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Abstract

We study the problem of optimal long term investment with a view to beat a bench-
mark for a diffusion model of asset prices. Two kinds of objectives are considered. One
criterion concerns the probability of outperforming the benchmark and seeks either to
minimise the decay rate of the probability that a portfolio exceeds the benchmark or
to maximise the decay rate that the portfolio falls short. The other criterion concerns
the growth rate of an expected risk—sensitised utility of wealth which has to be either
minimised, for a risk—averse investor, or maximised, for a risk—seeking investor. It is
assumed that the mean returns and volatilities of the securities are affected by an eco-
nomic factor, possibly, in a nonlinear fashion. The economic factor and the benchmark
are modelled with general It0 differential equations. The results identify asymptotically
optimal portfolios and produce the decay, or growth, rates. The proportions of wealth
invested in the individual securities are time—-homogeneous functions of the economic
factor. Furthermore, a uniform treatment is given to the out— and under— performance
probability optimisation as well as to the risk—averse and risk—seeking portfolio optimi-
sation. It is shown that there exists a portfolio that optimises the decay rates of both
the outperformance probability and the underperformance probability. While earlier
research on the subject has relied, for the most part, on the techniques of stochastic
optimal control and dynamic programming, in this contribution the quantities of inter-
est are studied directly by employing the methods of the large deviation theory. The
key to the analysis is to recognise the setup in question as a case of coupled diffusions
with time scale separation, with the economic factor representing ”the fast motion”.

1 Introduction

Recently, two approaches have emerged to constructing long-term optimal portfolios for
diffusion models of asset prices: optimising the risk—sensitive criterion and optimising the
probability of outperforming a benchmark. In the risk—sensitive framework, one is concerned
with the expected risk-sensitised utility of wealth Ee*™?t  where Z, represents the portfo-
lio’s wealth at time ¢ and A is the risk—sensitivity parameter. If A < 0, then \In(Z;/Z))
is a measure of an investor’s losses, whereas it measures the investor’s gains if A > 0.
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As the risk—averse investor (respectively, the risk—seeking investor) seeks to minimise their
losses (respectively, to maximise their gains), it is arguable that A is representative of the
investor’s degree of risk aversion, if negative, or of risk—seeking, if positive. (One can find a
more detailed discussion in Bielecki and Pliska [5].) When trying to beat a benchmark, Y;,
the expected risk-sensitised utility of wealth is given by Ee*(%/Y?) = Since typically those
expectations grow, or decay, at an exponential rate, one is led to optimise that rate, so an
optimal portfolio for the risk—averse investor (respectively, for the risk—seeking investor) is
defined as the one that minimises (respectively, maximises) the limit, assuming it exists, of
(1/t) InEeA(Z/Y) a5t — oo. In a similar vein, there are two ways to define the crite-
rion when the objective is to outperform the benchmark. One can either choose the limit
of (1/t)InP(In(Z;/Y:) < 0), as t — oo, as the quantity to be minimised or the limit of
(1/t) InP(In(Z;/Y:) > 0) as the quantity to be maximised. Arguably, the former criterion is
favoured by the risk—averse investor and the latter, by the risk—seeking one. More generally,
one may look at the limits of (1/t)InP(In(Z;/Y;) < q) or of (1/t) nP(In(Z;/Y;) > q), for
some threshold ¢ .

Risk—sensitive optimisation has received considerable attention in the literature and has
been studied under various sets of hypotheses. Bielecki and Pliska [5] consider a nonbench-
marked setting with constant volatilitities and with mean returns of the securities being
affine functions of an economic factor, which is modelled as a Gaussian process satisfying a
linear stochastic differential equation. For the risk—averse investor, they find an asymptot-
ically optimal portfolio and the risk—sensitised expected growth rate. Subsequent research
has relaxed some of the assumptions made, such as the independence of the diffusions driving
the economic factor process and the asset price process, see Kuroda and Nagai [26], Bielecki
and Pliska [6]. Fleming and Sheu [17], [18] analyse both the risk—averse and the risk—seeking
setups. A benchmarked setting is studied by Davis and Lleo [11], [12], [13], the latter two
papers being concerned with diffusions with jumps as driving processes. Nagai [32] assumes
general mean returns and volatilities and the factor process being the solution to a general
stochastic differential equation and obtains an asymptotically optimal portfolio for the risk—
averse investor when there is no benchmark involved. Special one-dimensional models are
treated in Fleming and Sheu [16] and Bielecki, Pliska, and Sheu [7]. The methods of the
aforementioned papers rely on the tools of stochastic optimal control. A Hamilton—Jacobi—
Bellman equation is invoked in order to identify a portfolio that minimises the expected
risk—sensitised utility of wealth on a finite horizon. Next, a limit is taken as the length of
time goes to infinity. The optimal portfolio is expressed in terms of a solution to a Riccati
algebraic equation in the affine case, and to an ergodic Bellman equation, in the general
case.

The criterion of the probability of outperformance is considered in Pham [34], who stud-
ies a one—dimensional affine setup. The minimisation of the underperformance probability
for the Bielecki and Pliska [5] model is addressed in Hata, Nagai, and Sheu [20]. Nagai [33]
studies the general model with the riskless asset as the benchmark. Those authors build on
the foundation laid by the work on the risk—sensitive optimisation. Stochastic control meth-
ods are applied in order to identify an optimal risk—sensitive portfolio, first, and, afterwards,
duality considerations are invoked to optimise the probabilities of out/under performance.
The risk—sensitive optimal portfolio for an appropriately chosen risk—sensitivity parameter is
found to be optimal for the out/under performance probability criterion. The parameter is



between zero and one for the outperformance case and is negative, for the underperformance
case. Puhalskii [35] analyses the out/under performance probabilities directly and obtains a
portfolio that is asymptotically optimal both for the outperformance and underperformance
probabilities, the limitation of their study being that it is confined to a geometric Brownian
motion model of the asset prices with no economic factor involved. Puhalskii and Stutzer
[37], in an unpublished manuscript, study the underperformance probability for the model
in Nagai [33] with a general benchmark by applying direct methods.

Whereas the cases of a negative risk—sensitivity parameter for risk—sensitive optimisation
and of the underperformance probability minimisation seem to be fairly well understood,
the setups of risk—sensitive optimisation for a positive parameter and of the outperformance
probability optimisation lack clarity. The reason seems to be twofold. Firstly, the expected
risk—sensitised utility of wealth may grow at an infinite exponential rate for certain A €
[0,1], see Fleming and Sheu [18]. Secondly, the analysis of the ergodic Bellman equation
presents difficulty because no Lyapunov function is readily available, cf., condition (A3) in
Kaise and Sheu [23]. Although Pham [34] carries out a detailed study and identifies the
threshold value of A when ”the blow—up” occurs for an affine model of one security and one
factor, for the multidimensional case, we are unaware of results that produce asymptotically
optimal portfolios either for the risk—seeking criterion or for the outperformance probability
maximisation.

The purpose of this paper is to fill in the aforementioned gaps. We study a benchmarked
version of the general model in Nagai [32, 33]. Capitalising on the insights in Puhalskii and
Stutzer [37], we identify an optimal portfolio for maximising the outperformance probability.
For the risk-sensitive setup, we prove that there is a threshold value A € (0, 1] such that
for all A < X there exists an asymptotically optimal risk-seeking portfolio. It is obtained as
an optimal outperformance portfolio for certain threshold ¢. If A > X, there is a portfolio
such that the expected risk—sensitised utility of wealth grows at an infinite exponential rate.
Furthermore, we give a uniform treatment to the out— and under— performance probability
optimisation as well as to the risk—averse and risk—seeking portfolio optimisation. We show
that the same portfolio optimises both the underperformance and outperformance proba-
bilities, in line with conclusions in Puhalskii [35]. Similarly, the same procedure can be
used for finding optimal risk—sensitive portfolios both for the risk—averse investor and for the
risk—seeking investor. The portfolios are expressed in terms of solutions to ergodic Bellman
equations.

No stochastic control techniques are invoked and standard tools of large deviation the-
ory are employed, such as a change of a probability measure and an exponential Markov
inequality. We treat the setup as a case of coupled diffusions with time scale separation,
the factor process representing ”the fast motion”. The empirical measure of the factor pro-
cess plays a key role in the proofs. An application of the large deviation principle to the
pair comprising the portfolio and the economic factor produces a heuristic derivation of
the asymptotic bounds being sought. The bounds are then confirmed rigourously. Another
notable feature is an extensive use of the minimax theorem and a characterisation of the
optimal portfolios in terms of saddle points. Being more direct than the one based on the
stochastic optimal control theory, this approach streamlines considerations, e.g., there is no
need to contend with a Hamilton-Jacobi-Bellman equation on finite time, thereby enabling
us both to obtain new results and relax or drop altogether a number of assumptions present



in the earlier research on the subject. For instance, we do not restrict the class of portfolios
under consideration to portfolios whose total wealth is a sublinear function of the economic
factor, nor do we require that the limit growth rate of the expected risk—sensitised utility
of wealth be an essentially smooth (or ”steep”) function of the risk—sensitivity parameter,
which conditions are needed in Pham [34] even for a one-dimensional model.

Our results also extend and (or) complement those in Kuroda and Nagai [26], Nagai
[32], Hata, Nagai, and Sheu [20], and Nagai [33] on risk—sensitive optimisation for a negative
risk—sensitivity parameter and on underperformace probability optimisation on an infinite
horizon. We tackle a general benchmark and dispose of a number of assumptions some
of which are questionable from the modelling perspective. Besides, our proofs seem to be
cleaner, see the discussion that follows the statement of the main results in Section 2 for more
detail. On the other hand, we require a certain regularity condition. Another distinction
is that the cited papers assume certain stability conditions which involve the coefficients of
both the equations for the economic factor and the equations for the securities, whereas the
model’s definition has it that the economic factor is not affected by the security prices. We
use a different stability condition which is along similar lines as the one in Fleming and Sheu
[18] and concerns the properties of the economic factor only.

This is how this paper is organised. In Section 2, we define the model, provide the
heuristics, and state the main results. More detail is given on the relation to earlier work.
The proofs are provided in Section 4 whereas Section 3 and the appendix are concerned with
laying the groundwork and shedding additional light on the model of Pham [34].

2 A model description and main results

We are concerned with a market of n risky securities priced S}, ..., S? at time ¢ and a safe
security of price S? at time ¢. We assume that, for i = 1,2,...,n,
ds: , .
o = a (X di + b(X,)" dw,
t
and that 450
t
— =r(X;)dt,
S? ( t)

where X, represents the economic factor. It is governed by the equation

In the equations above, the a’(x) are real-valued functions, the b’(x) are R*-valued functions,
f(x) is an Rl-valued function, o(z) is an [ x k-matrix, W = (W, ,t > 0) is a k-dimensional
standard Wiener process, and S > 0, T is used to denote the transpose of a matrix or a
vector. Accordingly, the process X = (X;,t > 0) is [-dimensional.

Benchmark Y = (Y;,¢ > 0) follows an equation similar to those for the risky securities:

04

v, a(Xy) dt + (X)) dW,,
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where a(z) is an R-valued function, () is an R¥-valued function, and Yy > 0.

All processes are defined on a complete probability space (€2, F,P). It is assumed,
furthermore, that the processes S = (Si,t > 0), X, and Y = (Y;,¢ > 0) are adapted to
(right—continuous, complete) filtration F = (F;,t > 0) and that W is an F-Wiener process.

We let a(z) denote the n-vector with entries a'(z),...,a™(x), let b(z) denote the n x k
matrix with rows b'(z)",...,b"(z)" and let 1 denote the n-vector with unit entries. The
matrices b(x)b(x)" and o(x)o(z)” are assumed to be uniformly positive definite and bounded.
The functions a(z), r(z), 0(x), a(z), b(z), o(z), and 5(z) are assumed to be continuously
differentiable with bounded derivatives and the function o(z)o(z)? is assumed to be twice
continuously differentiable. The function |8(z)|* is assumed to be bounded and bounded
away from zero. (We will also indicate how the results change if the benchmark ”is not
volatile” meaning that 8(z) = 0.) Under those hypotheses, the processes S*, X , and YV are
well defined, see, e.g., chapter 5 of Karatzas and Shreve [24].

For the factor process, we assume that

lim sup 6(z)” T2 . (2.2)
|z|—o0 |I|2
Thus, X has a unique invariant measure, see, e.g., Bogachev, Krylov, and Rockner [9]. As
for the initial condition, we will assume that Ee?¥0* < oo, for some ~v > 0. Sometimes it
will be required that |X,| be, moreover, bounded.

The investor holds I! shares of risky security 7 and I? shares of the safe security at time ¢,
so the total wealth is given by Z; = >_"" | 115} +19SY . Portfolio m, = (w/, ..., m")" specifies
the proportions of the total wealth invested in the risky securities so that, forz=1,2,...,n,
1iS! = 7iZ, . The processes m' = (7! ,t > 0) are assumed to be (B ® F;, t > 0)-progressively
measurable, where B denotes the Borel o—algebra on R, and such that fot 7r§2 ds < o0 a.s.
We do not impose any other restrictions on the magnitudes of the 7} so that unlimited
borrowing and shortselling are allowed.

Let
Zy

v
Since the amount of wealth invested in the safe security is (1 — Y., 7/)Z;, in a standard
fashion by using the self-financing condition that dZ, = Y 1 dS; + I{ dS} , one obtains

that .
dZ - SN
t _ ZZ : Sl Zﬂ't) S_tg .

=1

L“—ll(

Assuming that Zy = Y; and letting c¢(z) = b(z)b(z)” , we have by Itd’s lemma that, cf. Pham
[34],

Ly = % / (nla(Xo) + (1 = 7l 1)r(X,) — 5 7le(Xo)m — a(X.) + 5 |B(X,)?) ds
1 [0 - see) aw.. @23)



One can see that L] is ”"of order one” for ¢ great. Therefore, if one embeds the probabil-
ity of outperformance P(In(Z;/Y;) > 0) (respectively, the probability of underperfomance
P(In(Z;/Y;) < 0)) into the parameterised family of probabilities P(L] > ¢) (respectively,
P(LT < q)), one will concern themselves with large deviation probabilities.

Let, for v € R® and z € R,

M(u,z) = v’ (a(z) — r(x)1) — %uTc(x)u +r(x) —alz) + % |B()|? (2.4a)
and

N(u,z) = b(x)"u — p(z). (2.4b)

A change of variables brings (2.3) to the form
L;r = /M(ﬂ-tS;XtS dS + — /N WtsttS dWSt, (25)

where W! = W,,/v/t. The righthand side of (2.5) can be viewed as a diffusion process
with a small diffusion coefficient which lives in "normal time” represented by the variable s,
whereas in X;, and 7, "time” is accelerated by a factor of ¢. Furthermore, on introducing

7t =ms, XL = Xis, assuming that, for suitable function u(-), 7t = u(X?), defining

/M dm"—/N )Tt (2.6)
so that LT = ¥!  and writing (2.1) as

X;:Xg+t/ (X% ds+\// Hdwt, (2.7)

0

one can see that (2.6) and (2.7) make up a similar system of equations to those studied in
Liptser [28] and in Puhalskii [36]. The heuristic derivation below which is based on the Large
Deviation Principle (LDP) in Theorem 2.1 in Puhalskii [36] provides insight into our results
below. It is helpful to keep in mind that W* = (W!, s € [0, 1]) is a Wiener process relative
to F* = (Fi, s € [0,1]) and that both X' = (X!, s € [0,1]) and «* = (7, s € [0,1]) are
Fi-adapted processes.

Let us introduce additional pieces of notation first. Let C? represent the set of real-valued
twice continuously differentiable functions on R'. For f € C?, we let V f(z) represent the
gradient of f at x which is regarded as a column [-vector and we let V2 f(x) represent the
[ x [-Hessian matrix of f at z. Let C} and C? represent the sets of functions of compact
support on R! that are once and twice continuously differentiable, respectively. Let P denote
the set of probability densities m = (m(z),z € R') on R’ such that [, |z]* m(z)dz < oo

and let P denote the set of probability densities m from P such that m € W) '(R) and

loc
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vm € WH2(R!) | where W is used for denoting a Sobolev space, see, e.g., Adams and Fournier
[1]. Let C([0,1],R) represent the set of continuous real-valued functions on [0, 1] being
endowed with the uniform topology and let C4([0, 1], M(R')) represent the set of functions
pe on [0, 1] with values in the set M((R!) of (nonnegative) measures on R such that p,(R!) = ¢
and j1;— i, is a nonnegative measure when t > s. The space M(R!) is assumed to be equipped
with the weak topology and the space C4(]0, 1], M(RR!)) , with the uniform topology. Let the
empirical process of X', which is denoted by u' = (u'(ds, dz)), be defined by the equation

S

W (0, 8),T) = / \e(X2) ds,

0

with T’ denoting a Borel subset of R! and with yp(x) representing the indicator function of
r.

If one were to apply to the processes W' = (V% s € [0, 1]) and p* Theorem 2.1 in Puhalskii
[36], then the pair (¥, u') would satisfy the LDP in C([0, 1], R) x C4+([0, 1], M((R")) , as t — oo,
with the deviation function (usually referred to as a rate function)

30, p) = /sup w—/M ms()div——/\2/\N )P my(x) da

AER

+sup / (V)" (5 div (o(@o (@) ma(a)) = (0() + Ao ()" Nulw), 2))m )

1
fECORl

— S lo @)V @) P ma(a)) de) ds, (28)

provided the function ¥ = (¥, s € [0, 1]) is absolutely continuous w.r.t. Lebesgue measure

on R and the function p = (pu4(T)) , when considered as a measure on [0, 1] x R!, is absolutely

continuous w.r.t. Lebesgue measure on R x R, i.e., u(ds, dr) = m4(z) dz ds, where m,(z),

as a function of x, belongs to P for almost all s. If those conditions do not hold, then

J(U, p) = co. (We assume that the divergence of a square matrix is evaluated rowwise.)
Integration by parts yields an alternative form:

J(\If,u):/s;ég )\ W, —/M ) my(z) dx) ——/\Q/IN )2 my(x) da

+ sup /(— 1tr (a(x)a(a:)TVZf(x)) — V()T (0(x) + Mo (2)" N(u(x), x))
fngRl

— S lo @)V @) Jmaw)de) ds, (29)

with tr¥ standing for the trace of square matrix . Since LT = W) by projection, LT
obeys the LDP in R for rate ¢ with the deviation function I(L) = inf{J(¥,pu) : ¥, =L}.
Therefore,
1
limsup— mP(L} > ¢q) < —inf I(L). (2.10)

t—00 t L>gq



The integrand against ds in (2.9) being a convex function of W, and of m,(z) , along with the
requirements that fol W, ds = L and [, my(x)dz = 1 imply, by Jensen’s inequality, that one
may assume that ¥, = L and that m(z) does not depend on s either, so that m,(z) = m(z) .
Hence,

inf I(L) = inf inf sup )\ L— /M z)dz) — —)\2/|N m(z) dx
L>q L2q meP xeR

1 T2 T T
+ 2%%/(— Etr (o(x)o(x)"'V?f(2)) — Vf(z)" (0(x) + Ao (z)" N(u(z), z))

- % o)™V f(@)?) m(x) dr) .

On noting that the expression on the righthand side is convex in (L, m) and is concave in

(A, f), one hopes to be able to apply a minimax theorem to change the order of taking inf
and sup so that

inf I(L) = sup sup inf 1nf (L - /M(u(z), z) m(z) dx) — %)\2 /\N(u(:v),x)\z m(x) dx

L>q AER fec? L2 meP

" / (- étr (o(@)o(2)"V2 f(2)) = Vf ()" (B(z) + Ao(2)" N (u(x), )

_ % o)V f (@) ?) m(x) d) . (211)

If A <0, then the infimum over L > ¢q equals —oo. If A > 0, it is attained at L = ¢ and
inf, _p "is attained at a d-density” so that (2.11) results in

%gf I(L) = sup sup ()\q — sup (AM (u(z), ) + % NN (u(z), z)?
2q AERy feC? zeR!
b Lt (o)) V(@) + V)T 0) + Ao(@)TN (). ) + 0TV @))).

(2.12)

For an optimal outperforming portfolio, one wants to maximise the righthand side of (2.10)
over functions u(z), so the righthand side of (2.12) has to be minimised. Assuming one can
apply minimax considerations once again yields

1
inf inf I(L) = sup sup ()\q — sup sup (AM (u,z) + = )\QIN(u r)|?

u(-) L>q AER; feC? zeR! ueR™
+ V(@) (0(x) + Mo (2)" N(u, x))) + %tr (J(x)a(x)TVQf(x)) + % |0(ac)TVf(x)|2) )

By (2.4a) and (2.4b), the sup,cgn = 00 if A > 1 so, on recalling (2.10), it is reasonable to



conjecture that

sup lim sup1 InP(L] > ¢) = — sup sup (Aq — sup sup (AM (u,z) + 1 NN (u, 7)|?
T t—00 A€[0,1] feC? z€R! ueR™ 2
1 1
+ V(@) (0(z) + Ao (x) N(u,x))) + St (o(x)a ()" V2 f(x)) + 5 |0(93)TVf(93)|2> (2.13)

and an optimal portfolio is of the form u(X}) , with u(z) attaining the supremum with respect
to u on the righthand side of (2.13) for A and f that deliver their respective suprema. Similar
arguments may be applied to finding inf, liminf, ,,.(1/t) InP(L] < ¢). Unfortunately, we
are unable to fill in the gaps in the above derivation, e.g., in order for the results of Puhalskii
[36] to apply, the function u(x) has to be bounded in z, while the optimal portfolio typically
is not. Besides, it is not at all obvious that the optimal portfolio should be expressed as
a function of the economic factor. Nevertheless, the above line of reasoning is essentially
correct, as our results show. Besides, there is a special case which we analyse at the final
stages of our proofs that allows a direct application of Theorem 2.1 in Puhalskii [36]. We
now proceed to stating the results. That requires introducing more pieces of notation and
foreshadowing certain properties to be proved later.

The following nondegeneracy condition is needed. Let I, denote the k x k—identity matrix
and let

Qi(x) = I, — b(x)Te(z) 'b(x).

The matrix @, (z) represents the orthogonal projection operator onto the null space of b(z)
in R¥ . We will assume the following ”general position” condition:

(N) 1. The matrix o(z)Q;(z)o(x)T is uniformly positive definite.
2. The quantity 8(z)TQy(z)B(z) is bounded away from zero, where

Q2() = Qu(x) (I — o(2)" (0(2)Qu(x)o(2)") " o(2)) Qi (). (2.14)
It admits the following geometric interpretation.

Lemma 2.1. The matriz o(2)Q1(x)o(z)T is uniformly positive definite if and only if arbi-
trary nonzero vectors from the ranges of o(x)T and b(x)" , respectively, are at angles bounded
away from zero if and only if the matriz c(x)—b(z)o(x)T (o(x)o(z)T) o (x)b(x)T is uniformly
positive definite. Also, B(x)TQo(z)B(x) is bounded away from zero if and only if the projec-
tion of B(x) onto the null space of b(z) is of length bounded away from zero and is at angles
bounded away from zero to all projections onto that null space of nonzero vectors from the
range of o(x)T .

The proof of the lemma is provided in the appendix. Under part 1 of condition (N), we
have that k > n + [ and the rows of the matrices o(x) and b(x) are linearly independent.
Part 2 of condition (N) implies that 3(x) does not belong to the sum of the ranges of b(x)”
and of o(z)T. (Indeed, if that were the case, then Q;(x)3(x), which is the projection of
B(x) onto the null space of b(x), would also be the projection of a vector from the range of
o(x)" onto the null space of b(z).) Thus, k >n +1.



The righthand side of (2.13) motivates the following definitions. Let, given x € R!,
AER,and p e R,

Y 1 1

H(z; A\, p) = A sup (M(u’$)+§ AN (u, x)|2+pTa(x)N(u,x))+pT0(x)—l—§ lo(z) p*. (2.15)
u€R"

By (2.4a) and (2.4b), the latter righthand side is finite if A < 1, with the supremum being

attained at

u(z) = . i 5 c(z) (a(z) — r(z)1 — Xb(2)B(z) + b(x)o(z) p) . (2.16)

Furthermore,

1
sup (M (u,2) + 5 AN, ) + "o ()N (1, 2))
u€ER™
1

1
21—\

la(z) = 7(2)1 = Ab(2) () + b(x)o ()" pllm) -

S MBE@)P + () — ala) + 5 18P — B@) (@), (217)

where, for y € R™ and positive definite symmetric n x n—matrix ¥, we denote ||y||% = y* Sy .
Therefore, on introducing

A

T(@) = o(@)o(@)” + 725 o(@)b(a) e(z) b(x)o (@), (2.18a)
$1(x) = T2 (ale) — ()1~ A@)B() ele) b))~ AB()To ()T + ()"
(2.18b)
and
() = g o) = (@)1 = @) 3(0) 1 + Mr(o) = ala) + 5 15(0)F)
+ VI8P, (2180

we have that 1
H(z; M\ p) = §pTT>\($)p + Sy(z)p + Ra(z) . (2.19)

Let us note that, by condition (N), T)(z) is a uniformly positive definite matrix.
If A =1, then, on noting that

M(u,z) + % IN(u, 2)|* + pTo(x)N(u,z) = u’ (a(z) — r(x)1 — b(z)B(z) + b(z)o(z)p)
+r(z) — az) +16(x)]* = po(x)B(x), (2.20)
we have that FI(:B, 1,p) < oo if and only if

a(x) —r(x)1 — b(x)B(x) + b(z)o(z) 'p =0, (2.21)
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in which case
FI(:U; Lp) =r(z) — alx) +|B(x)]* = plo(x)B(x) + p'0(x) + % |a(x)Tp|2. (2.22)

%s mentioned, if A > 1, then the righthand side of (2.15) equals infinity. Consequently,
H(z; A\, p) is a lower semicontinuous function of (A, p) with values in RU {400} . By Lemma
3.5 below, H(z; A, p) is convex in (A, p) .

We define, given f € C?,

g 1
H(z; A, f) = H(w: X, V(@) + 5t (o(z)o(2) V2 f(z)) . (2.23)
By the convexity of H , the function H(xz; A, f) is convex in (X, f).
Let
F(\) = inf sup H(z; A\, f)if A< 1, (2.24)
FEC? peRi

F(1) =limyy F(A), F(A\) =0 if A > 1, and A = sup{\ € R: F(\) < co}. By H(z; ), f)
being convex in (A, f), F(A) is convex for A < 1, so F(1) is well defined, see, e.g., Theorem
7.5 on p.57 in Rockafellar [38]. As a function on R, F'()) is seen to be convex and proper
(i.e., F(A) > —o0, see Remark 3.3). It is finite when A < Xq, for some Xy € (0, 1], which
is obtained by taking f(z) = k|z|*, £ > 0 being small enough (see Lemma 3.1 for more
detail). Therefore A € (0,1]. Lemma 3.4 below establishes that F'(0) = 0, that F()) is
lower semicontinuous on R and that if F'(\) is finite, with A < 1, then the infimum in (2.24)
is attained at function f* which satisfies the equation

H(z; A\, f*) = F(\), for all z € R". (2.25)

Furthermore, f* € C}, with C} representing the set of real-valued continuously differentiable
functions on R! whose gradients grow no faster than linearly. Thus, the infimum in (2.24)
can be taken over C* N C} when A\ < 1. Equation (2.25) is referred to as an ergodic Bellman
equation, see, e.g., Fleming and Sheu [18], Kaise and Sheu [23], Hata, Nagai, and Sheu [20],
Ichihara [21].

Let
J; = sup (A\q — F())) (2.26a)
A€(0,1]
and
J; =sup(Ag — F(N)) . (2.26b)
A<0

We note that —J¢ is the righthand side of (2.13).

Theorem 2.1. 1. If|Xg| is bounded and, for all 0 < X\ < X, there exist minimisers f(z)
of the righthand sides of (2.24) which are bounded below by affine functions of x, then

: 1 ™ o
lim sup ;ln P(Lf >q) < -J7. (2.27)

t—o00
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h;n mf—ln P(Lf <q) > —J;. (2.28)
—00

Remark 2.1. The requirement that fA(z) be bounded below by affine functions when 0 <
A < A\ is fulfilled for the affine model, as we discuss below.

Our next aim is to produce a portfolio that will attain the bounds. Let P represent
the set of probability measures v on R’ such that [, |z[*v(dz) < co. For v € P, we
let L?(R!,R!, v(dz)) represent the Hilbert space (of the equivalence classes) of R'-valued
functions h(x) on R! that are square integrable with respect to v(dx) equipped with the norm
(fei () ]? 1/((1.75))1/2 and we let Ly*(R), RY, v(dx)) represent the closure in L2(RL R, v(dz))
of the set of gradients of C}-functions. We will retain the notation Vf for the elements of
Ly (R!, R!, v(dz)) , although those functions might not be proper gradients. Let Iy denote
the set of functions f € C?* N C; such that sup,cp: H(x; A, f) < co. The set U, is nonempty
if and only if F'(\) < co. It is convenient to write (2.24) in the form, cf. (2.11),

F(\) = 1nf sup/H oA fv(de), if A <1, (2.29)

feux vep

the latter integral possibly being equal to —oo. We adopt the convention that infy = oo,
so that (2.29) holds when Uy, = ) too. Let C? represent the subset of C? of functions with
bounded second derivatives. Let, for f € C and m € P,

GO\ f,m /Hfo () d (2.30)

This function is well defined, is convex in (A, f) and is concave in m. By Lemma 3.5 and
Lemma 3.6 below, for A < A, F'(\) = sup,,.p infyece G(A, f,m). One can replace P with P

in the preceding sup and replace C2 with C? in the preceding inf. If m € P, then integration
by parts in (2.30) obtains that, for f € C?,

G\, f,m) =G\ Vf,m), (2.31)
where

div (o(x)o(z)" m(z))

GOV fom) = / (A V() ~ 5 V(@)

R!

> m(z)dr. (2.32)

(Unless specifically mentioned otherwise, it is assumed throughout that 0/0 = 0. More detail
on the integration by parts is given in the proof of Lemma 3.4.) The function G(\, V£, m)
is convex in (A, f) and is concave in m . The righthand side of (2.32) being well defined for
Vf e Ly*(RL R m(x) dz) , we adopt (2.32) as the definition of G(\, V.f,m) for (A, V.f,m) €
R x Ly*(RL R m(z) da) x P.

Let, for m € I@’,

E(\,m) = inf G\, Vf,m), (2.33)
VfeLy? (RLR! m(x) dz)

12



when A < 1 and let F'(A\,m) = oo, for A > 1. By Lemma 3.5 below, the infimum in (2.33)
is attained uniquely, if finite, the latter always being the case for A < 1. Furthermore, if
A < 1, then F(\,m) = infrecz G(A, f,m). By (2.32), the function F(\,m) is convex in
A and is concave in m. It is lower semicontinuous in A and is strictly convex on (—oo, 1)
by Lemma 3.5, so, by convexity, see Corollary 7.5.1 on p.57 in Rockafellar [38], F(1,m) =
limypy infjecy G, f,m). By Lemma 3.6 below, Aq — (X, m) has saddle point (\,7h) in
(—o00, A] x P, with \ being specified uniquely, and the supremum of Ag — F'(\) over R is
attained at 5\ It is noteworthy that if A < 0, then J; >0 and JO — 0, while if A > 0, then
Jg>0and J; =0, if A =0, then J; = J; = 0. Consequently, J2 V J; = g — F()\) where
aV b= max(a, b).

If A < 1, which is "the regular case”, then m is specified uniquely and there exists
f € C* N C} such that (S\,f, m) is a saddle point of the function Ag — G(A,Vf, m) in
R x (C2NC}) x P, with V f being specified uniquely, see Lemma 3.6. As a matter of fact, f
is a minimizer for the righthand side of (2.24), so, it satisfies the ergodic Bellman equation

H(z: M f) =F()\), forall z € R (2.34)

We define 4(z) as the u that attains supremum in (2.15) for A = X and p = V f(z) so that,
by (2.16),

a(x) = " i : c(x) M a(z) — r(2)1 — Ab(2)B(2) + b(x)o(x) TV f(2)) . (2.35)

The density m is the invariant density of a diffusion process in that

/(Vh(.f)T(j\O(.T)N(ﬁ(ﬂﬁ), z) +0(x) + o(2)o(x)V f(x)) + %tr (o(z)o(z)" V?h(x)))

m(z)dxr =0, (2.36)

for all h € C§. Essentially, equations (2.34) and (2.36) represent Euler-Lagrange equations
for G(\, V/, m) at (f,m). They specify Vf and i uniquely and imply that (f,7) is a
saddle point of G()\ Vf,m), cf., Proposition 1.6 on p.169 in Ekeland and Temam [14].

Suppose that A= 1, which is "the degenerate case”. Necessarily, A = 1, so, the infimum
on the righthand side of (2.33) for A = 1 and m = m is finite and is attained at unique
Vf (see Lemma 3.5). Consequently, F(1) < co. According to Lemma 3.6 below, cf., (2.21)
and (2.36),

~

a(x) —r(z)1 — b(x)B(z) + b(z)o(x)'Vf(z) =0 m(r)dra.e. (2.37)
and
/(Vh(x)T(—a(:c)B(x) +0(x) + a(:c)a(:v)TVf(x)) + %tr (o(z)o(z)"V?h(z)))m(z)dz =0,

provided that h € C2 and b(x)o(z)'Vh(z) = 0 m(x)dr—a.e. By (2.20), the value

of the expression in the supremum in (2.15) does not depend on the choice of u
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when A\ = 1 and p = V f(x), so, there is some leeway as to the choice of an op-

9

timal control. As the concave function Ag — F(A\,m) attains maximum at A\ = 1,
d/d\ F(\, )  <q, with d/d F(\, ) _ standing for the lefthand derivative of F(\, )
at A\ = 1. Hence, there exists bounded continuous function ©(z) with values in the
range of b(x)T such that [0(z)|2/2 = ¢ — d/d\EF(\, 1) 1

(For instance, one can take

), where z represents an element of R" of

o(z) = b(x)Te(x) M2 2 \/2(q — d/dX\F(\, ) N

length one.) We let (z) = c(z)~'b(x)(8(z) + o(x)) .
In either case, we define 7, = 4(X;). The next theorem provides conditions for & =
(7ry ,t > 0) to be an asymptotically optimal portfolio.

Theorem 2.2. 1.

litrg(i)?f%lnP(L? >q) > —J7. (2.38)
2. If
|3}|igloo I?ll (IIb(x)o ()" f(2) |20y = lla(z) = r(2)1]2)-1) = —o0, (2.39)
then ] A
lirtriigp ;lnP(LZr <q) <—J;. (2.40)

Remark 2.2. As a consequence, if conditions of part 1 of Theorem 2.1 hold, then

1 R 1
lim n InP(Ly > q) = suplimsup ;ln P(Lf >q)=—J;.

t—ro0 t—00

If conditions of part 2 of Theorem 2.2 hold, then

1 R 1
1 F e o) — inf i inf A ,r _ s
tlgg ; InP(L} <q) 1r71f llggf ; InP(L] <q) J; -
Remark 2.3. The upper bounds in (2.27) and in (2.40) are of interest only if A > 0 and
A < 0, respectively.

Remark 2.4. When B(z) = 0, the proofs of Theorems 2.1 and 2.2 go through and their
assertions are maintained provided part 1 of condition (N) is satisfied and inf,cpi(r(z) —
a(z)) < q. I inf cpi(r(z) — a(z)) > q, then investing in the safe security only is obviously
optimal.

Remark 2.5. One can relax condition (2.2) and require that there exist a positive definite
symmetric [ X [-matrix ® such that

P
lim sup 6(z)” —

|z|—o0 |LL’|2

<0.

The following theorem states risk—sensitive optimality properties of 7. More specifically,
it shows that, given risk—sensitivity parameter A, the portfolio 7 is risk—sensitive optimal for
appropriately chosen ¢. If F' is subdifferentiable at X\, we let 4*(x) represent the function
i(x) for a value of ¢ that is a subgradient of F' at . We also let 7} = 4*(X;), and 7} =
(72, t > 0). The function F is subdifferentiable at A < X. It might not be subdifferentiable
at \.
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Theorem 2.3. 1. If0 < XA < X, if. for all small enough ¢ > 0, there exist fA1+9)(x)
(as in (2.25)) which are bounded below by affine functions of x and if | Xo| is bounded,
then, for any portfolio m ,

1 7r
lim sup n InEeM < F()).

t—o00

If either 0 < X < X or A =\ and F is subdifferentiable at X\, then

1 7

liminf = In Ee M > F()).
t—oo T

If either X\ = X and F is not subdifferentiable at X\ or X > X, then there exists portfolio

7™ such that
1 ot
lim inf i InEeMT > F()).

t—o00

2. If A <0, then, for any portfolio 7,

1 h
lim inf n InEeMT > F(N)

t—o00

and, provided (2.39) holds for A=A\,

1 A
limsup — InEeMt < F()).
t—o0
Remark 2.6. The inequalities in parts 1 and 2 imply that, if A < X, then, in a fairly general
situation,
1 A

lim — InEeM = F()).

t—00
Remark 2.7. We recall that F(\) = oo if A > X. For a one-dimensional model, X is found
explicitly in Pham [34], also, see the appendix below. We conjecture that F’ is differentiable
and strictly convex for A < X, which would imply that 7 is specified uniquely. This is
provably the case for the model of Pham [34] and provided A < 0, see Pham [34] and
Lemma 3.7 (or Puhalskii and Stutzer [37]), respectively.

If we assume that the functions a(z), r(z), a(z) and #(x) are affine functions of = and
that the diffusion coefficients are constant so that X is a Gaussian process, then fairly explicit
formulas are available. More specifically, let

a(x) = A1x + ag, (2.41a)
r(z) =riz+rs, (2.41D)
az) =alr+ay, (2.41c¢)
and
b(x) =0, f(x) =0, o(x) =0, (2.41e)



where 4; € R™ ay € R", 1 € R, ry €R, oy € RY, s € R, O, is a negative definite
[ x [-matrix (in fact, owing to Remark 2.5, one can only require that ©; be stable), #; € R’ | b
is an n X k-matrix such that the matrix bb” is positive definite, 3 is a non-zero k-vector, and
o is an [ X k-matrix such that the matrix oo is positive definite. Condition (N) expresses
the requirement that the ranges of o7 and b’ have the trivial intersection and that /3 is not
an element of the sum of those ranges.

Finding the optimal portfolio 7; may be reduced to solving an algebraic Riccati equation.
We introduce, for A < 1,

A(N) =0, + 7 i 3 obc (A — 1)), (2.42a)
B(\) = T\(z) = oo + T obc o, (2.42b)

and
C =4 —1r] |2, . (2.42¢)

Let us suppose that there exists symmetric [ X [-matrix P;(\) that satisfies the algebraic
Riccati equation

PiN)BA)PL(A) + AN PN + PL(NAN) + % C=0. (2.43)

Conditions for the existence of solutions can be found in Fleming and Sheu [18], see also
Willems [42] and Wonham [43]. According to Lemma 3.3 in Fleming and Sheu [18], provided
that A < 0, there exists unique P;()) solving (2.43) such that P;(\) is negative semidefinite.
Furthermore, the matrix

D(X) = A(X) + B(A\)Pi(N) (2.44)
is stable. If 0 < A < 1 and F(\) < oo, then, by Lemma 4.3 in Fleming and Sheu [18],
there exists unique P;()) solving (2.43) such that P;()\) is positive semidefinite and D(\)
is semistable. By Theorem 4.6 in Fleming and Sheu [18], the matrix D(\) is stable if A is

small enough.
With D(A) being stable, the equation

DA pa(A) + E(A) =0 (2.45)
has a unique solution for ps(\), where

E(/\) = — (Al - 1T{+bO'TP1(/\))TC_1(CLQ —7”21 - /\bﬁ) +/\<T1 — Q] — Pl()\>0'5) —|—P1<)\)02 .

. . (2.46)
Substitution shows that H(x; A, fA), with fA(z) = 2T P,(\)x/2 + p2(N\)T 2, does not depend
on x. Let m» denote the invariant distribution of the linear diffusion

dY, = D(\)Y,dt + (1 A y ob’ ¢ Hag — ol — AbB + bo" pa(N)) — Ao + oo pa(A) + 65) dt

+odW,. (2.47)
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Then the pair (f*,m?) is a saddle point of é(A, Vf,m) as well as of G(\, f,m) considered
as functions of (f,m) € Uy x P. Hence,

H(z; M\ f) = ()\ VA mh) = fienf supé()\,Vf, m) = inf sup G(A, f,m)

A meP feUN mep

= inf sup H(x; A\, f) = F()\),

feu z€R!

SO f’\ satisfies the Bellman equation (2.25). As a result, under the hypotheses of Fleming
and Sheu [18], f* is bounded below by an affine function when A € (0,1) and F()\) < o0,
Condition (2.39) is implied by the condition that the matrix (bo” Py(A))T ¢ oo™ P (N) — (A, —
1rT)Te 1 (A) — 1rT) is negative definite.

Furthermore, one can see that

1 A
FO) = 5 IpaO2or + 5 72

+ (=ABTa" + 6%)p (A)+/\(r2—a2+ !6| )+ = >\2|ﬁ\2 ! tr (oo Py(N)). (2.48)

||ag — ol — MBS + bang(/\)HQ_l

If A <1, equation (2.35) is as follows

a@yzl Xa%mf4ﬂww£¢u®m+l Xa%@—m1—Mﬁ+wﬁmmy(zw)

If A\ =1, then one may look, once again, for f(z) = 27 P,(1)x/2 + po(1)Tz . Substitution in
(2.37) yields

Ay —1r] + b0 P (1) =0, (2.50a)
ag — 191 —bB + bolpy(1) =0. (2.50b)

(One can also obtain (2.50a) by multiplying (2.43) through with 1 — A and taking a formal
limit as A 1 1.) If those conditions hold, choosing f(z) quadratic is justified. An optimal
control is a(x) = ¢ (b8 + ©), with © coming from the range of b7 and with |0]?/2 =
g —djdNF(, m)(

1—

With A representing the supremum of A such that P;()) exists and D()) is stable, one has
that A < X. Pham [34] shows that, in the one—dimensional case, under broad assumptions,
A = X and F()\) is differentiable on (—oco,\), both cases that A < 1 and X = 1 being
realisable. The hypotheses in Pham [34], however, rule out the possibility that A=1.1In
the appendix, we complete the analysis of Pham [34] so that the case where A = 1 is realised
too.

For the case where a(z) = r(x) and B(x) = 0, the control in (2.35) appears in Theorem
2.5 in Nagai [33], which obtains the limit in part 2 of Theorem 2.2. The stability condition is
of the form lim supy,| ., (9(90)—a(yc)b(alz)Tc(ﬂv)_1(a(yc)—1“(3:)1))%:/\3:]2 < 0. Instead of condi-
tion (2.39), it is required in Nagai [33] that Hb(x)a(x)TVf(x)Hg(x)_l —lla(z)=r(x)1[|Z,)- <0,
for all x (see (2.25) in Nagai [33]). We have our doubts, though, as to the proof of Theorem
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2.5 in Nagai [33] being sound: the last display of the proof on p.660 doesn’t seem to be
substantiated in that it is not clear how the term F fOT e~v(Xs)(—y) ds on the preceding line
is tackled, —y being a positive number, e.g., why should Ee *(Xs) < 0o, given that —w(x)
grows no slower than quadratically with |z| 7 Theorem 2.4 in Nagai [33], which produces
an optimal portfolio on a finite time horizon, has no such condition. Besides, additional
assumptions are introduced both in Theorem 2.4 and in Theorem 2.5 in Nagai [33] (see
(2.20) and (2.21) there, the latter condition being characterised as ”crucial”) along with the
requirement that 0 < ¢ < F’(0). Puhalskii and Stutzer [37] obtain the bound in (2.28) under
a relaxed stability condition. Theorems 2.1 and 2.2 improve on the results in Puhalskii [35]
by doing away with a certain growth requirement on || (see (2.12) in Puhalskii [35]).

The portfolio in (2.49) generalises the one in Hata, Nagai, and Sheu [20] (see (2.39) and
Theorem 2.2 there whose proof is omitted) who assume that r; =0, a3 = 0, ay = 0, and
B = 0. For the optimality of 7, those authors, in addition to requiring that the matrix
©1—ob”c ' A be stable and that the matrix (bo” P)T¢ oo™ Py — (A1 — 10T e 1 (A — 10T
be negative definite, need that (01, 0) be controllable and that ¢ < F’(0). Hata, Nagai, and
Sheu [20] produce optimal finite—horizon portfolios as well.

Maximising the probability of outperformance for a one-dimensional affine model is stud-
ied in Pham [34], who, however, stops short of proving the asymptotic optimality of 7 and
produces nearly optimal portfolios instead. Besides, the requirements in Pham [34] amount
to F'(A) being essentially smooth, the portfolio’s wealth growing no faster than linearly with
the economic factor (see condition in (2.5) in Pham [34]) and 6, = 0.

Most of the results on the risk—sensitive optimisation concern the case of a negative risk—
sensitivity parameter. Theorem 4.1 in Nagai [32] obtains asymptotic optimality of #* in
part 2 of Theorem 2.3 for a nonbenchmarked setup under a number of additional conditions.
The stability condition is the same as in Nagai [33]. (Unfortunately, there seem to be pieces
of undefined notation in Nagai [32] such as u(0,2;7").) Fleming and Sheu [17], [18], who
treat an affine model, allow A to assume either sign. Their stability condition is similar
to ours. The authors prove that F(\) can be obtained as the limit of the optimal growth
rates associated with bounded portfolios as the bound constraint is being relaxed. It is also
required that A be sufficiently small, if positive. The assertion of part 1 of Theorem 2.3 has
not been available in this generality even for the affine model, Theorem 4.1 in Pham [34]
tackling a case of one security.

On the other hand, it has to be mentioned that none of the cited papers requires condition

(N).

3 Technical preliminaries

In this section, we lay the groundwork for the proofs of the main results. Drawing on Bonnans
and Shapiro [10] (see p.14 there), we will say that function h : T — R, with T representing a
topological space, is inf-compact (respectively, sup—compact) if the sets {z € T : h(x) <}
(respectively, the sets {z € T : h(x) > d}) are compact for all 6 € R. (It is worth noting
that Aubin [3] and Aubin and Ekeland [4] adopt a slightly different terminology by requiring
only that the sets {z € T : h(x) < ¢} be relatively compact in order for h to be inf-compact.
Both definitions are equivalent if A is, in addition, lower semicontinuous.)
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We endow the set P of probability measures v on R’ such that [p,|2|* v(dz) < oo with
the Kantorovich—Rubinstein distance

x —

i) =supd] [ gytde) ~ [ gte)viae) s LLZIN <1 oral o ).
Rl R!

Convergence with respect to d; is equivalent to weak convergence coupled with convergence

of first moments, see, e.g., Villani [41]. For k > 0, let f.(x) = k|x|?/2, where x > 0 and

r € R', and let A, represent the convex hull of C2 and of the function f, .

Lemma 3.1. There exist kg > 0 and \g > 0 such that if Kk < kg and X < Ao, then the
functions [, H(x; A, f.) v(dz) and infpece J H(z: A, f) v(dx) are sup-compact in v € P for
the Kantorovich—Rubinstein distance dy . Furthermore, given A < Ao, the set U/\e[Z\,AO]{V €
P infpecs [ H(w; A, f) v(de) > 6} is relatively compact, where § € R.

Proof. By (2.19) and (2.23), for A < 1,

2

}ﬂa&ﬁ%:%wﬁx@x+m$@m+Rﬂ@+nwuw@Fy

By (2.2), (2.18a), (2.18b), and (2.18¢c), as |z| — oo, if k is small, then the dominating
term in (k?/2) 27Ty (x)x is of order x?|x|?, the dominating terms in xS\ (z)x are of orders
(A/(1 = X)) k|z|* and —k|z|?, and the dominating term in Ry(z) is of order (A\/(1—\))|z|*.
If x is small enough, then —x|z|> dominates x2|z|? . For those x, (A/(1—\)) |z|? is dominated

by —k|x|? if A is small relative to x. We conclude that, provided & is small enough, there
exist A\g € (0,1), K, and Ky > 0, such that

H(z; X\, fi) < K1 — Koz, (3.1)

for all A < Xo. Therefore, given § € R, sup,cp, [plz[*v(dz) < oo, where T's = {v :
S H(z: A f,.@ v(dz) > (5}. In addition, by H(z; A, fi) being continuous in = and Fatou’s
lemma, le (x; A, fi) v(dzx) is an upper semicontinuous function of v, so I's is a closed set.
Thus, by Prohorov’s theorem, I's is compact.

By (2.19) and (2.23), the function H(z; A, f) is convex in f. Therefore, if f € A, , then,
by (2.19), (2.23), and (3.1), H(x; A, f) is bounded above by an affine function of z. Since
H(x; A, f) is continuous in x, the function [, H(z; A, f) v(dx) is upper semicontinuous in
v. Since f, € A., we obtain that infsea, [o, H(2; A, f) v(dx) is sup-compact, provided
A< N Since infren, [ H(x; A, f)v(de) = infyecs [ H(x; A, f)v(de), the latter function
is sup—compact.

An examination of the reasoning that led to (3.1) reveals that there exist K| and Ky > 0
such that H(z; A, f.) < K1 — Ko|z|? if A € [\, Ao] . Therefore,

U {ver: mﬁ/Hfo v(dr) >syc | {veP: /HmAﬁ)u@>&

€[N No] AE[N o]

c{reP: F2/|x|zy(dx)gﬁl—5}.
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Lemma 3.2. If A\ <1 and Uy # 0, then, forv e P,

inf /H(x; A, f)v(dz) = inf /H ;A\, f)v(dx). (3.2)

Feux fec?

Proof. Let n be a cut—off function, i.e., a [0, 1]-valued smooth nonincreasing function on R
such that n(y) = 1 when y € [0,1] and n(y) = 0 when y > 2. Let us assume, in addition, that
the derivative i’ does not exceed 2 in absolute value and let R > 0. Let ng(z) = n(|z|/R).
Given ¢ € C2 and ¢ € Uy, by (2.19) and (2.23),

H(z; A e + (1= nr)p) = 1WJ( ) Ta(@) Vi (2) nr(@)® + Sx(2) Vi (2) nr()

2
5 (0(2)0 (@) V20 () Vip () T (@) Vipl) (1=())P+53 () Viol) (1-()
45 11 (0(2)o (@) V() (1~ na(e)) + enla) + Rale), (33)
where

er(z) = %VnR(x)TTA(:v)WR(w) (¥ (x) = @(2))* + Vi (2) ' Th(2) Vir(z) (¥ (2) — ¢ (2))ng(z)
+ V() Th(2) V() (1 = nr(@)ne(z) + Ve(z) Th(z)Vir() (¢(z) — ¢(2))(1 = na(r))
+ Sx(z)((z) — ¢(2))Vnr(z) + %tr (o(@)o(x)" ((¢(x) — @(2)V*na(x)
+ (Vi (2) = V() Vir(2)")) . (3.4)
Replacing on the righthand side of (3.3) np(x)? and (1 — np(x))? with np(z) and 1 — np(z),

respectively, obtains that

H(z; A npp + (1 = nr)p) < nr()H(z A ¢) + (1 — na(z))H(z; A @) + er(z). (3.5)

Therefore,

/h@»mw+u—mww@ws/memxwww>

+ sup(H(z; A\, ) VO)v(z: |z| > R) + /GR(:L') v(dz) .

x€R!
Rl
By dominated convergence, the first integral on the righthand side converges to
Je H(z: M\ ¥) v(dz) , as R — co. Since |Vng(z)| < 4xqz=ry(2)/]2], |Ve(x)| is, at most, of
linear growth, by ¢ being a member of C} , so that ¢(z) grows, at most, quadratically, and
since [, x|* v(dx) < oo, by (3.4), one has that

lim [ eg(x)v(dr)=0. (3.6)

R—o0
R!
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Since Yng + (1 — ngr) € U, , agreeing with ¢ if |z| > 2R,

inf /H(x;)\,f)l/(dx ) < inf /Hx A fv(de).

feuy fec?

Conversely, let p € Uy and Yg(z) = nr(x)p(z). One can see that g is a CZ-function. By
(2.31), in analogy with (3.5) and (3.6),

/H(Jf; A ¥g)v(de) < /(UR($)H($; Ap) + (1 = nr(z))H(z; A, 0)) v(dz) + ég,

R!

where limp_ o, €z = 0, with O representing the function that is equal to zero identically. By
Fatou’s lemma, H(x; A, p) being bounded from above,

limsup/nR(m)H(x;)\, p)v(dr) < /H(m;)\,gp) v(dz) . (3.7)

R—o0
R!

By dominated convergence,

lim [ (1 —mng(x))H(z;A,0)v(dz) =0.
R—o0
R!
Hence,

inf [ H(z; A, f)v(de) < igf H(x; A, f)v(dx),
/ f UAR/

fec?
R!

which concludes the proof of (3.2).

Remark 3.1. Similarly, it can be shown that, if A < 1, then

mf/Hx)\f (dac:mf/Hx)\f v(dr) .

fect fec?
(The analogue of (3.7) holds with equality by bounded convergence.)
The following lemma appears in Puhalskii and Stutzer [37].

Lemma 3.3. Let A < 1 and v € P. The integrals [o, H(x; A, f) v(dz) are bounded below
uniformly over f € C% if and only if v admits density which belongs to P.

Proof. We start with necessity. The reasoning follows that of Puhalskii [36], ¢f. Lemma 6.1,
Lemma 6.4, and Theorem 6.1 there. If there exists & € R such that [p, H(z; X, f)v(dz) > &
for all f € CZ, then by (2.23), for arbitrary 6 > 0,

2
R!

6/ L tr (cr(x)a(x)TVQf(x)) v(dz) > Kk — /ﬁ(m, A OV f(x))v(dr).
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On letting /
5= [ V@ ) V@) vidn)

we obtain with the aid of (2.19) and the Cauchy—Schwarz inequality that there exists constant
K > 0 such that, for all f € C3,

[ ootV @) vidn) < &, [[95@R van) .

R!

It follows that the lefthand side extends to a bounded linear functional on Ly*(R!, R, v(dx))
hence, by the Riesz representation theorem, there exists Vi € Ly (R!, R!, v(dz)) such that

/tr (U(a:)cr(x)TVQf(x)) v(dz) = /Vh(x)TVf(x) v(dx) (3.8)

R! R!

and [o,|Vh(z)[’v(dz) < K;. Theorem 2.1 in Bogachev, Krylov, and Rockner (8] implies
that the measure v(dx) has density m(z) with respect to Lebesgue measure which belongs
to LS (R!) for all & € (1,1/(1 —1)). It follows that, for arbitrary open ball S in R!, there
exists Ky > 0 such that for all f € CZ with support in S,

| / tr (o(x)o(2)"V2 f(x)) m(z) de| < Ky / V5 () P/ ) €29

By Theorem 6.1 in Agmon [2], the density m belongs to W}:(S) for all ¢ € (1,21/(21 —1)).
Furthermore, Vh(x) = —div (o(x)o(z)Tm(z))/m(x) so that v/m € WH2(R!).

The sufficiency follows by (2.18a), (2.18b), (2.18¢c), (2.19), (2.30), (2.31), and (2.32) via
integration by parts. O]

Remark 3.2. Essentially, (3.8) signifies that one can integrate by parts on the lefthand side,
so m(x) needs to be differentiable.

Remark 3.3. By (2.29), Lemma 3.2 and Lemma 3.3, F/(\) > —o0.

Lemma 3.4. If A\ <1 and F()\) < oo, then the infimum in (2.24) is attained at C*~function
[ that satisfies the ergodic Bellman equation (2.25) and belongs to Ci. In addition, the
function F(X) is lower semicontinuous and F(0) = 0.

Proof. Applying the reasoning on pp.289-294 in Kaise and Sheu [23], one can see that, for
arbitrary € > 0, there exists C2-function f. such that, for all z € R, H(z; \, f.) = F(\) +e.
Considering that some details are omitted in Kaise and Sheu [23], we give an outline of the
proof, following the lead of Ichihara [21]. As F(\) < oo, by (2.24), there exists function
F € €2 such that H(z; A, fe(l)) < F(X) +e€ for all z. Given open ball S, centred at the ori-
gin, by Theorem 6.14 on p.107 in Gilbarg and Trudinger [19], there exists C*-solution fe(Q) to
the linear elliptic boundary value problem H(z; A, f)— (1/2)V f(2)TTx\(2)V f(z) = F(\)+2¢
when z € S and f(z) = fu(x) when z € 05, with JS standing for the boundary
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of §. Therefore, H(x; A, fe(Q)) > F(A) +¢€in S. By Theorem 8.4 on p.302 of Chap-
ter 4 in Ladyzhenskaya and Uraltseva [27], for any ball S’ contained in S and centred

at the origin, there exists C?-solution fe(fg), to the boundary value problem H(xz;\, f) =
F(A\) +¢€in S and f(z) = f.(z) on 0S". Since fg(::’g), solves the boundary value problem
(1/2)tr (0(2)o(2)TV2 f(2)) = —H(x; X, V£, (2)) + F(A) + € when o € §" and f(z) = f,(z)
when = € 05", we have by Theorem 6.17 on p.109 of Gilbarg and Trudinger [19] that ff?;?/(x)
is thrice continuously differentiable. Letting the radius of S’ (and that of S) go to infin-
ity, we have, by p.294 in Kaise and Sheu [23], see also Proposition 3.2 in Ichihara [21],

that the fe(?;), converge locally uniformly and in Wllc;i(Rl) to f. which is a weak solution to
H(x; A\, f) = F(A\) + ¢. Furthermore, by Lemma 2.4 in Kaise and Sheu [23], the W1*(S")-

norms of the f e(:;), are uniformly bounded over balls S’ for any fixed ball S” contained in the
S’. Therefore, f. belongs to WL°(R!). By Theorem 6.4 on p.284 in Ladyzhenskaya and

loc
Uraltseva [27], f. is thrice continuously differentiable.

As in Theorem 4.2 in Kaise and Sheu [23], by using the gradient bound in Lemma 2.4
there (which proof does require f. to be thrice continuously differentiable), we have that the
f. converge along a subsequence uniformly on compact sets as ¢ — 0 to a C2?-solution of
H(x; A, f) = F(\). That solution, which we denote by f*, delivers the infimum in (2.24)
and satisfies the ergodic Bellman equation, with V f*(z) being, at most, of linear growth,
see Remark 2.5 in Kaise and Sheu [23].

We prove that F' is a lower semicontinuous function. Let A\; — A < 1, and the F()\;)
converge to a finite quantity, as 7« — oo . By the part just proved, there exist ﬁ € C? such that
H(x; N, ﬁ) = F(\;), for all z. Furthermore, by a similar reasoning to the one used above, the

sequence f; is relatively compact in L2 (RY) N'WL2(R!) with limit points being in W (R!)
as well. A subsequential limit f is a C>-function such that H (x; A, f ) = lim; o F'(\;). By
(2.24), lim; o F(N;)) > F(N) .

We prove that F'(0) = 0. Taking f(z) = 0 in (2.24) yields F(0) < 0. Suppose that
F(0) < 0 and let f € C2N C} be such that, for all x € R,

V()T 0(x) + % lo(2)TV f(2)|* + %tr(a(x)a(x)TVQf(m) <0. (3.9)
By (2.2), there exists density m € PP such that
/(Vh(x)T 0(z) + %tr (U(x)o(x)TVZh(x))) m(z)de =0, (3.10)

for all h € C3, see, e.g., Corollary 1.4.2 in Bogachev, Krylov, and Réckner [9]. By (3.9),
[t (V£ (@)T 0(x) + (1/2)tr (o(2)o(x)" V2 f(2))) m(z) dv is well defined, being possibly equal

to —oo and, by monotone convergence,

/ (V)" o(x) + %tr (o(z)o(2)" V2 f(2))) m(z) do

R!

= lim / (Vf(z)" 0(z)+ %tr (a(x)a(a:)TVQf(x))) m(z) dz .

R—o0
z€R!: |z|[<R
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By integration by parts,

/ (Vf(x)"0(z) + % tr (U(x)a(x)TVQf(ac))) m(z) dx

zeR!: |z|<R

- / (Vf(2)"(x) — %Vf(l’)

z€R!: |z|<R

with d(z) denoting the unit outward normal to the sphere {z € R’ : |z| = R} at point
and with the latter integral being a surface integral. As [,|V f(z)|m(x)dz < oo,

lim inf / IV f(x) o(x)o(x) d(z)|m(z)dr =0,

R—o00
z€R!: |z|=R

so letting R — oo appropriately yields the identity

/(Vf(x)T 0(z) + %tr (U(x)a(x)TVQf(:L‘))) m(z) dx
 div (o(z)o(z) 'm(x))
m(z)

— [ (V4@ 86a) - 5 V@)

R!

)m(z)dz, (3.11)

implying that the lefthand side is finite. A similar integration by parts in (3.10) yields

o div (O'(I)O'(ZL‘)TTTL(I))

m(x)

/ (Vh(x)" 0(x) % Vh(z)

R!

Ym(z)dz =0.

Since m € P, this identity extends to h € C2*NC} , so the lefthand side of (3.11) equals zero,
which contradicts (3.9). Thus, F'(0) =0.
]

Remark 3.4. As a byproduct, for A < 1,

inf sup H(z; A, f) = inf sup H(x; A, f).

fec2 zeR! fG(CQQ(Cé z€R!

Remark 3.5. Since one can write (3.9) as H(z;0, f) < 0, a similar line of reasoning to the
one used for (3.11) yields the identity G(\; f,m) = G(X; Vf,m), the lefthand side being
well defined, provided A < 1 and f € U, .

Lemma 3.5. 1. The function H(z, X, p) is strictly convez in (\,p) on (—o0,1) x R and
is conver on R x R!. The function H(x; ), f) is convex in (X, f) on R x C?. For
m € P, the function G(X\, f,m) is convez in (X, f) on R x C?.
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2. Let m € P. Then the function é()\, Vf.m) is conver and lower semicontinu-
ous in (\,Vf) on R x Li*(RL R, m(z)de) and is strictly conver on (—oo,1) x
Ly*(RL R m(x)dz) . If X < 1, then the infimum in (2.33) is attained at unique
Vf. If X\ =1 and the infimum in (2.33) is finite, then it is attained at unique V f
too. The function ﬁ(A,m) 18 convex and lower semicontinuous with respect to X\, it
is strictly convex on (—o0, 1), and tends to oo superlinearly, as X — —oo. If A <1,
then

%

FO,m)= inf G\ Vf,m)= inf GO\, f,m). 3.12
(A, m) reil o (A, Vf,m) prr2 (A, f,m) (3.12)

If X <1 and Uy # 0, then

F(A\,m) = inf G\, Vf,m)= inf G(\, f,m). (3.13)
feux feu

IfVf e Li*(RL R, m(x) dz) , then G\, Vf,m) is differentiable in X € (—o0, 1) and
% G\, Vf,m) = /(M(u)"vf(m), ) + AN @MV (), )|
R!

+ Vi) o(x)N@w Y (2),z))m(z) dz, (3.14)

where uMV1 (2) is defined by (2.16) with V f(x) as p. Furthermore, F'(\,m) is differ-
entiable with respect to A and

d - d A,m

with V fA™ attaining the infimum on the righthand side of (2.33). In addition, if

v

F(1,m) < oo, then the lefthand derivatives at 1 equal each other as well:

d . d . .
aF(/\,m)\l_:aG()\,Vfl’ ,m)\l_. (3.16)

3. The function F()) is convex, is continuous for X < X, and F()\) — oo superlinearly,
as A — —oo. The functions J; and J; are continuous.

Proof. If A < 1, then, by (2.15), (2.17), and (2.19), the Hessian matrix of [;T(x, A, p) with
respect to (A, p) is given by

%

pr($; Avp) = TA(Q;) )

B3, 5) = =y o) = )1+ B(a)o(0) = b))+ + 5L Qi) ),
ﬁ,\p(x; A\, p) = —(1_;)\)2 (a(x) —r(2)1 + b(x)o(x)p — b(x)ﬂ(x))Tc(x)_lb(x)a(x)T
+ B(x) Qi (x)o(z)"
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We show that it is positive definite. More specifically, we prove that for all 7 € R and y € R/
such that 72 + |y|? # 0,

T2 Hn (250, p) + y  Ta(2)y + 27 Hop (3 M, p)y > 0.

Since Ty(x) is a positive definite matrix by condition (N), the latter inequality holds when
7 =0. Assuming 7 # 0, we need to show that

H (23 A, p) + 5" Ta(@)y + 2Hp (23 A, p)y > 0. (3.17)

Let, for dy = (v (x),wi(z)) and dy = (va(2), wo(x)), where v1(z) € R* ,wy(x) € R¥ jvy(x) €
R™  wy(z) € R¥ | and x € R', the inner product be defined by d; - dy = vi(z)e(z) v (x) +
wi (z)"ws(z) . By the Cauchy-Schwarz inequality, applied to d; = ((1=X)"*%(a(z)—r(z)1+
b(z)o(z)Tp—b(z)B(x)), Q1(x)B(x)) and dy = (1= X)"2b(z)o(2)Ty, Q1(z)o(2)Ty) , we have
that (ﬁ[,\p(x; A\ p)y)? < yTT,\(x)yFI,\,\(x; A, p), with the inequality being strict because, by
part 2 of condition (N), Q1(x)B(x) is not a scalar multiple of Q(z)o(x)"y. Thus, (3.17)
holds, so the function H(z; A, p) is strictly convex in (A, p) on (—o0,1) x RL, for all z € RL.

Since by (2.15) and (2.17), H (x; Ans D) — H(z;1,p) < 0o as A, T 1 and pn — D, and
H(z; A\, p) = oo if A > 1, the function H(z; ), p) is convex in (A, p) on R x R'. By (2.23),
the function H(z; ), f) is convex in (X, f) on R x C?. By (2.30), for any m € P, G(\, f, m)
is convex in (A, f) on R x C7.

Let m € P. By (219), by H(z; )\ p) being a lower semicontinuous function
of (A,p) with values in R U {400}, by (2.32) and Fatou’s lemma, é(A,Vf, m) is
lower semicontinuous in (A, Vf) on R x Ly*(RE R m(z)dz). By (2.32) and the
strict convexity of H(x;\,p), G(A\,Vf,m) is strictly convex in (A\,Vf) € (—o0,1) x
Lo*(RL R, m(z)dr). By (2.19), (2.32), and by the facts that [y |z[>m(z)dz < oo and
Jo|Vm(2)[?/m(z) dz < 0o, G(\, Vf,m) tends to infinity as the L2(R', R, m(z) dz)-norm
of Vf tends to infinity, locally uniformly over A. Hence, the infimum on the right-
hand side of (2.33) is attained at unique Vf, if finite, see, e.g., Proposition 1.2 on
p.35 in Ekeland and Temam [14]. (If A < 1, then G(\,Vf,m) < oo, for all Vf €
Lo (R, RY m(x) dz) , by (2.19) and (2.32).) Hence, the righthand side of (2.33) is strictly
convex in A on (—oo,1). (For, let ianfe]L(l)’Q(]Rl,]Rl,m(x)dx) Cv?()\i,Vf, m) = é(Ai,Vfi,m),

for i = 1,2 Then infg 12 i an G+ 22)/2,VF,m) < G((M + X0)/2, (Vi +
V£)/2,m) < (GO, Vfi,m) + G,V faym)) /2 = (infg s 12 gt (e an GO V.Fm) +
ianfe]Lé‘z(Rl,Rl,m(z) dw) G(M, Vf,m))/2.)

By a similar argument to that in Proposition 1.7 on p.14 in Aubin [3] or Proposition 5
on p.12 in Aubin and Ekeland [4], the function F'(X,m) is lower semicontinuous in A. More
specifically, let \; — X and let K; = liminf;_, F (A;;m). Assuming that K; < oo, by
(2.33), for all i great enough,

F(\,m) = inf G\, Vf,m).
VfeLy? (RLRm(x) dz): G(\,V f,m)<Ki+1

By (2.19) and (2.32), there exists K, such that, for all i, if G(\;, Vf,m) < Ky + 1,
then [o,|Vf(z)?m(z)dz < K,. The set of the latter Vf being weakly compact in
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Ly (R!, R m(x) dz) and the function G\ V f,m) being convex and lower semicontinuous
in Vf, there exist V f; such that F'(\;,m) = G(\;, Vf;,m) . Extracting a suitable subse-

quence of V f; that weakly converges to some V f and invoking the lower semicontinuity of
G\, Vf,m)in (A, Vf) yields

lim inf F(\;, m) = lim inf inf G\, Vf,m)
i—00 =00 ey (RLRLm(z) da): G(Ai,V fm) <K1+1
> lim inf inf G\, Vf,m)

=00 v fely?(RLRLm(x) de): [ |V f(2)|? m(z) de<Ka

= liminf G(\;, Vfi,m) > G\, V.f,m) > F(\,m).

i—00

We have proved that the function F'(\,m) is lower semicontinuous in X. It follows that the
function sup,,p F(X\,m) is lower semicontinuous.

Let us show that the gradients of functions from C? N C} make up a dense subset of
Ly* (R, R m(x)dz). Let f € C) and let 5(y) represent a cut-off function, i.e., a [0,1]-
valued smooth nonincreasing function on R, such that n(y) = 1 when y € [0, 1] and n(y) =0
when y > 2. Let R > 0. The function f(x)n(]z|/R) belongs to C}. In addition,

2]

[195@) = v (@) pma) e <2 (195000 - a5 i) o
2 [ s By ae.

where 7" stands for the derivative of 7. Since [, |x|* m(x)dx converges, the righthand side
of the latter inequality tends to 0 as R — co. Hence, Vf € Ly*(R, R, m(z)dz). On
the other hand, the gradients of C}—functions can be approximated with the gradients of
C? N C}-functions in Ly*(RY, R, m(z) dx) , which ends the proof.

On recalling (2.33), we obtain the leftmost equality in (3.12).  Similarly, since
G\, f,m) = G\, Vf,m) when f € C? and the gradients of C2-functions are dense in
Ly (R!, RY m(x) dz) , the rightmost side of (3.12) equals the leftmost side. For (3.13), we
recall Lemma 3.2 and Remark 3.5.

By (2.14), (2.18a), (2.18b), (2.18¢), and (2.19),

piélﬂgl (ﬁ@’ /\,p)—%pT div(0($7)7<;((xx)) m($))) _ _% HS,\(x)—% diV(U@;j((xx)) m(r)) ||§B\(w)_1
+ R)\(ZL'),

so, the lefthand sides are bounded below uniformly over A < 0 by an integrable function and

lim ig inf (ﬁ(x, A, p) — 1pT divio(z)o(z) m(x))) = % Hﬁ(w)Héz(x) :

A——00 A2 peR! 2 m(z)

The latter quantity being positive by the second part ofucondition (N) im-
plies, by (2.33) and Fatou’s lemma, that liminfy, .(1/A\*)F(\,m) > 0, so,
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liminfy oo (1/X?) infpecz G(A, f,m) > 0. By (2.24) and (2.30), liminfy, o F(A)/X* > 0.
Therefore, for all ¢ from a bounded set, the supremum in (2.26b) can be taken over A from
the same compact set, which implies that Jj is continuous. The function J; is continuous
for a similar reason. Since sup,cp H(x; A, f) is a convex function of (A, f), by (2.24), F())
is convex. Being finite, it is continuous for A < \.
We prove the differentiability properties. The equality in (3.14) follows by Theorem 4.13
on p.273 in Bonnans and Shapiro [10] and dominated convergence, once we recall (2.19)
and (2.32). Equation (3.15) is obtained similarly, with G(-,-,m) as f(-,-), with A as u,
and with Vf as x, respectively, in the hypotheses of Theorem 4.13 on p.273 in Bonnans
and Shapiro [10]. In some more detail, é()\, Vf,m) and dé()\,Vf, m)/d\ are continuous
functions of (A, Vf) by (2.15), (2.16), and (2.32). The inf-compactness condition on p.272
in Bonnans and Shapiro [10] holds because, as it has been shown in the proof of the lower
semicontinuity of F'(\,m), the infimum on the righthand side of (2.33) can be taken over
the same weakly compact subset of L(l)’z(]Rl, R!, m(z) dx) for all A from a compact subset of
(—o00,1). For (3.16), one can also apply the reasoning of the proof of Theorem 4.13 on p.273
in Bonnans and Shapiro [10]. Although the hypotheses of the theorem are not satisfied,
the proof on pp.274,275 goes through, the key being that the function é(A, V f,m) tends to
infinity uniformly over A close enough to 1 on the left, as the L?(R!, R, m(z) dx)-norm of
V f tends to infinity.
O

Remark 3.6. If condition (N) is not assumed, then strict convexity in the statement has to
be replaced with convexity.
Remark 3.7. If B(xz) = 0, then F()\)/A? tends to zero as A — —oc . Furthermore,
1
liminf — inf G(A, f,m) > —/(r(m) —a(z))m(z) dx,
A——oo |A| fecz
R!
so that
F(A
lim inf ()

A——00 | ‘

> sup(— /(7’(3:) — a(z))m(z)dz) = — infl(r(x) —a(x)).
mep 2 zeR

Consequently, if inf,cpi(r(z) — a(z)) < ¢, then Ag — F()) tends to —oo as A — —o0, so
supycr(Ag — F'(A)) is attained. That might not be the case if inf,cpi(r(z) — a(z) > ¢.
For instance, if the functions a(z), r(z), a(z), b(x), and o(z) are constant and ¢ is small
enough, then the derivative of A\g — F'()) is positive for all A < 0. In particular, either J; or
Jg might not be continuous at inf,cp: (r(7) — a(r)), J; being right continuous and J¢ being
left continuous regardless.

Lemma 3.6. 1. The function A\q— F/(), m) has saddle point (A, 1) in (=00, \| X P, w h
\ being specified umquely In addition, \q — F()\) = supyer(Ag — F(N\)). If A <
then F'(A\) = sup,,p F(\,m).

2. Suppose that A\ < 1. Then the Junction Aq — ( , Vf,m), being concave in (X, f) and

convex in m, has saddle point (X, f,m) in (—o0,A] x (C2NCL) x P, with Vf and
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m being specified uniquely. Equations (2.34) and (2.36) hold. The density m may be
chosen positive, bounded and of class C* .

dzx) such that

3. Suppose that A\ = 1. Then there exists unique Vf € le(Rl R ()
=0 m(z)dz—a.e.

F(Ln) = G(L V), alx) - r(2)1 - b(e)B(x) + ba)o(a)TV (@)

and

/(Vh(:v)T(—0(3:)5(93)—l—@(a:)—i—a(x)a(:v)TVf(x))—I—% tr (o(z)o(z)"V?h(z)))m(z) de =

R!
for all h € C% such that b(z)o(x)TVh(z) = 0 m(z) dr—a.e.

Proof. Let U = {(\, f) : f € Uy}. It is a convex set by H(x; A, f) being convex in (A, f).
Let § € R. When (), f) € U and v € P, the function A\G— [, H(z; A, f) v(dz) is well defined,
being possibly equal to +o0, is concave in (), f), is convex and lower semicontinuous in v,
and is inf-compact in v, provided A < 0 and f = f., k being small enough, the latter
property holding by Lemma 3.1. Theorem 7 on p.319 in Aubin and Ekeland [4], whose proof
applies to the case of the function f(z,y) in the statement of the theorem taking values in
R U {400} yields the identity

inf sup )\q—/Has A f)v(dz)) = sup inf( /\q—/H:E A f)v(dz)),
VEP (. feu (\fyeu veP

with the infimum on the lefthand side being attained. We denote that v by © when ¢ =¢q .
If v has no density with respect to Lebesgue measure that belongs to P, then, by Lemma 3.2
and Lemma 3.3, the supremum on the lefthand side equals +oco. (We recall that if Uy = ()
then infyey = 0o0.) Hence, the infimum on the lefthand side may be taken over v with
densities from P, in particular, it may be assumed that 7(dz) = r(z)dz, where 1 € P.
We thus have that

inf sup(A§ — 1nf G\, fym)) =sup(A§— inf sup H(z; A, f)). (3.18)

meP AeR AeR FeC2NCy 4Rt

By part 3 of Lemma 3.5, F(A\) — oo superlinearly, as A — —oo, so, the righthand side of
(3.18) is finite. We have that

inf sup(Ag— mf G(A, f,m)) > sup inf (A\G— 1nf G(\, f,m)) > sup(AG— 1nf sup G(A\, f,m)).

meP AeR AER meP AER fes L cp

The latter rightmost side being equal to the rightmost side of (3.18) implies that the in-
equalities on the preceding are, in fact, equalities. Besides, by the definition of F(\),
inffecanct Supper H (231, f) > F(1) and F(A) is continuous on the left at A = 1 . On
recalling Lemma 3.4 and Remark 3.4, we obtain that

sup(AG — sup inf G(A, f,m)) =sup(AG— inf sup H(x;\, f)) =sup(Ag— F(N)). (3.19)

AER mep FEU AER FEC2NC} LRl AeR
Therefore, for arbitrary A € R and ¢ € R,
sup inf G(\, f,m) > \g— Sup()\q —F(\). (3.20)

cp FEUN XeR
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Since F' is a lower semicontinuous and convex function, it equals its bidual, so, taking
supremum over ¢ in (3.20) yields the inequality sup,,.pinfrey, G(A, f,m) > F(X). The
opposite inequality being true for A < 1 by the definition of F'(\) (see (2.24)) implies that,
if A\ <1, then

F(\) =sup inf G(\, f,m).

mep f €A
Owing to Lemma 3.5, if A < X, then
F(A) =sup inf G\ Vf,m)=supF(\m). (3.21)
mep fECNC; meb

By convexity and lower semicontinuity, the leftmost side equals the rightmost side for A = X
too.
Since the infimum on the lefthand side of (3.18) is attained at m when ¢ = ¢, by (3.19),

sup()\q— 1nf G(A, f,m)) = inf sup()\q— 1nf G(A, f,m))

AER meP AeR

= sup inf (Aq — fienzi G(A, f,m)). (3.22)

AER meP

By the convexity of inf ey, G(A, f,m) and of EF(\, /) in A, we have that inf rere G\, f,m)
and F (X, 1) are greater than or equal to their respective lefthand limits at A, so, by the
fact that Uy = () if A > X\ and part 2 of Lemma 3.5,

sup(Ag— inuf G\ f,m)) = sup(/\q—fienj G\, f,m)) = sup(\g—F (A, 1)) = sup(A\g—F (A, i) .

AER fels A< A A< A<
Similarly, 5
inf sup(Ag — 1nf G(X, f,m)) = inf sup(Ag — F(\,m))
meP \eR feu meP <X
and y
sup inf (Ag — 1nf G(X, f,m)) = sup inf (\q — F(\,m)),
AER melP A<\ meP
so, by (3.22),

sup(Ag — F(\, 1)) = inf sup(Ag — F(), m)) = sup inf (Ag — F(), m)) .

A< meP x<X A< mEP

Since, by Lemma 3.5, F'(\,7h) is a lower semicontinuous function of A and F(X, ) — oo
superlinearly as A — —oo, the supremum on the leftmost side is attained at some NIt
follows that (A7) is a saddle point of A\g — F(A\,m) in (—oo, A x P. By Lemma 3.5,
A¢ — F(\,m) is a strictly concave function of A on (—o0,1) for all m, so A is specified
uniquely, see Proposition 1.5 on p.169 in Ekeland and Temam [14].

On recalling (3.21), we obtain that

sup(Ag — F'(A)) = sup(A\qg — F'(\)) = sup(Ag — sup E(\,m)) =g —F\m)
AER A< A< mep
= Mg —sup F(A,m) = A\g— F()\).

meP
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Part 1 has been proved. A
Suppose that A < 1 and let f f», f* being defined in Lemma 3.4. Since

H(z; A f) = ()\) for all z € R’, we have, by (2.30) and Remark 3.5, that F(\) =
()\ 1, m) = ()\ v/, m), for all m € P. It follows that
inf sup G(/\ Vim)< squ(/\ vV, m) = F(j\) = é(;\, vf,m). (3.23)
FECNCE e melP

By (3.21), the latter inequality is actually equality, so, ( f, m) is a saddle point of G (5\, Vf,m)
in (C*NCj) x P, see, e.g., Proposition 2.156 on p.104 in Bonnans and Shapiro [10] or
Proposition 1.2 on p.167 in Ekeland and Temam [14]. As a result,
fe<1cr2l£<cl G\ Vf,m) =G\ Vf,m). (3.24)
By (2.32), (2.33) and the gradients of the functions from C? N C} being dense in
L2 (RE R () dx) , the lefthand side of (3.24) equals F'(\,71), so, the infimum on the
righthand side of (2.33) for m = 1 is attained at the gradient of the C* N (Cl —function f
The following reasoning shows that (A, f,m) is a saddle point of A\g — ()\ Vi, m) in
( 00 )\] (CQ(W(CE) xP. Let A< X, f € (CQﬂ(Cg, and m € P. Since G\, Vf,m) >
(5\, s m) by (f, m) being a saddle pomt of G()\, V f,m), we have that

By (3.23), by (\,7h) being a saddle point of A\g — F(A\,m), and by (2.33),
A — G\ V) = Ag — F(A\ 1) > Ag — F(\, ) > Ag — G\, Vf, ). (3.26)

Putting together (3.25) and (3.26) yields the required property.

Since (A, f,7) is a saddle point of A\g — G(\, V.f,m) in (—o0,A] x (C2NC}) x P and
Mg — G(\, Vf,m) is strictly concave in (X, Vf) for all m by Lemma 3.5, the pair (), Vf)
is specified uniquely, see Proposition 1.5 on p.169 of Ekeland and Temam [14]. Equation
(2.34) follows by Lemma 3.4. Since f is a stationary point of G()\ V f,m), the directional
derivatives of G()\, Vf,m) at f are equal to zero, cf. Proposition 1.6 on p.169 in Ekeland
and Temam [14]. By (2.32),

/ (A V(@) — 5 (dv (U(x)“(x)) () )Vh@)i(@)dr =0, (327)

R!

for all h € C%. Integration by parts yields (2.36). In more detail, by Theorem 4.17 on p.276
in Bonnans and Shapiro [10], if A < 1, then the function sup,cp. (M (u, z) + AN (u, z)|?/2 +
plo(x)N(u, x)) , with the supremum being attained at unique point @(x), has a derivative
with respect to p given by (o(x)N(a(x),z))” , which, when combined with (2.15), (2.16) and
(2.32), yields (3.27). According to Example 1.7.11 (or Example 1.7.14) in Bogachev, Krylov,
and Rockner [9], 7 is specified uniquely by (2.36). The function 7 (z) is positive, bounded
and is of class C' by Corollaries 2.10 and 2.11 in Bogachev, Krylov, and Rockner [8] and by
Agmon [2], see also Theorem 4.1(ii) and p.413 in Metafune, Pallardi, and Rhandi [31], and
Proposition 1.2.18 in Bogachev, Krylov, and Rockner [9]. Part 2 has been proved.

If A\ = 1, then F(1,m) < oo. By part 2 of Lemma 3.5, Vf exists and is specified
uniquely. The other properties in part 3 follow by (2.21), (2.22), and (2.32). O
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Remark 3.8. By the proof of Lemma 3.1, if A < )\o, then H(x;;\,f,{) — —o0 as |z| — oo,
where £ > 0 and is small enough. In that case, the theory in Keise and Sheu [23] and Ichihara
21] yields an alternative approach to the existence of solution 7 to (2.34). If A > 0, however,
those results do not seem to apply.

Remark 3.9. If the suprema in (3.21) were attained, then F'(\) would be strictly convex.

Lemma 3.7. Suppose that A < Xo. Then there exists m* € I@j such that (f*,m*) is a saddle
point of G(A\,Vf,m) as a function of (f,m) in (C} NC?) x P, so,

inf supG(\, Vf,m)=sup inf G\ Vf,m)=F\), (3.28)

fec;nc? meb meb fec;nc?

with the infimum and the supremum being attained at f and m” , respectively. The density
m?(z) is the invariant density of a diffusion:

/ (Vh(z)" Ao (@) N (@ (), 2) + () + o(2)o (@)Y (@)

R!

+ % tT’(U(x)g(;p)T v2h($))) mk(z) dr =0, (3.29)

for all h € C3, where

1

o) =1

c(z) " (a(z) — r(z)1 — Ab(z)B(z) + b(z)o(2)"V fA(z)) .

The density m*(x) may be chosen positive, bounded and of class C*. The functions V f(x)
and m*(z) are specified uniquely.
In addition, the function F(\) is strictly convex and continuously differentiable and

% F(\) = /(M(u)‘(x), ) + AN (uM(2), 2)|* + VN 2) o (z)N (v (z), z))m*(z) dx .

R!

Proof. Let us begin by noting that, since, by (3.1) in the proof of Lemma 3.1, H(z; A, f) —
—00 as |z| — oo, provided k > 0 and is small enough, we have that F(\) < oo, so f*
is well defined by Lemma 3.4. Since [, H(x; A, f)v(dx) is an upper semicontinuous and
concave function of v € P, for all f € A, , is convex in f € A, and [, H(z; X, f.) v(dx)
is sup—compact in v by Lemma 3.1, an application of Theorem 7 on p.319 in Aubin and
Ekeland [4] yields

sup inf /H(az;)\, f)v(dx) = sup inf /H(:E;)\,f) v(dr)
R! R!

veP fECE vep fe€Ax

= inf su H(xz; X\, f)v(dx) > inf su H(x; X\, fv(dx),
feAL 1/6713/ ( f) ( ) flE(Cg 1/6713/ ( f) ( )
R! R!
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the supremum on the leftmost side being attained at some v*. It follows that

sup inf [ H(z; A, f)v(dz) = inf sup/H(x;)\, fv(dx).
veEP fE(C fE(Cb veEP
RI

By Remark 3.1 and Lemma 3.3,

supmf/Hx)\f (dx—suplnf/ (x; A\, f)m(x) dx
vep feC} meP fECH
R!

and v*(dz) = m*(z) dr , where m* € P, and, by an approximation argument,

sup/Hx)\f dx—sup/Hx)\f (z) d

vePpP meP

We obtain that

inf sup G(\, f,m) = sup inf G(, f,m) = inf G(\, f,m").
fecC?

F€C? meP meP feC3

Therefore, on applying Lemma 3.3 and recalling (2.31),

inf squ()\ Vf,m) < inf sup G(\, Vf,m) = inf sup G(\, f,m)

fecinC? | cp J€CE meP J€CE meP

= sup inf G(A, f,m) = sup 1nf G(A, f,m) =sup inf G\, Vf,m).

meP feCy melp mep FEC;NC?

The leftmost side not being less than the rightmost side and (3.21) in the proof of Lemma
3.6 imply (3.28).

Since f* delivers infimum on the leftmost side of (3.28) and m* delivers supremum on the
rightmost side, by Proposition 2.156 on p.104 in Bonnans and Shapiro [10] or by Proposition
1.2 on p.167 in Ekeland and Temam [14], the pair (f*, m") is a saddle point of é()\, Vf,m) as
a function of (f,m). Equation (3.29) expresses the requirement of the directional derivative
of é()\, V f,m) with respect to f in the direction h being equal to zero at (f*, m*) and is
established similarly to (2.36) in the proof of Lemma 3.6.

The function V f* is specified uniquely because G (A, Vf,m) is a strictly convex function
of Vf by Lemma 3.5, cf. Proposition 1.5 on p.169 in Ekeland and Temam [14]. By an
argument of the proof of Lemma 3.6, the density m” is specified uniquely, is positive, bounded
and is of class C!. Since m?” is specified uniquely, the suprema in (3.28) are attained at unique
v which is #*. Both the infimum and supremum in (3.28) being attained and the function
G(\, Vf,m) being strictly convex in (A, Vf) on (—oo,1) x L{*(RL RE m(z) dz) by Lemma
3.5 imply that the function F'()) is strictly convex for A < A .

We address the differentiability of F(\). Given A < A, if X is close enough to X, then,
by F being continuous at \,

F(\) = sup inf /H z; A, f)v(dz) = sup inf /H z; A\, f)v(dx), (3.30)
veP fEC] veP; fEC]
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where P5 = U s_sj<ao iy 1V € P infrecs fo H(w; A, f) v(de) > F()\) —1}. By Lemma
3.3, the measures from Pj; possess densities m which belong to P. By Lemma 3.5, for those
v, the function in the supremum on the rightmost side of (3.30) can be written as F'(\,m)
and is differentiable in A. It is also convex in A and upper semicontinuous in v. By Lemma
3.1, the set P5 is relatively compact. In addition, v(dz) = m?*(z)dz is the only point at
which the supremum in the middle term of (3.30) is attained for A = A. Theorem 3 on
p.201 in loffe and Tihomirov [22] enables us to conclude that the rightmost side of (3.30) is
differentiable in \ at 5\, with the derivative being equal to

/ (M () (), 2) + AN (W (2), 2) 2 + V(@) o (2) N (z), 2))m(z) de .

R!

4 Proofs of Theorems 2.1 and 2.2

We prove Theorems 2.1 and 2.2 together by proving, firstly, the upper bounds and, after-
wards, the lower bounds.

4.1 The upper bounds
This subsection contains the proofs of (2.27) and (2.40). Let us note that, by (2.5),

1 1
L;r:/MWXtds / N(x!, XH)T dw?
0 0

4.1.1 The proof of (2.27).
By (2.1) and Ito’s lemma, for C*~function f,

t t

F00) = £ + [ VR)TBX) ds 5 [ b (o(X)o(X) T2 F(X)) ds

+ /Vf(Xs)To(Xs) dW.

0
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Since the process exp([J(AN(ms, Xo)T + Vf(X,) 0 (X,))dW, — (1/2) [|AN (7, X,) +
o(X)"V f(X,)[? ds) is a local martingale, where A € R, by (2.1) and (4.1),

1 1
E oxp(IALT + f(X) — f(Xo) — ¢ / MM (X1 ds — ¢ / V(XY O(XT) ds
0

0

1 1

~ 5 [ lete(x)T VRO as = § [ XD + o (x) VK Pds) < 1.

Let v'(dz) = p'([0, 1], dz) . By (2.15) and (2.23), for A € (0,1),

E exp(IALT + F(X0) — f(Xo) — ¢ / H(w: \ f) ' (de)) < 1. (4.2)

Consequently,

EX (17> exp(tALT + f(Xy) — f(Xo) —t / H(z; A\, f)v'(de)) <1
R!
Thus,

veP z€R!

In EX{L?Zq}ef(Xt)_f(XO) < sup(—)\qt +t / H(z; A, f) V(dx)) = —Agt +tsup H(x; \, f).
R!

By the reverse Holder inequality, for arbitrary e > 0,

EX{L?Zq}ef(Xt)*f(XO) > P(L;T > q)1+6 (Ee*(f(Xt)*f(Xo))/e)_E

Y

S0,
1+e€

InP(L] > q) < —Ag+sup H(x; A, f) + E In e~ /(X0 =/ (Xo))/e

zeR!

We may assume that inffece sup,cp H(2; A, f) < co. By Lemma 3.4 and the hypotheses,
the latter infimum is attained at function f* such that f*(x) > —C}|z|—Cs for some positive
Cy and Cy. Since, in addition, | Xy| is bounded, we have that

+e€

lim sup InP(L] > q) < —Aqg+ inf sup H(z; A, f) + limsup% In E¢C11Xel/e

t—00 fec2 reR! t—o0

Consequently, by Ee“11Xtl/¢ being bounded in ¢ according to Lemma C.2 of the appendix and
by € being arbitrarily small,

1
limsup — InP(L] > ¢) < —(/\q — inf sup H(:L‘;/\,f))

t—o00 t fG(CQ zER!

yielding (2.27), if one recalls (2.24), (2.26a), and F' being convex so that the supremum in
(2.26a) can be taken over (0,1).
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4.1.2 The proof of (2.40)

We draw on Koncz [25] and Nagai [32]. Since J; = 0 when A > 0, we may assume that
A<0. By Lemma 3.6, f € C2NC}. Given t > 0, let us introduce a Girsanov change of
measure on (2, 7, P) by

t

. = ep( [ OV X + o () TVHCX)T i,

0

dP?
dP

_%/|5\N(a(XS),Xs)+0(Xs)va(Xs)\2d3)~ (4.3)

A multidimensional extension of Theorem 4.7 on p.137 in Liptser and Shiryayev [29], which is
proved similarly, obtains that there exists 4/ > 0 such that sup,, Ee? %" < 00 By Example

3 on pp.220,221 in Liptser and Shiryayev [29] and the linear growth condition on V f(z), the
expectation of the righthand side of (4.3) with respect to P equals unity. Therefore, P! is
a valid probability measure and, by Lemma 6.4 on p.216 in Liptser and Shiryayev [29] and
Theorem 5.1 on p.191 in Karatzas and Shreve [24], the process (W, ,0 < s < t) is a standard
Wiener process with respect to Pt, where

~

W, =W, — / (AN (i(X3), X5) + 0(X35) " VF(X5)) d3. (4.4)

By (2.1) and It6’s lemma,

~

dX, = (0(X,) + o (X)AN(@(X,), Xy) + 0(X) V(X)) ds + o(X,) dW, (4.5)

and

A

df(Xo) = (V(X)T(0(X,) + o(X) AN (@(X,), X,) + 0(X,)VF(X,)))

4 %tr(a(XS)a(Xs)TVQ FOX)) ds + V(X o(X) dW,. (46)

Let, given A € R, f € C?, and measurable R"valued function v = (v(z),z € R!),

H(x; M\, f,v) = AM (v(z), x) + % AN (v(z), ) 4+ o(z) Vf(z)]* + Vf(z)T 0(x)

+ %tr (o(x)o ()" V2 f(2)). (4.7)

.35), 0) = H(z; A\, f) = F(A). On taking into
account (2.3), (2.4a), (2.4b), (2.15), (2.23), and (2.34), with 75 being the optimal u in (2.15),

EetS‘L? _ 6tF(5\)Etef(X0)—f(Xt). (4.8)



By Ito’s lemma and (4.6), noting that |z7y|? = tr(zzTyy”),

t

; ~

F X0 -FX0 _ 4 / eI CO-FC) (H(X,: X, 0,0) — F()) ds

0

t
_ / IO~ FXOG (X )T o(X,) AW, .
0

Let
7r = inf{t > 0: |Xy| > R},

where R > 0. Since (fOSMR e/ X~ FXT f(X)To(X5) dW;,0 < s < t) is a martingale with

respect to P,

tATR

Fitef (X0 —f(Xineg) — 1 4 ft / ef(xo)ff(xs)(ﬁ(xs; 5\,0,@) — F(S\)) ds .

Since, by (2.4a), (2.4b), and (2.35),

H(x;A,0,4) = — ﬁ (IIb(@)o ()" f (@) [y = llal) = r(2) 120 -1)

~

2 1 218(2)1? # \b(2) ()12
)+ 5 X1 + 2= IS

A T | 1ry 4
1% (a(z) —r(2)1) c(z)"'b(z)AB(2),

N | —

by (2.39), there exists K > 0 such that H(z; A, 0,4) — F(A) < 0 if || > K . Therefore,

Etef Xo)=f(Xinrp) <1+ sup 2l (@) sup |H(:z:;5\,0,ﬁ) — F(S\)\t,
|lz|<K x| <K

so, on letting R — oo, by Fatou’s lemma,

Efe/(Xo—f(X0) < 1 4 sup A7) sup |H(z; X, 0,4) — F(\)|t,
|z|<K |lz|<K

which implies, by (4.8), that

1 L7 Q
limsup -~ In Ee* < F()), (4.9)

t—o00

s0, (2.40) follows by Jensen’s inequality and the supremum in (2.26b) being attained at A
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4.2 The lower bounds
In this subsection, we prove (2.28) and (2.38). Let us assume that A\ < . We prove that, if
q > q, then

lim inf ~ lnP(L”<q) —(Ag— G\, f,1)) (4.10a)

t—o00

and that, if ¢” < ¢, then
hgnmf lnP(L7r q") > —(S\q — G\ f, m)). (4.10b)
—00

We begin with showing that

g — G\, f,m /|/\N + o (2)TV f (@) Pr(z) da . (4.11)

Since (A, f,7m) is a saddle point of A\g — G(\, V.f,m) in (—oo, A x (C2NC}) x P by Lemma
3.6, \ is the point of the maximum of the strictly concave function Ag — ()\, v, m) on
(—o0 00, A|. Since A < X and G(\, Vf,m) is differentiable on (—oo, A), the A-derivative of
G(A Vf ) at A equals zero. By (3.14) of Lemma 3.5,

% G\, Vf,m) N /(M(&(a:),a:) + AN (a(x), z)> + Vf(x)Ta(a:)N(a(m),x))m(x) dzx
: (4.12)
/(M(?l(x), z) + AN (i(z), 2))? + Vf(x)Ta(x)N(ﬁ(:c),x))m(x) de =q. (4.13)

R?

Therefore, by (2.15), (2.23), and (2.30),

Ag— G, fom) = A / (M (a(x), z) + AN (a(x), 2) > + V f(2) o (x)N (a(z), z))in(z) do
_ / (AM(a(x),z) + % RN (i), 2) + AV F(2) o (x)N (), )
1 A . 1 .

+ 5 lo@) V@) + Vf(2)"0(z) + 5 e (o(@)a(2) V2 f(x)))i(w) dx

= [ ¥V dr [ (G 1o@ V@ + i@ )

R! R!

+ % tr (o(x)o(2) V2 f(2)))in(x) do . (4.14)

Integration by parts in (2.36) combined with the facts that |V f(x)| grows at most linearly
with |z|, that @(z) is a linear function of V f(x) by (2.35), that [p|z[* m(z)dz < oo, and
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that [,,|Vii(2)[?/m(r) dz < oo, shows that (2.36) holds with f(z) as h(z). Substitution
on the rightmost side of (4.14) yields (4.11).
By (2.4b) and (2.35),

a(z) = r(x)1 + b(@)(AN (i), ) + o ()" V f(2)) = e(x)a(z) .
By (4.4), with W! = Wy /V1,

ZO/MW , X.)ds + 70/ mt, XY) dW /MT(‘ X;)

t t t t\NT t L 7T t it
+O/N7rX N@(Xh), X + a(XHTV (X)) ds + \/_O/ , XHT dW!
_%1n8{+/M( ds+/N YTON (a(XY), X8 4+ o(XHTV (X)) ds

0 0

/ N(u th (4.15)
where E! represents the stochastic exponential defined by
T = exp \/—/ WX To(XE) dWE — = /||7T~—u 2 (xt) ds) .

By (4.3) and (4.15), for § > 0,

P(L} <q+30) =E
{/M?T X1 d5+—/N7T XHTdw! < g+ 35}

exp( \// (AN (a(X1), X' + o(XHTV F (X)) a!

! / AN((X0), X1) + o (X2 V(X2 ds)

> E'x

{%lngt <9 / T T < 5 {/M(ﬁ(x),x) V' (dx)
+ [ M), 2 (N (o), 2) + o{2) ¥ F(@) o (do) < g+ 3}
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/ (X0, X0) + o(X)TVF(X0)" divY] < 5}

0

R!

' /IAN(ﬂ() 0) + 0@ Vi@ (o)~ [IAN(i(o), ) + o(a)V fo) i) do < 25

exp(—26t — ! /|/\N( (2),z) + o(2)TV f(z)|*m(z) dr). (4.16)

R!

We will work with the terms on the righthand side in order. Since E'E! < 1, Markov’s
inequality yields the convergence

|
tlg(no Pt(zlngit <d)=1. (4.17)

We show that if g(x) is a continuous function such that |g(z)| < K(1 + |z]?), for all
2 € R' and some K > 0, then

lim P / o(z)0(dz) — / g(yin(z) dz| > €) = 0. (4.18)

t—o00
R! R!

By (4.5), by (W,,0 < s < t) being a standard Wiener process under P*, and Theorem
10.1.3 on p.251 in Stroock and Varadhan [40], the distribution of (X,,0 < s < t) under P
is the same as the distribution of (X,,0 < s < t), with (X4, s > 0) being the unique strong
solution to

0X, = (0(X0) + o (X)AN((X,). X) +0(X,) V(X)) ds + o(X) iV, Xo = Xo.

o)+
and with W _( V5,82 0) being a standard Wiener process. Assuming that X and W are
defined on (Q, F, P) we have that

P / g()(dx) — / g(x)in(x) dz| > ¢) = P / 9(2)7(dz) — / g(x)in(x) da| > )

R R R R!

where 7' (dz) = (1/t) fo Xaz(Xs) ds. Since m(z) is a unique solution to (2.36), by Theorem
1.7.5 in Bogachev, Krylov, and Réckner [9], 7(z) dx is a unique invariant measure of X,
see also Proposition 9.2 on p.239 in Ethier and Kurtz [15]. It is thus an ergodic measure.
We recall that 7 € P, so [y |2|*(z) dr < co. Let P* denote the probability measure on
the space C(R,,R!) of Continuous R Valued functions equipped with the locally uniform
topology that is defined by P*(B le (x)dx, where P, is the distribution in
C(R,,RY) of the process X started at x. Slnce m( )dz is ergodic, so is P*, see Corollary
on p.12 in Skorokhod [39]. Hence, P*—a.s.,

lim ! 9(X;5) ds = /g(x)m(x) dx , (4.19)

5—00 S
0 R!
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see, e.g., Theorem 3 on p.9 in Skorokhod [39], with X representing a generic element of
C(R,,R"). Let C denote the complement of the set of elements of C(R,,R!) such that
(4.19) holds. By Lemma 3.6, m(x) is continuous and strictly positive. Since P*(C) = 0,
we have that P,(C) = 0 for almost all x € R! with respect to Lebesgue measure. It follows
that if X, has an absolutely continuous distribution n(z)dxz, then [, P,(C)n(z)dx = 0,
which means that (4.19) holds a.s. w.r.t. P, the latter symbol denoting the distribution of
X on the space of trajectories. If the distribution of Xj is not absolutely continuous, then
the distribution of X is because the transition probability has a density, see pp. 220226
in Stroock and Varadhan [40]. Hence, (4.19) holds P —a.s. for that case too. The limit in
(4.18) has been proved. (A different proof can be found in Puhalskii and Stutzer [37].)
By (2.35), the linear growth condition on V f(z), and (4.18),

Since, for n > 0, by the Lenglart—Rebolledo inequality, see Theorem 3 on p.66 in Liptser
and Shiryayev [30],

JONGOXD, X0 + o) O FXD) a0

1
< 2+ P [ AN, XD + o) VO Pds > ).
0

we conclude that

1
PR B S . -
Jim P (2| [ V(X0 X0 + o (X)TVFXD) AT < 6) = 1. (421
0
Similarly,
1
o 1 -
. t ~ t t\T t _
Jim P (— |/N(u(XS),XS) AVt <§) =1. (4.22)

0
By (4.13) and (4.18),

Jim P'( / (M (@(x), z) + N(a(z), )T (AN (i(z), z) + o(2)"V f(2))) v'(dx) < ¢ +6) = 1.

Recalling (4.16) and (4.17) obtains that

t—o00

lim inf% InP(L] <q) > —% /|;\N(1l(x),x) + o(2)TV f(x)|*m(z) d (4.23)
R!
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so, (4.10a) follows from (4.11).
In order to prove (4.10b), we note that if 7% = 4(X?), then £ = 0 in (4.15), so

/M (X1, X1 ds+—/N (X, XOT dWw? = /M (a(X?), X?) ds

/ N(a(XY), X)T(AN(a(X0), X1) + o(XH)TV (X)) ds

/ N(a(Xxt), X" aw!.
On recalling (4.1), similarly to (4.16),
P(Lf >q-25) =E'x ,
{[(ma N(H(X0), X1 (AN (@(X), )
0

+a(X;)va(X;))> ds + — /N (X, XHT awt > ¢ - 25}
exp(— v / (AN (@(X1), X0) + o (XHTV F(XE)T dV!

= / AN(@(X2), XD) + o (X)TV (XD ds)

/1 T gt > 5}
X O " .
{ / (M(a(x), z) + N(i(z), 2)T (AN (i(z), 2) + 0(2)"V f(x))) Vi (da) > g — 5}

RL }

<=

70/ a(XY), X1 + o(XHTV F (X)) div < 6
/|)\N )+ o(2)"V ()2 ! (dx) — /wv ), ) + o)V f (@) () dr < 25)

exp(—26t — 5 / AN (i(2), ) + o (2)"V f(2)[Pri(z) dx) . (4.24)
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One still has (4.20), (4.21), and (4.22). By (4.13) and (4.18),

t—o00

lim P*( / (M (a(z),x) + N(a(z), 2)T (AN (i(z), ) + o(2)TV f(2))) v'(dz) > ¢ — ) = 1.

R!

Recalling (4.24) yields

hmmf% InP(Lf > ¢") > _% / IAN (ii(z), z) + o(z)TV f(z))*m(z) da | (4.25)

t—o00

so, (4.10b) follows from (4.11).

Reversing the roles of ¢ and ¢ in (4.10a) and reversing the roles of ¢ and ¢” in (4.10b)
obtain that, if ¢ < ¢, then

. . ]- s S
hggf;lnP(Lt <q)=>-Jy
and that, if ¢ > ¢, then
. . 1 T o
h{ggllen P(Lf >q) > —J

Letting ¢ — ¢ and ¢" — ¢ and using the continuity of J; and J7, respectively, which
properties hold by Lemma 3.5, prove (2. 28) and (2.38), respectively, provided A <.

Suppose that A = X < 1. Let f = f* be as in Lemma 3.4. Then (4.23) and (4.25) hold
by a similar argument to the one above. Since A maximises A\qg — (/\ f m) over \ we have
that (d/d\) G(\, f,m)|5x_ < q. By (4.12) still holding, we have that in (4.13) the = sign has
to be replaced with <. By A being positive, the first = sign in (4.14) needs to be replaced
with >, so does the = sign in (4.11). By (4.23) and (4.25), one obtains (2.28) and (2.38),
respectively.

Suppose that A=X=1. Since \ > 0, J; =0and J; >0, so, (2.28) is a consequence

of (2.27). We now work toward (2.38). Since A = 1 maximises A\q — F()‘J m) over A\ and
the function F'(A,1) is a convex function of A, F(1,7m) < oo and d/dA\F'(\,m)|,_ < q.

Let Vf be defined as in part 3 of Lemma 3.6, i.e., let ianfeL(l)’Q(Rl,Rl,fn(x) i) é(l, Vf,m) be
attained at Vf. By (3.16) of Lemma 3.5, d/d\G(\, V f,1h)
3.6, é(l, v, m) being finite implies that, m(z) dz—a.e.,

b(z)o(x)'V f(z) = b(x)B(z) — a(x) + r(z)1. (4.26)
By (3.14) of Lemma 3.5, if A < 1, then

~ < q. By part 3 of Lemma

W _ /(M(UA’V]E(I), x)—l—)\|N(u>"vf($), :r)|2+N(u>"vf($)TJ(aj)TVf(l’), x))ﬁl(l’) dz,

R!
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where uV/ (z) is defined by (2.16) with Vf(x) as p. On noting that by (4.26) the limit, as
AT 1, 1in (2.16) with Vf(z) as p equals c(z)~'b(x)3, we have, see Theorem 24.1 on p.227 in
Rockafellar [38] for the first equality below, that

d

5 G()\a Vf, m)

L =l S GOV = [ (Mlelo) ba)B0). 2

+ [N (e(2)"b(2) B(x), @) + N(e(x)'b(x)B(2), 2)" o(2)" V f(2)) () de.

We recall that o(z) is defined to be a bounded continuous function with values in the
range of b(z)” such that [0(z)|2/2 = ¢ — d/dAF(X\,m)| and a(z) = c(2)"'b(x)(B(x) +
1—

o(z)). By Lemma 3.5, d/d\F(\, ) L= d/dNG(\, Vf,m) .- Since the vectors
b(z)Te(x) to(x)B(x) — B(z) and b(z)Tc(x)~tb(z)d(x) are orthogonal, with the former be-
ing in the null space of b(z) and the latter being in the range of b(x)” , substitution in (2.4a)
and (2.4b) with the account of (2.21) yields

/ (M (i(x), ) + [N(a(z),2)* + N(i(z),2) o (2)"VF(2)) mn(z) de

R!

d oo

S [2

1_-1—/ |U(§)| m(x)de =q. (4.27)
R!

(As a consequence, (4.13) holds in this case too.)

We now invoke results in Puhalskii [36]. Let the process ¥, = (U s e [0,1]) be
defined by (2.6) with @(z) as u(x). Since @(z) is a bounded continuous function, the
random variables N(a(X!), X!) are uniformly bounded. Condition 2.2 in Puhalskii [36]
is fulfilled because part 2 of condition (N) implies that the length of the projection of
N(4(x), ) onto the nullspace of o(z) is bounded away from zero and, consequently, the quan-
tity |N(a(z),x)|* — N(a(z),z)To(x)(o(x)o(x)!)to(x) N(i(z), z) is bounded away from
zero. Thus, Theorem 2.1 in Puhalskii [36] applies, so the pair (Uf, i) satisfies the LDP
in C([0,1]) x C4+([0,1], M(RY)) for rate ¢, as t — oo, with the deviation function in (2.8),
provided the function ¥ = (¥, s € [0, 1]) is absolutely continuous w.r.t. Lebesgue mea-
sure on R, and the function pu = (us(I')), when considered as a measure on [0,1] x R!,
is absolutely continuous w.r.t. Lebesgue measure, i.e., u(ds,dr) = ms(x)drds, where
my(z), as a function of 2, belongs to P for almost all s. If those conditions do not
hold then J(¥,u) = oco. Since Lf = Wt and v/() = p([0,1],T), by projection, the
pair (LT, v') obeys the LDP in R x M(R!) for rate ¢ with deviation function I%, such that
I4(L,v) = inf{J(V, ) : ¥; =L, u([0,1],T') = v(T)}. Therefore,

1 R X
. . - e > _ : u
h{gg}ft InP (L] >q) > (L7;§£>ql (L,v). (4.28)

Calculations show that

I%(L,v) = sup(\L — inf /F(a:, A fya)v(de)),
AeR feci z
R
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if v(dz) = m(x)dz, where m € P, and I%(L,v) = oo, otherwise, where H(x; M\, f,v) is
defined in (4.7). We have that the function AL — infpccs [ H(z; A, f, @) i (x) dzv is concave

in \ and is convex and lower semicontinuous in L. It is sup—compact in A because I1¢(L, v) is
a deviation function, i.e., it is inf-compact. (We provide a direct proof of the latter property
in the appendix.) Therefore, by Theorem 7 on p.319 in Aubin and Ekeland [4],

inf I(Ly)<1nfsup)\L—1nf/Hx)\f, m(zx) dz)

(Lw): L>q L>g \e¢Rr fecz

AeR L>q fect A>0 fec?

—Suplnf)\L—lnf/H:U)\fu m(z) dr) = sup( q—lnf/Hx)\fu m(zx)dz) .
(4.29)

By integration by parts, if f € CZ, then

/ﬁ(az‘;)\,f,v)m(x) dx = /()\M(U(x),l’)—i-% AN (v(z), 2)+0(2) " V@) P+ V)" o)

R!

m(z)dz. (4.30)

As the righthand side depends on f(z) through Vf(z) only, similarly to developments
above, we use the righthand side of (4.30) in order to define the lefthand side when
Vf € Lé7Q(RZ,RZ,m($) dz). By the set of the gradients of CZ-functions being dense in
Lo?(RL R rn(z) do)

inf /F(a:;/\,f,ﬂ)m(a:)dx: inf /H Ty A\, f,u) m(x) de.
feC l VfeLy? (R R! rin(z) da)
Since H(z;1,f,4) = H(x;1,f) (see (220) and (4.26)), [o H(z;1,f,@)m(z)de =

G,V m). By Vf minimising G(1,Vf,m) over Vf € LM(RZ,RZ, m(z)dx), the func-
tion ¢ — [p H(z; 1, f, @) (z) do attains maximum over Vf in Ly* (R, R, miu(z) dx) at V£ .
Therefore, the partial derivative with respect to Vf of \q — le H(x; \, f, 0)m(x) dz equals
zero at (1, Vf). By (4.30), we can write (4.27) as d/d\ Jeu H(z; A, f, )i (x) dx’ = q, so,
1
the partial derivative with respect to A of A\g— [, H(x; A, f,@)m(z) dz at (1, V f) equals zero
too. The function Ag— [, H(x; A\, f,4)m(x) dz being concave in (), V f), it therefore attains
a global maximum in R x L2 (R RE () d) at (1, Vf), cf. Proposition 1.2 on p.36 in
Ekeland and Temam [14]. Hence,

sup)\q—lnf/Hx)\f, m(x)d ):q—é(l,Vf,m).

A>0 fecs

The latter expression being equal to Jg, (4.28), and (4.29) imply the required lower bound
(2.38).
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Remark 4.1. The change of the measure in (4.3) is implicit in Puhalskii [36]. The idea of
using a stochastic exponential in order to "absorb” control in (4.15) is borrowed from Hata,
Nagai, and Sheu [20].

5 Proof of Theorem 2.3

For the first assertion of part 1, let us assume that A < A. Let ¢ > 0 be such that A\(1+¢€) < X
and the function f2(+9 is bounded below by an affine function of x. By (2.25), denoting

fs = f)\(lJre) 5

lim sup% InEexp((1 4+ OMLT + £.(X)) — £.(X0) < F((1+ )A).

t—o00

By the reverse Holder inequality,

Eexp((1+ ML + f(X,) = fo(Xo)) > (Eexp(ML])) " (Bexp(—(1/e)(f(Xi) = f(X0))) ",

so, since f. is bounded below by an affine function, | Xy| is bounded, and e can be chosen
arbitrarily small, in analogy with the proof of (2.27),

1
lim sup 7 InEexp(MLT) < F(N).

t—o0

The latter inequality is trivially true if A > X. B
We address the lower bound. Let 0 < A\ < A. Then F' is subdifferentiable at A\. Let ¢
represent a subgradient of F at . Since A\q — F(A) = J7, by (2.38),

| 7 Y | L7 o] *
Z £ > Z ¢ X > - >
htrgglft In Ee > h{gg}lf ; In Ee X(175q) 2 )\q—I—hgg}lf ; InP(L; > q)
>N —J; =F(\). (5.1)

If A= Xand F is subdifferentiable at X, a similar proof applies. Suppose that A = X and F
is not subdifferentiable at A\. By what has been just proved,

1 L < —
liminf liminf — In Ee*“ > liminf F(\) = F()\)
Mx tmoo f M
and Holder’s inequality yields
1 ST —
liminf lim inf — In EeM* > F()).
j\TX t—o0
By requiring th to match ﬂi\i on certain intervals [t;, Ei“) where \; T A and ¢; — oo appro-

priately, we can ensure that liminf; ,(1/¢) In EeX“?_A > F()N).
Suppose that A > A. If F' is subdifferentiable at A, then, similarly to (5.1), on choosing
q as a subgradient of F' at A,

1 o 1 9y ~ Y
lim inf - In BN > Aq+ liminf = WP(L]" > g) = Mg —Jg = A= Ng+ F(N). (52)

t—o00

46



Since ¢ can be chosen arbitrarily great, lim; ,(1/t) In EeM = oo, If F is not subdiffer-
entiable at A\, then we pick \; and ¢; such that \; T A\, ¢; is a subgradient of F' at \; and
¢; T oo. Arguing along the lines of (5.2) yields

1 #Ni 1 oy —
liminf = mEAMT " > Ag; + liminf = mP(L7 > ¢) > (A = Nai + F(\)
t—oo t t—oo T
so there exists 7* such that lim; ., (1/t) In EME = o0,

We prove part 2. Since EeMLT > eMP(LT < ¢) provided A < 0, the inequality in (2.28)
of Theorem 2.1 implies that

1 T
liminf — InEe* > sup(Ag — J3) = F()),

t—o0 t g€eR

with the latter equality holding because by (2.26b) J7 is the Legendre-Fenchel transform
of the function that equals F'(\) when A < 0 and equals oo, otherwise. Since A < 0, F' is
differentiable at A by Lemma 3.7, so ¢ = F'()\) and #* is well defined. The needed upper
bound is nothing but (4.9).

Acknowledgement. I am grateful to Professor Stutzer for introducing me to the subject
area of this research.

A The scalar case

In this subsection the one-dimensional affine setup is analysed in more detail. We will
assume that [ =n =1, so, in (2.41a)—(2.41e), Oy, b5, Ay, as, r1, 2, aq, and sy are scalars,
©, <0, 0is a1l x k-matrix, b is a 1 x k-matrix, and /3 is a k—vector. Accordingly, ¢, oo,

ob?, Pi(N\), p2(N\), A(N), B(\), and C are scalars. By (2.43), the equation for P;()\) is

B(A)PL(\)? 4+ 2AN) Py(N) + ﬁ C=0. (A1)
Let LA
B=1+ — LN (00" (A1 — 1) — 20,007 . (A.2)
O] ¢

(The latter piece of notation is modelled on that of Pham [34].) One can see, by (2.42a),
(2.42b), and (2.42c), that 5 > 0 and

A 1—-\3
2 — 02
AN B(A)l_)\C ol —

Hence, P;()\) exists if and only if A < 1/ and A < 1, s0, A = (1/6) A1. (Not unexpectedly,
if A < 0 then (A.1) has both a positive and a negative solution, whereas both solutions are
positive if 0 < A < A.) If A < A, then

P = 555 (—AN) = €l =) (A3)
47




and F'()) is determined by (2.45) and (2.48). The negative signature of the square root is
chosen because D(A) in (2.14) has to be negative which is needed in order for the analogue
of (2.47) to have a stationary distribution. Therefore,

1—-)\3

D(N) =61/ 7

(A.4)

The functions D(A) and Py(\) are differentiable for A\ < 1 A (1/5). As in Pham [34], we
distinguish between three cases: > 1, <1, and §=1.

Suppose that § > 1, so, A = 1/3 Then Pi(\) and D()) are continuous on [0,1//]
and differentiable on (0, 1/6) We have that P(1/5) = —A(1/3)/B(1/5) and D(1/3) =

0. Also, DIN/y/1/8— X — —|@1|\/E/\/1—1/5 and (P,(1/8) — PLO)/\/1/5 — A —

|@1|\/E/(B(1//5’)\/1 —1/f3), as A1 1/F. In addition, by (2.45) and (2.48), if E(1/8) # 0,
then |pa(A)| = |E(X)/D(N)| = oo and F(A) — oo, so, FI(A\) = oo when A > 1/6, x=1/8,
and A\ < X. Suppose that E(1/5) = 0. By (2.45) and (2.46), E(\) = D(A)Z(\) + U()),
where

Z(\) = A bol'cay —roy — ADB) — Ao B + 0,

1—A
and
UO) = 125 (= r)e (a2 =12 = 8) + A(ra — ) = 500 20,
Therefore, for A < 1/ 8B, :
_Z() U

Since E(l/@ — D(1/3) = 0, U(1/3) = 0. By U(XA) being linear in a neighbour-
hood of 1/8, pa(A) has a finite limit at 1/8, so, we let, by continuity, py(1/8) =
—Z(1/p8)/B(1/B), and F(1/p3) is finite. Let us look at the derivative at 1/8. We

have that (p2(1/8) — p2(A))/\/1/5 =X = U'(1/B)\/1 ~ 1/3/(\91!\/5), as A 1 1/8. By

(2.48), (F(1/8) — F(\)/\/1/8 =X = (1/2) 06T|©; |\f/ B(1/B) /1 —1/B). Therefore,
F'(1/3—) = 00, so, F is essentially smooth A=1/Fand XA < X.

Suppose that B < 1. By (A. 2), baT # 0. Also, A=X=1. By (A 3), (2.42a), and
(2.42b), P;(A) has limit P(1) = —(Al—rl)/(ba ) when A 1 1and (Py(A\)—Pi(1))/vV1 =X —
©11/1 — B/((baT)?c ) as A T 1. By (2.45), (2.46), and (A.4), po(\) = —(ag—ry —bB3)/bo ™,
as A T 1, which quantity we denote by po(1). By (2.45), (2.46), (A.3) and (A.4), one can
expand as follows (either by hand or by the use of Mathematica): as A 1 1,

pg(/\) :pg(l) — Kl\/l . — K2(1 - /\) +0(1 — )\),

where

1 ool (Ay —ry)

m (61— —0—7

)pg(l) + T —Qq + P1(1)<82 — O'ﬁ))
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and
ool b3 0y —op

————p2(1
(boT )21 pa(1) + boT - (boT)2c1
By (2.48), F/(\) has a finite limit as A T 1, which we denote by F'(1). In addition,

K2:

o F) = F) 00718yl - B
MooV T—X 2(boT)2ct

implying that F'(1—) = oo, so, F is essentially smooth and A<,

Let us consider the case that § = 1, so, (4, —r1) (00T (A1 —r1) —2010b") = 0. One has
that \ =X =1, D(\) = Oy, P,(\) = (—ab"c (A — r))/((L=X)/Aoo” +obTcbo™) and
p2(A) = —E()\)/O;. Thus, if boT = 0, then A; —r; = 0 and P(\) = 0. If bo? # 0, then
Pi(1) = —(A; —ry)/(baT), P/(1) = —o0T(A; —r1)/((boT)3c™Y), and PJ(1) = 2007 (A; —

1)/ ((boT)3c™) (1 — o0 /((bo™)?c™)) . Since

Al -7+ bO'Tpl(l) = 0, (A5)

E() is continuous and differentiable on [0, 1], see (2.46), so is pa(A) . By (2.48), if ag — 1y —
bB +boTpy(1) # 0, then F(A) — 00, as At1,s0 A < A. If

a9 — Ty — bﬁ + bUTpg(l) = 0, (AG)

then

1
a0l P(1)

F(1) =z 00 pa(1)* + (=B 4 O2)p2(1) + 12 — a2 + | B> + 9

F'(1=) = a0 ph(1-)pa(1) + ic (bo' py(1=) = bB)* = fT o pa(1) + (—05 + 02)p5(1-)
+ro— o+ < \5|2 —UUTP’(l ).

As one can see, F()\) is not essentially smooth. We obtain that A < X if and only if
F'(1=) > ¢, otherwise A = 1. It is noteworthy that (A.5) and (A.6) represent conditions
(2.50a) and (2.50b), respectively.

The cases where § > 1 and F(\) — 0o as A 1 1/5 and where § < 1 have been analysed
in Pham [34].

B Proof of Lemma 2.1

Suppose that the matrix o(z)Qi(z)o(z)” is uniformly positive definite. Then
|Q1(z)o(x)Ty| > kily|, for some k; > 0, all x € R and all y € R¥. Since |o(x)Ty|? =
yTo(x)o(z)Ty < k*|3ly|?, for some ky > Ky, we have that

(I — Qu(2) < VIo@tyP —klyP _ [ K

o ()" yl - o () Ty] k3
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Therefore, since I}, — Q1 (x) represents the operator of the orthogonal projection on the range
of b(z)T, given z € R™,

2

(o)) ()= < 41— 2L loa) )],

2

so nonzero vectors from the ranges of o(z)T and of b(x)? are at angles uniformly
bounded away from zero. Conversely, if (o(z)Ty)Tb(z)T2 < pilo(z)Ty||b(x)"z|, for
one e 0.0, ten [~ Quoloe)'y| < plola)'y o tht [Q1r)o(o)s] ~
V0o (@) y? = (I — Qu(@))o(x)y[> > (1—p1)lo(x)"y| > (1—p1)paly| , the latter inequality
holdlng by o(z)o(z)T being uniformly positive definite, where ps > 0. Thus, the matrix
o(z)Q1(z)o(z)T is uniformly positive definite if and only if "the angle condition” holds.
Since the angle condition is symmetric in o(z) and b(x), it is also equivalent to the matrix
c(z) — b(z)o(z) (o(x)o(x)!)to(x)b(x)T being uniformly positive definite.

In order to prove the second assertion of the lemma, let us observe that

B(x)" Qa(w)B(x) = B2)" Qi(x) (Iy—Q1(x)o(2)" (0(2)Q1(2) Q1 (x) (2)") o () Q1 () Qu(x) B() |

so, if B(2)TQo(z)B(x) is bounded away from zero, then, by |Q;(x)3(x)| being bounded, there
exists p3 € (0,1) such that, for all z € R?,

(1= p3)|Qu()B(2)] > (Qu(z)o(2)" (0(2)Qu(2)Qu(z)o(2)") " o(2)Qu(x)) Qi (z)B(x).

The righthand side representing the orthogonal projection of @Q1(x)f(x) onto the range of
(o(2)Q1(x))T implies that, given y € R!,

(Qu(2)B(x))" Qu(x)o (@) yl < (1 = p3)|Qu(2)B(x)]|Qu(x)o(x) "y,

which means that Q;(z)3(z) is at angles to Q,(z)o(x)Ty which are bounded below uniformly
over y. The converse is proved similarly.

C

Lemma C.1. Given LER, m e P, andv € L2(R!, R™ m(z) dx), the sets

{AeR: AL — inf /ﬁ(:c, A fyv)ym(x)de > o}
fect

are compact for all a € R .
Proof. By (4.7),
inf /H(m;)\,f,v)m(x) dx = inf /()\M(v(x),:r)

feC VfeLy? (RLR!m(z) dx)
R!

5 AN (@), 2)+0 ()91 0) P49 ()T 0(a) — 5 9 ()"




The infimum is attained at V f(z) = Ag1(z) + ga2(x) , where

g1 =—1((c(-)a(-)") o ()" N(v(-), ")),
DIl )

with II representing the operator of the orthogonal projection on Lé’2(Rl,Rl,m(x) dx)
in  L*RY,R,m(z)dr) with respect to the inner product (hy,hs) =
J b ()T o(x)o(x)" ho(x) m(z) da . Therefore,

AL — flélg H(x; A\, f,v)m(z) dz

/ Mo () dz — / 91(2) o (2)0 (@) ga(&)m(z) d)

1

45 [ @ o) mwme) do- / N (), )1 (o) (@) (@) g1 () () do

R!

Since projection is a contraction operator,

/91($)TU($)0($)T91($)W($) dx < /N(U(SC),x)TU(fE)T(U(x)O(fE)T)_IU(IF)N(U(IE)aI)m(l“) da .
R! R!

As mentioned, by condition (N), 3(z) does not belong to the sum of the ranges of b(x)"
and of o(z)T. By (2.4b), N(u,z) does not belong to the range of o(z)T, for any u and
x. Therefore, the projection of N(v(x),x) onto the null space of o(z) is nonzero which
implies that |N(v(x),z)|?> — N(v(z),z) o(x)? (o(x)o(x)T)to(x)N(v(z),z) is positive for
any x , so, the coefficient of A\? on the righthand side of (C.1) is positive, yielding the needed
property. ]

The next result seems to be ”well known”. I haven’t been able to find a reference, though.

Lemma C.2. For arbitrary k > 0,

R‘Xt

lim sup Ee" ¥t < .

t—00

Proof. We prove that, if v > 0 and is small enough, then

. 2
lim sup Ee"¥" < 00
t—o0

By (2.2), there exist K; > 0 and K, > 0 such that, for all z € R!, 0(z)T2 < —Kj|z|* + K.
On applying [t6’s lemma to (2.1) and recalling that o(z)o(x)? is bounded, we have that, for
some K3 >0andallieN,t>0,

dE|X,|* < —2i K\E|X,|* dt + 2° KsE| X, |* 2 dt .

o1



Hence,

t
E|X/|* < E|Xo|*e 25! 4 242 e 201 / R X, P2 ds (C.2)
0
Let )
M;(t) = = sup E|X,[%.
Z! s<t
By (C.2),
E|Xo[* K3
M;(t) < FIa i, i—1(t) -
Hence, if yK3/K; < 1, then
— 1 — 7'E|X,[* 1 2
EeN I < M (t) < el | Ee X0l
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