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HOMOGENEOUS ALMOST KAHLER MANIFOLDS AND THE
CHERN-EINSTEIN EQUATION

DMITRI V. ALEKSEEVSKY AND FABIO PODESTA

ABSTRACT. Given a non compact semisimple Lie group G we describe all homogeneous
spaces G/L carrying an invariant almost Kéhler structure (w, J). When L is abelian and G
is of classical type, we classify all such spaces which are Chern-Einstein, i.e. which satisfy
p = Aw for some A € R, where p is the Ricci form associated to the Chern connection.

1. INTRODUCTION

Given an almost Kéhler manifold (M, g, J), that is an Hermitian manifold with closed
Kahler form w = g o J, the Ricci form p of the associated Chern connection D is a closed
2-form which represents the cohomology class 27cy (M, J) in H?(M,R). The Chern-Einstein
equation p = Aw for some A € R gives a very natural generalization of the Einstein condition.
This equation has been considered in [AD] and more recently in [DV]. More generally, we
can consider a symplectic manifold (M,w) and study the existence of a compatible almost
complex structure J so that the Chern- Einstein equation p = Aw is satisfied. In [DV]
several examples of non-compact homogeneous examples of Chern-Einstein almost Kéahler
manifolds are given and some structure theorems are proved.

In this work we focus on non-compact symplectic manifolds (M, w) which admit a (non-
compact) semisimple Lie group G of transitive symplectomorphisms with compact isotropy
subgroup. Our first result is stated in Theorem and it shows that there exists a unique
G-homogeneous almost complex structure J which is compatible with w. This result has
to be contrasted to the well-known case when G is compact and the homogeneous almost
complex structure is necessarily integrable (see e.g. [WG]). We then study the Chern-
Einstein equation in the homogeneous setting and we can establish a full classification under
the additional condition that the isotropy subgroup is abelian (hence a maximal torus in
G). The main result is summarized in the following

Theorem 1.1. Let (M = G/L,w) be a homogeneous symplectic manifold of a non compact
semisimple Lie group and L compact. Then there exists a unique invariant almost complex
structure J compatible with w so that (M,w,J) is almost Kdhler.
If the group G is simple non compact of classical type and L is abelian, then (M,w,J) is
Chern Einstein, say p = Aw, if and only if one of the following occurs:
i) A< 0 and g = sl(2,R)
ii) A\=0and g=su(p+1,p), p > 1.
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While the full classification of the Chern-Einstein non compact homogeneous almost
Kéahler manifolds remains out of reach by this time, we can give some simple examples
when the isotropy has one dimensional center (see section [4.2]). We also remark that the
case when G is semisimple can be easily deduced from the main result, as the manifold will
split as an almost Kéhler product of GG;- homogeneous manifolds where G; are the simple
factors of G.

In section 2 we describe the homogeneous almost Kéahler non-compact manifolds, which
are acted on transitively by a semisimple Lie group. In section 3 we describe the Chern
connection in the homogeneous setting and give a formula for the Ricci form p, which is
analogue to the standard formula in the compact case (see e.g. [AP], [BER]). In the last
section we describe the general strategy to prove the classification claimed in our main
theorem and we prove it going through each simple Lie algebra of classical type. We also
indicate how to produce homogeneous Chern-Einstein manifolds with non abelian compact
isotropy with one dimensional center.

Notation. Lie groups and their Lie algebras will be indicated by capital and gothic
letters respectively. We will denote the Cartan-Killing form by B. If a Lie group G acts on
a manifold M, for every X € g we will denote by X* the corresponding vector field induced
by the one-parameter subgroup exp(tX).

2. HOMOGENEOUS ALMOST KAHLER NON-COMPACT MANIFOLDS OF SEMISIMPLE LIE
GROUPS

Let G be a non compact semisimple Lie group with Cartan decomposition
g=t+p,

where £ is the Lie algebra of a maximal compact subgroup K and p is an Ad(K)-invariant
complement with [p,p] C €.

We consider a homogeneous symplectic manifold of the form G/L where L C K is the
centralizer C(t,) for some t, € ¢. Any G-homogeneous symplectic manifold with compact
stabilizer is simply connected and it has this form (see e.g. [BFR]).

The reductive decomposition of the manifold M = G/L is given by

g=l+m=I[+n+p, E=I[+n

The manifold G/L admits a G-equivariant fibration G/L — G/K over the non-compact
symmetric space S := G/K with typical fibre given by the flag manifold F' := K/L.

Any invariant symplectic form w is defined by a closed non degenerate Ad(L)-invariant
element wy in A2(m*). Any such form wy, can be written as wy = dn, where the 1-form
n = B ot, for some element t, € t so that Cy(t,) = [. We fix an invariant symplectic form
w which is associated to an element t, € .

We denote by t a Cartan subalgebra of [ and we set § := it C g¢ together with z, :=it, €
h. The complexification g€ has the root space decomposition

g(c:b(c@@gaa

a€ER
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where R C h* is the root system w.r.t. to the Cartan subalgebra hC. The root system R
can be split as R = R{U Ry = R(U (R, U R,,.) where

[:hc@@gom nC: @gom p(C: @ Ja

a€R a€R. a€Rpc
The roots in R, are called compact, while roots in R,,. are said to be non-compact.
We select a standard Chevalley basis for root spaces, namely a set of root vectors { E, }acr
so that g, = C - E, for every a € R and

B(EouE—a) =1, [EouE—a] = H, € b,
where H, denotes the coroot in h so that B(H,, H) = a(H) for every H € h. If we now

consider the antilinear involution o of g€ corresponding to the real form g (for brevity we
will write the conjugation 7 as™ ), then

E_a = _E—Cn a € Rc

E,=F_,, a € Ry..
We consider the vectors in g defined as follows
E,—FE_ ., «a€R,
Eo+E_n, a€ Ry

s 5o i(Ea + E—a)v ac R
Wq = Z(Ea - Ea) = {’i(Ea — E_a), a € Ry..

Vo :=FE, + E :{

Then
n= @ Spanglva,wal,  p= @ Spang{us,wsl.
a€R. BERnc

We now consider G-invariant almost complex structures J on G/L, i.e. Ad(L)-invariant en-
domorphisms J € End(m) with J? = —Id, or equivalently ad(I®)-invariant endomorphisms
J € End(m®) with J2 = —Id and commuting with the conjugation o.

Since I€ contains a Cartan subalgebra, the ad([)-invariance of J implies that .J preserves
every root space and therefore for every a € Ry, we have

JE, =1i€q - By, €q = 1.

Therefore we can decompose

Re= RO URYM, Rpe = RY U R
where
Ri?nc = {Oﬁ € RC/TLC’ €Ea = 1}, Rg/lnc = {Oﬁ & RC/TLC‘ €q = —1}
Since J commutes with o, we have e_, = —¢, for every a € Ry, hence

ROl — _RIO ROI — —RIO.
The ad(I®)-invariance of J means that
(2.1) (Ri+RYNRC R, (Ri+RY)NRC RS

We now consider the invariant pseudo-Riemannian metric g which is defined by the
symmetric form
g(u,v) = w(u, Jv), u,v € m.
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Lemma 2.1. The pseudo-Riemannian metric g defined above is J-Hermitian and it is
positive definite if and only if the following conditions are satisfied

a(z,) >0 forae RO, a(z,) <0 fora € RY.
Proof. In order to prove that g is J-Hermitian, we note that w(E,, Eg) # 0 if and only if
o+ 8 =0 and in this case we have
W(JEy, JE_y) = —€_q - €q - wW(FEqo, E_y) = w(Ey, E_y).

Clearly g(Eq, Eg) =0 if a4+ 8 # 0 and g is positive definite if and only if g(va,va) > 0 for
every a € Ry. Now if a € RI? we have

0<9g(va,va) =w(Ey—FE_,J(Ea —E_y)) =tw(Eqy—F_o,Ea+E_4) =2iw(Es, E_y) =
= 2% B[ty Ful, Fa) = 2(2),
while if & € R0 we have
0 < g(Vay Vo) = W(Eq+E_o, J(Eqa+E_4y)) =iw(Ea+E_o,Eqa—FE_4) = —2iw(Ey, E_y) =
= —2i B([to, Eal, F—0a) = —2a(z,).
]

We summarize the above arguments in the following Theorem.

Theorem 2.2. Let G be a semisimple non-compact Lie group, L a compact subgroup of G
giwen by the centralizer in G of some element t, € g. Let w = wy, be the invariant symplectic
form associated to t,. Then there exists a unique extension of the homogeneous symplectic
manifold (M,w) to a homogeneous almost Kdahler manifold (M,w, J;,) where the invariant
almost complex structure Jy, is defined by the holomorphic space m'®

mlO — g(RlO), RlO — Rio U RlO

nc’
R ={a € R| az) >0}, R ={a € Ru| a(z) < 0}.
The almost complex structure Jy, is integrable, hence (M,w, Jy,) is Kdhler if and only if the
symmetric space G/K is Hermitian.

The last assertion follows from the following observations. Indeed, (R%' +R°)NnR Cc R
and K-invariance of J|, is equivalent to the integrability condition (R’ + R) N R c RL.

Remark 2.3. (1) Note that the restriction of the almost complex structure J;, to the
(complex) fibre F' is integrable and (w|p, J|r) is a Kéhler structure.

(2) If we decompose G = G1 -G - ... - Gy as the product of its simple factors, then the
homogenous almost Kéhler space G/L splits accordingly as HleGi /L; where L; = LN G;
and each factor is a homogeneous almost Kéhler space. Therefore we can always assume
that G is simple.

Let M = G/L — G/K be the G-equivariant fibering of an almost Kéhler homogeneous
manifold (M = G/L,w, J) over the symmetric space G/K. We can construct an integrable
complex structure J which coincides with J along the fibre F' and is the opposite to J on
the orthogonal space. We call J the complex structure associated to the almost Kéhler
homogeneous manifold (M = G/L,w,J). Note that (w,.J;,) is an invariant pseudo-Kihler
structure on M = G/L.
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3. THE CHERN-EINSTEIN EQUATION FOR ALMOST KAHLER HOMOGENEOUS MANIFOLDS

Now we describe the expression for the Chern connection D on the homogeneous almost
Kéhler manifold G/L with invariant symplectic structure w,, and corresponding invariant
almost complex structure J (see also [P]).

It is well known that the Chern connection is the unique connection D that leaves g and
J parallel and whose torsion 1" satisfies the property

TJX,Y)=T(X,JY)=JT(X,Y).
We are mainly interested in the (first) Ricci form p which is a defined as
p(X,Y)="Tr Jo Rxy,

where R denotes the curvature tensor. It is known that the Ricci form p is a closed 2-form
whose cohomology class [p] represents 2wy (M, w) (see e.g. [ADI, §7).

We recall that any invariant connection D on the homogeneous space G/ L with reductive
decomposition g = [+ m can be described by the ad(l)-equivariant Nomizu’s map A : g —
End(m) satisfying the condition

AX - adX |m, X € [
Under the identification m = T,G/L we have
AxY = (DxY™ — [X*, Y]],

where X™*,Y* denote the vector fields on M corresponding to X,Y € m. Then in terms of
Nomizu’s operator, the torsion T" and the curvature R at o € M are given by

T(X,)Y)=AxY — Ay X — [X,Y]q,
Rxy = [Ax,Ayv] — Aixy)-

If D is the Chern connection on the homogeneous space G/ L we can compute its Ricci form
in terms of the root space decomposition.

Proposition 3.1. For every root a, 8 € Ry we have
p(Ea, Eg) =0 ifa+B#0,
p(Ba,E_o) ==2i Y (o, f).
BERY

Proof. Using the expression for the curvature R and the fact that A commutes with J, we
see that for X, Y e m

p(X,Y) =Tr(JAxAy — JAyAx) = Tr(JAixy)) =
= TT’([AX, JAY]) - TT’(JA[X7y]) = —T?"(JA[X’y})
For a, B € Ry and H € t the ad([)-invariance implies that
0= p([H7 EOC]? Eﬁ) + ,O(Ea, [H7 Eﬁ]) = (a + 5)(H) : p(Ea,Eg),
so that p(Eq, Eg) = 0 unless a + = 0.
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Now for a € Ry,

p(Ba, B_o) = —Tr|pcJad(Ha) = =21 Y (o, B).
BERY

We introduce the Koszul’s form

so that we have the following corollary

Corollary 3.2. The Ricci form p is given by
p =1 do,
where for every X, Y €m

The Ricci form p does not depend on the metric, but only on the almost complex structure
J

Note that the map d : t* — A%(m*) is injective and p is Ad(L)-invariant, so that § belongs
to the center 3 of I.

Definition 3.3. An almost Kéhler manifold (M,w,J) is called Chern-Einstein if its Ricci
form p satisfies

p = Aw
for some constant A € R.

Remark 3.4. We remark that when L is maximal compact in G, i.e. the homogeneous space
G/L is Hermitian symmetric, the center of L is one-dimensional and there exists only one
invariant symplectic structure up to a multiple. It follows that the corresponding invariant
almost complex structure is integrable and the manifold is Kéhler. In this case the Chern
connection coincides with the Levi Civita connection and the manifold is Kéhler-Einstein.

More generally, it is known that any non-compact homogeneous Kéhler manifold G/L
with non compact simple G is Kéhler if a maximal compact subgroup K O L of G has
1-dimensional center. Then G/L — G/K is a G-equivariant fibering over the Hermitian
symmetric space G/K. Moreover, G/K is the only Kahler-Einstein homogeneous manifold
of the group G, see e.g. [BFR].

Let J be the integrable complex structure, associated with (M = G/L,w, J). We set

5 =2 Z o.
QERm,a(z0)>0
Then j = idd defines an invariant non-degenerate representative 5 of the Chern class ¢1(.J).

Hence for any A # 0, @y := —(A)7!/ defines an invariant pseudo-Kihler structure (@, J)
on M = G/L which satisfies the Einstein equation p = A@,.
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Proposition 3.5. Let (M = G/L,(:u,J) be a homogeneous almost Kdhler manifold of a

semisimple Lie group G. Then (@, J) is an invariant pseudo-Kdhler-Einstein structure on
M =G/L.

4. CHERN-EINSTEIN ALMOST KAHLER HOMOGENEOUS SPACES

4.1. General approach for classification. Let (M = G/L,w,J) be a homogeneous al-
most Kéhler manifold with GG simple non-compact Lie group. The description of all almost
Kéhler Chern Einstein homogeneous manifolds with p = Aw (A € R) reduces to the solutions
of the following equation

0 = ANB o z).

Recall that a real simple Lie algebra is either the real form of a complex simple Lie algebra
or it is the realification of a complex simple Lie algebra. The following Lemma shows that
the last possibility does not occur.

Lemma 4.1. If M = G/L with G simple admits an invariant almost Kdhler structure,
then g is the real form of a complex simple Lie algebra.

Proof. If g = sr, where s is a simple complex Lie algebra, then a Cartan decomposition
of g is given by g = q + iq, where q is a compact real form of s. If z € g is an element
whose centralizer [ is a compact subalgebra, then there is an automorphism ¢ of g such
that ¢(z) € ¢(I) € q. But then the centralizer of ¢(z) in g is given by ¢(I) + io(l), a
contradiction. ([l

Therefore we will suppose that g is a real form of the complex simple Lie algebra g€.

Step 1. As a first step we consider the list of all inner symmetric pairs (g, ) of non-
compact type with g simple. Using the notation as in [He], p. 126, we obtain Table 1.

Step 2. We fix a Cartan subalgebra t in £ and we choose an admissible element z € b := it,
i.e. such that

Step 3 We define
R (2) := R%(2) = {a € R.| a(z) > 0},

R:c(z) = R%(z) = {a € Ry| a(z) > 0}

0c(z) :=2 Z a, One(2) : =2 Z a,

a€RY (2) a€RS.(2)

and we set

Step 4. We solve the equation
(4.1) §(z) = ABz.
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‘ Type ‘ g ‘ ¢ ‘ conditions
A su(p, q) su(p) +su(g) + R p>q>1
B |so(2p+1,2q) | so(2p + 1) + s0(2q) p>0,g>1
C sp(n,R) su(n) + R n>1
C sp(p, q) sp(p) +sp(q) p,g>1
D s0(2n)* su(n) +R n>3
D s0(2p, 2q) so(2p) +s0(2¢) |p,g>1l,p+qg>3
G 92(2) su(2) + su(2)

F fa(—20) s0(9)

F faa) su(2) +sp(3)
E ¢6(2) su(2) + su(6)
E e6(—14) 50(10) + R
E €7(7) 5u(8)

E e7(—5) su(2) + so(12)
E e7(—25) eg + R

E 28(8) 50(16)

E es(—24) su(2) + ey

TABLE 1. Inner symmetric pairs (g, ) of non-compact type with g simple.

4.2. Examples of Chern Einstein manifolds. In the special case when [ has one-
dimensional center 3 = iRz, then the equation [4.1]is automatically satisfied for some A € R
since §(z) belongs to the center of [. In the particular case when [ = £, the space is Kéhler
and irreducible Hermitian symmetric, hence automatically Chern-Einstein. We may then
start with a non-Hermitian symmetric pair (g,€) out of Table 1 and all simple factors of
t will be included in [ except one, say €. In £ we take [; so that the pair (¢1,[(;) is a
flag manifold whose corresponding painted Dynkin diagram has only one black node (see
e.g. [AP], [BFR]). We then have to restrict ourselves to the cases when the centralizer in
g of the center of [; coincides with [. It is not difficult to see that for classical g the only
pairs (g, [) with dim3(I) = 1 are given in Table 2.

‘ Type ‘ g ‘ [ ‘ conditions
B |so(2p+1,2q) | R+s0(2p+ 1) + su(q) p>0,g>1
o R+ su(p) + sp(
o R+ sp(p) + su(
o R+ su(p) + s0(2q)
o R+ 50(2p) + su(q)
TABLE 2. Pairs (g, [) with g simple of classical type, | C ¢ and dim 3([) = 1.

C sp(p, q) 33 p,g>1

D 50(2p,2q) Pq=>lp+qg=>3
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Note also that in [DV], Theorem 5, the homogeneous manifolds M = SO(2p,q)/U(p) x
SO(q) are shown to be Chern-Einstein with constant A = 2(p — ¢ — 1), which therefore may
vanish or assume a positive/negative sign.

4.3. The case of abelian L. We now restrict ourselves to the case when the isotropy L
is a maximal torus. We recall that for any admissible z € § the set
RE(2) UR(2)

gives a sytem of positive roots of g¢ and therefore there exists a unique element w in the
Weyl group W that maps the standard system of positive root R} into R (z) U R (2).

Then
0c(2) =2 Z a, Ope(z) =2 Z a.
acw(RI)NR. acw(RT)NRne
Note that the equation (4.I]) with A # 0 admits a solution if and only
(4.2) Va e w(R}) (a,6(2)) >0 (or <0) if A>0 (A <0 resp.).

We remark that the computation of d(z) depends only on the root system of g¢ and its
decomposition into compact and non-compact roots together with the action of Weyl group.
In the next sections we will go through the classical Lie algebras of type A,B,C,D.

4.4. Proof of the main Theorem in case g of type A,. According to Table 1, we
analyze the case g = su(p,q), p > q > 1. The standard Cartan subalgebra t C ¢ gives rise
to the root system R of g° = sl(n + 1,C), where p + ¢ = n+ 1, given by {e; —€¢;| 1,7 =
1,...,n+1, i # j}. The standard system of positive roots R/ is given by {e; — €| i < j}
and the Weyl group W is given by the full group of permutations S,1.

If we put P:={1,...,p} and Q :={p+1,...,n+ 1}, we have

R.={e;—¢jli,jePori,jeQ,i#j}, Rn.=R\R..
We consider an element o of the Weyl group, i.e. 0 € S,,41, and we define P, = 0~ 1(P),
Qo := 0 4Q). Then
U(Rz—)i—) NRe= {Eo(i) - 6o(j)| i,j € P, 1< ]} U {Eo(i) - Ecr(j)| i,J € Qgy 1 < ]}7
0(R3) N Rue = {e() — €o(jy| 1 < J, 1 € Pr,j € Qo } U{en() — €o(j)l 0 < J, 1 € Qo j € Py}
Forie {1,...,n+ 1} we set

kq(i) == {k € Qo| k> i}|, kp(i) = |{k € Pyl k> i}|,
kq(i) = {k € Qo] k <i}|, kp(i):=|{k € Ps| k <id}|.
We have

o = Z ea(i) — ea(j) + Z ea(i) - eU(j) =

aco(RT)NR. i<j i<j
1,j€FPy 1,j€Qo

=D (kp(i) = kp(0) o)+ Y (ko(i) — k(D)) €

i€Py 1€EQo
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and similarly we obtain
Z a= Z(kQ(i) — ko (i) €0y + Z (kp(i) — kp(i)) €5)-
a€o(RT)NRye 1€P, 1€Qs

Therefore for any admissible z € h with corresponding system of positive roots given by
o(R}) we obtain

(43) 50(2) = 37 (kpli) — Fpli) — kqli) + Fa(9) eoto
+ Z (kq(i) — kq(i) — kp(i) + kp(i)) €,3:)-
1€Qq

Lemma 4.2. (i) If i € P, we have
kp(i) — kp(i) — ko(i) + ko(i) = 4kp(i) 4+ 2i —n — 2p.
(i) If i € Q, we have
kq(i) — kq(i) — kp(i) + kp(i) = —4kp(i) — 2i +n + 2p + 2.
Proof. We start noting the following trivial equalities for all i =1,... ,n+1

(4.4) kp(i) + ko) =n+1—1i, kp(i)+kg(i) =i — 1.
If i € P, then kp(i) +kp(i) = p— 1 and therefore the first claim follows using 4. The
second claim follows similarly using that kp(i) + kp(i) = p for i € Q,-. O

We now solve the equation ([L.I)) for A\ # 0.

Case A > 0. Condition (4.2)) together with (4.3]) and Lemma imply the following: if
i,j € Py, i < 7,

(4.5) 2kp (i) + 1 > 2kp(j) + 7,
while if ¢, € Q, ¢ < j, we have
(4.6) 2kp(j) +j > 2kp(i) + 1.

Now suppose i, j € P, with ¢ < j and any i < a < j belongs to Q,. Then kp(i) = kp(j)+1
and (43 implies 2 > j — 4, i.e. j = ¢ + 1. This means that P, is made of consecutive
numbers. If we repeat the same argument with ), we obtain that also (), is made of
consecutive numbers. Therefore we are left with the following two possibilities:

(a) Pr={L....p}, Qo ={p+1,....,n+1},

(b) P, ={q+1,...,n+1}, Q, ={1,...,q}.
We now consider condition (£2) with o € o(R;) N Rpe. In case (a) we choose @ = €5y
€x(p+1) and ([@2) gives —2n > 0, a contradiction. In case (b) we choose o = €,(4) — €o(q4+1)
and ([4.2) gives again —2n > 0, a contradiction.

Case A < 0. For every i,j € Py, ¢ < j, we have
2kp (i) + 1 < 2kp(j) + 7.

We claim that p = 1. Indeed, suppose there exist i < j in P, with (¢,5) N P, = (). Then
kp(i) = kp(j) + 1 and therefore j —4 > 2. This means that there exist at least two



HOMOGENEOUS ALMOST KAHLER MANIFOLDS AND THE CHERN-EINSTEIN EQUATION 11

consecutive numbers, say [,l + 1 in Q,. Then kp(l) = kp(l + 1) and condition (£2]) with
Q = €5() — €5(14+1) gives the contradiction I > [+ 1. This implies that P, has only one
element, i.e. p=1. Hence 1 = ¢ < p = 1. In this case R, = () and g = s[(2,R), [ = R. Since
R = R, consists of one root up to sign, the equation p = A\w is satisfied for some \ < 0.

Case A = 0. We recall that Z?:Jrll €; = 0 is the only relation among the {€;}i=1,. n+1, SO
that the equation 0(z) = 0 implies that all the coefficients in the right-hand side of (4.3))
are mutually equal.

Lemma 4.3. Two elements in P, or QQ, are not consecutive.
Proof. Indeed, suppose i,i + 1 € P,. Then kp(i) = kp(i +1) + 1 and
dkp(i +1) +2(i + 1) = 4kp (i) + 2i,

yielding a contradiction. A similar argument applies for Q. 0

As a corollary, we see that n is even. Indeed, consider i € P, and ¢ + 1 € (5. Then
kp(i) = kp(i+ 1) + 1 and using Lemma [£.2] we have

8k(i) +4i —2n—4p—4 =0,

that implies n is even. Now P, and (), consist precisely of the sets of even or odd integers

in {1,...,n+ 1}. Since n is even, the set of even (odd) numbers less or equal to n + 1 has
cardinality § (4 + 1 resp.) and since we supposed p > ¢, we have p = ¢ + 1 and

P,={1,3,5,....n+1}, Q,={2,4,6,...,n}.

Viceversa it is immediate to check that with the above choice of P, Q, the equation §(z) = 0
is satisfied. Notice that a suitable permutation o is given by o(2k) = p+k,0(2k+1) = k+1
fork=1,...,q.

Example 4.4. We consider g = su(3,2). A permutation o that produces a Chern-Ricci flat
almost Kihler structure on SU(3,2)/T? is given by the cycle (2453) and the corresponding
system of positive roots is given as follows (here €;; := ¢; — €; for the sake of brevity):

RI(2) = {e12, €13, €23, €45}, Ryio(2) = {e14, €15, €25, €42, €43, €53}

4.5. Proof of the main Theorem in case g of type B,. According to Table 1, when
g =s0(2n+ 1,C), n > 2, we consider the subalgebras g = so0(2p + 1,2¢q) with p+ ¢ = n,
p,q > 1 and g = so(1,2n) separately. The standard root system R is given by R =
{£e, +ei+e€j, 1 <i+#j<n} (£ independent), with B} = {e;, e, t¢€;, 1 <i<j<n}

We start considering the case g = s0(2p + 1,2q) with p+ ¢ = n, p,q > 1. The compact
roots are given by

R.={%e, i=1,...,p}U{Fe; £¢j, 1 <i#j<ptU{xe e, p+1<i#j<n}.
An element w in the Weyl group W = (Z2)" xS, acts as w(e;) = ¢i€y(;), where ¢; € {1, -1}
can be chosen independently. Therefore an easy computation shows that

1 . . . .
(47)  0(2) = > (4kp(i) +2i — 2n+ D)oieoy + Y (ki) + 2i — 2n — D)oicq(),
i€Py 1€Q0

where Py := 0 {1,...,p}, Qo := 0 H{p+1,...,n} and kp)(i) :== {j € P»/Qo| j > i}|.
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a) > 0 implies 4k (i) +2¢ >

Case A > 0. If i € Q,, then a := ¢ie,;) € w(RT) and (6(2),
= 0 and therefore 2ig > 2n + 1,

2n + 1. If i@ is the maximum element in Q,, then kg(ig)
a contradiction.

Case A < 0. The maps cp : P, 2 i — 4kp(i) +2i —2n+ 1l and cg : Qs 2 j —
4kq(i) + 2i — 2n — 1 are negative and strictly increasing. It follows that if ¢ < j are two
numbers both in P, or both in @, then j—1i > 2, contradicting P, UQ, = {1,...,n}. This
implies that p = ¢ = 1. Since 2 = n ¢ P, (otherwise cp(2) = 1), we see that P, = {1}
and @, = {2}. In this case cp(1) = —1 = ¢(2) and therefore we contradict (£.2) using
a = ¢1€1 — Paea.

Case A\ = 0. This cannot occur as all the coefficients of %5(,2) are odd numbers.

We now deal with the case g = s0(1,n), where the compact roots are given by R. =
{£ei tej, 1 <i#j<n} Itisimmediate to compute

1 n
55(2) = 2(271 — 2i — 1)gicq()-
1=
Since the coefficients 2n — 2i — 1 do not have a constant sign for ¢ = 1,...,n and cannot
vanish, we see that equation (d.1]) has no solution.

4.6. Proof of the main Theorem in case g of type C,. When g is a real form of
sp(n,C), n > 3, we need to consider two subcases according to Table 1, namely when

t=u(n) or t =sp(p) +sp(q), n=p+gq.

The standard root system of sp(n,C) is given by R = {+¢; £ ¢, 1 < i < j < n}U
{£2¢;, i=1,...,n} with R} = {e;+€;,2¢;, i <3, i, =1,...,n}. The Weyl group of g is
a semidirect product (Zg)" x S, and any w € W acts as w(e€;) = ¢i€,(;), where ¢; € {1, —1}
can be chosen independently.

4.6.1. Case ¢ =u(n). We have
R.={e;—¢j, i#j=1,...,n}
Given w € W we have
w(RY) N Re = {ico(i) + dico)] © < jr ¢idj <0} U{dicoiy — dj€oiy| @ < J, dicpj > 0}
and therefore, if we denote A := {i| ¢, =1}, B := {i| ¢; = —1},

Yoooa= Y bt Y bim T D DGy~ D bike() =

acw(RI)NR. i<j i<j i<j i<j
$i¢;<0 $ip;<0 $ip; >0 $i¢;>0
=D D @Dl D Gt DL i) D D ot
i€A B3j>i i€B A3j>i jEA Bi<j jEB Ai<j
D @ DL D ) D D el T D i)
i€A ADj>i i€B B2j>i JEA Asi<j jeB B3i<j
We set

kp(i) = |{k € Blk > i}|, ka(d) == |{k € Ak > i},
kp(i) = |{k € Blk < i}|, ka() == |[{k € Ak < i}|.



HOMOGENEOUS ALMOST KAHLER MANIFOLDS AND THE CHERN-EINSTEIN EQUATION 13

Hence
S a=D ki) o — > k(i) €0y + k(o) — > kali)ea(n+
acw(RI)NR, i€A i€B JEA jEB
+> ka(i) €0y — k(i) €0y — O ka(l) €0y + Y k(ies) =
icA i€B jEA jeB
= (ki) + kp(i) + ka(i) — ) €aiy + > (ki — ka(i) — kp(0) €op) =

1€A 1€B

= (=2ka(i) +n = 1) eo) + Y _(2kp(i) = n+ 1) €50

i€A i€B

Using the fact that }_ . p+ wa =2 >oim1(n —i+4 1) ¢i€y(), we obtain

%5(2) S4B aG) + 2 — 4] e+ S [4kn(0) — 2+ 4] e,
i€cA i€B
Denote by ca := —4ka(i) + 2i — 4 and cp = 4kp(i) — 2i + 4 the two coefficients. We now
discuss the equation (ZI]).

First suppose A > 0: using the root ¢;e,(;y € w(R,) and ([2), we see that ca(i) > 0 if
i€ Aand cp(i) <0if i € B. Now, if 1 € A, then k4(1) =0 and c4(1) < 0, while if 1 € B
then cp(1) > 0, showing that 1 ¢ A U B, a contradiction.

If A < 0, then similarly as above we have c4(i) < 0if i € A and cp(i) > 0if i € B.
Suppose A is not empty and let i4 be the minimum element in A: then ig < 2, i.e. 14 = 1.
Similarly, if B is not empty, its minimum point is 1, showing 1 € A N B, a contradiction.
Then either A or B is empty. If B = (), then k(i) = i — 1 and cq(i) = —2i. Using the
roots @ = €4(;) — €5(j41) and ([42]), we see that c4 is increasing, a contradiction. Similarly
A = () leads to a contradiction.

Finally, A = 0 is also impossible, as c4 (i) =0, i € A and cg(i) =0, i € B forcei € AUB
to be even, a contradiction.

4.6.2. Case t = sp(p) + sp(q), p > ¢ > 1. If we denote P := {1,...,p} and Q := {p +
1,...,n} we have

R.={%eite¢;, +2¢; | 4,5 € PYU{te; L¢j, £2¢ | i,j € Q}
and therefore, if P, := 071(P),Q, = 0~ 4Q),
w(RI) N R, = {¢e €o(i) T Di€os)s 20i€ow)| 1,5 € Poyi < j} U
U {di€s(i) £ Dj€os) 20i€om| 1,5 € Qo,i < j}.

Therefore

S a=2> (kp(i) + Doicoi +2 Y (ki) + Dicog),

acw(R$)INR. i€Py i€Qo
where kp/q(i) == {k € Ps/Q,| k > i}|. We then obtain

%5@) = 3 k(i) + 20— 20+ Ddicom + S (Ahgi) + 2 — 20+ 2oue,

1€P, 1€EQo
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Denote by cp := 4kp(i) + 2i —2n + 2 and cg := 4kq(i) + 2¢ — 2n + 2 the two coefficients
for i € Py, Q, respectively. We now discuss the equation (4.1]).

First suppose A > 0: we have cp,cg > 0 and if we denote by ip the maximum element
in P, we have ip > n —1, i.e. ip = n. Similarly n € @), contradicting the fact that P, and
Q) are disjoint.

Suppose now A < 0. Then cp,cq are negative and strictly increasing. If ¢ < j are two
numbers both in P, or both in @, then j—1i > 2, contradicting P, UQ, = {1,...,n}. This
implies that p = ¢ = 1. Then ¢p(i) = 2t —2 < 0 for i € P, and cg(i) = 20 —2 < 0 for
1 € @y, a contradiction.

If now A = 0, we see that cp = 0 and cg = 0 imply that i = n — 1 (mod 2) for every
i=1,...,n, a contradiction.

4.7. Proof of the main Theorem in case g of type D,, n > 3. When g is a real form
of s0(2n,C), n > 3, we need to consider two subcases according to Table 1, namely when
¢t =u(n) or ¢ =s0(2p) +s50(2¢), n=p+gq.

The standard root system of so(2n,C) is given by R = {£e¢; £ ¢;, 1 <1i < j < n} with
Rf ={e tej, i <j, i,j = 1,...,n}. The Weyl group of g° is a semidirect product
(Z2)" x S, and any w € W acts as w(e;) = di€,(;), where ¢; € {1, —1} satisfies [}, ¢; = 1.

4.7.1. Case € = u(n). This case can be dealt with similar arguments as in the subsection
4.6.1 for g¢ of type C), and ¢ = u(n) and we will omit the detailed computations, keeping
the same notation. We have

%5@) = S ARa() + 2~ 2 o + Y [4Ra() 2 + 2] e,
i€A i€B
Denote by ca := —4ka(i) + 2i — 2 and cp := 4kp(i) — 2i + 2 the two coefficients.

If A > 0, then ca(i) > 0if i € A and ¢p(i) < 01if ¢ € B. It follows that 1 ¢ AU B, a
contradiction.

If A <0, then ca(i) < 0if i € A. If i4 is the minimum point of A, then k4(ip) = 0 and
therefore i, < 1, a contradiction. Then A is empty. Similarly the minimum point ip of B
satisfies ig < 1, showing that B is empty, a contradiction.

Finally, A = 0 is also impossible, as c4(i) = 0, i € A and cg(i) = 0, i € B force every
i € AU B to be odd, a contradiction.

4.7.2. Case ¢ = s0(2p) +s0(29), p > q>1, p+q > 3. If we denote P := {1,...,p} and
Q:={p+1,...,n} we have
RC:{:EEZ':EEJ'|i,j€P}U{:|:€i:|:€j, |Z,j€Q}

and therefore, if P, := 07 (P),Q, := 0~ }(Q) and kp,q have the same meaning as in the
previous subsections, we obtain

1
55(Z) = Z (4k’p(2) + 21 — 2n)¢i60(i) + Z (4]{7@ (Z) + 21 — 2n)¢i60(i).
1€P; 1€Qq

If A > 0 and ip is the maximum element in P, then 4kp(ip)+2ip —2n > 0 implies ip > n,
a contradiction.
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If A <0, the maps Py/Qo 3 i+ 4kp/q(i) + 2i — 2n are negative and strictly increasing.
This implies that two elements ¢ < j both in P, or both in @, satisfy j — i > 2, forcing

p=q=1.
If A =0 then i =n (mod 2) for every i = 1,...,n, a contradiction.
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