, ÷åòêîñòüþ èçëîæåíèÿ, ïðîäóìàííîñòüþ ïî-
ñëåäîâàòåëüíîñòè èçëîæåíèÿ ìàòåðèàëà, çàáîòîé î ñëóøàòåëÿõ.

Ìàòåðèàëû ëåêöèé èçëîæåíû â ó÷åáíèêå À.Ã.Êóðîøà ¾Êóðñ âûñ-
øåé àëãåáðû¿. Ýòîò ó÷åáíèê íåîäíîêðàòíî ïåðåèçäàâàëñÿ è áûë îò-
ìå÷åí Ãîñóäàðñòâåííîé ïðåìèåé.

À. Ã. Êóðîø óäåëÿë ïîñòîÿííîå âíèìàíèå ñîâåðøåíñòâîâàíèþ
ïðåïîäàâàíèÿ íà ìåõàíèêî-ìàòåìàòè÷åñêîì ôàêóëüòåòå ÌÃÓ. Â íà-
÷àëå øåñòèäåñÿòûõ ãîäîâ äâàäöàòîãî âåêà îí áûë îäíèì èç èíèöèà-
òîðîâ âêëþ÷åíèÿ â ó÷åáíûé ïëàí íîâîãî êóðñà � ¾Ëèíåéíàÿ àëãåáðà
è ãåîìåòðèÿ¿.

Ïåðâàÿ íàó÷íàÿ ðàáîòà À. Ã. Êóðîøà ñîäåðæàëà ðåøåíèå ïîñòàâ-
ëåííîé Ï. Ñ. Àëåêñàíäðîâûì òîïîëîãè÷åñêîé çàäà÷è î ïåðåíåñåíèè
ïîíÿòèÿ ïðîåêöèîííîãî ñïåêòðà íà ñëó÷àé áèêîìïàêòíûõ òîïîëî-
ãè÷åñêèõ ïðîñòðàíñòâ. Ïîëó÷åííàÿ À. Ã. Êóðîøåì òåîðåìà è ðàç-
ðàáîòàííûå äëÿ åå äîêàçàòåëüñòâà âñïîìîãàòåëüíûå ìåòîäû ïðî÷íî
âîøëè â îáùóþ òîïîëîãèþ.

Îñíîâíûå íàó÷íûå èíòåðåñû À. Ã. Êóðîøà áûëè ñâÿçàíû ñ òåî-
ðèåé ãðóïï. Ðåøàþùóþ ðîëü â ýòîì ñûãðàëî ïîñåùåíèå àëãåáðàè÷å-
ñêîãî ñåìèíàðà, îðãàíèçîâàííîãî Î. Þ. Øìèäòîì â 1929 ã. Â 1934 ã.
À. Ã. Êóðîø îïóáëèêîâàë òåîðåìó î ïîäãðóïïàõ ñâîáîäíîãî ïðîèçâå-
äåíèÿ àáñòðàêòíûõ ãðóïï, ïîëó÷èâøóþ íàçâàíèå òåîðåìû Êóðîøà.
Îíà íàøëà ïðèìåíåíèå â àëãåáðå è ãåîìåòðèè, íåîäíîêðàòíî ïåðå-
äîêàçûâàëàñü, â òîì ÷èñëå è òîïîëîãè÷åñêèìè ìåòîäàìè.
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À. Ã. Êóðîøà îòëè÷àëà øèðîòà àëãåáðàè÷åñêèõ èíòåðåñîâ. Ïîìè-
ìî òåîðèè áåñêîíå÷íûõ ãðóïï îí æèâî èíòåðåñîâàëñÿ ïðîáëåìàìè
áåðíñàéäîâñêîãî òèïà äëÿ ëèíåéíûõ àëãåáð. Ïîñòàâëåííàÿ èì ïðî-
áëåìà, ïîëó÷èâøàÿ íàçâàíèå ïðîáëåìû Êóðîøà, âî ìíîãîì îïðåäå-
ëèëà ðàçâèòèå òåîðèè ìíîãîîáðàçèé ëèíåéíûõ àëãåáð. Ýòà ïðîáëåìà
áûëà âïîñëåäñòâèè ýëåãàíòíî ðåøåíà Å. Ñ. Ãîëîäîì. À. Ã. Êóðîøó
ïðèíàäëåæàò ïðèíöèïèàëüíûé ðåçóëüòàò â òåîðèè ðåøåòîê (ñòðóê-
òóð) � òåîðåìà Êóðîøà�Îðå. Êðîìå òîãî, èì ïîëó÷åíû âàæíûå ðå-
çóëüòàòû â òåîðèè àáåëåâûõ ãðóïï, ïî ñâîáîäíûì ðàçëîæåíèÿì â
íåàññîöèàòèâíûõ àëãåáðàõ, ïî îáùåé òåîðèè ðàäèêàëà â êîëüöàõ, ïî
òåîðèè êàòåãîðèé. Â ïîñëåäíèå ãîäû æèçíè À. Ã. Êóðîø îáðàùàë
âíèìàíèå íà ðàçâèòèå àëãåáðàè÷åñêèõ îáúåêòîâ, ëåæàùèõ ìåæäó
òàêèìè êëàññè÷åñêèìè, êàê ãðóïïû, êîëüöà, ïîëÿ è îáùèìè óíè-
âåðñàëüíûìè àëãåáðàìè. Â âûäåëåííîé ïðîìåæóòî÷íîé îáëàñòè íà-
õîäÿòñÿ ãðóïïîèäû, êâàçèãðóïïû, ïîëóêîëüöà, ïî÷òè-êîëüöà è äð.
Ýòèì âîïðîñàì áûë ïîñâÿùåí ïîñëåäíèé ïðî÷èòàííûé À. Ã. Êóðî-
øåì ñïåöêóðñ ïî îáùåé àëãåáðå. Â ñâÿçè ñ áîëåçíüþ ýòîò ñïåöêóðñ
äî÷èòàë Â. À. Àðòàìîíîâ. Ìàòåðèàëû ýòèõ ëåêöèé âîøëè â êíèãó
¾Îáùàÿ àëãåáðà (ëåêöèè 1969-70 ó÷åáíîãî ãîäà)¿, Ì., Èçä-âî Ìîñ-
êîâñêîãî óíèâåðñèòåòà, 1970.

À. Ã. Êóðîø ÿâëÿåòñÿ àâòîðîì ïîïóëÿðíûõ ó÷åáíèêîâ è ìîíî-
ãðàôèé òàêèõ, êàê ¾Êóðñ âûñøåé àëãåáðû¿, ¾Òåîðèÿ ãðóïï¿, ¾Ëåê-
öèè ïî îáùåé àëãåáðå¿. Îí â¼ë áîëüøóþ íàó÷íî-îðãàíèçàöèîííóþ
ðàáîòó, ÿâëÿÿñü ãëàâíûì ðåäàêòîðîì ïåðâîãî òîìà áèîãðàôè÷åñêè-
áèáëèîãðàôè÷åñêîãî äâóõòîìíîãî ñïðàâî÷íèêà ¾Ìàòåìàòèêà â
ÑÑÑÐ çà ñîðîê ëåò. 1917�1957¿, âèöå-ïðåçèäåíòîì Ìîñêîâñêîãî ìà-
òåìàòè÷åñêîãî îáùåñòâà (1956�1962), îäíèì èç èíèöèàòîðîâ ñîçäà-
íèÿ ðåôåðàòèâíîãî æóðíàëà ïî ìàòåìàòèêå è ïðîâåäåíèè Âñåñîþç-
íûõ àëãåáðàè÷åñêèõ êîëëîêâèóìîâ.

Â òå÷åíèå ìíîãèõ ëåò À. Ã. Êóðîø ÷èòàë îáÿçàòåëüíûå êóðñû
ëåêöèé ïî àëãåáðå íà ìåõàíèêî-ìàòåìàòè÷åñêîì ôàêóëüòåòå ÌÃÓ,
ðóêîâîäèë ñïåöñåìèíàðàìè, â òîì ÷èñëå ñåìèíàðîì ïî àëãåáðå. Áî-
ëåå 50 ó÷åíèêîâ À. Ã. Êóðîøà ñòàëè êàíäèäàòàìè íàóê, áîëåå 10
� äîêòîðàìè íàóê. Áóäó÷è ñàì ÷åëîâåêîì óâëå÷åííûì òåîðåòèêî-
ìíîæåñòâåííîé àëãåáðîé, Àëåêñàíäð Ãåííàäèåâè÷, áëåñòÿùèé ïåäà-
ãîã, îäíîâðåìåííî âíèìàòåëüíûé è òðåáîâàòåëüíûé ê ñâîèì ó÷åíè-
êàì, ïåðåäàâàë èì ñâîþ ëþáîâü ê ïðåäìåòó. Ìíîãèå èç ó÷åíèêîâ
À. Ã. Êóðîøà ñòàëè âïîñëåäñòâèè ïðåïîäàâàòåëÿìè óíèâåðñèòåòîâ è
âóçîâ, ñîçäàòåëÿìè ñâîèõ àëãåáðàè÷åñêèõ øêîë â ðàçíûõ ãîðîäàõ è
ðåñïóáëèêàõ Ñîâåòñêîãî Ñîþçà.
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À. Ã. Êóðîø íàãðàæä¼í îðäåíàìè Òðóäîâîãî Êðàñíîãî Çíàìå-
íè, ¾Çíàê Ïî÷¼òà¿. Ëàóðåàò Ãîñóäàðñòâåííîé ïðåìèè ÑÑÑÐ, ïðåìèè
èìåíè Ï. Ë. ×åáûø¼âà. Ïî÷¼òíûé ÷ëåí Ìîñêîâñêîãî ìàòåìàòè÷åñêî-
ãî îáùåñòâà, Óðàëüñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà, ïî÷¼òíûé äîê-
òîð Ëèîíñêîãî óíèâåðñèòåòà, óíèâåðñèòåòà ã. Áðíî, àâòîð áîëåå 80
íàó÷íûõ ðàáîò.

Ñïèñîê ïóáëèêàöèé À. Ã. Êóðîøà

1932 ã.
1. Zur Zerlegung unendlicher Gruppen, Math. Ann. 106, 107�113.

1933 ã.
2. �Uber freie Produkte von Gruppen, Math. Ann. 108, 26�36.

1934 ã.
3. Die Untergruppen der freien Produkte von beliebigen Gruppen, Math.
Ann. 109, 647�660.
4. Ñîâðåìåííûå àëãåáðàè÷åñêèå âîççðåíèÿ, Ôðîíò íàóêè è òåõíèêè,
� 5�6, 33�38.

1935 ã.
5. Durchschnittsdarstellungen mit irreduziblen Komponenten in Ringen
und sogenannten Dual-gruppen, Ìàòåì. Ñáîðíèê, 42, 613�616.
6. Eine Verallgemeinerung des Jordan�Holderschen Satzes, Math. Ann.
111 , 13�18.
7. Kombinatoirischer Aufbau der bikompakten topologischen Raume,
Comp. Math. 2, 471�476.
8. Ñâîáîäíûå ïðîèçâåäåíèÿ ñ îáúåäèíåííûìè ïîäãðóïïàìè öåíòðîâ,
ÄÀÍ, 1, 285-286 (ñîâìåñòíî ñ Â. À. Êàëàøíèêîâûì)

1936 ã.
9. Ñîâðåìåííûå àëãåáðàè÷åñêèå âîççðåíèÿ. Ñáîðíèê ñòàòåé ïî ôè-
ëîñîôèè ìàòåìàòèêè. Ì.: Ó÷ïåäãèç, 21-29.
10. �Uber absolute Eindeutigkeit der direkten Produktzerlegungen einer
Gruppe, Ìàòåì. ñáîðíèê. 1 (43), 345-350.

1937 ã.
11. Primitive torsionsfreie Abelsche Gruppen vom endlichen Range, Ann.
of Math. 38,. 175-203.
12. Ïóòè ðàçâèòèÿ è íåêîòîðûå î÷åðåäíûå ïðîáëåìû òåîðèè áåñêî-
íå÷íûõ ãðóïï, ÓÌÍ. Âûï. 3, 5�15.
13. Zum Zerlegungsproblem der Theorie der freien Produkte, Ìàòåì.
ñáîðíèê. 2 (44), 995�1001.

1938 ã.
14. Î íåêîòîðûõ âîïðîñàõ òåîðèè áåñêîíå÷íûõ ãðóïï, Òðóäû ñåìè-
íàðà ïî òåîðèè ãðóïï, Ì�Ë. Ãîñòåõèçäàò, 50�79.
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15. Sylowsche Untergruppen von unendlichen Gruppen, Ìàòåì ñáîðíèê.
3(45), 179�185 (ñîâìåñòíî ñ À. Ï. Äèöìàíîì è À. È. Óçêîâûì).

1939 ã.
16. Ê òåîðèè ÷àñòè÷íî óïîðÿäî÷åííûõ ñèñòåì êîíå÷íûõ ìíîæåñòâ.
Ìàòåì. Ñá. 343-346.
17. Íåñêîëüêî çàìå÷àíèé ê òåîðèè áåñêîíå÷íûõ ãðóïï. Ìàòåì. Ñá,
5(47), 347-354.
18. Ëîêàëüíî ñâîáîäíûå ãðóïïû, ÄÀÍ, 24, 99-101.

1940 ã.
19. Ëîêàëüíî ñâîáîäíûå ãðóïïû (ðåçþìå äîêëàäà 14.11.1939 íà Âñå-
ñîþçíîì ñîâåùàíèè ïî àëãåáðå), Èçâ. ÀÍ, ñåð. ìàòåì. 4, 129.
20. Îáçîð ïðîáëåì î áåñêîíå÷íûõ ãðóïïàõ (ðåçþìå äîêëàäà
15.11.1939 íà Âñåñîþçíîì ñîâåùàíèè ïî àëãåáðå), Èçâ. ÀÍ, ñåð. ìà-
òåì. 4, 131.
21. Òåîðåìà Æîðäàíà-Ãåëüäåðà â ïðîèçâîëüíûõ ñòðóêòóðà, Ñáîðíèê
ïàìÿòè àêàä. Ä. À. Ãðàâå . Ì.� Ë., ÃÒÒÈ, 110�116.

1941 ã.
22. Ðåö. Íà êíèãó: Ë. À. Îêóíåâ, Âûñøàÿ àëãåáðà, èçä. 2-å, Èçâ. ÀÍ,
ñåð. ìàòåì., 5 187�188.
23. Ïðîáëåìû òåîðèè êîëåö, ñâÿçàííûå ñ ïðîáëåìîé Áåðíñàéäà î ïå-
ðèîäè÷åñêèõ ãðóïïàõ. Èçâ. ÀÍ, ñåð. ìàòåì. 5, 233�240.

1942 ã.
24. Direct decompositions of simple rings, Ìàòåì. ñáîðíèê. 11(53),
245�264.

1943 ã.
25. Èçîìîðôèçìû ïðÿìûõ ðàçëîæåíèé, Èçâ. ÀÍ, ñåð. ìàòåì. 7,
185�202.

1944 ã.
26. Òåîðèÿ ãðóïï, Ì.�Ë. Ãîñòåõèçäàò, (ïåðåèçä. â ÃÄÐ , 1953).

1945 ã.
27. Êîìïîçèöèîííûå ñèñòåìû â áåñêîíå÷íûõ ãðóïïàõ, Ìàòåì. ñá.
16(58), 59�72.
28. , Ñèëîâñêèå ïîäãðóïïû íóëüìåðíûõ òîïîëîãè÷åñêèõ ãðóïï. Èçâ.
ÀÍ, ñåð. ìàòåì. 9, 65-78.

1946 ã.
29. Èçîìîðôèçìû ïðÿìûõ ðàçëîæåíèé, II, Èçâ. ÀÍ, ñåð. ìàòåì, 10,
47�72.
30. Êóðñ âûñøåé àëãåáðû, Ì.� Ë. Ãîñòåõèçäàò, (èçä . 2-å �1950; èçä.
3-å � 1952; ïåðåâîäû: íà êîðåéñêèé, ÊÍÄÐ, 1951; íà êèòàéñêèé, ÊÍÐ,
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1953; íà ðóìûíñêèé, Ðóìûíèÿ, 1955).

1947 ã.
31. Íåàññîöèàòèâíûå ñâîáîäíûå àëãåáðû è ñâîáîäíûå ïðîèçâåäåíèÿ
àëãåáðà, Ìàòåì. ñáîðíèê 20(62), 239-262.
32. Ðàçðåøèìûå è íèëüïîòåíòíûå ãðóïïû, ÓÌÍ 2: 3(19), 18�59 (ñîâ-
ìåñòíî ñ Ñ. Í. ×åðíèêîâûì), (ïåðåâîä íà àíãëèéñêèé, ÑØÀ, 1953).

1948 ã.
33. Àëãåáðà II (ãðóïïû, êîëüöà è ñòðóêòóðû), Ñáîðíèê ¾Ìàòåìàòèêà
â ÑÑÑÐ çà òðèäöàòü ëåò¿, Ì.� Ë., Ãîñòåõèçäàò, 106�133.

1950 ã.
34. Àëãåáðà, ÁÑÝ: 2-å èçä ., 2, 53�62 (ñîâìåñòíî ñ Î. Þ. Øìèäòîì).

1951 ã.
35. Ê òåîðèè ëîêàëüíî ïðîñòûõ è ëîêàëüíî öåíòðàëüíûõ àëãåáðà,
Óêð. Ìàòåì. æóðíàë, 3, 205�210.
36. Ñîâðåìåííîå ñîñòîÿíèå òåîðèè êîëåö è àëãåáðà ÓÌÍ 6:2(42), 3-
15.
37. Îòòî Þëüåâè÷ Øìèäò ÓÌÍ 6:5(45), 197-199.
38. Àëãåáðàè÷åñêèå óðàâíåíèÿ ïðîèçâîëüíûõ ñòåïåíåé, Ì.� Ë., Ãî-
ñòåõèçäàò, (Ïîïóëÿðíûå ëåêöèè ïî ìàòåìàòèêå)( ïåðåâîäû: íà ÷åø-
ñêèé, ×åõîñëîâàêèÿ. 1953; íà íåìåöêèé, ÃÄÐ, 1954, íà ãðóçèíñêèé,
19578 íà áîëãàðñêàèé, Áîëãàðèÿ, 1965).

1952 ã.
39. Âûñòóïëåíèå 12 ñåíòÿáðÿ 1951 ã. íà Âñåñîþçíîì ñîâåùàíèè ïî
àëãåáðå è òåîðèè ÷èñåë, ÓÌÍ 7:3(49), 161-168.

1953 ã.
40. Òåîðèÿ ãðóïï, èçä. 2-å, ïåðåðàáîòàííîå, Ì., Ãîñòåõèçäàò (ïåðåâî-
äû: íà àíãëèéñêèé, ÑØÀ 1955-56 (â äâóõ òîìàõ), 2-îå èçä. 1960; íà
âåíãåðñêèé, Âåíãðèÿ, 1955; íà ðóìûíñêèé, Ðóìûíèÿ, 1959; íà ÿïîí-
ñêèé, ßïîíèÿ, 1960-61( â äâóõ òîìàõ); íà êèòàéñêèé, ÊÍÐ, 1964 (1
òîì)).
41. Ðàäèêàëû êîëåö è àëãåáð, Ìàòåì. Ñá. 33(75),13-26.

1955 ã.
42. Íåàññîöèàòèâíûå ñâîáîäíûå ñóììû àëãåáð, Ìàòåì. Ñáîðíèê,
37(79), 251-264.
43. Êóðñ âûñøåé àëãåáðû, Ì., Ãîñòåõèçäàò, (èçä. 5-å � 1956; ïåðåâîä
íà âüåòíàìñêèé, ÄÐÂ, 1958).

1956 ã.
44. Îòòî Þëüåâè÷ Øìèäò (íåêðîëîã), ÓÌÍ : 6(72), 227�233.

1957 ã.
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45. Íàó÷íî � èññëåäîâàòåëüñêèé ñåìèíàð êàôåäðû àëãåáðû Ìîñêîâ-
ñêîãî óíèâåðñèòåòà, ÓÌÍ 12: 5(77), 261�269 (ñîâìåñòíî ñ Ë. À. Ñêîð-
íÿêîâûì).

1958 ã.
46. Ïðÿìûå ðàçëîæåíèÿ â àëãåáðàè÷åñêèõ êàòåãîðèÿõ(ðåçþìå äîêëà-
äà 6 ôåâðàëÿ 1958 ã. íà êîëëîêâèóìå ïî îáùåé àëãåáðå), ÓÌÍ 13:
3(81), 239�240.

1959 ã.
47. Êóðñ âûñøåé àëãåáðû, èçä. 6-îå, ïåðåðàáîòàííîå è äîïîëíåí-
íîå, Ì. Ôèçìàòãèç, (èçä. 7-å � 1962; èçä. 8-å � 1963, äîïå÷àòêà �
1965; èçä. 9-å � 1968; èçä. 10-å � 1971; ïåðåâîäû: íà ãðóçèíñêèé�
1961; íà ÿïîíñêè, ßïîíèÿ,�1962; íà àðìÿíñêèé � 1965; íà âåíãåð-
ñêèé, Âåíãðèÿ,�1967; íà áîëãàðñêèé, Áîëãàðèÿ,�1968; íà ìîëäàâ-
ñêèé � 1968; íà èñïàíñêèé, èçä. ¾Ìèð¿�1968; íà ôðàíöóçñêèé, èçä.
¾Ìèð¿�1971).
48. Îáùàÿ àëãåáðà, Ñáîððíèê ¾Ìàòåìàòèêà â ÑÑÑÐ çà ñîðîê ëåò¿, ò.
I, M., Ôèçìàòëèò, 151�200 (ñîâìåñòíî ñ Â. Ì. Ãëóøêîâûì.) (ïåðåâîä
íà êèòàéñêèé, ÊÍÐ � 1964).
49. Ìåæäóíàðîäíûé êîíãðåññ ìàòåìàòèêîâ â Ýäèíáóðãå, ÓÌÍ 14:
1(85), 249�253 ( ñîâìåñòíî ñ Ï. Ñ. Àëåêñàíäðîâûì).
50. Àëãåáðà íà Ýäèíáóðãñêîì êîíãðåññå, ÓÌÍ14: 2(86), 239�242.
51. Ïðÿìûå ðàçëîæåíèÿ â àëãåáðàè÷åñêèõ êàòåãîðèÿõ, Òðóäû Ìîñê.
ìàòåì. î-âà, 8, 391 � 412; 9 (1960), 562 ( ïåðåâîä íà àíãëèéñêèé, ÑØÀ
� 1963).
52. Îñíîâîïîëîæíèê ñîâåòñêîé àëãåáðàè÷åñêîé øêîëû, Ñáîðíèê
¾Îòòî Þëüåâè÷ Øìèäò. Æèçíü è äåÿòåëüíîñòü¿, Ì. èçä-âî ÀÍ
ÑÑÑÐ, 51�63.
53. Àíèñèì Ôåäîðîâè÷ Áåðìàíò (íåêðîëîã), ÓÌÍ 14: 5(89), 117�121
(ñîâìåñòíî ñ Ë. À. Ëþñòåðíèêîì, À. È. Ìàðêóøåâè÷åì è Ã. Ô. Ðûá-
êèíûì).
54. Àíàòîëèé Èâàíîâè÷ Ìàëüöåâ (ê ïÿòèäåñÿòèëåòèþ ñî äíÿ ðîæäå-
íèÿ), ÓÌÍ 14: 6(90), 203�211.

1960 ã.
55 Ñâîáîäíûå ñóììû ìóëüòèîïåðàòîðíûõ ãðóïï, Acta Scient. Math.,
Szeged 21: 3�4, 187-196.
56. Ñâîáîäíûå ñóììû ìóëüòèîïåðàòîðíûõ ãðóïï è àëãåáð, ÓÌÍ 15:
3(93), 191�192.
57. Íåêîòîðûå ìàòåðèàëû î âëèÿíèè ðàáîò ñîâåòñêèõ ìàòåìàòèêîâ
íà ðàçâèòèå ìàòåìàòè÷åñêîé íàóêè (ðåçþìå äîêëàäà íà çàñåäàíèè
Ìîñêîâñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà 1 ìàðòà 1960 ã.), ÓÌÍ 15:
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4(94), 204.
58. Ñâîáîäíûå ñóììû ìóëüòèîïåðàòîðíûõ àëãåáð, Ñèá. ìàòåì. æ. 1,
62�70; 638.
59. Îñíîâû òåîðèè êàòåãîðèé, ÓÌÍ 15: 6(96), 3�52 (ñîâìåñòíî ñ
À. Õ. Ëèâøèöåì è Å. Ã. Øóëüãåéôåðîì) (ïåðåâîäû: íà ðóìûíñêèé,
Ðóìûíèÿ, 1961; íà àíãëèéñêèé, ÑØÀ, 1962; íà íåìåöêèé, ÃÄÐ, 1963).

1961 ã.
60. Ðàäèêàëû â òåîðèè ãðóïï, ÄÀÍ 141, 789�791. 1962 ã.
61. Ðàäèêàëû â òåîðèè ãðóïï, Ñèá. ìàò. æ. 3, 912�931; 6 (1965), 715.
62. Les radicaux en theorie des groupes, Semin. Dubreil � Pisot, Paris,
22: 01�07.
63. Groupes avec multi-operateurs, Semin. Dubreil � Pisot, Paris, 23:
01�06.
64. Radicaux en theorie des groups, Bull. Soc. Math. Belgique 14: 3,
307�310.
65. Ëåêöèè ïî îáùåé àëãåáðå, Ì. Ôèçìàòãèç (ïåðåâîäû: íà àíãëèé-
ñêèé, ÑØÀ,�1-å èçä., 1963; 2-å èçä., 1965; íà êèòàéñêèé, ÊÍÐ,�1964;
íà íåìåöêèé, ÃÄÐ,�1964; íà ïîëüñêèé, Ïîëüøà, �1965; íà ÿïîíñêèé,
ßïîíèÿ, â äâóõ òîìàõ, 1-é òîì � 1966, 2-é òîì � 1970; íà ôðàíöóç-
ñêèé, Ôðàíöèÿ,�1967;íà ÷åøñêèé, ×åõîñëîâàêèÿ,�1968).

1964 ã.
66. Universal algebras, Lectures, Australian Nat. University, Canberra,
1�11.

1965 ã.
67. Ìîñêîâñêîå ìàòåìàòè÷åñêîå îáùåñòâî çà ïîñëåäíþþ òðåòü âå-
êà, (Äîêëàä íà þáèëåéíîì çàñåäàíèè Îáùåñòâà 20 1964 .), ÓÌÍ 20:
3(123), 10�18. 1966 ã.
68. Ðàáîòû ìîñêîâñêèõ àëãåáðàèñòîâ â òåîðèè óíèâåðñàëüíûõ àëãåáð,
Coll. Math. (Warszawa � Wroclaw) 14, 131�133.
69. Íåêîòîðûå òåðìèíîëîãè÷åñêèå âîïðîñû èç îáùåé àëãåáðû, ¾Àë-
ãåáðà è ëîãèêà. Ñåìèíàð¿ 5: 3, 77�81.
70. Íàêàíóíå. Íåñêîëüêî ñîâåòîâ ïîñòóïàþùèì â âóçû, èõ ðîäèòå-
ëÿì è ýêçàìåíàòîðàì, ãàçåòà ¾Èçâåñòèÿ¿, � 133 (15221), ìîñêîâñêèé
âå÷åðíèé âûï. çà7.6.1966, ñòð. 4.

1967 ã.
71. Òåîðèÿ ãðóïï , èçä. 3-å, äîïîëíåííîå, Ì., ¾Íàóêà¿ (ïåðåâîä íà
íåìåöêèé, ÃÄÐ (1-é ò.) � 1970).
72. Ðàçâèòèå îáùåé àëãåáðû â Ìîñêîâñêîì óíèâåðñèòåòå çà ïÿòüäå-
ñÿò ëåò, Âåñòíèê Ìîñê. óí-òà 6, (Ìàòåìàòèêà, Ìåõàíèêà), 3�15.

1968 ã.
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73. Îáùèé îáçîð ðàçâèòèÿ àëãåáðû â ÑÑÑÐ, �Èñòîðèÿ îòå÷åñòâåí-
íîé ìàòåìàòèêè�, ò. 3. Êèåâ, Íàóêîâà äóìêà, 275-285 (ñîâìåñòíî ñ
Ë. À. Êàëóæíèíûì).
74. Íåêîòîðûå äðóãèå ðàçäåëû îáùåé àëãåáðû, �Èñòîðèÿ îòå÷åñòâåí-
íîé ìàòåìàòèêè�, ò. 3. Êèåâ, Íàóêîâà äóìêà, 263-269.
75. Ïåòð Ãðèãîðüåâè÷ Êîíòîðîâè÷ (íåêðîëîã), ÓÌÍ 23: 4(142), 239-
240 (ñîâìåñòíî ñ Á. È. Ïëîòêèíûì, Í. Ô. Ñåñåêèíûì, Ë. Í. Øåâðè-
íûì).
76. Ïåäôàê Ñìîëåíñêîãî óíèâåðñèòåòà â ìîþ ñòóäåí÷åñêóþ ïîðó,
Ñá. �Ñìîëåíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò èìåíè
Ê.Ìàðêñà (1918-1968)�, Ñìîëåíñê, 260-263. 1969 ã.
77. Ìóëüòèîïåðàòîðíûå êîëüöà è àëãåáðû, ÓÌÍ 24:1 (145), 3-15.

1970 ã.
78. Ïàìÿòè ìîëîäûõ ñîâåòñêèõ àëãåáðàèñòîâ, ïîãèáøèõ íà ôðîíòàõ
Âåëèêîé îòå÷åñòâåííîé âîéíû, ÓÌÍ 25:3 (153), 252-253.
79. Îáùàÿ àëãåáðà (ëåêöèè 1969-70 ó÷åáíîãî ãîäà), Ì., Èçä-âî Ìîñ-
êîâñêîãî óíèâåðñèòåòà.

1971 ã.
80. Ñâîáîäíûå ñóììû ìóëüòèîïåðàòîðíûõ ëèíåéíûõ ïî÷òè-àëãåáð,
Êèøèíåâ, Ìàòåì. Èññëåäîâàíèÿ, 6:1 (19), 83-87.
81. Ñâîáîäíûå ðàçëîæåíèÿ â íåêîòîðûõ ìíîãîîáðàçèÿõ ìóëüòèîïå-
ðàòîðíûõ ãðóïï, Èçâ. âûñøèõ ó÷. çàâåäåíèé, Ìàòåìàòèêà, � 3(106),
50-54.

Cïèñîê ó÷åíèêîâ À. Ã. Êóðîøà
1. ×åðíèêîâ Ñåðãåé Íèêîëàåâè÷.
2. Óçêîâ Àëåêñàíäð Èëëàðèîíîâè÷.
3. Ñàäîâñêèé Ëåîíèä Åôèìîâè÷.
4. Ãîëîâèí Îëåã Íèêîëàåâè÷.
5. Ãåð÷èêîâ Àëüôðåä Èçðàèëåâè÷ - ïîãèá íà ôðîíòå Âåëèêîé Îòå-
åñòâåííîé âîéíû.
6. Àíäðóíàêèåâè÷ Âëàäèìèð Àëåêñàíäðîâè÷ (ñîâì. ñ Î. Þ. Øìèä-
òîì).
7. Êèøêèíà Çîÿ Ìèõàéëîâíà (ñîâì. ñ À. È. Ìàëüöåâûì).
8. Øèìáèðåâà Åëåíà Ïàâëîâíà.
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11. Ãëóøêîâ Âèêòîð Ìèõàéëîâè÷ (ñîâì. ñ Ñ. Í. ×åðíèêîâûì, àêàäå-
ìèê ÀÍ ÑÑÑÐ).
12. Ñêîðíÿêîâ Ëåâ Àíàòîëüåâè÷.
13. Ãðàåâ Ìàðê Èîñèôîâè÷.
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38. ×àí Âàí Õàî (Âüåòíàì).
39. ×àêàíü Áåëà (Âåíãðèÿ).
40. Ðåáàíå Þðèé Êàðëîâè÷.
41. Ìèêàåëÿí Ãàìëåò Ñóðåíîâè÷.
42. Èñêàíäåð Àâàä Àëëàõ (Åãèïåò).
43. Ãàáîâè÷ Åâãåíèé ßêîâëåâè÷.
44. Èâàíîâà Îëüãà Àëåêñàíäðîâíà.
45. Êèçíåð Ôðèäà Èñàêîâíà.
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Â.À.Àðòàìîíîâ, Ý.Á. Âèíáåðã, Å.Ñ.Ãîëîä, Í.À.Êóðîø,
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Ñ. À. Àáðàìîâ (Ìîñêâà)

Âû÷èñëåíèå ðàçìåðíîñòè ïðîñòðàíñòâà ðåøåíèé ëèíåéíîé
ðàçíîñòíîé ñèñòåìû

Ðàññìàòðèâàþòñÿ ìàòðèöû ðàçíîñòíûõ îïåðàòîðîâ L ∈ Matn(K[σ]),
ãäå K � ðàçíîñòíîå ïîëå õàðàêòåðèñòèêè 0 ñ àâòîìîðôèçìîì (ñäâè-
ãîì) σ. Îáñóæäàþòñÿ äâà àëãîðèòìà âû÷èñëåíèÿ ðàçìåðíîñòè ïðî-
ñòðàíñòâà òàêèõ ðåøåíèé ñèñòåìû óðàâíåíèé Ly = 0, êîìïîíåíòû
êîòîðûõ ïðèíàäëåæàò íåêîòîðîìó àäåêâàòíîìó ðàçíîñòíîìó ðàñøè-
ðåíèþ ïîëÿ K. Òî÷íåå ãîâîðÿ, àëãîðèòìû âûïîëíÿþò óêàçàííûå
âû÷èñëåíèÿ â òîì ñëó÷àå, êîãäà L èìååò ïîëíûé ðàíã, ò.å. ñòðîêè
r1, . . . , rn ìàòðèöû L ëèíåéíî íåçàâèñèìû íàä K[σ]: èç f1r1 + · · · +
fnrn = 0, f1, . . . , fn ∈ K[σ] ñëåäóåò, ÷òî f1 = · · · = fn = 0. Ðåçóëü-
òàòîì ðàáîòû êàæäîãî èç àëãîðèòìîâ ÿâëÿåòñÿ ëèáî çíà÷åíèå ðàç-
ìåðíîñòè ïðîñòðàíñòâà ðåøåíèé ñèñòåìû Ly = 0, ëèáî ñîîáùåíèå
î òîì, ÷òî ñòðîêè ìàòðèöû L ëèíåéíî çàâèñèìû íàä K[σ]. Çíà÷å-
íèå ðàçìåðíîñòè � öåëîå ÷èñëî, ïðèíàäëåæàùåå îòðåçêó [0, nd], ãäå
n � ÷èñëî ñòðîê (è ñòîëáöîâ) ìàòðèöû L, d � ðàçíîñòü ìåæäó íàè-
áîëüøèì âåðõíèì è íàèìåíüøèì íèæíèì ïîðÿäêàìè âñåõ ñêàëÿðíûõ
îïåðàòîðîâ, ÿâëÿþùèõñÿ ýëåìåíòàìè L.

Ýòè äâà àëãîðèòìà îñíîâàíû ñîîòâåòñòâåííî íà àëãîðèòìå EG-
èñêëþ÷åíèé [1], [2] è àëãîðèòìå Row-Reduction [3], [4]. Èññëåäóåòñÿ
ñëîæíîñòü êàæäîãî èç ïðåäëàãàåìûõ àëãîðèòìîâ âû÷èñëåíèÿ ðàç-
ìåðíîñòè. Ñëîæíîñòü ïîíèìàåòñÿ êàê îáùåå ÷èñëî àðèôìåòè÷åñêèõ
îïåðàöèé è ñäâèãîâ â õóäøåì ñëó÷àå. Ïîêàçàíî, ÷òî àëãîðèòì, îñíî-
âàííûé íà EG-èñêëþ÷åíèÿõ, îáëàäàåò ìåíüøåé ñëîæíîñòüþ, è ýòà
ñëîæíîñòü äîïóñêàåò îöåíêó O(n3d2) ïðè n, d→∞.

Ëèòåðàòóðà. [1] S. Abramov, EG-eliminations. J. of Di�erence Equat.

Applicat., 5 (1999), 393�433. [2] S. Abramov, M. Bronstein, Linear algebra

for skew-polynomial matrices. Rapport de Recherche INRIA, March 2002, RR-

4420. [3] B. Beckermann, H. Cheng, G. Labahn, Fraction-free row reduction

of matrices of Ore polynomials. J. Symbolic Comput., 41 (2006), 513�543.

[4] M.A. Barkatou, C. El Bacha, G. Labahn, E. P��ugel. On simultaneous row

and column reduction of higher-order linear di�erential systems. J. Symbolic

Comput., 49 (2013), 45�64.
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À. Í. Àáûçîâ (Êàçàíü), ×. Ê. Êóèíü (Óíèâåðñèòåò Äàíàíãà,
Âüåòíàì)

Ïî÷òè ïðîåêòèâíûå è ïî÷òè èíúåêòèâíûå ìîäóëè
Ïóñòü M,N � ïðàâûå R-ìîäóëè. Ìîäóëü M íàçûâàåòñÿ ïî÷òè

N -èíúåêòèâíûì, åñëè äëÿ êàæäîãî ïîäìîäóëÿ N ′ ìîäóëÿ N è êàæ-
äîãî ãîìîìîðôèçìà f : N ′ → M ëèáî ñóùåñòâóåò òàêîé ãîìîìîð-
ôèçì g : N → M, ÷òî f = gι, ëèáî ñóùåñòâóþò íåíóëåâîé èäåì-
ïîòåíò π ∈ EndR(N) è ãîìîìîðôèçì h : M → π(N), äëÿ êîòîðûõ
âûïîëíåíî ðàâåíñòâî hf = πι, ãäå ι : N ′ → N � åñòåñòâåííîå âëî-
æåíèå. Ìîäóëü M íàçûâàåòñÿ ïî÷òè èíúåêòèâíûì, åñëè îí ïî÷òè
èíúåêòèâåí îòíîñèòåëüíî êàæäîãî ïðàâîãî R-ìîäóëÿ. Äâîéñòâåííî
îïðåäåëÿåòñÿ ïîíÿòèå ïî÷òè ïðîåêòèâíîãî ìîäóëÿ. Ïîíÿòèÿ ïî÷òè
èíúåêòèâíîãî ìîäóëÿ è ïî÷òè ïðîåêòèâíîãî ìîäóëÿ âïåðâûå áûëè
èçó÷åíû â ðàáîòàõ Õàðàäû, åãî êîëëåã è ó÷åíèêîâ.

×åðåç SI(M) áóäåì îáîçíà÷àòü ñóììó âñåõ ïðîñòûõ èíúåêòèâíûõ
ïîäìîäóëåé ìîäóëÿ M. ßñíî, ÷òî SI(RR) � èäåàë êîëüöà R.

Òåîðåìà 1 [1, òåîðåìà 7]. Äëÿ êîëüöà R ñëåäóþùèå óñëîâèÿ ðàâ-
íîñèëüíû:

1) êàæäûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ ïî÷òè èíúåêòèâíûì;

2) R � ïîëóàðòèíîâî ñïðàâà êîëüöî, Loewy(RR) ≤ 2 è íàä êîëüöîì
R êàæäûé ïðàâûé ìîäóëü ÿâëÿåòñÿ ïðÿìîé ñóììîé èíúåêòèâ-
íîãî ìîäóëÿ è V -ìîäóëÿ;

3) R � ïîëóàðòèíîâî ñïðàâà êîëüöî, Loewy(RR) ≤ 2 è íàä êîëüöîì
R êàæäûé ïðàâûé ìîäóëü ÿâëÿåòñÿ ïðÿìîé ñóììîé ïðîåêòèâ-
íîãî ìîäóëÿ è V -ìîäóëÿ;

4) äëÿ êîëüöà R âûïîëíåíû óñëîâèÿ:

a) â êîëüöå R ñóùåñòâóåò òàêîå êîíå÷íîå ìíîæåñòâî îðòî-
ãîíàëüíûõ èäåìïîòåíòîâ {ei}i∈I , ÷òî eiR � èíúåêòèâíûé
ëîêàëüíûé ïðàâûé R-ìîäóëü äëèíû äâà äëÿ êàæäîãî i ∈ I
è J(R) = ⊕i∈IJ(eiR);

b) R/J(R) � ïðàâîå SV -êîëüöî è Loewy(RR) ≤ 2;

c) R/SI(RR) � àðòèíîâî ñïðàâà êîëüöî.

Ïóñòü M,N � ïðàâûå R-ìîäóëè. Ìîäóëü M íàçûâàåòñÿ ñóùå-
ñòâåííî N -èíúåêòèâíûì, åñëè êàæäûé ãîìîìîðôèçì èç ïðîèçâîëü-
íîãî ïîäìîäóëÿ N ′ ìîäóëÿ N â ìîäóëü M , ó êîòîðîãî ÿäðî ñóùå-
ñòâåííî â N ′, ïðîäîëæàåòñÿ äî íåêîòîðîãî ãîìîìîðôèçìà èç N â M
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(ñì. 2, 2.14). Åñëè ìîäóëü M ñóùåñòâåííî N -èíúåêòèâåí äëÿ êàæ-
äîãî ïðàâîãî R-ìîäóëÿ N , òî ìîäóëü M íàçûâàåòñÿ ñóùåñòâåííî
èíúåêòèâíûì. Äâîéñòâåííî îïðåäåëÿåòñÿ ïîíÿòèå ìàëî ïðîåêòèâ-
íîãî ìîäóëÿ. Ñîãëàñíî [3, ïðåäëîæåíèå 2.1] êàæäûé ïî÷òè èíúåê-
òèâíûé ìîäóëü ÿâëÿåòñÿ ñóùåñòâåííî èíúåêòèâíûì. Íàä ñîâåðøåí-
íûì ñïðàâà êîëüöîì êàæäûé ïî÷òè ïðîåêòèâíûé ìîäóëü ÿâëÿåòñÿ
ìàëî ïðîåêòèâíûì. Åñëè ìîäóëü M ñóùåñòâåííî M -èíúåêòèâåí, òî
M íàçûâàåòñÿ ñóùåñòâåííî êâàçèèíúåêòèâíûì. Âàæíûìè ïðèìåðà-
ìè ñóùåñòâåííî êâàçèèíúåêòèâíûõ ìîäóëåé ÿâëÿþòñÿ àâòîìîðôèçì-
èíâàðèàíòíûå ìîäóëè èëè, ÷òî ðàâíîñèëüíî, ïñåâäîèíúåêòèâíûå ìî-
äóëè.

Òåîðåìà 2. Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû äëÿ êîëüöà R:

1) êàæäàÿ âîçðàñòàþùàÿ öåïü ñóùåñòâåííûõ ïðàâûõ èäåàëîâ
êîëüöà R ñòàáèëèçèðóåòñÿ;

2) êàæäàÿ ïðÿìàÿ ñóììà ñóùåñòâåííî èíúåêòèâíûõ ïðàâûõ R-
ìîäóëåé ÿâëÿåòñÿ ñóùåñòâåííî èíúåêòèâíûì ìîäóëåì;

3) åñëè K0,K1, . . . ,Kn . . . � ïðîñòûå ïðàâûå R-ìîäóëè, òî ìîäóëü
⊕NE(Ki) ÿâëÿåòñÿ cóùåñòâåííî èíúåêòèâíûì;

4) E(N) � ñóùåñòâåííî èíúåêòèâíûé ìîäóëü äëÿ êàæäîãî cóùå-
ñòâåííî èíúåêòèâíîãî ìîäóëÿ ER.

Òåîðåìà 3. Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû äëÿ êîëüöà R:

1) R/Soc(RR) � ïðàâîå V -êîëüöî;

2) êàæäûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ ìàëî ïðîåêòèâíûì;

3) êàæäûé öèêëè÷åñêèé (ñîîòâ., êîíå÷íî ïîðîæäåííûé) ïðàâûé
R-ìîäóëü ÿâëÿåòñÿ ìàëî ïðîåêòèâíûì;

4) êàæäûé ïðîñòîé (ñîîòâ., ïîëóïðîñòîé) ïðàâûé R-ìîäóëü ÿâëÿ-
åòñÿ ìàëî ïðîåêòèâíûì;

5) êàæäûé ïðîñòîé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ ñóùåñòâåííî èíú-
åêòèâíûì.

Òåîðåìà 4. Ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû äëÿ ïðàâîãî R-
ìîäóëÿ M :

1) êàæäûé ïðàâûé R-ìîäóëü èç êàòåãîðèè σ(M) ÿâëÿåòñÿ ñóùå-
ñòâåííî M -èíúåêòèâíûì;
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2) êàæäûé öèêëè÷åñêèé ïðàâûé R-ìîäóëü èç êàòåãîðèè σ(M) ÿâ-
ëÿåòñÿ ñóùåñòâåííî M -èíúåêòèâíûì;

3) êàæäûé M -ñèíãóëÿðíûé ïðàâûé R-ìîäóëü ÿâëÿåòñÿ ïîëóïðî-
ñòûì.

Ëèòåðàòóðà. [1] À. Í. Àáûçîâ, Ïî÷òè ïðîåêòèâíûå è ïî÷òè èíú-

åêòèâíûå ìîäóëè, Ìàòåì. çàìåòêè, 103:1 (2018), 3�19. [2] N. V. Dung,

D. V. Huynh, P. F. Smith, R. Wisbauer, Extending modules, Pitman Research

Notes in Math. 313, Longman, Harlow, New York (1994) [3] M. Arabi-

Kakavand, Sh. Asgari, Y. Tolooei, Rings over which every module is almost

injective, Comm. Algebra, 44:7 (2016), 2908�2918.

Êàçàíñêèé (Ïðèâîëæñêèé) ôåäåðàëüíûé óíèâåðñèòåò

e-mail: aabyzov@kpfu.ru

Department of Mathematics, Danang University

e-mail: tcquynhtcq@gmail.com, tcquynh@dce.udn.vn

À. Í. Àäìèðàëîâà, Â. Áåíÿø-Êðèâåö (Ìèíñê)

Î ìíîãîîáðàçèÿõ ïðåäñòàâëåíèé íåêîòîðûõ HNN-ðàñøè-
ðåíèé ñâîáîäíûõ ïðîèçâåäåíèé öèêëè÷åñêèõ ãðóïï

Ïóñòü G = 〈g1, . . . , gm〉 � êîíå÷íî ïîðîæäåííàÿ ãðóïïà, K �
àëãåáðàè÷åñêè çàìêíóòîå ïîëå íóëåâîé õàðàêòåðèñòèêè. Òîãäà ëþ-
áîå ëèíåéíîå ïðåäñòàâëåíèå ρ : G → GLn(K) îäíîçíà÷íî îïðåäå-
ëÿåòñÿ íàáîðîì ýëåìåíòîâ ρ(g1), . . . , ρ(gm). Ýòè ýëåìåíòû óäîâëå-
òâîðÿþò âñåì îïðåäåëÿþùèì ñîîòíîøåíèÿì ãðóïïû G è, òàêèì
îáðàçîì, èìååò ìåñòî âëîæåíèå ρ 7→ (ρ(g1), . . . , ρ(gm)) ìíîæåñòâà
hom(G,GLn(K)) â GLn(K)m. Îáðàç ìíîæåñòâà hom(G,GLn(K)) îò-
íîñèòåëüíî ýòîãî âëîæåíèÿ ÿâëÿåòñÿ àôôèííûì K-ìíîãîîáðàçèåì
Rn(G) ⊂ GLn(K)m, è ýòî ìíîãîîáðàçèå íàçûâàþò ìíîãîîáðàçèåì
n-ìåðíûõ ïðåäñòàâëåíèé ãðóïïû G ([1]).

Î ñòðóêòóðå ìíîãîîáðàçèé Rn(G) â îáùåì ñëó÷àå èçâåñòíî íåìíî-
ãî. Îäíàêî äëÿ íåêîòîðûõ êëàññîâ ãðóïï òàêèå îïèñàíèÿ ïîëó÷åíû.
Â ñòàòüÿõ [2] è [3] îïèñàíû ìíîãîîáðàçèÿ ïðåäñòàâëåíèé ôóíäàìåí-
òàëüíûõ ãðóïï êîìïàêòíûõ îðèåíòèðóåìûõ è íåîðèåíòèðóåìûõ ïî-
âåðõíîñòåé. Â ðàáîòå [4] èññëåäîâàíû ìíîãîîáðàçèÿ ïðåäñòàâëåíèé
ãðóïï Áàóìñëàãà-Ñîëèòåðà äëÿ âçàèìíî ïðîñòûõ p è q, â [5] ðåçóëü-
òàòû ðàáîòû [4] ðàñøèðåíû íà ñëó÷àé íå âçàèìíî ïðîñòûõ ïîêàçàòå-
ëåé p è q. Â ñòàòüå [6] îïèñàíû ñòðóêòóðà è ñâîéñòâà ìíîãîîáðàçèé
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ïðåäñòàâëåíèé ãðóïï, èìåþùèõ êîïðåäñòàâëåíèå

H = 〈x1, y1, . . . , xg, yg, t |
t([x1, y1] . . . [xg, yg])

pt−1 = ([x1, y1] . . . [xg, yg])
q〉,

ãäå g ≥ 2, à p è q âçàèìíî ïðîñòû.
Â ïðåäëàãàåìîì ñîîáùåíèè ìû ðàññìàòðèâàåì ñëåäóþùèé êëàññ

ãðóïï

G = 〈a1, . . . , as, b1, . . . , bk, x1, . . . , xg, t |
am1

1 = . . . = amss = 1, tUpt−1 = Uq〉,

ãäå U = x2
1 . . . x

2
gW (a1, . . . , as, b1, . . . , bk), g ≥ 3,mi ≥ 2 äëÿ i = 1, . . . , s

è W (a1, . . . , as, b1, . . . , bk) � ïðèâåäåííîå ñëîâî (âîçìîæíî, ïóñòîå) â
ñâîáîäíîì ïðîèçâåäåíèè öèêëè÷åñêèõ ãðóïï H = 〈a1 | am1

1 〉∗. . .∗〈as |
amss 〉∗〈b1〉∗. . .∗〈bk〉. Ãðóïïà G ÿâëÿåòñÿ HNN-ðàñøèðåíèåì ãðóïïû H
ñ ïðîõîäíîé áóêâîé t è ñî ñâÿçàííûìè öèêëè÷åñêèìè ïîäãðóïïàìè
〈Up〉 è 〈Uq〉.

Äëÿ ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ íàì íåîáõîäèìû ñëåäó-
þùèå óòâåðæäåíèÿ. Äàëåå ÷åðåç En ìû áóäåì îáîçíà÷àòü åäèíè÷íóþ
ìàòðèöó ïîðÿäêà n.

Ïðåäëîæåíèå 1. Ïóñòü Cl � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà l, γ �
ïåðâîîáðàçíûé êîðåíü èç åäèíèöû ñòåïåíè l. Äëÿ ïðîèçâîëüíîãî ðàç-
áèåíèÿ α = (k1, . . . , kl) ÷èñëà n íà l íåîòðèöàòåëüíûõ ÷àñòåé ïîëî-
æèì

Vα =
{
XZαX

−1 | X ∈ GLn(K)
}
,

ãäå Zα = diag (Ek1 , γEk2 , . . . , γ
l−1Ekl). Òîãäà Vα ÿâëÿåòñÿ íåïðèâî-

äèìîé êîìïîíåíòîé ìíîãîîáðàçèÿ ïðåäñòàâëåíèé Rn(Cl) ðàçìåðíî-

ñòè n2−
∑l
i=1 k

2
i . Ïðè ýòîì Vα∩Vβ = ∅ ïðè α 6= β è Rn(Cl) = ∪Vα,

ãäå îáúåäèíåíèå áåðåòñÿ ïî âñåì âîçìîæíûì ðàçáèåíèÿì α. Îáùåå
÷èñëî íåïðèâîäèìûõ êîìïîíåíò Rn(Cl) ðàâíî C

l−1
n+l−1.

Îáîçíà÷èì ÷åðåç vi ñóììó ïîêàçàòåëåé ïðè bi â ñëîâå
W (a1, . . . , as, b1, . . . , bk). Ïóñòü d � íàèáîëüøèé îáùèé äåëèòåëü ÷è-
ñåë 2, v1, . . . , vk. Îòìåòèì, ÷òî d ðàâíî 1 èëè 2. Ïóñòü Ω(p, q) ìíîæå-
ñòâî òàêèõ ìàòðèö A ∈ GLn(K), ÷òî Ap è Aq ñîïðÿæåíû, è ïóñòü
A ∈ Ω(p, q).

Äëÿ êàæäîãî i, 1 ≤ i ≤ mi, âûáåðåì ðàçáèåíèå αi =
(ki,1, . . . , ki,mi) ÷èñëà n íà mi íåîòðèöàòåëüíûõ ñëàãàåìûõ. Ïóñòü
Vαi =

{
XZαiX

−1 | X ∈ GLn(K)
}
ñîîòâåòñòâóþùàÿ íåïðèâîäèìàÿ
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êîìïîíåíòà Rn(Cmi), îïðåäåëåííàÿ â ïðåäëîæåíèè 1. Ðàññìîòðèì
ìíîãîîáðàçèå

T (α1, . . . , αs, A) = {(A1, . . . , As, B1, . . . , Bk, X1, . . . , Xg) ∈
Vα1
× . . .× Vαs ×GLn(K)k+g |

X2
1 . . . X

2
gW (A1, . . . , As, B1, . . . , Bk) = A}

Òåîðåìà 1. Ìíîãîîáðàçèå T (α1, . . . , αs, A) èìååò d íåïðèâîäèìûõ
êîìïîíåíò, êîòîðûå ìû îáîçíà÷èì T (α1, . . . , αs, A, i), 1 ≤ i ≤ d.
Êàæäàÿ èç ýòèõ êîìïîíåíò ÿâëÿåòñÿ ðàöèîíàëüíûì ìíîãîîáðàçè-
åì ðàçìåðíîñòè (g + s+ k − 1)n2 −

∑s
i=1

∑mi
j=1 k

2
i,j.

Äëÿ êàæäîãî i, 1 ≤ i ≤ d, ðàññìîòðèì ìîðôèçì

Ψ(α1,...,αs,A,i) : T (α1, . . . , αs, A, i)×GLn(K)× Z(A)→ GLn(K)s+k+g+1,

(A1, . . . , As, B1, . . . , Bk, X1 . . . , Xg, C, z) 7→
C(A1, . . . , As, B1, . . . , Bk, X1, . . . , Xg, z0z),

ãäå z0 � íåêîòîðàÿ ôèêñèðîâàííàÿ ìàòðèöà, òàêàÿ ÷òî z0A
pz−1

0 =
Aq, à Z(A) îáîçíà÷àåò öåíòðàëèçàòîð ìàòðèöû A. Ïóñòü
W (α1, . . . , αs, A, i) îáîçíà÷àåò çàìûêàíèå îáðàçà ìîðôèçìà
Ψ(α1,...,αs,A,i) â òîïîëîãèè Çàðèññêîãî. Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2. Ìíîãîîáðàçèÿ W (α1, . . . , αs, A, i) ñîäåðæàòñÿ â Rn(G)
è ÿâëÿþòñÿ íåïðèâîäèìûìè êîìïîíåíòàìè Rn(G). Ýòèìè ìíîãî-
îáðàçèÿìè èñ÷åðïûâàþòñÿ âñå íåïðèâîäèìûå êîìïîíåíòû Rn(G).
Êàæäîå ìíîãîîáðàçèå W (α1, . . . , αs, A, i) ÿâëÿåòñÿ ðàöèîíàëüíûì
ìíîãîîáðàçèåì ðàçìåðíîñòè (g + s + k)n2 −

∑s
i=1

∑mi
j=1 k

2
i,j +

dimZ(Ah)− dimZ(A), ãäå h = ÍÎÄ (p, q).
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Ôóíêòîð òåíçîðíîãî ïîïîëíåíèÿ â êàòåãîðèÿõ ñòåïåííûõ
MR-ãðóïï

Ïîíÿòèå ñòåïåííîé R-ãðóïïû (R � ïðîèçâîëüíîå àññîöèàòèâíîå
êîëüöî ñ åäèíèöåé) ââåäåíî Ð. Ëèíäîíîì â [1]. Â [2] À. Ã. Ìÿñíèêîâ
è Â.Í. Ðåìåñëåííèêîâ óòî÷íèëè ïîíÿòèå R-ãðóïïû, ââåäÿ äîïîëíè-
òåëüíóþ àêñèîìó. Ýòî óòî÷íåíèå ïðåäñòàâëÿåò åñòåñòâåííîå îáîáùå-
íèå ïîíÿòèÿ R-ìîäóëÿ íà ñëó÷àé íåêîììóòàòèâíûõ ãðóïï. Â ÷åñòü
àâòîðîâ ýòîé ñòàòüè ãðóïïû ñ ýòîé àêñèîìîé â ñòàòüå Ì. Ã. Àìàãëî-
áåëè [3] íàçâàíû MR-ãðóïïàìè (R � êîëüöî). Êëàññ MR ñòåïåííûõ
MR-ãðóïï ÿâëÿåòñÿ êâàçèìíîãîîáðàçèåì â ñèãíàòóðå 〈·,−1, e, fα |
α ∈ R〉, ãäå fα � óíàðíàÿ îïåðàöèÿ âîçâåäåíèÿ â ñòåïåíü α, ò.å.
fα(g) = gα. Áîëüøèíñòâî åñòåñòâåííûõ ïðèìåðîâ ñòåïåííûõ R-ãðóïï
ëåæàò â êëàññå MR (ñì. ïðèìåð â [2]).

Õîðîøî èçâåñòíà ðîëü òåíçîðíîãî ïðîèçâåäåíèÿ â êàòåãîðèè R-
ìîäóëåé, â ÷àñòíîñòè, òåíçîðíîãî ðàñøèðåíèÿ êîëüöà ñêàëÿðîâ. Â
[2] îïðåäåëåí òî÷íûé àíàëîã ýòîé êîíñòðóêöèè äëÿ ïðîèçâîëüíîé
MR-ãðóïïû G � òåíçîðíîå ïîïîëíåíèå GS,µ, ãäå µ : R → S � ãî-
ìîìîðôèçì êîëåö. Â ïðèëîæåíèÿõ µ ÷àùå âñåãî âëîæåíèå êîëåö,
íî è â òàêîì ñëó÷àå λ : G → GS,µ íå âñåãäà ÿâëÿåòñÿ âëîæåíèåì.
Îäíî äîñòàòî÷íîå óñëîâèå âëîæåíèÿ äàíî â [2]. Êëàññ MR ÿâëÿåòñÿ
êàòåãîðèåé, â êîòîðîé ìîðôèçìû � ýòî R-ãîìîìîðôèçìû ãðóïï. Íà
ÿçûêå òåîðèè êàòåãîðèé îïåðàöèÿ òåíçîðíîãî ïîïîëíåíèÿ âûñòóïàåò
êàê ôóíêòîð òåíçîðíîãî ïîïîëíåíèÿ.

Â äîêëàäå, ñëåäóÿ [4], áóäåò ïðåäëîæåí êîíêðåòíûé ñïîñîá ïî-
ñòðîåíèÿ òåíçîðíîãî ïîïîëíåíèÿ â êàòåãîðèè MR-ãðóïï. Êàê ñëåä-
ñòâèå, ïîëó÷åíî îïèñàíèå ñâîáîäíûõ MR-ãðóïï è ñâîáîäíûõ MR-
ïðîèçâåäåíèé ∗

R
Gi íà ÿçûêå ãðóïïîâûõ êîíñòðóêöèé.

Òåîðåìà 1. Äëÿ ëþáûõ X è R, ãäå R ñîäåðæèò êîëüöî öåëûõ ÷èñåë
Z, ñâîáîäíàÿ MR-ãðóïïà FR(X) ñóùåñòâóåò è åäèíñòâåííà ñ òî÷íî-
ñòüþ äî R-èçîìîðôèçìà.

Òåîðåìà 2. Ïóñòü R � êîëüöî, ñîäåðæàùåå êîëüöî öåëûõ ÷èñåë Z,
Gi � íåêîòîðîå ìíîæåñòâî MR-ãðóïï, i ∈ I. Òîãäà
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1) ∗
R
Gi ' (∗Gi)R;

2) êàíîíè÷åñêîå îòîáðàæåíèå λ : ∗Gi → (∗Gi)R ÿâëÿåòñÿ âëîæå-
íèåì.
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Î íåêîòîðûõ ñâîéñòâàõ ðåøåòîê êîëüöåâûõ òîïîëîãèé
Èçâåñòíî, ÷òî äëÿ ëþáîãî êîëüöà R ðåøåòêà âñåõ êîëüöåâûõ òî-

ïîëîãèé ÿâëÿåòñÿ ïîëíîé ðåøåòêîé, â êîòîðîé äèñêðåòíàÿ òîïîëî-
ãèÿ ÿâëÿåòñÿ íàèáîëüøèì ýëåìåíòîì, à àíòèäèñêðåòíàÿ òîïîëîãèÿ
ÿâëÿåòñÿ íàèìåíüøèì ýëåìåíòîì. Êðîìå òîãî, â ýòîé ðåøåòêå âñå-
äà èìååòñÿ êîàòîìû, ò.å. òàêèå òîïîëîãèè, êîòîðûå ÿâëÿþòñÿ ìàêñè-
ìàëüíûìè ýëåìåíòàìè â ìíîæåñòâå âñåõ íåäèñêðåòíûõ òîïîëîãèé â
ýòîé ðåøåòêå.

Äëÿ êîíå÷íûõ ïðîñòûõ êîëåö ðåøåòêà âñåõ êîëüöåâûõ òîïîëîãèé
ñîäåðæèò òîëüêî äâå òîïîëîãèãèè, à èìåííî � äèñêðåòíóþ òîïîëîãèþ
è àíòèäèñêðåòíóþ òîïîëîãèþ. Â ýòîì ñëó÷àå êîàòîìû ñîâïàäàþò
ñ àíòèäèñêðåòíîé òîïîëîãèåé. Èìåþòñÿ è áåñêîíå÷íûå êîëüöà, äëÿ
êîòîðûõ ðåøåòêà âñåõ êîëüöåâûõ òîïîëîãèé ñîäåðæèò òîëüêî äâå
òîïîëîãèãèè (ñì. [1]).

Òåîðåìà 1. (ñì. [2]) Åñëè M � ïîäðåøåòêà ðåøåòêè âñåõ êîëöå-
âûõ òîïîëîãèé íà íèëüïîòåíòíîì êîëüöå R è τ1 ≺ τ2 ≺ . . . ≺ τn �
íåóïëîòíÿåìàÿ öåïî÷êà â ðåøåòêå M , òî k ≤ n äëÿ ëþáîé öåïî÷êè
τ ′1 < τ ′2 < . . . < τ ′k òîïîëîãèé èç M , äëÿ êîòîðîé τ1 = τ ′1 è τ

′
k = τn.

Òåîðåìà 2 (ñì. [3]) Äëÿ ëþáîãî ñ÷åòíîãî êîëüöà ðåøåòêà âñåõ
êîëüöåâûõ òîïîëîãèé ñîäåðæèò äâà â ñòåïåíè êîíòèíóóìà êîàòîìîâ.
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Òåîðåìà 3 (ñì. [4]) Åñëè R � êîëüöî âñåõ êâàäðàòíûõ ìàòðèö ïî-

ðÿäêà 3× 3 âèäà

0 a1,2 a1,3

0 0 a2,3

0 0 0

 íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë, è

R̃ � ïðÿìàÿ ñóììà ñ÷åòíîãî ÷èñëà êîëåö èçîìîðôíûõ êîëäüöó R, òî
íà êîëüöå R̃ ñóùåñòâóþò êîàòîì τ0 è êîëüöåâàÿ òîïîëîãèÿ τ1 òàêèå,
÷òî äëÿ äæèñêðåòíîé òîïîëîãèè τd ìåæäó êîëüöåâûìè òîïîëîãèÿ-
ìè τ1 = inf{τd, τ1} è inf{τ0, τ1} èìååòñÿ áåñêîíå÷íî óáûâàþùàÿ è
áåñêîíå÷íî âîçðàñòàþùàÿ öåïî÷êà êîëüöåâûõ òîïîëîãèé.

Òåîðåìà 4. Åñëè M � ïîäðåøåòêà ðåøåòêè âñåõ êîëöåâûõ òîïîëî-
ãèé íà íèëüïîòåíòíîì êîëüöå R è τ1 ≺ τ2 ≺ . . . ≺ τn � íåóïëîòíÿåìàÿ
öåïî÷êà â ðåøåòêå M , òî k ≤ n äëÿ ëþáîé òîïîëîãèè τ ∈ M è ëþ-
áîé öåïî÷êè sup{τ, τ1} = τ ′1 < τ ′2 < . . . < τk−1 < τ ′k = sup{τ, τk}
òîïîëîãèé èç M .

Òåîðåìà 5. ÅñëèM � òàêàÿ ïîäðåøåòêà ðåøåòêè âñåõ êîëöåâûõ òî-
ïîëîãèé íà êîëüöå R, ÷òî äëÿ ëþáûõ òîïîëîãèé τ1, τ2 ∈M è ëþáûõ
îêðåñòíîñòåé U1 è V1 íóëÿ â òîïîëîãè÷åñêèõ êîëüöàõ (R, τ1) è (R, τ2),
ñîîòâåòñòâåííî, ñóùåñòóþò òàêèå îêðåñòíîñòè U2 è V2 íóëÿ â òîïîëî-
ãè÷åñêè êîëüöàõ (R, τ1) è (R, τ2), ñîîòâåòñòâåííî, ÷òî U2 ·V2 ⊆ U1+V1

è V2 · U2 ⊆ U1 + V1 , òî ðåøåòêà M ÿâëÿåòñÿ ìîäóëÿðíîé.

Ñëåäñòâèå. Äëÿ ëþáîãî êîëüöà R ÿâëÿþòñÿ ìîäóëÿðíûìè ñëåäó-
þùèå ðåøåòêè:

� ðåøåòêà âñåõ êîëüöåâûõ òîïîëîãèé íà êîëüöå R, â êàæäîé èç êî-
òîðûõ òîïîëãè÷åñêîå êîëüöî ÿâëÿåòñÿ îãðàíè÷åííûì êîëüöîì (îãðà-
íè÷åííûì ñëåâà êîëüöîì, îãðàíè÷åííûì ñïðàâà êîëüöîì);

� ðåøåòêà âñåõ êîëüöåâûõ òîïîëîãèé íà êîëüöå R, â êàæäîé èç êî-
òîðûõ òîïîëîãè÷åñêîå êîëüöî îáëàäàåò áàçèñîì îêðåñòíîñòåé íóëÿ,
êîòîðûé ñîñòîèò èç èäåàëîâ (èç ïðàâûõ èäåàëîâ, èç ëåâûõ èäåàëîâ);

� ðåøåòêà âñåõ êîëüöåâûõ òîïîëîãèé íà êîëüöå R, â êàæäîé èç
êîòîðûõ òîïîëîãè÷åñêîå êîëüöî ÿâëÿåòñÿ ïðåäêîìïàêòíûì êîëüöîì.

Ëèòåðàòóðà. [1] Arnautov V. I½ Glavatsky S.T., Mikhalev A.V.

Introduction to the topological rings and modules, Marcel Dekker,

inc., New York-Basel-Hong Kong, 1996. [2] Arnautov V. I., Svoystva

konechnyh neuplotniaemyh tzepochek kolitzevyh topologiy, Fundamentalinaia

i prikladnaia matematika, 2010, (16), No. 8, 5�16 (in Russian). [3] Arnautov

V. I., Ermakova G.N., On the number of ring topologies on countable

rings, Bul. Acad. Repub. Moldova, Matematica, 2015, No 1 (77), 103 - 104.

[4] Arnautov V. I., Ermakova G.N., Unre�nable chains when taking the
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Â. À. Àðòàìîíîâ (Ìîñêâà)

Î ïðèëîæåíèÿõ ïîëèíîìèàëüíî êîíå÷íûõ êâàçèãðóïï
Êâàçèãðóïïîé íàçûâàåòñÿ ìíîæåñòâî Q ñ îïåðàöèåé óìíîæåíèÿ

xy, ïðè÷åì äëÿ ëþáûõ a, b ∈ Q óðàâíåíèÿ ax = b, ya = b èìåþò
åäèíñòâåííûå ðåøåíèÿ x = a�b, y = b�a.

Âñå êâàçèãðóïïû ïðåäïîëàãàþòñÿ êîíå÷íûìè. Îíè èãðàþò âàæ-
íóþ ðîëü â çàùèòå èíôîðìàöèè. Ñ ýòîé òî÷êè çðåíèÿ âàæåí êëàññ
ïîëèíîìèàëüíî ïîëíûõ êâàçèãðóïï, â êîòîðûõ ëþáàÿ îïåðàöèÿ ÿâ-
äÿåòñÿ êîìïîçèöèåé îñíîâíûõ îïåðàöèé xy, x�y, x�y, âñåõ êîíñòàíò
ñ âñåõ ïðîåêöèé

pin(x1, . . . , xn) = xi, 1 6 i 6 n.

Èìååò ñìûñë ïðåäïîëàãàòü, ÷òî â Q íåò ïîäêâàçèãðóïï.
Êâàçèãðóïïà Q àôôèííà, åñëè â Q èìååþòñÿ ñòðóêòóðà àääè-

òèâíîé àáåëåâîé ãðóïïû (Q,+), ïðè÷åì óìíîæåíèå xy èìååò âèä
xy = α(x) + β(y) + c, ãäå α, β � àâòîìîðôèçìû (Q,+), è c ∈ Q.

Èçâåñòíî, ÷òî êîíå÷íàÿ êâàçèãðóïïà Q ïîëèíîìèàëüíî ïîëíà òî-
ãäà è òîëüêî òîãäà, êîãäà îíà ïðîñòà è íåàôôèííà.

Êîíåûíàÿ êâàçèãðóïïà Q ïîðÿäêà n çàäàåòñÿ ñâîèì ëàòèíñêèì
êâàäðàòîì ñî ñòðîêàìè σ1, . . . , σn, è ñòîëáöàìè τ1, . . . , τn , ÿâëÿþùè-
ìèñÿ ïåðåñòàíîâêàìè â are Q. Îáîçíà÷èì ÷åðåç G(Q) ïîäãðóïïó â
ãðóïïå ïåðåñòàíîâîê SQ ìíîæåñòâà Q, ïîðîæäàåìóþ ïåðåñòàíîâêà-
ìè σiσ

−1
j , τiτ

−1
j , i, j = 1, . . . , n. Èçâåñòíî, ÷òî ïðè èçîòîïèè G(Q)

ïåðåõîäèò â ñîïðÿæåííóþ ïîäãðóïïó â SQ.

Òåîðåìà 1. Åñëè G(Q) äåéñòâóåò äâàæäû òðàíçèòèâíî â Q, òî Q
ïîëèíîìèàëüíî ïîëíà. Ýòî ñâîéñòâî ñîõðàíÿåòñÿ ïðè èçîòîïèè.

Òåîðåìà 2. Ëþáàÿ êâàçèãðóïïà ïîðÿäêà íå ìåíåå 3 èçîòîïíà êâà-
çèãðóïïå áåç ïîäêâàçèãðóïï.

Ïóñòü K,Q � êâàçèãðóïïû è çàäàíû îòîáðàæåíèÿ

Φ,Λ,Γ : K → SQ, Ψ,Ω,Θ : Q→ SK . (1)

Ââåäåì â K ×Q íîâîå óìíîæåíèå

(a, α) ∗ (b, β) = (Ψα (Ωα(a)Θα(b)) , Φb (Λb(α)Γb(β))) (2)

. Òîãäà K ./ Q ÿâëÿåòñÿ êâàçèãðóïïîé.
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Theorem 3. Ïóñòü G(K), G(Q) äåéñòâóþò äâàæäû òðàíçèòèâíî â
K,Q, è |K| < (|Q| − 1)!, |Q| < (|K| − 1)!. Òîãäà ñóùåñòâóþò îòîáðà-
æåíèÿ èç from (1), ïðè÷åì G(K ./ Q) äåéñòâóåò äâàæäû òðàíçèòèâíî
â K ×Q. Ïîýòîìó K ./ Q ïîëèíîìèàëüíî ïîëíî.

Ïîýòîìó ìîæíî ïîñòðîèòü ïîëèíîìèàëüíî ïîëíûå êâàçèãðóïïû
ëþáîãî ïîðÿäêà 2M , ãäåM > 3, M 6= 5. Êðîìå òîãî, ìîæíî ïîëó÷èòü
ïîëèíîìèàëüíî ïîëíûå êâàçèãðóïïû ýòèõ ïîðÿäêîâ áåç ñîáñòâåííûõ
ïîäêâàçèãðóïï.

Ì. Â. Áàáåíêî, Â. Â. ×åðìíûõ (Êèðîâ)

Î ïîëóêîëüöå êîñûõ ìíîãî÷ëåíîâ
Ïîëóêîëüöîì íàçûâàåòñÿ íåïóñòîå ìíîæåñòâî S ñ áèíàðíûìè îïå-

ðàöèÿìè ñëîæåíèÿ + è óìíîæåíèÿ ·, åñëè 〈S,+〉 � êîììóòàòèâíàÿ
ïîëóãðóïïà ñ íåéòðàëüíûì ýëåìåíòîì 0, 〈S, ·〉 � ïîëóãðóïïà ñ íåé-
òðàëüíûì ýëåìåíòîì 1, óìíîæåíèå äèñòðèáóòèâíî îòíîñèòåëüíî ñëî-
æåíèÿ ñ îáåèõ ñòîðîí è 0a = 0 = a0 äëÿ ëþáîãî a ∈ S. Âñå ïîëóêîëü-
öà, ðàññìàòðèâàåìûå íàìè, ïðåäïîëàãàþòñÿ ñ åäèíèöåé, îòëè÷íîé îò
íóëÿ.

Ïóñòü S � ïîëóêîëüöî, ϕ � ýíäîìîðôèçì ïîëóêîëüöà S, R =
S[x, ϕ] � ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ îò ïåðåìåííîé x è ñ êîýô-
ôèöèåíòàìè èç S. Ñëîæåíèå + ìíîãî÷ëåíîâ îïðåäåëÿåòñÿ îáû÷íûì
îáðàçîì, à óìíîæåíèå � èñõîäÿ èç ïðàâèëà xa = ϕ(a)x. Íåïîñðåä-
ñòâåííî ïðîâåðÿåòñÿ, ÷òî S[x, ϕ] ÿâëÿåòñÿ ïîëóêîëüöîì, êîòîðîå íà-
çîâåì ïðàâûì ïîëóêîëüöîì êîñûõ ìíîãî÷ëåíîâ.

Íàìè óñòàíàâëèâàþòñÿ ñâÿçè ñâîéñòâ ïîëóêîëüöà êîñûõ ìíîãî-
÷ëåíîâ è ïîëóêîëüöà åãî êîýôôèöèåíòîâ. Íåêîòîðûå èç ïîëó÷åííûõ
ðåçóëüòàòîâ ìû àíîíñèðóåì â òåçèñàõ. Ñ íà÷àëüíîé èíôîðìàöèåé î
êîëüöàõ êîñûõ ìíîãî÷ëåíîâ ìîæíî ïîçíàêîìèòüñÿ, íàïðèìåð, â [1].

Ïðåäëîæåíèå 1. Ïóñòü ϕ � èíúåêòèâíûé ýíäîìîðôèçì ïîëóêîëü-
öà S. Òîãäà S � ïîëóêîëüöî áåç äåëèòåëåé íóëÿ òîãäà è òîëüêî òîãäà,
êîãäà R = S[x, ϕ] � ïîëóêîëüöî áåç äåëèòåëåé íóëÿ.

Ïîëóêîëüöî íàçûâàåòñÿ èíâàðèàíòíûì ñïðàâà, åñëè êàæäûé åãî
ïðàâûé èäåàë ÿâëÿåòñÿ èäåàëîì.

Ïðåäëîæåíèå 2. Åñëè ϕ � èíúåêòèâíûé ýíäîìîðôèçì ïîëóêîëüöà
S, òî ðàâíîñèëüíû óñëîâèÿ:

1) S[x, ϕ] � èíâàðèàíòíîå ñïðàâà ïîëóêîëüöî;
2) S[x, ϕ] � êîììóòàòèâíîå ïîëóêîëüöî;
3) S � êîììóòàòèâíîå ïîëóêîëüöî è ϕ ≡ 1S � òîæäåñòâåííûé

àâòîìîðôèçì.
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Èäåìïîòåíò e = e2 íàçûâàåòñÿ äîïîëíÿåìûì, åñëè e + e⊥ =
1, ee⊥ = 0 äëÿ íåêîòîðîãî e⊥. Ïîëóêîëüöî S íàçûâàåòñÿ ðèêêàðòî-
âûì ñïðàâà (ñëåâà), åñëè äëÿ ëþáîãî a ∈ A íàéäåòñÿ òàêîé äîïîëíÿå-
ìûé èäåìïîòåíò e ∈ A, ÷òî annr(a) = eA (annl(a) = Ae). Ðèêêàðòîâî
ñïðàâà è ñëåâà ïîëóêîëüöî íàçûâàåòñÿ ðèêêàðòîâûì.

Ïðåäëîæåíèå 3. Åñëè ϕ � èíúåêòèâíûé ýíäîìîðôèçì ïîëóêîëüöà
S, òî ðàâíîñèëüíû óñëîâèÿ:

1) S[x, ϕ] � ðèêêàðòîâî ñïðàâà ïîëóêîëüöî áåç íèëüïîòåíòíûõ
ýëåìåíòîâ;

2) S[x, ϕ] � ðèêêàðòîâî ñëåâà ïîëóêîëüöî áåç íèëüïîòåíòíûõ ýëå-
ìåíòîâ;

3) êàæäûé ìíîãî÷ëåí èç S[x, ϕ] ÿâëÿåòñÿ ïðîèçâåäåíèåì öåí-
òðàëüíîãî äîïîëíÿåìîãî èäåìïîòåíòà, ëåæàùåãî â S, è íåäåëèòåëÿ
íóëÿ;

4) S � ðèêêàðòîâî ñïðàâà èëè ñëåâà ïîëóêîëüöî áåç íèëüïîòåíò-
íûõ ýëåìåíòîâ è aϕ(a) 6= 0 äëÿ êàæäîãî íåíóëåâîãî a ∈ S.

Íà ïîëóêîëüöå R = S[x, ϕ] ââåäåì êîíãðóýíöèè: f ≡n g, åñëè ñîîò-
âåòñòâóþùèå n ìëàäøèõ êîýôôèöèåíòîâ ìíîãî÷ëåíîâ f è g ðàâíû.

Ïîëóêîëüöî íàçûâàåòñÿ àáåëåâûì, åñëè êàæäûé åãî èäåìïîòåíò
ÿâëÿåòñÿ öåíòðàëüíûì.

Ïðåäëîæåíèå 4. Åñëè S � ïîëóêîëüöî áåç àääèòèâíûõ èäåìïîòåí-
òîâ, ϕ � èíúåêòèâíûé ýíäîìîðôèçì ïîëóêîëüöà S è R ≡ S[x, ϕ], òî
ðàâíîñèëüíû óñëîâèÿ:

1) R � àáåëåâî ïîëóêîëüöî;
2) R/ ≡2 � àáåëåâî ïîëóêîëüöî;
3) R/ ≡n � àáåëåâî ïîëóêîëüöî äëÿ âñåõ n ∈ N;
4) S � àáåëåâî ïîëóêîëüöî è ϕ(e) = e äëÿ êàæäîãî èäåìïîòåíòà

èç S.

Ëèòåðàòóðà. [1] À. À. Òóãàíáàåâ. Òåîðèÿ êîëåö. Àðèôìåòè÷åñêèå êîëüöà

è ìîäóëè. Ì.: ÌÖÍÌÎ, 2009.

Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: marinka ov@mail.ru, vv146@mail.ru

È. Í. Áàëàáà (Òóëà)

Ãðàäóèðîâàííûå ôðîáåíèóñîâû àëãåáðû è êîëüöà
Ôðîáåíèóñîâû àëãåáðû ÿâëÿþòñÿ îäíèì èç âàæíûõ êëàññîâ àë-

ãåáð, èçó÷àåìûõ â òåîðèè ïðåäñòàâëåíèé êîíå÷íîìåðíûõ àëãåáð.
Âïåðâûå îíè ïîÿâèëèñü â ðàáîòå Ô.Ã.Ôðîáåíèóñà â íà÷àëå ÕÕ âå-
êà, ïîòîì àêòèâíî èçó÷àëèñü Íàêàÿìîé, Áðàóýðîì, Íåñáèòò, Èêåäîé,
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Êàøåì è äðóãèìè, íî èíòåðåñ ê íèì íå óãàñàåò è â íàñòîÿùåå âðåìÿ
(ñì., íàïðèìåð, [1, 2]).

Â ïîñëåäíèå ãîäû îòìå÷àåòñÿ èíòåðåñ ê àëãåáðàè÷åñêèì îáúåê-
òàì, ñíàáæåííûì ãðàäóèðîâêîé. Ãðàäóèðîâàííûì ôðîáåíèóñîâûì
àëãåáðàì ïîñâÿùåíû ðàáîòû [3, 4, 5], a â [6] äàíû õàðàêòåðèçàöèÿ
è ãîìîëîãè÷åñêàÿ êëàññèôèêàöèÿ ãðàäóèðîâàííûõ êâàçèôðîáåíèó-
ñîâûõ êîëåö.

Ïóñòü äàëåå G � ìóëüòèïëèêàòèâíàÿ ãðóïïà ñ åäèíèöåé e, k �
ïîëå, A

⊕
g∈GAg � G-ãðàäóèðîâàííàÿ àëãåáðà.

Äëÿ ïîäìíîæåñòâà S â A ÷åðåç l(S) è r(S) îáîçíà÷èì ñîîòâåò-
ñòâåííî ëåâûé è ïðàâûé àííóëÿòîðû ìíîæåñòâà S. Åñëè ìíîæåñòâî
S ÿâëÿåòñÿ ãðàäóèðîâàííûì, ò. å. âìåñòå ñ êàæäûì ñâîèì ýëåìåí-
òîì ñîäåðæèò è âñå åãî îäíîðîäíûå êîìïîíåíòû, òî ìíîæåñòâà l(S)
è r(S) ÿâëÿþòñÿ ñîîòâåòñòâåííî ëåâûì è ïðàâûì ãðàäóèðîâàííûìè
èäåàëàìè àëãåáðû A

Ëåâîìó ìîäóëþ AA êàê âåêòîðíîìó ïðîñòðàíñòâó íàä ïî-
ëåì k ìîæíî ñîïîñòàâèòü äóàëüíîå âåêòîðíîå ïðîñòðàíñòâî
A∗ = Homk(A, k), ÿâëÿþùååñÿ ïðàâûì A-ìîäóëåì, åñëè ïîëîæèòü
(ϕa)(x) = ϕ(ax) äëÿ âñåõ ϕ ∈ A∗, a, x ∈ A.

Åñëè àëãåáðà A êîíå÷íîìåðíà, òî A∗ ÿâëÿåòñÿ ïðàâûì ãðàäó-
èðîâàííûì A-ìîäóëåì ñî ñëåäóþùåé ãðàäóèðîâêîé A∗g = {f ∈
A∗ | f(Ah) = 0 äëÿ âñåõ h 6= g−1} (g ∈ G).

Êîíå÷íîìåðíàÿ G-ãðàäóèðîâàííàÿ k-àëãåáðà A íàçûâàåòñÿ gr-
ôðîáåíèóñîâîé, åñëè ëåâûå ãðàäóèðîâàííûå A-ìîäóëè AA è (AA)∗

èçîìîðôíû.
ßñíî, ÷òî åñëè ãðàäóèðîâàííàÿ àëãåáðà A ÿâëÿåòñÿ gr-ôðîáåíèó-

ñîâîé, òî A ÿâëÿåòñÿ ôðîáåíèóñîâîé k-àëãåáðîé. Îáðàòíîå, âîîáùå
ãîâîðÿ íåâåðíî.

Òåîðåìà 1. Ïóñòü A
⊕

g∈GAg � êîíå÷íîìåðíàÿ G-ãðàäóèðîâàííàÿ
k-àëãåáðà. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû: 1) A � gr-
ôðîáåíèóñîâà;
2) cóùåñòâóåò íåâûðîæäåííàÿ áèëèíåéíàÿ ôîðìà f : A×A→ k, óäî-
âëåòâîðÿþùåå óñëîâèþ àññîöèàòèâíîñòè, òàêàÿ ÷òî f(ag, ah) = 0 äëÿ
âñåõ ag ∈ Ag, ah ∈ Ah, äëÿ êîòîðûõ g 6= h−1; 3) cóùåñòâóåò ëèíåéíàÿ
ôóíêöèÿ λ ∈ A∗, òàêàÿ, ÷òî λ(ag) = 0, a ∈ Ag, g 6= e, ÿäðî êîòîðîé
íå ñîäåðæèò íåíóëåâûõ ãðàäóèðîâàííûõ ïðàâûõ è ëåâûõ èäåàëîâ àë-
ãåáðû A; 4) äëÿ âñåõ ïðàâûõ R è âñåõ ëåâûõ L ãðàäóèðîâàííûõ èäå-
àëîâ àëãåáðû A âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ: l(r(L)) = L,
r(l(R)) = R, dimkr(L) + dimkL = dimkA, dimkl(R) + dimkR = dimkA.

Ýêâèâàëåíòíîñòü óñëîâèé (1) � (3) áûëà äîêàçàíà â [3].
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Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 1, òî ñóùåñòâóåò åäèíñòâåí-
íûé àâòîìîðôèçì σ : A → A ãðàäóèðîâàííîé àëãåáðû a, òàêîé ÷òî
f(a, b) = f(b, σ(a), íàçûâåìûé àâòîìîðôèçìîì Íàêàÿìû.

Ñëåäñòâèå. Ãðàäóèðîâàííàÿ gr-ïîëóïðîñòàÿ àëãåáðà ÿâëÿåòñÿ gr-
ôðîáåíèóñîâîé.

Îïèñàíèå gr-ïîëóïðîñòûõ ãðàäóèðîâàííûõ êîëåö è èõ ãîìîëîãè-
÷åñêàÿ êëàññèôèêàöèÿ äàíû â [7].

Ïóñòü A � gr-ôðîáåíèóñîâà àëãåáðà è f : A × A → k � íåâû-
ðîæäåííàÿ àññîöèàòèâíàÿ áèëèíåéíàÿ ôîðìà, îïðåäåëåííàÿ â òåî-
ðåìå 1, è a1, a2, ..., an � áàçèñ k-àëãåáðû A, ñîñòîÿùèé èç îäíîðîä-
íûõ ýëåìåíòîâ. Òàê êàê dimkA = dimkA

∗ è ãðàäóèðîâàííûå ìîäó-
ëè A è A∗ èçîìîðôíû, òî ñóùåñòâóþò òàêèå îäíîðîäíûå ýëåìåíòû
b1, b2, ..., bn ∈ A, ÷òî f(ai, bj) = δij , 1 ≤ i, j ≤ n. Ýòè îäíîðîäíûå
áàçèñû íàçûâàþòñÿ äóàëüíûìè áàçèñàìè îòíîñèòåëüíî ôîðìû f .

Òåîðåìà 2. Ïóñòü A � gr-ôðîáåíèóñîâà àëãåáðà íàä ïîëåì k,
a1, a2, ..., an è b1, b2, ..., bn � äóàëüíûå äðóã ê äðóãó áàçèñû àëãåá-
ðû A. Òîãäà äëÿ ëåâîãî ãðàäóèðîâàííîãî A-ìîäóëÿ M ñëåäóþùèå
óòâåðæäåíèÿ ðàâíîñèëüíû:
1) M �gr-ïðîåêòèâåí; 2) M �gr-èíúåêòèâåí; 3) ñóùåñòâóåò òà-
êîå k-ëèíåéíîå ïðåîáðàçîâàíèå ψ ãðàäóèðîâàííîãî ìîäóëÿ M , ÷òî
ψ(Mg) ⊆Mg, g ∈ G è

∑n
i=1 biψai = IdM .

Ãðàäóèðîâàííîå êîëüöî R íàçûâàåòñÿ gr-êâàçèôðîáåíèóñîâûì,
åñëè îíî gr-àðòèíîâî ñëåâà è ñïðàâà è êàæäûé åãî îäíîñòî-
ðîííèé ãðàäóèðîâàííûé èäåàë ÿâëÿåòñÿ àííóëÿòîðíûì, è gr-
ôðîáåíèóñîâûì, åñëè îíî gr-êâàçèôðîáåíèóñîâî è Sgr(R) =
R/Jgr(R), ãäå Sgr(R) � ãðàäóèðîâàííûé öîêîëü, à Jgr(R) � ãðàäóè-
ðîâàííûé ðàäèêàë Äæåêîáñîíà êîëüöà R.

Òåîðåìà 3. Ïóñòü A � êîíå÷íîìåðíàÿ G-ãðàäóèðîâàííàÿ àëãåáðà
íàä ïîëåì k. Òîãäà àëãåáðà A ÿâëÿåòñÿ gr-ôðîáåíèóñîâîé â òîì è
òîëüêî òîì ñëó÷àå, åñëè êîëüöî A � gr-ôðîáåíèóñîâî.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò
� 16-41-710194.

Ëèòåðàòóðà. [1] A. Skowronski, K. Yamagata. Frobenius algebras I: Basic

representation theory. European Mathematical Society, 2012. [2] Y. Baba,

K. Oshiro. Classical artinian rings and related topics. World Scienti�c

Publishing Co. Pte. Ltd. 2009. [3] S. D�asc�alescu, C. N�ast�asescu,

L. N�ast�asescu, Frobenius algebras of corepresentations: gradings, 2013,

https://arxiv.org/abs/1307.7304. [4] T. Wakamatsu, On graded Frobenius

algebras. J. Algebra, 267 (2003), 377�395. [5] K. Ueyama, Graded Frobenius
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algebras and quantum Beilinson algebras, Proceedings of the 44th Symposium

on Ring Theory and Representation Theory. Okayama University, Japan, 2012.

[6] Å. Í. Êðàñíîâà, Ãðàäóèðîâàííûå êâàçèôðîáåíèóñîâû êîëüöà, Àëãåá-

ðà è òåîðèÿ ÷èñåë: ñîâðåìåííûå ïðîáëåìû è ïðèëîæåíèÿ: ìàòåðèàëû XII

Ìåæäóíàðîäíîé êîíôåðåíöèè, 2014, 168-171. [7] È. Í. Áàëàáà,Å. Í. Êðàñ-

íîâà, Ïîëóïðîñòûå ãðàäóèðîâàííûå êîëüöà. Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð.

Ñåð. Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà, 13:4(2) (2013), 23�28

Òóëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. Ë.Í.Òîëñòîãî

e-mail: ibalaba@mail.ru

Â. Í. Áåçâåðõíèé (Ìîñêâà)

Ðåøåíèå ïðîáëåìû âõîæäåíèÿ è ñîïðÿæåííîñòè ñëîâ â
íåêîòîðîì êëàññå ãðóïï ñ îäíèì îïðåäåëÿþùèì ñîîòíî-
øåíèåì

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî â ãðóïïå B ðàçðåøèìà ïðî-
áëåìà âõîæäåíèÿ, åñëè ñóùåñòâóåò àëãîðèòì, ïîçâîëÿþùèé óñòàíî-
âèòü, äëÿ ëþáîé êîíå÷íîïîðîæäåííîé ïîäãðóïïû H < B è ëþáîãî
ñëîâà w ∈ B ïðèíàäëåæèò ëè w ïîäãðóïïå H èëè íåò.

Ïðîáëåìà âõîæäåíèÿ ÿâëÿåòñÿ îáîáùåíèåì ïðîáëåìû ðàâåíñòâà
ñëîâ è ÿâëÿåòñÿ îäíîé èç îñíîâíûõ ïðîáëåì êîìáèíàòîðíîé òåîðèè
ãðóïï.

Ðàññìîòðèì ãðóïïó ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì, çà-
äàííóþ êîïðåäñòàâëåíèåì

G = 〈a1, . . . , an, p, q;A(p, a1, . . . , an) = B(q, a1, . . . , an)〉, (1)

ãäå ñëîâî A(p, a1, . . . , an) ñîäåðæèò âõîæäåíèå áóêâû p, à ñëîâî
B(q, a1, . . . , an) ñîäåðæèò âõîæäåíèå áóêâû q.

Ãðóïïû ñ êîïðåäñòàâëåíèåì (1) èçó÷àëèñü â [1] è [2]. Â ñòàòüå
[1] áûëà äîêàçàíà ðàçðåøèìîñòü ïðîáëåìû ñîïðÿæåííîñòè ñëîâ â
äàííîì êëàññå ãðóïï, à â [2] äàíî îïèñàíèå ãèïåðáîëè÷åñêèõ ãðóïï ñ
êîïðåäñòàâëåíèåì (1).

Ãðóïïó (1) ïðåäñòàâèì â âèäå ñâîáîäíîãî ïðîèçâåäåíèÿ ñâîáîä-
íûõ ãðóïï Fn+1 = 〈a1, . . . , an, p〉, F+

n+1 = 〈b1, . . . , bn, q〉, îáúåäèíåííûõ
ïî êîíå÷íîïîðîæäåííûì ïîäãðóïïàì U1 = 〈a1, . . . , an, A(p, a1, . . . , an)〉,
U1 < Fn+1, U2 = 〈b1, . . . , bn, B(q, a1, . . . , an)〉, U2 < F+

n+1. Ïóñòü
θ èçîìîðôèçì U1 íà U2 òàêîé, ÷òî θ : a1 → b1, . . . , an →
bn, A(p, a1, . . . , an)→ B(q, a1, . . . , an). Òàêèì îáðàçîì,

G = 〈a1, . . . , an, p, b1, . . . , bn, q; a1 = b1, . . . , an = bn, A(p, a1, . . . , an) =
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= B(q, a1, . . . , an)〉, (2)

òî åñòü G = 〈Fn+1 ∗ F+
n+1; θ(U1) = U2〉. Èçâåñòíî, ÷òî â ñâîáîäíîé

ãðóïïå ïåðåñå÷åíèå êîíå÷íîïîðîæäåííûõ ïîäãðóïï, åñòü êîíå÷íîïî-
ðîæäåííàÿ ïîäãðóïïà [3].

Ëåììà1. [4] Ñóùåñòâóåò àëãîðèòì, âûïèñûâàþùèé îáðàçóþùèå ïå-
ðåñå÷åíèÿ êîíå÷íîïîðîæäåííûõ ïîäãðóïï ñâîáîäíîé ãðóïïû.

Îïðåäåëåíèå 2. Â ãðóïïå G ðàçðåøèìà ïðîáëåìà ïåðåñå÷åíèÿ
ñìåæíûõ êëàññîâ êîíå÷íîïîðîæäåííûõ ïîäãðóïï, åñëè äëÿ ëþáûõ
äâóõ êîíå÷íîïîðîæäåííûõ ïîäãðóïï H1, H2 èç G è ëþáîãî w ∈ G
ìîæíî óñòàíîâèòü, ïóñòî èëè íåò ïåðåñå÷åíèå wH1 ∩H2.

Ëåììà 2. [4] Â ñâîáîäíîé ãðóïïå ðàçðåøèìà ïðîáëåìà ïåðåñå÷åíèÿ
ñìåæíûõ êëàññîâ ïîäãðóïï.

Ëåììà 3. [5], [6]. Ïóñòü F = 〈a1, . . . , an〉 � ñâîáîäíàÿ ãðóïïà è H =
〈a1, . . . , ak,
f(a1, . . . , an)〉, ãäå k < n è f(a1, . . . , an) /∈ 〈a1, . . . , ak〉. Òîãäà, åñëè z ∈
F ìèíèìàëüíî â HzH è HzH 6= H, òîãäà z−1Hz ∩H �öèêëè÷åñêàÿ
ïîäãðóïïà.

Èñïîëüçóÿ óêàçàííûå âûøå ëåììû è ïîíÿòèå ñïåöèàëüíîãî ìíî-
æåñòâà, îïðåäåëåííîãî â [7], äîêàçûâàåòñÿ

Òåîðåìà 1. Â ãðóïïàõ (1) ðàçðåøèìà ïðîáëåìà âõîæäåíèÿ.

Ðàññìîòðèì ñëåäóþùåå HNN -ðàñøèðåíèå ãðóïïû (1)

G∗ = 〈a1, . . . , an, p, q, t;A(p, a1, . . . , an) = B(q, a1, . . . , an), t(−1)pt = q〉.
(3)

Ëåììà 4. Ñóùåñòâóåò àëãîðèòì, êîòîðûé ïîçâîëÿþùèé äëÿ ëþáîé
êîíå÷íîïîðîæäåííîé ïîäãðóïïû H < G, ãäå G åñòü ãðóïïà (1) âû-
ïèñàòü îáðàçóþùèå ïåðåñå÷åíèÿ H ∩ 〈p〉, H ∩ 〈q〉.

Ëåììà 5. Â ãðóïïå G, ãäå G åñòü ãðóïïà (1), ðàçðåøèìà ïðîáëåìà
ïåðåñå÷åíèÿ êëàññà ñìåæíîñòè ëþáîé êîíå÷íîïîðîæäåííîé ïîäãðóï-
ïû H ñ öèêëè÷åñêîé ïîäãðóïïîé 〈p〉 è ñ öèêëè÷åñêîé ïîäãðóïïîé 〈q〉.

Òåîðåìà 2. [7] Ïóñòü â ãðóïïå B∗ ÿâëÿþùåéñÿ HNN -ðàñøèðåíèåì
ãðóïïû B ñ ïîìîùüþ èçîìîðôíûõ ïîäãðóïï A1, A2 èç B è ôèê-
ñèðîâàííîãî êîíñòðóêòèâíîãî èçîìîðôèçìà ϕ : A1 → A2 òî åñòü
B∗ = 〈B, t; reelB, t−1A1t = A2, ϕ〉. Òîãäà, åñëè â ãðóïïå B

1) ðàçðåøèìà ïðîáëåìà âõîæäåíèÿ;
2) ïîäãðóïïû A1, A2 îáëàäàþò ñâîéñòâîì ìàêñèìàëüíîñòè;
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3) ñóùåñòâóåò àëãîðèòì, âûïèñûâàþùèé îáðàçóþùèå ïåðåñå÷å-
íèÿ ëþáîé êîíå÷íîïîðîæäåííîé ïîäãðóïïû H < B ñ A1, A2;

4) ðàçðåøèìà ïðîáëåìà ïåðåñå÷åíèÿ ñìåæíîãî êëàññà ëþáîé êî-
íå÷íîïîðîæäåííîé ïîäãðóïïû H < B ñ A1, A2,
òî â ãðóïïå B∗ ðàçðåøèìà ïðîáëåìà âõîæäåíèÿ.

Òåîðåìà 3. Â ãðóïïå G∗ ñ êîïðåäñòàâëåíèåì (3) ðàçðåøèìà ïðîáëå-
ìà âõîæäåíèÿ.

Òåîðåìà 4. Â ãðóïïå G∗ ñ êîïðåäñòàâëåíèåì (3) ðàçðåøèìà ïðîáëå-
ìà ñîïðÿæåííîñòè ñëîâ.

Ëèòåðàòóðà. [1] Ã. À. Ãóðåâè÷. Ê ïðîáëåìå ñîïðÿæåííîñòè äëÿ ãðóïï ñ

îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì. Òðóäû ìàò. èí-òà èì. Â. À. Ñòåêëî-

âà. ÒÑXXXIII. Ì. 1973, 109-119. [2] Â. Í. Áåçâåðõíèé, Í. Á. Áåçâåðõíÿÿ.

Î ãèïåðáîëè÷íîñòè íåêîòîðûõ ãðóïï ñ îäíèì îïðåäåëÿþùèì ñîîòíîøå-

íèåì. ×åáûøåâñêèé ñá., 2 (2001), 5-13. [3] Ð. Ëèíäîí, Ï. Øóïï. Êîìáè-

íàòîðíàÿ òåîðèÿ ãðóïï. Ì.: Ìèð, 1980. [4] Â. Í. Áåçâåðõíèé. Î ïåðåñå-

÷åíèè êîíå÷íîïîðîæäåííûõ ïîäãðóïï â ñâîáîäíîé ãðóïïå. Ñá. íàó÷. òð.

êàô. âûñø. ìàòåìàòèêè. Òóë. ïîëèòåõ. èí-òà, 2 (1974), 51-56. [5] Â. Í. Áåç-

âåðõíèé. Ðåøåíèå ïðîáëåìû ñîïðÿæåííîñòè ñëîâ â îäíîì êëàññå ãðóïï.

Àëãîðèòì. ïðîáëåìû òåîðèè ãðóïï è ïîëóãðóïï. Ìåæâóç. ñá. íàó÷. òð.

Òóëà, 1991, 4-38. [6] Í. Á. Áåçâåðõíÿÿ. Ãèïåðáîëè÷íîñòü íåêîòîðûõ äâó-

ïîðîæäåííûõ ãðóïï ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì. Äèñêðåòíàÿ

ìàòåìàòèêà. 14:3 (2002), 54-69. [7] Â. Í. Áåçâåðõíèé. Ðåøåíèå ïðîáëåìû

âõîæäåíèÿ â êëàññå HNN -ãðóïï. Àëãîðèòì. ïðîáëåìû òåîðèè ãðóïï è

ïîëóãðóïï. Ìåæâóç. ñá. íàó÷. òð. Òóëà, 1981, 20-62.
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Îá îáîáùåííîé ñîïðÿæåííîñòè ñëîâ â íåêîòîðîì êëàññå
ïîäãðóïï ãðóïï Àðòèíà ñ äðåâåñíîé ñòðóêòóðîé

Ãðóïïà Àðòèíà çàäàåòñÿ êîïðåäñòàâëåíèåì:

G = 〈a1, a2, . . . , an; 〈aiaj〉mij = 〈ajai〉mji , i, j = 1, n〉, (1)

ãäå mij � ýëåìåíòû ìàòðèöû Êîêñòåðà, ñîîòâåòñòâóþùåé äàííîé
ãðóïïå, ïðè i 6= j,mij = mji ≥ 2 è mii = 1, ïðè i ∈ 1, n, ãäå
〈aiaj〉mij = aiajai . . .� ñëîâî äëèíûmij èç ÷åðåäóþùèõñÿ áóêâ ai, aj .

Êàæäîé ãðóïïå (1) ñîîòâåòñòâóåò ãðóïïà Êîêñòåðà ñ êîïðåäñòàâ-
ëåíèåì

G = 〈a2
1, a

2
2, . . . , a

2
n; 〈aiaj〉mij , a2

i , i, j ∈ 1, n〉,

39



êîòîðàÿ ÿâëÿåòñÿ ôàêòîð-ãðóïïîé ãðóïïû Àðòèíà ïî íîðìàëüíîìó
äåëèòåëþ NG = 〈a2

1, a
2
2, . . . , a

2
n〉G. Íàçîâåì ïîäãðóïïó NG ïî àíàëî-

ãèè ñ íîðìàëüíûì äåëèòåëåì NBn+1
ãðóïïû êîñ Bn+1 êðàøåíîé íîð-

ìàëüíîé ïîäãðóïïîé ãðóïïû G .
Êàæäîé ãðóïïå Àðòèíà ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå ãðàô

Êîêñòåðà Γ, ìåæäó âåðøèíàìè êîòîðîãî è îáðàçóþùèìè ãðóïïû G
óñòàíîâëåíî âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå, ïðè÷åì åñëè äâå âåð-
øèíû ai, aj (êîòîðûì ñîîòâåòñòâóþò îáðàçóþùèå ai, aj) ñîåäèíåíû
ðåáðîì, òî äàííîìó ðåáðó ñîîòâåòñòâóåò îïðåäåëÿþùåå ñîîòíîøåíèå
〈aiaj〉mij = 〈ajai〉mji . Ïóñòü ãðàô Γ ÿâëÿåòñÿ äåðåâî-ãðàôîì, òîãäà
ãðóïïà G íàçûâàåòñÿ ãðóïïîé Àðòèíà ñ äðåâåñíîé ñòðóêòóðîé, ïðè
ýòîì ýëåìåíòû ìàòðèöû Êîêñòåðà M = {(mij); i, j ∈ 1, n} ïðèíèìà-
þò çíà÷åíèÿ ïðè i 6= j,mij ∈ {2, 3, . . . ,∞}. Ïðè÷åì, åñëè êàêèå-òî
âåðøèíû ai, aj ãðàôà íå ñîåäèíåíû ðåáðîì, òî ýòèì îáðàçóþùèì
ñîîòâåòñòâóåò mij =∞.

Òåîðåìà 1. [1] Â ãðóïïå Àðòèíà (Êîêñòåðà) ñ äðåâåñíîé ñòðóêòóðîé
ðàçðåøèìà ïðîáëåìà ñîïðÿæåííîñòè ñëîâ.

Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî â ãðóïïå G ðàçðåøèìà ïðî-
áëåìà îáîáùåííîé ñîïðÿæåííîñòè ñëîâ, åñëè ñóùåñòâóåò àëãîðèòì,
ïîçâîëÿþùèé äëÿ ëþáûõ äâóõ ìíîæåñòâ ñëîâ {wi}, {vi}, i = 1, k
èç ãðóïïû G óñòàíîâèòü, ñóùåñòâóåò ëè ñëîâî z ∈ G òàêîå, ÷òî
&k
i=1(z−1wiz = vi).

Òåîðåìà 2. Â ãðóïïàõ Àðòèíà ñ äðåâåñíîé ñòðóêòóðîé ðàçðåøèìà
ïðîáëåìà îáîáùåííîé ñîïðÿæåííîñòè ñëîâ.

Ïðîáëåìà îáîáùåííîé ñîïðÿæåííîñòè ñëîâ áûëà ðåøåíà äëÿ
ãðóïï Àðòèíà áîëüøîãî è ýêñòðàáîëüøîãî òèïîâ [2] è â ãðóïïàõ Àð-
òèíà êîíå÷íîãî òèïà [3].

Ëåììà 1. Ïóñòü G ãðóïïà Àðòèíà, NG < G � êðàøåíàÿ ïîäãðóïïà
ãðóïïû G. Òîãäà äëÿ ëþáîãî w ∈ G ìîæíî ýôôåêòèâíî óñòàíîâèòü,
ïðèíàäëåæèò ëè w ïîäãðóïïå NG.

Ëåììà 2. Â ãðóïïå Àðòèíà ñ äðåâåñíîé ñòðóêòóðîé öåíòðàëèçàòîð
ëþáîãî êîíå÷íîãî ìíîæåñòâà ñëîâ {wi}, i = 1, k CGΓ

(w1, w2, . . . , wk)
êîíå÷íî ïîðîæäåí è ñóùåñòâóåò àëãîðèòì, âûïèñûâàþùèé åãî îáðà-
çóþùèå.

Îáîçíà÷èì ÷åðåç θ ãîìîìîðôèçì äàííîé ãðóïïû Àðòèíà G íà
ñîîòâåòñòâóþùóþ ãðóïïó Êîêñòåðà G.

Ëåììà 3. Ïóñòü z0 êàêîå-òî ðåøåíèå ñèñòåìû &k
i=1(z−1wiz = vi) â

ãðóïïå GΓ, GΓ � ãðóïïà Àðòèíà ñ äðåâåñíîé ñòðóêòóðîé; wi, vi, i =
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1, k ïðèíàäëåæàò NGΓ . Òîãäà ìíîæåñòâî ñëîâ {wi}, i = 1, k îáîáùåí-
íî ñîïðÿæåíî ñ {vi}, i = 1, k òîãäà è òîëüêî òîãäà, êîãäà θ(z0) ∈
θ(CGΓ

(w1, w2, . . . , wk)).

Òåîðåìà 4. Ïóñòü G ãðóïïà Àðòèíà ñ äðåâåcíîé ñòðóêòóðîé è NG
êðàøåíàÿ ïîäãðóïïà ãðóïïû G, òîãäà â NG ðàçðåøèìà ïðîáëåìà
îáîáùåííîé ñîïðÿæåííîñòè ñëîâ.

Ëèòåðàòóðà. [1] Â. Í. Áåçâåðõíèé, Î. Þ. Êàðïîâà. Ïðîáëåìà ðàâåí-
ñòâà è ñîïðÿæåííîñòè ñëîâ â ãðóïïàõ Àðòèíà ñ äðåâåñíîé ñòðóêòó-
ðîé. Èçâåñòèÿ ÒóëÃó. Ñåð. Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà,
12:1 (2006), 67-82. [2] Â. Í. Áåçâåðõíèé. Ðåøåíèå ïðîáëåìû îáîáùåí-
íîé ñîïðÿæåííîñòè ñëîâ â ãðóïïàõ Àðòèíà áîëüøîãî òèïà. Ôóíäà-
ìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà, 5:1 (1999), 1-38. [3] Ò. À. Ìà-
êàíèíà. Îá îäíîé ñèñòåìå óðàâíåíèé â ãðóïïå êîñ. Èçâ. Âóçîâ. Ìà-
òåì., 9 (1986), 58-62.

Àêàäåìèÿ ãðàæäàíñêîé çàùèòû Ì×Ñ Ðîññèè

e-mail: vnbezv@rambler.ru

Â. Í. Áåçâåðõíèé (Ìîñêâà), È. Â. Äîáðûíèíà (Òóëà)

Î ïðîáëåìå îáîáùåííîé ñîïðÿæåííîñòè ñëîâ â îáîáùåí-
íûõ äðåâåñíûõ ñòðóêòóðàõ ãðóïï Êîêñòåðà

Ðàññìîòðèì ãðóïïó Êîêñòåðà, çàäàííóþ êîïðåäñòàâëåíèåì

G = 〈a1, . . . , an; (aiaj)
mij , i, j = 1, n〉,

ãäå mij � ýëåìåíòû ñèììåòðè÷åñêîé ìàòðèöû Êîêñòåðà: mii =
1, mij ∈ N \ {1} ∪ {∞}, i, j = 1, n, i 6= j. Â ñëó÷àå mij =∞ îïðåäåëÿ-
þùåãî ñîîòíîøåíèÿ ìåæäó îáðàçóþùèìè ai, aj íåò. Èç êîïðåäñòàâ-
ëåíèÿ ãðóïïû Êîêñòåðà ñëåäóåò, ÷òî êâàäðàò ëþáîãî îáðàçóþùåãî
ðàâåí åäèíèöå.

Èçâåñòíî, ÷òî â ãðóïïàõ Êîêñòåðà àëãîðèòìè÷åñêè ðàçðåøèìû
ïðîáëåìû ðàâåíñòâà è ñîïðÿæåííîñòè ñëîâ. Îáîáùåíèåì ïðîáëåìû
ñîïðÿæåííîñòè ñëîâ ÿâëÿåòñÿ ïðîáëåìà îáîáùåííîé ñîïðÿæåííîñòè
ñëîâ.

Îïðåäåëåíèå. Â ãðóïïå G ðàçðåøèìà ïðîáëåìà îáîáùåííîé ñîïðÿ-
æåííîñòè ñëîâ, åñëè ñóùåñòâóåò àëãîðèòì, ïîçâîëÿþùèé äëÿ ëþáûõ
äâóõ êîíå÷íûõ ìíîæåñòâ ñëîâ {wi}i=1,n, {vi}i=1,n èç G óñòàíîâèòü,

ñóùåñòâóåò ëè òàêîå z ∈ G, ÷òî &n
i=1(z−1wiz = vi).

Ãðóïïà Êîêñòåðà íàçûâàåòñÿ ãðóïïîé Êîêñòåðà ýêñòðàáîëüøîãî
òèïà, åñëè mij > 3 äëÿ ëþáûõ i 6= j. Äàííûé êëàññ ãðóïï â 1983 ãîäó
âûäåëåí Ê. Àïïåëåì è Ï. Øóïïîì [1].
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Äëÿ âñÿêîé ãðóïïû Êîêñòåðà G ìîæíî ïîñòðîèòü ãðàô Γ òàêîé,
÷òî îáðàçóþùèì ai ñîîòâåòñòâóþò âåðøèíû ãðàôà Γ, à êàæäîìó
îïðåäåëÿþùåìó ñîîòíîøåíèþ (aiaj)

mij = 1 � ðåáðî, ñîåäèíÿþùåå
ai è aj , i 6= j. Åñëè ïðè ýòîì ïîëó÷èòñÿ äåðåâî-ãðàô Γ, òî ãðóïïà
Êîêñòåðà G íàçûâàåòñÿ ãðóïïîé Êîêñòåðà ñ äðåâåñíîé ñòðóêòóðîé.

Ãðóïïà Êîêñòåðà G ñ äðåâåñíîé ñòðóêòóðîé ìîæåò áûòü ïðåä-
ñòàâëåíà êàê ñâîáîäíîå ïðîèçâåäåíèå äâóïîðîæäåííûõ ãðóïï Êîêñ-
òåðà, îáúåäèíåííûõ ïî êîíå÷íûì öèêëè÷åñêèì ïîäãðóïïàì: îò ãðà-
ôà Γ ãðóïïû Êîêñòåðà G ïåðåéäåì ê ãðàôó Γ òàê, ÷òî âåðøèíàì
ãðàôà Γ ïîñòàâèì â ñîîòâåòñòâèå ãðóïïû Êîêñòåðà íà äâóõ îáðàçó-
þùèõ Gij = 〈ai, aj ; a2

i , a
2
j , (aiaj)

mij 〉, à âñÿêîìó ðåáðó e, ñîåäèíÿþùå-
ìó âåðøèíû, ñîîòâåòñòâóþùèå Gij è Gjk � öèêëè÷åñêóþ ïîäãðóïïó
〈aj ; a2

j 〉.
Êëàññ ãðóïï Êîêñòåðà ñ äðåâåñíîé ñòðóêòóðîé ââåäåí â ðàññìîò-

ðåíèå Â. Í. Áåçâåðõíèì â 2003 ãîäó [2].
Äàëåå ðàññìîòðèì ãðóïïó Êîêñòåðà

G = 〈
t∏

s=1

∗Gs; aim = ajl , i 6= j, i, j ∈ {1, t}〉,

ïðåäñòàâëÿþùóþ ñîáîé äðåâåñíîå ïðîèçâåäåíèå ãðóïï Êîêñòåðà Gs,
ãäå Gs ëèáî ãðóïïà Êîêñòåðà ñ äðåâåñíîé ñòðóêòóðîé, ëèáî ãðóïïà
Êîêñòåðà ýêñòðàáîëüøîãî òèïà, çàïèñü aim = ajl îçíà÷àåò, ÷òî îáú-
åäèíåíèå ãðóïï Êîêñòåðà Gi è Gj âåäåòñÿ ïî öèêëè÷åñêîé ïîäãðóïïå
âòîðîãî ïîðÿäêà 〈aim ; a2

im
〉 (〈ajl ; a2

jl
〉), ãäå aim � íåêîòîðûé îáðàçóþ-

ùèé ãðóïïû Gi, ajl � íåêîòîðûé îáðàçóþùèé ãðóïïû Gj .
Òàêóþ ãðóïïó Êîêñòåðà G áóäåì íàçûâàòü îáîáùåííîé äðåâåñíîé

ñòðóêòóðîé ãðóïï Êîêñòåðà.

Òåîðåìà 1. Öåíòðàëèçàòîð êîíå÷íî ïîðîæäåííîé ïîäãðóïïû H
îáîáùåííîé äðåâåñíîé ñòðóêòóðû ãðóïï Êîêñòåðà G åñòü êîíå÷íî
ïîðîæäåííàÿ ïîäãðóïïà è ñóùåñòâóåò àëãîðèòì, âûïèñûâàþùèé îá-
ðàçóþùèå äàííîãî öåíòðàëèçàòîðà.

Òåîðåìà 2. Â îáîáùåííîé äðåâåñíîé ñòðóêòóðå ãðóïï Êîêñòåðà G
ðàçðåøèìà ïðîáëåìà îáîáùåííîé ñîïðÿæåííîñòè ñëîâ.

Òåîðåìà 3. Ïóñòü G � îáîáùåííàÿ äðåâåñíàÿ ñòðóêòóðà ãðóïï
Êîêñòåðà è {wi}i=1,m, {vi}i=1,m � êîíå÷íûå ìíîæåñòâà ñëîâ èç G.

Åñëè F � íåêîòîðîå ðåøåíèå ñèñòåìû &n
i=1(z−1wiz = vi), òî ìíî-

æåñòâî ñëîâ CG(H) · F , ãäå CG(H) � öåíòðàëèçàòîð ïîäãðóïïû H,
ïîðîæäåííîé ñëîâàìè {wi}i=1,m, ÿâëÿåòñÿ ìíîæåñòâîì âñåõ ðåøåíèé
ñèñòåìû.
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Òåîðåìà 4. Ñóùåñòâóåò àëãîðèòì, ïîçâîëÿþùèé äëÿ ëþáîãî êî-
íå÷íîãî ìíîæåñòâà ñëîâ èç îáîáùåííîé äðåâåñíîé ñòðóêòóðû ãðóïï
Êîêñòåðà G âûïèñàòü îáðàçóþùèå èõ íîðìàëèçàòîðà.

Ëèòåðàòóðà. [1] Ê. Appel, P. Schupp, Artins groups and in�nite Coxter

groups. Ivent. Math., 72 (1983), 201�220. [2] Â. Í. Áåçâåðõíèé, Î ãðóïïàõ

Àðòèíà, Êîêñòåðà ñ äðåâåñíîé ñòðóêòóðîé. Àëãåáðà è òåîðèÿ ÷èñåë: ñî-

âðåìåííûå ïðîáëåìû è ïðèëîæåíèÿ. Òåçèñû äîêëàäîâ V ìåæäóíàðîäíîé

êîíôåðåíöèè. Òóëà, 2003, 33�34.

Àêàäåìèÿ ãðàæäàíñêîé çàùèòû Ì×Ñ Ðîññèè

Òóëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èìåíè Ë. Í. Òîë-

ñòîãî

e-mail: vnbezv@rambler.ru, dobrynirina@yandex.ru

Ë. À. Áîêóòü (Íîâîñèáèðñê), Þ. ×åí (Guangzhou, P.R. China)

Áàçèñû Ãð¼áíåðà-Øèðøîâà äëÿ Ω-àëãåáð è êàòåãîðèé
Êàê èçâåñòíî, À.Ã. Êóðîø, 1947�1969, â ðàìêàõ ðàçâèòèÿ îáùåé

(àáñòðàêòíîé) àëãåáðû èíèöèèðîâàë ïðîãðàììû èçó÷åíèÿ ñâîáîä-
íûõ (íåàññîöèàòèâíûõ) àëãåáð, àëãåáðàè÷åñêèõ êàòåãîðèé è àëãåáð
ñ ìóëüòèîïåðàòîðàìè. Îäíèì èç ðåçóëüòàòîâ ýòîãî ñòàëî îòêðûòèå
À.È.Øèðøîâûì, 1962, ìåòîäà Áàçèñîâ Ãð¼áíåðà - Øèðøîâà â àëãåá-
ðå. Â äîêëàäå áóäåò äàí îáçîð ðåçóëüòàòîâ ïî ýòîé òåìàòèêå, ïîëó-
÷åííûõ â ñåìèíàðå àâòîðà è Yuqun Chen (SCNU, Guangzhou) â 2009-
2018 ãîäàõ. Óêàçàíû ïðèëîæåíèÿ ýòîãî ìåòîäà ê àññîöèàòèâíûì
è ëèåâûì (äèôôåðåíöèàëüíûì) àëãåáðàì Ðîòà�Áàêñòåðà (âìåñòå ñ
Jianjun Qiu), (ñóïåð-) àëãåáðàì Ãåëüôàíäà�Äîðôìàí�Áàëèíñêîãî�
Íîâèêîâà (�Ïóàññîíà) (âìåñòå ñ Zerui Zhang), ñèìïëèöèàëüíûì è
öèêëè÷åñêèì êàòåãîðèÿì (âìåñòå ñ Yu Li), ïîëóêîëüöàì (âìåñòå ñ
Qiuhui Mo), è ñâîáîäíûì èíâåðñíûì ïîëóãðóïïàì (âìåñòå ñ Xiangui
Zhao), ïëàêòèê ìîíîèäó è àëãåáðàì Ëåâèòòà (ðåçóëüòàòû Â. Ëîïàò-
êèíà).

Ëèòåðàòóðà. [1] L.A. Bokut, Yuqun Chen and Zerui Zhang, On free

Gelfand-Dorfman-Novikov-Poisson algebras and a PBW theorem, J. Algebra,

500 (2018), 153-170, the special issue dedicated to 60-th birthday of

E.I.Zelmanov. [2] L.A. Bokut, Yuqun Chen, Zerui Zhang, Gr�obner-Shirshov

bases method for Gelfand-Dorfman-Novikov algebras, Journal of Algebra

and Its Applications, 16(1) (2017) 1750001-1�175001-22 [3] L.A. Bokut,

Zerui Zhang, Yuqun Chen, On free GDN superalgebras and a PBW type

theorem, arXiv:1702.03922 [4] L. A. Bokut, Yuqun Chen, Yu Li, Gr�obner-

Shirshov bases for categories, Nankai Series in Pure, Applied Mathematics
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and Theoretical Physics,Operads and Universal Algebra,Vol.9(2012), 1-23

[5] L. A. Bokut, Yuqun Chen, Jianjun Qiu, Groebner-Shirshov Bases for

Associative Algebras with Multiple Operators and Free Rota-Baxter Algebras,

Journal of Pure and Applied Algebra, 214(2010), 89-100. [6] L. A. Bokut,

Y. Chen, X. Zhao, Gr�obner-Shirshov bases for free inverse semigroups,

International Journal of Algebra and Computation, 19(2)(2009), 129-143

[7] Jianjun Qiu, Yuqun Chen, Composition-Diamond lemma for λ-di�erential

associative algebras with multiple operators, Journal of Algebra and Its

Applications, Vol. 9, No. 2 (2010) 223-239 [8] Y. Chen, Y. Chen, Y. Li,

Composition-Diamond lemma for di�erential algebras, The Arabian Journal

for Science and Engineering, 34(2A)(2009), 135-145. [9] L. A. Bokut, Yuqun

Chen, Qiuhui Mo, Gröbner-Shirshov bases for semirings, Journal of Algebra,

Volume 385, 1 July 2013, 47-63, [10] Jianjun Qiu, Yuqun Chen, Gröbner-

Shirshov bases for Lie Ω-algebras and free Rota-Baxter Lie algebras, J. Algebra

Appl. 16, 1750190 (2017) [21 pages] [11] Jianjun Qiu, Yuqun Chen, Free Rota-

Baxter systems and a Hopf algebra structure, Communications in Algebra,

2018 https://doi.org/10.1080/00927872.2018.1427246 [12] Jianjun Qiu, Yuqun

Chen, Free di�erential Lie Rota-Baxter algebras and Gr�obner-Shirshov bases,

International Journal of Algebra and Computation, Volume 27, Issue 08,

December 2017 [13] V. Lopatkin, Cohomology rings of the plactic monoid

algebra via a Gr�obner�Shirshov basis, Journal of Algebra and its Applications,

15(4), (2016), 30pp; arXiv:1411.5464. [14] V. Lopatkin, Derivations of the

Leavitt path algebra, arXiv:1509.05075. (submitted to Journal of Algebra)

[15] V. Lopatkin and T.G. Nam, �On the homological dimension of Leavitt

path algebra with coe�cients in commutative rings Journal of Algebra, 481

(2017), 273�292

Èíèñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà, ÑÎ ÐÀÍ

South China Normal University

e-mail: bokut@math.nsc.ru

À. À. Áîíäàðåíêî (Ìèíñê)

Ê ïðîáëåìå Óîäñâîðòà�Ëàìà�Ýëüìàíà íàä ëîêàëüíûì ïî-
ëåì

Ïóñòü W (K) � êîëüöî Âèòòà íàä ïîëåì K, L � ðàñøèðåíèå ïî-
ëÿ K. Ëþáàÿ êâàäðàòè÷íàÿ ôîðìà f íàä K ìîæåò áûòü ðàññìîò-
ðåíà êàê êâàäðàòè÷íàÿ ôîðìà íàä L. Îòîáðàæåíèå êëàññîâ ýêâè-
âàëåíòíîñòè ïî Âèòòó [f ] 7→ [fL] ÿâëÿåòñÿ ãîìîìîðôèçìîì êîëåö
ϕ : W (K) → W (L). Ñòðóêòóðà ÿäðà åñòåñòâåííîãî ãîìîìîðôèçìà ϕ
êîëåö Âèòòà èçó÷àåòñÿ â ðàáîòàõ Ð. Ýëüìàíà, Ö. Þ. Ëàìà, À. Óîä-
ñâîðòà è äð.
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Â ðàáîòå [1] ñäåëàíî ñëåäóþùåå ïðåäïîëîæåíèå: ÿäðî ãîìîìîð-
ôèçìà ϕ : W (K)→W (L), ãäå L � ìóëüòèêâàäðàòè÷íîå ðàñøèðåíèå
ïîëÿ K, ò. å. L = K(

√
α1, . . . ,

√
αm), ãäå αi ∈ K, èìååò ñëåäóþùèé

âèä

Kerϕ =

m∑
i=1

[〈1,−αi〉]W (K).

Ýòà ãèïîòåçà ïîäòâåðæäåíà äëÿ ìíîãèõ ÷àñòíûõ ñëó÷àåâ, è äî ñèõ
ïîð íå óäàëîñü íàéòè êîíòðïðèìåð ê íåé. Â [2] îíà ïîäòâåðæäåíà
äëÿ m = 1, â [3] � äëÿ m = 2. Â [1] ïðîáëåìà ðåøåíà äëÿ òàê íàçû-
âàåìûõ ñèëüíî 1-àìåíàáåëüíûõ ïîëåé. Ãëîáàëüíûå ïîëÿ îòíîñÿòñÿ ê
ýòîìó êëàññó ïîëåé. Îñíîâíàÿ öåëü íàñòîÿùåãî ñîîáùåíèÿ � ðåøå-
íèå ïðîáëåìû äëÿ ëîêàëüíûõ ïîëåé. Èìååò ìåñòî

Òåîðåìà 1. Ïóñòü L� ìóëüòèêâàäðàòè÷íîå ðàñøèðåíèå ëîêàëüíîãî
ïîëÿ K, L = K(

√
α1, . . . ,

√
αm), ãäå αi ∈ K. Òîãäà

Ker (W (K)→W (L)) =
∑m
i=1[〈1,−αi〉]W (K).

Ïðè äîêàçàòåëüñòâå òåîðåìû ñóùåñòâåííî èñïîëüçóþòñÿ ðåçóëü-
òàòû, ïîëó÷åíûå â [4].

Ëèòåðàòóðà. [1] R. Elman, T. Y. Lam, A. Wadsworth, Quadratic forms

under multiquadratic extensions. Nederl. Acad. Wetensch. Intag.Math.,

42:2 (1980), 131�145. [2] T. Y. Lam. Ten lectures on quadratic forms over �elds.

Conference on Quadratic Forms�1976 (Proc. Conf., Queen's Univ., Kingston,

Ont., 1976), 1�102. Queen's Papers in Pure and Appl. Math., 46, Queen's

Univ., Kingston, ON. [3] R. Elman, Quadratic forms and the u-invariant. III.

Conference on Quadratic Forms�1976 (Proc. Conf., Queen's Univ., Kingston,

Ont., 1976), 422�444. Queen's Papers in Pure and Appl. Math., 46, Queen's

Univ., Kingston, ON. [4] À. A. Áîíäàðåíêî, Áèðàöèîíàëüíàÿ êîìïîçèöèÿ

êâàäðàòè÷íûõ ôîðì íàä ëîêàëüíûì ïîëåì. Ìàòåì. çàìåòêè, 85:5 (2009),

661�670.

Áåëîðóññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: bondarenko@bsu.by

À. ß. Áåëîâ

Ïðîáëåìû Áåðíñàéäîâñêîãî òèïà: òåîðåìà Øèðøîâà î âû-
ñîòå è íîðìàëüíûå áàçèñû.

Â 1958 ãîäó À. È. Øèðøîâ äîêàçàë ñâîþ çíàìåíèòóþ òåîðåìó î
âûñîòå:

Òåîðåìà Øèðøîâà î âûñîòå. Ìíîæåñòâî âñåõ íå n-
ðàçáèâàåìûõ ñëîâ â êîíå÷íî ïîðîæä¼ííîé àëãåáðå ñ äîïóñòèìûì
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ïîëèíîìèàëüíûì òîæäåñòâîì èìååò îãðàíè÷åííóþ âûñîòó H íàä
ìíîæåñòâîì ñëîâ ñòåïåíè íå âûøå n− 1.

Îïðåäåëåíèå 1. Íàçîâ¼ì PI-àëãåáðó A àëãåáðîé îãðàíè÷åííîé âû-
ñîòû HtY (A) íàä ìíîæåñòâîì ñëîâ Y = {u1, u2, . . .}, åñëè h � ìè-
íèìàëüíîå ÷èñëî òàêîå, ÷òî ëþáîå ñëîâî x èç A ìîæíî ïðåäñòàâèòü
â âèäå

x =
∑
i

αiu
k(i,1)

j(i,1)
u
k(i,2)

j(i,2)
· · ·uk(i,ri)

j(i,ri)
,

ïðè÷åì {ri} îãðàíè÷åíû ÷èñëîì h â ñîâîêóïíîñòè. Ìíîæåñòâî Y íà-
çûâàåòñÿ áàçèñîì Øèðøîâà äëÿ A.

Íàçîâåì ñëîâî W n-ðàçáèâàåìûì, åñëè W ìîæíî ïðåäñòàâèòü â
âèäå W = vu1u2 · · ·un òàê ÷òîáû u1 � u2 � · · · � un.

Â ñâÿçè ñ òåîðåìîé î âûñîòå âîçíèêëè ñëåäóþùèå âîïðîñû:

1. Íà êàêèå êëàññû êîëåö ìîæíî ðàñïðîñòðàíèòü òåîðåìó î âû-
ñîòå?

Àâòîðó óäàëîñü ðàñïðîñòðàíèòü åå íà øèðîêèé êëàññ êîëåö, àñ-
ñèìïòîòè÷åñêè áëèçêèõ ê àññîöèàòèâíûì, êóäà âõîäÿò, â ÷àñò-
íîñòè, àëüòåðíàòèâíûå è éîðäàíîâûå àëãåáðû.

2. Íàä êàêèìè Y àëãåáðà A èìååò îãðàíè÷åííóþ âûñîòó? Â ÷àñò-
íîñòè, êàêèå íàáîðû ñëîâ ìîæíî âçÿòü â êà÷åñòâå {vi}?
Òàêîå îïèñàíèå èìååòñÿ, â êà÷åñòâå Y ìîæíî âçÿòü ìíîæåñòâî
ñëîâ, ñòåïåíè íå âûøå ïîëèíîìèàëüíîé ñëîæíîñòè.

3. Êàê óñòðîåí âåêòîð ñòåïåíåé (k1, . . . , kh)? Ïðåæäå âñåãî: êàêèå
ìíîæåñòâà êîìïîíåíò ýòîãî âåêòîðà ÿâëÿþòñÿ ñóùåñòâåííûìè,
ò.å. êàêèå íàáîðû ki ìîãóò áûòü îäíîâðåìåííî íåîãðàíè÷åí-
íûìè? Êàêîâà ñóùåñòâåííàÿ âûñîòà? Âåðíî ëè ÷òî ìíîæåñòâî
âåêòîðîâ ñòåïåíåé îáëàäàåò òåìè èëè èíûìè ñâîéñòâàìè ðåãó-
ëÿðíîñòè?

Äàííûé âîïðîñ îêàçàëñÿ òåñíî ñâÿçàííûé ñ èññëåäîâàíèåì ýêñ-
ïîíåíöèàëüíî - äèîôàíòîâûõ óðàâíåíèé.

4. Êàê îöåíèòü âûñîòó?

Ñóáýêñïîíåíöèàëüíàÿ îöåíêà áûëà ïîëó÷åíà àâòîðîì ñîâìåñò-
íî ñ Ì. È. Õàðèòîíîâûì.

Äîêàçàòåëüñòâî èñïîëüçóåò èäåþ Â.Í.Ëàòûøåâà î ïðèìåíåíèè
òåîðåìû Äèëóîðñà (âïåðâûå èñïîëüçîâàòü åå â òàêîì êîíòåêñòå
ïðåäëîæèë Ã.Ð.×åëíîêîâ).
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Èìåþòñÿ òàêæå ñìåæíûå âîïðîñû, îòíîñÿùèåñÿ ê ñòðîåíèþ áà-
çèñîâ àëãåáð.

Òåîðåìà 1. (À. ß. Áåëîâ) à) Ïóñòü A � ãðàäóèðîâàííàÿ PI-àëãåáðà,
Y � êîíå÷íîå ìíîæåñòâî îäíîðîäíûõ ýëåìåíòîâ. Òîãäà åñëè ïðè âñåõ
n àëãåáðà A/Y (n) íèëüïîòåíòíà, òî Y åñòü s-áàçèñ A. Åñëè ïðè ýòîì
Y ïîðîæäàåò A êàê àëãåáðó, òî Y � áàçèñ Øèðøîâà àëãåáðû A.

á) Ïóñòü A � PI-àëãåáðà, M ⊆ A � íåêîòîðîå êóðîøåâî ïîäìíî-
æåñòâî â A. Òîãäà M � s-áàçèñ àëãåáðû A.

Y (n) îáîçíà÷àåò èäåàë, ïîðîæäåííûé n-ûìè ñòåïåíÿìè ýëåìåíòîâ
èç Y . Ìíîæåñòâî M ⊂ A íàçûâàåòñÿ êóðîøåâûì, åñëè ëþáàÿ ïðîåê-
öèÿ π : A ⊗K[X] → A′, â êîòîðîé îáðàç π(M) öåë íàä π(K[X]), êî-
íå÷íîìåðíà íàä π(K[X]). Ìîòèâèðîâêîé ýòîãî ïîíÿòèÿ ñëóæèò ñëå-
äóþùèé ïðèìåð. Ïóñòü A = Q[x, 1/x]. Ëþáàÿ ïðîåêöèÿ π òàêàÿ, ÷òî
π(x) àëãåáðàè÷åí, èìååò êîíå÷íîìåðíûé îáðàç. Îäíàêî ìíîæåñòâî
{x} íå ÿâëÿåòñÿ s-áàçèñîì àëãåáðû Q[x, 1/x]. Òàêèì îáðàçîì, îãðà-
íè÷åííîñòü ñóùåñòâåííîé âûñîòû åñòü íåêîììóòàòèâíîå îáîáùåíèå
ñâîéñòâà öåëîñòè.

ßñíî, ÷òî ðàçìåðíîñòü Ãåëüôàíäà�Êèðèëëîâà îöåíèâàåòñÿ ñóùå-
ñòâåííîé âûñîòîé è ÷òî s-áàçèñ ÿâëÿåòñÿ áàçèñîì Øèðøîâà, òîãäà
è òîëüêî òîãäà, êîãäà îí ïîðîæäàåò A êàê àëãåáðó. Â ïðåäñòàâèìîì
ñëó÷àå èìååò ìåñòî è îáðàòíîå óòâåðæäåíèå.

Òåîðåìà 2. (À. ß. Áåëîâ) Ïóñòü A � êîíå÷íî ïîðîæäåííàÿ ïðåäñòà-
âèìàÿ àëãåáðà è ïóñòü HEssY (A) < ∞. Òîãäà HEssY (A) = GK(A).

Ñëåäñòâèå 1. (Â. Ò. Ìàðêîâ) Ðàçìåðíîñòü Ãåëüôàíäà�Êèðèëëîâà
êîíå÷íî ïîðîæäåííîé ïðåäñòàâèìîé àëãåáðû åñòü öåëîå ÷èñëî.

Ñëåäñòâèå 2. Åñëè HEssY (A) < ∞, è àëãåáðà A ïðåäñòàâèìà, òî
HEssY (A) íå çàâèñèò îò âûáîðà s-áàçèñà Y .

Â ýòîì ñëó÷àå ðàçìåðíîñòü Ãåëüôàíäà�Êèðèëëîâà òàêæå ðàâíà
ñóùåñòâåííîé âûñîòå â ñèëó ëîêàëüíîé ïðåäñòàâèìîñòè îòíîñèòåëü-
íî ñâîáîäíûõ àëãåáð.

Õîòÿ â ïðåäñòàâèìîì ñëó÷àå ðàçìåðíîñòü Ãåëüôàíäà-Êèðèëëî-
âà è ñóùåñòâåííàÿ âûñîòà âåäóò ñåáÿ õîðîøî, òåì íå ìåíåå äàæå
òîãäà ìíîæåñòâî âåêòîðîâ ñòåïåíåé ìîæåò áûòü óñòðîåíî ïëîõî �
à èìåííî, ìîæåò áûòü äîïîëíåíèåì ê ìíîæåñòâó ðåøåíèé ñèñòå-
ìû ýêñïîíåíöèàëüíî-ïîëèíîìèàëüíûõ äèîôàíòîâûõ óðàâíåíèé (Ñì.
Belov, A. Ya., Borisenko, V. V., and Latyshev, V. N. Monomial algebras,
Algebra 4, J. Math. Sci. (New York) 87, 1997 vol 3 p. 3463�3575.) Âîò
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ïî÷åìó ñóùåñòâóåò ïðèìåð ïðåäñòàâèìîé àëãåáðû ñ òðàíñöåíäåíò-
íûì ðÿäîì Ãèëüáåðòà. Îäíàêî äëÿ îòíîñèòåëüíî ñâîáîäíîé àëãåáðû
ðÿä Ãèëüáåðòà ðàöèîíàëåí. Â ïîëîæèòåëüíîé õàðàêòåðèñòèêå ñèòó-
àöèÿ ëó÷øå: êàê óñòàíîâèë àâòîð ñ À.À.×èëèêîâûì ìíîæåñòâî ðå-
øåíèé ñèñòåìû ýêñïîíåíöèàëüíî-äèîôàíòîâûõ óðàâíåíèé ñ îñíîâà-
íèåì ýêñïîíåíò â êîëüöå ïîëîæèòåëüíîé õàðàêòåðèñòèêå äîïóñêà-
åò ïîïèñàíèå â òåðìèíàõ ðåãóëÿðíîãî ÿçûêà. Ðàññìîòðèì ñèñòåìó
ýêñïîíåíöèàëüíî-äèîôàíòîâûõ óðàâíåíèé:

s∑
i=1

Pij(n1, . . . , nt)bij0a
n1
ij1bij1 . . . a

nt
ijtbijt = 0,

ãäå bijk, aijk � êîíñòàíòû èç ìàòðè÷íîãî êîëüöà õàðàêòåðèñòèêè p,
ni � íåèçâåñòíûå. Êàæäîìó ðåøåíèþ 〈n1, . . . , nt〉 ñèñòåìû ñîïîñòà-

âèì ñëîâî íàä àëôàâèòîì èç pt áóêâ α0 . . . αq, ãäå αi � 〈n(i)
1 , . . . , n

(i)
t 〉,

n(i) � i-ÿ öèôðà â p-è÷íîé çàïèñè ÷èñëà n. Îñíîâíîé ðåçóëüòàò ðà-
áîòû çàêëþ÷àåòñÿ â ñëåäóþùåì: ìíîæåñòâî ñëîâ, îòâå÷àþùèõ ðåøå-
íèÿì ñèñòåìû ýêñïîíåíöèàëüíî-äèîôàíòîâûõ óðàâíåíèé, ÿâëÿåòñÿ
ðåãóëÿðíûì ÿçûêîì (ò. å. ïðåäñòàâèìî êîíå÷íûì àâòîìàòîì). Ñóùå-
ñòâóåò ýôôåêòèâíûé àëãîðèòì, ïîçâîëÿþùèé âû÷èñëèòü ýòîò ÿçûê.
(ñì. Ýêñïîíåíöèàëüíûå äèîôàíòîâû óðàâíåíèÿ â êîëüöàx ïîëîæè-
òåëüíîé õàðàêòåðèñòèêè À. ß. Áåëîâ, À. À. ×èëèêîâ, Ôóíäàìåíò. è
ïðèêë. ìàòåì., 6:3 (2000), 649�668)

Íåäàâíî àâòîðó óäàëîñü óñòàíîâèòü ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 3. (À. ß. Áåëîâ) Ïóñòü A � êîíå÷íî ïîðîæäåííàÿ ïðåäñòà-
âèìàÿ àëãåáðà. Òîãäà ìèíèìàëüíàÿ ðàçìåðíîñòü êîëüöà ïðåäñòàâëå-
íèÿ ðàâíà GK(A) (è, ñîîòâåòñòâåííî, HEssY (A)).

Àëãåáðà A ïðåäñòàâèìà, åñëè îíà âêëàäûâàåòñÿ â àëãåáðó B, ÿâ-
ëÿþùóþñÿ íåòåðîâûì ìîäóëåì íàä öåíòðîèäîì, èìåíóåìûì êîëüöîì
ïðåäñòàâëåíèÿ.

ÌÔÒÈ, Áàð-Èëàí

Ð. Â. Áîðîäè÷, Å. Í. Áîðîäè÷, Ì. Â. Ñåëüêèí (Ãîìåëü)

Î p-íèëüïîòåíòíûõ àáíîðìàëüíûõ ïîäãðóïïàõ â ãðóïïàõ
ñ îïåðàòîðàìè

Â òåîðèè êîíå÷íûõ ãðóïï îäíó èç âàæíûõ ðîëåé âûïîëíÿþò
ìàêñèìàëüíûå ïîäãðóïïû. Çíàíèå èõ ñòðîåíèÿ, ñïîñîáà âëîæåíèÿ â
ãðóïïó, à òàêæå âçàèìîäåéñòâèÿ ìåæäó ñîáîé è ñ äðóãèìè ïîäãðóï-
ïàìè ïîçâîëÿþò ðàñêðûòü ìíîãèå ñâîéñòâà ñàìèõ ãðóïï (ñì. ìîíî-
ãðàôèþ [1]).
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Ïóñòü äàíû ãðóïïà G, ìíîæåñòâî A è îòîáðàæåíèå f : A 7→
End(G), ãäå End(G) � ãîìîìîðôíîå îòîáðàæåíèå ãðóïïû G â
ñåáÿ èëè ýíäîìîðôèçì ãðóïïû G. Ïîäãðóïïà M íàçûâàåòñÿ A-
äîïóñòèìîé, åñëè M âûäåðæèâàåò äåéñòâèå âñåõ îïåðàòîðîâ èç A,
òî åñòü Mα ⊆M äëÿ ëþáîãî îïåðàòîðà α ∈ A.

Íåñëîæíî çàìåòèòü, ÷òî òàê êàê îïåðàòîðû äåéñòâóþò êàê ñî-
îòâåòñòâóþùèå èì ýíäîìîðôèçìû, òî êàæäàÿ õàðàêòåðèñòè÷åñêàÿ
ïîäãðóïïà ÿâëÿåòñÿ A-äîïóñòèìîé äëÿ ïðîèçâîëüíîé ãðóïïû îïåðà-
òîðîâ.

Ïóñòü X � ïðîèçâîëüíûé íåïóñòîé êëàññ ãðóïï. Ñîïîñòàâèì ñî
âñÿêîé ãðóïïîé G ∈ X íåêîòîðóþ ñèñòåìó ïîäãðóïï τ(G). Ñîãëàñíî
[2] áóäåì ãîâîðèòü, ÷òî τ � ïîäãðóïïîâîé X-ôóíêòîð (ïîäãðóïïîâîé
ôóíêòîð íà X), åñëè äëÿ âñÿêîãî ýïèìîðôèçìà φ : A 7→ B, ãäå A,B ∈
X, âûïîëíåíû âêëþ÷åíèÿ (τ(A))φ ⊆ τ(B), (τ(B))φ

−1 ⊆ τ(A), è, êðîìå
òîãî, äëÿ ëþáîé ãðóïïû G ∈ X èìååò ìåñòî G ∈ τ(G).

Åñëè X = G � êëàññ âñåõ ãðóïï, òî ïîäãðóïïîâîé X-ôóíêòîð
íàçûâàþò ïðîñòî ïîäãðóïïîâûì ôóíêòîðîì.

Ôóíêòîð θ áóäåì íàçûâàòü àáíîðìàëüíî ïîëíûì, åñëè äëÿ ëþ-
áîé ãðóïïû G ñðåäè ìíîæåñòâà θ(G) ñîäåðæàòñÿ âñå àáíîðìàëüíûå
ïîäãðóïïû ãðóïïû G.

Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ ìàêñèìàëüíîé A-äîïóñòèìîé
ïîäãðóïïîé â G, åñëèH ÿâëÿåòñÿ A-äîïóñòèìîé è ëþáàÿ ñîáñòâåííàÿ
A-äîïóñòèìàÿ ïîäãðóïïà èç G, ñîäåðæàùàÿ H, ñîâïàäàåò ñ H.

Òåîðåìà 1. Ïóñòü ãðóïïà G èìååò ãðóïïó îïåðàòîðîâ A òàêóþ,
÷òî (|G|, |A|) = 1, G � ðàçðåøèìàÿ ãðóïïà, θ � àáíîðìàëü-
íî ïîëíûé ïîäãðóïïîâîé ôóíêòîð. Åñëè â ãðóïïå G ñóùåñòâóþò
íå p-íèëüïîòåíòíûå àáíîðìàëüíûå ìàêñèìàëüíûå A-äîïóñòèìûå θ-
ïîäãðóïïû, íå ñîäåðæàùèå p-íèëüïîòåíòíûé ðàäèêàë, òî ïåðåñå÷å-
íèå âñåõ òàêèõ ïîäãðóïï ÿâëÿåòñÿ p-íèëüïîòåíòíîé ïîäãðóïïîé ãðóï-
ïû G.

Ëèòåðàòóðà. [1] Ì. Â. Ñåëüêèí. Ìàêñèìàëüíûå ïîäãðóïïû â òåîðèè êëàñ-

ñîâ êîíå÷íûõ ãðóïï. Ìí.:Áåëàðóñêàÿ íàâóêà, 1997. [2] À.Í. Ñêèáà. Àëãåáðà

ôîðìàöèé. Ìí.: Áåëàðóñêàÿ íàâóêà, 1997.

e-mail: Borodich@gsu.by
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Â. È. Âàðàíêèíà, Å. Ì. Âå÷òîìîâ, Å. Í. Ëóáÿãèíà (Êèðîâ)

Ïîäàëãåáðû â ïîëóêîëüöàõ íåïðåðûâíûõ ÷àñòè÷íûõ ÷èñ-
ëîâûõ ôóíêöèé1

Ïóñòü X � òîïîëîãè÷åñêîå ïðîñòðàíñòâî, C(X) � êîëüöî âñåõ
íåïðåðûâíûõ äåéñòâèòåëüíîçíà÷íûõ ôóíêöèé íà X è CP (X) =⋃
{C(Y ) : Y ⊆ X} � ïîëóêîëüöî âñåõ íåïðåðûâíûõ ÷àñòè÷íûõ

R-çíà÷íûõ ôóíêöèé íà X ñ ïîòî÷å÷íûìè îïåðàöèÿìè ñëîæåíèÿ è
óìíîæåíèÿ ÷àñòè÷íûõ ôóíêöèé f è g íà ïåðåñå÷åíèè D(f) ∩ D(g)
èõ îáëàñòåé îïðåäåëåíèÿ. Ñ÷èòàåì, ÷òî C(∅) = {∅}. Ïîëóêîëüöî
CP (X) èìååò åäèíèöó 1 è ïîãëîùàþùèé ýëåìåíò ∅.

Ïîäàëãåáðîé ïîëóêîëüöà CP (X) íàçûâàåòñÿ åãî ïîäïîëóêîëüöî,
âûäåðæèâàþùåå óìíîæåíèå íà ÷èñëà èçR. Ïóñòîå ìíîæåñòâî ∅ òàê-
æå ñ÷èòàåòñÿ ïîäàëãåáðîé â CP (X).

×åðåç A(X) îáîçíà÷èì ìíîæåñòâî âñåõ ïîäàëãåáð ïîëóêîëüöà
CP (X), ÷åðåç A1(X) � ìíîæåñòâî âñåõ åãî ïîäàëãåáð ñ åäèíèöåé 1.
Îòíîñèòåëüíî îòíîøåíèÿ âêëþ÷åíèÿ ⊆ ìíîæåñòâî A(X) îáðàçóåò
ïîëíóþ ðåøåòêó ñ íàèìåíüøèì ýëåìåíòîì ∅ è íàèáîëüøèì ýëå-
ìåíòîì CP (X), à A1(X) áóäåò ïîëíîé ðåøåòêîé ñ íàèìåíüøèì ýëå-
ìåíòîì R � ïîäàëãåáðîé ôóíêöèé-êîíñòàíò íà X. Ðåøåòêà A1(X)
ÿâëÿåòñÿ ïîäðåøåòêîé ðåøåòêè A(X). Ïîäàëãåáðà R îïðåäåëÿåòñÿ â
òåðìèíàõ ðåøåòêè A(X).

Îïèñàíû àòîìû (ìèíèìàëüíûå ïîäàëãåáðû) è ïðåäàòîìû ðåøå-
òîê A(X) è A1(X) íàä ïðîèçâîëüíûì òîïîëîãè÷åñêèì ïðîñòðàí-
ñòâîì X. Íà îñíîâàíèè ýòîãî äîêàçûâàåòñÿ òåîðåìà àáñîëþòíîé
îïðåäåëÿåìîñòè T1-ïðîñòðàíñòâ X ðåøåòêàìè ïîäàëãåáð ïîëóêîëåö
CP (X):

Òåîðåìà 1. Äëÿ ëþáûõ òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X è T1-
ïðîñòðàíñòâà Y ðàâíîñèëüíû ñëåäóþùèå óòâåðæäåíèÿ:

1) ðåøåòêè A(X) è A(Y ) èçîìîðôíû;
2) ðåøåòêè A1(X) è A1(Y ) èçîìîðôíû;
3) ïðîñòðàíñòâà X è Y ãîìåîìîðôíû.

Íàïîìíèì, ÷òî òîïîëîãè÷åñêîå ïðîñòðàíñòâî íàçûâàåòñÿ T1-
ïðîñòðàíñòâîì, åñëè âñå åãî îäíîòî÷å÷íûå ïîäìíîæåñòâà çàìêíó-
òû, è íàçûâàåòñÿ T0-ïðîñòðàíñòâîì, åñëè ëþáûå äâå åãî ðàçëè÷íûå
òî÷êè èìåþò ðàçíûå çàìûêàíèÿ. Çàìåòèì, ÷òî T0-ïðîñòðàíñòâà X
íå îáÿçàíû îïðåäåëÿòüñÿ ðåøåòêàìè A(X) è A1(X).

Êàæäûé ãîìåîìîðôèçì òîïîëîãè÷åñêèõ ïðîñòðàíñòâ X è Y ïî-
ðîæäàåò ñîîòâåòñòâóþùèé èçîìîðôèçì ïîëóêîëåö CP (X) è CP (Y ),

1Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíàóêè ÐÔ
¾Ïîëóêîëüöà è èõ ñâÿçè¿, ïðîåêò � 1.5879.2017/8.9
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êîòîðûé â ñâîþ î÷åðåäü èíäóöèðóåò èçîìîðôèçì ðåøåòîê A(X) è
A(Y ) è ðåøåòîê A1(X) è A1(Y ).

Òåîðåìà 2. Åñëè X � ïðîèçâîëüíîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî
è Y � T1-ïðîñòðàíñòî, òî âñå èçîìîðôèçìû ðåøåòîê A(X) è A(Y ) è
ðåøåòîê A1(X) è A1(Y ) � èíäóöèðîâàííûå.

Íàéäåíû äâà êëàññà ìàêñèìàëüíûõ ïîäàëãåáð ïîëóêîëåö CP (X),
è ïîêàçàíî, ÷òî äëÿ êîíå÷íûõ òîïîëîãè÷åñêèõ ïðîñòðàíñòâ X
èìè èñ÷åðïûâàþòñÿ âñå ìàêñèìàëüíûå ïîäàëãåáðû â ïîëóêîëüöàõ
CP (X).

Ëèòåðàòóðà. [1] Å. Ì. Âå÷òîìîâ, Å. Í. Ëóáÿãèíà. Îïðåäåëÿåìîñòü T1-
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2 / ïîä ðåä. Å. Ì. Âå÷òîìîâà. � Êèðîâ: ÎÎÎ ¾Èçäàòåëüñòâî ¾Ðàäóãà-

ÏÐÅÑÑ¿, 2016. 316 ñ.

Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: vecht@mail.ru

À. Ô. Âàñèëüåâ (Ãîìåëü, Áåëàðóñü)

Ñèëîâñêè îïðåäåëÿåìûå êëàññû êîíå÷íûõ ãðóïï
Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïîíÿòèå ñèëîâñêîé

ïîäãðóïïû çàíèìàåò öåíòðàëüíîå ìåñòî â òåîðèè êîíå÷íûõ ãðóïï.
Çíàíèå ñâîéñòâ ñòðîåíèÿ è âëîæåíèÿ ñèëîâñêèõ ïîäãðóïï ïîçâîëÿåò
âî ìíîãèõ ñëó÷àÿõ ïîëó÷èòü îïèñàíèå ñàìîé ãðóïïû. Ê íàñòîÿùå-
ìó âðåìåíè çíà÷èòåëüíîå ðàçâèòèå ïîëó÷èëà òåîðèÿ êëàññîâ ãðóïï,
ñì, íàïðèìåð, ìîíîãðàôèè [1�4]. Â ðàìêàõ ýòîé òåîðèè âîçíèêàåò
ñëåäóþùàÿ åñòåñòâåííàÿ ïðîáëåìà.

Ïðîáëåìà. Ïóñòü F � íåïóñòàÿ ôîðìàöèÿ (êëàññ Ôèòòèíãà, êëàññ
Øóíêà) ãðóïï. Íàéòè óñëîâèÿ, êîòîðûì äîëæíû óäîâëåòâîðÿòü ñè-
ëîâñêèå ïîäãðóïïû ãðóïïû G, ÷òîáû G ïðèíàäëåæàëà F.

Íàïðèìåð, õîðîøî èçâåñòíî, ÷òî ãðóïïà G òîãäà è òîëüêî òîãäà
íèëüïîòåíòíà, êîãäà åå ñèëîâñêèå ïîäãðóïïû íîðìàëüíû (ñóáíîð-
ìàëüíû) â G.
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Åñòåñòâåííûì îáîáùåíèåì ñóáíîðìàëüíîñòè ÿâëÿþòñÿ ïîíÿòèÿ
F-ñóáíîðìàëüíîé è K-F-ñóáíîðìàëüíîé ïîäãðóïïû [4].

Ïóñòü F � íåïóñòàÿ ôîðìàöèÿ. Ïîäãðóïïà H ãðóïïû G íàçûâà-
åòñÿ: 1) F-ñóáíîðìàëüíîé â G, åñëè ëèáî H = G, ëèáî ñóùåñòâóåò
ìàêñèìàëüíàÿ öåïü ïîäãðóïï H = H0 < H1 < · · · < Hn = G òàêàÿ,
÷òî HF

i ≤ Hi−1 äëÿ i = 1, . . . , n; 2) K-F-ñóáíîðìàëüíîé â G, åñëè
ñóùåñòâóåò öåïü ïîäãðóïï H = H0 ≤ H1 ≤ · · · ≤ Hn = G òàêàÿ, ÷òî
ëèáî Hi−1 E Hi, ëèáî H

F
i ≤ Hi−1 äëÿ i = 1, . . . , n.

Â ðàáîòå [5] äëÿ ñëó÷àÿ íàñëåäñòâåííîé íàñûùåííîé ôîðìàöèè
áûëè íà÷àòû èññëåäîâàíèÿ ñòðîåíèÿ ãðóïï, ó êîòîðûõ ñèëîâñêèå
ïîäãðóïïû ÿâëÿþòñÿ F-ñóáíîðìàëüíûìè. Â äàëüíåéøåì ýòî íàïðàâ-
ëåíèå ïîëó÷èëî ðàçâèòèå â ðàáîòàõ ðàçëè÷íûõ àâòîðîâ. Íàïðèìåð,
â ðàáîòàõ [6�8] äëÿ íàñûùåííîé ôîðìàöèè F áûëè èçó÷åíû ñâîé-
ñòâà êëàññà ãðóïï, â êîòîðûõ ñèëîâñêèå ïîäãðóïïû ÿâëÿþòñÿ F-
ñóáíîðìàëüíûìè (K-F-ñóáíîðìàëüíûìè), â ðàáîòàõ [9�18] áûëè íàé-
äåíû ïðèëîæåíèÿ ïîëó÷åííûõ êëàññîâ äëÿ êîíêðåòíûõ ôîðìàöèé F.

Îïðåäåëåíèå. Ïóñòü F � íåïóñòàÿ ôîðìàöèÿ ãðóïï. Ïîäãðóïïó
H ãðóïïû G íàçîâåì ñèëüíî K-F-ñóáíîðìàëüíîé â G, åñëè NG(H)
ÿâëÿåòñÿ F-ñóáíîðìàëüíîé ïîäãðóïïîé â G.

Òàê êàê ïîäãðóïïà íîðìàëüíà â ñâîåì íîðìàëèçàòîðå, òî âñÿêàÿ
ñèëüíî K-F-ñóáíîðìàëüíàÿ ïîäãðóïïà áóäåò K-F-ñóáíîðìàëüíîé. Îá-
ðàòíîå óòâåðæäåíèå íåâåðíî. Ïóñòü S � ñèììåòðè÷åñêàÿ ãðóïïà ñòå-
ïåíè 3. Èçâåñòíî, ÷òî ñóùåñòâóåò òî÷íûé íåïðèâîäèìûé S-ìîäóëü
U íàä ïîëåì F7 èç 7 ýëåìåíòîâ. Ðàññìîòðèì ïîëóïðÿìîå ïðîèçâåäå-
íèå G = [U ]S. Òàê êàê ïîäãðóïïà S íåàáåëåâà, òî ãðóïïà G íå ÿâ-
ëÿåòñÿ ñâåðõðàçðåøèìîé. Èç ñâåðõðàçðåøèìîñòè G/U ñëåäóåò, ÷òî
H = UG3 ÿâëÿåòñÿ K-U-ñóáíîðìàëüíîé ïîäãðóïïîé ãðóïïû G, ãäå
G3 � ñèëîâñêàÿ 3-ïîäãðóïïà ãðóïïû G, ëåæàùàÿ â S. Çàìåòèì, ÷òî
H � ñâåðõðàçðåøèìàÿ ïîäãðóïïà ãðóïïû G. Ñëåäîâàòåëüíî, G3 K-
U-ñóáíîðìàëüíà â G. Ñ äðóãîé ñòîðîíû, íîðìàëèçàòîð G3 â G ðàâåí
ïîäãðóïïå S, êîòîðàÿ íå ÿâëÿåòñÿ U-ñóáíîðìàëüíîé â G. Ñëåäîâà-
òåëüíî, G3 íå ÿâëÿåòñÿ ñèëüíî K-U-ñóáíîðìàëüíîé ïîäãðóïïîé â G.

Òåîðåìà 1. Ïóñòü F � íàñûùåííàÿ ôîðìàöèÿ, ñîñòîÿùàÿ èç ìåòà-
íèëüïîòåíòíûõ ãðóïï. Òîãäà è òîëüêî òîãäà ãðóïïà G ïðèíàäëåæèò
F, êîãäà π(G) ⊆ π(F) è êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà èç G ñèëüíî
K-F-ñóáíîðìàëüíà â G.

Ñëåäñòâèå 1. Ïóñòü F � ôîðìàöèÿ âñåõ ãðóïï, èìåþùèõ íèëüïî-
òåíòíûé êîììóòàíò. Åñëè êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà ãðóïïû G
ñèëüíî K-F-ñóáíîðìàëüíà â G, òî G òàêæå èìååò íèëüïîòåíòíûé
êîììóòàíò.
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Ñëåäñòâèå 2. Ïóñòü F � ôîðìàöèÿ âñåõ ìåòàíèëüïîòåíòíûõ
ãðóïï. Åñëè êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà ãðóïïû G ñèëüíî K-F-
ñóáíîðìàëüíà â G, òî G ìåòàíèëüïîòåíòíà.

Òåîðåìà 2. Ïóñòü F � íàñûùåííàÿ ôîðìàöèÿ, ñîñòîÿùàÿ èç äèñ-
ïåðñèâíûõ ãðóïï. Òîãäà è òîëüêî òîãäà ãðóïïà G ïðèíàäëåæèò F,
êîãäà π(G) ⊆ π(F) è êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà èç G ñèëüíî K-F-
ñóáíîðìàëüíà â G.

Ñëåäñòâèå 3. [16] Ïóñòü U � ôîðìàöèÿ âñåõ ñâåðõðàçðåøèìûõ
ãðóïï. Åñëè êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà ãðóïïû G ñèëüíî K-U-
ñóáíîðìàëüíà â G, òî G ñâåðõðàçðåøèìà.
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Ñèììåòðè÷åñêèå ïîëèíîìû è ñòðóêòóðíûå êîíñòàíòû
Äæåêà

Äîêëàä ïîñâÿù¼í îáçîðó ðåçóëüòàòîâ î ñèììåòðè÷åñêèõ ôóíêöè-
ÿõ è ñòðóêòóðíûõ êîíñòàíòàõ Äæåêà.

Â 1970 ãîäó Ã. Äæåê [1] ââ¼ë êëàññ ñèììåòðè÷åñêèõ ôóíêöèé
Jλα(x) îò x = (x1, x2, . . .), èíäåêñèðîâàííûõ ðàçáèåíèÿìè λ è çàâèñÿ-
ùèõ îò ïàðàìåòðà α, êîòîðûå åñòåñòâåííûì îáðàçîì îáîáùàþò ïî-
ëèíîìû Øóðà sλ(x) (ïîëó÷àåìûå ïîñëå íåêîòîðîé íîðìèðîâêè ïðè
α = 1) è çîíàëüíûå ïîëèíîìû Zλ(x) (α = 2). Èñïîëüçóåì ñòàíäàðò-
íûå îáîçíà÷åíèÿ, ñâÿçàííûå ñ ðàçáèåíèåì λ = [1m1(λ)2m2(λ) . . .] =
(λ1, . . . , λp) ` n: `(λ) = p, |λ| = n, zλ =

∏
i i
mi(λ)mi(λ)!. Îïðåäåëèì

ñêàëÿðíîå ïðîèçâåäåíèå 〈· , ·〉α ðàâåíñòâîì 〈pλ, pµ〉α = α`(λ)zλδλ,µ, ãäå
pλ(x) � ñòåïåííûå ñóììû. Â 1996 ãîäó Ãóëäåí è Äæåêñîí [2] ââåëè
ïîëèíîìû aλµν(α) (λ, µ, ν ` n ∈ N) ñ ïîìîùüþ òîæäåñòâà

∑
λ,µ,ν`n

α−`(λ)z−1
λ aλµν(α)pλ(x)pµ(y)pν(z) =

∑
γ`n

Jαγ (x)Jαγ (y)Jαγ (z)

〈Jαγ , Jαγ 〉α
,

êîòîðûå ïðè α = 1, 2 ïðåâðàùàþòñÿ â ñòðóêòóðíûå êîíñòàíòû äâóõ
êëàññè÷åñêèõ àëãåáð (àëãåáðû êëàññîâ ñîïðÿæ¼ííîñòè ïðè α = 1 è
àëãåáðû äâîéíûõ ñìåæíûõ êëàññîâ ïðè α = 2). Â 2016 ãîäó Äîëåãà
è Ôåðå ïîêàçàëè, ÷òî aλµν(α) ÿâëÿþòñÿ ñòðóêòóðíûìè êîíñòàíòàìè
àëãåáðû ôóíêöèé íà äèàãðàììàõ Þíãà îòíîñèòåëüíî áàçèñà, ñîñòîÿ-
ùåãî èç õàðàêòåðîâ Äæåêà θλµ(α) (êàê ôóíêöèé ðàçáèåíèÿ µ), îïðåäå-

ëÿåìûõ ðàçëîæåíèåì Jαλ (x) =
∑
µ θ

λ
µ(α)pµ(x). ×èñëà aλµν(1) è aλµν(2)

èìåþò èíòåðåñíûå êîìáèíàòîðíûå èíòåðïðåòàöèè â òåðìèíàõ íåêî-
òîðûõ ãðàôîâ è ãèïåðêàðò, âëîæåííûõ â ëîêàëüíî îðèåíòèðóåìûå
ïîâåðõíîñòè. Îïèðàÿñü íà ýòè èíòåðïðåòàöèè, Ãóëäåí è Äæåêñîí
[2] âûäâèíóëè ãèïîòåçó î êîìáèíàòîðíîì ñìûñëå ñàìèõ ïîëèíîìîâ
aλµν(α).
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Ïóñòü V = {1, 1̂, . . . , n, n̂}, F � ìíîæåñòâî âñåõ ïàðîñî÷åòàíèé
íà V . Åñëè p∪q äëÿ p, q ∈ F åñòü îáúåäèíåíèå öèêëîâ äëèí
2λ1, . . . , 2λp, òî ïèøóò [2] Λ(p,q) = λ. Ïóñòü gn = {{1, 1̂}, . . . , {n, n̂}}.
Äëÿ λ = (λ1, . . . , λp) ` n îïðåäåëèì ïàðîñî÷åòàíèå bλ òàê, ÷òî-
áû Λ(gn,bλ) = λ è ÷òîáû ïðè îáõîäå öèêëîâ ãðàôà gn∪bλ âåð-
øèíû 1, 1̂, . . . , n, n̂ ñëåäîâàëè ïîäðÿä. Äëÿ λ, µ, ν ` n îáîçíà÷èì
Gλµν = {δ ∈ F | Λ(bλ, δ) = µ,Λ(gn, δ) = ν}. Ïàðîñî÷åòàíèå, âñå ðåáðà
êîòîðîãî èìåþò âèä {i, ĵ}, íàçûâàåòñÿ äâóäîëüíûì. Â [2] äîêàçàíî,
÷òî aλµν(2) = |Gλµν | è aλµν(1) = |{δ ∈ Gλµν | δ äâóäîëüíîå}|.
Ãèïîòåçà 1 ([2], Matchings-Jack conjecture). Äëÿ âñåõ n ∈
N è λ, µ, ν ` n ñóùåñòâóåò ôóíêöèÿ wt: Gλµν → {0, 1, . . . , n −
min{`(µ), `(ν)}}, äëÿ êîòîðîé aλµν(β + 1) =

∑
δ∈Gλµν

βwt(δ), wt(δ) =

0 ⇐⇒ δ � äâóäîëüíîå. Â ÷àñòíîñòè, êîýôôèöèåíòû ïîëèíîìîâ
aλµν(β + 1) îò β öåëî÷èñëåííû è íåîòðèöàòåëüíû.

Â [2] ãèïîòåçà 1 äîêàçàíà äëÿ λ = [1n], [1n−22]. Àâòîðû âûâåëè ðÿä
ðåêóððåíòíûõ ôîðìóë äëÿ ïîëèíîìîâ aλµν(α), ñ ïîìîùüþ êîòîðûõ
äîêàçàëè ýòó ãèïîòåçó â íåêîòîðûõ âàæíûõ ñëó÷àÿõ, âêëþ÷àÿ µ =
ν = (n).

Òåîðåìà 1 ([3, 4]). Ãèïîòåçà 1 âåðíà äëÿ µ = (n), ν = [N, 3m, 2l, 1k],
ãäå N = n− 3m− 2l − k > 3, l,m ∈ {0, 1}.

Êðîìå òîãî, â [4] äîêàçàí âàðèàíò ãèïîòåçû 1 ñ çàíóìåðîâàííûìè
öèêëàìè äëèíû 4 è 6 ãðàôà gn ∪ δ ïðè µ = (n), ν = [N, 3m, 2l, 1k] ñ
ïðîèçâîëüíûìè l è m.

Ìû òàêæå ðàññìàòðèâàåì îáîáù¼ííûå ñòðóêòóðíûå êîíñòàíòû

Äæåêà [5]: aλ1,...,λs(α) =
∑
γ`n

1

〈Jαγ , Jαγ 〉α
∏
i θ
γ
λi(α). Â ñëó÷àå λ2 = . . . =

λs = [1n−22] ýòè ïîëèíîìû (îáîçíà÷èì èõ as−1
λ ) èìåþò âåðîÿòíîñò-

íóþ èíòåðïðåòàöèþ â òåðìèíàõ ñëó÷àéíûõ ïóòåé â ãðóïïå Sn îò
òîæäåñòâåííîé ïåðåñòàíîâêè ê ïåðåñòàíîâêå ñ öèêëîâûì òèïîì λ ñ
ïîìîùüþ ïîñëåäîâàòåëüíîãî óìíîæåíèÿ íà òðàíñïîçèöèè.

Òåîðåìà 2 ([5]). Äëÿ ðàçáèåíèÿ λ = [1m1(λ)2m2(λ) . . .] =
(λ1, . . . , λp) ` n âåðíà ôîðìóëà:

an−pλ (α) =
(n− p)!

αp
∏p
j=1 λj !

∏
imi(λ)!

∏
i λ

λi−2
i .

Â ÷àñòíîñòè, äëÿ λ = (n) èìååì: an−1
(n) =

1

α
nn−3.

Ïîñëåäíåå ðàâåíñòâî îáîáùàåò êëàññè÷åñêèé ðåçóëüòàò Äåíå î êî-
ëè÷åñòâå ñïîñîáîâ ïðåäñòàâèòü äàííóþ ïåðåñòàíîâêó â âèäå ïðîèç-
âåäåíèÿ ìèíèìàëüíîãî ÷èñëà òðàíñïîçèöèé.
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Î íåêîòîðûõ ñâîéñòâàõ Fω-ïðîåêòîðîâ êîíå÷íûõ ãðóïï
Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Â [1] Â.À. Âåäåðíèêî-

âûì è Ì.Ì. Ñîðîêèíîé áûëî ïðåäëîæåíî îäíî îáîáùåíèå ïîíÿòèÿ
F-ïðîåêòîðà è ïîëó÷åíî ðàçâèòèå ðåçóëüòàòîâ Ãàøþöà [2], Øóíêà
[3], Ýðèêñîíà [4] î F-ïðîåêòîðàõ â ãðóïïàõ.

×åðåç ω îáîçíà÷àåòñÿ íåêîòîðîå íåïóñòîå ìíîæåñòâî ïðîñòûõ ÷è-
ñåë, F � íåïóñòîé êëàññ ãðóïï, ñîäåðæàùèéñÿ â êëàññå ãðóïï X. Ñî-
ãëàñíî [1] ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ Fω-ïðîåêòîðîì â G,
åñëè HN/N ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóïïîé â G/N äëÿ ëþáîé
íîðìàëüíîé ω-ïîäãðóïïû N èç G; F íàçûâàåòñÿ ωP -ãîìîìîðôîì â
X, åñëè F � ãîìîìîðô òàêîé, ÷òî X-ãðóïïà G ïðèíàäëåæèò F âñÿ-
êèé ðàç, êàê G/CoreG(M) ∩ Oω(G) ∈ F äëÿ ëþáîé ìàêñèìàëüíîé
ïîäãðóïïû M èç G. Ïîä ω-íàñûùåííûì â X [1, 5] ïîíèìàåòñÿ êëàññ
ãðóïï F, äëÿ êîòîðîãî èç G/N ∈ F äëÿ ëþáîé G ∈ X, N � G è
N ≤ Φ(G) ∩Oω(G) âñåãäà ñëåäóåò, ÷òî G ∈ F.

Â íàñòîÿùåì ñîîáùåíèè ïîëó÷åíû íîâûå ñâîéñòâà Fω-ïðîåêòîðîâ
ãðóïï.

Îáîçíà÷èì ÷åðåç Nω(G) ìíîæåñòâî âñåõ íîðìàëüíûõ ω-ïîäãðóïï
ãðóïïûG. ÅñëèN1 èN2 ïðèíàäëåæàòNω(G), òîN1∩N2 è 〈N1, N2〉 =
N1N2 ÿâëÿþòñÿ íîðìàëüíûìè ω-ïîäãðóïïàìè èç G. Ïîýòîìó Nω(G)
îáðàçóåò ïîäðåøåòêó ðåøåòêè âñåõ íîðìàëüíûõ ïîäãðóïï ãðóïïû G.
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Îïðåäåëåíèå 1. Ïóñòü H � ïîäãðóïïà ãðóïïû G.
(1) Îïðåäåëèì îòîáðàæåíèå ρω(G,H) èç Nω(G) â Nω(H) ñëåäó-

þùèì îáðàçîì:
ρω(G,H)N = N ∩H

äëÿ ëþáîé N ∈ Nω(G).
(2) Îòîáðàæåíèå ρω = ρω(G,H) åñòü ðåøåòî÷íûé ãîìîìîðôèçì

Nω(G) â Nω(H), åñëè
ρω(N1 ∩N2) = ρω(N1) ∩ ρω(N2) è ρω(N1N2) = ρω(N1)ρω(N2)

äëÿ ëþáûõ N1, N2 ∈ Nω(G).

Îïðåäåëåíèå 2. Ïóñòü F è X � ãîìîìîðôû, ïðè÷åì ∅ 6= F ⊆ X.
Îïðåäåëèì êëàññ ρω(X,F) ñëåäóþùèì îáðàçîì:

ρω(X,F) = (G ∈ X | ρω(G,H) ÿâëÿåòñÿ ðåøåòî÷íûì ãîìîìîðôèç-
ìîì Nω(G) â Nω(H) äëÿ âñÿêîãî Fω-ïðîåêòîðà H ãðóïïû G).

Òåîðåìà 1.Ïóñòü X� íàñëåäñòâåííàÿ ôîðìàöèÿ, F� ωP -ãîìîìîðô
â X. Òîãäà è òîëüêî òîãäà ρω(X,F) = X, êîãäà F � ω-íàñûùåííûé
êëàññ òàêîé, ÷òî èç G/Ni ∈ F äëÿ ëþáûõ íîðìàëüíûõ ω-ïîäãðóïï Ni
ãðóïïû G, i = 1, 2, âñåãäà ñëåäóåò G/N1 ∩N2 ∈ F.

Îòìåòèì, åñëè ω � ìíîæåñòâî âñåõ ïðîñòûõ ÷èñåë, òî ïîíÿòèå
Fω-ïðîåêòîðà ñîâïàäàåò ñ ïîíÿòèåì F-ïðîåêòîðà, à ωP -ãîìîìîðô ÿâ-
ëÿåòñÿ êëàññîì Øóíêà. Â ýòîì ñëó÷àå âìåñòî ρω(X,F) áóäåì èñïîëü-
çîâàòü îáîçíà÷åíèå ρ(X,F).

Ñëåäñòâèå 1. Ïóñòü X � íàñëåäñòâåííàÿ ôîðìàöèÿ, F � êëàññ
Øóíêà â X. Òîãäà è òîëüêî òîãäà ρ(X,F) = X, êîãäà F � íàñûùåííàÿ
ôîðìàöèÿ â X.

Åñëè X = S � êëàññ âñåõ ðàçðåøèìûõ ãðóïï è ω � ìíîæåñòâî
âñåõ ïðîñòûõ ÷èñåë, òî èç òåîðåìû 1 ïîëó÷àåòñÿ

Ñëåäñòâèå 2. [6, IV.5.3] Ïóñòü F � êëàññ Øóíêà âS. Òîãäà è òîëüêî
òîãäà ρ(S,F) = S, êîãäà F � íàñûùåííàÿ ôîðìàöèÿ â S.

Â ñëó÷àå, êîãäà X � êëàññ âñåõ ãðóïï è ω ñîâïàäàåò ñ ìíîæåñòâîì
âñåõ ïðîñòûõ ÷èñåë, òåîðåìà 1 ÿâëÿåòñÿ ðàçâèòèåì ñîîòâåòñòâóþùèõ
ðåçóëüòàòîâ èç [7].

Ëèòåðàòóðà. [1] Â. À. Âåäåðíèêîâ, Ì. Ì. Ñîðîêèíà, F-ïðîåêòîðû è F-

ïîêðûâàþùèå ïîäãðóïïû êîíå÷íûõ ãðóïï. Ñèá. ìàò. æóðí., 57:6 (2016),

1224�1239. [2] W. Gasch�utz, Zur Theorie der endlichen au��osbaren Gruppen.

Math. Z., 80:4 (1963), 300�305. [3] H. Schunck, H-Untergruppen in endlichen

au��osbaren Gruppen. Math. Z., 97:4 (1967), 326�330. [4] R. Erickson,

Projectors of �nite groups. Commun. Algebra, 10:18 (1982), 1919�1938.

[5] À. Í. Ñêèáà, Ë. À. Øåìåòêîâ, Êðàòíî ω-ëîêàëüíûå ôîðìàöèè è
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[6] K. Doerk, T. Hawkes. Finite soluble groups. Berlin�New York: Walter de

Gruyter, 1992. [7] P. F�orster, Subnormal subgroups and formation projectors.

J. Austral. Math. Soc. (Series A), 42 (1987), 31�47.
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Âçàèìîñâÿçü ñòðóêòóðû p�ëîêàëüíîé ãðóïïû è å¼ ìèíè-
ìàëüíîãî êîëüöà ðàñùåïëåíèÿ

Àáåëåâà ãðóïïà áåç êðó÷åíèÿ íàçûâàåòñÿ p�ëîêàëüíîé, åñëè îíà
ÿâëÿåòñÿ ìîäóëåì íàä êîëüöîì äèñêðåòíîãî íîðìèðîâàíèÿ Zp � ëî-
êàëèçàöèè êîëüöà öåëûõ ÷èñåë Z îòíîñèòåëüíî ïðîñòîãî ÷èñëà p.
Êîëüöî R íàçûâàåòñÿ êîëüöîì ðàñùåïëåíèÿ äëÿ ãðóïïû A, åñëè
R ⊗ A ÿâëÿåòñÿ ïðÿìîé ñóììîé ñâîáîäíîãî è äåëèìîãî R�ìîäóëåé.
Â [1] ïîñòàâëåí âîïðîñ: ïðè êàêèõ óñëîâèÿõ p�ëîêàëüíàÿ ãðóïïà áåç
êðó÷åíèÿ îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî èçîìîðôèçìà ñîâîêóïíîñòüþ
êîëåö ðàñùåïëåíèÿ.Åñòåñòâåííûì îãðàíè÷åíèåì íà ðàññìàòðèâàå-
ìûé êëàññ p�ëîêàëüíûõ ãðóïï áåç êðó÷åíèÿ ÿâëÿåòñÿ ðåäóöèðîâàí-
íîñòü è íåðàçëîæèìîñòü ãðóïïû. Ñ ó÷åòîì ðåçóëüòàòîâ ðàáîòû [2],
èìååò ìåñòî

Òåîðåìà. Ïóñòü ïîëå ÷àñòíûõ êîëüöà ðàñùåïëåíèÿ ðàññìàòðèâàå-
ìûõ ãðóïï èìååò ñòåïåíü 2 èëè 3 íàä ïîëåì ðàöèîíàëüíûõ ÷èñåë Q.
Òîãäà äâå ðåäóöèðîâàííûå íåðàçëîæèìûå p�ëîêàëüíûå ãðóïïû áåç
êðó÷åíèÿ ñ èçîìîðôíûìè êîëüöàìè ðàñùåïëåíèÿ èçîìîðôíû â òîì
è òîëüêî â òîì ñëó÷àå, åñëè îíè èìåþò ðàâíûå ðàíãè è p�ðàíã 1.

Ëèòåðàòóðà. [1] Glaz S., Vinsonhaler C., Wickless W. Splitting rings for p�

local torsion�free groups // Lecture Notes in Pure and Applied Mathematics.

1995. vol. 171. pp. 223�241. [2] Vershina S. V. Indecomposable p�local

torsion-free groups with quadratic and cubic splitting �elds // Journal of

Mathematical Sciences. 2018. Volume 230 (3). pp. 364�371.
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Èäåàëû è êîíãðóýíöèè ïðÿìîãî ïðîèçâåäåíèÿ äâóõ ïîëó-
êîëåö1

Äàííàÿ ðàáîòà íàâåÿíà âîïðîñîì î ñòðîåíèè ïîäãðóïï ïðÿìî-
ãî ïðîèçâåäåíèÿ äâóõ ãðóïï, ðàññìàòðèâàåìîì â ôóíäàìåíòàëüíîì
òðóäå Àëåêñàíäðà Ãåííàäüåâè÷à Êóðîøà ¾Òåîðèÿ ãðóïï¿ [1, ñ. 104].
Ìû èññëåäóåì óñëîâèÿ, ïðè êîòîðûõ èäåàëû è êîíãðóýíöèè ïðÿìîãî
ïðîèçâåäåíèÿ äâóõ ïîëóêîëåö ÿâëÿþòñÿ ïðÿìûìè ïðîèçâåäåíèÿìè
ñâîèõ êîìïîíåíò.

Ïîëóêîëüöîì íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñòðóêòóðà 〈S; +, ·〉 ñ
àññîöèà-òèâíî-êîììóòàòèâíûì ñëîæåíèåì (+) è àññîöèàòèâíûì
óìíîæåíèåì (·), êîòîðîå äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ ñ
îáåèõ ñòîðîí. Ïîëóòåëîì íàçûâàåòñÿ ïîëóêîëüöî, ìóëüòèïëèêàòèâ-
íàÿ ïîëóãðóïïà êîòîðîãî ÿâëÿåòñÿ ãðóïïîé.

Ïóñòü S1 è S2 �� ïîëóêîëüöà, J è ρ � ñîîòâåòñòâåííî èäåàë è
êîíãðóýíöèÿ ïðÿìîãî ïðîèçâåäåíèÿ S1 × S2 ýòèõ ïîëóêîëåö. Èäåàë

J1 = {s1 ∈ S1 : ∃s2 ∈ S2(s1, s2) ∈ J}

ïîëóêîëüöà S1 íàçûâàåòñÿ êîìïîíåíòîé èäåàëà J â S1, à êîíãðóýí-
öèþ

ρ1 : ∀s1, t1 ∈ S1(s1ρ1t1 ⇔ ∃s2, t2 ∈ S2(s1, s2)ρ(t1, t2))

íà ïîëóêîëüöå S1 íàçîâåì êîìïîíåíòîé êîíãðóýíöèè ρ íà S1. Àíàëî-
ãè÷íî îïðåäåëÿþòñÿ êîìïîíåíòû J2 è ρ2 äëÿ ñîìíîæèòåëÿ S2. ßñíî,
÷òî J ⊆ J1 × J2 è ρ ⊆ ρ1 × ρ2.

Ñêàæåì, ÷òî ïàðà ïîëóêîëåö S1 è S2 îáëàäàåò Id�ñâîéñòâîì
(Con�ñâîéñòâîì), åñëè J = J1 × J2 (ρ = ρ1 × ρ2) äëÿ ëþáîãî èäåàëà
J (äëÿ ëþáîé êîíãðóýíöèè ρ) ïîëóêîëüöà S1 × S2. Ïðè ýòîì ðåøåò-
êà Id(S1 × S2) âñåõ èäåàëîâ ïîëóêîëüöà S1 × S2 áóäåò êàíîíè÷åñêè
èçîìîðôíà ïðÿìîìó ïðîèçâåäåíèþ ðåøåòîê èäåàëîâ ñîìíîæèòåëåé:
Id(S1 × S2) ∼= Id S1 × Id S2. Àíàëîãè÷íîå óòâåðæäåíèå âåðíî è äëÿ
ðåøåòîê êîíãðóýíöèé ïîëóêîëåö: Con(S1 × S2) ∼= Con S1 × Con S2

äëÿ ïàðû ïîëóêîëåö ñ Con�ñâîéñòâîì.
Áóäåì ãîâîðèòü, ÷òî íåêîòîðûé êëàññ ïîëóêîëåö îáëàäàåò Id�

ñâîéñòâîì èëè Con�ñâîéñòâîì, åñëè êàæäàÿ ïàðà ïîëóêîëåö ýòî-
ãî êëàññà îáëàäàåò ñîîòâåòñòâóþùèì ñâîéñòâîì. Çàìåòèì, ÷òî Id�
ñâîéñòâî è Con�ñâîéñòâî èìåþò ìíîãîîáðàçèÿ äèñòðèáóòèâíûõ ðå-
øåòîê è áóëåâûõ êîëåö, êëàññ ïîëóêîëåö ñ íóëåì è åäèíèöåé,

1Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíàóêè ÐÔ
¾Ïîëóêîëüöà è èõ ñâÿçè¿, ïðîåêò �1.5879.2017/8.9
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êëàññ ïîëóòåë. Íî êëàññ âñåõ àññîöèàòèâíûõ êîëåö íå îáëàäàåò Id�
ñâîéñòâîì.

Ðàññìîòðèì ìíîãîîáðàçèå M âñåâîçìîæíûõ ïîëóêîëåö, ïîðîæ-
äåííîå äâóõýëåìåíòíûìè êîììóòàòèâíûìè ïîëóêîëüöàìè ñ èäåìïî-
òåíòíûì óìíîæåíèåì (x2 = x); îíî èìååò 16 ïîäìíîãîîáðàçèé [2; 3,
ïàðàãðàô 6.2]. Îòìåòèì, ÷òî ìíîãîîáðàçèå M îïðåäåëÿåòñÿ â êëàññå
âñåõ êîììóòàòèâíûõ ìóëüòèïëèêàòèâíî èäåìïîòåíòíûõ ïîëóêîëåö
òîæäåñòâîì x+ 2xy + yz = x+ 2xz + yz [3, ñëåäñòâèå 6.2.2].

Òåîðåìà. Äëÿ ëþáîãî íåòðèâèàëüíîãî ïîäìíîãîîáðàçèÿ K â M ðàâ-
íîñèëüíû ñëåäóþùèå óòâåðæäåíèÿ:

1) K îáëàäàåò Id�ñâîéñòâîì;
2) K îáëàäàåò Con�ñâîéñòâîì;
3) K � ëèáî ìíîãîîáðàçèå äèñòðèáóòèâíûõ ðåøåòîê, ëèáî ìíîãî-

îáðàçèå áóëåâûõ êîëåö, ëèáî óäîâëåòâîðÿåò òîæäåñòâó x+ 2xy = x.

Çàìåòèì, ÷òî ìíîãîîáðàçèå êîììóòàòèâíûõ ìóëüòèïëèêàòèâíî
èäåìïîòåíòíûõ ïîëóêîëåö ñ òîæäåñòâîì x + 2xy = x ñëóæèò òî÷-
íîé âåðõíåé ãðàíüþ ìíîãîîáðàçèÿ äèñòðèáóòèâíûõ ðåøåòîê è ìíî-
ãîîáðàçèÿ áóëåâûõ êîëåö â ðåøåòêå âñåõ ìíîãîîáðàçèé ïîëóêîëåö [3,
ïðåäëîæåíèå 6.3.2].

Çàäà÷à. Îïèñàòü âñå ìíîãîîáðàçèÿ ïîëóêîëåö ñ èäåìïîòåíòíûì
óìíîæåíèåì, îáëàäàþùèõ Id�ñâîéñòâîì è/èëè Con�ñâîéñòâîì.

Ëèòåðàòóðà. [1] À. Ã. Êóðîø. Òåîðèÿ ãðóïï. Ì.: Íàóêà, 1967.

[2] Å. Ì. Âå÷òîìîâ, À. À. Ïåòðîâ, Ìóëüòèïëèêàòèâíî èäåìïîòåíòíûå ïî-

ëóêîëüöà. Ôóíäàìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà, 4 (2013), 41�70.

[3] Å. Ì. Âå÷òîìîâ, À. À. Ïåòðîâ. Ïîëóêîëüöà ñ èäåìïîòåíòíûì óìíîæå-

íèåì. Êèðîâ: Èçä-âî ÎÎÎ ¾Ðàäóãà-ÏÐÅÑÑ¿, 2015.

Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Vyatka State University

e-mail: vecht@mail.ru, apetrov43@mail.ru

Â. Ê. Âèëüäàíîâ, Î. Â. Ëþáèìöåâ (Ííæíèé Íîâãîðîä),
Ä. Ñ. ×èñòÿêîâ (Ìîñêâà)

Îïðåäåëÿåìîñòü ñìåøàííûõ àáåëåâûõ ãðóïï ñâîèìè ïîëó-
ãðóïïàìè ýíäîìîðôèçìîâ

Ãîâîðÿò, ÷òî ãðóïïà A, ïðèíàäëåæàùàÿ êëàññó Λ àáåëåâûõ ãðóïï,
îïðåäåëÿåòñÿ ñâîèì êîëüöîì E(A) (ñâîåé ïîëóãðóïïîé E?(A)) ýíäî-
ìîðôèçìîâ â ýòîì êëàññå, åñëè èç E(A) ∼= E(B) (E?(A) ∼= E?(B))
äëÿ B ∈ Λ, ñëåäóåò A ∼= B.
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Èçâåñòíî, ÷òî êîíå÷íàÿ àáåëåâà ãðóïïà îïðåäåëÿåòñÿ ñâîåé ïî-
ëóãðóïïîé ýíäîìîðôèçìîâ â êëàññå âñåõ ãðóïï [1]. Â ðàáîòå [2] ïî-
êàçàíî, ÷òî ïåðèîäè÷åñêèå ãðóïïû îïðåäåëÿþòñÿ ñâîåé ïîëóãðóïïîé
ýíäîìîðôèçìîâ â êëàññå ïåðèîäè÷åñêèõ ãðóïï. Â íàñòîÿùåé ðàáîòå
âîïðîñ îïðåäåëÿåìîñòè ãðóïïû ñâîåé ïîëóãðóïïîé ýíäîìîðôèçìîâ
ðàññìàòðèâàåòñÿ â êëàññå ôàêòîðíî äåëèìûõ àáåëåâûõ ãðóïï.

×åðåç QDcd(E
?) îáîçíà÷èì ïîäêëàññ êëàññà QDcd âïîëíå ðàçëî-

æèìûõ ôàêòîðíî äåëèìûõ àáåëåâûõ ãðóïï, îïðåäåëÿþùèõñÿ ñâîåé
ïîëóãðóïïîé ýíäîìîðôèçìîâ â êëàññå QDcd.

Ëåììà 1. Ïóñòü A ∈ QDcd. Åñëè B ∈ QDcd è E
?(A) ∼= E?(B), òî

r(A) = r(B) è t(A) ∼= t(B).

Äëÿ ôàêòîðíî äåëèìîé ãðóïïû A ðàíãà 1 êîõàðàêòåðèñòèêè
χ(A) = (mp) ââåäåì îáîçíà÷åíèÿ: P0(A) = {p ∈ P |mp = 0},
P∞(A) = {p ∈ P |mp =∞}
Òåîðåìà 1. Ïóñòü A ∈ QDcd, r(A) = 1. Òîãäà A ∈ QDcd(E

?) åñëè, è
òîëüêî åñëè, P0(A) = ∅ èëè P∞(A) = ∅.
Ëèòåðàòóðà. [1] Ïóóñåìï Ï. Îá îïðåäåëÿåìîñòè ïåðèîäè÷åñêîé àáåëåâîé

ãðóïïû ñâîåé ïîëóãðóïïîé ýíäîìîðôèçìîâ â êëàññå âñåõ ãðóïï, Èçâ. ÀÍ

Ýñòîíñêîé ÑÑÐ. Ôèç. Ìàòåì. 29 (3), 241 � 245 (1980) [2] Ïóóñåìï Ï. Îá

îïðåäåëÿåìîñòè ïåðèîäè÷åñêîé àáåëåâîé ãðóïïû ñâîåé ïîëóãðóïïîé ýíäî-

ìîðôèçìîâ â êëàññå âñåõ ïåðèîäè÷åñêèõ àáåëåâûõ ãðóïï, Èçâ. ÀÍ Ýñòîí-

ñêîé ÑÑÐ. Ôèç. Ìàòåì. 29 (3), 246 � 253 (1980)

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Íèæåãîðîäñêèé ãîñóäàðñòâåííûé óíè-

âåðñèòåò èì. Í.È. Ëîáà÷åâñêîãî

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Âûñøàÿ øêîëà ýêîíîìè-

êè¿

e-mail: kadirovi4@gmail.com

Í. Í. Âîðîáüåâ, À. Ð. Ôèëèìîíîâà (Âèòåáñê, Áåëàðóñü)

Î ìîäóëÿðíûõ ðåøåòêàõ ÷àñòè÷íî êîìïîçèöèîííûõ êëàñ-
ñîâ Ôèòòèíãà

Âñå ðàññìàòðèâàåìûå ãðóïïû êîíå÷íû. Ìû áóäåì èñïîëüçîâàòü
òåðìèíîëîãèþ èç [1�4].

Íàïîìíèì, ÷òî êëàññîì Ôèòòèíãà íàçûâàåòñÿ êëàññ ãðóïï F, êî-
òîðûé çàìêíóò îòíîñèòåëüíî âçÿòèÿ íîðìàëüíûõ ïîäãðóïï è ïðîèç-
âåäåíèé íîðìàëüíûõ ïîäãðóïï èç F.

Â äàëüíåéøåì ω îáîçíà÷àåò íåêîòîðîå íåïóñòîå ìíîæåñòâî ïðî-
ñòûõ ÷èñåë è ω′ = P\ω. ×åðåç π(G) îáîçíà÷àþò ìíîæåñòâî âñåõ ðàç-
ëè÷íûõ ïðîñòûõ äåëèòåëåé ïîðÿäêà ãðóïïû G. Ñèìâîëîì Gω îáî-
çíà÷àþò êëàññ âñåõ ω-ãðóïï è ïîëàãàþò, ÷òî 1 ∈ Gω.
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Äëÿ ïðîèçâîëüíîãî êëàññà ãðóïï F ⊇ (1), ãäå (1) � êëàññ âñåõ
åäèíè÷íûõ ãðóïï, ñèìâîë GF îáîçíà÷àåò ïåðåñå÷åíèå âñåõ òàêèõ íîð-
ìàëüíûõ ïîäãðóïï N , ÷òî G/N ∈ F, à ñèìâîë GF � ïðîèçâåäåíèå
âñåõ íîðìàëüíûõ F-ïîäãðóïï ãðóïïû G. Â äàëüíåéøåì áóäåì ïîëà-
ãàòü, ÷òî Oω(G) = GGω , Cp(G) = GGcp , ãäå Gcp �� êëàññ âñåõ òàêèõ
ãðóïï, âñå ãëàâíûå p-ôàêòîðû êîòîðûõ öåíòðàëüíû.

Ïóñòü f � ïðîèçâîëüíàÿ ôóíêöèÿ âèäà

f : ω ∪ {ω′} → {êëàññû Ôèòòèíãà}. (1)

Ôóíêöèè f ñîïîñòàâëÿþò êëàññ ãðóïï

CRω(f) = (G | Oω(G) ∈ f(ω′) è Cp(G) ∈ f(p) äëÿ âñåõ p ∈ ω∩π(Com(G))),

ãäå Com(G) � êëàññ âñåõ àáåëåâûõ ïðîñòûõ ãðóïï A òàêèõ, ÷òî A ∼=
H/K äëÿ íåêîòîðîãî êîìïîçèöèîííîãî ôàêòîðà H/K ãðóïïû G.

Åñëè êëàññ Ôèòòèíãà òàêîâ, ÷òî F = CRω(f) äëÿ íåêîòîðîé ôóíê-
öèè f âèäà (1), òî F íàçûâàþò ω-êîìïîçèöèîííûì êëàññîì Ôèòòèíãà
ñ ω-êîìïîçèöèîííîé H-ôóíêöèåé f (ñì. [4]).

Îòíîñèòåëüíî âêëþ÷åíèÿ ⊆ ìíîæåñòâî âñåõ ω-êîìïîçèöèîííûõ
êëàññîâ Ôèòòèíãà cω ÿâëÿåòñÿ ïîëíîé ðåøåòêîé.

Ïóñòü {fi | i ∈ I} � íàáîð âñåõ ω-êîìïîçèöèîííûõ H-ôóíêöèé
êëàññà Ôèòòèíãà F. Òîãäà f =

⋂
i∈I

fi ÿâëÿåòñÿ ω-êîìïîçèöèîííîé H-

ôóíêöèåé êëàññà Ôèòòèíãà F, íàçûâàåìîé ìèíèìàëüíîé [4].
Ñèìâîë cω�t(X) îáîçíà÷àåò íàèìåíüøèé ω-êîìïîçèöèîííûé

êëàññ Ôèòòèíãà, ñîäåðæàùèé X, ãäå X � ïðîèçâîëüíàÿ ñîâîêóïíîñòü
ãðóïï. Â ÷àñòíîñòè, �t(X) � íàèìåíüøèé êëàññ Ôèòòèíãà, ñîäåðæà-
ùèé ñîâîêóïíîñòü ãðóïï X.

Ñèìâîëîì ∨(fi | i ∈ I) îáîçíà÷àþò òàêóþ ω-êîìïîçèöèîííóþ H-
ôóíêöèþ f , ÷òî

f(a) = �t

(⋃
i∈I

(
fi(a)

))
äëÿ âñåõ a ∈ ω ∪ {ω′}.

Äëÿ ïðîèçâîëüíîé ñîâîêóïíîñòè ω-êîìïîçèöèîííûõ êëàññîâ
Ôèòòèíãà {Fi | i ∈ I} ïîëàãàþò

∨ωc(Fi | i ∈ I) = cω�t

(⋃
i∈I

Fi

)
.

Cèìâîëîì Supp(f) îáîçíà÷àåòñÿ íîñèòåëü êîìïîçèöèîííîé H-
ôóíêöèè f è Supp(f) = {a ∈ ω ∪ {ω′} | f(a) 6= ∅}.
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Îñíîâíîé ðåçóëüòàò ïðåäñòàâëÿåò ñëåäóþùàÿ

Òåîðåìà. Ïóñòü X, H, F � êëàññû Ôèòòèíãà ñ ìèíèìàëüíûìè ω-
êîìïîçèöèîííûìè H-ôóíêöèÿìè x, y, f ñîîòâåòñòâåííî. Åñëè ω-
êîìïîçèöèîííûå H-ôóíêöèè òàêîâû, ÷òî x ≤ f è x(a) ∨ y(a) =
sn{G | G = Gx(a)Gy(a)} äëÿ âñåõ a ∈ Supp(x) ∩ Supp(y), òî
(X ∨ωc H) ∩ F = X ∨ωc (H ∩ F).

Ëèòåðàòóðà. [1] À. Í. Ñêèáà. Àëãåáðà ôîðìàöèé. Ìí.: Áåëàðóñêàÿ íàâó-

êà, 1997. [2] Í. Í. Âîðîáüåâ. Àëãåáðà êëàññîâ êîíå÷íûõ ãðóïï. Âèòåáñê:

ÂÃÓ èìåíè Ï.Ì. Ìàøåðîâà, 2012. [3] À. Í. Ñêèáà, Ë. À. Øåìåòêîâ, Êðàò-

íî ω-ëîêàëüíûå ôîðìàöèè è êëàññû Ôèòòèíãà êîíå÷íûõ ãðóïï. Ìàòåìàòè-

÷åñêèå òðóäû, 2 (2) (1999), 114�147. [4] Â. À. Âåäåðíèêîâ, Ì. Ì. Ñîðîêèíà,

Ω-ðàññëîåííûå ôîðìàöèè è êëàññû Ôèòòèíãà êîíå÷íûõ ãðóïï. Äèñêðåò-

íàÿ ìàòåìàòèêà, 13 (3) (2001), 125�144.

Âèòåáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ï.Ì.Ìàøåðîâà

e-mail: vornic2001@mail.ru, anya�lim@gmail.com

Í. Ò. Âîðîáüåâ, Ò. Á. Âàñèëåâè÷ (Âèòåáñê, Áåëàðóñü)

Î ãëàâíûõ ôàêòîðàõ, ïîêðûâàåìûõ èíúåêòîðàìè ÷àñòè÷-
íî π-ðàçðåøèìîé ãðóïïû

Âñå ðàññìàòðèâàåìûå ãðóïïû â íàñòîÿùåé ðàáîòå êîíå÷íû. Â
îïðåäåëåíèÿõ è îáîçíà÷åíèÿõ ñëåäóåì [1, 2]. Ïóñòü P � ìíîæåñòâî
âñåõ ïðîñòûõ ÷èñåë, π ⊆ P è π′ = P\π. Íàïîìíèì, ÷òî ñåêöèåé ãðóïïû
G íàçûâàåòñÿ ôàêòîðãðóïïà åå íåêîòîðîé ïîäãðóïïû. Ïîäãðóïïà V
ïîêðûâàåò (èçîëèðóåò) ñåêöèþH/K, åñëèH ⊆ V K (ñîîòâåòñòâåííî
V ∩H ⊆ K) [3, ñ. 249].

Â òåîðèè êëàññîâ Ôèòòèíãà èçâåñòåí ðåçóëüòàò Õàðòëè [4, ëåì-
ìà 1(4)] î òîì, ÷òî F-èíúåêòîð V ðàçðåøèìîé ãðóïïû G ëèáî ïî-
êðûâàåò, ëèáî èçîëèðóåò êàæäûé ãëàâíûé ôàêòîð ãðóïïû G. Íà-
ïîìíèì, ÷òî êëàññ ãðóïï F íàçûâàþò êëàññîì Ôèòòèíãà, åñëè F
çàìêíóò îòíîñèòåëüíî âçÿòèÿ íîðìàëüíûõ ïîäãðóïï è ïðîèçâåäåíèé
íîðìàëüíûõ F-ïîäãðóïï. Èç îïðåäåëåíèÿ êëàññà Ôèòòèíãà ñëåäóåò,
÷òî äëÿ êàæäîãî íåïóñòîãî êëàññà Ôèòòèíãà F ëþáàÿ ãðóïïà G èìå-
åò åäèíñòâåííóþ ìàêñèìàëüíóþ íîðìàëüíóþ F-ïîäãðóïïó, êîòîðóþ
íàçûâàþò F-ðàäèêàëîì G è îáîçíà÷àþò GF.

Åñëè F � íåïóñòîé êëàññ Ôèòòèíãà, òî ïîäãðóïïà V ãðóïïû G
íàçûâàåòñÿ:

(1) F-ìàêñèìàëüíîé, åñëè V ∈ F è U = V ïðè óñëîâèè, ÷òî V 6
U 6 G è U ∈ F;

(2) F-èíúåêòîðîì, åñëè V ∩K ÿâëÿåòñÿ F-ìàêñèìàëüíîé ïîäãðóï-
ïîé K äëÿ âñÿêîé ñóáíîðìàëüíîé ïîäãðóïïû K ãðóïïû G.
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Çàìåòèì, ÷òî åñëè F = Np � êëàññ Ôèòòèíãà âñåõ p-ãðóïï, òî F-
èíúåêòîðû ãðóïïû G � ýòî, â òî÷íîñòè, ñèëîâñêèå p-ïîäãðóïïû G;
åñëè F = Eπ, ãäå Eπ � êëàññ âñåõ π-ãðóïï, ïðè ýòîì G èìååò õîëëîâó
π-ïîäãðóïïó, òî F-èíúåêòîðû G � õîëëîâû π-ïîäãðóïïû G (ñì. [5,
ñ. 68, ïðèìåð 1]).

Õàðòëè â [4], áûëà ñôîðìóëèðîâàíà ïðîáëåìà îïèñàíèÿ ãëàâ-
íûõ ôàêòîðîâ ðàçðåøèìîé ãðóïïû, ïîêðûâàåìûõ åå F-èíúåêòîðàìè.
Åå ðåøåíèå áûëî ïîëó÷åíî äëÿ ëîêàëüíûõ êëàññîâ Ôèòòèíãà âèäà⋂
p h(p)Sp′Sp, ãäå h � íåêîòîðîå îòîáðàæåíèå ìíîæåñòâà âñåõ ïðî-

ñòûõ ÷èñåë âî ìíîæåñòâî êëàññîâ Ôèòòèíãà.
Íåïóñòîå ìíîæåñòâî F ïîäãðóïï ãðóïïû G íàçûâàþò ìíîæå-

ñòâîì Ôèòòèíãà ãðóïïû G, åñëè F çàìêíóò îòíîñèòåëüíî âçÿòèÿ
íîðìàëüíûõ ïîäãðóïï, èõ ïðîèçâåäåíèé è ñîïðÿæåíèé ïîäãðóïï. Ïî-
íÿòèå F-èíúåêòîðà ãðóïïû äëÿ åå ìíîæåñòâà Ôèòòèíãà F îïðåäåëÿ-
åòñÿ àíàëîãè÷íî, êàê è ïîíÿòèå F-èíúåêòîðà äëÿ êëàññà Ôèòòèíãà F.

Ïðîèçâåäåíèåì ìíîæåñòâà Ôèòòèíãà F ãðóïïû G è êëàññà
Ôèòòèíãà X [6] íàçûâàþò ìíîæåñòâî ïîäãðóïï {H ≤ G : H/HF
∈ X}, êîòîðîå îáîçíà÷àþò F ◦X. Â ðàáîòå [6] óñòàíîâëåíî, ÷òî F ◦X
ÿâëÿåòñÿ ìíîæåñòâîì Ôèòòèíãà. Ìíîæåñòâî Ôèòòèíãà F ãðóïïû G
íàçûâàþò π-íàñûùåííûì, åñëè F = F ◦ Eπ′ , ãäå Eπ′ � êëàññ âñåõ

π
′
-ãðóïï.
Îòîáðàæåíèå f : P → {ìíîæåñòâà Ôèòòèíãà ãðóïïû G} íàçû-

âàþò ôóíêöèåé Õàðòëè (èëè êðàòêî H-ôóíêöèåé) ãðóïïû G.
Ïóñòü ∅ 6= π ⊆ P. Ìíîæåñòâî Ôèòòèíãà F ãðóïïû G íàçûâàåòñÿ

π-ëîêàëüíûì [6, îïðåäåëåíèå 1.3], åñëè F =
⋂
p∈π f(p)◦Ep′ äëÿ íåêî-

òîðîé H-ôóíêöèè f ãðóïïû G òàêîé, ÷òî f(p) ◦Np = f(p) äëÿ âñåõ
p ∈ π.

Ïðè ýòîì, H-ôóíêöèÿ f ìíîæåñòâà F ãðóïïû G íàçûâàåòñÿ:
1) ïðèâåäåííîé, åñëè f(p) ⊆ F äëÿ âñåõ p ∈ π;
2) ïîëíîé, f(p) = f(p) ◦Np äëÿ êàæäîãî p ∈ π;
3) ïîëíîé ïðèâåäåííîé, åñëè f ÿâëÿåòñÿ îäíîâðåìåííî ïîëíîé è

ïðèâåäåííîé;
4) ïîñòîÿííîé, åñëè f(p) = f(q) äëÿ âñåõ ðàçëè÷íûõ p, q ∈ π.
Îáîçíà÷èì ÷åðåç Sπ � êëàññ âñåõ π-ðàçðåøèìûõ ãðóïï.

Òåîðåìà. Ïóñòü F � π-íàñûùåííîå ìíîæåñòâî Ôèòòèíãà ãðóïïû
G, îïðåäåëÿåìîå ïîñòîÿííîé H-ôóíêöèåé f . Åñëè G ∈ F ◦ Sπ, òî
F-èíúåêòîð G ïîêðûâàåò âñå òàêèå p-ãëàâíûå ôàêòîðû (p ∈ π), êî-
òîðûå ïîêðûâàåò åå f(p)-ðàäèêàë.

Ðàáîòà ïåðâîãî àâòîðà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîé ïðî-
ãðàììû íàó÷íûõ èññëåäîâàíèé ”Êîíâåðãåíöèÿ-2020” Ðåñïóáëèêè
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Ïîëÿ U -èíâàðèàíòîâ è êîíñòðóêöèÿ U -ïðîåêòîðà.
Öåëü äîêëàäà � ïðåäëîæèòü ìåòîä ïîñòðîåíèÿ ñïåöèàëüíîãî îïå-

ðàòîðà � U -ïðîåêòîðà, êîòîðûé ïîçâîëÿåò êîíñòðóèðîâàòü ñèñòåìû
ôóíêöèé, ïîðîæäàþùèõ ïîëÿ U -èíâàðèàíòîâ.

ÏóñòüK � ïîëå õàðàêòåðèñòèêè íóëü, u� íèëüïîòåíòíàÿ àëãåáðà
Ëè íàä K, à U = exp u ñîîòâåòñòâóþùàÿ åé óíèïîòåíòíàÿ ãðóïïà.
Îáîçíà÷èì A êîììóòàòèâíóþ àññîöèàòèâíóþ êîíå÷íî-ïîðîæä¼ííóþ
àëãåáðó íàä K áåç äåëèòåëåé íóëÿ, à F � ïîëå ÷àñòíûõ A. Ïóñòü D
- ãîìîìîðôèçì àëãåáðû Ëè u â àëãåáðó Ëè ëîêàëüíî íèëüïîòåíòíûõ
äèôôåðåíöèðîâàíèé àëãåáðû A. Òîãäà ãðóïïà U äåéñòâóåò â A ïî
ôîðìóëå g(a) = expDx(a), ãäå g = exp(x).

Îïðåäåëåíèå 1. U -ïðîåêòîðîì íàçûâàåòñÿ ãîìîìîðôèçì àëãåáðû
A íà ïîëå èíâàðèàíòîâ FU , òîæäåñòâåííûé íà AU .

Àïðèîðè U -ïðîåêòîð íå ÿâëÿåòñÿ åäèíñòâåííûì. Ïðèâåä¼ì îäèí
èç âîçìîæíûõ ìåòîäîâ ïîñòðîåíèÿ U -ïðîåêòîðà.

Çàôèêñèðóåì öåïî÷êó èäåàëîâ u = un ⊃ un−1 ⊃ · · · ⊃ u1 ⊃ u0 = 0,
ãäå codim(ui, ui+1) = 1 è ñ êàæäûì ui ñâÿæåì ïîäàëãåáðó èíâàðèàí-
òîâ Aui ⊂ A. Ïóñòü i1 � íàèìåíüøèé íîìåð, òàêîé ÷òî Aui1 ( A è
çàôèêñèðóåì x1 ∈ ui1 \ ui1−1.

Ñóùåñòâóþò ýëåìåíòû a1,1 ∈ A, a1,0 ∈ Au òàêèå, ÷òî

Dx1
(a1,1) = a1,0. (1)
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Îáîçíà÷èì ýëåìåíò Q1 = a1,1 · a−1
1,0 èç ëîêàëèçàöèè A1 àëãåáðû A ïî

ñèñòåìå çíàìåíàòåëåé, ïîðîæä¼ííîé a1,0, òàêîé ÷òî Dxi(Q1) = 1 è
ñâÿæåì ñ íèì ãîìîìîðôèçì S1 : A → Aui1 âèäà:

S1(a) = a−Dx1
(a)Q1 +D2

x1
(a)

Q2
1

2!
−D3

x1
(a)

Q3
1

3!
+ . . .

Ïîäàëãåáðà Aui1 èíâàðèàíòíà îòíîñèòåëüíî âñåõ Dx, x ∈ u. Îòîáðà-
æåíèå S1 ïðîäîëæàåòñÿ äî ãîìîìîðôèçìà A1 íà Aui1

1 , òîæäåñòâåí-
íîãî íà Aui1

1 . Ïåðåõîäÿ ê ñëåäóþùåìó íàèìåíüøåìó i2, òàêîìó ÷òî
Aui2 ( Aui1 ïðîäîëæèì ïðîöåññ. Â ðåçóëüòàòå ïîëó÷àåì öåïî÷êó
n ≥ im > · · · > i2 > i1 ≥ 1, íàáîðû ýëåìåíòîâ ak,0 ∈ Au è
ak,1 ∈ A, óäîâëåòâîðÿþùèå (1) è îòîáðàæåíèé S1, . . . , Sm. Îáîçíà÷èì
A∗ ëîêàëèçàöèþ àëãåáðû A ïî ñèñòåìå çíàìåíàòåëåé, ïîðîæä¼ííîé
{a1,0, a2,0, . . . , am,0}. Ðàññìîòðèì îòîáðàæåíèå

P = Sm ◦ · · · ◦ S2 ◦ S1.

Òåîðåìà 1. [4] Îòîáðàæåíèå P ÿâëÿåòñÿ ãîìîìîðôèçìîì àëãåáðû
A â Au

∗ òîæäåñòâåííûì íà Au. Òî åñòü P ÿâëÿåòñÿ U -ïðîåêòîðîì.

U -ïðîåêòîð ìîæíî èñïîëüçîâàòü äëÿ íàõîæäåíèÿ íàáîðà ôóíê-
öèé, ñâîáîäíî ïîðîæäàþùèõ ïîëÿ U -èíâàðèàíòîâ. Ðàññìîòðèì U -
èíâàðèàíòíîå îòêðûòîå ïîäìíîæåñòâî X0 = {x ∈ X0 : ak,0(x) 6=
0, 1 ≤ k ≤ m} è ïîäìíîæåñòâî â íåì

G = {x ∈ X0 : ak,1(x) = 0, 1 ≤ k ≤ m}.

Îïðåäåëåíèì îòîáðàæåíèå îãðàíè÷åíèÿ Res : K[X0]→ K[G].

Òåîðåìà 2. [4] Ïðåäïîëîæèì, ÷òî {ak,1 : 1 ≤ k ≤ m} ïîðîæäàþò
îïðåäåëÿþùèé èäåàë äëÿ ïîäìíîæåñòâà G â àëãåáðå K[X0]. Ïóñòü
b1, . . . , bs ∈ A ñèñòåìà ýëåìåíòîâ òàêàÿ, ÷òî

Res(b1), . . . ,Res(bs),Res(a0,0)±1, . . . ,Res(am,0)±1

ïîðîæäàþò àëãåáðó K[G]. Òîãäà P (b1), . . . , P (bs), a
±1
0,0, . . . , a

±1
m,0 ïî-

ðîæäàþò àëãåáðó èíâàðèàíòîâK[X0]U . Â ÷àñòíîñòè, P (b1), . . . , P (bs), a
±1
0,0, . . . , a

±1
m,0

ïîðîæäàþò ïîëå èíâàðèàíòîâ K(X)U .

Îòíîñèòåëüíî äðóãèõ ìåòîäîâ ïîñòðîåíèÿ îáðàçóþùèõ [2,3].

Ëèòåðàòóðà. [1] D. I. Panyushev D. I. Complexity and rank of actions in

invariant theory, Jounal of Mathematical Sciences, Vol. 95, No. 1 (1999)
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ñòàâëåíèÿ ãðóïïû GL(n,K), Ìàòåìàòè÷åñêèå çàìåòêè, .Ò 93, � 1 (2013)

144-147. [3] Ê. À. Âÿòêèíà, U -ïðîåêòîð äëÿ ïðèñîåäèí¼ííîãî ïðåäñòàâ-

ëåíèÿ ãðóïïû GL(n,K), Âåñòíèê ÑàìÃÓ, T 132 � 10 (2015),9-23. [4]

Ê. À. Âÿòêèíà,À. Í. Ïàíîâ U -ïðîåêòîðû è ïîëÿ U -èíâàðèàíòîâ, Ôóí-

äàìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà Ò 21, � 2 (2016), 133-144.
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Î òîòàëüíîé íåàññîöèàòèâíîñòè ïîëèàäè÷åñêèõ îïåðàöèé
Íàïîìíèì, ÷òî n-àðíóþ îïåðàöèþ η n-àðíîãî ãðóïïîèäà < A, η >

íàçûâàþò àññîöèàòèâíîé, åñëè â íåì äëÿ ëþáîãî i = 2, ..., n âûïîë-
íÿåòñÿ òîæäåñòâî

η(η(x1...xn)xn+1) = η(x1...xi−1η(xi...xi+n−1)xi+n...x2n−1).

Ñëåäñòâèÿìè óêàçàííûõ òîæäåñòâ, ÿâëÿþòñÿ ñëåäóþùèå òîæäå-
ñòâà

η(x1...xi−1η(xi...xi+n−1)xi+n...x2n−1) =

= η(x1...xj−1η(xj ...xj+n−1)xj+n...x2n−1),
(1)

ãäå i, j ∈ {1, 2, ..., n}.
Åñëè òîæäåñòâà (1) íå âûïîëíÿþòñÿ äëÿ ëþáûõ i 6= j, ãäå i, j ∈

{1, 2, ..., n}, òî n-àðíóþ îïåðàöèþ η áóäåì íàçûâàòü òîòàëüíî íåàñ-
ñîöèàòèâíîé. Òîòàëüíî íåàññîöèàòèâíûì â ýòîì ñëó÷àå íàçûâàåòñÿ
è n-àðíûé ãðóïïîèä < A, η >.

Â ðàáîòå [1] Ý. Ïîñò îïðåäåëèë è èçó÷àë äâå ïîëèàäè÷åñêèå îïå-
ðàöèè. Îäíà èç íèõ áûëà îïðåäåëåíà èì íà äåêàðòîâîé ñòåïåíè ñèì-
ìåòðè÷åñêîé ãðóïïû âñåõ ïîäñòàíîâîê êîíå÷íîãî ìíîæåñòâà. Âòîðóþ
îïåðàöèþ Ý. Ïîñò îïðåäåëèë íà äåêàðòîâîé ñòåïåíè ïîëíîé ëèíåé-
íîé ãðóïïû íàä ïîëåì êîìïëåêñíûõ ÷èñåë.

Êîíñòðóêöèÿ, êîòîðóþ Ý. Ïîñò èñïîëüçîâàë ïðè ïîñòðîåíèè ñâî-
èõ îïåðàöèé, äîïóñêàåò ðàçëè÷íûå îáîáùåíèÿ. Îäíî èç òàêèõ îáîá-
ùåíèé ìîæåò áûòü îñóùåñòâëåíî çàìåíîé â êîíñòðóêöèè Ý. Ïîñòà
êîíêðåòíûõ � ñèììåòðè÷åñêîé è ïîëíîé ëèíåéíîé ãðóïï, ïðîèçâîëü-
íîé ãðóïïîé è äàæå ïðîèçâîëüíûì ãðóïïîèäîì. Îáîáùåíèåì òàêîãî
ðîäà ÿâëÿåòñÿ l-àðíàÿ îïåðàöèÿ [ ]l,σ,k, êîòîðàÿ îïðåäåëÿåòñÿ äëÿ ëþ-
áûõ öåëûõ k ≥ 2, l ≥ 2 è ëþáîé ïîäñòàíîâêè σ ìíîæåñòâà {1, ..., k} íà
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k-îé äåêàðòîâîé ñòåïåíè Ak ãðóïïîèäà A. Èçó÷åíèþ îïåðàöèè [ ]l,σ,k
ïîñâÿùåíà êíèãà [2].

Îáå îòìå÷åííûå âûøå îïåðàöèè Ý. Ïîñòà è ïî÷òè âñå èõ îáîáùå-
íèÿ õàðàêòåðèçóþòñÿ òåì, ÷òî â îïðåäåëåíèè êàæäîé èç íèõ ïðèñóò-
ñòâóåò áèíàðíàÿ îïåðàöèÿ. Â ñâÿçè ñ ýòèì âîçíèêëà íåîáõîäèìîñòü
îïðåäåëåíèÿ è èçó÷åíèÿ îáîáùåíèé, â êîòîðûõ áèíàðíàÿ îïåðàöèÿ
çàìåíÿåòñÿ ïîëèàäè÷åñêîé îïåðàöèåé àðíîñòè áîëüøå äâóõ. Ê ÷èñëó
òàêèõ îáîáùåíèé îòíîñèòñÿ ïîëèàäè÷åñêàÿ îïåðàöèÿ ηs,σ,k, êîòîðàÿ
áûëà îïðåäåëåíà â [3] ñëåäóþùèì îáðàçîì.

Îïðåäåëåíèå [3]. Ïóñòü < A, η > � n-àðíûé ãðóïïîèä, n ≥ 2, s ≥ 1,
l = s(n − 1) + 1, k ≥ 2, σ ∈ Sk. Îïðåäåëèì íà Ak âíà÷àëå n-àðíóþ
îïåðàöèþ

η1,σ,k(x1...xn) = η1,σ,k((x11, ..., x1k)...(xn1, ..., xnk)) =

= (η(x11x2σ(1)...xnσn−1(1)), ..., η(x1kx2σ(k)...xnσn−1(k))),

à çàòåì l-àðíóþ îïåðàöèþ

ηs,σ,k(x1...xl) = ηs,σ,k((x11, ..., x1k)...(xl1, ..., xlk)) =

= η1,σ,k(x1...xn−1η1,σ,k(xn...x2(n−1)η1,σ,k

(...η1,σ,k(x(s−2)(n−1)+1...x(s−1)(n−1)

η1,σ,k(x(s−1)(n−1)+1...xs(n−1)+1))...))).

Åñëè η � áèíàðíàÿ îïåðàöèÿ, òî l-àðíàÿ îïåðàöèÿ ηs,σ,k ñîâïàäàåò
ñ l-àðíîé îïåðàöèåé [ ]l,σ,k, ïðè ýòîì l = s+ 1.

Â [3] äîêàçàíî, ÷òî åñëè n-àðíàÿ îïåðàöèÿ η � àññîöèàòèâíà, ïîä-
ñòàíîâêà σ óäîâëåòâîðÿåò óñëîâèþ σl = σ, òî ïîëèàäè÷åñêàÿ îïå-
ðàöèÿ ηs,σ,k òàêæå ÿâëÿåòñÿ àññîöèàòèâíîé. Â ñâÿçè ñ ýòèì ðåçóëü-
òàòîì âîçíèêàåò åñòåñòâåííàÿ çàäà÷à íàõîæäåíèÿ äîñòàòî÷íûõ óñëî-
âèé íåàññîöèàòèâíîñòè ïîëèàäè÷åñêîé îïåðàöèè ηs,σ,k. Îñîáûé èíòå-
ðåñ ïðåäñòàâëÿåò çàäà÷à íàõîæäåíèÿ äîñòàòî÷íûõ óñëîâèé òîòàëü-
íîé íåàññîöèàòèâíîñòè l-àðíîãî ãðóïïîèäà < Ak, ηs,σ,k >.

Òåîðåìà 1. Ïóñòü n-àðíàÿ ãðóïïà < A, η > ñîäåðæèò áîëåå îäíîãî
ýëåìåíòà, ïîäñòàíîâêà σ èç Sk óäîâëåòâîðÿåò óñëîâèþ σl 6= σ. Òîãäà
óíèâåðñàëüíàÿ àëãåáðà < Ak, ηs,σ,k > ÿâëÿåòñÿ n-àðíîé êâàçèãðóï-
ïîé, â êîòîðîé äëÿ ëþáûõ i, j ∈ {1, 2, ..., l}, i 6= j íå âûïîëíÿþòñÿ
òîæäåñòâà

ηs,σ,k(x1...xi−1ηs,σ,k(xi...xl+i−1)xl+i...x2l−1) =

= ηs,σ,k(x1...xj−1ηs,σ,k(xj ...xl+j−1)xl+j ...x2l−1),
(2)
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òî åñòü < Ak, ηs,σ,k > � òîòàëüíî íåàññîöèàòèâíàÿ l-àðíàÿ êâàçèã-
ðóïïà.

Ñëåäñòâèå [4]. Ïóñòü ãðóïïà A ñîäåðæèò áîëåå îäíîãî ýëåìåí-
òà, ïîäñòàíîâêà σ èç Sk óäîâëåòâîðÿåò óñëîâèþ σl 6= σ. Òîãäà â
< Ak, [ ]l,σ,k > äëÿ ëþáûõ i, j ∈ {1, 2, ..., l}, i 6= j íå âûïîëíÿþòñÿ
òîæäåñòâà

[x1...xj−1[xj ...xl+j−1]l,σ,kxl+j ...x2l−1]l,σ,k =

= [x1...xi−1[xi...xl+i−1]l,σ,kxl+i...x2l−1]l,σ,k,

òî åñòü < Ak, [ ]l,σ,k > � òîòàëüíî íåàññîöèàòèâíàÿ l-àðíàÿ êâàçèã-
ðóïïà.

Â òåîðåìå 1 ìîæíî îòêàçàòüñÿ îò îäíîçíà÷íîé ðàçðåøèìîñòè ñî-
îòâåòñòâóþùèõ óðàâíåíèé â n-àðíîì ãðóïïîèäå < A, η >, ïîòðåáîâàâ
íàëè÷èÿ â íåì åäèíèöû.

Òåîðåìà 2. Ïóñòü íåîäíîýëåìåíòíàÿ n-àðíàÿ ïîëóãðóïïà < A, η >
îáëàäàåò åäèíèöåé, ïîäñòàíîâêà σ èç Sk óäîâëåòâîðÿåò óñëîâèþ
σl 6= σ. Òîãäà â < Ak, ηs,σ,k > äëÿ ëþáûõ i, j ∈ {1, 2, ..., l}, i 6= j
íå âûïîëíÿþòñÿ òîæäåñòâà (2), òî åñòü l-àðíàÿ îïåðàöèÿ ηs,σ,k ÿâëÿ-
åòñÿ òîòàëüíî íåàññîöèàòèâíîé.

Çàìåòèì, ÷òî äëÿ n-àðíîé ïîëóãðóïïû < A, η >, íå îáëàäàþùåé
åäèíèöåé, l-àðíàÿ îïåðàöèÿ ηs,σ,k > ìîæåò áûòü òîòàëüíî íåàññîöèà-
òèâíîé. Ïîäòâåðæäåíèåì ñêàçàííîìó ìîæåò ñëóæèòü òåîðåìà 1, òàê
êàê ñóùåñòâóþò n-àðíûå ãðóïïû áåç åäèíèö.

Â ñâÿçè ñ òåîðåìîé 2 âîçíèêàåò âîïðîñ: îñòàíåòñÿ ëè åå óòâåð-
æäåíèå âåðíûì, åñëè â åå óñëîâèè åäèíèöó çàìåíèòü èäåìïîòåí-
òîì?

Îòâåò íà ïîñòàâëåííûé âîïðîñ ÿâëÿåòñÿ îòðèöàòåëüíûì.

Ëèòåðàòóðà. [1] E. L. Post. Polyadic groups. Trans. Amer. Math. Soc., 2

(1940), 208�350. [2] À. Ì. Ãàëüìàê, Ìíîãîìåñòíûå îïåðàöèè íà äåêàðòîâûõ

ñòåïåíÿõ. Ìèíñê: Èçä. öåíòð ÁÃÓ, 2009. [3] À. Ì. Ãàëüìàê, Ñ. À. Ðóñàêîâ,

Î ïîëèàäè÷åñêèõ îïåðàöèÿõ íà äåêàðòîâûõ ñòåïåíÿõ. Èçâåñòèÿ ÃÃÓ èì.

Ô. Ñêîðèíû, 3 (2014), 35�40. [4] À. Ì. Ãàëüìàê, Î òîæäåñòâàõ àññîöèàòèâ-

íîñòè ïîëèàäè÷åñêîé îïåðàöèè [ ]l,σ,k. Âåñíiê ÌÄÓ iì. A. À. Êóëÿøîâà, 2

(2017), 4�12.

Ìîãèëåâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò ïðîäîâîëüñòâèÿ

e-mail: halm54@mail.ru
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À. Ã. Ãåéí (Åêàòåðèíáóðã)

Àáåëåâû àáñîëþòíî ìîäóëÿðíûå ïîäàëãåáðû ëèåâûõ àë-
ãåáð

Èçó÷àÿ ñâîéñòâà íîðìàëüíûõ ïîäãðóïï, À.Ã. Êóðîø, Î. Îðå è
Ã. Öàññåíõàóç îáðàòèëè âíèìàíèå, ÷òî ýòè ñâîéñòâà âî ìíîãîì îáó-
ñëîâëåíû èõ ðàñïîëîæåíèåì â ðåø¼òêå ïîäãðóïï. Â ñâÿçè ñ ýòèì À.Ã.
Êóðîø ââåë ïîíÿòèå äåäåêíäîâà ýëåìåíòà ðåøåòêè; â áîëåå ïîçäíèõ
ðàáîòàõ ýòè ýëåìåíòû ñòàëè íàçûâàòü ìîäóëÿðíûìè.
Îïðåäåëåíèå 1. Ýëåìåíò M ðåø¼òêè L íàçûâàåòñÿ ìîäóëÿðíûì,
åñëè äëÿ ëþáûõ ýëåìåíòîâ A è B èç L âûïîëíåíû ñîîòíîøåíèÿ

(A ∨M) ∩B = (A ∩B) ∨M ïðè M ⊆ B
è

(A ∨M) ∩B = A ∨ (M ∩B) ïðè A ⊆ B.
Âïîëíå î÷åâèäíî, ÷òî ìîäóëÿðíûìè ýëåìåíòàìè ðåø¼òêè ïîä-

ãðóïï (ïîäàëãåáð àññîöèàòèâíûõ èëè ëèåâûõ àëåãáð) ÿâëÿþòñÿ íå
òîëüêî íîðìàëüíûå ïîäãðóïïû (èäåàëû), íî è êâàçèíîðìàëüíûå ïîä-
ãðóïïû (êâàçèèäåàëû). Îáðàòíîå íåâåðíî. Äëÿ àëãåáð Ëè ÿðêèì
ïðèìåðîì ýòîãî ÿâëÿåòñÿ òðåõìåðíàÿ ïðîñòàÿ íåðàñùåïëÿåìàÿ àë-
ãåáðà, ðåø¼òêà ïîäàëãåáð êîòîðîé ìîäóëÿðíà. Îòìåòèì åù¼ îäíó
îñîáåííîñòü íîðìàëüíûõ ïîäãðóïï (èäåàëîâ): ïåðåñå÷åíèå íîðìàëü-
íûõ ïîäãðóïï (èäåàëîâ) ÿâëÿåòñÿ íîðìàëüíîé ïîäãðóïïîé (èäåà-
ëîì), â òî âðåìÿ êàê ïåðåñå÷åíèå ìîäóëÿðíûõ ýëåìåíòîâ è äàæå
êâàçèíîðìàëüíûõ ïîäãðóïï (êâàçèèäåàëîâ) óæå ìîæåò íå áûòü ìî-
äóëÿðíûì ýëåìåíòîì. Ïîýòîìó åñòåñòâåííî ðàññìàòðèâàòü ñëåäóþ-
ùåå ñâîéñòâî ýëåìåíòîâ ðåø¼òêè.
Îïðåäåëåíèå 2.Ìîäóëÿðíûé ýëåìåíòM ðåø¼òêè L íàçûâàåòñÿ àá-
ñîëþòíî ìîäóëÿðíûì, åñëè A ∩M ÿâëÿåòñÿ ìîäóëÿðíûì ýëåìåíòîì
L äëÿ ëþáîãî ìîäóëÿðíîãî ýëåìåíò A èç L.

Òåîðåìà. Ïóñòü M � àáåëåâà ïîäàëãåáðà àëãåáðû Ëè L íàä ïî-
ëåì, õàðàêòåðèñòèêà êîòîðîãî îòëè÷íà îò 2 è 3. Åñëè L îòëè÷íà îò
òðåõìåðíîé ïðîñòîé íåðàñùåïëÿåìîé àëãåáðû, òî ïîäàëãåáðà M ÿâ-
ëÿåòñÿ êâàçèèäåàëîì òîãäà è òîëüêî òîãäà, êîãäà M � àáñîëþòíî
ìîäóëÿðíûé ýëåìåíò ðåø¼òêè ïîäàëãåáð àëãåáðû L.

Îãðàíè÷åíèÿ íà õàðàêòåðèñòèêó ïîëÿ ñóùåñòâåííû.

Óðàëüñêèé Ôåäåðàëüíûé Óíèâåðñèòåò èìåíè ïåðâîãî Ïðåçèäåíòà Ðîññèè

Á.Í. Åëüöèíà

Ural Federal University

e-mail: a.g.geyn@urfu.ru
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À. È. Ãåíåðàëîâ, È. Ì. Çèëüáåðáîðä (Ñàíêò�Ïåòåðáóðã)

Îáîáù¼ííàÿ òåîðåìà î ñîãëàñîâàííûõ ðàçëîæåíèÿõ äëÿ
ïîëóöåïíûõ í¼òåðîâûõ ñëåâà êîëåö

Òåîðåìà î ñîãëàñîâàííûõ áàçèñàõ áûëà âïåðâûå ðàñïðîñòðàíåíà
íà áåñêîíå÷íî ïîðîæä¼ííûå ñâîáîäíûå àáåëåâû ãðóïïû â ðàáîòå Êî-
ýíà è Ãëþêà [1]. Õèëë è Ìåäæèááåí [2] ñôîðìóëèðîâàëè è äîêàçàëè
îáîáùåííóþ òåîðåìó î ñîãëàñîâàííûõ áàçèñàõ (ñîãëàñîâàííûõ ðàç-
ëîæåíèÿõ) äëÿ àáåëåâûõ ãðóïï, à Ãåíåðàëîâ è Æåëóäåâ [3,4] � äëÿ
äåäåêèíäîâûõ êîëåö.

Ìû ðàñïðîñòðàíèëè îáîáù¼ííóþ òåîðåìó î ñîãëàñîâàííûõ ðàçëî-
æåíèÿõ íà ëåâûå ìîäóëè íàä ïîëóöåïíûìè í¼òåðîâûìè ñëåâà êîëü-
öàìè, à èìåííî, íàìè äîêàçàíî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 1. Ïóñòü R � ïîëóöåïíîå í¼òåðîâî ñëåâà êîëüöî, J =
Rad(R) � ðàäèêàë Äæåêîáñîíà êîëüöà R, è â êàòåãîðèè ëåâûõ R-
ìîäóëåé äàíà êîììóòàòèâíàÿ äèàãðàììà ñ òî÷íûìè ñòðîêàìè, â êî-
òîðîé ìîäóëè G è G′ ïðîåêòèâíû, à Φ � èçîìîðôèçì:

0 −−−−→ H −−−−→ G −−−−→ A −−−−→ 0yΦ

0 −−−−→ H ′ −−−−→ G′ −−−−→ A′ −−−−→ 0

Òîãäà ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
(1) ñóùåñòâóþò èçîìîðôèçìû α : H → H ′, β : G → G′, äîïîëíÿ-

þùèå äàííóþ äèàãðàììó äî êîììóòàòèâíîé;
(2) (H + JG)/JG ' (H ′ + JG′)/JG′.

Ëèòåðàòóðà. [1] J. M. Cohen, H. Gluck, Stacked bases for modules

over principal ideal domains, Journal of Algebra, 14, 493-505 (1970).

[2] P. Hill, C. Megibben, Generalizations of the stacked bases theorem,

Trans.Amer.Math.Soc., 312 (1989), No 1, 377-402. [3] À. È. Ãåíåðàëîâ,

Ì. Â.Æåëóäåâ, Òåîðåìà î ñîãëàñîâàííûõ áàçèñàõ â ìîäóëÿõ íàä äåäåêèíäî-

âûìè êîëüöàìè, Àëãåáðà è àíàëèç, 1995, ò.7, âûïóñê 4, 157-175. [4] À. È. Ãå-

íåðàëîâ, Ì. Â. Æåëóäåâ, Ñîãëàñîâàííûå ðàçëîæåíèÿ ìîäóëåé íàä îãðàíè-

÷åííûìè äåäåêèíäîâûìè ïåðâè÷íûìè êîëüöàìè, Àëãåáðà è àíàëèç, 1997,

ò.9, âûïóñê 4, 47-62.

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: i.zilberbord@mail.spbu.ru
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Ñ. Ò. Ãëàâàöêèé, À. Â. Ìèõàë¼â (Ìîñêâà, Ðîññèÿ)

Ðàäèêàëû òîïîëîãè÷åñêèõ êîëåö
Îáçîð ïîñëåäíèõ äîñòèæåíèé â òåîðèè ðàäèêàëîâ òîïîëîãè÷å-

ñêèõ êîëåö.

Ì. Â. Ãðåõîâ (Ñàìàðà)

Ìîäåëü Íåðîíà àíèçîòðîïíûõ àëãåáðàè÷åñêèõ òîðîâ ìà-
ëûõ ðàçìåðíîñòåé íàä ãëîáàëüíûìè ïîëÿìè

Ïóñòü T � àëãåáðàè÷åñêèé òîð, îïðåäåë¼ííûé íàä ïîëåì k àðèô-
ìåòè÷åñêîãî òèïà, à L� íåêîòîðîå åãî ïîëå ðàçëîæåíèÿ. Öåëîé ìîäå-
ëüþ àëãåáðàè÷åñêîãî òîðà T íàçûâàåòñÿ ñõåìà X, îïðåäåë¼ííàÿ íàä
êîëüöîì Ok öåëûõ ýëåìåíòîâ ïîëÿ k, òàêàÿ, ÷òî X×Spec k ∼= T . Îñî-
áûé èíòåðåñ ïðåäñòàâëÿþò öåëûå ìîäåëè, îáëàäàþùèå êàêèìè-ëèáî
äîïîëíèòåëüíûìè ñâîéñòâàìè.

Îäíîé èç íàèáîëåå èçâåñòíûõ öåëûõ ìîäåëåé ÿâëÿåòñÿ ìîäåëü
Íåðîíà, êîòîðàÿ äëÿ àëãåáðàè÷åñêèõ òîðîâ ÿâëÿåòñÿ ãðóïïîâîé ñõå-
ìîé è ïî îïðåäåëåíèþ âñåãäà ãëàäêàÿ, íî ìîæåò íå ñóùåñòâîâàòü èëè
íå èìåòü êîíå÷íîãî òèïà. Ìîäåëüþ Íåðîíà òîðà T íàçûâàåòñÿ òàêàÿ
ãëàäêàÿ öåëàÿ ìîäåëü X, êîòîðàÿ óäîâëåòâîðÿåò ñâîéñòâó îòîáðà-
æåíèÿ Íåðîíà: äëÿ ëþáîé ãëàäêîé Ok-ñõåìû Y ëþáîé k-ìîðôèçì
uk : Y ⊗Ok k → X ⊗Ok k åäèíñòâåííûì îáðàçîì ïðîäîëæàåòñÿ äî Ok-
ìîðôèçìà u : Y → X (áîëåå ïîäðîáíî ìîäåëü Íåðîíà è å¼ ñâîéñòâà
îïèñûâàþòñÿ â [1]).

Èñïîëüçîâàíèå ìîäåëè Íåðîíà çàòðóäíÿåò òîò ôàêò, ÷òî å¼ îïðå-
äåëåíèå íåêîíñòðóêòèâíî. Â [1] áûë îïèñàí àáñòðàêòíûé àëãîðèòì
ïîñòðîåíèÿ ìîäåëè Íåðîíà, äàþùèé ðåçóëüòàò çà êîíå÷íîå ÷èñëî øà-
ãîâ, îäíàêî åãî àôôèííàÿ ðåàëèçàöèÿ â îáùåì ñëó÷àå íåèçâåñòíà.
Äëÿ ñëó÷àÿ, êîãäà ïîëå k ëîêàëüíîå, ÿâíîå îïèñàíèå àôôèííîé ðåà-
ëèçàöèè àëãîðèòìà áûëî ïîëó÷åíî â ðàáîòàõ [2], [3]. Ïðè ýòîì â êà÷å-
ñòâå íà÷àëüíîãî øàãà àëãîðèòìà èñïîëüçîâàëàñü åù¼ îäíà êëàññè÷å-
ñêàÿ öåëàÿ ìîäåëü àëãåáðàè÷åñêîãî òîðà � ìîäåëü Âîñêðåñåíñêîãî,
êîòîðàÿ îïðåäåëÿåòñÿ êîíñòðóêòèâíî, ïðè ýòîì äëÿ ïðîèçâîëüíîãî
àëãåáðàè÷åñêîãî òîðà ñóùåñòâóåò è èìååò êîíå÷íûé òèï, õîòÿ, âîîá-
ùå ãîâîðÿ, ìîæåò íå áûòü ãëàäêîé.

Ìîäåëü Âîñêðåñåíñêîãî îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïóñòü
ωj , j = 1, ..., n � öåëûé áàçèñ L íàä k. Òîãäà èçâåñòíî, ÷òî L[T̂ ] =

Bω1 ⊕ Bω2 ⊕ ... ⊕ Bωn, ãäå L[T̂ ] � ãðóïïîâîå êîëüöî T , B = L[T̂ ]G

� êîîðäèíàòíîå êîëüöî T . Â ÷àñòíîñòè, áàçèñíûå õàðàêòåðû T̂ áó-
äóò èìåòü ðàçëîæåíèå âèäà χi = ω1xi1 + ω2xi2 + ... + ωnxin, à
îáðàòíûå èì χi

−1 = ω1yi1 + ω2yi2 + ... + ωnyin, ãäå i = 1, ..., d,
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d = dim T . Ïðè÷¼ì B êàê àëãåáðà Õîïôà ïîðîæäåíà ýëåìåíòàìè
xij , ylm, i, l = 1, ..., d, j, m = 1, ..., n. Ìîäåëüþ Âîñêðåñåíñêîãî
òîðà T íàçûâàåòñÿ ðàññìàòðèâàåìûé êàê Ok-ñõåìà ñïåêòð êîëüöà
A(T̂ ) = Ok[xij , ylm]. Áîëåå ïîäðîáíî î ìîäåëè Âîñêðåñåíñêîãî è å¼
ñâîéñòâàõ ðàññêàçûâàåòñÿ â [3], [4].

Åñëè k � ãëîáàëüíîå ïîëå õàðàêòåðèñòèêè 0, àôôèííàÿ ðåàëè-
çàöèÿ àëãîðèòìà ïîñòðîåíèÿ ìîäåëè Íåðîíà íåèçâåñòíà. Îäíàêî èç-
âåñòíî (ñì. [1]), ÷òî âûïîëíåíèå îïðåäåëåíèÿ ìîäåëè Íåðîíà äëÿ
ìîäåëè X òîðà T ðàâíîñèëüíî åãî âûïîëíåíèþ äëÿ âñåõ å¼ ëîêàëü-
íûõ ñëî¼â X × Spec Ok℘ , ðàññìàòðèâàåìûõ êàê öåëûå ìîäåëè òîðîâ
T℘ = T × Spec k℘ (çäåñü ℘ ⊂ Ok � ïðîñòîé èäåàë, k℘ � ïîïîëíå-
íèå k ïî ℘-àäè÷åñêîìó ïîêàçàòåëþ). Òîãäà X ìîæíî ïîëó÷èòü, âçÿâ
òàêóþ ìîäåëü X

′
òîðà T , ÷òî äëÿ å¼ ñëî¼â X

′ × Spec Ok℘ èçâåñòíà
ðåàëèçàöèÿ ìîäåëè Íåðîíà, è ïðèìåíèâ ê íåé âñå ïðåîáðàçîâàíèÿ,
òðåáóþùèåñÿ äëÿ ïîñòðîåíèÿ ìîäåëåé Íåðîíà å¼ ëîêàëüíûõ ñëî¼â.

Â êà÷åñòâå àíàëîãà ìîäåëè Âîñêðåñåíñêîãî äëÿ ñëó÷àÿ ãëîáàëüíî-
ãî ïîëÿ ìîæíî ðàññìàòðèâàòü ñòàíäàðòíóþ öåëóþ ìîäåëü, âïåðâûå
îïèñàííóþ â ñòàòüå [5] è îïðåäåëÿåìóþ ñëåäóþùèì îáðàçîì. Ïóñòü
îñíîâíîå ïîëå k àëãåáðàè÷åñêîãî òîðà T ÿâëÿåòñÿ ïîëåì àëãåáðàè-
÷åñêèõ ÷èñåë. Òîãäà ñòàíäàðòíîé öåëîé ìîäåëüþ òîðà T íàçûâàåòñÿ
Ok-ñõåìà âèäà Spec Ok[xij , yij ], ãäå xij , yij ∈ k[T ] � êîîðäèíàòû ïðè

ðàçëîæåíèè áàçèñíûõ õàðàêòåðîâ ìîäóëÿ T̂ è îáðàòíûõ èì ïî öåëî-
ìó áàçèñó L/k. Êàê áûëî äîêàçàíî íàìè â ðàáîòå [6], ñòàíäàðòíóþ
öåëóþ ìîäåëü òîðà T ìîæíî èñïîëüçîâàòü â êà÷åñòâå X

′
èç ðàññóæ-

äåíèé âûøå.
Ðàíåå â ðàáîòå [7] íàìè áûëî ïîëó÷åíî îïèñàíèå ìîäåëåé Íåðî-

íà âñåõ äâóìåðíûõ àíèçîòðîïíûõ àëãåáðàè÷åñêèõ òîðîâ íàä ëîêàëü-
íûìè ïîëÿìè. Â ñèëó ðàññóæäåíèé âûøå ýòî ïîçâîëÿåò ïîñòðîèòü
â ÿâíîì âèäå ìîäåëè Íåðîíà è äëÿ âñåõ äâóìåðíûõ àíèçîòðîïíûõ
àëãåáðàè÷åñêèõ òîðîâ íàä ãëîáàëüíûìè ïîëÿìè, â ÷àñòíîñòè, íàä
ïîëÿìè àëãåáðàè÷åñêèõ ÷èñåë.

Äàëåå åñòåñòâåííî ïåðåéòè ê òð¼õìåðíûì àëãåáðàè÷åñêèì òîðàì.
Èõ êëàññèôèêàöèÿ èçâåñòíà (ñì. [8], [9]). Ìû ðàçîáðàëè ñëó÷àé àë-
ãåáðàè÷åñêèõ òîðîâ ñ ìàêñèìàëüíûìè ãðóïïàìè ðàçëîæåíèÿ è ïîëó-
÷èëè îïèñàíèå èõ ìîäåëåé Íåðîíà.

Ëèòåðàòóðà. [1] Bosch S., Lütkebohmert W., Raynaud M. Néron Models.

Berlin, Heidelberg: Springer-Verlag Berlin Heidelberg, 1990. [2] Ching-Li

Ch., Jiu-Kang Yu. Congruences of Néron models for tori and the Artin

conductor. National Center for Theoretical Science, National Tsing-Hua

University, Hsinchu, Taiwan, 1999. [3] Popov S.Yu. Standard Integral Models
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of Algebraic Tori. // Preprintreihe des SFB 478 - Geometrische Strukturen in

der Mathematik. 2003. [4] Âîñêðåñåíñêèé Â.Å. Áèðàöèîíàëüíàÿ ãåîìåòðèÿ

ëèíåéíûõ àëãåáðàè÷åñêèõ ãðóïï. Ì.: ÌÖÍÌÎ, 2009. [5] Âîñêðåñåíñêèé

Â.Å., Êóíÿâñêèé Á.Ý., Ìîðîç Á.Ç. Î öåëûõ ìîäåëÿõ àëãåáðàè÷åñêèõ òî-

ðîâ. // Àëãåáðà è àíàëèç, òîì 14, âûïóñê 1, 2002. Ñ. 46-70. [6] Ãðåõîâ Ì.Â.

Öåëûå ìîäåëè àëãåáðàè÷åñêèõ òîðîâ íàä ïîëÿìè àëãåáðàè÷åñêèõ ÷èñåë. //

Çàïèñêè íàó÷íûõ ñåìèíàðîâ ÏÎÌÈ, ò. 430, ÑÏá., 2014. Ñ. 114-135. [7] Ãðå-

õîâ Ì.Â. Ìîäåëü Íåðîíà äâóìåðíûõ àíèçîòðîïíûõ àëãåáðàè÷åñêèõ òîðîâ

íàä ëîêàëüíûìè ïîëÿìè. // Âåñòíèê ÑàìÃÓ, åñòåñòâåííîíàó÷íàÿ ñåðèÿ,

� 9 (100), Ñàìàðà, 2012. Ñ. 31-40. [8] Tahara K. On the �nite subgroups of

GL(3,Z). //Nagoya Math. J. 1971. V. 41. P. 169-209. [9] Êóíÿâñêèé Á.Ý. Áè-

ðàöèîíàëüíàÿ êëàññèôèêàöèÿ òðåõìåðíûõ àëãåáðàè÷åñêèõ òîðîâ. // Êóé-

áûøåâñêèé ÃÓ, Êóéáûøåâ: 1981 (ðóêîïèñü äåïîíèðîâàíà â ÂÈÍÈÒÈ).
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Ïðîèçâîäíàÿ p-äëèíà p-ðàçðåøèìîé ãðóïïû ñ îãðàíè÷åí-
íûìè ïîðÿäêàìè êîôàêòîðîâ p-ïîäãðóïï

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Âñå îáîçíà÷åíèÿ è
èñïîëüçóåìûå îïðåäåëåíèÿ ñîîòâåòñòâóþò [1, 2]. Ïóñòü n è m � íà-
òóðàëüíûå ÷èñëà. Ãîâîðÿò, ÷òî ÷èñëî n ñâîáîäíî îò m-õ ñòåïåíåé,
åñëè pm íå äåëèò n äëÿ âñåõ ïðîñòûõ p. Â ÷àñòíîñòè, ïðè m = 2
ãîâîðÿò, ÷òî n ñâîáîäíî îò êâàäðàòîâ, ïðè m = 3 � îò êóáîâ.

Â.Ñ. Ìîíàõîâ [3] óñòàíîâèë çàâèñèìîñòü èíâàðèàíòîâ ðàçðåøè-
ìîé ãðóïïû îò ïîðÿäêîâ å¼ ñèëîâñêèõ ïîäãðóïï: åñëè ïîðÿäîê ðàçðå-
øèìîé ãðóïïû G íå äåëèòñÿ íà (n+1)-å ñòåïåíè ïðîñòûõ ÷èñåë, òî
ïðîèçâîäíàÿ äëèíà ãðóïïû G/Φ(G) íå ïðåâûøàåò 3+n. Â ÷àñòíîñòè,
åñëè ïîðÿäêè ñèëîâñêèõ ïîäãðóïï ðàçðåøèìîé ãðóïïû G ñâîáîäíû
îò êâàäðàòîâ, òî ïðîèçâîäíàÿ äëèíà ãðóïïû G/Φ(G) íå ïðåâûøàåò 4.

Î÷åâèäíî, ÷òî åñëè ïîðÿäîê ïðèìàðíîé ãðóïïû ñâîáîäåí îò êâàä-
ðàòîâ, òî ãðóïïà ÿâëÿåòñÿ öèêëè÷åñêîé. Èç òåîðåìû Öàññåíõàóçà ([2],
òåîðåìà IV.2.11) ñëåäóåò, ÷òî êîììóòàíò ãðóïïû ñ öèêëè÷åñêèìè ñè-
ëîâñêèìè ïîäãðóïïàìè ÿâëÿåòñÿ öèêëè÷åñêîé õîëëîâîé ïîäãðóïïîé,
ôàêòîð-ãðóïïà ïî êîòîðîé òàêæå öèêëè÷åñêàÿ. Ïîýòîìó ïðîèçâîä-
íàÿ äëèíà ãðóïïû, ó êîòîðîé ïîðÿäêè ñèëîâñêèõ ïîäãðóïï ñâîáîäíû
îò êâàäðàòîâ, íå ïðåâûøàåò 2.

Â.Ñ. Ìîíàõîâûì â 2006 ãîäó [4] áûëî ïðåäëîæåíî ïîíÿòèå ïðî-
èçâîäíîé p-äëèíû (lap(G)) p-ðàçðåøèìîé ãðóïïû G, êàê íàèìåíüøåå
÷èñëî àáåëåâûõ p-ôàêòîðîâ ñðåäè âñåõ ñóáíîðìàëüíûõ (p′, p)-ðÿäîâ
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ãðóïïû G. Î÷åâèäíî, ÷òî åñëè ñèëîâñêàÿ p-ïîäãðóïïà ÿâëÿåòñÿ àáå-
ëåâîé, òî çíà÷åíèå lap(G) ñîâïàäàåò ñî çíà÷åíèåì p-äëèíû ãðóïïû G,
à ó p-ãðóïïû ïðîèçâîäíàÿ p-äëèíà ñîâïàäàåò ñ ïðîèçâîäíîé äëèíîé.
Â ðàáîòå [5] èçó÷åíû ñâîéñòâà ïðîèçâîäíîé p-äëèíû p-ðàçðåøèìîé
ãðóïïû.

Íàïîìíèì, ÷òî êîôàêòîðîì ïîäãðóïïû H ãðóïïû G íàçûâàåòñÿ
ôàêòîð-ãðóïïà H/CoreGH, ãäå CoreGH � ÿäðî ïîäãðóïïû H â ãðóï-
ïåG, ò.å. íàèáîëüøàÿ íîðìàëüíàÿ ïîäãðóïïà âG, ñîäåðæàùàÿñÿ âH.
Â äàëüíåéøåì êîôàêòîð ïîäãðóïïû H â ãðóïïå G áóäåì îáîçíà÷àòü
CofG(H). Èç ñëåäñòâèÿ 4.2 ðàáîòû [6] è îñíîâíîé òåîðåìû ðàáîòû [7]
ñëåäóåò îïèñàíèå ãðóïï ñ ïîðÿäêàìè êîôàêòîðîâ ïîäãðóïï, ñâîáîä-
íûìè îò êâàäðàòîâ. Â ÷àñòíîñòè, ïðîèçâîäíàÿ äëèíà òàêîé ãðóïïû
G íå ïðåâûøàåò 4, à p-äëèíà íå ïðåâûøàåò 1 äëÿ âñåõ ïðîñòûõ p.
Ñòðîåíèå ðàçðåøèìûõ ãðóïï ñ êîôàêòîðàìè ïðèìàðíûõ ïîäãðóïï,
ñâîáîäíûìè îò êóáîâ, ïðèâåäåíî â [8].

Âïîëíå åñòåñòâåííî ðàçâèòü ðàññìîòðåííûå âûøå ðåçóëüòàòû,
ñâÿçàííûå ñ êîôàêòîðàìè ïîäãðóïï, íà ñëó÷àé p-ðàçðåøèìûõ ãðóïï.
Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü G � p-ðàçðåøèìàÿ ãðóïïà. Åñëè ïîðÿäîê CofG(X)
ñâîáîäåí îò n-ñòåïåíåé, ãäå X � ïðîèçâîëüíàÿ p-ïîäãðóïïà ãðóïïû
G, òî:

1) lap(G/Φ(G)) ≤ n2+n+2
4 , åñëè p 6∈ {2, 3};

2) lap(G/Φ(G)) ≤ n2+n+4
4 , åñëè p ∈ {2, 3}.

Ñëåäñòâèå. Ïóñòü G � p-ðàçðåøèìàÿ ãðóïïà. Åñëè ïîðÿäîê
CofG(X) ñâîáîäåí îò êâàäðàòîâ, ãäå X � ïðîèçâîëüíàÿ p-ïîäãðóïïà
ãðóïïû G, òî
lap(G/Φ(G)) ≤ 2.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Áåëîðóññêîãî
ðåñïóáëèêàíñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò
�Ô17Ì-063)

Ëèòåðàòóðà. [1] Â. Ñ. Ìîíàõîâ. Ââåäåíèå â òåîðèþ êîíå÷íûõ ãðóïï

è èõ êëàññîâ, Ìèíñê: Âûøýéøàÿ øêîëà, 2006. [2] B. Huppert. Endliche

Gruppen I, Berlin-Heidelberg-New York, Springer, 1967. [3] Â. Ñ. Ìîíàõîâ,

Îá èíäåêñàõ ìàêñèìàëüíûõ ïîäãðóïï êîíå÷íûõ ðàçðåøèìûõ ãðóïï, Àë-

ãåáðà è ëîãèêà. 43, � 4 (2004), 411�424. [4] Â. Ñ. Ìîíàõîâ, Êîíå÷íûå ãðóï-

ïû ñ ïîëóíîðìàëüíîé õîëëîâîé ïîäãðóïïîé, Ìàòåìàòè÷åñêèå çàìåòêè, 80,

� 4 (2006), 573�581. [5] Ä. Â. Ãðèöóê, Â. Ñ. Ìîíàõîâ, Î. À. Øïûðêî,

Î ïðîèçâîäíîé π-äëèíå π-ðàçðåøèìîé ãðóïïû, Âåñòíèê ÁÃÓ. Ñåð. 1, 3
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(2012), 90�95. [6] L. Yufeng, X. Yi, Finite groups in which primary subgroups

have cyclic cofactors, Bull. Malays. Math. Sci. Soc, 34. �. 2 (2011), 337�344.

[7] Ñ. Ì. Åâòóõîâà, Â. Ñ. Ìîíàõîâ, Êîíå÷íûå ãðóïïû ñ ïîðÿäêàìè êîôàê-

òîðîâ ïîäãðóïï, ñâîáîäíûìè îò êâàäðàòîâ, Äîêëàäû ÍÀÍ Áåëàðóñè, 49,

�2 (2005), 26�29. [8] À. À. Òðîôèìóê, Ä. Ä. Äàóäîâ, Êîíå÷íûå ðàç-
ðåøèìûå ãðóïïû ñ áèöèêëè÷åñêèìè êîôàêòîðàìè ïðèìàðíûõ ïîä-
ãðóïï, ÍÀÍ Áåëàðóñè. Òðóäû Èíñòèòóòà ìàòåìàòèêè, 24, �1 (2016),
95�99.
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Òåîðèÿ âåðîÿòíîñòåé íà îòíîñèòåëüíî ñâîáîäíûõ ëèåâî
íèëüïîòåíòíûõ àëãåáðàõ

Íàñòîÿùàÿ çàìåòêà ïðîäîëæàåò èññëåäîâàíèÿ, íà÷àòûå â [3].
Ïóñòü V = V1

⊕
. . .
⊕
Vi
⊕
. . . � áåñêîíå÷íàÿ ïðÿìàÿ ñóììà êî-

íå÷íîìåðíûõ âåêòîðíûõ ïðîñòðàíñòâ, ïðè÷åì dimVi+1 > dimVi > 0,
i = 1, . . . , n, . . .. Ëþáîå îäíîðîäíîå ïîäïðîñòðàíñòâî â V , èìåþùåå
âèä U = U1

⊕
. . .
⊕
Ui
⊕
. . ., ãäå 0 6= Ui ⊂ Vi, íàçîâåì ãðàäóèðî-

âàííûì. Ïóñòü W = W1

⊕
. . .
⊕
Wi

⊕
. . . � äðóãîå ãðàäóèðîâàííîå

ïîäïðîñòðàíñòâî è Wi ⊂ Ui. Íàçîâåì ìåðîé âêëþ÷åíèÿ W â U ïðå-
äåë (åñëè îí ñóùåñòâóåò)

µ(W,U) = lim
n→∞

dimWn

dimUn
.

Ìåðîé âêëþ÷åíèÿ ôàêòîð-ïðîñòðàíñòâà U/W â ïðîñòðàíñòâî
V íàçîâåì ðàçíîñòü µ(U, V ) − µ(W,V ). ßñíî, ÷òî ìåðà âêëþ÷å-
íèÿ ôàêòîð-ïðîñòðàíñòâà ìîæåò áûòü ðàâíà íóëþ äàæå, åñëè ýòî
ôàêòîð-ïðîñòðàíñòâî áåñêîíå÷íîìåðíî.

Ïóñòü V = M(F ) � ïîëèëèíåéíàÿ ÷àñòü îòíîñèòåëüíî ñâîáîä-
íîé ñ÷åòíîïîðîæäåííîé àññîöèàòèâíîé àëãåáðû F = k〈x1, . . . , xi, . . .〉
íåêîòîðîãî ìíîãîîáðàçèÿ íàä áåñêîíå÷íûì ïîëåì k õàðàêòåðèñòèêè
6= 2, 3, ò.å. V =

⊕∞
n=1 Fn, ãäå Fn � ïîäïðîñòðàíñòâî â F ïîëèëèíåé-

íûõ ìíîãî÷ëåíîâ ñòåïåíè n îò ïåðåìåííûõ x1, . . . , xn. Äëÿ ëþáîãî
T -ïðîñòðàíñòâà U àëãåáðû F îáîçíà÷èì ÷åðåç M(U) åãî ïîëèëèíåé-
íóþ ÷àñòü, ò.å. ãðàäóèðîâàííîå ïîäïðîñòðàíñòâî M(U) =

⊕∞
n=1 Un,

ãäå Un = U ∩ Fn. Îáîçíà÷èì ÷åðåç µ(U, V ) ÷èñëî µ(M(U),M(V )).
Íàñ áóäåò èíòåðåñîâàòü ìåðà âêëþ÷åíèÿ öåíòðà â àëãåáðó F (l) ïðè

76



l = 3, 4, 5, ãäå F (l) � îòíîñèòåëüíî ñâîáîäíàÿ àëãåáðà, çàäàííàÿ òîæ-
äåñòâîì [x1, . . . , xl] = 0.

Îïèñàíèå öåíòðà îòíîñèòåëüíî ñâîáîäíîé àëãåáðû èëè õîòÿ áû
÷àñòè÷íîå åãî íàõîæäåíèå ýòî âñåãäà âåñüìà èíòåðåñíàÿ è íåòðèâè-
àëüíàÿ çàäà÷à. Äëÿ àëãåáðû F îáùèõ ìàòðèö îíà ðàññìàòðèâàëàñü
â [6]�[9]. Äëÿ àëãåáðû F = F (l) ïðè 3 ≤ l ≤ 6 öåíòð èçó÷àëñÿ â [1],
[2], [4], [5]. Â [1], [2] äàíî ïîëíîå îïèñàíèå öåíòðà Z(F ) ïðè l = 3 è
4 ñ ïîìîùüþ [F, F ] è [F, F ]2, ãäå [F, F ] = {[x1, x2]}T . Â [4], [5] íà÷àòî
èññëåäîâàíèå öåíòðà àëãåáðû F (l) ïðè l ≥ 5.

Äëÿ àëãåáðû F (5) â [4] äîêàçàíî, ÷òî öåíòð íàõîäèòñÿ ìåæäó T -
ïðîñòðàíñòâîì {[x1, x2, x3, x4]}T è T -èäåàëîì ([x1, x2, x3, x4])T . Âíå
T -ïðîñòðàíñòâà {[x1, x2, x3, x4]}T íàõîäÿòñÿ íåêîòîðûå èíòåðåñíûå
öåíòðàëüíûå ìíîãî÷ëåíû. Òàêèå, íàïðèìåð, êàê ìíîãî÷ëåí Õîëëà
[[x1, x2]2, x3] è íåêîòîðûå ñëåäñòâèÿ èç íåãî. Åñòü ëè ÷òî-òî åùå?
Âîïðîñ ïîêà îòêðûò.

Ìåðà âêëþ÷åíèÿ µ(U, V ) îáëàäàåò âñåìè ñòàíäàðòíûìè ñâîéñòâà-
ìè âåðîÿòíîñòíîé ìåðû. Çàôèêñèðóåì ïðîñòðàíñòâî V , ò.å. îòíîñè-
òåëüíî ñâîáîäíóþ àëãåáðó F , è îáîçíà÷èì ÷åðåç P (U) ìåðó âêëþ-
÷åíèÿ µ(U, V ). Âñÿêîå ëè T -ïðîñòðàíñòâî èìååò ìåðó âêëþ÷åíèÿ
(âåðîÿòíîñòü), ïîêà íå èçâåñòíî. Âî âñåõ ðàññìîòðåííûõ ñëó÷à-
ÿõ ýòî òàê. Âîîáùå, ïðèõîäèòñÿ ãîâîðèòü òîëüêî îá èçìåðèìûõ T -
ïðîñòðàíñòâàõ U , ò.å. o òåõ, äëÿ êîòîðûõ âåðîÿòíîñòü P (U) ñóùå-
ñòâóåò.

Äëÿ ëþáîãî T -ïðîñòðàíñòâà U èìååò ìåñòî ñîîòíîøåíèå 0 ≤
P (U) ≤ 1. Åñëè U ⊂W , òî P (U) ≤ P (W ) è P (W \U) = P (W )−P (U),
ãäå W \ U îáîçíà÷àåò íå òåîðåòèêî-ìíîæåñòâåííóþ ðàçíîñòü, à
ôàêòîð-ïðîñòðàíñòâî W/U ; P (U +W ) = P (U) + P (W )− P (U ∩W );
åñëè P (U) = 0, òî P (U + W ) = P (W ); åñëè P (U ∩W ) = 0 (íåñîâ-
ìåñòíûå T -ïðîñòðàíñòâà), òî P (U + W ) = P (U) + P (W ) è ñóììà
U + W íàçûâàåòñÿ âåðîÿòíîñòíî ïðÿìîé ñóììîé è îáîçíà÷àåòñÿ,
êàê U uW (áîëåå îáùåå ïîíÿòèå, ÷åì îáû÷íàÿ ïðÿìàÿ ñóììà).

Íàçîâåì óñëîâíîé âåðîÿòíîñòüþ ÷èñëî P (U |W ) = P (U ∩
W )/P (W ). Íàçîâåì T -ïðîñòðàíñòâà íåçàâèñèìûìè, åñëè P (U |W ) =
P (U), P (W |U ) = P (W ). Ïðÿìî èç îïðåäåëåíèÿ ñëåäóåò, ÷òî åñëè U
è W íåçàâèñèìû, òî P (U ∩W ) = P (U)P (W ).

Ìîæíî ïîêàçàòü, ÷òî èìåþò ìåñòî àíàëîãè ôîðìóëû ïîëíîé âå-
ðîÿòíîñòè è ôîðìóëû Áàéåñà.

Èòàê, ñ ëþáîé îòíîñèòåëüíî ñâîáîäíîé àëãåáðîé ìîæíî ñâÿçàòü
ñòðóêòóðó, ñîñòîÿùóþ èç åå T -ïðîñòðàíñòâ è ôàêòîð-T -ïðîñòðàíñòâ,
íà êîòîðûõ åñòåñòâåííûì îáðàçîì ââîäÿòñÿ áèíàðíûå îïåðàöèè
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+,∩, \ è âåðîÿòíîñòíàÿ ìåðà P , ïîëó÷àþùàÿñÿ èç ìåðû âêëþ÷åíèÿ.
Íà îñíîâàíèè ýòîãî ñòðîèòñÿ òåîðèÿ, àíàëîãè÷íàÿ òðàäèöèîííîé.

Íèæå ïðèâîäèòñÿ ñåðèÿ ðåçóëüòàòîâ, â êîòîðûõ âû÷èñëåíà âåðî-
ÿòíîñòü íåêîòîðûõ T -ïðîñòðàíñòâ. Â êà÷åñòâå ïðèëîæåíèÿ äàåòñÿ
àñèìïòîòè÷åñêîå îïèñàíèå öåíòðà àëãåáðû F (l).

Òåîðåìà. Åñëè F = F (3), òî P ([F, F ]m) = P (Z(F )) = 1/2. Åñ-
ëè F = F (4) è k � ïîëå íóëåâîé õàðàêòåðèñòèêè, òî P ([F, F ]m) =
P (Z(F )) = 1/2. T -èäåàë ([x1, x2, x3])T ëåæèò â öåíòðå àëãåáðû F (4)

è P (([x1, x2, x3])T ) = 0.
Åñëè k � ïîëå íóëåâîé õàðàêòåðèñòèêè è F = F (5), òî

P ({[x1, x2, x3, x4]}T ) = P (Z(F )) =
1

2
;P (([x1, x2, x3, x4])T ) = 1.

Íóëåâàÿ õàðàêòåðèñòèêà â ñëó÷àå l ≥ 4 íóæíà â äîêàçàòåëüñòâå,
òàê êàê äëÿ îöåíêè ðàçìåðíîñòåé èñïîëüçóþòñÿ äèàãðàììû Þíãà.
Âåñüìà âåðîÿòíî, ÷òî äàííûé ôàêò èìååò ìåñòî è ïðè áîëåå øèðîêèõ
ïðåäïîëîæåíèÿõ.

Òåîðåìà ïîêàçûâàåò, ÷òî ìåðà âêëþ÷åíèÿ ôàêòîð-ïðîñòðàíñòâà
Z(F (5))/{[x1, x2, x3, x4]}T â ïðîñòðàíñòâî M(F (5)) ðàâíà íóëþ, ò.å. â
àñèìïòîòè÷åñêîì ñìûñëå îñíîâíàÿ ÷àñòü öåíòðà àëãåáðû F (5) � ýòî
T -ïðîñòðàíñòâî {[x1, x2, x3, x4]}T . Íà îñíîâàíèè ïîëó÷åííûõ ðåçóëü-
òàòîâ ìîæíî âûñêàçàòü ñëåäóþùóþ ãèïîòåçó.

Äëÿ ëþáîãî íå÷åòíîãî l = 2m + 1, åñëè F = F (l) è k � ïîëå
íóëåâîé õàðàêòåðèñòèêè, òî

µ(M(Z(F )),M(F )) = µ(M({[x1, . . . , x2m]}T ),M(F )) =
1

2
,

ò.å. ìåðà âêëþ÷åíèÿ ôàêòîð-ïðîñòðàíñòâà
M(Z(F ))/M({[x1, . . . , x2m]}T ) â ïðîñòðàíñòâî M(F ) ðàâíà íóëþ è
â àñèìïòîòè÷åñêîì ñìûñëå öåíòð àëãåáðû F (l) îïèñûâàåòñÿ, êàê T -
ïðîñòðàíñòâî {[x1, . . . , x2m]}T .
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Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: grishinaleksandr@yandex.ru

À. Ý. Ãóòåðìàí (Ìîñêâà)

Ôóíêöèÿ ïåðìàíåíòà: àëãåáðàè÷åñêèå ðåøåíèÿ êîìáèíà-
òîðíûõ çàäà÷

Äâå âàæíûå ôóíêöèè â òåîðèè ìàòðèö è êîìáèíàòîðèêå � ýòî
îïðåäåëèòåëü è ïåðìàíåíò. Âûãëÿäÿò ýòè ôóíêöèè î÷åíü ïîõîæå:

detA =
∑
σ∈Sn

(−1)σa1σ(1) · · · anσ(n) è perA =
∑
σ∈Sn

a1σ(1) · · · anσ(n),

ãäå A = (aij) ∈ Mn(F) � n × n ìàòðèöà íàä íåêîòîðûì ïîëåì F, à
÷åðåç Sn îáîçíà÷åíà ãðóïïà ïåðåñòàíîâîê ìíîæåñòâà {1, . . . , n}.

Îáùåèçâåñòíî, ÷òî îïðåäåëèòåëü âû÷èñëÿåòñÿ çà ïîëèíîìèàëü-
íîå âðåìÿ. Â òî æå âðåìÿ âîïðîñ ñóùåñòâîâàíèÿ ïîëèíîìèàëüíîãî
àëãîðèòìà âû÷èñëåíèÿ ïåðìàíåíòà äî ñèõ ïîð îñòàåòñÿ îòêðûòûì.

Åñòü äâà ñòàíäàðòíûõ ïîäõîäà ê ðàáîòå ñ âû÷èñëèòåëüíî ñëîæ-
íûìè èíâàðèàíòàìè. Ïåðâûé çàêëþ÷àåòñÿ â ïîäáîðå ïîäõîäÿùåãî
ïðåîáðàçîâàíèÿ, îñóùåñòâëÿþùåãî ðåäóêöèþ ðàññìàòðèâàåìîãî èí-
âàðèàíòà ê äðóãîìó, âû÷èñëèòü êîòîðûé ïðîùå. Âòîðîé ïîäõîä ñî-
ñòîèò â çàìåíå ÿâíîãî âû÷èñëåíèÿ ðàññìàòðèâàåìîãî èíâàðèàíòà ïî-
ëó÷åíèåì åãî îöåíîê íà ïîäìíîæåñòâàõ ñî ñïåöèàëüíûìè ñâîéñòâà-
ìè.

Èññëåäîâàíèå ïåðâîãî ïîäõîäà äëÿ ïåðìàíåíòà è îïðåäåëèòåëÿ
âîñõîäèò ê ðàáîòàì Ïîëèà 1913ã., êîòîðûé èçó÷àë âîïðîñû ñóùåñòâî-
âàíèÿ îòîáðàæåíèé T : Mn(F) → Mn(F) îïðåäåëåííîé ñòðóêòóðû,
óäîâëåòâîðÿþùèõ ñâîéñòâó perA = detT (A) äëÿ âñåõ A ∈ Mn(F),
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íàçûâàåìûõ êîíâåðòåðàìè. Âòîðîé ïîäõîä ïîëó÷èë íàèáîëüøåå ðàç-
âèòèå äëÿ (0, 1) è (−1, 1) ìàòðèö, âîñòðåáîâàííûõ â ïðèëîæåíèÿõ,
ïåðìàíåíò êîòîðûõ àêòèâíî èññëåäóåòñÿ, íà÷èíàÿ ñ ðàáîò Àäàìàðà.

Áóäåò èçëîæåíî ââåäåíèå â òåîðèþ ïåðìàíåíòà è ðàññêàçàíî î
íåäàâíèõ ðåçóëüòàòàõ äîêëàä÷èêà è àêòóàëüíûõ îòêðûòûõ ïðîáëå-
ìàõ. Ñðåäè ïðî÷åãî áóäåò ïðåäëîæåíî îòðèöàòåëüíîå ðåøåíèå ïðî-
áëåìû Ïîëèà äëÿ ìàòðèö íàä êîíå÷íûìè ïîëÿìè: äîêàçàíî îòñóò-
ñòâèå áèåêòèâíûõ êîíâåðòåðîâ ïåðìàíåíòà â îïðåäåëèòåëü. Òàêæå
áóäåò ïðåäñòàâëåí îòâåò íà âîïðîñ Óîíãà (1974ã.), ñîñòîÿùèé â äî-
êàçàòåëüñòâå ãèïîòåçû Êðîéòåðà (1985ã.) î òî÷íîé âåðõíåé ãðàíèöå
çíà÷åíèé ïåðìàíåíòà (−1, 1) ìàòðèö â çàâèñèìîñòè îò èõ ðàíãà.

Äîêëàä îñíîâàí íà ñåðèè ñîâìåñòíûõ ðàáîò ñ Ì.Â. Áóäðåâè÷åì,
Ã. Äîëèíàðîì, Á. Êóçìîé è Ì. Îðëîì.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà

e-mail: guterman@list.ru

À. Ý. Ãóòåðìàí, Ñ. À. Æèëèíà (Ìîñêâà)

Ãðàôû àëãåáðû êîíòðîêòîíèîíîâ, ïîðîæä¼ííûå îòíîøå-
íèÿìè

Ïóñòü (A,+, ·) � àëãåáðà íàä ïîëåì F, âîçìîæíî, áåç 1, íåêîì-
ìóòàòèâíàÿ è íåàññîöèàòèâíàÿ. Z∗(A) � ìíîæåñòâî íåòðèâèàëüíûõ
äåëèòåëåé íóëÿ â A, Z∗∗(A) � ìíîæåñòâî íåòðèâèàëüíûõ äâóñòîðîí-
íèõ äåëèòåëåé íóëÿ â A.
Îïðåäåëåíèå 1. [1] Ãðàô îðòîãîíàëüíîñòè ΓO(A) àëãåáðû A �
ãðàô, ìíîæåñòâî âåðøèí êîòîðîãî � Z∗∗(A), à ðàçëè÷íûå âåðøè-
íû a è b ñîåäèíåíû ðåáðîì, åñëè è òîëüêî åñëè ab = ba = 0.

Îïðåäåëåíèå 2. [4] Îðèåíòèðîâàííûé ãðàô äåëèòåëåé íóëÿ ΓZ(A)
àëãåáðû A � îðèåíòèðîâàííûé ãðàô, ìíîæåñòâî âåðøèí êîòîðîãî �
Z∗(A), ïðè÷¼ì ðàçëè÷íûå âåðøèíû a è b ñîåäèíåíû íàïðàâëåííûì
ðåáðîì îò a ê b, åñëè è òîëüêî åñëè ab = 0.

Ñâÿçíîñòü è äèàìåòðû ãðàôîâ îðòîãîíàëüíîñòè è äåëèòåëåé íóëÿ
äëÿ ìàòðè÷íûõ êîëåö àêòèâíî èññëåäîâàëèñü ðàíåå, íàïðèìåð, â [1]
è [2].

Ïðåäëîæåíèå 3. [3] Àëãåáðà êîíòðîêòîíèîíîâ Ô èçîìîðôíà
âåêòîðíî-ìàòðè÷íîé àëãåáðå Öîðíà, ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ
ìàòðèöû âèäà (

a v
w b

)
, ãäå a, b ∈ R,v,w ∈ R3,
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à óìíîæåíèå çàäà¼òñÿ ôîðìóëîé(
a v
w b

)(
a′ v′

w′ b′

)
=

(
aa′ + v ·w′ av′ + b′v + w ×w′

a′w + bw′ − v × v′ bb′ + v′ ·w

)
,

ïðè÷¼ì · è × � ýòî ñêàëÿðíîå è âåêòîðíîå ïðîèçâåäåíèÿ âåêòîðîâ â
R3.

E � åäèíèöà ýòîé àëãåáðû. Êðîìå òîãî, äëÿ êàæäîãî A ∈ Ô êîð-
ðåêòíî îïðåäåëåíû ñëåä tr(A), îïðåäåëèòåëü det(A) è ñîïðÿæ¼ííûé
ýëåìåíò Ā.

Ô èìååò íåêîòîðîå ñõîäñòâî ñ àëãåáðîé âåùåñòâåííûõ ìàòðèö
2 × 2. Â ñâÿçè ñ ýòèì, ïðåäñòàâëÿåòñÿ èíòåðåñíûì èçó÷åíèå ãðàôîâ
ΓO(Ô) è ΓZ(Ô), ÷òî è ÿâëÿåòñÿ öåëüþ íàñòîÿùåé ðàáîòû.

Òåîðåìà 1. Êîìïîíåíòû ñâÿçíîñòè ΓO(Ô) èìåþò îäèí èç äâóõ âè-
äîâ:
(1) ïîëíûé äâóäîëüíûé ãðàô, äîëÿìè êîòîðîãî ÿâëÿþòñÿ (R \ {0})A
è (R \ {0})Ā, ãäå det(A) = 0, tr(A) 6= 0, äèàìåòð òàêîé êîìïîíåíòû
ñâÿçíîñòè ðàâåí 2;
(2) ïîäãðàô, ìíîæåñòâîì âåðøèí êîòîðîãî ÿâëÿþòñÿ âñå òàêèå A, ÷òî
det(A) = 0, tr(A) = 0. Äèàìåòð ýòîé êîìïîíåíòû ñâÿçíîñòè ðàâåí 3.

Òåîðåìà 2. ΓZ(Ô) ñâÿçåí, åãî äèàìåòð ðàâåí 2.

Â äîêëàäå áóäóò òàêæå ðàññìîòðåíû ñâîéñòâà ýòèõ ãðàôîâ äëÿ
íåêîòîðûõ áëèçêèõ àëãåáð, â ÷àñòíîñòè, äëÿ àëãåáðû ñåäåíèîíîâ.

Ëèòåðàòóðà. [1] B. R. Bahadly, A. E. Guterman, O. v. Markova, Graphs

De�ned by Orthogonality // Journal of Mathematical Sciences (New York),

207, 5 (2015), 698-717. [2] I. Bozic and Z. Petrovic, Zero-divisor graphs of

matrices over commutative rings // Comm. Algebra, 37, 4 (2009), 1186-

1192. [3] K. McCrimmon, A Taste of Jordan Algebras // Springer-Verlag New

York, 2004, p. 66, p. 157. [4] S. P. Redmond, The zero-divisor graph of a

noncommutative ring // International Journal of Commutative Rings, 1, 4

(2002), 203�211.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

À. À. Äàâëàòáåêîâ (Òàäæèêèñòàí)

Çàäà÷à Â.Ä. Áåëîóñîâà äëÿ êëàññà îäíîñòîðîííûõ ëèíåé-
íûõ êâàçèãðóïï

Çàäà÷à íàõîæäåíèÿ íîðìàëüíûõ êîíãðóýíöèé äëÿ ðàçëè÷íûõ
êëàññîâ êâàçèãðóïï ïîñòàâëåíà Â.Ä. Áåëîóñîâûì â åãî ìîíîãðàôèè
[1]. Ïîñòàíîâêà çàäà÷è ñëåäóþùàÿ: êàêîâû êâàçèãðóïïû è ëóïû, â
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êîòîðûõ êàæäàÿ êîíãðóýíöèÿ íîðìàëüíà? (ïðîáëåìà 20. ñ. 222 èç
[1]).

Êàê èçâåñòíî â ãðóïïå (êîíå÷íîé êâàçèãðóïïå) êàæäàÿ êîí-
ãðóýíöèÿ íîðìàëüíà. Ñóùåñòâóþò êëàññû êâàçèãðóïï è ëóï, â
êîòîðûõ êàæäàÿ êîíãðóýíöèÿ íîðìàëüíà, ýòî IP -êâàçèãðóïïû,
TS-êâàçèãðóïïû ( â ÷àñòíîñòè, êâàçèãðóïïû Øòåéíåðà è CH-
êâàçèãðóïïû).

Êâàçèãðóïïà (Q, ·) íàçûâàåòñÿ ëèíåéíîé ñëåâà (ñïðàâà) íàä ãðóï-
ïîé (Q,+), åñëè îíà èìååò âèä xy = ϕx+ c+ βy,(xy = αx+ c+ ψy),
ãäå ϕ, (ψ) ∈ Aut(Q,+), β(α) - ïîäñòàíîâêà ìíîæåñòâà Q [2].

Îòíîøåíèå ýêâèâàëåíòíîñòè θ ìíîæåñòâà Q íàçûâàåòñÿ êîíãðó-
åíöèåé â êâàçèãðóïïå (Q, ·), åñëè èç aθb ñëåäóåò acθbc è caθcb äëÿ
ëþáûõ a, b, c ∈ Q.

Êîíãðóýíöèÿ θ íàçûâàåòñÿ íîðìàëüíîé, åñëè èç acθbc ñëåäóåò aθb,
èç caθcb ñëåäóåò aθb äëÿ âñåõ a, b, c ∈ Q.

Âñå íåîáõîäèìûå ñâåäåíèÿ î êâàçèãðóïïàõ ìîæíî íàéòè â ìîíî-
ãðàôèè [1].

Òåîðåìà 1. Ïóñòü (Q, ·) - ëèíåéíàÿ ñëåâà (ñïðàâà) êâàçèãðóïïà:

xy = ϕx+ c+ βy, (xy = αx+ c+ ψy)

η - êîíãðóýíöèÿ êâàçèãðóïïû (Q, ·) è ϕ|Kerη, (ψ|Kerη) - ñóæåíèå
àâòîìîðôèçìà ϕ(ψ) íà ãðóïïó Kerη. Òîãäà η - êîíãðóýíöèÿ êâàçè-
ãðóïïû (Q, ·) òîãäà è òîëüêî òîãäà, êîãäà ϕ|Kerη, (ψ|Kerη) - ýíäî-
ìîðôèçì ãðóïïû Kerη. Äàëëå η - íîðìàëüíàÿ êîíãðóýíöèÿ íà (Q, ·)
òîãäà è òîëüêî òîãäà, êîãäà ϕ|Kerη, (ψ|Kerη) àâòîìîðôèçì ãðóïïû
Kerη.

Òåîðåìà 2. Ïóñòü (Q, ·) - ëèíåéíàÿ ñëåâà (ñïðàâà) êâàçèãðóïïà:

xy = ϕx+ c+ βy, (xy = αx+ c+ ψy)

ïðè÷åì ϕ(ψ) èìååò êîíå÷íûé ïîðÿäîê, òîãäà êàæäàÿ êîíãðóýíöèÿ
íà (Q, ·) íîðìàëüíà.

Çàìå÷àíèå. Òåîðåìà 2 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Â.Ä. Áåëîóñî-
âà äëÿ êëàññà îäíîñòîðîíûõ ëèíåéíûõ êâàçèãðóïï.

Ëèòåðàòóðà. [1] Â. Ä. Áåëîóñîâ. Îñíîâû òåîðèè êâàçèãðóïï è ëóï. Ì.:

Íàóêà, 1967. [2] A. Õ. Òàáàðîâ. Ïðîñòûå ëèíåéíûå è àëèíåéíûå êâàçèã-

ðóïïû. 2007, �3(35), C. 259�262.

Êóëÿáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. À.Ðóäàêè
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Ä. À. Äîëãîâ (Êàçàíü)

Îá îäíîì ñïîñîáå âûáîðà êîýôôèöèåíòîâ â îáîáùåí-
íîì áèíàðíîì àëãîðèòìå ÍÎÄ è ðàñøèðåííîì àëãîðèòìå
Âåáåðà-Ñåäæåëìàñè

K-àðíûé àëãîðèòì [1,2] - îäèí èç íàèáîëåå áûñòðûõ àëãîðèòìîâ
âû÷èñëåíèÿ íàèáîëüøåãî îáùåãî äåëèòåëÿ (ÍÎÄ). Ïóñòü A > B > 0
- 2 íå÷åòíûõ íàòóðàëüíûõ ÷èñëà. Íåîáõîäèìî íàéòè êîýôôèöèåíòû
x, y, òàêèå ÷òî âûïîëíÿåòñÿ xA + yB = 0 (mod k) äëÿ íåêîòîðî-
ãî ôèêñèðîâàííîãî öåëîãî k (îáû÷íî k áåðóò ïðîñòûì): gcd(A,B) =
gcd(B, |(xA+ yB)/k|). Âûáðàâ k = 2s, ïîëó÷èì îáîáùåíííûé áèíàð-
íûé àëãîðèòì. Â [3] áûë ïðåäëîæåí íîâûé ñïîñîá âûáîðà êîýôôè-
öèåíòîâ x, y äëÿ îáîáùåííîãî áèíàðíîãî àëãîðèòìà [4], ðàññìàòðè-
âàåìûé â ðàìêàõ ñòàòüè.

Ðàññìîòðèì 1 èòåðàöèþ, ïðîàíàëèçèðîâàâ ñîêðàùåíèå A/C, ãäå
C = (x ∗A+ y ∗B)/2s. Ïóñòü X,Y - öåëî÷èñëåííûå äèñêðåòíûå ñëó-
÷àéíûå âåëè÷èíû. X,Y ∈ [2n, 2n+1], n ∈ N . Ðàññìîòðèì íå÷åòíóþ
ðåàëèçàöèþ ñëó÷àéíûõ âåëè÷èí X,Y . Ïóñòü ξ = max(X,Y ), ν =
min(X,Y ). Ðåàëèçàöèè ξ, ν ïðåäñòàâèì â äâîè÷íîì âèäå. Íà t ïîçè-
öèè ñòîèò 1 èç 4 âàðèàòîâ: 00, 01, 10 èëè 11. #(ξ, ν) = 2n−2∗(2n−1−1).
Ri,j = (ξ ∗ νt− ν ∗ ξt)/2w, w ≥ t, íà t ïîçèöèè ñòîÿò i, j. R11L - ìàêñè-
ìàëüíîå ñîêðàùåíèå äëÿ áèíàðíîãî àëãîðèòìà ÍÎÄ ξ/((ξ − ν)/2v),
v ≥ 1.

Åñëè â ðàçëîæåíèè åñòü òîëüêî 10, è 11 íå ëåæèò íèãäå êðîìå ïî-
ñëåäíåãî ðàçðÿäà, òî îáîçíà÷èì òàê: 00011011. Îáîçíà÷èì äâîè÷íîå
ïðåäñòàâëåíèå ÷èñëà òàê: 5 = 1012. Äëÿ m > 1 {0}m èëè {1}m îçíà-
÷àþò ïîñëåäîâàòåëüíîñòü 0 èëè 1 äëèíû m. Èññëåäîâàíèå êëàññîâ
÷èñåë, íà êîòîðûõ îáîáùåííûé áèíàðíûé àëãîðèòì äàåò íàèáîëüøåå
ñîêðàùåíèå ïîçâîëèò ïîñòðîèòü ýôôåêòèâíûé áèíàðíûé àëãîðèòì
ÍÎÄ.

Ëåììà 1. P (( ξ
R11L

≥ ξ
|R10| ) ∩ 00011011) = 0, n ≥ 5.

Ëåììà 2. Ïóñòü ξ = 11X112, ν = 10...012, X - ëþáàÿ êîìáèíàöèÿ
0 è 1, çà èñêëþ÷åíèåì X 6= {01}r, r > 1. Òîãäà, P ((( ξ

R11L
< ξ
|R10| ) ∩

( ξ
R11L

< ξ
|R00| )) ∩ 00011011) = 1.

Ëåììà 3. Ïóñòü ξ = 11{01}r112, ν = 10...012, n + 1 = 2d, d, r > 1.
Òîãäà,

P ((( ξ
R11L

= ξ
|R10| ) ∩ ( ξ

R11L
= ξ
|R00| )) ∩ 00011011) = 1.

Ãèïîòåçà 1. Ïóñòü ξ = 1011X0112, ν = 10...012, X - ëþáàÿ
êîìáèíàöèÿ 0 è 1, çà èñêëþ÷åíèåì X 6= {0011}r, r > 1. Òîãäà,
P ((( ξ

R11L
< ξ
|R10| ) ∩ ( ξ

R11L
< ξ
|R00| )) ∩ 00011011) = 1.

83



Ãèïîòåçà 2. Ïóñòü ξ = 1011{0011}r0112, ν = 10...012, r > 1. Òîãäà,
P ((( ξ

R11L
= ξ
|R10| ) ∩ ( ξ

R11L
= ξ
|R00| )) ∩ 00011011) = 1.

Ãèïîòåçà 3. P ((( ξ
R11L

≥ ξ
R10

) ∩ ( ξ
R11L

≥ ξ
R00

)) ∩ 00011011) ≤
Q

2n−2(2n−1−1) , ãäå

Q = 2n−1 − 2n−3 − 2n−6 + b(n− 3)/2c+ b(n− 6)/2c+ 1.

Ãèïîòåçà 4. Ïóñòü ξ = 111X12, ν = 100Y 12, X - ëþáàÿ êîìáèíàöèÿ
0 è 1, Y = ¬X.

Òîãäà, P ((( ξ
R11L

< ξ
|R10| ) ∩ ( ξ

R11L
< ξ
|R00| )) ∩ 00011011) = 1.

Ãèïîòåçà 5. Ïóñòü ξ = 11{0}bn−4
2 c1X{0}n−512, ν =

10{1}bn−4
2 c0Y {1}n−512, X ∈ {0, 1}, Y = ¬X. Òîãäà, P ((( ξ

R11L
<

ξ
|R10| ) ∩ ( ξ

R11L
< ξ
|R00| )) ∩ 00011011) = 1.

Ãèïîòåçà 6. Ïóñòü ξ = 11{0}n′1X12, ν = 10{1}n′0Y 12, Y = ¬X,X ∈
{0...0, 0...01, 0...010, 10...0, 10...01, 110...0, 1110...0}, len(X) = n−3−n′,
n′ ∈ [1, bn−6

4 c], len(u) = blog2(u)c+ 1, n′ - öåëîå.

Òîãäà, P ((( ξ
R11L

< ξ
|R10| ) ∩ ( ξ

R11L
< ξ
|R00| )) ∩ 00011011) = 1.

Òåïåðü î ðàñøèðåííîì àëãîðèòìå Âåáåðà-Ñåäæåëìàñè. Âåáåð [4]
ïîëó÷èë íîâûé îáîáùåíííûé áèíàðíûé àëãîðèòì. Íåäîñòàòîê äàí-
íîãî àëãîðèòìà, êàê è äðóãèõ k-àðíûõ â òîì, ÷òî â õîäå ðàáî-
òû àëãîðèìà íàêàïëèâàþòñÿ äîï. ìíîæèòåëè, êîòîðûå íóæíî óáè-
ðàòü â êîíöå. Èøìóõàìåòîâ [5] ïîëó÷èë ðàñøèðåííûé k-àðíûé àë-
ãîðèòì, ðàññìîòðåâ ñëó÷àé, êîãäà GCD(Ci, k) = 1 è Ci < Bi, Ci =
(xiAi + yiBi)/k, ãäå A1, B1- èñõîäíûå ÷èñëà. Äëÿ óäàëåíèÿ äîï. ìíî-
æèòåëåé íóæíî âû÷èñëèòü d2 = GCD(A1, d), èñïîëüçóÿ àëãîðèòì
Åâêëèäà. Åñëè d2 6= 1, òî íàéòè d3 = GCD(B1, d2).

Ñåäæåëìàñè [6] ìîäèôèöèðîâàë àëãîðèòì Âåáåðà, ïîëó÷èâ íîâûé
k-àðíûé àëãîðèòì, â êîòîðîì íå íàêàïëèâàþòñÿ äîï. ìíîæèòåëè.
Ïðåäñòàâèì ðàñøèðåííûé àëãîðèòì Âåáåðà-Ñåäæåëìàñè (EWSA).
EWSA ïîäîáíî ðàñøèðåííîìó àëãîðèòìó Åâêëèäà (EEA) èìååò êàê
ïðÿìîé, òàê è îáðàòíûé õîä. Â õîäå ðàáîòû àëãîðèòìà íåîáõîäèì
ïîäñ÷åò 2 k-àðíûõ ðåäóêöèé |(niBl − diAl)/k|, i = 1, 2. Õðàíèì
ïàðàìåòðû ni, di, Ai div Bi, Ai mod Bi. Åñëè n2 ≥ sqrt(k), òî èñ-
ïîëüçóåì ìîäóëüíóþ ðåäóêöèþ, èíà÷å èñïîëüçóåì àëãîðèòì Âåáåðà-
Ñåäæåëìàñè (WSA). Íà êàæäîì øàãå èäåò ïîäñ÷åò íîâîé ïàðû:
(Ai+1, Bi+1), kRed1 = |(n1Bi − d1Ai)/k|, kRed2 = |(n2Bi − d2Ai)/k|,
Ai+1 = max(kRed1, kRed2), Bi+1 = min(kRed1, kRed2). ui+1, vi+1:
ui+1Ai+ 1 + vi+1Bi+1 = d. Âûðàçèâ, Ai+1, Bi+1 ïîëó÷èì ôîðìóëû
äëÿ ui, vi: un = 0, vn = 1, åñëè kRed2 > kRed1: ui = (ui+1n1 +
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vi+1n2)/k; vi = (−ui+1d1 − vi+1d2)/k. Åñëè kRed2 ≤ kRed1: ui =
(ui+1n2 + vi+1n1)/k; vi = (−ui+1d2 − vi+1d1)/k. Â ñëó÷àå èñïîëüçî-
âàíèÿ ìîäóëüíîé ðåäóêöèè (1 øàã EEA) ôîðìóëû áóäóò èäåíòè÷íû
EEA:ui = ui+1, vi = ui+1 − vi+1(Ai div Bi)i.

Åñëè ìîäóëüíàÿ ðåäóêöèÿ íå èñïîëüçîâàëàñü â õîäå ðàáîòû àë-
ãîðèòìà, ïîëó÷èì ñëåäóþùèé ôîðìóëû u′1 = u1 mod A1, v

′
1 =

v1 mod A1. u
′
1A1 +v′1B1 = 1+ tA1, îòêóäà íàéäåì t. Íàéäåì îáðàòíûå

ýëåìåíòû ê A1, B1: u = u′1 − t, v = v′1.

Ëèòåðàòóðà. [1] J. Sorenson. The k-ary gcd algorithm. Computer Sciences

Technical Report, 979 (1990).[2] J. Sorenson. Two fast GCD Algorithms.

J.Alg, 16 (1) (1990), 110-144. [3] D. A. Dolgov. GCD calculation in the

search task of pseudoprime and strong pseudoprime numbers. Lobachevskii

Journal of Mathematics, 37 (6) (2016), 734-739. [4] K. Weber. The accelerated

integer GCD algorithm. Journal ACMTransactions on Mathematical Software,

25 (1) (1995), 111-122.[5] S. T. Ishmukhametov, B. G. Muba- rakov,

Kamal. Al-Anni. Maad. Calculation of Bezout's coe�cients for the k-ary

algorithm of �nding GCD. Russian Mathematics, 61 (11) (2017), 26-33.

[6] S. M. Sedjel- maci. Jebelean�Weber's algorithm without spurious factors.

Information Processing Letters, 102 (6) (2007), 247-252.

Êàçàíñêèé ôåäåðàëüíûé óíèâåðñèòåò

e-mail: Dolgov.kfu@gmail.com

Á. À. Äóéñåíãàëèåâà (Àñòàíà, Êàçàõñòàí), Ó. Ó. Óìèðáà-
åâ (Detroit, MI, USA)

Äèêèé àâòîìîðôèçì ñâîáîäíîé àëãåáðû Íîâèêîâà
Õîðîøî èçâåñòíî [1, 2, 3, 4], ÷òî àâòîìîðôèçìû àëãåáðû ìíîãî-

÷ëåíîâ k[x, y] è ñâîáîäíîé àññîöèàòèâíîé àëãåáðû k 〈x, y〉 îò äâóõ ïå-
ðåìåííûõ íàä ïðîèçâîëüíûì ïîëåì k ÿâëÿþòñÿ ðó÷íûìè. Àëãåáðû
ìíîãî÷ëåíîâ k[x, y, z] è ñâîáîäíûå àññîöèàòèâíûå àëãåáðû k 〈x, y, z〉
îò òðåõ ïåðåìåííûõ íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè èìåþò äèêèå
àâòîìîðôèçìû [5, 6].

Íåàññîöèàòèâíàÿ àëãåáðà A = (A, ◦) íàçûâàåòñÿ àëãåáðîé Íîâè-
êîâà, åñëè A óäîâëåòâîðÿåò òîæäåñòâàì

(a ◦ b) ◦ c− a ◦ (b ◦ c) = (b ◦ a) ◦ c− b ◦ (a ◦ c),

(a ◦ b) ◦ c = (a ◦ c) ◦ b.
Ïóñòü N 〈x, y, z〉 � ñâîáîäíàÿ àëãåáðà Íîâèêîâà îò òðåõ ïåðåìåí-

íûõ x, y, z íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè. Èñïîëüçóÿ àâòîìîð-
ôèçì Íàãàòû [5] è ïðåäñòàâëåíèå ñâîáîäíûõ àëãåáð Íîâèêîâà â àë-
ãåáðå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ ìíîãî÷ëåíîâ [7], ïîñòðîåí
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àâòîìîðôèçì ψ àëãåáðû N 〈x, y, z〉 òàêîé, ÷òî

ψ(x) = x+ 2y ◦ w + (z ◦ w) ◦ w, ψ(y) = y + z ◦ w, ψ(z) = z,

ãäå w = 1
2 (2y ◦ y − x ◦ z − z ◦ x).

Òåîðåìà 1. Àâòîìîðôèçì ψ ñâîáîäíîé àëãåáðû Íîâèêîâà
N 〈x, y, z〉 îò òðåõ ïåðåìåííûõ x, y, z íàä ïîëåì íóëåâîé õàðàêòåðè-
ñòèêè ÿâëÿåòñÿ äèêèì.

Ëèòåðàòóðà. [1] H. W. E. Jung, Uber ganze birationale Transformationen

der Ebene. J. reine angew. Math., 184 (1942), 161�174. [2] W. van der Kulk,

On Polynomial Rings in Two Variables. Nieuw Archief voor Wiskunde, 3

(1953), 33�41. [3] A. G. Czerniakiewicz, Automorphisms of a Free Associative

Algebra of Rank 2. I, II. Trans. Amer. Math. Soc., 160 (1971), 393�401; 171

(1972), 309�315. [4] Ë. Ìàêàð-Ëèìàíîâ, Àâòîìîðôèçìû ñâîáîäíîé àëãåáðû

îò äâóõ ïîðîæäàþùèõ. Ôóíêöèîí. àíàëèç è åãî ïðèë., 4 (1970), 107�108.

[5] Ó. Ó. Óìèðáàåâ, È. Ï. Øåñòàêîâ, Ïîäàëãåáðû è àâòîìîðôèçìû êîëåö

ìíîãî÷ëåíîâ. Äîêë. ÐÀÍ, 386 (2002), 745�748. [6] Ó. Ó. Óìèðáàåâ, Îïðå-

äåëÿþùåå ñîîòíîøåíèÿ ãðóïïû ðó÷íûõ àâòîìîðôèçìîâ àëãåáðû ìíîãî-

÷ëåíîâ è äèêèå àâòîìîðôèçìû ñâîáîäíûõ àññîöèàòèâíûõ àëãåáð. Äîêë.

ÐÀÍ, 407 (2006), 319�324. [7] A. Dzhumadil'daev, C. Lofwall, Trees, free right-

simmetric algebras, free Novikov algebras and identities. Homology, Homotopy

and Applications, 4 (2002), 165�190.

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà

Wayne State University

e-mail: bibinur.88@mail.ru

È. Í. Çîòîâ (Êðàñíîÿðñê)

Èçîìîðôèçìû è ýëåìåíòàðíàÿ ýêâèâàëåíòíîñòü íèëüòðå-
óãîëüíûõ ïîäàëãåáð àëãåáð Øåâàëëå êëàññè÷åñêèõ òèïîâ

Èññëåäîâàíèÿ îòíîøåíèÿ ýëåìåíòàðíîé ýêâèâàëåíòíîñòè àëãåá-
ðàè÷åñêèõ ñèñòåì â ëîãèêå ïåðâîãî ïîðÿäêà, îáîçíà÷àåìîãî ÷åðåç ≡,
âîñõîäÿò ê òåîðåìå À.È. Ìàëüöåâà [1]. Îí äîêàçàë, ÷òî ýëåìåíòàðíàÿ
ýêâèâàëåíòíîñòü ëèíåéíûõ ãðóïï G(K) ≡ G(S) íàä ïîëÿìè õàðàê-
òåðèñòèêè 0 ïåðåíîñèòñÿ ïðè G = GLn, SLn, PGLn, PSLn (n ≥ 3) íà
ïîëÿ êîýôôèöèåíòîâ, òî åñòü K ≡ S.

Òåîðåòèêî-ìîäåëüíûå ñâîéñòâà è ñîîòâåòñòâèÿ Ìàëüöåâà ëèíåé-
íûõ ãðóïï è êîëåö èçó÷àëèñü â òåñíîé ñâÿçè ñ èçîìîðôèçìàìè ñ
70-õ ãîäîâ, ñì. ìîíîãðàôèþ [2], [4]-[5] è äð. Ê.Âèäýëà â 1990 ãîäó
[3] ïîêàçàë, ÷òî ñîîòâåòñòâèå Ìàëüöåâà âûïîëíÿåòñÿ äëÿ óíèïîòåíò-
íûõ ïîäãðóïï UΦ(K) ãðóïï Øåâàëëå, àññîöèèðîâàííûõ ñ ñèñòåìîé
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êîðíåé Φ ðàíãà > 1, íàä ïîëÿìè õàðàêòåðèñòèêè 6= 2, 3. Â [6] îòìå-
÷àëèñü âîïðîñû î ñîîòâåòñòâèè Ìàëüöåâà è íèëüòðåóãîëüíûõ ïîäàë-
ãåáð NΦ(K) ñ áàçîé {er | r ∈ Φ+} àëãåáð Øåâàëëå.

Îãðàíè÷åíèå íà õàðàêòåðèñòèêó ïîëÿ K â òåîðåìå Ê.Âèäýëà
îñëàáëÿëîñü â [8]. Îïèñàíèå èçîìîðôèçìîâ óñòàíàâëèâàåò

Òåîðåìà 1. Ïóñòü φ : NΦ′(S) → NΦ(K) èçîìîðôèçì êîëåö Ëè
êëàññè÷åñêîãî òèïà ðàíãà n > 4 íàä àññîöèàòèâíî êîììóòàòèâíûìè
êîëüöàìè K è S ñ åäèíèöàìè, ïðè÷¼ì äëÿ òèïîâ Bn è Cn àííóëÿòîð
ýëåìåíòà 2 â K è S íóëåâîé. Òîãäà φ åñòü ïðîèçâåäåíèå φ = τ̄ θ̄η èçî-
ìîðôèçìîâ τ̄ è θ̄, èíäóöèðîâàííûõ ïîäõîäÿùåé ýêâèâàëåíòíîñòüþ
τ : Φ′ → Φ ñèñòåì êîðíåé è èçîìîðôèçìîì θ : S → K êîëåö êîýôôè-
öèåíòîâ, è àâòîìîðôèçìà η ∈ Aut NΦ(K).

Òåîðåìà 1 è ðàçðàáîòàííûå ìåòîäû ïðèâîäÿò ê ïåðåíåñåíèþ ñîîò-
âåòñòâèÿ Ìàëüöåâà íà íèëüòðåóãîëüíûå ïîäàëãåáðû NΦ(K) àëãåáð
Øåâàëëå.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé (êîä ïðîåêòà 16-01-007-07).

Ëèòåðàòóðà. [1] À. È. Ìàëüöåâ. Ýëåìåíòàðíûå ñâîéñòâà ëèíåéíûõ ãðóïï.

Íåêîòîðûå ïðîáëåìû â Ìàòåìàòèêå è ìåõàíèêå. Íîâîñèáèðñê: Èçäà-

òåëüñòâî ÀÍ ÑÑÑÐ, 1961, 110-132. [2] Å. È. Áóíèíà, À. Â. Ìèõàë¼â,

À. Ã. Ïèíóñ. Ýëåìåíòàðíàÿ è áëèçêàÿ ê íåé ëîãè÷åñêèå ýêâèâàëåíòíî-

ñòè êëàññè÷åñêèõ è óíèâåðñàëüíûõ àëãåáð. Ì: ÌÖÍÌÎ, 2015, 360 ñ.

[3] C. K. Videla. On the Mal'cev correspondence. Proceed. AMS., 109 (1990),

493�502. [4] O. V. Belegradek. Model Theory of Unitriangular Groups. Amer.

Math. Soc. Transl., 195, �2 (1999), 1-116. [5] Â. Ì. Ëåâ÷óê, Å. Â. Ìèíàêîâà.

Ýëåìåíòàðíàÿ ýêâèâàëåíòíîñòü è èçîìîðôèçìû ëîêàëüíî-íèëüïîòåíòíûõ

ìàòðè÷íûõ ãðóïï è êîëåö. ÄÀÍ, Ò. 425, � 2 (2009), 165-168. [6] Â. Ì. Ëåâ-

÷óê. Òåîðåòèêî-ìîäåëüíûå è ñòðóêòóðíûå âîïðîñû àëãåáð è ãðóïï Øå-

âàëëå. Èòîãè íàóêè. � Þã Ðîññèè, Ò. 6. (2012), 75-84. [7] R. Carter. Simple

Groups of Lie type. Wiley and Sons, New York, 1972. [8] È. Í. Çîòîâ. Ýëå-

ìåíòàðíàÿ ýêâèâàëåíòíîñòü íåêîòîðûõ íèëüïîòåíòíûõ íåàññîöèàòèâíûõ

êîëåö // Ýëåêòðîííûé ñáîðíèê òåçèñîâ äîêëàäîâ ìåæäóíàðîäíîé êîíôå-

ðåíöèè ¾Ìàëüöåâñêèå ×òåíèÿ¿. � Íîâîñèáèðñê: Èíñòèòóò ìàòåìàòèêè èì.

Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ (2016), 185.

Èíñòèòóò ìàòåìàòèêè è ôóíäàìåíòàëüíîé èíôîðìàòèêè, Ñèáèðñêèé ôå-

äåðàëüíûé óíèâåðñèòåò

e-mail: zotovin@rambler.ru
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Å. Â. Çóáåé (Ãîìåëü, Áåëàðóñü)

Î ðàçðåøèìîñòè ãðóïïû ñ S-ïîëóíîðìàëüíûìè ïîäãðóï-
ïàìè Øìèäòà

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Âñå èñïîëüçóåìûå
îáîçíà÷åíèÿ è òåðìèíîëîãèÿ ñòàíäàðòíû è ñîîòâåòñòâóþò [1].

Íåíèëüïîòåíòíàÿ ãðóïïà, ó êîòîðîé âñå ñîáñòâåííûå ïîäãðóïïû
íèëüïîòåíòíû, íàçûâàåòñÿ ãðóïïîé Øìèäòà. Ãðóïïû Øìèäòà ïðè-
ñóòñòâóþò â êà÷åñòâå ïîäãðóïïû â êàæäîé íåíèëüïîòåíòíîé ãðóïïå.
Ïîýòîìó ñâîéñòâà çàêëþ÷åííûõ â ãðóïïå ïîäãðóïï Øìèäòà îêàçû-
âàþò ñóùåñòâåííîå âëèÿíèå íà ñòðîåíèå ñàìîé ãðóïïû. Ãðóïïû ñ
îãðàíè÷åíèÿìè íà ïîäãðóïïû Øìèäòà èññëåäîâàëèñü âî ìíîãèõ ðà-
áîòàõ. Íàïðèìåð, â [2], [3] èçó÷åíû ãðóïïû ñ ñóáíîðìàëüíûìè ïîä-
ãðóïïàìè Øìèäòà, à â [4] � ñ õîëëîâûìè ïîäãðóïïàìè Øìèäòà.

Ïîäãðóïïà A íàçûâàåòñÿ S-ïîëóíîðìàëüíîé (èëè SS-ïåðåñòàíî-
âî÷íîé) â ãðóïïå G, åñëè ñóùåñòâóåò ïîäãðóïïà B òàêàÿ, ÷òî G = AB
è A ïåðåñòàíîâî÷íà ñ êàæäîé ñèëîâñêîé ïîäãðóïïîé èç B.

Èçó÷àþòñÿ ãðóïïû, â êîòîðûõ íåêîòîðûå èç ïîäãðóïï Øìèä-
òà S-ïîëóíîðìàëüíû, è óñòàíàâëèâàþòñÿ ïðèçíàêè ðàçðåøèìîñòè è
π-ðàçðåøèìîñòè òàêèõ ãðóïï. Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. (1) Åñëè â ãðóïïå G âñå {2, 3}-ïîäãðóïïû Øìèäòà
S-ïîëóíîðìàëüíû, òî G áóäåò 3-ðàçðåøèìîé.

(2) Åñëè â ãðóïïå G âñå {2, 3}-ïîäãðóïïûØìèäòà è âñå 5-çàìêíó-
òûå {2, 5}-ïîäãðóïïû Øìèäòà S-ïîëóíîðìàëüíû, òî G ðàçðåøèìà.

Ýòà òåîðåìà îõâàòûâàåò íåêîòîðûå ðåçóëüòàòû èç [5].

Ëèòåðàòóðà. [1] Â. Ñ. Ìîíàõîâ. Ââåäåíèå â òåîðèþ êîíå÷íûõ ãðóïï è èõ

êëàññîâ. Ìèíñê: Âûøýéøàÿ øêîëà, 2006. [2] Â. Í. Êíÿãèíà, Â. Ñ. Ìîíàõîâ,

Î êîíå÷íûõ ãðóïïàõ ñ íåêîòîðûìè ñóáíîðìàëüíûìè ïîäãðóïïàìè Øìèä-

òà. Ñèáèðñêèé ìàòåì. æóðí., Òîì 45, 6 (2004), 1316�1322. [3] Â. À. Âåäåðíè-

êîâ, Êîíå÷íûå ãðóïïû ñ ñóáíîðìàëüíûìè ïîäãðóïïàìè Øìèäòà. Àëãåáðà

è ëîãèêà, Òîì 46, 6 (2007), 669�687. [4] V. N. Kniahina, V. S. Monakhov,

Finite groups with Hall Schmidt subgroups. Publ. Math. Debrecen, Vol. 81,

3�4 (2012), 341�350. [5] Â. Í. Êíÿãèíà, Â. Ñ. Ìîíàõîâ, Êîíå÷íûå ãðóïïû

ñ ïîëóíîðìàëüíûìè ïîäãðóïïàìè Øìèäòà. Àëãåáðà è ëîãèêà, Òîì 46, 4

(2007), 448�458.

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô. Ñêîðèíû

e-mail: ekaterina.zubey@yandex.ru
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Ä. Ç. Êàãàí (Ìîñêâà)

Áåñêîíå÷íîñòü øèðèíû êîììóòàíòíûõ âåðáàëüíûõ ïîä-
ãðóïï äëÿ ñïåöèàëüíûõ HNN-ðàñøèðåíèé

Íàïîìíèì îïðåäåëåíèå øèðèíû âåðáàëüíûõ ïîäãðóïï. Ïóñòü G−
íåêîòîðàÿ ãðóïïà, V− ïðîèçâîëüíîå ìíîæåñòâî ñëîâ. Â ñîîòâåòñòâèè
ñ [1] øèðèíà âåðáàëüíîé ïîäãðóïïû V (G) îòíîñèòåëüíî ìíîæåñòâà
ñëîâ V− ýòî íàèìåíüøåå ÷èñëî m ∈ N

⋃
{+∞} òàêîå, ÷òî ëþáîé

ýëåìåíò ïîäãðóïïû V (G) çàïèñûâàåòñÿ â âèäå ïðîèçâåäåíèÿ íå áîëåå
÷åì m çíà÷åíèé ñëîâ V ±1. Ðàçëè÷íûå ðåçóëüòàòû î øèðèíå âåðáàëü-
íûõ ïîäãðóïï áûëè ïîëó÷åíû Â. Ã. Áàðäàêîâûì [2], È.Â. Äîáðûíè-
íîé [3],Â.Í. Áåçâåðõíèì [4], Â.À. Ôàéçèåâûì [5].

Ðåçóëüòàòû, ïðèâåäåííûå â äàííîé ðàáîòå, ïîñâÿùåíû êîììó-
òàíòíîé âåðáàëüíûì ïîäãðóïïàì. Ñëîâî v èç ñâîáîäíîé ãðóïïû Fn
íàçûâàåòñÿ êîììóòàòîðíûì, åñëè îíî ëåæèò â êîììóòàíòå F ′n. Ìíî-
æåñòâî ñëîâ V íàçûâàåòñÿ êîììóòàòîðíûì, à îïðåäåëÿåìàÿ ýòèì
ìíîæåñòâîì âåðáàëüíàÿ ïîäãðóïïà V (G)− êîììóòàíòíîé, åñëè V ñî-
äåðæèò òîëüêî êîììóòàòîðíûå ñëîâà.

Ð. È. Ãðèãîð÷óê [6] óñòàíîâèë óñëîâèÿ áåñêîíå÷íîñòè äëÿ êîì-
ìóòàíòíûõ ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï â ñâîáîäíûõ ïðîèç-
âåäåíèÿõ ñ îáúåäèíåíèåì è HNN-ðàñøèðåíèÿõ. Â ðàáîòàõ àâòîðà
òàêæå áûëè óñòàíîâëåíû íåêîòîðûå óñëîâèÿ áåñêîíå÷íîñòè øèðè-
íû êîììóòàíòíûõ âåðáàëüíûõ ïîäãðóïï äëÿ ñâîáîäíûõ ãðóïïîâûõ
êîíñòðóêöèé, ãðóïï ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì [7]. Îáçîâ
ðåçóëüòàòîâ î øèðèíå âåðáàëüíûõ ïîäãðóïï ïðèâåäåí â [8]

Ðåçóëüòàòû, ðàññìàòðèâàåìûå â äàííûõ òåçèñàõ, ÿâëÿþòñÿ â
îïðåäåëåííîì ñìûñëå ïðîäîëæåíèåì óòâåðæäåíèé, ïîëó÷åííûõ Ãðè-
ãîð÷óêîì è Áàðäàêîâûì äëÿ HNN-ðàñøèðåíèé. Â äîêàçàòåëüñòâå
ýòèõ ðåçóëüòàòîâ èñïîëüçóåòñÿ òåõíèêà íåòðèâèàëüíûõ ïñåâäîõàðàê-
òåðîâ. Ïîíÿòèå ïñåâäîõàðàêòåðîâ áûëî ââåäåíî À.È. Øòåðíîì [9],
ìåòîäû ïîñòðîåíèÿ ïñåâäîõàðàêòåðîâ ïðèìåíÿëèñü, â òîì ÷èñëå, â
ðàáîòàõ âûøåïåðå÷èñëåííûõ àëãåáðàèñòîâ.

Â äàííîé ðàáîòå ñôîðìóëèðîâàíû ðåçóëüòàòû îá óñëîâèÿõ áåñêî-
íå÷íîñòè øèðèíû êîììóòàíòíûõ ñîáñòâåííûõ âåðáàëüíûõ ïîäãðóïï
äëÿ îïðåäåëåííîãî òèïà HNN-ðàñøèðåíèé, îòíîñÿùèõñÿ ê ñëîæíûì
ñëó÷àÿì - íèñõîäÿùèõ HNN-ðàñøèðåíèé (â êîòîðûõ îäíà èç èçî-
ìîðôíûõ ïîäãðóïï ñîâïàäàåò ñ áàçîé).

Òåîðåìà 1. [10] Ïóñòü G =< t, a0, a1, . . . , an−1|ta0t
−1 =

a1, . . . , tan−2t
−1 = an−1, tan−1t

−1 = WaRi W
−1 >; R− ïðîèçâîëüíîå

ïîëîæèòåëüíîå ÷èñëî è ñëîâî W (a0, a1, . . . , an−1) - íåïóñòîå ñëîâî â
ïîðîæäàþùèõ aj , çàïèñü êîòîðîãî íà÷èíàåòñÿ ñ ïîðîæäàþùåé ìè-
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íèìàëüíîãî èíäåêñà a±1
0 . Òîãäà øèðèíà ëþáîé ñîáñòâåííîé êîììó-

òàíòíîé âåðáàëüíîé ïîäãðóïïû V (G), îïðåäåëåííîé êîíå÷íûì ìíî-
æåñòâîì ñëîâ V, áåñêîíå÷íà.

Òåîðåìà 2.ÏóñòüG =< t, a0, a1, . . . , an−1|ta0t
−1 = a1, . . . , tan−2t

−1 =
an−1, tan−1t

−1 = WaRi W
−1 >; R− îòðèöàòåëüíîå ÷èñëî, íå ðàâíîå

−2z + 1, z ∈ N è ñëîâî W (a0, a1, . . . , an−1) - íåïóñòîå ñëîâî â ïîðîæ-
äàþùèõ aj , êîòîðîå íà÷èíàåòñÿ ñ ïîðîæäàþùåé a±1

0 . Òîãäà øèðè-
íà ëþáîé ñîáñòâåííîé êîììóòàíòíîé âåðáàëüíîé ïîäãðóïïû V (G),
îïðåäåëåííîé êîíå÷íûì ìíîæåñòâîì ñëîâ V, áåñêîíå÷íà.

Ëèòåðàòóðà. [1] Þ. È. Ìåðçëÿêîâ Àëãåáðàè÷åñêèå ëèíåéíûå ãðóïïû êàê

ïîëíûå ãðóïïû àâòîìîðôèçìîâ è çàìêíóòîñòü èõ âåðáàëüíûõ ïîäãðóïï //

Àëãåáðà è ëîãèêà. 1967. Ò. 6, �1. Ñ. 83 � 94. [2] Â. Ã. Áàðäàêîâ Î øèðèíå

âåðáàëüíûõ ïîäãðóïï íåêîòîðûõ ñâîáîäíûõ êîíñòðóêöèé // Àëãåáðà è ëî-

ãèêà. 1997. Ò. 36, �5. Ñ. 494-517. [3] È. Â. Äîáðûíèíà Ðåøåíèå ïðîáëåìû

øèðèíû â ñâîáîäíûõ ïðîèçâåäåíèÿõ ñ îáúåäèíåíèåì // Ôóíäàìåíòàëüíàÿ

è ïðèêëàäíàÿ ìàòåìàòèêà. 2009. Ò. 15, �1. Ñ. 23-30. [4] È. Â. Äîáðûíèíà,

Â. Í. Áåçâåðõíèé Î øèðèíå â íåêîòîðîì êëàññå ãðóïï ñ äâóìÿ îáðàçóþ-

ùèìè è îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì // Òðóäû èíñòèòóòà ìàòå-

ìàòèêè è ìåõàíèêè ÓðÎ ÐÀÍ. 2001. Ò.7, �2. Ñ. 95-102. [5] V. A. Faiziev

A problem of expressibility in some amalgamated products of groups // J.

Austral. Math. Soc. 2001. V. 71. P. 105 � 115. [6] Ð. È. Ãðèãîð÷óê Îãðàíè-

÷åííûå êîãîìîëîãèè ãðóïïîâûõ êîíñòðóêöèé // Ìàòåìàòè÷åñêèå çàìåò-

êè. 1996. Ò.59, �4. Ñ. 546-550. [7] Ä. Ç. Êàãàí Íåòðèâèàëüíûå ïñåâäî-

õàðàêòåðû íà ãðóïïàõ ñ îäíèì îïðåäåëÿþùèì ñîîòíîøåíèåì è íåòðèâè-

àëüíûì öåíòðîì // Ìàòåìàòè÷åñêèé ñáîðíèê, 2017. Ò.208., �1. Ñ. 80-96.

[8] È. Â. Äîáðûíèíà, Ä. Ç. Êàãàí Î øèðèíå âåðáàëüíûõ ïîäãðóïï â íåêî-

òîðûõ êëàññàõ ãðóïï // ×åáûøåâñêèé ñáîðíèê. 2015. Ò.16, �4 (56). Ñ. 150-

163. [9 À. È. Øòåðí Êâàçèïðåäñòàâëåíèÿ è ïñåâäîïðåäñòâëåíèÿ // Ôóíêö.

àíàëèç è åãî ïðèë. 1991. Ò. 25, �2. Ñ. 70-73. [10] Ä. Ç. Êàãàí Èíâàðèàíò-

íûå ôóíêöèè íà ñâî-áîäíûõ ãðóïïàõ è ñïåöèàëüíûõ HNN-ðàñøèðåíèÿõ //

×åáûøåâñêèé ñáîðíèê, 2017. Ò. 18. � 1 (61). Ñ. 109-122.

Ðîññèéñêèé óíèâåðñèòåò äðóæáû íàðîäîâ (ÐÓÄÍ), Ìîñêâà, Ðîññèÿ

e-mail: dmikagan@gmail.com

Ñ. Ô. Êàìîðíèêîâ (Ãîìåëü, Áåëàðóñü)

Î õàðàêòåðèçàöèè ÿäðà π-ïðåôðàòòèíèåâîé ïîäãðóïïû êî-
íå÷íîé ðàçðåøèìîé ãðóïïû

Â [1] ïîêàçàíî, ÷òî åñëè F � íàñûùåííàÿ ôîðìàöèÿ, H �
F-ïðåôðàòòèíè-åâà ïîäãðóïïà êîíå÷íîé ðàçðåøèìîé ãðóïïû G è
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∆F(G) � ïåðåñå÷åíèå âñåõ F-àáíîðìàëüíûõ ìàêñèìàëüíûõ ïîäãðóïï
èç G, òî ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) H ∩Hx ∩Hy ∩Hz = ∆F(G) äëÿ íåêîòîðûõ x, y è z èç G;
2) åñëè ëèáî ãðóïïà G ÿâëÿåòñÿ S4-ñâîáîäíîé, ëèáî ôîðìàöèÿ

F ñîñòîèò èç S3-ñâîáîäíûõ ãðóïï, òî H ∩ Hx ∩ Hy = ∆F(G) äëÿ
íåêîòîðûõ x è y èç G.

×àñòíûå àñïåêòû ýòîãî ðåçóëüòàòà ðàññìàòðèâàëèñü â ðàáîòàõ [2]
(F � ôîðìàöèÿ åäèíè÷íûõ ãðóïï, ∆F(G) = Φ(G) � ïîäãðóïïà Ôðàò-
òèíè ãðóïïû G) è [3] (F � ôîðìàöèÿ âñåõ íèëüïîòåíòíûõ ãðóïï,
∆F(G) = ∆(G) � ïîäãðóïïà Ãàøþöà ãðóïïû G, ò.å. ïåðåñå÷åíèå âñåõ
àáíîðìàëüíûõ ìàêñèìàëüíûõ ïîäãðóïï ãðóïïû G).

Ïîñêîëüêó ∆F(G) = CoreG(H) =
⋂
x∈GH

x äëÿ ëþáîé F-
ïðåôðàòòèíèå-âîé ïîäãðóïïû H ãðóïïû G, òî, ïî ñóòè, ðå÷ü èäåò
î âîçìîæíîñòè ïðåäñòàâëåíèÿ ÿäðà F-ïðåôðàòèíèåâîé ïîäãðóïïû â
âèäå ïåðåñå÷åíèÿ îãðàíè÷åííîãî ÷èñëà (òðåõ èëè ÷åòûðåõ) ñîïðÿ-
æåííûõ ñ íåé ïîäãðóïï.

Â äàííîé ðàáîòå ïðèâåäåííûé ðåçóëüòàò îá F-ïðåôðàòòèíèåâûõ
ïîäãðóïïàõ êîíå÷íîé ðàçðåøèìîé ãðóïïû G ðàñïðîñòðàíÿåòñÿ íà åå
π-ïðåôðàò-òèíèåâû ïîäãðóïïû. Îòìåòèì, ÷òî â îáùåì ñëó÷àå ìíî-
æåñòâî âñåõ π-ïðå-ôðàòòèíèåâûõ ïîäãðóïï ãðóïïû G íå ñîâïàäàåò ñ
ìíîæåñòâîì âñåõ åå F-ïðåôðàòòèíèåâûõ ïîäãðóïï).

Ïóñòü π � íåêîòîðîå ìíîæåñòâî ïðîñòûõ ÷èñåë è Φπ(G) � ïåðå-
ñå÷åíèå âñåõ ìàêñèìàëüíûõ ïîäãðóïï ãðóïïû G, èíäåêñû êîòîðûõ
íå äåëÿòñÿ íà ÷èñëà èç π. Íàøà ãëàâíàÿ öåëü � äîêàçàòåëüñòâî ñëå-
äóþùåé òåîðåìû.

Òåîðåìà. Ïóñòü π � íåêîòîðîå ìíîæåñòâî ïðîñòûõ ÷èñåë. Åñëè H
� π-ïðåôðàòòèíèåâà ïîäãðóïïà êîíå÷íîé ðàçðåøèìîé ãðóïïû G, òî
ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) H ∩Hx ∩Hy ∩Hz = Φπ(G) äëÿ íåêîòîðûõ ýëåìåíòîâ x, y è z
èç G;

2) åñëè ãðóïïà G ÿâëÿåòñÿ S4-ñâîáîäíîé, òî H ∩Hx∩Hy = Φπ(G)
äëÿ íåêîòîðûõ ýëåìåíòîâ x è y èç G;

3) åñëè 2 /∈ π è 3 /∈ π, òî H∩Hx∩Hy∩Hz = Φπ(G) äëÿ íåêîòîðûõ
ýëåìåíòîâ x è y èç G.

Êîíöåïöèÿ ïðåôðàòòèíèåâîé ïîäãðóïïû ïðåäëîæåíà Ãàøþöåì
â 1962 ãîäó. Â îðèãèíàëüíîì èçëîæåíèè ïðåôðàòòèíèåâà ïîäãðóï-
ïà îïðåäåëÿåòñÿ êàê ïåðåñå÷åíèå äîïîëíåíèé êîðîí âñåõ äîïîëíÿå-
ìûõ ãëàâíûõ ôàêòîðîâ íåêîòîðîãî ôèêñèðîâàííîãî ãëàâíîãî ðÿäà
ãðóïïû. Òàêîé ïîäõîä â äàëüíåéøåì øèðîêî èññëåäîâàëñÿ è ìíî-
ãîêðàòíî îáîáùàëñÿ. Íàèáîëåå ÿðêîå ðàçâèòèå îí ïîëó÷èë â ðàáî-
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òàõ Õîóêñà, êîòîðûé äëÿ íàñûùåííîé ôîðìàöèè F ââåë ïîíÿòèå
F-ïðåôðàòòèíèåâîé ïîäãðóïïû, ðàññìàòðèâàÿ äîïîëíåíèÿ êîðîí íå
âñåõ äîïîëíÿåìûõ ãëàâíûõ ôàêòîðîâ, à ëèøü F-ýêñöåíòðàëüíûõ.

Îòìåòèì, ÷òî èçâåñòíû è ïîäõîäû, íå èñïîëüçóþùåìó ïîíÿòèå
êîðîíû äîïîëíÿåìîãî ãëàâíîãî ôàêòîðà. Îäèí èç òàêèõ ïîäõîäîâ,
ðàññìàòðèâàþùèé îáîáùåííî ïðåôðàòòèíèåâó ïîäãðóïïó êîíå÷íîé
ðàçðåøèìîé ãðóïïû G êàê ïåðåñå÷åíèå íåêîòîðûõ åå ìàêñèìàëüíûõ
ïîäãðóïï, ìû èñïîëüçóåì ïðè îïðåäåëåíèè π-ïðåôðàòòèíèåâîé ïîä-
ãðóïïû.

Îïðåäåëåíèå. Ïóñòü π � íåêîòîðîå ìíîæåñòâî ïðîñòûõ ÷èñåë,

1 = A0 ⊂ A1 ⊂ ... ⊂ An = G

� ãëàâíûé ðÿä êîíå÷íîé ðàçðåøèìîé ãðóïïû G è {Ai/Ai−1|i ∈ I}
� ìíîæåñòâî âñåõ äîïîëíÿåìûõ ãëàâíûõ π

′
-ôàêòîðîâ ýòîãî ðÿäà.

Ïóñòü Mi (i ∈ I) � ìàêñèìàëüíàÿ ïîäãðóïïà ãðóïïû G, êîòîðàÿ
äîïîëíÿåò ãëàâíûé ôàêòîð Ai/Ai−1. Òîãäà ïîäãðóïïà

⋂
i∈IMi íà-

çûâàåòñÿ π-ïðåôðàòòèíèåâîé ïîäãðóïïîé ãðóïïû G (åñëè â G íåò
äîïîëíÿåìûõ ãëàâíûõ π

′
-ôàêòîðîâ, òî π-ïðåôðàòòèíèåâîé ïîäãðóï-

ïîé ãðóïïû G ñ÷èòàåòñÿ ñàìà ãðóïïà G).

Ïðîâåðêà ïîêàçûâàåò, ÷òî îïðåäåëåíèå π-ïðåôðàòòèíèåâîé ïîä-
ãðóïïû ÿâëÿåòñÿ êîððåêòíûì: îíî íå çàâèñèò îò âûáîðà ãëàâíîãî
ðÿäà ãðóïïû. Èç îïðåäåëåíèÿ ñëåäóåò òàêæå, ÷òî π-ïðåôðàòòèíèåâà
ïîäãðóïïà ñóùåñòâóåò â ëþáîé êîíå÷íîé ðàçðåøèìîé ãðóïïå.

Ëèòåðàòóðà. [1] A. Ballester-Bolinches, J. Cossey, S. F. Kamornikov,

H. Meng. On two questions from the Kourovka Notebook. J. Algebra, 499

(2018), 438�449. [2] S. F. Kamornikov. Intersections of prefrattini subgroups

in �nite soluble groups. Int. J. Group Theory, 6 (2017), 1�5. [3] Ñ. Ô. Êàìîðíè-

êîâ. Îá îäíîé õàðàêòåðèçàöèè ïîäãðóïïû Ãàøþöà êîíå÷íîé ðàçðåøèìîé

ãðóïïû. Ôóíäàìåíò. è ïðèêë. ìàòåì., 20 (2015), 65�75.

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô. Ñêîðèíû

e-mail: sfkamornikov@mail.ru

Â. Ê. Êàðòàøîâ, À. Â. Êàðòàøîâà (Âîëãîãðàä)

Î áàçèñàõ òîæäåñòâ è êâàçèòîæäåñòâ íåêîòîðûõ óíàðíûõ
àëãåáð

Èññëåäîâàíèå áàçèñîâ òîæäåñòâ è êâàçèòîæäåñòâ çàíèìàåò îäíî
èç öåíòðàëüíûõ ìåñò â óíèâåðñàëüíîé àëãåáðå. Íà ýòî îáðàòèë îñî-
áîå âíèìàíèå À. È. Ìàëüöåâ â ñâîåì äîêëàäå íà Ìåæäóíàðîäíîì
ìàòåìàòè÷åñêîì êîíãðåññå â 1966 ãîäó [1].
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Äëÿ ïðîèçâîëüíîãî ìíîãîîáðàçèÿ M àëãåáðàè÷åñêèõ ñèñòåì ñèã-
íàòóðû Ω ÷åðåç TV (M) îáîçíà÷àåòñÿ ýêâàöèîíàëüíàÿ òåîðèÿ êëàññà
M (ò. å. ñîâîêóïíîñòü âñåõ òîæäåñòâ, èñòèííûõ íà êëàññå M). Ïîä-
ìíîæåñòâî Σ ⊆ TV (M) íàçûâàåòñÿ áàçèñîì òîæäåñòâ ìíîãîîáðàçèÿ
M, åñëè êëàññ âñåõ àëãåáðàè÷åñêèõ ñèñòåì, íà êîòîðîì èñòèííû âñå
òîæäåñòâà èç Σ, ñîâïàäàåò ñ M. Àíàëîãè÷íî îïðåäåëÿåòñÿ áàçèñ êâà-
çèòîæäåñòâ.

Ã.Áèðêãîô [2] äîêàçàë, ÷òî âñÿêàÿ êîíå÷íàÿ óíàðíàÿ àëãåáðà êî-
íå÷íîãî òèïà èìååò êîíå÷íûé áàçèñ òîæäåñòâ. À.È. Ìàëüöåâûì áû-
ëî óñòàíîâëåíî [3, c. 352], ÷òî âñÿêîå ìíîãîîáðàçèå óíàðíûõ àëãåáð
ñ îäíîé îïåðàöèåé èìååò áàçèñ, ñîñòîÿùèé èç îäíîãî òîæäåñòâà.

Ýòè ðàáîòû ÿâèëèñü èñòî÷íèêîì íîâûõ èäåé âîêðóã ïðîáëåìû
íàõîæäåíèÿ áàçèñîâ òîæäåñòâ è êâàçèòîæäåñòâ.

Ïîçäíåå â [4] áûëî äîêàçàíî, ÷òî ëþáîå ìíîãîîáðàçèå êîììóòà-
òèâíûõ óíàðíûõ àëãåáð êîíå÷íîãî òèïà èìååò êîíå÷íûé áàçèñ òîæ-
äåñòâ.

Â ðàáîòàõ [5], [6] äîêàçàíî, ÷òî ëþáîé êîíå÷íûé óíàð èìååò êî-
íå÷íûé áàçèñ êâàçèòîæäåñòâ, à ëþáîé êîíå÷íîïîðîæäåííûé óíàð
� íåçàâèñèìûé áàçèñ êâàçèòîæäåñòâ. Ïðè ýòîì óñòàíîâëåíî ñóùå-
ñòâîâàíèå êîíòèíóóìà êâàçèìíîãîîáðàçèé óíàðîâ, êîòîðûå íå èìåþò
íåçàâèñèìîãî áàçèñà êâàçèòîæäåñòâ.

È.Ï. Áåñöåííûé [7] ïðèâîäèò íåîáõîäèìûå è äîñòàòî÷íûå óñëî-
âèÿ ñóùåñòâîâàíèÿ êîíå÷íîãî áàçèñà äëÿ òðåõýëåìåíòíîé óíàðíîé
àëãåáðû êîíå÷íîãî òèïà. Â.À. Ãîðáóíîâûì [8] áûë ïðèâåäåí ïðèìåð
òðåõýëåìåíòíîé óíàðíîé àëãåáðû, íå èìåþùåé íåçàâèñèìîãî áàçè-
ñà êâàçèòîæäåñòâ. Íåêîòîðûå óñëîâèÿ îòñóòñòâèÿ êîíå÷íîãî áàçèñà
êâàçèòîæäåñòâ äëÿ êîíå÷íûõ àëãåáð óêàçàíû â [9], [10]. Â [11] ðàñ-
ñìàòðèâàþòñÿ óíàðíûå àëãåáðû ñïåöèàëüíîãî òèïà ñ íóëåì, íàéäåí
êðèòåðèé ñóùåñòâîâàíèÿ êîíå÷íîãî áàçèñà êâàçèòîæäåñòâ äëÿ òàêèõ
àëãåáð.

Â [5] ïîêàçàíî, ÷òî âñÿêàÿ êîíå÷íàÿ àëãåáðà ìíîãîîáðàçèÿ àëãåáð
ñ äâóìÿ óíàðíûìè îïåðàöèÿìè f è g, îïðåäåëåííîãî òîæäåñòâàìè
fg(x) = gf(x) = x, èìååò êîíå÷íûé áàçèñ êâàçèòîæäåñòâ.

Îáîáùåíèåì ýòîãî ðåçóëüòàòà ÿâëÿåòñÿ

Òåîðåìà 1. Âñÿêàÿ êîíå÷íàÿ àëãåáðà ìíîãîîáðàçèÿ àëãåáð ñ äâóìÿ
óíàðíûìè îïåðàöèÿìè f è g, îïðåäåëåííîãî òîæäåñòâîì fg(x) = x,
èìååò êîíå÷íûé áàçèñ êâàçèòîæäåñòâ.

Óíàðíàÿ àëãåáðà A = 〈A,Ω〉 íàçûâàåòñÿ ñèëüíî ñâÿçíîé, åñëè îíà
ïîðîæäàåòñÿ ëþáûì ñâîèì ýëåìåíòîì.
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Åñëè óíàðíàÿ àëãåáðà A ïðåäñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ ïî-
ïàðíî íåïåðåñåêàþùèõñÿ óíàðíûõ àëãåáð Ai, i ∈ I, òî A íàçûâàåòñÿ
èõ ïðÿìîé ñóììîé.

Óíàðíàÿ àëãåáðà A = 〈A,Ω〉 íàçûâàåòñÿ êîììóòàòèâíîé , åñëè
fg(a) = gf(a) äëÿ ëþáûõ f, g ∈ Ω, a ∈ A.

Â ðàáîòå ðàññìàòðèâàþòñÿ ïðÿìûå ñóììû ñèëüíî ñâÿçíûõ êîì-
ìóòàòèâíûõ óíàðíûõ àëãåáð. Â äàëüíåéøåì ìû áóäåì íàçûâàòü ýòè
àëãåáðû ssc-àëãåáðàìè (sums of strongly connected algebras).

Òàêèå àëãåáðû øèðîêî èñïîëüçóþòñÿ â ðàçëè÷íûõ îáëàñòÿõ ìàòå-
ìàòèêè, â ÷àñòíîñòè, â òåîðèè àâòîìàòîâ, â äèñêðåòíîé ìàòåìàòèêå
([12]�[15]).

Äàëåå ÷åðåç Ω∗ îáîçíà÷àåòñÿ ñâîáîäíûé ìîíîèä ñëîâ íàä àëôà-
âèòîì Ω.

Òåîðåìà 2. Êîíå÷íàÿ óíàðíàÿ àëãåáðàü 〈A,Ω〉 êîíå÷íîãî òèïà ÿâ-
ëÿåòñÿ ssc-àëãåáðîé òîãäà è òîëüêî òîãäà, êîãäà îíà ïðèíàäëåæèò
ìíîãîîáðàçèþ, îïðåäåëÿåìîìó òîæäåñòâîì âèäà wx = x äëÿ íåêîòî-
ðîãî ñëîâà w ∈ Ω∗, ñîäåðæàùåãî âñå ñèãíàòóðíûå ñèìâîëû èç Ω.

Ñëåäñòâèå. Êîíå÷íûå ssc-àëãåáðû îáðàçóþò ïñåâäîìíîãîîáðàçèå.

Òåîðåìà 3. Âñÿêàÿ êîíå÷íàÿ êîììóòàòèâíàÿ ssc-àëãåáðà èìååò êî-
íå÷íûé áàçèñ êâàçèòîæäåñòâ.
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À. Â. Êàðòàøîâà (Âîëãîãðàä)

Î ìîäóëÿðíûõ è äèñòðèáóòèâíûõ ðåøåòêàõ òîïîëîãèé
êîììóòàòèâíûõ óíàðíûõ àëãåáð

Ïóñòü A = 〈A,Ω〉 � ïðîèçâîëüíàÿ àëãåáðà è σ � òîïîëîãèÿ íà
åå íîñèòåëå A. Ñèãíàòóðíàÿ n-àðíàÿ îïåðàöèÿ F íàçûâàåòñÿ íåïðå-
ðûâíîé îòíîñèòåëüíî σ, åñëè äëÿ ëþáûõ a1, a2, . . . , an ∈ A è ïðîèç-
âîëüíîé îêðåñòíîñòè U ýëåìåíòà F (a1, a2, . . . , an) íàéäóòñÿ îêðåñò-
íîñòè U1, U2, . . . , Un ýëåìåíòîâ a1, a2, . . . , an, ñîîòâåòñòâåííî, òàêèå,
÷òî F (U1, U2, . . . , Un) ⊆ U . Åñëè îòíîñèòåëüíî òîïîëîãèè σ íåïðå-
ðûâíà êàæäàÿ ñèãíàòóðíàÿ îïåðàöèÿ àëãåáðû A, òî σ íàçûâàåòñÿ
òîïîëîãèåé íà àëãåáðå A.

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî òàêèå òîïîëîãèè îáðàçóþò ïîë-
íóþ ðåøåòêó ïî âêëþ÷åíèþ (ñì., íàïðèìåð, [1]). Áóäåì íàçûâàòü åå
ðåøåòêîé òîïîëîãèé àëãåáðû A è îáîçíà÷àòü ÷åðåç =(A).

Ðåøåòêè, äâîéñòâåííûå ê ðåøåòêàì êîíãðóýíöèé è êâàçèïîðÿä-
êîâ ïðîèçâîëüíîé àëãåáðû A, âêëàäûâàþòñÿ â ðåøåòêó =(A) åå òî-
ïîëîãèé â êà÷åñòâå ïîäðåøåòîê ([2]).

Çàäà÷à èññëåäîâàíèÿ ðåøåòîê òîïîëîãèé àëãåáð ðàçëè÷íîé ñèã-
íàòóðû ðàññìàòðèâàëàñü ðÿäîì àâòîðîâ. Â ðàáîòå [3] Ì. Ëàìïåð äî-
êàçàë, ÷òî ðåøåòêà òîïîëîãèé ïðîèçâîëüíîé àáåëåâîé ãðóïïû ìîäó-
ëÿðíà. Á. Øìàðäà â [4] ïîêàçàë, ÷òî ðåøåòêà òîïîëîãèé àáåëåâîé
l-ãðóïïû äèñòðèáóòèâíà. Â [5] è [6] èññëåäóþòñÿ ñâîéñòâà ðåøåòîê
òîïîëîãèé ìîäóëåé íàä êîëüöàìè.

Àâòîðîì â ðàáîòå [7] îõàðàêòåðèçîâàíû êëàññû óíàðîâ, ò. å. àë-
ãåáð ñ îäíîé óíàðíîé îïåðàöèåé, ðåøåòêà òîïîëîãèé êîòîðûõ ÿâëÿ-
åòñÿ ìîäóëÿðíîé, äèñòðèáóòèâíîé, áóëåâîé, ðåøåòêîé ñ äîïîëíåíè-
ÿìè, ñ ïñåâäîäîïîëíåíèÿìè, ëèáî öåïüþ. Îïèñàí êëàññ ìîäóëÿðíûõ
ðåøåòîê, ðåàëèçóåìûõ ðåøåòêàìè òîïîëîãèé óíàðîâ.
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Óíàðíàÿ àëãåáðà A = 〈A,Ω〉 íàçûâàåòñÿ êîììóòàòèâíîé , åñëè
fg(a) = gf(a) äëÿ ëþáûõ f, g ∈ Ω, a ∈ A.

Â [8] àâòîðîì îïèñàíû êîììóòàòèâíûå óíàðíûå àëãåáðû, ðåøåòêà
òîïîëîãèé êîòîðûõ ÿâëÿåòñÿ öåïüþ.

Â äàííîì ñîîáùåíèè îõàðàêòåðèçîâàí êëàññ âñåõ êîììóòàòèâíûõ
óíàðíûõ àëãåáð ñ êîíå÷íûì ÷èñëîì îïåðàöèé, ðåøåòêè òîïîëîãèé
êîòîðûõ ìîäóëÿðíû ëèáî äèñòðèáóòèâíû. Êðîìå òîãî, ïðèâåäåíî
îïèñàíèå êëàññà ìîäóëÿðíûõ ðåøåòîê, ðåàëèçóåìûõ ðåøåòêàìè òî-
ïîëîãèé êîììóòàòèâíûõ óíàðíûõ àëãåáð ñ êîíå÷íûì ÷èñëîì îïåðà-
öèé.

Óíàðíàÿ àëãåáðà íàçûâàåòñÿ ñèëüíî ñâÿçíîé, åñëè îíà ïîðîæäà-
åòñÿ ëþáûì ñâîèì ýëåìåíòîì.

Äàëåå îáîçíà÷èì ÷åðåç E1 êëàññ âñåõ òàêèõ êîíå÷íûõ êîììóòà-
òèâíûõ óíàðíûõ àëãåáð A = 〈A,Ω〉, ÷òî âûïîëíåíû ñëåäóþùèå óñëî-
âèÿ:

1) âñå îäíîïîðîæäåííûå ïîäàëãåáðû àëãåáðû A ñîäåðæàò íå áîëåå
äâóõ ýëåìåíòîâ;

2) àëãåáðà A èìååò îäíîýëåìåíòíóþ ïîäàëãåáðó 〈{e},Ω〉, è äëÿ
ëþáûõ äâóõ ðàçëè÷íûõ ýëåìåíòîâ a, b àëãåáðû A, îòëè÷íûõ îò e,
íàéäåòñÿ îïåðàöèÿ f ∈ Ω òàêàÿ, ÷òî f(a) = a, f(b) = e.

Òåîðåìà 1. Ïóñòü A = 〈A,Ω〉 � ïðîèçâîëüíàÿ êîììóòàòèâíàÿ óíàð-
íàÿ àëãåáðà ñ êîíå÷íûì ÷èñëîì îïåðàöèé. Òîãäà ðåøåòêà =(A) òî-
ïîëîãèé ýòîé àëãåáðû ìîäóëÿðíà â òîì è òîëüêî â òîì ñëó÷àå, åñëè
âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

1) A � êîíå÷íàÿ ñèëüíî ñâÿçíàÿ àëãåáðà;
2) A � îäíîïîðîæäåííàÿ àëãåáðà ñ ïîðîæäàþùèì ýëåìåíòîì a

òàêàÿ, ÷òî 〈A \ {a},Ω〉 � êîíå÷íàÿ ñèëüíî ñâÿçíàÿ àëãåáðà;
3) A ∈ E1.
Äëÿ ëþáîé êîììóòàòèâíîé óíàðíîé àëãåáðû A = 〈A,Ω〉 ÷åðåç Ω∗

îáîçíà÷àåòñÿ ñâîáîäíûé ìîíîèä ñëîâ íàä àëôàâèòîì Ω. Îáîçíà÷èì
÷åðåç E2 êëàññ âñåõ êîíå÷íûõ ñèëüíî ñâÿçíûõ àëãåáð, õàðàêòåðèñòè-
÷åñêèå ïîëóãðóïïû êîòîðûõ ÿâëÿþòcÿ öèêëè÷åñêèìè ãðóïïàìè (ñì.,
íàïðèìåð, [9]).

Òåîðåìà 2. Ïóñòü A = 〈A,Ω〉 � ïðîèçâîëüíàÿ êîììóòàòèâíàÿ óíàð-
íàÿ àëãåáðà ñ êîíå÷íûì ÷èñëîì îïåðàöèé. Òîãäà ðåøåòêà =(A) òî-
ïîëîãèé ýòîé àëãåáðû äèñòðèáóòèâíà â òîì è òîëüêî â òîì ñëó÷àå,
åñëè âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

1) A ∈ E1;
2) A ∈ E2;
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3) A � îäíîïîðîæäåííàÿ àëãåáðà ñ ïîðîæäàþùèì ýëåìåíòîì a
òàêàÿ, ÷òî 〈A \ {a},Ω〉 ∈ E2.

Òåîðåìà 3. Ïóñòü L � ïðîèçâîëüíàÿ ìîäóëÿðíàÿ ðåøåòêà. Òîãäà L
èçîìîðôíà ðåøåòêå =(A) òîïîëîãèé íåêîòîðîé êîììóòàòèâíîé óíàð-
íîé àëãåáðû A ñ êîíå÷íûì ÷èñëîì îïåðàöèé òîãäà è òîëüêî òîãäà,
êîãäà L èçîìîðôíà ðåøåòêå Ln íàòóðàëüíûõ äåëèòåëåé íåêîòîðîãî
öåëîãî íåîòðèöàòåëüíîãî ÷èñëà n.
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Óëüòðàðàçðåøèìûå ãðóïïîâûå ðàñøèðåíèÿ ñ öèêëè÷åñêèì
ÿäðîì

Çàäà÷à ïîãðóæåíèÿ, ñâÿçàííàÿ ñ òî÷íîé ïîñëåäîâàòåëüíîñòüþ êî-
íå÷íûõ ãðóïï,

1 −−−−→ A −−−−→ G
ϕ−−−−→ F = Gal(K/k) −−−−→ 1,

ñîñòîèò â òîì, ÷òîáû ïîñòðîèòü k-àëãåáðó Ãàëóà L ñ ãðóïïîé G, ñî-
äåðæàùóþ ïîëå K, òàêèì îáðàçîì, ÷òîáû ýïèìîðôèçì îãðàíè÷åíèÿ
àâòîìîðôèçìîâ L íà K ñîâïàäàë áû ñ ϕ.

Äëÿ ñëó÷àÿ àáåëåâà ÿäðà A çàäà÷à ïîãðóæåíèÿ áûëà ïîëíîñòüþ
ðåøåíà â ðàáîòå [1], ãäå êðèòåðèé ðàçðåøèìîñòè óêàçàí â ãîìîëî-
ãè÷åñêèõ òåðìèíàõ. Îêàçûâàåòñÿ, ÷òî â äîñòàòî÷íî øèðîêîì êëàññå
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ñëó÷àåâ ïîèñêè ðåøåíèÿ çàäà÷è ïîãðóæåíèÿ â ñìûñëå àëãåáð Ãàëóà
è â ñìûñëå ïîëåé ýêâèâàëåíòíû (íàïðèìåð, ýòî òàê â ñëó÷àå íèëü-
ïîòåíòíîãî ÿäðà è ðàñøèðåíèÿ ïîëåé àëãåáðàè÷åñêèõ ÷èñåë ñì. [2]).

Â òî æå âðåìÿ èíòåðåñåí ñëó÷àé, êîãäà àïðèîðè ìîæíî ãàðàíòè-
ðîâàòü, ÷òî âñå ðåøåíèÿ çàäà÷è ïîãðóæåíèÿ îêàæóòñÿ ïîëÿìè (òàêèå
çàäà÷è ìû â äàëüíåéøåì, ñëåäóÿ [3], íàçûâàåì óëüòðàðàçðåøèìûìè).
Ïåðâûå íåòðèâèàëüíûå ïðèìåðû óëüòðàðàçðåøèìûõ çàäà÷ áûëè ïî-
ñòðîåíû â [3, 4].

Â ñâÿçè ñ ðàáîòàìè [3, 4] À.Â. ßêîâëåâûì áûëà ïîñòàâëåíà ñëå-
äóþùàÿ

Ïðîáëåìà 1. Ïóñòü

1 −−−−→ A −−−−→ G
ϕ−−−−→ F −−−−→ 1 (1)

� ðàñøèðåíèå êîíå÷íûõ ãðóïï ñ àáåëåâûì ÿäðîì A. Ïðè êàêèõ óñëî-
âèÿõ ñóùåñòâóåò ðàñøèðåíèå Ãàëóà ÷èñëîâûõ ïîëåé K/k ñ ãðóïïîé
F , òàêîå ÷òî ïîëó÷èâøàÿñÿ çàäà÷à ïîãðóæåíèÿ óëüòðàðàçðåøèìà?

Ìû ïîëíîñòüþ ðåøàåì ïðîáëåìó 1 äëÿ ñëó÷àÿ ðàñøèðåíèé íå÷åò-
íîãî ïîðÿäêà ñ öèêëè÷åñêèì ÿäðîì.

Ðàññìîòðèì ðàñøèðåíèå (1) ñ àáåëåâûì ÿäðîì A. Ïóñòü p � íåêî-
òîðûé ïðîñòîé äåëèòåëü ïîðÿäêà ãðóïïû A. Òîãäà ìîæíî ïðîôàê-
òîðèçîâàòü ðàñøèðåíèå (1) ïî p′-ïîäãðóïïå Ap′ ãðóïïû A, ò.å. ðàñ-
ñìîòðåòü ðàñøèðåíèå

1 −−−−→ A/Ap′ −−−−→ G/Ap′
ϕp′−−−−→ F −−−−→ 1, (2)

ãäå ϕp′ � ýïèìîðôèçì, èíäóöèðîâàííûé ϕ. Åñëè â (2) p | |F |, òî
ðàññìîòðèì íåêîòîðóþ ñèëîâñêóþ p-ïîäãðóïïó Fp ãðóïïû F è îáî-
çíà÷èì ÷åðåç Gp åå ïîëíûé ïðîîáðàç â G/Ap′ îòíîñèòåëüíî ϕp′ . Åñëè
æå â (2) p - |F |, òî ïîëàãàåì Fp = F , Gp = G/Ap′ . Ïîëó÷åííîå ðàñ-
øèðåíèå

1 −−−−→ A/Ap′ −−−−→ Gp
ϕp′−−−−→ Fp −−−−→ 1

ìû áóäåì íàçûâàòü p-ñèëîâñêèì ïîäðàñøèðåíèåì ê (1).

Òåîðåìà 1. Ïóñòü (1) � ðàñøèðåíèå íå÷åòíîãî ïîðÿäêà ñ öèêëè÷å-
ñêèì ÿäðîì. Ðàñøèðåíèå (1) óëüòðàðàçðåøèìî òîãäà è òîëüêî òîãäà,
êîãäà âñå åãî ñèëîâñêèå ïîäðàñøèðåíèÿ íå ÿâëÿþòñÿ ïîëóïðÿìûìè.

Ëèòåðàòóðà. [1] À. Â. ßêîâëåâ, Çàäà÷à ïîãðóæåíèÿ ïîëåé. Èçâ. ÀÍ

ÑÑÑÐ. Ñåð. ìàò., 28:3 (1964), 645�660. [2] Â. Â. Èøõàíîâ, Î ïîëóïðÿìîé

çàäà÷å ïîãðóæåíèÿ ñ íèëüïîòåíòíûì ÿäðîì. Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàò.,
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40:1 (1976), 3�25. [3] Ä. Ä. Êèñåëåâ, Á. Á. Ëóðüå, Óëüòðàðàçðåøèìîñòü

è ñèíãóëÿðíîñòü â ïðîáëåìå ïîãðóæåíèÿ, Çàï. íàó÷í. ñåì. ÏÎÌÈ, 414

(2013), 113�126. [4] Ä. Ä. Êèñåëåâ, Ïðèìåðû çàäà÷ ïîãðóæåíèÿ, ó êîòî-

ðûõ ðåøåíèÿ òîëüêî ïîëÿ, ÓÌÍ, 68:4 (2013), 181�182. [5] Ä. Ä. Êèñåëåâ,

Îá óëüòðàðàçðåøèìîñòè ãðóïïîâûõ p-ðàñøèðåíèé àáåëåâîé ãðóïïû ñ ïî-

ìîùüþ öèêëè÷åñêîãî ÿäðà, Çàï. íàó÷í. ñåì. ÏÎÌÈ, 452 (2016), 108�131.

[6] Ä. Ä. Êèñåëåâ, È. À. ×óáàðîâ, Îá óëüòðàðàçðåøèìîñòè íåêîòîðûõ êëàñ-

ñîâ ìèíèìàëüíûõ íåïîëóïðÿìûõ p-ðàñøèðåíèé ñ öèêëè÷åñêèì ÿäðîì äëÿ

p > 2, Çàï. íàó÷í. ñåì. ÏÎÌÈ, 452 (2016), 132�157. [7] À. Â. ßêîâëåâ, Îá

óëüòðàðàçðåøèìûõ çàäà÷àõ ïîãðóæåíèÿ äëÿ ÷èñëîâûõ ïîëåé, Àëãåáðà è

àíàëèç, 27:6 (2015), 260�263. [8] D. D. Kiselev, Minimal p-extensions and the

embedding problem, Communications in Algebra, 46:1 (2018), 290�321.

Âñåðîññèéñêàÿ àêàäåìèÿ âíåøíåé òîðãîâëè, ã. Ìîñêâà

e-mail: denmexmath@yandex.ru

À. Â. Êëèìàêîâ, À. À. Ìèõàë¼â (Ìîñêâà)

Ïî÷òè ïðèìèòèâíûå ýëåìåíòû ñâîáîäíûõ àëãåáð øðàéå-
ðîâûõ ìíîãîîáðàçèé

Ìíîãîîáðàçèå ëèíåéíûõ àëãåáð íàä ïîëåì îïðåäåëÿåòñÿ êàê
êëàññ àëãåáð, çàìêíóòûõ îòíîñèòåëüíî âçÿòèÿ ïîäàëãåáð, ãîìîìîðô-
íûõ îáðàçîâ è ïðÿìûõ ïðîèçâåäåíèé. Ìíîãîîáðàçèå àëãåáð íàçûâà-
åòñÿ øðàéåðîâûì, åñëè ëþáàÿ ïîäàëãåáðà ñâîáîäíîé àëãåáðû ýòîãî
ìíîãîîáðàçèÿ ÿâëÿåòñÿ ñâîáîäíîé (â òîì æå ìíîãîîáðàçèè àëãåáð).
Ïîíÿòèå øðàéåðîâà ìíîãîîáðàçèÿ âîçíèêëî â òåîðèè ãðóïï: â 1920-õ
ãîäàõ Äæ. Íèëüñåí [1] è Î. Øðàéåð [2] äîêàçàëè, ÷òî ëþáàÿ ïîäãðóï-
ïà ñâîáîäíîé ãðóïïû ñâîáîäíà.

À. Ã. Êóðîø [3] äîêàçàë, ÷òî ïîäàëãåáðû ñâîáîäíûõ íåàññîöèàòèâ-
íûõ àëãåáð ñâîáîäíû. À. È. Øèðøîâ [4] ïîêàçàë, ÷òî ìíîãîîáðàçèå
âñåõ àëãåáð Ëè ÿâëÿåòñÿ øðàéåðîâûì (ýòîò ðåçóëüòàò áûë ïîëó÷åí
òàêæå Âèòòîì â [5], ãäå òàêæå áûëî äîêàçàíî, ÷òî ìíîãîîáðàçèå âñåõ
p-àëãåáð Ëè ÿâëÿåòñÿ øðàéåðîâûì). À. È. Øèðøîâ â [6] ïîêàçàë,
÷òî ïîäàëãåáðû ñâîáîäíûõ íåàññîöèàòèâíûõ êîììóòàòèâíûõ è ñâî-
áîäíûõ íåàññîöèàòèâíûõ àíòèêîììóòàòèâíûõ àëãåáð ñâîáîäíû.

Â äàëüíåéøåì, â ðàáîòàõ À. À. Ìèõàë¼âà, À. Ñ.Øòåðíà, À. È. Êî-
ðåïàíîâà, Ó. Ó. Óìèðáàåâà, È. Ï. Øåñòàêîâà ðàññìàòðèâàëèñü ðàç-
ëè÷íûå êëàññû ñâîáîäíûõ àëãåáð è äîêàçûâàëàñü èõ øðàéåðîâîñòü.
Ó.Ó.Óìèðáàåâ â [7-8] ïîëó÷èë íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
äëÿ òîãî, ÷òîáû ìíîãîîáðàçèå àëãåáð áûëî øðàéåðîâûì, è ïîñòðîèë
íîâûå ïðèìåðû øðàéåðîâûõ ìíîãîîáðàçèé.
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Ñèñòåìà ýëåìåíòîâ ñâîáîäíîé àëãåáðû F (X) íàçûâàåòñÿ ïðèìè-
òèâíîé, åñëè îíà ÿâëÿåòñÿ ïîäìíîæåñòâîì íåêîòîðîãî ìíîæåñòâà
ñâîáîäíûõ îáðàçóþùèõ àëãåáðû F (X).

Òåîðåìà 1. ([9]) Ñèñòåìà a1, . . . , ar ýëåìåíòîâ àëãåáðû F (X)
ÿâëÿåòñÿ ïðèìèòèâíîé òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöà(
∂(a1), . . . , ∂(ar)

)
îáðàòèìà ñëåâà íàä U(F (X)). Â ÷àñòíîñòè, ýëå-

ìåíò a àëãåáðû F (X) ïðèìèòèâåí â òîì è òîëüêî â òîì ñëó÷àå, êîãäà
ñóùåñòâóþò òàêèå ýëåìåíòû m1, . . . ,mn ∈ U(F (X)), ÷òî

n∑
i=1

mi
∂a

∂xi
= 1.

Äàííàÿ òåîðåìà äàåò àëãîðèòì ðàñïîçíàâàíèÿ ïðèìèòèâíîñòè ñè-
ñòåì ýëåìåíòîâ ñâîáîäíûõ àëãåáð îñíîâíûõ òèïîâ øðàéåðîâûõ ìíî-
ãîîáðàçèé àëãåáð, êîòîðûé áûë ðåàëèçîâàí â ðàáîòàõ [10-12].

Íåíóëåâîé ýëåìåíò u ñâîáîäíîé àëãåáðû F (X) íàçûâàåòñÿ ïî-
÷òè ïðèìèòèâíûì ýëåìåíòîì, åñëè u íå ÿâëÿåòñÿ ïðèìèòèâíûì ýëå-
ìåíòîì àëãåáðû F (X), íî ÿâëÿåòñÿ ïðèìèòèâíûì ýëåìåíòîì ëþáîé
ñîáñòâåííîé ïîäàëãåáðû H àëãåáðû F (X), ñîäåðæàùåé ýëåìåíò u
(u ∈ H,H ⊆ F, 0 6= H 6= F ). Ïî÷òè ïðèìèòèâíûå ýëåìåíòû â ñâî-
áîäíûõ ãðóïïàõ èçó÷àëèñü â 90-ûõ ãîäàõ â ðàáîòàõ Ë. Êîìåðôîðäà,
Á. Ôàéíà, Ã. Ðîçåíáåðãà, À. Áðþíåðà. Èçó÷åíèå ïî÷òè ïðèìèòèâ-
íûõ ýëåìåíòîâ áûëî íà÷àòî â ðàáîòàõ À. À. Ìèõàë¼âà, Äæ. Ò. Þ,
Ó. Ó. Óìèðáàåâà, Â. Øïèëðàéíà â íà÷àëå 2000-ûõ ãîäîâ.

Â äîêëàäå áóäåò ïðîèçâåäåí îáçîð ðåçóëüòàòîâ ïî èññëåäîâàíèþ
ïî÷òè ïðèìèòèâíûõ ýëåìåíòîâ, êðèòåðèåâ è àëãîðèòìîâ èõ ðàñïî-
çíàâàíèÿ, ïîëó÷åííûõ àâòîðàìè çà ïîñëåäíèå 15 ëåò. Áóäóò ðàñ-
ñìîòðåíû ïðèìåðû è êðèòåðèè äëÿ îñíîâíûõ òèïîâ ñâîáîäíûõ àë-
ãåáð øðàéåðîâûõ ìíîãîîáðàçèé: ñâîáîäíîé íåàññîöèàòèâíîé àëãåá-
ðû, ñâîáîäíîé (àíòè)êîììóòàòèâíîé àëãåáðû è ñâîáîäíîé àëãåáðû
Ëè ìàëûõ ðàíãîâ (ðàáîòû [9-12]). Íà îñíîâå ñëåäóþùåé òåîðåìû
ñòðîÿòñÿ ñåðèè ïî÷òè ïðèìèòèâíûõ ýëåìåíòîâ â àëãåáðàõ ïðîèçâîëü-
íîãî ðàíãà.

Òåîðåìà 2. ([9,13]) Ïóñòü F (X) ÿâëÿåòñÿ ñâîáîäíûì ïðîèçâåäåíèåì
äâóõ ñîáñòâåííûõ ïîäàëãåáð A è B, F (X) = A ∗ B. Ïóñòü òàêæå
ýëåìåíòû a è b ÿâëÿþòñÿ ïî÷òè ïðèìèòèâíûìè ýëåìåíòàìè â A è B,
ñîîòâåòñòâåííî. Òîãäà ýëåìåíò a + b ÿâëÿåòñÿ ïî÷òè ïðèìèòèâíûì
ýëåìåíòîì àëãåáðû F (X).

Ñ ïîìîùüþ ââåäåíèÿ òàêèõ õàðàêòåðèñòèê ýëåìåíòà ñâîáîäíîé
àëãåáðû êàê ðàíã ïðèìèòèâíîñòè ýëåìåíòà, ðàíã ïî÷òè ïðèìèòèâíî-
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ñòè îäíîðîäíîãî ýëåìåíòà, áûëè ïîñòðîåíû êðèòåðèè è àëãîðèòìû
ðàñïîçíàâàíèÿ ïî÷òè ïðèìèòèâíûõ îäíîðîäíûõ ýëåìåíòîâ â îñíîâ-
íûõ òèïàõ ñâîáîäíûõ àëãåáð ïðîèçâîëüíîãî ðàíãà (ðàáîòû [13-16]).

Ëèòåðàòóðà. [1] J. Nilsen, Die Isomorphismengruppe der freien Gruppe.

Math. Ann., 91 (1924), 161�183. [2] O. Schreier, Die Untergruppen den freien

Gruppen. Abh. Math. Sem. Univ. Hamburg, 5 (1927), 161�183. [3] À. Ã. Êó-

ðîø, Íåàññîöèàòèâíûå ñâîáîäíûå àëãåáðû è ñâîáîäíûå ïðîèçâåäåíèÿ àë-

ãåáð. Ìàò. ñá., 20 (1947), 239�262. [4] À. È. Øèðøîâ, Ïîäàëãåáðû ñâîáîä-

íûõ ëèåâûõ àëãåáð. Ìàò. ñá., 33:2 (1953), 441�452. [5] E. Witt, Die Unterringe

der freien Lieschen Ringe. Math. Z., 64 (1956), 195�216. [6] À. È. Øèð-

øîâ, Ïîäàëãåáðû ñâîáîäíûõ êîììóòàòèâíûõ è àíòèêîììóòàòèâíûõ àë-

ãåáð. Ìàò. ñá., 34:1 (1954), 81�88. [7] Ó. Ó. Óìèðáàåâ, Î øðåéðåðîâûõ ìíî-

ãîîáðàçèÿõ àëãåáð. Àëã. è Ëîã., 33:3 (1994), 317�340. [8] U. U. Umirbaev,

Universal derivations and subalgebras of free algebras. Algebra(Krasnoyarsk,

1993). Berlin: Walter de Gruyter (1996), 255�271. [9] A. A. Mikhalev, J.-

T. Yu, Primitive, almost primitive, test, and ∆-primitive elements of free

algebras with the Nielsen-Schreier property. J. Algebra 228 (2000), 603�623.

[10] À. Â. Êëèìàêîâ, À. À. Ìèõàë¼â, Ïî÷òè ïðèìèòèâíûå ýëåìåíòû ñâî-

áîäíûõ íåàññîöèàòèâíûõ àëãåáð ìàëûõ ðàíãîâ. Ôóíäàìåíò. è ïðèêë. ìàò.

17:1 (2012), 127�141. [11] À. Â. Êëèìàêîâ, Ïî÷òè ïðèìèòèâíûå ýëåìåíòû

ñâîáîäíûõ íåàññîöèàòèâíûõ (àíòè)êîììóòàòèâíûõ àëãåáð ìàëûõ ðàíãîâ.

Âåñòí. Ìîñê. óí-òà. Ñåð. 1, ìàòåì. ìåõ. 5 (2012), 19�24. [12] À. Â. Êëèìàêîâ,

Ïî÷òè ïðèìèòèâíûå ýëåìåíòû ñâîáîäíûõ àëãåáð Ëè ìàëûõ ðàíãîâ. Ôóí-

äàìåíò. è ïðèêë. ìàò. 18:1 (2013), 63�74. [13] A.V. Klimakov, Primitivity rank

of elements of free Schreier algebras. J. of Alg. and Appl. 15:2 (2016) 1650036,

1�8. [14] À. Â. Êëèìàêîâ, Îäíîðîäíûå ïî÷òè ïðèìèòèâíûå ýëåìåíòû ñâî-

áîäíûõ íåàññîöèàòèâíûõ (àíòè)êîììóòàòèâíûõ àëãåáð. Âåñòí. Ìîñê. óí-

òà. Ñåð. 1, ìàòåì. ìåõ. 6 (2013), 52�55. [15] Â. À. Àðòàìîíîâ, À. Â. Êëè-

ìàêîâ, À. À. Ìèõàë¼â, À. Â. Ìèõàë¼â, Ïðèìèòèâíûå è ïî÷òè ïðèìèòèâ-

íûå ýëåìåíòû ñâîáîäíûõ àëãåáð øðàéåðîâûõ ìíîãîîáðàçèé. Ôóíäàìåíò.

è ïðèêë. ìàòåì., 21:2 (2016), 3�35. [16] À. Â. Êëèìàêîâ, À. À. Ìèõàë¼â.

Êðèòåðèè è àëãîðèòìû ðàñïîçíàâàíèÿ îäíîðîäíûõ ïî÷òè ïðèìèòèâíûõ

ýëåìåíòîâ ñâîáîäíûõ àëãåáð øðàéåðîâûõ ìíîãîîáðàçèé. ÊÎÌÏÜÞÒÅÐ-

ÍÀß ÀËÃÅÁÐÀ, Ìàòåðèàëû ìåæäóíàðîäíîé êîíôåðåíöèè Ìîñêâà, ÔÃ-

ÁÎÓ ÂÎ ÐÝÓ èì. Ã.Â. Ïëåõàíîâà (2017), 118�123.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà, Èññëå-

äîâàíèå âûïîëíåíî ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò

� 16-11-10013).

e-mail: andrey.klimakov@gmail.com, aamikhalev@mail.ru
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Â. Í. Êíÿãèíà, Â. Ñ. Ìîíàõîâ (Ãîìåëü, Áåëàðóñü)

Íèëüïîòåíòíîñòü âòîðîãî êîììóòàíòà êîíå÷íîé ãðóï-
ïû ñ õîëëîâñêè ñóáíîðìàëüíî âëîæåííûìè ïîäãðóïïàìè
Øìèäòà

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Èñïîëüçóþòñÿ ñòàí-
äàðòíûå îáîçíà÷åíèÿ è îáùåïðèíÿòàÿ òåðìèíîëîãèÿ. Ãðóïïîé
Øìèäòà íàçûâàþò êîíå÷íóþ íåíèëüïîòåíòíóþ ãðóïïó, âñå ñîáñòâåí-
íûå ïîäãðóïïû êîòîðîé íèëüïîòåíòíû. Îáçîð ðåçóëüòàòîâ î ñâîé-
ñòâàõ ãðóïï Øìèäòà, ñóùåñòâîâàíèè ïîäãðóïï Øìèäòà â êîíå÷íûõ
ãðóïïàõ è èõ íåêîòîðûõ ïðèëîæåíèÿõ â òåîðèè êëàññîâ êîíå÷íûõ
ãðóïï ïðèâåäåí â [1].

Ãðóïïû ñ îãðàíè÷åíèÿìè íà ïîäãðóïïû Øìèäòà èññëåäîâàëèñü
â ðàçëè÷íûõ ðàáîòàõ. Íàïðèìåð, â [2-4] èçó÷åíû ãðóïïû ñ ñóáíîð-
ìàëüíûìè ïîäãðóïïàìèØìèäòà, à â [5] � ñ õîëëîâûìè ïîäãðóïïàìè
Øìèäòà.

Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ õîëëîâñêè ñóáíîðìàëüíî âëî-
æåííîé â G, åñëè ñóùåñòâóåò ñóáíîðìàëüíàÿ ïîäãðóïïà N â G òà-
êàÿ, ÷òî H ≤ N è H ÿâëÿåòñÿ õîëëîâîé ïîäãðóïïîé â N , ò. å.
(|H|, |N : H|) = 1. ßñíî, ÷òî êàæäàÿ õîëëîâà ïîäãðóïïà è êàæäàÿ
ñóáíîðìàëüíàÿ ïîäãðóïïà áóäóò õîëëîâñêè ñóáíîðìàëüíî âëîæåí-
íûìè. Ãðóïïû ñ õîëëîâñêè ñóáíîðìàëüíî âëîæåííûìè ïîäãðóïïàìè
èçó÷àëèñü, íàïðèìåð, â [6,7].

Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Åñëè â êîíå÷íîé ãðóïïå G êàæäàÿ ïîäãðóïïà Øìèäòà
õîëëîâñêè ñóáíîðìàëüíî âëîæåíà, òî âòîðîé êîììóòàíò ãðóïïû G
íèëüïîòåíòåí.

Ïðèìåð. Ãðóïïà S = 〈a, b | a3 = b4 = e, ab = a−1〉 ÿâëÿåòñÿ ãðóïïîé
Øìèäòà. Ãðóïïà G = [E52 ]S èç ãîëîìîðôà ýëåìåíòàðíîé àáåëåâîé
ãðóïïû E52 ïîðÿäêà 25 îáëàäàåò òîëüêî ñëåäóþùèìè ïîäãðóïïàìè
Øìèäòà: ñàìîíîðìàëèçóåìàÿ ïîäãðóïïà S; íîðìàëüíàÿ â G ïîäãðóï-
ïà [E52 ]〈a〉; ñóáíîðìàëüíàÿ â G ïîäãðóïïà [E5]〈b2〉, ãäå E5 � ëþáàÿ
ïîäãðóïïà ïîðÿäêà 5 èç E52 . Ïîñêîëüêó F (G) = E52 , òî ãðóïïà G íå
áóäåò ìåòàíèëüïîòåíòíîé, à çíà÷èò åå êîììóòàíò íå íèëüïîòåíòåí.

Ëèòåðàòóðà. [1] Â. Ñ. Ìîíàõîâ. Ïîäãðóïïû Øìèäòà, èõ ñóùåñòâîâà-

íèå è íåêîòîðûå ïðèëîæåíèÿ // Òðóäû Óêð. ìàòåì. êîíãðåññà 2001. Êè-

åâ: Èíñòèòóò ìàòåìàòèêè ÍÀÓ. 2002, ñåêöèÿ � 1. Ñ.81�90. [2] Â.Í. Êíÿ-

ãèíà, Â.Ñ. Ìîíàõîâ. Î êîíå÷íûõ ãðóïïàõ ñ íåêîòîðûìè cóáíîðìàëü-

íûìè ïîäãðóïïàìè Øìèäòà // Ñèáèðñêèé ìàòåì. æóðí. 2004. Òîì 45,

� 6. Ñ. 1316�1322. [3] Â.À. Âåäåðíèêîâ. Êîíå÷íûå ãðóïïû ñ ñóáíîðìàëü-

íûìè ïîäãðóïïàìè Øìèäòà // Àëãåáðà è ëîãèêà. 2007. Òîì 46, � 6.
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Ñ. 669-687. [4] V.N. Kniahina, V. S. Monakhov. Finite groups with Hall

Schmidt subgroups //Publ. Math. Debrecen. 2012. Vol. 81, � 3�4. P. 341�

350. [5] A. Al-Sharo Kh., A.N. Skiba. On �nite groups with σ-subnormal

Schmidt subgroups // Commun. Algebra. � 2017. Vol. 45. � P. 4158�

4165. [6] V.N. Kniahina, V. S. Monakhov. On Hall embedded subgroups of

�nite groups // Journal of Group Theory. 2015. Vol. 18, � 4. P. 565�568.

[7] A. Ballester-Bolinches, J. Cossey, Qiao ShouHong. On Hall subnormally

embedded subgroups of �nite groups // Monatsh Math. 2016. Vol. 181. P. 753-

760.

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ôðàíöèñêà Ñêîðèíû

e-mail: knyagina@inbox.ru; victor.monakhov@gmail.com

È. Á. Êîæóõîâ, À. Ì. Ïðÿíèíèêîâ (Ìîñêâà)

Ïîëèãîíû, ó êîòîðûõ ðåø¼òêà êîíãðóýíöèé óäîâëåòâîðÿåò
òîæäåñòâó

Ïîëèãîí X íàä ïîëóãðóïïîé S (ñì. [1]) � ýòî ìíîæåñòâî X ìåñòå
ñ îòîáðàæåíèåì X × S → X, (x, s) 7→ xs òàêèì, ÷òî x(st) = (xs)t
ïðè x ∈ X, s, t ∈ S. Ïîíÿòèå ïîëèãîíà ÿâëÿåòñÿ àëãåáðàè÷åñêèì
âûðàæåíèåì ïîíÿòèÿ àâòîìàòà (áåç âûõîäà). Êðîìå òîãî, ïîíÿòèå
ïîëèãîíà ôàêòè÷åñêè ñîâïàäàåò ñ ïîíÿòèåì óíàðíîé àëãåáðû.

Ïóñòü ConX îáîçíà÷àåò ðåø¼òêó êîíãðóýíöèé ïîëèãîíà X. Â
ýòîé ðåø¼òêå íàèìåíüøèì ýëåìåíòîì ÿâëÿåòñÿ îòíîøåíèå ðàâåí-
ñòâà 4 = {(x, x)|x ∈ X}, à íàèáîëüøèì � óíèâåðñàëüíîå îòíîøå-
íèå ∇ = X ×X. Àëãåáðû, ó êîòîðûõ ðåø¼òêà êîíãðóýíöèé äèñòðè-
áóòèâíà èëè ìîäóëÿðíà, èíòåíñèâíî èçó÷àëèñü ñïåöèàëèñòàìè ðàç-
íûõ îáëàñòåé îáùåé àëãåáðû. Âîîáùå, êîíãðóýíö-äèñðèáóòèâíûå è
êîíãðóýíö-ìîäóëÿðíûå àëãåáðû � ýòî öåëîå íàïðàâëåíèå àáñòðàêò-
íîé àëãåáðû.×òî êàñàåòñÿ ïîëèãîíîâ, òî íàä íåêîòîðûìè "õîðîøè-
ìè" ïîëóãðóïïàìè âñå ïîëèãîíû ñ äèñòðèáóòèâíîé èëè ìîäóëÿðíîé
ðåø¼òêîé êîíãðóýíöèé ìîãóò áûòü îïèñàíû. Â ÷àñòíîñòè, â ðàáîòå
[2] ýòî ñäåëàíî äëÿ ïîëèãîíîâ íàä ïðÿìîóãîëüíûìè ñâÿçêàìè, ò.å.
ïîëóãðóïïàìè âèäà L×R, ãäå L è R îáîçíà÷àþò ñîîòâåòñòâåííî ïî-
ëóãðóïïó ëåâûõ è ïîëóãðóïïó ïðàâûõ íóëåé.

Äèñòðèáóòèâíûå è ìîäóëÿðíûå ðåø¼òêè îáðàçóþò ìíîãîîáðàçèÿ
ðåø¼òîê � îíè çàäàþòñÿ òîæäåñòâàìè (x ∨ y) ∧ z = (x ∧ z) ∨ (y ∧
z) è (x ∨ y) ∧ (x ∨ z) = x ∨ (z ∧ (x ∨ y)) ñîîòâåòñòâåííî. Â ñâÿçè
ñ âûøåñêàçàííûì êàæåòñÿ åñòåñòâåííûì èçó÷åíèå óíèâåðñàëüíûõ
àëãåáð, ó êîòîðûõ ðåø¼òêà êîíãðóýíöèé óäîâëåòâîðÿåò êàêîìó-ëèáî
íåòðèâèàëüíîìó ðåø¼òî÷íîìó òîæäåñòâó.

Äëÿ êîíå÷íûõ ïîëóãðóïï ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 1. Ïóñòü X � ïîëèãîí íàä êîíå÷íîé ïîëóãðóïïîé. Òîãäà
ðåø¼òêà êîíãðóýíöèé ConX óäîâëåòâîðÿåò êàêîìó-ëèáî íåòðèâèàëü-
íîìó òîæäåñòâó â òîì è òîëüêî òîì ñëó÷àå, åñëè X êîíå÷åí.

ÏóñòüM0(G, I,Λ, P ) îáîçíà÷àåò ðåãóëÿðíóþ ðèñîâñêóþ ìàòðè÷-
íóþ ïîëóãðóïïó íàä ãðóïïîé ñ íóë¼ì G ∪ {0} ñ ñýíäâè÷-ìàòðèöåé
P ; ðåãóëÿðíîñòü ðàâíîñèëüíà òîìó, ÷òî â êàæäîé ñòðîêå è â êàæ-
äîì ñòîëáöå ìàòðèöû P åñòü íåíóëåâûå ýëåìåíòû (ñì. [2, ãë. 3]).
Ñîãëàñíî õîðîøî èçâåñòíîé òåîðåìå Ñóøêåâè÷à � Ðèñà ðåãóëÿðíûå
ðèñîâñêèå ìàòðè÷íûå ïîëóãðóïïû � ýòî â òî÷íîñòè âïîëíå 0-ïðîñòûå
ïîëóãðóïïû. Òà æå òåîðåìà óòâåðæäàåò, ÷òî ðèñîâñêèå ìàòðè÷íûå
ïîëóãðóïïû áåç íóëÿM(G, I,Λ, P ) � ýòî â òî÷íîñòè âïîëíå ïðîñòûå
ïîëóãðóïïû. Îòìåòèì, ÷òî íàä ïîëóãðóïïàìè ñ íóë¼ì åñòåñòâåííî
ðàññìàòðèâàòü ïîëèãîíû ñ íóë¼ì, ò.å. ïîëèãîíû, â êîòîðûõ èìååòñÿ
ýëåìåíò θ òàêîé, ÷òî x0 = θs = θ0 = θ ïðè âñåõ x ∈ X, s ∈ S. Äëÿ
âïîëíå 0-ïðîñòûõ è âïîëíå ïðîñòûõ ïîëóãðóïï ñïðàâåäëèâû óòâåð-
æäåíèÿ, àíàëîãè÷íûå òåîðåìå 1.

Òåîðåìà 2. Ïóñòü S = M0(G, I,Λ, P ) � âïîëíå 0-ïðîñòàÿ ïîëó-
ãðóïïà è |G|, |I| < ∞. Òîãäà äëÿ ëþáîãî ïîëèãîíà X ñ íóë¼ì íàä
S âûïîëíÿåòñÿ ñëåäóþùåå: ðåø¼òêà êîíãðóýíöèé ConX óäîâëåòâî-
ðÿåò êàêîìó-ëèáî íåòðèâèàëüíîìó ðåø¼òî÷íîìó òîæäåñòâó â òîì è
òîëüêî òîì ñëó÷àå, åñëè X êîíå÷åí.

Òåîðåìà 3. Ïóñòü S = M(G, I,Λ, P ) � âïîëíå ïðîñòàÿ ïîëóãðóïïà
è |G|, |I| < ∞. Òîãäà äëÿ ëþáîãî ïîëèãîíà X íàä S âûïîëíÿåòñÿ
ñëåäóþùåå: ðåø¼òêà êîíãðóýíöèé ConX óäîâëåòâîðÿåò êàêîìó-ëèáî
íåòðèâèàëüíîìó ðåø¼òî÷íîìó òîæäåñòâó â òîì è òîëüêî òîì ñëó÷àå,
åñëè X êîíå÷åí.

Åñëè I � áåñêîíå÷íîå ìíîæåñòâî, òî óòâåðæäåíèÿ òåîðåì 2 è 3
íåâåðíû, êàê ïîêàçûâàþò óòâåðæäåíèÿ 1,2.

Óòâåðæäåíèå 1. Ñóùåñòâóåò âïîëíå 0-ïðîñòàÿ ïîëóãðóïïà S =
M0(G, I,Λ, P ) è áåñêîíå÷íûé ïîëèãîí X ñ íóë¼ì íàä S òàêèå, ÷òî
|G| = 1, à ðåø¼òêà êîíãðóýíöèé ConX äâóõýëåìåíòíà (à çíà÷èò, óäî-
âëåòâîðÿåò íåòðèâèàëüíîìó òîæäåñòâó).

Óòâåðæäåíèå 2. Ñóùåñòâóåò âïîëíå ïðîñòàÿ ïîëóãðóïïà S =
M(G, I,Λ, P ) è áåñêîíå÷íûé ïîëèãîí X íàä S òàêèå, ÷òî G � ãðóïïà
ïîäñòàíîâîê S3, à ðåø¼òêà êîíãðóýíöèé ConX äâóõýëåìåíòíà.

Ëèòåðàòóðà. [1] Kilp M., Knauer U., Mikhalev A. V., Monoids, acts and

categories. N.Y. - Berlin, Walter de Gruyter, 2000. [2] Êîæóõîâ È. Á., Ïðÿ-

íè÷íèêîâ À. Ì., Óñëîâèÿ ìîäóëÿðíîñòè ðåø¼òêè êîíãðóýíöèé ïîëèãîíà
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íàä ïðÿìîóãîëüíîé ñâÿçêîé (â ïå÷àòè). [3] Êëèôôîðä À. Ïðåñòîí Ã., Àë-

ãåáðàè÷åñêàÿ òåîðèÿ ïîëóãðóïï. Ì.: Ìèð, ò. 1, 1972, ò. 2, 1974.

ÍÈÓ ¾ÌÈÝÒ¿, ÌÃÓ èì Ì.Â. Ëîìîíîñîâà

e-mail: kozhuhov_i_b@mail.ru, genary@ya.ru

Â. À. Êîéáàåâ (Âëàäèêàâêàç)

Ê âîïðîñó Â.Ì.Ëåâ÷óêà
1. Ïîñòàíîâêà âîïðîñà è åãî èñòîðèÿ. Â Êîóðîâñêîé òåòðà-

äè [1, âîïðîñ 15.46] ñôîðìóëèðîâàí âîïðîñ Â. Ì. Ëåâ÷óêà î äîïó-
ñòèìîñòè (çàìêíóòîñòè) êîâðîâ (ýëåìåíòàðíûõ ñåòåé). Ýòîò âîïðîñ
(òî÷íåå, åå SL-âàðèàíò) çâó÷èò ñëåäóþùèì îáðàçîì. Ïóñòü σ = (σij)
� ýëåìåíòàðíàÿ ñåòü (ýëåìåíòàðíûé êîâåð) ïîðÿäêà n > 3 íàä ïî-
ëåì K. Âåðíî ëè, ÷òî äëÿ äîïóñòèìîñòè êîâðà (ýëåìåíòàðíîé ñåòè)
σ = (σij), 1 6 i 6= j 6 n, íåîáõîäèìî è äîñòàòî÷íî äîïóñòèìîñòü ïîä-

êîâðîâ (ïîäñåòåé)

(
∗ σji
σij ∗

)
âòîðîãî ïîðÿäêà (äëÿ ëþáûõ i 6= j).

Äîñòàòî÷íûì óñëîâèåì äëÿ óñïåøíîãî ðåøåíèÿ óêàçàííîãî âî-
ïðîñà ÿâëÿåòñÿ âîïðîñ ïîñòàâëåííûé ß.Í.Íóæèíûì î ñïðàâåäëèâî-
ñòè ðàâåíñòâà

E(σ) ∩ 〈tij(K), tji(K)〉 = 〈tij(σij), tji(σji)〉 (1)

äëÿ âñåõ i 6= j, ãäå σ = (σij) � çàìêíóòàÿ ýëåìåíòàðíàÿ ñåòü ñòåïåíè
n ≥ 3 íàä ïîëåì K, E(σ) � ýëåìåíòàðíàÿ ñåòåâàÿ ïîäãðóïïà (òî
åñòü ïîäãðóïïà, ïîðîæäåííàÿ âñåìè êîðíåâûìè ïîäãðóïïàìè tij(σij),
i 6= j). Âêëþ÷åíèå (⊇) î÷åâèäíî, ïîýòîìó âîïðîñ î ðàâåíñòâå (1)
ñîñòîèò â ïðîâåðêå âêëþ÷åíèÿ (⊆) â (1).

Â íàñòîÿùåé çàìåòêå ìû ïðèâîäèì ïðèìåð ïîëÿ K è ýëåìåíòàð-
íîé çàìêíóòîé (äîïóñòèìîé) íåïðèâîäèìîé ñåòè σ = (σij) ïîðÿäêà
n > 3 íàä ïîëåì K, äëÿ êîòîðîé ïîäãðóïïà E(σ) ∩ 〈tij(K), tji(K)〉
íå ñîäåðæèòñÿ â ãðóïïå 〈tij(σij), tji(σji)〉. Äëÿ ïðîñòîòû èçëîæåíèÿ,
íå óìàëÿÿ îáùíîñòè, ìû ïîëàãàåì i = 1, j = 2.

Íàïîìíèì èçâåñòíûå îïðåäåëåíèÿ, êîòîðûìè ìû ïîëüçóåìñÿ â
íàñòîÿùåé çàìåòêå. Ñèñòåìà àääèòèâíûõ ïîäãðóïï σ = (σij), 1 6
i, j 6 n, ïîëÿ (èëè êîëüöà)K íàçûâàåòñÿ ñåòüþ ïîðÿäêà n íàä ïîëåì
K, åñëè σirσrj ⊆ σij ïðè âñåõ çíà÷åíèÿõ èíäåêñîâ i, r, j [2]. Äëÿ ñåòè
ïðèíÿò òàêæå òåðìèí êîâåð [3], [4]. Òàêàÿ æå ñèñòåìà, íî áåç äèàãî-
íàëè, íàçûâàåòñÿ ýëåìåíòàðíîé ñåòüþ (ýëåìåíòàðíûì êîâðîì) [1,
âîïðîñ 15.46], [2�4]. Ïîëíóþ èëè ýëåìåíòàðíóþ ñåòü σ = (σij) ìû
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íàçûâàåì íåïðèâîäèìîé, åñëè âñå àääèòèâíûå ïîäãðóïïû σij îòëè÷-
íû îò íóëÿ. Íàçîâåì ýëåìåíòàðíóþ ñåòü σ çàìêíóòîé (äîïóñòèìîé),
åñëè ïîäãðóïïà E(σ) íå ñîäåðæèò íîâûõ ýëåìåíòàðíûõ òðàíñâåêöèé.

2. Ïîñòðîåíèå ïðèìåðà. Ïóñòü R � ïðîèçâîëüíàÿ êîììóòàòèâ-
íàÿ îáëàñòü öåëîñòíîñòè ñ 1, R[x] � êîëüöî ìíîãî÷ëåíîâ îò îäíîé
ïåðåìåííîé x ñ êîýôôèöèåíòàìè èç R, K = R(x)� ïîëå âñåõ ðà-
öèîíàëüíûõ ôóíêöèé f

g , f, g ∈ R[x], g 6= 0. Äëÿ íåîòðèöàòåëüíîãî
öåëîãî n ∈ N ∪ 0 ðàññìîòðèì èäåàë

Rn[x] = {cnxn + cn+1x
n+1 + . . .+ cmx

m : m > n, ci ∈ R}

êîëüöà R[x] = R0[x]. Î÷åâèäíî, ÷òî (n, s ∈ N ∪ 0)

Rn[x]Rs[x] = Rn+s[x], Rn[x] ⊇ Rn+1[x] ⊇ Rn+2[x] . . . . (2)

Ðàññìîòðèì çàìêíóòóþ ýëåìåíòàðíóþ ñåòü σ = (σij) (ïîðÿäêà n > 3)
èäåàëîâ êîëüöà R[x] : σ12 = σ21 = R2[x], σij = R1[x] äëÿ îñòàëüíûõ
i 6= j. Â ñèëó (2) ïîñòðîåííàÿ òàáëèöà σ = (σij) ÿâëÿåòñÿ çàìêíóòîé
ýëåìåíòàðíîé ñåòüþ íàä êîëüöîì R[x] (èëè íàä ïîëåì K = R(x))
ïîðÿäêà n.

Òåîðåìà. Ïóñòü n > 3. Òîãäà äëÿ ïîñòðîåííîé ýëåìåíòàðíîé ñåòè
σ = (σij) ïîäãðóïïà E(σ)∩ 〈t12(K), t21(K)〉 íå ñîäåðæèòñÿ â ãðóïïå
〈t12(σ12), t21(σ21)〉.
Ëèòåðàòóðà. [1] Êîóðîâñêàÿ òåòðàäü. Íåðåøåííûå âîïðîñû òåîðèè

ãðóïï. Íîâîñèáèðñê. 2010. Èçäàíèå 17-å. [2] Ç. È. Áîðåâè÷, Î ïîäãðóïïàõ

ëèíåéíûõ ãðóïï, áîãàòûõ òðàíñâåêöèÿìè. // Çàï. íàó÷. ñåìèíàðîâ ËÎÌÈ.

75(1978), 22�31. [3] Â. Ì. Ëåâ÷óê, Çàìå÷àíèå ê òåîðåìå Ë. Äèêñîíà. Àë-

ãåáðà è ëîãèêà, 22(1983), � 5, 504-517.[ 4] V. A. Koibaev, Y. N. Nuzhin,

Subgroups of the Chevalley Groups and Lie Rings De�nable by a Collection

of Additive Subgroups of the Initial Ring. Journal of Mathematical Sciences,

201(2014), Issue 4, 458-464.

Ñåâåðî-Îñåòèíñêèé ãîñóíèâåðñèòåò

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò ÂÍÖ ÐÀÍ

e-mail: koibaev-K1@yandex.ru

Î. Î. Êîìèëîâ (Äóøàíáå,Òàäæèêèñòàí)

Êëàññèôèêàöèÿ êâàçèãðóïï ìàëûõ ïîðÿäêîâ ïî òîæäå-
ñòâàì

Èçâåñòíî, ÷òî àëãåáðàè÷åñêèì ýêâèâàëåíòîì ëàòèíñêîãî êâàäðà-
òà ÿâëÿåòñÿ êâàçèãðóïïà [1]. Àëãåáðàè÷åñêèé àïïàðàò òåîðèè êâàçè-
ãðóïï â îñíîâíîì ïîñòðîåí Â.Ä.Áåëîóñîâûì è åãî ó÷åíèêàìè. Çàäà-
÷à ïîëó÷åíèÿ òî÷íîé ôîðìóëû äëÿ ïîäñ÷¼òà ÷èñëà L(n) ëàòèíñêèõ
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êâàäðàòîâ ïîðÿäêà n â îáùåì ñëó÷àå íå ðåøåíà. Èçâåñòíû ñëåäóþ-
ùèå îöåíêè äëÿ L(n):

(n!)2n

nn2 ≤ L(n) ≤
n∏
k=1

(k!)n/k

Íàïðèìåð, äëÿ ñëó÷àÿ L(11) ïîëó÷èì 48-çíà÷íîå ÷èñëî.
Â äîêëàäå ïðè íåêîòîðûõ îãðàíè÷åíèÿõ, íàïðèìåð, äëÿ èçâåñò-

íûõ êëàññîâ êâàçèãðóïï ìàëûõ ïîðÿäêîâ ïîëó÷åíû òî÷íûå ðåçóëüòà-
òû. Êâàçèãðóïïû 4-ãî è 5-ãî ïîðÿäêîâ îõàðàêòåðèçîâàíû ðàçëè÷íû-
ìè èçâåñòíûìè òîæäåñòâàìè. Ïîëó÷åíû êîëè÷åñòâåííûå ðåçóëüòà-
òû îòíîñèòåëüíî îñíîâíûõ òîæäåñòâ êâàçèãðóïï 4-ãî è 5-ãî ïîðÿä-
êîâ. Íà ÿçûêå Ñ++ è â èíòåãðèðîâàííîé ñðåäå ðàçðàáîòêè Delphi
10 Seattle ñîñòàâëåíû ïðîãðàììû, ñ ïîìîùüþ êîòîðûõ íàéäåíû âñå
âèäû êâàçèãðóïï, ñîîòâåòñòâóþùèå ýòèì òîæäåñòâàì. Ïîëó÷åííûå
ðåçóëüòàòû ïðèâåäåíû â ñëåäóþùåé òàáëèöå:

Íåêîòîðûå îñíîâíûå òîæäåñòâà Êîëè÷åñòâî
êâàçèãðóïï
ïîðÿäêà 4

Êîëè÷åñòâî
êâàçèãðóïï
ïîðÿäêà 5

1 xy · z = x · yz Àññîöèàòèâíîñòü 16 30

2 yx · zx = yz Òðàíçèòèâíîñòü 16 30

3 x · yz = xy · xz Ëåâàÿ äèñòðèáó-
òèâíîñòü

2 18

4 x · xy = xx · y Ëåâàÿ àëüòåðíà-
òèâíîñòü

16 30

5 xy · x = x · yx Ýëëàñòè÷íîñòü 98 862

6 (x · yz)x = xy ·zx Òîæäåñòâî Ìó-
ôàíã

16 30

7 xx = x Èäåìïîòåòíîñòü 2 48

8 xx = yy Óíèïîòåíòíîñòü 96 6720

9 x · xy = yx Òîæäåñòâî Ñòåé-
íà

2 6

10 x · xy = y Ëåâûé çàêîí
¾êëþ÷åé¿ Ñàäà

96 720

Ëèòåðàòóðà. [1] Â. Ä. Áåëîóñîâ. Îñíîâû òåîðèè êâàçèãðóïï è ëóï. Ì.:

Íàóêà, 1967.

Òàäæèêñêèé íàöèîíàëüíûé óíèâåðñèòåò

e-mail: okil.komilov@yandex.ru
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Å. È. Êîìïàíöåâà (Ìîñêâà)

Àáåëåâû MT -ãðóïïû è êîëüöà íà íèõ
Óìíîæåíèåì íà àáåëåâîé ãðóïïå G íàçûâàåòñÿ ãîìîìîðôèçì

µ : G⊗G → G, ãðóïïó MultG = Hom(G⊗G,G) íàçûâàþò ãðóïïîé
óìíîæåíèé ãðóïïû G. Àáåëåâà ãðóïïà G ñ çàäàííûì íà íåé óìíî-
æåíèåì îïðåäåëÿåò íåêîòîðîå êîëüöî, êîòîðîå íàçûâàåòñÿ êîëüöîì
íà G.

Èçâåñòíî [1], ÷òî ëþáîå óìíîæåíèå íà ïåðèîäè÷åñêîé àáåëåâîé
ãðóïïå G îïðåäåëÿåòñÿ åãî ñóæåíèåì íà áàçèñíóþ ïîãðóïïó B ãðóï-
ïû G, òî åñòüMultG ∼= Hom(B⊗B,G). Ýòîò ôàêò ïîçâîëÿåò ñòðîèòü
è èçó÷àòü êîëüöà íå òîëüêî íà ïåðèîäè÷åñêèõ ãðóïïàõ, íî è íà ñìå-
øàííûõ àáåëåâûõ ãðóïïàõ G, îáëàäàþùèõ ñëåäóþùèì ñâîéñòâîì:
ëþáîå óìíîæåíèå íà ïåðèîäè÷åñêîé ÷àñòè T (G) ãðóïïû G îäíîçíà÷-
íî ïðîäîëæàåòñÿ äî óìíîæåíèÿ íà âñåé ãðóïïå. Òàêèå ãðóïïû íàçû-
âàþòñÿ MT -ãðóïïàìè, ïðîáëåìà èõ èçó÷åíèÿ ñôîðìóëèðîâàíà â [2].
Î÷åâèäíî,MultG ∼= MultT (G) = Hom(B⊗B, T (G)) äëÿMT -ãðóïïû
G.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ MT -ãðóïï è êîëåö íà
íèõ. Äëÿ ñìåøàííîé àáåëåâîé ãðóïïû G áóäåì èñïîëüçîâàòü ñëåäó-
þùèå îáîçíà÷åíèÿ: Λ(G) � ìíîæåñòâî ïðîñòûõ ÷èñåë p, äëÿ êîòîðûõ
p-êîìïîíåíòà Tp(G) ãðóïïû T (G) îòëè÷íà îò íóëÿ, G1

Λ � ïîäãðóïïà
âñåõ ýëåìåíòîâ ãðóïïû G, èìåþùèõ áåñêîíå÷íóþ p-âûñîòó äëÿ ëþ-
áîãî p ∈ Λ(G), End G è E(G) � ãðóïïà è êîëüöî ýíäîìîðôèçìîâ
ãðóïïû G ñîîòâåòñòâåííî.

Òåîðåìà 1. Äëÿ ëþáîé MT -ãðóïïû G ôàêòîðãðóïïà G/G1
Λ èçî-

ìîðôíà ñåðâàíòíîé ïîäãðóïïå Z-àäè÷åñêîãî ïîïîëíåíèÿ B̂ áàçèñíîé
ïîäãðóïïû B ãðóïïû T (G).

Ó÷èòûâàÿ, ÷òî óìíîæåíèÿ íà àëãåáðàè÷åñêè êîìïàêòíûõ àáåëå-
âûõ ãðóïïàõ (â ÷àñòíîñòè, íà B̂) ïîëíîñòüþ îïèñàíû [3], òåîðåìà 1
ïîçâîëÿåò èçó÷àòü êîëüöà íà MT -ãðóïïå G ñ íóëåâîé ïîäãðóïïîé
G1

Λ, âêëàäûâàÿ èõ â êîëüöà íà Z-àäè÷åñêîì ïîïîëíåíèè ïðÿìîé ñóì-
ìû öèêëè÷åñêèõ ãðóïï.

Äëÿ èññëåäîâàíèÿ êîëåö íà ïðîèçâîëüíîé MT -ãðóïïå G äîñòà-
òî÷íî âûÿñíèòü, êàêóþ ðîëü â ýòèõ êîëüöàõ èãðàåò ïîäãðóïïà G1

Λ. Â
[4] îïðåäåëåíà ïîäãðóïïà FG = 〈Φ(G) | Φ ∈ Hom (G,End G)〉 ãðóïïû
End G è ïîêàçàíî, ÷òî FG ÿâëÿåòñÿ èäåàëîì êîëüöà E(G). Ñîãëàñíî
[1], àáñîëþòíûì àííóëÿòîðîì àáåëåâîé ãðóïïû G íàçûâàåòñÿ ïåðå-
ñå÷åíèå Ann∗(G) àííóëÿòîðîâ âñåõ êîëåö íà G.

Òåîðåìà 2. Åñëè G � MT -ãðóïïà, òî åå ïîäãðóïïà FG(G1
Λ) =

〈ϕ(G1
Λ) | ϕ ∈ FG〉 ñîäåðæèòñÿ â àáñîëþòíîì àííóëÿòîðå Ann∗(G).
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Òåîðåìà 2 îçíà÷àåò, ÷òî äëÿ êàæäîãî óìíîæåíèÿ µ íàMT -ãðóïïå
G ïîäãðóïïû µ(G⊗G1

Λ) è µ(G1
Λ⊗G) ñîäåðæàòñÿ â àííóëÿòîðå ëþáîãî

êîëüöà íà G.

Ñëåäñòâèå 3. Â ëþáîì êîëüöå íà MT -ãðóïïå G ïîäãðóïïà G1
Λ ÿâ-

ëÿåòñÿ íèëüïîòåíòíûì èäåàëîì, ñòåïåíü íèëüïîòåíòíîñòè êîòîðîãî
íå áîëüøå òð¼õ.

Ëèòåðàòóðà. [1] L. Fuchs. Abelian groups, Switzerland: Springer Int. Publ.,

2015. [2] Topics in abelian groups, Chicago, Ill., 1963. [3] E. I. Kompantseva.

Torsion-free rings, J.Math.Sci., 171 (2010), 213�247. [4] Fried E. On the

subgroups of abelian groups that are ideals in every ring, Proc. Colloq. Abelian

Groups, Budapest, 1964, 51�55.

Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå ÐÔ

e-mail: kompantseva@yandex.ru

Ì. Â. Êîíäðàòüåâà (Ìîñêâà)

Î ïðèìèòèâíîì ýëåìåíòå äëÿ ñèñòåì ëèíåéíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé.

Ïîíÿòèÿ è ôàêòû èçëîæåíû â [1], [2]. Îäíèì èç îñíîâíûõ îáúåê-
òîâ èçó÷åíèÿ äèôôåðåíöèàëüíîé àëãåáðû ÿâëÿåòñÿ äèôôåðåíöèàëü-
íûé ðàçìåðíîñòíûé ìíîãî÷ëåí, ââåäåííûé Ý.Êîë÷èíûì (ïîëèíîì
Êîë÷èíà). Ýòî àíàëîã ðàçìåðíîñòè â àëãåáðàè÷åñêîé ãåîìåòðèè, è
îöåíêà åãî êîýôôèöèåíòîâ îòíîñèòñÿ ê êëàññè÷åñêèì íåðåøåííûì
ïðîáëåìàì äèôôåðåíöèàëüíîé àëãåáðû.

Êîë÷èíûì äîêàçàíà îöåíêà ñòàðøåãî êîýôôèöèåíòà ïðè óñëî-
âèè, ÷òî ñòåïåíü ðàçìåðíîñòíîãî ìíîãî÷ëåíà íà 1 ìåíüøå êîëè÷å-
ñòâà äèôôåðåíöèðîâàíèé. Ýòî äî ñèõ ïîð ÿâëÿåòñÿ îñíîâíûì ïðî-
äâèæåíèåì â çàäà÷å îöåíêè ñòàðøåãî êîýôôèöèåíòà äëÿ íåëèíåé-
íûõ ñèñòåì. Â [2] îïðîâåðãíóòû íåêîòîðûå ïîëèíîìèàëüíûå ãèïîòå-
çû Êîë÷èíà. Â [3] äîêàçàíà ãðóáàÿ îöåíêà ñòàðøåãî êîýôôèöèåíòà
ïðè ëþáîì çíà÷åíèè äèôôåðåíöèàëüíîé ðàçìåðíîñòè, âêëþ÷àþùàÿ
ôóíêöèþ Àêåðìàíà. Âîïðîñ î òîì, ìîæíî ëè äîêàçàòü äâàæäû ýêñ-
ïîíåíöèàëüíóþ âåðõíþþ îöåíêó äëÿ íåëèíåéíûõ ñèñòåì, ïîêà îò-
êðûò.

Â ðàáîòå Ä.Þ.Ãðèãîðüåâà [4] íàéäåíà âåðõíÿÿ îöåíêà òèïîâîé
äèôôåðåíöèàëüíîé ðàçìåðíîñòè ñèñòåìû ëèíåéíûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. ad ≤ n(4m2nh)4m−d−1(2(m−d)).
Îäíàêî íåèçâåñòíà íèæíÿÿ îöåíêà, è âîïðîñ î ñóùåñòâîâàíèè ïîëè-
íîìèàëüíîé âåðõíåé îöåíêè îòêðûò.
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Ââåäåì íåîáõîäèìûå îïðåäåëåíèÿ. Äèôôåðåíöèàëüíûì êîëüöîì
áóäåì íàçûâàòü êîììóòàòèâíîå êîëüöî K ñ êîíå÷íûì ìíîæåñòâîì
∆ = {∂1, . . . , ∂m} ïîïàðíî êîììóòèðóþùèõ äèôôåðåíöèðîâàíèé íà
K. Âìåñòî äèôôåðåíöèàëüíûé áóäåì ïèñàòü ∆−. Ïóñòü òåïåðü F �
∆−ïîëå õàðàêòåðèñòèêè íóëü, D � êîëüöî ëèíåéíûõ ∆−îïåðàòîðîâ
íàä ïîëåì. Ðàññìîòðèì êîëüöî ∆−ìíîãî÷ëåíîâ R = F{yi |1 ≤ i ≤ n},
îáîçíà÷èì ÷åðåç Rs = F(θ(s)yi | 1 ≤ i ≤ n, ord θ(s) ≤ s) ïîäêîëüöî
(íå ÿâëÿþùååñÿ äèôôåðåíöèàëüíûì) ìíîãî÷ëåíîâ ïîðÿäêà íå âûøå
s. Äëÿ ïîäìíîæåñòâà Σ êîëüöà R ÷åðåç [Σ] îáîçíà÷èì ∆−èäåàë, ïî-
ðîæäåííûé Σ â R. Âñþäó äàëåå ðàññìàòðèâàåì ëèíåéíûå ñèñòåìû
Σ.

Êîë÷èí (ñì. [1]) îïðåäåëèë ïîíÿòèå äèôôåðåíöèàëüíîãî ðàç-
ìåðíîñòíîãî ìíîãî÷ëåíà, ωΣ(s), çíà÷åíèå êîòîðîãî äëÿ äîñòàòî÷íî
áîëüøèõ s ðàâíî dimFΣ ∩ Rs. Ýòî öåëîçíà÷íûé ìíîãî÷ëåí ñòåïå-
íè íå âûøå m, èìåþùèé èíâàðèàíòàìè ñòåïåíü (êîòîðûé íàçûâàþò
∆−òèïîì Σ) è ñòàðøèé êîýôôèöèåíò (òèïîâàÿ ðàçìåðíîñòü).

Íàñ èíòåðåñóåò òàêîé âîïðîñ. Êàê îöåíèòü òèïîâóþ ∆−ðàçìåðíîñòü
[Σ] ÷åðåç ïîðÿäêè ei = ordyif, f ∈ Σ? Èçâåñòíà ñëåäóþùàÿ

Òåîðåìà 1.(ñì. 5.6.7, [2]) Ïóñòü Σ � ñèñòåìà ëèíåéíûõ
∆−óðàâíåíèé, n = 1 è ñòåïåíü ìíîãî÷ëåíà Êîë÷èíà ðàâíà m − 2.
Òîãäà am−2(ω[Σ]) ≤ e2

1. Ýòà îöåíêà ÿâëÿåòñÿ äîñòèæèìîé.
Òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì êëàññè÷åñêîé òåîðåìû Áåçó, êîòî-

ðàÿ óòâåðæäàåò, ÷òî åñëè äèôôåðåíöèðîâàíèÿ äåéñòâóþò íà ïîëå
òðèâèàëüíî, è âñå óðàâíåíèÿ Σ îäíîðîäíû, òî âûïîëíÿåòñÿ íåðàâåí-
ñòâî ad ≤ hm−d, ãäå d � ñòåïåíü õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà
Ãèëüáåðòà, h = max1≤i≤n ei.

Íàøà öåëü � äîêàçàòü îöåíêó òèïîâîé ∆-ðàçìåðíîñòè â ñëó÷àå
∆−òèïà m − 2 äëÿ n > 1. Ñíà÷àëà ðàññìîòðèì ïðèìåð, êîòîðûé
äàåò íèæíþþ îöåíêó.

Ðàññìîòðèì òàêóþ ñèñòåìó Σ

∂e11 y1 = 0;
∂e12 y1 = ∂e21 y2;

∂e22 y2 = ∂e31 y3;
∂e32 y3 = ∂e41 y4;
. . . . . . ;

∂ei2 yi = ∂
ei+1

1 yi+1;
. . . . . . ;

∂
en−1

2 yn−1 = ∂en1 yn;
∂en2 yn = 0.
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Äëÿ ñèñòåìû Σ âûïîëíÿåòñÿ ñëåäóþùåå

ω[Σ](s) =
∑

i1+···+in=2

ei11 . . . einn

(
s+m− 2

m− 2

)
,

ãäå ñóììà áåðåòñÿ ïî âñåì òàêèì íàáîðàì (i1i2 . . . in), ÷òî i1 ≤ i2 · · · ≤
in.

Ýòîò ïðèìåð äàåò íèæíþþ êâàäðàòè÷íóþ îöåíêó ñòàðøåãî êî-
ýôôèöèåíòà äëÿ ñèñòåì ∆−òèïà m− 2.

Ñ öåëüþ ïîëó÷èòü âåðõíþþ îöåíêó, äîêàæåì êîíñòðóêòèâíûé âà-
ðèàíò òåîðåìû î ïðèìèòèâíîì ýëåìåíòå, êîòîðûé ïðåäñòàâëÿåò ñà-
ìîñòîÿòåëüíûé èíòåðåñ. À èìåííî, ëèíåéíàÿ ñèñòåìà îò n íåèçâåñò-
íûõ ïîðÿäêà h ýêâèâàëåíòíà ñèñòåìå óðàâíåíèé îò îäíîé íåèçâåñò-
íîé ïîðÿäêà íå âûøå O(m)(n+ 1)h.

Òåîðåìà 2. Ïóñòü Σ ⊂ F{y1, . . . , yn} � ñîâìåñòíàÿ ñèñòåìà ëè-
íåéíûõ ∆−óðàâíåíèé, ordfyi ≤ ei äëÿ âñåõ f ∈ Σ, 1 ≤ i ≤ n è
am(ω[Σ]) = 0. Òîãäà â íåêîòîðîì ðàñøèðåíèè ïîëÿ F ñóùåñòâóþò
ýëåìåíòû c2, . . . , cn òàêèå, ÷òî ìîäóëü äèôôåðåíöèàëîâ ñèñòåìû Σ
ïîðîæäåí îäíèì ýëåìåíòîì ψδ(y1) + c2δ(y2) + . . . cnδ(yn), Îáîçíà÷èì
÷åðåç λi ∈ D : λiψ = δ(yi). Òîãäà ïîðÿäîê êàæäîãî λi íå âûøå

2m(e1 + · · ·+ en).

Êàê ñëåäóåò èç äîêàçàòåëüñòâà, äëÿ ïîèñêà ïðèìèòèâíîãî ýëåìåí-
òà äîñòàòî÷íî ïðîäèôôåðåíöèðîâàòü íóæíîå ÷èñëî ðàç íåêîòîðóþ
ñèñòåìó è èñêëþ÷èòü èç ïîëó÷åííîé ëèíåéíîé ñèñòåìû ïåðåìåííûå
(íàïðèìåð, ìåòîäîì Ãàóññà). Ñëåäñòâèåì òåîðåì 1 è 2 ÿâëÿåòñÿ

Òåîðåìà 3. Ïóñòü Σ ⊂ F{y1, . . . , yn} � ñèñòåìà ëèíåéíûõ
∆−óðàâíåíèé, m = Card ∆, è ïóñòü ordyif ≤ ei äëÿ âñåõ f ∈ Σ, 1 ≤
i ≤ n. Ïðåäïîëîæèì, ÷òî ñèñòåìà [Σ] èìååò ∆−òèï m − 2. Òîãäà åå
òèïîâàÿ ∆−ðàçìåðíîñòü am−2 íå ïðåâîñõîäèò

22m+2(e1 + · · ·+ en)2.

Èòàê, â ñëó÷àå ñèñòåìû ëèíåéíûõ ∆−óðàâíåíèé ìû ïîëó÷èëè âåðõ-
íþþ è íèæíþþ êâàäðàòè÷íóþ îöåíêó òèïîâîé ∆−ðàçìåðíîñòè äëÿ
∆−òèïà m− 2. Ýòî áîëåå òî÷íàÿ, ÷åì â ðàáîòå [4] îöåíêà.

Ëèòåðàòóðà. [1] E.R.Kolchin, Di�erential Algebra and Algebraic Groups,

Academic Press, 1973. [2] M.V.Kondratieva, A.B.Levin, A.V.Mikhalev,

E.V.Pankratiev, Di�erential and Di�erence Dimension Polynomials, Kluwer

Academic Publisher, 1999. [3] M.V.Kondratieva, An Upper Bound for

Minimizing Coe�cients of Dimension Kolchin Polynomial, Programming and
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Computer Software, v. 36, N 2 (2010), 83�86. [4] D.Grigoriev, Weak Bezout

inequality for D-modules, Journal of Complexity, v. 21 (2005), 532�542.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

e-mail: kondratieva@sumail.ru

Â. È. Êîïåéêî (Ýëèñòà)

Ñèìâîëû óíèòàðíîé K−òåîðèè1
Ïóñòü (R, λ,Λ) - óíèòàðíîå êîëüöî, ãäå R - àññîöèàòèâíîå êîëüöî ñ

1, íà êîòîðîì çàäàíà èíâîëþöèÿ x→ x̄, ñèììåòðèÿ: λ - öåíòðàëüíûé
ýëåìåíò êîëüöà R, óäîâëåòâîðÿþùèé óñëîâèþ λ·λ̄ = 1, ñèñòåìà ïàðà-
ìåòðîâ: Λ - àääèòèâíàÿ ïîäãðóïïà R òàêàÿ, ÷òî Λmin = {x− λx̄, x ∈
R} ≤ Λ ≤ Λmax = {x ∈ R : x = −λx̄}, ïðè÷åì x̄Λx ⊆ Λ äëÿ ëþ-
áîãî x ∈ R. Îòìåòèì, ÷òî Λ = {x̄, x ∈ Λ} òàêæå ÿâëÿåòñÿ ñèñòåìîé
ïàðàìåòðîâ â R. Ïðîäîëæèì èíâîëþöèþ íà êîëüöî ìàòðèö Mr(R),
ïîëîæèâ (aij)

∗ = (aji).

Îïðåäåëåíèå 1. Ìàòðèöà a = (aij)(∈ Mr(R)) íàçûâàåòñÿ
Λ−ýðìèòîâîé, åñëè a = −λa∗ è âñå äèàãîíàëüíûå ýëåìåíòû ìàòðèöû
a ñîäåðæàòñÿ â Λ.

Ïîëîæèì Iλr =

(
0 er
λer 0

)
, ãäå er - åäèíè÷íàÿ ìàòðèöà ïîðÿäêà

r.

Îïðåäåëåíèå 2. Ìàòðèöà α =

(
a b
c d

)
∈ M2r(R), ãäå a, b, c, d ∈

Mr(R) íàçûâàåòñÿ Λ−óíèòàðíîé, åñëè α∗Iλr α = Iλr è âñå äèàãîíàëü-
íûå ýëåìåíòû ìàòðèö ab∗, cd∗ ñîäåðæàòñÿ â Λ.

Ìíîæåñòâî Uλ2r(R,Λ) âñåõ Λ−óíèòàðíûõ ìàòðèö ïîðÿäêà 2r îá-
ðàçóåò ãðóïïó, êîòîðàÿ íàçûâàåòñÿ (ãèïåðáîëè÷åñêîé) Λ−óíèòàðíîé
ãðóïïîé. Ïåðåõîä ê Λ−óíèòàðíûì ãðóïïàì íàä óíèòàðíûìè êîëü-
öàìè óíèôèöèðóåò èçó÷åíèå êëàññè÷åñêèõ ãðóïï íàä êîëüöàìè. Íà-
ïðèìåð, åñëè R - êîììóòàòèâíîå êîëüöî ñ òðèâèàëüíîé èíâîëþöèåé,
òî ñèìïëåêòè÷åñêàÿ ãðóïïà Sp2r(R) åñòü ãðóïïà U−1

2r (R,Λmax = R),
à îðòîãîíàëüíàÿ ãðóïïà O2r(R) åñòü ãðóïïà U1

2r(R,Λmin = 0).
Ïîäãðóïïà Uλ2r(R,Λ), ïîðîæäåííàÿ ìàòðèöàìè âèäà H(a) =

diag(a,

(a∗)−1), T12(b) =

(
er b
0 er

)
, T21(c) =

(
er 0
c er

)
, ãäå a ∈ Er(R),

b - Λ−ýðìèòîâà, c - Λ−ýðìèòîâà îáîçíà÷àåòñÿ EUλ2r(R,Λ) è íàçûâà-
åòñÿ ýëåìåíòàðíîé (ãèïåðáîëè÷åñêîé) Λ−óíèòàðíîé ãðóïïîé. Ïóñòü

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò � 16-01-00148).

112



Uλ(R,Λ) = ∪Uλ2r(R,
Λ), EUλ(R,Λ) = ∪EUλ2r(R,Λ) - ñòàáèëüíûå ãðóïïû. Â ñèëó óíè-
òàðíîãî àíàëîãà ëåììû Óàéòõåäà [1], ãðóïïà EUλ(R,Λ) ñîâïàäàåò ñ
êîììóòàíòîì ãðóïïû Uλ(R,Λ) è, â ÷àñòíîñòè, êîððåêòíî îïðåäåëåíà
(àáåëåâà) ãðóïïàK1U

λ(R,Λ) = Uλ(R,Λ)/EUλ(R,Λ). Êëàññ ìàòðèöû
α(∈ Uλ(R,Λ)) â ãðóïïå K1U

λ(R,Λ) áóäåì îáîçíà÷àòü [α].

Ïðåäëîæåíèå 1. Åñëè α1 =

(
a b
c1 d1

)
, α2 =

(
a b
c2 d2

)
∈

Uλ2r(R,Λ), òî α1α
−1
2 = T21(c1d

∗
2 + λd1c

∗
2) ∈ EUλ2r(R,Λ). Â ÷àñòíîñòè,

[α1] = [α2] â ãðóïïå K1U
λ(R,Λ).

Ñëåäñòâèå 1. Â îáîçíà÷åíèÿõ è óñëîâèÿõ ïðåäëîæåíèÿ, ìàòðèöà
c1d
∗
2 + λd1c

∗
2 - Λ−ýðìèòîâà.

Ñëåäñòâèå 2. Ïðîèçâîëüíûé ýëåìåíò ãðóïïûK1U
λ(R,Λ) îäíîçíà÷-

íî îïðåäåëÿåòñÿ âåðõíåé ïîëîâèíîé Λ−óíèòàðíîé ìàòðèöû, ïðåä-
ñòàâëÿþùåé äàííûé ýëåìåíò.

Çàìå÷àíèå 1. Â äåéñòâèòåëüíîñòè, ïðîèçâîëüíûé ýëåìåíò ãðóïïû
K1U

λ(R,
Λ) îäíîçíà÷íî îïðåäåëÿåòñÿ ëþáîé èç ïîëîâèíîê (âåðõíåé, íèæíåé,
ïðàâîé èëè ëåâîé) Λ−óíèòàðíîé ìàòðèöû, ïðåäñòàâëÿþùåé çàäàí-
íûé ýëåìåíò.

Òàêèì îáðàçîì, åñëè ïîëîæèòü TPλr (R,Λ) = {(a, b), a, b ∈Mr(R) :

∃c, d ∈ Mr(R) òàêèå, ÷òî [a, b] =

(
a b
c d

)
∈ Uλ2r(R,Λ)}, òî ïî-

ëó÷àåì êîððåêòíî îïðåäåëåííûé óíèòàðíûé (ìàòðè÷íûé) ñèìâîë
[ , ] : TPλr (R,Λ) → K1U

λ(R,Λ) : (a, b) → [a, b], óäîâëåòâîðÿþùèé
ñëåäóþùèì ñâîéñòâàì:

1) [a+ bt, b] = [a, b] äëÿ ïðîèçâîëüíîé Λ−óíèòàðíîé ìàòðèöû t ∈
Mr(R);

1)' [a, b + as] = [a, b] äëÿ ïðîèçâîëüíîé Λ−óíèòàðíîé ìàòðèöû
s ∈Mr(R);

2) åñëè a ∈ GLr(R), òî [a, b] = [a, 0].
Ïîëîæèì LPλr (R,Λ) = {(c, d), c, d ∈ Mr(R) : ∃a, b ∈

Mr(R) òàêèå, ÷òî [c, d]′

=

(
a b
c d

)
∈ Uλ2r(R,Λ)}. Â ðåçóëüòàòå ïîëó÷àåì êîððåêòíî îïðå-

äåëåííûé óíèòàðíûé (ìàòðè÷íûé) ñèìâîë [ , ]′ : LPλr (R,Λ) →
K1U

λ(R,Λ) : (c, d)→ [c, d]′, ñâÿçàííûé ñ ïðåäûäóùèì ñèìâîëîì ñëå-
äóþùèì ðàâåíñòâîì (ñâîéñòâî ñèììåòðèè):

3) [a, b] = [λb, a]′ äëÿ ïðîèçâîëüíîé (a, b) ∈ TPλr (R,Λ).
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Òàê êàê â îáîçíà÷åíèÿõ è óñëîâèÿõ ïðåäëîæåíèÿ 1,H(α1)H(α−1
2 ) =

H(α1α
−1
2 ) = H(T21(c1d

∗
2 +λd1c

∗
2)) ∈ EUλ2r(R,Λ), òî äëÿ ïðîèçâîëüíîé

α =

(
a b
c d

)
∈ Uλ2r(R,Λ) êëàññ ãèïåðáîëè÷åñêîé ìàòðèöû H(α) â

ãðóïïå
K1U

λ(R,Λ) ñîâïàäàåò ñ êëàññîì H([a, b]). Â ðåçóëüòàòå ïîëó÷àåì
åùå îäèí êîððåêòíî îïðåäåëåííûé óíèòàðíûé (ìàòðè÷íûé) ñèìâîë
{ , } : TPλr (R,Λ)
→ K1U

λ(R,Λ) : (a, b)→ {a, b} = H([a, b]).

Ïðåäëîæåíèå 2. Äëÿ ïðîèçâîëüíîé ïàðû (a, b), (a∗, c∗) ∈
TPλr (R,Λ) ñïðàâåäëèâî ðàâåíñòâî: {a, b}[a∗, c∗] = [a,−λbc∗b].

Ñëåäñòâèå. Åñëè ìàòðèöà a - Λ−ýðìèòîâà, òî {a, b} =
[a,− λb2][Iλr ]−1 = [− λb2, λ̄a], à ðàâåíñòâî èç ïðåäëîæåíèÿ 2 ïðè-
íèìàåò âèä: [a,− λb2][a∗, c∗] = [a,−λbc∗b][Iλr ].

Çàìå÷àíèå 2. Êëàññè÷åñêèé ñèìïëåêòè÷åñêèé ñèìâîë Ìåííèêå [2]
åñòü ÷àñòíûé ñëó÷àé ââåäåííîãî ñèìâîëà [ , ], ïîëó÷àåìûé ïðè
r = 1. Â ýòîì ñëó÷àå R - êîììóòàòèâíîå êîëüöî ñ òðèâèàëüíîé èí-
âîëþöèåé, λ = −1, Λ = R, à ïîñëåäíåå ðàâåíñòâî ïðèíèìàåò âèä:
[a, b2][a, c] = [a, b2c] äëÿ ïðîèçâîëüíîé ïàðû (a, b), (a, c) óíèìîäóëÿð-
íûõ ñòðîê (ìóëüòèïëèêàòèâíîñòü ñèìâîëà).

Ëèòåðàòóðà. [1] H. Bass, Unitary algebraic K−theory. Lect.Notes Math,

343 (1973), 57�265. [2] Õ. Áàññ, Äæ. Ìèëíîð, Æ.- Ï. Ñåðð, Ðåøåíèå

êîíãðóýíöïðîáëåìû äëÿ SLn(n ≥ 3) è Sp2n(n ≥ 2). Ìàòåìàòèêà, 15(1971),

44�60.

Êàëìûöêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Á.Á.Ãîðîäîâèêîâà
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Ñ. Ñ. Êîðîáêîâ (Åêàòåðèíáóðã)

Î ðåø¼òî÷íûõ èçîìîðôèçìàõ êîíå÷íûõ ëîêàëüíûõ êîëåö
Ðàññìàòðèâàþòñÿ àññîöèàòèâíûå êîëüöà. Ïîä ðåø¼òî÷íûì èçî-

ìîðôèçìîì (èíà÷å ïðîåêòèðîâàíèåì) êîëüöà R íà êîëüöî Rϕ ïîíè-
ìàåòñÿ èçîìîðôèçì ϕ ðåø¼òêè ïîäêîëåö L(R) êîëüöà R íà ðåø¼òêó
ïîäêîëåö L(Rϕ) êîëüöà Rϕ. Ïðè ýòîì êîëüöî Rϕ íàçûâàåòñÿ ïðîåê-
òèâíûì îáðàçîì êîëüöà R, à êîëüöî R � ïðîåêòèâíûì ïðîîáðàçîì
êîëüöà Rϕ.

Ïóñòü R � êîíå÷íîå êîëüöî ñ åäèíèöåé, RadR � ðàäèêàë Äæå-
êîáñîíà êîëüöà R. Êîëüöî R íàçûâàåòñÿ ëîêàëüíûì, åñëè ôàêòîð-
êîëüöî R/RadR � ïîëå. Êîíå÷íîå ëîêàëüíîå êîëüöî èìååò õàðàêòå-
ðèñòèêó pk, ãäå p � ïðîñòîå ÷èñëî, à k � íàòóðàëüíîå ÷èñëî. Âûÿñ-
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íÿåòñÿ ñëåäóþùèé âîïðîñ: ïðè êàêèõ óñëîâèÿõ ïðîåêòèâíûé îáðàç
êîíå÷íîãî ëîêàëüíîãî êîëüöà ÿâëÿåòñÿ ëîêàëüíûì êîëüöîì?

Åñëè êîëüöî R êîììóòàòèâíî, òî ñîãëàñíî [1, òåîðåìà XIX.4] R
ïðåäñòàâèìî â âèäå: R = S ⊕N , ãäå S = GR(pk,m) � êîëüöî Ãàëóà,
N � S-ìîäóëü èç RadR. Êîëüöà Ãàëóà è êîíå÷íûå ïîëÿ ÿâëÿþòñÿ
ëîêàëüíûìè êîëüöàìè. Â ðàáîòå [2] äîêàçàíî, ÷òî ïðîåêòèâíûì îáðà-
çîì êîíå÷íîãî ïîëÿ GF (pk) ïðè k 6= qn è k 6= p1p2 (q, p1, p2 � ïðîñòûå
÷èñëà), ÿâëÿåòñÿ êîíå÷íîå ïîëå, à â [3] äîêàçàíî, ÷òî Rϕ ∼= R, åñëè
R = GR(pk,m) ïðè k > 1 è m > 1. Ïðè m = 1 ðåø¼òêà ïîäêîëåö
êîëüöà GR(pk, 1) ÿâëÿåòñÿ êîíå÷íîé öåïüþ è ïîòîìó ñðåäè ïðîåêòèâ-
íûõ îáðàçîâ ýòîãî êîëüöà åñòü êîëüöà, íå ÿâëÿþùèåñÿ ëîêàëüíûìè
êîëüöàìè.

Ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

Òåîðåìà 1. Ïóñòü êîíå÷íîå êîììóòàòèâíîå êîëüöî R ñ åäèíèöåé
îïðåäåëåíî ñëåäóþùèì îáðàçîì: R = S + N , ãäå S ∼= GR(pn,m),
n > 1, m > 1, N � íèëüïîòåíòíûé èäåàë, íå ñîäåðæàùèéñÿ â S.
Ïóñòü ϕ � ðåø¼òî÷íûé èçîìîðôèçì êîëüöà R íà êîëüöî Rϕ. Òîãäà
ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1)Rϕ � êîëüöî ñ åäèíèöåé;
2) Sϕ ∼= S;
3) Nϕ � íèëüïîòåíòíîå êîëüöî;
4) (RadR)ϕ=RadRϕ;
5) |Rϕ| = |R|;
6) Rϕ = Sϕ +Nϕ;
7) Rϕ êîììóòàòèâíî òîãäà è òîëüêî òîãäà, êîãäà êîììóòàòèâíî

ïîäêîëüöî Nϕ.

Òåîðåìà 2. Ïóñòü ðåø¼òêà ïîäêîëåö L(R) êîíå÷íîãî îäíîïîðîæä¼í-
íîãî ëîêàëüíîãî êîëüöà R ñ åäèíèöåé íå ÿâëÿåòñÿ öåïüþ è R/RadR
� íåïðîñòîå ïîëå. Ïóñòü ϕ � ïðîåêòèðîâàíèå êîëüöà R íà êîëüöî
Rϕ. Òîãäà Rϕ � êîíå÷íîå îäíîïîðîæä¼ííîå ëîêàëüíîå êîëüöî ñ åäè-
íèöåé.

Òåîðåìà 3. Ïóñòü R � êîíå÷íîå êîììóòàòèâíîå ëîêàëüíîå êîëüöî
R ñ åäèíèöåé è ϕ � ðåø¼òî÷íûé èçîìîðôèçì êîëüöà R íà êîëüöî
Rϕ. Òîãäà, åñëè ðåø¼òêà L(R) íå ÿâëÿåòñÿ öåïüþ, òî Rϕ � êîíå÷íîå
ëîêàëüíîå êîëüöî ñ åäèíèöåé.

Ïîñòðîåí ïðèìåð äâóõ ðåø¼òî÷íî èçîìîðôíûõ êîíå÷íûõ ëîêàëü-
íûõ êîëåö, ñîäåðæàùèõ åäèíè÷íûå ýëåìåíòû, èç êîòîðûõ òîëüêî îä-
íî êîëüöî êîììóòàòèâíî.
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Áóäåì ãîâîðèòü, ÷òî êîëüöî R îïðåäåëÿåòñÿ ñâîåé ðåø¼òêîé ïîä-
êîëåö, åñëè R èçîìîðôíî ñâîåìó ïðîåêòèâíîìó îáðàçó Rϕ äëÿ ëþ-
áîãî ïðîåêòèðîâàíèÿ ϕ.

Òåîðåìà 4. Ïóñòü R � êîíå÷íîå êîììóòàòèâíîå ëîêàëüíîå êîëüöî
ïðîñòîé õàðàêòåðèñòèêè ñ åäèíèöåé. Ïóñòü RadR 6= {0}, (RadR)2 =
{0} è R/RadR � íåïðîñòîå ïîëå. Òîãäà êîëüöî R îïðåäåëÿåòñÿ ñâîåé
ðåø¼òêîé ïîäêîëåö.

Ëèòåðàòóðà. [1] B. R. McDonald, Finite rings with identity. N.Y., 1974.

[2] Ñ. Ñ. Êîðîáêîâ, Ðåø¼òî÷íûå èçîìîðôèçìû êîíå÷íûõ êîëåö áåç íèëü-

ïîòåíòíûõ ýëåìåíòîâ, Èçâ. Óðàë. ãîñ. óí-òà. Ìàòåìàòèêà è ìåõàíèêà, � 22,

âûï. 4 (2002), 81�93. [3] Ñ. Ñ. Êîðîáêîâ, Ïðîåêòèðîâàíèÿ êîëåö Ãàëóà, Àë-

ãåáðà è ëîãèêà, 54, � 1 (2015), 16�33.

Óðàëüñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò

e-mail: ser1948@gmail.com

Î. Â. Êðàâöîâà, Ò. Â. Ìîèñååíêîâà (Êðàñíîÿðñê)

Êîíå÷íûå ïîëóïîëåâûå ïëîñêîñòè, äîïóñêàþùèå ïîäãðóï-
ïó àâòîòîïèçìîâ, èçîìîðôíóþ S3

Ïðîåêòèâíàÿ ïëîñêîñòü íàçûâàåòñÿ ïîëóïîëåâîé, åñëè åå êîîð-
äèíàòèçèðóþùåå ìíîæåñòâî ÿâëÿåòñÿ ïîëóïîëåì (semi�eld). Èçâå-
ñòåí ñïîñîá çàäàíèÿ ïîëóïîëåâîé ïëîñêîñòè, êàê è âñÿêîé ïëîñêîñòè
òðàíñëÿöèé, ñ èñïîëüçîâàíèåì ëèíåéíîãî ïðîñòðàíñòâà è ñïåöèàëü-
íîãî ñåìåéñòâà ëèíåéíûõ ïðåîáðàçîâàíèé, òàê íàçûâàåìîãî ðåãóëÿð-
íîãî ìíîæåñòâà. Ìàòðè÷íîå ïðåäñòàâëåíèå ðåãóëÿðíîãî ìíîæåñòâà
îïðåäåëÿåò ãåîìåòðè÷åñêèå ñâîéñòâà ïîëóïîëåâîé ïëîñêîñòè, â òîì
÷èñëå ñòðîåíèå ãðóïïû àâòîìîðôèçìîâ (êîëëèíåàöèé).

Ðåøàåòñÿ çàäà÷à ïîñòðîåíèÿ ìàòðè÷íîãî ïðåäñòàâëåíèÿ ðåãóëÿð-
íîãî ìíîæåñòâà êîíå÷íîé ïîëóïîëåâîé ïëîñêîñòè â ïðåäïîëîæåíèè,
÷òî åå ãðóïïà àâòîòîïèçìîâ (êîëëèíåàöèé, ôèêñèðóþùèõ òðåóãîëü-
íèê) ñîäåðæèò ïîäãðóïïó, èçîìîðôíóþ ñèììåòðè÷åñêîé ãðóïïå S3.
Òàêèì ñâîéñòâîì îáëàäàåò, íàïðèìåð, ïîëóïîëåâàÿ ïëîñêîñòü ïîðÿä-
êà 64, êîîðäèíàòèçèðóåìàÿ íåïðèìèòèâíûì ïîëóïîëåì Õåíòçåëà�
Ðóà ïîðÿäêà 64 [1].

Çàäà÷à ðåøåíà äëÿ ïîëóïîëåâîé ïëîñêîñòè ðàíãà 2 íàä ñâîèì ÿä-
ðîì è ïîäãðóïïû ëèíåéíûõ àâòîòîïèçìîâ. Â ñëó÷àå ïðîèçâîëüíîãî
ðàíãà äîêàçàí ðåçóëüòàò:

Òåîðåìà.Ïóñòü π � ïîëóïîëåâàÿ ïëîñêîñòü ïîðÿäêà pn (p � ïðîñòîå),
ãðóïïà àâòîòîïèçìîâ êîòîðîé ñîäåðæèò ïîäãðóïïó H ' S3. Òîãäà
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n = 2m è èíâîëþöèè ïîäãðóïïû H ôèêñèðóþò ïîòî÷å÷íî ðàçëè÷íûå
ïîäïëîñêîñòè ïîðÿäêà pm.

Ëèòåðàòóðà. [1] V. M. Levchuk, O. V. Kravtsova, Problems on structure

of �nite quasi�elds and projective translation planes. Lobachevskii Journal of

Mathematics, Vol. 38, No. 4 (2017), 688�698.

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò

e-mail: ol71@bk.ru

Å. Ì. Êðåéíåñ (Ìîñêâà)

Î ôóíêöèè Áåëîãî äåòñêîãî ðèñóíêà, ñâÿçàííîãî ñ ïðî-
ñòðàíñòâîì ìîäóëåé MR

0,5

Èçâåñòíî, ÷òî êîìïàêòèôèêàöèÿ Äåëèíÿ-Ìàìôîðäà ïðîñòðàí-
ñòâà âåùåñòâåííûõ êðèâûõ ðîäà 0 ñ 5 îòìå÷åííûìè òî÷êàìè MR

0,5

ïðåäñòàâëÿåò ñîáîé 2-ìåðíîå ìíîãîîáðàçèå. Îäíàêî, ýòî ìíîãîîáðà-
çèå ÿâëÿåòñÿ íåîðèåíòèðóåìûì. Åãî îðèåíòèðóþùèå íàêðûòèå � ïî-
âåðõíîñòü â R3 ðîäà 4. Ñòàíäàðòíîå êëåòî÷íîå ðàçáèåíèå âîçíèêøåé
ïîâåðõíîñòè çàäàåò íà íåé äåòñêèé ðèñóíîê. Ìû âû÷èñëèëè ôóíê-
öèþ Áåëîãî ýòîãî ðèñóíêà. Â ÷àñòíîñòè, îêàçàëîñü, ÷òî îíà îïðåäå-
ëåíà íà êðèâîé Áðèíãà.

Äîêëàä îñíîâàí íà ðåçóëüòàòàõ ñîâìåñòíîé ðàáîòû ñ Í.ß. Àì-
áóðã.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà

e-mail: elena_msu@mail.ru

Ò. Ý. Êðåíêåëü (Ìîñêâà)

Ìàòðèöû Àäàìàðà, àëãåáðû Ïàóëè è ãèïîòåçà Öàóíåðà
Ýëåìåíòû ìàòðèöû Àäàìàðà H ïðèíèìàþò çíà÷åíèÿ {±1} è

HHt = NIN .

Ïýëè [1] âûñêàçàë ãèïîòåçó, ÷òî ìàòðèöû Àäàìàðà ñóùåñòâóþò ïðè
N=2 è N=4k. Íàèìåíüøèé ïîðÿäîê, ïðè êîòîðîì ìàòðèöà Àäàìà-
ðà íåèçâåñòíà ðàâåí 668. Ìàòðèöû Àäàìàðà íàõîäÿò ðàçíîîáðàçíûå
ïðèìåíåíèÿ â ðàçëè÷íûõ ðàçäåëàõ äèñêðåòíîé ìàòåìàòèêè [2].

Àëãåáðû Ïàóëè A2n−1, n = 2, 3, 4, 5, . . . èìåþò ÷åòûðå îáðàçóþ-
ùèå â âèäå ýðìèòîâûõ ìàòðèö 2× 2

σ0 =

(
1 0
0 1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
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è äîïóñêàþò ïðîöåäóðó óäâîåíèÿ.
Àëãåáðû Ïàóëè ïðè n=2,3,4,5 îïèñûâàþò ïðîñòðàíñòâà ñîñòîÿíèé

äâóõ, òðåõ è ò.ä. êóáèò, ò.å. ïðîñòðàíñòâà ñîñòîÿíèé ÷åòûðåõ-, âîñüìè-
, øåñòíàäöàòè - è ò.ä. óðîâíåâûõ êâàíòîâî-ìåõàíè÷åñêèõ ñèñòåì.

Ïî òåîðåìå Äåìáîâñêîãî-Âàãíåðà [3] àëãåáðû Ïàóëè îáëàäàþò îð-
òîãîíàëüíûì ðàçëîæåíèåì

DWn = H1 ⊕H2 ⊕ . . .⊕H2n−1 ⊕H2n ⊕H2n+1, n = 2, 3, 4, 5, . . .

Ãèïîòåçà Öàóíåðà [4] çàêëþ÷àåòñÿ â ñóùåñòâîâàíèè ïðè âñåõ
ðàçìåðíîñòÿõ d = 2n, n = 2, 3, 4, 5, . . . SIC-POVM (Symmetrical
Informationally Complete � Positive Operator Valued Measures) òàêèõ,
÷òî âûïîëíÿåòñÿ óñëîâèå

|〈ψi|ψj〉|2 =
1

d+ 1
.

Ëèòåðàòóðà. [1] R. E. A. C. Paley, On orthogonal matrices. J. Math

and Phys., 12:311, 1933. [2] K. J. Horadam. Hadamard Matrices and Their

Applications. Prinston University Press, 2007. [3] P. Dembowski. Finite

geometries. Springer, 1968. [4] G. Zauner. Quantendesigns. PhD thesis,

Univ.Wien, 1999

Ìîñêîâñêèé òåõíè÷åñêèé óíèâåðñèòåò ñâÿçè è èíôîðìàòèêè

e-mail: krenkel2001@mail.ru
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Ä. Ê. Êóäðÿâöåâ

Äëèíà ëîêàëüíî-êîìïëåêñíûõ àëãåáð
Èçó÷åíèå äëèíû àëãåáðû êàê åå ôóíäàìåíòàëüíîãî èíâàðèàíòà

íà÷àëîñü â êîíöå 20 âåêà ñ ðàáîòû [1], ãäå èçó÷àþòñÿ ñâîéñòâà äëèíû
äëÿ àññîöèàòèâíûõ, à èìåííî ìàòðè÷íûõ, àëãåáð. Ïåðâûå ðåçóëüòà-
òû äëÿ íåàññîöèàòèâíîãî ñëó÷àÿ áûëè ïîëó÷åíû íå ñòîëü äàâíî â
ðàáîòå [2]. Ïîìèìî ñàìîñòîÿòåëüíîãî èíòåðåñà, ýòè ðåçóëüòàòû ÿâ-
ëÿþòñÿ ïåðâûìè øàãàìè â èçó÷åíèè êëàññà ëîêàëüíî-êîìïëåêñíûõ
àëãåáð, áàçîâûå ñâîéñòâà êîòîðîãî ïîäðîáíî èçó÷àþòñÿ â [3].

Ðàññìîòðèì êîíå÷íîìåðíóþ íå îáÿçàòåëüíî àññîöèàòèâíóþ àë-
ãåáðó ñ åäèíèöåé A íàä ïîëåì R.

A íàçûâàåòñÿ ëîêàëüíî-êîìïëåêñíîé, åñëè ïðîèçâîëüíûé a ∈ A\R
ïîðîæäàåò àëãåáðó, èçîìîðôíóþ àëãåáðå êîìïëåêñíûõ ÷èñåë C.

Ïóñòü a1, a2, . . . , an � êîíå÷íûé íàáîð åå ýëåìåíòîâ.
Ñëîâîì äëèíû k äëÿ ýòîé ñèñòåìû íàçûâàåòñÿ ïðîèçâåäåíèå ai1 ·

. . . · aik ñ ïðîèçâîëüíûì ïîðÿäêîì âûïîëíåíèÿ óìíîæåíèé, ãäå im ∈
{1, . . . , n}. Îáîçíà÷èì ÷åðåç Lk(S) ëèíåéíóþ îáîëî÷êó íàä R âñåõ
ñëîâ äëèíû íå áîëåå k.

Ãîâîðÿò, ÷òî ñèñòåìà ýëåìåíòîâ S = {a1, a2, . . . , an} ïîðîæäàåò
àëãåáðó A, åñëè ñóùåñòâóåò k, òàêîå ÷òî Lk(S) ñîâïàäàåò ñ A. Ñàìîå
ìàëåíüêîå òàêîå k íàçûâàåòñÿ äëèíîé äàííîé ñèñòåìû.

Äëèíîé àëãåáðû À íàçûâàåòñÿ ìàêñèìàëüíàÿ äëèíà ñèñòåìû ñðå-
äè âñåõ êîíå÷íûõ ñèñòåì, ïîðîæäàþùèõ A.

Çàìåòèì, ÷òî åñëè àëãåáðà À àññîöèàòèâíà, òî èç Lk = Lk+1 ñëå-
äóåò, ÷òî äëÿ âñåõ m > k âûïîëíÿåòñÿ Lk = Lm, ò.å. ïîðîæäàåìûå
ìíîæåñòâà ñòàáèëèçèðóþòñÿ. Îòñþäà, â ÷àñòíîñòè, ÿñíî, ÷òî â àñ-
ñîöèàòèâíîì ñëó÷àå äëÿ ïîðîæäàþùåé ñèñòåìû dimLn−1 ≥ n, ò.ê.
dimL1 ≥ 2, è, çíà÷èò, äëèíà A íå âûøå n − 1. Â íåàññîöèàòèâíîì
ñëó÷àå ýòî íå òàê.

Òåîðåìà 1. Äëèíà ëîêàëüíî-êîìïëåñêíîé àëãåáðû ðàçìåðíîñòè n
íå ïðåâîñõîäèò Fn−1, ãäå Fj � ïîñëåäîâàòåëüíîñòü Ôèááîíà÷èåâûõ
÷èñåë. Îöåíêà ÿâëÿåòñÿ òî÷íîé.

Òåîðåìà 2. Ïóñòü m0, . . .mn−1 (n ≥ 3) - êîíå÷íàÿ ïîñëåäîâàòåëü-
íîñòü íàòóðàëüíûõ ÷èñåë, óäîâëåòâîðÿþùàÿ óñëîâèÿì:

1. m0 = 0.
2. m1 = . . . = mk = 1 äëÿ íåêîòîðîãî k îò 2 äî n−1, òàê ÷òî ëèáî

k = n− 1, ëèáî mk+1 > 1.
3. Ïîñëåäîâàòåëüíîñòü ìîíîòîííî íå óáûâàåò.
4. ∀h: k < h ≤ n−1 ñóùåñòâóåò ïàðà ÷èñåë 0 < t1(h) < t2(h) < mh,

òàêàÿ ÷òîmh = mt1(h)+mt2(h) è äëÿ k < h1 < h2 âåðíî t1(h1) < t1(h2)
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èëè t2(h1) < t2(h2).
Òîãäà ñóùåñòâóåò ëîêàëüíî-êîìïëåêñíàÿ àëãåáðà ðàçìåðíîñòè n

è äëèíû mn−1.

Àâòîð äîêëàäà áëàãîäàðåí ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ ïðî-
ôåññîðó À.Ý. Ãóòåðìàíó çà ïîñòàíîâêó çàäà÷è è öåííûå îáñóæäåíèÿ.

Ëèòåðàòóðà. [1] C.J. Pappacena, An upper bound for the length of a �nite-

dimensional algebra, J. Algebra, 197 (1997), 535-545. [2] A.E. Guterman,

D.K. Kudryavtsev, The lengths of the quaternion and octonion algebras,

Journal of Mathematical Sciences (New York). 224: 6 (2017), 826-832. [3] M.

Bresar, P. Semrl, S. Spenko, On locally complex algebras and low-dimensional

Cayley-Dickson algebras, Journal of Algebra, 327 (2011), 107-125.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

e-mail: kdk97@rambler.ru

Ë. Â. Êóçüìèí (Ìîñêâà)

Àðèôìåòèêà íåêîòîðûõ `-ðàñøèðåíèé ñ òðåìÿ òî÷êàìè
âåòâëåíèÿ

Äëÿ íå÷åòíîãî ðåãóëÿðíîãî ïðîñòîãî ÷èñëà ` ðàññìàòðèâàåòñÿ
êðóãîâîå ïîëå k = Q(ζ`) è åãî êðóãîâîå Z`-ðàñøèðåíèå k∞. Ïóñòü
K = k(

√̀
a) äëÿ íåêîòîðîãî a ∈ Z òàêîãî, ÷òî a ÿâëÿåòñÿ `-é ñòåïå-

íüþ â Q`, è K∞ = k∞ ·K. Òîãäà G(K∞/Q) ∼= G×Γ, ãäå G = G(K/Q)
è Γ ∼= Z` � ãðóïïà Ãàëóà êðóãîâîãî Z`-ðàñøèðåíèÿ ïîëÿ Q. Ïóñòü
N � ìàêñèìàëüíîå àáåëåâî íåðàçâåòâëåííîå `-ðàñøèðåíèå ïîëÿ K∞
òàêîå, ÷òî â N/K∞ âïîëíå ðàñïàäàþòñÿ âñå òî÷êè, ëåæàùèå íàä `,
è T`(K∞) = G(N/K∞) � ìîäóëü Èâàñàâû Z`-ðàñøèðåíèÿ K∞/K. Èç
ðåçóëüòàòîâ [1] ñëåäóåò

Òåîðåìà 1. Ïóñòü â ðàñøèðåíèè K∞/k∞ ðàçâåòâëåíû ðîâíî òðè
òî÷êè, íå ëåæàùèå íàä `. Â ýòîì ñëó÷àå ãðóïïà T`(K∞) ÿâëÿåòñÿ
öèêëè÷åñêèì Z`[G]-ìîäóëåì, ïðè÷åì ëèáî T`(K∞) ∼= Z`−1

` êàê Z`-
ìîäóëü, ëèáî ãðóïïà T`(K∞) êîíå÷íà è èìååò íå áîëåå `− 1 îáðàçó-
þùåé êàê Z`-ìîäóëü.

Ñëåäóþùèé ðåçóëüòàò ïîêàçûâàåò, ÷òî îöåíêè, äàâàåìûå ýòîé
òåîðåìîé â îïðåäåëåííîì ñìûñëå òî÷íû.

Òåîðåìà 2. Â ñëó÷àå ` = 3 ñóùåñòâóåò áåñêîíå÷íî ìíîãî ïîëåé K,
óêàçàííîãî âûøå òèïà, òàêèõ, ÷òî ãðóïïà T`(K∞) èìååò ðîâíî äâå
îáðàçóþùèõ.
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Íà ãðóïïó T`(K∞) äåéñòâóåò ãðóïïà G, êðîìå òîãî, íà íåé ñó-
ùåñòâóåò íåêîòîðàÿ ñòðóêòóðà, íàïîìèíàþùàÿ ñêàëÿðíîå ïðîèçâå-
äåíèå Âåéëÿ. Êàê ïîêàçûâàåò ñëåäóþùàÿ òåîðåìà, ýòî îäíîçíà÷íî
îïðåäåëÿåò äåéñòâèå ãðóïïû Γ íà T`(K∞).

Òåîðåìà 3. Ïóñòü γ � òîïîëîãè÷åñêàÿ îáðàçóþùàÿ ãðóïïû Γ è κ
� çíà÷åíèå êðóãîâîãî õàðàêòåðà íà ýëåìåíòå γ. Òîãäà γ äåéñòâóåò
íà T`(K∞) êàê óìíîæåíèå íà λ :=

√
κ ∈ Q`, ãäå λ îáîçíà÷àåò òî

çíà÷åíèå êîðíÿ, äëÿ êîòîðîãî λ ≡ 1 (mod `).

Ëèòåðàòóðà. [1] Ë. Â. Êóçüìèí, �Àíàëîã ôîðìóëû Ðèìàíà � Ãóðâèöà äëÿ

îäíîãî òèïà l-ðàñøèðåíèé ïîëåé àëãåáðàè÷åñêèõ ÷èñåë�, Èçâ. ÀÍ ÑÑÑÐ,

Ñåð. ìàòåì. 54, � 2, 1990, 316-338.

Ðîññèéñêèé íàó÷íûé öåíòð �Êóð÷àòîâñêèé èíñòèòóò�

e-mail: helltiapa@mail.ru

Î. Â. Êóëèêîâà (Ìîñêâà)

Î ïðîáëåìå îáîáùåííîé ñîïðÿæåííîñòè â ãðóïïå F/N1 ∩N2

Ïóñòü F = F (A) � ñâîáîäíàÿ ãðóïïà, ïîðîæäåííàÿ êîíå÷íûì àë-
ôàâèòîì A. Ïóñòü N1 (ñîîòâ., N2) � íîðìàëüíîå çàìûêàíèå êîíå÷-
íîãî íåïóñòîãî ìíîæåñòâà R1 (ñîîòâ., R2) ñëîâ â F . Ñ÷èòàåì, ÷òî
ìíîæåñòâî Ri (i = 1, 2) ñèììåòðèçîâàííî, ò.å. âñå ýëåìåíòû èç Ri
öèêëè÷åñêè ïðèâåäåíû è äëÿ êàæäîãî r èç Ri âñå öèêëè÷åñêèå ïåðå-
ñòàíîâêè ýëåìåíòîâ r è r−1 òàêæå ëåæàò â Ri.

Â ðàáîòå [1] áûëè ïîëó÷åíû óñëîâèÿ, äîñòàòî÷íûå äëÿ ðàçðåøè-
ìîñòè ïðîáëåìû ñîïðÿæåííîñòè â ãðóïïå F/N1 ∩N2. Åñòåñòâåííûì
ïðîäîëæåíèåì ÿâëÿåòñÿ ðàññìîòðåíèå â ãðóïïå F/N1 ∩N2 ïðîáëå-
ìû îáîáùåííîé ñîïðÿæåííîñòè. Íàïîìíèì, ÷òî ïî îïðåäåëåíèþ â
íåêîòîðîé ãðóïïå ðàçðåøèìà ïðîáëåìà îáîáùåííîé ñîïðÿæåííîñòè,
åñëè ñóùåñòâóåò àëãîðèòì, ïîçâîëÿþùèé äëÿ ëþáûõ ñëîâ u1, . . . , uk
è v1, . . . , vk îïðåäåëèòü, ñóùåñòâóåò ëè èëè íåò òàêîå ñëîâî h, ÷òî
h−1ujh = vj â äàííîé ãðóïïå äëÿ âñåõ j ∈ {1, . . . , k}. Ïðè k = 1
ïîëó÷àåì ïðîáëåìó ñîïðÿæåííîñòè.

Ãðóïïà F/N1 ∩N2, åñëè åå ðàññìàòðèâàòü, êàê ïîäãðóïïó ïðÿ-
ìîãî ïðîèçâåäåíèÿ F/N1 è F/N2, ÿâëÿåòñÿ ïîäïðÿìûì ïðîèçâåäå-
íèåì F/N1 è F/N2. Ïðèìåð ïîäïðÿìîãî ïðîèçâåäåíèÿ (òî÷íåå ðàñ-
ñëîåííîãî ïðîèçâåäåíèÿ) ñ íåðàçðåøèìîé ïðîáëåìîé ñîïðÿæåííîñòè
(à çíà÷èò, è ñ íåðàçðåøèìîé ïðîáëåìîé îáîáùåííîé ñîïðÿæåííîñòè)
ìîæíî íàéòè â ðàáîòå ×.Ìèëëåðà [2].

Ïðîáëåìà îáîáùåííîé ñîïðÿæåííîñòè äëÿ ðàçëè÷íûõ ãðóïï ðàñ-
ñìàòðèâàëàñü â ðàáîòàõ Ì.Ä. Ãðèíäëèíãåðà, Â.Í. Áåçâåðõíåãî è äðó-
ãèõ (ñì. ðàáîòó [3] è ññûëêè â íåé).
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Îáîáùåíèåì Òåîðåìû 1 èç [1] ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü F � ñâîáîäíàÿ ãðóïïà, ïîðîæäåííàÿ êîíå÷íûì
àëôàâèòîì A, N1 (ñîîòâ., N2) � íîðìàëüíîå çàìûêàíèå êîíå÷íîãî
íåïóñòîãî ñèììåòðèçîâàííîãî ìíîæåñòâà R1 (ñîîòâ., R2) ýëåìåí-
òîâ â F .

Ïóñòü äëÿ ãðóïïû Gi = F/Ni (i = 1, 2) âûïîëíÿåòñÿ ñëåäóþùåå:
1.1. Â Gi ðàçðåøèìà ïðîáëåìà îáîáùåííîé ñîïðÿæåííîñòè.
1.2. Â Gi ñóùåñòâóåò àëãîðèòì, ïîçâîëÿþùèé ïî íåñîêðàòèìî-

ìó ñëîâó x ∈ F , x 6= 1, îïðåäåëèòü âñå z ∈ F òàêèå, ÷òî x ∈ 〈z〉 â
Gi, ïðè÷åì òàêèõ ðàçëè÷íûõ ýëåìåíòîâ z èç Gi � êîíå÷íîå ÷èñëî.

1.3. Åñëè xn 6= 1 â Gi, òî èç x
ny = yxn â Gi ñëåäóåò xy = yx â

Gi äëÿ ëþáûõ x, y ∈ Gi, n ∈ N.
È ïóñòü äëÿ ãðóïïû G = F/N1N2 âûïîëíÿåòñÿ ñëåäóþùåå:
2.1. Â G ðàçðåøèìà ïðîáëåìà âõîæäåíèÿ â öèêëè÷åñêóþ ïîäãðóï-

ïó.
2.2. Êîïðåäñòàâëåíèå G = 〈A | R1 ∪R2〉 ÿâëÿåòñÿ àòîðè÷åñêèì.
Òîãäà â F/N1 ∩N2 ðàçðåøèìà ïðîáëåìà îáîáùåííîé ñîïðÿæåí-

íîñòè.

Îòìåòèì, ÷òî äëÿ âûïîëíåíèÿ óñëîâèÿ 1.3 äîñòàòî÷íî, íàïðèìåð,
÷òîáû öåíòðàëèçàòîð ëþáîãî íååäèíè÷íîãî ýëåìåíòà â Gi áûë öèê-
ëè÷åñêèì.

Îïðåäåëåíèå àòîðè÷åñêîãî êîïðåäñòàâëåíèÿ (óñëîâèå 2.2) â òåð-
ìèíàõ äèàãðàìì âàí Êàìïåíà ìîæíî íàéòè, íàïðèìåð, â [4] (èëè â
òåðìèíàõ êàðòèíîê, äâîéñòâåííûõ îáúåêòàõ ê äèàãðàììàì âàí Êàì-
ïåíà, â [1]). Îòìåòèì òàêæå, ÷òî äëÿ íåïåðåñåêàþùèõñÿ R1 è R2

óñëîâèå 2.2 îáåñïå÷èâàåò ðàâåíñòâî N1 ∩ N2 = [N1, N2] (ñìîòðè, íà-
ïðèìåð, [5, 6]).

Íàïîìíèì îïðåäåëåíèå ìàëûõ ñîêðàùåíèé C ′(λ) ([7]). Ïðåäïîëî-
æèì, ÷òî r1 è r2 � ðàçëè÷íûå ýëåìåíòû èç R, òàêèå ÷òî r1 ≡ bc1 è
r2 ≡ bc2. Â ýòîì ñëó÷àå ýëåìåíò b íàçûâàåòñÿ êóñêîì îòíîñèòåëüíî
ìíîæåñòâà R. Ãîâîðÿò, ÷òî ìíîæåñòâî R óäîâëåòâîðÿåò óñëîâèþ
C ′(λ), ãäå λ � íåêîòîðîå ïîëîæèòåëüíîå äåéñòâèòåëüíîå ÷èñëî, åñëè
èç r ∈ R, r ≡ bc, ãäå b � êóñîê, ñëåäóåò |b| < λ|r|, ãäå |w| � äëèíà
ñëîâà w â ñâîáîäíîé ãðóïïå F .

Â êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ Òåîðåìû 1 ïðèâåäåì ñëåäóþùåå

Ñëåäñòâèå. Åñëè R1 ∪ R2 óäîâëåòâîðÿåò óñëîâèþ C ′( 1
6 ), òî â

F/N1 ∩N2 ðàçðåøèìà ïðîáëåìà îáîáùåííîé ñîïðÿæåííîñòè.

Ëèòåðàòóðà. [1] Î. Â. Êóëèêîâà. Î ïðîáëåìå ñîïðÿæåííîñòè â ãðóï-

ïå F/N1 ∩N2. Ìàòåì. çàìåòêè, 2013, 93:6, ñ. 853-868. [2] C. F. Miller

III. On group-theoretic decision problems and their classi�cation. Annals of
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Mathematics Studies, No. 68, Princeton University Press, 1971. [3] Â. Í. Áåç-

âåðõíèé, Í. Á. Áåçâåðõíÿÿ, È. Â. Äîáðûíèíà, Î. Â. Èí÷åíêî, À. Å. Óñòÿí.

Îá àëãîðèòìè÷åñêèõ ïðîáëåìàõ â ãðóïïàõ Êîêñòåðà. ×åáûøåâñêèé ñá.,

2016, òîì 17, âûïóñê 4, ñ. 23-50. [4] À. Þ. Îëüøàíñêèé. Ãåîìåòðèÿ îïðå-

äåëÿþùèõ ñîîòíîøåíèé â ãðóïïàõ. Ì.: "Íàóêà" , 1989. [5] M. A. Guti�errez,

J. G. Ratcli�e. On the second homotopy group. Quart. J. Math. Oxford (2) 32,

1981, 45-55. [6] O. V. Kulikova. On intersections of normal subgroups in free

groups. Algebra and discrete mathematics, Number 1, 36-67, 2003. [7] Ð. Ëèí-

äîí, Ï. Øóïï. Êîìáèíàòîðíàÿ òåîðèÿ ãðóïï. Ì.: "Ìèð" , 1980.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

e-mail: olga.kulikova@mail.ru

À. Í. Ëåáåäåâ (Ìîñêâà)

Îáîáùåííûé ïðîòîêîë Äèôôè�Õåëëìàíà ñ àóòåíòèôèêà-
öèåé ñòîðîí

Êëàññè÷åñêèé ïðîòîêîë Äèôôè�Õåëëìàíà ôîðìèðîâàíèÿ îáùå-
ãî ñåêðåòà (êëþ÷à) ïàðîé óäàëåííûõ ïîëüçîâàòåëåé ñåòè [2] âûãëÿ-
äèò ñëåäóþùèì îáðàçîì: ñòîðîíû A è B óìåþò âû÷èñëÿòü èçâåñò-
íûå îäíîíàïðàâëåííûå ôóíêöèè f(x), g(x, y); íåçàâèñèìî ãåíåðèðó-
þò ñëó÷àéíûå ÷èñëà x, y; âû÷èñëÿþò çíà÷åíèÿ f(x), f(y) è îáìåííè-
âàþòñÿ èìè ïî îòêðûòîìó êàíàëó, à çàòåì âû÷èñëÿþò îáùèé ñåêðåò
K = g(x, f(y)) = g(f(x), y).

Îñíîâíûìè êîíêðåòíûìè ïðèìåðàìè ôóíêöèé f(x), g(x, y) ÿâëÿ-
þòñÿ:

f(x) = ax(mod p),
g(x, f(y)) = f(y)x(mod p) = g(f(x), y) =

= f(x)y(mod p) = ax∗y(mod p)
(1)

â ìóëüòèïëèêàòèâíîé ãðóïïå Z∗(p) ïîëÿ Z(p) [1]; èëè

f(x) = x ∗ P,
g(x, f(y)) = x ∗ (y ∗ P ) = g(f(x), y) = y ∗ (x ∗ P )

(2)

â ãðóïïå òî÷åê ýëëèïòè÷åñêîé êðèâîé E(a, b, p) íàä ïîëåì Z(p), ãäå
| < P > | = q � ïðîñòîå ÷èñëî [3].

Ãëàâíûì íåäîñòàòêîì îðèãèíàëüíîãî ïðîòîêîëà Äèôôè�Õåëëìàíà
ÿâëÿåòñÿ îòñóòñòâèå ãàðàíòèðîâàííîãî âçàèìíîãî ïîäòâåðæäåíèÿ
ïîäëèííîñòè ñòîðîí (èõ àóòåíòèôèêàöèè). Ïîýòîìó ïîçäíåå áûëî
ïðåäëîæåíî íåñêîëüêî ðàçëè÷íûõ âàðèàíòîâ óñëîæíåíèÿ ïðîòîêî-
ëà ñ àóòåíòèôèêàöèåé ñòîðîí [4, 5, 6].

123



Â äîêëàäå ïðåäñòàâëåí ìåòîä ôîðìèðîâàíèÿ îáùåãî ñåêðåòà,
îáîáùàþùèé âàðèàíòû ïðîòîêîëà Äèôôè�Õåëëìàíà ñ àóòåíòèôè-
êàöèåé ñòîðîí íà îñíîâå ââåäåíèÿ íîâûõ îïåðàöèé â êîëüöå âû÷åòîâ
Z(p−1) äëÿ ôóíêöèé (1); è íîâûõ îïåðàöèé â ïîëå âû÷åòîâ Z(q) êàê
ìíîæåñòâå êðàòíîñòåé òî÷êè P ∈ E(a, b, p), äëÿ êîòîðîé | < P > | = q
äëÿ ôóíêöèé (2).

Îïåðàöèè ââîäÿòñÿ òàê:

x⊕ y = σ−1(α(σ(x) + σ(y))), x⊗ y = σ−1(µ(σ(x) ∗ σ(y))) (3),

ãäå îïåðàöèè ñëîæåíèÿ + è óìíîæåíèÿ ∗ - ïðèâû÷íûå àðèôìåòè-
÷åñêèå îïåðàöèè êîëüöà Z(p − 1) èëè ïîëÿ Z(q), à ÷åðåç σ−1, α, µ, σ
îáîçíà÷åíû ïîäñòàíîâêè íà ýòîì ìíîæåñòâå [1].

Òåîðåìà 1. Ââåäåííûå âûøå îïåðàöèè (3) íà ìíîæåñòâå {0, 1, . . . , q−
1}, èëè Z(q), óäîâëåòâîðÿþò âñåì àêñèîìàì ïîëÿ íà ìíîæåñòâå òîãäà
è òîëüêî òîãäà, êîãäà ïîäñòàíîâêà µ åñòü óìíîæåíèå íà íåêîòîðîå
÷èñëî µ 6= 0, à α = id.

Êðîìå ýòèõ àëãåáðàè÷åñêèõ òðåáîâàíèé ê íîâûì îïåðàöèÿì ñëî-
æåíèÿ è óìíîæåíèÿ äëÿ ïðàêòè÷åñèõ ïðèìåíåíèé âàæíî, ÷òîáû ïîä-
ñòàíîâêè σ−1, α, µ, σ áûëè ëåãêî âû÷èñëèìû. Èñõîäÿ èç ýòîãî òðåáî-
âàíèÿ ìîæíî óòâåðæäàòü, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2. Åñëè íà ìíîæåñòâå {0, 1, . . . , q−1}îïåðàöèè ñëîæåíèÿ è
óìíîæåíèÿ çàäàíû ïî ôîðìóëàì

x⊕ y = (x+ k/m) + (y + k/m)− k/m,
x⊗ y = m ∗ (x+ k/m) ∗ (y + k/m)− k/m (4)

äëÿ ïðîèçâîëüíîãî k è m 6= 0, òî îòíîñèòåëüíî ýòèõ îïåðàöèé âû-
ïîëíÿþòñÿ âñå àêñèîìû ïîëÿ.

Òåîðåìà 3. Ðàçëè÷íûå ïàðû ÷èñåë (k,m) è (k1,m1), ãäå
k, k1,m,m1 ∈ {0, 1, . . . , q − 1}, m 6= 0, m1 6= 0, çàäàþò ðàçëè÷íûå
ñîãëàñîâàííûå ïàðû îïåðàöèé (ñëîæåíèÿ è óìíîæåíèÿ) êîíå÷íîãî
ïîëÿ íà ìíîæåñòâå {0, 1, . . . , q − 1}.

Òåîðåìà 4. Åñëè íà ìíîæåñòâå {0, 1, . . . , q − 1} çàäàíà ïàðà îïåðà-
öèé ñëîæåíèÿ è óìíîæåíèÿ ïî ôîðìóëàì (4) äëÿ ïðîèçâîëüíîãî k è
m 6= 0, òî äëÿ ëþáîé öèêëè÷åñêîé ãðóïïû < a > ïîðÿäêà q ìîæåò
áûòü ñëåäóþùèì îáðàçîì îðãàíèçîâàí ïðîòîêîë ôîðìèðîâàíèÿ îá-
ùåãî ñåêðåòà ñ àóòåíòèôèêàöèåé ñòîðîí:

ñòîðîíû A è B óìåþò âû÷èñëÿòü f(x) = ax, g(x, f(y)) = g(f(x), y) =
ax⊗y â ìóëüòèïëèêàòèâíîé öèêëè÷åñêîé ãðóïïå <a> ïîðÿäêà q;
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íåçàâèñèìî ãåíåðèðóþò ñëó÷àéíûå ÷èñëà 1 < x, y < q;

âû÷èñëÿþò çíà÷åíèÿ f(x), f(y) è îáìåíèâàþòñÿ èìè ïî îòêðûòîìó
êàíàëó;

à çàòåì, çíàÿ ïàðàìåòðû àóòåíòèôèêàöèè � ïàðó ÷èñåë (k,m), âû-
÷èñëÿþò îáùèé ñåêðåò K = g(x, f(y)) = g(f(x), y) = ax⊗y

.

Ñëåäñòâèå 5. Åñëè íà ìíîæåñòâå {0, 1, . . . , q − 1} çàäàíà ïàðà îïå-
ðàöèé ñëîæåíèÿ è óìíîæåíèÿ ïî ôîðìóëàì (4) äëÿ ïðîèçâîëüíîãî k
è m 6= 0, òî äëÿ àääèòèâíîé öèêëè÷åñêîé ãðóïïû < P > ïîðÿäêà q
â ãðóïïå òî÷åê ýëëèïòè÷åñêîé êðèâîé E(a, b, p) ìîæåò áûòü ñëåäóþ-
ùèì îáðàçîì îðãàíèçîâàí ïðîòîêîë ôîðìèðîâàíèÿ îáùåãî ñåêðåòà ñ
àóòåíòèôèêàöèåé ñòîðîí:

ñòîðîíû A èB óìåþò âû÷èñëÿòü f(x) = x∗P, g(x, f(y)) = g(f(x), y) =
(x⊗ y) ∗ P ;
íåçàâèñèìî ãåíåðèðóþò ñëó÷àéíûå ÷èñëà 1 < x, y < q;

âû÷èñëÿþò çíà÷åíèÿ f(x), f(y) è îáìåíèâàþòñÿ èìè ïî îòêðûòîìó
êàíàëó;

à çàòåì, çíàÿ ïàðàìåòðû àóòåíòèôèêàöèè � ïàðó ÷èñåë (k,m), âû-
÷èñëÿþò îáùèé ñåêðåò K = g(x, f(y)) = g(f(x), y) = (x⊗ y) ∗ P .

Ëèòåðàòóðà. [1] À. Ã. Êóðîø. Òåîðèÿ ãðóïï. Ì.: Íàóêà, 1967. [2] W. Di�e,
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[6] http://csrc.nist.gov/encryption/skipjack-kea.htm

Ìîñêîâñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò èì. Í.Ý. Áàóìàíà

e-mail: lan@lancrypto.com , a.lebedev@bmstu.net

Â. Ì. Ëåâ÷óê (Êðàñíîÿðñê)

Niltriangular subalgebra of Chevalley algebra: enveloping
algebras, ideals and connected problems Íèëüòðåóãîëüíàÿ
ïîäàëãåáðà àëãåáðû Øåâàëëå: îáåðòûâàþùèå àëãåáðû,
èäåàëû è ñâÿçàííûå ñ íèìè ïðîáëåìû

Ïðîèçâîëüíóþ (íå îáÿçàòåëüíî àññîöèàòèâíóþ) àëãåáðó A =
(A,+, ·) íàçûâàåì îáåðòûâàþùåé àëãåáðû Ëè L, åñëè A ñ íîâûì
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óìíîæåíèåì a ∗ b := ab − ba äàåò àëãåáðó Ëè R(−) ' L, ñð. [1],
[2]. Èõ èññëåäóåì äëÿ íèëüòðåóãîëüíîé ïîäàëãåáðû NΦ(K) ñ áà-
çîé {er | r ∈ Φ+} àëãåáðû Øåâàëëå íàä ïîëåì K, [3, � 4.2]. Óíè-
ïîòåíòíóþ ïîäãðóïïó UΦ(K) ãðóïïû Øåâàëëå òèïà Φ íàä K ïðåä-
ñòàâëÿþò ïðèñîåäèíåííîé ãðóïïîé íà NΦ(K); êàê ïðàâèëî, åå íîð-
ìàëüíûå ïîäãðóïïû åñòü, â òî÷íîñòè, èäåàëû êîëüöà Ëè NΦ(K), [4].
Ïî òåîðåìå Øåâàëëå î áàçèñå, ïðè r, s, r + s ∈ Φ+ â NΦ(K) èìååì
er ∗ es = Nr,ser+s, Nr,s = ±1,±2 èëè (òèï G2) ±3.

Ëåììà 1. Îáåðòûâàþùåé äëÿ àëãåáðû Ëè NΦ(K) ÿâëÿåòñÿ K-
àëãåáðà R ñ áàçîé {er | r ∈ Φ+} è óìíîæåíèåì: eres = 0 ïðè r+s 6∈ Φ,
à åñëè r, s, r+s ∈ Φ+ è Nrs ≥ 1, òî eres = er+s è eser = (1−Nrs)er+s.

Äëÿ êîðíåé ñ÷èòàåì s ≤ r, åñëè â ðàçëîæåíèè r−s ïî áàçå Π(Φ+)
êîýôôèöèåíòû íåîòðèöàòåëüíû. Êîðíè r è s íàçûâàåì èíöèäåíò-
íûìè, åñëè r ≤ s èëè s ≤ r. Ìíîæåñòâîì óãëîâ â Φ+ íàçûâàþò
ëþáîå ìíîæåñòâî L = {r1, r2, . . . , rm} ïîïàðíî íåèíöèäåíòíûõ êîð-
íåé èç Φ+. Î÷åâèäíî, ê èäåàëàì îáåðòûâàþùåé àëãåáðû îòíîñÿòñÿ
T (r) :=

∑
s≥rKes, Q(r) :=

∑
s>rKes è Q(L) :=

∑
r∈LQ(r). Åñëè

H ⊆ T (L) :=
∑
r∈L T (r) è âêëþ÷åíèå íàðóøàåòñÿ ïðè ëþáîé çàìåíå

â ñóììå T (r) íà Q(r), òî íàçîâåì L = L(H) òàêæå ìíîæåñòâîì
óãëîâ â H. Èäåàë H êîëüöà Ëè NΦ(K) íàçûâàåì ñòàíäàðòíûì, åñ-
ëè Q(L(H)) ⊂ H. Îáåðòûâàþùàÿ àëãåáðà R èç ëåììû 1 àëãåáðû
Ëè NΦ(K) çàâèñèò îò âûáîðà çíàêîâ ñòðóêòóðíûõ êîíñòàíò áàçèñà
Øåâàëëå è íàçâàíà ñòàíäàðòíîé, åñëè âñå åå èäåàëû ñòàíäàðòíû.

Äëÿ êëàññè÷åñêèõ òèïîâ â [5] çàïèñàíà, êàê ïðîáëåìà 1, çàäà÷à

(A) Íàéòè ÷èñëî ñòàíäàðòíûõ èäåàëîâ àëãåáðû Ëè NΦ(q) :=
NΦ(GF (q)).

Àëãåáðà NT (n,K) íèëüòðåóãîëüíûõ n × n ìàòðèö íàä K ïðåä-
ñòàâëÿåò àññîöèàòèâíóþ îáåðòûâàþùóþ àëãåáðó àëãåáðû Ëè NΦ(K)
òèïà An−1; èçâåñòíî, ÷òî âñå èäåàëû äàæå êîëüöà NT (n,K) ñòàí-
äàðòíû. Ëåììà 1 è çàôèêñèðîâàííûé â [6, Ëåììà 2] âûáîð çíàêîâ
êîíñòàíò Nr,s îïðåäåëÿþò îäíîçíà÷íî îáåðòûâàþùóþ àëãåáðó RΦ

êëàññè÷åñêîãî òèïà Φ ñ ñîîòâåòñòâóþùèì îáîçíà÷åíèåì: RBn(K),
RCn(K) è RDn(K). Ïðè ýòîì RDn(K) åñòü ïîäàëãåáðà â RBn(K).
Äëÿ àëãåáð Ëè NΦ(K) òèïà Dn (n ≥ 4) è En (n = 6, 7, 8) ñòàí-
äàðòíàÿ îáåðòûâàþùàÿ àëãåáðà R íå ñóùåñòâóåò, à äëÿ îñòàëüíûõ
òèïîâ ñóùåñòâóåò ([7], [8]). Ïðîáëåìó 1 èç [5] ðåøàåò òåîðåìà Ã.Ï.
Åãîðû÷åâà�Í.Ä. Õîäþíè è àâòîðà [7]. Äëÿ èñêëþ÷èòåëüíûõ òèïîâ
çàäà÷à (A) ðåøåíà â [8]. Äàëåå àâòîð è Í.Ä. Õîäþíÿ ðåøàþò çàäà÷ó
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(B) Âûÿâèòü âñå îáåðòûâàþùèå àëãåáðû R àëãåáðû Ëè NΦ(K)
êëàññè÷åñêîãî òèïà, êîòîðûå äëÿ òèïà 6= Dn ñòàíäàðòíû, à äëÿ
òèïà Dn ÿâëÿþòñÿ ïîäàëãåáðîé êàêîé-ëèáî ñòàíäàðòíîé àëãåáðû
R òèïà Bn.

Êðîìå NT (n,K) = RAn−1(K) ñóùåñòâóåò åùå ëèøü îäíà ñòàí-
äàðòíàÿ îáåðòûâàþùàÿ àëãåáðà R èç ëåììû 1 àëãåáðû Ëè NΦ(K)
òèïà An−1 (n > 3); îáå àëãåáðû èçîìîðôíû ïî ìîäóëþ àííóëÿòîðà.
Ñõîäíàÿ åäèíñòâåííîñòü íàõîäèòñÿ è äëÿ äðóãèõ àëãåáð â (B). Çà-
âåðøàÿ ïåðå÷èñëåíèå èäåàëîâ âñåõ îáåðòûâàþùèõ àëãåáð èç çàäà÷è
(B), ïåðå÷èñëÿåì íåñòàíäàðòíûå èäåàëû àëãåáðû RDn(q).

Îòìåòèì, ÷òî ðàçâèâàåìûé Ã. Ï. Åãîðû÷åâûì [9] ìåòîä èíòå-
ãðàëüíîãî ïðåäñòàâëåíèÿ êîìáèíàòîðíûõ ñóìì ðàñïðîñòðàíÿåòñÿ â
êîìáèíàòîðíûõ òåîðåìàõ íà ñóììû, âêëþ÷àþùèå q-áèíîìèàëüíûå
êîýôôèöèåíòû.

Òåîðåòèêî-ìîäåëüíûå ñâîéñòâà è ñîîòâåòñòâèÿ Ìàëüöåâà ëèíåé-
íûõ ãðóïï è êîëåö èçó÷àëèñü â òåñíîé ñâÿçè ñ èçîìîðôèçìàìè ñ 70-õ
ãîäîâ, ñì. ìîíîãðàôèþ [10], [11]-[12] è äð.

Â äîêëàäå îòðàæàþòñÿ èññëåäîâàíèÿ (ñîâìåñòíûå ñ È.Í. Çîòî-
âûì) âîïðîñîâ î ñîîòâåòñòâèè Ìàëüöåâà è èçîìîðôèçìàõ àëãåáð Ëè
NΦ(K) è èõ îáåðòûâàþùèõ àëãåáð, ñì. òàêæå [13].

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåí-
òàëüíûõ èññëåäîâàíèé (êîä ïðîåêòà 16-01-007-07).
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Íåðåäóöèðîâàííûå îáîáùåííî ýíäîïðèìàëüíûå àáåëåâû
ãðóïïû

Ïóñòü A � àáåëåâà ãðóïïà. Ôóíêöèÿ f : An → A (1 ≤ n < ω)
íàçûâàåòñÿ (n-àðíîé) ýíäîôóíêöèåé, åñëè îíà êîììóòèðóåò ñî âñåìè
ýíäîìîðôèçìàìè ãðóïïû A, ò.å. ϕf(x1, . . . , xn) = f(ϕ(x1), . . . , ϕ(xn))
äëÿ âñåõ ϕ ∈ E(A), x1, . . . , xn ∈ A. Ãðóïïà A íàçûâàåòñÿ îáîáùåí-
íî ýíäîïðèìàëüíîé (GE�ãðóïïîé), åñëè äëÿ ëþáîé ýíäîôóíêöèè
f âûïîëíåíî ðàâåíñòâî: f(x1, . . . , xn) = ϕ1(x1) + . . . + ϕn(xn), ãäå
ϕ1, . . . , ϕn � öåíòðàëüíûå ýíäîìîðôèçìû ãðóïïû A.

Ïîíÿòèå ýíäîïðèìàëüíîñòè âîçíèêëî åñòåñòâåííûì îáðàçîì â
óíèâåðñàëüíîé àëãåáðå (ñì., íàïðèìåð, [1]), è èñïîëüçîâàëîñü ïðè
èçó÷åíèè àáåëåâûõ ãðóïï â ðàáîòàõ [2], [3] è äðóãèõ. Â äàííîé ðàáî-
òå ïðåäëîæåí ìåòîä, ïîçâîëÿþùèé íàõîäèòü GE�ãðóïïû â êëàññàõ
àáåëåâûõ ãðóïï, èìåþùèõ äîñòàòî÷íûé çàïàñ èäåìïîòåíòíûõ ýíäî-
ìîðôèçìîâ. Â êà÷åñòâå ïðèìåíåíèÿ ïðåäëîæåííîé òåõíèêè âûäåëå-
íû ñåïàðàáåëüíûå è íåðåäóöèðîâàííûå GE�ãðóïïû. Âòîðîé ðåçóëü-
òàò ñâîäèò çàäà÷ó îïèñàíèÿ GE�ãðóïï ê àíàëîãè÷íîé çàäà÷å äëÿ
ðåäóöèðîâàííûõ àáåëåâûõ ãðóïï. Êðîìå ýòîãî, óñòàíîâëåíà ñâÿçü
îáîáùåííî ýíäîïðèìàëüíûõ àáåëåâûõ ãðóïï ñ àáåëåâûìè ãðóïïàìè,
èìåþùèìè ñâîèìè êîëüöàìè ýíäîìîðôèçìîâ êîëüöà ñ îäíîçíà÷íûì
ñëîæåíèåì (End�UA�ãðóïïû [4]).

Ïðÿìîå ñëàãàåìîå B ðàíãà 1 ñåïàðàáåëüíîé àáåëåâîé ãðóïïû A
íàçûâàåòñÿ èçîëèðîâàííûì, åñëè â äîïîëíèòåëüíîì ïðÿìîì ñëàãàå-
ìîì íå íàéäåòñÿ ïðÿìîãî ñëàãàåìîãî ðàíãà 1, òèï êîòîðîãî ñðàâíèì
ñ òèïîì ãðóïïû B.
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Òåîðåìà 1. Ïóñòü A � ñåïàðàáåëüíàÿ àáåëåâà ãðóïïà áåç êðó÷åíèÿ.
Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. A íå ñîäåðæèò èçîëèðîâàííûõ ñëàãàåìûõ;
2. A � End�UA�ãðóïïà;
3. A � GE�ãðóïïà.

Ïðèìàðíóþ îãðàíè÷åííóþ àáåëåâó ãðóïïó íàçîâåì öèêëè÷åñêè
èçîëèðîâàííîé, åñëè îíà ÿâëÿåòñÿ îãðàíè÷åííîé ñ ýêñïîíåíòîé pm è
íå ñîäåðæèò ïîäãðóïï âèäà Zpm

⊕
Zpm .

Òåîðåìà 2. Ïóñòü A = D
⊕
R � àáåëåâà ãðóïïà, ãäå 0 6= D �

äåëèìàÿ, 0 6= R � ðåäóöèðîâàííàÿ ñìåøàííàÿ ãðóïïû. Òîãäà A ÿâ-
ëÿåòñÿ GE�ãðóïïîé â òîì, è òîëüêî òîì ñëó÷àå, åñëè ãðóïïà R íå
ñîäåðæèò â êà÷åñòâå p�êîìïîíåíòû òàêóþ öèêëè÷åñêè èçîëèðîâàí-
íóþ ïîäãðóïïó tp(R), ÷òî p /∈ supp t(D) è äîïîëíåíèå R ê tp(R) â
ãðóïïå R p�äåëèìî. Åñëè ïðè ýòîì èñêëþ÷èòü èç ðàññìîòðåíèÿ ãðóï-
ïû, ó êîòîðûõ óêàçàííûå öèêëè÷åñêè èçîëèðîâàííûå p�êîìïîíåíòû
èçîìîðôíû Z2 èëè Z3, òî íåðåäóöèðîâàííûå GE�ãðóïïû åñòü â òî÷-
íîñòè End�UA�ãðóïïû.
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Íîâàÿ ñâÿçü ìåæäó ïðîèçâîäÿùåé ôóíêöèåé òàáëèö äîìè-
íî è êâàçèñèììåòðè÷åñêèìè ôóíêöèÿìè òèïà B.

Ó ïåðåñòàíîâêè π ∈ Sn ðàññìîòðèì ñòàòèñòèêó Des(π) = {i ∈
{1, 2, . . . n−1} | π(i) > π(i+1)}. Â ðàáîòå [1] ïîêàçàíî, ÷òî, êàê è â ñëó-
÷àå ñ öèêëîâîé ñòðóêòóðîé, ýëåìåíòû DI =

∑
Des(π)=I π ïîðîæäàþò

àëãåáðó, íàçûâàåìóþ àëãåáðîé ñïóñêà. Ñ ïîìîùüþ êâàçèñèììåòðè÷å-
ñêèõ ôóíêöèé àâòîðû óñòàíîâèëè ñâÿçü ñòðóêòóðíûõ êîíñòàíò ýòîé
àëãåáðû ñî ñòàíäàðòíûìè òàáëèöàìè Þíãà. Áîëüøóþ ðîëü â äîêà-
çàòåëüñòâå èãðàåò ïðîèçâîäÿùàÿ ôóíêöèÿ ïîëóñòàíäàðòíûõ òàáëèö
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Þíãà, òàêæå èçâåñòíàÿ êàê ôóíêöèÿ Øóðà sλ, è åå ðàçëîæåíèå íà
ôóíäàìåíòàëüíûå êâàçèñèììåòðè÷åñêèå ôóíêöèè FI .

Åñòåñòâåííûì îáðàçîì âîçíèêàåò âîïðîñ îáîáùåíèÿ ýòîãî ðåçóëü-
òàòà íà ñëó÷àé ãðóïï Êîêñòåðà äðóãèõ òèïîâ. Ýëåìåíòàìè ãðóïïû
Êîêñòåðà òèïà B ÿâëÿþòñÿ áèåêöèè èç ìíîæåñòâà {−n,−n+ 1, · · · −
1, 0, 1, . . . n} â ñåáÿ, óäîâëåòâîðÿþùèå ñâîéñòâó π(−i) = −π(i). Îïðå-
äåëèì Des(π) = {i ∈ {0, 1, 2, . . . n − 1} | π(i) > π(i + 1)}. Ãëàâíîå
îòëè÷èå îò ñëó÷àÿ ñèììåòðè÷åñêîé ãðóïïû � âîçìîæíûé ñïóñê â ïî-
çèöèè 0.

Àëãåáðà ñïóñêà òèïà B îêàçûâàåòñÿ ñâÿçàíà òàáëèöàìè äîìèíî.
Äèàãðàììó Þíãà, ðàçáèòóþ íà äîìèíîøêè è çàïîëíåííóþ íåîòðè-
öàòåëüíûìè öåëûìè ÷èñëàìè íàçîâåì ïîëóñòàíäàðòíîé òàáëèöåé
äîìèíî, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
• êàæäàÿ ñòðîêà ÿâëÿåòñÿ íåóáûâàþùåé ïîñëåäîâàòåëüíîñòüþ,
• êàæäûé ñòîëáåö � âîçðàñòàþùåé,
• âåðõíÿÿ ëåâàÿ äîìèíîøêà íå ìîæåò áûòü çàïîëíåíà íóëåì åñëè
îíà âåðòèêàëüíà.

Îáîçíà÷èì P0(n) ìíîæåñòâî ðàçáèåíèé, ó êîòîðûõ äèàãðàììà Þíãà
äîïóñêàåò ðàçáèåíèå íà äîìèíîøêè. Òàáëèöà íàçûâàåòñÿ ñòàíäàðò-
íîé åñëè êàæäîå ÷èñëî èç èíòåðâàëà [1, n] èñïîëüçîâàëîñü ðîâíî îäèí
ðàç. Îáîçíà÷èì dBλI êîëè÷åñòâî òàáëèö äîìèíî ôîðìû λ è ìíîæå-
ñòâîì ñïóñêà I.

×àó â ñâîåé äèññåðòàöèè [2] ïðåäëîæèë ñåìåéñòâî êâà-
çèñèììåòðè÷åñêèõ ôóíêöèé òèïà B è, â ÷àñòíîñòè, îïðåäå-
ëèë ôóíäàìåíòàëüíûå êâàçèñèììåòðè÷åñêèå ôóíöèè FBI (X) =∑

0≤i1≤i2≤...≤in
j∈I⇒ij<ij+1

xi1xi2 . . . xin . Àâòîðàìè ïîêàçàíî, ÷òî çà ñ÷åò òàêî-

ãî äîáàâëåíèÿ íóëåé â îïðåäåëåíèå òàáëèö äîìèíî, ïðîèçâîäÿùàÿ
ôóíêöèÿ ïîëóñòàíäàðòíûõ òàáëèö äîìèíî äîïóñêàåò ïîõîæåå ðàç-
ëîæåíèå ÷åðåç ôóíäàìåíòàëüíûå ôóíêöèè ×àó:

Òåîðåìà 1. Ïóñòü λ ∈ P0(n)

Gλ(X) =
∑

shape(T )=λ

XT =
∑

I⊆{0}∪[n−1]

dBλIF
B
I ,

Òåîðåìà 1 ÿâëÿåòñÿ îñíîâîé äëÿ äàëüíåéøèõ ðåçóëüòàòîâ. Â ÷àñò-
íîñòè, èçâåñòíî ([2]), ÷òî àëãåáðà êâàçèñèììåòðè÷åñêèõ ôóíêöèé òè-
ïà B äóàëüíà êàê àëãåáðà Õîïôà àëãåáðå ñïóñêà äëÿ ãðóïïû Êîêñ-
òåðà Bn. Èñïîëüçóÿ ýòîò ôàêò è Òåîðåìó 1, àâòîðàìè áûëà äîêàçàíà

Òåîðåìà 2. Ïóñòü λ, µ, ν ∈ P0(n). Îáîçíà÷èì gB(λ, µ, ν) êîýô-
ôèöèåíòû Êðîíåêåðà ãðóïïû Bn. Òîãäà ñòðóêòóðíûå êîíñòàíòû
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c∅IJ = [DB
∅ ]DB

I D
B
J è c∅I,J,K = [DB

∅ ]DB
I D

B
J D

B
K ìîæíî âûðàçèòü ñëå-

äóþùèì îáðàçîì:

c∅IJ =
∑

λ∈P0(n)

dBλId
B
λJ ; c∅I,J,K =

∑
λ,µ,ν∈P0(n)

gB(λ, µ, ν)dBλId
B
µJd

B
νK .

Åùå îäíî ñëåäñòâèå Òåîðåìû 1 ñâÿçàíî ñ ïîíÿòèåì Øóð-ïîëî-
æèòåëüíîñòè. Ìíîæåñòâî A íàçûâàåòñÿ Øóð-ïîëîæèòåëüíûì, åñ-
ëè àññîöèèðîâàííàÿ ñ íèì êâàçèñèìììåòðè÷åñêàÿ ôóíêöèÿ Q(A) =∑
a∈A FDes(a) îêàçûâàåòñÿ ñèììåòðè÷åñêîé è ðàñêëàäûâàåòñÿ ñ ïî-

ëîæèòåëüíûìè êîýôôèöåíòàìè íà ôóíêöèè Øóðà. Òàê êàê ìíîãî-
÷ëåíû Øóðà ÿâëÿþòñÿ õàðàêòåðàìè GLn è ñâÿçàíû ñ õàðàêòåðàìè
Sn ïðè ïîìîùè îòîáðàæåíèÿ Ôðîáåíèóñà, Øóð-ïîëîæèòåëüíîñòü â
òî÷íîñòè îçíà÷àåò, ÷òî Q(A) ñîîòâåñòâóåò êàêîìó-ëèáî õàðàêòåðó.
Êëàññè÷åñêèìè ïðèìåðàìè Øóð-ïîëîæèòåëüíûõ ìíîæåñòâ ÿâëÿþò-
ñÿ êëàññû ñîïðÿæåííîñòè, êëàññû Êíóòà è îáðàòíûå êëàññû ñïóñ-
êîâ. Â ðàáîòå [3] ïîêàçàíî, ÷òî ìíîæåñòâî äóãîâûõ ïåðåñòàíîâîê
òàêæå Øóð-ïîëîæèòåëüíî. Îñíîâíîé èäååé äîêàçàòåëüñòâà ÿâëÿåò-
ñÿ ïðåäîñòàâëåíèå ñîõðàíÿþùåé îïðåäåëåíèå ñïóñêà áèåêöèè ìåæäó
ìíîæåñòâîì A è íåêîòîðûìè ïîäìíîæåñòâàìè ñòàíäàðòíûõ òàáëèö
Þíãà. Ê ïîäîáíûì ñîõðàíÿþùèì îïðåäåëåíèå ñïóñêà îïåðàöèÿì îò-
íîñèòñÿ èçâåñòíûé àëãîðèòì RSK. Îí ëåæèò â îñíîâå äîêàçàòåëüñòâà
ðÿäà áàçîâûõ ïðèìåðîâ.

Â ðàáîòå [4] Àäèí è äð. ðàññìîòðåëè ñëó÷àé ãðóïïû Êîêñòåðà
òèïà B, â êà÷åñòâå êâàçèñèììåòðè÷åñêèõ ôóíêöèé òèïà B âçÿâ ñå-
ìåéñòâî ôóíêöèé Ïóàðüå. Èì óäàëîñü ïåðåíåñòè ìíîæåñòâî îñíîâ-
íûõ ïðèìåðîâ íà ñëó÷àé òèïà B, îäíàêî îíè èñïîëüçóþò èíîå, ìåíåå
èíòóèòèâíîå îïðåäåëåíèå ìíîæåñòâà ñïóñêà ïåðåñòàíîâêè èç Bn.

Àâòîðû ïðåäëàãàþò äðóãîé ïîäõîä ê îïðåäåëåíèþ Øóð-ïîëîæè-
òåëüíîñòè òèïà B. Ìíîæåñòâî A íàçîâåì G-ïîëîæèòåëüíûì åñëè
QB(A) =

∑
a∈A F

B
Des(a) ðàñêëàäûâàåòñÿ ñ ïîëîæèòåëüíûìè êîýô-

ôèöèåíòàìè íà ôóíêöèè äîìèíî. Äëÿ òàáëèö äîìèíî èìååòñÿ àíà-
ëîã àëãîðèòìà RSK, ïîçâîëÿþùèé ïîêàçàòü G-ïîëîæèòåëüíîñòü ðÿ-
äà áàçîâûõ ïðèìåðîâ, â ÷àñòíîñòè, îáðàòíûõ êëàññîâ ñïóñêîâ è êëàñ-
ñîâ Êíóòà òèïà B. Áîëåå ïðîäâèíóòûì ïðèìåðîì G-ïîëîæèòåëüíîãî
ìíîæåòñâà ÿâëÿþòñÿ äóãîâûå ïåðåñòàíîâêè ñî çíàêàìè Asn. Ìíîæå-
ñòâî Asn ñîñòîèò èç ýëåìåíòîâ Bn, èçáåãàþùèõ ñëåäóþùèå 24 ïàò-
òåðíà: [±1,−2,±3], [±1, 3,±2], [±2,−3,±1], [±2, 1,±3], [±3,−1,±2],
[±3, 2,±1]. Àâòîðàìè ïðåäëîæåíà íå îñíîâàííàÿ íà RSK áèåêöèÿ
ìåæäó ìíîæåñòâîì Asn è êëàññàìè ñòàíäàðòíûõ òàáëèö äîìèíî, ñî-
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îòâåòñâóþùèõ îïèñàííûì íèæå ôîðìàì. Âìåñòå ñ Òåîðåìîé 1 îíà
âëå÷åò ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 3.∑
π∈Asn

FBDes(π) = G(2n) + G(2n−1,1) + G(2n−2,1,1) + G(2n−3,1,1,1)

+ 2
∑

a≥2n−a≥2

G(a,2n−a)

+
∑

a≥2n−a−2≥2

G(a,2n−a−2,2) +
∑

a≥2n−a−2≥2

G(a,2n−a−2,1,1).

Ëèòåðàòóðà. [1] L. Solomon, A Mackey formula in the group ring of a

Coxeter group, Journal of Algebra 41 (1976), 255�264. [2] C.O. Chow, Non

commutative symmetric functions of type B, PhD thesis. MIT, 2001. [3] S.

Elizalde, Y. Roichman, Arc Permutations, Journal of Algebraic Combinatorics,

Volume 39, 301�334, 2014. [4] R.M. Adin, C. A. Athanasiadis, S. Elizalde and

Y. Roichman, Character formulas and descents for the hyperoctahedral group,

arXiv:1504.01283, 2015

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

Laboratoire d'Informatique de l'Ecole Polytechnique

e-mail: alina.r.m@yandex.ru, katya@lix.polytechnique.fr

À. È. Ìàêîñèé (Àáàêàí), À. Â. Òèìîôååíêî (Êðàñíîÿðñê)

Êàê ïîñòðîèòü ïîðîæäàþùèå ãðóïïó èíâîëþöèè
Îáëàäàíèå ãðóïïîé ñèñòåìîé ïîðîæäàþùèõ å¼ èíâîëþöèé ïîç-

âîëÿåò ìíîãîå ñêàçàòü êàê î ñàìîé ãðóïïå, òàê è î ïðèìåíåíèè ýòîé
ãðóïïû. Íàïðèìåð, ïîðîæäåíèå ãðóïïû n èíâîëþöèÿìè, îïðåäåëÿ-
þùèå ñîîòíîøåíèÿ êîòîðûõ ñîîòâåòñòâóþò îïðåäåë¼ííîãî âèäà îò-
ðàæåíèÿìè îò ãèïåðïëîñêîñòåé, ïîçâîëÿåò ãîâîðèòü îá ýòîé ãðóï-
ïå êàê ïðîîáðàçå ãðóïïû ñèììåòðèé ïðàâèëüíîãî n-ìåðíîãî ìíîãî-
ãðàííèêà, n = 1, 2, . . .. Äëÿ êàæäîé (èçâåñòíîé) êîíå÷íîé ïðîñòîé
è îòëè÷íîé îò PSU3(9) íåöèêëè÷åñêîé ãðóïïû ëèáî èçâåñòíî, ÷òî
íåïåðåñòàíîâî÷íû ëþáûå äâå èç òð¼õ ïîðîæäàþùèõ å¼ èíâîëþöèé,
ëèáî ÿâíî óêàçàíà å¼ (2 × 2, 2)-òðîéêà èíâîëþöèé çà èñêëþ÷åíèåì
ñïîðàäè÷åñêîãî ìîíñòðà F1, [1]. Ìèíèìàëüíîå ÷èñëî ïîðîæäàþùèõ
ãðóïïó PSU3(9) èíâîëþöèé ðàâíî ÷åòûð¼ì. Ïóòü îò äîêàçàòåëüñòâà
ñóùåñòâîâàíèÿ â ãðóïïå F1 (2 × 2, 2)-òðîéêè èíâîëþöèé, [1], äî ïî-
ñòðîåíèÿ ñàìèõ ýòèõ èíâîëþöèé åù¼ ïðåäñòîèò ïðîéòè.
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Ñôîðìóëèðóåì çàäà÷ó íàõîæäåíèÿ ñèñòåì ïîðîæäàþùèõ ãðóïïó
èíâîëþöèé â ñëåäóþùåì âèäå. Êàæäóþ (2× 2, 2)-òðîéêó èíâîëþöèé
i1, i2, i3 õàðàêòåðèçóåò ïÿò¼ðêà (m,n,A1, A2, A3), ãäå m,n � ïîðÿä-
êè ïðîèçâåäåíèé i1i3, i2i3 íåïåðåñòàíîâî÷íûõ èíâîëþöèé è m ≤ n,
à Ak � èìÿ êëàññà ñîïðÿæåííûõ èíâîëþöèé, ñîäåðæàùåãî èíâîëþ-
öèþ ik, k = 1, 2, 3 (ýòè èìåíà îáû÷íî çàïèñûâàþò êàê 2A, 2B, . . .).
Ìû íå ðàçëè÷àåì (2×2, 2)-òðîéêè èíâîëþöèé, èìåþùèå îäèíàêîâûå
ïÿòåðêè óêàçàííîãî âèäà. Öåëü íàñòîÿùåé ðàáîòû çàêëþ÷àåòñÿ â ñî-
çäàíèè èíñòðóìåíòîâ íàõîæäåíèÿ òàêèõ ïÿò¼ðîê äëÿ ìàêñèìàëüíî
âîçìîæíîãî êîëè÷åñòâà ãðóïï. Ðåçóëüòàòû âû÷èñëåíèé ñôîðìóëèðó-
åì â âèäå ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Åñëè G � çíàêîïåðåìåííàÿ ãðóïïà Altl ñòåïåíè l ≤ 16
èëè ñïîðàäè÷åñêàÿ ãðóïïà Ìàòüå, ßíêî J1, J2, J3, Õèãìàíà-Ñèìïñà
HS, Ñóçóêè Suz, Ðóäâàëèñà Ru, èëè Ìàêëàôëèíà McL, òî ðàñïîëî-
æåííûå â Àòëàñå [2] ïÿò¼ðêè (m,n,A1, A2, A3) è òîëüêî îíè ñîîòâåò-
ñòâóþò (2× 2, 2)-òðîéêàì èíâîëþöèé ãðóïïû G.

Îïèðàÿñü íà (2× 2, 2)-òðîéêè èíâîëþöèé òåîðåìû 1 ìîæíî íàé-
òè ãåíåòè÷åñêèé êîä ñîîòâåòñòâóþùåé ãðóïïû. Íàïðèìåð, ïÿò¼ðêàì
(4, 5, 2A, 2B, 2B) è (4, 5, 2B, 2B, 2B) ãðóïïû Ðóäâàëèñà Ru ñîîòâåò-
ñòâóþò êîäû ñ 26 è 164 îïðåäåëÿþùèìè ñîîòíîøåíèÿìè. Ñïðàâåä-
ëèâî òàêæå

Ïðåäëîæåíèå 1. Ñïîðàäè÷åñêèå ãðóïïû J1, J2 îáëàäàþò ñëåäóþ-
ùèìè ãåíåòè÷åñêèìè êîäàìè:

J1 = 〈a, b, c | a2, b2, c2, (ab)2, (ac)3, (bc)7, (abc)19, (bcbca)15〉,

J2 = 〈a, b, c | a2, b2, c2, (ab)2, (ac)3, (bc)15, (abcbc)7, (abcbcbc)5〉.

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèé-
ñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé, Ïðàâèòåëüñòâà Êðàñ-
íîÿðñêîãî êðàÿ, Êðàñíîÿðñêîãî êðàåâîãî ôîíäà ïîääåðæêè íàó÷-
íîé è íàó÷íî-òåõíè÷åñêîé äåÿòåëüíîñòè â ðàìêàõ íàó÷íîãî ïðîåêòà
�16�41�240670.

Ëèòåðàòóðà. [1] Â. Ä. Ìàçóðîâ, Î ïîðîæäåíèè ñïîðàäè÷åñêèõ ïðî-

ñòûõ ãðóïï òðåìÿ èíâîëþöèÿìè, äâå èç êîòîðûõ ïåðåñòàíîâî÷íû. Ñè-

áèðñêèé ìàòåìàòè÷åñêèé æóðíàë, 44, �1(2003), 193�198. [2] À. È. Ìàêî-

ñèé, À. Â. Òèìîôååíêî, Àòëàñ êîíå÷íûõ ïðîñòûõ (2 × 2, 2)-ïîðîæä¼ííûõ

ãðóïï. http://ftp.kspu.ru/moodle/t/index.html

Õàêàññêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Ô. Êàòàíîâà
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Ãðóïïû ïîäñòàíîâîê, ïîðîæä¼ííûå ìîäóëüíûìè ñëîæåíè-
ÿìè

Ðàññìàòðèâàåòñÿ ìíîæåñòâî V = Znq , n > 2, ïðåäñòàâëåííîå äå-
êàðòîâîé ñòåïåíüþ êîëüöà âû÷åòîâ Zq = {0, 1, ... , q − 1}, q > 2. Êî-
íå÷íîé ïîñëåäîâàòåëüíîñòè x1, ... , xr âû÷åòîâ èç Zq ñòàâèì â ñîîòâåò-
ñòâèå âû÷åò ïî mod qr: [x1, ... , xr] = x1q

r−1 +...+xr−1q+xr. Óïîðÿäî-
÷åííîìó ïîäìíîæåñòâó (i1, ... , ir) ⊆ {1, ... , n} ñòàâèì â ñîîòâåòñòâèå
ïîäñòàíîâêó π = π(i1,... ,ir) : Znq → Znq . Åñëè π(i1,... ,ir)(x1, ... , xn) =
(y1, ... , yn), òî yi = xi äëÿ i /∈ {i1, ... , ir}, à [yi1 , ... , yir ] = [xi1 , ... , xir ]+
1(mod qr). Ìîùíîñòü ïîäìíîæåñòâà r, 1 6 r 6 n, ñâîÿ äëÿ êàæäîé
òàêîé ïîäñòàíîâêè π è ìîæåò áûòü ëþáîé èç óêàçàííîãî äèàïàçîíà.
Óïîðÿäî÷åííîñòü òîæå ìîæåò áûòü ëþáîé èç r! âîçìîæíûõ.

Ìíîæåñòâó S = {π1, ... , πs} òàêèõ ïîäñòàíîâîê ñòàâèì â ñîîòâåò-
ñòâèå ãðóïïó G = GS = 〈π1, ... , πs〉, èìè ïîðîæäàåìóþ, è îðèåíòèðî-
âàííûé (áåç ïåòåëü) ãðàô Γ = ΓS íà ìíîæåñòâå âåðøèí {1, ... , n}. Åñ-
ëè ïîäñòàíîâêè πj îïðåäåëÿþòñÿ ñîîòâåòñòâåííî íàáîðàìè íîìåðîâ(
i
(j)
1 , ... , i

(j)
rj

)
, j = 1, ... , s, òî äóãàìè ãðàôà Γ ÿâëÿþòñÿ: i

(j)
t ← i

(j)
t+1,

t = 1, ... , rj − 1, j = 1, ... , s.

Òåîðåìà. Åñëè ãðàô Γ = ΓS ñèëüíî ñâÿçåí, S = {π1, ... , πs}, q > 2,
òî ãðóïïà G = GS = 〈π1, ... , πs〉 ñîäåðæèò çíàêîïåðåìåííóþ ãðóïïó
AV íà ìíîæåñòâå V , çà åäèíñòâåííûì èñêëþ÷åíèåì ïðè q = 2, n > 3,
rj 6 2 äëÿ âñåõ j = 1, ... , s, êîãäàGS = AGL(n, 2) � ïîëíàÿ àôôèííàÿ
ãðóïïà, äåéñòâóþùàÿ íà ïðîñòðàíñòâå GF (2)n.

Ãðóïïà GS ñîâïàäàåò ñî âñåé ñèììåòðè÷åñêîé ãðóïïîé SV ïðè
íàëè÷èè ñðåäè îáðàçóþùèõ õîòÿ áû îäíîé íå÷¼òíîé ïîäñòàíîâêè πj ,
j ∈ {1, ... , s}. Òîãäà (qrj − 1) qn−rj íå÷¼òíî è ïîòîìó q ÷¼òíî, à rj = n.
Îáðàòíîå ê òåîðåìå óòâåðæäåíèå î÷åâèäíî: ïðè íàðóøåíèè ñèëüíîé
ñâÿçíîñòè ãðàôà ΓS ãðóïïà GS áóäåò èìïðèìèòèâíîé.

Ðàññìàòðèâàåìûå ñèñòåìû îáðàçóþùèõ óäîáíû äëÿ èõ ïðàêòè÷å-
ñêîé ðåàëèçàöèè ïðè rj 6 r � n, ãäå r îãðàíè÷èâàåòñÿ ñâåðõó ðàçðÿä-
íîñòüþ èñïîëüçóåìîãî âû÷èñëèòåëüíîãî ïðîöåññîðà. Ýòî æå îáñòîÿ-
òåëüñòâî ñîçäà¼ò òðóäíîñòè ïðè îáîñíîâàíèè âêëþ÷åíèÿ GS ⊇ AV . Â
áîëüøèíñòâå èçâåñòíûõ äîñòàòî÷íûõ óñëîâèé òàêîãî âêëþ÷åíèÿ òðå-
áóþòñÿ ïîäñòàíîâêè π ∈ GS èç l öèêëîâ ïðîñòîé äëèíû p, ïðè÷¼ì
l < p è l < k, åñëè |V | = pl + k. Ïîäñòàíîâêè πj , j ∈ {1, ... , s}, ñîñòî-

134



ÿò èç qn−rj öèêëîâ äëèíû qrj , ïîýòîìó äëÿ π â âèäå ïðîèçâåäåíèÿ
íåñêîëüêèõ òàêèõ ïîäñòàíîâîê èìååì l� p.

Â óñëîâèÿõ Òåîðåìû âíà÷àëå äîêàçûâàåòñÿ 2-òðàíçèòèâíîñòü
ãðóïïû GS , ïðè÷¼ì, â áîëåå îáùåé ñèòóàöèè, äëÿ äåêàðòîâà ïðî-
èçâåäåíèÿ W = Zq1 × Zq2 × ... × Zqn , qi > 2, i = 1, ... , n. Òîãäà
êîíå÷íîé ïîñëåäîâàòåëüíîñòè xi1 , ... , xir , xij ∈ Zq

ij
, j = 1, ... , r,

ñòàâèòñÿ â ñîîòâåòñòâèå âû÷åò [xi1 , ... , xir ] = xi1 · (qi2 · ... · qir ) +
... + xij ·

(
qij+1 · ... · qir

)
+ ... + xir−1 · qir + xir ïî mod (qi1 · ... · qir ).

Ïîäñòàíîâêà π(i1,... ,ir) : W →W îïðåäåëÿåòñÿ àíàëîãè÷íî. Åñëè
π(i1,... ,ir)(x1, ... , xn) = (y1, ... , yn), òî äëÿ j ∈ {1, ... , n}�{i1, ... , ir}
èìååì yj = xj , à [yi1 , ... , yir ] = [xi1 , ... , xir ] + 1(mod (qi1 · ... · qir )). Â
ââåä¼ííûõ îáîçíà÷åíèÿõ ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà. Åñëè S = {π1, ... , πs} è ãðàô Γ = ΓS ñèëüíî ñâÿçåí, òî
ãðóïïà G = GS = 〈π1, ... , πs〉 áóäåò 2-òðàíçèòèâíîé íà W = Zq1 ×
Zq2 × ...× Zqn .

Ñ ó÷¼òîì ýòîé ëåììû äëÿ äîêàçàòåëüñòâà òåîðåìû îñòàíåòñÿ ïðî-
àíàëèçèðîâàòü ïîëíûé ñïèñîê êîíå÷íûõ 2-òðàíçèòèâíûõ ãðóïï, ïî-
ëó÷åííûé áëàãîäàðÿ êëàññèôèêàöèè êîíå÷íûõ ïðîñòûõ ãðóïï [1].
Îòáðàêîâêà îòëè÷íûõ îò çíàêîïåðåìåííîé è ñèììåòðè÷åñêîé ãðóïï
èç ñïèñêà áóäåò ïðîèçâîäèòüñÿ, ãëàâíûì îáðàçîì, ñ ïîìîùüþ äîêà-
çàííîé â 2003 ãîäó Ìèõàéëåñêó [2] òåîðåìû î åäèíñòâåííîñòü ðå-
øåíèÿ óðàâíåíèÿ xz − yt = 1 â öåëûõ ÷èñëàõ áîëüøèõ åäèíèöû:
32 − 23 = 1, èçâåñòíîé ñ 1844 ãîäà êàê òåîðåìà (äîãàäêà) Êàòàëà-
íà [3]. Ïîëíûé ñïèñîê êîíå÷íûõ 2-òðàíçèòèâíûõ ãðóïï ïîäñòàíî-
âîê G ⊆ SN [1] âêëþ÷àåò â ñåáÿ, ïðåæäå âñåãî, àôôèííûå ãðóïïû:
G = L · GF (p)m ⊆ AGL(m, p) = GL(m, p) · GF (p)m, ãäå ïîäãðóï-
ïà L ⊆ GL(m, p) òðàíçèòèâíà íà ìíîæåñòâå íåíóëåâûõ âåêòîðîâ èç
GF (p)m�{0}, N = pm, p � ïðîñòîå, è ãðóïïû ïðîåêòèâíûõ êîë-
ëèíåàöèé: PSL(m, p) ⊆ G ⊆ PΓL(m, p), ãäå p � ñòåïåíü ïðîñòîãî,
N = 1 + p + p2 + ... + pm−1, (m, p) 6= (2, 2), (m, p) 6= (2, 3), m > 2.
Äëÿ âñåõ ñïîðàäè÷åñêèõ ãðóïï (èç ñïèñêà 2-òðàíçèòèâíûõ) ñòåïå-
íè ïîäñòàíîâîê N íå ïðåäñòàâëÿþòñÿ â âèäå qn = |V |, ïîýòîìó â
êà÷åñòâå GS îíè íå ïîäõîäÿò. Îñòàâøèåñÿ ïÿòü áåñêîíå÷íûõ ñåðèé
2-òðàíçèòèâíûõ ãðóïï ïîäñòàíîâîê � ýòî ãðóïïû êîíå÷íîé ïðîåêòèâ-
íîé ïëîñêîñòè, ãðóïïû Ñóäçóêè, ãðóïïû Ðè, äâå ñåðèè ñèìïëåêòè÷å-
ñêèõ ãðóïï, äëÿ êîòîðûõ ñòåïåíè ïîäñòàíîâîê N îòíîñÿòñÿ ñîîòâåò-
ñòâåííî ê îäíîìó èç ñëåäóþùèõ âèäîâ: 1) 1+p3m, p � ïðîñòîå, pm > 2;
2) 1 + 24m+2, m > 1; 3) 1 + 36m+3, m > 1; 4) 2m−1(2m − 1), m > 3; 5)
2m−1(2m + 1), m > 3. Âñå ïÿòü ñåðèé ýòèõ ãðóïï îòáðàêîâûâàþòñÿ ñ
ïîìîùüþ òåîðåìû Êàòàëàíà [2], [3].
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Íà ðóáåæå XIX è XX âåêîâ C. Jordan, W.A. Manning, M.J. Weiss
äîêàçàëè ðÿä òåîðåì î ñîâïàäåíèè 2-òðàíçèòèâíîé ãðóïïû ñî çíà-
êîïåðåìåííîé èëè ñèììåòðè÷åñêîé (ñì. ìîíîãðàôèþ H. Wielandt
[4]). Ïðè äîêàçàòåëüñòâå Òåîðåìû íàñòîÿùèõ òåçèñîâ èñïîëüçóåòñÿ, â
÷àñòíîñòè, â êà÷åñòâå äîñòàòî÷íîãî óñëîâèÿ äëÿ âêëþ÷åíèÿGS ⊇ AV
íåðàâåíñòâî 3µ < N − 2

√
N , ãäå µ � òî÷íàÿ íèæíÿÿ ãðàíèöà ÷èñëà

ìîáèëüíûõ òî÷åê íååäèíè÷íûõ ïîäñòàíîâîê ãðóïïû GS (ñì. òåîðåìó
15.1 â [4]). Ýòè òåîðåìû ñ ó÷¼òîì ëåììû ïîçâîëÿþò ñôîðìóëèðîâàòü
ñëåäóþùóþ ãèïîòåçó.

Ãèïîòåçà. Åñëè S = {π1, ... , πs}, qi > 2, i = 1, ... , n, è ãðàô Γ = ΓS
ñèëüíî ñâÿçåí, òî ãðóïïà G = GS = 〈π1, ... , πs〉 ñîäåðæèò çíàêî-
ïåðåìåííóþ ãðóïïó AW íà ìíîæåñòâå W , çà åäèíñòâåííûì èñêëþ-
÷åíèåì ïðè qi = 2, i = 1, ... , n, n > 3, rj 6 2, j = 1, ... , s, êîãäà
GS = AGL(n, 2) � ïîëíàÿ àôôèííàÿ ãðóïïà, äåéñòâóþùàÿ íà ïðî-
ñòðàíñòâå GF (2)n.

Èñïîëüçóåìûå ïðè äîêàçàòåëüñòâå òåîðåìû ðàññóæäåíèÿ ïîçâî-
ëÿþò óáåäèòüñÿ â ñïðàâåäëèâîñòè Ãèïîòåçû äëÿ ñëåäóþùèõ ñëó÷àåâ:
ïðè n = 2; ïðè q

r
(j)
1

> 5 äëÿ íåêîòîðîãî j ∈ {1, ... , s}; ïðè |W | > 64 è

q
r
(j)
1

> 4 äëÿ íåêîòîðîãî j ∈ {1, ... , s}; ïðè qi = 2ui , ui ∈ N, äëÿ âñåõ
i = 1, ... , n.

Ïîëíûå äîêàçàòåëüñòâà äëÿ ïðåäñòàâëåííûõ â íàñòîÿùèõ òåçèñàõ
Òåîðåìû è Ëåììû èìåþòñÿ â ðàáîòå [5].
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136



ñïðàâåäëèâûìè àíàëîãè òåîðåìû Ïîñòà � Ãëóñêèíà � Õîññó, ïðè÷¼ì
â áîëåå åñòåñòâåííîì è ïðîñòîì âèäå.

Ïóñòü n > 3 è Q : Xn → X, (x1, ... , xn) 7→ [x1, ... , xn], êâàçèãðóï-
ïîâàÿ îïåðàöèÿ. Îíà áèåêòèâíà ïî êàæäîìó èç n àðãóìåíòîâ ïðè
ôèêñàöèè îñòàëüíûõ n−1 àðãóìåíòîâ [1]. Îáîçíà÷èì xji = (xi, ... , xj),

xji (∆) = (xi+∆, ... , xj+∆).

Îïðåäåëåíèå 1 Äëÿ öåëûõ s > 0, t > 0, $ > 1, s + $ 6 n,
t+$ 6 n, n-êâàçèãðóïïà (X,Q) ÿâëÿåòñÿ (s,$, t)-ñëàáî îáðàòèìîé,
åñëè èç ðàâåíñòâà

[
as1, x

s+$
s+1 (−s), ans+$+1

]
=
[
as1, y

s+$
s+1 (−s), ans+$+1

]
ïðè êàêèõ-òî as1 ∈ Xs, ans+$+1 ∈ Xn−s−$, x$1 , y

$
1 ∈ X$ ñëåäóåò òîæ-

äåñòâî
[
zt1, x

t+$
t+1 (−t), znt+$+1

]
=
[
zt1, y

t+$
t+1 (−t), znt+$+1

]
, ñïðàâåäëèâîå

äëÿ âñåõ zt1 ∈ Xt, znt+$+1 ∈ Xn−t−$. Åñëè s = 0, à $ = n − t, òî
(0, n − t, t)-ñëàáî îáðàòèìóþ n-êâàçèãðóïïó áóäåì íàçûâàòü t-ñëàáî
îáðàòèìîé.

Äëÿ (s,$, t)-ñëàáî îáðàòèìîé n-êâàçèãðóïïû Q âñå ýêâèâàëåíò-
íûå åé
n-êâàçèãðóïïû σQ, σ ∈ SX , òàêæå áóäóò (s,$, t)-ñëàáî îáðàòèìûìè,
(σQ)(x1, ... , xn) = σ(Q(x1, ... , xn)).

Ïðåäëîæåíèå 1. n-êâàçèãðóïïà Q : Xn → X ÿâëÿåòñÿ (s,$, t)-
ñëàáî îáðàòèìîé òîãäà è òîëüêî òîãäà, êîãäà îòíîñèòåëüíî ïåðå-
ìåííûõ xn1 ñî çíà÷åíèÿìè â Xn ñïðàâåäëèâû òîæäåñòâà Q(xn1 ) =
A(xs1, B(xs+$s+1 ), xns+$+1) = C(xt1, D(xt+$t+1 ), xnt+$+1), â êîòîðûõ A è C
íåêîòîðûå (n − $ + 1)-êâàçèãðóïïû, à B è D � ýêâèâàëåíòíûå $-
êâàçèãðóïïû.

Ñëåäñòâèå 1. Åñëè n-êâàçèãðóïïà Q ÿâëÿåòñÿ (s,$, t)-ñëàáî îáðà-
òèìîé, òî îíà ÿâëÿåòñÿ (t,$, s)-, (s,$, s)- è (t,$, t)- ñëàáî îáðàòèìîé.

Ñëåäñòâèå 2 [1]. Åñëè n-êâàçèãðóïïà Q ÿâëÿåòñÿ (s,$, s)-
ñëàáî îáðàòèìîé, òî îíà ïðåäñòàâëÿåòñÿ â âèäå Q(xn1 ) =
A(xs1, B(xs+$s+1 ), xns+$+1),
ãäå A � (n−$ + 1)-êâàçèãðóïïà, B � $-êâàçèãðóïïà.

Ñëåäñòâèå 3. Åñëè n-êâàçèãðóïïàQ ÿâëÿåòñÿ (s,$, t)-ñëàáî îáðàòè-
ìîé è t > s+$, òî Q(xn1 ) = A(xs1, B(xs+$s+1 ), xts+$+1, B(xt+$t+1 ), xnt+$+1),
ãäå A � (n− 2$ + 2)-êâàçèãðóïïà, B � $-êâàçèãðóïïà.

Òåîðåìà 1. Ïóñòü Q : Xn → X � (s,$, t)-ñëàáî îáðàòèìàÿ n-
êâàçèãðóïïà è 0 6 s < t < s + $, t + $ 6 n. Òîãäà Q(xn1 ) =

F
(
xs1, Q̃

(
xt+$s+1

)
, xnt+$+1

)
, ãäå F : Xn+s−t−$+1 → X � íåêîòîðàÿ

(n + s − t − $ + 1)-êâàçèãðóïïà, Q̃ : Xt+$−s → X � íåêîòîðàÿ
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(t − s)-ñëàáî îáðàòèìàÿ m-êâàçèãðóïïà, m = $ + t − s. Îáðàòíî,

åñëè F � ïðîèçâîëüíàÿ (n + s − t − $ + 1)-êâàçèãðóïïà, à Q̃ � ïðî-
èçâîëüíàÿ (t− s)-ñëàáî îáðàòèìàÿ m-êâàçèãðóïïà, òî n-êâàçèãðóïïà
Q(xn1 ) = F

(
xs1, Q̃

(
xt+$s+1

)
, xnt+$+1

)
áóäåò (s,$, t)-ñëàáî îáðàòèìîé.

Òåîðåìà 1 (âìåñòå ñî ñëåäñòâèÿìè 1, 2, 3) ïîêàçûâàåò, ÷òî äëÿ
âûÿâëåíèÿ ñòðîåíèÿ (s,$, t)-ñëàáî îáðàòèìûõ n-êâàçèãðóïï â îáùåì
ñëó÷àå (ïðè s > 0, t > 0, $ > 1, s + $ 6 n, t + $ 6 n) äîñòàòî÷íî
ïîíÿòü ñòðîåíèå r-ñëàáî îáðàòèìûõ n-êâàçèãðóïï äëÿ ïðîèçâîëüíûõ
n > 3 è r > 0, 1 6 r < n

2 .
n-êâàçèãðóïïà ÿâëÿåòñÿ (i, j)-àññîöèàòèâíîé [1], åñëè â íåé âû-

ïîëíÿåòñÿ òîæäåñòâî [xi−1
1 , [xi+n−1

i ], x2n−1
i+n ] = [xj−1

1 , [xj+n−1
j ], x2n−1

j+n ] è
àññîöèàòèâíîé, åñëè òàêèå òîæäåñòâà âûïîëíÿþòñÿ äëÿ âñåõ i, j, 1 6
i < j 6 n.

Ïðåäëîæåíèå 2. Åñëè n-êâàçèãðóïïà Q : Xn → X ÿâëÿåòñÿ (i, j)-
àññîöè-àòèâíîé, òî îíà ÿâëÿåòñÿ (j − i)-ñëàáî îáðàòèìîé.

Òåîðåìà 2. Ïóñòü n = nt = n0 + tr, t > 0, 2r < n0 6 3r è (X,Q)
� êîíå÷íàÿ r-ñëàáî îáðàòèìàÿ n-êâàçèãðóïïà. Òîãäà Q(xn1 ) = Pu0 ·
Rv0 ·ϕ(Pu1 ·Rv1) ·ϕ2(Pu2 ·Rv2) · ... ·ϕt(Put ·Rvt) ·ϕt+1(Put+1 ·Rvt+1) ·
ϕt+2(Put+2),
ãäå: · � ãðóïïîâàÿ îïåðàöèÿ íà ìíîæåñòâå X, ϕ ∈ Aut(X, ·),
P : Xn0−2r → X � (n0−2r)-êâàçèãðóïïà, ui ∈ Xn0−2r, i = 0, 1, ... , t+2,
R : X3r−n0 → X � (3r−n0)-êâàçèãðóïïà, vi ∈ X3r−n0 , i = 0, 1, ... , t+1,
(xn1 ) = (u0, v0, u1, v1, u2, v2, ... , ut, vt, ut+1, vt+1, ut+2)

Îáðàòíîå ê òåîðåìå 2 óòâåðæäåíèå òîæå ñïðàâåäëèâî. Äëÿ ëþ-
áûõ: ãðóïïîâîé îïåðàöèè · íà ìíîæåñòâå X, ϕ ∈ Aut(X, ·), (n0 − 2r)-
êâàçèãðóïïû P , (3r − n0)-êâàçèãðóïïû R n-êâàçèãðóïïà Q, çàäà-
âàåìàÿ ðàâåíñòâîì èç òåîðåìû 2, áóäåò r-ñëàáî îáðàòèìîé. Â ñèëó
òåîðåìû 2 èç r-ñëàáîé îáðàòèìîñòè n-êâàçèãðóïïû Q ñëåäóåò å¼ αr-
ñëàáàÿ îáðàòèìîñòü äëÿ âñåõ íàòóðàëüíûõ α 6 (n− 2)/r.

Ñòðîåíèå (i, j)-àññîöèàòèâíûõ n-êâàçèãðóïï (ñì. [1], [2]) ïîêàçû-
âàåò, ÷òî ïðåäëîæåíèå 2 ñïðàâåäëèâî â áîëåå ñèëüíîé ôîðìå: ëþ-
áàÿ (i, j)-àññîöèàòèâ-íàÿ n-êâàçèãðóïïà ÿâëÿåòñÿ r-ñëàáî îáðàòè-
ìîé äëÿ r =ÍÎÄ(i−1, j− i, n−1). Ñîãëàñíî òåîðåìå 8.6 ìîíîãðàôèè
[1] äîïîëíèòåëüíûå òðåáîâàíèÿ íà âûðàæåíèå äëÿ Q â òåîðåìå 2,
îáóñëîâëåííûå (i, j)-àññîöèàòèâíîñòüþ, çàêëþ÷àþòñÿ â äîìíîæåíèè
ñïðàâà íà ýëåìåíò c ∈ X, äëÿ êîòîðîãî ϕt+2(x) = cxc−1, x ∈ X,
ϕk/r(c) = c, ãäå k =ÍÎÄ(j − i, n− 1), ïðè ýòîì, n = 1 + (t+ 2)r, ò.å.
n0 − 2r = 1, è P (x) = x, x ∈ X.
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Àññîöèàòèâíûå n-êâàçèãðóïïû ÿâëÿþòñÿ 1-ñëàáî îáðàòèìûìè.
Òåîðåìà 2 äëÿ r = 1, äîêàçàííàÿ â [3], óòâåðæäàåò, ÷òî äëÿ íåêî-
òîðîé σ ∈ SX ñïðàâåäëèâî [x1, ... , xn] = σ(x1 · ϕ(x2) · ... · ϕn−1(xn)).
Èç àññîöèàòèâíîñòè òàêîé n-êâàçèãðóïïû ñëåäóåò, ÷òî σ � óìíîæå-
íèå ñïðàâà íà c ∈ X òàêîå, ÷òî ϕn−1(x) = cxc−1, x ∈ X, ϕ(c) = c.
Òåì ñàìûì, òåîðåìà Ïîñòà � Ãëóñêèíà � Õîññó [4] ïîëó÷àåòñÿ êàê
ñëåäñòâèå òåîðåìû 2 äëÿ r = 1.

Åñëè Q(x1, x2, x3) � 1-ñëàáî îáðàòèìàÿ 3-êâàçèãðóïïà, à òðåòüÿ
êîîðäèíàòà "êóáà" íàïðàâëåíà âåðòèêàëüíî, òî X3 ðàçáèâàåòñÿ íà
ñåìåéñòâî "ïîâåðõíîñòåé" Q−1(z), z ∈ X. Îêàçûâàåòñÿ, ÷òî ïåðåñå-
÷åíèÿ ýòîãî ñåìåéñòâà ñ "ïëîñêîñòÿìè" x3 = c îäèíàêîâû äëÿ âñåõ
c ∈ X è îíè æå ÿâëÿþòñÿ "ëèíèÿìè óðîâíÿ" êàæäîé ïîâåðõíîñòè
Q−1(z), z ∈ X. Äàííîå íàáëþäåíèå, ïîëó÷åííîå â [3], ïîçâîëèëî ïîëó-
÷èòü ïðîñòîå íàãëÿäíîå äîêàçàòåëüñòâî òåîðåìû î 4-õ êâàçèãðóïïàõ
è òåîðåìû Õîññó î ðåøåíèè óðàâíåíèÿ îáùåé àññîöèàòèâíîñòè [1].

Ëèòåðàòóðà. [1] Â. Ä. Áåëîóñîâ. n-àðíûå êâàçèãðóïû. Êèøèí¼â: �Øòè-

íèöà�, 1972. [2] Ô. Í. Ñîõàöêèé Ô. Í. Îá àññîöèàòèâíîñòè ìíîãîìåñòíûõ

îïåðàöèé. Äèñêðåòíàÿ ìàòåìàòèêà, 4:1 (1992), 67�84. [3] Ô. Ì. Ìàëûøåâ.

Òåîðåìà Ïîñòà � Ãëóñêèíà � Õîññó äëÿ êîíå÷íûõ n-êâàçèãðóïï è ñàìîèíâà-

ðèàíòíûå ñåìåéñòâà ïîäñòàíîâîê. Ìàòåìàòè÷åñêèé ñáîðíèê, 207:2 (2016),

81�92. [4] À. Ì. Ãàëüìàê, Ã. Í. Âîðîáü¼â Î òåîðåìå Ïîñòà � Ãëóñêèíà �

Õîññó, Ïðîáëåìû ôèçèêè, ìàòåìàòèêè è òåõíèêè. � 1(14) (2013), 55-60.

Ìàòåìàòè÷åñêèé èíñòèòóò èì. Â.À. Ñòåêëîâà ÐÀÍ, Ìîñêâà

e-mail: malyshevfm@mi.ras.ru

Â. Ò. Ìàðêîâ, À. À. Òóãàíáàåâ (Ìîñêâà)

Öåíòðàëüíî ñóùåñòâåííûå êîëüöà
Âñå ðàññìàòðèâàåìûå çäåñü êîëüöà � àññîöèàòèâíûå êîëüöà ñ

åäèíèöåé.

Îïðåäåëåíèå. Êîëüöî A ñ öåíòðîì C íàçûâàåòñÿ öåíòðàëüíî ñó-
ùåñòâåííûì, åñëè ìîäóëü AC � ñóùåñòâåííîå ðàñøèðåíèå ìîäóëÿ
CC .

Î÷åâèäíûìè ïðèìåðàìè öåíòðàëüíî ñóùåñòâåííûõ êîëåö ÿâëÿ-
þòñÿ êîììóòàòèâíûå êîëüöà. Áîëåå òîãî, ñïðàâåäëèâà

Òåîðåìà 1. Ïîëóïåðâè÷íîå êîëüöî ÿâëÿåòñÿ öåíòðàëüíî ñóùåñòâåí-
íûì òîãäà è òîëüêî òîãäà, êîãäà îíî êîììóòàòèâíî.

Ïåðâûì åñòåñòâåííûì ïðèìåðîì íåêîììóòàòèâíûõ öåíòðàëüíî
ñóùåñòâåííûõ êîëåö ÿâëÿþòñÿ àëãåáðû Ãðàññìàíà.
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Òåîðåìà 2. Ïóñòü R � êîëüöî (íå îáÿçàòåëüíî êîììóòàòèâíîå), A �
àëãåáðà Ãðàññìàíà ñâîáîäíîãî ìîäóëÿ ðàíãà n íàä R. Òîãäà ñëåäóþ-
ùèå óñëîâèÿ ýêâèâàëåíòíû:
(1) Êîëüöî A ÿâëÿåòñÿ öåíòðàëüíî ñóùåñòâåííûì;
(2) Êîëüöî R ÿâëÿåòñÿ öåíòðàëüíî ñóùåñòâåííûì è ÷èñëî n íå÷¼òíî.

Äðóãîé êëàññ íåêîììóòàòèâíûõ öåíòðàëüíî ñóùåñòâåííûõ êî-
ëåö � ãðóïïîâûå àëãåáðû íåêîòîðûõ ãðóïï.

Òåîðåìà 3. Ïóñòü F � ïîëå õàðàêòåðèñòèêè p > 0 è G � êîíå÷íàÿ
ãðóïïà. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
(1) Êîëüöî A = FG ÿâëÿåòñÿ öåíòðàëüíî ñóùåñòâåííûì;
(2) Ãðóïïà R ðàçëàãàåòñÿ â ïðÿìîå ïðîèçâåäåíèå H × S, ãäå S � ñè-
ëîâñêàÿ ïîäãðóïïà ãðóïïû G, ãäå ãðóïïà H êîììóòàòèâíà è êîëüöî
FS ÿâëÿåòñÿ öåíòðàëüíî ñóùåñòâåííûì.

Ïîëíîñòüþ îïèñàòü êëàññ öåíòðàëüíî ñóùåñòâåííûõ ãðóïïîâûõ
àëãåáð êîíå÷íûõ p-ãðóïï íàä ïîëåì õàðàêòåðèñòèêè p íå óäàëîñü,
èìååòñÿ ëèøü ñëåäóþùåå äîñòàòî÷íîå óñëîâèå.

Òåîðåìà 4. Ïóñòü F � ïîëå õàðàêòåðèñòèêè p > 0 è G � êîíå÷íàÿ
p-ãðóïïà ñòóïåíè íèëüïîòåíòíîñòè 2. Òîãäà FG � íåêîììóòàòèâíîå
öåíòðàëüíî ñóùåñòâåííîå êîëüöî.

Ñ äðóãîé ñòîðîíû, èìååò ìåñòî

Ïðåäëîæåíèå. Äëÿ ëþáîãî ïðîñòîãî ÷èñëà p ñóùåñòâóåò òàêàÿ
ãðóïïà G ïîðÿäêà p5, ÷òî êîëüöî FpG íå ÿâëÿåòñÿ öåíòðàëüíî ñó-
ùåñòâåííûì.

Äîêàçàòåëüñòâà ýòèõ è äðóãèõ óòâåðæäåíèé î öåíòðàëüíî ñóùå-
ñòâåííûõ êîëüöàõ ìîæíî íàéòè â ïðåïðèíòàõ [1-3].

Ðàáîòà Â.Ò.Ìàðêîâà è À.À.Òóãàíáàåâà ïîääåðæàíà, ñîîòâåò-
ñòâåííî, ãðàíòàìè ÐÔÔÈ 17-01-00895 è ÐÍÔ 16-11-10013.

Ëèòåðàòóðà. [1] Markov V.T., Tuganbaev A.A. Rings which are essential

over their centers // arXiv:1712.02133 [math.RA]. [2] Markov V.T.,

Tuganbaev A.A. Rings which are Essential over their Centers, II //

arXiv:1801.00653 [math.RA]. [3] Markov V.T., Tuganbaev A.A. Centrally

Essential Group Algebras // arxiv:1801.00951 [math.RA].

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò �ÌÝÈ�

e-mail: markov@mech.math.msu.su, tuganbaev@gmail.com
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Î. Â. Ìàðêîâà (Ìîñêâà)

Äëèíà ãðóïïîâûõ àëãåáð êîíå÷íûõ àáåëåâûõ ãðóïï
Â äîêëàäå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû ñîâìåñòíîãî ñ

À. Ý. Ãóòåðìàíîì è Ì. À. Õðûñòèêîì èññëåäîâàíèÿ [1] î äëèíå êîì-
ìóòàòèâíûõ ãðóïïîâûõ àëãåáð è å¼ ñâÿçè ñ õàðàêòåðèñòèêàìè ãðóï-
ïû è ñâîéñòâàìè ïîëÿ êîýôôèöèåíòîâ.

Äëèíîé êîíå÷íîé ñèñòåìû S ïîðîæäàþùèõ êîíå÷íîìåðíîé àñ-
ñîöèàòèâíîé àëãåáðû A íàä ïðîèçâîëüíûì ïîëåì íàçûâàåòñÿ íàè-
ìåíüøåå íàòóðàëüíîå ÷èñëî l(S), òàêîå ÷òî ñëîâà äëèíû íå áîëüøåé
l(S) ïîðîæäàþò äàííóþ àëãåáðó êàê âåêòîðíîå ïðîñòðàíñòâî. Äëè-
íîé àëãåáðû íàçûâàåòñÿ ìàêñèìóì äëèí å¼ ñèñòåì ïîðîæäàþùèõ,
îáîçíà÷èì å¼ l(A). Îáùàÿ çàäà÷à èññëåäîâàíèÿ ñâÿçè ôóíêöèè äëè-
íû ñ äðóãèìè õàðàêòåðèñòèêàìè àëãåáðû áûëà âïåðâûå ïîñòàâëåíà
Ê. Ïàïïà÷åíîé â [2]. Ðåçóëüòàòû â ýòîì íàïðàâëåíèè äëÿ êîììóòà-
òèâíûõ àëãåáð áûëè ïîëó÷åíû Î.Â. Ìàðêîâîé â [3].

Äëÿ äëèíû ãðóïïîâîé àëãåáðû FG êîíå÷íîé àáåëåâîé ãðóïïû G
ñïðàâåäëèâà òðèâèàëüíàÿ âåðõíÿÿ îöåíêà l(FG) ≤ |G|−1; áîëåå òîãî
l(FG) = |G| − 1 òîãäà è òîëüêî òîãäà, êîãäà àëãåáðà FG ÿâëÿåòñÿ îä-
íîïîðîæä¼ííîé. Ìû èññëåäóåì âîïðîñ, äëÿ êàêèõ ïîëåé F âûïîëíåíî
ýòî óñëîâèå â ïîëóïðîñòîì ñëó÷àå, ò.å. â ïðåäïîëîæåíèè charF - |G|.

Î÷åâèäíî âûïîëíåíà:

Ëåììà 1. Ïóñòü F � ïðîèçâîëüíîå ïîëå è ïóñòü G � êîíå÷íàÿ öèê-
ëè÷åñêàÿ ãðóïïà. Òîãäà l(FG) = |G| − 1.

Ïîëó÷åíû ñëåäóþùèå îñíîâíûå ðåçóëüòàòû. Äëÿ áåñêîíå÷íûõ è
äîñòàòî÷íî áîëüøèõ êîíå÷íûõ ïîëåé âûïîëíåíî óñëîâèå îäíîïîðîæ-
ä¼ííîñòè:

Òåîðåìà 2. Ïóñòü G � êîíå÷íàÿ àáåëåâà ãðóïïà è F � áåñêîíå÷íîå
ïîëå òàêîå, ÷òî charF - |G|. Òîãäà ãðóïïîâàÿ àëãåáðà FG ÿâëÿåòñÿ
îäíîïîðîæä¼ííîé è l(FG) = |G| − 1.

Òåîðåìà 3. Ïóñòü G � êîíå÷íàÿ àáåëåâà ãðóïïà è Fq � òàêîå êî-
íå÷íîå ïîëå, ÷òî charF - |G| è q ≥ |G|. Òîãäà ãðóïïîâàÿ àëãåáðà FqG
ÿâëÿåòñÿ îäíîïîðîæä¼ííîé è l(FG) = |G| − 1.

Äëÿ ìàëåíüêèõ êîíå÷íûõ ïîëåé ïîëó÷åíû ëîãàðèôìè÷åñêèå îò-
íîñèòåëüíî ïîðÿäêà ãðóïïû îöåíêè äëèíû ãðóïïîâîé àëãåáðû:

Òåîðåìà 4. Ïóñòü G � êîíå÷íàÿ àáåëåâà ãðóïïà è Fq � êîíå÷íîå
ïîëå ïîðÿäêà q ≤ |G| − 1, óäîâëåòâîðÿþùåå óñëîâèþ exp(G)|(q − 1).
Òîãäà

l(FqG) = (q − 1)[logq |G|] + [q{logq |G|}]− 1,
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ãäå êàê îáû÷íî [x] è {x} îáîçíà÷àþò, ñîîòâåòñòâåííî, öåëóþ è äðîá-
íóþ ÷àñòè âåùåñòâåííîãî ÷èñëà x.

Ïðåäëîæåíèå 5. Ïóñòü G � êîíå÷íàÿ àáåëåâà ãðóïïà è Fq � êî-
íå÷íîå ïîëå ïîðÿäêà q ≤ |G| − 1, òàêîå, ÷òî charF - |G|. Òîãäà

l(FqG) ≤ (m− 1)[logm |G|] + [m{logm |G|}]− 1,

äëÿ ïðîèçâîëüíîãî m ≥ max{degµa(t)|a ∈ FqG}, ãäå µa(t) � ìèíè-
ìàëüíûé ìíîãî÷ëåí ýëåìåíòà a ∈ FqG.

Äîêàçàòåëüñòâà îñíîâàíû íà èññëåäîâàíèè ñèñòåì ïîðîæäàþùèõ
ïðÿìûõ ñóìì ïîëåé � ïðîñòûõ àëãåáðàè÷åñêèõ ðàñøèðåíèé ôèêñè-
ðîâàííîãî ïîëÿ, è ïðèìåíåíèè îáùèõ ôàêòîâ î äëèíå êîììóòàòèâ-
íûõ àëãåáð èç [3].

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÍÔ,
ãðàíò 17-11-01124.

Ëèòåðàòóðà. [1] A.E. Guterman, O.V. Markova, M.A. Khrystik, On the

lengths of group algebras of �nite Abelian groups in the semi-simple case,

Preprint, 2018. [2] C. J. Pappacena, An upper bound for the length of a

�nite-dimensional algebra, J. Algebra, 197 (1997), 535�545. [3] Î. Â. Ìàð-

êîâà, Âåðõíÿÿ îöåíêà äëèíû êîììóòàòèâíûõ àëãåáð, Ìàòåì. ñá., 200:12

(2009), 41�62.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà

e-mail: ov_markova@mail.ru

À. Ï. Ìåõîâè÷ (Âèòåáñê, Ðåñïóáëèêà Áåëàðóñü)

Î ðåøåòêå êðàòíî êîìïîçèöèîííûõ ôîðìàöèé
Âñå ðàññìàòðèâàåìûå ãðóïïû êîíå÷íû. Èñïîëüçóåòñÿ ñòàíäàðò-

íàÿ òåðìèíîëîãèÿ [1�3].
Íàïîìíèì, ÷òî ôîðìàöèåé íàçûâàåòñÿ êëàññ ãðóïï, çàìêíóòûé

îòíîñèòåëüíî ãîìîìîðôíûõ îáðàçîâ è êîíå÷íûõ ïîäïðÿìûõ ïðîèç-
âåäåíèé.

Â äàëüíåéøåì ñèìâîë ω îáîçíà÷àåò íåêîòîðîå íåïóñòîå ìíîæå-
ñòâî ïðîñòûõ ÷èñåë, ω′ = P \ {ω}. ×åðåç Cp(G) îáîçíà÷åíî ïåðåñå-
÷åíèå öåíòðàëèçàòîðîâ âñåõ òåõ ãëàâíûõ ôàêòîðîâ G, ÷üè êîìïîçè-
öèîííûå ôàêòîðû èìåþò ïðîñòîé ïîðÿäîê p [3], à ÷åðåç Rω(G) îáî-
çíà÷åíà íàèáîëüøàÿ íîðìàëüíàÿ ðàçðåøèìàÿ ω-ïîäãðóïïà ãðóïïû
G.

Ïóñòü f � ïðîèçâîëüíàÿ ôóíêöèÿ âèäà

f : ω ∪ {ω′} → {ôîðìàöèè ãðóïï}. (1)
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Ñëåäóÿ [1], ñîïîñòàâèì ôóíêöèè f âèäà (1) êëàññ ãðóïï

CFω(f) = (G | G/Rω(G) ∈ f(ω′) è G/Cp(G) ∈ f(p) äëÿ âñåõ òàêèõ

p ∈ ω, ÷òî â G èìååòñÿ êîìïîçèöèîííûé ôàêòîð ïîðÿäêà p).

Åñëè ôîðìàöèÿ F òàêîâà, ÷òî F = CFω(f) äëÿ íåêîòîðîé ôóíê-
öèè f âèäà (1), òî F íàçûâàåòñÿ ω-êîìïîçèöèîííîé ôîðìàöèåé ñ
ω-êîìïîçèöèîííûì ñïóòíèêîì f [1]. Â ñëó÷àå, êîãäà ω = P, òî ω-
êîìïîçèöèîííóþ ôîðìàöèþ íàçûâàþò êîìïîçèöèîííîé ôîðìàöèåé.

Âñÿêàÿ ôîðìàöèÿ ñ÷èòàåòñÿ 0-êðàòíî ω-êîìïîçèöèîííîé, à ïðè
n > 1 ôîðìàöèÿ F íàçûâàåòñÿ n-êðàòíî ω-êîìïîçèöèîííîé [1], åñëè
F = CFω(f), ãäå âñå íåïóñòûå çíà÷åíèÿ ω-êîìïîçèöèîííîãî ñïóòíèêà
f ÿâëÿþòñÿ (n− 1)-êðàòíî ω-êîìïîçèöèîííûìè ôîðìàöèÿìè.

Ïóñòü X � ïðîèçâîëüíàÿ íåïóñòàÿ ñîâîêóïíîñòü ãðóïï. Ïåðåñå÷å-
íèå âñåõ ôîðìàöèé, ñîäåðæàùèõ X, îáîçíà÷àþò ÷åðåç formX è íàçû-
âàþò ôîðìàöèåé, ïîðîæäåííîé X [2]. Ïîäôîðìàöèÿ M ôîðìàöèè F
íàçûâàåòñÿ äîïîëíÿåìîé â F [4], åñëè M äîïîëíÿåìà â ðåøåòêå âñåõ
ïîäôîðìàöèé ôîðìàöèè F, ò. å. åñëè â F èìååòñÿ òàêàÿ ïîäôîðìàöèÿ
H (äîïîëíåíèå ê M â F), ÷òî

F = form(M ∪ H), M ∩ H = (1).

Äëÿ ïðîèçâîëüíîé n-êðàòíî êîìïîçèöèîííîé ôîðìàöèè F ÷åðåç
Lcn(F) îáîçíà÷àþò ðåøåòêó âñåõ n-êðàòíî êîìïîçèöèîííûõ ïîäôîð-
ìàöèé ôîðìàöèè F.

Òåîðåìà. Ïóñòü F � n-êðàòíî êîìïîçèöèîííàÿ ôîðìàöèÿ. Òîãäà
åñëè ôîðìàöèÿ Np äîïîëíÿåìà â ðåøåòêå Lcn(F) äëÿ êàæäîãî p ∈
π(Com(F)), òî F ⊆ N.

Ëèòåðàòóðà. [1] À. Í. Ñêèáà, Ë. À. Øåìåòêîâ. Êðàòíî L-

êîìïîçèöèîííûå ôîðìàöèè êîíå÷íûõ ãðóïï. Óêðàèíñêèé ìàòåì. æóðí.,

52:6 (2000), 783�797. [2] À. Í. Ñêèáà. Àëãåáðà ôîðìàöèé. Ìèíñê: Áåëàðóñ-

êàÿ íàâóêà, 1997. [3] Ê. Doerk, Ò. Hawkes. Finite soluble groups. De Gruyter

Expositions in Mathematics 4. Berlin-New York: Walter de Gruyter, 1992.

[4] À. Í. Ñêèáà. Î ôîðìàöèÿõ ñ çàäàííûìè ñèñòåìàìè ïîäôîðìàöèé. Ïîä-

ãðóïïîâîå ñòðîåíèå êîíå÷íûõ ãðóïï: Òðóäû Ãîìåëüñêîãî ñåìèíàðà. Èí-ò

ìàòåìàòèêè ÀÍ ÁÑÑÐ, (1981), 155�180.
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Â. Ã. Ìèêàåëÿí (Åðåâàí, Àðìåíèÿ)

ßâíûå âëîæåíèÿ ðåêóðñèâíûõ ãðóïï â êîíå÷íî ïðåäñòàâ-
ëåííûå ãðóïïû

Öåëü íàñòîÿùåé ðàáîòû � ïðåäñòàâèòü êîíñòðóêöèþ ÿâíîãî âëî-
æåíèÿ ðåêóðñèâíûõ ãðóïï â 2-ïîðîæäåííûå êîíå÷íî çàäàííûå ãðóï-
ïû. Äëÿ ëþáîé ðåêóðñèâíîé ãðóïïû H = 〈x1, x2, . . . | r1, r2, . . .〉, çà-
äàííîé ñ÷åòíûì êîëè÷åñòâîì ïîðîæäàþùèõ x1, x2, . . . è ðåêóðñèâíî
ïåðå÷èñëèìûìè îïðåäåëÿþùèìè ñîîòíîøåíèÿìè r1, r2, . . . èìååòñÿ
ÿâíîå âëîæåíèå H â íåêîòîðóþ 2-ïîðîæäåííóþ êîíå÷íî ïðåäñòàâ-
ëåííóþ ãðóïïó

G = 〈 y1, y2 | w1(y1, y2), w2(y1, y2), . . . , wn(y1, y2) 〉.

Áîëåå òîãî, èìååòñÿ àëãîðèòì, êîòîðûé ïîçâîëÿåò ÿâíî âûïèñàòü
êîíå÷íîå êîëè÷åñòâî îïðåäåëÿþùèõ ñîîòíîøåíèé w1, w2, . . . , wn
ãðóïïû G èñõîäÿ èç ïîðîæäàþùèõ x1, x2, . . . è îïðåäåëÿþùèõ ñîîò-
íîøåíèé r1, r2, . . . ãðóïïû H. Ñóùåñòâóåò óíèâåðñàëüíàÿ âåðõíÿÿ
ãðàíü äëÿ ÷èñëà n òàêèõ ñîîòíîøåíèé wi.

Îòïðàâíîé òî÷êîé äëÿ îáøèðíûõ èññëåäîâàíèé î âëîæåíèÿõ
ñ÷åòíûõ ãðóïï â 2-ïîðîæäåííûå (èëè êîíå÷íî-ïîðîæäåííûå) ãðóïïû
ÿâëÿåòñÿ èçâåñòíàÿ òåîðåìà Ã. Õèãìýíà, Á.Ã. Íîéìàíà è Õ. Íîéìàí
î âëîæèìîñòè ëþáîé ñ÷åòíîé ãðóïïû H â 2-ïîðîæäåííóþ ãðóïïó
G [3]. Ýòîò ðåçóëüòàò ñòàë ñòèìóëîì äëÿ èññëåäîâàíèé î ïîäîáíûõ
âëîæåíèÿõ ñ äîïîëíèòåëüíûìè ñâîéñòâàìè, ò.å. î âëîæåíèÿõ, êîòî-
ðûå ëèáî óäîâëåòâîðÿþò íåêîòîðîìó óñëîâèþ (íàïðèìåð, ÿâëÿþòñÿ
ñóáíîðìàëüíûìè, âåðáàëüíûìè è ò.ä.), ëèáî î âëîæåíèÿõ â ãðóïïó G
îáëàäàþùóþ íåêîòîðûì äîïîëíèòåëüíûì ñâîéñòâîì (íàïðèìåð, ðàç-
ðåøèìîñòüþ, ôèíèòíîé àïïðîêñèìèðóåìîñòüþ è ò.ä.) ïðè óñëîâèè,
÷òî H îáëàäàåò ýòèì ñâîéñòâîì. Â ÷àñòíîñòè, [12, 13] ðàññìàòðè-
âàþò ñëó÷àè, êîãäà ðàçðåøèìàÿ, íèëüïîòåíòíàÿ, îáîáùåííàÿ ðàçðå-
øèìàÿ èëè îáîáùåííàÿ íîëüïîòåíòíàÿ ñ÷åòíàÿ ãðóïïà H âëîæèìà â
2-ïîðîæäåííóþ ãðóïïó G òàêîãî æå òèïà. Âëîæåíèÿ ñ÷åòíûõ ãðóïï
â ïðîñòûå 2-ïîðîæäåííûå ãðóïïû ðàññìîòðåíû â [6]. Ñóáíîðìàëü-
íûå âëîæåíèÿ ñ÷åòíûõ ãðóïï ïîñòðîåíû â [1]. Âåðáàëüíûå âëîæåíèÿ
(ñì. îïðåäåëåíèå âåðáàëüíîãî âëîæåíèÿ, äàííîå Ã. Õàéíåêåíîì, â [2])
ðàññìîòðåíû â [9, 10]. Âëîæåíèÿ ôèíèòíî àïïðîêñèìèðóåìûõ ãðóïï
áûëè ðàññìîòðåíû â [14]. Ñëó÷àè, êîãäà ãðóïïà G ìîæåò áûòü ìåòà-
áåëåâîé äëÿ àáåëåâîé H ïîëíîñòüþ êëàññèôèöèðîâàíû â [8]. Âëîæå-
íèÿ ãðóïïû H ñ ïî÷òè ýêñïîíåíöèàëüíûì ðîñòîì â êîíå÷íî ïîðîæ-
äåííóþ àìåíàáåëüíóþ ãðóïïó G îáñóæäåíû â [7]. Ñì. òàêæå íàøè
ðàáîòû [8�11] ïî íåêîòîðûì èç îáîçíà÷åííûõ íàïðàâëåíèé.
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Äðóãèì âàæíûì ðåçóëüòàòîì â ýòîé îáëàñòè ÿâÿåòñÿ òåîðåìà Ã.
Õèãìýíà, èç êîòîðîé ñëåäóåò, ÷òî êàæäàÿ ðåêóðñèâíàÿ ãðóïïà H ìî-
æåò áûòü âëîæåíà â êîíå÷íî ïðåäñòàâëåííóþ ãðóïïó G [4]. Â îòëè-
÷èè îò äðóãèõ êîíñòðóêöèé, [4] íå óñòàíàâëèâàåò ÿâíîãî âëîæåíèÿ
H â G. Ýòèì è ìîòèâèðîâàíî àíîíñèðóåìîå âûøå ÿâíîå âëîæåíèÿ.

Íàøå âëîæåíèå òàêæå ñâÿçàíî ñ Ïðîáëåìîé 14.10 (à) â Êîóðîâ-
ñêîé òåòðàäè [5], â êîòîðîé Ï. äå ëÿ Àðï ïðîñèò íàéòè ÿâíîå âëî-
æåíèå ðåêóðñèâíûõ ãðóïï H = Q è H = GLn(Q) â �åñòåñòâåí-
íûå� êîíå÷íî ïðåäñòàâëåííûå ãðóïïû. Íàøà êîíñòðóêöèÿ ïîçâîëÿ-
åò ñòðîèòü âëîæåíèÿ äëÿ ýòèõ ãðóïï H. Áîëåå òîãî, G ìîæåò áûòü
2-ïîðîæäåííîé, è ìû ìîæåì ÿâíî âûïèñàòü îïðåäåëÿþùèå ñîîòíî-
øåíèÿ G. Òåõíèêà äîêàçàòåëüñòâà îñíîâàíà íà ñâîáîäíûõ ïðîèçâåäå-
íèÿõ ñ îáúåäèíåííîé ïîäãðóïïîé è íà HNN-ðàñøèðåíèÿõ. Ïîñòðîåí-
íûå ãðóïïû G ÿâëÿþòñÿ ñïåöèôè÷åñêèìè ñëîæíûìè ñòðóêòóðàìè,
êîòîðûå, îäíàêî, íå èäåíòèôèöèðóþòñÿ ñ �åñòåñòâåííûìè� õîðîøî
çíàêîìûìè ãðóïïàìè.

Ëèòåðàòóðà. [1] R. Dark, On subnormal embedding theorems of groups, J.

London Math. Soc. 43 (1968), 387�390. [2] H. Heineken, Normal embeddings of

p-groups into p-groups, Proc. Edinburgh Math. Soc. 35 (1992), 309�314. [3] G.

Higman, B. Neumann and H. Neumann, Embedding theorems for groups,
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Ol'shanskii, Economical embeddings of countable groups, Vestnik Moskov.

Univ. Ser. I Mat. Mekh. 105 (1989), 28�34. [7] A.Yu. Ol'shanskii; D. Osin,
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1621�1648. [8] V.H. Mikaelian, A.Yu. Olshanskii, On abelian subgroups of
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(1959), 465�479. [13] B.H. Neumann, Embedding theorems for groups, Nieuw

Arch. Wisk. (3) 16 (1968), 73�78. [14] J.S. Wilson, Embedding theorems for
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Î ãðóïïàõ ñ àëüòåðíàòèâíûìè ñèñòåìàìè ïîäãðóïï
Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Èñïîëüçóåìàÿ òåðìè-

íîëîãèÿ è îáîçíà÷åíèÿ ñîîòâåòñòâóþò [1], [2].
Îäíî èç íàïðàâëåíèé èññëåäîâàíèé ñîâðåìåííîé òåîðèè ãðóïï

ñâÿçàíî ñ èçó÷åíèåì ãðóïï ñ àëüòåðíàòèâíûìè ñâîéñòâàìè íåòðè-
âèàëüíûõ ïîäãðóïï. Èç ðàáîò òåêóùåãî äåñÿòèëåòèÿ îòìåòèì, íà-
ïðèìåð, ñòàòüþ [3], â êîòîðîé èçó÷åíû ãðóïïû, êàæäàÿ ìàêñèìàëü-
íàÿ ïîäãðóïïà êîòîðûõ ïðîñòàÿ èëè ñâåðõðàçðåøèìàÿ (â ÷àñòíîñòè,
íèëüïîòåíòíàÿ).

Ïóñòü F � ôîðìàöèÿ, G � ãðóïïà. Ïîäãðóïïà H ãðóïïû G íà-
çûâàåòñÿ F-àáíîðìàëüíîé, åñëè L/KL 6∈ F äëÿ âñåõ ïîäãðóïï K è
L òàêèõ, ÷òî H ≤ K < · L ≤ G. Çäåñü çàïèñü K < · L îçíà÷àåò, ÷òî
K � ìàêñèìàëüíàÿ ïîäãðóïïà ãðóïïû L, à KL � ÿäðî ïîäãðóïïû K
â ãðóïïå L. Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ F-ñóáíîðìàëüíîé â
G, åñëè ñóùåñòâóåò òàêàÿ öåïî÷êà ïîäãðóïï

H = H0 < · H1 < · . . . < · Hn = G,

÷òî Hi/(Hi−1)Hi ∈ F äëÿ âñåõ i. Â ëþáîé ãðóïïå G êàæäàÿ ñîá-
ñòâåííàÿ ïîäãðóïïà íå ìîæåò áûòü îäíîâðåìåííî F-ñóáíîðìàëüíîé
è F-àáíîðìàëüíîé, ò. å. ýòè ïîíÿòèÿ àëüòåðíàòèâíûå.

Ãðóïïû, â êîòîðûõ íåêîòîðûå ïîäãðóïïû F-ñóáíîðìàëüíû èëè F-
àáíîðìàëüíû, èçó÷àëèñü â ðàáîòàõ ìíîãèõ àâòîðîâ, ñì. ëèòåðàòóðó
â [4]. Â ýòîì íàïðàâëåíèè äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Ïóñòü F � ôîðìàöèÿ, A1A ⊆ F ⊆ NA. Ïðåäïîëîæèì,
÷òî â ãðóïïå G êàæäàÿ ñèëîâñêàÿ ïîäãðóïïà F-ñóáíîðìàëüíà èëè
F-àáíîðìàëüíà. Òîãäà ëèáî G ∈ NA, ëèáî ñïðàâåäëèâû ñëåäóþùèå
óòâåðæäåíèÿ:

(1) òîëüêî îäíà èç ñèëîâñêèõ ïîäãðóïï ãðóïïû G F-àáíîðìàëüíà,
ïóñòü ýòî áóäåò ñèëîâñêàÿ p-ïîäãðóïïà P ãðóïïû G;

(2) ãðóïïà G ðàçðåøèìà, P ÿâëÿåòñÿ íåàáåëåâîé ïîäãðóïïîé Êàð-
òåðà è Ãàøþöà;

(3) Gp′ ≤ GN = GU è êàæäàÿ ïðèìàðíàÿ ïîäãðóïïà â Gp′ F-
ñóáíîðìàëüíà.

Çäåñü A èN� êëàññû âñåõ àáåëåâûõ è íèëüïîòåíòíûõ ãðóïï ñîîò-
âåòñòâåííî; A1 � êëàññ âñåõ àáåëåâûõ ãðóïï ñ ýëåìåíòàðíûìè àáåëå-
âûìè ñèëîâñêèìè ïîäãðóïïàìè; A � êëàññ âñåõ ðàçðåøèìûõ ãðóïï
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ñ àáåëåâûìè ñèëîâñêèìè ïîäãðóïïàìè; GF è Gp′ � F-êîðàäèêàë è
p′-õîëëîâà ïîäãðóïïà ãðóïïû G ñîîòâåòñòâåííî.
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òåì. æóðí., 55 (2014), 553�561. [4] Â. Ñ. Ìîíàõîâ, È. Ë. Ñîõîð. Êîíå÷íûå
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Î õàðàêòåðèçàöèÿõ F-ãèïåðöåíòðà êîíå÷íûõ ãðóïï
Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïîíÿòèå ãèïåðöåíòðà

åñòåñòâåííî âîçíèêàåò â ñâÿçè ñ îïðåäåëåíèåì íèëüïîòåíòíîé ãðóï-
ïû ÷åðåç öåíòðàëüíûå ðÿäû. Ïåðâûå õàðàêòåðèçàöèè ãèïåðöåíòðà,
êàê ïåðåñå÷åíèÿ ñèñòåìû çàäàííûõ ïîäãðóïï, âîçíèêëè â ðàáîòàõ
Ô. Õîëëà [1] è Ð. Áýðà [2]. Òàê, Ð. Áýð [2] ïîêàçàë, ÷òî, ñ îäíîé
ñòîðîíû, ãèïåðöåíòð ñîâïàäàåò ñ ïåðåñå÷åíèåì âñåõ ìàêñèìàëüíûõ
íèëüïîòåíòíûõ ïîäãðóïï, à ñ äðóãîé ñòîðîíû � ñ ïåðåñå÷åíèåì íîð-
ìàëèçàòîðîâ âñåõ ñèëîâñêèõ ïîäãðóïï.

Á. Õóïïåðò è Ë.À.Øåìåòêîâ (ñì., [3, �7]) ñòàëè èçó÷àòü ôîðìàöè-
îííûå îáîáùåíèÿ ãèïåðöåíòðà, ââîäÿ åãî ñ ïîìîùüþ ïîíÿòèÿ ýêðà-
íà. Îïðåäåëåíèå F-ãèïåðöåíòðà äëÿ áîëåå øèðîêîãî êëàññà ãðóïï,
íå èñïîëüçóþùåå ïîíÿòèå ýêðàíà, áûëî ïðåäëîæåíî â [4].

Ïóñòü X � êëàññ ãðóïï. Íàïîìíèì [4, ñ. 127�128], ÷òî ãëàâ-
íûé ôàêòîð H/K ãðóïïû G íàçûâàåòñÿ X-öåíòðàëüíûì, åñëè
H/K o G/CG(H/K) ∈ X, â ïðîòèâíîì ñëó÷àå îí íàçûâàåòñÿ X-
ýêñöåíòðàëüíûì. X-ãèïåðöåíòðîì ãðóïïû G íàçûâàåòñÿ íàèáîëü-
øàÿ íîðìàëüíàÿ ïîäãðóïïà G, âñå G-ãëàâíûå ôàêòîðû íèæå êîòîðîé
X-öåíòðàëüíû â G. Îáîçíà÷àåòñÿ ZX(G). Íàïîìíèì (ñì., íàïðèìåð,
[5]), ÷òî ïîäãðóïïà U ãðóïïû G íàçûâàåòñÿ X-ìàêñèìàëüíîé â G,
åñëè (a) U ∈ X, è (b) èç U ≤ V ≤ G è V ∈ X ñëåäóåò, ÷òî U = V .
Ïåðåñå÷åíèå âñåõ X-ìàêñèìàëüíûõ ïîäãðóïï ãðóïïû G îáîçíà÷àåòñÿ
÷åðåç IntX(G).

Â 1995 ãîäó íà Ãîìåëüñêîì àëãåáðàè÷åñêîì ñåìèíàðå Ë. À. Øå-
ìåòêîâ çàäàë âîïðîñ: ¾Äëÿ êàêèõ íîðìàëüíî íàñëåäñòâåííûõ ðàç-
ðåøèìî íàñûùåííûõ ôîðìàöèÿ F ðàâåíñòâî IntF(G) = ZF(G) âåðíî
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äëÿ ëþáîé ãðóïïû G?¿ Îòâå÷àÿ íà âîïðîñ Ë. À. Øåìåòêîâà À.Í.
Ñêèáà [5] (â ðàçðåøèìîì ñëó÷àå, Äæ. Áåéäëåìàí è Ã. Õàéíåêåí [6])
îïèñàë âñå íàñëåäñòâåííûå íàñûùåííûå ôîðìàöèè F äëÿ êîòîðûõ
IntF(G) = ZF(G). Îäíàêî, ðàçðàáîòàííûå â ýòèõ ðàáîòàõ ìåòîäû íå
ðàáîòàþò â ñëó÷àÿõ íåíàñëåäñòâåííîé è íåíàñûùåííîé ôîðìàöèé.
Ïîýòîìó ðåøåíèå äàííîãî âîïðîñà áûëî íåèçâåñòíî äàæå äëÿ òàêîãî
âàæíîãî êëàññà ãðóïï, êàê êëàññ âñåõ êâàçèíèëüïîòåíûõ ãðóïï N∗.
Îíî áûëî ïîëó÷åíî àâòîðîì â ðàáîòå [7]. Íàïîìíèì [8], ÷òî ãðóïïà
G íàçûâàåòñÿ êâàçè-X-ãðóïïîé, åñëè G èíäóöèðóåò âíóòðåííèå àâ-
òîìîðôèçìû íà âñÿêîì ñâî¼ì X-ýêñöåíòðàëüíîì ãëàâíîì ôàêòîðå.
Êëàññ âñåõ êâàçè-X-ãðóïï îáîçíà÷àåòñÿ ÷åðåç X∗.

Òåîðåìà 1. Ïóñòü F � íàñëåäñòâåííàÿ íàñûùåííàÿ ôîðìàöèÿ, ñî-
äåðæàùàÿ âñå íèëüïîòåíòíûå ãðóïïû. Ðàâåíñòâî IntF(G) = ZF(G)
âåðíî äëÿ ëþáîé ãðóïïû G òîãäà è òîëüêî òîãäà, êîãäà ðàâåíñòâî
IntF∗(G) = ZF∗(G) âåðíî äëÿ ëþáîé ãðóïïû G.

Ñëåäñòâèå 1. Ïåðåñå÷åíèå âñåõ ìàêñèìàëüíûõ êâàçèíèëüïîòåíò-
íûõ ïîäãðóïï G ñîâïàäàåò ñ ZN∗(G).

Íàïîìíèì [9, ñ. 95], ÷òî ×
i∈I

Fπi = (G = ×
i∈I

Oπi(G)|Oπi(G) ∈ Fπi)

� íàñëåäñòâåííàÿ íàñûùåííàÿ ôîðìàöèÿ, ãäå σ = {πi | i ∈ I} �
ðàçáèåíèå P íà ïîïàðíî íåïåðåñåêàþùèåñÿ ìíîæåñòâà è Fπi � íà-
ñëåäñòâåííàÿ íàñûùåííàÿ ôîðìàöèÿ äëÿ êîòîðîé π(Fπi) = πi äëÿ
ëþáîãî i ∈ I. Îòìåòèì, ÷òî âî ìíîãèõ ðàáîòàõ èññëåäóþòñÿ ïåðå-
ñå÷åíèÿ íîðìàëèçàòîðîâ ðàçëè÷íûõ ñèñòåì ïîäãðóïï (ñì. [10, 11]).
Îáîçíà÷èì ïåðåñå÷åíèå íîðìàëèçàòîðîâ âñåõ F-ìàêñèìàëüíûõ ïîä-
ãðóïï G ÷åðåç NIF(G). Â ðàáîòå [12] àâòîðîì ïîëó÷åíà

Òåîðåìà 2. Ïóñòü σ = {πi | i ∈ I} � ðàçáèåíèå P íà ïîïàðíî íåïåðå-
ñåêàþùèåñÿ ìíîæåñòâà, Fπi � íàñëåäñòâåííàÿ íàñûùåííàÿ ôîðìà-
öèÿ, π(Fπi) = πi äëÿ ëþáîãî i ∈ I è F = ×

i∈I
Fπi . Ñëåäóþùèå óòâåð-

æäåíèÿ ýêâèâàëåíòíû:
(1) IntF(G) = ZF(G) âåðíî äëÿ ëþáîé ãðóïïû G.
(2) IntFπi (G) = ZFπi

(G) âåðíî äëÿ ëþáîé πi-ãðóïïû G è ëþáîãî
i ∈ I.

(3)
⋂
i∈I

NIFπi (G) = ZF(G) âåðíî äëÿ ëþáîé ãðóïïû G.

Ñëåäñòâèå 2 (Ð. Áýð [2]). Äëÿ ëþáîé ãðóïïû G âåðíî ZN(G) =
IntN(G) =

⋂
P∈SylG

NG(P ).

Ïóñòü F � ôîðìàöèÿ. Íàïîìíèì, ÷òî ïîäãðóïïà H ãðóïïû G íà-
çûâàåòñÿ K-F-ñóáíîðìàëüíîé â G, åñëè ñóùåñòâóåò öåïü ïîäãðóïï
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H = H0 ⊆ H1 ⊆ · · · ⊆ Hn = G òàêàÿ, ÷òî ëèáî Hi−1 / Hi, ëèáî
Hi/CoreHi(Hi−1) ∈ F äëÿ êàæäîãî i = 1, . . . , n. Ïîäãðóïïó S ãðóïïû
G íàçîâ¼ì ñëàáûì K-F-ñóáíîðìàëèçàòîðîì H â G. Åñëè H K-F-
ñóáíîðìàëüíà â S è èç S ≤ M ≤ G è K-F-ñóáíîðìàëüíîñòè H â M
âñåãäà ñëåäóåò S = M . Â ÷àñòíîñòè, åñëè F = N � êëàññ âñåõ íèëüïî-
òåíòíûõ ãðóïï, òî K-F-ñóáíîðìàëüíîñòü ýêâèâàëåíòíà ñóáíîðìàëü-
íîñòè. Íåòðóäíî çàìåòèòü òàêæå, ÷òî ñëàáûé K-N-ñóáíîðìàëèçàòîð
ñèëîâñêîé ïîäãðóïïû ñîâïàäàåò ñ å¼ íîðìàëèçàòîðîì. Íàìè ïîëó÷å-
íî ñëåäóþùåå ðàçâèòèå òåîðåìû Ð. Áýðà î ïåðåñå÷åíèè íîðìàëèçà-
òîðîâ ñèëîâñêèõ ïîäãðóïï

Òåîðåìà 3. Ïóñòü F � íàñûùåííàÿ íàñëåäñòâåííàÿ ôîðìàöèÿ. Ñëå-
äóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

(1) Ïåðåñå÷åíèå âñåõ ñëàáûõ K-F-ñóáíîðìàëèçàòîðîâ ñèëîâñêèõ
ïîäãðóïï ñîâïàäàåò ñ F-ãèïåðöåíòðîì.

(2) Ïåðåñå÷åíèå âñåõ ñëàáûõ K-F-ñóáíîðìàëèçàòîðîâ öèêëè÷å-
ñêèõ ïðèìàðíûõ ïîäãðóïï ñîâïàäàåò ñ F-ãèïåðöåíòðîì.

(3) Ñóùåñòâóåò ðàçáèåíèå σ = {πi | i ∈ I} ìíîæåñòâà P íà ïîïàðíî
íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà òàêîå, ÷òî F = ×

i∈I
Gπi .
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Ì. È. Íàóìèê (Âèòåáñê, Ðåñïóáëèêà Áåëàðóñü)

Î ìàêñèìàëüíîé ëîêàëüíîé ïîëóãðóïïå ëèíåéíûõ îòíîøå-
íèé

Â äàííîé ðàáîòå äàíî îïèñàíèå ìàêñèìàëüíîé ëîêàëüíîé ïîëó-
ãðóïïå ëèíåéíûõ îòíîøåíèé. Îòìåòèì, ÷òî â [1] äîêàçàíî, ïåðèîäè-
÷åñêàÿ ïîëóãðóïïà ëèíåéíûõ îòíîøåíèé êîíå÷íîìåðíîãî ïðîñòðàí-
ñòâà íàä ïîëåì ëîêàëüíî êîíå÷íà.

Ïóñòü V � ëåâîå êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä ïðî-
èçâîëüíûì òåëîì F . Áèíàðíîå îòíîøåíèå a ⊆ V × V ìåæäó ýëå-
ìåíòàìè ìíîæåñòâà V íàçûâàåòñÿ ëèíåéíûì, åñëè îíî ÿâëÿåòñÿ ïîä-
ïðîñòðàíñòâîì V ⊕ V . Ìíîæåñòâî LR(V ) âñåõ ëèíåéíûõ îòíîøåíèé
ïðîñòðàíñòâà V ÿâëÿåòñÿ, êàê èçâåñòíî [2] ïîëóãðóïïîé îòíîñèòåëü-
íî îïåðàöèè óìíîæåíèÿ áèíàðíûõ îòíîøåíèé. Ïóñòü S ⊆ LR(V ) �
ïîëóãðóïïà. Îáîçíà÷èì pr1S =

∑
a∈S

pr1a, cokerS =
⋂
a∈S

cokera. Íàçî-

âåì S-ìîäóëåì ëþáîå ïðîñòðàíñòâî U ⊆ V óñòîé÷èâîå îòíîñèòåëüíî
S, ò.å. U ⊆ pr1S, U1 = {y ∈ V : (x, y) ∈ a ∈ S, x ∈ U}, òî U1 ⊆ U.
S(U) îáîçíà÷àåò ïîëóãðóïïó ëèíåéíûõ îòíîøåíèé ïðîñòðàíñòâà U ,
èíäóöèðîâàííóþ S. Åñëè pr1S ðàçëîæèìî â ïðÿìóþ ñóììó

pr1S = V1 ⊕ V2 ⊕ ...⊕ Vn (1)

íåíóëåâûõ S-ìîäóëåé è Si ⊆ S(Vi), òî ìû íàçîâåì ïîëóãðóïïó S
ïîäïðÿìîé ñóììîé íåíóëåâûõ S-ìîäóëåé, àññîöèèðîâàííîé ñ ðàçëî-
æåíèåì (1). Åñëè ïðè ýòîì S èçîìîðôíà ïðÿìîìó ïðîèçâåäåíèþ âñåõ
Si, òî ìû íàçîâåì S ïðÿìîé ñóììîé ýòèõ ïîëóãðóïï è ïèøåì S = S1


+ S2 
+ ... 
+ Sn.
Ïåðèîäè÷åñêóþ ïîëóãðóïïó, ñîäåðæàùóþ ðîâíî äâà èäåìïîòåí-

òà � íóëü è åäèíèöó, íàçîâåì, àíàëîãè÷íî [3], ëîêàëüíîé, à â ñëó÷àå
êîíå÷íûõ êîììóòàòèâíûõ ïîëóãðóïï â [4] òàêèå ïîëóãðóïïû íàçû-
âàëèñü ýëåìåíòàðíûìè.

Áóäåì ãîâîðèòü, ÷òî ëèíåéíîå îòíîøåíèå a ∈ LR(V ) àííóëèðóåò
öåïü pr1a = U0 ⊃ U1 ⊃ U2 ⊃ ... ⊃ Un−1 ⊃ Un = cokera, åñëè pr1a ⊂
Ui, à pr2a ⊂ Ui+1.

Ìíîæåñòâî âñåõ ëèíåéíûõ îòíîøåíèé N ⊆ LR(V ), àííóëèðóþ-
ùèõ öåïü pr1N = U0 ⊃ U1 ⊃ U2 ⊃ ... ⊃ Un−1 ⊃ Un = cokerN íàçîâåì
àííóëÿòîðîì öåïè.

Òåîðåìà. Ïóñòü S ⊆ LR(V ), ãäå F � ïîëå õàðàêòåðèñòèêè 0.
Ìíîæåñòâî S òîãäà è òîëüêî òîãäà ÿâëÿåòñÿ ìàêñèìàëüíîé ëî-
êàëüíîé ïîëóãðóïïîé, êîãäà S = G ∪ N è ñóùåñòâóåò ðàçëîæåíèå
pr1S = V1 ⊕ V2 ⊕ ...⊕ Vn, äëÿ êîòîðîãî
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1) G = G1 
+ G2 
+ ... 
+ Gn, ãäå Gi = G[Vi] � ìàêñèìàëüíàÿ
íåïðèâîäèìàÿ ïåðèîäè÷åñêàÿ ïîäãðóïïà èç GL(Vi, F );

2) N � àííóëÿòîð öåïè pr1S = U0 ⊃ U1 ⊃ U2 ⊃ ... ⊃ Un−1 ⊃ Un =
cokerN, ãäå Ui−1 = Vi ⊕ Vi+1 ⊕ ...⊕ Vn.

Ëèòåðàòóðà. [1] L. B. Sneperman. The Shur theorem for periodic semigroups

of linear relations. Semigroup Forum. 25 (1982), 203�211. [2] Ñ. Ìàêëåéí.

Àëãåáðà àääèòèâíûõ îòíîøåíèé. Ñá. ïåðåâîäîâ. Ìàòåìàòèêà. 7:6 (1963),
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Êðèòåðèé í¼òåðîâîñòè ïî óðàâíåíèÿì äëÿ ÷àñòè÷íûõ ïî-
ðÿäêîâ

Ñ òî÷êè çðåíèÿ àëãåáðàè÷åñêîé ãåîìåòðèè, ÷àñòè÷íî óïîðÿäî÷åí-
íûì ìíîæåñòâîì (÷àñòè÷íûì ïîðÿäêîì) ÿâëÿåòñÿ àëãåáðàè÷åñêàÿ
ñòðóêòóðà P = 〈P | 6(2), A〉 ñ íîñèòåëåì P, ïðåäèêàòíûì ñèìâîëîì
ïîðÿäêà 6 è ìíîæåñòâîì êîíñòàíòíûõ ñèìâîëîâ A. Óðàâíåíèÿìè
íàä ÷àñòè÷íûì ïîðÿäêîì P îò ïåðåìåííûõ X = {x1, . . . , xn} íàçû-
âàþòñÿ àòîìàðíûå ôîðìóëû íàä P îò ïåðåìåííûõ X. Ëåãêî âèäåòü,
÷òî òàêèõ óðàâíåíèé 7 òèïîâ.

Ñèñòåìîé óðàâíåíèé S(X) íàä ÷àñòè÷íûì ïîðÿäêîì P îò ïåðå-
ìåííûõX íàçûâàåòñÿ ëþáîå ìíîæåñòâî óðàâíåíèé íàä P îò ïåðåìåí-
íûõ X. Òî÷êà p = (p1, . . . , pn) ∈ Pn íàçûâàåòñÿ ðåøåíèåì ñèñòåìû
óðàâíåíèé S, åñëè äëÿ ëþáîãî óðàâíåíèÿ ñèñòåìû S ïðè ïîäñòàíîâêå
âìåñòî ïåðåìåííûõ ñîîòâåòñòâóþùèõ çíà÷åíèé ïîëó÷àåòñÿ èñòèííîå
íàä P âûðàæåíèå. Åñòåñòâåííûì îáðàçîì îïðåäåëÿåòñÿ ìíîæåñòâî
ðåøåíèé ñèñòåìû óðàâíåíèé. Ñèñòåìû óðàâíåíèé S1(Xn) è S2(Xn)
íàçûâàþòñÿ ýêâèâàëåíòíûìè, åñëè ìíîæåñòâà èõ ðåøåíèé ñîâïàäà-
þò.

Äëÿ ÷àñòè÷íîãî ïîðÿäêà P âûïîëíåíî ñâîéñòâî í¼òåðîâîñòè ïî
óðàâíåíèÿì, åñëè äëÿ ëþáîé áåñêîíå÷íîé ñèñòåìû óðàâíåíèé S(Xn)
ñóùåñòâóåò ýêâèâàëåíòíàÿ å¼ êîíå÷íàÿ ïîäñèñòåìà. Äëÿ ÷àñòè÷íîãî
ïîðÿäêà P âûïîëíåíî ñâîéñòâî ñëàáîé í¼òåðîâîñòè ïî óðàâíåíèÿì,
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åñëè äëÿ ëþáîé áåñêîíå÷íîé ñèñòåìû óðàâíåíèé S(Xn) ñóùåñòâó-
åò êîíå÷íàÿ ñèñòåìà S0(Xn), ýêâèâàëåíòíàÿ èçíà÷àëüíîé ñèñòåìå (â
ýòîì ñëó÷àå ñèñòåìà S0 íå îáÿçàòåëüíî ÿâëÿåòñÿ ïîäñèñòåìîé S).

Äëÿ ÷àñòè÷íîãî ïîðÿäêà P è ìíîæåñòâà åãî ýëåìåíòîâ A ýòî-
ãî ÷àñòè÷íîãî ïîðÿäêà ìîæíî îïðåäåëèòü âåðõíèé è íèæíèé êîíóñ
ìíîæåñòâà A: A↑ = {x | a 6 x, ∀a ∈ A} è A↓ = {x | x 6 a,∀a ∈ A} ñî-
îòâåòñòâåííî. Âåðõíèé êîíóñ A↑ íàçûâàåòñÿ êîíå÷íî ïîðîæäåííûì,
åñëè ñóùåñòâóåò êîíå÷íîå ìíîæåñòâî ýëåìåíòîâ ÷àñòè÷íîãî ïîðÿäêà
B, òàêîå ÷òî A↑ = B↑. Âåðõíèì A-êîíóñîì íàçûâàåòñÿ ïàðà (A,A↑),
ãäå A � áàçà êîíóñà. Âåðõíèé À-êîíóñ íàçûâàåòñÿ êîíå÷íî ïîðîæ-
äåííûì, åñëè ñóùåñòâóåò êîíå÷íîå ïîäìíîæåñòâî B ⊆ A, òàêîå ÷òî
B↑ = A↑. Äàííûå îïðåäåëåíèÿ ïåðåíîñÿòñÿ íà íèæíèå êîíóñû àíà-
ëîãè÷íûì îáðàçîì.

Îñíîâíîé ðåçóëüòàò ðàáîòû ìîæíî ñôîðìóëèðîâàòü â âèäå ñëå-
äóþùåé òåîðåìû.

Òåîðåìà 1. ×àñòè÷íûé ïîðÿäîê P îáëàäàåò ñâîéñòâîì í¼òåðîâîñòè
ïî óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ïîäìíîæå-
ñòâà A ýëåìåíòîâ ÷àñòè÷íîãî ïîðÿäêà P âåðõíèé è íèæíèé A-êîíóñû
ÿâëÿþòñÿ êîíå÷íî ïîðîæäåííûìè.

Êàê ñëåäñòâèå, ëåãêî ïîëó÷àåòñÿ êðèòåðèé ñëàáîé í¼òåðîâîñòè ïî
óðàâíåíèÿì ÷àñòè÷íûõ ïîðÿäêîâ.

Ñëåäñòâèå 1. ×àñòè÷íûé ïîðÿäîê P îáëàäàåò ñâîéñòâîì ñëàáîé
í¼òåðîâîñòè ïî óðàâíåíèÿì òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî
ïîäìíîæåñòâà A ýëåìåíòîâ ÷àñòè÷íîãî ïîðÿäêà P êîíóñû A↑ è A↓

ÿâëÿþòñÿ êîíå÷íî ïîðîæäåííûìè.

Îìñêèé Ãîñóäàðñòâåííûé Òåõíè÷åñêèé Óíèâåðñèòåò

e-mail: nikitinlexey@gmail.com

ß. Í. Íóæèí (Êðàñíîÿðñê)

Ïðîìåæóòî÷íûå ïîäãðóïïû êàê ãðóïïû ñ (B,N) ïàðîé
Ïîäãðóïïû B è N ïðîèçâîëüíîé ãðóïïû G íàçûâàþò (B,N)-

ïàðîé, åñëè âûïîëíÿþòñÿ ñëåäóþùèå àêñèîìû.
BN1) Ïîäãðóïïû B è N ïîðîæäàþò G.
BN2) B ∩N �N .
BN3) Ôàêòîð-ãðóïïà W = N/B ∩N ïîðîæäàåòñÿ èíâîëþöèÿìè

wi, i ∈ I.
BN4) Äëÿ ëþáîãî ïðîîáðàçà ni ∈ N ýëåìåíòà wi ïðè åñòåñòâåí-

íîì ãîìîìîðôèçìå N íàW èìååì BniB ·BnB ⊆ BninB∪BnB, n ∈
N.
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BN5) Åñëè ni � ýëåìåíò èç àêñèîìû BN4), òî niBni 6= B.
Â äðóãîé òåðìèíîëîãèè ïðè S = {wi | i ∈ I} ÷åòâåðêà (G,B,N, S) íà-
çûâàåòñÿ ñèñòåìîé Òèòñà [1]. (B,N)-ïàðà íàçûâàåòñÿ ðàñùåïëÿåìîé
(íàñûùåííîé), åñëè B = U(B∩N), ãäå U � íîðìàëüíàÿ íèëüïîòåíò-
íàÿ ïîäãðóïïà ãðóïïû B [2] (ñîîòâåòñòâåííî åñëè

⋂
n∈N

Bn = B ∩ N

[1]).
Õîðîøî èçâåñòíî, ÷òî ãðóïïà Øåâàëëå Φ(K) òèïà Φ íàä ïî-

ëåì K îáëàäàåò ðàñùåïëÿåìîé íàñûùåííîé (B,N)-ïàðîé. Â êà÷å-
ñòâå ïîäãðóïïû B ìîæíî âçÿòü åå áîðåëåâñêóþ ïîäãðóïïó B(K) =
U(K)H(K), à â êà÷åñòâåN � åå ìîíîìèàëüíóþ ïîäãðóïïóN(K). Îò-
ìåòèì, ÷òî (B(K), N(F )) òàêæå ÿâëÿåòñÿ (B,N)-ïàðîé ãðóïïû Φ(K)
äëÿ ëþáîãî ïîäïîëÿ F ïîëÿ K, íî ÿâëÿåòñÿ íàñûùåííîé òîëüêî ïðè
F = K.

Ïðè îïèñàíèè ïîäãðóïï, ëåæàùèõ ìåæäó ãðóïïàìè Øåâàëëå
Φ(R) è Φ(K) òèïà Φ = Bl (l ≥ 2), Cl (l ≥ 2), F4, G2, ãäå K �
àëãåáðàè÷åñêîå ðàñøèðåíèå íåñîâåðøåííîãî ïîëÿ R õàðàêòåðèñòèêè
p = 2 ïðè Φ = Bl, Cl, F4 è p = 3 ïðè Φ = G2, â ñòàòüå [3] âîçíèêà-
ëè êîâðîâûå ïîäãðóïïû Φ(A), ïàðàìåòðèçóåìûå äâóìÿ ðàçëè÷íûìè
àääèòèâíûìè ïîäãðóïïàìè P è Q îñíîâíîãî ïîëÿ K ñ óñëîâèÿìè

R ≤ P p ≤ Q ≤ P ≤ K, (1)

ïðè÷åì êîâåð A = {Ar | r ∈ Φ} ÿâëÿåòñÿ çàìêíóòûì, òî åñòü åãî
êîâðîâàÿ ïîäãðóïïà íå ñîäåðæèò íîâûõ êîðíåâûõ ýëåìåíòîâ, è

Ar =

{
P, åñëè r êîðîòêèé êîðåíü,
Q, åñëè r äëèííûé êîðåíü.

(Îïðåäåëåíèå êîâðà è êîâðîâîé ïîäãðóïïû ñì. â [4].) Ïðè Φ = F4, G2

ïîäãðóïïû P è Q îêàçàëèñü ïîäïîëÿìè ïîëÿ K è â [3] áûë ïîñòàâëåí
âîïðîñ. ßâëÿþòñÿ ëè â ñëó÷àå Φ = Bl, Cl àääèòèâíûå ïîäãðóïïû P
è Q ñ óñëîâèÿìè (1) ïîëÿìè?

Íåäàâíî À. Â. Ñòåïàíîâ äàë îòðèöàòåëüíûé îòâåò íà ýòîò âîïðîñ,
íî, òåì íå ìåíåå, ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî è â ýòîì ñëó-
÷àå ïðîìåæóòî÷íûå êîâðîâûå ïîäãðóïïû Φ(A) ïîõîæè íà ãðóïïû
Øåâàëëå.

Òåîðåìà 1. Ïóñòü Φ(A) � êîâðîâàÿ ïîäãðóïïà, ëåæàùàÿ ìåæäó
ãðóïïàìè Øåâàëëå Φ(R) è Φ(K) òèïà Φ = Bl (l ≥ 2), Cl (l ≥
2), F4, G2, ãäå K � àëãåáðàè÷åñêîå ðàñøèðåíèå íåñîâåðøåííîãî ïî-
ëÿ R õàðàêòåðèñòèêè p = 2 ïðè Φ = Bl, Cl, F4 è p = 3 ïðè Φ = G2.
Òîãäà ãðóïïà Φ(A) ÿâëÿåòñÿ ïðîñòîé è îáëàäàåò ðàñùåïëÿåìîé íà-
ñûùåííîé (B,N)-ïàðîé.
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Ãðóïïû Φ(A) èç òåîðåìû 1 ïðåäñòàâëÿþò èíòåðåñ â ñâÿçè ñî ñëå-
äóþùåé ïðîáëåìîé À. Â. Áîðîâèêà [5]. Îïèñàòü áåñêîíå÷íûå ãðóïïû
ñ ðàñùåïëÿåìîé íàñûùåííîé (B,N)-ïàðîé.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16�
01�00707).

Ëèòåðàòóðà. [1] Í. Áóðáàêè, Ãðóïïû è àëãåáðû Ëè. VII-VIII. Ì.: Ìèð,

1978. [2] Ä. Ãîðåíñòåéí, Êîíå÷íûå ïðîñòûå ãðóïïû. Ââåäåíèå â èõ êëàñ-

ñèôèêàöèþ, Ì.: Ìèð, 1985. [3] ß. Í. Íóæèí, Ãðóïïû, ëåæàùèå ìåæäó

ãðóïïàìè Øåâàëëå òèïà Bl, Cl, F4, G2 íàä íåñîâåðøåííûìè ïîëÿìè õà-

ðàêòåðèñòèêè 2 è 3. Ñèá. ìàò. æóðí., 54 (2013), 157�162. [4] Â. Ì. Ëåâ÷óê,

Ïàðàáîëè÷åñêèå ïîäãðóïïû íåêîòîòîðûõ ABA -ãðóïï. Ìàòåì. çàìåòêè, 31

(1982), 509�525. [5] À. È. Êîñòðèêèí, X. ß. Óíà÷åâ, Ñ. À. Ñûñêèí, Òðåòüÿ

øêîëà ïî òåîðèè êîíå÷íûõ ãðóïï. ÓÌÍ, 38 (1983), 236�238.

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò

e-mail: nuzhin2008@rambler.ru

À. Ñ. Ïàíàñåíêî (Íîâîñèáèðñê)

Öåíòðàëüíûå ïîðÿäêè â êîíå÷íîìåðíûõ ïðîñòûõ àëüòåð-
íàòèâíûõ ñóïåðàëãåáðàõ

Â ðàáîòå Ôîðìàíåêà [1] èññëåäîâàëèñü óíèòàëüíûå àññîöèàòèâ-
íûå ïåðâè÷íûå PI-àëãåáðû (ôàêòè÷åñêè, öåíòðàëüíûå ïîðÿäêè â
ìàòðè÷íûõ àëãåáðàõ íàä êîíå÷íîìåðíûìè òåëàìè). Áûëî äîêàçà-
íî, ÷òî òàêàÿ àëãåáðà ÿâëÿåòñÿ êîíå÷íûì Z-ìîäóëåì, ãäå Z � öåíòð
àëãåáðû.

Ðàíåå â ðàáîòàõ [2] è [3] áûëî äîêàçàíî, ÷òî öåíòðàëüíûå ïîðÿä-
êè â êîíå÷íîìåðíûõ öåíòðàëüíûõ ïðîñòûõ àëüòåðíàòèâíûõ è éîð-
äàíîâûõ àëãåáðàõ ÿâëÿþòñÿ êîíå÷íûìè Z-ìîäóëÿìè, ãäå Z � öåíòð
àëãåáðû.

Àëüòåðíàòèâíûå ïåðâè÷íûå è ïðîñòûå ñóïåðàëãåáðû èçó÷àëèñü â
ðàáîòàõ [4,5]. Â ÷àñòíîñòè, òàì áûëî ïîêàçàíî, ÷òî ïåðâè÷íàÿ íåàñ-
ñîöèàòèâíàÿ àëüòåðíàòèâíàÿ ñóïåðàëãåáðà A ïðè íåêîòîðîì äîïîë-
íèòåëüíîì óñëîâèè íåâûðîæäåííîñòè ëèáî ÿâëÿåòñÿ òðèâèàëüíîé,
ëèáî àëãåáðà Z−1A ÿâëÿåòñÿ ïðîñòîé àëüòåðíàòèâíîé ñóïåðàëãåáðîé
(êîòîðûå òàê æå áûëè îïèñàíû). Çäåñü Z � ÷åòíàÿ ÷àñòü öåíòðà ñó-
ïåðàëãåáðû A. Âñå ïðîñòûå àëüòåðíàòèâíûå íåàññîöèàòèâíûå íåòðè-
âèàëüíûå ñóïåðàëãåáðû ÿâëÿþòñÿ êîíå÷íîìåðíûìè íàä öåíòðîì, çà
èñêëþ÷åíèåì ñêðó÷åííîé ñóïåðàëãåáðû âåêòîðíîãî òèïà.

Áûëà äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü A � óíèòàëüíàÿ ñóïåðàëãåáðà è Z � ÷åòíàÿ ÷àñòü
åå öåíòðà. Ïðåäïîëîæèì, ÷òî Z−1A ÿâëÿåòñÿ àëüòåðíàòèâíîé íåàññî-
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öèàòèâíîé êîíå÷íîìåðíîé öåíòðàëüíîé ïðîñòîé ñóïåðàëãåáðîé. Òî-
ãäà A ÿâëÿåòñÿ êîíå÷íûì Z-ìîäóëåì.

Â êà÷åñòâå ñëåäñòâèÿ ïîëó÷àåì êîíå÷íîñòü íàä ÷åòíîé ÷àñòüþ
öåíòðà ïåðâè÷íîé àëüòåðíàòèâíîé óíèòàëüíîé ñóïåðàëãåáðû ïðè äî-
ïîëíèòåëüíûõ óñëîâèÿõ èç ðàáîòû [5].

Ðàáîòà ïîääåðæàíà ÐÍÔ (ïðîåêò 14-21-00065).

Ëèòåðàòóðà. [1] E. Formanek, Noetherian PI-rings. Comm. Algebra, 1

(1967), 79�86. [2] À. Ñ. Ïàíàñåíêî, Ïî÷òè êîíå÷íîìåðíûå àëüòåðíàòèâíûå

àëãåáðû. Ìàò. çàìåòêè, 98:5 (2015), 747�755. [3] Â. Í. Æåëÿáèí, À. Ñ. Ïà-

íàñåíêî, Ïî÷òè êîíå÷íîìåðíûå éîðäàíîâû àëãåáðû. Àëãåáðà è ëîãèêà,

ïðèíÿòà ê ïå÷àòè. [4] Å. È. Çåëüìàíîâ, È. Ï. Øåñòàêîâ, Ïåðâè÷íûå àëü-

òåðíàòèâíûå ñóïåðàëãåáðû è íèëüïîòåíòíîñòü ðàäèêàëà ñâîáîäíîé àëü-

òåðíàòèâíîé àëãåáðû. Èçâ. ÀÍ ÑÑÑÐ. Ñåð. ìàòåì., 54:4 (1990), 676�693.

[5] È. Ï. Øåñòàêîâ, Ïåðâè÷íûå àëüòåðíàòèâíûå ñóïåðàëãåáðû ïðîèçâîëü-

íîé õàðàêòåðèñòèêè. Àëãåáðà è ëîãèêà, 36:6 (1997), 675�716.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ

e-mail: tom-anjelo@mail.ru

Í. Ï. Ïàíîâ (Óëüÿíîâñê)

Î ïî÷òè íèëüïîòåíòíûõ ìíîãîîáðàçèÿõ ëèíåéíûõ àëãåáð
ñ öåëî÷èñëåííûìè PI-ýêñïîíåíòàìè

Äàëåå õàðàêòåðèñòèêà îñíîâíîãî ïîëÿ K ïðåäïîëàãàåòñÿ ðàâíîé
íóëþ. Íåíèëüïîòåíòíîå ìíîãîîáðàçèå àëãåáð, âñå ñîáñòâåííûå ïîä-
ìíîãîîáðàçèÿ êîòîðîãî ÿâëÿþòñÿ íèëüïîòåíòíûìè, íàçûâàþò ïî÷òè
íèëüïîòåíòíûì. Èñïîëüçóåìûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ ìîæíî
íàéòè â ìîíîãðàôèè [1].

Â ðàáîòå [2] îïðåäåëåíà ëèíåéíàÿ àëãåáðà A2, ïîðîæäàþ-
ùàÿ ïî÷òè íèëüïîòåíòíîå ìíîãîîáðàçèå ýêñïîíåíöèàëüíîãî ðîñòà,
exp(A2) = 2. Ïðè ýòîì ñîîòâåòñòâóþùèé KSn-ìîäóëþ Ln(A2) =
Ln/(Ln ∩ Id(A2)), n = 2, 3, . . ., Ln = span{x0Xσ(1) . . . Xσ(n)|σ ∈ Sn},
õàðàêòåð χLn(A2) èìååò ðàçëîæåíèå

χL2 (A2) = χ(2) + χ(1,1),

χL2k−1(A2) = 2χ(k,k−1), χL2k(A2) = 2χ(k,k) + χ(k+1,k−1), k ≥ 2, (1)

ãäå Sn � ñèììåòðè÷åñêàÿ ãðóïïà, è ïðîïèñíûìè áóêâàìè îáîçíà÷åíû
îïåðàòîðû ïðàâîãî óìíîæåíèÿ, íàïðèìåð x0X

2 = (x0x)x, [2, 3].
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Ïî àíàëîãèè ñ êîíñòðóêöèåé àëãåáðû A2 â ðàáîòå [4] äëÿ m =
3, 4, . . . îïðåäåëåíà ëèíåéíàÿ àëãåáðà Am è äîêàçàíî ðàâåíñòâî
exp(Am) = m. Àëãåáðû Ak, k = 2, 3, . . ., óäîâëåòâîðÿþò òîæäåñòâàì:

x(yz) ≡ 0, x0X
3 ≡ 0, x0X

2Z1 . . . ZsY
2 ≡ 0, (2)∑

σ∈Sm+1

(−1)σx0Xσ(1) . . . Xσ(2) . . . Xσ(m+1) ≡ 0, (3)

ãäå s 6≡ m − 2 (mod m). Â ðåçóëüòàòå ïðèìåíåíèÿ ê ìíîãîîáðàçè-
ÿì var(Am), m ≥ 3, òåîðåìû î ñóùåñòâîâàíèè ïî÷òè íèëüïîòåíò-
íîãî ìíîãîîáðàçèÿ â ëþáîì íåíèëüïîòåíòíîì ìíîãîîáðàçèè ïîëó-
÷åí îñíîâíîé ðåçóëüòàò � äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ìíîæåñòâà
ïî÷òè íèëüïîòåíòíûõ ìíîãîîáðàçèé ñ ðàçëè÷íûìè öåëî÷èñëåííûìè
PI-ýêñïîíåíòàìè.

Àëãåáðàì Am ïîñâÿùåíû ðàáîòû [5], [6], îñíîâíûìè ðåçóëüòàòàìè
êîòîðûõ ÿâëÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Ìíîãîîáðàçèÿ var(Am), m = 3, 4, . . ., ÿâëÿþòñÿ ïî÷òè
íèëüïîòåíòíûìè.

Òåîðåìà 2. Êðàòíîñòè mL
λ (Am) â ðàçëîæåíèè χLn(Am), m = 3, 4, . . .,

îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

1. åñëè λ = (1k), 1 ≤ k ≤ m, òî mL
λ (Am) = 1;

2. åñëè λ =
(
(s + 1)k, sm−k

)
, s ≥ 1, 1 ≤ k ≤ m, òî mL

λ (Am) = m;

3. åñëè λ =
(
(s + 2)k1 , (s + 1)k2 , sm−k1−k2

)
, s ≥ 0, k1 ≥ 1, k2 ≥ 0,

k1 + k2 ≤ m− 1, òî mL
λ (Am) = k2 + 1;

4. mL
λ (Am) = 0 äëÿ âñåõ îñòàëüíûõ λ.

Òåîðåìà 3. Èäåàë òîæäåñòâ ìíîãîîáðàçèÿ var(Am), m ≥ 2, ïîðîæ-
äàåòñÿ ñèñòåìîé òîæäåñòâ (2), (3).

Òåîðåìà 4. Âñå íåíóëåâûå êðàòíîñòèmλ(Am),m ≥ 2, îïðåäåëÿþòñÿ
ñëåäóþùèì îáðàçîì:

1. åñëè óäàëåíèåì îäíîé êëåòêè èç äèàãðàììû λ ìîæåò áûòü ïî-
ëó÷åíà åäèíñòâåííàÿ äèàãðàììà µ, äëÿ êîòîðîé mL

µ(Am) > 0,

òî mλ(Am) = mL
µ(Am);

2. åñëè óäàëåíèåì îäíîé êëåòêè èç äèàãðàììû λ ìîãóò áûòü
ïîëó÷åíû äâå ðàçëè÷íûå äèàãðàììû µ1, µ2, äëÿ êîòîðûõ
mL
µ1

(Am),mL
µ2

(Am) > 0, òî mλ(Am) = mL
µ1

(Am) +mL
µ2

(Am).
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Äàëåå ïðèâåäåì îïðåäåëåíèÿ êîäëèí, â êîòîðûõ îáîçíà÷èì ÷åðåç
bxc íàèáîëüøåå öåëîå ÷èñëî, ìåíüøåå èëè ðàâíîå x, è ïóñòü dxe �
íàèìåíüøåå öåëîå ÷èñëî, áîëüøåå èëè ðàâíîå x. Òàêæå èñïîëüçóåì
íîòàöèþ Àéâåðñîíà. Ïóñòü óòâåðæäåíèå B ÿâëÿåòñÿ èñòèííûì èëè
ëîæíûì, òîãäà [B] = 1 åñëè B èñòèííî, èíà÷å [B] = 0. Íàïðèìåð,
åñëè öåëîå r ÷åòíîå, òî [2 | r] = 1.

Òåîðåìà 5. Çàôèêñèðóåì m ≥ 2. Ïðè n > m îáîçíà÷èì ÷åðåç r
îñòàòîê îò äåëåíèÿ n íà m, åñëè m íå äåëèò n, èíà÷å r = m. Òîãäà
âûïîëíÿþòñÿ ñëåäóþùèå ðàâåíñòâà

lLn (Am) =

{
m+

⌊
r
2

⌋ ⌈
r
2

⌉
+
⌊
m−r

2

⌋ ⌈
m−r

2

⌉
, n > m,

1 +
⌊
n
2

⌋ ⌈
n
2

⌉
, n ≤ m.

Òåîðåìà 6. Çàôèêñèðóåì m ≥ 2. Åñëè íàòóðàëüíîå n ≤ m, òî
âûïîëíÿåòñÿ ðàâåíñòâî

ln+1(Am) = 2 + 3
⌊n

2

⌋ ⌈n
2

⌉
− [2 | n]

è l1(Am) = 1. Ïóñòü n > m. Îáîçíà÷èì ÷åðåç r îñòàòîê îò äåëåíèÿ n
íà m, åñëè m íå äåëèò n, èíà÷å r = m. Òîãäà

ln+1(Am) = αm+ β
⌊r

2

⌋ ⌈r
2

⌉
− [2 | r] + γ

⌊
m− r

2

⌋⌈
m− r

2

⌉
−

− [r ≤ m− 2 è 2 | (m− r)] ,

ãäå α = 3, β = 4, γ = 3 ïðè m < n < 2m. Åñëè n ≥ 2m, òî α = 3− [r =
m], β = 4, γ = 4.

Ëèòåðàòóðà. [1] A. Giambruno, M. Zaicev, Polynomial Identities and

Asymptotic Methods. RI: AMS Mathematical Surveys and Monographs, 2005.

[2] S. Mishchenko, A. Valenti, An almost nilpotent variety of exponent 2. Israel

J. of Math., 1 (2014), 241�257. [3] Î. Â. Øóëåæêî, Íîâûå ñâîéñòâà ïî÷òè

íèëüïîòåíòíîãî ìíîãîîáðàçèÿ ýêñïîíåíòû äâà. Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð.

Ñåð. Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà, 3 (2014), 316�320. [4] Ñ. Ï. Ìè-

ùåíêî, Î. Â. Øóëåæêî, Ïî÷òè íèëüïîòåíòíûå ìíîãîîáðàçèÿ ëþáîé öåëîé

ýêñïîíåíòû. Âåñòí. Ìîñê. óí-òà. Ñåðèÿ 1. Ìàòåìàòèêà. Ìåõàíèêà, 2 (2015),

53�57. [5] Í. Ï. Ïàíîâ, Î ïî÷òè íèëüïîòåíòíûõ ìíîãîîáðàçèÿõ ñ öåëîé

ýêñïîíåíòîé. Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð. Ìàòåìàòèêà. Ìåõàíèêà.

Èíôîðìàòèêà, 3 (2017), 331�343. [6] Í. Ï. Ïàíîâ, Íîâûå ñâîéñòâà ïî÷òè

íèëüïîòåíòíûõ ìíîãîîáðàçèé ñ öåëûìè ýêñïîíåíòàìè. ×åáûøåâñêèé ñáîð-

íèê, 4 (2017), 305�324.
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Óëüÿíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: nppanov@yandex.ru

Å. Ï. Ïåòðîâ (Áàðíàóë, Ðîññèÿ)

Î ñòåïåíè ñòàíäàðòíîãî òîæäåñòâà â êîíå÷íîìåðíîé íèëü-
ïîòåíòíîé àëãåáðå R íàä ïîëåì õàðàêòåðèñòèêè, íå ðàâíîé
2, ñ óñëîâèåì dimRN/RN+1 = 2 ïðè N > 2.

Â 80-å ãîäû â Äíåñòðîâñêîé òåòðàäè [1] áûëà ïîñòàâëåíà çàäà÷à
(� 1.23) îá îïèñàíèè òîæäåñòâ, âûïîëíÿþùèõñÿ âî âñåõ n-ìåðíûõ
àññîöèàòèâíûõ àëãåáðàõ íàä ïîëåì (n � ôèêñèðîâàííîå ÷èñëî). Ìíî-
ãèìè àâòîðàìè â òå ãîäû èçó÷àëñÿ ýòîò âîïðîñ (Ïèõòèëüêîâ Ñ.À.,
Ìàëüöåâ Þ.Í., Ãóñåâà È.Ë., Ïåòðîâ Å.Ï.) è, â ÷àñòíîñòè, Ìàëüöå-
âûì Þ.Í. [2] áûë ïîñòàâëåí âîïðîñ: êàêîâà ñòåïåíü ìèíèìàëüíî-
ãî òîæäåñòâà â ìíîãîîáðàçèè Mn, ïîðîæäåííûì âñåìè n-ìåðíûìè
íèëüïîòåíòíûìè àëãåáðàìè? Â 1991 ã. àâòîðîì [3] áûëà ñôîðìóëè-
ðîâàíà ãèïîòåçà î òîì, ÷òî ïðîèçâîëüíàÿ n-ìåðíàÿ íèëüïîòåíòíàÿ
àëãåáðà óäîâëåòâîðÿåò ñòàíäàðòíîìó òîæäåñòâó Sk(x1, . . . , xk) = 0,

ãäå k = [ 1+
√

1+8n
2 ], â êà÷åñòâå ïîäòâåðæäåíèÿ ýòîé ãèïîòåçû ïðè-

âîäèëñÿ ïðèìåð n-ìåðíîé àëãåáðû, óäîâëåòâîðÿþùåé ñòàíäàðòíîìó
òîæäåñòâó óêàçàííîé ñòåïåíè, íî íå óäîâëåòâîðÿþùåé íèêàêîìó ïî-
ëèëèíåéíîìó òîæäåñòâó ìåíüøåé ñòåïåíè.

Â ïîñëåäíèå ãîäû àâòîð ïðîäîëæèë èññëåäîâàíèÿ ñ öåëüþ íàõîæ-
äåíèÿ ñòåïåíè ìèíèìàëüíîãî òîæäåñòâà â ìíîãîîáðàçèè Mn. Òàê,
â ðàáîòå [4] áûëî ïîêàçàíî, ÷òî âñÿêàÿ àññîöèàòèâíàÿ íèëüïîòåíò-
íàÿ êîíå÷íîìåðíàÿ àëãåáðà R íàä ïðîèçâîëüíûì ïîëåì ñ óñëîâèåì
dimR2/R3 = 2 óäîâëåòâîðÿåò ñòàíäàðòíîìó òîæäåñòâó ñòåïåíè ÷å-
òûðå

S4(x1, x2, x3, x4) =
∑
σ∈S4

(−1)σxσ(1)xσ(2)xσ(3)xσ(4) = 0.

Ïðè÷åì ýòà îöåíêà ÿâëÿåòñÿ òî÷íîé.
Â ïðîöåññå îáîáùåíèÿ óêàçàííîãî ðåçóëüòàòà â ðàáîòå [5] âûÿñ-

íèëîñü, ÷òî àññîöèàòèâíàÿ íèëüïîòåíòíàÿ 2-ïîðîæäåííàÿ àëãåáðà R,
íàä ïîëåì õàðàêòåðèñòèêè, íå ðàâíîé 2, ñ óñëîâèåì dimRN/RN+1 =
2 ïðè N > 2, óäîâëåòâîðÿò ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ ÷èñëà
N ñòàíäàðòíîìó òîæäåñòâó çíà÷èòåëüíî ìåíüøåé ñòåïåíè, ÷åì N .

Òåîðåìà 1. Ïðîèçâîëüíàÿ 2-ïîðîæäåííàÿ íèëüïîòåíòíàÿ àëãåá-
ðà R íàä ïîëåì õàðàêòåðèñòèêè, íå ðàâíîé äâóì, ñ óñëîâèåì
dimRN/RN+1 = 2, N ≥ 3, óäîâëåòâîðÿåò ñòàíäàðòíîìó òîæäå-
ñòâó ST (x1, x2, . . . , xT ) = 0, ãäå

T = dN+2m+1

m e − 2, ïàðàìåòð m âû÷èñëÿåòñÿ ïî ôîðìóëå:
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m =

 blog2
N

log2
N
2

c, åñëè N < blog2
N

2 log2
N
2

c2
blog2

2N

log2
N
2

c
;

blog2
2N

log2
N
2

c, åñëè N ≥ blog2
N

2 log2
N
2

c2
blog2

2N

log2
N
2

c
.

Çäåñü bxc îáîçíà÷àåò îêðóãëåíèå ÷èñëà x â ìåíüøóþ ñòîðîíó (öå-
ëàÿ ÷àñòü ÷èñëà, ïîë), dxe îáîçíà÷àåò îêðóãëåíèå ÷èñëà x â áîëüøóþ
ñòîðîíó (ïîòîëîê).

Äëÿ ëó÷øåãî âîñïðèÿòèÿ âçàèìîñâÿçè N è T ïðèâåäåì íåêîòî-
ðûå íà÷àëüíûå çíà÷åíèÿ ôóíêöèè T = T (N):
N 3, 4 5, 6 7, 8 9, 10, 11 . . . 30, 31, 32 33, 34, 35, 36 . . .
T 4 5 6 7 . . . 14 15 . . .

N . . . 97, 98, 99, 100, 101 . . . 252, 253, 254, 255, 256 . . .
T . . . 31 . . . 62 . . .
Ýòà îöåíêà äëÿ áåñêîíå÷íîãî ìíîæåñòâà çíà÷åíèé N îïðåäåëåí-

íîãî âèäà ÿâëÿåòñÿ òî÷íîé.
Â ñëó÷àå ïðîèçâîëüíîãî êîëè÷åñòâà s ïîðîæäàþùèõ àëãåáðû R

èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 2. Ïðîèçâîëüíàÿ s-ïîðîæäåííàÿ íèëüïîòåíòíàÿ àëãåá-
ðà R íàä ïîëåì õàðàêòåðèñòèêè, íå ðàâíîé 2, ñ óñëîâèåì
dimRN/RN+1 = 2 (N > 2), óäîâëåòâîðÿåò ñòàíäàðòíîìó òîæ-
äåñòâó SN+2(x1, x2, . . . , xN+2) = 0.

Ïðè÷åì ýòà îöåíêà ÿâëÿåòñÿ òî÷íîé, êîãäà s ≥ N .

Ëèòåðàòóðà. [1] Äíåñòðîâñêàÿ òåòðàäü: íåðåøåííûå ïðîáëåìû òåîðèè

êîëåö è ìîäóëåé : (îïåðàòèâíî-èíôîðìàöèîííûé ìàòåðèàë). Â.À. Àíäðó-

íàêèåâè÷, Èí-ò ìàòåìàòèêè ÑÎ ÀÍ ÑÑÑÐ, 1982. [2] Þ. Í. Ìàëüöåâ, Î

òîæäåñòâàõ íèëüïîòåíòíûõ àëãåáð. Èçâåñòèÿ âóçîâ, Ìàò., 9 (1986), 68�72.

[3] Å. Ï. Ïåòðîâ, Î òîæäåñòâàõ êîíå÷íîìåðíûõ íèëüïîòåíòíûõ àëãåáð. Àë-

ãåáðà è ëîãèêà, 30, 5 (1991), 540�556. [4] Å. Ï. Ïåòðîâ, Îïðåäåëÿþùèå ñî-

îòíîøåíèÿ è òîæäåñòâà íèëüïîòåíòíîé êîíå÷íîìåðíîé àëãåáðû R ñ óñëî-

âèåì dimR2/R3 = 2. Ñèáèðñêèå ýëåêòðîííûå ìàòåìàòè÷åñêèå èçâåñòèÿ,

13 (2016), 1052�1066. [5] Å. Ï. Ïåòðîâ, Ñòðîåíèå, îïðåäåëÿþùèå ñîîòíî-

øåíèÿ è òîæäåñòâà êîíå÷íîìåðíîé íèëüïîòåíòíîé àëãåáðû R ñ óñëîâèåì

dimRN/RN+1 = 2. Ñèáèðñêèå ýëåêòðîííûå ìàòåìàòè÷åñêèå èçâåñòèÿ, 14

(2017), 1153�1187.

Àëòàéñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Áàðíàóë

e-mail: pep@email.asu.ru
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Ò. Ê. Ïåòðîâà, Ì. È. Íàóìèê (Âèòåáñê, Ðåñïóáëèêà Áåëàðóñü)

Î ïåðèîäè÷åñêîé ïîëóãðóïïå ëèíåéíûõ îòíîøåíèé ñ öåí-
òðàëüíûìè èäåìïîòåíòàìè

Â äàííîé ðàáîòå äàíî îïèñàíèå ïîëóãðóïï, óêàçàííûõ â çàãîëîâêå
è â äàëüíåéøèì íàçûâàåìûõ êðàòêî PCJ-ïîëóãðóïïàìè ëèíåéíûõ
îòíîøåíèé. Èíòåðåñ ê ýòîìó êëàññó (âêëþ÷àþùåìó âàæíûé ïîä-
êëàññ êîììóòàòèâíûõ ïåðèîäè÷åñêèõ ïîëóãðóïï) îáóñëîâëåí, ïðåæ-
äå âñåãî, ïðîñòûì óñòðîéñòâîì PCJ-ïîëóãðóïï ëèíåéíûõ îòíîøå-
íèé. Îòìåòèì, ÷òî â [1] äîêàçàíî, ïåðèîäè÷åñêàÿ ïîëóãðóïïà ëèíåé-
íûõ îòíîøåíèé êîíå÷íîìåðíîãî ïðîñòðàíñòâà íàä ïîëåì ëîêàëüíî
êîíå÷íà.

Ïóñòü V � ëåâîå êîíå÷íîìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä ïðî-
èçâîëüíûì òåëîì F . Áèíàðíîå îòíîøåíèå a ⊆ V × V ìåæäó ýëåìåí-
òàìè ìíîæåñòâà V íàçûâàåòñÿ ëèíåéíûì, åñëè îíî ÿâëÿåòñÿ ïîäïðî-
ñòðàíñòâîì V ⊕ V .

Ìíîæåñòâî LR(V ) âñåõ ëèíåéíûõ îòíîøåíèé ïðîñòðàíñòâà V ÿâ-
ëÿåòñÿ, êàê èçâåñòíî [2] ïîëóãðóïïîé îòíîñèòåëüíî îïåðàöèè óìíî-
æåíèÿ áèíàðíûõ îòíîøåíèé.

Ïðè èçó÷åíèè ëèíåéíûõ îòíîøåíèé a ∈ LR(V ) áóäåì ðàññìàòðè-
âàòü ñëåäóþùèå ïîäïðîñòðàíñòâà V :

pr1a = {x ∈ V : ∃y ∈ V, (x, y) ∈ a}; kera = {x ∈ V : (x, 0) ∈ a};

pr2a = {y ∈ V : ∃x ∈ V, (x, y) ∈ a}; cokera = {y ∈ V : (0, y) ∈ a}.
Ïóñòü S ⊆ LR(V ) � ïîëóãðóïïà. Îáîçíà÷èì pr1S =

∑
a∈S

pr1a. Íà-

çîâåì S-ìîäóëåì ëþáîå ïðîñòðàíñòâî U ⊆ V , óñòîé÷èâîå îòíîñè-
òåëüíî S, ò.å. U ⊆ pr1S, U1 = {y ∈ V : (x, y) ∈ a ∈ S, x ∈ U}, òî
U1 ⊆ U.

S(U) îáîçíà÷àåò ïîëóãðóïïó ëèíåéíûõ îòíîøåíèé ïðîñòðàíñòâà
U , èíäóöèðîâàííóþ S. Åñëè pr1S ðàçëîæèìî â ïðÿìóþ ñóììó

pr1S = V1 ⊕ V2 ⊕ ...⊕ Vn (1)

íåíóëåâûõ S-ìîäóëåé è Si = S(Vi), òî ìû íàçîâåì ïîëóãðóïïó S
ïîäïðÿìîé ñóììîé ïîëóãðóïï Si, àññîöèèðîâàííîé ñ ðàçëîæåíèåì
(1). Åñëè ïðè ýòîì S èçîìîðôíà ïðÿìîìó ïðîèçâåäåíèþ âñåõ Si, òî
ìû íàçîâåì S ïðÿìîé ñóììîé ýòèõ ïîëóãðóïï è ïèøåì S = S1 
+ S2


+ ... 
+ Sn.
Çàìåòèì, ÷òî åñëè e � íåòðèâèàëüíûé, ò.å. îòëè÷íûé îò íóëÿ è

åäèíèöû, èäåìïîòåíò èç öåíòðà ïîëóãðóïïû S, òî ÿñíî, ÷òî S ÿâ-
ëÿåòñÿ ïîäïðÿìîé ñóììîé ïîëóãðóïï S(kere), S(V1) è S(V2), ãäå
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pr2e = cokere⊗V1, V1 � íåêîòîðîå äîïîëíåíèå, à pr1S = kere⊗V1⊗V2,
ãäå V2 íåêîòîðîå äîïîëíåíèå pr1e = kere⊗ V1 äî pr1S.

Ïåðèîäè÷åñêóþ ïîëóãðóïïó, ñîäåðæàùóþ ðîâíî äâà èäåìïîòåí-
òà � íóëü è åäèíèöó, íàçîâåì, àíàëîãè÷íî [3], ëîêàëüíîé, à â ñëó-
÷àå êîíå÷íûõ êîììóòàòèâíûõ ïîëóãðóïï â [4] òàêèå ïîëóãðóïïû
íàçûâàëèñü ýëåìåíòàðíûìè. Î÷åâèäíî, ëîêàëüíàÿ ïîëóãðóïïà ÿâ-
ëÿåòñÿ PCJ-ïîëóãðóïïîé, à èìåííî èäåàëüíûì ðàñøèðåíèåì íèëü-
ïîëóãðóïïû ïîñðåäñòâîì ãðóïïû ñ ïðèñîåäèíåííûì íóëåì, ïðè÷åì
åäèíèöà ãðóïïû ñëóæèò åäèíèöåé ðàñøèðåíèÿ. Ñôîðìóëèðóåì äëÿ
óäîáñòâà î÷åâèäíóþ

Ëåììà. Åñëè e ∈ S � èäåìïîòåíò ïîäïîëóãðóïïû S èç LR(V ),
òî ïîäïðîñòðàíñòâî U ⊆ pr1S óñòîé÷èâî îòíîñèòåëüíî e òîãäà è
òîëüêî òîãäà, êîãäà U = (U ∩ kere)⊗ (U ∩ V1)⊗ (U ∩ V1).

Òåîðåìà 1. PCJ-ïîëóãðóïïà ëèíåéíûõ îòíîøåíèé íàä ïðîèçâîëü-
íûì òåëîì ÿâëÿåòñÿ ïîäïðÿìîé ñóììîé ïîëóãðóïï, êàæäàÿ èç êî-
òîðûõ � ëèáî ïåðèîäè÷åñêàÿ ãðóïïà, ëèáî íèëüïîòåíòíàÿ ïîëóãðóï-
ïà, ëèáî ëîêàëüíàÿ ïîëóãðóïïà.

Òåîðåìà 2. Äëÿ òîãî, ÷òîáû PCJ-ïîëóãðóïïà ëèíåéíûõ îòíîøå-
íèé íàä ïðîèçâîëüíûì òåëîì áûëà ìàêñèìàëüíîé (â êëàññå PCJ-
ïîëóãðóïï ëèíåéíûõ îòíîøåíèé) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
îíà áûëà ïðÿìîé ñóììîé ìàêñèìàëüíûõ ëîêàëüíûõ ïîëóãðóïï.

Ëèòåðàòóðà. [1] L. B. Sneperman. The Shur theorem for periodic semigroups

of linear relations. Semigroup Forum. 25 (1982), 203�211. [2] Ñ. Ìàêëåéí.

Àëãåáðà àääèòèâíûõ îòíîøåíèé. Ñá. ïåðåâîäîâ. Ìàòåìàòèêà. 7:6 (1963),

1�12. [3] È. Î. Êîðÿêîâ. Ëèíåéíûå ïåðèîäè÷åñêèå ïîëóãðóïïû ñ öåíòðàëü-

íûìè èäåìïîòåíòàìè. Èññëåäîâàíèÿ àëãåáðàè÷åñêèõ ñèñòåì ïî ñâîéñòâàì

èõ ïîäñèñòåì. Ñâåðäëîâñê. (1987), 72�80. [4] È. Ñ. Ïîíèçîâñêèé. Î ìàò-

ðè÷íûõ ïðåäñòàâëåíèÿõ êîíå÷íûõ êîììóòàòèâíûõ ïîëóãðóïï. Ñèá. ìàò.

æóðíàë. XI(5) (1970), 1098�1106.

Âèòåáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ï. Ì. Ìàøåðîâà

e-mail: naumik@tut.by

À. Ã. Ïèíóñ (Íîâîñèáèðñê)

Î ïðîñòðàíñòâàõ ôóíêöèîíàëüíûõ êëîíîâ íà ìíîæåñòâàõ
×åðåç FA îáîçíà÷èì ñîâîêóïíîñòü ôóíêöèîíàëíûõ êëîíîâ íà

ìíîæåñòâå A. Òðàäèöèîííî ýòà ñîâîêóïíîñòü ðàññìàòðèâàåòñÿ êàê
ðåøåòêà LA = 〈FA;∧,∨〉 îòíîñèòåëüíî òåîðåòèêî-ìíîæåñòâåííîãî
îòíîøåíèÿ âêëþ÷åíèÿ ⊆ íà êëîíàõ. Äëÿ ëþáîãî íàòóðàëüíîãî n ÷å-
ðåç F (n) îáîçíà÷èì n �ôðàãìåíò êëîíà F � ñîâîêóïíîñòü ôóíêöèé
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âõîäÿùèõ â F àðíîñòü êîòîðûõ íå ïðåâûøàåò ÷èñëà n. Â ðàáîòå [1]
íà ñîâîêóïíîñòè FA ââåäåíà ñëåäóþùàÿ åñòåñòâåííàÿ ìåòðèêà: äëÿ
F1, F2 ∈ FA

d(F1, F2) =

{
1/min{n ∈ ω|F (n)

1 6= F
(n)
2 }, åñëè F1 6= F2;

0, åñëè F1 = F2.

ïðåâðàùàþùàÿ ñîâîêóïíîñòü FA â ìåòðè÷åñêîå ïðîñòðàíñòâî ρA =
〈FA; d〉.

Èìåþò ìåñòî ñëåäóþùèå ñâîéñòâà ýòèõ ìåòðè÷åñêèõ ïðîñòðàíñòâ.

Òåîðåìà 1. à) Ïðîñòðàíñòâà ρA ïîëíû.
á) Ïðîñòðàíñòâî ρA êîìïàêòíî òîãäà è òîëüêî òîãäà, êîãäà ìíî-

æåñòâî A êîíå÷íî.
â) Äëÿ ëþáûõ B ⊆ A ïðîñòðàíñòâî ρB èçîìåòðè÷åñêè âëîæè-

ìî â ïðîñòðàíñòâî ρA è ïðîñòðàíñòâî ρB ÿâëÿåòñÿ òîïîëîãè÷åñêèì
ðåòðàêòîì ïðîñòðàíñòâà ρA.

ã) Äëÿ ëþáîãî íå ìåíåå ÷åì òðåõýëåìåíòíîãî A ñóùåñòâóåò ïîä-
ðåøåòêà L ðåøåòêè LA îáðàçóþùàÿ ñîâåðøåííîå ïîäìíîæåñòâî ïðî-
ñòðàíñòâà ρA ãîìåîìîðôíîå êàíòîðîâó äèñêîíòèíóóìó.

ä) Ðåøåòî÷íûå îïåðàöèè ∧,∨ ðåøåòêè LA íåïðåðûâíû â ïðî-
ñòðàíñòâå ρA.

å) Äëÿ ëþáîãî δ > 0 δ�îêðåñòíîñòü ëþáîé òî÷êè ïðîñòðàíñòâà ρA
ïðåäñòàâëÿåò ñîáîé âûïóêëóþ ïîäðåøåòêó ðåøåòêè LA ñ íàèìåíü-
øèì è íàèáîëüøèì ýëåìåíòàìè.

Êëîí F ∈ FA íàçîâåì îãðàíè÷åííî ïîðîæäåííûì, åñëè îí ïî-
ðîæäàåòñÿ íåêîòîðûì ñâîèì ôðàãìåíòîì F (n). Ñîâîêóïíîñòü âñåõ
îãðàíè÷åííî ïîðîæäåííûõ êëîíîâ íà A îáðàçóåò ïîäðåøåòêó L∗A
ðåøåòêè LA. Èìååò ìåñòî

Òåîðåìà 2. Ðåøåòêà L∗A ÿâëÿåòñÿ âñþäó ïëîòíîé â ïðîñòðàíñòâå
ρA ïîäðåøåòêîé ðåøåòêè LA óíèâåðñàëüíî (â òåîðåòèêî-ìîäåëüíîì
ñìûñëå) ýêâèâàëåíòíîé ïîñëåäíåé. Ëþáàÿ ∀∃-ôîðìóëà èñòèííàÿ íà
ðåøåòêå LA áóäåò èñòèííà è íà ðåøåòêå L∗A è, çíà÷èò, ðåøåòêà L∗A
çàìêíóòà îòíîñèòåëüíî ôóíêöèé îïðåäåëèìûõ íà ðåøåòêå LA áåñ-
êâàíòîðíûìè ôîðìóëàìè.

Ëèòåðàòóðà. [1] À. Ã. Ïèíóñ. Ðàçìåðíîñòè ôóíêöèîíàëüíûõ êëîíîâ, ìåò-

ðèêà íà èõ ñîâîêóïíîñòè.- Ñèáèðñêèå ýëåêòðîííûå ìàòåìàò. Èçâåñòèÿ,

2016, ò.13, ñ.366�374.

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

e-mail: ag.pinus@gmail.com

162



Â. Á. Ïîïëàâñêèé (Ñàðàòîâ, Ðîññèÿ)

Èäåìïîòåíòû ÷àñòè÷íî óïîðÿäî÷åííûõ ìîíîèäîâ
Â äîêëàäå áñóæäàþòñÿ ñâîéñòâà ìíîæåñòâ ëåâûõ è ïðàâûõ åäè-

íèö ýëåìåíòà a ∈ X ÷àñòè÷íî óïîðÿäî÷åííîãî ìîíîèäà X , ò. å. ïî-
ëóãðóïïû ñ åäèíèöåé 1, íà êîòîðîé çàäàí ñòàáèëüíûé îòíîñèòåëüíî
ïîëóãðóïïîâîé îïåðàöèè óìíîæåíèÿ ÷àñòè÷íûé ïîðÿäîê ≤.

Ïóñòü ñóùåñòâóåò íàèáîëüøåå ðåøåíèå óðàâíåíèÿ xa = a äëÿ
íåêîòîðîãî a ∈ X, òîãäà îáîçíà÷èì åãî ÷åðåç aR. Åñëè ñóùåñòâóåò
íàèìåíüøåå ðåøåíèå óðàâíåíèÿ xa = a , òî îáîçíà÷èì åãî ÷åðåç aR.
Ñîîòâåòñòâåííî, åñëè äëÿ óðàâíåíèÿ ax = a ñóùåñòâóåò íàèáîëüøåå
ðåøåíèå, òî îáîçíà÷èì åãî ÷åðåç aL, è åñëè ñðåäè ðåøåíèé óðàâíåíèÿ
ax = a ñóùåñòâóåò íàèìåíüøåå, òî îáîçíà÷èì åãî ÷åðåç aL.

Òåîðåìà 1. Åñëè aR, aR, a
L, aL ñóùåñòâóþò, òî îíè ÿâëÿþòñÿ èäåì-

ïîòåíòàìè ìîíîèäà X.

Òåîðåìà 2. Ïóñòü e � èäåìïîòåíò ìîíîèäà X. Òîãäà ñëåäóþùèå
óñëîâèÿ ðàâíîñèëüíû:

1 ≤ e⇐⇒ e = eR ⇐⇒ e = eL; e ≤ 1⇐⇒ e = eR ⇐⇒ e = eL.

Îïðåäåëåíèå 1. Èäåìïîòåíò e íàçîâåì âòîðè÷íûì èäåìïîòåí-
òîì, ïîðîæäåííûì çàäàííûì íà ìîíîèäå ïîðÿäêîì ≤, åñëè îí ñðàâ-
íèì ñ åäèíèöåé ìîíîèäà X, ò. å. e ≤ 1 èëè 1 ≤ e. Èäåìïîòåíò íàçîâåì
ïåðâè÷íûì â ïðîòèâíîì ñëó÷àå, ò. å. åñëè îí íå ñðàâíèì ñ åäèíèöåé
çàäàííûì íà ìîíîèäå ÷àñòè÷íûì ïîðÿäêîì ≤ .

Òàêèì îáðàçîì, åñëè èäåìïîòåíò e � âòîðè÷íûé, òî âûïîëíÿåòñÿ
ëèáî e = eR = eL, ëèáî e = eR = eL. Â ñëó÷àå e = eR = eL èäåìïî-
òåíò e íàçîâåì âòîðè÷íûì èäåìïîòåíòîì ìàêñèìàëüíîãî òèïà, â
ñëó÷àå e = eR = eL èäåìïîòåíò e íàçîâåì âòîðè÷íûì èäåìïîòåí-
òîì ìèíèìàëüíîãî òèïà.

Åñëè ñóùåñòâóþò ýëåìåíòû aR, aR, a
L, aL äëÿ íåêîòîðîãî a ∈ X,

òî îíè ÿâëÿþòñÿ âòîðè÷íûìè èäåìïîòåíòàìè. Áóäåì íàçûâàòü èõ ñî-
îòâåòñòâåííî R-âòîðè÷íûìè èäåìïîòåíòàìè ìàêñèìàëüíîãî, ìè-
íèìàëüíîãî òèïà èëè L-âòîðè÷íûìè èäåìïîòåíòàìè ìàêñèìàëü-
íîãî, ìèíèìàëüíîãî òèïà, ïîðîæäåííûìè ýëåìåíòîì a.

Ìíîæåñòâà âñåõ èäåìïîòåíòîâ, ïåðâè÷íûõ èäåìïîòåíòîâ, âòîðè÷-
íûõ èäåìïîòåíòîâ ìàêñèìàëüíîãî è ìèíèìàëüíîãî òèïîâ áóäåì îáî-
çíà÷àòü ñèìâîëàìè E, E0, E

↑ è E↓ ñîîòâåòñòâåííî. Çàìåòèì, ÷òî
E0 ∩ E↑ = ∅, E0 ∩ E↓ = ∅, E↑ ∩ E↓ = {1} è E = E0 ∪ E↑ ∪ E↓.

Ïðèâåäåì ïðèìåðû ìîíîèäîâ è èõ èäåìïîòåíòîâ
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Ïóñòü (X,∧, 1) � íèæíÿÿ ïîëóðåøåòêà ñ íàèáîëüøèì ýëåìåíòîì
1 â êà÷åñòâå åäèíèöû ìîíîèäà, êîòîðûì ÿâëÿåòñÿ ýòà ïîëóðåøåòêà.
Î÷åâèäíî, ÷òî â ýòîì ñëó÷àå âñå ýëåìåíòû ìîíîèäà X ÿâëÿþòñÿ âòî-
ðè÷íûìè èäåìïîòåíòàìè ìèíèìàëüíîãî òèïà: X = E↓. Àíàëîãè÷íî,
åñëè (X,∨, 0) � âåðõíÿÿ ïîëóðåøåòêà ñ íàèìåíüøèì ýëåìåíòîì 0 â
êà÷åñòâå åäèíèöû ìîíîèäà, êîòîðûì ÿâëÿåòñÿ ýòà ïîëóðåøåòêà. Â
ýòîì ñëó÷àå âûïîëíÿåòñÿ ðàâåíñòâî X = E↑.

Ïðèìåð íåòðèâèàëüíîãî ñòðîåíèÿ ìíîæåñòâà èäåìïîòåíòîâ äà-
åò ìíîæåñòâî âñåõ áèíàðíûõ îòíîøåíèé B(M) íà ìíîæåñòâå M
(|M | ≥ 3 ), êîòîðîå îïðåäåëÿåòñÿ êàê ìíîæåñòâî âñåâîçìîæíûõ
ïîäìíîæåñòâ äåêàðòîâà êâàäðàòà M × M ñ ÷àñòè÷íûì ïîðÿäêîì
âêëþ÷åíèÿ ⊆ . Íà ìíîæåñòâå B(M) îïðåäåëåíà ñòàíäàðòíûì îá-
ðàçîì ñòðóêòóðà ìîíîèäà ñ îïåðàöèåé óìíîæåíèÿ áèíàðíûõ îòíî-
øåíèé, îòíîñèòåëüíî êîòîðîãî ÷àñòè÷íûé ïîðÿäîê âêëþ÷åíèÿ ⊆
ñòàáèëåí, è åäèíèöåé ∆ = {(x, x)|x ∈ M}. Âòîðè÷íûìè èäåìïî-
òåíòàìè ìèíèìàëüíîãî òèïà ìîíîèäà (B(M),⊆) ÿâëÿþòñÿ âñå òà-
êèå áèíàðíûå îòíîøåíèÿ ρ, äëÿ êîòîðûõ âûïîëíÿåòñÿ ρ ⊆ ∆. Íà-
ïðèìåð, ρ = {(x, x), (y, y)} äëÿ ëþáûõ x, y ∈ M. Î÷åâèäíî òàê-
æå, ÷òî ìíîæåñòâî ïåðâè÷íûõ èäåìïîòåíòîâ E0 íåïóñòî. Íàïðè-
ìåð, {(x, x), (x, y), (y, y), (y, x)} ∈ E0 ⊂ B(M). Ìíîæåñòâî âòîðè÷íûõ
èäåìïîòåíòîâ ìàêñèìàëüíîãî òèïà E↑ ñîäåðæèò òàêæå ýëåìåíòû, îò-
ëè÷íûå îò ∆. Íàïðèìåð, ∆ ∪ {(x, y), (y, x)} ∈ E↑ ⊂ B(M).

Ïðèìåðû ïîñòðîåíèÿ âòîðè÷íûõ èäåìïîòåíòîâ ìàêñèìàëüíîãî
òèïà â ïîëóãðóïïàõ ìàòðèö ñ ýëåìåíòàìè èç ïðîèçâîëüíîé áóëåâîé
àëãåáðû, èõ ñâîéñòâà, ïðèìåíåíèÿ ìîæíî íàéòè â [1], [2].

Ìíîæåñòâî èäåìïîòåíòîâ E ëþáîé ïîëóãðóïïû X âñåãäà ìîæíî
÷àñòè÷íî óïîðÿäî÷èòü, ââîäÿ òàê íàçûâàåìûé åñòåñòâåííûé ïîðÿ-
äîê �, îïðåäåëÿåìûé äëÿ ýëåìåíòîâ a, b ∈ E ñëåäóþùèì îáðàçîì:
a � b⇔ a = a · b = b · a (ñì. [1] è [2, �7.1 ]).
Òåîðåìà 3. Êàêîé áû ñòàáèëüíûé ïîðÿäîê ≤ íè áûë íà ìîíîè-
äå X âñåãäà âûïîëíÿåòñÿ ðàâåíñòâî ≤=� íà ìíîæåñòâå âòîðè÷íûõ
èäåìïîòåíòîâ ìèíèìàëüíîãî òèïà E↓ ⊆ X, è ðàâåíñòâî ≤=� íà ìíî-
æåñòâå âòîðè÷íûõ èäåìïîòåíòîâ ìàêñèìàëüíîãî òèïà E↑, ãäå � �
åñòåñòâåííûé ïîðÿäîê íà ìíîæåñòâå èäåìïîòåíòîâ E ⊆ X, à ÷àñòè÷-
íûé ïîðÿäîê �=�−1 ÿâëÿåòñÿ îáðàòíûì áèíàðíûì îòíîøåíèåì äëÿ
åñòåñòâåííîãî ïîðÿäêà � .

Òåîðåìà 4. Ïóñòü ≤ è v äâà ñòàáèëüíûõ ïîðÿäêà ìîíîèäà X îò-
íîñèòåëüíî êîòîðûõ âñå èäåìïîòåíòû ìîíîèäà íå ïðåâîñõîäÿò åäè-
íèöû. Ïóñòü ñóùåñòâóþò aL≤ , aR≤ � âòîðè÷íûå èäåìïîòåíòû ìè-
íèìàëüíîãî òèïà, ïîðîæäåííûå ýëåìåíòîì a ∈ X îòíîñèòåëüíî ïî-

164



ðÿäêà ≤, è âòîðè÷íûå èäåìïîòåíòû ìèíèìàëüíîãî òèïà aLv , aRv ,
ïîðîæäåííûå òåì æå ýëåìåíòîì îòíîñèòåëüíî ïîðÿäêà v . Òîãäà

aL≤ = aLv , aR≤ = aRv .

Ñîîòâåòñòâóþùåå óòâåðæäåíèå ìîæíî ñôîðìóëèðîâàòü äëÿ âòî-
ðè÷íûõ èäåìïîòåíòîâ ìàêñèìàëüíîãî òèïà.

Ëèòåðàòóðà. [1] Ïîïëàâñêèé Â. Á. Îá èäåìïîòåíòàõ àëãåáðû áóëåâûõ

ìàòðèö. // Èçâåñòèÿ Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð. Ìàòåìàòèêà. Ìåõàíèêà.

Èíôîðìàòèêà. 2012. Ò. 12. Âûï. 2. Ñ. 26-33. [2] Ïîïëàâñêèé Â. Á. Î ÷à-

ñòè÷íûõ ïîðÿäêàõ íà ìíîæåñòâå áóëåâûõ ìàòðèö // Ýëåêòðîííûå èíôîð-

ìàöèîííûå ñèñòåìû. 2017. �3 (14) Ñ.105-113. [3] Âàãíåð Â. Â. Îáîáùåííûå

ãðóïïû // ÄÀÍ ÑÑÑÐ. 1952. � 84. Ñ. 1119�1122. [4] Êëèôôîðä À., Ïðå-

ñòîí Ã. Àëãåáðàè÷åñêàÿ òåîðèÿ ïîëóãðóïï: â 2ò. � Ì.:"ÌÈÐ 1972. Ò. 2.

422 ñ.

Ñàðàòîâñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ãîñóäàðñòâåííûé óíèâåð-

ñèòåò èìåíè Í. Ã. ×åðíûøåâñêîãî

e-mail: poplavskivb@mail.ru

À. Â. Ïîïîâ (Óëüÿíîâñê)

Ìíîãîîáðàçèÿ éîðäàíîâûõ àëãåáð ïî÷òè ýêñïîíåíöèàëüíî-
ãî ðîñòà

Áóäåì ïðåäïîëàãàòü, ÷òî õàðàêòåðèñòèêà îñíîâíîãî ïîëÿ F ðàâíà
íóëþ.

Ïóñòü V � ìíîãîîáðàçèå ëèíåéíûõ àëãåáð íàä F, ò.å. êëàññ âñåõ
ëèíåéíûõ àëãåáð, óäîâëåòâîðÿþùèõ ôèêñèðîâàííîìó íàáîðó òîæ-
äåñòâåííûõ ñîîòíîøåíèé. Îáîçíà÷èì ÷åðåç Pn (V) ïîäïðîñòðàíñòâî
ñâîáîäíîé àëãåáðû ìíîãîîáðàçèÿ V, îáðàçîâàííîå âñå ïîëèëèíåéíû-
ìè ýëåìåíòàìè ñòåïåíè n îò îáðàçóþùèõ x1, . . . , xn. Ïóñòü cn (V) =
dimPn (V), òîãäà âåðõíåé è íèæíåé ýêñïîíåíòîé ìíîãîîáðàçèÿ V íà-
çûâàþòñÿ ñîîòâåòñòâåííî âåëè÷èíû

EXP (V) = lim
n→∞

n
√
cn (V), EXP (V) = lim

n→∞

n
√
cn (V),

â ñëó÷àå åñëè îíè ñóùåñòâóþò. Â ñëó÷àå æå èõ ñîâïàäåíèÿ ãîâîðÿò
ïðîñòî îá ýêñïîíåíòå ìíîãîîáðàçèÿ EXP (V).

Åñëè ïîñëåäîâàòåëüíîñòü cn (V) ðàñòåò àñèìïòîòè÷åñêè áûñò-
ðåå ëþáîé ýêñïîíåíòû, òî ìíîãîîáðàçèå V íàçûâàþò ìíîãîîáðàçè-
åì ñâåðýêñïîíåíöèàëüíîãî ðîñòà. Îòäåëüíûé èíòåðåñ ïðåäñòàâëÿþò
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ìíîãîîáðàçèÿ ñî ñëåäóþùèì ýêñòðåìàëüíûì ñâîéñòâîì: ñàìî ìíî-
ãîîáðàçèå V èìååò ñâåðýêñïîíåíöèàëüíûé ðîñò, à âñÿêîå åãî ñîá-
ñòâåííîå ïîäìíîãîîáðàçèå èìååò óæå ýêñïîíåíöèàëüíî îãðàíè÷åí-
íûé ðîñò. Òîãäà ãîâîðÿò, ÷òî V èìååò ïî÷òè ýêñïîíåíöèàëüíûé ðîñò.

Ïóñòü L � àëãåáðà Ëè. Îïðåäåëèì íà ïðîñòðàíñòâå J (L) = G⊗L⊕
G1, ãäå G � àëãåáðà Ãðàññìàíà ñ÷åòíîãî ðàíãà, îïåðàöèþ óìíîæåíèÿ
◦ ñëåäóþùèì îáðàçîì:

(a⊗ g) ◦ h = a⊗ gh, åñëè a⊗ g ∈ L⊗G0, h ∈ G1

(a⊗ g) ◦ (b⊗ h) = ab⊗ gh, åñëè a⊗ g, b⊗ h ∈ L⊗G0.

Âñå îñòàëüíûå ïðîèçâåäåíèÿ áóäåì ñ÷èòàòü íóëåâûìè.
Äàííàÿ àëãåáðà ÿâëÿåòñÿ éîðäàíîâîé [1] è, êðîìå òîãî, óäîâëå-

òâîðÿåò òîæäåñòâàì
x4 ≡ 0, (1)

(x1x2) (x3x4) (x5x6) ≡ 0. (2)

Â àëãåáðå J (L) îïðåäåëèì ïîäàëãåáðó J ′ (L) = G0 ⊗ L2 ⊕ G1 ⊗
L⊕G1.

Ðåçóëüòàòû íàñòîÿùåé ðàáîòû ïðåäñòàâëåíû â ñëåäóþùèõ òåîðå-
ìàõ:

Òåîðåìà 1. Ïóñòü L � àëãåáðà Ëè, V = var (L), VJ = var (J (L)),
V ′J = var (J ′ (L)). Òîãäà:

1. Åñëè V èìååò ýêñïîíåíöèàëüíî îãðàíè÷åííûé ðîñò, òî ñïðàâåä-
ëèâû ñëåäóþùèå íåðàâåíñòâà

2

√
EXP (L) ≤ EXP (V ′J) ≤ EXP (VJ) < 2

√
EXP (L) + 1.

2
√
EXP (L) ≤ EXP (V ′J) ≤ EXP (VJ) < 2

√
EXP (L) + 1.

2. Åñëè V èìååò ñâåðõýêñïîíåíöèàëüíûé ðîñò, òî ìíîãîîáðàçèÿ
VJ è V ′J òàêæå èìåþò ñâåðõýêñïîíåíöèàëüíûé ðîñò.

Òåîðåìà 2. Ïóñòü L � àëãåáðà Ëè, V = var (L), V ′J = var (J ′ (L)), W
� ñîáñòâåííîå ïîäìíîãîîáðàçèå â V ′J . Òîãäà ñóùåñòâóåò àëãåáðà Ëè
M , ïîðîæäàþùàÿ ñîáñòâåííîå ïîäìíîãîîáðàçèå V2 ⊂ V òàêîå, ÷òî

W ⊂ var (J (M)) .
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Èç òåîðåì 1 è 2 íåïîñðåäñòâåííî ïîëó÷àåòñÿ ñëåäñòâèå:

Ñëåäñòâèå 1. Ïóñòü L � àëãåáðà Ëè, ïîðîæäàþùàÿ ìíîãîîáðàçèå
V ïî÷òè ýêñïîíåíöèàëüíîãî ðîñòà. Òîãäà ìíîãîîáðàçèå var (J ′ (L))
òàêæå èìååò ïî÷òè ýêñïîíåíöèàëüíûé ðîñò.

Â êëàññå àëãåáð Ëè â íàñòîÿùèé ìîìåíò èçâåñòíî îäíî ìíîãî-
îáðàçèå ïî÷òè ýêñïîíåíöèàëüíîãî ðîñòà, � ìíîãîîáðàçèå AN2 [2,3],
îïðåäåëåííîå òîæäåñòâîì

(x1x2x3) (y1y2y3) ≡ 0.

Îáîçíà÷èì ÷åðåç VJ ìíîãîîáðàçèå, ïîðîæäàåìîå àëãåáðîé J ′ (L),
ãäå L � àëãåáðà, ïîðîæäàþùàÿ ìíîãîîáðàçèå AN2.

Òåîðåìà 3. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1. ìíîãîîáðàçèå VJ èìååò ïî÷òè ýêñïîíåíöèàëüíûé ðîñò;

2. áàçèñ òîæäåñòâ ìíîãîîáðàçèÿ VJ ñîñòàâëÿþò òîæäåñòâà (1), (2)
è òîæäåñòâî

(x1x2x3x4) (y1y2y3y4) ≡ 0.

Ìíîãîîáðàçèå VJ ÿâëÿåòñÿ ïåðâûì ïðèìåðîì ìíîãîîáðàçèÿ ïî-
÷òè ýêñïîíåíöèàëüíîãî ðîñòà â éîðäàíîâîì ñëó÷àå. Ïðè ýòîì çàìå-
òèì, ÷òî äðóãèì ïðåäïîëàãàåìûì ìíîãîîáðàçèåì ïî÷òè ýêñïîíåíöè-
àëüíîãî ðîñòà ÿâëÿåòñÿ ìíîãîîáðàçèå, ïîðîæäåííîå éîðäàíîâîé àë-
ãåáðîé áèëèíåéíîé íåâûðîæäåííîé ñèììåòðè÷åñêîé ôîðìû íà áåñ-
êîíå÷íîìåðíîì ïðîñòðàíñòâå [4].

Ëèòåðàòóðà. [1] È. Ï. Øåñòàêîâ, Àëüòåðíàòèâíûå è éîðäàíîâû ñóïåðàë-

ãåáðû. Òðóäû Õ Ñèáèðñêîé Øêîëû �Àëãåáðà è Àíàëèç�. Íîâîñèáèðñê: ÈÌ

ÑÎ ÐÀÍ, 1997, 157-169. [2] È. Á. Âîëè÷åíêî, Î ìíîãîîáðàçèè àëãåáð Ëè

AN2 íàä ïîëåì õàðàêòåðèñòèêè íóëü. ÄÀÍ ÁÑÑÐ. 1981. Ò.25. �12. Ñ.

1063�1066. [3] È. Á. Âîëè÷åíêî, Ìíîãîîáðàçèå àëãåáð Ëè ñ òîæäåñòâîì

[[x1, x2, x3], [x4, x5, x6]] = 0 íàä ïîëåì õàðàêòåðèñòèêè íóëü. Ñèá. ìàòåì.

æóðíàë. 1984. Ò.25. �3. Ñ. 40�54. [4] V. Drensky, Polynomial identities for

the Jordan algebra of a Symmetric Billinear Form. Journal of algebra 108

(1987), 66-87.
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Î ôàêòîðèçàöèè àâòîìîðôèçìîâ Q-àëãåáðû êîíå÷íîé
ãðóïïû G
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Áóäåì ðàññìàòðèâàòü àëãåáðó Q[Rl(G)], ãäå Rl(G) � ëå-
âîå ðåãóëÿðíîå ìàòðè÷íîå ïðåäñòàâëåíèå êîíå÷íîé ãðóïïû G =
{e, g2, · · · , gn}. Ïóñòü σ � íåêîòîðûé àâòîìîðôèçì òàêîé àëãåáðû.
Ñóùåñòâóåò ëè åäèíèöà s àëãåáðû Q[Rl(G)] òàêàÿ, ÷òî σ = τ ◦ϕs, ãëå
τ � àâòîìîðôèçì öåëî÷èñëåííîãî ãðóïïîâîãî êîëüöà Z[Rl(G)], à ϕs
� ñîïðÿæåíèå åäèíèöåé s?

Îáîçíà÷èì L(G) = σ(Rl(G)). Òîãäà L(gi) =
pi1
qi1
Rl(e) + · · · +

pin
qin
Rl(gn), i = 1, · · · , n.
Ëåãêî ïîêàçàòü, ÷òî åñëè ìàòðèöà a ∈ Q[Rl(G)] ∩ Mn(Z), òî

a ∈ Z[Rl(G)]. Ïîýòîìó ñôîðìóëèðîâàííûé âîïðîñ ñâîäèòñÿ ê ñè-
òóàöèè àíàëîãè÷íîé òåîðåìå Áåðíñàéäà ([1], ñòð. 68). Èìååòñÿ êî-
íå÷íàÿ ãðóïïà ìàòðèö ñ ðàöèîíàëüíûìè ýëåìåíòàìè, ñóùåñòâóåò
ëè åäèíèöà s àëãåáðû Q[Rl(G)] òàêàÿ, ÷òî â ðåçóëüòàòå ñîïðÿæå-
íèÿ ìàòðèö ãðóïïû ìàòðèöåé s îíè ñòàíîâÿòñÿ öåëî÷èñëåííûìè?
Ñëåäóÿ èäåå äîêàçàòåëüñòâà òåîðåìû Áåðíñàéäà, áóäåì èñêàòü â Zn
ïðàâûé ïîäìîäóëü N èíâàðèàíòíûé îòíîñèòåëüíî L(G) è èìåþùèé
ìàòðèöó ïåðåõîäà, ëåæàùóþ â Q[Rl(G)]. Çàìåòèì, ÷òî ìàòðèöû èç
Q[Rl(G)] èìåþò âèä α1Rl(e) + · · ·+αnRl(gn) = (α R(g2)α · · ·R(gn)α),
ãäå α = (α1, · · · , αn)T , R(gi) � ïðàâîå ðåãóëÿðíîå ìàòðè÷íîå ïðåä-

ñòàâëåíèå ãðóïïû G. Òîãäà åñëè pi = (
pi1
qi1
, · · · , p

i
n

qin
), òî L(gi) =

(pTi R(g2)pTi · · ·R(gn)pTi ).
Ïóñòü u = (u1, · · · , un) ∈ Zn, uL(gi) ∈ Zn, i = 1, · · · , n.
Îáîçíà÷èì

S(u) =


u

uR(g−1
2 )
...

uR(g−1
n )

 , S̃(u) = (uT R(g−1
2 )uT · · ·R(g−1

n )uT ), L′ =

 pT1
...
pTn

 .

Òåîðåìà Ïóñòü G � êîíå÷íàÿ ãðóïïà.

Äëÿ äàííîãî àâòîìîðôèçìà σ àëãåáðû Q[Rl(G)] ñóùåñòâóþò åäè-
íèöà s ýòîé àëãåáðû è àâòîìîðôèçì τ êîëüöà Z[Rl(G)] òàêèå, ÷òî
σ = τ ◦ ϕs òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ ñëåäóþùèå
óñëîâèÿ. Ñóùåñòâóåò âåêòîð u = (u1, · · · , un) ∈ Zn òàêîé, ÷òî

1) uL(gi) ∈ Zn, i = 1, · · · , n;
2) ìàòðèöà s = u1Rl(e) + · · ·+ unRl(gn) � îáðàòèìà è íå ïåðåñòà-

íîâî÷íà ñ íåêîòîðûìè ìàòðèöàìè L(gi);
3) ñóùåñòâóþò ìàòðèöû Ai ∈Mn(Z) òàêèå, ÷òî âûïîëíÿþòñÿ ðà-

âåíñòâà L′S̃(u)Rl(g
−1
i ) = AiS(u), i = 1, · · · , n.
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Ëèòåðàòóðà. [1] Ä. À. Ñóïðóíåíêî. Ãðóïïû ìàòðèö. Ì.: Íàóêà, 1972.

À. Ë. Ðàññòðèãèí (Âîëãîãðàä)

Î íàñëåäñòâåííîñòè ôîðìàöèé óíàðíûõ àëãåáð
Êëàññ àëãåáðàè÷åñêèõ ñèñòåì íàçûâàåòñÿ ôîðìàöèåé, åñëè îí çà-

ìêíóò îòíîñèòåëüíî âçÿòèÿ ãîìîìîðôíûõ îáðàçîâ è êîíå÷íûõ ïîä-
ïðÿìûõ ïðîèçâåäåíèé. Ôîðìàöèè ïîëó÷èëè øèðîêîå ðàñïðîñòðàíå-
íèå è ñûãðàëè âàæíóþ ðîëü â òåîðèè êîíå÷íûõ ãðóïï [1]. Ïîíÿòèå
ôîðìàöèè ãðóïï áûëî ðàñøèðåíî äî ïîíÿòèÿ ôîðìàöèè àëãåáðàè-
÷åñêèõ ñèñòåì â [2]. Ðàçíûìè àâòîðàìè èçó÷àëèñü ôîðìàöèè ïðîèç-
âîëüíûõ àëãåáð [3, 4], à òàêæå ôîðìàöèè êîíêðåòíûõ òèïîâ àëãåá-
ðàè÷åñêèõ ñèñòåì [5, 6].

Àëãåáðà íàçûâàåòñÿ óíàðíîé, åñëè âñå îïåðàöèè ýòîé àëãåáðû
óíàðíûå. Óíàðíûå àëãåáðû èìåþò îòëè÷èÿ ïî ñðàâíåíèþ ñ òàêèìè
êëàññè÷åñêèìè àëãåáðàìè êàê ãðóïïû, êîëüöà, ðåøåòêè è ò. ï. Íà-
ïðèìåð, êëàññ óíàðíûõ àëãåáð íå îáðàçóåò êîíãðóýíö-ìîäóëÿðíîãî
ìíîãîîáðàçèÿ. Â ýòîé ñâÿçè òàêèå àëãåáðû âûçûâàþò çíà÷èòåëüíûé
èíòåðåñ è ñëóæàò èñòî÷íèêîì ïðèìåðîâ â óíèâåðñàëüíîé àëãåáðå.

Óíàðíûå àëãåáðû ñ îäíîé îïåðàöèåé íàçûâàþòñÿ óíàðàìè. Äëÿ
êîíå÷íûõ àëãåáð òàêîãî âèäà ïîëíîñòüþ îïèñàíà [7] ðåøåòêà ôîðìà-
öèé ïî îòíîøåíèþ âêëþ÷åíèÿ êëàññîâ è ïîêàçàíî, ÷òî êàæäàÿ òàêàÿ
ôîðìàöèÿ ÿâëÿåòñÿ íàñëåäñòâåííîé. Ôîðìàöèÿ íàçûâàåòñÿ íàñëåä-
ñòâåííîé, åñëè âìåñòå ñ êàæäîé àëãåáðîé îíà ñîäåðæèò è ëþáóþ
åå ïîäàëãåáðó. Â íàñòîÿùåì ñîîáùåíèè ìû ðàññìàòðèâàåì êîììó-
òàòèâíûå óíàðíûå àëãåáðû. Óíàðíàÿ àëãåáðà íàçûâàåòñÿ êîììóòà-
òèâíîé, åñëè ëþáûå äâå å¼ îïåðàöèè ïåðåñòàíîâî÷íû, ò. å. ÿâëÿþòñÿ
ýíäîìîðôèçìàìè ýòîé àëãåáðû. Äëÿ òàêèõ àëãåáð èçâåñòíî îïèñàíèå
[8] ïîäïðÿìî íåðàçëîæèìûõ àëãåáð, ïîëó÷åííîå â òåîðèè àâòîìàòîâ.

Ïñåâäîìíîãîîáðàçèåì [9, 10] íàçûâàåòñÿ êëàññ êîíå÷íûõ àëãåáð,
çàìêíóòûé îòíîñèòåëüíî âçÿòèÿ ïîäàëãåáð, ôàêòîð-àëãåáð è êîíå÷-
íûõ ïðÿìûõ ïðîèçâåäåíèé. Òàêèì îáðàçîì, âñÿêàÿ íàñëåäñòâåííàÿ
ôîðìàöèÿ, êîòîðàÿ ñîñòîèò èç êîíå÷íûõ àëãåáð, ÿâëÿåòñÿ ïñåâäîì-
íîãîîáðàçèåì è äëÿ íåå ïðèìåíèìî ñèíòàêñè÷åñêîå îïèñàíèå ïîñëåä-
íèõ [10].

Òåîðåìà 1. Êàæäàÿ ôîðìàöèÿ êîíå÷íûõ êîììóòàòèâíûõ óíàðíûõ
àëãåáð ÿâëÿåòñÿ íàñëåäñòâåííîé ôîðìàöèåé.

Ñëåäñòâèå 2. Êàæäàÿ ôîðìàöèÿ êîíå÷íûõ êîììóòàòèâíûõ óíàð-
íûõ àëãåáð ÿâëÿåòñÿ ïñåâäîìíîãîîáðàçèåì.

Ñëåäñòâèå 3. Ïóñòü C � êëàññ âñåõ êîíå÷íûõ êîììóòàòèâíûõ óíàð-
íûõ àëãåáð è F � ôîðìàöèÿ àëãåáð èç C. Òîãäà ñóùåñòâóåò òàêàÿ
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ïîñëåäîâàòåëüíîñòü òîæäåñòâ e1, e2, . . ., ÷òî A ∈ C ïðèíàäëåæèò F
òîãäà è òîëüêî òîãäà, êîãäà â A âûïîëíåíû âñå òîæäåñòâà en, êðîìå
êîíå÷íîãî ÷èñëà.

Óíàðíóþ àëãåáðó íàçûâàþò ñâÿçíîé, åñëè ëþáûå äâå åå îäíîïî-
ðîæäåííûå ïîäàëãåáðû èìåþò íåïóñòîå ïåðåñå÷åíèå. Ñâÿçíóþ óíàð-
íóþ àëãåáðó íàçûâàþò ïåòåëüíîñâÿçíîé, åñëè îíà ñîäåðæèò íàè-
ìåíüøóþ ïîäàëãåáðó, ñîñòîÿùóþ èç îäíîãî ýëåìåíòà.

Òåîðåìà 4. Êàæäàÿ ôîðìàöèÿ ïåòåëüíîñâÿçíûõ óíàðíûõ àëãåáð
ÿâëÿåòñÿ íàñëåäñòâåííîé ôîðìàöèåé.

Ëèòåðàòóðà. [1] Øåìåòêîâ Ë. À. Ôîðìàöèè êîíå÷íûõ ãðóïï. Ì.: Íàóêà,

1978. [2] Øåìåòêîâ Ë. À., Ñêèáà À. Í. Ôîðìàöèè àëãåáðàè÷åñêèõ ñèñòåì.

Ì.: Íàóêà, 1989. [3] Guo W., Shum K. P. Minimal formations of universal

algebras // Discuss. Math. Gen. Algebra Appl. 2001. Vol. 21, no. 2. P. 201�

205. [4] Guo W., Shum K. P. Formation operators on classes of algebras //

Communications in Algebra. 2002. Vol. 30, no. 7. P. 3457�3472. [5] Ballester-

Bolinches A., Pin J.-�E., Soler-Escriv�a X. Formations of �nite monoids and

formal languages: Eilenberg's theorem revisited // Forum Mathematicum.

2012. Vol. 26, no. 6. P. 1731�1761. [6] Lihov�a J., P�ocs J. On formations of

lattices // Acta Universitatis Matthiae Belii, series Mathematics. 2009. No. 15.

P. 63�72. [7] Ðàññòðèãèí À. Ë. Ôîðìàöèè êîíå÷íûõ óíàðîâ // ×åáûøåâñêèé

ñáîðíèê. 2011. Òîì 12, � 2 (38). C. 102�109. [8] �Esik Z., Imreh B. Subdirectly

irreducible commutative automata // Acta Cybernetica. 1981.Vol. 5, no. 3.

P. 251�260. [9] Eilenberg S. Automata, languages, and machines. Vol. B.

Academic Press, New York, 1976. [10] Ash C. J. Pseudovarieties, generalized

varieties and similarly described classes // Journal of Algebra. 1985. Vol. 92,

no. 1. P. 104�115.

Âîëãîãðàäñêèé ãîñóäàðñòâåííûé ñîöèàëüíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò

e-mail: rasal@�zmat.vspu.ru

Í. Ñ. Ðîìàíîâñêèé (Íîâîñèáèðñê)

Òåîðèÿ ìîäåëåé ðàçðåøèìûõ ãðóïï
Ãðóïïà G íàçûâàåòñÿ m-æ¼ñòêîé, åñëè â íåé ñóùåñòâóåò íîð-

ìàëüíûé ðÿä

G = G1 > G2 > . . . > Gm > Gm+1 = 1,

ôàêòîðû êîòîðîãî Gi/Gi+1 àáåëåâû è, ðàññìàòðèâàåìûå êàê (ïðà-
âûå) Z[G/Gi]-ìîäóëè, íå èìåþò ìîäóëüíîãî êðó÷åíèÿ. Â [1] äîêàçàíî,
÷òî òàêîé ðÿä, åñëè ñóùåñòâóåò, îïðåäåëÿåòñÿ ãðóïïîé G îäíîçíà÷íî
è ñòóïåíü ðàçðåøèìîñòè ãðóïïû â òî÷íîñòè ðàâíà m. Äëÿ ÷ëåíîâ
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ýòîãî (æ¼ñòêîãî) ðÿäà ââîäÿòñÿ îáîçíà÷åíèÿ Gi = ρi(G). Æ¼ñòêèìè
(òî åñòüm-æ¼ñòêèìè äëÿ ñîîòâåòñòâóþùåãîm) áóäóò ñâîáîäíûå ðàç-
ðåøèìûå ãðóïïû. Æ¼ñòêàÿ ãðóïïà G íàçûâàåòñÿ äåëèìîé, åñëè ýëå-
ìåíòû ôàêòîðà ρi(G)/ρi+1(G) äåëÿòñÿ íà íåíóëåâûå ýëåìåíòû êîëü-
öà Z[G/ρi(G)] èëè, äðóãèìè ñëîâàìè, ρi(G)/ρi+1(G) ÿâëÿåòñÿ âåê-
òîðíûì ïðîñòðàíñòâîì íàä òåëîì ÷àñòíûõ Q(G/ρi(G)) ýòîãî êîëüöà.
Æ¼ñòêàÿ ãðóïïà G íàçûâàåòñÿ ðàñùåïëÿåìîé, åñëè îíà ðàñïàäàåòñÿ
â ïîñëåäîâàòåëüíîå ïîëóïðÿìîå ïðîèçâåäåíèå A1A2 . . . Am àáåëåâûõ
ãðóïï Ai ∼= ρi(G)/ρi+1(G), çäåñü Ai íîðìàëèçóåò Aj ïðè i ≤ j. Äåëè-
ìàÿ ðàñùåïëÿåìàÿ æ¼ñòêàÿ ãðóïïà îïðåäåëÿåòñÿ îäíîçíà÷íî ñ òî÷-
íîñòüþ äî èçîìîðôèçìà ìîùíîñòÿìè αi áàç ñîîòâåòñòâóþùèõ âåê-
òîðíûõ ïðîñòðàíñòâ Ai, îíà îáîçíà÷àåòñÿ ÷åðåçM(α1, . . . , αm). Íåîá-
õîäèìûå êîíñòðóêöèè è ôàêòû ìîæíî íàéòè â [2]. Â [3] äîêàçàíî, ÷òî
ëþáàÿ äåëèìàÿ æ¼ñòêàÿ ãðóïïà ðàñùåïëÿåòñÿ, òî åñòü èçîìîðôíà
êàêîé-òî ãðóïïå M(α1, . . . , αm). Ãîâîðÿò, ÷òî îäíà m-æ¼ñòêàÿ ãðóï-
ïà G âëîæåíà â äðóãóþ H íåçàâèñèìî, åñëè ëþáàÿ ñèñòåìà ýëåìåí-
òîâ èç ρi(G)/ρi+1(G), ëèíåéíî íåçàâèñèìàÿ íàä êîëüöîì Z[G/ρi(G)],
îñòàåòñÿ ëèíåéíî íåçàâèñèìîé è íàä êîëüöîì Z[H/ρi(H)]. Â [2] óñòà-
íîâëåíî, ÷òî âñÿêàÿ m-æ¼ñòêàÿ ãðóïïà íåçàâèñèìî âêëàäûâàåòñÿ â
ïîäõîäÿùóþ ãðóïïó M(α1, . . . , αm).

Çàôèêñèðóåì ñ÷¼òíóþ äåëèìóþ m-æ¼ñòêóþ ãðóïïó M , îíà êîí-
ñòðóêòèâèçèðóåìà. Îáîçíà÷èì ÷åðåç Tm òåîðèþ ïåðâîé ñòóïåíè
êëàññà äåëèìûõ m-æ¼ñòêèõ ãðóïï â ñòàíäàðòíîé ñèãíàòóðå òåîðèè
ãðóïï è ÷åðåç Tm(M) òåîðèþ êëàññà äåëèìûõ m-æ¼ñòêèõ M -ãðóïï
(ñîäåðæàùèõM â êà÷åñòâå ôèêñèðîâàííîé íåçàâèñèìîé ïîäãðóïïû)
â ñèãíàòóðå, ðàñøèðåííîé êîíñòàíòàìè èç M . Ñôîðìóëèðóåì îñíîâ-
íûå ðåçóëüòàòû, ÷àñòü èç íèõ ïîëó÷åíà ñîâìåñòíî ñ À.Ã.Ìÿñíèêîâûì.

ÒÅÎÐÅÌÀ 1. Òåîðèè Tm è Tm(M) ïîëíû è ðåêóðñèâíî àêñèî-
ìàòèçèðóåìû, çíà÷èò ðàçðåøèìû è Tm ñîâïàäàåò ñ ýëåìåíòàðíîé
òåîðèåé ëþáîé äåëèìîé m-æ¼ñòêîé ãðóïïû, à Tm(M) � ñ ýëåìåí-
òàðíîé òåîðèåé ñ êîíñòàíòàìè èç M ëþáîé äåëèìîé m-æ¼ñòêîé
ãðóïïû, â êîòîðóþ M íåçàâèñèìî âëîæåíà.

ÑËÅÄÑÒÂÈÅ. Ïóñòü G 6 H � ìîäåëè òåîðèè Tm èëè
Tm(M). Òîãäà âëîæåíèå G â H ÿâëÿåòñÿ ýëåìåíòàðíûì â òîì
òîëüêî òîì ñëó÷àå, åñëè îíî íåçàâèñèìî.

ÒÅÎÐÅÌÀ 2. Òåîðèè Tm è Tm(M) ÿâëÿþòñÿ ω-ñòàáèëüíûìè.
Îòìåòèì, ÷òî åñëè ãðóïïà M(α1, . . . , αm) íåñ÷¼òíà, òî å¼ ìîù-

íîñòü ñîâïàäàåò ñ ìàêñèìàëüíûì αi. Íàïîìíèì òàêæå [1], ÷òî
äëÿ m-æ¼ñòêîé ãðóïïû G îïðåäåëÿåòñÿ ðàçìåðíîñòü d(G) =
(d1(G), . . . , dm(G)), ñîñòîÿùàÿ èç m-êè êàðäèíàëüíûõ ÷èñåë, ãäå
di(G) îáîçíà÷àåò ðàíã ìîäóëÿ ρi(G)/ρi+1(G), òî åñòü ìîùíîñòü (ëþ-

171



áîé) ìàêñèìàëüíîé ëèíåéíî íåçàâèñèìîé íàä êîëüöîì Z[G/ρi(G)] ñè-
ñòåìû ýëåìåíòîâ ýòîãî ìîäóëÿ. Â ñëó÷àå, êîãäà m-æ¼ñòêàÿ ãðóïïà G
íåçàâèñèìî âëîæåíà â m-æ¼ñòêóþ ãðóïïó H, èìåþò ìåñòî íåðàâåí-
ñòâà di(G) 6 di(H) äëÿ âñåõ èíäåêñîâ, è ìû ìîæåì ãîâîðèòü î êî-
ðàçìåðíîñòè H íàä G, îíà òàêæå ïðåäñòàâëÿåò èç ñåáÿ m-êó êàðäè-
íàëüíûõ ÷èñåë. Äëÿ äåëèìîé m-æ¼ñòêîé ãðóïïû G = M(α1, . . . , αm)
èìååì d(G) = (α1, . . . , αm).

ÒÅÎÐÅÌÀ 3. Ïóñòü λ � áåñêîíå÷íîå êàðäèíàëüíîå ÷èñëî.
1) Ãðóïïà M(β1, . . . , βm) ÿâëÿåòñÿ λ-íàñûùåííîé òîãäà è òîëüêî
òîãäà, êîãäà λ ≤ βi äëÿ âñåõ èíäåêñîâ.
2) Ãðóïïà M(β1, . . . , βm) ÿâëÿåòñÿ íàñûùåííîé òîãäà è òîëüêî òî-
ãäà, êîãäà β1 = . . . = βm � áåñêîíå÷íûé êàðäèíàë.
3) Ñ÷¼òíàÿ ìîäåëü òåîðèè Tm(M) ÿâëÿåòñÿ íàñûùåííîé òîãäà è
òîëüêî òîãäà, êîãäà åå êîðàçìåðíîñòü íàä M ðàâíà (ω, . . . , ω) = ωm.
4) Ïóñòü λ > ω. Ìîäåëü ìîùíîñòè λ òåîðèè Tm(M) ÿâëÿåòñÿ íà-
ñûùåííîé òîãäà è òîëüêî òîãäà, êîãäà îíà èìååò âèäM(λ, . . . , λ) =
M(λm).

Âàæíóþ ðîëü â ðàññìàòðèâàåìûõ çàäà÷àõ èãðàåò äåëèìàÿ m-
æ¼ñòêàÿ ãðóïïà M(ω, . . . , ω) = M(ωm), ÿâëÿþùàÿñÿ ñ÷¼òíîé íàñû-
ùåííîé ìîäåëüþ òåîðèè Tm. Ìû óòâåðæäàåì, ÷òî îíà áóäåò ïðåäåëü-
íîé ãðóïïîé ñèñòåìû Fraisse âñåõ êîíå÷íî ïîðîæä¼ííûõ m-æ¼ñòêèõ
ãðóïï. Äàäèì àäàïòèðîâàííûå ê íàøåé ñèòóàöèè îïðåäåëåíèÿ. Äëÿ
äàííîém-æ¼ñòêîé ãðóïïû G îáîçíà÷èì ÷åðåç age(G) ìíîæåñòâî âñåõ
êîíå÷íî ïîðîæä¼ííûõ íåçàâèñèìûõ ïîäãðóïï ñòóïåíè ðàçðåøèìî-
ñòè m è ÷åðåç age(G) ñîîòâåòñòâóþùèé êëàññ ãðóïï. Ïóñòü òàêæå
Km îáîçíà÷àåò êëàññ âñåõ êîíå÷íî ïîðîæä¼ííûõ m-æ¼ñòêèõ ãðóïï.
Ìû çíàåì èç [2], ÷òî âñÿêàÿ êîíå÷íî ïîðîæä¼ííàÿm-æ¼ñòêàÿ ãðóïïà
íåçàâèñèìî âêëàäûâàåòñÿ â äåëèìóþ m-æ¼ñòêóþ ãðóïïó êîíå÷íîãî
ðàíãà, à çíà÷èò è â ãðóïïó M(ωm), ïîýòîìó age(M(ωm)) = Km. Íà-
çîâåì m-æ¼ñòêóþ ãðóïïó G ïðåäåëüíîé äëÿ êëàññà Km, åñëè îíà
óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì:
(i) ñ÷¼òíàÿ;
(ii) age(G) = Km;
(iii) îäíîðîäíîñòü: åñëè U, V ∈ age(G) è ϕ : U → V � èçîìîðôèçì,
òî îí ðàñøèðÿåòñÿ äî àâòîìîðôèçìà G.

ÒÅÎÐÅÌÀ 4. Ïðåäåëüíàÿ ãðóïïà äëÿ êëàññà Km îïðåäåëÿåòñÿ
îäíîçíà÷íî è îíà èçîìîðôíà M(ωm).

Ìû òàêæå èçó÷àåì ïåðåñå÷åíèÿ ýëåìåíòàðíûõ ïîäìîäåëåé â ìî-
äåëÿõ òåîðèé Tm è Tm(M).

ÒÅÎÐÅÌÀ 5. 1) Ïåðåñå÷åíèå íåêîòîðîãî ìíîæåñòâà ýëåìåí-
òàðíûõ ïîäìîäåëåé ìîäåëè òåîðèè Tm ÿâëÿåòñÿ ýëåìåíòàðíîé ïîä-
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ìîäåëüþ â òîì è òîëüêî òîì ñëó÷àå, åñëè îíî èìååò ñòóïåíü ðàç-
ðåøèìîñòè m.
2) Ïåðåñå÷åíèå ëþáîãî ìíîæåñòâà ýëåìåíòàðíûõ ïîäìîäåëåé ìîäå-
ëè òåîðèè Tm(M) ñíîâà ÿâëÿåòñÿ ýëåìåíòàðíîé ïîäìîäåëüþ.

Ïîñëåäíÿÿ íàøà òåîðåìà ñâÿçàíà ñ ýëèìèíàöèåé êâàíòîðîâ èñ-
ñëåäóåìûõ òåîðèé.

ÒÅÎÐÅÌÀ 6. Âñÿêàÿ ôîðìóëà òåîðèè Tm èëè òåîðèè Tm(M)
ýêâèâàëåíòíà áóëåâîé êîìáèíàöèè ∀∃-ôîðìóë.
Ëèòåðàòóðà. [1] A. Myasnikov, N. Romanovskiy, Krull dimension of solvable
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òîñòü è ýëåìåíòàðíàÿ òåîðèÿ, Àëãåáðà è ëîãèêà, 56, N 5 (2017), 593-612.

[4] À. Ã. Ìÿñíèêîâ, Í. Ñ. Ðîìàíîâñêèé, Äåëèìûå æ¼ñòêèå ãðóïïû. II. Ñòà-

áèëüíîñòü, íàñûùåííîñòü è ýëåìåíòàðíûå ïîäìîäåëè, Àëãåáðà è ëîãèêà,

57, N 1 (2018), 43-56.

À. Í. Ðûáàëîâ (Îìñê)

Ðåëÿòèâèçîâàííûå ãåíåðè÷åñêèå êëàññû P è NP
Áåéêåð, Ãèëë è Ñîëîâåé â [1] ãîäó ïîñòðîèëè òàêèå äâà îðàêóëà

A è B, ÷òî PA = NPA, íî PB 6= NPB . Òåì ñàìûì, îíè ïîêàçàëè, ÷òî
íåðàâåíñòâî P 6= NP íå ìîæåò áûòü äîêàçàíî ñ èñïîëüçîâàíèåì ìå-
òîäà äèàãîíàëèçàöèè. Â ðàìêàõ ãåíåðè÷åñêîãî ïîäõîäà [2] àëãîðèò-
ìè÷åñêàÿ ïðîáëåìà ðàññìàòðèâàåòñÿ íå íà âñ¼ì ìíîæåñòâå âõîäîâ, à
íà íåêîòîðîì ïîäìíîæåñòâå ¾ïî÷òè âñåõ¿ âõîäîâ. Òàêèå âõîäû îáðà-
çóþò òàê íàçûâàåìîå ãåíåðè÷åñêîå ìíîæåñòâî. Ïîíÿòèå ¾ïî÷òè âñå¿
ôîðìàëèçóåòñÿ ââåäåíèåì åñòåñòâåííîé ìåðû íà ìíîæåñòâå âõîäíûõ
äàííûõ. Â äàííîé ðàáîòå îïðåäåëÿþòñÿ ãåíåðè÷åñêèå àíàëîãè genP
è genNP êëàññîâ âû÷èñëèòåëüíîé ñëîæíîñòè P è NP, à òàêæå èõ ðå-
ëÿòèâèçîâàííûå âåðñèè. Äîêàçûâàåòñÿ ãåíåðè÷åñêèé àíàëîã òåîðå-
ìû Áåéêåðà-Ãèëëà-Ñîëîâåÿ: ñóùåñòâóþò òàêèå îðàêóëû A è B, ÷òî
genPA = genNPA, íî genPB 6= genNPB . Òàêèì îáðàçîì, äëÿ ðåøåíèÿ
ãåíåðè÷åñêîãî àíàëîãà ïðîáëåìû ñîâïàäåíèÿ êëàññîâ P è NP ìåòîä
äèàãîíàëèçàöèè òàêæå íåïðèìåíèì.

Äëÿ ïîäìíîæåñòâà S ⊆ {0, 1}∗ îïðåäåëèì ïîñëåäîâàòåëüíîñòü

ρn(S) =
|Sn|
2n

, n = 1, 2, 3, . . . ,
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ãäå Sn �ìíîæåñòâî âõîäîâ èç S äëèíû n. Àñèìïòîòè÷åñêîé ïëîò-
íîñòüþ S íàçîâåì ïðåäåë (åñëè îí ñóùåñòâóåò)

ρ(S) = lim
n→∞

ρn(S).

Ìíîæåñòâî S íàçûâàåòñÿ ãåíåðè÷åñêèì, åñëè ρ(S) = 1, è ïðåíåáðå-
æèìûì, åñëè ρ(S) = 0.

Ìíîæåñòâî S ⊆ {0, 1}∗ ïðèíàäëåæèò êëàññó genP, åñëè ñóùåñòâó-
åò ðàçðåøèìîå çà ïîëèíîìèàëüíîå âðåìÿ ãåíåðè÷åñêîå ìíîæåñòâî
G ⊆ {0, 1}∗ òàêîå, ÷òî G ∩ S ðàçðåøèìî çà ïîëèíîìèàëüíîå âðåìÿ.
Ìíîæåñòâî S ⊆ {0, 1}∗ ïðèíàäëåæèò êëàññó genNP, åñëè ñóùåñòâó-
åò ðàçðåøèìîå çà ïîëèíîìèàëüíîå âðåìÿ ãåíåðè÷åñêîå ìíîæåñòâî
G ⊆ {0, 1}∗ òàêîå, ÷òî S ∩ G ∈ NP. Àíàëîãè÷íî îïðåäåëÿþòñÿ ðå-
ëÿòèâèçîâàííûå âåðñèè ýòèõ êëàññîâ PA è NPA äëÿ ëþáîãî îðàêóëà
A ⊆ {0, 1}∗.
Òåîðåìà 1. Ñóùåñòâóþò òàêèå îðàêóëû A è B, ÷òî genPA = genNPA

è genPB 6= genNPB .

Ëèòåðàòóðà. [1] T. Baker, J. Gill, R. Solovay. Relativizations of the P=?NP

question. SIAM Journal on Computing, 4 (1975), 431�442. [2] I. Kapovich,

A. Myasnikov, P. Schupp, V. Shpilrain. Generic-case complexity, decision

problems in group theory and random walks. Journal of Algebra, 264:2 (2003),

665�694.

Îìñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò

e-mail: alexander.rybalov@gmail.com

À. À. Ðÿáåíêî (Ìîñêâà)

Ïîñòðîåíèå ãèïåðãåîìåòðè÷åñêèõ ðåøåíèé ðàçíîñòíûõ è
q-ðàçíîñòíûõ íåîäíîðîäíûõ ñèñòåì ñðåäñòâàìè êîìïüþ-
òåðíîé àëãåáðû

Äëÿ îäíîðîäíîé ëèíåéíîé ðàçíîñòíîé (q-ðàçíîñòíîé) ñèñòåìû
Ly(x) = 0 ñ êîýôôèöèåíòàìè â âèäå ðàöèîíàëüíûõ ôóíêöèé îäíîé
ïåðåìåííîé x íàä íåêîòîðûì ïîëåì K õàðàêòåðèñòèêè 0 â ðàáîòàõ
[4] è [5] áûë ïðåäëîæåí àëãîðèòì è åãî ðåàëèçàöèÿ ïîèñêà îáùåãî
ãèïåðãåîìåòðè÷åñêîãî íàä K(x) ðåøåíèÿ. Àëãîðèòì ïîèñêà ÷àñòíîãî
ãèïåðãåîìåòðè÷åñêîãî ðåøåíèÿ íåîäíîðîäíîé ñèñòåìû Ly(x) = b(x)
ñ ãèïåðãåîìåòðè÷åñêîé íàä K(x) ïðàâîé ÷àñòüþ ïîçâîëèò íàéòè îá-
ùåå ãèïåðãåîìåòðè÷åñêîå ðåøåíèå çàäàííîé íåîäíîðîäíîé ñèñòåìû.
Â ýòîé ðàáîòå ïðåäëàãàåòñÿ ðåàëèçàöèÿ òàêîãî àëãîðèòìà.

Ïóñòü çàäàíà ñèñòåìà âèäà Ly(x) = b(x), ãäå L ∈ Matm(K(x))[σ]
è y(x) = (y1(x), y2(x), . . . , ym(x))T � âåêòîð-ñòîëáåö íåèçâåñòíûõ;
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b(x) � âåêòîð-ñòîëáåö, ýëåìåíòû êîòîðîãî ÿâëÿþòñÿ êîíå÷íîé ñóì-
ìîé ãèïåðãåîìåòðè÷åñêèõ òåðìîâ, ò.å. òàêèõ h(x) 6= 0, ÷òî σh(x) =
r(x)h(x) äëÿ íåêîòîðîé ðàöèîíàëüíîé ôóíêöèè r(x) ∈ K(x). Â ðàç-
íîñòíîì ñëó÷àå, σy(x) = y(x+ 1); â q-ðàçíîñòíîì, σy(x) = y(q x), ãäå
q ∈ K, x = qk, k � ïåðåìåííàÿ, ïðèíèìàþùàÿ çíà÷åíèÿ â Z>0.

Ïîèñê ÷àñòíîãî ðåøåíèÿ ñèñòåìû Ly(x) = b(x) îñóùåñòâëÿåòñÿ
òî÷íî òàê æå, êàê ïîèñê ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî ñêàëÿð-
íîãî óðàâíåíèÿ ñ ãèïåðãåîìåòðè÷åñêîé ïðàâîé ÷àñòüþ (ñì. [3], [7]).
Àíàëîãè÷íî Prop. 5.1 èç [7] ôîðìóëèðóåòñÿ è äîêàçûâàåòñÿ

Ïðåäëîæåíèå. Ïóñòü L ∈ Matm(K(x))[σ], h(x) � ãèïåðãåîìåòðè-
÷åñêèé òåðì è F (x) ∈ K(x)m. Òîãäà L(h(x)F (x)) = h(x)R(x), ãäå
R(x) ∈ K(x)m.

Íà ýòîì ïðåäëîæåíèè îñíîâàí ñëåäóþùèé àëãîðèòì ïîñòðîå-
íèÿ ÷àñòíîãî ðåøåíèÿ. Ïðàâàÿ ÷àñòü ñèñòåìû ïðåäñòàâëÿåòñÿ â
âèäå êîíå÷íîé ñóììû b(x) = h1(x)R1(x) + · · · + hs(x)Rs(x), ãäå
R1(x), . . . , Rs(x) ∈ K(x)m è h1(x), . . . , hs(x) � ïîïàðíî íåïîäîáíûå

ãèïåðãåîìåòðè÷åñêèå òåðìû (ò.å.
hi(x)

hj(x)
6∈ K(x) äëÿ i 6= j). Åñëè äëÿ

âñåõ i = 1, . . . , s ñóùåñòâóþò ðåøåíèÿ ñèñòåì

L(hi(x)Fi(x)) = hi(x)Ri(x), (1)

ãäå Fi(x) � âåêòîð-ñòîëáåö íåèçâåñòíûõ ðàöèîíàëüíûõ ôóíêöèé îò
x, òî ðåøåíèå èñõîäíîé ñèñòåìû áóäåò y(x) = h1(x)F1(x) + · · · +
hs(x)Fs(x). Ðàçäåëèâ êîýôôèöèåíòû è ïðàâóþ ÷àñòü ñèñòåìû (1)
íà hi(x) ïîëó÷èì ñèñòåìó LiFi(x) = Ri(x), ãäå Li ∈ Matm(K(x))[σ],
ðàöèîíàëüíûå ðåøåíèÿ êîòîðîé íàõîäèì ñ ïîìîùüþ àëãîðèòìà èç
[2], [6] â ðàçíîñòíîì ñëó÷àå è èç [1], [5] â q-ðàçíîñòíîì.

Ðåàëèçàöèÿ âûïîëíåíà â Maple 2017. Äëÿ ðàçíîñòíîé ñèñòåìû
K = Q � ïîëå ðàöèîíàëüíûõ ÷èñåë. Äëÿ q-ðàçíîñòíîé ñèñòåìû
K = Q(q), ãäå q � òðàíñöåíäåíòíî íàä Q è îáîçíà÷åíî íåêîòîðûì
èìåíåì. Ðåàëèçàöèÿ ÿâëÿåòñÿ ðàñøèðåíèåì âîçìîæíîñòåé ïàêåòîâ,
ïðåäñòàâëåííûõ â [4], [5], è äîñòóïíà ïî àäðåñàì [8], [9].

Íàïðèìåð, äëÿ ïîèñêà ÷àñòíûõ ðåøåíèé ñëåäóþùåé çàäàííîé â
Maple q-ðàçíîñòíîé ñèñòåìû:

>S := <<-(q^3-x)/q^2 | q/x>,

<(q^6-q^3*x^2-x^2)/(q*x^2) | (q^3-x^2-x)/x>> . y(q*x) +

<<-x/q| -1>,<-(q^5-q^2*x-x)/x| -(q^3-x)/q>> . y(x) =

<-x/q^4, q^(k*(k+1)/2)+(q^4-q^3*x-q*x^2+x^2)/(q^4*x)>;
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S :=


−q

3 − x
q2

q

x

q6 − q3x2 − x2

q x2

q3 − x2 − x
x

 � y(q x) +


−x
q

−1

−q
5 − q2x− x

x
−q

3 − x
q

 � y(x) =


− x

q4

q
k(k+1)

2 +
q4 − q3x− x2q + x2

q4x


ïîëó÷àåì ÷àñòíîå ðåøåíèå ñ ïîìîùüþ ïðîöåäóðû HypergeometricSolution
ïàêåòà LqRS:

>y(x) = LqRS:-HypergeometricSolution(S, y(x), k,

'output' = 'partsol'):

y(x) =


qk

q6

−q
k(k+1)

2 q

q2k


Ëèòåðàòóðà. [1] S. Abramov. A direct algorithm to compute rational

solutions of �rst order linear q-di�erence systems. Discret. Math., 246 (2002),

3�12. [2] S. Abramov, M. Barkatou. Rational solutions of �rst order linear

di�erence systems. ISSAC'98 Proceedings (1998), 124�131. [3] S. Abramov,

M. Petkov�sek, P. Paule. q-Hypergeometric solutions of q-di�erence equations.

Discret. Math., 180 (1998), 3�32. [4] S. Abramov, M. Petkov�sek, A. Ryabenko.

Resolving sequences of operators for linear ordinary di�erential and di�erence

systems of arbitrary order. Comput. Math. and Math. Phys., 56 (2016), 894�

910. [5] Ñ. À. Àáðàìîâ, À. À. Ðÿáåíêî, Ä. Å. Õìåëüíîâ. Ëîðàíîâû, ðà-

öèîíàëüíûå è ãèïåðãåîìåòðè÷åñêèå ðåøåíèÿ ëèíåéíûõ q-ðàçíîñòíûõ ñè-

ñòåì ïðîèçâîëüíîãî ïîðÿäêà ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè. Ïðî-

ãðàììèðîâàíèå, 2 (2018), 60�73. [6] Ñ. À. Àáðàìîâ, Ä. Å. Õìåëüíîâ. Çíà-

ìåíàòåëè ðàöèîíàëüíûõ ðåøåíèé ëèíåéíûõ ðàçíîñòíûõ ñèñòåì ïðîèç-

âîëüíîãî ïîðÿäêà. Ïðîãðàììèðîâàíèå, 2 (2012), 43�54. [7] M. Petkov�sek.

Hypergeometric solutions of linear recurrences with polynomial coe�cients. J.

of Symbolic Computation, 14 (1992), 243�264. [8] http://www.ccas.ru/ca/lrs

[9] http://www.ccas.ru/ca/lqrs

Âû÷èñëèòåëüíûé öåíòð èì. À.À.Äîðîäíèöûíà ÔÈÖ ÈÓ ÐÀÍ
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e-mail: anna.ryabenko@gmail.com

À. Â. Ñåëèâåðñòîâ (Ìîñêâà)

Ðàñïîçíàâàíèå âåùåñòâåííûõ êóáè÷åñêèõ ãèïåðïîâåðõíî-
ñòåé áåç ïðÿìîé èç îñîáûõ òî÷åê

Ïóñòü ïðîåêòèâíàÿ êóáè÷åñêàÿ ãèïåðïîâåðõíîñòü F îïðåäåëåíà
íàä ïîëåì âåùåñòâåííûõ ÷èñåë. Ãëàäêàÿ òî÷êà P ∈ F íàçûâàåòñÿ
ýëëèïòè÷åñêîé, åñëè îíà ñëóæèò èçîëèðîâàííîé âåùåñòâåííîé òî÷-
êîé ïåðåñå÷åíèÿ F ñ êàñàòåëüíîé ãèïåðïëîñêîñòüþ TP â ýòîé òî÷êå,
è ñîîòâåòñòâóþùàÿ êâàäðàòè÷íàÿ ôîðìà ïîëîæèòåëüíî îïðåäåëåíà;
ýòî ñâîéñòâî ýôôåêòèâíî ïðîâåðÿåòñÿ.

Òåîðåìà 1. Äîñòàòî÷íûì óñëîâèåì îòñóòñòâèÿ âåùåñòâåííîé ïðÿ-
ìîé L, ñîñòîÿùåé èç îñîáûõ òî÷åê ãèïåðïîâåðõíîñòè F , ñëóæèò ñó-
ùåñòâîâàíèå ýëëèïòè÷åñêîé òî÷êè P ∈ F .

Äîêàçàòåëüñòâî îò ïðîòèâíîãî. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò
âåùåñòâåííàÿ ïðÿìàÿ L, ñîñòîÿùàÿ èç îñîáûõ òî÷åê ãèïåðïîâåðõíî-
ñòè F . Òîãäà ãèïåðïëîñêîå ñå÷åíèå TP ∩ F ñîäåðæèò äâå âåùåñòâåí-
íûå îñîáûå òî÷êè P è Q ∈ TP ∩L. Ñëåäîâàòåëüíî, ñå÷åíèå ñîäåðæèò
âåùåñòâåííóþ ïðÿìóþ PQ. Íî ýòî ïðîòèâîðå÷èò èçîëèðîâàííîñòè
òî÷êè P . Òåîðåìà äîêàçàíà.

Ïðèìåð 1. Åñëè êóáè÷åñêàÿ ãèïåðïîâåðõíîñòü èìååò äâå âåùåñòâåí-
íûå êîìïîíåíòû ñâÿçíîñòè, òî îäíà èç íèõ îðèåíòèðóåìàÿ è îãðàíè-
÷èâàåò âûïóêëóþ îáëàñòü. Ñëåäîâàòåëüíî, îðèåíòèðóåìàÿ êîìïîíåí-
òà ñîäåðæèò ýëëèïòè÷åñêóþ òî÷êó. Êðîìå òîãî, ñâîéñòâî ñîäåðæàòü
ýëëèïòè÷åñêóþ òî÷êó óñòîé÷èâî îòíîñèòåëüíî ìàëûõ äåôîðìàöèé.
Ìíîãèå êóáè÷åñêèå ïîâåðõíîñòè ñîäåðæàò ýëëèïòè÷åñêóþ òî÷êó. Íî
äîñòàòî÷íîå óñëîâèå â òåîðåìå 1 íå ÿâëÿåòñÿ íåîáõîäèìûì. Êîíóñ
íå ñîäåðæèò ýëëèïòè÷åñêîé òî÷êè. Òàêæå ñóùåñòâóþò îñîáûå êó-
áè÷åñêèå ãèïåðïîâåðõíîñòè, îòëè÷íûå îò êîíóñà, ó êîòîðûõ ãåññè-
àí òîæäåñòâåííî ðàâåí íóëþ [1]. Äèàãîíàëüíàÿ ïîâåðõíîñòü Êëåáøà
ãëàäêàÿ, íî îíà íå ñîäåðæèò ýëëèïòè÷åñêîé òî÷êè. Çîíòèê Óèòíè,
çàäàííûé ôîðìîé x2

1x3 − x2
2x0, ñëóæèò ïðèìåðîì ëèíåé÷àòîé ïî-

âåðõíîñòè, ñîäåðæàùåé ïðÿìóþ èç îñîáûõ òî÷åê. Ýòà ïðÿìàÿ çàäàíà
óðàâíåíèÿìè x1 = x2 = 0. Çîíòèê Óèòíè íå ñîäåðæèò ýëëèïòè÷åñêîé
òî÷êè.

Ðàññìîòðèì êóáè÷åñêóþ ãèïåðïîâåðõíîñòü F ⊂ RPn è ãèïåðïëîñ-
êîñòü H ⊂ RPn, çàäàííûå ôîðìàìè f(x0, . . . , xn) è h(x0, . . . , xn), ñî-
îòâåòñòâåííî. Ïóñòü êóáè÷åñêàÿ ãèïåðïîâåðõíîñòü FH ⊂ RPn+1 çà-
äàíà ôîðìîé h2xn+1 + f . Ýòà ãèïåðïîâåðõíîñòü FH èìååò îñîáóþ
òî÷êó ñ îäíîðîäíûìè êîîðäèíàòàìè (0 : · · · : 0 : 1).
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Òåîðåìà 2. Åñëè ãèïåðïîâåðõíîñòü F ñîäåðæèò îñîáóþ òî÷êó
P ∈ F ∩ H ñ îäíîðîäíûìè êîîðäèíàòàìè (p0 : · · · : pn), òî ñóùå-
ñòâóåò ïðÿìàÿ èç îñîáûõ òî÷åê íà ãèïåðïîâåðõíîñòè FH; ýòà ïðÿ-
ìàÿ ïðîõîäèò ÷åðåç òî÷êó P . Òî÷êè ýòîé ïðÿìîé èìåþò êîîðäèíàòû
(p0 : · · · : pn : xn+1), ãäå xn+1 ïðèíèìàåò ïðîèçâîëüíîå çíà÷åíèå.
Îáðàòíî, åñëè îñîáàÿ òî÷êà P̌ ∈ FH ñ îäíîðîäíûìè êîîðäèíàòàìè
(p0 : · · · : pn+1) îòëè÷íà îò òî÷êè (0 : · · · : 0 : 1), òî å¼ ïðîåêöèÿ P ∈ F
ñ îäíîðîäíûìè êîîðäèíàòàìè (p0 : · · · : pn) òîæå îñîáàÿ.

Ïðèìåð 2. Ïóñòü ãèïåðïëîñêîñòü H çàäàíà ôîðìîé xn. Òîãäà àô-
ôèííàÿ ÷àñòü FH ñëóæèò ãðàôèêîì ìíîãî÷ëåíà −f(x0, . . . , xn−1, 1).
Åñëè ýòîò ìíîãî÷ëåí äîñòèãàåò ëîêàëüíîãî ìèíèìóìà â òî÷êå P 6∈ H
è ìàòðèöà âòîðûõ ïðîèçâîäíûõ ýòîãî ìíîãî÷ëåíà ïîëîæèòåëüíî
îïðåäåëåíà â òî÷êå P , òî ñîîòâåòñòâóþùàÿ òî÷êà P̌ ∈ FH ýëëèï-
òè÷åñêàÿ.

Ïóñòü êóáè÷åñêàÿ ãèïåðïîâåðõíîñòü F ñîäåðæèò äâå âåùåñòâåí-
íûå êîìïîíåíòû ñâÿçíîñòè, ïðè÷¼ì îðèåíòèðóåìàÿ êîìïîíåíòà íå
ïåðåñåêàåò ãèïåðïëîñêîñòü H. Âíóòðè îáëàñòè, îãðàíè÷åííîé îðè-
åíòèðóåìîé êîìïîíåíòîé, íåêîòîðûé ìíîãî÷ëåí, îïðåäåëÿþùèé àô-
ôèííóþ ÷àñòü ãèïåðïîâåðõíîñòè, äîñòèãàåò ìèíèìóìà. (Ýòîò ìíî-
ãî÷ëåí îïðåäåë¼í ñ òî÷íîñòüþ äî íåíóëåâîãî ìíîæèòåëÿ.) Òîãäà ãè-
ïåðïîâåðõíîñòü FH ñîäåðæèò ýëëèïòè÷åñêóþ òî÷êó.

Íàïîìíèì çàäà÷ó ðàçáèåíèÿ ìíîæåñòâà. Äàíî ìóëüòèìíîæåñòâî
ïîëîæèòåëüíûõ öåëûõ ÷èñåë {α0, . . . , αn}. Ìîæíî ëè åãî ðàçáèòü íà
äâà ïîäìíîæåñòâà ñ ðàâíûìè ñóììàìè ýëåìåíòîâ? Òî÷êè ñ êîîð-
äèíàòàìè ±1 íàçûâàþòñÿ (−1, 1)-òî÷êàìè. Îáîçíà÷èì ôîðìû g =
α0x0 + α1x

3
1 + · · · + αnx

3
n è ` = α0x0 + α1x1 + · · · + αnxn. Îáîçíà-

÷èì ÷åðåç G è L ïðîåêòèâíûå ãèïåðïîâåðõíîñòü è ãèïåðïëîñêîñòü,
çàäàííûå ôîðìàìè g è `, ñîîòâåòñòâåííî. Òîãäà çàäà÷à ñîñòîèò â
ðàñïîçíàâàíèè ïðèíàäëåæíîñòè õîòÿ áû îäíîé (−1, 1)-òî÷êè ãèïåð-
ïëîñêîñòè L. Ýòà çàäà÷à NP -ïîëíà.
Òåîðåìà 3. [2, 3] Äàíî ìóëüòèìíîæåñòâî ïîëîæèòåëüíûõ öåëûõ
÷èñåë {α0, . . . , αn}. Ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå
ìåæäó îñîáûìè òî÷êàìè ñå÷åíèÿ G ∩L è (−1, 1)-òî÷êàìè, ïðèíàäëå-
æàùèìè ãèïåðïëîñêîñòè L.

Â ñëó÷àå, êîãäà îñîáûìè ìîãóò áûòü òîëüêî (−1, 1)-òî÷êè, äîñòà-
òî÷íî ïðîâåðèòü, ñîäåðæèò ëè îñîáóþ òî÷êó îäíà èç äâóõ ãèïåðïî-
âåðõíîñòåé, íàïðèìåð, çàäàííûõ ôîðìàìè x0 ± x1. Ïîýòîìó ñëåä-
ñòâèåì òåîðåì 2 è 3 ñëóæèò òàêîé ðåçóëüòàò.
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Òåîðåìà 4. Çàäà÷à ðàçáèåíèÿ ìíîæåñòâà ñâîäèòñÿ çà ïîëèíîìèàëü-
íîå âðåìÿ ê çàäà÷å ðàñïîçíàâàíèÿ ñóùåñòâîâàíèÿ ïðÿìîé èç îñîáûõ
òî÷åê íà âåùåñòâåííîé êóáè÷åñêîé ãèïåðïîâåðõíîñòè.

Èíûìè ñëîâàìè, ðàññìàòðèâàåìàÿ çàäà÷à ÿâëÿåòñÿ NP -òðóäíîé,
õîòÿ â íåêîòîðûõ ñëó÷àÿõ îòñóòñòâèå ïðÿìîé, ñîñòîÿùåé èç îñîáûõ
òî÷åê, ëåãêî ïðîâåðÿåòñÿ â ñèëó òåîðåìû 1.

Ëèòåðàòóðà. [1] R. Gondim, F. Russo, On cubic hypersurfaces with

vanishing hessian, J. Pure App. Algebra, 219:4 (2015), 779�806. [2] È. Â. Ëàò-

êèí, À. Â. Ñåëèâåðñòîâ, Âû÷èñëèòåëüíàÿ ñëîæíîñòü ôðàãìåíòîâ òåî-

ðèè ïîëÿ êîìïëåêñíûõ ÷èñåë, Âåñòíèê Êàðàãàíäèíñêîãî óíèâåðñè-

òåòà. Ìàòåìàòèêà, 1 (77) (2015), 47�55. [3] A. V. Seliverstov, On

cubic hypersurfaces with involutions. International Conference Polynomial

Computer Algebra '2016, Ñàíêò-Ïåòåðáóðã: Èçäàòåëüñòâî ÂÂÌ, 2016, ñ.

74�77. https://elibrary.ru/item.asp?id=26437524

Èíñòèòóò ïðîáëåì ïåðåäà÷è èíôîðìàöèè èì. À.À. Õàðêåâè÷à Ðîññèéñêîé

àêàäåìèè íàóê

e-mail: slvstv@iitp.ru

À. È. Ñîçóòîâ (Êðàñíîÿðñê)

Î ãðóïïàõ ñ êîíå÷íûì ýíãåëåâûì ýëåìåíòîì
Ýëåìåíò a ïðîèçâîëüíîé ãðóïïû G íàçûâàåòñÿ ýíãåëåâûì [[1],

ñòð. 541], åñëè äëÿ ëþáîãî ýëåìåíòà b ∈ G ñóùåñòâóåò òàêîå çàâè-
ñÿùåå îò íåãî íàòóðàëüíîå ÷èñëî n = n(b), ÷òî âûïîëíÿåòñÿ ðàâåí-
ñòâî [...[[b, a], a]..., a] = [b, na] = 1. Ãðóïïû ñ ýíãåëåâûìè ýëåìåíòàìè
èçó÷àëèñü ìíîãèìè àâòîðàìè [[1], ñòð. 540-544]. Ýëåìåíò a íàçûâà-
åòñÿ êîíå÷íûì â ãðóïïå G, åñëè â G êîíå÷íû âñå ïîäãðóïïû âèäà
〈a, ab〉. Êàê äîêàçàíî â [2], ñóùåñòâóþò äâóïîðîæäåííûå áåñêîíå÷-
íûå ôèíèòíî-àïïðîêñèìèðóåìûå p-ãðóïïû, ñîñòîÿùèå èç êîíå÷íûõ
ýíãåëåâûõ ýëåìåíòîâ. Â [3] ïîñòðîåíû ïðèìåðû äâóïîðîæäåííûõ áåñ-
êîíå÷íûõ ïðîñòûõ íåïðèìàðíûõ ãðóïï îãðàíè÷åííîãî ÷åòíîãî ïåðè-
îäà, â êîòîðûõ êàæäàÿ äèýäðàëüíàÿ ïîäãðóïïà ÿâëÿåòñÿ 2-ãðóïïîé,
ò.å. êàæäàÿ èíâîëþöèÿ ÿâëÿåòñÿ êîíå÷íûì îãðàíè÷åííûì ýíãåëåâûì
ýëåìåíòîì. Ñîãëàñíî òåîðåìå Áýðà [[4], ñòð. 17-18] ýíãåëåâ ýëåìåíò
êîíå÷íîé ãðóïïû G ñîäåðæèòñÿ â åå ïîäãðóïïå Ôèòòèíãà F (G), ÷òî
òàêæå ñëåäóåò èç ðåçóëüòàòà, áîëåå èçâåñòíîãî â òåîðèè êîíå÷íûõ
ãðóïï êàê òåîðåìà Áýðà-Ñóçóêè:

Ïóñòü D � êëàññ ñîïðÿæåííîñòè êîíå÷íîé ãðóïïû G, ñîñòîÿ-
ùèé èç p-ýëåìåíòîâ. Åñëè 〈x, y〉 ÿâëÿåòñÿ p-ãðóïïîé äëÿ âñåõ x, y ∈
D, òî
D ⊆ Op(G), [5][òåîðåìà 226].
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Ïóñòü G � ãðóïïà ñ èíâàðèàíòíûì ìíîæåñòâîì D (ñîñòîÿùèì èç
p-ýëåìåíòîâ) è ëþáûå äâà ýëåìåíòà èç D ïîðîæäàþò â G êîíå÷íóþ
p-ïîäãðóïïó. Ñëåäóÿ Ôèøåðó, ëþáóþ ïîäãðóïïó H = 〈D ∩H〉 èç G
íàçûâàåì D-ïîäãðóïïîé. Ïóñòü Dp � ìíîæåñòâî âñåõ D-ïîäãðóïï èç
G, ÿâëÿþùèõñÿ êîíå÷íûìè p-ãðóïïàìè. Î÷åâèäíî, ÷òî ìíîæåñòâî
Dp ÷àñòè÷íî óïîðÿäî÷åíî ïî âêëþ÷åíèþ è ñîäåðæèò âñå ïîäãðóïïû
〈a, b〉, ãäå a, b ∈ D.
Òåîðåìà 1. Ëèáî â Dp åñòü åäèíñòâåííûé ìàêñèìàëüíûé ýëåìåíò
〈D〉 (èD ⊆ Op(G)), ëèáî âDp íåò ìàêñèìàëüíûõ ýëåìåíòîâ è êàæäàÿ
D-ïîäãðóïïà P ∈ Dp ÿâëÿåòñÿ ÷ëåíîì áåñêîíå÷íîé âîçðàñòàþùåé
ñóáíîðìàëüíîé öåïè P = P1 / P2 / ... D-ïîäãðóïï Pi ∈ Dp, îáüåäè-
íåíèå T ÷ëåíîâ êîòîðîé ÿâëÿåòñÿ áåñêîíå÷íîé ëîêàëüíî êîíå÷íîé
p-ïîäãðóïïîé.

Òåîðåìà 2. Åñëè â ãðóïïå G åñòü êîíå÷íûé ýíãåëåâ ýëåìåíò a ñ àð-
òèíîâûì öåíòðàëèçàòîðîì CG(a), òî 〈aG〉 � ÷åðíèêîâñêàÿ π-ãðóïïà
(π = π(|a|)) è G � àðòèíîâà ãðóïïà.

Ãðóïïà G è ïîäãðóïïà CG(a) â òåîðåìå 2 íå îáÿçàíû áûòü ëî-
êàëüíî êîíå÷íûìè [[6], ãë. 9]. Îòìåòèì, ÷òî ñëåäñòâèÿìè òåîðåìû 2
ÿâëÿþòñÿ òåîðåìû èç [7] è òåîðåìà 2.3 èç [8].

Ðàáîòà áûëà ïîääåðæàíà ÐÔÔÈ (ãðàíò 15-01-04897-a).

Ëèòåðàòóðà. [1] À. Ã. Êóðîø. Òåîðèÿ ãðóïï. Ì.: Íàóêà, 1967, 648 c.

[2] À. È. Ñîçóòîâ. Î íèëü-ðàäèêàëàõ â ãðóïïàõ // Àëãåáðà è ëîãèêà, Ò. 30

(1991), �1.� Ñ. 102-105. [3] Â. Ä. Ìàçóðîâ, À. Þ. Îëüøàíñêèé, À. È. Ñî-

çóòîâ. Î áåñêîíå÷íûõ ãðóïïàõ êîíå÷íîãî ïåðèîäà // Àëãåáðà è ëîãèêà.�

Ò. 54 (2015), �2.� Ñ. 243-251. [4] Ò. Ì. Ãàãåí. Íåêîòîðûå âîïðîñû òåîðèè

êîíå÷íûõ ãðóïï // Ñá. Ìàòåìàòèêà. Íîâîå â çàðóáåæíîé íàóêå, 16. Ê òåî-

ðèè êîíå÷íûõ ãðóïï.� Èçä. Ì: "Ìèð".� 1979, C. 13-97. [5] Ä. Ãîðåíñòåéí.

Êîíå÷íûå ïðîñòûå ãðóïïû.� Ì.: Ìèð, 1985, 352 ñ. [6] À. Þ. Îëüøàíñêèé.

Ãåîìåòðèÿ îïðåäåëÿþùèõ ñîîòíîøåíèé â ãðóïïàõ.� Ì.: Íàóêà, 1989, 448

c. [7] Â. Ï. Øóíêîâ. Îá îäíîì êëàññå p-ãðóïï// Àëãåáðà è ëîãèêà.� 1970.�

Ò. 9, �4.� Ñ. 484-496. [8] Â. Ï. Øóíêîâ. Ìp-ãðóïïû.� Ì.: Íàóêà, 1990.
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Îá àïïðîêñèìèðóåìîñòè ðàçðåøèìûìè è íèëüïîòåíòíû-
ìè ãðóïïàìè íåêîòîðûõ îáîáùåííûõ ñâîáîäíûõ ïðîèçâå-
äåíèé
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Ïóñòü π � íåïóñòîå ìíîæåñòâî ïðîñòûõ ÷èñåë. Àáåëåâó ãðóïïó
áóäåì íàçûâàòü π-îãðàíè÷åííîé, åñëè â ïðîèçâîëüíîé åå ôàêòîð-
ãðóïïå âñå ïðèìàðíûå êîìïîíåíòû ïåðèîäè÷åñêîé ÷àñòè, ñîîòâåò-
ñòâóþùèå ÷èñëàì èç ìíîæåñòâà π, êîíå÷íû. Íèëüïîòåíòíóþ ãðóïïó
íàçîâåì π-îãðàíè÷åííîé, åñëè îíà îáëàäàåò êîíå÷íûì öåíòðàëüíûì
ðÿäîì ñ àáåëåâûìè π-îãðàíè÷åííûìè ôàêòîðàìè. Ëåãêî âèäåòü, ÷òî
π-îãðàíè÷åííûìè ïðè ëþáîì âûáîðå ìíîæåñòâà π ÿâëÿþòñÿ, íàïðè-
ìåð, âñå êîíå÷íî ïîðîæäåííûå íèëüïîòåíòíûå ãðóïïû.

Èíòåðåñ ê íèëüïîòåíòíûì ãðóïïàì, óäîâëåòâîðÿþùèì óñëîâèþ
π-îãðàíè÷åííîñòè, îáúÿñíÿåòñÿ òåì ôàêòîì, ÷òî äëÿ íèõ óäàåòñÿ
ïîëó÷èòü ïðîñòîå îïèñàíèå ïîäãðóïï, îòäåëèìûõ êëàññîì êîíå÷íûõ
π-ãðóïï. Íàïîìíèì, ÷òî ïîäãðóïïà Y ãðóïïû X íàçûâàåòñÿ îòäåëè-
ìîé êëàññîì êîíå÷íûõ π-ãðóïï, åñëè äëÿ êàæäîãî ýëåìåíòà x ∈ X\Y
ñóùåñòâóåò ãîìîìîðôèçì σ ãðóïïû X íà êîíå÷íóþ π-ãðóïïó òàêîé,
÷òî xσ /∈ Y σ. Íàïîìíèì òàêæå, ÷òî ïîäãðóïïà Y ãðóïïû X íàçû-
âàåòñÿ π′-èçîëèðîâàííîé â ýòîé ãðóïïå, åñëè äëÿ ëþáîãî ýëåìåíòà
x ∈ X è äëÿ ëþáîãî ïðîñòîãî ÷èñëà q /∈ π èç âêëþ÷åíèÿ xq ∈ Y
ñëåäóåò, ÷òî x ∈ Y . Íåòðóäíî ïîêàçàòü, ÷òî åñëè ïîäãðóïïà Y îòäå-
ëèìà â ãðóïïå X êëàññîì êîíå÷íûõ π-ãðóïï, òî îíà π′-èçîëèðîâàíà
â X. Äëÿ π-îãðàíè÷åííûõ íèëüïîòåíòíûõ ãðóïï âåðíî è îáðàòíîå:
ëþáàÿ π′-èçîëèðîâàííàÿ ïîäãðóïïà òàêîé ãðóïïû îòäåëèìà êëàññîì
êîíå÷íûõ π-ãðóïï, à, çíà÷èò, è êëàññîì êîíå÷íûõ íèëüïîòåíòíûõ
π-ãðóïï [1]. Ýòî îáñòîÿòåëüñòâî îêàçûâàåòñÿ âåñüìà ïîëåçíûì ïðè
èçó÷åíèè àïïðîêñèìèðóåìîñòè êîíå÷íûìè π-ãðóïïàìè îáîáùåííûõ
ñâîáîäíûõ ïðîèçâåäåíèé π-îãðàíè÷åííûõ íèëüïîòåíòíûõ ãðóïï, ïîç-
âîëÿÿ ñòðîèòü ïàðû ñîâìåñòèìûõ ïîäãðóïï ñâîáîäíûõ ìíîæèòåëåé.
Íàïîìíèì, î ÷åì èäåò ðå÷ü.

Ïóñòü G = (A ∗B; H = K, ϕ) � ñâîáîäíîå ïðîèçâåäåíèå ãðóïï A
è B ñ ïîäãðóïïàìè H 6 A è K 6 B, îáúåäèíåííûìè îòíîñèòåëüíî
èçîìîðôèçìà ϕ : H → B. Åñëè N � ÿäðî íåêîòîðîãî ãîìîìîðôèçìà
ãðóïïû G íà êîíå÷íóþ π-ãðóïïó, R = N ∩ A è S = N ∩ B, òî R
è S � íîðìàëüíûå ïîäãðóïïû êîíå÷íîãî π-èíäåêñà ãðóïï A è B
ñîîòâåòñòâåííî è (R∩H)ϕ = S ∩B (ïîäãðóïïû R 6 A è S 6 B, óäî-
âëåòâîðÿþùèå ïîñëåäíåìó ðàâåíñòâó, íàçûâàþò (H,K,ϕ)-ñîâìåñòè-
ìûìè). Îáðàòíîå â îáùåì ñëó÷àå íåâåðíî: íå êàæäàÿ ïàðà íîðìàëü-
íûõ (H,K,ϕ)-ñîâìåñòèìûõ ïîäãðóïï êîíå÷íîãî π-èíäåêñà ãðóïï A
è B ñëóæèò ïåðåñå÷åíèåì ñ íèìè ÿäðà íåêîòîðîãî ãîìîìîðôèçìà
ãðóïïû G íà êîíå÷íóþ π-ãðóïïó. Òåì íå ìåíåå, ïðè îïðåäåëåííûõ
óñëîâèÿõ, íàêëàäûâàåìûõ íà ñâîáîäíûå ìíîæèòåëè A è B, îáúåäè-
íåííûå ïîäãðóïïû H è K, èçîìîðôèçì ϕ è (èëè) ìíîæåñòâî π, ýòî
òàê è ïîòîìó äîêàçàòåëüñòâî àïïðîêñèìèðóåìîñòè ãðóïïû G â çíà-
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÷èòåëüíîé ñòåïåíè ñâîäèòñÿ ê çàäà÷å ïîñòðîåíèÿ ïî íîðìàëüíîé ïîä-
ãðóïïå êîíå÷íîãî π-èíäåêñà ãðóïïû A ñîâìåñòèìîé ñ íåé íîðìàëü-
íîé ïîäãðóïïû êîíå÷íîãî π-èíäåêñà ãðóïïû B è íàîáîðîò. Èìåííî
çäåñü è îêàçûâàåòñÿ ïîëåçíîé ðàâíîñèëüíîñòü π′-èçîëèðîâàííîñòè
è îòäåëèìîñòè êëàññîì êîíå÷íûõ π-ãðóïï.

Íèæå ïðèâîäÿòñÿ äâå òåîðåìû, ïîëó÷åííûå ñ èñïîëüçîâàíèåì ðå-
çóëüòàòîâ ðàáîò [1�3] è îáîáùàþùèå ðÿä óòâåðæäåíèé èç [4�8].

Òåîðåìà 1. Ïóñòü G = (A ∗ B; H = K, ϕ), π � íåïóñòîå ìíîæåñòâî
ïðîñòûõ ÷èñåë, A è B � π-îãðàíè÷åííûå íèëüïîòåíòíûå ãðóïïû,
H 6= A è K 6= B. Ïóñòü òàêæå ïîäãðóïïû H è K ÿâëÿþòñÿ ëîêàëüíî
öèêëè÷åñêèìè èëè õîòÿ áû îäíà èç íèõ ëåæèò â öåíòðå ñîîòâåò-
ñòâóþùåãî ñâîáîäíîãî ìíîæèòåëÿ. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ
ðàâíîñèëüíû.

1. Ãðóïïà G àïïðîêñèìèðóåòñÿ êîíå÷íûìè π-ãðóïïàìè.
2. Äëÿ ëþáîãî ïðîñòîãî ÷èñëà p ∈ π ãðóïïà G àïïðîêñèìèðóåò-

ñÿ êîíå÷íûìè ïîëèíèëüïîòåíòíûìè π-ãðóïïàìè, êàæäàÿ èç êîòîðûõ
ïðåäñòàâëÿåò ñîáîé ðàñøèðåíèå êîíå÷íîé p-ãðóïïû ïðè ïîìîùè êî-
íå÷íîé íèëüïîòåíòíîé π-ãðóïïû.

3. Ïîäãðóïïû 1 è H π′-èçîëèðîâàíû â ãðóïïå A, ïîäãðóïïû 1 è K
π′-èçîëèðîâàíû â ãðóïïå B.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Ãðóïïà G
àïïðîêñèìèðóåòñÿ êîíå÷íûìè íèëüïîòåíòíûìè π-ãðóïïàìè òîãäà
è òîëüêî òîãäà, êîãäà ïåðèîäè÷åñêèå ÷àñòè ãðóïï A è B ÿâëÿþòñÿ
π-ãðóïïàìè è ñóùåñòâóåò ïðîñòîå ÷èñëî p ∈ π òàêîå, ÷òî ïîäãðóï-
ïà H {p}′-èçîëèðîâàíà â ãðóïïå A, ïîäãðóïïà K {p}′-èçîëèðîâàíà
â ãðóïïå B.

Îòìåòèì äàëåå, ÷òî ñîãëàñíî [9] â ãðóïïå, àïïðîêñèìèðóåìîé
π-îãðàíè÷åííûìè íèëüïîòåíòíûìè ãðóïïàìè áåç êðó÷åíèÿ, âñÿêàÿ
π′-èçîëèðîâàííàÿ ïîäãðóïïà, èìåþùàÿ êîíå÷íûé ðàíã Ãèðøà�Çàé-
öåâà, îòäåëèìà êëàññîì êîíå÷íûõ íèëüïîòåíòíûõ π-ãðóïï. Ïîýòîìó
åñòåñòâåííûì îáðàçîì âîçíèêàåò âîïðîñ, ÷òî áóäåò, åñëè â ôîðìóëè-
ðîâêàõ òåîðåì 1 è 2 çàìåíèòü óñëîâèå π-îãðàíè÷åííîé íèëüïîòåíòíî-
ñòè ãðóïïA èB òðåáîâàíèåì àïïðîêñèìèðóåìîñòè ïîñëåäíèõ π-îãðà-
íè÷åííûìè íèëüïîòåíòíûìè ãðóïïàìè áåç êðó÷åíèÿ. Èç îñíîâíîãî
ðåçóëüòàòà ðàáîòû [10] ñëåäóåò, ÷òî â îáùåì ñëó÷àå óòâåðæäåíèÿ, ïî-
ëó÷àþùèåñÿ ïîñðåäñòâîì òàêîé çàìåíû, îêàçûâàþòñÿ íåâåðíû. Òåì
íå ìåíåå, ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ ñîîòâåòñòâóþ-
ùèå àíàëîãè òåîðåì 1 è 2 èìåþò ìåñòî. Îíè äîïîëíÿþò è ÷àñòè÷íî
îáîáùàþò íåêîòîðûå ðåçóëüòàòû ñòàòåé [4, 11].
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Ëèòåðàòóðà. [1] Å. Â. Ñîêîëîâ, Îá îòäåëèìîñòè ïîäãðóïï íèëüïîòåíò-

íûõ ãðóïï â êëàññå êîíå÷íûõ π-ãðóïï. Ñèá. ìàòåì. æópí., 55(6) (2014),

1381�1390. [2] À. Å.Êóâàåâ, Å. Â. Ñîêîëîâ, Íåîáõîäèìûå óñëîâèÿ àïïðîê-

ñèìèðóåìîñòè îáîáùåííûõ ñâîáîäíûõ ïðîèçâåäåíèé è HNN-ðàñøèðåíèé

ãðóïï. Èçâ. âóçîâ. Ìàòåìàòèêà, 9 (2017), 36�47. [3] Ä. Í. Àçàðîâ, Å. À. Èâà-

íîâà, Ê âîïðîñó î íèëüïîòåíòíîé àïïðîêñèìèðóåìîñòè ñâîáîäíîãî ïðîèç-

âåäåíèÿ ñ îáúåäèíåíèåì ëîêàëüíî íèëüïîòåíòíûõ ãðóïï. Íàó÷. òð. Èâàí.

ãîñ. óí-òà. Ìàòåìàòèêà, 2 (1999), 5�7. [4] Ä. Í. Àçàðîâ, Î íèëüïîòåíò-

íîé àïïðîêñèìèðóåìîñòè ñâîáîäíûõ ïðîèçâåäåíèé ñâîáîäíûõ ãðóïï ñ öèê-

ëè÷åñêèì îáúåäèíåíèåì. Ìàòåì. çàìåòêè, 64(1) (1998), 3�8. [5] G. Kim,

C. Y. Tang, On generalized free products of residually �nite p-groups.

J. Algebra, 201 (1998), 317�327. [6] Å. À. Èâàíîâà, Îá àïïðîêñèìèðóåìî-

ñòè íèëüïîòåíòíûìè ãðóïïàìè ñâîáîäíîãî ïðîèçâåäåíèÿ ñ îáúåäèíåííîé

ïîäãðóïïîé äâóõ àáåëåâûõ ãðóïï. ×åáûøåâñêèé ñá., 3(1) (2002), 72�77.

[7] G. Kim, Y. Lee, J. McCarron, Residual p-�niteness of certain generalized

free products of nilpotent groups. Kyungpook Math. J., 48 (2008), 495�502.

[8] D. Kahrobaei, On the residual solvability of generalized free products

of �nitely generated nilpotent groups. Comm. Algebra, 39(2) (2011), 647�656.

[9] Å. Â. Ñîêîëîâ, Îá îòäåëèìîñòè ïîäãðóïï íèëüïîòåíòíî àïïðîêñèìèðó-

åìûõ ãðóïï â êëàññå êîíå÷íûõ π-ãðóïï. Ñèá. ìàòåì. æópí., 58(1) (2017),

219�229. [10] G. Baumslag, On the residual nilpotence of certain one-relator

groups. Comm. Pure Appl. Math., 21(5) (1968), 491�506. [11] D. N. Azarov,

Residual properties of generalized free products with cyclic amalgamation.

Comm. Algebra, 43 (2015), 1464�1471.

Èâàíîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: ev-sokolov@yandex.ru

À. Ã. Ñîêîëüñêèé (Áåëãîðîä)

Î ïåðâè÷íîì ðàäèêàëå ïîëóãðóïïîâûõ àëãåáð
Âñå îïðåäåëåíèÿ, èñïîëüçóåìûõ íèæå ïîíÿòèé, ìîæíî íàéòè, íà-

ïðèìåð, â [1] è [2].Äëÿ ãðóïïîâûõ àëãåáð íàä ïîëåì ïðîñòîé õàðàê-
òåðèñòèêè ïîëó÷åíî èñ÷åðïûâàþùåå îïèñàíèå ïåðâè÷íîãî ðàäèêàëà
(ñì.[3]). Â ðàáîòå [1] ýòîò ðåçóëüòàò ñôîðìóëèðîâàí íà ÿçûêå ðàäè-
êàëîâ ïîëóãðóïï, ïðèìåíåííûõ ê ãðóïïå. Ñ ïîìîùüþ íîðìàëüíîé
p-ïîäðóïïû Op(∆G) ñòðîèòñÿ íèæíèé ðàäèêàë Θp ãðóïïû G è îïè-
ñàíèå ïåðâè÷íîãî ðàäèêàëà ãðóïïîâîé àëãåáðû F [G] ñâåëîñü ê âûðà-
æåíèþ

B(F [G]/I(G,Θp, F ) ∼= N(F [G/Θp]),
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ãäå N - íèëüïîòåíòíûé ðàäèêàë, ïðè÷åì îïèñàíèå ïðàâîé ÷àñòè èç-
âåñòíî. Â ñëó÷àå ïîëóãðóïïîâûõ àëãåáð õîðîøî èçâåñòíî, ÷òî

B(F [S]/I(S, ρ, F ) ∼= B(F [S/ρ])

äëÿ ëþáîé êîíãðóýíöèè ρ íà ïîëóãðóïïå S. Âîçíèêàåò åñòåñòâåííûé
âîïðîñ: äëÿ êàêîé êîíãðóýíöèè ρ áóäåò âûïîëíÿòüñÿ óñëîâèå

B(F [S]) ∼= I(S, ρ, F )

Äëÿ B-ýêâèðàäèêàëüíûõ è ñîêðàòèìûõ ïîëóãðóïï ýòî óäàëîñü
óçíàòü.

Òåîðåìà 1. Åñëè ïîëóãðóïïîâàÿ àëãåáðà F [S] ÿâëÿåòñÿ B−ýêâè-
ðàäèêàëüíîé, òî ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû

(1) B(F [S]) = I(ρ, S, F ), äëÿ íåêîòîðîé êîíãðóýíöèè ρ;
(2)B(F [S]) = I(∼B(F [S]) |S , S, F );
(3) B(F [S]) = I(β, S, F ).
Òåîðåìà 2. Ïóñòü S � ñîêðàòèìàÿ ïîëóãðóïïà, F � ïîëå ïðîñòîé

õàðàêòåðèñòèêè p. Òîãäà
(à) B(F [S]) ⊆ I(Ωp, S, F );
(á) B(F [S]) = I(σ, S, F ), äëÿ íåêîòîðîé êîíãðóýíöèè σ, âîçìîæíî

ëèøü â ñëó÷àå êîãäà σ = Ωp.
Çäåñü Ωp � íèæíèé ðàäèêàë ïîëóãðóïï, ïîðîæäåííûé îòíîøåíè-

åì ωp : ∀a, b ∈ S, (a, b) ∈ ω(ñì.[2]), ab = ba, ap
m

= bp
m

, äëÿ íåêîòîðîãî
íàòóðàëüíîãî m.

Ñëåäóþùàÿ òåîðåìà äàåò íåêîòîðóþ èíôîðìàöèþ îá ýëåìåíòàõ
ïåðâè÷íîãî ðàäèêàëà ïîëóãðóïïîâîé àëãåáðû.

Òåîðåìà 3. Ïóñòü S � ïðîèçâîëüíàÿ ïîëóãðóïïà, F � ïîëå, F [S] �
ïîëóãðóïïîâàÿ àëãåáðà. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ

(à) åñëè charF = 0, òî I(β, S, F ) ⊆ B(F [S]) ⊆ I(C, S, F );
(á) åñëè charF = p, òî I(Lp, S, F ) ⊆ B(F [S]) ⊆ I(Ap, S, F );

Ëèòåðàòóðà. [1] À. Ã. Ñîêîëüñêèé. Ðàäèêàëû ïîëóãðóïï è ïîëóãðóï-

ïîâûõ àëãåáð. Ìàòåìàòè÷åñêèé ñáîðíèê, òîì 201, 5, 2010, Ñ. 135-

160.[2] J. Okninski. Prime and semiprime semigroup algebras of cancellateve

semigroups. Glasgow Math. J., 35 (1993) P. 1-12. [3] Ç. Ç. Äûìåíò, À. Å. Çà-

ëåññêèé. Î íèæíåì ðàäèêàëå ãðóïïîâîãî êîëüöà. Äîêë. ÀÍ ÁÑÑÐ.

19(1975), Ñ.876-879.

Áåëãîðîäñêèé íàöèîíàëüíûé

èññëåäîâàòåëüñêèé óíèâåðñèòåò

e-mail: sokolsky@bsu.edu.ru
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È. Î. Ñîëîâüåâ

Ýëåìåíòàðíàÿ ýêâèâàëåíòíîñòü ñòàáèëüíûõ ëèíåéíûõ
ãðóïï íàä ïîëÿìè õàðàêòåðèñòèêè 2

Ïåðâûé ðåçóëüòàò â îáëàñòè êëàññèôèêàöèè ëèíåéíûõ ãðóïï
ñ òî÷íîñòüþ äî ýëåìåíòàðíîé ýêâèâàëåíòíîñòè áûë ïîëó÷åí
À.È.Ìàëüöåâûì 1961 â (1)ã. Èì áûëà äîêàçàíà ñëåäóþùàÿ

Òåîðåìà (Ìàëüöåâ) Ãðóïïà Gm(K1) ýëåìåíòàðíî ýêâèâàëåíòíà
ãðóïïå Gn(K2) (G = GLn, PGLn, SLn, PSLn, m,n > 3, K1,K2 �
áåñêîíå÷íûå ïîëÿ) òîãäà è òîëüêî òîãäà, êîãäà m = n è K1 ≡ K2.

Äàëüíåéøèå ïîäîáíûå ðåçóëüòàòû áûëè ïîëó÷åíû â 1992 ãîäó,
êîãäà Ê.È. Áåéäàð è À.Â. Ìèõàëåâ íàøëè â (2)îáùèé ïîäõîä ê ïðî-
áëåìàì ýëåìåíòàðíîé ýêâèâàëåíòíîñòè ðÿäà àëãåáðàè÷åñêèõ ñòðóê-
òóð, èñïîëüçóþ íåêîòîðûå ðåçóëüòàòû òåîðèè ëèíåéíûõ ãðóïï íàä
êîëüöàìè.

Â ñòàòüå (3)áûëî äîêàçàíî, ÷òî ñòàáèëüíûå ëèíåéíûå ãðóïïû íàä
êîëüöàìè ñ åäèíèöåé ýëåìåíòàðíî ýêâèâàëåíòíû ïðè óñëîâèè ýëå-
ìåíòàðíîé ýêâèâàëåíòíîñòè èñõîäíûõ êîëåö. Â ýòîé æå ñòàòüå áûë
äîêàçàí êðèòåðèé ýëåìåíòàðíîé ýêâèâàëåíòíîñòè ñòàáèëüíûõ ëèíåé-
íûõ ãðóïï íàä êîëüöàìè äëÿ ñëó÷àÿ ëîêàëüíûõ êîëåö ñ îáðàòèìîé
äâîéêîé.

Â äàííîì äîêëàäå áóäåò èçëîæåíî äîêàçàòåëüñòâî àíàëîãè÷íîãî
êðèòåðèÿ, äëÿ ñëó÷àÿ ïîëåé õàðàêòåðèñòèêè 2:

Òåîðåìà Ïóñòü K1 è K2 � ïîëÿ õàðàêòåðèñòèêè 2. Òîãäà ñòàáèëü-
íûå ëèíåéíûå ãðóïïû GL(K1) è GL(K2) ýëåìåíòàðíî ýêâèâàëåíòíû
òîãäà è òîëüêî òîãäà, êîãäà ïîëÿ K1 è K2 òàêæå ýëåìåíòàðíî ýêâè-
âàëåíòíû.

Ëèòåðàòóðà. [1]Ìàëüöåâ À.È. Îá ýëåìåíòàðíûõ ñâîéñòâàõ ëèíåéíûõ

ãðóïï. Ïðîáëåìû ìàòåìàòèêè è ìåõàíèêè. Íîâîñèáèðñê. � 1961. � 110�

132. [2]Beidar C. I., Mikhalev A.V. On Mal'cev's theorem on elementary

equivalence of linear groups. Contemporary mathematics. � 1992. � 131(1). �

29�35.[3]Áóíèíà Å. È., Ìèõàë¼â À. Â., Ñîëîâü¼â È. Î. Ýëåìåíòàðíàÿ ýê-

âèâàëåíòíîñòü ñòàáèëüíûõ ëèíåéíûõ ãðóïï íàä ëîêàëüíûìè êîììóòà-

òèâíûìè êîëüöàìè ñ 1/2. Ôóíäàìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà.

� 2016. � 21(1). � Ñ. 65�78.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

e-mail: hayer44@yandex.ru
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Ì. Ì. Ñîðîêèíà (Áðÿíñê)

Î Fω-ïîêðûâàþùèõ ïîäãðóïïàõ è Fω-ïðîåêòîðàõ êîíå÷-
íûõ ãðóïï

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Ïóñòü ω è π � íåïó-
ñòûå ìíîæåñòâà ïðîñòûõ ÷èñåë, F � íåïóñòîé êëàññ ãðóïï, π(F) � ñî-
âîêóïíîñòü âñåõ ïðîñòûõ äåëèòåëåé ïîðÿäêîâ âñåõ ãðóïï èç F, χ(F)
� õàðàêòåðèñòèêà êëàññà F, ò.å. ìíîæåñòâî âñåõ ïðîñòûõ ÷èñåë p,
äëÿ êîòîðûõ â F èìååòñÿ íååäèíè÷íàÿ p-ãðóïïà. ×åðåç Oω(G) îáî-
çíà÷àåòñÿ íàèáîëüøàÿ íîðìàëüíàÿ ω-ïîäãðóïïà ãðóïïû G, Fp(G) �
p-íèëüïîòåíòíûé ðàäèêàë ãðóïïû G. Äðóãèå èñïîëüçóåìûå îáîçíà-
÷åíèÿ è îïðåäåëåíèÿ ìîæíî íàéòè â [1, 2].

Â ðàáîòå [3] áûëè ââåäåíû â ðàññìîòðåíèå ïîíÿòèÿ Fω-
ïîêðûâàþùåé ïîäãðóïïû è Fω-ïðîåêòîðà ãðóïïû. Ïîäãðóïïà H
ãðóïïû G íàçûâàåòñÿ Fω-ïîêðûâàþùåé ïîäãðóïïîé ãðóïïû G, åñ-
ëè H ∈ F è èç òîãî, ÷òî H ≤ U ≤ G, V � íîðìàëüíàÿ ω-ïîäãðóïïà â
U , U/V ∈ F, ñëåäóåò, ÷òî U = HV . Ïîäãðóïïà H ãðóïïû G íàçûâàåò-
ñÿ Fω-ïðîåêòîðîì ãðóïïû G, åñëè HN/N ÿâëÿåòñÿ F-ìàêñèìàëüíîé
ïîäãðóïïîé â G/N äëÿ ëþáîé íîðìàëüíîé ω-ïîäãðóïïû N ãðóïïû
G. Â [3] óñòàíîâëåíî, ÷òî åñëè êëàññ F çàìêíóò îòíîñèòåëüíî ãî-
ìîìîðôíûõ îáðàçîâ, òî âñÿêàÿ Fω-ïîêðûâàþùàÿ ïîäãðóïïà ãðóïïû
ÿâëÿåòñÿ åå Fω-ïðîåêòîðîì. Ôîðìàöèÿ F = (G : G/Oω(G) ∈ f(ω′)
è G/Fp(G) ∈ f(p) äëÿ âñåõ p ∈ ω ∩ π(G)) íàçûâàåòñÿ ω-ëîêàëüíîé
ôîðìàöèåé, ãäå f : ω ∪ {ω′} → {ôîðìàöèè ãðóïï} � ôóíêöèÿ, íà-
çûâàåìàÿ ω-ñïóòíèêîì ôîðìàöèè F. Äëÿ ω-ëîêàëüíîé ôîðìàöèè F
ïîëó÷åíû ñâîéñòâà Fω-ïîêðûâàþùèõ ïîäãðóïï è Fω-ïðîåêòîðîâ â
êîíå÷íûõ ãðóïïàõ.

Òåîðåìà 1. Ïóñòü F � ω-ëîêàëüíàÿ ôîðìàöèÿ, G � ω-ãðóïïà, 1 =
G0 ≤ G1 ≤ . . . ≤ Gn = G � íîðìàëüíûé ðÿä ãðóïïû G, âñå ôàêòîðû
êîòîðîãî íèëüïîòåíòíû. Åñëè H � òàêàÿ ïîäãðóïïà ãðóïïû G, ÷òî
HGi/Gi � ìàêñèìàëüíàÿ F-ïîäãðóïïà ãðóïïû G/Gi äëÿ ëþáîãî i ∈
{0, 1, . . . , n−1}, òî H ÿâëÿåòñÿ Fω-ïîêðûâàþùåé ïîäãðóïïîé ãðóïïû
G.

Òåîðåìà 2. Ïóñòü F � ω-ëîêàëüíàÿ ôîðìàöèÿ, G � π-ðàçðåøèìàÿ
ãðóïïà c F-êîðàäèêàëîì, ÿâëÿþùèìñÿ ω-ãðóïïîé. Åñëè π(F) ⊆ π, òî
âñÿêàÿ Fω-ïîêðûâàþùàÿ ïîäãðóïïà π-õîëëîâîé ïîäãðóïïû ãðóïïû
G ÿâëÿåòñÿ Fω-ïîêðûâàþùåé ïîäãðóïïîé â G.

Òåîðåìà 3. Ïóñòü F � ω-ëîêàëüíàÿ ôîðìàöèÿ, G � íèëüïîòåíò-
íàÿ ω-ãðóïïà, π = χ(F) ∩ ω. Ïîäãðóïïà H ãðóïïû G ÿâëÿåòñÿ Fω-
ïðîåêòîðîì â G òîãäà è òîëüêî òîãäà, êîãäàH � π-õîëëîâà ïîäãðóïïà
ãðóïïû G.
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Òåîðåìû 1 � 3 îáîáùàþò èçâåñòíûå ðåçóëüòàòû î F-ïîêðûâàþùèõ
ïîäãðóïïàõ è F-ïðîåêòîðàõ êîíå÷íûõ ãðóïï äëÿ ëîêàëüíîé ôîðìà-
öèè F (ñì. òåîðåìû 15.8, 15.11 [1], ñëåäñòâèå 2 òåîðåìû 5.23 [2]).

Ëèòåðàòóðà. [1] Ë. À. Øåìåòêîâ. Ôîðìàöèè êîíå÷íûõ ãðóïï. Ì.: Íàóêà,

1978. [2] Â. Ñ. Ìîíàõîâ. Ââåäåíèå â òåîðèþ êîíå÷íûõ ãðóïï è èõ êëàññîâ.

Ìèíñê: Âûøýéøàÿ øêîëà, 2006. [3] Â. À. Âåäåðíèêîâ, Ì. Ì. Ñîðîêèíà,

F-ïðîåêòîðû è F-ïîêðûâàþùèå ïîäãðóïïû êîíå÷íûõ ãðóïï. Ñèá. ìàòåì.

æ., 57 (2016), N 6, 1224�1239.

Áðÿíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè àêàäåìèêà È.Ã. Ïåòðîâñêî-

ãî

e-mail: mmsorokina@yandex.ru

È. Ë. Ñîõîð (Áðåñò)

Î ãðóïïàõ ñ ôîðìàöèîííî ñóáíîðìàëüíûìè èëè ñàìîíîð-
ìàëèçóåìûìè ïðèìàðíûìè öèêëè÷åñêèìè ïîäãðóïïàìè

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Èñïîëüçóåìàÿ òåðìè-
íîëîãèÿ è îáîçíà÷åíèÿ ñîîòâåòñòâóþò [1], [2].

Ïóñòü F � ôîðìàöèÿ, G � ãðóïïà. Ïîäãðóïïà H ãðóïïû G íà-
çûâàåòñÿ F-àáíîðìàëüíîé, åñëè L/KL 6∈ F äëÿ âñåõ ïîäãðóïï K è
L òàêèõ, ÷òî H ≤ K < · L ≤ G. Çäåñü çàïèñü K < · L îçíà÷àåò, ÷òî
K � ìàêñèìàëüíàÿ ïîäãðóïïà ãðóïïû L, à KL � ÿäðî ïîäãðóïïû K
â ãðóïïå L. Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ F-ñóáíîðìàëüíîé â
G, åñëè ñóùåñòâóåò òàêàÿ öåïî÷êà ïîäãðóïï

H = H0 < · H1 < · . . . < · Hn = G,

÷òî Hi/(Hi−1)Hi ∈ F äëÿ âñåõ i. Â ëþáîé ãðóïïå G êàæäàÿ ñîá-
ñòâåííàÿ ïîäãðóïïà íå ìîæåò áûòü îäíîâðåìåííî F-ñóáíîðìàëüíîé
è F-àáíîðìàëüíîé.

Íàïîìíèì, ôîðìàöèÿ F íàçûâàåòñÿ ñâåðõðàäèêàëüíîé, åñëè îíà
íîðìàëüíî íàñëåäñòâåííàÿ è ëþáàÿ ãðóïïà G = AB, ãäå A è B �
F-ñóáíîðìàëüíûå F-ïîäãðóïïû èç G, ïðèíàäëåæèò F. Èçâåñòíî, ÷òî
ôîðìàöèÿ ñ óñëîâèåì Øåìåòêîâà [3, 6.4.6] è ðåøåòî÷íàÿ ôîðìàöèÿ
[4, ëåììà 4] ÿâëÿþòñÿ ñâåðõðàäèêàëüíûìè.

Ãðóïïû ñ íåòðèâèàëüíûìè F-ñóáíîðìàëüíûìè èëè F-àáíîðìàëüíûìè
ïîäãðóïïàìè èññëåäîâàëèñü â ðàáîòàõ ìíîãèõ àâòîðîâ, ñì. ëèòåðà-
òóðó â [5].

Äëÿ ôîðìàöèè F, ñîäåðæàùåé âñå íèëüïîòåíòíûå ãðóïïû, êàæ-
äàÿ F-àáíîðìàëüíàÿ ïîäãðóïïà ñàìîíîðìàëèçóåìà. Â ñèììåòðè÷å-
ñêîé ãðóïïå S4 ñòåïåíè 4 ñèëîâñêàÿ 2-ïîäãðóïïà îäíîâðåìåííî U-
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ñóáíîðìàëüíà è ñàìîíîðìàëèçóåìà. Çäåñü U � ôîðìàöèÿ âñåõ ñâåðõ-
ðàçðåøèìûõ ãðóïï. Ïîýòîìó F-ñóáíîðìàëüíîñòü è ñàìîíîðìàëèçó-
åìîñòü íå ÿâëÿþòñÿ âçàèìîèñêëþ÷àþùèìè ïîíÿòèÿìè, ÷òî çàòðóä-
íÿåò èññëåäîâàíèÿ ãðóïï ñ F-ñóáíîðìàëüíûìè èëè ñàìîíîðìàëèçóå-
ìûìè ñèñòåìàìè ïîäãðóïï.

Â. Ñ. Ìîíàõîâ [6] îïèñàë ãðóïïû, âñå ïðèìàðíûå ïîäãðóïïû êî-
òîðûõ U-ñóáíîðìàëüíû èëè ñàìîíîðìàëèçóåìû.

Ðàçâèâàÿ äàííóþ òåìàòèêó, ìû ïîëó÷èëè îïèñàíèå ãðóïï c F-
ñóáíîðìàëüíûìè èëè ñàíîðìàëèçóåìûìè ïðèìàðíûìè öèêëè÷åñêè-
ìè ïîäãðóïïàìè äëÿ ñëó÷àÿ, êîãäà F � ñâåðõðàäèêàëüíàÿ ôîðìàöèÿ.
Äîêàçàíà

Òåîðåìà. Åñëè F � íàñëåäñòâåííàÿ íàñûùåííàÿ ñâåðõðàäèêàëüíàÿ
ôîðìàöèÿ, ñîäåðæàùàÿ âñå íèëüïîòåíòíûå ãðóïïû, òî äëÿ ðàçðåøè-
ìîé ãðóïïû G /∈ F ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

(1) êàæäàÿ ïðèìàðíàÿ öèêëè÷åñêàÿ ïîäãðóïïà â ãðóïïå G ñàìî-
íîðìàëèçóåìà èëè F-ñóáíîðìàëüíà;

(2) êàæäàÿ ñîáñòâåííàÿ ïîäãðóïïà â ãðóïïå G ñàìîíîðìàëèçóåìà
èëè F-ñóáíîðìàëüíà;

(3) G = G′ o 〈x〉, ãäå 〈x〉 � ñàìîíîðìàëèçóåìàÿ ñèëîâñêàÿ p-ïîä-
ãðóïïà äëÿ íåêîòîðîãî p ∈ π(G) è G′ o 〈xp〉 ∈ F.

Çäåñü G′ � êîììóòàíò ãðóïïû G; A o B � ïîëóïðÿìîå ïðîèçâå-
äåíèå íîðìàëüíîé ïîäãðóïïû A è ïîäãðóïïû B.

Ëèòåðàòóðà. [1] Â. Ñ. Ìîíàõîâ. Ââåäåíèå â òåîðèþ êîíå÷íûõ ãðóïï è èõ

êëàññîâ. Ìèíñê: Âûøýéøàÿ øêîëà, 2006. [2] Ë. À. Øåìåòêîâ. Ôîðìàöèè

êîíå÷íûõ ãðóïï. Ì.: Íàóêà, 1978. [3] A. Ballester-Bolinches, L. M. Ezquerro.

Classes of Finite Groups. Dordrecht: Springer-Verl., 2006. [4] À. Ô. Âàñèëüåâ,

Ñ. Ô. Êàìîðíèêîâ, Â. Í. Ñåìåí÷óê. Î ðåøåòêàõ ïîäãðóïï êîíå÷íûõ ãðóïï.

Áåñêîíå÷íûå ãðóïïû è ïðèìûêàþùèå àëãåáðàè÷åñêèå ñèñòåìû. Êèåâ: Èí-

ñòèòóò ìàòåìàòèêè ÀÍ Óêðàèíû, 1993, 27�54. [5] Â. Ñ. Ìîíàõîâ, È. Ë. Ñî-

õîð. Êîíå÷íûå ãðóïïû ñ ôîðìàöèîííî ñóáíîðìàëüíûìè ïðèìàðíûìè ïîä-

ãðóïïàìè. Ñèá. ìàòåì. æóðí., 58 (2017), 851�863. [6] Â. Ñ. Ìîíàõîâ. Êî-

íå÷íûå ãðóïïû ñ àáíîðìàëüíûìè è U-ñóáíîðìàëüíûìè ïîäãðóïïàìè. Ñèá.

ìàòåì. æóðí. 57 (2016), 447�462.

Áðåñòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè À. Ñ. Ïóøêèíà
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À. Õ. Òàáàðîâ, À. À. Äàâëàòáåêîâ (Òàäæèêèñòàí)

Îá èçîìîðôèçìàõ è àâòîìîðôèçìàõ ëèíåéíûõ ñëåâà
(ñïðàâà) êâàçèãðóïï

Â äîêëàäå íàéäåí îáùèé âèä àâòîòîïèè (àâòîìîðôèçìà) ïðîèç-
âîëüíîé ëèíåéíîé ñëåâà (ñïðàâà) êâàçèãðóïïû, ïðèâåäåíû íåîáõî-
äèìûå è äîñòàòî÷íûå óñëîâèÿ èçîìîðôèçìà äâóõ ëèíåéíûõ ñëåâà
(ñïðàâà) êâàçèãðóïï, îáîáùàþùèå íåêîòîðûå óòâåðæäåíèÿ èç [1].

Êâàçèãðóïïà (Q, ·) íàçûâàåòñÿ ëèíåéíîé íàä ãðóïïîé (Q,+), åñëè
îíà èìååò âèä xy = ϕx + c + ψy, ãäå ϕ,ψ ∈ Aut(Q,+), ñ - ôèêñèðî-
âàííûé ýëåìåíò ìíîæåñòâà Q [2].

Êâàçèãðóïïà (Q, ·) íàçûâàåòñÿ ëèíåéíîé ñëåâà (ñïðàâà) íàä ãðóï-
ïîé (Q,+), åñëè îíà èìååò âèä xy = ϕx+ c+ βy,(xy = αx+ c+ ψy),
ãäå (ϕ), ψ ∈ Aut(Q,+), β(α) - ïîäñòàíîâêà ìíîæåñòâà Q [1]. Óïîðÿ-
äî÷åííàÿ òðîéêà T = (α, β, γ) ïîñòàíîâîê ìíîæåñòâà Q íàçûâàåòñÿ
àâòîòîïèåé êâàçèãðóïïû (Q, ·), åñëè γ(x · y) = αx · βy äëÿ ëþáûõ
x, y ∈ Q. Â ñëó÷àå, åñëè α = β = γ, òî T = (γ, γ, γ) ÿâëÿåòñÿ àâòî-
ìîðôèçìîì êâàçèãðóïïû (Q, ·).

Âñå íåîáõîäèìûå ïîíÿòèÿ è îïðåäåëåíèÿ ìîæíî íàéòè â [3].

Òåîðåìà 1. Ëþáàÿ àâòîòîïèÿ ëèíåéíîé ñëåâà (ñïðàâà) êâàçèãðóïïû
(Q, ·) xy = ϕx+ c+ βy, (xy = αx+ c+ ψy), èìååò âèä:

P = (R̃cL̃ϕaϕθϕ
−1R̃−c, βR̃bθβ

−1, L̃aR̃bθ),

(P = (R̃cL̃ϕaαθα
−1R̃−c, ψR̃bθψ

−1, L̃aR̃bθ)),

ãäå ϕ,ψ, θ ∈ Aut(Q,+), R̃ax = x+ a, L̃ax = a+ x, α, β - ïîäñòàíîâêè
ìíîæåñòâà Q, a, b, c - ôèêñèðîâàííûå ýëåìåíòû èç Q.

Ñëåäñòâèå. Ëþáîé àâòîìîðôèçì γ ëèíåéíîé ñëåâà (ñïðàâà) êâàçèã-
ðóïïû âèäà xy = ϕx+c+βy, (xy = αx+c+ψy), ìîæíî ïðåäñòàâèòü
â âèäå:

γ = R̃cL̃ϕaϕθϕ
−1R̃−c = βR̃bθβ

−1 = L̃aR̃bθ,

(γ = R̃cL̃ϕaαθα
−1R̃−c = ψR̃bθψ

−1 = L̃aR̃bθ).

Òåîðåìà 2. Ïóñòü (Q, ·) è (Q, ◦)- ëèíåéíàÿ ñëåâà íàä ãðóïïîé (Q,+)
êâàçèãðóïïû : xy = ϕ1x + c1 + β1y, x ◦ y = ϕ2x + c2 + β2y, è
γ ∈ Aut(Q,+). Òîãäà àâòîìîðôèçì γ ãðóïïû (Q,+) ÿâëÿåòñÿ èçî-
ìîðôèçìîì êâàçèãðóïï (Q, ·) è (Q, ◦) òîãäà è òîëüêî òîãäà, êîãäà
γϕ1γ

−1 = ϕ2, γβ1γ
−1 = β2, γ(c1) = c2.

Ñèììåòðè÷íîå óòâåðæäåíèÿ âåðíî è äëÿ ñëó÷àÿ ëèíåéíûõ ñïðàâà
êâàçèãðóïï.
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Ëèòåðàòóðà. [1] A. Õ. Òàáàðîâ. Ãîìîìîðôèçìû è ýíäîìîðôèçìû ëèíåé-

íûõ è àëèíåéíûõ êâàçèãðóïï. Äèñêðåò. ìàòåì, 2007. òîì 19, âûïóñê 2, C.

67�73. [2] Â. Ä. Áåëîóñîâ. Óðàâíîâåøåííûå òîæäåñòâà â êâàçèãðóïïàõ. -

Ìàò. Ñáîðíèê. 1966, 70(112):1, C.55-97. [3] Â. Ä. Áåëîóñîâ. Îñíîâû òåîðèè

êâàçèãðóïï è ëóï. Ì.: Íàóêà, 1967.

Êóëÿáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. À.Ðóäàêè

Ä. Ò. Òàïêèí

Àâòîìîðôèçìû êîëåö ôîðìàëüíûõ ìàòðèö
Â òåîðèè àëãåáð èíöèäåíòíîñòè õîðîøî èçâåñòåí ðåçóëüòàò (ñì.

[4]) î ðàçëîæèìîñòè àâòîìîðôèçìîâ àëãåáð èíöèäåíòíîñòè íàä ïî-
ëåì â êîìïîçèöèþ âíóòðåííåãî, ïåðåñòàíîâî÷íîãî è ìóëüòèïëèêà-
òèâíîãî àâòîìîðôèçìîâ. Ïîõîæèé ðåçóëüòàò èìååò ìåñòî è äëÿ äâóõ
÷àñòíûõ ñëó÷àåâ êîëåö ôîðìàëüíûõ ìàòðèö ïîðÿäêà 2: âåðõíåòðå-
óãîëüíîì (ñì. [1]) è ñ íóëåâûìè èäåàëàìè ñëåäà (ñì. [3]). Äëÿ êîëåö
ôîðìàëüíûõ ìàòðèö ïîðÿäêà n áûëî ïîëó÷åíî èòåðàòèâíîå îïèñà-
íèå èçîìîðôèçìîâ ìåæäó íèìè (ñì. [2]).

Êîëüöî K íàçûâàåòñÿ ïîëóöåíòðàëüíûì ïðèâåäåííûì, åñëè äëÿ
êàæäîãî èäåìïîòåíòà e ∈ K èç òîãî ÷òî eK(1 − e) = 0 ñëåäóåò, ÷òî
e ëèáî 0, ëèáî 1. Áóäåì îáîçíà÷àòü êîëüöà âåðõíåòðåóãîëüíûõ ôîð-

ìàëüíûõ ìàòðèö âèäà


R1 M12 · · · M1n

0 R2 · · · M2n

...
...

. . .
...

0 0 · · · Rn

 çà Tn({Ri}, {Mij}).

Òåîðåìà 1. Ïóñòü n ∈ N, A1 = Tn({Ri}; {Mij}), A2 =
Tn({R′i}; {M ′ij}) è êîëüöà R1, ..., Rn ÿâëÿþòñÿ ïîëóöåíòðàëüíûìè
ïðèâåäåííûìè. Ïóñòü òàêæå Φ : A1 → A2 � èçîìîðôèçì. Òîãäà
íàéäóòñÿ ïåðåñòàíîâêà τ ∈ Sn è ìàòðèöà U ∈ U(A2), òàêèå ÷òî
Φ ([aij ]) = U

[
χij(aτ(i)τ(j))

]
U−1, ãäå

1) χii : Rτ(i) → R′i � èçîìîðôèçì êîëåö, 1 ≤ i ≤ n;
2) χij : Mτ(i)τ(j) → M ′ij � Rτ(i)-Rτ(j)-áèìîäóëüíûé èçîìîðôèçì îò-
íîñèòåëüíî χii è χjj , 1 ≤ i < j ≤ n;
3) äëÿ âñåõ 1 ≤ i, k, j ≤ n, a ∈Mτ(i)τ(k), b ∈Mτ(k)τ(j),

χij (a ◦ b) = χik(a) ◦ χkj(b).

Îáðàòíî, åñëè âûïîëíÿþòñÿ óñëîâèÿ 1�3, òî îòîáðàæåíèå
Φ ([aij ]) = U

[
χij(aτ(i)τ(j))

]
U−1 áóäåò èçîìîðôèçìîì êîëåö.

Àíàëîãè÷íûé ðåçóëüòàò âûïîëíÿåòñÿ è äëÿ êîëåö ôîðìàëüíûõ
ìàòðèö ïîðÿäêà n ñ íóëåâûìè èäåàëàìè ñëåäà íàä êîëüöîì áåç
íåòðèâèàëüíûõ èäåìïîòåíòîâ.
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Ïóñòü R � êîììóòàòèâíîå êîëüöî. ×åðåç Q(R) áóäåì îáîçíà÷àòü
ïîëíîå êîëüöî ÷àñòíûõ S−1R, ãäå S � ìíîæåñòâî íåäåëèòåëåé íóëÿ
êîëüöà R.

Òåîðåìà 2. Ïóñòü R � êîììóòàòèâíîå êîëüöî áåç íåòðèâèàëüíûõ
èäåìïîòåíòîâ, n ∈ N è {Iij}1≤i<j≤n � íàáîð èäåàëîâ êîëüöà R, êàæ-
äûé èç êîòîðûõ ñîäåðæèò õîòÿ áû îäèí ýëåìåíò íåäåëèòåëü íó-
ëÿ, ïðè ýòîì ïîòðåáóåì, ÷òîáû âûïîëíÿëîñü IijIjk ⊆ Iik äëÿ êàæ-
äîé òðîéêè i < j < k. Ïóñòü òàêæå A = Tn(R; {Iij}) ⊆ Tn(Q(R))
� êîëüöî ôîðìàëüíûõ ìàòðèö ñ åñòåñòâåííûìè îïåðàöèÿìè ìàò-
ðè÷íîãî ñëîæåíèÿ è óìíîæåíèÿ. Òîãäà âñå R-àâòîìîðôèçìû êîëü-
öà A ïðåäñòàâèìû â âèäå êîìïîçèöèè CU ◦ CV , ãäå U ∈ U(A),
V = diag(h1, ..., hn) ∈ U(Tn(Q(R))), CV (A) = A.

Êàê âèäíî èç òåîðåìû 2, R-àâòîìîðôèçìû êîëüöà Tn(R; {Iij})
ÿâëÿþòñÿ �ïî÷òè� âíóòðåííèìè. Îäíàêî, ýòî âñå íà ÷òî ìîæíî ðàñ-
ñ÷èòûâàòü â îáùåì ñëó÷àå.

Ïðèìåð 3. Ïóñòü S = Z[x, x−1] � êîëüöî öåëî÷èñëåííûõ Ëîðà-
íîâñêèõ ìíîãî÷ëåíîâ, è ïóñòü I = 2Z[x, x−1] � èäåàë â S. Òîãäà
R = Z+ 2Z[x, x−1] � ïîäêîëüöî â S, ñîñòîÿùåå èç âñåõ Ëîðàíîâñêèõ
ìíîãî÷ëåíîâ, ó êîòîðûõ êîýôôèöèåíòû ïðè âñåõ íåíóëåâûõ ñòåïå-
íÿõ x ÷åòíûå. Êîëüöî R êîììóòàòèâíî è íå ñîäåðæèò íåòðèâèàëüíûõ
èäåìïîòåíòîâ. Íåòðóäíî âèäåòü, ÷òî îòîáðàæåíèå(

a b
0 c

)
7→
(
x 0
0 1

)(
a b
0 c

)(
x−1 0

0 1

)
=

(
a xb
0 c

)
áóäåò R-àâòîìîðôèçìîì êîëüöà A =

(
R I
0 R

)
, êîòîðûé íå ÿâëÿ-

åòñÿ âíóòðåííèì.

Òåîðåìà 4. Ïóñòü â óñëîâèè òåîðåìû 2 öåëîå çàìûêàíèå êîëüöà R
â Q(R) ñîâïàäàåò ñ R è èäåàëû Iij êîíå÷íî ïîðîæäåíû. Òîãäà âñå
R-àâòîìîðôèçìû êîëüöà A âíóòðåííèå.

Õîðîøî èçâåñòíûìè ïðèìåðàìè öåëîçàìêíóòûõ êîëåö ÿâëÿþòñÿ
äåäåêèíäîâû è ôàêòîðèàëüíûå êîëüöà. Â ñèëó íåòåðîâîñòè äåäåêèí-
äîâûõ êîëåö âñå èõ èäåàëû êîíå÷íî ïîðîæäåíû.

Ñëåäñòâèå 5. Ïóñòü R � äåäåêèíäîâî êîëüöî, n ∈ N è {Iij | 1 ≤ i <
j ≤ n} � íàáîð íåíóëåâûõ èäåàëîâ êîëüöà R, òàêèõ ÷òî IijIjk ⊆ Iik
äëÿ êàæäîé òðîéêè i < j < k. Ïóñòü òàêæå A = Tn(R; {Iij}) ⊆
Tn(Q(R)) � êîëüöî ôîðìàëüíûõ ìàòðèö ñ åñòåñòâåííûìè îïåðàöèÿ-
ìè ìàòðè÷íîãî ñëîæåíèÿ è óìíîæåíèÿ. Òîãäà âñå R-àâòîìîðôèçìû
êîëüöà A ÿâëÿþòñÿ âíóòðåííèìè.
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Ïðåäëîæåíèå 6. Ïóñòü R � ôàêòîðèàëüíîå êîëüöî, n ∈ N è
{Iij | 1 ≤ i < j ≤ n} � íàáîð íåíóëåâûõ èäåàëîâ êîëüöà R, òà-
êèõ ÷òî IijIjk ⊆ Iik äëÿ êàæäîé òðîéêè i < j < k. Ïóñòü òàêæå
A = Tn(R; {Iij}) ⊆ Tn(Q(R)) � êîëüöî ôîðìàëüíûõ ìàòðèö ñ åñòå-
ñòâåííûìè îïåðàöèÿìè ìàòðè÷íîãî ñëîæåíèÿ è óìíîæåíèÿ. Òîãäà
âñå R-àâòîìîðôèçìû êîëüöà A ÿâëÿþòñÿ âíóòðåííèìè.

Ëèòåðàòóðà. [1] P. N. Anh, L. van Wyk. Automorphism group of generalized

triangular matrix rings, Linear Algebra and its Appl., 434 (2011), 1018�1026.

[2] P. N. Anh, L. van Wyk. Isomorphisms between strongly triangular matrix

rings, Linear Algebra and its Appl., 438 (2013), 4374�4381. [3] C. Boboc,

S. Dascalescu, L. van Wyk. Isomorphisms between Morita context rings,

Linear and Multilinear Algebra., 60 (2012), 545�563. [4] S. P. Coelho, The

automorphism group of structural matrix algebra. Linear Algebra and its

Appl., 95 (1993), 35�58.

Êàçàíñêèé (Ïðèâîëæñêèé) Ôåäåðàëüíûé Óíèâåðñòèòåò

e-mail: danil.tapkin@yandex.ru

Ê. À. Òàðàíèí (Ìîñêâà)

Îöåíêà ãðàíèöû èäóùèõ ïîäðÿä çíà÷åíèé ïåðìàíåíòà
Ïóñòü R è Mn îáîçíà÷àþò ïîëå äåéñòâèòåëüíûõ ÷èñåë è êîëüöî

n×n ìàòðèö íàä ýòèì ïîëåì ñîîòâåòñòâåííî. Âñëåä çà [1], ÷åðåç An ∈
Mn îáîçíà÷èì ìíîæåñòâî âñåõ (0,1)-ìàòðèö ðàçìåðà n × n, òî åñòü
ìàòðèö ïîðÿäêà n, ñîäåðæàùèõ â êà÷åñòâå ýëåìåíòîâ òîëüêî íóëè è
åäèíèöû. Ïóñòü Sn îáîçíà÷àåò ãðóïïó ïåðåñòàíîâîê íà ìíîæåñòâå èç
n ýëåìåíòîâ.

Îïðåäåëåíèå 1. Ïåðìàíåíòîì ìàòðèöû A ∈Mn íàçûâàåòñÿ ÷èñëî

per(A) =
∑
σ∈Sn

a1σ(1) . . . anσ(n),

ãäå aij � ýëåìåíòû ìàòðèöû A.

Íåñëîæíî ïîêàçàòü, ÷òî ìàêñèìàëüíîå çíà÷åíèå ïåðìàíåíòà êàê
ôóíêöèè íà An ðàâíî n!, è ïîýòîìó âñå åãî çíà÷åíèÿ íà ýòîì ìíî-
æåñòâå ñóòü íåêîòîðûå öåëûå ÷èñëà ìåæäó íóë¼ì è n!. Íå âñå ÷èñëà
èç ýòîãî ïðîìåæóòêà, îäíàêî, ÿâëÿþòñÿ ïåðìàíåíòàìè: íàïðèìåð,
çíà÷åíèåì, áëèæàéøèì ê n! (è íå ñîâïàäàþùèì ñ íèì) ÿâëÿåòñÿ
n! − (n − 1)!. Ñàìûå áûñòðûå èç èçâåñòíûõ àëãîðèòìîâ âû÷èñëåíèÿ
ïåðìàíåíòà ðàáîòàþò íå òàê áûñòðî, êàê õîòåëîñü áû, � çà ýêñïî-
íåíöèàëüíîå âðåìÿ, ïîýòîìó èìååò ñìûñë ïîïðîáîâàòü âûÿñíèòü, êàê
ðàñïîëàãàþòñÿ åãî çíà÷åíèÿ (ïðè A ∈ An) íà óêàçàííîì ïðîìåæóòêå
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ïðè ôèêñèðîâàííîì n. Îäíèì èç ïåðâûõ ðåçóëüòàòîâ çäåñü ÿâëÿåòñÿ
ñëåäóþùèé ôàêò, äîêàçàííûé â [1]: âñÿêîå öåëîå ÷èñëî îò 0 äî 2n−1

(âêëþ÷èòåëüíî) ÿâëÿåòñÿ ïåðìàíåíòîì íåêîòîðîé ìàòðèöû A ∈ An.
Äëÿ óäîáñòâà èçëîæåíèÿ ââåä¼ì ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 2. Ïóñòü n ∈ N. Íàçîâ¼ì ÷èñëî Bn ∈ [0, n!] âåðõíåé
ãðàíèöåé ïîäðÿä èäóùèõ çíà÷åíèé ïåðìàíåíòà äëÿ ìàòðèö èç An,
åñëè Bn � íàèìåíüøåå íàòóðàëüíîå ÷èñëî ñî ñâîéñòâîì, ÷òî â An
íåò ìàòðèöû ñ ïåðìàíåíòîì Bn + 1.

Òàêèì îáðàçîì, ñîãëàñíî [1], 2n−1 ÿâëÿåòñÿ íèæíåé îöåíêîé äëÿ
Bn. Â ðàáîòå [2] ýòà îöåíêà áûëà óëó÷øåíà áîëåå ÷åì â äâà ðàçà:
Bn ≥ 67

642n. Äîêëàä áóäåò ïîñâÿù¼í äàëüíåéøåìó óëó÷øåíèþ ýòîé
îöåíêè.

Àâòîð áëàãîäàðåí ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ ïðîôåññîðó
À.Ý. Ãóòåðìàíó çà ïîñòàíîâêó çàäà÷è, ïîñòîÿííîå âíèìàíèå ê ðàáîòå
è öåííûå îáñóæäåíèÿ. Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé
ïîääåðæêå ãðàíòà ÐÍÔ 17-11-01124.

Ëèòåðàòóðà. [1] R.A. Brualdi and M. Newman, Some theorems on

permanent, J. Res. Natl. Bur. Stand., Sect. B. 69B, No. 3 (July�September

1965), 159-163. [2] A.E. Guterman, K.A. Taranin, On the values of the

permanent of (0,1)-matrices, Linear Algebra Appl. (2018) (accepted).

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

e-mail: cataranin@gmail.com

Ä. À. Òèìàøåâ (Ìîñêâà)

Âåùåñòâåííûå îðáèòû íà ñôåðè÷åñêèõ îäíîðîäíûõ ïðî-
ñòðàíñòâàõ

Äîêëàä îñíîâàí íà ðåçóëüòàòàõ ñîâìåñòíîé ðàáîòû ñ Ñ. Êþïèò-
Ôóòó (Áîõóì, Ãåðìàíèÿ).

Êàê èçâåñòíî, âñå íåâûðîæäåííûå êâàäðàòè÷íûå ôîðìû îò n ïå-
ðåìåííûõ ýêâèâàëåíòíû äðóã äðóãó íàä ïîëåì êîìïëåêñíûõ ÷èñåë C,
â òî âðåìÿ êàê íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë R îíè ðàñïàäàþòñÿ
íà n+ 1 êëàññîâ ýêâèâàëåíòíîñòè, â ñîîòâåòñòâèè ñ èíäåêñàìè èíåð-
öèè. Ýòîò áàçîâûé ôàêò ëèíåéíîé àëãåáðû � ÷àñòíûé ñëó÷àé îáùåãî
ÿâëåíèÿ: äëÿ îäíîðîäíîãî àëãåáðàè÷åñêîãî ìíîãîîáðàçèÿ X îòíîñè-
òåëüíî àëãåáðàè÷åñêîé ãðóïïû G, îïðåäåë¼ííîé íàä ïîëåì R, ãðóïïà
êîìïëåêñíûõ òî÷åê G(C) äåéñòâóåò íà ìíîæåñòâå êîìïëåêñíûõ òî-
÷åê X(C) òðàíçèòèâíî, à ãðóïïà âåùåñòâåííûõ òî÷åê G(R) ìîæåò
èìåòü íåñêîëüêî (íî âñåãäà êîíå÷íîå ÷èñëî) îðáèò íà ìíîæåñòâå âå-
ùåñòâåííûõ òî÷åê X(R). Íàñ èíòåðåñóåò ïðîáëåìà êëàññèôèêàöèè
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ýòèõ îðáèò. Ê ýòîé ïðîáëåìå ñâîäÿòñÿ ìíîãèå êëàññèôèêàöèîííûå
çàäà÷è àëãåáðû è ãåîìåòðèè.

Â äîêëàäå ìû ðàññìîòðèì äàííóþ ïðîáëåìó äëÿ ñïåöèàëüíî-
ãî êëàññà îäíîðîäíûõ ìíîãîîáðàçèé, íàçûâàåìûõ ñôåðè÷åñêèìè. Â
ýòîì ñëó÷àå G � ñâÿçíàÿ ðåäóêòèâíàÿ àëãåáðàè÷åñêàÿ ãðóïïà. Ñâîé-
ñòâî ñôåðè÷íîñòè îçíà÷àåò, ÷òî áîðåëåâñêàÿ ïîäãðóïïà B ⊂ G äåé-
ñòâóåò íà X ñ ïëîòíîé îòêðûòîé îðáèòîé. Ñôåðè÷åñêèå ìíîãîîáðà-
çèÿ ñîñòàâëÿþò âàæíûé êëàññ îäíîðîäíûõ ïðîñòðàíñòâ àëãåáðàè÷å-
ñêèõ ãðóïï, âêëþ÷àþùèé ñèììåòðè÷åñêèå ïðîñòðàíñòâà, ìíîãîîáðà-
çèÿ ôëàãîâ è äð. Áóäåì ñ÷èòàòü, ÷òî G ðàñùåïèìà íàä R (ò.å. ñîäåð-
æèò ðàñùåïèìûé ìàêñèìàëüíûé òîð). Ê ýòîìó ñëó÷àþ îòíîñèòñÿ, â
÷àñòíîñòè, ïðîñòðàíñòâî X = GLn/On êâàäðàòè÷íûõ ôîðì.

Íàø ïîäõîä ê îïèñàíèþ îðáèò ãðóïïû G(R) íà ìíîæåñòâå X(R)
íîñèò ãåîìåòðè÷åñêèé õàðàêòåð. Îòïðàâíîé òî÷êîé ñëóæèò òî îá-
ñòîÿòåëüñòâî, ÷òî îòêðûòàÿ áîðåëåâñêàÿ îðáèòà Bx0 ⊂ X ïåðåñåêàåò
êàæäóþ G(R)-îðáèòó â X(R) (ïîñêîëüêó ïîñëåäíèå ïëîòíû ïî Çà-
ðèññêîìó â X), ïðè÷¼ì ïåðåñå÷åíèå ðàñïàäàåòñÿ íà íåñêîëüêî B(R)-
îðáèò, îòêðûòûõ â X(R) (â êëàññè÷åñêîé òîïîëîãèè).

Îòêðûòûå B(R)-îðáèòû â X(R) ëåãêî îïèñàòü. Ïóñòü T ⊂ B �
ðàñùåïèìûé ìàêñèìàëüíûé òîð, U ⊂ B � óíèïîòåíòíûé ðàäèêàë.
Èìååò ìåñòî ïîëóïðÿìîå ðàçëîæåíèå B = U h T .

Òåîðåìà 1. Ïðè ïîäõîäÿùåì âûáîðå âåùåñòâåííîé áàçèñíîé òî÷êè
x0, å¼ T -îðáèòà Z = Tx0 ⊂ Bx0 òðàíñâåðñàëüíî ïåðåñåêàåò âñå U -
îðáèòû â Bx0. Îòêðûòûå B(R)-îðáèòû â X(R) ñîäåðæàòñÿ â Bx0 è
íàõîäÿòñÿ âî âçàèìíî-îäíîçíà÷íîì ñîîòâåòñòâèè ñ T (R)-îðáèòàìè â
Z(R).

Ïîñëåäíèå ëåãêî îïèñàòü â êîìáèíàòîðíûõ òåðìèíàõ, ñ ïîìîùüþ
íåêîòîðûõ íàáîðîâ çíàêîâ ¾±¿. Ìíîãîîáðàçèå Z íàçûâàåòñÿ ñëàéñîì
Áðèîíà�Ëóíû�Âþñòà [1], [2].

Îñòà¼òñÿ ïîíÿòü, êàêèå èç îòêðûòûõ B(R)-îðáèò ñêëåèâàþòñÿ
âìåñòå, ò.å. ëåæàò â îäíîé è òîé æå G(R)-îðáèòå. Ñ ýòîé öåëüþ ââî-
äèòñÿ äåéñòâèå ãðóïïû Âåéëÿ W = W (G,T ) íà ìíîæåñòâå B(R)-
îðáèò, ñîãëàñîâàííîå ñ äåéñòâèåì W íà ìíîæåñòâå B-îðáèò â X,
îïðåäåë¼ííûì â ðàáîòå Êíîïà [3]. Ýòà êîíñòðóêöèÿ îñíîâàíà íà ðàñ-
ñìîòðåíèè äåéñòâèé ìèíèìàëüíûõ ïàðàáîëè÷åñêèõ ïîäãðóïï Pα ⊃ B
è ñèìïëåêòè÷åñêîé ãåîìåòðèè êîêàñàòåëüíîãî ðàññëîåíèÿ T ∗X.

Ñòàáèëèçàòîð îòêðûòîé îðáèòû Bx0 îòíîñèòåëüíî ýòîãî äåé-
ñòâèÿ åñòü ïîëóïðÿìîå ïðîèçâåäåíèå WXiWL, ãäå WX � íåêîòîðàÿ
êðèñòàëëîãðàôè÷åñêàÿ ëèíåéíàÿ ãðóïïà, ïîðîæä¼ííàÿ îòðàæåíèÿ-
ìè (ìàëàÿ ãðóïïà Âåéëÿ ìíîãîîáðàçèÿ X), à WL � ïàðàáîëè÷åñêàÿ
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ïîäãðóïïà â W , äåéñòâóþùàÿ òðèâèàëüíî íà ìíîæåñòâå îòêðûòûõ
B(R)-îðáèò. Òàêèì îáðàçîì, ìû ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó.

Òåîðåìà 2. Ìíîæåñòâî îðáèò X(R)/G(R) íàõîäèòñÿ â áèåêòèâíîì
ñîîòâåòñòâèè ñ ìíîæåñòâîì îðáèò ãðóïïû WX íà êîíå÷íîì ìíîæå-
ñòâå Z(R)/T (R).

Ïîñëåäíåå ìíîæåñòâî è äåéñòâèå íà í¼ì ãðóïïû WX ìîãóò áûòü
îïèñàíû â êîìáèíàòîðíûõ òåðìèíàõ.

Ðàíåå àíàëîãè÷íûé ðåçóëüòàò áûë ïîëó÷åí äëÿ ñèììåòðè÷åñêèõ
ïðîñòðàíñòâ áåç ïðåäïîëîæåíèÿ î ðàñùåïèìîñòè ãðóïïû G [4]. Ýòî
ïîçâîëÿåò íàäåÿòüñÿ íà îáîáùåíèå òåîðåìû 2 íà íåðàñùåïèìûé ñëó-
÷àé.

Ëèòåðàòóðà. [1] M. Brion, D. Luna, Th. Vust. Espaces homog�enes

sph�eriques. Invent. Math., 84 (1986), 617�632. [2] F. Knop. The asymptotic

behavior of invariant collective motion. Invent. Math., 116 (1994), 309�328.

[3] F. Knop. On the set of orbits for a Borel subgroup. Comment. Math.

Helv., 70 (1995), 285�309. [4] S. Cupit-Foutou, D. A. Timashev. Orbits of real

semisimple Lie groups on real loci of complex symmetric spaces. Acta Math.

Sinica, Eng. Ser., 34 (2018), 439�453.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

e-mail: timashev@mech.math.msu.su

Å. È. Òèìîøåíêî1

Àëãåáðàè÷åñêèå è ëîãè÷åñêèå ñâîéñòâà ÷àñòè÷íî êîììóòà-
òèâíûõ ðàçðåøèìûõ ãðóïï è àëãåáð Ëè

Áóäóò ïðèâåäåíû ðåçóëüòàòû, ïîëó÷åííûå äîêëàä÷èêîì è åãî ñî-
àâòîðàìè, â òîì ÷èñëå ×.Ê.Ãóïòà è Å.Í.Ïîðîøåíêî, î ñòðîåíèè, óíè-
âåðñàëüíûõ è ýëåìåíòàðíûõ òåîðèÿõ ÷àñòè÷íî êîììóòàòèâíûõ ìåòà-
áåëåâûõ, íèëüïîòåíòíûõ ãðóïï è àëãåáð Ëè.

Ëèòåðàòóðà. [1] Â. ß. Áëîùèöûí, Å. È. Òèìîøåíêî, �Ñðàâíåíèå óíè-

âåðñàëüíûõ òåîðèé ÷àñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ ãðóïï�, Ñèáèð-

ñêèé ìàòåìàòè÷åñêèé æóðíàë,58:3(2017),497�509. [2] Å. È. Òèìîøåíêî,

�Öåíòðàëèçàòîðíûå ðàçìåðíîñòè è óíèâåðñàëüíûå òåîðèè ÷àñòè÷íî êîì-

ìóòàòèâíûõ ìåòàáåëåâûõ ãðóïï�, Àëãåáðà è ëîãèêà, 56:2 (2017), 226�255.

[3] E. I. Timoshenko, �On embedding of partially commutative metabelian

groups to matrix groups�, International Journal of Group Theory, 6:4 (2017),

55-64. [4] Å. È. Òèìîøåíêî, �Îá îäíîì ïðåäñòàâëåíèè ãðóïïû àâòîìîð-

ôèçìîâ ÷àñòè÷íî êîììóòàòèâíîé ìåòàáåëåâîé ãðóïïû�, Ìàòåì. çàìåòêè,

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 18-01-00100)
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97:2 (2015), 286�295. [5] E. N. Poroshenko, E. I. Timoshenko, �Universal

equivalence of partially commutative metabelian Lie algebras�, Journal of

Algebra, 384 (2013), 143�168. [6] Å. È. Òèìîøåíêî, �Êâàçèìíîãîîáðàçèÿ,

ïîðîæäåííûå ÷àñòè÷íî êîììóòàòèâíûìè ãðóïïàìè�, Ñèáèðñêèé ìàòåìà-

òè÷åñêèé æóðíàë, 54:4 (2013), 902�913. [7] ×. Ê. Ãóïòà, Å. È. Òèìîøåíêî,

�Ñâîéñòâà è óíèâåðñàëüíûå òåîðèè ÷àñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ

íèëüïîòåíòíûõ ãðóïï�, Àëãåáðà è ëîãèêà, 51:4 (2012), 429�457. [8] Å. È. Òè-

ìîøåíêî, �Ìàëüöåâñêàÿ áàçà ÷àñòè÷íî êîììóòàòèâíîé íèëüïîòåíòíîé, ìå-

òàáåëåâîé ãðóïïû�, Àëãåáðà è ëîãèêà, 50:5 (2011), 647�658. [9] ×. Ê. Ãóïòà,

Å. È. Òèìîøåíêî, �Îá óíèâåðñàëüíûõ òåîðèÿõ ÷àñòè÷íî êîììóòàòèâíûõ

ìåòàáåëåâûõ ãðóïï�, Àëãåáðà è ëîãèêà, 50:1 (2011), 3�25. [10] À. À. Ìèùåí-

êî, Å. È. Òèìîøåíêî, �Óíèâåðñàëüíàÿ ýêâèâàëåíòíîñòü ÷àñòè÷íî êîììóòà-

òèâíûõ íèëüïîòåíòíûõ ãðóïï�, Ñèá. ìàòåì. æóðí., 52:5 (2011), 1113�1122.

[11] Å. È. Òèìîøåíêî, �Óíèâåðñàëüíàÿ ýêâèâàëåíòíîñòü ÷àñòè÷íî êîì-

ìóòàòèâíûõ ìåòàáåëåâûõ ãðóïï�, Àëãåáðà è ëîãèêà, 49:2 (2010), 263�290.

[12] ×. Ê. Ãóïòà, Å. È. Òèìîøåíêî, �×àñòè÷íî êîììóòàòèâíûå ìåòàáåëå-

âû ãðóïïû: öåíòðàëèçàòîðû è ýëåìåíòàðíàÿ ýêâèâàëåíòíîñòü�, Àëãåáðà è

ëîãèêà, 48:3 (2009), 309�341.

À. Â. Òèùåíêî (Ìîñêâà)

Î ìîùíîñòè ðåøåòîê ñïëåòåíèé àòîìîâ ïîëóãðóïïî-
âûõ ìíîãîîáðàçèé è ìíîãîîáðàçèÿ, ïîðîæäåííûå ìàëûìè
ïîëóãðóïïàìè1

Âîïðîñ 1. Êàêîâà ìîùíîñòü ðåøåòîê L(UwV), ãäå U è V - àòî-
ìû ðåøåòêè L(S) âñåõ ïîëóãðóïïîâûõ ìíîãîîáðàçèé?

Âîïðîñ âîçíèê â ñâÿçè ñ ðåçóëüòàòàìè ðàáîòû [1], â êîòîðîé â
áîëüøèíñòâå ñëó÷àåâ ðåøåòêà L(UwV) âû÷èñëåíà ïîëíîñòüþ, åñëè
îíà êîíå÷íà. Èñêëþ÷åíèå ïðåäñòàâëÿåò êîíå÷íàÿ ðåøåòêà L(SlwN2)
è ñëó÷àè áåñêîíå÷íûõ ðåøåòîê L(SlwR1), L(SlwSl), L(SlwAp),
L(ApwAp), ãäå p - ëþáîå ïðîñòîå ÷èñëî. Ïðè ýòîì ðåàëüíî îñòà-
þòñÿ íåÿñíûìè îòâåòû äëÿ äâóõ ñëó÷àåâ, à èìåííî, äëÿ L(SlwN2) è
L(SlwSl).

Òåîðåìà 1. (ñì. [1, 2]) Ðåøåòêà L(SlwN2) ïîäìíîãîîáðàçèé ñïëå-
òåíèÿ ÿâëÿåòñÿ êîíå÷íîé è ñîäåðæèò íå ìåíåå 39 ïîäìíîãîîáðàçèé.

Âîïðîñ 1à. Êàêîâà ìîùíîñòü ðåøåòêè L(SlwN2)?
Âîïðîñ 1á. Êàêîâà ìîùíîñòü ðåøåòêè L(SlwSl)?
Òåîðåìà 2. Ðåøåòêè L(SlwR1), L(ApwAp), ãäå p - ëþáîå ïðî-

ñòîå ÷èñëî, ÿâëÿþòñÿ ñ÷åòíûìè áåñêîíå÷íûìè. Ðåøåòêà L(SlwAp),
ãäå p - ïðîñòîå ÷èñëî, èìååò ìîùíîñòü êîíòèíóóìà.

1Ðàáîòà áûëà ïîääåðæàíà ÐÔÔÈ, ãðàíò 16-01-00756
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Òåîðåìà 3. ([3]) Ïîëóãðóïïà En âñåõ ýêñòåíñèâíûõ ïðåîáðàçîâà-
íèé îòðåçêà [1, n] = {1, ..., n} íàòóðàëüíûõ ÷èñåë íàñëåäñòâåííî êî-
íå÷íî áàçèðóåìà òîãäà è òîëüêî òîãäà, êîãäà n ≤ 3. Ñëåäîâàòåëüíî,
ðåøåòêà L(varEn) íå áîëåå, ÷åì ñ÷åòíà ïðè n ≤ 3 è èìååò ìîùíîñòü
êîíòèíóóì ïðè n ≥ 4.

Îïðåäåëåíèå. Ïóñòü P 1
2 = D1 = 〈a, b, 1|a2 = ab = a, b2a = b2〉 -

ïÿòèýëåìåíòíûé ìîíîèä.
Òåîðåìà 4. ([4]) Ëþáàÿ ïîëóãðóïïà ïîðÿäêà ïÿòü èëè ìåíåå,

îòëè÷íàÿ îò P 1
2 , ÿâëÿåòñÿ íàñëåäñòâåííî êîíå÷íî áàçèðóåìîé. Ñëå-

äîâàòåëüíî, â ýòèõ ñëó÷àÿõ ðåøåòêà L(varS) âñåõ ïîäìíîãîîáðàçèé
ìíîãîîáðàçèÿ, ïîðîæäåííîãî ïîëóãðóïïîé S, ÿâëÿåòñÿ íå áîëåå, ÷åì
ñ÷åòíîé.

Âîïðîñ 2. ([4, 5]). ßâëÿåòñÿ ëè ìíîãîîáðàçèå varP 1
2 íàñëåäñòâåí-

íî êîíå÷íî áàçèðóåìûì? Èëè, ýêâèâàëåíòíî, ÿâëÿåòñÿ ëè ðåøåòêà
L(varP 1

2 ) âñåõ ïîäìíîãîîáðàçèé ìíîãîîáðàçèÿ, ïîðîæäåííîãî ïîëó-
ãðóïïîé P 1

2 , íå áîëåå, ÷åì ñ÷åòíîé?
Îêàçûâàåòñÿ âîïðîñû 1á è 2 îò÷àñòè ñâÿçàíû ìåæäó ñîáîé.
Ïðåäëîæåíèå 1. à) varE3 = var(U2w1U2) ⊆ var(U2w1U3) =

SlwSl; á) varP 1
2 ⊆ SlwSl.

Ëèòåðàòóðà. [1] À. Â. Òèùåíêî, Cïëåòåíèå àòîìîâ ðåøåòêè ïîëóãðóïïî-

âûõ ìíîãîîáðàçèé. Òðóäû ÌÌÎ, 2007, 68, 107�132. [2] À. Â. Òèùåíêî, Åùå

ðàç î ðåøåòêå ïîäìíîãîîáðàçèé ñïëåòåíèÿ ìíîãîîáðàçèÿ ïîëóðåøåòîê è

ìíîãîîîáðàçèÿ ïîëóãðóïï ñ íóëåâûì óìíîæåíèåì // Ôóíäàì. è ïðèêë. ìà-

òåì. - 2016. - Ò.21, âûï. 1. - Ñ.193�210. [3] Edmond W. H. Lee. Hereditarily

�nitely based monoids of extensive transformations. Algebra Universalis, 2009,

61, 31�58. [4] Edmond W. H. Lee. Finite basis problem for semigroups of order

�ve or less: generalization and revisitation. Studia Logica, 2013, 101, 95�115.

[5] C. C. Edmunds, Edmond W. H. Lee, Ken W. K. Lee, Small semigroups

generating varieties with continuum many subvarieties. Order, 2010, 27, 83�

100.

Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå Ðîññèéñêîé Ôåäåðàöèè

e-mail: alextish@bk.ru

À. À. Òðîôèìóê (Ãîìåëü)

Ñâåðõðàçðåøèìîñòü ãðóïïû ñ íîðìàëüíî âëîæåííûìè
ïîäãðóïïàìè èç Op′,p(G)

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû.
Srinivasan [1] óñòàíîâèë ñâåðõðàçðåøèìîñòü ãðóïïû, â êîòîðîé

âñå ìàêñèìàëüíûå ïîäãðóïïû èç êàæäîé ñèëîâñêîé ïîäãðóïïû íîð-
ìàëüíû â ãðóïïå. Wall [2] ïðåäëîæèë íàçûâàòü òàêèå ãðóïïû MNP-
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ãðóïïàìè. Â ðàáîòàõ ìíîãèõ àâòîðîâ (ñì. ëèòåðàòóðó â [3]) èçó÷àëèñü
ãðóïïû ñ îãðàíè÷åíèÿìè íà ìàêñèìàëüíûå ïîäãðóïïû èç ñèëîâñêèõ
ïîäãðóïï.

Ïîäãðóïïà H ãðóïïû G íàçûâàåòñÿ íîðìàëüíî âëîæåííîé â G,
åñëè äëÿ êàæäîé ñèëîâñêîé ïîäãðóïïû P èç H ñóùåñòâóåò íîðìàëü-
íàÿ ïîäãðóïïà K ãðóïïû G òàêàÿ, ÷òî P � ñèëîâñêàÿ ïîäãðóïïà â
K, ñì. [4, I.7.1].

Åñëè p-ïîäãðóïïà P ãðóïïû G íîðìàëüíî âëîæåíà â G, òî P �
ñèëîâñêàÿ p-ïîäãðóïïà â PG. Çäåñü PG � íîðìàëüíîå çàìûêàíèå
ïîäãðóïïû P â ãðóïïå G, ò. å. íàèìåíüøàÿ íîðìàëüíàÿ â G ïîäãðóï-
ïà, ñîäåðæàùàÿ P . Èçó÷åíèþ ñòðîåíèÿ ãðóïï, ó êîòîðûõ íåêîòîðûå
ïîäãðóïïû ÿâëÿþòñÿ õîëëîâûìè ïîäãðóïïàìè â ñâîèõ íîðìàëüíûõ
çàìûêàíèÿõ, ïîñâÿùåíû ðàáîòû [5�8].

Ïðèìåð äèýäðàëüíîé ãðóïïû ïîðÿäêà 12 ïîêàçûâàåò, ÷òî êëàññ
ãðóïï, ó êîòîðûõ êàæäàÿ ìàêñèìàëüíàÿ ïîäãðóïïà èç êàæäîé ñè-
ëîâñêîé ïîäãðóïïû íîðìàëüíî âëîæåíà â ãðóïïó, øèðå ÷åì êëàññ
MNP-ãðóïï.

Â íàñòîÿùåé ðàáîòå óñòàíîâëåíà p-ñâåðõðàçðåøèìîñòü ãðóïïû G
ïðè óñëîâèè, ÷òî êàæäàÿ ìàêñèìàëüíàÿ ïîäãðóïïà èç ñèëîâñêîé
p-ïîäãðóïïû èç Op′,p(G) íîðìàëüíî âëîæåíà â G.

Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Ïóñòü H � íîðìàëüíàÿ ïîäãðóïïà p-ðàçðåøèìîé ãðóï-
ïû G è ôàêòîð-ãðóïïà G/H p-ñâåðõðàçðåøèìà. Åñëè âñå ìàêñèìàëü-
íûå ïîäãðóïïû èç ñèëîâñêîé p-ïîäãðóïïû èç Op′,p(H) íîðìàëüíî
âëîæåíû â G, òî G p-ñâåðõðàçðåøèìà.

Ïðè G = H ïîëó÷àåì

Ñëåäñòâèå. Ïóñòü G � p-ðàçðåøèìàÿ ãðóïïà. Åñëè êàæäàÿ ìàêñè-
ìàëüíàÿ ïîäãðóïïà èç ñèëîâñêîé p-ïîäãðóïïû èç Op′,p(G) íîðìàëüíî
âëîæåíà â G, òî G p-ñâåðõðàçðåøèìà.

Ëèòåðàòóðà. [1] S. Srinivasan, Two su�cient conditions for supersolvability

of �nite group, Israel J. Math., 35 (1980), 210�214. [2] G. L. Wall, Groups with

maximal subgroups of Sylow subgroups normal, Israel J. Math., 43 (1982),

166�168. [3] V. S. Monakhov, A.A. Tro�muk, Finite groups with subnormal

non-cyclic subgroups, J. Group Theory, 17 (5) (2014), 889-895. [4] K. Doerk,

T. Hawkes. Finite soluble groups. Berlin-New York: Walter de Gruyter, 1992.

[5] S. Li, J. He, G. Nong, L. Zhou, On Hall normally embedded subgroups

of �nite groups, Comm. Algebra., 37 (2009), 3360�3367. [6] S. Li, J. Liu,

On Hall subnormally embedded and generalized nilpotent groups, J. Algebra,

388 (2013) 1�9. [7] A. Ballester�Bolinches, S. Qiao, On a problem posed by

S. Li and J. Liu, Arch. Math., 102 (2014), 109�111. [8] V. S. Monakhov,

198



V. N. Kniahina, On Hall embedded subgroups of �nite groups, J. Group

Theory, 18 (2015), 565�568.

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ô.Ñêîðèíû, Áåëàðóñü

e-mail: alexander.tro�muk@gmail.com

Â. Ë. Óñîëüöåâ (Âîëãîãðàä)

Êîíãðóýíö-àëãåáðû Ðèñà â êëàññàõ óíàðîâ è àëãåáð ñ îïå-
ðàòîðàìè

Â [1] Ð. Òè÷è îáîáùèë ïîíÿòèå êîíãðóýíöèè Ðèñà, ïåðâîíà÷àëü-
íî âîçíèêøåå â òåîðèè ïîëóãðóïï, íà ïðîèçâîëüíûå óíèâåðñàëüíûå
àëãåáðû. Îáîçíà÷èì ÷åðåç ConA ðåøåòêó êîíãðóýíöèé àëãåáðû A, à
÷åðåç 4A � îòíîøåíèå ðàâåíñòâà íà A. Êîíãðóýíöèÿ θ óíèâåðñàëü-
íîé àëãåáðû A íàçûâàåòñÿ êîíãðóýíöèåé Ðèñà, åñëè íàéäåòñÿ òàêàÿ
ïîäàëãåáðà B àëãåáðû A, ÷òî θ = B2 ∪4A. Ïðè óñëîâèè, ÷òî ïóñòîå
ìíîæåñòâî ñ÷èòàåòñÿ ïîäàëãåáðîé ëþáîé àëãåáðû A, ñîâîêóïíîñòü
âñåõ êîíãðóýíöèé Ðèñà àëãåáðû A îáðàçóåò ðåøåòêó ConRA îòíî-
ñèòåëüíî âêëþ÷åíèÿ. Åñòåñòâåííûé èíòåðåñ âûçûâàþò óñëîâèÿ, ïðè
êîòîðûõ ðåøåòêè ConA è ConRA ñîâïàäàþò, à òàêæå ïðîòèâîïî-
ëîæíàÿ ñèòóàöèÿ, êîãäà ðåøåòêà ConRA ÿâëÿåòñÿ äâóõýëåìåíòíîé
öåïüþ. Êîíãðóýíö-àëãåáðîé Ðèñà [2] íàçûâàåòñÿ àëãåáðà, â êîòîðîé
ëþáàÿ êîíãðóýíöèÿ ÿâëÿåòñÿ êîíãðóýíöèåé Ðèñà. Íåîäíîýëåìåíòíàÿ
àëãåáðà íàçûâàåòñÿ ðèñîâñêè ïðîñòîé [2], åñëè ëþáàÿ åå êîíãðóýíöèÿ
Ðèñà ÿâëÿåòñÿ òðèâèàëüíîé.

Óíàðîì íàçûâàåòñÿ àëãåáðà 〈A, f〉 ñ îäíîé óíàðíîé îïåðàöèåé
f . ×åðåç fn(x) îáîçíà÷àåòñÿ ðåçóëüòàò n-êðàòíîãî ïðèìåíåíèÿ îïå-
ðàöèè f ê ýëåìåíòó x; òàêæå ïîëàãàåì f0(x) = x. ×åðåç Ctn, ãäå
n > 0, t > 0, îáîçíà÷àåòñÿ óíàð 〈a|f t(a) = f t+n(a)〉. ×åðåç C∞n
îáîçíà÷àåòñÿ îáúåäèíåíèå âîçðàñòàþùåé ïîñëåäîâàòåëüíîñòè óíàðîâ
Ct1n ⊆ Ct2n ⊆ . . . (ti > 0), t1 < t2 < . . . . Îáúåäèíåíèå íåïåðåñåêàþ-
ùèõñÿ óíàðîâ íàçûâàåòñÿ èõ ñóììîé. Óíàð 〈A, f〉 íàçûâàåòñÿ ñâÿç-
íûì, åñëè äëÿ ëþáûõ x, y ∈ A âûïîëíÿåòñÿ óñëîâèå fn(x) = fm(y)
äëÿ íåêîòîðûõ n > 0, m > 0. Ýëåìåíò a óíàðà 〈A, f〉 íàçûâàåòñÿ
íåïîäâèæíûì, åñëè f(a) = a. Ýëåìåíò a óíàðà íàçûâàåòñÿ óçëîâûì,
åñëè íàéäóòñÿ òàêèå ðàçëè÷íûå ýëåìåíòû b è c, îòëè÷íûå îò a, ÷òî
f(b) = a = f(c). Ñâÿçíûé óíàð ñ íåïîäâèæíûì ýëåìåíòîì íàçûâà-
åòñÿ êîðíåì. Êîðíåì áåç íåòðèâèàëüíûõ óçëîâ íàçûâàåòñÿ êîðåíü ñ
íåïîäâèæíûì ýëåìåíòîì a, íå ñîäåðæàùèé óçëîâûõ ýëåìåíòîâ, êðî-
ìå, ìîæåò áûòü, ýëåìåíòà a.

Òåîðåìà 1. Óíàð ÿâëÿåòñÿ êîíãðóýíö-àëãåáðîé Ðèñà òîãäà è òîëüêî
òîãäà, êîãäà îí èçîìîðôåí ëèáî C0

p , ãäå p � ïðîñòîå ÷èñëî, ëèáî
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C0
p +C0

1 , ëèáî C
t
1, ãäå t ∈ N ∪{0,∞}, ëèáî Ct1 +C0

1 , ëèáî C
0
1 +C0

1 +C0
1 .

Òåîðåìà 2. Óíàð ÿâëÿåòñÿ ðèñîâñêè ïðîñòûì òîãäà è òîëüêî òîãäà,
êîãäà îí èçîìîðôåí ëèáî C1

1 , ëèáî C
0
1 +C0

1 , ëèáî C
0
n äëÿ íåêîòîðîãî

n > 1.

Àëãåáðîé ñ îïåðàòîðàìè (ñì., íàïðèìåð, [3], �13) íàçûâàåòñÿ óíè-
âåðñàëüíàÿ àëãåáðà 〈A,Ω〉 ñèãíàòóðû Ω = Ω1 ∪ Ω2, ãäå Ω1 ïðîèç-
âîëüíà è íåïóñòà, à Ω2 ñîñòîèò èç îïåðàòîðîâ � óíàðíûõ îïåðàöèé,
ïåðåñòàíîâî÷íûõ ñ ëþáîé îïåðàöèåé èç Ω1, òî åñòü, äåéñòâóþùèõ
êàê ýíäîìîðôèçìû îòíîñèòåëüíî îïåðàöèé èç Ω1.

Òåîðåìà 3. Ïóñòü 〈A,Ω〉 � ïðîèçâîëüíàÿ àëãåáðà ñ îïåðàòîðîì
f ∈ Ω, òî åñòü, îïåðàöèÿ f ïåðåñòàíîâî÷íà ñ ëþáîé îïåðàöèåé èç Ω.
Åñëè 〈A,Ω〉 ÿâëÿåòñÿ êîíãðóýíö-àëãåáðîé Ðèñà, òî ëèáî îïåðàöèÿ f
èíúåêòèâíà, ëèáî óíàð 〈A, f〉 èçîìîðôåí íåîäíîýëåìåíòíîìó êîðíþ
áåç íåòðèâèàëüíûõ óçëîâ, ëèáî 〈A, f〉 èçîìîðôåí ñóììå íåîäíîýëå-
ìåíòíîãî êîðíÿ áåç íåòðèâèàëüíûõ óçëîâ è ïðîèçâîëüíîãî óíàðà ñ
èíúåêòèâíîé îïåðàöèåé.

Çàìå÷àíèå. Íåîáõîäèìûå óñëîâèÿ êîíãðóýíö-ðèñîâîñòè, ïðèâåäåí-
íûå â òåîðåìå 3, â îáùåì ñëó÷àå íå ÿâëÿþòñÿ äîñòàòî÷íûìè.

Ïðåäëîæåíèå. Ïóñòü 〈A,Ω〉 � ïðîèçâîëüíàÿ àëãåáðà ñ îïåðàòîðîì
f ∈ Ω, òî åñòü, îïåðàöèÿ f ïåðåñòàíîâî÷íà ñ ëþáîé îïåðàöèåé èç Ω.
Åñëè óíàð 〈A, f〉 èçîìîðôåí Ct1, ãäå t ∈ N ∪{0,∞}, òî àëãåáðà 〈A,Ω〉
ÿâëÿåòñÿ êîíãðóýíö-àëãåáðîé Ðèñà.

Çàìå÷àíèå. Ïóñòü 〈A,Ω ∪ {f}〉 � àëãåáðà ñ îïåðàòîðîì f è îñíîâ-
íîé ñèãíàòóðîé Ω. Åñëè Ω ñîäåðæèò òîëüêî íóëüàðíûå îïåðàöèè è
óíàðíûå îïåðàöèè, óäîâëåòâîðÿþùèå òîæäåñòâó g(x) = x äëÿ ëþáîé
óíàðíîé îïåðàöèè g ∈ Ω, òî Con〈A,Ω∪{f}〉 = Con〈A, f〉 è, êàê ñëåä-
ñòâèå, äëÿ àëãåáðû 〈A,Ω ∪ {f}〉 âåðíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ êîíãðóýíö-ðèñîâîñòè è ðèñîâñêîé ïðîñòîòû, ïðèâåäåííûå â
òåîðåìàõ 1 è 2 ñîîòâåòñòâåííî.

Â [4] íà ïðîèçâîëüíîì óíàðå 〈A, f〉 çàäàåòñÿ òåðíàðíàÿ îïåðàöèÿ
p(x, y, z), ïåðåñòàíîâî÷íàÿ ñ îïåðàöèåé f . Ïóñòü x, y ∈ A. Ïîëîæèì
Mx,y = {n ∈ N ∪ {0} | fn(x) = fn(y)}, à òàêæå k(x, y) = min Mx,y,
åñëè Mx,y 6= ∅, è k(x, y) =∞, åñëè Mx,y = ∅. Ïîëîæèì äàëåå

p(x, y, z)
def
=

{
z, åñëè k(x, y) 6 k(y, z)
x, åñëè k(x, y) > k(y, z).

(1)
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Èç (1) ñëåäóåò, ÷òî îïåðàöèÿ p(x, y, z) óäîâëåòâîðÿåò òîæäåñòâàì
Ïèêñëè p(y, y, x) = p(x, y, y) = p(x, y, x) = x è, ñëåäîâàòåëüíî, ÿâëÿ-
åòñÿ ìàëüöåâñêîé.

Íà îñíîâå ïîäõîäà, ïðåäëîæåííîãî â [4], â [5] íà ïðîèçâîëüíîì
óíàðå 〈A, f〉 îïðåäåëÿåòñÿ òåðíàðíàÿ îïåðàöèÿ s(x, y, z), ïåðåñòàíî-
âî÷íàÿ ñ îïåðàöèåé f :

s(x, y, z)
def
=

 z, åñëè k(x, y) < k(y, z);
y, åñëè k(x, y) = k(y, z);
x, åñëè k(x, y) > k(y, z).

(2)

Èç (2) âûòåêàåò, ÷òî îïåðàöèÿ s óäîâëåòâîðÿåò òîæäåñòâàì
s(y, y, x) = s(x, y, y) = s(y, x, y) = x. Êàê ñëåäñòâèå, îíà òàêæå ÿâëÿ-
åòñÿ ìàëüöåâñêîé îïåðàöèåé, è, êðîìå òîãî, îïåðàöèåé ìåíüøèíñòâà.

Òåîðåìà 4. Ïóñòü 〈A, d, f〉 � àëãåáðà ñ îïåðàòîðîì f è òåðíàðíîé
îïåðàöèåé d, çàäàííîé ïî îäíîìó èç ïðàâèë (1), (2). Àëãåáðà 〈A, d, f〉
ÿâëÿåòñÿ êîíãðóýíö-àëãåáðîé Ðèñà òîãäà è òîëüêî òîãäà, êîãäà ëèáî
îïåðàöèÿ f èíúåêòèâíà, ëèáî óíàð 〈A, f〉 ÿâëÿåòñÿ íåîäíîýëåìåíò-
íûì êîðíåì áåç íåòðèâèàëüíûõ óçëîâ, ëèáî 〈A, f〉 èçîìîðôåí ñóììå
íåîäíîýëåìåíòíîãî êîðíÿ áåç íåòðèâèàëüíûõ óçëîâ è ïðîèçâîëüíîãî
óíàðà ñ èíúåêòèâíîé îïåðàöèåé.

Ëèòåðàòóðà. [1] R. F. Tichy. The Rees congruences in universal algebras.

Publ. Inst. Math. (Beograd), 29 (1981), 229�239. [2] Â. Ë. Óñîëüöåâ. Àëãåá-

ðû Ðèñà è êîíãðóýíö-àëãåáðû Ðèñà â îäíîì êëàññå àëãåáð ñ îïåðàòîðîì

è îñíîâíîé îïåðàöèåé ïî÷òè åäèíîãëàñèÿ. ×åáûøåâñêèé ñáîðíèê, 17, N4

(2016), 157�166. [3] À. Ã. Êóðîø. Îáùàÿ àëãåáðà. Ëåêöèè 1969-1970 ó÷åá-

íîãî ãîäà. Ì.: Íàóêà, 1974. [4] Â. Ê. Êàðòàøîâ. Îá óíàðàõ ñ ìàëüöåâñêîé

îïåðàöèåé. Óíèâ. àëãåáðà è åå ïðèëîæåíèÿ: Òåç. äîêë. ìåæäóíàð. ñåì.,

ïîñâ. ïàìÿòè ïðîô. ÌÃÓ Ë.À. Ñêîðíÿêîâà. Âîëãîãðàä: Ïåðåìåíà, 1999.

Ñ. 31�32. [5] Â. Ë. Óñîëüöåâ. Ñâîáîäíûå àëãåáðû ìíîãîîáðàçèÿ óíàðîâ ñ

ìàëüöåâñêîé îïåðàöèåé p, çàäàííîãî òîæäåñòâîì p(x, y, x) = y. ×åáûøåâ-

ñêèé ñáîðíèê, 12, N2 (2011), 127�134.

Âîëãîãðàäñêèé ãîñóäàðñòâåííûé ñîöèàëüíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò

e-mail: usl2004@mail.ru
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Â. Õ. Ôàðóêøèí (Ìîñêâà)

Î êàòåãîðèè R�ðàçëîæèìûõ p�ëîêàëüíûõ ãðóïï áåç êðó-
÷åíèÿ êîíå÷íîãî ðàíãà

Îáîçíà÷èì ÷åðåç Zp ëîêàëèçàöèþ êîëüöà öåëûõ ÷èñåë Z îòíî-
ñèòåëüíî ïðîñòîãî ÷èñëà p, Q � ïîëå ðàöèîíàëüíûõ ÷èñåë,〈X〉 =
ZpX � ñâîáîäíûé Zp�ìîäóëü, ïîðîæäåííûé ìíîæåñòâîì X.

Ãðóïïó A íàçîâåì R�ðàçëîæèìîé, åñëè êîëüöî R ÿâëÿåòñÿ ìèíè-
ìàëüíûì êîëüöîì ðàñùåïëåíèÿ äëÿ ãðóïïû A.

Ðàññìîòðèì êàòåãîðèþLp(W ) � p�ëîêàëüíûõ R�ðàçëîæèìûõ
ãðóïï áåç êðó÷åíèÿ êîíå÷íîãî ðàíãà ñ îòìå÷åííûìè Q�áàçèñàìè
ãðóïïW = X∪Y, ãäå X � p-áàçèñ ãðóïïû, Y � äîïîëíåíèå p�áàçèñà
X äîQ �áàçèñà ãðóïïû. Ìîðôèçìû � ýòî ãðóïïîâûå ãîìîìîðôèçìû.
Âòîðàÿ êàòåãîðèÿ HR(W ) � ýòî êàòåãîðèÿ ãîìîìîðôèçìîâ ñâîáîä-
íûõ R�ìîäóëåé ñ îòìå÷åííûìè áàçèñàìè. Ìîðôèçìû â HR(W ) îïðå-
äåëÿþòñÿ ñëåäóþùèì îáðàçîì. Åñëè Φ: M → N è Ψ: M1 → N1 �
äâà îáúåêòà HR(W ) èW = Y ∪X,W1 = Y1∪X1 � îòìå÷åííûå áàçèñû
ìîäóëåé M,N,M1, N1 ñîîòâåòñòâåííî, òî ìîðôèçìîì èç Φ â Ψ íàçî-
âåì ïàðó ãîìîìîðôèçìîâ R�ìîäóëåé (f, φ), f : M → M1, φ : N → N1

òàêèõ, ÷òî f(〈Y 〉) ⊂ 〈Y1〉, φ(〈X〉) ⊂ 〈X1〉 è φΦ = Ψf, òî åñòü êîììó-
òàòèâíà äèàãðàììà

M
Φ //

f

��

N

φ

��
M1

Ψ
// N1

Òåîðåìà. Êàòåãîðèè Lp(W ) è HR(W ) èçîìîðôíû.

e-mail: fvkh@mail.ru

À. Ñ. Ôåäîñåíêî, Ê. À. Ôèëèïïîâ, À. Ê. Øë¼ïêèí (Êðàñíî-
ÿðñê)

Î ãðóïïàõ Øóíêîâà, íàñûùåííûõ ïðÿìûìè ïðîèçâåäåíè-
ÿìè öèêëè÷åñêèõ ãðóïï íå÷åòíîãî ïîðÿäêà è óíèòàðíûõ
ãðóïï ñòåïåíè 3

Ãðóïïà G íàñûùåíà ãðóïïàìè èç ìíîæåñòâà ãðóïï R, åñëè ëþ-
áàÿ êîíå÷íàÿ ïîäãðóïïà K èç G ñîäåðæèòñÿ â ïîäãðóïïå ãðóïïû G,
èçîìîðôíîé íåêîòîðîé ãðóïïå èç R [2].

Íàïîìíèì, ÷òî ãðóïïà G íàçûâàåòñÿ ãðóïïîé Øóíêîâà, åñëè äëÿ
ëþáîé åå êîíå÷íîé ïîäãðóïïû H â ôàêòîð-ãðóïïå NG(H)/H ëþáûå
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äâà ñîïðÿæåííûõ ýëåìåíòà ïðîñòîãî ïîðÿäêà ïîðîæäàþò êîíå÷íóþ
ïîäãðóïïó [1]. Äàííûé êëàññ ãðóïï áûë ââåäåí Â.Ï. Øóíêîâûì â 70-
å ãîäû, è ïåðâîíà÷àëüíî, ñàì Â.Ï. Øóíêîâ íàçûâàë òàêèå ãðóïïû
ñîïðÿæåííî áèïðèìèòèâíî êîíå÷íûìè.

Ãðóïïû Øóíêîâà îòëè÷íû îò ïåðèîäè÷åñêèõ ãðóïï. Êðîìå òîãî,
ïîñòðîåíû ïðèìåðû ãðóïï Øóíêîâà ñîäåðæàùèõ ýëåìåíòû áåñêî-
íå÷íîãî ïîðÿäêà è íå îáëàäàþùèõ ïåðèîäè÷åñêîé ÷àñòüþ. Íàïîì-
íèì, ÷òî ïîä ïåðèîäè÷åñêîé ÷àñòüþ ãðóïïû ïîíèìàåòñÿ ìíîæåñòâî
âñåõ ýëåìåíòîâ êîíå÷íîãî ïîðÿäêà ãðóïïû, ïðè óñëîâèè, ÷òî îíè îá-
ðàçóþò ïîäãðóïïó.

Ïóñòü A � ìíîæåñòâî âñåõ êîíå÷íûõ öèêëè÷åñêèõ ãðóïï íå÷¼ò-
íîãî ïîðÿäêà, B = {U3(q) | q = 2k, k = 1, 2, · · · } � ìíîæåñòâî âñåõ
óíèòàðíûõ ãðóïï ñòåïåíè 3 íàä êîíå÷íûìè ïîëÿìè ÷åòíîé õàðàêòå-
ðèñòèêè.

Òåîðåìà 1. Ãðóïïà Øóíêîâà G, íàñûùåííàÿ ãðóïïàìè èç ìíîæå-
ñòâà

R = {B ×A|A ∈ A, B ∈ B},

îáëàäàåò ïåðèîäè÷åñêîé ÷àñòüþ, êîòîðàÿ ëîêàëüíî êîíå÷íà è èçî-
ìîðôíà U3(Q) × I, ãäå I � ëîêàëüíî öèêëè÷åñêàÿ ãðóïïà áåç èíâî-
ëþöèé, Q � ëîêàëüíî êîíå÷íîå ïîëå ÷åòíîé õàðàêòåðèñòèêè.

Ëèòåðàòóðà. [1]Ñåíàøîâ Â. È., Øóíêîâ Â. Ï., Ãðóïïû ñ óñëîâèÿìè
êîíå÷íîñòè. Íîâîñèáèðñê: Íàóêà. Ñèáèðñêàÿ èçäàòåëüñêàÿ ôèðìà ÐÀÍ,
(2001) 326 c. [2]Øë¼ïêèí À. Ê., Ñîïðÿæåííî áèïðèìèòèâíî êîíå÷íûå
ãðóïïû, ñîäåðæàùèå êîíå÷íûå íåðàçðåøèìûå ïîäãðóïïû. III ìåæä. êîíô.
ïî àëãåáðå, òåçèû äîêëàäîâ, Êðàñíîÿðñê, (1993).

Êðàñíîÿðñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò, Ñèáèðñêèé ôå-

äåðàëüíûé óíèâåðñèòåò

e-mail: �lippov_kostya@mail.ru

e-mail: ak_kgau@mail.ru

À. À. Ôîìèí (Ìîñêâà)

Òåîðåìû Êóðîøà è Ìàëüöåâà îá àáåëåâûõ ãðóïïàõ
Â ðàáîòå [1] À.Ã. Êóðîø îïèñàë p-ïðèìèòèâíûå àáåëåâû ãðóïïû

áåç êðó÷åíèÿ êîíå÷íîãî ðàíãà ïðè ïîìîùè ìàòðèö ñ p-àäè÷åñêèìè
ýëåìåíòàìè. Ýòà ðàáîòà ñûãðàëà çíà÷èòåëüíóþ ðîëü â ðàçâèòèè òåî-
ðèè àáåëåâûõ ãðóïï. Èñïîëüçóÿ òåîðåìó Êóðîøà, Ä. Äåððè [2] ïî-
ëó÷èë îïèñàíèå âñåõ àáåëåâûõ ãðóïï áåç êðó÷åíèÿ êîíå÷íîãî ðàíãà.
À.È. Ìàëüöåâ íåçàâèñèìî ïîëó÷èë àíàëîãè÷íûé ðåçóëüòàò [3]. Ìû
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ïðåäëàãàåì ñëåäóþùóþ ñîâðåìåííóþ òðàêòîâêó ýòèõ êëàññè÷åñêèõ
ðåçóëüòàòîâ.

Ðàññìàòðèâàþòñÿ äâå êàòåãîðèè àáåëåâûõ ãðóïï. Îáúåêòàìè êà-
òåãîðèè F ÿâëÿþòñÿ àáåëåâû ãðóïïû áåç êðó÷åíèÿ êîíå÷íîãî ðàí-
ãà ñ îòìå÷åííûìè áàçèñàìè. Ïîä áàçèñîì çäåñü ïîíèìàåòñÿ ëþáàÿ
ìàêñèìàëüíàÿ ëèíåéíî íåçàâèñèìàÿ ñèñòåìà ýëåìåíòîâ. Îáúåêòàìè
êàòåãîðèè D ÿâëÿþòñÿ ñìåøàííûå ôàêòîðíî äåëèìûå ãðóïïû ñ îò-
ìå÷åííûìè áàçèñàìè. Ìîðôèçìàìè â îáåèõ êàòåãîðèÿõ ÿâëÿþòñÿ ãî-
ìîìîðôèçìû ãðóïï ñ öåëî÷èñëåííûìè ìàòðèöàìè îòíîñèòåëüíî îò-
ìå÷åííûõ áàçèñîâ.

Òðåòüÿ êàòåãîðèÿ S ïðåäñòàâëÿåò ñîáîé êàòåãîðèþ òåðìèíîâ, â
êîòîðûõ îäíîâðåìåííî îïèñûâàþòñÿ îáúåêòû êàòåãîðèé F è D. À
èìåííî, îáúåêòàìè êàòåãîðèè S ÿâëÿþòñÿ êîíå÷íûå ïîñëåäîâàòåëü-
íîñòè a1, . . . , an ýëåìåíòîâ êîíå÷íî ïðåäñòàâèìûõ ìîäóëåé íàä êîëü-
öîì ïîëèàäè÷åñêèõ ÷èñåë Ẑ. Êîëüöî ïîëèàäè÷åñêèõ ÷èñåë Ẑ =

∏
p
Ẑp

- ýòî ïðîèçâåäåíèå êîëåö öåëûõ p-àäè÷åñêèõ ÷èñåë ïî âñåì ïðîñòûì
÷èñëàì p. Ýëåìåíòû a1, . . . , an ïîðîæäàþò Ẑ-ïîäìîäóëü A, êîòîðûé
òàêæå ÿâëÿåòñÿ êîíå÷íî ïðåäñòàâèìûì Ẑ-ìîäóëåì. Ìû îáîçíà÷àåì
A = 〈a1, . . . , an〉Ẑ. Ïóñòü B = 〈b1, . . . , bk〉Ẑ - ìîäóëü, ñîîòâåòñòâóþ-
ùèé îáúåêòó b1, . . . , bk. Ìîðôèçìàìè èç îáúåêòà a1, . . . , an â îáúåêò
b1, . . . , bk ÿâëÿþòñÿ âñå âîçìîæíûå ïàðû (ϕ,M), ãäå ϕ : A → B - ãî-

ìîìîðôèçì Ẑ-ìîäóëåé, àM - öåëî÷èñëåííàÿ ìàòðèöà ðàçìåðà k×n,
äëÿ êîòîðûõ âûïîëíåíî ìàòðè÷íîå ðàâåíñòâî

(ϕa1, . . . , ϕan) = (b1, . . . , bk)M.

Äîêàçûâàåòñÿ, ÷òî êàòåãîðèÿ S ýêâèâàëåíòíà êàòåãîðèèD è äâîé-
ñòâåííà êàòåãîðèè F . Êîìïîçèöèÿ ýòîé ýêâèâàëåíòíîñòè è äâîé-
ñòâåííîñòè ÿâëÿåòñÿ äâîéñòâåííîñòüþ ìåæäó êàòåãîðèÿìè D è F ,
êîòîðóþ ìîæíî ðàññìàòðèâàòü êàê ìîäèôèêàöèþ äâîéñòâåííîñòè,
ïîëó÷åííîé â [4].

Çàìåòèì, ÷òî p-ïðèìèòèâíûå ãðóïïû Êóðîøà ÿâëÿþòñÿ ôàêòîð-
íî äåëèìûìè. Ýêâèâàëåíòíîñòü êàòåãîðèé S è D, ïîñòðîåííàÿ â [5],
ìîæåò ðàññìàòðèâàòüñÿ êàê îáîáùåíèå òåîðåìû Êóðîøà [1], â òî âðå-
ìÿ êàê äâîéñòâåííîñòü êàòåãîðèé S è F ÿâëÿåòñÿ ìîäèôèêàöèåé îïè-
ñàíèÿ Ìàëüöåâà [3].

Ëèòåðàòóðà. [1] A. G. Kurosh, Primitive torsionsfreie abelsche Gruppen

von endlichen Range. Ann. of Math., 38 (1937), 175-203. [2] D. Derry, �Uber

eine Klasse von abelschen Gruppen. Proc. London Math. Soc., s2-43 (1938),

490-506. [3] À. È. Ìàëüöåâ, Àáåëåâû ãðóïïû êîíå÷íîãî ðàíãà áåç êðó÷åíèÿ.

Ìàòåì. ñá., 4 (1938), 45-68. [4] A. A. Fomin, W. J. Wickless, Quotient divisible
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Abelian groups. Proc. Amer. Math. Soc., 126 (1998), 45-52. [5] À. À. Ôîìèí,

Ê òåîðèè ôàêòîðíî äåëèìûõ ãðóïï. 2. Ôóíäàìåíò. è ïðèêë. ìàòåì., 20

(2015), 157-196.

Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: alexander.fomin@mail.ru

Ä. À. Õîäàíîâè÷ (Ãîìåëü)

Î ðàçðåøèìîñòè êîíå÷íîé ãðóïïû ñ ïàðîé íåñîïðÿæåííûõ
ïîäãðóïï ïðèìàðíûõ èíäåêñîâ

Ðàññìàòðèâàþòñÿ òîëüêî êîíå÷íûå ãðóïïû. Èñïîëüçóåìàÿ òåð-
ìèíîëîãèÿ è îáîçíà÷åíèÿ ñîîòâåòñòâóþò [1]. Íàòóðàëüíîå ÷èñëî, ÿâ-
ëÿþùååñÿ ñòåïåíüþ íåêîòîðîãî ïðîñòîãî ÷èñëà, íàçûâàåòñÿ ïðèìàð-
íûì.

Ðàçðåøèìîñòü ãðóïïû ñ äâóìÿ íåñîïðÿæåííûìè ñâåðõðàçðåøè-
ìûìè ìàêñèìàëüíûìè ïîäãðóïïàìè ïðèìàðíûõ èíäåêñîâ óñòàíîâ-
ëåíà â [2, òåîðåìà 4.1]. Ñòðîåíèå ðàçðåøèìîé ãðóïïû ñ äâóìÿ íåñî-
ïðÿæåííûìè ñâåðõðàçðåøèìûìè ìàêñèìàëüíûìè ïîäãðóïïàìè îïè-
ñàíî â [3]. Â [4, òåîðåìà 3.5] ïîëó÷åíà ðàçðåøèìîñòü ãðóïïû ñî ñâåðõ-
ðàçðåøèìîé ïîäãðóïïîé íå÷åòíîãî ïðèìàðíîãî èíäåêñà è óñòàíîâëå-
íî [4, òåîðåìà 4.5] äîñòàòî÷íîå óñëîâèå ðàçðåøèìîñòè ãðóïïû G, ïðè
óñëîâèè, ÷òî âñå ñîáñòâåííûå ïîäãðóïïû â íåêîòîðîé ìàêñèìàëüíîé
ïîäãðóïïå A ñâåðõðàçðåøèìû è èíäåêñ ïîäãðóïïû A â G ïðèìàðåí.

Áåç èñïîëüçîâàíèÿ êëàññèôèêàöèè êîíå÷íûõ ïðîñòûõ ãðóïï äî-
êàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà.Ïóñòü A èB � íåñîïðÿæåííûå ìàêñèìàëüíûå ïîäãðóï-

ïû â ãðóïïå G. Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå òðåáî-

âàíèÿ:

(1) A è B èìåþò ïðèìàðíûå èíäåêñû â G;
(2) âñå ñîáñòâåííûå ïîäãðóïïû â A è â B ñâåðõðàçðåøèìû.

Òîãäà ãðóïïà G ðàçðåøèìà.

Â ïðîñòîé ãðóïïå PSL(2, 7) åñòü äâå ìàêñèìàëüíûå ïîäãðóïïû
ïðèìàðíûõ èíäåêñîâ: ñèììåòðè÷åñêàÿ ãðóïïà S4 ñòåïåíè 4 è ïîä-
ãðóïïà ïîðÿäêà 21. Â S4 èìååòñÿ çíàêîïåðåìåííàÿ ãðóïïà ñòåïåíè 4,
êîòîðàÿ íå ñâåðõðàçðåøèìà. Ïîýòîìó â òåîðåìå òðåáîâàíèå ñâåðõ-
ðàçðåøèìîñòè ñîáñòâåííûõ ïîäãðóïï äàæå â îäíîé èç ïîäãðóïï A
èëè B îòáðîñèòü íåëüçÿ.

Â ïðîñòîé ãðóïïå PSL(2, 31) åñòü ñâåðõðàçðåøèìûå ìàêñèìàëü-
íûå ïîäãðóïïû ïîðÿäêîâ 23 è 31 · 5 · 3. Èõ èíäåêñû ðàâíû 31 · 5 · 3 è
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23 ñîîòâåòñòâåííî. Ïîýòîìó â òåîðåìå òðåáîâàíèå ïðèìàðíîñòè èí-
äåêñîâ äàæå îäíîé èç ïîäãðóïï A èëè B îòáðîñèòü íåëüçÿ.

Ëèòåðàòóðà. [1] Â.Ñ. Ìîíàõîâ. Ââåäåíèå â òåîðèþ êîíå÷íûõ ãðóïï è èõ

êëàññîâ. Ìèíñê: Âûøýéøàÿ øêîëà, 2006. [2] K. Corradi, P. Z. Hermann,

L. Hethelyi, E. Nortvath. Miscellaneous rezults on supersolvable groups.

London Mathematical Society. Lecture Note Series, 387. Groups St Andrews

2009 in Bath: 1, 198�212. [3] Ë.Ñ. Êàçàðèí, Þ.À. Êîðçþêîâ. Êîíå÷íûå

ðàçðåøèìûå ãðóïïû ñî ñâåðõðàçðåøèìûìè ìàêñèìàëüíûìè ïîäãðóïïà-

ìè. Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà, 1980, 5, 22�27. [4] Â.Ñ. Ìîíàõîâ. Ïðî-

èçâåäåíèå ñâåðõðàçðåøèìîé è öèêëè÷åñêîé èëè ïðèìàðíîé ãðóïï. Â êí.:

Êîíå÷íûå ãðóïïû. Ìèíñê: Íàóêà è òåõíèêà, 1978, 50�63.

Ãîìåëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ôðàíöèñêà Ñêîðèíû

e-mail: hodanovich@gsu.by

À. Â. Öàðåâ (Ìîñêâà)

Îá îáîáùåíèè ôàêòîðíî äåëèìûõ ãðóïï
Ôàêòîðíî äåëèìûå ãðóïïû âïåðâûå áûëè ââåäåíû è ðàññìîòðåíû

Ð. Áüþìîíòîì è Ð. Ïèðñîì â 1961 ã. â [1] äëÿ ñëó÷àÿ ãðóïï áåç êðó-
÷åíèÿ êîíå÷íîãî ðàíãà ïðè èçó÷åíèè àääèòèâíûõ ãðóïï êîëåö áåç
êðó÷åíèÿ.

Îïðåäåëåíèå (Áüþìîíò�Ïèðñ). Ãðóïïà áåç êðó÷åíèÿ A êîíå÷íî-
ãî ðàíãà íàçûâàåòñÿ ôàêòîðíî äåëèìîé, åñëè â íåé íàéäåòñÿ òàêàÿ
ñâîáîäíàÿ ïîäãðóïïà F , ÷òî A/F � äåëèìàÿ ïåðèîäè÷åñêàÿ ãðóïïà.

Äëÿ ýòèõ ãðóïï Áüþìîí è Ïèðñ ïîñòîèëè ñèñòåìó èíâàðèàíòîâ,
çàäàþùèõ èõ (âíóòðè êëàññà) ñ òî÷íîñòüþ äî êâàçèèçîìîðôèçìà.
Êðîìå òîãî, îíè äîêàçàëè, ÷òî àääèòèâíàÿ ãðóïïà ëþáîãî ïîëóïåð-
âè÷íîãî êîëüöà áåç êðó÷åíèÿ êîíå÷íîãî ðàíãà ÿâëÿåòñÿ ôàêòîðíî
äåëèìîé ãðóïïîé.

Ïî÷òè ñðàçó ïîÿâèëñÿ èíòåðåñ ê îáîáùåíèÿì ôàêòîðíî äåëèìûõ
ãðóïï áåç êðó÷åíèÿ íà ñëó÷àé áåñêîíå÷íîãî ðàíãà. Óæå â 1962 ã.
Äæ. Ðåéä [2] ïîëó÷èë ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 1. Åñëè A � ãðóïïà áåç êðó÷åíèÿ áåñêîíå÷íîãî ðàíãà, òî
íàéäåòñÿ ñâîáîäíàÿ ïîäãðóïïà F ãðóïïû A, òàêàÿ ÷òî A/F � äåëè-
ìàÿ ïåðèîäè÷åñêàÿ ãðóïïà.

Òàêèì îáðàçîì, îáîáùåíèå ôàêòîðíî äåëèìûõ ãðóïï íà ñëó÷àé
áåñêîíå÷íîãî ðàíãà â ñëó÷àå ãðóïï áåç êðó÷åíèÿ íå ÿâëÿåòñÿ ñîäåð-
æàòåëüíûì. Â êîíöå 90-õ ãîäîâ ïîÿâèëèñü èäåè î ðàñøèðåíèè ïî-
íÿòèÿ ôàêòîðíî äåëèìîé ãðóïïû íà ñìåøàííûé ñëó÷àé. Íàèáîëåå
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ñîäåðæàòåëüíî ýòî áûëî ñäåëàíî Ó. Óèêëåññîì è À.À. Ôîìèíûì â
1998 ã. [3].

Îïðåäåëåíèå (Óèêëåññ�Ôîìèí). Ãðóïïà A íàçûâàåòñÿ ôàêòîðíî
äåëèìîé, åñëè îíà íå ñîäåðæèò äåëèìûõ ïåðèîäè÷åñêèõ ïîäãðóïï,
íî ñîäåðæèò ñâîáîäíóþ ïîäãðóïïó F êîíå÷íîãî ðàíãà, òàêóþ ÷òî
A/F � äåëèìàÿ ïåðèîäè÷åñêàÿ ãðóïïà.

Óèêëåññ è Ôîìèí äîêàçàëè, ÷òî ïîñòðîåííàÿ èìè êàòåãîðèÿ ôàê-
òîðíî äåëèìûõ ãðóïï ñ êâàçèãîìîìîðôèçìàìè â êà÷åñòâå ìîðôèç-
ìîâ äâîéñòâåííà êàòåãîðèè ãðóïï áåç êðó÷åíèÿ êîíå÷íîãî ðàíãà ñ
êâàçèãîìîìîðôèçìàìè â êà÷åñòâå ìîðôèçìîâ.

Â äîêëàäå ìû ðàññìîòðèì êëàññ ãðóïï, ÿâëÿþùèéñÿ íàèáîëåå
øèðîêèì îáîáùåíèåì ôàêòîðíî äåëèìûõ ãðóïï.

Îïðåäåëåíèå. Ãðóïïó A áóäåì íàçûâàòü îáîáùåííîé ôàêòîðíî äå-
ëèìîé èëè gqd-ãðóïïîé, åñëè îíà ñîäåðæèò ñâîáîäíóþ ïîäãðóïïó F ,
òàêóþ ÷òî A/F � äåëèìàÿ ïåðèîäè÷åñêàÿ ãðóïïà.

Îñíîâíûì ðåçóëüòàòàì ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 2. Ãðóïïà A áåñêîíå÷íîãî ðàíãà ÿâëÿåòñÿ îáîáùåííîé ôàê-
òîðíî äåëèìîé òîãäà è òîëüêî òîãäà, êîãäà rp(A) 6 r0(A) ïðè âñåõ
ïðîñòûõ p.

Çäåñü r0(A) � ðàíã áåç êðó÷åíèÿ ãðóïïû A, à rp(A) � p-ðàíã
ãðóïïû A.

Ëèòåðàòóðà. [1] R. Beaumont, R. Pierce, Torsion Free Rings, Ill. J. Math.,

5 (1961), 6�98. [2] J. D. Reid, A Note on Torsion Free Abelian Groups of

In�nite Rank, Proc. AMS, 13:2 (1962), 222�225. [3] A. A. Fomin, W. Wickless,

Quotient divisible abelian groups, Proc. AMS, 126 (1998), 45�52.

Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé

e-mail: an-tsarev@yandex.ru

Ë. Ì. Öûáóëÿ (Ìîñêâà)

Îñíîâíûå T -ïðîñòðàíñòâà îòíîñèòåëüíî ñâîáîäíîé àëãåá-
ðû Ãðàññìàíà áåç 1

Â ðàáîòàõ [1], [2] äîâîëüíî õîðîøî áûëà èçó÷åíà ñòðóêòóðà óíè-
òàðíî çàìêíóòûõ T -ïðîñòðàíñòâ â îòíîñèòåëüíî ñâîáîäíîé àëãåáðå
Ãðàññìàíà F (3) = k〈1, x1, . . . , xi, . . .〉/T (3) ñ 1 íàä áåñêîíå÷íûì ïî-
ëåì k ïðîñòîé õàðàêòåðèñòèêè p, ãäå T (3) � óíèòàðíî çàìêíóòûé
T -èäåàë, ïîðîæä¼ííûé òîæäåñòâîì [[x1, x2], x3] = 0. Èíòåðåñ ê ýòîé
àëãåáðå âîçíèê â ñâÿçè ñ ðåøåíèåì àíàëîãà ïðîáëåìû Øïåõòà â õà-
ðàêòåðèñòèêå p: â íåé ïî ñóùåñòâó áûëè äàíû âñå îñíîâíûå èçâåñò-
íûå êîíòðïðèìåðû ê ýòîé ïðîáëåìå. Ïðè ýòîì âåñüìà âàæíóþ ðîëü
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â àëãåáðå F (3) èãðàëî T -ïðîñòðàíñòâî Wn, ïîðîæäåííîå âñåìè îä-
íî÷ëåíàìè, ñîäåðæàùèìè êàæäóþ ïåðåìåííóþ ñ êðàòíîñòüþ n, òàê
íàçûâàåìûìè n-ñëîâàìè. Èìåííî ýòî T -ïðîñòðàíñòâî ïîñëóæèëî â
íåêîòîðîì ñìûñëå îñíîâîé äëÿ ïîñòðîåíèÿ êîíòðïðèìåðîâ: èç áåñêî-
íå÷íî áàçèðóåìûõ T -ïîäïðîñòðàíñòâ, íàéäåííûõ â Wn, ïîòîì áûëè
ñêîíñòðóèðîâàíû áåñêîíå÷íî áàçèðóåìûå T -èäåàëû [3], [4], [5]. Îòìå-
òèì, ÷òî ñîäåðæàòåëüíàÿ ñòðóêòóðíàÿ òåîðèÿ â àëãåáðå F (3) âîçíèêà-
åò, åñëè n äåëèòñÿ íà pl, l ∈ N . Â ñëó÷àå æå, êîãäà n âçàèìíî ïðîñòî ñ
õàðàêòåðèñòèêîé p, è â ñëó÷àå õàðàêòåðèñòèêè íóëü T -ïðîñòðàíñòâî
Wn ïðîñòî ñîâïàäàåò ñ F

(3).
Åñòåñòâåííîé ïðåäñòàâëÿåòñÿ çàäà÷à î ïîñòðîåíèè àíàëîãè÷íîé

òåîðèè â ýòîé æå àëãåáðå, íî áåç 1, ðåøåíèå êîòîðîé íà÷àòî â [6]. Â
ïðîäîëæåíèå ýòîé ðàáîòû â íàñòîÿùåé çàìåòêå ðàññìàòðèâàþòñÿ íå
óíèòàðíî çàìêíóòûå T -ïðîñòðàíñòâà â îòíîñèòåëüíî ñâîáîäíîé àë-
ãåáðå Ãðàññìàíà F(3) = k〈x1, . . . , xi, . . .〉/T (3) áåç 1 íàä áåñêîíå÷íûì
ïîëåì íå òîëüêî ïðîñòîé õàðàêòåðèñòèêè, íî è íóëåâîé. Îáðàçû ïå-
ðåìåííûõ â F(3) îáîçíà÷àþòñÿ òåìè æå áóêâàìè. ßñíî, ÷òî ëþáîå
T -ïðîñòðàíñòâî S â F(3), ïîðîæäåííîå òåìè æå ìíîãî÷ëåíàìè, ÷òî è
T -ïðîñòðàíñòâî S â àëãåáðå F (3), âîîáùå ãîâîðÿ, ìåíüøå.

Ïðè îòñóòñòâèè åäèíèöû ñòðîåíèå T -ïðîñòðàíñòâ â àëãåáðå F(3)

â íåêîòîðîé ñòåïåíè îòëè÷àåòñÿ. Åñëè â F (3) ïðàêòè÷åñêè îñíîâ-
íûå ñòðóêòóðíûå âîïðîñû, êàê óæå îòìå÷àëîñü âûøå, ñâîäÿòñÿ ê
T -ïðîñòðàíñòâàì Wpl , â ÷àñòíîñòè, ïðè n = pln1, (n1, p) = 1, âûïîë-
íåíî Wn = Wpl è

F (3) = W1 = Wn ⊃Wp ⊃Wp2 ⊃ . . . ⊃Wpl ⊃ . . . ,

òî â F(3) â ýòîì ñëó÷àå Wn ⊂ Wpl (ñèìâîëû `⊃' è `⊂' îçíà÷àþò
ñòðîãèå âêëþ÷åíèÿ). Ââèäó ýòîãî âîçíèê âîïðîñ î ñâÿçè ìåæäó T -
ïðîñòðàíñòâàìè Wr è Wn ïðè ðàçëè÷íûõ r è n, èçó÷åíèå êîòîðîãî
íà÷àòî â ðàáîòå [6]. Â ïðîäîëæåíèå ýòîãî èññëåäîâàíèÿ ïðåäñòàâëåí-
íàÿ íèæå òåîðåìà äàåò ñëåäóþùèé îòâåò íà ýòîò âîïðîñ.

Òåîðåìà.Ïóñòü r, n ∈ N , òîãäà â àëãåáðå F(3) ïðè r > n ñïðàâåäëèâû
ñëåäóþùèå óòâåðæäåíèÿ.

(1) Åñëè r è n äåëÿòñÿ íà p, òî
(a) â ñëó÷àå, êîãäà ñòåïåíü âõîæäåíèÿ ÷èñëà p â r è n îäèíàêîâà

è r äåëèòñÿ íà n, òî âûïîëíåíî âêëþ÷åíèå Wr ⊂Wn;
(b) â ñëó÷àå, êîãäà ñòåïåíü âõîæäåíèÿ ÷èñëà p â r áîëüøå ñòå-

ïåíè âõîæäåíèÿ ÷èñëà p â n è r äåëèòñÿ íà n, òî Wr ⊂Wn;
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(c) â ñëó÷àå, êîãäà ñòåïåíü âõîæäåíèÿ ÷èñëà p â r ìåíüøå,
÷åì ñòåïåíü âõîæäåíèÿ ýòîãî ÷èñëà â n, òî Wr 6⊂ Wn, Wr 6⊃ Wn è
Wr ∩Wn 6= {0}.

(2) Åñëè r è n íå äåëÿòñÿ íà õàðàêòåðèñòèêó p, òî Wr ⊂Wn.
(3) Íàä ïîëåì íóëåâîé õàðàêòåðèñòèêè Wr ⊂Wn.
(4) Åñëè r äåëèòñÿ íà p è íà n, à n è p âçàèìíî ïðîñòû, òî Wr ⊂

Wn.
(5) Åñëè r è p âçàèìíî ïðîñòû, à n äåëèòñÿ íà p, òî Wr 6⊂ Wn,

Wr 6⊃Wn è Wr ∩Wn 6= {0}.
Îòêðûòûì ïîêà îñòàåòñÿ âîïðîñ î âçàèìîñâÿçèWr èWn â ñëó÷à-

ÿõ, êîãäà r ïî ñðàâíåíèþ ñ n èìååò îäèíàêîâóþ èëè áîëüøóþ ñòåïåíü
âõîæäåíèÿ ïî p è íå äåëèòñÿ íà n. Ìîæåò ïîêàçàòüñÿ, ÷òî äåëèìîñòü
r íà n âàæíà è â ñëó÷àå, êîãäà ñòåïåíü âõîæäåíèÿ ÷èñëà p â r ìåíüøå,
÷åì â n. Íà ñàìîì äåëå, äëÿ ýòîãî ñëó÷àÿ, êàê ñëåäóåò èç òåîðåìû,
îòíîøåíèå äåëèìîñòè ìåæäó r è n íå èãðàåò íèêàêîé ðîëè.

Êàê ïîêàçûâàåò ïðèâåäåííàÿ òåîðåìà, ñòðóêòóðà ðàññìàòðèâàå-
ìûõ T -ïîäïðîñòðàíñòâ â îòíîñèòåëüíî ñâîáîäíîé àëãåáðå Ãðàññìàíà
áåç 1 óñòðîåíà íåñêîëüêî ñëîæíåå. Â õàðàêòåðèñòèêå p îíà âûðàæà-
åòñÿ ñëåäóþùåé äèàãðàììîé ñòðîãèõ âêëþ÷åíèé.

F(3) = W1 ⊃ Wn1
⊃ Wn2

⊃ Wn3
⊃ . . .

∪ ∪ ∪ ∪
Wp ⊃ Wpn1

⊃ Wpn2
⊃ Wpn3

⊃ . . .
∪ ∪ ∪ ∪
Wp2 ⊃ Wp2n1

⊃ Wp2n2
⊃ Wp2n3

⊃ . . .
∪ ∪ ∪ ∪
. . . . . . . . . . . .

ãäå n1 > 1, (ni, p) = 1, ni < nj ïðè i < j, i, j = 1, 2, . . .. À â íóëåâîé
õàðàêòåðèñòèêå

F(3) = W1 ⊃W2 ⊃W3 ⊃W4 ⊃ . . . .

Êàê âèäèì, îñíîâíûå T -ïîäïðîñòðàíñòâà îáðàçóþò áåñêîíå÷íûå
ñòðîãî óáûâàþùèå öåïî÷êè âêëþ÷åíèé â àëãåáðå F(3).

Â ñâÿçè ñ ïîñòðîåííûìè áåñêîíå÷íûìè ñòðîãî óáûâàþùèìè öå-
ïî÷êàìè T -ïîäïðîñòðàíñòâ â F(3) â äàëüíåéøåì ïðåäñòàâëÿåòñÿ èí-
òåðåñíûì èçó÷åíèå ñòðîåíèÿ ôàêòîð-T -ïðîñòðàíñòâ ïî ñîîòâåòñòâó-
þùèì T -ïîäïðîñòðàíñòâàì è äðóãèõ êîíñòðóêöèé.

Ëèòåðàòóðà. [1] À. Â. Ãðèøèí, Ë. Ì. Öûáóëÿ. Î (p, n)-ïðîáëåìå // Âåñò-

íèê Ñàìàðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. � 2007. � Ò. 57. � �7. �
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Ñ. 35�55. [2] À.Â. Ãðèøèí, Ë. Ì. Öûáóëÿ. Î T -ïðîñòðàíñòâåííîì è ìóëüòè-

ïëèêàòèâíîì ñòðîåíèè îòíîñèòåëüíî ñâîáîäíîé àëãåáðû Ãðàññìàíà // Ìà-

òåìàòè÷åñêèé ñáîðíèê. � 2009. � Ò. 200. � �9. � Ñ. 41�80. [3] À. Â. Ãðèøèí.

Ïðèìåðû íå êîíå÷íîé áàçèðóåìîñòè T -ïðîñòðàíñòâ è T -èäåàëîâ â õàðàê-

òåðèñòèêå 2 // Ôóíäàì. ïðèêë. ìàòåì. 1999. Ò. 5. Ñ. 101�118. [4] Â. Â. Ùè-

ãîëåâ. Ïðèìåðû áåñêîíå÷íî áàçèðóåìûõ T -èäåàëîâ // Ôóíäàì. ïðèêë. ìà-

òåì. 1999. Ò. 5. Ñ. 307�312. [5] À. ß. Áåëîâ. Î íåøïåõòîâûõ ìíîãîîáðàçèÿõ

// Ôóíäàì. ïðèêë. ìàòåì. 1999. Ò. 5. Ñ. 47�66. [6] À. Â. Ãðèøèí, Ë. Ì. Öû-

áóëÿ. Î ñòðóêòóðå îòíîñèòåëüíî ñâîáîäíîé àëãåáðû Ãðàññìàíà. // Ôóí-

äàì. ïðèêë. ìàò., 2009, òîì 15, �8, ñ. 3�93.

Ìîñêîâñêèé ïåäàãîãè÷åñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
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Î. Â. ×åðìíûõ (Êèðîâ)

Î ïðåäñòàâëåíèÿõ ðåøåòî÷íî óïîðÿäî÷åííîãî ïîëóêîëüöà
ñå÷åíèÿìè

Â ñòàòüå [1] ïîëó÷åíî ïðåäñòàâëåíèå ðåøåòî÷íî óïîðÿäî÷åííîãî
êîëüöà R ñå÷åíèÿìè ïó÷êà íà áóëåâîì ïðîñòðàíñòâå äîïîëíÿåìûõ
l-èäåàëîâ èç R, è àíîíñèðîâàíî ïðåäñòàâëåíèå l-ïîëóïåðâè÷íîãî l-
êîëüöà íà ïåðâè÷íîì ñïåêòðå. Íàìè ïîëó÷åíû îáîáùåíèÿ ýòèõ ðå-
çóëüòàòîâ â êëàññå drl-ïîëóêîëåö. Î drl-ïîëóêîëüöàõ è èõ ïó÷êîâûõ
ïðåäñòàâëåíèÿõ ñì. [2],[3].

Ïîä ïîëóêîëüöîì ìû ïîíèìàåì àëãåáðó, îòëè÷àþùóþñÿ îò àññî-
öèàòèâíîãî êîëüöà, âîçìîæíî, íåîáðàòèìîñòüþ àääèòèâíîé îïåðà-
öèè; íå ïðåäïîëàãàåòñÿ íàëè÷èå åäèíèöû.

Àëãåáðà (S,+, ·,∨,∧,−, 0) íàçûâàåòñÿ drl-ïîëóêîëüöîì, åñëè âû-
ïîëíÿþòñÿ óñëîâèÿ:

(1) (S,+, ·, 0) � ïîëóêîëüöî;
(2) (S,∨,∧) � ðåøåòêà (ñ ïîðÿäêîì ≤);
(3) ñëîæåíèå + äèñòðèáóòèâíî îòíîñèòåëüíî ∨ è ∧;
(4) a− b � íàèìåíüøèé ýëåìåíò z òàêîé, ÷òî b+ z ≥ a;
(5) (a− b) ∨ 0 + b ≤ a ∨ b äëÿ ëþáûõ a, b ∈ S;
(6) a(b− c) = ab− ac è (a− b)c = ac− bc äëÿ ëþáûõ a, b, c ∈ S;
(7) ab ≥ 0 äëÿ ëþáûõ a, b ≥ 0 èç S.

Ïåðâè÷íûé l-èäåàë è ïåðâè÷íûé ñïåêòð SpecS (ñî ñòîóíîâ-
ñêîé òîïîëîãèåé) îïðåäåëÿþòñÿ êàê è äëÿ êîëåö. Ñëîÿìè ïó÷êà
(Λ(S),SpecS) ÿâëÿþòñÿ ôàêòîð-drl-ïîëóêîëüöà S/OP , ãäå

OP = ∪{OU : U � îòêðûòàÿ îêðåñòíîñòü òî÷êè P ∈ SpecS}
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äëÿ âñåõ

OU = ∩{P ∈ SpecS : P ∈ U, U îòêðûòî â SpecS}.

drl-Ïîëóêîëüöî ñ íóëåâûì ïåðåñå÷åíèåì âñåõ ïåðâè÷íûõ l-
èäåàëîâ íàçûâàåòñÿ l-ïîëóïåðâè÷íûì. l-Ïîëóïåðâè÷íîñòü drl-
ïîëóêîëüöà S ðàâíîñèëüíà êàê îòñóòñòâèþ â S íåíóëåâûõ íèëüïî-
òåíòíûõ l-èäåàëîâ, òàê è îòñóòñòâèþ íåíóëåâûõ ñèëüíî íèëüïîòåíò-
íûõ ýëåìåíòîâ. Ôîðìàëüíîé åäèíèöåé drl-ïîëóêîëüöà S íàçûâàåòñÿ
ýëåìåíò, íå ëåæàùèé íè â êàêîì ñîáñòâåííîì l-èäåàëå èç S.

Òåîðåìà 1. Ïðîèçâîëüíîå l-ïîëóïåðâè÷íîå drl-ïîëóêîëüöî S ñ ôîð-
ìàëüíîé åäèíèöåé èçîìîðôíî drl-ïîëóêîëüöó âñåõ ãëîáàëüíûõ ñå÷å-
íèé ïó÷êà (Λ(S),SpecS).

l-Èäåàë A drl-ïîëóêîëüöà S íàçûâàåòñÿ äîïîëíÿåìûì, åñëè A +
B = S è A ∩ B = 0 äëÿ íåêîòîðîãî l-èäåàëà B. Ìíîæåñòâî β S âñåõ
äîïîëíÿåìûõ l-èäåàëîâ ÿâëÿåòñÿ áóëåâîé ðåøåòêîé, à Maxβ S � ïðî-
ñòðàíñòâî ìàêñèìàëüíûõ èäåàëîâ ýòîé ðåøåòêè. Äëÿ M ∈ MaxβS
ïîëîæèì 0M = ∪{A ∈ βS : A ∈ M}. Òîãäà Ψ(S) = ∪̇0M �ïó÷îê
drl-ïîëóêîëåö íàä MaxβS.

Òåîðåìà 2. Ïðîèçâîëüíîå drl-ïîëóêîëüöî S èçîìîðôíî drl-
ïîëóêîëüöó âñåõ ãëîáàëüíûõ ñå÷åíèé ïó÷êà (Ψ(S),MaxβS) íåïðè-
âîäèìûõ drl-ïîëóêîëåö.

Ëèòåðàòóðà. [1] K. Keimel, The representation of lattice ordered groups

and rings by sections in sheaves. Lect. Notes Math., 248 (1971), 1�98.

[2] Î. Â. ×åðìíûõ, Î drl-ïîëóãðóïïàõ è drl-ïîëóêîëüöàõ. ×åáûøåâ. ñá.,

14:4 (2016), 167�179. [3] Â. Â. ×åðìíûõ, Î. Â. ×åðìíûõ. Ôóíêöèîíàëü-

íûå ïðåäñòàâëåíèÿ ðåøåòî÷íî óïîðÿäî÷åííûõ ïîëóêîëåö. Ñèá. ýëåêòðîí.

ìàòåì. èçâ., 14 (2017), 946�971.

Âÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: vv146146@mail.ru

È. À. ×óáàðîâ (Ìîñêâà)

Î ãðóïïîâîì äåòåðìèíàíòå (ïî Ôðîáåíèóñó)
Ïóñòü G = {g1, ..., gn} � ãðóïïà, {xg|g ∈ G} � íåçàâèñèìûå êîì-

ìóòèðóþùèå ïåðåìåííûå. (Òàêæå áóäåò èñïîëüçîâàòüñÿ îáîçíà÷åíèå
xi = xgi , i = 1, ..., n.) Ãðóïïîâàÿ ìàòðèöà XG � ìàòðèöà ïîðÿäêà
n ñ ýëåìåíòàìè xij = xgigj−1 . Ãðóïïîâûì äåòåðìèíàíòîì íàçûâà-
åòñÿ Θ = ΘG = detXG.Îí ÿâëÿåòñÿ îäíîðîäíûì ìíîãî÷ëåíîì îò
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{x1, ..., xn} ñ öåëî÷èñëåííûìè êîýôôèöèåíòàìè. Ãðóïïîâûå äåòåð-
ìèíàíòû âïåðâûå ðàññìàòðèâàëè Äåäåêèíä è Ôðîáåíèóñ â 90-å ãî-
äû XIX âåêà. Â ïðîöåññå ðàçðàáîòêè òåîðèè õàðàêòåðîâ Ôðîáåíè-
óñ [1] äîêàçàë, ÷òî ãðóïïîâîé äåòåðìèíàíò ðàçëàãàåòñÿ íà ìíîæè-
òåëè, íåïðèâîäèìûå íàä ïîëåì C , òàê, ÷òî êîëè÷åñòâî ðàçëè÷íûõ
ìíîæèòåëåé ðàâíî ÷èñëó êëàññîâ ñîïðÿæåííîñòè ãðóïïû G , ìíî-
æèòåëü φ ñòåïåíè k âõîäèò â φ ñ êðàòíîñòüþ k, ïðè÷åì êîëè÷åñòâî
ëèíåéíûõ ìíîæèòåëåé ðàâíî èíäåêñó êîììóòàíòà ãðóïïû G. Ðàç-
ëè÷íûå φ âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóþò íåïðèâîäèìûì õàðàê-
òåðàì χ ãðóïïû G (òàê ÷òî ìîæíî çàïèñûâàòü χ = χφ èëè φ = φχ
),χφ(e) = k = degφ, χφ(g) ðàâåí êîýôôèöèåíòó ïðè xe

k−1xg â ìíîãî-
÷ëåíå φ. Ïîìèìî îáû÷íûõ õàðàêòåðîâ, Ôðîáåíèóñ ââåë òàê íàçûâàå-
ìûå k-õàðàêòåðû χ(k) , çíà÷åíèå χ(k)(h1, ..., hk) ðàâíî êîýôôèöèåíòó
ïðè xh1

...xhk â ñîîòâåòñòâóþùåì ìíîæèòåëå φχ (îáû÷íûå õàðàêòåðû
îòâå÷àþò k = 1) . Â [3], â îòâåò íà âîïðîñ, ïîñòàâëåííûé â [2], áû-
ëî äîêàçàíî, ÷òî ãðóïïîâîé äåòåðìèíàíò îïðåäåëÿåò ãðóïïó, ñ òî÷-
íîñòüþ äî èçîìîðôèçìà. Íà ñàìîì äåëå äîñòàòî÷íî k-õàðàêòåðîâ ñ
k ≤ 3 , ñì. [4]. Â äîêëàäå áóäåò ðàññêàçàíî îá ýòèõ è ñâÿçàííûõ ñ
íèìè ðåçóëüòàòàõ.

Ëèòåðàòóðà. [1] F. G. Frobenius, Ueber die Primfaktoren der Gruppendeter-

minante. Sitzber. Preuss. Akad. Wiss., Berlin, 1896, 1343-1382. (Gesammelte

Abh., Springer, 1968, 38�77). [2] K.W.Johnson, On the group determinant.

Math. Proc. Camb. Phil. Soc., 1991, 109, 299�311. [3] E. Formanek ,D. Sibley,

The group determinant determines the group. Proc. Amer. Math. Soc., 1991,

112, No. 3, 649�656. [4] H.-J. Hoenke, K. W. Johnson The 1-, 2- and 3-

characters determine a group. Bull. Amer. Math. Soc., 1992, v. 27, 243-245.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

e-mail: igor.chubaro�@gmail.com

Í. Å. Øàâãóëèäçå (Ìîñêâà)

Ðàçëè÷íûå ïðèìåðû ðåøåòî÷íî óïîðÿäî÷åííûõ êîëåö
Â äîêëàäå áóäóò ïðèâåäåíû ïðèìåðû ðåøåòî÷íî óïîðÿäî÷åííûõ

êîëåö è ëèíåéíî óïîðÿäî÷åííûõ êîëåö. Â ÷àñòíîñòè, áóäóò ðàññìîò-
ðåíû ïðèìåðû, ïîäòâåðæäàþùèå ðàçëè÷èå íåêîòîðûõ êëàññîâ êîëåö.

Òàêæå áóäåò ïåðå÷èñëåí ðÿä êîëåö, â êîòîðûõ íåëüçÿ ââåñòè îòíî-
øåíèå ïîðÿäêà òàê, ÷òîáû ïîëó÷èòü ðåøåòî÷íî óïîðÿäî÷åííûå êîëü-
öà.

Ëèòåðàòóðà. [1] Ë. Ôóêñ. ×àñòè÷íî óïîðÿäî÷åííûå àëãåáðàè÷åñêèå ñè-

ñòåìû. Ì.: Íàóêà, 1965. [2] Ì. À. Øàòàëîâà, Ê òåîðèè ðàäèêàëîâ â

ñòðóêòóðíî óïîðÿäî÷åííûõ êîëüöàõ. Ìàòåìàòè÷åñêèå çàìåòêè, 4:6 (1968),
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639�648. [3] A. Bigard, K. Keimel, S. Wolfenstein, Groups et anneaux

reticul�es. Berlin, Heidelberg, N.Y. Springer-Verlag, 1977. [4] G. Birkho�,

R. S. Pierce. Lattice-ordered rings. An. Acad. Brasil. Ci., 28 (1956), 41�69.

[5] S. A. Steinberg, Lattice-ordered rings and modules. Springer, 2010.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â. Ëîìîíîñîâà

e-mail: nathalia_s@mail.ru

È. Ê. Øàðàíõàåâ (Óëàí-Óäý, Ðîññèÿ)

Î ïðîñòûõ ôóíêöèÿõ àëãåáðû ëîãèêè
Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ ôóíêöèè, êîòîðûå ÿâëÿþòñÿ

íàèáîëåå ¾ïðîñòûìè¿ â ñìûñëå ñëîæíîñòè ïðåäñòàâëåíèé ôóíêöèé
àëãåáðû ëîãèêè ôîðìóëàìè. Êàê èçâåñòíî, îíè èãðàþò êëþ÷åâóþ
ðîëü â çàäà÷å ñðàâíåíèÿ ïðîèçâîëüíûõ áàçèñîâ [1].

Ôóíêöèÿ f íàçûâàåòñÿ áåñïîâòîðíîé â áàçèñå B, åñëè åå ìîæíî
ïðåäñòàâèòü â ýòîì áàçèñå ôîðìóëîé, â êîòîðîé êàæäàÿ ïåðåìåííàÿ
âñòðå÷àåòñÿ íå áîëåå îäíîãî ðàçà. Â ïðîòèâíîì ñëó÷àå f íàçûâàåòñÿ
ïîâòîðíîé â B.

Ôóíêöèÿ f íàçûâàåòñÿ ñëàáîïîâòîðíîé â áàçèñå B, åñëè ëþáàÿ
îñòàòî÷íàÿ ïîäôóíêöèÿ ôóíêöèè f (ò.å. ïîëó÷àåìàÿ èç f ïîäñòàíîâ-
êîé êîíñòàíò âìåñòî íåêîòîðûõ ïåðåìåííûõ) ÿâëÿåòñÿ áåñïîâòîðíîé,
à ñàìà f ïîâòîðíà â áàçèñå B.

Ôóíêöèÿ f íàçûâàåòñÿ ïðîñòîé â áàçèñå B, åñëè ëþáàÿ îñòàòî÷-
íàÿ ïîäôóíêöèÿ ôóíêöèè f ÿâëÿåòñÿ áåñïîâòîðíîé â áàçèñå B.

Òàêèì îáðàçîì, êëàññ ïðîñòûõ ôóíêöèé îáúåäèíÿåò êëàññû áåñ-
ïîâòîðíûõ è ñëàáîïîâòîðíûõ ôóíêöèé.

Áàçèñ {0, 1, ·,∨,−} íàçûâàåòñÿ ýëåìåíòàðíûì è îáîçíà÷àåòñÿ B0.
Âñÿêèé áàçèñ B0 ∪ {g}, ãäå g � ñëàáîïîâòîðíàÿ â B0, íàçûâàåòñÿ

ïðåäýëåìåíòàðíûì.
Ñëåäóþùèé ðåçóëüòàò äàåò îïèñàíèå ïðîñòûõ ôóíêöèé â îäíîé

ñ÷åòíîé ïîñëåäîâàòåëüíîñòè ïðåäýëåìåíòàðíûõ áàçèñîâ è, òåì ñà-
ìûì, çàâåðøàåò îïèñàíèå êëàññîâ ïðîñòûõ ôóíêöèé âî âñåõ ïðåä-
ýëåìåíòàðíûõ áàçèñàõ. Âñå ïîíÿòèÿ, êîòîðûå çäåñü íå îïðåäåëÿþòñÿ,
ìîæíî íàéòè, íàïðèìåð, â [2].

Ôóíêöèþ f áóäåì íàçûâàòü n-íåïëîòíîé, ãäå n ≥ 3, åñëè ëèáî
rank f < 2, ëèáî äëÿ ëþáîé x ∈ ρ(f) âûïîëíÿåòñÿ îäíî èç óñëîâèé:

(1) δ(f) = δ(f0
x) è δ(f) ( δ(f1

x);
(2) δ(f) = δ(f1

x) è δ(f) ( δ(f0
x);

(3) δ(f) = δ(f0
x) = δ(f1

x) è ñóùåñòâóþò y1, . . . , yn−1 ∈ ρ(f ′x) òàêèå,

÷òî δ(f ′x) ( δ

(
∂f ′x

∂y1 . . . ∂yn−1

)
;
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è êðîìå ýòîãî:
� åñëè äëÿ ëþáîé ïåðåìåííîé èç ρ(f) âûïîëíÿåòñÿ òðåòüå óñëî-

âèå, òî íåâåðíî, ÷òî f ∈Mx äëÿ ëþáîé x ∈ ρ(f);
� ñóùåñòâóåò x1 ∈ ρ(f) òàêàÿ, ÷òî f ∈Mx1

;
� åñëè rank f = n + 1 è ñóùåñòâóåò ïåðåìåííàÿ èç ρ(f), äëÿ

êîòîðîé âåðíî òðåòüå óñëîâèå, òî ýòî óñëîâèå âûïîëíÿåòñÿ äëÿ âñåõ
ïåðåìåííûõ èç ρ(f);

� åñëè rank f = n + 2 è ñóùåñòâóåò ïåðåìåííàÿ èç ρ(f), äëÿ
êîòîðîé âûïîëíÿåòñÿ òðåòüå óñëîâèå, òî äëÿ ëþáîé y ∈ ρ(f) òàêîé,
÷òî δ(f) ( δ(fαy ), ãäå α ∈ {0, 1}, âåðíî |δ(fαy )| = |δ(f)|+1 èëè δ(fαy ) =
χ(fαy ).

Ôóíêöèþ f áóäåì íàçûâàòü íàñëåäñòâåííî n-íåïëîòíîé, åñëè ñà-
ìà f è âñå åå îñòàòî÷íûå ïîäôóíêöèè ÿâëÿþòñÿ n-íåïëîòíûìè.

Òåîðåìà 1. Ôóíêöèÿ f ÿâëÿåòñÿ ïðîñòîé â áàçèñå Bn =
{−,∨, ·, 0, 1, x1(x2 ∨ x3 · . . . · xn) ∨ x2x̄3 · . . . · x̄n, ãäå n ≥ 4, òîãäà è
òîëüêî òîãäà, êîãäà îíà ëèáî íàñëåäñòâåííî (n − 1)-íåïëîòíà, ëèáî
ñëàáîïîâòîðíà â ýòîì áàçèñå.

Îòìåòèì, ÷òî îïèñàíèå âñåõ ñëàáîïîâòîðíûõ ôóíêöèé â áàçèñå
Bn, ãäå n ≥ 4, áûëî ïîëó÷åíî â ðàáîòå [3].

Ëèòåðàòóðà. [1] Ä. Þ. ×åðóõèí, Àëãîðèòìè÷åñêèé êðèòåðèé ñðàâíåíèÿ

áóëåâûõ áàçèñîâ. Ìàòåìàòè÷åñêèå âîïðîñû êèáåðíåòèêè, 8 (1999), 77�122.

[2] Í. À. Ïåðÿçåâ, È. Ê. Øàðàíõàåâ, Êðèòåðèè áåñïîâòîðíîñòè áóëåâûõ

ôóíêöèé â ïðåäýëåìåíòàðíûõ áàçèñàõ ðàíãà 3. Äèñêðåòíàÿ ìàòåìàòèêà,

17 (2) (2005), 127�138. [3] È. Ê. Øàðàíõàåâ, Î êëàññèôèêàöèè áàçèñîâ áó-

ëåâûõ ôóíêöèé. Âåñòíèê Áóðÿòñêîãî ãîñ. óíèâåðñèòåòà. Ñåð. 13, 3 (2006),

61�67.

Áóðÿòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò

e-mail: goran5@mail.ru

À. À. Øëåïêèí (Êðàñíîÿðñê)

Î ïåðèîäè÷åñêîé ÷àñòè ãðóïïû Øóíêîâà, íàñûùåííîé
ñïëåòåííûìè ãðóïïàìè

Ïóñòü X � íåêîòîðîå ìíîæåñòâî ãðóïï. Ãðóïïà G íàñûùåíà
ãðóïïàìè èç ìíîæåñòâà X, åñëè ëþáàÿ êîíå÷íàÿ ïîäãðóïïà èç G ñî-
äåðæèòñÿ â ïîäãðóïïå ãðóïïûG, èçîìîðôíîé íåêîòîðîé ãðóïïå èçX
[1]. Â [2] óñòàíâëåíà ñòðóêòóðà ïåðèîäè÷åñêîé ãðóïïû Øóíêîâà íà-
ñûùåííîé ñïëåòåííûìè ãðóïïàìè. Â ïðèâîäèìîé íèæå òåîðåìå óñòà-
íîâëåíà ñòðóêòóðà ïðîèçâîëüíîé ãðóïïû Øóíêîâà (íå îáÿçàòåëüíî
ïåðèîäè÷åñêîé), íàñûùåííîé ñïëåòåííûìè ãðóïïàìè.
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Òåîðåìà 1. Ïóñòü G � ãðóïïà Øóíêîâà, íàñûùåííàÿ ñïëåòåííûìè
ãðóïïàìè. Òîãäà G îáëàäàåò ïåðèîäè÷åñêîé ÷àñòüþ T (G) è

T (G) = (A×B)h 〈v〉,

ãäå Av = B, A � ëîêàëüíî öèêëè÷åñêàÿ ãðóïïà è |v2| = 2.

Ëèòåðàòóðà. [1]À.Ê. Øëåïêèí, Ñîïðÿæåííî áèïðèìèòèâíî êîíå÷íûå

ãðóïïû, ñîäåðæàùèå êîíå÷íûå íåðàçðåøèìûå ïîäãðóïïû. Ñá. òåçèñîâ 3-é

ìåæäóíàð. êîíô. ïî àëãåáðå. Êðàñíîÿðñê, 1993. C. 363. [2] À. À. Øëåï-

êèí, Ïåðèîäè÷åñêèå ãðóïïû, íàñûùåííûå ñïëåòåííûìè ìè ãðóïïàìè. Ñèá.

ýëåêòðîí. ìàòåì. èçâ. 2013, òîì 10, C. 56�64

Ñèáèðñêèé ôåäåðàëüíûé óíèâåðñèòåò

e-mail: shlyopkin@gmail.com

Ï. Ì. Øòåéíåð (Ìîñêâà)

Ëèíåéíûå îòîáðàæåíèÿ, ìåíÿþùèå òèï ìàæîðèçàöèè
ÏóñòüMn,m � ïðîñòðàíñòâî äåéñòâèòåëüíûõ ìàòðèö ðàçìåðà n×

m (ïèøåì Mn ïðè m = n). Äëÿ âåêòîðà x ∈ Rn îáîçíà÷èì ÷åðåç x[j]

åãî j-þ ïî íåâîçðàñòàíèþ êîîðäèíàòó.

Îïðåäåëåíèå 1. Ïóñòü x, v � âåêòîðà èç Rn. Ãîâîðèì, ÷òî v ìà-
æîðèðóåò x, x � v (èëè v � x), åñëè

∑k
j=1 x[j] ≤

∑k
j=1 v[j] äëÿ

k = 1, . . . , n, è ïðè k = n äîñòèãàåòñÿ ðàâåíñòâî.

Îïðåäåëåíèå 2. Ðàçëè÷íûå òèïû ìàæîðèçàöèé ìàòðèö îïðåäåëÿ-
þòñÿ ñëåäóþùèì îáðàçîì (ñì. [1], [2]):

• Ñëàáàÿ ìàæîðèçàöèÿ: A �w B, åñëè ñóùåñòâóåò òàêàÿ ñòðî÷íî-
ñòîõàñòè÷åñêàÿ ìàòðèöà X ∈Mn, ÷òî A = XB.

• Ìàæîðèçàöèÿ ïî íàïðàâëåíèþ: A �d B, åñëè Ax � Bx äëÿ
ëþáîãî x ∈ Rm.

• Ñèëüíàÿ ìàæîðèçàöèÿ: A �s B, åñëè ñóùåñòâóåò òàêàÿ äâîÿêî-
ñòîõàñòè÷åñêàÿ ìàòðèöà X ∈Mn, ÷òî A = XB.

Òåîðåìà 1. Ïóñòü T � ëèíåéíûé îïåðàòîð íà Mn,m. Ñëåäóþùèå
óòâåðæäåèíÿ ýêâèâàëåíòíû:

1. A �d B ⇒ T (A) �s T (B) äëÿ ëþáûõ A,B ∈Mn,m

2. Âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

215



(a) Ñóùåñòâóþò S1, . . . , Sm ∈ Mn,m, òàêèå, ÷òî T (X) =
m∑
j=1

(trxj)Sj .

(b) Ñóùåñòâóþò S ∈ Mm, P ∈ Sn è R ∈ Mm ðàíãà 1, òàêèå,
÷òî T (X) = PXR+ JXS.

.

Òåîðåìà 2. Ïóñòü T � ëèíåéíûé îïåðàòîð íà Mn,m. Òîãäà ñëåäóþ-
ùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1. A �w B ⇒ T (A) �s T (B), äëÿ ëþáûõ A,B ∈Mn,m

2. A �w B ⇒ T (A) �d T (B), äëÿ ëþáûõ A,B ∈Mn,m

3. Âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

(a) T (X) = 0.

(b) n = 2 è ñóùåñòâóåò L ∈ Mm, òàêîå, ÷òî T (X) =(
1 −1
−1 1

)
XL.

Àâòîð äîêëàäà áëàãîäàðåí ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ ïðî-
ôåññîðó À. Ý. Ãóòåðìàíó çà ïîñòàíîâêó çàäà÷è è öåííûå îáñóæäå-
íèÿ.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÍÔ-16-
11-10075.

Ëèòåðàòóðà. [1] A. W. Marshall, I.Olkin, B.C. Arnold. Inequalities: Theory

of Majorization and Its Applications, Second Edition. Springer, New York,

2011. [2] F. D. Mart�inez Per�ia, Pedro G.Massey and Luis E.Silvestre. Weak

matrix majorization. Linear Algebra Appl. 2005. No. 403. pp. 343�368.

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

e-mail: pashteiner@ya.ru

Í. À. Ùó÷êèí

Èíâàðèàíòû êîíå÷íî ïîðîæäåííîé àáåëåâîé n-ãðóïïû
Êîììóòàòèâíîñòü â òåîðèè n-ãðóïï èìååò íåñêîëüêî îáîáùå-

íèé ãðóïïîâîé êîììóòàòèâíîñòè. Îäíèì èç òàêèõ îáîáùåíèé áó-
äåò ñëåäóþùåå îïðåäåëåíèå. Åñëè â n-ãðóïïå âåðíû òîæäåñòâà
f(x1, . . . , xn) = f(xσ(1), . . . , xσ(n)) äëÿ ëþáîé ïîäñòàíîâêè σ ∈ Sn,
òî åå íàçûâàþò àáåëåâîé.
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Íà ëþáîé àáåëåâîé n-ãðóïïå 〈G, f〉 ìîæíî îïðåäåëèòü àáåëåâó
ãðóïïó retc〈G, f〉, êîòîðóþ íàçûâàþò ðåòðàêòîì n-ãðóïïû, c áèíàð-
íîé îïåðàöèåé + ïî ïðàâèëó a+ b = f(a, c, . . . , c, c̄, b), ãäå c ∈ G, c̄ �
ðåøåíèå óðàâíåíèÿ f(c, . . . , c, x) = c (ñìîòðè, íàïðèìåð, [1]). Òîãäà

f(a1, . . . , an) = a1 + . . .+ an + d, (1)

ãäå d = f(c, . . . , c). Ýëåìåíò c áóäåò íóëåì â retc〈G, f〉. Åñëè ðåòðàêò
àáåëåâîé n-ãðóïïû ÿâëÿåòñÿ öèêëè÷åñêîé ãðóïïîé, òî åå íàçûâàþò
ïîëóöèêëè÷åñêîé [1]. Âåðíî è îáðàòíî: â ëþáîé àáåëåâîé ãðóïïå G
äëÿ ïðîèçâîëüíî âûáðàííîãî ýëåìåíòà d çàäàåòñÿ àáåëåâà n-ãðóïïà
〈G, f〉 = derdG, ãäå f äåéñòâóåò ïî ïðàâèëó (1).

Òåîðåìà 1.Êîíå÷íî ïîðîæäåííàÿ àáåëåâà n-ãðóïïà èçîìîðôíà ïðÿ-
ìîìó ïðîèçâåäåíèþ êîíå÷íîãî ÷èñëà íåðàçëîæèìûõ àáåëåâûõ ïîëó-
öèêëè÷åñêèõ n-ãðóïï, ÷àñòüþ êîíå÷íûõ ïðèìàðíûõ, ÷àñòüþ áåñêî-
íå÷íûõ.

Ëþáàÿ áåñêîíå÷íàÿ àáåëåâà ïîëóöèêëè÷åñêàÿ n-ãðóïïà 〈G, f〉
èçîìîðôíà n-ãðóïïå derlZ, ãäå 0 ≤ l ≤ n−1

2 , Z � àääèòèâíàÿ ãðóï-
ïà öåëûõ ÷èñåë (òåîðåìà 3, [2]), áóäåì ãîâîðèòü â ýòîì ñëó÷àå, ÷òî
〈G, f〉 èìååò òèï (∞, l).
Òåîðåìà 2. Ïðÿìîå ïðîèçâåäåíèå

∏r
i=1〈Gi, fi〉 àáåëåâûõ ïîëóöèêëè-

÷åñêèõ n-ãðóïï 〈Gi, fi〉 òèïîâ (∞, li) ÿâëÿåòñÿ ñâîáîäíîé n-ãðóïïîé
â êëàññå àáåëåâûõ n-ãðóïï òîãäà è òîëüêî òîãäà, êîãäà l1 = 1 ïðè
r = 1 ëèáî ÍÎÄ (l1, . . . , lr, n− 1) = 1 ïðè r ≥ 2.

Ëþáàÿ êîíå÷íàÿ àáåëåâà ïîëóöèêëè÷åñêàÿ n-ãðóïïà 〈G, f〉 ïîðÿä-
êà k èçîìîðôíà n-ãðóïïå derlZk, ãäå l | ÍÎÄ(n − 1, k), Zk � àääè-
òèâíàÿ ãðóïïà êîëüöà êëàññîâ âû÷åòîâ ïî ìîäóëþ k (òåîðåìà 2, [2]).
Ëþáàÿ êîíå÷íàÿ àáåëåâà n-ãðóïïà 〈G, f〉 ïîðÿäêà pm (p � ïðîñòîå
÷èñëî) èçîìîðôíà ïðÿìîìó ïðîèçâåäåíèþ

derl1Zpm1 × . . .× derlrZpmr , (2)

ãäå m = m1 + . . . + mr. Ìíîæèòåëè ñ ðàâíûìè ïîðÿäêàìè â ðàç-
ëîæåíèè (2) ðàñïîëîæèì ðÿäîì è òàêèå ïîäïðÿìûå ïðîèçâåäåíèÿ
ðàñïîëîæèì â ïîðÿäêå óáûâàíèÿ ïîðÿäêîâ ìíîæèòåëåé, âõîäÿùèõ â
ýòè ïîäïðÿìûå ïðîèçâåäåíèÿ. Ïîëó÷èì

r1∏
w1=1

derlw1
Zpm1 ×

r2∏
w2=1

derlr1+w2
Zpm2 × . . .×

rt∏
wt=1

derl∑t−1
i=1

ri+wt

Zpmt ,

(3)
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ãäå m1 > m2 > . . . > mt. Äëÿ ðàçëîæåíèÿ (3) íàçîâåì îïðåäåëÿ-
þùèì íàáîð D1, . . . , Dt íàèáîëüøèõ îáùèõ äåëèòåëåé, çàäàííûõ ïî
ïðàâèëó


D1 = ÍÎÄ(d1, p

m1−m2d2, . . . , p
m1−mtdt, p

m1 , n− 1),
D2 = ÍÎÄ(d1, d2, p

m2−m3d3, . . . , p
m2−mtdt, p

m2 , n− 1),
. . .
Dt−1 = ÍÎÄ(d1, . . . , dt−1, p

mt−1−mtdt, p
mt−1 , n− 1),

Dt = ÍÎÄ(d1, . . . , dt−1, dt, p
mt , n− 1),

ãäå dj = ÍÎÄ (l∑j−1
i=0 ri+1, . . . , l

∑j−1
i=0 ri+rj

) äëÿ âñåõ j = 1, . . . , t (çäåñü

r0 = 0).
Ïî òåîðåìå 1 ëþáàÿ êîíå÷íî ïîðîæäåííàÿ àáåëåâà n-ãðóïïà 〈G, f〉

èçîìîðôíà ïðÿìîìó ïðîèçâåäåíèþ

s∏
ε=1

uε∏
j=1

derlεjZpmεjε
×

k∏
i=1

derliZ (4)

u1 + . . .+us êîíå÷íûõ n-ãðóïï derlεjZpmεjε
, ãäå lεj | ÍÎÄ(n− 1, p

mεj
ε ),

pε � ðàçëè÷íûå ïðîñòûå ÷èñëà, è k áåñêîíå÷íûõ n-ãðóïï derliZ, ãäå
0 ≤ li ≤ n−1

2 .
Ïîëíóþ ñèñòåìó èíâàðèàíòîâ äëÿ êîíå÷íî ïîðîæäåííîé àáåëå-

âîé n-ãðóïïû 〈G, f〉, èçîìîðôíîé ðàçëîæåíèþ (4), áóäåì èñêàòü îò-
äåëüíî äëÿ k = 0, k = 1 è k > 1. Äëÿ êîíå÷íîé àáåëåâîé n-ãðóïïû
(ñëó÷àé k = 0) ïîëíàÿ ñèñòåìà èíâàðèàíòîâ óæå íàéäåíà â [3], ýòî
ïîðÿäêè ïðèìàðíûõ àáåëåâûõ ïîëóöèêëè÷åñêèõ ìíîæèòåëåé â ðàç-
ëîæåíèè (4) âìåñòå ñ îïðåäåëÿþùèìè íàáîðàìè íàèáîëüøèõ îáùèõ
äåëèòåëåé ïðîèçâåäåíèé ïðèìàðíûõ ìíîæèòåëåé ïî êàæäîìó ïðî-
ñòîìó äåëèòåëþ ïîðÿäêà ýòîé n-ãðóïïû.

Ïóñòü 〈G, f〉 èçîìîðôíà ïðÿìîìó ïðîèçâåäåíèþ (4), ãäå k =
1. ×èñëî l1 è ñîâîêóïíîñòü ïîðÿäêîâ ïðèìàðíûõ àáåëåâûõ ïîëó-
öèêëè÷åñêèõ ìíîæèòåëåé â ðàçëîæåíèè (4) âìåñòå ñ íàáîðîì íàè-
áîëüøèõ îáùèõ äåëèòåëåé ÍÎÄ(l1, Dεi), ãäå Dεi � êîìïîíåíòû
îïðåäåëÿþùèõ íàáîðîâ íàèáîëüøèõ îáùèõ äåëèòåëåé ïðîèçâåäåíèé∏uε
j=1 derlεjZpmεjε

äëÿ êàæäîãî ε = 1, . . . , s, íàçîâåì èíâàðèàíòàìè n-

ãðóïïû 〈G, f〉. Äîêàçàíî, ÷òî ñâîèìè èíâàðèàíòàìè êîíå÷íî ïîðîæ-
äåííàÿ àáåëåâà n-ãðóïïà, â ðàçëîæåíèå êîòîðîé âõîäèò îäíà áåñêî-
íå÷íàÿ àáåëåâà ïîëóöèêëè÷åñêàÿ n-ãðóïïà, îïðåäåëÿåòñÿ îäíîçíà÷íî
ñ òî÷íîñòüþ äî èçîìîðôèçìà.

Ïóñòü 〈G, f〉 èçîìîðôíà ïðÿìîìó ïðîèçâåäåíèþ (4), ãäå k > 1.
Êîëè÷åñòâî áåñêîíå÷íûõ àáåëåâûõ ïîëóöèêëè÷åñêèõ n-ãðóïï k â
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ðàçëîæåíèè (4) âìåñòå ñ L = ÍÎÄ (l1, . . . , lk, n − 1) è ñîâîêóï-
íîñòü ïîðÿäêîâ ïðèìàðíûõ àáåëåâûõ ïîëóöèêëè÷åñêèõ ìíîæèòåëåé
â ðàçëîæåíèè (4) âìåñòå ñ íàáîðîì íàèáîëüøèõ îáùèõ äåëèòåëåé
ÍÎÄ(L,Dεi), ãäå Dεi � êîìïîíåíòû îïðåäåëÿþùèõ íàáîðîâ íàèáîëü-
øèõ îáùèõ äåëèòåëåé ïðîèçâåäåíèé

∏uε
j=1 derlεjZpmεjε

äëÿ êàæäîãî

ε = 1, . . . , s, íàçîâåì èíâàðèàíòàìè n-ãðóïïû 〈G, f〉. Äîêàçàíî, ÷òî
ñâîèìè èíâàðèàíòàìè êîíå÷íî ïîðîæäåííàÿ àáåëåâà n-ãðóïïà, â ðàç-
ëîæåíèå êîòîðîé âõîäèò áîëüøå ÷åì îäíà áåñêîíå÷íàÿ àáåëåâà ïî-
ëóöèêëè÷åñêàÿ n-ãðóïïà, îïðåäåëÿåòñÿ îäíîçíà÷íî ñ òî÷íîñòüþ äî
èçîìîðôèçìà.

Ëèòåðàòóðà. [1] A. Ì. Ãàëüìàê. n-Àðíûå ãðóïïû, ×àñòü I. ÃÃÓ èì. Ô.

Ñêîðèíû, Ãîìåëü, 2003. [2] Í. À.Ùó÷êèí, Ïîëóöèêëè÷åñêèå n-àðíûå ãðóï-

ïû, Èçâåñòèÿ ÃÃÓ èì. Ô. Ñêîðèíû, 3(54) (2009), 186-194. [3] Í. À. Ùó÷êèí,

Ñòðîåíèå êîíå÷íûõ àáåëåâûõ n-àðíûõ ãðóïï, Äèñêðåò. ìàòåì., 26:3 (2014),

144-159.

Âîëãîãðàäñêèé ãîñóäàðñòâåííûé ñîöèàëüíî-ïåäàãîãè÷åñêèé óíèâåðñèòåò

e-mail: Nikolaj_shchuchkin@mail.ru

À. À. ßä÷åíêî (Ãîìåëü)

Àâòîìîðôèçìû íåïðèâîäèìûõ ëèíåéíûõ ãðóïï ñ àáåëåâû-
ìè ñèëîâñêèìè ïîäãðóïïàìè

Ïóñòü G � êîíå÷íàÿ ãðóïïà, A � òàêàÿ ãðóïïà åå àâòîìîðôèç-
ìîâ, ÷òî (|A|, |G|) = 1. Òîãäà A íàçûâàåòñÿ ãðóïïîé êîïðîñòûõ àâòî-
ìîðôèçìîâ ãðóïïû G. Åñëè CG(a) = CG(A) äëÿ êàæäîãî ýëåìåíòà
a ∈ A#, òî A íàçûâàåòñÿ ñèëüíîöåíòðàëèçóåìîé ãðóïïîé êîïðîñòûõ
àâòîìîðôèçìîâ ãðóïïû G.

Çàìåòèì, ÷òî äëÿ |A| = p � ïðîñòîå ÷èñëî, óñëîâèå ñèëüíîöåíòðà-
ëèçóåìîñòè âûïîëíÿåòñÿ. Äëÿ ñëó÷àÿ, êîãäà ãðóïïà A èìååò íå÷åò-
íûé ïîðÿäîê â [1] ñôîðìóëèðîâàíà ãèïîòåçà î òîì, ÷òî äëÿ íåïðè-
âîäèìûõ êîìïëåêñíûõ íåïðèâîäèìûõ ëèíåéíûõ ãðóïï ïðîèçâîëüíîé
ñòåïåíè n ñïðàâåäëèâî óòâåðæäåíèå, ÷òî n äåëèòñÿ íà òàêóþ ñòåïåíü
f > 1 ïðîñòîãî ÷èñëà, ÷òî f ≡ −1 èëè 1(mod |A|). Â [2] ýòà çàäà÷à ðå-
øåíà ïîëîæèòåëüíî. Ïðè |A| = p îíà ñîâïàäàåò ñ ïðîáëåìîé Àéçåêñà
[3].

Ïóñòü π(n∗) � ìíîæåñòâî òàêèõ ïðîñòûõ äåëèòåëåé ÷èñëà n, õîòÿ
áû îäíà ñòåïåíü f > 1 êîòîðûõ äåëèò n è äëÿ íåå âûïîëíÿåòñÿ óñëî-
âèå: f ≡ −1(mod|A|). Ïðåäïîëîæèì, ÷òî ïîäãðóïïà A íåïðèìàðíà
íå÷åòíîãî ïîðÿäêà, è äëÿ q ∈ π(n∗) ñèëîâñêàÿ q-ïîäãðóïïà Gq ãðóï-
ïû G àáåëåâà. Òîãäà äëÿ ÷èñëà n óêàæåì áîëåå ñèëüíîå óòâåðæäåíèå.
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Óñëîâèå Á. Ñêàæåì, ÷òî äëÿ Γ, A, G, C, χ è n âûïîëíåíî óñëîâèå
Á, åñëè Γ = AG, G / Γ, (|A|, |G|) = 1, A � íåïðèìàðíàÿ ãðóïïà
íå÷åòíîãî ïîðÿäêà, êîòîðàÿ íå ÿâëÿåòñÿ íîðìàëüíîé â ãðóïïå Γ,
CG(a) = CG(A) = C äëÿ êàæäîãî ýëåìåíòà a ∈ A#, äëÿ êàæäîãî
q ∈ π(n∗) ïîäãðóïïà Gq àáåëåâà è ãðóïïà G èìååò òî÷íûé
íåïðèâîäèìûé êîìïëåêñíûé õàðàêòåð χ ñòåïåíè n, êîòîðûé
ÿâëÿåòñÿ a-èíâàðèàíòíûì õîòÿ áû äëÿ îäíîãî ýëåìåíòà a ∈ A#.

Òåîðåìà. Åñëè äëÿ Γ, A, G, C, χ è n âûïîëíåíî óñëîâèå Á, òî n
äåëèòñÿ íà òàêóþ ñòåïåíü f > 1 íåêîòîðîãî ïðîñòîãî ÷èñëà, ÷òî
f ≡ 1(mod|A|).

Òåîðåìà ðàçâèâàåò ðåçóëüòàòû, ïîëó÷åííûå â [4] è [5].

Ëèòåðàòóðà. [1] À. À. ßä÷åíêî. Î Π-ðàçðåøèìûõ íåïðèâîäèìûõ ëèíåé-

íûõ ãðóïïàõ ñ õîëëîâîé TI−ïîäãðóïïîé íå÷åòíîãî ïîðÿäêà . III // Òðó-

äû Èíñòèòóòà ìàòåìàòèêè ÍÀÍ Áåëàðóñè. 2010. Ò. 18, � 2. Ñ. 99-114.

[2] À. À. ßä÷åíêî. Ê ïðîáëåìå Àéçåêñà // Ìàòåì. ñáîðíèê. 2013. Ò. 204,

No 12. Ñ. 147-156. [3] I. M. Isaacs. Characters of solvable groups, in: The

Santa Cruz Conference on Finite Groups. Proc. Symp. Pure Math. 1980. V.

37. P. 377-384. [4] À. À. ßä÷åíêî, À. Â. Ðîìàíîâñêèé. Ê ïðîáëåìå Àéçåêñà

î êîíå÷íûõ p-ðàçðåøèìûõ ëèíåéíûõ ãðóïïàõ // Ìàòåì. çàìåòêè. 2001. Ò.

69. Â. 1. Ñ. 144-152. [5] À. À. ßä÷åíêî. Îá àâòîìîðôèçìàõ íåïðèâîäèìûõ

ëèíåéíûõ ãðóïï ñ àáåëåâîé ñèëîâñêîé 2-ïîäãðóïïîé // Ìàòåì. çàìåòêè.

2016. Ò. 99. Â. 1. Ñ. 121-139.

Èíñòèòóò ìàòåìàòèêè ÍÀÍ Áåëàðóñè

e-mail: yadchenko 56@mail.ru

Â. À. ßðîøåâè÷ (Ìîñêâà)

Î êîëè÷åñòâå ïîëóãðóïï ìíîãîçíà÷íûõ îòîáðàæåíèé, ñî-
õðàíÿþùèõ çàäàííîå áèíàðíîå îòíîøåíèå

Ïóñòü X � ïðîèçâîëüíîå ìíîæåñòâî. Îáîçíà÷èì ÷åðåç T (X) ïî-
ëóãðóïïó ïðåîáðàçîâàíèé ìíîæåñòâà X, òî åñòü îòîáðàæåíèé α :
X → X ñ îïåðàöèåé óìíîæåíèÿ, îïðåäåë¼ííîé ðàâåíñòâîì x(αβ) =
(xα)β ïðè x ∈ X, α, β ∈ T (X). Õîðîøî èçâåñòíî, ÷òî T (X) � ðåãó-
ëÿðíàÿ ïîëóãðóïïà.

Íàðÿäó ñ ïðåîáðàçîâàíèÿìè ìíîæåñòâà X ðàññìîòðèì ÷àñòè÷-
íûå è ìíîãîçíà÷íûå îòîáðàæåíèÿ èç X â X. Îáîçíà÷èì èõ ñîîò-
âåòñòâåííî ÷åðåç PT (X) è B(X). Íåñëîæíî ïîêàçàòü, ÷òî PT (X) è
B(X) � ýòî ïîëóãðóïïû, è T (X) ÿâëÿåòñÿ ïîäïîëóãðóïïîé PT (X), à
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PT (X) � ïîäïîëóãðóïïîé B(X). Îòìåòèì, ÷òî âñÿêîìó ìíîãîçíà÷-
íîìó îòîáðàæåíèþ α âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóåò íåêîòîðîå
áèíàðíîå îòíîøåíèå σ, òàê êàê

y ∈ xα ⇔ (x, y) ∈ σ.

Åñëè ìíîæåñòâî X íàäåëåíî íåêîòîðîé ñòðóêòóðîé, òî åñòåñòâåí-
íî ðàññìàòðèâàòü òàêèå ïðåîáðàçîâàíèÿ X → X, êîòîðûå ñîõðàíÿ-
þò ýòó ñòðóêòóðó. Áóäåì ãîâîðèòü, ÷òî ïðåîáðàçîâàíèå α ∈ T (X)
ñîõðàíÿåò σ, åñëè èç òîãî, ÷òî (a, b) ∈ σ ñëåäóåò, ÷òî (aα, bα) ∈ σ.
Ìíîæåñòâî òàêèõ α îáðàçóåò ïîäïîëóãðóïïó (îáîçíà÷åíèå Tσ(X)) ïî-
ëóãðóïïû T (X). Íåñëîæíî ïðîâåðèòü, ÷òî óñëîâèå ¾α ñîõðàíÿåò σ¿
ýêâèâàëåíòíî óñëîâèþ σα ⊆ ασ (ðàññìàòðèâàåì α è σ êàê áèíàðíûå
îòíîøåíèÿ).

Äëÿ ìíîãîçíà÷íûõ îòîáðàæåíèé ïîíÿòèå ¾α ñîõðàíÿåò σ¿ ìîæíî
òðàêòîâàòü ðàçëè÷íî. Îòìåòèì, ÷òî äëÿ ìíîãîçíà÷íûõ îòîáðàæåíèé
óñëîâèå σα ⊆ ασ äà¼ò ëèøü îäíî èç âîçìîæíûõ îïðåäåëåíèé. Ïðè-
âåä¼ì òðè îïðåäåëåíèÿ.

Îïðåäåëåíèå 1 [1]. Ýëåìåíò α ∈ B(X) ñîõðàíÿåò σ â óçêîì ñìûñ-
ëå, åñëè

∀x, y ∈ X ∀u, v ∈ X (u ∈ xα & v ∈ yα & (x, y) ∈ σ ⇒ (u, v) ∈ σ).

Îïðåäåëåíèå 2 [1]. Ýëåìåíò α ∈ B(X) ñîõðàíÿåò σ â øèðîêîì
ñìûñëå, åñëè

∀x, y ∈ X (x, y) ∈ σ ⇒ (∃u ∈ xα ∃v ∈ yα : (u, v) ∈ σ).

Îïðåäåëåíèå 3 [2]. Áèíàðíîå îòíîøåíèå α ∈ B(X) ñîãëàñóåòñÿ ñ
σ, åñëè

σα ⊆ ασ.

Ïîëîæèì Bσ(X) = {α ∈ B(X) |α ñîõðàíÿåò σ â óçêîì ñìûñëå},
B′σ(X) = {α ∈ B(X) |α ñîõðàíÿåò σ â øèðîêîì ñìûñëå} è B′′σ(X) =
{α ∈ B(X) |α ñîãëàñóåòñÿ ñ σ}.

Â [1] ïîêàçàíî, ÷òî α ∈ Bσ(X) ⇔ α−1σα ⊆ σ è α ∈ B′σ(X) ⇔
ασα−1 ⊇ σ. Êðîìå ýòîãî ïî îïðåäåëåíèþ α ∈ B′′σ(X) ⇔ σα ⊆ ασ.
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Îòñþäà î÷åâèäíî âûòåêàåò, ÷òî Bσ(X), B′σ(X) è B′′σ(X) � ïîäïîëó-
ãðóïïû ïîëóãðóïïû B(X). Ìîæíî ïîêàçàòü, ÷òî â îáùåì ñëó÷àå íè
îäíà èç ýòèõ òð¼õ ïîëóãðóïï íå ñîäåðæèòñÿ íè â îäíîé äðóãîé.

Ãëÿäÿ íà ïîñëåäíèå òðè ñîîòíîøåíèÿ ìåæäó σ è α, ìîæíî î÷å-
âèäíûì îáðàçîì ïðîäîëæèòü èõ ñïèñîê äî 8:

α−1σα ⊆ σ, ασα−1 ⊆ σ, σα ⊆ ασ, σα−1 ⊆ α−1σ,
α−1σα ⊇ σ, ασα−1 ⊇ σ, σα ⊇ ασ, σα−1 ⊇ α−1σ.

Ìíîæåñòâî ìíîãîçíà÷íûõ îòîáðàæåíèé α, óäîâëåòâîðÿþùèõ ëþáî-
ìó èç ýòèõ ñîîòíîøåíèé, îáðàçóåò ïîëóãðóïïó. Ðàññìîòðèì äàëåå âñå
âîçìîæíûå ïåðåñå÷åíèÿ ýòèõ ïîëóãðóïï. Âñå îíè òîæå áóäóò ïîëó-
ãðóïïàìè, êîòîðûå ñîõðàíÿþò σ â íåêîòîðîì ñìûñëå. Òàêèõ ïåðåñå-
÷åíèé (íå ñ÷èòàÿ ïóñòîãî) áóäåò íå áîëåå 28 − 1 = 255. Îêàçûâàåòñÿ,
÷òî äëÿ |X| > 3 ÷èñëî ïåðåñå÷åíèé ðàâíî 150 (ðåçóëüòàò ïîäòâåð-
æä¼í ïðîâåðêîé íà êîìïüþòåðå). Äðóãèìè ñëîâàìè, ñóùåñòâóåò 150
ðàçëè÷íûõ îïðåäåëåíèé òîãî, ÷òî çíà÷èò ¾ìíîãîçíà÷íîå îòîáðàæå-
íèå α ñîõðàíÿåò áèíàðíîå îòíîøåíèå σ¿.

Ëèòåðàòóðà. [1] È. Á. Êîæóõîâ, Â. À. ßðîøåâè÷, Ïîëóãðóïïû îòîáðà-

æåíèé, ñîõðàíÿþùèõ áèíàðíîå îòíîøåíèå. Ôóíäàìåíò. è ïðèêë. ìàòåì.,

14:7 (2008), 129�135; J. Math. Sci., 164:2 (2010), 240�244. [2] À. Â. Òâîðîãîâ,

Â. À. ßðîøåâè÷, Î ðåãóëÿðíîñòè ïîëóãðóïïû ìíîãîçíà÷íûõ ïðåîáðàçîâà-
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À. Ä. ßøóíñêèé (Ìîñêâà)

Î ïîäàëãåáðàõ âåðîÿòíîñòíûõ ðàñïðåäåëåíèé íàä êîíå÷-
íûì àññîöèàòèâíûì êîëüöîì

Ïóñòü Ek = {0, 1, . . . , k − 1} è X � ñëó÷àéíàÿ âåëè÷èíà ñî çíà÷å-
íèÿìè â ìíîæåñòâå Ek. Ðàñïðåäåëåíèå âåðîÿòíîñòåé âåëè÷èíû X �
ñòîõàñòè÷åñêèé âåêòîð p = (p0, . . . , pk−1), êîìïîíåíòû êîòîðîãî
óäîâëåòâîðÿþò

∑
pi = 1 è pi > 0, i = 0, . . . , k − 1. Áóäåì îáîçíà-

÷àòü ÷åðåç S(k) ìíîæåñòâî k-ìåðíûõ ñòîõàñòè÷åñêèõ âåêòîðîâ, à ÷å-
ðåç ei � ñòîõàñòè÷åñêèé âåêòîð, i-ÿ êîìïîíåíòà êîòîðîãî ðàâíà åäè-
íèöå.

Ïóñòü 〈Ek, B〉 � íåêîòîðàÿ êîíå÷íàÿ àëãåáðà. Ðàññìîòðèì îïå-
ðàöèþ f(x1, . . . , xn) ∈ B è íàáîð íåçàâèñèìûõ â ñîâîêóïíîñòè ñëó-
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÷àéíûõ âåëè÷èí X1, . . . , Xn ñ ðàñïðåäåëåíèÿìè p1, . . . ,pn ∈ S(k) ñî-
îòâåòñòâåííî. Òîãäà f(X1, . . . , Xn) åñòü òàêæå ñëó÷àéíàÿ âåëè÷èíà ñ
ðàñïðåäåëåíèåì q = (q0, . . . , qk−1) ∈ S(k), óäîâëåòâîðÿþùèì ñëåäóþ-
ùèì ñîîòíîøåíèÿì:

qi =
∑

(σ1,...,σn):
f(σ1,...,σn)=i

p1
σ1
· · · pnσn .

Òàêèì îáðàçîì, êàæäàÿ n-àðíàÿ îïåðàöèÿ f ∈ B èíäóöèðóåò ïîëè-
ëèíåéíîå îòîáðàæåíèå f̂ : (S(k))n → S(k). Ïîëîæèì B̂ = {f̂ | f ∈ B},
òîãäà 〈S(k), B̂〉 � àëãåáðà, êîòîðóþ áóäåì íàçûâàòü àëãåáðîé âåðîÿò-
íîñòíûõ ðàñïðåäåëåíèé, èíäóöèðîâàííîé àëãåáðîé 〈Ek, B〉.

Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ â îáëàñòè àëãåáð âåðî-
ÿòíîñòíûõ ðàñïðåäåëåíèé, èíäóöèðîâàííûõ ðàçëè÷íûìè êîíå÷íûìè
àëãåáðàè÷åñêèìè ñòðóêòóðàìè. Â ðàáîòàõ [1, 2] ðàññìàòðèâàëèñü êî-
íå÷íûå ïîëÿ è áëèçêèå ê íèì ñòðóêòóðû.

Ïóñòü G ⊆ S(k), òîãäà ÷åðåç Conv(G) áóäåì îáîçíà÷àòü âûïóêëóþ
îáîëî÷êó ìíîæåñòâàG. Èç ðàáîòû [2] âûòåêàåò ñëåäóþùåå óòâåðæäå-
íèå.

Òåîðåìà [2]. Ïóñòü F = 〈Ek; +,×〉 � êîíå÷íîå ïîëå, 0 ∈ Ek �
åãî íóëåâîé ýëåìåíò, è A = 〈S(k);⊕,⊗〉 � èíäóöèðîâàííàÿ ïîëåì F
àëãåáðà âåðîÿòíîñòíûõ ðàñïðåäåëåíèé. Ïóñòü çàäàíî g ∈ S(k). Ïî-
ëîæèì K = {ei ⊗ (g ⊕ ej) | i ∈ Ek \ {0}, j ∈ Ek} ∪ {e0}, òîãäà
〈Conv(K);⊕,⊗〉 � ïîäàëãåáðà àëãåáðû A.

Â äàííîé ðàáîòå ýòîò ðåçóëüòàò îáîáùàåòñÿ íà êîíå÷íûå êîëüöà.

Òåîðåìà. Ïóñòü R = 〈Ek; +,×〉 � êîíå÷íîå àññîöèàòèâíîå êîëüöî,
0 ∈ Ek � åãî íóëåâîé ýëåìåíò, è A = 〈S(k);⊕,⊗〉 � èíäóöèðîâàí-
íàÿ êîëüöîì R àëãåáðà âåðîÿòíîñòíûõ ðàñïðåäåëåíèé. Ïóñòü çàäàíî
êîíå÷íîå ìíîæåñòâî G = {g1, . . . ,gt} ⊂ S(k), ïîëîæèì

Kis = {ei ⊗ (gs ⊕ ej) | j ∈ Ek, } ∪ {e0}, i 6= 0, s = 1, . . . , t,

Ks = {h1s ⊕ · · · ⊕ hk−1 s | h1s ∈ K1s, . . . ,h
k−1 s ∈ Kk−1 s}, s = 1, . . . , t,

K = {j1 ⊕ · · · ⊕ jt | j1 ∈ K1, . . . , j
t ∈ Kt}.

Òîãäà 〈Conv(K);⊕,⊗〉 � ïîäàëãåáðà àëãåáðû A.
Ëèòåðàòóðà. [1] À. Ä. ßøóíñêèé. Î áåñïîâòîðíûõ ïðåîáðàçîâàíèÿõ ñëó-

÷àéíûõ âåëè÷èí íàä êîíå÷íûìè ïîëÿìè. Äèñêðåò. ìàòåì. 27:3 (2015), 145�

157. [2] À. Ä. ßøóíñêèé. Âûïóêëûå ìíîãîãðàííèêè ðàñïðåäåëåíèé, ñîõðà-

íÿåìûå îïåðàöèÿìè êîíå÷íîãî ïîëÿ. Âåñòí. Ìîñê. óí-òà. Ìàòåì. Ìåõàí.,

4 (2017), 54�58.
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K. Aghigh (Tehran, Iran)

On quasi�elds and semi�elds
The investigations of problems of construction and classi�cation of

quasi�elds from 1960 (Kleinfeld E., 1960; Knuth D.E.,1963) usually
use computer calculations. The development to 2007 is re�ected by
N.L. Johnson, V. Jha, M. Biliotti. In 2014, V.M. Levchuk, S.V. Panov,
P.K. Shtukkert gave the structure of �nite quasi�elds. In this paper we
discuss on �nite quasi�elds and semi�elds.

Faculty of Mathematics, K. N. Toosi University of Technology, Tehran, Iran
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D. V. Artamonov (Moscow)

A problem of restriction gn ↓ gn−1 for Lie algebras of series
A,B,C,D.

In the book [1] Zhelobenko used realizations of a representation of a
simple Lie algebra g in the space of all functions on a corresponding Lie
group and in the space of functions on a subgroup of unipotent upper-
triangular matrices. In [1] conditions that de�ne a representation of a
given highest weight in these realization are presented. These realization
are very convenient for an investigation of restriction problems. A
problem of a restriction g ↓ k, where g is a Lie algebra and k is it's
subalgebra is a problem of a description of k-highest vectors in an
irreducible representation of g. A solution of such a problem is a key
step in a construction of a Gelfand-Tsetlin type base in a representation
of a Lie algebra.

Later A.I. Molev (see [2]) obtained a solution of a problem of
construction of a Gelfand-Tsetlin type base for a �nite dimensional
representation of a Lie algebra gn = o2n+1, sp2n or o2n. Molev gave
a construction of base vectors and obtained formulas for the action of
generators of the algebra in this base. But he used another technique.
To obtain a solution of the problem gn ↓ gn−1 an action of a Yangian
on the space of gn−1-highest vectors with a �xed highest weight was
constructed. For all series of algebras Gelfand-Tsetlin type tableaux
constructed by Molev have the following property. There right part has
a structure that depends on a series of the algebra. But as n increases a
tableau grows to the left and the structure of the extension of the tableau
does not depend on the type of the algebra.
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This fact is a starting point of the present talk. The main result is
a new construction of a solution of the problem gn ↓ gn−1 establishing
a relation between solutions for di�erent series. More precise we give a
procedure of a construction of a Gelfand-Tsetlin type base in space of
gn−1-highest vectors.

Firstly separately for the series A, B, C, D it is done for n = 2,
and then for all these series simultaneously we describe a passage from
the problem g2 ↓ g1 to gn ↓ gn−1. This procedure is interpreted as an
extension of a Gelfand-Tsetlin tableau to the left. We call this procedure
an extension of a problem of restriction gn ↓ gn−1 ⊃ g2 ↓ g1.

References. [1] D. P. Zhelobenko, Compact Lie groups and their

representations. � American Mathematical Soc., 1973. [2] A. Molev. Yangians

and classical Lie algebras, 2007, AMS, Mathematical Surveys and Monographs,

vol. 143.
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D. S. Bazhenov, A. L. Kanunnikov (Moscow)

Graded rings with �niteness conditions
Let R =

⊕
σ∈GRσ be an associative ring graded by a group G,

S(R) a set of its homogenous regular elements, Qgrcl (R) = RS(R)−1,
Qgr(R) its classical and complete right graded quotient rings (Qgrcl
exists i� Ore conditions hold for homogeneous elements). A ring R
is called right graded Goldie ring if it satis�es the ascending chain
condition for graded right annihilators and does not contain in�nite
direct sums of graded right ideals. Other standard graded analogs will
be denoted with the pre�x gr-. Standard graded versions of Goldie's
theorems are true only under additional restrictions for the group or
the ring. The counterexamples were constructed for gr-semiprime rings
(C. N�ast�asescu, F. van Oystæyen, 1979), and then for gr-prime rings
too (D. Bazhenov [2], 2017). In [1] it was proved that a ring Qgr(R)
is gr-semisimple for any gr-semiprime graded right Goldie ring R but
the equality Qgr(R) = Qgrcl (R) can be incorrect in contrast with the
ungraded case.

Theorem 1 ([3]). (1) Qgrcl (R) = Qgr(R) for any G-graded gr-semiprime
ring R i� the group G is periodic.

(2) Qgrcl (R) = Qgr(R) for any G-graded gr-prime ring R i�

∀g, h ∈ G ∃n ∈ N ghn = hng. (∗)
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We notice that the class of groups satisfying condition (*) strongly
includes the class of groups with a periodic factor by the center.

Let P gr(R) = lngr R be lower graded nilradical of R i.e. the
intersection of all the gr-prime ideals of R, R = R/P gr(R). We say
that a ring R satis�es the graded regularity condition if ∀c (c ∈
S(R) ⇒ c ∈ S(R)), and the complete graded regularity condition if
∀c (c ∈ S(R) ⇔ c ∈ S(R)). Let R be a right graded Goldie ring and
T grk (R) = P gr(R) ∩ lR

(
P gr(R)k

)
, k ∈ N. Then R is called right T-gr-

Goldie ring if R/T grk is a right graded Goldie ring for all k ∈ N.
The following result is a graded analogue of Small's theorem.

Theorem 2 (D. Bazhenov). If G is periodic group then the following
conditions on G-graded ring R are equivalent:

(1) Qgrcl (R) = Qgr(R) is a right gr-Artinian ring;
(2) R is a non-nilpotent right T-gr-Goldie ring satisfying graded

regularity condition;
(3) R is a non-nilpotent right T-gr-Goldie ring satisfying complete

graded regularity condition.

The speci�ty of graded rings is essential in the proof of the implication
(2) ⇒ (1) in which the graded version of Goldie's theorem is used. The
implication (1) ⇒ (3) is proved similarly to the ungraded case, and the
implication (3)⇒ (2) is obvious.

References. [1] A. L. Kanunnikov. Graded versions of Goldie's theorem.

Moscow University Mathematics Bulletin. 2011, No. volume 66, issue 3, p. 119�
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V. A. Bovdi (Al-Ain, UAE), O. Yu. Dashkova (Sevastopol),
M. A. Salim (Al-Ain, UAE)

On the subgroups of a �nitary linear group with some
�niteness conditions

Let K be an associate ring with unity and let ν be a linearly ordered
set with an order ≤. Let A = (mij(A)) be a matrix of degree ν over the
ring K in which 1 ≤ i, j and i, j ∈ ν. Consider all possible subsets ν′ ⊆ ν
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such that outside ν′×ν′ the matrix A coincides with the identity matrix.
The intersection of all sets ν′ with the given property itself has this
property and therefore it is the smallest set with such property which is
called the support of matrix A and denoted by supp(A). Matrices with
�nite supports are called the �nitary matrices. Finitary matrices are
multiplied by the natural way mij(AB) =

∑
kmik(A)mkj(B) where the

sum on the right side contains only a �nite numbers of nonzero element.
It is obviously that supp(AB) ⊆ supp(A) ∪ supp(B). For all invertible
matrixes A we have supp(A−1) = supp(A). Hence the set FLν(K) of
all invertible �nitary matrices of degree ν over K forms a group under
multiplication, which is called a �nitary linear group of degree ν over K.

The subgroup UTν(K) of FLν(K) consisting all A ∈ FLν(K) with
the additional unitriangularity condition that mij(A) = δij for i ≥ j is
called the �nitary unitriangular group. Finitary linear groups of degree
ν over a ring K was introduced by Yu.I. Merzlyakov in [1] and in the
same paper was established that UTν(K) does not satisfy the normalizer
condition for any ring K with unity and for any in�nite linearly ordered
set ν.

The investigation of FLν(K) was started in [2] and actively continued
in [1, 3-6].

In this paper we continue to study the �nitary linear group. The main
results of this paper are the theorems.

Theorem 1. If K is an integral domain or a commutative Noetherian
ring and G is a �nitely generated subgroup of FLν(K) with the maximal
condition on its subgroups then either G is a polycyclic-by-�nite group
or G contains a non-cyclic free subgroup.

Theorem 2. Let K be either an integral domain or a commutative
Noetherian ring. Each subgroup of FLν(K) with the minimal condition
on its subgroups is locally �nite.
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A. D. Bruno (Moscow)

New generalization of continued fraction, giving the best
Diophantine approximations and fundamental units of the
number rings

Let in the real n-dimensional space Rn = {X} be given m real
homogeneous forms fi(X), i = 1, . . . ,m, 2 6 m 6 n. The convex hull
of the set of points G(X) = (|f1(X)|, . . . , |fm(X)|) ∈ Rm+ for integer
X ∈ Zn in many cases is a convex polyhedral set. Its boundary for ||X|| <
const can be computed by means of the standard program. Boundary
points X, for which G(X) are lying on the boundary, correspond to
the best Diophantine approximations X for the given forms. Their
computation gives the global generalization of the continued fraction.
For n = 3 Euler, Jacobi, Dirichlet, Hermite, Poincar�e, Hurwitz, Klein,
Minkowski, Brun, Arnold and a lot of others tried to generalize the
continued fraction, but without a success.

Let p(ξ) be an integer real irreducible in Q polynomial of the order
n and λ be its root. The set of fundamental units of the ring Z[λ] can
be computed using boundary points of some set of linear and quadratic
forms, constructed by means of the roots of the polynomial p(ξ). Up
today such sets of fundamental units were computed only for n = 2 (using
usual continued fraction) and for n = 3 (using the Voronoi algorithms).
Each unit de�nes two automorphisms: (1) automorphism of boundary
points in Rn and (2) automorphisms of their images in Rm+ . In the
logarithmic projection of Rm+ on Rm−1 one can �nd the fundamental
domain for the group of the automorphisms (2) [1].

Using these constructions, one can �nd integer solutions of
Diophantine equations of a special form [2].

Our approach generalizes the continued fraction, gives the best
Diophantine approximations, fundamental units of algebraic rings and
solutions of some Diophantine equations for any n. Examples will be
considered.
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N. G. Chebochko , A. V. Kondrateva ,M. I. Kuznetsov (Nizhny
Novgorod)

Generalized Hamiltonian Lie algebras in characteristic two
In 1993 L.Lin [1] constructed a new series of simple �nite-dimensional

Lie algebras P (n : m) of characteristic two which can be realised on the
quotient of divided polynomial algebra A(n : m) over constants with the
symmetric Poisson bracket {f, g} = ∂1f∂1g+ . . .+∂nf∂ng. Later on, in
[2] the symmetric Hamiltonian forms in divided powers was introduced
and the symmetric Poisson bracket of L.Lin was obtained by classical
Hamiltonian formalism. But only classical forms analogous to those
which correspond to Hamiltonian Lie superalgebras were considered
[3]-[4]. In [5] the invariant construction of the complex of symmetric
di�erential forms in characteristic 2 was given and some program
of investigation was proposed. We will use the Kostrikin-Shafarevich
notation On(F) instead of A(n : m)(see [6]). Recall that in this notation
F is a �ag of n-dimensional vector space V. The authors have obtained
all invariants of symmetric Hamiltonian di�erential forms with constant
coe�cients with respect to parabolic subgroup of GL(V ) corresponding
to �ag F . In particular, it was shown that there exists a basis of V
coordinated with �ag F such that a symmetric Hamiltonian form has a
matrix diag(M0, . . . ,M0, M1, . . . ,M1, Es) where

M0 =

(
0 1
1 0

)
and M1 =

(
0 1
1 1

)
.

It was proved that simple Lie algebras P (F , ωi), i = 1, 2 corresponding
to symmetric Hamiltonian forms ωi with constant coe�cients in case
when all variables have the hight greater then 1, are isomorphic if
and only if ωi have the same invariants. Note that invariants of skew-
symmetric forms were found in [7]. The case when the hight of variables
may be equal to 1 is more complicated. In [8] were found isomorphisms
between known simple 14-dimensional Lie algebras of characteristic 2.
In particular, an isomorphism between P (4 : 1) and Hamiltonian Lie
algebra H(4, 1, ω) was constructed.
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E. Yu. Daniyarova (Omsk)

Universal Geometrical Equivalence
This talk directly adjoins and picks up the talk of V. N. Remeslennikov

�What is the universal algebraic geometry?� and is based primarily on
the monograph [1].

The concept of geometrical equivalence of the algebraic structures
A and B of one language L was proposed by B. I. Plotkin [2] as a
formalization of the answer to the following question: when two algebraic
structures A and B have the same algebraic geometries? Algebraic
structures A and B are called geometrically equivalent if for any set
of variables X = {x1, . . . , xn} and any system of equations S of L with
variables in X the sets of corollaries of the system S over A and B
coincide, that is, RadA(S) = RadB(S). The question about the relation
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between geometrical equivalence and quasi-equational equivalence is
known as the Plotkin problem. The theme of geometrical equivalence
in general and the Plotkin problem in particular for various classical
varieties of algebras turned out to be quite popular, becoming the content
of a large number of scienti�c articles.

The idea is in itself that when studying the algebraic geometry of a
given algebraic structure A we can, if necessary, go over to its geometric
copies, is certainly interesting and useful. However, it turns out that with
more in-depth studies in a given algebraic structure A, not all results are
carried over to its geometric counterparts. For this reason, we introduced
the notion of universal geometrical equivalence, which is a strengthening
of the notion of geometrical equivalence, formalizing an even larger al-
gebraic-geometric relationship of the algebraic structures A and B. That
way the geometrically equivalent algebraic structures A and B are called
universally geometrically equivalent if any system of equations S de�nes
an irreducible algebraic set over A if and only if it de�nes an irreducible
algebraic set over B.

A long list of criteria for the universal geometrical equivalence of
algebraic structures has been compiled in the monograph [1] and each
one can be especially useful in individual cases. It is proved that for
equationally Noetherian algebraic structures the universal geometrical
equivalence coincides with the universal equivalence (in the sense of the
equality of universal theories). In an arbitrary Diophantine case (if all
the elements of the algebraic structure A can act as the coe�cients of the
equations) we can solve the problem of classifying irreducible coordinate
algebras over A by means of universal geometrical equivalence: a �nitely
generated algebraic structure C in the language L is the coordinate
algebra of an irreducible algebraic set over A if and only if A and C
are universally geometrically equivalent.

We distinguish several special classes when constructing the general
theory of universal algebraic geometry, namely, the class of equationally
Noetherian algebraic structures, the class of equational domains, the
class of equational co-domains, the classes of qω- and uω-compact
algebraic structures, etc. All these classes are invariant under universal
geometrical equivalence. This means that for any algebraic structures
A from a special class, all its universally geometrically equivalent copies
belong to the same class. It should be noted that for ordinary geometrical
equivalence such a result is false for most special classes.

In classical algebraic geometry over a �eld, there is no di�erence
between geometrical and universal geometrical equivalences. It is not
surprising that this fact is also true for any algebraic structures from the
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class of equational domains (and, similarly, co-domains). It is interesting
to note here that the classes of equational domains and co-domains
themselves, being invariant under universal geometrical equivalence, are
not invariant with respect to geometrical equivalence.

In general, it is possible to set several tasks for comparing the
following equivalences with each other: geometrical, quasi-equational,
universal geometrical, universal. By this way we get some sort of
generalizations over the Plotkin problem, that are formulated both for
arbitrary algebraic structures, and for special algebraic-geometric classes
or for classical varieties. A detailed survey of the solutions of these
problems is given in the monograph [1]. In this talk, we will consider
how the equivalences that appear above are arranged in the variety of
Abelian groups.
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A. Dosi (Northern Cyprus)

A multi-operator functional calculus on schemes
In the present talk we discuss a scheme-theoretic version of

holomorphic multi-operator functional calculus. A functional calculus
with sections of a quasi-coherent sheaf on a noetherian scheme
is constructed, and we prove analogs of the known results from
multivariable holomorphic functional calculus over Fr�echet modules. A
spectrum of an algebraic variety over an algebraically closed �eld is
considered. This concept re�ects Taylor joint spectrum from operator
theory. Every algebraic variety turns out to be a joint spectrum of the
coordinate multiplication operators over its coordinate ring.

G. P. Egorychev, S. G. Kolesnikov, V. M. Leontiev (Krasnoyarsk,
Russia)

Two collection formulas
In 1932 P. Hall obtained the formula, which expresses the product

(xy)n in terms of xn, yn and commutators of x and y. Namely, let G be a
group, x, y ∈ G, and let R1 = x,R2 = y,R3, . . . be complex commutators
of x, y, arranged in order of increasing weights (the order among the
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commutators of the same weight is arbitrary). Then there exists a series
of integer-valued polynomials f1(n), f2(n), . . . , vanishing for n = 0, such
that

(xy)n = R
f1(n)
1 R

f2(n)
2 . . . R

fi(n)
i . . . , (1)

f1(n) = f2(n) = n, and the degree of fi(n) does not depend on n.
It is a di�cult problem to �nd an explicit form of the polynomial fi(n)

in general case. Suppose [y, 0x] = y and [y, ix] = [[y, i−1x], x] for i > 0.
In a number of investigations, devoted to di�erent issues, expressions for
exponents of some commutators from (1) were found. Thus, it was noted
in [2,p. 326] that the formula (1) includes the commutator [y, ix] to the
power of the binomial coe�cient

(
n
i+1

)
. In the article [3], devoted to the

investigation of Burnside problem for exponent 8, it was shown that the
expressions

n−1∑
k=1

(
k

i

)(
k

j

)
;

n−1∑
k=1

(
k

j

)[(
k

2

)(
k

i

)
+

(
k

i+ 1

)]
;

n−1∑
k=0

k

[
2

(
k

2

)
+ (k + 2)

(
k

3

)]
are the exponents of the commutators [y, ix, jy] (i > 1, j > 0);
[[y, ix, jy], [y, x]] (i > 2, j = 0 or i, j > 1); [[y, x, y], [y, x, x]], respectively,
from (1). On the other hand, it is possible to get an explicit form of the
right-hand side of (1), imposing reasonable restrictions on the group G.

It is well known that if [y, x] ∈ Z(〈x, y〉), then (xy)n = xnyn[y, x](
n
2) for

any n ∈ N; if the subgroup 〈y, 〈x, y〉′〉 is abelian, then

(xy)n = xnyn[y, x](
n
2) [y, 2x](

n
3) . . . [y, n−1x](

n
n) ∀n ∈ N. (2)

Making the restrictions in (2) weaker, A.I. Skopin got the following result
in [4]. If G is a group, x ∈ G, y ∈ G′ and [G′, G′, G′] = 1, then

(xy)n = xnyn

(
n−1∏
i=1

[y, ix](
n
i+1)

)
n−2∏
i=0

n−1∏
j=i+1

[[y, ix], [y, jx]c
n
ij ,

where the powers cnij are determined by recurrence relations. Here and
below all the sums and products are respectively 0 and 1 if the upper
index is less than the lower.

In this paper we introduce two collection formulas. The �rst one
(theorem 1) is a result of collecting the product (xy)n in the following
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order: (xy)2, (xy)2(xy), ((xy)2(xy))(xy), . . ., with such restriction that
any commutator is equal to 1 if it includes more than two y's. The second
formula (theorem 2) is obtained as a result of counting the number of
commutators in traditional collecting process (when commutators are
collected in order of increasing weights). In the �nal theorem, we give the
combinatorial identities, which simplify the expressions for exponents,
and their generalizations. We also investigated the problem of divisibility
of the arisen sums.

Theorem 1. Suppose G is a group, x, y ∈ G, any commutator of x and
y equals 1 if it includes more than two y's. Then for any natural n > 1
we have

(xy)n = xnyn

(
n−1∏
i=1

[y, ix](
n
i+1)

)(
n−2∏
i=0

[y, x, y,ix](
n
i+3)+(n+1

i+3)

)
×

×

 i+j<n∏
i>1,j>0

[y, ix, y,jx](
n+1
i+j+2)

 ∏
i>0,k>0

[ [y, i+1x], [y, ix], kx]µn(i,k),

where αs(i) =
(
s
i+1

)
, µn(i, 0) =

∑n−1
s=1

(
αs(i)

2

)
,

µn(i, k) =

n−k−1∑
sk=1

sk∑
sk−1=1

. . .

s2∑
s1=1

s1∑
s=1

(
αs(i)

2

)
, k > 1.

Theorem 2. Suppose G is a group and x, y ∈ G; H is a normal clouser
of the subgroup, generated by all commutators of x, y that includes more
than two y's. Then for any natural n > 1 we have

(xy)n = xnyn ×

(
n−1∏
i=1

[y, ix](
n
i+1)

)(
n−1∏
i=1

[y, ix, y]n( n
i+1)−(n+1

i+2)

)
×

n−2∏
j=1

n−1∏
i=j+1

[[y, ix], [y, jx]]fn(i,j)(modH),

where

fn(i, j) =

j∑
k=1

n−1∑
m=j−k

(
n−m− 1

k

)(
m

i− k + 1

)(
m

j − k

)
+

n−2∑
k=1

n−1∑
m=k+1

(
k

j

)(
m

i

)
.
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Theorem 3. Let r,m, n, i ∈ N, s1(m, r) be the Stirling numbers of the
second kind, and m,n > 1. The following identeties hold:

µn(i, k) =
1

2

[(
n

i+ k + 2

)
−
n−k−i−2∑
s=0

(
n− i− s− 2

l

)(
i+ s+ 1

i+ 1

)2
]
,

n∑
sr−1=1

sr−1∑
sr−2=1

. . .

s2∑
s1=1

s1∑
s0=1

(
s0

i+ 1

)m
=

n−i−1∑
s=0

(
r + n− i− s− 2

r − 1

)(
i+ s+ 1

s

)m
,

n∑
sr−1=1

. . .

s1∑
s0=1

(
αs0(i)

m

)
=

1

m!

n∑
j=0

n−i−1∑
s=0

s1(m, j)

(
r + n− i− s− 2

r − 1

)(
i+ s+ 1

s

)j
.

This research is partially supported by RFBR according to the grant
No. 16-01-00707.
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Wenbin Guo

Recent some progress on �nite groups
In this talk, we will introduce some recent developments of the theory

of �nite groups, which include: 1) F-hypercenter and its generalizations;
2) The theory of quasi-F-groups; 3) The generalization of Schur-
Zassenhaus theorem, Hall theorem and Chunihin theorem; 4) The
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con�rmation for Wielandt's conjecture; 5) The answer to an open
problem of Wielandt; 6) A generalized Thompson conjecture.
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Maria Gerasimova (Germany), Dominik Gruber (Switzerland),
Nicolas Monod (Switzerland), Andreas Thom (Germany)

Asymptotics of Cheeger constants and unitarisability of
groups

Let Γ be a discrete group. A linear representation π of a group
Γ on a Hilbert space is called unitarisable if π is conjugated to a
unitary representation by a bounded operator. This implies that π is
uniformly bounded, that is, supg∈Γ ‖π(g)‖ is �nite. It was shown soon
that amenable groups are unitarisable. It has been open ever since
whether this characterises the unitarisability of a group.

Dixmier: Are all unitarisable groups amenable?

The �rst example of a non-unitarisable group was found by Ehrenpreis�
Mautner, who showed in 1951 that SL2(R) is not unitarisable.
In the 1980s, simple and explicit constructions of non-unitarisable
representations of free groups were provided. Since unitarisability passes
to subgroups, Dixmier's question thus concerns non-amenable groups
without free subgroups.
One of the approaches to study unitarisability is related to the space of
all functions f : Γ→ C admitting a decomposition

f(x−1y) = f1(x, y) + f2(x, y) ∀x, y ∈ Γ

with fi : Γ× Γ→ C such that both of the following are �nite:

sup
x

∑
y

|f1(x, y)| and sup
y

∑
x

|f2(x, y)|.

The connection is as follows. First, Γ is amenable if and only if T1(Γ) ⊆
`1(Γ). Secondly, if Γ is unitarisable, then T1(Γ) ⊆ `2(Γ). Thirdly, if Γ
contains a non-abelian free subgroup, then T1(Γ) * `p(Γ) for all p <∞.
These results prompted us to de�ne the Littlewood exponent Lit(Γ) ∈
[0,∞] of a group Γ as follows:

Lit(Γ) = inf
{
p : T1(Γ) ⊆ `p(Γ)

}
.
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It is straightforward that Lit(Γ) = 0 characterises �nite groups and that
amenable groups satisfy Lit(Γ) ≤ 1. Our �rst result is the converse of
the latter statement:

Theorem 1. For every non-amenable group Γ there exists p > 1 such
that

T1(Γ) * `p(Γ).

The situation can therefore be summarised as follows (taking into
account a further connection that we shall establish with the rapid decay
property of Jolissaint).

Corollary 1.

• Lit(Γ) = 0 if and only if Γ is �nite.

• Lit(Γ) = 1 if and only if Γ is in�nite amenable.

• Lit(Γ) ≤ 2 if Γ is unitarisable.

• Lit(Γ) is outside the interval (1, 2) if Γ has the rapid decay
property.

• Lit(Γ) =∞ if Γ contains a non-abelian free subgroup.

A major question is to exhibit groups with 1 < Lit(Γ) < ∞, and
particularly with 1 < Lit(Γ) ≤ 2. Using groups constructed by D. Osin,
we know that the last item is not a characterisation.

Theorem 2. There exist �nitely generated torsion groups Γ with
Lit(Γ) =∞.

Our next result relates Lit(Γ) to the asymptotics of isoperimetric
quantities attached to Γ as follows. Recall that the Cheeger constant
h(Γ, S) is de�ned by

h(Γ, S) = inf
F

|∂S(F )|
|F |

,

where the in�mum runs over all non-empty �nite subsets F ⊂ Γ. De�ne
the relative maximal average degree e(Γ, S) by

e(Γ, S) = 1− h(Γ, S)

|S|
.
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Finally, our asymptotic invariant is

η(Γ) = − lim inf
S

ln e(Γ, S)

ln |S|
,

where the limes inferior is taken over all symmetric �nite subsets S of
Γ. Our main result is the following

Theorem 3. For any group Γ we have η(Γ) = 1− 1
Lit(Γ) .

The following result � a consequence of graphical small cancellation
theory for hyperbolic groups � shows that the invariant is indeed non-
trivial in the sense that there exist groups with Lit 6∈ {0, 1,∞}.
Theorem 4 There exists a group Λ with 1 < Lit(Λ) <∞.

Using the connection between the spectral radius and the Littlewood
exponent together with Adyan's results, we can then estimate Lit(Γ) for
Burnside groups of large exponent.

Theorem 5 Let B(m, p) be a free Burnside group on m generators,
where m ≥ 2, p ≥ 665 and p is odd. Then Lit(B(m, p)) ≥ 3/2.
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Enumerations of ideals in niltriangular subalgebra of
Chevalley algebra

The subalgebra NΦ(K) of Chevalley algebra LK over �eld K [1; �
4.2] with the basis {er | r ∈ Φ+} is called niltriangular. An algebra
A = (A,+, ·) (possibly, non-associative) is called an enveloping algebra
of a Lie algebra L if L is isomorphic to the algebra A(−) := (A,+, [ , ]),
[a, b] := ab − ba. The well-known enveloping algebra R of Lie algebra
NΦ(K) [3; Proposition 1] has also base {er | r ∈ Φ+} and its choice
depends on signs of structural constants of Chevalley basis.

Let Φ be a root system associated with a Chevalley algebra LK .
We distinguish the following ideals in a Lie algebra NΦ(K) putting on
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r ≤ s (r, s ∈ Φ+) if s − r is a linear combination of simple roots with
nonnegative coe�cients:

T (r) :=
∑
r≤s

Kes, Q(r) :=
∑
r<s

Kes.

Roots r and s are called incident ones if s ≤ r or r ≤ s. Any set L
of pairwise non-incident roots in Φ+ is called a set of corners in Φ+. If
H ⊆

∑
r∈L T (r) and the inclusion fails under every substitution of T (r)

by Q(r), then L = L(H) is said to be a set of corners in H. An ideal H
of a Lie ring NΦ(K) is said to be standard if

∑
r∈L(H)Q(r) ⊂ H. An

enveloping algebra R of Lie algebra NΦ(K) is called standard if all ideals
in R are standard. V. M. Levchuk and the author are �nding all standard
enveloping algebras R; for Lie type Dn (n ≥ 4) and En (n = 6, 7, 8) it
doesn't exist and for Lie type F4 the existence of standard enveloping
algebra R had been shown in [4].

The algebra NT (n,K) of niltriangular n × n matrices over �eld K
represents an associative standard enveloping algebra R for Lie algebra
NΦ(K) of type An−1. Denote by NT

′(n,K) an algebra obtained from
algebra NT (n,K) by replacing the relations enjej1 = en1 and ej1enj = 0
with the new relations enjej1 = 0, ej1enj = en1 (j = 2, 3, ..., n− 1).

Theorem 1. Any standard enveloping algebra R of Lie algebra NΦ(K)
of type An−1 (n > 3) is isomorphic either to NT (n,K) or to NT ′(n,K).

In connection with Problem 2 in [2] of enumeration of all ideals for
Lie algebra NΦ(q) := NΦ(GF (q)) of classical Lie types the so-called
canonical bases of Lie ideals in NT (n,K) had been considered in [5; �
4].

Similar bases of subalgebras in Lie alberas NΦ(K) are distinguished
in

Lemma 1. Let H be a nonzero subalgebra of a Lie algebra NΦ(K)
over �eld K and L = L(H) = {r1, r2, . . . , rm}. Then any base of the
intersection Q(L) ∩H can be extended to a base of H by the elements

αi =

m∑
j=1

aijerj + α′i, i = 1, 2, . . . , t, t = dimK H/H ∩Q(L),

where ||aij || is t ×m-matrix of rank t over K (t ≤ m) and α′i ∈ Q(L).
Moreover, with a �xed ordering of L for uniquely determined numbers
j1 = 1 < j2 < · · · < jt ≤ m it can be assumed that

ai,ji = 1 (1 ≤ i ≤ t), aik = 0 (k < ji), ai,jk = 0, 1 ≤ i < k ≤ t.
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The �xed choice of signs of structural constantsNrs of Chevalley basis
for classical types in [6] uniquely determines the enveloping algebra RΦ

of Lie algebra NΦ(K). Lemma 1 admits to distinguish canonical bases
of nonstandard ideals in algebra RΦ of type Dn (n ≥ 4) [3; � 4] and to
�nd the combinatorial expression of their number.

The following problem has arisen as Problem 1 for classical Lie types
in [2]:

(A) Find the number of standard ideals of Lie algebra NΦ(q).

Problem 1 from [2] had been solved by the theorem of
G. P. Egorychev, V. M. Levchuk and the author and the solution had
been announced in [3]. For exceptional Lie types Problem (A) had been
solved in [4].

The author was supported by RFBR (project no. 16-01-007-07).
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On injective envelopes of semimodules and additively regular
semirings

It is well-known that every module over a ring possesses an injective
envelope. The statement does not hold for semimodules over semirings in
general, however, as was shown by Katsov in [1, Corollary 12], it is true
for semimodules over additively regular semirings. Quite recently in [2]
there was proposed a conjecture that the converse statement for Katsov's
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result is true as well, that is, every semiring all of whose semimodules
possess injective envelopes is additively regular. The following result
con�rms completely that conjecture; moreover, it shows the converse
statement holds even for much more weak assupmtions:

Theorem 1. For a semiring S the following conditions are equivalent:
i) every right (left) S-semimodule possesses an injective envelope;
ii) every right (left) �nitely generated S-semimodule possesses an

injective envelope;
iii) every right (left) S-semimodule having a two-elemented set of

generators possesses an injective envelope;
iv) S is additively regular.
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Jabbarov I. Sh., Hasanova G. K. (Ganja)

On the Fundamental Theorem of Algebra and its equivalence
to the Frobenius Theorem on division Algebras

Formulation of the Fundamental Theorem of Algebra (FTA) was
given by A. Girard (in 1617) as a conjecture: an algebraic equation of
degree n has n complex roots. But �rst complete and strict proof was
given by J. Argand in 1814. In 1816 C. Gauss had published a new
complete proof. After of these events, which were great development of
algebraic and analytic methods, The Fundamental Theorem of Algebra
has been proved by many other mathematicians. Nowadays the number
of known proofs of FTA is very large ([1-2]). Some of these proofs based
on the properties of analytic functions. In [2] is given several proofs using
projective spaces.

In [3] the fundamental theorem of algebra was established for ordered
�elds. In this proof essential role plays fact that the main �eld is in�nite.
In this paper we give a new proof for which this assumption wasn't made.

One of the interesting questions on this direction is a construction of
algebraic proof doesn't using topological or geometric ideas. To present
days none of the methods for proving FTA is purely algebraic (see [4-6]).
Our proof is also algebraic in which we use, as many other proofs, fact
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that the algebraic equation of odd degree with real coe�cients has a
real root. The question is connected with the fact that the �eld of real
numbers is a complete �eld with strict linear order. This is a unique
argument connected with the topology of real axes. Consideration of a
special construction allows us to avoid assumption on in�niteness of the
�eld. By this reason this method can be used in the case of �nite �elds.
Another basic argument consisted in the existence of a square root of
negative real numbers in the �eld of complex numbers.

In the work [7] G. Frobenius had proved the theorem on division
associative algebras. He proved that there exists only 3 associative
division algebras over the �eld of real numbers. Proof of this deep result
based on FTA (see [6]). There is close connection between these two
results, which was not observed in the literature. In this paper we show
that the Frobenius theorem on division algebras is equivalent to the
Fundamental Theorem of Algebra.

Theorem 1(FTA). Every polynomial of positive degree with
complex coe�cients has complex roots only.

Let we are given with some �eld P , and V denotes an associative
linear algebra over this �eld. If for any elements a, b ∈ V of the algebra
the equations ax = b and xa = b have solutions when a 6= 0 then this
algebra is called to be division algebra. The dimension of the linear space
V is called as a rank of the algebra. The �eld of complex numbers is a
division algebra of a rank 2.

Now we recall the Frobenius theorem.
Theorem(Frobenius). There are only three associative division

algebras over the �eld of real numbers: the �elds of real and complex
numbers, and the quaternion's algebra.

Theorem 2. FTA is equivalent to the Frobenius theorem.
Proof. It is best known that Frobenius Theorem is possible to deduce

from FTA. To complete the proof of the theorem 2, we must prove an
implication Frobenius theorem ⇒ FTA. Assume Frobenius Theorem, i.
e. there is only three associative division algebras over the �eld of real
numbers. It is best known that for every polynomial f(x) ∈ C[x] there
exists a polynomial g(x) ∈ R[x] such that every root of given polynomial
or its conjugate is a root of g(x).On other hand there exist an extension L
of the �eld of real numbers containing all roots of the polynomial g(x). It
is is clear that the �eld L is a commutative division algebra of �nite rank
over the �eld of real numbers. By the theorem of Frobenius this algebra
can be isomorphic, in consent with commutativity, to the algebras R or
C only, because the quaternion's algebra is not commutative. So, all of
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roots of given polynomial belong to the �eld L being isomorphic to C.
Theorem 2 is proven.
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Olga Kharlampovich (New York, USA)

What does a group algebra of a free group �know� about the
group?

We describe solutions to the problem of elementary classi�cation in
the class of group algebras of free groups. We will show that unlike
free groups, two group algebras of free groups over in�nite �elds are
elementarily equivalent if and only if the groups are isomorphic and
the �elds are equivalent in the weak second order logic. We will show
that the set of all free bases of a free group F is 0-de�nable in the
group algebra K(F ) when K is an in�nite �eld, the set of geodesics is
de�nable, and many geometric properties of F are de�nable in K(F ).
In addition, subgroups of F are de�nable in K(F ). In contrast to this,
proper non-cyclic subgroups are not de�nable in F (this was our solution
of Malcev's problem). Therefore K(F ) �knows"some very important
information about F . We will show that similar results hold for group
algebras of limit groups.

These are joint results with Alexei Myasnikov.

Hunter College, CUNY

J. V. Kochetova (Moscow)

On radicals of associative K-ordered algebras
Our primary interest in this paper is a description of some

relationships between classical radicals of K-ordered associative algebras.
Namely, in this paper we consider properties of the prime radical, the
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Baer's radical and the quasi�regular radical (the Jacobson radical) for
associative algebras (see [1], chapter 1). Also, following [2], this paper
goes on to consider properties of the l-prime radical and the lower
weakly solvable l-radical for K-ordered associative algebras over partially
ordered �elds (see [2]).

Let us recall, that an associative algebra A with the K-order 6 over
a partially ordered �eld P is called a lattice K-ordered algebra or an
l-algebra if the following conditions hold:

1) A is a lattice ordered vector space over P with respect to the
order 6 (see [3], chapter 15);

2) from a > 0 it follows that a > ab and a > ba for any elements
a, b ∈ A (see [4], [5]).

The basic properties of K-ordered algebras over ordered �elds are
developed in the works [2], [5], [6].

It is known (see [1], � 1.1) that the prime radical rad(A) of an
arbitrary associative algebra A is equal to its Baer's radical B(A).
Moreover, rad(A) is equal to the set of all elements a ∈ A such that
for each m-system σ with the condition a ∈ σ, we obtain that σ contains
zero. Recall, that a nonempty subset σ of an associative algebra A is
called an m-system if for any a, b ∈ σ there exists an element c ∈ A such
that acb ∈ σ (see [1], � 1.1, De�nition 5).

To study the properties of l-prime radicals, the notion of an m-
system was extended from associative algebras to K-ordered algebras
over ordered �elds by the author and by E.E. Shirshova in [2]. Namely,
a nonempty subset σ of a lattice K-ordered algebra A over a partially
ordered �eld is said to be a saturated system if for any a, b ∈ σ there
exists an element c ∈ IaIb such that c ∈ σ (by Ia and Ib we denote the
least l-ideals of A such that a ∈ Ia and b ∈ Ib) (see [2], De�nition 3.2.2).

Using the notion and properties of saturated systems to describe the
structure of the l-prime radical of a lattice K-ordered algebra A over a
partially ordered �eld, we obtain that l-radK(A) is equal to the set of
all elements a ∈ A such that any saturated system σ with the condition
a ∈ σ contains zero. It is necessary to note that this theorem is stated
similarly to the theorem for prime radicals of associative algebras.

If we combine this characterization of the l-prime radical for an
associative l-algebra A over a partially ordered �eld with the description
of the prime radical of A, then we conclude that the following
relationships between the l-prime radical l-radK(A), the prime radical
rad(A) and the quasi�regular radical J(A) of A hold:

l − radK(A) ⊆ rad(A) ⊆ J(A). (1)
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Moreover, the application of conditions (1) to a �nite�dimensional
linearly K-ordered associative algebra A over a linearly ordered �eld
yields

l − radK(A) = rad(A) = J(A) = A. (2)

It is worth stressing that the properties (2) are true for any �nite-
dimentional nilpotent associative algebra over a linearly ordered �eld.
Indeed, in [6] it was proved that a �nite�dimensional nilpotent associative
algebra is a linearly K-orderable algebra (see [6], Corollary 1).

In [2] we investigate the generalization for the concept of a lower
nilradical of associative algebras to lattice K-ordered algebras over
partially ordered �elds. Namely, we introduce the notion of a lower
weakly solvable l-radical Bl(A) of an l-algebra A. In addition, it was
proved that if A is an l-algebra over a directed �eld then Bl(A) = l-
radK(A).

In this paper, following [1] and [2], we say that an associative algebra
A is a B-semisimple if B(A) = {0} and A is a Bl-semisimple if Bl(A) =
{0}. Also, A is said to be a J-semisimple if J(A) = {0}.

Suppose A is an associative lattice K-ordered algebra over a directed
�eld. Then the property (1) shows that any B-semisimple associative
algebra A is a Bl-semisimple algebra. Besides, if A is a J-semisimple
algebra then A is a B-semisimple algebra and A is a Bl-semisimple
algebra.
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A. Krasilnikov, C. Pereira (Bras��lia, Brasil)

On strongly Lie nilpotent associative algebras
Let F be a �eld. A unital associative F -algebra A is called strongly

Lie nilpotent if there is a chain

A = R0 ⊃ R1 ⊃ · · · ⊃ Rn
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of two-sided ideals Rk (k = 0, 1, . . . , n) of A such that, for each k, the
ideal Rk−1/Rk is contained in the center of A/Rk. One can check that

[a
(1)
1 , . . . , a

(1)
`1

] [a
(2)
1 , . . . , a

(2)
`2

] . . . [a
(m)
1 , . . . , a

(m)
`m

] ∈ Rk (a
(j)
i ∈ A)

if `1 + `2 + · · ·+ `m −m ≥ k. In particular,

[a1, . . . , ak+1] ∈ Rk and [a1, a2] . . . [a2k−1, a2k] ∈ Rk (ai ∈ A).

Let E be the in�nite-dimensional Grassmann algebra over F and let En
be the n-generated Grassmann F -algebra. Then E is not strongly Lie
nilpotent but the tensor products En1

⊗En2
⊗· · ·⊗Enk are strongly Lie

nilpotent.
Our main result is as follows.

Theorem. Let F be a �eld. Let A be a unital strongly Lie nilpotent
associative F -algebra. Then the T -subspace C(A) of the central
polynomials of A is �nitely generated (as a T -subspace in F 〈xi | i ∈ N〉).

Note that, by Shchigolev's result [1], if F is of characteristic 0 then
each T -subspace in F 〈xi | i ∈ N〉 is �nitely generated. Thus, in the
proof of the Theorem we may assume that the �eld F is of a prime
characteristic p > 0. To prove the Theorem we use the techniques
developed in [2,3].

Note also that the T -subspace C(E) of the central polynomials of the
in�nite-dimensional Grassmann algebra E over a �eld F of characteristic
p > 2 is not �nitely generated [4-6].
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S. K. Kuklina (Krasnoyarsk)

On irreducible carpets of additive subgroups of type G2

Below, Φ is a reduced indecomposable root system and E(Φ,K) is
an elementary Chevalley group of type Φ over the �eld K. The group
E(Φ,K) is generated by its root subgroups

xr(K) = {xr(t) | t ∈ K}, r ∈ Φ.

The subgroups xr(K) are Abelian and for every r ∈ Φ and any t, u ∈ K
the following relations hold

xr(t)xr(u) = xr(t+ u).

By a carpet of type Φ over K we mean an arbitrary family of additive
subgroups

A = {Ar | r ∈ Φ} of ring K with the condition

Cij,rsA
i
rA

j
s ⊆ Air+js, r, s, ir + js ∈ Φ, i, j > 0,

where Air = {ai | a ∈ Ar}, and constants Cij,rs = ±1,±2,±3 are de�ned
by the Chevalley commutator formula[

xs(u), xr(t)
]

=
∏
i,j>0

xir+js
(
Cij,rs(−t)iuj

)
, r, s, ir + js ∈ Φ.

Every carpet A of type Φ over the ring K de�nes the carpet subgroup

E(Φ,A) =
〈
xr(Ar) | r ∈ Φ

〉
of the Chevalley group E(Φ,K), where 〈M〉 is subgroup, generated by
the subset M of the group E(Φ,K). A carpet A of the type Φ over the
ring K is said to be closed, if its carpet subgroup E(Φ,A) has no new
root elements, that is

E(Φ,A) ∩ xr(K) = xr(Ar), r ∈ Φ.

We call a carpet A irreducible, if all Ar are nonzero.

Theorem 1. Let A = {Ar | r ∈ Φ} be an irreducible carpet of type G2

over the �eld K of characteristics p > 0. Suppose that all Ar are R -

247



modules over the �eld R, where K is an algebraic extension of the �eld
R. Then, up to conjugation by the diagonal element of G2(K)

Ar =

{
P, if r is a short root,
Q, if r is a long root

for some intermediate sub�elds P and Q of the �eld K (R ⊆ P,Q ⊆
K),and P 3 ⊆ Q ⊆ P.

For p > 3 the statement of the theorem was established by V.M
Levchuk [1, Corollary 3.2], even under weaker restrictions on the additive
subgroups Ar, and in this case the carpet A is parametrized by only one
�eld, namely, Q = P .
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A. N. Lata (Moscow)

Unary Algebras without proper Subalgebras
By a unary algebra one means an algebra whose signature consists of

unary symbols.
Any unary algebra can be interpreted as an automaton without

outputs, as an act over semigroups and as a directed pseudograph.
A subalgebra of a universal algebra is proper if it does not coincide

with the whole algebra.
A unary algebra is said to be strongly connected if it is generated by

each of its elements.
De�nitions and statements of graph theory can be found in [1].

Theorem 1. Let 〈A,Ω〉 be an arbitrary unary algebra. Algebra 〈A,Ω〉
has no proper subalgebras if and only if after interpretation of some
unary operations from Ω, we obtain a strongly connected directed
pseudograph.
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Corollary 1. Let 〈A,Ω〉 be an arbitrary unary algebra. Algebra 〈A,Ω〉
has no proper subalgebras if and only if it is a strongly connected algebra.

Corollary 2. Let the signature of a universal algebra A contain unary
operations. If, after interpreting some unary operations from signature,
we obtain a strongly connected directed pseudograph, then the algebra
A has no proper subalgebras

Corollary 3. Let A be an (in�nite) automaton without outputs.
Automaton A has no proper subautomaton if and only if its Moore
diagram is strongly connected a directed pseudograph.

Corollary 4. Let A be an arbitrary unary algebra. The atoms of SubA
are exactly the strongly connected subalgebras of A.

Corollaries 3 and 4 are generalizations of the result of V.N. Salii [2]
to the case of an in�nite automaton without outputs.
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Zariski cancellation problem for noncommutative algebras
The Zariski cancellation problem arises in commutative algebra and

can be formulated in the following way: Let K be a �eld, A :=
K[t1, . . . , tn] be the commutative algebra of usual polynomials and B
be a commutative K-algebra,

if A[t] ∼= B[t], then A ∼= B?

Recently the problem has been considered for noncommutative algebras
that are domains (Bell, J., and Zhang, J. J., Zariski cancellation
problem for noncommutative algebras, Selecta Math. (N.S.), 23 (3), 2017,
1709�1737).

In this talk we will discuss the Zariski cancellation problem for
arbitrary algebras.

Seminario de �Algebra Constructiva - SAC2, Departamento de Matem�aticas,

Universidad Nacional de Colombia, Bogot�a, COLOMBIA
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A. O. Likhacheva (Krasnoyarsk)

On irreducible carpets of additive subgroups of type F4

Let Φ is a reduced indecomposable root system and E(Φ,K) is an
elementary Chevalley group of type Φ over the �eld K. The group
E(Φ,K) is generated by its root subgroups

xr(K) = {xr(t) | t ∈ K}, r ∈ Φ.

The subgroups xr(K) are Abelian and for each r ∈ Φ and any t, u ∈ K
the following relations hold

xr(t)xr(u) = xr(t+ u).

By a carpet of type Φ over K we mean an arbitrary family of additive
subgroups

A = {Ar | r ∈ Φ} of ring K with the condition

Cij,rsA
i
rA

j
s ⊆ Air+js, r, s, ir + js ∈ Φ, i, j > 0,

where Air = {ai | a ∈ Ar}, and constants Cij,rs = ±1,±2,±3 are
determined by the Chevalley commutator formula[

xs(u), xr(t)
]

=
∏
i,j>0

xir+js
(
Cij,rs(−t)iuj

)
, r, s, ir + js ∈ Φ.

Every carpet A of type Φ over the ring K de�nes the carpet subgroup

E(Φ,A) =
〈
xr(Ar) | r ∈ Φ

〉
of the Chevalley group E(Φ,K), where 〈M〉 is subgroup, generated by
the subsetM of the group E(Φ,K). The carpet A of the type Φ over the
ring K is said to be closed, if its carpet subgroup E(Φ,A) has no new
root elements, that is

E(Φ,A) ∩ xr(K) = xr(Ar), r ∈ Φ.

We call a carpet A irreducible, if all Ar are nonzero.

Theorem 1. Let A = {Ar | r ∈ Φ} be an irreducible carpet of F4 type
over the �eld K of characteristics p > 0. Suppose that all Ar are R -
modules over the �eld R, where K is an algebraic extension of the �eld
R. Then, up to conjugation by the diagonal element of F4(K)
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Ar =

{
P, if r is a short root,
Q, if r is a long root

for some intermediate sub�elds P and Q of the �eld K (R ⊆ P,Q ⊆
K),and P 2 ⊆ Q ⊆ P.

For p > 2 the assertion of the theorem is established in [1], and in
this case the carpet A is parameterized by only one �eld, that is Q = P .
For carpet A from the above theorem, its carpet subgroup F4(K) is an
intermediate between F4(Q) and F4(P ) and by the theorem of [2] is
closed. Examples of unclosed carpets above the rings are indicated in [3]
and [4]

This work was �nancially supported by the Russian Foundation for
Basic Research under grant 16-01-00707.
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A. V. Mikhalev, E. E. Shirshova (Moscow)

Radicals of ordered algebraic systems
An ideal P of an algebra A over a �eld F is said to be a prime

ideal whenever the product IJ 6= 0 for any nontrivial ideals I and J of
the quotient-algebra A/P . The set-theoretic intersection of the set of all
prime ideals for an algebra A is called the prime radical of the algebra
A.

Prime radicals were investigated in di�erent partially ordered
algebraic systems. The idea of prime radicals was �rst considered by
G. Birkho� and R.S. Pierce in the class of lattice-ordered rings (see [1]).
A.V. Mikhalev and M.A. Shatalova obtained the description of the prime
radical element-wise in the classes of associative lattice-ordered rings [2].
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A ring R is called a partially pseudo-ordered ring whenever <
R,+,≤> is a partially ordered group and the following condition holds:
if 0 ≤ a, then ab ≤ a and ba ≤ a for all b ∈ R.

An algebra A =< A,+, {α| α ∈ F}, ·,≤> over a partially ordered
�eld (see [1]) F is called a partially pseudo-ordered algebra whenever
the following conditions hold: 1) if 0 ≤ a, then 0 ≤ αa for all elements
a ∈ A and all α > 0 from the �eld F ; 2) < A,+, ·,≤> is a partially
pseudo-ordered ring.

Partially ordered Lie algebras (see [3]) form a subclass of pseudo-
ordered algebras.

One can �nd the description of the prime radical element-wise for
a lattice pseudo-ordered algebra over a partially ordered �eld in the
paper [4].

An algebra A is said to be a directed pseudo-ordered algebra if the
group < A,+,6> is a directed group.

In this report we survey a variation of the concept of the prime radical
for directed pseudo-ordered algebras over directed �elds.
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Dmitry V. Millionshchikov

Narrow positively graded Lie algebras
A nilpotent Lie algebra g is said to be naturally graded if it is

isomorphic to its associated graded Lie algebra grg with respect to
�ltration by ideals of the lower central series. This concept is equivalent
to the concept of the Carnot algebra arising in sub-Riemannian geometry
and the geometric control theory [1]. Recall that a Carnot algebra is a
positive-graded Lie algebra g = ⊕ni=1gi such that

[g1, gi] = gi+1, i = 1, . . . , n− 1, [g1, gi] = 0, i > n.

Zelmanov and Shalev introduced the concept of narrow Lie algebras
in [4], the class of positively graded Lie algebras of small width d. A
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positively graded Lie algebra g = ⊕igi is called a Lie algebra of width d
if there is a d (minimal with such a property) such that dim gi ≤ d,∀i ∈
N. The problem of classifying graded Lie algebras of �nite width was
outlined by Zel'manov and Shalev as an important and di�cult problem
(even "a formidable challenge"[4]).

Naturally graded Lie algebras can not have width one. The minimum
possible value for their width d(g) is two. But also the classi�cation of
naturally graded Lie algebras of width two seems at the moment an
immense task. One can distinguish among them a subclass of Lie algebras
of "width 3

2 that is, Lie algebras satisfying the following condition of
narrowness:

dim gi + dim gi+1 ≤ 3, i ≥ 1.

The talk based on [2],[3] will focus the classi�cation of naturally graded
Lie algebras of this class.

The research was made under the support of the RSF grant � 14-
11-00414.
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A. A. Mishchenko

Universal classes of abelian groups
The isomorphism problem for arbitrary abelian groups is extremely

di�cult, it has a satisfactory solution only for certain classes of abelian
groups, see [1] for details. On the other hand, the elementary equivalence
problem found a very good solution in the famous article by W. Szmielew
[2]. In this article, she introduced the invariants, which are now called
Szmielew's invariants, and showed that two abelian groups A and B
are elementarily equivalent if and only if the values of the elementary
invariants of the group A coincide with the values of the elementary
invariants for the group B.
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In this talk we discuss the problem of universal equivalence for abelian
groups and for classes of abelian groups. By de�nition, two abelian
groups A and B are universally equivalent, if and only if their universal
theories coincide. De�ne the basic notions associated with the universal
classes used in this report. We denote the class of abelian groups in the
signature L = {+,−, 0} by A. The subclass of abelian groups A which
periodic part T (A) is a p-group, where p is a �xed prime number denote
by Ap. The class of all torsion-free abelian groups denote by A0. It is
shown in [3] that for any p ∈ P ∪ {0} the class Ap is the universal class.
A universal class of abelian groups K is called principal universal class
if there exists an abelian group A such that K is generated by A as the
universal closure of A i.e. K = ucl(A).

In [3] we introduced primary universal invariants UIp, where p is a
prime number or 0. This is a �nite vector whose elements are natural
numbers or the symbol∞. Using primary universal invariants, we de�ne
the universal invariant UI(A) for a group A as a sequence:

UI(A) = (UI0(A),UI2(A),UI3(A),UI5(A), . . . ,UIpn(A), . . .),

where pn are prime numbers for n ≥ 1. This made it possible to prove
an analogue of Szmielew's theorem about the universal equivalence of
abelian groups:

Theorem 1.

1. Let A and B be groups from Ap. Then A and B are universally
equivalent if and only if UIp(A) = UIp(B).

2. Two abelian groups A and B are universally equivalent if and only
if UI(A) = UI(B).

This theorem allowed us to begin a detailed process of studying
universal classes of abelian groups. In this direction the author together
with V. N. Remeslennikov and A. V. Treier wrote the series of articles
[3, 4, 5]. The main results of this series of works are the following:

1. Universal invariants UI are de�ned not only for abelian groups, but
also for universal classes of abelian groups;

2. For the principal universal class of abelian groups, a unique
canonical group is de�ned and the structure and properties of this
group are studied in detail;

3. Within each principal universal class of abelian groups,
homogeneous and existentially closed abelian groups are described;
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4. It is shown that for universal theory of principal universal class
there is a model companion and it is shown in which cases there is
a model completion for these theories.

Next, we turn to the analysis of the principal universal classes of
abelian groups from Ap, where p is a �xed prime number. The main
result is as follows:

Theorem 2. Let K1 and K2 be two principal universal class of abelian
groups. Then Th∀(K1) = Th∀(K2) if and only if UI(K1) = UI(K2).

Then we de�ne the set of canonical abelian groups CGr with the
following properties:

Theorem 3. For groups in the class CGr the following statements hold:

1. For any abelian group A, there exists a unique group C ∈ CGr
such that Th∀(A) = Th∀(C);

2. Two groups C1, C2 ∈ CGr are isomorphic if and only if Th∀(C1) =
Th∀(C2);

3. For any principal universal class of abelian groups K there exists
a unique group C ∈ CGr such that Th∀(K) = Th∀(C).

References. [1] L. Fuchs, In�nite abelian groups. Vol. 1,2. � M.: Mir, 1974,

1977. [2] W. Szmielew, Elementary properties of Abelian groups. Fundamenta

Mathematica, 41 (1955), 203�271. [3] A.A. Mishchenko, V.N. Remeslennikov,

A.V. Treier, Canonical and Existential Groups in Universal Classes of Abelian

Groups. Doklady Mathematics, 93:2 (2016), 175�178. [4] A.A. Mishchenko,

V.N. Remeslennikov, A.V. Treier, Universal invariants for classes of abelian

groups. Algebra and Logic, 56:2 (2017), 116�132. [5] A.A. Mishchenko,

V.N. Remeslennikov, Canonic and existentialy closed groups in universal

classes of abelian groups. Algebra and Logic, (2018), applied.

Sobolev Institute of Mathematics of SB RAS, Omsk, Russia

e-mail: alexei.mishenko@gmail.com

S. P. Mishchenko (Ulyanovsk, Russia), A. Valenti (Palermo, Italy)

On varieties with at most cubic growth
Let F be a �eld of characteristic zero and F{X} the free non

associative algebra on a countable set X over F . Let V be a variety
of non necessarily associative algebras and Id(V) be the T -ideal of
identities of V. In characteristic zero without loss of generality one can
study the multilinear identities of V and a natural and well established
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way of measuring the identities of V is through the study of the
asymptotic behavior of its sequence of codimensions cn(V), n = 1, 2, . . . .
More precisely, for every n ≥ 1 let Pn be the space of multilinear
polynomials in the variables x1, . . . , xn. Since char F = 0, the T-
ideal Id(V) is determined by the multilinear polynomials it contains;
hence the relatively free algebra F{X}/Id(V) is determined by the
sequence of subspaces {Pn/(Pn ∩ Id(V))}n≥1. The integer cn(V) =
dimPn/(Pn ∩ Id(V)) is called the n-th codimension of V and the growth
function determined by the sequence of integers {cn(V)}n≥1 is the growth
of the variety V.

Here we consider varieties V of not necessarily associative algebras
such that the sequence of codimensions is polynomially bounded, i.e.,
there exist constants α, t > 0 such that cn(V) ≤ αnt, for all n. In
particular we deal with the variety, V = 2N , of left nilpotent algebras of
index two, that is the variety of algebras satisfying the identity

x(yz) ≡ 0.

For this class of algebras in [1] the authors constructed a varietyW ⊂ 2N
such that for any n ≥ 25

([
√
n ]− 2)

n(n− 1)(n− 5)

6
≤ cn(V) ≤ n3

√
n+ n2(2n+ 3

√
n) + n2.

In other words, the varietyW has fractional polynomial growth between
3 and 4, more precisely limn→∞ logn cn(V) = 7

2 .
Motivated by this results in ([2], [3]) we classi�ed the growth of

varieties of commutative and anticommutative algebras with at most
quadratic growth.

The aim of this lecture is to classify all possible growth of varieties
V of algebras satisfying the identity x(yz) ≡ 0 such that cn(V) < Cnα,
with 1 < α < 3, for some constant C. We have the following

THEOREM 1. Let V be a variety of algebras satisfying the identity

x(yz) = 0.

If cn(V) ≤ Cnα for some constant C > 0 and 1 < α < 2, then cn(V) ≤
4n+ C1 for some constant C1 > 0.

THEOREM 2. Let V be a variety of algebras satisfying the identity

x(yz) = 0.
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If cn(V) ≤ Cnα for some constant C > 0 and 2 < α < 3, then cn(V) ≤
C1n

2 for some constant C1 > 0.
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Automorphisms of free braided associative algebras in two
variables

It is well-known [1, 2, 3, 4] that all automorphisms of polynomial
algebras K[x1, x2] and free associative algebras K〈x1, x2〉 in two
variables are tame. Automorphism groups of quantum polynomial
algebras are described by J. Alev and M. Chamarie [5].

In this paper we describe automorphisms of the free associative
algebra K〈x1, x2〉 with a diagonal braiding. It is well known [6] that
every braiding τ : V ⊗ V → V ⊗ V of a vector space V can be
canonically continued to a braiding of the tensor algebra T (V ). Other
relevant de�nitions can be found in [6].

Let V be a vector space with a linear basis x1, x2 and let τ be a
diagonal involutive braiding on V such that τ : xi⊗xs 7→ qis·xs⊗xi. Then
Aτ = K〈x1, x2〉 ' T (V ) becomes a free braided associative algebra. We
identify the braiding τ with the vector τ = (q11, q12, q21, q22). Put also
τ∗ = (q22, q21, q12, q11).

Proposition. Let τ, σ be two diagonal braidings on V = Kx1 +Kx2.
Then Aτ ∼= Aσ if and only if σ = τ or σ = τ∗.

This proposition implies a classi�cation of algebras Aτ up to
isomorphism.

Denote by G0 = AutA the group of all automorphisms of the
free associative algebra A = K〈x1, x2〉. Denote by ϕ = (f1, f2) the
automorphism of A such that ϕ(x1) = f1, ϕ(x2) = f2. Let

A = A0 ⊕A1 ⊕ . . .⊕An ⊕ . . .
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be the standard grading of A. An automorphism ϕ = (f1, f2) of A is
called odd if f1, f2 ∈ A1 ⊕A3 ⊕A5 ⊕ . . .. Denote by G1 the group of all
odd automorphisms of A. Put also

G2 = {ϕ ∈ G0 | ϕ = (α1x1, α2x2) or ϕ = (α1x2, α2x1), α1, α2 ∈ K∗},

G3 = {ϕ ∈ G0 | ϕ = (α1x1 + γ1, β2x2 + γ2), α1, β2 ∈ K∗, γ1, γ2 ∈ K},

G4 = {ϕ ∈ G0 | ϕ = (α1x1, α2x2), α1, α2 ∈ K∗}.

Theorem. Let τ = (q11, q12, q21, q22) be a diagonal involutive
braiding on V = Kx1 +Kx2 and Gτ be the group of all automorphisms
of the braided free associative algebra Aτ = K〈x1, x2〉. If τ = (1, 1, 1, 1),
then Gτ ' G0; if τ = (−1,−1,−1,−1), then Gτ ' G1; if τ =
(−1, 1, 1,−1) or τ = (1,−1,−1, 1), then Gτ ' G2; if τ = (1, 1, 1,−1),
then Gτ ' G3; and if q12 6= ±1 or τ = (1,−1,−1,−1), then Gτ ' G4.
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D. Osin

Hyperbolic structures on groups and loxodromic rigidity
This talk is based on the joint work with C. Abbott and

S. Balasubramanya [1]. For every group G, we introduce the set of
hyperbolic structures on G, denoted H(G), which consists of equivalence
classes of (possibly in�nite) generating sets of G such that the
corresponding Cayley graph is hyperbolic; two generating sets are
equivalent if the corresponding word metrics on G are bi-Lipschitz
equivalent. Alternatively, one can de�ne hyperbolic structures in terms
of cobounded G-actions on hyperbolic spaces.
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Elements of H(G) can be ordered in a natural way according to the
amount of information they provide about the groupG. I will �rst discuss
basic properties of this poset such as cardinality, width and height, the
existence of extremal elements, etc.

Next, I will address the question to what extent a hyperbolic
structure on a group is determined by the set of loxodromic elements
and their translation lengths. Research in this direction is motivated
by various well-known rigidity phenomena such as the marked length
spectrum rigidity for hyperbolic surfaces [5] and the Culler�Morgan
theorem for groups acting on R-trees [2]. Our results are twofold. On
the one hand, we prove that the set of loxodromic elements itself does
not determine a hyperbolic structure. On the other hand, we show that
adding some information about translation lengths allows one to recover
the corresponding hyperbolic structure completely. The latter result can
be seen as the analogue of the Culler�Morgan theorem in our settings.
The main technical tools used in the proofs are hyperbolically embedded
subgroups and acylindrically hyperbolic groups introduced in [3] and [4].

Finally I will mention some open questions.
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A. G. Pinus (Novosibirsk)

On the classi�cation of functional clones by its formula and
types de�nable subsets

As the any functional clone F on the set A is the clone Tr(AF )
of termal functions for the universal algebra AF =< A;F >, we
have natural interest on the classi�cation of clones F on A by some
derived structures of this algebras AF , for example, by its algebraic
geometries, by Boolean algebras of formula de�ned subsets of algebra
AF , by collections of subsets de�ned by elementary types in AF .

We de�ne the clones F1, F2 on the set A as algebraically equivalent
(F1 ∼alg F2 ), if coincide the algebraic geometries of algebras AF1 and
AF2

(it is are the collections of algebraic sets of this algebras, see, for
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example, [1]). Two clones F1, F2 on the set A we de�ne as L0 - logically
equivalent (F1 ∼log F2), if coincide the Boolean algebras of quanti�er
free formula sets of algebras AF1

and AF2
. Two clones F1, F2 on the set

A we de�ne as elementary equivalent (F1 ∼el F2 ) if coincide the families
of sets de�ned by elementary types in algebras AF1 and AF2 .

For any clone F on the set A let PCT (F ),CT (F ),ECT (F ) are
functional clones of all positive conditional termal, conditional termal,
elementary conditional termal functions of algebra AF (see, for example,
[2]).

The clone F on A is additive (see [1]), if any union of its algebraic
sets is also its algebraic set.

Then we have

Theorem. For any �nite set A and any clone F on A:
a) if F is additive clone, then F ∼alg PCT (F ),
b) F ∼log CT (F ),
c) F ∼el ECT (F ).

Let FA be the collection of all functional clones on A.

Corollary. For any �nite set A :
a) Any collection of pairwise algebraically non-equivalent additive

clones on A is �nite,
b) sets FA/ ∼log, FA/ ∼el are �nite.
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Dmitri Piontkovski (Moscow)

Algebras and semigroups of linear growth and the dynamical
Mordell�Lang conjecture

Ufnarovski remarked in 1990 that it is unknown whether any �nitely
presented associative algebra of linear growth is automaton, that is,
whether the set of normal words in the algebra form a regular language.
If the algebra is graded, then the rationality of the Hilbert series of
the algebra follows from the a�rmative answer to Ufnarovski's question.
Assuming that the ground �eld has a positive characteristic, we show
that the answer to Ufnarovskii's question is positive for graded algebras
if and only if the basic �eld is an algebraic extension of its prime sub�eld.
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As a corollary of the �if� part, each homogeneous �nitely presented
semigroup of linear growth is a �nite disjoint union of the subsets of
the form a〈w〉b where 〈w〉 is a monogenic semigroup.

Our approach is based on a connection with the dynamical Mordell�
Lang conjecture. This conjecture describes the intersection of an orbit
of an algebraic variety endomorphism with a subvariety. We show that
the positive answer to Ufnarovski's question implies some known cases
of the dynamical Mordell�Lang conjecture. In particular, the positive
answer for a class of algebras is equivalent to the Skolem�Mahler�Lech
theorem which says that the set of the zero elements of any linear
recurrent sequence over a zero characteristic �eld is the �nite union of
several arithmetic progressions. In particular, classical counter-examples
to this theorem in the �nite characteristic case give examples of �nitely
presented algebras of linear growth with irrational Hilbert series. In
addition, over an arbitrary in�nite basic �eld, we show that the set of
Hilbert series of the quadratic algebras of linear growth with 5 generators
is in�nite.
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V. N. Remeslennikov (Omsk)

What Is The Universal Algebraic Geometry?
The most full answer to this question can be obtained from the

monograph [1]. The most concise answer is: it is a �eld of mathematics
in which for any category of algebraic structures C of a language L and
the set of letters X = {x1, . . . , xn} we can de�ne the notion of a system
of equations S(X) over an algebraic structure A from C and specify
procedures for solving fundamental problems:

1. If the system of equations S(X) is consistent and t(X) is an
equation of the language L, then is t(X) a consequence of S(X)
or not;

2. Forming of a uniform method for constructing the coordinate
algebra (a general solution) for the system of equations S(X).

Let us brie�y describe the main de�nitions and facts of algebraic
geometry over an algebraic structure A = 〈A; L〉.

An equation in the language L in variables form X is an atomic
formula in the language L with variables in X, i. e. a formula of the
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type t1 = t2 or R(t1, . . . , tm), where ti are terms and R is a relation
symbol from L. If S is a system of equations, then the set VA(S) =
{(a1, . . . , an) ∈ An | A |= f(a1, . . . , an) ∀ f ∈ S} is called an algebraic
set over A. It is de�ned the Zariski topology on the a�ne space An by
setting the prebase of closed sets consisting of all algebraic sets. Next,
we naturally de�ne the concepts of an irreducible set and of irreducible
components; all the necessary topological details of algebraic geometry
over A is constructed. It is true that an arbitrary non-empty algebraic
set is representable as the union of its irreducible components.

Two systems of equations S1 and S2 are equivalent over A if the
sets of their solutions coincide: VA(S1) = VA(S2). The radical RadA(S)
of a system of equations S is the maximal system of equations that
is equivalent to S. The coordinate algebra of the algebraic set VA(S)
is de�ned as factor-structure of the free term algebraic structure by the
Gorbunov �Tumanov congruence that is de�ned by the radical RadA(S).
Then the category of algebraic sets over A and the category of their
coordinate algebras are de�ned. These categories, as in the case of
classical algebraic geometry over a �eld, prove to be dually equivalent
(the dual equivalence theorem).

One of the main problems of algebraic geometry overA is the problem
of classifying algebraic sets over A with accuracy up to isomorphism.
The dual equivalence theorem reduces this problem to the classi�cation
of coordinate algebras of algebraic sets.

In addition to the dual equivalence theorem, there are several classical
algebraic-geometric facts that remain valid for an arbitrary algebraic
structure A. But most of the results of classical algebraic geometry lose
their validity in the case of an arbitrary algebraic structure. At this
stage, among the range of all algebraic structures, we point out about ten
large classes (not counting their intersections) in which certain classical
theorems are true.

The most important of these classes is the class of equationally
Noetherian algebraic structures that are de�ned by the fact that in
them any system of equations S turns out to be equivalent to some
�nite subsystem S0 ⊆ S. In any equationally Noetherian algebraic
structure A any non-empty algebraic set can be represented as a �nite
union of irreducible algebraic sets. For equationally Noetherian algebraic
structures, there are large uni�cation theorems that allow us to classify
coordinate algebras (both all and irreducible only) in many convenient
ways.

Another important class of algebraic structures is the class of
equational domains, characterized by the fact that in them the union
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of any two algebraic sets is an algebraic set. If the algebraic structure A
is an equational domain, then the criterion that an algebraic set VA(S)
is irreducible is that its coordinate algebra is an equational domain.

As we can see, equationally Noetherian algebraic structures are
structures that inherit those riches that, in classical algebraic geometry,
are given by the Noetherian property of the polynomial ring over the
�eld, and the equational domains are those algebraic structures that have
received the re�ection of that fact from classical algebraic geometry, that
the �eld is an integral domain. We give extensive lists of criteria as for
being equationally Noetherian algebraic structure as for being equational
domain, by which we can establish the existence of these properties.

We note conclusively that there are a large number of articles and
books on algebraic geometry over concrete algebras: groups, semigroups,
rings, and �elds. Over the past two decades, in connection with the trends
in the development of new areas of mathematics and its applications,
interest has grown in research in algebraic geometry for many types of
graphs, partial orders and large networks. In that respect, the motivated
reader may read the doctoral thesis of A. N. Shevlyakov [3], which
contains the substantive material on this topic.
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A. N. Shevlyakov (Omsk, Russia)

Algebraic geometry over groups: systems of equations with
disjoint set of variables

Let us give the basic de�nitions of the algebraic geometry over groups.
Any group G below will be considered in the language L = {·,−1 , 1}∪

{g|g ∈ G} where the constants of L correspond to the elements of G. We
have that any L-term in variables X = {x1, x2, . . . , xn} is an element of
the free product G ∗ F (X). An L-equation is an expression w(X) = 1,
where w(X) is an L-term. An L-system of equations (an L-system for
short) is an arbitrary set of L-equations.
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A point P = (p1, p2, . . . , pn) ∈ Gn is a solution of an L-system S in
variables X = {x1, x2, . . . , xn}, if the substitution xi = pi reduces each
equation of S to a true equality in the group G. The set of all solutions
of a system S in G is denoted by V(S) ⊆ Gn. Let S be a L-system in
variables X, then the radical Rad(S) of S over a group G is the set of
all L-equations w(X) = 1 with V(S) ⊆ V(w(X) = 1).

Let S be a set of L-equations. By [S] we denote the normal closure
of S. Obviously, [S] ⊆ Rad(S).

One can consider radicals in a wide set of variables. Suppose an L-
system S depends on variables X = {x1, x2, . . . , xn}, but variables Y =
{y1, y2, . . . , ym} do not occur in S. Let us denote Z = X ∪ Y and de�ne
the radical RadZ(S) = {w(Z) = 1 | V(S) ⊆ V(w(Z) = 1)}.

The central problem of my talk is the following. Let G be a group,
X,Y be disjoint sets of variables, and Z = X ∪ Y . Does the equality

RadZG(S1(X) ∪ S2(Y )) = [RadZG(S1(X)),RadZG(S2(Y ))] (1)

hold for any systems of equations S1,S2?
We proved that (1) holds for any abelian group, but fails for free or

2-step nilpotent non-abelian groups. More precisely, it was proved the
following theorems.

Theorem 1. Let G be a non-abelian free group and a ∈ G a free
generator. For S1 = {[x, a] = 1}, S2 = {[y, a] = 1} the equality (1)
fails.

Theorem 2. Let G be a 2-step nilpotent group where G′ contains an
element of in�nite order. Then equality (1) fails for some systems if
equations over G.
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L. N. Shevrin, M. V. Volkov (Ekaterinburg)

Varieties of semigroups:
achievements in the past and contemporary challenges

The theory of semigroup varieties is one of the most developed parts
of the theory of semigroups. Investigations on semigroup varieties started
in the middle of the XXth century and continue to the present day.
One can distinguish the following main areas: identities of semigroups,
structural aspects, lattices of varieties, free semigroups of varieties,
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algorithmic problems. Many achievements in these areas have been
systematically presented in a number of overview works (review articles,
chapters of some monographs); some relevant information on varieties of
semigroups is also contained in encyclopedic texts (from reference books
and encyclopedias).

The talk will brie�y characterize the survey papers on semigroup
varieties published to date and present selected top results in each of the
mentioned directions as well as actual problems that still remain open.

Ural Federal University

e-mail: lev.shevrin@urfu.ru, Mikhail.Volkov@usu.ru

Vladimir Shpilrain (New York)

Algorithmic problems in (semi)groups of 2× 2 matrices
I will give a survey of recent and not-so-recent results and challenging

open problems related to various algorithms in (semi)groups of 2 × 2
matrices and their complexity.

The City College of New York

e-mail: shpil@groups.sci.ccny.cuny.edu

A. M. Staroletov (Novosibirsk)

On composition factors of �nite groups isospectral to simple
linear and unitary groups

Let G be a �nite group and ω(G) be its spectrum, that is, the set of
orders of its elements. The prime graph Γ(G) of G is de�ned as follows:
its vertex set is the set of prime divisors of |G|, and two distinct vertices
r and s are joined by an edge i� rs ∈ ω(G). Denote by t(G) the greatest
size of a coclique in Γ(G).

Two �nite groups are said to be isospectral if their spectra coincide.
We say that G is recognizable by spectrum if every �nite group isospectral
to G is isomorphic to G. It is known that every �nite group containing
a nontrivial normal solvable subgroup is nonrecognizable [1, Lemma 1].
Therefore, it is natural to ask whether nonabelian simple groups are
recognizable by spectrum?

We consider �nite groups isospectral to simple linear and unitary
groups. Suppose that L = PSLn(q) or L = PSUn(q). By the main
result of [2], if n ≥ 5 and G is a �nite group isospectral L then there
exists a nonabelian simple group S such that S ≤ G/K ≤ AutS, where
K is the solvable radical of G. Moreover, it is true that t(S) > t(L)− 1.
Therefore, in order to describe �nite groups isospectral to L one can
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sort out di�erent possibilities of S. By [3, Table 4], if S is an exceptional
group of Lie type then t(S) 6 12 and t(S) = 12 only when S is of type
E8. On the other hand, if n > 27 then t(L) > 14 by [3, Table 2]. Thus
under such restriction on n, the group S cannot be isomorphic to an
exceptional group. Using this fact, it is proved [4] that if n > 27 then
every �nite group isospectral to L is isomorphic to a �nite group G with
L ≤ G ≤ AutL. In particular, there exist only �nitely many pairwise
nonisomorphic groups isospectral to L. We show that if n 6 26 then S
is still nonisomorphic to an exceptional group of type E8.

Theorem 1. Suppose that L = PSLn(q) or L = PSUn(q), where q is
a prime power and L is simple. If G is a �nite group with ω(G) = ω(L)
then among composition factors of G there are no exceptional groups of
Lie type E8.

The work was supported by the Russian Science Foundation (project
14-21-00065).
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I. D. Suprunenko (Minsk, Belarus)

Special composition factors in restrictions of representations
of classical groups to subsystem subgroups with two simple
components

Restrictions of modular irreducible representations of the classical
algebraic groups to maximal subsystem subgroups with two simple
components are investigated. For a wide class of p-restricted
representations of special linear and symplectic groups in odd
characteristic p, we show that such restrictions have composition factors
which are big with respect to unipotent elements of one component (see
the de�nition below) and not very small for the other component if the
ranks of the simple components of the relevant subgroups are not too
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small. These results allow one to get lower estimates for the number
of Jordan blocks of the maximal possible size in the images of certain
unipotent elements in irreducible representations of the groups under
consideration.

In what follows K is an algebraically closed �eld of odd characteristic
p, G = Ar(K) or Cr(K) , ωi (1 ≤ i ≤ r) are the fundamental
weights of a �xed simple algebraic group (it is always clear from the
context what group is considered), ω(ϕ) is the highest weight of an
irreducible representation ϕ, ϕ∗ is the representation dual to ϕ (we need
this notation only for G = Ar(K)), and ϕ|H is the restriction of a
representation ϕ to a subgroup H. A subgroup of G is called a subsystem
subgroup if it is generated by the root subgroups associated with all roots
of a certain subsystem of the root system. Recall that ifH is a semisimple
algebraic group with two simple components H1 and H2, then each its
irreducible representation ρ is equivalent to a tensor product ρ1 ⊗ ρ2

where ρi is an irreducible component of the restriction ρ|Hi, i = 1, 2.
Throughout the text when we write an irreducible representation of H
in such form, we always mean that ρi is a representation of Hi.

Let H ⊂ G be a subgroup, x ∈ H be a unipotent element, and ϕ be
a representation of G. We call a composition factor ψ of the restriction
ϕ|H big for x if the minimal polynomials of ϕ(x) and ρ(x) coincide.

Now we �x a set of representations which we regard as small. Set

Σ(Γ) =


{0, pjω1, (p

j + pk)ω1, p
jω2, p

jωn−1,

pjωn, (p
j + pk)ωn, p

jω1 + pkωn} for Γ = An(K),

{0, pjω1, (p
j + pk)ω1, p

jω2} for Γ = Cn(K).

(here j and k are nonnegative integers, they can coincide). Results of
Lubeck (2001) imply the following: if ρ is an irreducible representation
of Γ and ω(ρ) 6∈ Σ(Γ), then dim ρ > n3/8 for Γ = An(K) and n > 6 and
dim ρ > n3 for Γ = Cn(K) and n > 7; if ω(ρ) ∈ Σ(Γ), then dim ρ is not
bigger than a certain quadratic function of n. So it is natural to regard
irreducible representations of a group Γ with highest weights from Σ(Γ)
as small.

Theorem 1. Let G = Ar(K), 3 ≤ l ≤ r − 4, H1 and H2 ⊂ G be
commuting subsystem subgroups of types Al and Ar−l−1, respectively,
H = H1H2, and ϕ be a p-restricted irreducible representation of G with

highest weight ω =
r∑
i=1

aiωi. Set ω
∗ = ω(ϕ∗). Assume that

∑r
i=1 ai ≥ p.
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1) The restriction ϕ|H has a composition factor big for all elements
of order p from H1 and nontrivial for H2. If ω 6= a1ω1 + arωr with
a1 + ar = p or p+ 1 and both weights ω and ω∗ 6= (p− 1)ω1 + ω2, then
ϕ|H has such factor ρ1 ⊗ ρ2 with ω(ρ2) 6∈ Σ(H2).

2) If ω 6= a1ω1 + arωr with a1 + ar = p and both weights ω and
ω∗ 6= (p − 1)ω1 + ω2, then ϕ|H has a composition factor big for all
unipotent elements of H1 and nontrivial for H2.

3) Put

∆ = {a1ω1 + arωr, a1 + ar < p+ 3;

a1ω1 + ωj + arωr, a1 + ar = p− 1, 2 ≤ j ≤ l + 1 or r − 2 ≤ j ≤ r − 1;

(p− 2)ω1 + 2ω2, (p− 2)ω1 + ω2 + ω3, (p− 2)ω1 + 2ω2 + ωr,

(p− 1)ω1 + 2ω2, (p− 1)ω1 + ω2 + ωr, (p− 1)ω1 + 2ω3}.

Let ω and ω∗ 6∈ ∆. Then ϕ|H has a composition factor ρ ∼= ρ1 ⊗ ρ2 big
for all unipotent elements of H1 with ω(ρ2) 6∈ Σ(H2).

Theorem 2. Let G = Cr(K), 3 ≤ l ≤ r − 3, H1 and H2 ⊂ G
be commuting subsystem subgroups of types Cl and Cr−l, respectively,
H = H1H2, and ϕ be a p-restricted irreducible representation of G with

highest weight ω =
r∑
i=1

aiωi. Assume that
∑r
i=1 ai ≥ p.

1) The restriction ϕ|H has a composition factor big for all unipotent
elements of prime order from H1 and nontrivial for H2.

2) If ω 6= (p−1)ω1+ω2, then ϕ|H has such factor big for all unipotent
elements of H1.

3) Let

ω 6∈ {(p− 2)ω1 + 2ω2, (p− 2)ω1 + ω2 + ω3,

(p− 1)ω1 + ωj , 1 ≤ j ≤ l + 1; (p− 1)ω1 + 2ω2, (p− 1)ω1 + 2ω3}.

Then ϕ|H has a composition factor ρ ∼= ρ1 ⊗ ρ2 big for all unipotent
elements of H1 with ω(ρ2) 6∈ Σ(H2).

Similar results are obtained for representations with smaller highest
weights and for groups of types Br and Dr as well. The size of the
abstract does not allow to state them explicitly, they will be discussed in
the talk. This research has been supported by the Belarusian Republican
Foundation for Fundamental Research, Project No F16032.
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A. V. Treier

Model companions for principle universal classes of abelian
groups

In the middle of the previous century A. Robinson introduced model
companions for �rst-order theories of algebraic structures.

Let T be a theory of a language L. A model companion of T is the
theory T ′ with the following properties:

1. Every model of T ′ embeds into a model of T and vice versa.

2. The theory T ′ is model complete, i.e any embedding between
models of T ′ is an elementary embedding.

For example, the theory of algebraically closed �elds is a model
companion of the theory of �elds. The model companion Γ′ of graph
theory is complete theory and in�nite random graph (Rado graph) is
the model of Γ′. But there exist theories which doesn't have a model
companion. It is well known that group theory and monoid theory
doesn't have a model companion. Despite this P.Eklo� and G.Sabbagh in
[1] have proved that theory of all abelian groups has a model companion
and divisible groups are models of this model companion.

There are several criteria for the existence of model companions. More
information about this can be found in the work of A.Macyntire [2]. We
will give the criteria for existence of a model companion for inductive
theories which useful for us. By de�nition, a theory T is inductive, if
union of increasing chains of models of T is a model of T .

Theorem 1 (P.Eklo�, G.Sabbagh, [1]). Let T be an inductive theory.
Then T has a model companion if and only if, the class of existentially
closed models of T is an elementary class. In this case existentially closed
models of T are models of T ′.

The theorem above provides a close connection between a model
companion of T and existentially closed models of T .

Our interest here is to check behaviour of this notions in principle
universal classes of abelian groups. In the talk will be presented
results of A.A.Mishenko and V.N.Remeslennkov [3] on the structure of
existentially closed (e.c.) groups in universal classes of abelian groups.
They have described e.c. groups in the terms of canonical groups and
special integer valued vectors (ladder vectors). Together with results of
speaker on axiomatisation of e.c. groups of studied universal classes by
Theorem 1 we have that for universal theories of principle universal
classes of abelian groups there exists a model companion.
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Before stating our result we will give some basic de�nitions. Let L be
the additive group language. Let K be a class of abelian groups, denote
by Th∀(K) the universal theory of K. A class K is called a universal
class if it has axiomatisation by universal formulas of the language L.
Denote by ucl(K) the universal closure of K, i.e. the set of all models
of Th∀(K). A universal class of models K is called principle, if there
exists the model A such that K = ucl(A). Note that Th∀(K) is inductive
theory. Denote by Ap the class of abelian groups which periodic part
is p-group, where p is a �xed prime number. Recall that the group A
from K is called K-existentially closed, if any system of equations and
inequalities with coe�cients in A which is satisfy Th∀(K) has decision
in A. Let us formulate our result.

Theorem 2. Let K be a principle universal class of abelian groups from
Ap, T = Th∀(K), and Kec is the set of existentially closed models of K.
Then T has a model companion T ′, such that T ′ = Th(Kec).

References. [1] A. Macyntire, Model completeness, Studies in Logic and
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M. Tvalavadze (Toronto, Canada), E. Napedenina

Real Division Algebras
A real division algebra is a non-zero real vector space A equipped

with a multiplication that satis�es the division property, that is, for
every a 6= 0 and b the equations

ax = b and ya = b

have unique solutions for x and y in A. If A is �nite-dimensional, then
it satis�es the division property if and only if it has no zero divisors (i.e.
xy = 0 if and only if x = 0 or y = 0).

The famous theorem of Bott and Milnor [4] states that any �nite-
dimensional real division algebra can have only dimensions 1, 2, 4, or 8.
In [7] Frobenious accomplished classi�cation of real associative division
algebras and showed that up to an isomorphism there are only three
types: R, C and Q (the real quaternions). If associativity condition is
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replaced with alternativity, then R, C, Q and O (the real octonions)
classify all real division algebras. The general classi�cation problem of
all real division algebras has been solved only for dimensions 1 and
2. For 4- and 8-dimensional real division algebras it is far from being
completed. The most important contributions to the development of real
division algebras have been made by Benkart, Britten, Osborn, Darp�o
and Dieterich in a series of publications ([2,3,5,6]).

In the present paper we study the special class of four-dimensional
division algebras called transitive division algebras. Algebras from this
class are characterized by transitive action of the quaternion group on
the set of right multiplications. The standard quaternion algebra is the
main example of a transitive algebra. We found necessary and su�cient
conditions for a transitive division algebra to be left-unital. For a special
sub-class called transitive-diagonal algebras we described their derivation
algebras in terms of structure constants of A.
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Mirjana Vukovi�c (Sarajevo, Bosnia and Herzegovina)

Paragraded Rings and Their Radicals
The �rst relatively general de�nition of graded groups and rings

(because it was based unnecessarily on Abelian graded group) was given
by Bourbaki [1], whose approach led to many active investigations in
both associative and non-associative ring theory, especially in radical
theory. Note, that the notion of graded homogeneous �eld called corpoid,
was introduced by M. Krasner in 1944 [6], when he investigated valued
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�elds and observed connection to their valuations rings via the notion
of equivalence of valuations. Later, Krasner developed the more general
graded theory [7,8,4,6,9] - the theory of homogroupoids, anneids and
moduloids, where corpoid, as a special case of an anneid, is viewed as a
homogeneous part of a graded �eld.

It is well known that the graded structures (groups, rings, modules)
compose the categories that are not closed with respect to direct sum and
direct product. The aim of a new concept in my joint works ([10]) and
monograph ([11]) (see also [12-14]) with M. Krasner was to introduce the
algebraic structures which generalize the classic graded structures and
have in each of the three cases: groups, rings, and modules, the property
of closure with respect the direct sum and the direct product in the sense
that the support of the homogeneous subset of the composition (direct
sum or direct product) is the restricted direct sum or direct product
of the components. In this way we developed a theory of paragraded
structures, which generalizes, not only, the theory of graded structures
as it is exposed in Bourbaki ([3]), but also the previous results of M.
Krasner ([9]) and M. Chadeyras ([4]).

In this talk we study the general paragraded radical theory of
paragraded rings, structures introduced by Krasner and myself [10,
11] (see also [13]). It is well known that the ADS-Theorem overcomes
the problem of the relation "being an ideal"not being transitive for
associative rings. We prove a version of the ADS-Theorem for associative
paragraded rings, i.e., we prove that for any paragraded radical α (in
the sense of Kurosh and Amitsur) and any associative paragraded ring
R, if I is a homogeneous ideal of R, then α(I) is a homogeneous ideal
of R. We also study special paragraded radicals of paragraded rings.
It is known that any special radical of a ring can be described by an
appropriate class of modules over that ring [1]. Our aim is to show that
all special paragraded radicals of paragraded rings can be described by an
appropriate class of their paragraded modules. in an analogous manner
as in the case of graded rings [2].
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V. I. Yanchevskii (Minsk)

Reduced unitary Whitehead groups for anisotropic algebraic
groups of classical types

Let k be a �eld and G be a k-de�ned k-simple algebraic group of
a classical type (except 3D4 and 6D4). Then its group Gk of k-rational
points is either a special linear group, or one of unitary groups (including
orthogonal and symplectic groups). Classical groups are called groups
of a noncommutative type if division algebras used for their de�nition
are noncommutative. We shall consider simply connected groups of such
type and the series An. The Kneser-Tits conjecture on the structure
of k-isotropic groups is well known. It was proved in many cases for
special �elds k, but for anisotropic groups it is false as it was shown
by V.P. Platonov [1]. So the necessity to study the so called reduced
Whitehead groups has appeared. Now many results on computing such
groups are available in the case of inner forms of groups of series
An (see, e.g., [2�10]). But the anisotropic case still remains almost
unapproachable (for the �rst steps see [11�13]). The aim of the talk is
to present a scheme of computing such groups associated with Henselian
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algebras with unitary involutions. More precisely, let K be a quadratic
separable extension of k andD be a �nite dimensional divisionK-algebra
over a Henselian �eldK with a unitary involution τ (i.e. with a nontrivial
restriction of τ to K). Then the group

SUKan(D, τ) = SU(D, τ)/[U(D, τ), U(D, τ)]

where U(D, τ) and SU(D, τ) are the unitary and special unitary groups
of D with respect to the involution τ , is called the reduced unitary
Whitehead group of D.

There will be three parts in the talk. The �rst one will be devoted
to describing the structure of tame division algebras with unitary
involutions over Henselian �elds k which is based on proving the existence
of inertia algebras invariant under the involutions in such algebras.
This fact gives us an opportunity to present a tame algebra with a
unitary involution τ in terms of special generators over τ -invariant inertia
algebras. As an application, we also consider a few structural results in
the special cases of unrami�ed, totally rami�ed, etc. algebras.

In the second part the main results will be presented. They yield
a scheme of computing Whitehead groups in terms of subgroups
in multiplicative groups of residue algebras of D. The so called
congruence property for special unitary groups plays a key role in these
computations. This property is proved in many important special cases.

The �nal part will be devoted to an analysis of some important
examples for special �elds k and algebras D.
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I. Zhdanovskiy (Moscow, MIPT and HSE)

Commutators and projective geometry.
This talk is based on joint work with Anna Kocherova (MIPT). In

our talk we will tell about connection commutativity and projective
geometry.

Also, we will presume that all algebras are de�ned over C, associative
and unital.

Firstly, let us make some remark. Consider algebra R with
commutative subalgebra S. Assume that there is a surjective morphism
of S-modules: S⊕r → R. In this case dimension of irreducible R-modules
is less or equal r. Actually, let V be irreducible R-module. Consider
V as S-module. Since S is commutative there is a one-dimensional S-
module M such that M ⊂ V . Using standard arguments, we get that
HomS(M,V ) ∼= HomR(R⊗SM,V ) 6= 0. Since V is irreducible S-module,
we obtain that morphism R⊗SM → V is surjective, and hence, dimCV ≤
r. There are many examples of algebras with property: dimension of
irreducible representations is bounded: �nite-dimensional algebras, a�ne
Hecke algebras, group algebras of amenable discrete matrix groups etc.
These algebras play intermediate role between commutative algebras and
algebras closely related to free ones.

Let A and B be a �nite-dimensional algebras. Fix subspaces A ⊂ A
and B ⊂ B such that A = C · 1⊕A and B = C · 1⊕B.
Proposition 1. Let V be a subspace A⊕ B ⊂ A ∗ B. Denote by I the
two-sided ideal of A ∗B such that [V, V ] ⊂ I. Denote by C the quotient
C = A ∗ B/I. If natural projections π1 : V → A and π2 : V → B are
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surjective then dimension of irreducible representations of C is less or
equal min(dimCA,dimCB).

This proposition can be formulated in terms of quantum mechanics
as follows. Assume that there are two algebras of observables A and
B. Consider quantum system generated by A and B. Also, assume that
there are observables of type ai+bi which are simultaneously compatible,
where ai and bi generate A and B as vector space respectively. In this
case one can reduce quantum system into direct sum of quantum system
of rank less or equal min(dimCA,dimCB).

Consider the case A ∼= B ∼= C⊕3. Denote by pi, i = 1, 2, 3 and qi, i =
1, 2, 3 the orthogonal idempotents of A and B respectively. It is easy
that

∑3
i=1 pi =

∑3
j=1 qj = 1. Let A and B be the two-dimensional

subspaces with bases p1, p2 and q1, q2 respectively. Consider the set of
two-sided ideals of A ∗B generated by own element of px = x11[p1, q1] +
x12[p1, q2] + x21[p2, q1] + x22[p2, q2] for x ∈ P([A,B]∗) = P3. Thus, we
have a family algebras Cx = A ∗ B/Ix, x ∈ P3, where Ix is generated by
px.

Consider Gr(2, 4) = Gr(2, A ⊕ B). We have the following mapping:
f : Gr(2, A ⊕ B) 99K P([A,B]∗) de�ned by correspondence (w1, w2) 7→
(x11 : x12 : x21 : x22), where [w1, w2] = x11[p1, q1] + x12[p1, q2] +
x21[p2, q1] + x22[p2, q2], where w1, w2 is a basis of W . It can be shown
in usual way that f does not depend on the choice of basis of W . Map
f is a composition of Plucker embedding into P(Λ2(A ⊕ B)) = P5 and
projection onto P([A,B]∗). It is well-known that image of Gr(2, 4) is a
Plucker quadric. Projection Gr(2, A⊕B) onto P([A,B]∗) is not de�ned
in two points corresponding to subspaces A and B. Thus, f−1(x) is a
conic without two points for any x ∈ P([A,B]∗).

Denote by ZA and ZB the subvarieties of Gr(2, A⊕B) consisting of
W such that W ∩A 6= 0 and W ∩B 6= 0 respectively.

Proposition 2. Consider quadric Q ⊂ P([A,B]∗) given by equation
x11x22 = x12x21. Denote by l1, l2, l3, l4, l5, l6 ⊂ Q the line given by
equations: x11 = x12 = 0, x21 = x22 = 0, x11 = x21 = 0, x12 = x22 = 0,
x11 = x12, x21 = x22 and x11 = x21, x12 = x22 respectively. Then we
have the following statements:

• f(ZA) = f(ZB) = Q and f−1(Q) = ZA ∪ ZB

• for any point x ∈ Q there is a subspace W ∈ f−1(x) with basis a, b
where a ∈ A and b ∈ B. It means that we can write generator of
ideal in the following manner: [a, b]
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• for any x ∈
⋃6
i=1 li there is a subspace W ∈ f−1(x) with basis

pk, b ∈ B or a ∈ A, qk for arbitrary k ∈ {1, 2, 3}.

Corollary

• If x ∈ Q \
⋃6
i=1 li then algebra Cx ∼= C⊕9

• if x ∈
⋃6
i=1 li \

⋃
i 6=j li ∩ lj then algebra Cx ∼= C⊕6 ∗ C⊕2

• if x ∈
⋃
i 6=j li ∩ lj then Cx ∼= C⊕4 ∗ C⊕2 ∗ C⊕2.

Consider open dense set U = Gr(2, A ⊕ B) \ {ZA ∪ ZB}. It is easy
that W ∈ U i� π1(W ) = A and π2(W ) = B.

Proposition 3 We have the following isomorphism Cx ∼= C⊕9 ⊕M3(C)
for general x ∈ U .

Three-dimensional representations of algebras Bx, x ∈ P3 have
the following geometrical description. Consider orthogonal projectors
p1, p2, p3 and q1, q2, q3 of rank 1 acting in three-dimensional vector space
V . We interpret images of projectors pi, i = 1, 2, 3 and qj , j = 1, 2, 3 as
points in PV = P2. Denote by P1, P2, P3 and Q1, Q2, Q3 the points in
PV = P2 corresponding to images of projectors p1, p2, p3 and q1, q2, q3

respectively. It is easy that points P1, P2, P3 de�ne orthogonal projectors
p1, p2, p3. Analogous statement true for points Q1, Q2, Q3 and projectors
q1, q2, q3. Consider the commutator space generated by [pi, qj ], i, j =

1, 2, 3. Using relations
∑3
i=1 pi =

∑3
j=1 qj = 1, we get that dimension of

commutator space is less or equal 4.

Proposition 4. Commutator space generated by [pi, qj ] has dimension
less or equal 3 if and only if there is a conic passing through points
P1, P2, P3;Q1, Q2, Q3.

Recall that moduli variety of six ordered points in a conic is
Igusa quartic IQ. Using proposition 4, this variety parameterizes (up
to isomorphism) three-dimensional representations of algebras Cx, x ∈
P([A,B]∗) = P3. Consider the mapping: g : IQ → P([A,B]∗) de�ned
by the natural correspondence. It can be shown in usual way that g is
birational.

Proposition 5. Algebra Cx, x ∈ P([A,B]∗) is in�nite-dimensional i�
dimCg

−1(x) > 0.

In particular, if x = (1 : 0 : 0 : −1) then algebra Bx is in�nite-
dimensional (cf [1]).
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Also, one can formulate the proposition 4 in terms of linear operators:

Corollary. Consider two linear operators L1, L2 acting in three-
dimensional space V . Eigenvectors of L1 and L2 de�ne con�guration of
six points in P2. If there is a conic passing through these six points then
there are a polynomials f1, f2 such that [L1 + f1(L2), L2

1 + f2(L2)] = 0
and degfi ≤ 2, i = 1, 2.

There is a well-de�ned Gale involution on the set of con�gurations
of 2k + 2 points (i.e. PGLk+1 - orbits) in Pk (cf [2]). If con�guration
is �xed under Gale transform, then con�guration is self-associated. In
particular, con�guration of 6 points in P2 is self-associated i� there is a
conic passing through these 6 points.

Consider two linear operators L1 and L2 acting on three-dimensional
vector space V . Consider moduli variety M of pairs (L1, L2) up to
action of PGL(V ). It is known that there is a well-de�ned involution
τ on M (cf.[3]). There is a surjective morphism M → C6 given by
functions TrLi1,TrLi2, i = 1, 2, 3. The �ber of this morphism is a moduli
of con�gurations of six points in P2. Involution τ is well-de�ned on �bers
and coincides with Gale involution.

Also, we have the following generalization of proposition 4.

Proposition 6. Consider orthogonal projectors p1, ...pk+1 and
q1, ..., qk+1 of rank 1 acting on k + 1 - dimensional vector space V . It is
clear that these projectors are de�ned (up to conjugacy) by con�guration
of 2k + 2 points in PV = Pk. This con�guration is self-associated i�
commutator space [pi, qj ], i, j = 1, ..., k + 1 has dimension less or equal
k(k+1)

2 .
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A. V. Zhuchok (Starobilsk, Ukraine)

On free abelian doppelsemigroups
Recall that a nonempty set D equipped with two binary associative

operations a and ` satisfying the axioms

(x a y) ` z = x a (y ` z), (x ` y) a z = x ` (y a z)
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is called a doppelsemigroup [1]. Doppelsemigroups are closely related
to interassociative semigroups (see, e.g., [2]). For more information on
doppelsemigroups see [3]. A doppelsemigroup (D,a,`) will be called
abelian if x a y = y ` x for all x, y ∈ D. A doppelsemigroup which
is free in the variety of abelian doppelsemigroups will be called a free
abelian doppelsemigroup.

Let X be an arbitrary nonempty set, F [X] the free semigroup on
X and F ∗ [X] the free commutative semigroup on X. The length of an
arbitrary word ω in the alphabet X will be denoted by lω. Consider the
sets

A1 = {w ∈ F [X] | lω ∈ {1, 2}}, A2 = {w ∈ F ∗[X] | lω > 2}.

De�ne binary operations a and ` on A1 ∪A2 by w a u = wu and

w ` u =

{
uw, w, u ∈ X,
wu otherwise

for all w, u ∈ A1 ∪A2. The algebra obtained in this way will be denoted
by FAD(X).

Theorem 1. FAD(X) is the free abelian doppelsemigroup.

Note that the semigroup (A1 ∪ A2,`) is the dual to the semigroup
(A1 ∪A2,a). The free abelian doppelsemigroup FAD(X) is determined
uniquely up to isomorphism by cardinality of the set X. Hence, the
automorphism group of FAD(X) is isomorphic to the symmetric group
on X.

The free doppelsemigroup is given in [1] (see also [3]). Recall this
construction.

Let T be the free monoid on the two-element set {a, b} and θ ∈ T
the empty word. By de�nition, the length lθ of θ is equal to 0. De�ne
operations a and ` on F = {(w, u) ∈ F [X]× T | lw − lu = 1} by

(w1, u1) a (w2, u2) = (w1w2, u1au2),

(w1, u1) ` (w2, u2) = (w1w2, u1bu2)

for all (w1, u1), (w2, u2) ∈ F . The algebra (F,a,`) is denoted by
FDS(X).

Theorem 2. ([1], Theorem 3.5) FDS(X) is the free doppelsemigroup.

The descriptions of the least commutative congruence, of the least
n-nilpotent congruence, of the least n-dinilpotent congruence and of the
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least left (right) n-dinilpotent congruence on a free doppelsemigroup can
be found in [1, 3].

If ρ is a congruence on a doppelsemigroup (D,a,`) such that
(D,a,`)/ρ is an abelian doppelsemigroup, we say that ρ is an abelian
congruence.

Theorem 3. Let FDS(X) be the free doppelsemigroup,
(x1x2 . . . xn, u) ∈ FDS(X), x1, x2, . . . , xn ∈ X and FAD(X) the free
abelian doppelsemigroup. Then the map

µ : FDS(X)→ FAD(X) :

(x1x2 . . . xn, u) 7→ (x1x2 . . . xn, u)µ =

{
x2x1, n = 2, u = b,
x1x2 . . . xn otherwise

is an epimorphism inducing the least abelian congruence on FDS(X).

We also consider the problem of the description of congruences on
free abelian doppelsemigroups.
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Yu. V. Zhuchok (Starobilsk, Ukraine)

On automorphisms of the endomorphism monoid of a free
abelian diband

A nonempty set D with two binary associative operations a and ` is
called a dimonoid [1] if for all x, y, z ∈ D the following conditions hold:

(xay)az = xa(y`z),

(x`y)az = x`(yaz),

(xay)`z = x`(y`z).

A dimonoid (D,a,`) is called abelian if x a y = y ` x for all x, y ∈ D.
If for a dimonoid (D,a,`) the semigroups (D,a) and (D,`) are bands,
then this dimonoid is called a diband.
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An idempotent semigroup S is called a left (respectively, right)
normal band if axy = ayx (respectively, xya = yxa) for all a, x, y ∈ S. A
dimonoid (D,a,`) is called a (ln, rn)-diband [2] if (D,a) is a left normal
band and (D,`) is a right normal band.

Theorem 1. An arbitrary dimonoid (D,a,`) is an abelian diband if
and only if (D,a,`) is a (ln, rn)-diband.

Let X be a nonempty set and FS(X) the free semilattice of all
nonempty �nite subsets of X with respect to the operation of the set
theoretical union. De�ne two binary operations a and ` on the set

Blz,rz(X) = {(a,A) ∈ X × FS(X)|a ∈ A}

as follows:
(x,A) a (y,B) = (x,A ∪B),

(x,A) ` (y,B) = (y,A ∪B).

By Lemma 8 of [2], (Blz,rz(X),a,`) is the free (ln, rn)-diband. From
here and from Theorem 1 we immediately obtain

Corollary 2. (Blz,rz(X),a,`) is the free abelian diband.

The problem of the description of automorphisms of the
endomorphism semigroup for free algebras in a certain variety was raised
by B. I. Plotkin in his papers on universal algebraic geometry (see, e.g.,
[3]).

We consider the mentioned problem for the variety of free abelian
dibands.

Theorem 3. The automorphism group Aut(End(Blz,rz(X),a,`)) is
isomorphic to the symmetric group S(X).

Note that the automorphism groups of the endomorphism monoid of
a free semigroup and a free monoid were described in [4]. The similar
results for the varieties of commutative dimonoids and commutative g-
dimonoids were obtained in [5, 6].
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A. N. Zubkov (Omsk)

Harish-Chandra pair approach to the algebraic group
superscheme theory

This is a survey of the recent results of the author and A.Masuoka,
based on the last few years progress in the understanding of structure
of algebraic supergroups via associated Harish-Chandra pairs. We also
discuss Fioresi-Carmeli-Gavarini's contribution to this theory as well as
Vishnyakova's one. The main topics of my talk are the following.

1. Unipotent and nilpotent a�ne supergroups (see [4, 6, 9]).

Theorem 1. Let G be an algebraic a�ne supergroup. Then G is
unipotent if and only if its largest purely even super-subgroup Gev is.
Furthermore, G is nilpotent if and only if there is a central multiplicative
super-subgroup M of G such that G/M is unipotent.

2. Solvable a�ne supergroups (see [6]).

Theorem 2. If an a�ne supergroup G is even-trigonalizable, then there
is a subnormal series

1 ≤ N1 � . . .�Nt = G,

such that each quotient Ni/Ni−1 is isomorphic to a supergroup from the
list Ga, G

−
a , Gm, µn(n > 1). In particular, if G is connected and smooth,

then G is solvable if and only if Gev is.

3.Reductive and geometrically reductive a�ne supergroups.

Theorem 3. An a�ne algebraic supergroup is geometrically reductive
if and only if Gev is.

In my talk I will give an example of reductive a�ne supergroup
G such that its largest super-subgroup Gev is a product of torus
and unipotent group. This example shows that well known Haboush's
theorem does not hold in the category of supergroup. It also inspires the
problem to describe reductive a�ne even-trigonalizable supergroups.
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4. Harish-Chandra pair approach to (not necessary a�ne)
algebraic group superschemes (see [1, 2, 5, 7, 8]).

Theorem 4. LetG be an algebraic group superscheme. ThenG contains
a largest a�ne normal super-subgroup Gaff such that G/Gaff does not
contain non-trivial normal a�ne super-subgroups.

If G is a group supervariety, i.e. G is connected and smooth, then this
theorem is a weak version of well known Barsotti-Chevalley theorem.

Recall that a group supervariety G is called pseudo-abelian if Gaff =
1. On contrary to the purely even case, even if the ground �eld is perfect,
a pseudo-abelian supervariety is not always abelian.

One can prove that if G is an abelian supervariety, then Gev is abelian
normal subvariety of G and G/Gev is a purely odd unipotent supergroup.

We conclude our talk with an example of a pseudo-abelian
supervariety G (over arbitrary ground �eld) such that Gev is a product
of a torus and an abelian variety, but G is not abelian.
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