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1. Introduction. The phenomenological theory of superconductivity was formu-
lated at the mid of 1950-th by Ginzburg V.L., Landau L.D., Abrikosov A.A., and
Gor’kov L.P. Nowadays it is known as the GLAG-theory. Varying the free energy
functional and taking into account the special form of the Lagrangian, one comes
to the stationary Ginzburg-Landau (GL) equation:

yu + 6|ul*u + L( —ihV — 2eA)2u =0,
2m
where u is the complex field of electronic Cooper pairs; v, § are empirical constants;
m is the mass of an electron; i = /—1, h is the Plank constant; e is the elementary
charge (an electron charge); A is the electro-magnetic potential.
In this paper we consider the evolution complex Ginzburg-Landau equation with
inhomogeneous terms of the form:

ou = (1 + ai)Au+ Ru+ (1 + Bi) [ul*u+ g. (1)
Assuming a to be a fixed real number and R = R (Jc, %,w), B =0 (:U, f,w), and
g=9 (a:, %,w) to be random rapidly oscillating real functions, we construct the
homogenized equation and prove the convergence of trajectory attractors of the
initial equation to the trajectory attractors of the homogenized one. We refer here
to homogenization methods (cf., for example, [4, 7, 14, 38, 42, 45]), which are
basic for studying mathematical problems in micro-nonhomogeneous media. These
methods enable to consider media with periodic microstructure as well as with
random one (for random case cf., for instance, [1, 15, 16, 17, 18, 19]).
Notice that the GL equation (1) is a particular case of the reaction-diffusion
equations of the form:

Btu:AAu—i—B(x,g,w) f(u)+g(x,§,w)7 (2)

where u = (ul,...,u™N), f = (f',...,fN), and g = (g*,...,g") are real vector
functions. Here A is a fixed N x N matrix with positive symmetric part, B (33, Z, w)
and g (x, f,w) are random rapidly oscillating functions. Usually one assumes that

the vector function f(v) € C(RY;RY) satisfies the following inequalities:
f) vzl =C, [f] <Ci (WP~ +1)  (p>2). (3)

This condition can be replaced by the following more general inequalities with
different degrees p = (p1,...,p2) of the form

N
f) vz M-,
k=1

N o N
X:UCK(U)\F <Gy <Z | |Pr +1> (pr > 2,Yv € RY).
k=1

k=1

Let us also notice that the first results on homogenization of Ginzburg-Landau
and Ginzburg—Landau heat flow equations were obtained in [39, 44] by Khruslov’s
method of local energy characteristics (see, e.g., [42]). In particular, in paper [39],
the well known Josephson effect was rigorously justified.
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In this paper we study the attractors (see Fig. 1! for example) of differen-
tial equations that model the long time behavior of superconductive media with
complicated microstructure.

FIGURE 1. Attractors of the Ginzburg-Landau Equations

The attractors describe the behaviour of dissipative dynamical systems corre-
sponding to nonlinear evolution partial differential equations when time goes to
infinity. Informally speaking, the attractor is the smallest set of an infinite di-
mensional phase space of dissipative PDE able to attract in a suitable sense the
trajectories arising from bounded regions of initial data. The attractor character-
izes the dynamical system in a whole (see, e.g., the monographes [3, 24, 26, 35, 46]
and the references therein). Using the attractors, it is also convenient to study
global perturbations of trajectories (solutions) of evolution equations.

More precisely, our interest is the asymptotic behavior of the trajectory attractors
of the Ginzburg-Landau equations (see Fig. 1) with randomly oscillating terms.

The first results related to the attractors of evolution equations with rapidly but
non-randomly oscillating terms of periodic or almost periodic type (see [36, 37])
have been obtained by using the Bogolyubov averaging principle [9]. The averaging
of global attractors of parabolic equations with oscillating parameters have been
studied in [10, 11, 12, 24, 27, 32, 33]. Several problems related to the homogenization

IThe image of the attractors of the Ginzburg-Landau equations was taken from the internet
http://neurocomp.ru/c/kvantovaya-mexanika/reakcionno-diffuznye-sredy/
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of uniform global attractors for dissipative wave equations were considered in [20,
21, 37] in the case of time oscillations and in [24, 28, 47, 50] for the case of oscillations
in space. For 2D Navier—Stokes system, similar problems have been considered in
[24, 47]. Averaging of the global attractors of non-autonomous Ginzburg-Landau
equations with singularly oscillating terms has been studied in [25].

In the paper [29] the authors used the averaging method to study random or non-
autonomous systems on a fast time scale. They applied this method to a random
abstract evolution equation on a fast time scale whose long time behavior can be
characterized by a random attractor or a random inertial manifold. The main
purpose of the paper was to show that the long-time behavior of such a system
can be described by a deterministic evolution equation with averaged coefficients
(the respective mathematical expectation). The main result deals with a global
averaging procedure. Under some spectral gap condition the authors showed that
inertial manifolds of the fast time scale system tend to an inertial manifold of the
averaged system when the scaling parameter goes to zero.

The theory of trajectory attractors for dissipative partial differential equations
were developed in [23, 24] (see also [22] and the review [49]) with an emphasis on
equations for which the uniqueness of a solution of the corresponding Cauchy prob-
lem is not known (e.g., for the inhomogeneous 3D Navier-Stokes system) or does
not hold (e.g., for elliptic equations). For such equations, the traditional theory of
global attractors (see [3, 46]) is not directly applicable. The trajectory attractors
were constructed for a number of important equations and systems of mathemat-
ical physics, e.g. for the 3D N.S. system, various reaction-diffusion systems, the
dissipative hyperbolic equation with arbitrary polynomial growth of the nonlinear
term, and for other equations (see [24, 49]). Trajectory attractors for inhomoge-
neous Ginzburg-Landau equations have been constructed in [48]. Some averaging
problem for trajectory attractors of evolution equation with rapidly (non-randomly)
oscillating terms were studied in [24, 47]. Paper [5] deals with homogenization of tra-
jectory attractors for autonomous and non-autonomous 3D Navier—Stokes systems
with randomly oscillating external forces (see also [6] for random homogenization
of reaction—diffusion systems).

In present paper we consider the Ginzburg-Landau equations under the assump-
tion that the coefficients and the right-hand sides R(x, f,w), B(m, %,w), and
g (x, %,w) of the systems are random functions which oscillate rapidly with re-
spect to the space variables. Here w is an element of a standard probability space
(Q, B, 1). The parameter € > 0 characterizes the oscillation frequency in space vari-
able. Along with such systems we also consider the corresponding homogenized
Ginzburg-Landau equations with terms R"™(z), "™ (x), and ¢g"°™(z) that are
the mathematical expectations of R (x, Z, w), B (x, Z, w), and g (9:, Z, w). We prove
that the trajectory attractor 2. of the equation with randomly oscillating term
converges almost surely as € — 0 to the trajectory attractor 2l of the homogenized
equation in an appropriate functional space. Under the assumption that the ran-
dom function R (J:, Z w) . B (a:, Z, w) ,and g (x, Z w) are statistically homogeneous
and ergodic with smooth realizations (for detailed definitions see below), we prove
that the mathematical expectation coincides with deterministic spatial mean.

The rest of the paper is organized as follows. In Section 2 we formulate the
problem and give the necessary definitions of the random spaces. In Section 3
we consider global and trajectory attractors for Ginzburg-Landau equation and
formulate and generalize known theorem on these attractors. Section 4 is devoted
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to the homogenization of trajectory and global attractors of the Ginzburg-Landau
equations with randomly rapidly oscillating terms.

2. Preliminaries. We consider the Ginzburg-Landau equation in the torus T" :=
(R mod 27)":

Opue = (1 + ai)Aue + Re ue + (1 + Bed) |ue|?ue + ge, (

N
S~—

€
0, is an unknown complex vector-field of electronic Cooper pairs; g. = g(z) :

(gL,42,...,gY) is a known complex function; « is a real number; 3. and R. are real
scalar functions.

We study the case of autonomous equation, i.e. equation (4) with rapid space
oscillations having the external force g. = ¢ (:c, %,w) and the coefficients R, =
R(x,f,w), Be = 5(557%7“)); where g = g(x,f,w), R = R(xang)v B = 5(.%,57(4)),
zeT” &R,

In what follows, for the sake of brevity, we omit the subindex ¢.

We assume that R, 8 and g are random statistically homogeneous ergodic func-
tions with smooth realizations, w is an element of a standard probability space
(Q, B, 1) (for more details see the definitions below).

where € > 0 is a small parameter; u. = u.(z,t) := (ul,u2,...,ud), z € Tt >

Randomness. Notational convention. Now we turn to the definitions and re-
sults that will be used in the paper. Let (£, B, 1) be a probability space, i.e., the
set ) is endowed with a o-algebra B of its subsets and a o-additive nonnegative
measure g on B such that p(Q) = 1.

Definition 2.1. A family of measurable maps 7¢ : Q@ — , £ € R" is called a
dynamical system if the following properties hold:

1) the group property: Te,ye, = Ty Tey, V€1,62 € R™; To = Id, where Id is the
identity mapping on £2;

2) the isometry property (the mappings T¢ preserve the measure pon Q): T¢B €
B, u(TeB) = u(B), V§ e R™, VB € B;

3) the measurability: for any measurable function ¢(w) on €, the function ¢ (Tew)
is measurable on 2 x R™ and continuous in &.

Let Ly(€2, 1) (¢ = 1) be the space of measurable functions on 2 whose absolute
value at the power ¢ is integrable with respect to the measure p. If 7¢ : @ — Q
is a dynamical system, then on the space L,(£2, 1) we define a group of operators
{T¢} depending on the parameter £ € R™ by the formula (7:¢)(w) = ¥(Tew),
Y€ Lg(Q, ).

Note that Condition 3) in Definition 2.1 implies that the group 7 is strongly
continuous, i.e.,

%12% 1Te — Yl =0
for any 1 € Lq(€2, p).

Definition 2.2. Suppose that 1(w) is a measurable function on Q. The function
€ — Y(Tew) (€ € R™, ¢ € R) for a fixed w € Q is called the realization of the
function .

The following assertion is proved, for instance, in [38] (see also [14]).



1138 G. A. CHECHKIN, V. V. CHEPYZHOV AND L. S. PANKRATOV

Proposition 1. If ¢ € Ly(2, ), then w-almost all realizations & — (Tew) belong
to Liec(R™). If the sequence {¢} C Lq(Q, ) converges in Lq(, ) to the function
Y, then there exists a subsequence {1y} such that w-almost all realizations & —
Ui (Tew) converge in LY°(R™) to the realization & — ¢(Tew).

Definition 2.3. A measurable function ¢ (w) on € is called invariant, if (Tew) =
Y(w) for any £ € R™ and almost all w € Q.

Definition 2.4. The dynamical system 7¢ is called ergodic, if any invariant function
is w-almost everywhere constant.

In what follows, R stands for the natural Borel o-algebra of subsets of R™.

Definition 2.5. Let f (¢) be an arbitrary function from the space L{¢(R™). We
say that [ (£) has a space average, if the limit

.1 T
R
exists for any bounded Borel set R € R and does not depend on the choice of R.

The number M (F) is called the SPACE MEAN VALUE of the function F .

Equivalently, the space average is defined by
£

eR}.
s

The following statement holds true (the proof is step by step repetition of the
proof from [14]).

s—+o0

M(F):= lim |Rls|/};b../F(§)d§, where Rs{géR"

Proposition 2. Let P be a measurable subset of R™. Let p > 1 or p = co. Suppose
that a measurable function F (z,§), x € P, £ € R", has a space mean value M (F)(x)
in R for every x € P and that the family {F(x, %), 0<e<1},z €K, is bounded
in Ly(K), where K is an arbitrary compact subset in P. Then M(F)(-) € LY*(P)
and, for p > 1, we have F (x,%) = M(F )(z) weakly in LI°(P) as ¢ — 0 and, for
p =00, we have F (x,%2) = M(F)(x) *-weakly in L'2°(P) as e — 0.

Remark 1. We note that if a function F (z,€) is periodic or quasi-periodic in
x, then the corresponding space mean value function M (F)(x) is also periodic or
quasi-periodic.

In the next sections considering the GL system, we shall apply Proposition 2 for
the case P =T".

From now on we make use of a generalization of the well known Birkhoff theorem
(see [8], [2] and also [38] and [14]). Namely, following the lines of [31, Ch. VIII, §7]
it can be obtained in the form (see, e.g., [52]).

Theorem 2.6. (Birkhoff ergodic theorem) Let P C R™. Let the dynamical
system Te (€ € R™) satisfy Definition 2.1. Consider a measurable real function i =
Y(z,w), z € P,w € Q, such that, for every x € P, the function ¥ (z,-) € Ly(, 1)
with ¢ > 1. Then, for every x € P and for almost all w € Q, the realization
Y(x, Tew) has the space mean value M ((x, Tew)). Moreover, the space mean value
M (¢(x, Tew)) is a conditional mathematical expectation of the function (x,w) with
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respect to the o-algebra of invariant subsets. Hence, M (¢(z, Tew)) is an invariant
function and

BW)@) = [ wlew) du= [ MG Tew) du
Q Q

In particular, if the dynamical system T¢ is ergodic then, for almost all w € Q, we
have the identity

E()(z) = M(¢)(x).

Note that in the formulation of Theorem 2.6 the variable x € P plays the role of
the parameter. In the next sections, we consider P = T".

Definition 2.7. Let P C R™. A random function ¢(z,{,w), © € P, £ € R,
w € Q, is called statistically homogeneous for any x, if the representation ¢ (z, £, w) =
U(x, Tew) is valid for some measurable function ¥ : P x Q — R, where 7¢ is a
dynamical system in (.

2.1. Some examples.

2.1.1. Periodic case. Let Q be the unit cube {w € R0 < w; < 1,5 = 1,...,d}.
On Q we have a dynamical system Tew = w + € (mod 1). The Lebesque measure is
invariant and ergodic due to this dynamical system. The realization of the function
f(w) € Ly(Q) has the form f(§ + w).

2.1.2. Quasi-periodic case. Let Q be a unit cube in R?, p be a Lebesque measure
on it. For £ € R™ we set Tew = w + A¢ (mod 1), where A = {Ai;}¢,_, is a matrix
m X d. Obviously the mapping 7¢ preserve the measure p on 2. The dynamical
system is ergodic if and only if A;;k; # 0 for any integer vector k # 0.

Thus, L4(£2) is the space of periodic functions of d variables, and the realizations
have the form f(w + A§). These realizations are called quasi-periodic functions, if

f(w) is continuous on €.

3. Attractors for Ginzburg-Landau equations. In this section we discuss at-
tractors for Ginzburg—Landau (GL) equations with space-dependent coefficients re-
calling and generalizing some known facts concerning these equations for N = 1 with
constant coefficients. Consider the following system on the n-dimensional torus T":

Ou = (1 +ia)Au+ R(x)u — (1 +if(x))|uf*u + g(x), = € T, t >0, (5)

where v = u(z,t), u = uy +iug = (ul,...,u]) +i(ud,...,ud) is a periodic in z
unknown complex vector function and |u|? = |uy |2 + Jug|2 = Sn_, [uF[? + |ub]2. In
equation (5), ais a fixed real number, B(x) and R(x) are real function. The quantity
a and the function §(z) are called the dispersion coefficients and the function R(x)
is called the instability coefficient.

We assume that functions 5(z), R(x) are measurable and for almost all z € T™

—Ry < R(SU) < Ry, (6)
—Bo < B(x) < B1 (Ro, Ra, Bo, 1 > 0). (7)
Remark 2. In a similar way, we can consider more general systems (5) where «

is a real N x N-matrix and §(z) and R(x) are real N x N-matrix functions with
coefficients from L., (T™) that satisfy inequalities (6) and (7).
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Let H*, s € R, denote the scale of Sobolev spaces with HY = H := Lo(T"; CV).
In particular, H' = H!(T";C"). We shall use also the short notation L, :=
L,(T™; CN).

Assume that the complex vector function g(x) = g1(z) + igz(z) = (gi(2),...,
g (z))+i(gi(x),..., g (x)) in (5) belongs to H™!, which is the dual space for H.

For t = 0 we consider the initial conditions

Ulp=0 = uo(z) = uo1(x) + tup2(z), uo € H. (8)

GL equation (5) can be written as a reaction-diffusion system with respect to
the unknown real vector function u = (u1,us)" in the following form:

Oru = AAu+R(z)u—B(x) f(u) + g(z), 9)
, (I —al _ I —B(x)1
where the matrices A = ( agv INN ) , B(x) = ( B(x];]IN In N ) , the

nonlinear real function f(u) = |u/?u, and the external force g(z) = (g1(z), g2(x)) .
It is well-known (see the case with constant coefficients R and 8 in [24], [43])
that under the condition

B(x)| < V3, (10)

the Cauchy problem (5), (8) for each up € H has a unique weak solution u(z,t),z €
T™, ¢ > 0 that belongs to the space

Lo(0, M;HY)NL4(0, M; Ls) N C(0, M; H)
for each M > 0. Therefore, this solution can be presented in the form
u(e,t) = S(tuo(-), S() : H—H, >0,

where {S(t)} := {S(t),t > 0} denotes the dynamical semigroup in H corresponding
to the problem (5), (8).

The semigroup {S(t)} is continuous in the space H and if ¢ € H, then the
semigroup {S(¢)} has an absorbing set By that is compact in H. This implies (see,
e.g., [3, 46]) that the semigroup {S(¢)} has the global attractor A in the space H,
that is, the set A is compact in H, strictly invariant with respect to the action of
the semigroup {S(t)} :

S(t)A=A, Vt >0,
and A attracts bounded trajectories of equation (5), i.e., for any bounded set B C
H:
distg (S(t)B, A) = 0 (t = +00).
Here and in the sequel

dist p (X, Y) := sup dist pm(z,Y) = sup inf ppm(x,y)
rzeX reX YEY

denotes the Hausdorff semidistance from a set X to a set Y in a metric space M.

Remark 3. We note that in dimension n = 1,2, the uniqueness theorem for the
GL equation is proved for any values of dispersion parameters o and 3 (see, e.g.,
[34, 46]). Besides, there are deep results concerning the attractors of GL equations
for n > 3 in the phase spaces L, under some restrictions on the parameters o, 3,
and R (the degree p depends on «, §, and R (see [43, 51])). However, to the best
of our knowledge, the uniqueness of a weak solution of the GL equation is not yet
proved for arbitrary parameters «, 8, and R and in space dimension n > 3.



HOMOGENIZATION OF RANDOM ATTRACTORS 1141

Let now assume that the dispersion coefficient S(x) does not satisfy condition
(10). In that case, since the uniqueness of a solution to problem (5), (8) is not
proved for dimensions n > 3, we can not construct the global attractor for this
equation following the above standard scheme. To study the behaviour of solutions
of GL equation (5) as t — 400 we shall use an alternative approach and we shall
construct the trajectory attractor of this equation.

Let g € H™L. First of all, we observe that, for each ug(-) € H, the Cauchy problem
(5), (8) has at least one weak solution u(-,t),¢ > 0, that can be constructed by the
Galerkin approximation method (see, e.g., [22, 23, 24]).

Recall that a function u(z,t) is called a weak solution of equation (5) for t > 0
if u(t) := u(-,t) € LR, H) N LY (R, ;HY) N LPS(Ry; Ly) and u(t) satisfies
equation (5) in the distribution sense of the space D'(0, M; H™") for every M > 0.
Here D’(0, M;H™") is the space of distributions with values in the Banach space
H ", r =max{1l,n/4} (see [40, 41]).

Let u(t) be a weak solution of equation (5). Considering the corresponding
vector-function u(t) = (uq(t),u2(t)) " that satisfy the system (9), we have

onu(t) = AAu+R(z)u—B(x)|u(t)*u(t) + g(=) (11)
= w(t) +h(t),
where
w(t) = AAu(t) + g, h(t) = R(z)u(t) - B(z)[u(t)*u(t), (12)
and clearly
w(-) € La(0, M;H™'), h(-) € Ly5(0, M;Lyy3) (13)

for all M > 0. The Sobolev embedding theorem implies that H*(T™) C L,(T") for
5 >n(1/2—1/p). In particular, for o = 4, we have H"/4(T™) C L4(T"), and, hence,
for the dual spaces we obtain the embedding Ly /3(T™) C H~"/4(T"). Thus,

Lo(0,M;H™) C L4/3(07M§H_1), Ly/3(0,M;Ly/3) C L4/3(0,M;H_"/4). (14)
From (13) and (14), we conclude that
opu(-) € Lyy3(0,M;H™") C D'(0,M; H™"), r = max{1,n/4}. (15)
We have the following

Proposition 3. Let u(t) be a weak solution of GL equation (5). Then
(a): the function u(-) € C(R4; H);
(b): the function ||u(t)||?; is absolutely continuous on Ry and the following iden-
tity holds for almost every t > 0 :

3 Ol + IV + @1, — [ R0 de = @) (10
']I'TL
Here

N
(wo) = | [Z uf(e)of (o) + u’5<w>v§<x>] da
i LE=1
denotes the real scalar product of complex vector functions v = uy + fug and v =
v+ ’i’l)g.
This proposition is proved in [48] for the case of constant coefficients 8 and R.
The z-dependent case can be proved in the similar way. We shortly explain the
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formal derivation of the equality (16). Taking the scalar product of (11) and u, we
integrate the result over T™ and obtain the identity

5 () = (w(t), u(t)) + (a(r), u()). (1)
Since matrices A and B(x) are skew-symmetric, we clearly have that
(w(t),u(t)) = (AAu(t) + g, u) = —||Vu(t) 3 + (g, u(t)), (18)
(h(t),u(t)) = (R(z)u(t) — B(z)lu(t)*u(t),u(t)) =
/R(x)|u(m,t)\2d:ﬂ - / lu(z, t)|*dz, (19)
= T

where in the second equality of (18) we have integrated by part in = € T" (recall
that « is a real constant). Finally, we apply (18) and (19) in (17) and obtain (16).
The rigorous proof of the identity (17) uses the properties (13) (see, e.g., Theorem
I1.1.8 in [24] or Theorem 3.2 in [48]).

Identity (16) implies that

3 O+ 1Fu@+ o)1, — [ R@uo,0)Pds =
'JT’!L
1 2 1 2
(u(t),9) < lu®) e g+ < ) + 5l

Then

O+ SOl + 1Ol ~ [ (R + 1) fute,0)Pde < 3ol

Tn

2 dt
since ||Vu(t)||f = lu(®)|F: — u(®)|F and, due to (6), we have

QﬁH(W%+;W®ﬁp+WMWﬁ pllu®)i HwHu (20)

where p = R; + 1. Elementary inequality 22 — pz > pz — p? implies that

I, = plu®ls = [ (ute o = plue, ) do >

[ (elute 0 = ) do = pluto) + 2207, (20)

Combining (20) and (21) we obtain the following differential inequality

QﬁH(W%+;MUhp+MWUH %Mml+puﬂﬂ

Therefore,
d
@M@ﬁﬁﬂﬂwmﬁéD, (22)

where D = ||g||3;-1 + 2p*1(T™). Inequality (22) implies that

B D
lu(®)[lfx < u(0)[Ifre %”+-§;7Vt>(l (23)
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Integrating (22) over [t,t + 1], we have

t+1
-~ D
e+ 1)1 +20 [ (o) s < @+ D < Ju(@) e + 2+ D.
J 14
Hence,
t+1 1
2 [ 1u(s)fads < JuO)fxe > + D (2p + 1) . (24)

Finally, integrating (20) over [¢,¢ + 1] and using (23) and (24), we obtain
t+1 t41 t+1

/ Ju(s) |2 ds + 2 / lu()IIE, ds < [u()ll% + 20 / () |ds + g2+
t t t

D 1
< JaO)e "+ 5+ e+ D (5 1) + ol
2p 2p
= 2[[u(0)|[3re™*"" + Du,
where Dy = D (% + 1) + lg|l3;-:- Thus, we have proved

Proposition 4. Any weak solution u(t) of GL equation (5) satisfies the inequalities

-~ D
) s < (O e+ 5 (25)
t+1 t+1
/ Ju(s) |2 ds + 2 / lu(s)I2. ds < 2u(0) e 2" + D1, Ve >0, (26)
t t

where constants p = Ri+1, D = |\g|3;-1+2p*u(T"), and Dy = D (% + 1)+H9H%171

are independent of the dispersion coefficients a and S(x).

We note that the proof of an analogous result is given in [22, 24] for more general
reaction-diffusion systems (see also [23]).

We now construct the trajectory attractor for GL equation (5). We consider the
trajectory space K consisting of all the weak solutions u(t),t > 0, of equation (5),
i.e. all the functions u(-) € L%¢(R,; H) N LY(R; HY) N LYP(Ry; Ly) that satisfy
(5) in the space of distributions D’(0, M; H™").

Proposition 5. Let the sequence u,, € Kt and u,, — u (m — o0) weakly in
the space L¥°(R,; HY), weakly in the space LY°(R,;Ly), and x-weakly in the space

LY¢(R,;H). Thenu € K.

Proof. Tt is clear that {u,, } is bounded in the spaces Lo (0, M; H), L4(0, M;Ly), and
Lo (0, M;H) for any fixed M > 0. The functions u,,(t) satisfies the GL equations

Oy, = (14 i) Aty + Rty — (1 4+ 08) |t |2t + g(). (27)

Therefore, the sequence of derivatives {0;un,} is bounded in Ly/5(0, M; H™"). Us-
ing the known compactness theorem (see [30, 40]), we conclude that the sequence
{um} converges strongly in L2(0, M;H) and, hence, u,,(z,t) converges to u(x,t)
as m — oo for almost every (z,t) € T™ x [0, M]. It follows from the assumptions
of Proposition 5 that the sum (1 + i) Ay, + Ruy, converges to (1 + ia)Au + Ru
weakly as m — oo in the space Lo(0, M;H™1) and the sequence (1 + i) |tm |*tm
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converges to (1 +i3)|u|?u weakly in Ly/3(0, M; Ly 3) for an arbitrary fixed M > 0.
The last assertion follows from the fact that w,,(x,t) = u(z,t) (m — o) for almost
every (z,t) € T™ x [0, M]. Therefore, the right-hand side of equation (27) converges
to (14 ia)Au+ Ru — (1 + if)|ul*>u + g(x) as m — oo in the space D'(0, M;H™").
The operator 0; is continuous in the space of distributions D’(0, M; H™"), that is,
O, — Opu (M — o0) in D'(0, M; H™"). Consequently, passing to the limit as
m — oo in (27), we obtain the equation for u

O = (1 +ia)Au + Ru — (1 +i8)|ul*u + g(z). (28)
It is clear that u(-) € LI¢(R; H)NLYS(Ry; HY)NLYS(Ry; Ly). Hence, u € K. O

Corollary 1. The space Kt of weak solutions of the GL equation (5) is sequentially
closed in the weak topology of the space LYS (Ry; HHNLPS (Ry; Ly)NLRe, (R ; H).

2w 4w 00, *W

We now introduce the spaces f}fc, ]-'_E, and @1_3‘3 for equation (5) that we need
to define the trajectory attractor.

Definition 3.1. The spaces
Floe .= [loo(R, H) N LIS (RL HY) 0 LR Ly) N {v | Oy € L;3°3(R+;H*T)}

(29)
FP = Loo(Ry H) N LB(R, HY) N LE(R 3 Ly) N {v | Oy € LZ/3(R+;H_T)} :
(30)
where the norm in the space L) (R ; E) is
t+1 1/p
Iolzpeie = (s [ ler)liar
20
t
Obviously ]-]b_ is a Banach space with norm
[vll 7o o= [Vl @) + 10y @,y + [0lp @, Ly + 19lle @, m—ry- (31)
+ 4/3

We denote by @1_;’6 the space ]-'fc equipped with the following local convergence
topology in .7-'_1;)“. By definition, a sequence of functions {v,,} C f}fc converges
to a function v € ffc as m — o0 in Qlfc, if, for each M > 0, the sequence
Vm — v (m — oo) weakly in Lo(0, M;HY), weakly in L,(0, M;Ly) and *weakly
in Lo (0, M;H), and moreover, 0;v,, — Oyv (m — 00) weakly in Ly,3(0, M; H™").
It is also possible to define the topological space @l_ﬁc in terms of the suitable
neighbourhoods (see [24]).

We note that 72 C ©'¢¢ and a ball By = {w() e Fh| lwll 7 < d} in F? is a
compact set in the topology G)lfc. Therefore, the corresponding topological subspace
By C ©9¢ is metrizable and complete (see, e.g., [24]).

We consider the translation semigroup {T'(h)} := {T'(h),h > 0} acting in the
space ©'2¢ by the formula T(h)w(t) = w(t + h),h > 0. It is easy to see that the
semigroup {T'(h)} maps the trajectory space K to itself, i.e. T(h)KT C KT for
any h > 0.

Proposition 6. Let, in equation (5), g € H™'. Then
(a): the trajectory space K+ C FP;
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(b): for an arbitrary trajectory u € KT, the following inequality holds:
IT(R)u()ll 7 < Collu(0)|[Fre™ " + D, Vit >0, (32)
where the constants Dy and p = Ry + 1 are independent of u(-).
Proof. Estimate (26) yields

IT(R)u( )12, 0,00 + 1T UG 0,1500) =

h+1

/ (lus)lizp + llu(s)lL,) ds < 2[u(0)[fe™ " + D1, Yh > 0. (33)

h

Thus, since u(t) € KT the function T'(h)u(t) is a weak solution of equation (5).
Hence, we conclude that

IT(B)eu( Iz, (0181 < IT(R) (1 + i) A+ R(Yu+ g()) |2,y 0101+
IT(h) (1 +BC)) ) ||z, 4 0.155-) <

Cr (IT () Aulr, 0,1 + IT(R) (ufu) 12,0107 +1) <

Ca (IT(RYull3 0,101 + 1Tl 01,00 + 1) < Callu(0) [Fre™" + Dy (34)

Inequalities (25), (33), and (34) yield estimate (32). Point (b) of Proposition 6 is
proved. Inequality (32) evidently provides Point (a). O

Recall the notion of the trajectory attractor of equation (5) (see, e.g. [23, 24, 49]).

We consider the translation semigroup {T'(h)} on the trajectory space K1 of GL
equation (5). We have already proved that Kt C .7{? C @fc. It is easy to see that
T(h)K* c KT for h > 0 and, for every u € KT, the function T'(h)u(-) satisfies
the estimate (32). Moreover, K is sequentially closed in the topology ©'¢ (see
Corollary 1).

Definition 3.2. A set P C K7 is called an attracting set for the semigroup {T'(h)}
in the topology ©'° if, for each set B C Kt bounded in %, the set P attracts
T(h)B as h — 400 in the topology ©'9°, that is, for each neighbourhood O(P) of
P in ©'¢, there exists a quantity hy = hi(B,0) such that T(h)B C O(P) for all
h>=h.

Definition 3.3. A set 24 C KT is called the trajectory attractor of the translation
semigroup {T'(h)} on KT in the topology ©' if 2 is bounded in F?, compact in
O'¢, strictly invariant with respect to {T'(h)} :

T(h)2A=2A, Vh >0,
and 2 is an attracting set of the semigroup {T'(h)} on K in the topology ©'¢°.

It follows from estimate (32) that the set
P={u() e £* | Ju()| 7, < 2Dz}

is absorbing and attracting for the semigroup {T'(h)}|x+. The set P is bounded in
.7-"_? and compact in @l_f_’c. Then, P is a complete metric space (recall the topology
©%° is metrizable on any ball in 7). Besides, the semigroup {T'(h)}|x+ is contin-
uous in the topology @lfc. It is known that the above facts imply the following
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Theorem 3.4. The semigroup {T'(h)}|xc+ has the trajectory attractor A C Kt NP
in the topology GL‘EC that attracts all bounded sets B of K+ N ]—'E.

Proof. Tt follows from the above-listed properties of the semigroup {T'(h)}|ic+ that
the w-limit set

N |U7es)P =9

R>0 |s>h olee

is the global (F?,0'¢)-attractor of the semigroup {T'(h)}|i+. Here, we use the
terminology from the well-known theorem on the existence of global attractors of
semigroups (see, e.g., [3, 24, 35, 46]). The so-constructed global (.7-"_?, @L‘_’C)—attractor
is just the trajectory attractor of the equation (5). O

We now describe the structure of the attractor 2 in terms of the complete tra-
jectories {u(t),t € R} of equation (5), that is, of weak solutions of this equation
that are defined on the entire time axis.

A function {u(t),t € R} belonging to L'°¢(R; H) N LY°(R; HY) N LIP¢(R; Ly) is
called the complete trajectory of GL equation (5) if u(t) satisfies equation (5) in the
sense of the distribution space D'(—M, M; H™") for each M > 0.

The spaces F1°¢ and F are defined similarly to the spaces ffc and .7:_? except
that one must replace in formulae (29), (30), and (31) the half-axis R by the
entire axis R, and the topological space ©'°¢ is the space F'°¢ equipped with the
following topology of sequential convergence: by definition, a sequence {v,,} C F'°°
converges to v € Fl°¢ as m — oo in ©°° if, for each M > 0, the sequence v,, — v
converges as m — oo weakly in Lo(—M, M;HY), weakly in Ly(—M, M;Ly), and
x-weakly in Lo.(—M,M;H), and moreover Oiv,, — v as m — oo weakly in
Logy (M, M;H™Y),

Definition 3.5. By the kernel K of GL equation (5) in the space FP we mean the
union of all complete trajectories {u(t),t € R} of this equation that belong to FP
(that is, with bounded norm ||u|| ).

We denote by II; the restriction operator to the positive half-axis that maps a
function {v(t),t € R} to the function {v(¢),t € Ry}.

Theorem 3.6. The kernel K of GL equation (5) is bounded in the space FP and
compact in ©°¢. The trajectory attractor A C K+ of equation (5) coincides with
restriction of the kernel IC of this equation on the positive half-axis:

A =TI K.
The proof of this theorem in a more general case is presented in [24, p.224].

Remark 4. If, in GL equation (5), |3(z)| < V3 and g € H, then the uniqueness
theorem holds for the Cauchy problem (5), (8) and GL equation has the global
attractor A and the trajectory attractor 2. The following relation holds for these
attractors:

A=2(0) := {u(0) | u(-) € A (35)

The proof of this fact can be found in [24, p.227].

We note that the considered in KT local weak topology @ljr’c is stronger that the
local strong topologies L¥¢(R,; H!=%) and C¢(R,; H™°) for each § > 0, that is,
if a sequence {v,,} C ffc converges to a function v € fﬂfc as m — oo in @lfc,
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then v, — v (m — 00) strongly in L (0, M; H'~°) and strongly in C ([0, M]; H?)
for every M > 0. This assertion follows from Aubin-Lions-Simon theorem (see, e.g.,
[5], [13], [24]). We have
Corollary 2. For any set B C KT bounded in Fi we have
diSth([O’M};Hl—é) (HQ)MS(t)B,HQMK:) —0 (t — OO),
diStC([O,M];H—é) (H07M8(t)B,H07MIC) —0 (t — OO), vYM >0, (6 > 0),

where Iy ps denotes the restriction operator onto the interval [0, M].

In the next section we study GL equations and their global and trajectory at-
tractors depending on a small parameter € > 0.

Definition 3.7.  (a): We say that the global attractors A. converge to the tra-
jectory attractor Ay as € — 0 in the space H® if

distygs (Ag, AO) —0 (8 — 0+)

(b): We say that the trajectory attractors 2[. converge to the trajectory attractor
2o as e — 0 in the topological space ©'¢¢ if for any neighborhood O(2o) C ©'¢¢
there is an 7 > 0 such that 2. € O(2lp) for any € < €;.

4. Ginzburg-Landau equations with randomly rapidly oscillating coeffi-
cients. Consider the GL equation in the torus T"

Ou=(1+ia)Au+ R (9:, g,w) u+ (1 +iﬂ(:c, g,w)> lul*u + g (;1:, g,w) . (36)

Let 7¢,& € R™, be an ergodic dynamical system.

Assume that the functions R(z,&,w) and B(x, &, w) are statistically homogeneous
for any z, that is, R(z,§,w) = R(z, Tew), B(x,§,w) = B(z, Tew), where R, B :
T x Q@ — R are measurable functions.

We also assume that R(z,w), B(z,w) € Loo(T™ x Q) and

_RO < R(CI),(A}) < Rla (37)
—Bo < B(z,w) < B, VexeT” we.

Due to the Birkhoff ergodic theorem the functions R (z, ¢, w) and 8 (z,£,w) have
the average R'"™(z) = E(R)(z), 8" (x) = E(B)(z) for every x € T". It is
apparent that the functions R"™(z) and S"°™(x) also satisfies inequalities

—Ro < R™™(2) < R1, —Bo < B™™(z) < By, Vo € T™

It follows from Proposition 2 (see also [38, Ch. VII, §1]), the case p = oo, that
almost surely in w €

/R (x, g,w> o(z)de — /Rhom (z) p(z)dz, (38)

Tn T

/B (x, g,w> p(z)dr — /Bhom (z) p(x)dz (e — 0+) (39)
Tn Tn

for any ¢ € L (T™).
For the random vector function g(z, Z,w), we assume that

n
T T T
g ($, gaw) = 9o (SC, gaw) + Zlam1gl (1'7 ng) 9
1=
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where the function g;(x, £, w) are statistically homogeneous, i.e.

gi(z, &, w) = Gi(x, Tew), i =0,...,n
G;:T" x Q — C¥ are measurable functions and the following inequalities hold for
almost all x € T™:

|Gl(1‘7w)| <¢1(I)7 VwEQ,i:O,...,n, (40)

where the positive majorant ¢;(-) € Lo(T"), for i =0,...,n.
Birkhoff theorem implies that the functions g;(z,£,w), i = 0,...,n, have the
averages gi°m(x) = E(G;j)(z) for every x € T". Tt follows from (40) that

lghom (z)] < ¢i(x), i=0,...,n
for almost all z € T™ and therefore gho™(-) € H.

Inequalities (40) imply that the vector functions g; (x, Z, w) belong to the space
H and they are uniformly (w.r.t. € € (0,1]) bounded in this space. Therefore,
Proposition 2 is applicable with P = T™ and p = 2 and we obtain that, almost
surely in w € €,

Ji (ac, g,w) — ghom(g) (e — 04) weakly in H,i =0,...,n, (41)
that is,
/<gz( T, W ) dﬂc—>/ rem (z), p(z))dr (e — 0+)
'H"IL
for any ¢ € H.
That is, the vector function g(z, Z,w) = go( T, Z, ) + >0 O, gl( T, %, ) be-

longs to the space H™1, is uniformly bounded (w.r.t. € € (0,1]) and almost surely
g (:v, E,w) — g™ (z) (¢ = 04) weakly in H™!, (42)
5
where

ghom( ) hom + Zaz hom

This function clearly also belongs to H™!.
We note that the H-norms of the functions

T T 1 x
83;191 (.T,*,w) =UGix; (I,*,w) +7gZ£1 (I,*,W)
g 13 g g

may tend to infinity as ¢ — 0 4+ . These functions are bounded in the space H™!
only.

Remark 5. As examples, we can consider the functions R, § and g to be periodic
or quasiperiodic in w € €, where the probability space 2 is a unit cube in R with
Lebesgue measure and with corresponding translation dynamical system on it (see
Subsection 2.1).

We study the weak solutions to system (2), that is, the functions
u(z,t) € LR H) N LY (R HY) N L (R Ly)

which satisfy (36) in the sense of distributions of the space D' (Ry;H™"), (see
Section 2). For every ug € H there exists at least one weak solution u(x,t) of the
equation (36) such that u(0) = ug. This solution is not necessarily unique because
we do not assume that the function S satisfies inequality (10).
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We denote by KT the set of all weak solutions of (36).

For every fixed € > 0, the GL equation (36) satisfies assumptions of Theorems
3.4 and 3.6. Therefore, there exist the trajectory attractor 2. in topological space
oloe.

Moreover, the sets 2. are uniformly (in & € (0,1]) bounded in F% since the
constant Dy in (32) depends only on R; and ||g||%;—, which are independent of ¢
due to (37) and (40). We obtain the following

Proposition 7. Under the hypotheses (37), (38), (39), (40), and (42) the GL equa-
tion (36) has the trajectory attractors A. in the topological space @l_f_’c. The set
A is almost surely uniformly (in € € (0,1)) bounded in }'_l; and compact in @l_fc.
Moreover,

ng = H+ICE.
The kernel K. is non-empty, uniformly (in € € (0,1)) bounded in F° and compact
in ©lc,
Along with the system (36) we consider the homogenized GL equation
Opug = (1 4 ai)Aug + Rhom(ac)uo + (1 + Bhom( )i ) |u0|2u0 + ghom( ). (43)

It is clear that the system (43) also has the trajectory attractor 2"°™ in the trajec-
tory space jchom™ corresponding to the equation (43) and

Q[hom — H+]Chom,

where K™ is the kernel of (43) in F° (see Theorems 3.4 and 3.6).
Let us formulate the main result of the paper concerning the trajectory attractors
of Ginzburg-Landau equations.

Theorem 4.1. The following limit holds almost surely in the topological space @fﬁc
A, — A°™ gse -0+ (44)

Moreover, almost surely
Ko — KMo g5 ¢ — 0+ in ©1°, (45)

Proof of Theorem /j.1. It is clear that (45) implies (44). Therefore, it is sufficient
to prove (45), that is, for every neighborhood O(KPo™) C ©!°¢ there exists e1 =
£1(0) > 0 such that, almost surely,

K. C O(K"™) for e < &;. (46)

Suppose that (45) is not true. Consider the corresponding subset ' C Q with
1(2) > 0 and (45) does not hold for all w € ©'. Then, for each w € ', there exists
a neighborhood O’ (IChom) C ©!¢, a sequence €, — 0+ (n — o0), and a sequence
Ue, (+) = ue, (w, t) € K¢, such that

ue, ¢ O'(KP™) for all n € Nyw € . (47)

For each w € 0, the function u._(t),t € R is the solution to the equation

Opue, = [1 + ai] Aue, + R <:c, - ) Ue, +

{1+B< E,w)}|usn|uen+g(z:w>, teR. (48)
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Moreover, the sequence {u., (t)} is bounded in F° for each w € ', that is,

[ue, |70 = sup [lue, (t)][m+

teR
t+1 1/2 t+1 1/4

sup ([ fue, Ol ds) s | [ e, 017, ds

ter \ J ter \ J (49)
t+1 3/4

sup /Hatusn(t)ﬂgi ds < C forallneN.

teR
¢

Hence there exists a subsequence, {u. ()} C {uc, (t)}, for which we keep the same
notation such that

ue, (t) — up(t) as n — oo in O (50)
where ug(t) € F° and ug(t) satisfies (49) with the same constant C. In detail, we
have that u., (t) = uo(t) (n — co) weakly in LS (R; H'), weakly in L (R; Ly)

s-weakly in L%, (Ry;H) and dyue, (t) — Opug(t) weakly in L5, (R;H™"). We

00, kW 4/3,w
claim that ug(t) € KB°™. We have already proved that |[ug||z» < C. Then we have
to establish that ug(t) is a weak solution of (43). Since the derivative operators are
continuous in the space of distributions, then using (49) and (42) we obtain that

Opue, — (1 + ai)Aue, — g (x, :,w> — Qg — (14 i) Aug — g"™ (z) (51)
as n — oo in the space D’/ (R;H™"). Let us prove that

R (Js, ;,w> ue, — R™™ (2)up and g (m, ;,w> luc, |Pue, — B™ () |ug|*uo
(52)

as n — oo weakly in Lfl"/‘ng(R; L,/3). We fix an arbitrary number M > 0. The

sequence {u. (t)} is bounded in Ly (—M, M;Ly) (see (49)). Hence the sequence

{|ue, (t)[?ue, ()} is bounded in Ly/3 (=M, M;Ly/3) . Since {uc, (t)} is bounded in

Ly (—M, M;H") and {8yue, (t)} is bounded in Ly/3 (—M, M;H™"), then we can as-

sume that u., (t) = ug(t) as n — oo strongly in Lo (—M, M;Lg) = Lo (T™ x (=M,

M))? and therefore

Ue, (,t) — up(x,t) as n — oo a.e. in (z,t) € T" x (=M, M).

We also conclude that

luc, (,t)|%uc, (,t) — |uo(z,t)Puo(2,t) as n — oo a.e. in (x,t) € T" x (—M, M).
(53)

Then we have

X
ﬁ (:I;u 67("}) |u€n|2uen - ﬁhom ({17) |U()|2’LL0 =
n

3 <x ;w> (Jue, Pue,, — |uo|?uo) + (5 (x éw) - 5h0m(x)> uo[2ug. (54)

Let us show that both terms on the right-hand side of (54) converge to zero as
n — oo weakly in Ly /3 ((—M, M);Ly/3) = (Laj3 (T" x (=M, M)))2 The sequence

X
(2. 2.) (P, = o)

n
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tends to zero as n — oo almost everywhere in (z,t) € T x (=M, M) (see (53)) and

is bounded in (Ly 3 (T" x (=M, M)))2 (see (37)). Therefore Lemma 1.3 from [40,
Chapter 1, Section 1] implies that

B (3?, m,w) (Jue, [Puc, — [uo[*ug) — 0 as n — oo
En

Y en

weakly in (Lq/3 (T" x (—M, M)))2 . The sequence (ﬁ(x — w) - ﬁhom(x)) R
also goes to zero as n — oo weakly in (Ly/s (T™ x (—M, M))) since by the assump-
tion, ,6’( z, = ,w) — phom (1) as n — 0o *-weakly in Lo s ((—M, M); Ly,) and

luo|*ug € (Lasz (T™ x (=M, M)))2 . We have proved the second convergence result
n (52). In order to prove the first convergence result in (52) we proceed in a similar
way. Using (51) and (52) we pass to the limit in the equation (48) as n — oo in the
space D' (Ry;H™") and we obtain that the function ug(z,t) satisfies the equation

dpuo = (1 + ai)Aug + RM™(x)ug + (1 + ™ (2)i) [uo|®uo + ¢"™ (z), t € R.

Consequently, ug € K™, It was proved above that wu., (t) — wug(t) as n —
oo in ©°¢ for each w € Q. The hypotheses u., (t) ¢ O'(KP°™) implies that ug ¢
O'(Khom) and moreover uy ¢ KPO™ for all w € . This contradiction completes
the proof of the theorem. O
Since the topology @100 is stronger that the local strong topologies L¥°(R, ; H'~9)
and C¢(R,; H°) for each 0 > 0, similar to Corollary 2 we obtain the following

Corollary 3. For every 0 < § <1 and any M > 0, almost surely

dlthz( 0,M];H1-9%) (Ho MU, T Mthom) — 0,

distoo am-o) (o, n e, Mo A™™) =0 (e — 0+) (55)

Finally, we consider the case of GL equation (36) for which the dispersion coef-
ficient 8(z,&,w) satisfies almost surely the inequality

|B(z,&,w)| < V3, Vz € T", £ €R", w € Q.

that is, the corresponding Cauchy problem has a unique solution and generates
the semigroup {S.(t)} acting in H. The averaged equation (43) also generates the
semigroup {S"°™(¢)} acting in H. Moreover, these semigroups possess the global
attractors A. and A"™ (see Section 3). Using formula (33) and limit relation (55)
we obtain

Corollary 4. The following limit holds almost surely:
dist s (A, A"™) = 0 (e = 0+) V5 > 0.
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