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HpI/IMI/ITI/IBHO PEKYPCHUBHBIE aﬂreﬁpanquKMe CTPYKTYPhbI 1 KOIIIPpYEMbI€ KJIaCChbI

. III. KAIuMYJIJIVH

B mokmame 6ynyT oOCyXIaThCs BOIMPOCHI MPUMHUTUBHO PEKYPCUBHOW MPEOCTABUMOCTH
Pa3INIHBIX KJIACCOB ajirebpanmdeckux CTPyKTyp. llpum aHaam3e MOMYYEHHBIX MOKJIAITHKOM
(coBmectro ¢ A. T'. Menbuukosbiv, P. Musiepom, K. M. Hr u npyrumu) pesynbraTos Gbiia
obHapyXKeHa TeCHasl CBSI3b MeXIY NPUMUTUBHO PEKYPCUBHON IIPENCTABUMOCTLIO W BBEIEH-
moro A. MonTan6aHoM MOHATHSA KOMUPYEMOIo Kjacca ajarebpamdeckKux CTPYKTYpP. IDTO IO-
HATHE, OIpENeIeHHOE B TeEPMUHAX OECKOHEUYHOW UTPHI IBYX UT'POKOB, OBIJIO BBEIEHO IJIs CHU-
CTEeMATHU3AINI UMEIOIITIXCS B TEOPUH BBIUNCIUMBIX MOIEJIEH TOCTPOEHNH, HATIPSIMYIO HE CBsI-
3aHHBIX C IPUMUTUBHON pekypcueit. [losToMy cooTBeTCTBUSI, OOHAPYKEHHBIE MEXKITY TBYMS
Pa3IMIHBIMUI IIOOXOOAaMM, ABJIAIOTCA OOCTATOYHO HEOXKNOAHHBIMU.

Kazancruii (ITpusoascckud) dedepasorvri ynusepcumem, Kazanp
E-mail: ikalimul@gmail.com
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HpOCTbIe IIpaBOAJIbTEPpHATUBHBIE CyIllepaJire 6pI:>I

C. B. ITyenuHUEB, O. B. IIIAIKOB

B mocnennue mosBeka 3HAYNTEIBHBIN MHTEPEC aareOpancToB OBLI CBSI3aH C U3YUYEHUEM
cynepanrebp. Tak, u3yueHuneM IPOCTHIX CymHepajreOp B pa3IUIHBIX MHOTOOOPA3UIX 3aHU-
manuchk MHOorue crenuanuctel: Y. T.K. Yomr (accommarususie), B.I'. Kan (muess, itopna-
HoBol), U.JI. KauTop (itopmanossr), E.M. 3ensmanos (anmbrepHarusnble, opnanossr), V.I1.
[lecrakos (ambrepHarusable, (—1, 1), HOpaaHOBBEL, HEKOMMYTaTUBHBIE TopaaHoBsl), M. Pa-
cun (ftopmanoser), K. Maprunec (itopnanoser), B.H. 2Kens6un (fiopnanoser), A.Il. IToxn-
naes (HEKOMMYTATUBHBIE HOPIAHOBBI).

3amada onmucaHMs MPOCTHIX KOHEUHOMEPHBIX TPABOAIbTEPHATUBHBIX CyTepaarebp Obiia
copmymuposana U. I1. [lecrakosbiv B [1].

OCHOBHBIM DPE3yILTATOM UCCICIOBAHUS SIBIISIETCS OMUCAHNIE MPOCTHIX KOHETHOMEPHBIX
VHUTAJIbHBIX MIPABOATBTEPHATUBHBLIX CyHmeparebp ¢ MOIympoCTOl YeTHOH dacTbio. [loka-
3aHO, UTO BCIKasg Takas cylepaireOpa sSBIIsSeTcs In00 MPOCTON aCCOMUATUBHON MATPUIHON
anrebpoir Yosuta, aub0 IpocTol ajibTepHaTUBHON cymnepasrebpoit [[lectakosa, mubo acum-
MeTpUYHBIM y6sem, mubo abeneBolt cynepaireOpoit tuna By, n > 2, umn B2|2(1/).

Kpome Toro, momyTHO MOTyUeHO OnucaHue IpaBoaIIbTEPHATUBHBIX Cyepaarebp ¢ mpo-
CTOU YeTHOW YacThio; BCIKasd Takas cynepairebpa nambo mpocTa, aubO MMeeT HedeTHYIO
YaCTh C HYJIEBBIM YMHOXKEHIEM.

Hasee, knaccu@uImpoOBaHbI TPOCTHIE TTPABOAIILTEPHATUBHBIE CYTIePaAIreOphI IPU A0
HUTEIBHBIX OTPAHUYCHUSIX HA YETHYIO JacTh. llomydeHbl onucanHusi TPOCTHIX KOHETHOMED-
HBIX TIPABOAILTEPHATUBHBIX CyHepaire6p abernesoro Turma [2]; ¢ acCOnuaTuBHO-KOMMY TATUBHON
YeTHON YACTbhIO [3]; CHUHIYIIPHBIX cymepaire6p pasmeproctu 5 u 6 [4, 5]. Onucansr mesH-
TpaJjibHBIE MPOCTHIE YHUTAIBHBIE TPABOAIbTEPHATUBHBIE Cyeparebpsr abeeBa TUMa mMpo-
M3BOJILHOI Pa3MEPHOCTH, Y KOTOPBIX Y6THAs YaCTh SBJISLETCS mojeM [6].

[Tomyueno onucanure CTPOEHUs TPOU3BOIBHBIX KOHEYHOMEDPHBIX YHUTAIBHBIX IIPABOATH-
TEePHATUBHBIX CyHepayrebp, sBIISIOIINXCS ATbTEPHATUBHBIM OUMOMYJIEM HAJ TIOIYyIPOCTONR
YEeTHON YacThIo [7].
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TeOpeTI/IKO-MOI[eJ'IbeIe CBOIICTBAa OeJIMMBbIX 2KEeCTKMUX T'PDYIIII

H. C. POMAHOBCKU#

Paspermumas rpynma G Ha3biBaeTCs M-XKECTKOM, €CIIM B HEHW CYIIIECTBYeT HOPMAaJIbHBIN

P TOATPYIIT
G=G1>Gy>...>Gp >Gpy1 =1,

dakTopsl koToporo G; /(41 abeneBsl U, paccMaTpuBaeMble Kak (IIpaBble) MOMIYJIN HA TPYTI-
noBeIM KObIOM Z[G/G;], e umeror kpydenus. I[IpumepamMu Takumx TDYNI CIIyKAT CBO-
OOmHBIE M-CTYIEHHO Pa3pelInMble IPDYINBI U UTEPUPOBAHHLIE CIJIETEHUS 11 HETPUBUAIL-
HBEIX a0esleBbIX I'pymnn 6e3 Kpydenus. Ecau nomosmuuTenbHO siieMeHTH hakTtopa G;/Giyq
NeJIITCS Ha HEHyJeBble siieMeHTHI Konbla Z[G/G;| To rpynna G Ha3bIBaeTCs OEINMON, B
sroMm citydae G;/Gi+1 ABISIETCS BEKTOPHBIM IPOCTPAHCTBOM HAJ TEJIOM YACTHBIX KOJIbIIA
Z|G/G;] (cooTBeTcTBYyIOIIICE TEIO YACTHBIX CyllecTByeT). B mokmane GymyT pasbupaTbes
CTIeyIole acIeKThl TeOPUU MoIesell NeIUMBIX M-XKECTKUX T'PYHI: IOJHOTa TEOPUU, W-
CTabUIBHOCTD, 3JIeMEHTapHBIE MMOAMOMENIH, 3JIMMUHAINS KBAHTOPOB, OTHOPOIHOCTBL, (POp-
MyJbHBIE TTOATPYIIIHL.

Hnemumym mamemamuru um. C. JI. Coboaesa CO PAH
E-mail: rmnvski@math.nsc.ru
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Theories of Tarskian truthpredicates and reflection principles

L. D. BEKLEMISHEV

We study extensions of Peano arithmetic by iterated truthpredicates satisfying Tarski
biconditionals for truth. We consider reflection principles for such theories and study the
associated reflection algebras from the point of view of modal logic. On the basis of these
methods we obtain conservation results and the results characterizing proof-theoretic ordi-
nals of such theories in various levels of the hyperarithmetical hierarchy. These theories can
then be related to the standard second-order theories of “predicative” strength, which gives
an alternative method of analysing these well-known systems.

Steklov Institute of Mathematics, Moscow
E-mail: 1bekl@yandex.ru
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Maltsev products in investigating lattices of quasivarieties

W. DZIOBIAK

Lattices of quasivarieties which in the literature are called Q-lattices have been inves-
tigated for five decades. The investigations have been proposed independently by Garrett
Birkhoff and Anatolii Ivanovich Maltsev in [2] and [7], respectively, in the form of the
following question: Which lattices are Q-lattices?

Many significant results during that period have been achieved and were partially doc-
umented in the book [3] and summarized in the survey article [1]. The achieved results had
an impact on developing Universal Algebra which was acknowledged in the Epilogue of the
book [4] by including the effort of investigating Q-lattices into one out of the five stimulating
factors of developing Universal Algebra. The paper [5] is excellent recent evidence of that
impact.

Based on the results achieved Q-lattices are either truly complex or tractable. Not much
is known about Q-lattices which are at the middle. That is, not much is known about which
Q-lattices satisfy a non-trivial lattice identity but which are not distributive. The goal of
the talk is to propose a method which suggests a way to fill out this gap. The method is
based on the concept of Maltsev product introduced in [6].

Theorem. For quasivarieties of lattices KC and L, if each of K and L satisfies a non-
trivial lattice identity, not necessarily the same one, then so does the Maltsev product Ko L.

In the talk, we display applications of this theorem amongst which will be a positive
solution of a long standing open problem which is: Is there a quasivariety that is relatively
finite-to-finite universal but not Q-universal.

The results presented in the talk are jointly obtained with M.E. Adams or with M.E.
Adams and H.P. Sankappanavar.
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Constructive classifications of logics

L. MAKSIMOVA

Perceptibility and recognition

Classifications of logics are considered over the Johansson minimal logic J and modal
logics.

Let Ly be a J-logic, L be a finitely axiomatizable logic containing L. Say that L is
perceptible over L if there is an algorithm verifying for any formula A, if the inclusion
Lo+ A > L holds; L is strongly perceptible over L if there is an algorithm verifying for
any finite set Rul of axioms and rules of inference, if the inclusion Ly 4+ Rul > L holds;
L is recognizable over L if there is an algorithm verifying for any formula A the equality
Lo+ A = L; L is strongly recognizable over Lg if there is an algorithm verifying for any
finite set Rul of axioms and rules of inference the equality Lo+ Rul = L.

Proposition. (1) The logic Int is recognizable over J.

(2) The logic Neg = J + L is strongly recognizable over J.

It is unknown if Int is strongly recognizable over J.

Tabularity and pretabularity
Theorem. Tabularity and pretabularity are decidable over J and S4. All these pretab-
ular logics are recognizable.

Slices and levels

There are two extensions over J of T. HososTs slices over Int. Denote

o = P0> Tnt1 = Pnt1 V (Pns1 = Tn), Ao = L, Tt = Dng1 V (Pnt1 — An)

A J-logic L is a logic of the n-th slice, if it contains 7, and does not contain m, _1; it is
the logic of the n-th level, if contains A,, and does not contain \,,_;.

1. The set of J-logics of the infinite level is strongly decidable.

2. The number of any level over J is strongly calculable.

3. The number of any slice over J is calculable.

4. The number of any finite slice over J is strongly calculable.

Problem. Is the set of finite-slice logics over J strongly decidable?

5. The number of any slice over Gl= J+ p V —p is strongly calculable.

So the classification by slices is strongly calculable over GI.

Interpolation properties
All variants of interpolation properties are decidable over Int and S4.

REFERENCES

[1] Maksimova L. L., Yun V. F. Extensions of the minimal logic and interpolation problem. Siberian Math.
J., 59, 4, (2018), 681-693.

[2] Maksimova L. L. Classification of extensions of the modal S4 logic. Siberian Math. J., 54, 6 (2013),
1337-1352.

Sobolev Institute of Mathematics, Novosibirsk
E-mail: lmaksi@math.nsc.ru
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Punctual computability

A. MELNIKOV

I will talk about the recent significant progress in the study of “online” (punctual)
presentations of algebraic and combinatorial structures. Such studies lie at the boundary
between constructive model theory and feasible algebra. Remarkably, the powerful degree-
theoretic techniques can be used to derive unexpected corollaries on punctual presentations
of common algebraic structures such as countable graphs, linear orders, and finitely gener-
ated groups. I will also discuss several counterintuitive pathological examples, including the
recently announced joint result with Ng on structures with finite punctual dimension.

Massey University, Auckland (New Zealand)
E-mail: alexander.g.melnikov@gmail.com
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Malcev’s problems, weak second order logic, and bi-interpretability

A. MIASNIKOV

Malcev’s problems on definable subgroups of a free non-abelain group F' were solved a
few years ago by Kharlampovich and Miasnikov and also by Perin, Pillay, Sklinos, and Tent.

It turned out that only cyclic subgroups are definable proper subgroups of F'. Similar
results hold for torsion-free hyperbolic groups. On the other hand, in finitely generated
abelian groups only subgroups of finite index and the trivial subgroup are definable. One
may consider the following question: what are finitely generated infinite groups where all
finitely generated subgroups are definable? Furthermore, are there any interesting infinite
groups G where finitely generated subgroups are uniformly definable, i.e., for each natural n
there exists a first-order formula D, (z,y1,...,y,) such that for any elements g1,...,g, € G
the formula D, (x,g1,...,gn,) defines in G the subgroup generated by g¢i,...,¢,7 Surpris-
ingly, there is a wide variety of finitely generated infinite groups with uniformly definable
subgroups. Such questions are part of a much bigger problem about the expressive power of
the first-order logic in groups (or rings, or arbitrary structures). I will discuss this problem
and its connections with the weak second order logic and bi-interpretability.

Stevens Institute, Hoboken, NJ (USA)
E-mail: amiasnikov@gmail.com
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Algebras of Monster type and the double axis construction

S. SHPECTOROV

Axial algebras are commutative non-associative algebras generated by special semisimple
idempotents called axes. Classes of axial algebras are distinguished by the fusion rules which
restrict multiplication of eigenvectors with respect to the adjoint action of an axis. When
fusion rules are graded, every axis leads to a group of automorphisms of the algebra, and in
this way, axial algebras are inherently related to groups. The motivating examples of axial
algebras are the Jordan algebras, corresponding to classical and some exceptional groups, as
well as the 196, 884-dimensional real Griess algebra for the Monster sporadic simple group.
The axioms of axial algebras descend from the Majorana algebras of Ivanov [1]. Tt is hoped
that within the paradigm of axial algebras we can build a theory involving all or most of
the finite simple groups.

The class of algebras of Jordan type 1 was introduced by Hall, Rehren and Shpectorov
in [2], where it is proved (see also [3]) that, for n = 12, the only algebras arising are the
Matsuo algebras corresponding to the 3-transposition groups. The case n = 12, where the
Jordan algebras arise, remains open.

The class of algebras of Monster type generalizes both the algebras of Jordan type
and the Griess algebra. Until recently, the Griess algebra, its known subalgebras and a
few individually computed algebras for small groups were the only known additions. In
the talk we will discuss the double axis construction which is a rich source of examples of
algebras of Monster type. It originated from the GAP computations performed by Galt,
Mamontov and Staroletov, the 34, and it was then developed by Joshi [4] and by Galt, Joshi,
Mamontov, Shpectorov and Staroletov in [5], where, in particular, the algebras arising from
the symmetric groups were determined. More recently, Hoffman, Rodrigues and Shpectorov
[6] completed the case of the unitary groups over the field with four elements.

REFERENCES

[1] Ivanov A. A., The Monster Group and Majorana Involutions, Cambridge Tracts in Mathematics 176,
Cambridge University Press 2008, 252 pp.

[2] Hall J.I., Rehren F., Shpectorov S., Primitive axial algebras of Jordan type, J. Algebra 437 (2015),
79-115.

[3] Hall J.I., Segev Y., Shpectorov S., Miyamoto involutions in axial algebras of Jordan type half, Israel J.
Math. 223 (2018), 261-308.

[4] Joshi V., Double axes, MRes thesis, University of Birmingham, 2018.

[5] Galt A., Joshi V., Mamontov A., Shpectorov S., Staroletov A., Double axes and related primitive sub-
algebras in Matsuo algebras, in preparation.

[6] Hoffman C.G., Rodrigues B., Shpectorov S., Axial algebras of Monster type from unitary groups, in
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University of Birmingham, Birmingham (United Kingdom)
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Asymptotic and multidimensional asymptotic classes of finite structures

CH. STEINHORN

Asymptotic classes of finite structures and measurable structures were introduced by
Macpherson and the speaker in an effort to develop a model theory for classes of finite
structures that reflects contemporary infinite model theoretic themes. Current research
that generalizes these concepts to what are called multidimensional asymptotic classes and
generalized measurable structures will be emphasized. Much of this most recent work is
joint with Macpherson, S. Anscombe, and D. Wolf.

Vassar Colledge, Poughkeepsie, NY (USA)
FE-mail: steinhorn@vassar.edu
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Reconstructing the topology on monoids and polymorphism clones

J. K. TrusS

We are interested in formulating conditions on a first order structure which ensure that
it can be ‘reconstructed’ from its automorphism group G. Classically this is often done
by appealing to the ‘small index property’ (SIP) for G, in cases where this holds. If we
attempt to carry out a similar project for monoids of structure-preserving maps (either
embeddings, or general endomorphisms), where SIP makes no sense as Lagrange’s Theorem
is false, we are led to a topological formulation called ‘automatic homeomorphicity’ of what
is required, proposed by Bodirsky and Pinsker. In joint work with Mike Behrisch and Edith
Vargas-Garcia, we present results of this kind for the rationals as an ordered set, and also
for corresponding polymorphism clones.

University of Leeds, Leeds (UK)
E-mail: J.K.Truss@leeds.ac.uk
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Permutation groups and coherent configurations

A. V. VAsIL'EV

Starting in the late 1960s, the theory of coherent configurations has now become one
of the central parts of algebraic combinatorics. The main goal of this theory is to provide
a common method to study symmetries of combinatorial objects. So it is not surprising
that permutation groups provide a rich source of coherent configurations. In fact, there
is a natural Galois correspondence between subgroups of symmetric group on a set {2 and
coherent configurations defined on €2. The closed objects with respect to that correspondence
are 2-closed permutation groups and schurian coherent configurations. In our talk, we will
discuss these notions from various points of view: algebraic, combinatorial, algorithmic. We
will also address the question how one can effectively solve the following problems.

2-Closure Problem. Given a permutation group on a finite set, find the 2-closure of
it.

Schurity Problem. Given a coherent configuration on a finite set, determine whether
or not it is schurian, and if so, find a permutation group associated with it.

Sobolev Institute of Mathematics and Novosibirsk State University, Novosibirsk
E-mail: vasand@math.nsc.ru
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Completely reachable automata: an interplay between transformation
semigroups, finite automata, and binary trees

M. V. VoLKoV

We present recent results by the speaker et al. related to finite deterministic automata
in which every non-empty subset of the state set is reachable. Motivations for studying
automata of this sort come from Cerny’s celebrated conjecture about synchronizing finite
automata as well as from certain questions in the theory of transformation semigroups.

Ural Federal University, Ekaterinburg
E-mail: m.v.volkov@urfu.ru
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Anabelian geometry in a model theory setting

B. ZILBER

I will present a model-theoretic formalism for treating analytic and pro-etale covers of
algebraic varieties. This allows a reformulation of Grothendieck’s anabelian geometry. It
also allows to consider questions of categoricity of respective theories (or rather abstract
elementary classes).

A series of results obtained in 2002-2015 for semi-abelian varieties demonstrated that
categoricity is equivalent to the classification of the action of Galois groups on the torsion
subgroups together with relevant Kummer theory. In anabelian cases categoricity leads
directly to conjectures about the action of Galois group on pro-finite fundamental group
first raised in Grothendieck’s “Esquisse d’un programme.”

University of Oxford, Ozford (UK)
E-mail: Boris.Zilber@maths.ox.ac.uk
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MamnbneBckue urerus 2019 Asrebpandeckas KOMOMHATOPUKA,

MaxkcumMmajibHOe ImepecedyeHue JIMHENHBIX 1 M30TOMHBIX MM KOIOB

C. B. ABryctunoBud4, E. B. 'OPKYHOB

Paccmorpum n-mepHoe nuseiiHOoe mpocTpancTBO V= F" Hanm koHeunbM mojieMm [ =
GF(q) u ero KOOpOIWHATHOE TIPENCTABICHNE B CTaHAAPTHOM 6asuce. [Ipon3BoiIbHOE TOMMHO-
xkectBo C' C V maswiBaercs kodom miauubl n. Kom, oOpasyromimii moampocTpaicTBo B V),
AUHEUHBIT. DITEMEHTHI KOIA HA3BIBAIOTCSI KOJOBbIMU CA06AMU.

Hanmomumm, urto paccrosiaue Xommunra d(zx,y) Mexmy BeKTopamu &,y € V ompemne-
JIAETCS KOJIMYECTBOM KOOPAMHAT, B KOTOPBIX paznmuatorcs T u y. Yucio w(zx) = d(0,z)
oTpaxaeT eec BekTopa r € V. MuHuMamgbHOE HEHYIIEBOE PACCTOSHEIE MEXKIY KOTOBBIMUI
cnoBamu kona C' € V' HaswbiBaercs k0dosbim paccmoguuem C u oboznadaercs depes d(C).

[lycts 0 = (01,02,...,0,) — Ha0Op IEPECTAHOBOK M3 CHMMETPUUIECKON I'DYMIBI Sy,
MeNCTBYIOIIEH Ha drreMeHTax mojis F. X0opoIro n3BecTHO, 9TO mpeobpa3oBaHme TPOCTPAHCTBA
o:V — V, 3amaHHOe Ha TPOM3BOIBLHOM BeKTOpe T € V 10 mpasBuity

o(x) = (o1(x1),02(x2), ..., 0n(zs)),

COXpAaHsSIeT TOMapHbIEe PACCTOSHUS MEXIY BEKTOpaMu, T. €. sBIseTCs um3omeTpuein. M3ome-
TPUIO TAKOTO BuOa OyneM Ha3blBaThb U30Monued.

Isa koma C,C" C V uzomonmwi, ecnu C' = o(C') mis HEKOTOPOI U30TOMNMA ¢ TPOCTPAH-
crBa F. Kom, n30TONHBIN TUHETHOMY KOMY, HA30BEM N.CEBJ0AUHETHBIM.

Paccvorpum nunettabiin kom C' < V' ¢ KOIDOBBIM pacCTOSITHUEM HE MEHbINE 2 U TOMNeN-
CTByeM, HaIIpUMeD, Ha IEePBYI0 KOOPAMHATY KONOBBIX cyioB Tpancnosunueit (01). O6pas kona
C npu Takom oTobpaxkenun obozaaunMm depes C'. Tlockonbky C' JUHETHBIN, I KAXKIOTO
sanemenTa a € [F B Kome COMEPXKUTCS OOUHAKOBOE KOJIMYECTBO KONOBBIX CJIOB CO 3HAUEHHEM
MEPBOIl KOOPIAMHATHI, paBHBIM a. [losTomy |C N C'| = %|C |

OxaspiBaeTCsl, yKa3aHHOE YHCJIO OTPaXKaeT MaKCUMAJIBLHYIO MOIIHOCTD IepecedeHus He
TOJIBKO [JIs JIMHEWHOTO M M30TOITHOTO €My IICEBIOIMHEHOrO KOMIOB, HO U IJIs IBYX IIPOM3-
BOJIBHBIX TICEBIOJIMHEHBIX KOMOB. B HacToser paboTe mOKa3aHa

Teopema. /[1s pazmuunbix ncesposunenubx konoB Ch, Cy C 'V onmHAKOBOI MOIIIHOCTH
IMEEeT MEeCTO

-2
101N Cy| < qT\cl|.

OTa TeopeMa yCTAaHABINBAECT MUHUMAIBHOE MEXKKOIOBOE PACCTOSHIE B KJIacce JIMHei-
HBIX U UM U30TOIHBIX KOHOB onHOM MortHoCcT M. VIMeHHO, eciin pacCTOsTHIE MEXTY KOOaMU
U3MEPSITH MOITHOCTBHIO UX CUMMETPUIECKON PA3HOCTH, MOy INM, UYTO MIHIMAJILHOE PACCTO-
SHIIE B YKa3aHHOM KJjlacCce PaBHO %M .

Apropwr 6naromapusr 1. C. Kporosy m B. H. IloramnoBy 3a mosesHnble 3aMedYaHUs II0
CYIIIECTBY HACTOSIIIEN PAOOTHI.

HAnemumym mamemamuru um. C. JI. Cobosesa, Hosocubupck; Hosocubupckutl 2ocydapcmaenmnvit yru-
sepcumem, Hosocubupck
E-mail: avgust@math.nsc.ru, gorkunov@math.nsc.ru
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ITonuocThIO peryJjidspHable KOObI B n-MepHof/'[ KBaI[paTHOf;I peiieTke

A. FO. BACUIILEBA
Hns mpoussosbHOTO perysspuoro rpada G = (V) E) u nonmuoxectsa C C V' ero Bepuun

onpenenum C; Kak MHOXeCTBO BepInH Ha paccrosuun i or C' (i =0,1,...,diam(G)). Muo-
xkecTBO C' HA3LIBAETCS MOJIHOCTHIO PErYILIPHBIM KOoM B rpade (G, eciu i1 IPOU3BOILHOIO
i=1,...,diam(G) nBynonbusIi rpad, nopoxnennsiil noiaaymu C;_1 u C;, sBisieTcs Gupery-

JIIPHBIM; yIOPSIIOYEHHBI HaOOp cTeneHell 3Tux rpadoB HA3bIBAETCS HAOOPOM ITapaMeTpPOB
KOIIa.

I'pad G,, n-MepHOI KBaApPATHON PEIIETKN — 5TO rpad ¢ MHOXKECTBOM BepIIuH Z™, B KO-
TOPOM [IB€ BEPIINHBI COeNUHEHBI PeOpOM, €ClIM OHU Pa3iIMYaloTCs POBHO B OMHOM pa3psiie
pPOBHO Ha enuHuUIly. VI3BecTHO, YTO B 3TOM rpade JIF060H MOTHOCTHIO PETYIISIPHBIN KO MMEeT
KOIIOBOE PACCTOsHEE He Gostee 4 u paauyc MOKphITUs He Gosiee 2n (IpuyeM 3Ta OleHKa IOCTH-
KIMA), OMHAKO IJIs IIPOU3BOILHOTO 1 > 3 HET HE TOJBKO KIIACCU(DUKAINN BCEX MOTHOCTHIO
PeryIsSpHBIX KOIOB, HO HakKe UX IIapaMeTpOB.

Paccmorpum rpad D,,, monygaemsrit u3 GG, 1 nobasienueMm Bcex pebep Buma

((al, c ,an_l), (a1 +1,....a,_1+ 1)), (al, . ,an_l) S Zn_l.

'pad D,, moxuO onyuuts u3 G, romoMopdusMoM h,,, Ipu KOTOPOM OTOXKIECTBIISIOTCS BCE
BEPIINHBI, PA3INYAIoNInecs Ha BeKTop (a,...,a), a € Z:

hy : Gn — Dy, fr(ar,...,an) = (a1 — Gpy ooy Gp1 — Gy).

[TosToMy 13 TF060T0 TOTHOCTBIO PETYISIPHOTO Kona B L), 06paTHBIM TOMOMOPGU3MOM MOXKHO
MIOJIYYUTD TTOJTHOCTHIO PEryIIPHBIN Koi B (.

I[Ipu n = 3 rpad D3 — 10 rpad GECKOHEUHON TPEYTOJIBLHOW PEIIeTKM, MJIsS HEro BCe
MIOJTHOCTBIO PErYIISIPHBIE KOMIBI MEPEUYNCIIEHBI, MPUYEeM OKa3aJioCh, UTO WX PaINyC TOKPHI-
Tus He npeBocxomuT 2 (B rpade ke Gz BepXHssa NOCTUXKUMAas oueHka - 6). B mannoit pabore
MeJTIaeTCs TOMBITKA 0000ITIEHNST TIOJTHOCTBIO PErYIISPHBIX KOIOB B TPEYTOIBLHOI PEIeTKE C pa-
IIIyCOM TIOKPBITUS 2 Ha ciaydain rpada D, oI Tpou3BOJIBHOTO M.

Hnemumym mamemamury um. C. JI. Coboaesa CO PAH, Hosocubupck
E-mail: vasilan@math.nsc.ru
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O6 aBTOMOpGdU3IMaxX HEGOJILIINX AUCTAHIIMOHHO PETryJISIPHBIX rpadoB C
MaccuBamu nepeceyeHun {nm —1l,nm —n+m —1,n —m+ 1;
1,1, nm —n+m — 1}

M. II. TOnyBYITHUKOB

B pa6ore [1] u3y4enbr MACCUBBI IIepeceUeHNil TUCTAHIIMOHHO PeryIspHbix rpados [ nua-
MeTpa 3, 1 KoTopbix rpad ['3 aBigercs mcepnoreomerpudecknM s cetu pGy(l,t). B [2,
TeopeMa 2| HafleHbl GECKOHEUHBIE CEPUE NOIYCTUMBIX MACCHBOB IIEPECEYEHUIT TaKUX Ipa-
doB. B ciyuae ¢y = 1 umeem nBynmapaMeTpuueckyio ceputo {nm — l,nm —n+m —1,n —
m+1;1,1,nm —n+m— 1}, m < n. B [2] maiinersr npocTbie mOpsSaKn aBTOMOPGU3MOB 11~
CTaHIMOHHO PeryisapHoro rpada ¢ MaccuBoM nepecedenuit {nm —1,nm—n+m—1,n—m+
1;1,1,nm—n+m—1}. C nomorsio 5T0oro pesyiabrara B paboTe HalIeHbl aBTOMOP(GU3MBI -
CTAHIMOHHO PeryisipHbIX rpados ¢ maccuBamu nepeceuennit {90,84,7;1,1,84} (Teopema 1,
n=13,m =7), {220,216,5;1,1,216} (Teopema 2, n = 17,m = 13) u {272,264,9;1,1,264}
(Teopema 3, n = 21,m = 13). Haubosee mHTEpecHBIE CIIyuail BO3HUK MPU MCCIIEIOBAHIN
rpada ¢ maccuBoMm {272,264,9;1,1,264}, B 4aCTHOCTH CIpaBEIINBA CJIEMYIOIIAsS TEOPEMa,

Teopema. Ilycre ' saBrasgercs AUCTAHIIMOHHO DeryJISIPHBIM rpadoM ¢ MACCHBOM IIE-
pecevenmit {272,264,9;1,1,264}, G = Aut(T"), g — ssmemenT npocroro nopsnka p nz G u
Q2 = Fix(g). Torma n(G) C {2,3,7,11,13}, 21 gemur ao(g) u as(g), u BepHO OmHO U3
VTBEPKIeHU:

(1) Q — mycroit rpad, p € {3,7,13}, as(g) = 273pl m a1 (g) = 13pl + 3dps + 132 - 21 - 293;

(2) Q gBiasgercs T-xmukon, p = 2, as(g) = 21(26] + 16) um a1 (g) = 261 + 34r + 24;

(3) Q sBmgercs 273-kokmukoit, paccrosaue B ' Mexky J1Fo6bIMU ABYMSI BEPIITHAMIE U3
) paBHO 3 M p = 2.

(4) Q comepxkut reomesmueckuii 2-yTh b, a, ¢, ecmu A — cBsA3HAS KOMIOHEHTa rpaga (2,
comepzKalljas BEepIIUHY 4, TO Jubo p = 2, nubo auaverp A paBeH 3 u p = 3.

CnencrtBue. Ilycrs I' sBisercs nucTaHIIMOHHO peryJspHBIM rpagoM C MaCCHBOM IIe-
pecevenmit {272,264,9;1,1,264}, G = Aut(T"). Torzma |G| ne nemurcsa ua 17. B wactHOCTH,
I' He sBigeTcs pebepHO CUMMETPUIHBIM I'PaGOM.

WccnenoBanue BBIMOIHEHO 3a cuéT rpanTa Poccuiickoro mayunoro gouna (mpoekt 19-

71-10067).
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cations in Mathematics and Statistics 2019, v. 7, N 1, 69-83.

[2] Maxues A. A., Tony6staukos M. II. O6 aBTOMOpdU3MAaX MUCTAHIMOHHO PETYJIAPHBIX rpadoB ¢ Maccu-
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2019, 86.

Hnemumym mamemamuru v mexanuxu um. H. H. Kpacosckozo YpO PAH, Examepunbype
E-mail: mike_rul@mail.ru
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O6 aBTomopduimax rpada Ilumia ¢ maccuBamu nepeceuenunn {30,22,9;1,3,20}

K. C. EouMoOB, A. A. MAXHEB

Jlyis qUCTaHIMOHHO peryispHoro rpada auaMeTpa 3 BTOpoe COOCTBEHHOE 3HAaUCHUE 04
ne menbie min{as, (a1 + \/4k + a?)/2}, npudem B ciyuae 6; = a3 mo Teopeme 7 us [1]
nmeeM 01 = (a1 + \/4k + a?)/2. Tpadom [lunna HAZEIBAETCS AUCTAHIIMOHHO PETYJIAPHBII
rpad ' mmamerpa 3, mmeroruii coOCTBeHHOE 3HauUeHue 61, paBHOE a = a3. B sToM cityuae
a nemut k u nonaraot b = b(I') = k/a. Hanee, a1 = a — b u I mmeeT MaccuB mepecedeHuin
{ab,(a+ 1)(b—1),ba;1,co,a(b—1)}. B [1] xknaccudurnuposanst rpadpsr Hlumma ¢ b = 2 u
b=3.

Ilpenmnoxenue 1. Ilycre I' — gucrannmondo perymaspasii rpag Ilumaa c b = 2. To-
raa I mmeer maccus mepeceuennii {4, 3,3;1,1,2}, {6,4,4;1, 1,3}, {6,4,2;1,2,3}, {10,6,4; 1,
2,5}, {18,10,4;1,4,9}.

s KaxXXmoro m3 yKa3aHHBIX MACCHUBOB CYIIIECTBYET €OIMHCTBEHHBIN MUCTAHIIMOHHO pe-
TYJISIPHBIA Tpad — 3TO HeYeTHHIN rpad crerneHn 4, 0OOOIMIEHHBIN IITECTUYTOIbHIK TTOPSIKa,
(2,2), rpad Xommuura H(3,3), rpad Hopo u rpad Hxoncona J(9,3) coorBeTCTBEHHO.

Ilpennoxenne 2. Ilycte I' — mucranmmonso perysspaseii rpag Ilwumma c b = 3.
Torma I'" mmeer maccus mepeceuennii {12,10,5;1,1,8}, {12,10,2;1,2,8}, {12,10,3;1, 3,8},
{15,12,6;1,2,10}, {24,18,9;1,1,16}, {27,20,10;1,2, 18}, {30,22,9;1,3,20}, {42,30,12;1,
6,28}, 160,42, 18;1,6,40}, {69,48,24; 1,4, 46}, {93,64,24;1,6,62}, {105,72, 24; 1,12, 70}.

NsBectHO cymecTBoBanue rpada ¢ maccuBoM mepeceuennit {12,10,5;1,1,8} (sT0 yHU-
TapHBI HEM30TPONHEIA rpad ¢ ¢ = 4), HO HEU3BECTHA €AMHCTBEHHOCTH. CyIIeCTBYET eIuH-
cTBeHHBIN rpad ¢ MaccuBoM nepecedennit {12,10,3;1,3,8} (sro rpad Hopo). B [3-6] mo-
kazaHo, uTo rpadsl umna ¢ maccusamu nepceuenuin {12, 10,2; 1,2, 8}, {27, 20, 10; 1,2, 18},
{42,30,12;1,6,28} u {105,72,24;1,12,70} me cymecrsyior. 3tomspkuna H.II. u Maxues
A A. mamnm Bosmoxkuble aBToMOpdu3Mel rpada [Mumta ¢ maccuBom nepecevenwmit {15, 12, 6;
1,2,101} [7].

B namnoit paboTe n3ydarTcs aBTOMOP(MU3MBI THIIOTETUYECKOTO TUCTAHIIMOHHO PEryJIsp-
HOTO Tpada ¢ maccusoM nepecedenuit {30,22,9;1,3,20}.

[Iycrs I sBrseTcst AUCTAHIIMOHHO PETYISPHBIM I'padoM ¢ MaccuBoM nepeceuennit {30, 22,
9;1,3,20}. Torma I mmeer v = 14304220499 = 350 BepIiuH u CIIEKTP 301, 1063, 0154, —5132,

Teopema. Ilycts ' — nucTaHIIMOHHO pEryJISpHBIN rpad, IMEIINH MACCUB ITepeceve-
i {30,22,9;1,3,20}, G = Aut(T"), g — saement npocroro nopsaka p uz G u Q = Fix(g).
Torma w(G) € {2,3,5,7} 1 BBIIOIHACTCS ONHO U3 CICAYIOLINX Y TBEPKACHUIL:

(1) Q — mycroit rpag, mub6o p =7 u a1(g) = 35, as(g) = 105¢, mam as(g) = 350, au60
p=2maz(g) = 350;

(2) Q sgBasercs m-kokaukoi, () cOCTOMT W3 BEpIIUH, IONAPHO HAXOMALIMXCS HA Pac-
crosamn 3 B I', m < 30, p = 5, m gmemurcs Ha 5, aq1(g) = 50t — 25s + 10 m az(g) =
9m — 50t + 150s + 90;

(3) Q comepxur pebpo u sBasgercs o6beNUHEHTEM TI0 KPAHEN Mepe OBYX U30JIUPOBAH-
HBIX KJIHK, P = 2, BEPIIHHBI U3 PA3HBIX MAaKCHMAJbHBIX KUK rpaca () HaXomsTcs Ha pac-
crosauu 3 B 1", mopsaok mr060i MakcuMAaJIbHOI KUK U3 §) HeUeTeH U IUCI0 MaKCUMAJIbHBIX
kKJIHK B §) Y4eTHO;

(4) Q comepxkut reonesmyeckuit 2-mytb up < 7.

CnenctBue. Ilycts I' — mucrannmoHHO peryispHbIT rpagp) ¢ MACCHBOM MEPECEUCHUI
{30,22,9;1,3,20}. Torma I' e aBasgercs pebepHO CUMMETPUIHBIM IPadOM.
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K Bompocy o umciie mopoXaarlliux 3JIEMEHTOB HPUMUTUABHBIX
3/2-TpaH3UTUBHLIX TPy

M. A. 3BE3OMHA

O6o3uaunM uepes d(G) MIUHIMATIBEHOE YHUCIIO TTOPOKIAOIIIX SIIEMEHTOB KOHETHON T'PYII-
nel G. Eciiu G — npuMuTuBHAS TPYIIIA MONCTAHOBOK CTEEHN 7, TO 9ucio d((G) orpaHnaeHo
cBepxy GbyHKuumeil, 3apucsieir or or n (cM., Hanpumep, [1]). C npyroit ¢cTOPOHBI, U3BECTHO,
gro d(G) = 2, ecmu G — koHeuHas HeabeneBa mpocTas rpymmna. B [2] 6bu1o mokasaHo, 4To
d(G) < 3, ecmtu G — mourtu mpocTast rpynna. Takum o6pa3oM, st HEKOTOPBIX BaYKHBIX
Ks1accoB rpyni uucyio d(G) orpaHrnueHo KOHCTAHTON.

MpubI uccnenyeM BOIpoC 0 MUHIMAJIBHOM UHCIIE TIOPOXKIAIONIX TPUMUATUBHON 3/2-TpaH-
3UTUBHON T'PYIIBI MIOACTAHOBOK. TpaH3UTUBHAS IPYIINA MONCTAHOBOK HA KOHEYHOM MHOXKE-
crBe () HasbIBAETCA 3/2-TPAH3UTUBHON, eciu Bce opOouThl crabunmsaropa (G, TOYKH (v HA
muoxkecTse )\ {a} umenor onunakoByo HeemuHumuHyto munHy. Kiace 3/2-TpaH3uTUBHBIX
TPy BKIOUaeT B cebst rpynmsl Ppobernyca, 2-TpaH3UTUBHBIE TPYIIIBI U UX HEPETYIIIPHBIE
HOpPMaJIbHBIE TIOATPYIIIIEL.

PaGora Beimonaena B pamkax rocynapcrsernoro 3amaaus UM CO PAH (mpoext 0250-
2019-0001).
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O rpyiiiie KOJ'I.TII/IHeaI_II/If;I ITIOJIYIIOJIEBBIX ILJIOCKOCTEen IIopsaokKa p4

O. B. KPABIIOBA

W3BecTHas rumoresa 0 pazpemimMOCTy TOTHON TPYIIIBI KOJTHHeAH (aBTOMOP(U3MOB )
BCSIKOI TIOJTYTIONEBON HEME3aproBOll IIOCKOCTU KoHeUHOro mopsnka ([1], em. Takxe (2], Bo-
npoc 11.76, 1990 r.) He uMeeT OMPOBEPraOIINX KOHTPIPUMEPOB, HO [0 CUX TIOP HE MOJTY YnIIa
obrrero momxomna K nokaszaTeabcTBy. O6cCyXmas 5Ty TUIOTE3Y, TpemjaraeM pacCMOTPETD TI0-
JIYTIOJIEBBIE TIIIOCKOCTH, TPYIINA aBTOTONM3MOB (KOJIMHEANNH, (PUKCUPYIOIINX TPEYTOIbHUK )
KOTOPBIX UMeeT MOATrPYyNIy Jubo GaxTop-TPYyHIy, n30MOPHHYIO 3HAKOIEPEMEHHON T'PYIIIe
As Kak TOArpyIIne 3HAUNTETHLHONO KOJIMYECTBA, IIPOCTHIX HEAOEIEBBIX T'PYIIIL.

[Momnynonesbie MIOCKOCTH HEYETHOTO TIOPSAIKa, HomycKaorme As, omucansl B [3]. Hoka-
3aHO, B YACTHOCTH, ITO TOJYTIOJeBas MIIOCKOCTh mopanka pt (p — mpocToe) He momyckaeT
As B rpymme aBroTonu3MoB. M3ydas majee s IJIOCKOCTEH MaJjoro pasra (haxTop-TPYIILy
SL(2,5) mo uenTpy, nzoMopduyo As, IpUXOOIUM K HEOOXOOUMOCTH IOCIIEIOBATETLHOTO PAC-
CMOTPEHUsl MOArpymi, u30oMopdhHbIX Qs 160 SL(2,3). OTmeTum, 94TO B CHILy TEOPEMBI
PetiTa—ToMIcoHa O TPyNIax HEUYETHOTO TMOPSOKA MOCTATOYHO OTPAHUYUTHCS CUTYAIIUEH,
KOT[Ia TPYIIIa aBTOTOIMMN3MOB COOEPXKUT O3POBCKYIO MHBOJIIONNIO, T.€. KOJIXHEAIINIO, ITOTO-
YeYHO (QUKCUPYIOIIYIO MOMINIOCKOCTh MaKCUMAJILHOTO TOPSIIKA.

Teopema. Ilycts m — HOJyHOIEBas IPOEKTUBHAS IIJIOCKOCTH ITOPIOKa P’ p > 2 -
mpoctoe), A — ee rpynmna aBTOTONN3MOB.

1. A me comepxkut moarpymier, n3oMoppHOT As.

2. Ecim p — 1 menurcs Ha 4, T0 A He comepkuT HOATrPYMIIIE ABTOTOMU3MOB, H30MOP(HHON
SL(2,3).

3. Ecau p — 1 He menurces Ha 4 u 0 — 6spoBckas naBomonus B A, o Cp (o) He conepxut
moarpymnmel, uzoMopgaoi SL(2,3).

[TocTpoeHO MATPUYHOE TPENCTABIIEHUE PETYIISPHOTO MHOXKECTBA TOJIYIIOIEBON ITOCKO-
cTu mopanka p?, momyckaromieil TPYIIy KBaTepHHOHOB (Jg. IIpHBENEHBI IIPEMeEpPhI TAKHIX
IIJIOCKOCTE.

Wccnenopanue BuimosiHeHo ipu puHaHCOBOI nonnepxkke PODU B pamkax HAYyIHOTO TIPO-
exkTa 19-01-00566 A.
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@) COBEPIIIEHHbIX paCKpacCkKax 6eCKOHEUYHbBIX uenef/i KPATHBIX IIapOCOY€TaHUIO

M. A. JIucuunbiHA

Packpacka Bepinun rpada G HA3BIBAETCS CO8EPWEHHOT, €CITI BCE COI[BETHBIE BEPIITUHBI
UMEIOT OMMHAKOBBIN IIBETOBOW COCTAB OKPYXKEHUS.

[Tycts G u H — mpousBombHbIe Tpadbl. BeraBum komumio G BMECTO KaXKIOU BEPIIIMHBI
H, nobaBum pebpa, coemuusiioiime J00ObIe IBe BEPIINHBI U3 cocenuux Komwmii. Ompemnertes-
HBIT TakuM 00pa3oM rpad sSBISEeTCs JeKCUKorpadudeckuMm mpomsBenenuem rpados H wa G
u obosunagaercs H - G.

Beckxoneunoti yenvio Cs, Ha3bIBaeTCS Tpad, MHOKECTBO BEPIIINH KOTOPOTO COBIAMIAET C
MHOXKECTBOM IIeJIbIX YnCes, a pebpaMu COeMMHEHbl BEPIINHEI, HOMEPA KOTOPBIX OTIIMYAI0TCS
ua 1. Jlekcukorpaduueckoe mpomssenerune C,, Ha G Ha3z0BeM G-Kpamroti 6eckoneunot ye-
nwvto. Ilanee Bciomy n — HaTypajbHOe unciao. HamoMuuM, aTo obo3Hadenune My, 3aKperyieHo
3a rpad)oM COBEPIIIEHHOTO apocodeTanus Ha 2n BepinHaX. OOBEKTOM UCCIEIOBAHUS SIBIIS-
IOTCsI COBEpIIIeHHBIe pacKpacku Mo, ~-KPATHOH 1€ B KOHEYHOE YHCIIO I[BETOB.

Panee m3ywammcek copeprenubie packpackn rpados Co - K, u Cu - K, [1, 2]. Bce
COBEPIIIEHHBIE PACKPACKN TaKuX IPadOB B KOHEUHOE UKCIIO [[BETOB ONUCAHBI B [2].

[TocTpoum packpacky JeKCUKOTr papuIecKoro TPOou3BeIeHus IPON3BOIbHEIX rpadoB H Ha
(G. Bo3zbMeM coBepilleHHYIO packpacky H 1 Ka)XmoMy IBeTy B Hell Ha3HAUUM COBEPIIEHHYIO
packpacky BepiinH (G Tak, YTOOBI PA3IUIHBIM [IBETAM HCXOMHON PACKPACKU COOTBETCTBO-
Basi packpacku (G ¢ HEMEPEeCeKAOIMMUCS IBETOBBIMEI COCTABAME. BCTaBUM OKpaIlleHHbIE
TakuM obpasom koruu rpada G B mpemHaszHavueHHBbIC My Hux MecTa B rpade H. Iomyuen-
HyI0 KoHCTpyKImio rpaba H - G mazoeMm duswionkmuot packpackot. B [2] mokazano, aro
MU3BIOHKTHAS PacKpacka JIeKCHKorpadmaeckoro mpomssenerus: rpabos H wa G saBiseTcs
COBEPITIEHHON.

Bamernm, uTo Cy - My, = (Co - K,,) - E, rie E — rpad, cocTosmmit 3 omHOTO pebpa.
Bepna crenyrorias Teopema.

Teopema. [laan > 2 cosepieHnubie packpacku Mo, -KpaTHOI eI UCUYEPIILIBAIOTCS
U3BIOHKTHBIME PACKPACKAMI JIEKCHKOTpadmaeckoro mpomssenerus rpagpos Co, - K, Ha E.

WccnenoBanue BuimosHeHO ipu puHaHCOBON nonnepxkke PODU B pamkax HAYyIHOTO TIPO-
exTa 18-31-00009.
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HMucraHmmoHHO perysspHble rpadbl, HOBbIE CEpUU

A. A. MAXHEB

Ecnu ning nucranmmonHo perysspaoro rpada [ nuamerpa 3 rpad ['s cunmbHO perysispes,
To 10 Temme 3 3 [1] rpad '3 aBasgeTcs ncepnoreomerpudeckum mits pGe, (k, by /co). O6paTHO
nis rpada fg, SABIIAIOIIEr0Cs TiceBnoreomerpudeckuM st pGo (1, t) rpad I' umeer maccus
nepeceuennit {l,tco,l —a+ 1;1,co,af,rnel —a+1<tca <lul<ecy<a.

[IycTs I' — mucTanmmonHO perysspHbIil rpad quameTrpa 3, mjas kotoporo rpad I['s sBis-
€TCsl TICEBIIOTeOMEeTPUIECKUM IpadoM [JIss IBONCTBEHHON 2-CXeMbI, 0O0OIIIEHHOIO YeThIPeX-
YTOJILHUKA WU CETH.

Teopema 1. (Benoycos M.H., Maxues A.A.). IIycte I" — quCTAHIIMOHHO pEryIspHBINT
rpa¢ muamerpa 3 u rpag I's aBagercs ncesmoreomerpuaeckum misg pGyiq(l,t). Torma l =
(t+1)m u BosHUKAIOT caemyoie 6eCKOHEUYHbIE CEPUU HOIY CTUMBIX MACCHBOB II€PECEUECHUIL:

(1) B cmyuae t+1 = m? mmeem maccus {m(m?—1),m?(m—1),m?;1,1,(m?>—-1)(m—1)};

(2) B crygae t = m + 1 mmeem maccus {m(m + 1), (m +2)(m —1),m +2;1,1,m? — 1};

(3) B cmywae t +2 = 2m, m = +1 (mod 3) mumeem maccus {2m(m — 1), (2m — 1)(m —
1),2m — 1;1,1,2(m — 1)2}.

Teopema 2. (Maxues A.A., Huposa M.C. [2]). IIycrs I" — nucraHnumoHHO peryispHBIT
rpa¢ amamerpa 3. Torma

(1) rpa¢ T's u rpag I'y He ABIAIOTCA ITCEBAOreOMeTPIIECKIME I 0GOOTIIEHHOTO IeThI-
PEXYTOJIbHUKA;

(2) ecu I's gBageTcsa mceBmoreoMeTpudecKuM rpagoM oy 0606IIEHHOTO YeThIPEXYTOb-
auka GQ(l,t), To I' mmeer maccus mepecegennit {lt,co(l — 1),t + 1;1,¢o, (I — 1)t} (maccus
FOpummya-Bunaau nepsoro tumna).

Teopema 3. (Maxues A.A., 'o Boub-Bunb, [ony6staukos M.IIL. [3]). Ilycrs T' —
MUCTAHIMOHHO pery/IapHbIi rpag aumamerpa 3 u rpag ['s aBIseTcs mceBaoreoMeTpudecKmM
i ceru pGy(l,t). Torna

(1) B cyuae co = 1 umeeMm OBymapaMeTpUUIECKYIO CEPHUIO HOIMYCTUMBIX MACCUBOB TIE€DE-
ceuenuii {nm — 1,nm —n+m—1,n—m+1;1,1,nm—-—n+m—1}, m < n;

(2) B ciyuae co = 2 HarimeHa 6eCKOHEUHAs CepUS MOIyCTUMBIX MACCUBOB IIEPECEYEHUIT
{2u? — 2m? + 4m — 3,2u? — 2m?, u? — m? + 4m — 2;1,2,u® — m?}, u gemur (2m? — 4m +
3)m(m — 1)2.
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Kom6uraTopHBIE 6a3bI KOTE€EPEHTHBIX KOHDUTrypanun

. H. IIOHOMAPEHKO

KomMbuuaTopnas 6a3a KOrepeHTHOM KOH(MUTYPAIIIT OIIPEIeIIsIeTCs KaK MMOIMHOXKECTBO TO-
UeK, pacIIupsollee eé Mo OUCKPeTHOW KoHburyparmunu. B pamkax cooTBeTcTBEs ['amya
MEXTy KOTePEHTHBIMU KOHGUTypalusIMU U IPyNIIaMy IepecTaHOBOK, KOMOMHATOPHBIE Oa3bl
OTBeYalOT OOBIIHBIM 0a3aM IIOCIENHNX; B YaCTHOCTH, HAUMEHBIIIN pa3Mep 6a3bl TPYIILL Ie-
PECTAHOBOK He IIPEBOCXOAUT HAMMEHBIIIErO pa3Mepa 0a3bl KOTepeHTHOU KOH(MUTYypaluu, co-
CTaBJIEHHOI 13 opbuTasel »Tol rpynnsl. B mokiane nmpenmnosiaraeTcst 0aTh 0030p U3BECTHBIX
pe3yIbTaTOB O KOMOMHATOPHBIX O0a3ax, IPEeNCTaBUTh HOBBIE PE3YIILTATHL, U CHOPMYINPOBATH
HECKOJIBKO OTKDPBITBIX IIPOOJIEM.

Canxm-Ilemepbypackoe omdeaenue Mamemamuueckozo uncmumyma um. B. A. Cmexaosa PAH, Canxm-

ITemepbype
E-mail: inp@pdmi.ras.ru
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O rpymnnax aBromopduszmo AT4(p,p + 2,r)-rpacdos

JI. }1O. IInOBKUMHA

Anmunodaibrvim naomuvim epagom nuaverpa 4 ¢ mapamerpamu (p, q,r) (uam, KpaTko,
AT4(p, q,r)-epagon) Ha3BIBAETCS HEOBYIOIBHBIN AHTUIONAIBHLIN TUCTAHIIMOHHO PEryIIsip-
HBIT rpad C MacCUBOM TEpPeCEeUeHUN

{alpa+p+a), (@ —1)(p+1),(r—L)alp+q)/r, ;L qlp+q)/r, (¢ = 1)(p+1),q(pg+p+q)}-

B AT4(p, q,r)-rpade aHTUNONAIBHBIE KIIACCHI UMEIOT PasMep 7" U JIOKAJIbHBIE MOArPadbI
SIBIISIIOTCSL CUJIBHO PEryJIsipHbBIMEI T'padaMié C IeIbIMUA HEeTJIaBHBIMU COOCTBEHHBIMU 3HAUE-
ausivu p u —q (g > 0).

AT4(p, q,r)-rpads! 6butn BBemeHbl 1 u3ydaiauch B padorax 1. Tepsumurepa, ITx. Ky-
nena u A. FOpummga (0630p pesynbraTos no npobieme omucanus AT4(p, g, r)-rpados cM. B
[1]). Unrepec k uccnenoBanuio kinacca AT4(p, g, r)-rpados o6ycioBier TeM HakToM, 4TO B
TTAHHOM KJIACCe CONEPKATCs MOYTHU BCE M3BECTHBHIE HENBYNOJbHBIE AHTUIIONAJIBLHBIE MICTAH-
[IIOHHO peryiispHble rpadbl auamerpa 4 (cm. [2]).

B ciyuae, ecniu mapamerpst AT4(p, g, r)-rpada cBsI3aHBl COOTHOIIEHUEM ¢ = P+ 2, TO 1O
Teopeme FOpuinumaa BTOpas OKpeCTHOCTDH MPOU3BOIBLHON BEPIIUHBI B HEM — HEIBYIOIbHBIN
AHTUIONAJILHBI AUCTAHIIMOHHO PeryispHbll rpad mumamerpa 4. Takum obpasom, Kiacc
AT4(p,p + 2,r)-rpadoB gBILETCS MOTEHIUAIBLHO GOTATHIM MCTOYHUKOM HOBBIX MPUMEPOB
HEIBYIOJIbHBIX aHTUIONATBHBIX AUCTAHIIMOHHO PEryJIsSIPHBIX rpadoB muamMeTpa 4.

Beuny pesynasrara A. Bpoysepa, rpad Coituepa ¢ maccusom nepeceuennit {56, 45, 16, 1;
1,8,45,56} sBnsercs enuuctBenubiM AT4(2,4, r)-rpadom. OToT rpad DOMyCKaeT TpaH3U-
TUBHYIO Ha Iyrax CpyIIy aBToMopdu3MoB, uzoMophuyo rpymmne 32.U4(3). Bompoc cyie-
crBoBanus AT4(p,p + 2,r)-rpadoB ¢ p > 2 OTKPHIT.

Hacrosmmit moksam mocBsiieH ucciaenoBanmio npobiemsr kiaaccudukanuun AT4(p,p +
2,7)-rpadOB ¢ TPAH3UTUBHBIME Ha Myrax CPyHIaMu aBTOMOpdu3MoB. B mokmame GymyT
MIPENCTABIIEHBI HEMABHUE PE3YJILTATHI ABTOPA O CTPOEHUN U MIPOCTHIX CIIEKTPaX TPYIII aBTO-
MOPGU3MOB TaKuX rpadoB I HEKOTOPBIX, B TOM YHCIe OECKOHEUHBIX, CEMENCTB IIapaMeTPOB
(p, 7).

CIIMCOK JIUTEPATYPHI
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[2] Juri A.si¢, Koolen J. H., Terwilliger P., Tight Distance-Regular Graphs, J. Algebr. Comb. 12 (2000),
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On the Matchings-Jack conjecture

A. L. KANUNNIKOV

We study the Matchings-Jack conjecture related to algebraic combinatorics. Goulden
and Jackson [1] introduced Jack connection coefficients aﬁy(a) depending on three partitions
A, i, v of an integer n and the Jack parameter a. These coefficients generalize the structure
constants of the two classical commutative algebras. Namely, a,,(1) and 2"nla;,,(2) are the
structure constants of the class algebra Z(CS,,) and the double coset algebra of the Gelfand
pair (Sa;, Cent((11)... (nn))) respectively. Moreover, the numbers a), (1) and ai‘W(Q) have

%
a nice combinatorial interpretation in terms of matchings in graphs. Precisely, for given
matchings §; and d2 on {1,1,...,n,7n}, the union §; U d2 consists of cycles of even length

2X1,...,2), for some partition (A1,...,\,) - n and we write A(d1,d2) = A. Now, for given
partition A - n we consider two canonical matchings g and b such that A(g,b) = A and we
define the set of matchings

g;i\u - {5 ‘ A((Sv g) = W, A((S? b) = V}'

As shown in [1], a),,(2) = |G}, | and a),, (1) = [{6 € G)), | 4 is bipartite}|.
The Matchings-Jack conjecture [1]. For all partitions \, i, v of any integer n, there
exists a weight function wt: QAV — Ng such that

MV 6+]— Z BWt((S)
5eg),
wt(0) < n —min{l(p),l(v)} and wt(d) =0 <= 4 is bipartite.

For example, a3;(8+1) = 282+ B+ 1 and all four matchings in G35 are depicted on the
following figure (only the leftmost one is bipartite):

\ / \ / ] 1 g
3 2 3 2 3 2 3 2
Theorem. The polynomials aﬁy(ﬁ + 1) satisfy to the Matchings-Jack conjecture in the
following cases: 1) A = [1"],[1"722] ([1]); 2) p = v = [n] (|2]).
We also present some new results on the Matchings-Jack conjecture.
REFERENCES
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On existence of completely regular codes in hypercube and halved cube graphs

D. S. KroTov, I. YU. MOGILNYKH, A. YU. VASILIEVA

The vertex set of the hypercube graph H(n) is the set of all tuples of length n over the binary
alphabet. The vertex set of the halved cube graph Q(n) is the set of all tuples of length n
over the binary alphabet with even number of ones. Two vertices x and y are adjacent in
H(n) (Q(n) respectively) if they differ in exactly one coordinate position (two coordinate
positions respectively).

Given a code (a subset of vertices) C' in a graph G consider the partition C°,C?, ...,
C? of the vertex set of G, where C' is the set of vertices at distance i from C. Here p is
the maximum i for which C? is nonempty. The code C is called completely regular if for
any i € {0,...,p} there are numbers a;, b;, c; such that any vertex from C* has exactly
a; neighbors in C*, b; in C**! and ¢; in C*~'. The collection {bg,...,by—1;¢1,...,¢cp} is
called the intersection array of C. Completely regular codes in the hypercube graph include
Preparata, several BCH, perfect and other important codes. For a survey on completely
regular codes in the hypercube and Johnson graphs we refer to [2].

In the current work we consider the existence problem for several completely regular
codes in the hypercube and halved cube graphs. The existence of a completely regular code
with the intersection array {23, 16,6;1,8,18} in H(23) is an open question [3].

Proposition. A completely regular code in H(23) with the intersection array {23, 16, 6;
1,8,18} is not a union of cyclic shifts of the Golay code.

The following result was established by means of the binary linear programming method.
This approach was used earlier in [1] for showing the nonexistence of a certain completely
regular code in the Grassman graph.

Theorem. 1. There are no completely regular codes with the intersection arrays
{b; 32 — b},b S {17, . ,31} \ 24 in Q1p.

2. There are no completely regular codes with the intersection arrays {b;64 — b},b €
{37,47,51,55,59} in Q12.

3. There exist completely regular codes with the intersection arrays {b;64 — b},b €
{33,35,39,41,43,45,49,53} in Q2.

This work was funded by the Russian Science Foundation under grant 18-11-00136.
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On separable Schur rings over abelian groups

G. K. RyaBov

A Schur ring is called separable with respect to a class of groups K if every algebraic
isomorphism from the Schur ring in question to a Schur ring over a group from & is induced
by a combinatorial isomorphism. The importance of separable Schur rings comes from the
following observation. If a Schur ring A is separable with respect to K then A is determined
up to isomorphism in the class of Schur rings over groups from K only by the tensor of its
structure constants.

A finite group G is said to be separable with respect to K if every Schur ring over G is sep-
arable with respect to IC. If G is separable with respect to some class then the isomorphism
problem for Cayley graphs over G can be solved efficiently by using the Weisfeiler-Leman
algorithm.

In our talk we will discuss which abelian groups are separable with respect to the class
of abelian groups. We will also discuss in detail how to verify efficiently the isomorphism of
two Cayley graphs over a separable group.

The work is supported by the Russian Foundation for Basic Research (project 18-31-
00051).
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On 2-closures of rank 3 groups in polynomial time

S. V. SKRESANOV

Let G be a finite permutation group on . A 2-orbit is an orbit of G in its induced
action on 2 x . Let G denote the 2-closure, that is, the maximal permutation group on §
which has the same set of 2-orbits as GG. Recall that the number of 2-orbits of a permutation
group G is called a rank of G.

In this work we consider rank 3 permutation groups. The classification of such groups
was finished in [1]. We study 2-closures of rank 3 groups and prove the following result.

Theorem. If GG is a rank 3 permutation group on €2 given by its set of generators .S,
then G(® can be found in time polynomial in |S| and |Q)|.

Note that if " is a rank 3 graph constructed from a rank 3 group G, then G(? is precisely
the full automrophism group of I'.
The reported study was funded by RFBR according to the research project 18-31-20011.
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Minimal intersection of Reed—Muller like codes

F. 1. SOLOV’'EvA

The vector space of dimension n over the Galois field GF'(2) with respect to the Ham-
ming metric is denoted as F™. A subset of F" is a binary code of length n. The classical
Reed—Muller code of order r, 0 < r < m, any m > 1 is defined as a set of all vectors of
length 2™ corresponding to the boolean functions of m variables of degree not more than r.
The code is linear, unique up to isomorphism, denoted as RM (r,m) and has the following
parameters: the length of the code is 2™, the size 2%, k = Yoo (7?) and the code distance
(the minimum value of the Hamming distance between two different vectors from the code)
is 2™~". Denote a code with the parameters of the code RM (r,m) by LRM (r,m) and call
it Reed—Muller like code. Such code is not necessarily linear. Note that the large class of
extended perfect binary codes coincides with the class of LRM (r,m) codes for r = m — 2.

Here we investigate the following question: what is the minimum size of the intersection
of two Reed—Muller like codes. In 1994 Etzion and Vardy [1] raised the question: what is
the size of the intersection of any two perfect binary codes. A deep contribution was done
to investigate the problem for perfect binary codes and Hadamard codes, see [1]. In [1] the
intersection problem for all g-ary linear codes, ¢ > 2 was solved. An answer of the question
for the Hamming codes was also given in [1]. For r € {0,m — 1, m} the code LRM (r,m)
coincides with the code RM (r,m). According to [1] for some permutation 7 of order 2" the
Reed-Muller code RM (r,m) satisfies |RM (r,m) N w(RM (r,m))| > 2, where 2 is exceeded
for r < [(m—1)/2]. It was shown in [1] that for each m > 3 there exist two perfect nonlinear
codes of length 2™ — 1 with intersection of size 2. We generalize the last two results.

Theorem. For any m > 4 and r, 1 < r < m — 2, there exists the nonlinear Reed—
Muller like code C' of length 2™ and the permutation 7 of order 2™ such that the size of the
intersection of the codes C' and w(C') is minimal possible, i.e. equals 2.

The work is supported by RFBR (grant 19-01-00682).
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Petenue npo6iieMbl 3phEeKTUBHOCTY MAaPAJIJIEJILHBIX BBHIUNCIJIEHUI HA OCHOBE
JIOTMYECKOI'0 aHAJIN3a YMCJIEHHBIX aJITOPUTMOB

B. H. AneeBa, P. 2K. AneeB, A. C. CKIIE3HEB

B pabore paccMmaTpuBaeTcsa OOHO U3 PEIIeHnin TpobiaeMbl 53POEKTUBHOCTA IapPAJLIEIb-
HBIX BBIUUCJICHUN, B HEIl TOJIYYWIN Pa3BUTUe Pe3ylIbTATHI, IPUBEIeHHbE B [1].

B macrosiiriee Bpemst pazpaborana mporpaMmmuas (Q-cucreMa ((Q-system) miist ucciemnoBa-
HUsI pecypca mapasie/in3Ma YUCIeHHbIX aropuTMoB. OHa OCHOBaHA Ha JIOTMYECKOM aHAJII3E
YUCIIEHHBIX aJITOPUTMOB C MOMOIIbIO KoHIenmuu Q-nerepmunanTa [1,2]. Pecypc mapasie-
nU3Ma aITOPUTMa XapakTepusyercsa ero Beicotoit D(N) u mmpumoit P(N), rme N — ma-
paMeTpBl Pa3MEPHOCTU AJITOPUTMUYECKON TMpobieMbl [2]. (Q-cucTeMa maeT BO3MOXKHOCTD
BBIUKCIISITE PECYPC Hapajiie/in3Ma JII060r0 YUCIEHHOTO ajJrOpUTMa, & TaKkKe CPABHUBATH
pecypchbl mapajiein3Ma IBYX UNCIEHHBIX aJITOPUTMOB, PEIIAOINX ONHY U TY YK€ aJlfOPUT-
MIUeCKyIo mpobiiemy. B pexume nmpocmorpa uadopMaiun (Q-cucrtema OJOCTYIIHA O AIPECy
https://qclient.herokuapp.com.

(Q-cucTeMa MOXKET MPUMEHSTHCS I MOBBIIEHUs 3h(OEKTUBHOCTH MAaPaAJIIIEIbHBIX BhI-
yucsennit. [Ipeamooxum, 9To s pereHus: ajropuTMIIECKON MTPOGIEMBI MOTYT HCIIONb-
30BaThCs unciiennbie Mmetonsl M; (i = 1,..., k), a mis peanusanun merona M; IpUMEHITHCSE
YUCJIEHHBIE aJITOPUTMBI A;'- (j = 1,...,1). Torma mporecc pa3paboTku 3(HHEKTUBHON MTPO-
rPpaMMBI [JIs PEIIEeHUs aJrOPUTMUYECKON POOIEMBI COCTOUT B TOM, YTO C IOMOIIBIO (-
cucTeMbl Iy Kaxknoro meroma M;(i = 1,... k) HaxomuTCcs ajaropuTMm A;i ¢ MUHIMAJIb-
HeIM 3HadermeM D(IV), 3aTeM M3 MHOXKECTBa aJrOPUTMOB A;Z (¢t = 1,...,k) Boibupaercs
AJITOPUTM A;SO TakXKe ¢ MUHIMAIbHBIM 3HadenmeM D(N) u mis Hero paspabaThIBaeTCH

Q->bdexTusnas nporpamma [2]. Onucanmbiil mporecc HasbBaeTcs (Q->HGEKTUBHBIM TPO-
IPaMMUPOBAHUEM B IIIIPOKOM CMBICTIE.

Nccnenopanue BuimosHeHO ipu puHaHCOBON nonmepxkke PODU B pamkax HAYyIHOTO TIPO-
ekta N 17-07-00865 a, mpu mommepxkke [IpaButensctBa PP B coorBeTcTBUM ¢ [locTanoBIIE-
HueM N 211 ot 16.03.2013 r (cormammenume N 02.A03.21.0011).
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Anreﬁpanqecxnﬁ Imoaxon K IIOJIYYEHUWIO HM2KHUNX OIIEHOK CJIO2ZKHOCTHA
IIOJIMHOMMAJIBHBIX HpeIICTaBJ'IeHI/Iﬁ prHKIIIflf;I Hanog KOHEYHBbIMMU IIOJISAMMN

A. C. BAmoK

ITycts F, — xoHeuHOe nOJIe mOpsAIKa ¢, N — HeoTpullaTelbHoe nejoe, 1 N = ¢". Besakas
bynkuus v : Fy — F, mMoxer GbITH B3aMMHOOMHO3HAYHBIM 00pa30M NPEACTABIICHA B BUIE
BekTOpa U = (v1,V2,...,Uy), TOe Bce v; € F,. O6osmaumm depe3 Z(U) UHCIO HyJIEBBIX
SJIEMEHTOB B BEKTODE .

PacemorpuMm crenytoryto 3amady. [iis 3amaHHOTO MHOXKECTBa, S HEBBIPDOXKIEHHBIX Ma-
Tpun pasmepa N XN ¢ snementamu u3 Fy, mautn Takme Qynxkumn v : Fy — [y, aro6er
sesmunna Lg(v) = max{Z(M %) | M € S} 6buta xax moxuo menbie. K mammoit 3amade
CBOMSITCSI BCE 3a[1a4N HAXOXKIEHWS GYHKIINN HAMOOIBIIEH CIOXKHOCTHA B PA3IMYHBIX KITACCax
MIOJTMTHOMUAJILHBIX (OPM OyJIeBBIX U k-3HAUHBIX (QYHKIIAN.

B paboTe mpemtaraeTes Cemy ol TOMXoM K HaXokaeHmo semmanasl Z (M ~117). Bosb-
MeM pacumuperne F nons F, u BekTop ¢ = (u1,us,...,uy) C s7eMeHTaMu u3 E. Bynem
canTaTh, uTo cren Trp p, meficTByeT Ha BEKTOD U TOKOMIIOHEHTHO, TO ecTh Trp/p, (4) =
(TrE/Fq(Ul),TrE/Fq(UQ), ce ,TrE/Fq(uN)) [Tombepem BexkTOp U TakuM OOPa30oM, 4TOOLI HU
OH, HN OIUH U3 BeKTOpoB U™ = M ~1'# mum npu xaxux M € S me comepxas myneil. Takoe
BCera BO3MOXKHO, €C/IM B KadecTBe [/ B3aTh pacmmpenue F, crenenn s = N, a B KauecTBe
5JIEMEHTOB BEKTOpa U — d3jeMeHTHl 6asuca I man ;. B 3aBucumocTu or MHOXKecTBa S,
CTEINeHDb § PACIINPEHUs MOXeT ObITh U MeHbIle. B kadecTBe PYHKIINT ¥ BO3MEM Ty, BEKTOD
v xoropoit pasen Trg r, (). Cnpasemnmsa

Jlemma.

B . qs—l_l N q—l
Z(M ™' Trg s, (i) = prae A s S > Zx Gs(x),
x*;éxo i=1
x*=x0

rae Gy — cymma aycca, a BHeItHee cyMMUDPOBaHUE 6€PETCS MO0 BCEM HETPUBUAJTIBHBIM MYIh-
TUIJINKATUBHBIM XapaKTepaM pacmmupeHus E, orpanmdenns koropsx Ha Fy TpuBHaIBHEL
JaHHBII TOAXOM MO3BOMII MOJIYYUNTh (DYHKIMKA BHLICOKOI CJIOXKHOCTH B KJIACCE ITOJIAPU-
30BAHHBIX IIOJIMHOMOB HAaJl IPOU3BOJIbHBIM KOHEUHBIM I0jIeM [l], B Kilacce KPOHEKEPOBBIX
MOJIMHOMUAIILHBIX (POPM [IJIsT HEKOTOPBIX KOHEUHBIX TIOJIEN, U B KJIACCE PACIINPEHHBIX (HOpM
OyneBbIX HYHKITIN.
Pa6ora Beimonsaena npu dunancosoi nonnepxkke PODPU (mpoekt N 19-01-00200).
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HpOBepKa JOCTN2KMNMOCTMN COCTOSAHUA IIOMEYEHHOI'O rpaq)a IIpn 3adaHHBIX
IIpaBMJIaxX U3MEHEHUA COCTOSHUI

A. FO. BoHOmKuHA, C. A. A®OHUH

[Tyctb ecTb opuenTupoBanubiili rpad G. 3amanum pasmemry pebep: Kaxnomy pebpy
(u,v) comocraBum Gyseso 3Hauerue p(u,v). Iis Kaxmoil BepHIMHBL ¥ 3a(QUKCUPYEM HEKO-
TOPBIA TOPSIIOK BXOmsAmx pebep. Torma pasdMeTke BXomdimx pebep COOTBETCTBYET Ha-
TYpaJIbHOE YHCJIO0, KOTOPOE MBI Ha30BEM 3HaueHueM 6epuiunbl. llom m3mMeHeHMEM 3HAYUEHUS
BEPIIWHBI MBI IOHIMAaeM M3MeHEeHe Pa3MeTKN BXOMIINX B Hee pebep. [Ipasuaa uamenenut
3navenul 6epuwur CyTh MHOXKECTBA UX MNOIYCTUMBIX 3HAUEHUN.

W3menenue BepimHbL donycmumo, eciii BepInHa JoCmynHa, TO €CTh BCE UCXOMSIIIIE
13 Hee pebpa MOMEUYeHBbl eNMHUTIAMI, & 3HAUYEHNE BEPIINHBI B Pe3ylabTaTe M3MeHeHUs OyneT
NIPUHAJIEKATH MHOXKECTBY HOIIYCTUMBIX 3HAUEHUN.

3amaga cOCTOUT B TOM, UTOOBI MJIs 3aMaHHOTO rpada, TPABU U3MEHEHUN, HAUATIHLHOMN
pa3MeTK! 1 BBIIEJIEHHOU BEPIINHBI { HAUTU TaKyIO MOCIeN0BATEIBHOCTD IOy CTUMBIX U3Me-
HEHUI 3HAYEHUN BEPIIWH, UYTO ¢ CTAHET MNOCTYITHA U1 M3MEHeHus . B 3ToM ciiydae BepInHA
t aBisieTCcs docmuXcuMo.

[IpakTuaeckas MOTHUBAIUS STON 3a0a9l CBSI3aHA C IPOBEPKOW KOPPEKTHOCTU MOIUTUKI
6e3omacuocTu uHbopMarmonHuoi cucrembl B Monenin CBAC. [IpaBuna nsmenennit 3HadeHun
NIOPOXKIAIOTCS TOJIUTUKON 0€30aCHOCTHU, & NOCTUKUMOCTD BEPIINHBI { MOXKHO pacCMaTpH-
BaTh KaK OIVH M3 BAPUAHTOB HEKOPPEKTHOCTU TOJIUTUKU.

Llepesom nopadkos HazoBeM HEGUHAPHOE YTIOPSIOYEHHOE IEPEBO, YIOBIETBOPSIOIIEe Clie-
myrommM yemoBusM: (1) y3maM mepeBa COMOCTABIIEHBI YIOPsIOUYeHHbIe HAGOPH! BepiinH G
(2) ecim y3my mepeBa CONOCTABIEH HAGOD IUIMHBI 7, TO DTOT y3€J UMeeT n — 1 [moYepHuit
y3err; (3) mocrmemHuM 57eMeHTOM Habopa k-0ro mOYepHero ysia sSBisgeTcs k-l 5IeMeHT Ha-
60pa POMUTENBLCKOTO y3ia; (4) MOoCIemuuM d7IeMeHTOM Habopa KOPHEBOU BEPIIUHBI IepeBa
SIBJISIETCS T.

Ynopsnouennsiit Ha6op T = (vy,...,v) Bepuma G peaausyem, eciu s 000l Bep-
IIIHLL ¥; CYIIECTBYeT OOIyCTHMOe 3HadeHme, Takoe uTo p(v;,v;) = 1 mus Bcex j > i. Ha
MHOXeCTBe BepinuH (G MOXKeT ObITH BBENEH YACTUUHBIN MOPSIOK =, TMOPOXKIEHHBIN JTITHONR
€caMOr0 OJIMHHOT'O IIPOCTOrO IyTH U3 BepHuumHGbI ¢ o (-pebepaM NPy HAYAJIBLHON pa3MeTKe.
HaGop T so3pacmarowui, ecau nist moboro ¢ < k BepHO v; = vi. llepeBo mopsmkoB Ha30-
BEM KOPPEKMMHbLM IJIsl IPABUII U3MeHeHus 3HaueHni, eciau (1) mis Kaxmoro ero ysia Habop
BEpLINH peanu3yeM, u (2) mis 16010 HEKOPHEBOTO y3j1a Habop ero BEPIINH BO3PACTAIOIIAI.

Teopema. KoppekTHOe nepeBO MOPSIOKOB CYILECTBYeT TOrAa M TOJBKO TOrOa, KOTAa
BepuIHA t JOCTUXKUMA.

Ioka3aTeabCTBO HOCUT KOHCTPYKTUBHBIA XapaKTep U ONpenesieT allTOPUTM, BBIITNCHIBA-
IOINI TI0 MEPEBY TOPSIIKOB MOCIENOBATETFHOCTh N3MEHEHN 3HAYEHN BEPIIINH.

Pabora Brimomuena npu nopnep:xkke rpanta PODU 18-07-01055.

MI'Y um. M.B. Jlomonocosa, Mocksa
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Y-cnenudukanus FDDI-nporokosna xkoMmMmyHuKanum

B. H. I'nymkoBA

Crannapraemt FDDI-nmpoTokosn ocyiiecTBiisier mepenady CUHXPOHHBIX U ACHHXPOHHBIX
COOOIIIEHNT TIO CeTU CTAHIIN, CBI3aHHBIX KObIoM. Crernuduxarus cocrout n3 KC-rpamma-
tuku G = (V, P), koTopast nepapxu3upyer MNPOCTPAHCTBO NENCTBUI, COCTOSHUAN 1 Tapame-
TpoB cucteMmbl; V, P- MHO)ecTBa cumBosioB u npaswi G. Hanpumep, Fddi — {Act}*; Act —
Idle|G|R|Sh, rme Idle - pexxum oxunanus mapkepa, G, R - neficTBUs TOITyYeHus 1 BO3BpaTa
Mapkepa cTaHiumen, Sh - MOCBIIKa BBICOKOIPUOPUTETHBIX coobienuii. IlepeBo BeiBoma B G
npencrapisercs KC- cnuckoM Tax, 9TO OTHOIIEHNE BBIBOIA — B TPAMMATHUKE COOTBETCTBYET
OTHOIIIEHUIO € IIJISl CIIUCKOB, COPT KOTOPBIX COOTBETCTBYET METKe KODHs IIePeBa. - CIEI-
dukanus 3amaercs Teopueir 1T'h maorocoptroro s3bika UII u3 kBaszuToxmecTs, a umenHo 11 -
dopmyn Buna Vnd, roe ¢ sto Ay - dopmya [1] ¢ orpaHIYEHHBIME KBAHTOPAMIE CIIEIIAAIIb-
Horo Buna [2| nan KC-cnuckamu, mopoxnenabivu G. 3neck n- nuckperHoe spems (Dt mar
BBIYICJICHNUS), KOTOPOE B CIENU(UKAINY TIONIEPKUBACT OECKOHEUHbIE BBIUKMCIIEHUS IIPOTO-
KOJIa, COCTOSIIINE U3 IUKINIECKON TTOCIEeNOBATETFHOCTA IENCTBUM, OTIMIAIOIITNXCSI HA OMUH
mar; Dt — N € P, N - MHOXeCTBO HaTypajabHbIX umcen. s kaxnoro meiictBus B G
ecTb mpaBwio, HanpuMmep, R — St, roe St € V - cocTrosiHue, xapakTepusyollee mapamMeTphl
00bekTOB cuctembl. [IpaBuna rpaMMmaTuku miist cuMBoOJIa St MOTyT comepkaThb Kak Di, Tak
U HEIPEPLIBHOE BPeMsl, BhIpaxKeHHOe cerMeHTaMu Di.

B normueckoit cnienubukanuy neiicTBUs TPENCTABIEHbI Hpenukaramu. Axcuombr (ax)
Teopuu T'h waTepupeTUpyoTcsa no npaBmwiry BbiBoga MP. OmnoBpeMeHHO cTpoMTCS IepeBo
BBIBOMA B rpaMMaTuke (G o mpaBusiaMm u3 P, IpunucaHHbIM K COOTBeTCTBYomM az. [Ipu-
ueM KOHKPEeTHBbIE 3HAUEHUs] TEPMUHAIBHBIX CUMBOJIOB I'DAMMATUKN, KOTOPBIE SIBIISIOTCS IT1a-
pameTpaMu OOBEKTOB CUCTEMbI (HOMED CTaHIUM, Al BBIYUCIEHUS U IP.), U3BIEKAIOTCS
73 3HAUYEHUN MEPEMEHHBIX COOTBETCTBYIOIINX MPEIMKATOB, BXOMSIUX B ar. Hampumep,
MIOCBLTKA CTAHINEN C HOMEPOM { BBICOKOIIPUMOPUTETHBIX COOOIIEHUN CTAHIUKM C HOMEPOM j
BBIpaxkaeTcs: GOPMYJIION:

(Vn)(Vi,j € [1 — —k])(G(i,n), hm(i,n) # nil — Sh(i, j, head(hm(i,n))),d,n+1),6 < 2.

Bneck k - konmuuecTBO cranuuit; Am(i,n) - KOPTEXK BHICOKOIPUOPUTETHBIX COOOIIIEHUN CTaH-
UM ¢ HOMEPOM | Ha IIare BBIYUCJICHUS M; 0 - BPEMs IOCBUIKUA COOOIIEHWI, OrpaHNnIeHHOEe
2 cex. X— crmemuduKaiusg MIO3BOJIIET MPOBECTH Oojiee MeTAJbHBIA U IIOJHBIA aHAIN3 KO-
JIMIECTBEHHBIX XaPAKTEPUCTUK MOMEIMPYEMON CUCTEMBI IO CPABHEHUIO C TEMIOPAITBHBIMUI
JIOTUKaMU, UCIOIb3yeMbIiMu B uneosioruu model cheking.

CIIUCOK JIMTEPATYPBI

[1] Goncharov S. S., Ershov Yu. L., Sviridenko D. I., Semantic programming. Information processing. 1986,
V. 11, N 10, p. 1093—-1100.

[2] Tnymkosa B. H., Onenka ciio:KHOCTH peanu3anuy JJorndeckux crnenudukanuii. Kubepueruka u cucrem-
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Hopom,ueHI/[e 3HAHUN II0 TEKCTaM Ha €CTECTBCHHOM s3bIKE C IIOMOILIBIO
aBTOMATUYECKNUX CpPeacTB JIOTIYEeCKOI'0O BbIBOOa

A. . KATTYCTUHA

B macrosimee Bpemst 06beM TOKYMEHTOB MTOCTOSHHO pacTEéT. OOBITHO KaXKIBIN TOKYMEHT
nmeeT OombIon obbeM. [Ig momcka oTBeTa Ha KakKue-TmOO BOIPOCHI HYXKHO MPOUYNTATh
HECKOJIBKO CBSI3aHHBIX NOKYMEHTOB. Y UYNTHIBasS OOBEMBI U KOJIUYECTBO TAKUX HOKYMEHTOB,
CIIeTIATH 5TO HE BCEra MPENCTABIISIETCS BO3MOXKHBIM.

s u3BIeueHnsT 3HAHUN W3 TEKCTOB HA €CTECTBEHHOM SI3BIKE, a TaKXKe IS IOPOXKIe-
HUS HOBBIX 3HAHUU MO YK€ CYIIECTBYIOIINM TPENJIaraeTcsl UCIIOIB30BATh OHTOJIOTMIECKUHT
TTONXO.

I71st co3maHusi OHTOJIOTUYIECKON MOMEIN ITPEeIMEeTHON 06/IacTi OOBIYHO HEOOXOMUMO IIPO-
neaTh YeThIpe 9Talla: CO3AaHue OHTOJIOI NN, ONUCaHUe OOIIINX 3HAHUY IpeqMeTHOU 00J1acTH,
ONUCAHNE TIPENEIEHTOB, 4 TaKkKe ONUCAHNE ONEHOYHbIX 3HaHU [1].

TexcTh HA eCcTECTBEHHOM $SI3bIKE TIPOXOMSAT MPenoOpabOTKYy IS TOTYYEHUS IBYXMECT-
HBIX TpenukaTos [2]. Ilo qByXMecTHBIM IpenukaTaM CTPOUTCS OHTOJIOT IS, IIAGIOHBI TPABUIT
BBIBOIOB U IIaOIOHBI 3ampocoB. [1[abmoHbl mpaBuiI BBIBOIA CTOSITCS MO KOHKPETHOW IIPE-
MecTHOU obiactu. Vcnmonmb3yioTes crienumaibHbIE OTHOIIEHUs, ITOJIyUYeHHbIe TPU Tpeobpaso-
BAHUU TEKCTa B IBYXMECTHBbIE NMpenukaThl. OHTOIOrUYECKas MOMETb CO3MaeTCsl Ha sI3bIKe
OWL DL [3].

s mOpOXKIeHWST HOBBIX 3HAHUN IO OHTOJIOTMYECKON MOMEIU KCIOJIB3YIOTCS MIPaBUIIa
seiBona SWRL [4]. IIpaBua BEIBOma CTPOSITCS B aBTOMATHIECKOM PEXKUME C IMOMOLIBIO CO-
CTaBJIEHHBIX I1a0J0HOB. [IpaBuiia BbIBOma MOOABIISIOTCS B OHTOJOTMUIECKYIO Momenab. C mo-
MOITIBIO MAIIMHBI JIOTHIEeCKOTO BhIBoma Pellet momyuennast oHTOIOTMYUECKass MOMENTb MTPOBE-
pseTcs Ha HEMPOTMBOPEUNBOCTD, & TaKxKe HOBBIE 3HAHUS MOOABIISIOTCS B OHTOJIOTMIECKYTO
MOIEJb.

C momorribio sa3bika 3ampocoB SQWRL un nmpasun BeiBona SWRL ecTh BO3MOXKHOCTD
3a0aBaTh BOIPOCHI K TOJYUYEHHON OHTOJIOTMYecKon Momenu. llocTpoeHHas oHTOIOrmYecKas
MOJIe/Tb TIO3BOJISIET TOJIyYaTh OTBETHI HAa BOIPOCHI, 3HAHUS MO KOTOPBIM HE CONEPKAINCH B
TecTe B SIBHOM BHIIE.

CIIMCOK JIMTEPATYPBI
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N 3. C. 34-48.
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Pa3pab6orka MeTOonoB u nmoaxonoB paboThl C CTPYKTYPUPOBAHHBIMU TEKCTOBBIMU
NOKyMEeHTaMH Ha OCHOBE OHTOJIOT'UN

A. A. KAPMAHOBA

JI¥06011 CTTOXKHBIN TTPOIIECC COTPOBOXKIAETCS KOPITYCOM TE€KCTOBBIX NJOKYMEHTOB, CTaHIAP-
THU3UPYIOIINX ONpPeNeseHHble aCIeKThHl 3TOr0 IIPOIecca WX Bech IPOIece B IejaoM. Taxmm
MOKYMEHTBI, KaK IIPABUJIO, MMEIOT KECTKO 3alIaHHYIO CTPYKTYPY U COIEpKaHUE, KOTOpPOe
MOXET MEHSTBHCS B CBSI3U C M3MEHUBIIMMUCS 3HAHUSIMU TpeaMeTHon obitactu. [losTomy 3a-
Iavda aBTOMATUYECKOU TeHepallnyl HOPMAaTUBHBIX TOKYMEHTOB Ha OCHOBE MOIENIN IIPEeIMETHON
00TacT! SIBIISIETCS aKTYAJIbHON.

HopmaTuBHBIE HOKYMEHTHI MOXKHO PAaCCMATPUBATH C TOYKH 3peHUs X GOPMBI U CTOUKHI
3peHust ux comepxkanus. Popma, Kak MPaBUIIO, 3a0AETCSI €MUHOXKIBI U PEIKO MOIBEPTACTCS
m3MmeneHustM.  ComepikaHue MpU 9TOM MOXKET MEHSTBHCSI HOCTATOYHO perysspHo. W3mewne-
HIIEe CONEPKAHUS MOXKET OBITH CBSI3aHO C M3MEHUBIINMIUCS OAHHBIMU ITPEOMETHON O0JIacTH.
Yewm crnoxnee mporecc, TeM OOJIBIINM N3MEHEHNSIM OH IMOTEHINAIbHO MTOIBEPXKEH, & 3HAYNUT,
TpebyeT OOMBIINX M3MEPXKEK HA TOMNEPKAHTE HOPMATUBHON 06a3bI B AKTYATHHOM COCTOSTHIT
[1]. st cHUXKEeHUs TaKuX M3LEPKEK ObLI MPEMJIOKEH OHTOJOIMIECKUX TOOXON K 06paboTke
CTPYKTYPHUPOBAHHBIX HOKYMEHTOB [2-5].

PaboTa mocssiieHa OHTOIOTTUECKOMY TOAXOMY K paboTe ¢ HODMATUBHBIMU JOKYMEHTAMIU.
[IpoBeneno mccmenoBanme METONOB MeHEPAIINN CTPYKTYPUPOBAHHBIX JOKYMEHTOB B 00IacTHU
obpazoBanms. [locTpoena oHTOIOrMYECKass MOmeNb I pa3pabaTeiBaeMon cucteMbl. [Ipen-
JIOXKEH aJITOPUTM aBTOMATHUYIECKON T'eHepalluyl HOPMATUBHBIX JOKYMEHTOB.
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O mnosnubix paciiupenusx mMerona SLD-pe3osmonun

A. A. JIanEukun

Meton SLD-pe3somtornunu [1] 4acTo ncnonb3yeTcs: B Ka4ecTBe JIOIMYECKOrO allapara, NH-
TEJITIEKTYAJbHBIX CUCTEM C OeNYKTUBHBIMU BO3MOXHOCTSIMU, B YACTHOCTHU, CUCTEM JIOTUUe-
ckoro mporpamMupoBaaus [2]. OH SBIASETCS MOTHBIM METOMOM IJIsi MHOXKECTB XOPHOBBIX
NU3BIOHKTOB U HEIOJIHBIM B o0IIeM cirydae. [laloTcs noaoxcumensvrble 0meemut Ha CIEIyIo-
IIIIe eCTeCTBEHHBbIE BOMPOChl. MoxHO iu miist merona noucka SLD-ompoBepxkenust B 1peBo-
BUIHON (popMe cHOopMyIMpoBaTh TaKue IPABUIa BBIBOLA, IIPU NOOABIEHNN KOTOPBIX B HETO
MIOJIy9aJIOCh OBbI pACIIUpEHNe, MOJIHOE B OOIIEM CIIydae [JIsl KJIACCUYIECKOU JIOTUKU IePBOTO
nopsinka 6e3 paBencTBa? Kaxume mpaBuia mapaMomyISIIIIOHHOTO THUIIA HYKHO BBECTHU B TOJTY-
YEHHOE PACIINPEHUE I TOTO, YTOOBI MOIYUNTh MOIHBIN METOM IS KJIIACCHIECKON JIOTUKI
IIEPBOTO MOPSIAKA C PABEHCTBOM !

[Teproe pactupenne monydaeTcs m06aBIeHIEM TOIHKO OTHOTO IPABUIIA, TIOPOXK MAIOIIIETO
CBOE 3aKJIIOYEHNE TI0 MIPABUIY PE3OJIIONNN B CIIydae BO3MOXKHOCTU €r0 IPUMEHEHUS K IBYM
auTepaM, JiexarmM B omHou BeTBu SLD-mepeBa m paccMaTpuBaeMbIM KakK OTHOIUTEPHBLIE
NU3BIOHKTHL. BTOpoe, mapaMomyssinOHHOE DPACIINPEHNE MIEPBOTO CONEPKUT IBa IPABUIA
IapaMOIYJISIINOHHOTO THUIA, OOHUM U3 KOTOPBLIX SIBJISIETCS MOOUMUKAINS BXOMHOM Iapamo-
IyJISIUN Ha CIIydail npeBoBUAHOTO moucka SLD-ompoBepikeHus, a BTOPBIM — IapaMOIyJIs-
1usl, IpUMeHsIeMas, B CIydae TaKOl BO3BMOXHOCTHU, K JIITEPAM, JIEXKAIIMM B OIHON BETBU
SLD-nepeBa 1 paccMaTpuBaeMbIM KaK OIHOIMTEPHbIE TU3HIOHKTEL.

[Tomyuennble pe3yabTaTHl OAIOT IPOCTON CHOCOO «IOCTPAWBAHUSIS> JIOTMIECKOTO alllla-
paTa WHTEeIIEKTYaJIbHBIX CUCTeM, Oasupyoiierocss Ha Metone SLD-pesomonun st gpeBo-
BUIHOT'O TIOMCKAa OIPOBEPIKEHMUS, OO MOJTHOTO B OOIIIEM CIIydae ero PACLINPEeHUs IS KJIaCCHU-
YECKO JIOTUKU TIEPBOTO MOPsIKa Kak 6e3 paBeHCTBA, TaK U C HIM.
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Pacinupenue anropurMma kijactepusanuu kateropuaibHbix maHabix CI-CLOPE

A. C. Muxammnosn

O6macTh aHaIU3a HAHHBIX UMEET CTPEMUTEILHBIN POCT W MPUMEHUMA B PA3TMIHBIX
CMEXKHBIX HayKaX, COIEPKAIINX OTPOMHOE KOJIMYECTBO NaHHBIX. MarmaHoe o0y ueHme mpe-
Ha3HAYEHO IS BBISBIIEHUS 3aBUCHMOCTEN MEXIY MaHHBIMU, MTOJIYyYeHUs NAaJbHENIINX IIPO-
THO30B, UCXOMsl u3 Habopa xapakrepucTuk u T.n. Ocoboe MecTo 3aHMMAaeT 3amdada KiacTe-
pu3anum, CyTh KOTOPOW COCTOUT B IpoIlecce pa3bueHus HEMapKUPOBAHHBIX MAHHBIX TakK,
YTOOBI BJTEMEHTHI OMHON I'PYIIIEI OBIIN MaKCUMAaJIbHO CXOXKI MEXITY COOOM, HEXen ¢ O0BbeK-
Tamu Apyrux rpymmo [1].

B ocHoBe pacno3HaBaHUs CXOXKeCTH OOBEKTOB JIEXKUT BBIYNCIEHNE METPUKY BHIUNCIIEHUS
PaCCTOAHUSA MEXKAY HUMU, ITIO3TOMY KJiIaCTEPpU3allls KaTCrOPUAJIbHBIX JAaHHBIX, T.€. TE€X HaH-
HBIX, B KOTOPBIX OTCYTCTBYET UUCJIEHHAas XapaKTePUCTUKa, UrpaeT 0coOyIO0 pojib, TaK KakK
opa3yMeBaeT coOOHM MPOIECC TOMapPHOIO CPABHUBAHUS OOBEKTOB MEXKIY COOON Ha KayKIOn
UTEpalnu, YTO BeleT K 3HAUNTETHLHOMY MAMeHWUIO TPOM3BONUTEILHOCTH [2].

s pertieHusl TaHHOW 3aIa4l CYIIIECTBYIOT HECKOJIBKO M3BECTHBIX PEICHUN, TaKUX KaK
Largeltem, CLOPE, F-Tree, ROCK u np. B cpasuenun ¢ agpyrumu CLOPE umeer mpe-
UMYIIECTBA B IJIAHE POU3BOAUTEILHOCTH U TOUHOCTY pa3bueHus TaHHBIX Ha KiIacTepsl [3].
B cBasu ¢ stum CLOPE 6b11 BBIOpaH 3a OCHOBY mjist ero yiydiieHus. l[aHHBI aaroputm
He TI03BOJISET 33/1aBaTh TOYHOE KOJIMYECTBO KITACTEPOB, UYTO MOXKET UIPATh CYIIECTBEHHYIO
pPOJIb IJIs KOHKPETHOTO THIIa 3amad. B manHon paboTe pelraeTcs 5Ta 3aaada C MOMOIIHIO
obbenuHeHNsT WK pa3OUeHus 3apaHee MOJIYyYEHHOT'O YHCIIa KJIACTEPOB ITOCJIE BBITTOJIHEHMUS
CLOPE. Ilporecc o6benuuenus u pa3bueHnsi CTPOUTCS TaKUM 00pa3oM, YToO 3HAUEHUE TJI0-
OanpHOU (QYHKIUN CTOMMOCTHU OCTABAIIACh MAKCUMAJILHOMN.
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TeopeTuko-MOOENIBHBIN IIOAX0N K BPEMEHHOMY HPEACTABJIEHUIO COOBITUN
npeaMeTHOUN obJsiacTu

Y. A. HAUOAHOB

PaGoTst [1, 4] GbLIM TOCBSIIIEHBI TEOPETUKO-MOIETLHOMY MOAXOMY K (HOPMATM3AINN [Ie-
SITEJTBHOCTU YHUBEPCUTETCKON Kadenpwl Ha npuMmepe Kadenpwr obirent madpopmaTuku GUT
HI'Y. B wacTHOCTH, aBTOMATU3AIINN HEJIOMPON3BOICTBA, KOTOPHIM 3aHSIT CeKpeTaphb Kade-
npel: oopMieHre Ha paboTy IpernogaBaTesell, COMPOBOXKIEHIE CTYAEHTOB K T'OCYIapCTBEH-
HOHI UTOTOBOI aTTecTanuu, NHGOPMUPOBaHUE IIPerofaBaTenell 1 CTYIeHTOB.

[Ipu popmanmu3anum nesTeTbHOCT YHUBEPCUTETCKON Kadenphbl BaXKHOE 3HAUEHIE NMEEeT
BpeMeHHOe IpencTaBeHne coobITril. be3 BpeMeHHOro mpencTaBiIeHns: COOBITUI HEBO3MOXKHO
TOYHO OIKUCATH IIPOIECCHI, MIPOUCXONAIe B mpenMeTHon obmact. O cobbITHUI MOXKET ObITH
M3BECTHO €r0 TOYHOE BPEMsl, BPEMEHHOI MHTEPBAJI, B KOTOPOM Ipou301u1o coobitue. O OByx
COOBITUSIX MOXKET OBITh M3BECTEH MOPANOK WX CJIEMOBAHUS, TOYHOE BpeEMs, Ha KOTOPOe COOBI-
TUSI OTCTOSAT APYT OT npyra. CyIIecTBYIOT pasImyatoInecs M0 BPEMEHN COOBITHS, KOTOPLIE
MIPENICTABISIOT COOOM CBEPIIIEHUE OOHOTO W TOrO Ke mericTBus. Hampuwmep, 3ammTa BbI-
IIYCKHBIX KBaJU(UKAIMOHHLIX paboT OakanaBpoB kKadenpsr 26 mious 2018 roma m 3ammTa
BBIIIYCKHBIX KBaJU(PUKAIIMOHHBIX paboT 6akasmaBpoB kKadenpsl 24 mions 2019 ropga. Ilenbio
MDAaHHOU pabOTHI ABIIETCS pa3paboTKa TeOPETUKO-MONETIBLHOTO TTOAX0Ia K BPEMEHHOMY TIPeT-
CTaBJIEHUIO COOBITUI MPEIMETHON 00JIaCTH.

TeopeTuxko-MOmeNTbHBINA MTOMXON TO3BOJISET IPOBEPSITh 3HAHUS O MpPeIMeTHON ob6acTu
Ha HEIPOTHUBOPEUYNBOCTL, COOTBETCTBUE TPEOOBAHUSM HOPMATUBHBIX aKTOB, OTCIIEXKUBATH
UCTUHHOCTH 3HAHUU B ITPOIECCe M3MEHEHNs NOKYMEHTOB, M3 KOTOPHIX OHU ObIJIN M3BJIEUYEHBI.
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Pa3pa60TKa MeTOOOB IIpeacTaBJIEHUA 3HaAHUN HAa S3bIKEe ABYXMECTHBIX
npeaonkKaToB

E. O. HEHAIIIEBA

C xaX[IbpIM THEM KOJINYeCTBO TEKCTOB HA €CTEeCTBEHHOM s3bike pacTteT. O6pabaThiBaTh
Takye 00BbeMbI MaHHBIX BPYYHYIO YiKe NMPaKTUIecKu HeBO3MOXKHO. [losTomy Bo3HmMKaeT mo-
TpeOHOCTH B NMPOTPAMMHOM OOECIIeYeHNN, TO3BOJISIOIIEM W3BJIEKATh M3 TEKCTOB HYXKHYIO
nadopMaImo 1 06pabaThBATh MOy YeHHbe 3HaHUS [1].

B cBoent pabore s mponomxkaio uccitenoBanus [lampuynosa II. E. u Maxacoesoir O. T'.
110 1Ipobiteme (OpMaIILHOTO IIPEACTABIIEHNS 3HAHUN, U3BJI€UYEHHBIX U3 TEKCTOB €CTECTBEHHOIO
a3bika [2]. Pabora mocesimena pa3paboTke aBTOMATU3UPOBAHHBIX METOIOB TIPEICTABIICHUS I
MHTETpaIlly 3HAHUM, U3BJICICHHBIX 3 TEKCTOB €CTECTBEHHOIO sI3bIKa. B KauecTBe OCHOBHON
KOHCTPYKIIUU TOCTPOEHUS MOJIeJIeN 3HAHUM, N3BJIECUYEHHBIX U3 TEKCTOB, UCIOIB3YIOTC OBYX-
MeCTHBIE TIPENUKATH U KOHCTAHTHI-cuTyanuu [3]. IIByXMeCTHbIE TIPeNUKaTHI MOAXOMAT IO
CTPYKTYpy TPHUIJIETOB, a 3HAUUT, MOTYT TpaHcaupoBaThbcs B RDF-yTBepx)nenus. Bmaro-
maps 5ToMy, K HaOOpy MBYXMECTHBIX IIPEOUKATOB, TIOCTPOEHHOMY II0 TEKCTY €CTECTBEHHOTO
S3BIKA, MOXKHO IPIMEHSITH ABTOMATHUYECKIE CPEICTBA JIONMUECKOTO BBIBOHA [4].

[Ipu paboTe ¢ moKyMeHTaMu, IPENCTABIEHHBIMI Ha €CTECTBEHHOM SI3BbIKE, BaYKHO YUNTHI-
BaTh CEMAHTUKY TeKcTa. [l KOpPEeKTHOro MOHMMAaHUs KOHTeKCTa Heobxommmo oOpabaThl-
BaThb HECKOJIBKO IIPEIJIOKEHUN omHOBpeMeHHO. [losToMy OmHOI m3 riaBHBIX 3a7ad HCCIIENO-
BaHUS SABIISETCS BO3MOXKHOCTb OOBEANHEHNST HECKOJIBKIX MTPEMJIOKEHN TEKCTA U TTOCTPOECHNU S
IJIsl HUX 00111ero ¢hparMeHTa aTOMapHON OuarpaMMbL.

B nmaunoi paboTe nmpemitoxkeH ¢hoOpMaIbHBIN METON MPENCTABICHUS 3HAHUN, N3BIIEYEHHBIX
13 TEKCTOB €CTECTBEHHOTO s3bIKa, IIPU IIOMOIIN OOOTAIIIEHHOU MOIEJM, KOTOpas CONEPKUT
repapxui cutyaruii. PazpaboTanHblil GOpPMaIbHBIN SI3IK OCHOBAH HA BBEIEHUN KOHCTAHT-
CATYAIINN 1 JOTOJTHATEIbHBIX CUTHATYPHBIX IPEANKATOB, OMUCHIBAIOIINX IIPOCTPAHCTBEHHO-
BPEMEHHBIE OTHOIIECHUS MEXKIY CATYAIUSIMIU.
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O6oraiiienus monesienn njiss GopMaIn3anuy OTHOLIEHUN MEXAY CUTYAIUSIMU

. E. ITAIbYYHOB

Pa6Gora mocssiiena mpobrieme U3BJIEUEHNs 3HAHUN U3 TEKCTOB €CTECTBEHHOTO A3bIKa [1].
B [2, 3] npemioxenbl MeTONBI TPEACTABICHNS N3BJIEUEHHBIX 3HAHUI PU TIOMOIIN BBEIECHUSI
TIOTIOJTHUTEJTbHBIX KOHCTAHT-CATYalllil 1 KOHCTaHT-mercTBuil. B mamHolr paboTe paccma-
TPUBAIOTCS TEOPETUKO-MOMIEIbHBIE KOHCTPYKIINY, HeOOXOMUMEBIE IJIs PeaIi3alllyl MeTONOB 1
anropuT™MoB u3 [2, 3.

Onpenenenne 1. [lycTs curnarypa o = 01 U0y CONEPXKUT TOJIBKO CUMBOJIBI ITPEINKA-
ToB, mpuueM o1 Nog = ). ycts A € K(01), B € K(03), €€ K(o), A=A, A< €01
B = € | 02. Bynem roBoputs, uT0o Momesnb 2 He3aBUCUMO (POPMYIIBHO OMpENeTnMa B MOOEIN
B, ecnu Hannércs gopmyna ¢o(x) € F(o2) m mis moboro P" € oy mHainéres opmyiia
op(x1,...,2,) € F(p2) Takue, 4To

(1) Va € B Bumonuero: a € A < B = po(x);
(2) YP" € 01,Yay,...,a, € A BBIIOIHEHO:

A= Plar,...,an) < B =opplar,...,an).

Ompenestenue 2. IlycTts curHatypa o7 COOEPKUT TOJIBKO CUMBOJIBI MPEOUKATOB U
nycts A € K(o1), A = |2|. Bynem cunrars, uTo curHarypa ¢ He COOEPKUT MPEIUKATOB C
ONMHAKOBLIMIE IMEHAMI, T.e., eciiu P™ € o1, To P* & o1 mpun # k. PaccMOTpIM MHOXKeCTBO
D ={dpn q,.. a,|P" €01 uA = Play,...,a,)}, nycts AND = (). PaccmorpuM cursarypy
oy = {D"YU(Upney {Pr- - P2}). Honomum o0 = 01Uoy u C = AUD. Onpezerin Mozeis
CeK(o)cC=|€:

(1) Ons ¢ € € nonoxum € = D(c) ecnmu ¢ € D u € = —D(c) eciu ¢ € A.

(2) oz P™ € 01 n ay,...,a, € C nonoxum € = P(ay,...,a,) < a1,...,a, € A nu
A= Play,...,an).

(3) O a,d € C,P" € 01 u k < n nomoxmum € = Py(d,a) < a € A,d € D u HaiinyTcs
A1y yQf—1,Akt1,- -, 0, € A Takue, 9TO

A= Plat, .., Qk—1,0,0k41,---,0p) B d=dpn g, .

Ak —1,0,0k41,---,0n *

Hazoem momens € oborairennem mMonenu 2 CUTYaIMOHHBIME IBYXMECTHBIMU TPEIKA-
TaMu.

Omnpenenenne 2 3amaeT CIEMYIONIYIO KOHCTPYKIUIO Ham Momenbio /A € K(op): mis xa-
XKmoro npenukata P" € 01 u KaXKIOrO KOPTEXKA a1, .. .,d, € A

ecu A | P(as,...,a,), 10 € = PEdpnay..ap 1)y € E P2(dpn gy, 4, an). OTO
HO3BOJIIET HAM CBECTH MHOTOMECTHBIC IIPEINKATEL K IBYXMECTHBIM.

IIpensioxenne. Ilycts A € K(01), 0 = 01 Nog u monens € € K(o) asasercs o6o-
raienneM Momean 2 CUTYallMOHHBIMUA IBYXMECTHBIMI Npenukaramu. Ilycts B = € | os.
Torma monens 2 mezaBucuMo GOPMYIIBLHO ONMpenenuMa B Monean B,

Omnpenenenne 3. [IycTs curuaTypa oy CONEPKUT TOTBKO CUMBOJILI IPENNKATOB, IyCTh
muOo)ecTBo K C K(01). Bymem cumrars, 4To CUrHATYpaA 07 HE CONEPXKUT MPEIUKATOB C
OMMHAKOBLIMII IMEHAMI, T.e., eciiu P" € o1, To P* ¢ o mpun # k. PaccMoTpuM MHOXKeCTBO
S = {sg|% € K}, nycts |A| NS = 0 nus moboit momenu A € K. PacemorpuMm curnatypy
oy = {P"|P" € 01} N{U?,5'}. Honoxmm C = (Uyex [A])US 10 = 01Uoy. Onpenenmm
mozens € € K (o) ¢ C = |C]:

(1) Ons ¢ € € nonoxum € = S(c) & ce S.
(2) oz P™ € 01 u aq,...,a, € C nonoxum € = P(ay,...,a,) < Hal#eTCs MOINETH
20 € K Takas, 910 a1,...,a, € Au A = Play,...,ay).
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(3) Ima P"™ € 09 uw ay,...,a,,s € C monoxum € = P(s,a1,...,a,) < s € Snu
Hangercs 2 € K Takas, 9T0 § = S, A1,...,0, € A u A = P(ay,...,a,).

(4) Ons a,s € C nonoxum € = U(s,a) < wHaiinercs A € K Takas, 4To § = S U
ac 2.

Teopema. Ilyctb curHarypel o, o1 u o9, MuoXkectBO K C K(01), MHOXeCcTBO S =
{sa| € K} u monens € € K(o) ynosrersopsitor yciosusm Onpenenernnst 3. [Iycts B = € |
oo. Torma:

(1) JTwbas momens A € K HezaBucuMo HOPMYIIHHO OIpenesmma B Momenn ‘5.

(2) Ecau curaatypa o; KoHeuHa, TO Hainércs dopmyna (z,y) € F(o2) Takas, aTo
st moberx M, N € K semomnaeno: M < N < B = Y(son, sn).

(3) Eciu curaatypa 01 KOHEUHA, TO YaCTUIHO YIOpsinoueHHoe MEOKecTBO (K5 <) dhop-
MyJIBHO OIIPENEINMO B MOIEIH ‘B.

3ameTnm, uTo B ycnoBusx Onpenenernus 3 mis 2 € K soimonueno ve 2 < € [ 01, a 6051ee
ciaboe ycroBue: ToxnecTBeHHOe Biioxkernue |2A| B |€| aBisiercs pasHO3HAYHBIM TOMOMOPHOHBIM
BioxenueM A B € | 01.

B pabore MBI 0000111a€M MaHHYIO KOHCTPYKIIUIO, OIPENeICHHYIO [JIsi OMHOTO Kiacca K C
K (01), Ha ciydail mpOM3BOJILHON MEPAPXUU KIIACCOB Momeseil u3 K (o1), yInopsamoueHHon 1o
OTHOIIIEHUIO BKJTIOUEHUS.

MsI ucmonb3yeM HAaHHYIO KOHCTPYKIIHIO MU (POPMAIBHOTO MPENCTABICHUS TTOCIEIOBA-
TEJIBLHOCTE COOBITHUI U PA3JIMYHBIX BPEMEHHBIX OTHOIICHUN MEXKIY COOBITUIME [3].
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Pemnenune 3anaunm dpopmanmsanum npenenqeHTOB 10 KOMIILIOTEPHON 6€30MacHOCTU
IIPU IIOMOII CBEPTOYHBIX HEMPOHHBIX CeTel

H. II. CABuH

B macTosinee BpeMst HEBO3MOXKHO ITPENCTABUTHL cebe paboTy KakOoW-1mbo koMmaHuu Oe3
koMmbioTepa. 1loaToMy 3amada KOMIBIOTEPHON 6€30ITaCHOCTY HA CETOMHSITHAN JeHb OCTAETCS
akTyanbpHOu. s perenus nanuon mpobiembl B HoBocuOupckoMm rocymapcTBEHHOM YHUBED-
cuTeTe BenéTcs paspaboTKa CHCTeMbl aHanu3a puckos «RiskPanel» [1, 2, 3]. Do BompocHo-
OTBETHAsI CUCTEMa B OCHOBE KOTOPOI JIexkuT 6a3a 3uanuii [4]. Basa suanuit 6buta cocTaBiena
[PU TIOMOIIU TTPENEIeHTHOTO MONXO0NA U MAHHBIX U3 OTKPBITHIX UCTOYHUKOB [4].

st GyHKIIMOHNPOBAHMS BOIIPOCHO-OTBETHON CUCTEMBI 3HAHUS B 6a3e HeobxomuMo ¢Gop-
MaJim30BaTh. HyXHO BBINETUTH U3 KaXIOTO TPEIENeHTa KOMIBIOTEPHBIX 3apaKeHU €ro
CAMIITOMBI, TIOCJIEICTBUSI, YSI3BAUMOCTHU U KOHTpMephl. Ho mpexne, ueM NPUMEHSITH aJIro-
PUTMBI MAITUHHOTO OOYYEeHUsT HeOOXOMUMO OIS KaxXKIIOro MNOKYMEHTa HAWTH ero BEKTOPHOe
npencrapierune. s 3TOro mpuMeHseTCss OOHA U3 PACIPOCTPAHEHHBIX TEXHOJIOTUN NI pe-
mrenust 9o 3amaun GloVe. ITlocie mpuMeneHme 3TOro momxoma KaxkaoMy HANIEHHOMY Ipe-
LIEIEHTY OBIJI COMOCTABIIEH N-MEPHBIN BeKTOp. Popmaim3alus 3HaAHWN ObLIa IIPOU3BENCHA
IIPU IIOMOIIIN CBEPTOUYHBIX HEMPOHHBIX CETe.

CBépTouHass HEWPOHHAS CETh COCTOUT U3 TPEX OCHOBHBLIX BUIOB CJIOEB: CBEPTOYHBINM,
CyOOUCKPETU3UPYIONINT U BBIXOMHON. B BBIXOMHOM CJI0€ KAaXKIIBIN HEWMPOH SIBJISETCS Iep-
CEHTPOHOM ¢ HeJumHenHOn QyHknumen akTuBanuu. OObLIYHO B KauecTBe DYHKIINU aK TUBAIIN
UCIOJB3YIOT JINOO JIOTUCTUUECKYIO (PYHKITAIO, JIUOO0 runepObOIMIecKnili TaHTeHC.

Kapra npusaakoB n ¢BEPTOIHOTO €105 | BBIUUCIISIETCS:

vh=H(> Yt @wl, , +b),

mevk

l

rze onepaTop & — omepamus OIBYMEPHOU CBEPTKHU, W, , — CBEPTKA, IpUMeHsIeMas K KapTe
’

npusHakos m ciost (I —1), bf,b — IIOPOTOBOE 3HAUEHUE, IPUCOENNHIEMBIX K KapTe TPU3HAKOB.
A xapra Tpum3HAKOB N CyOMUCKPETUBUPYIOIIErO CJI0s | BEIUUCIISIETCS KAK:

Y = Jilzy ! X, by,
l

rae W, , — QUILTP, NPUMEHAEMBIA K 1 Ha cioe [, a bl, — moGaBodHOE TOPOTOBOE 3HAUE-
Hue. TakuMm obpa3oM, ynasiochk ¢popmann3oBaThk 6oitee 18000 mpereneHToOB BBIIETINTD U3 HIX
CAMIITOMBI, TTOCJIEACTBUS, YSI3BUMOCTH U KOHTPMEPHI.
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Pa3paboTka MeTOIOB aBTOMAaTHUYECKON reHepauumn TpeboBaHUN
K MIPOrpaMMHOMY HPOAYKTY HA OCHOBE OHTOJIOTUI

K. A. TABAKOB

[Iportecc cbopa TpeboBaHUT K TPOrPaAMMHOMY TPOOYKTY 3aBUCUT OT MHOXKeCTBa (DaKTO-
POB: XapakKTepa TPOrpPaMMHOTO TPOMYKTa, MOIenn OW3Heca, MOpSIKa OOIeHWs C 3aKa3du-
KOM, CTaHIapPTOB U HOPM, 3aJaBacMbIX OTPACIIbIO U rocymapcTBoM. [losTomy mporece coopa
7 popmanm3anuu TpebOBAaHUN BO MHOTOM HOCUT TBOPYECKUN U CIIyYalHBIA xapakTep. Kiie
OTHUM CJIEACTBUEM U3 ATOTO SABJIseTCS TOT (PaKT, UTO B OOJACTU MHXKEHEpUU TPpeOOBaHUM
OTCYTCTBYET €IUHas U COTJIACOBaHHAs TeopeTmdeckas 06a3a. Bce 5To co3maeT CIIOXKHOCTHU B
paboTe mHXKeHepa 0 TPeOOBAHUSM, UTO MOXKET IIPUBECTH K CePbE3HBIM (DMHAHCOBBIM TTOTe-
PSIM B CIIydae CPbIBa CPOKOB U IIPEBLIIIEHUST OIOXKETA.

Hamuyto mpobiieMy 6bLIIO IPETIOKEHO PEIIaTh CO3MaHneM enuHoit onronoruu [1—4]. Beur
COCTABIIEH TEPMUHOJIOTUIYECKUN CIIOBAPh, OMUCHLIBAIOIIMI dTu cymHocTu [5]. Paspaboran-
HBIW CJIOBaph JIeT B OCHOBY OHTOJIOTMM TpenMeTHoOn objactu. Ha ocHOBe 5TOI OHTOSOTUM
ObLIH pa3zpaboTaHbl TOAXONBI K paboTe ¢ TpebOBaHUSIME U K MONAEPKAHUIO KOpPIlyca Tpebo-
BaHU B aKTyaJbHOM COCTOsSHUU. Kpome Toro, B paMKax HaHHON pabOTh! ObLIT pa3paboTaH
QJITOPUTM aBTOMATUUECKOU MeHepanuy TpeOOBaHUI Ha €CTECTBEHHOM S3BIKE.
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Pa3pabGoTka mporpaMMHOI CHUCTEMBI IOJIsI MOIEJIMPOBAHUS PeaAKITAN
IOJIb30BAaTEJIENl COIUAJILHBIX CETE€ Ha HOBOCTHBLIE COOOIIIeHUS

M. A. TyPUnHOBUY

B mHTEepHETE YACTO HE MPOBEPSETCS NOCTOBEPHOCTH MHGOPMAIINH, KOTOPYIO MBI TaM MO-
JKeM HaWTHU, Bce 3TO HaeT BO3MOXKHOCTL OOJIBIIOMY KOJIMYIeCTBY (PENKOBBLIX HOBOCTEN OXBa-
ThIBaTh OI'POMHYIO, MHOI'OMMJ/IJIMOHHYIO ayONUTOPUIO. Tak xkak Ha CeI‘OHHﬂIlIHI/Iﬁ OEHb MO-
OepupoBaTh BCE€ HOBOCTU B COIUAJIBHBIX CETAX HEBO3MO2KHO, TO IIpedjiaracTCdad HaIlllCaTb
IIporpaMMHOe obecliedeHue, KOTOpoe MOIJIO ObI MONEJIMPOBAThH peakKIUM JIIoNel Ha Ty WIn
MHYIO HOBOCTb.

ITO cocTouT u3 ABYX MOMmyJIeii:

(1) CommentsAnalyzer — oTBeuaeT 3a c60p KOMMEHTAPHUEB C OMPEIESICHHOTO MOCTA,
X KITacCU(PUKAINIO U BBIIATY CTATUCTUKH,;

(2) ReactionPredictor — Ha oCHOBaHIEM HOBOCTU U I'PYIIIBL JIOLEH, BBIIAET UX UTOIO-
BYIO TUIIOTETUYECKYIO PEAKINIO HA 9Ty HOBOCTb.

B xome paboThl O6BIIH MOy YEHBI CIENYIOUTNEe Pe3yIbTaThL:

e IIpoBemen 0630p mpenMeTHON 0OJIACTIH;

e Paspaborana mporpaMMHas cucTeMa js cOopa MaHHBIX;

e bBbun cmenman c6op maHHBIX U3 colnuaibHOU ceTu BKoHTakTe, Ha OCHOBaHUM, KOTO-
PBIX MOOEIUPYETCS PEaKIIns;

e [Ipoananu3upoBaHbl U MOATOTOBIEHBI MAHHBIE MJIs TOCIEOYIOIIETO UCIIOIb30BAHNS;

e Paspaborana mporpaMMHas CICTEMA IIJIsi MOOEINPOBAHUS PEAKIINN IT0JIH30BaTEIeH,
Ha OCHOBE JTIAHHBIX, COOPAHHBIX PaHee;

e Paspaboran rpadudeckuii mHTepdENC TPUTOKEHUS IS MOOCIUPOBAHNIS PEAKITIT
TTOJTb30BATEEN.

Hosocubupcruii 2ocydapcmeenmnvitl yrnusepcumem, Hosocubupck
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Pa3pa6oTrka aBTOMaTU3NPOBAHHBIX METOIOB IMOPOXKIEHUS CJIyKeOHBIX
NOKYMEHTOB HA OCHOBE IIapaMeTpuYecKuX I1abJI0HOB

A. A. duHK

Kaxnbrit u3 HAC XOTH pa3 B KU3HU CTAIKUBAJICS C 3aII0JTHEHIEM (COCTABIIEHIEM ) KAKIX-
60 CITyKeOHBIX HOKYMEeHTOB. C KaXKIbIM THEM KOJMYEeCTBO TAKUX IOKYMEHTOB PAcTeT U’
Ha UX 3al0JIHEHUE MIPUXOMUTCS TPATUTL BCE OOJbIe 1 OOMbIIe BpeMeHH. A IIOCTOSHHOE
M3MEHEHe HOPMATWBHBIX MOKYMEHTOB JIUIb yXymiraeT curyanuio. (OcobeHHO ocTpo 5Ta
mpobJsieMa, OIIyIIaeTCs B TOCYIAPCTBEHHBIX YUPEXKNEHUSX, TJe HOPMATHUBHBIE TOKYMEHTHI
YaCTO MEHSIOTCS.

B wmamre Bpems Takume mpo6eMbl YACTUYHO PEIIAIOTCS Pa3HOOOPa3HBIMU OJaHKAMU 1
(pOpMaMI/I, Ha 3aIlO/JTHEHUE KOTOPLIX YXOOUT 3HAYUTE/IbHO MCHBITIEC BPEMCHU, 9€M COCTABJICHUE
MOKyMeHTOB ¢ Hy/1s1. OmHako, Takue (OPMBI He PEIIaioT IPOOIeMbI TOJTHOCTBIO, BEIb UX TOXKE
MIPUXOMUTCS TIEPENe/TbIBATD.

st perienust 5Toi pobiieMbl ObLT pa3paboTaH aBTOMATU3UPOBAHHBIA METOL M3BJIeUe-
HUS 3HAHUU 13 HOPMATHUBHBLIX NOKYMECHTOB U aBTOMaTHiSHpOBaHHbeI METOI MOPOXKOEHUA CIIY-
XKEeOHBIX TOKYMEHTOB. Pa3paboTaHHBIA MOMXOMN MO3BOJISIET YMEHBIINTL 3aTPATHI BpeMs Ha
paboTy C HODMATUBHBIMU U CJTYKE€OHBIME TOKyMeHTaMu. Takxke OH YMEHBIITAeT KOJIUIECTBO
OMIOOK TP COCTABIIEHUN CJTYKEOHBIX NOKYMEHTOB.

PaszpaboTanHbiil aBTOMATU3MPOBAHHOTO METOI TMOPOXKICHUS TOKYMEHTOB UCIIOJIB3YeT B
cBoeil paboTe mapamerpuueckue mabiaonsl [1]. B kauecTBe mapamMeTpoB BBICTYIAIOT AH-
HBbIC, M3BJICKa€MBbIC N3 HOPMAaTHUBHBIX MOTOKYMEHTOB. ,Z[&LHHI:JG7 KOTOPBIC HEJIB3 3allOJIHUTDH
6e3 JeIOBECKOTO yUaCTus, CTAHOBATCS TepeMeHHbIMU. [lomcTaBiisas n3BiedéHHbIE MaHHBIE B
napamMeTpuuecKre abIoHbl, MBI IOy IaeM BCEM 3HAKOMBbIE (OPMBI (BIaHKN).

B PaMKax MeTOOa N3BJICUYCHIU A 3HAHUIUI U3 HOPMATHUBHBIX JOKYMEHTOB NUCIIOJIB3YIOTCS OApPE-
BOBUIHBIE MMIa6J0HBI. VX uUCIONb30BaHMEe OOYCIIOBIEHO TEM, UTO pa3Hble BEPCUU OIHOTO
NOKYMEHTa 3a9acTyI0 OTIUYAIOTCS COMEPXKAHWEM, HO PENKO OTJIUYAIOTCS CBOEU CTPYKTY-
pori. Takum obOpaszom, monarasch Ha HEM3MEHSEMOCTb CTPYKTYPBI HOPMAaTUBHBIX HOKYMEH-
TOB, MOYXHO OIIPENEeIUTDb PSO ITAaOIIOHOB, IO KOTOPBIM aBTOMATUYECK! OyHeT W3BIIEKAThCS
HyXKHas THOOpMAIUI U IIOMEHIATHCI B OHTOJOIMYECKYI0 MONE/b.
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O CYXKeHUuAX 6yJ'IeBO3Ha‘-IHbIX I HEYEeTKHNX MOIIeJIeﬁ

I'. O. JIIXBIAEBA

Ounpenenenne [1]. Ilycts B — aTomuas Gynesa anrebpa u 7 : S(c4) — B. Tpoiiky
Ap = (A,04,7) Ha30BeM 06Y1€603HAUHOT MOOEABIO, €CIU BHINOIHSIIOTCS CIIELYIOIIHe YCIIo-

Bus: T(—@) = 7(¢);T(@ V) = 7(0) UT(); T(0&tp) = T(p) NT(Y);T(p = V) = T(p) U
T(); T(Vzp(x)) = Naea T(0(ca)); TExp(2)) = Uyen T(0(ca))-
Onpenenenne. Paccmorpum GyrieBo3HAYHBIE MOMEITH
Ap, = (A,04,71), Up, = (A, 04, T2).

Bynesosuaunyio monemns Ap, GyneM Ha3bIBATDH CyKeHueM GyieBosHaunoi Monenu 2Ap, (1 060-
3HauaTh Ap, =< Ap, ), €eciau cymecTByeT u3oMophHoe Biokernue h : By — By Takoe, aTo ms
mo6oro snemenTa b € B BBIIONHSAETCS YCIIOBHE:

71 (b) = 73 ' (h(b)).

O6o3naunM uepe3 p(Ap) MHOKECTBO BCeX CyXKeHUil GyieBo3HAUHON Monenn 2Ap.
Ounpenenenne [2]. Ilycts Ap = (A, 04, 7) — GyleBo3HAYHAS MOLEIH ¢ KOHEUHOIT Oy II€BOIT

amre6poit B. Tpoiiky Fuz(2p) = (A,04, ) Ha30BeM Heuemkotl Mo0eavlo, TOPOXKICHHOMN
Monenbio Ag, eciu (@) = W s moboro ¢ € S(o4).

Bsenem o6o3nauenue:
M(Q(I%SO > Oé) = {mB’ S p(mB)‘FU’Z(Q{B’) = <A7 UA;M/>,M/(90) > Oé}'
Teopema. Paccmorpum mederkyio momenb Fuz(UAp) = (A, 04, 1), npemioxenne ¢ €
S(o4) n aucio a € [0, 1]. Ilycrs p(p) = 8. Torma
(1) Ecmn oo < 3, o M (Ap, ¢ > ) = p(2Ap);
(2) Ecnmu « > (3, To mis moboit Gynesosuaunoit momenu Ag € M(Ap, p > «) umeem
||At(B")]| < [g”At(]B%)H], rze [x] — memast yacTh Umca .
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Extracting key gene V-Structures involved in the process of diabetes using line
graph and dynamic gene interaction network

X. FaN, X.-Q. TaNG

Motivation: Tracking the pathogenesis of disease, especially chronic, and identifying
genetic biomarkers of different stage is of great significant in bioinformatical researches
and medical applications. Many existing methods focus on reflecting the disease process
using annotated pathways. However, since that there are too many genes and interactions
consisted in the most of pathways, making them limited in use, such as searching small motif
as biomarkers. By considering the effect range of genes, we adopted V-structures which
contains three genes and two interactions between them, as unit pattern, to investigate the
process of disease and identify status biomarkers.

Results: We proposed a novel computational framework based on V-structures and
dynamic gene-gene interaction networks to investigate the process of diseases. Our method
is able to identify perturbed pathways of each time point, and find driver V-structures
after determining pathway evolution paths. In this work, the framework was applied into a
series of time course gene expression datasets related to mouse obesity and type-II diabetes
(T2D). We found that pathways with promotion functions are mainly concentrated in six
biological process, namely, Signal transduction, Immune system, Endocrine system, Nervous
system, Cancers: Specific types, and Infectious diseases: Viral. In addition, the entire
process was divided into pre-stage, post-stage and status transform stage. In the pre-stage,
driver V-structures are related to insulin-resistance and fat, while in the post-stage, driver
V-structures are related to diabetes complications. 3 driver V-structures included in the
status transform stage are selected, namely, Erkl-Hras-Pik3r3, Cldn18-Cldn23-Cldn4 and
Itpa-Cd39-Entpd8, which can be used as biomarkers to predict whether pre-diabetes of
mouse will switch into post-diabetes

School of Science, Jiangnan University, Wuzi 214122, Jiangsu, China
Wuxi Engineering Research Center for Biocomputing, Wuzi 214122, Jiangsu, China
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Combinatorics of gene networks models

V. P. GOLUBYATNIKOV, V. S. GRADOV

We consider block-linear dynamical systems symmetric with respect to cyclic permuta-
tions of the variables 1 — 22 — ... — x,, — x1:

¥1 = L(xy,) —x1, @9 =L(x1)—2x9, ... @n=L(xy_1)— Ty (1)

Here, n = 2k + 1, k > 2, ; > 0, and L(z) is a step-function such that L(z) = A for
w < 1; L(z) = 0 for w > 1. Symilar dynamical systems describe functioning of circular gene
networks, see [1, 2, 3] and references therein.

The cube @ = [0, A]™ is a positively invariant domain of the system (1). The hyperplanes
x; = 1, i = 1,n subdivide @ to 2" blocks which we enumerate by binary multi-indices
{e1...en}, where g;, = 0if z; < 1, and ¢; = 1 for ; > 1, just like vertices in the boolean
cube.

We call valency V (€) of the block € the number of its (n — 1)-dimensional faces such that
trajectories of the system (1) leave € through these faces. Some other trajectories of this
system enter the block e through its remaining n — V' (€) faces. For each face F' = €1 N eg,
direction of transitions of trajectories of its points through F' is uniquely determined. Let B
be an oriented graph constructed on the vertices of the boolean cube. Its edges are oriented
according directions of transitions of trajectories of (1) from block to block desribed in [1].

Theorem. If 2A > n+vn? —4n or 2 < 2A < n —v/n? — 4n, then the system (1) has
at least two cycles. One of them is contained in the union Wy of the blocks of valency 1,
the other cycle is contained in the union W,,_o of the blocks of valency n — 2. Both cycles
travel from block to block according to arrows of the graph B.

In terms of the graph B, we describe combinatorial structures of the domains W; and
Wy —2. In the case n = 3 and A > 1, the system (1) has a unique stable cycle, even for
asymmetric systems of the type (1), see [3].

Supported by RFBR, grant 18-01-00057.
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The weighted prediction algorithm of DINase I hypersensitive sites

D. QiaN, P. Zuu

DNase I hypersensitive sites (DHSs) associate with varieties of regulatory DNA elements.
Prediction of DHSs is helpful for investigation into the function of noncoding genomic re-
gions. In this study, numerical vectors are constructed from DHSs and non-DHSs sequences
using pseudo trinucleotide composition. Furthermore, first group last classify (FGLC) al-
gorithm is proposed to predict the DHSs. As for the drawback of overall accuracy (ACC)
on imbalanced dataset, the ACC is modified to balanced accuracy (BACC). And 5-fold
cross-validation method is applied to demonstrate that FGLC algorithm has advantage over
existed methods.
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O6 ucropuu yeTBepTOl GUrypPhl CUJIJIOTU3MOB

A. A. BABAEB, P. I'. BABAEBA

B TpanummonHOI jTOTMKE PACCMATPUBAETCS YeThIpe (PUTYyPHI CUILIIOTM3MOB:

I.C—B II. C - B III. B> C IV. B> C
B— A A— B B— A A— B
Cc — A Cc — A c — A Cc — A

WssectrO, uTo Apucrorens u apyrue apeBuue joruku kaxk Pusmunon, [lopdupnit, Bo-
SIMH pacCMaTpPUBAIN TOJBKO TPHU (GUIYPHI cuyiorm3MoB. KTo aBTOp deTBepTONl (DUTYpPHI
He m3BecTHO. MHOTme joruku cumranu, 9To aBTopoM IV durypsr 6611 npeBHEpUMCKUit du-
mocod rpeveckoro mpoucxoxnenus ['anen. JlykaceBud ompoBepr 3TO OCHOBBIBasICb Ha TOT
daxT, aTo ["amen paccmoTpen IV ¢durypsl 01t CUIIIOrn3MOB COCTABIIEHHBIX U3 TPEX MOCHITIOK,
a He IUTst APUCTOTENBCKUX CUJIJIOTU3MOB KOTOPBIE COCTABIIEHBI U3 IBYX MOCHIIOK.

Mp&r ucerenoBaIn CUIIIOTUCTUKY U3BECTHBIX BOCTOUHBIX CpemHeBeKOBBIX GuitocodoB ajl-
dapabu, nbn Cunbl, Baxmansapa u cpagauBanu ux c joructukoin H. Tycu.

An-®apabu B cBoeM Tpyne no soruke «Ar-raxcuns («Ilosnanues) mumer: «Tor cu-
JIOTU3M, B KOTOPOM CPEIHUI TEPMUH SIBJISETCS B OIHON IMOCBHIJIKE TMPEINKATOM, B IPYTOH —
cybbekToM, obpasyeT mepByO GUrypy; TOT, B KOTOPOM CPEIHWUI TEPMUH SIBIISIETCS IIpe-
IUKaTOM 00erX TMOCBIJIOK, COCTaBIIsIeT BTOPYIO QUTYPY; TOT , B KOTOPOM CPEIHUN TePMUH
SIBIISIETCST CyOBEKTOM X 00€emX, MPeICcTaBlIsIeT TpeThio ¢purypy.». Bumao urto, mpu ompemne-
nmeHuu 1epBoi purypy Papabu He yTOUHSET, B KAKOW IMOCHIIKE CPEIHUN TEPMUH SIBISIETCS
IpeIuKaToOM, B OOIbIel uian — MeHbIein. [loaToMmy y HEro o ueTBepTOl Urype HUUIEro He
TOBOPUTCSI.

V6u Cuna n Baxmassap XOTs OTIMYAOT BXOXKICHNUS CPEIHET0 TEPMUHA B KAUECTBE TIPe-
NUKaTa Win cyobekTa B OOIBIIYIO U MEHBIITYIO MOCBIIKY HO IV durypy He paccMaTpuBaioT
13-3a «HE €CTeCTBEHHOCTII.

B «Acac am-uktubacs («OcuoBbl npuobperenus 3uanuit») H. Tycu onpenenser Bce de-
ThIpe QUTYPBI CHILIOTU3MOB: «PopMa MOSIBIIEHNST CPETHET0 TEePMUHA, C OCTATBHBIMEI TePMU-
HAMU B IIOCBUIKAX HA3BIBAETCs GUrypoil. VX yeTwIipe : a) B MEHbIIIEH OCHITIKe — MPEINKAaT,
B GOJIBINEN — CYOBEKT, 5Ta mepBas Gurypa; 6) B 0601X MOCBUIKAX — IPEIUKAT, 3Ta BTOPast
durypa; B) B 060X MOCBUIKAX — CYOBEKT, 5Ta TPEThbs GUIypa, I') B MEHbBIIEN MOCHLIIKE —
cyOBeKT, B OOJBINEN — MpennKaT, 3Ta deTBepTas purypa.>

To uro, Tycu sBHO onpenenset IV ¢durypy, MoxeT IpUBECTHU K BBIBOLLY, YTO OH SIBJISIETCS
aBTopoM [V durypsr, Ho B TpakTare «llapx am-umapat» Tycu roBoput: « “Ilpenbimytiize”
yueHble BoISBWIN TPpu Gurypsl .... “llocmemyromme” yuenbe, Korma oOpaTW/Iin BHUMAHLE
Ha TO YTO, U3-3a HE eCTeCTBEeHHOCTH, IV durypy He paccMaTpuBaiT, C STUM OHU HE COTJIa-
CUIUCH». 3HAUNT, KAKMe-TO «IOCIEMyIolme» Morian ObITh aBTopamu IV ¢urypsr erre mo
H. Tycu. Otum «keM-T0» MOKeT ObITH CPETHEBEKOBBLIN yUEHBI, acTPOHOM, duitocod 3aitH
an-nuua A6y-n-Bapakar an-Barmamu (1095-1175), usBecTHBI mom uMenn Axam as-3aMaH
(«eIMHCTBEHHBI CBOETO BPEMEHIS ).
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AnreﬁpanquKaﬂ CAMBOJIMKA MCJIaMCKOI'O CpeoHEBEKOBbs

A. A. BABAEB, B. ®. MEIXKIIYMBEKOBA

CuMBOJIBI KaK OOWH U3 COCOO abCTpaKIUU UTPAIu OOJIBIIYI0 POJIb B PA3BUTHUU MaTe-
MaTuku. B 3ToM elrie HeoleHEeHHAs 3aC/IyTa CPEOHEBEKOBBIX MCITAMCKUX YUEHBIX.

B III Beke u.5. Imodpant Anexkcanmpuitckuii B ¢cBOMX 13 KHUTaX pasBUJI HOBBIE METOILI
pemtenus 260 3ammad, KOTOpbIE MPUBOAWIN K PEIIEHUIO TNHENHBIX 1 KBAAPATHBIX YPABHEHU.
HuodaHT BBe CeMUAIBHYIO CUMBOJINKY IIJIs 0O03HAUYEHUs] HEM3BECTHON, KBAaIpaTa, Kyoa u
IpYyTuX cTemeHern. YeTwipe m3 9TUX KHUT HOIIN OO HAC B apabckoM mepeBone. CuMBOIHKA
HMuodanTa (MO MOHATHBIM [JTsl ApAGUCTOB TPUIMHAM) B HUX HE COXPAaHEHA, KAK CUUTAETCH,
IepeBeNeHbl caMu TepMuHBL. Ho mpu BHEMATETBHOM MCCIIENOBAHUU BUOHO, UTO COOTBET-
CTBYIOIIIIE apa0CKIe TEPMUHBI SIBIISIFOTCS CKOpEe CBOCOOPA3HBIMU CUMBOJIAME, UMEIOIIIIMI
CBOICTBa aOCTPAKIINM, HATJISIAHOCTU U UTPAOIINE KOMMYHUKAIINOHHYIO POJIb.

Tax HuodanTos cumBoi ( HeM3BeCTHOTO uncia [arifmitos] 3amenen na apabekoe [meit] —
Bemb (HeuTo), cumBoil A ot [dinamis] (cuma) ma [mal| umyiecrso, npuymuoxenune. [lourn
3HAKOBask KPATKOCTH apabCKoil 3amucy, KpoMe 0003HAUEHUsI CTeleHell (BIpoueM ypaBHEHUsI
BBLICOKUX CTEIeHel apabos3bIYHbIe YUEHbIE He PACCMATPUBAIIN ), €€ 3aKPEIJIEHHOCTh B TPYIAxX
MaTEeMATHUKOB €Ille Pa3 CBUAETEIbCTBOBAIN O CUMBOINYECKOM XapaKTepe TEePMUIHOB.

Bronme cnpaBennuBo mpunuckiBaTh A-XopesMn OCHOBATEIEM COBPEMEHHON aiireOphI
TaK KakK OH B CBOEM aJirebpamyeckoM TpaKTaTe BIIEPBBIE BBEJI IBe arebpaniecKue Onepalin,
CUMBOJINYECKHN 0003HAYAaEMBbIE «AJIKaAOP>, U «MyTadaaas.

PaszButne ecrecrBo3znanus B XV-XVII Bekax TpeOoBaio pereHns ypaBHEHUS BBICIITIX
creneneit. AGCTparupoBaHUs CBOMCTB STUX yPABHEHUEN yIUPAIOCh B TPOMO3IKOE HA3BAHUE
CTeTeHeN.

Cunraercs, 9T0 BO3POXKACHNE are6panieckoil CUMBOIMKE Hadaiochk ¢ XV Beka (Jlyka
[Mauwnonu, koccuctsr). Keraru, y Jyku [launonu o603HaueHre HEU3BECTHOTO «CO®» — MIPOUC-
XOIUJIO OT CJIOBA «BEIIb» — T.€. COOTBETCTBOBAJIO apabCKOMYy [1Ieft], OT 5TOro xke TepMuHa
I Ha3BaHUE HEM3BECTHOIO «Coss» — (Bewb) u y koccuctos [XVI| Beka. Ho y Tex u npyrux
He OBIJIO CUCTEeMATUUeCKOTo obo3HaueHus creneneit. B tpyne Ihx. Yonnec, «UcTopuueckuit
U IPaKTUYEeCKN TpakTaT 1o ajaredpes npuBelleHa Tabiuia 0003HaUEeHUsI CTeleHel Y KOCCH-
ctoB, Buera, OyTtpena, Ilekapra.

Hamu 6511 ucenenoan Tpakrar H. Tycu «Coopauk no apudmeTnke ¢ MOMOIIBIO JOCKI
7 nbim». B 8 pasmenre TpakTaTa mpuBeneHa Tabuia OYKBEHHBIX OO03HAUEHUN CTEIEHEN.
Crenenn 0603HaYEHBI TIOCTIENOBATEIEHOCTIMEI apabCKUX OYKB, SABIISIOIINXCS TOCTIETHIMEI OY-
KBaMI CJIOB «KBampar» (Maj), «ky6» (kualb), «KOpeHb» (IKy3yp), OO (I OTPULATEI b
ueix cremeneit). Cremyer ormeruTs coBmamerue oboznauenu H. Tycu m Oyrpema m mx
anaIuTUBHBIX npuHIUnoB. [[:k. Yomnneca orMedaeT, 9TO OCHOBOW uepToil TpynoB, [laumosnm,
[ITudpuns u Bombenu aBasIach CUMBOIMKA, UMEIOIAas apabCKy0 MPUPOMIY, OCHOBAHHYIO HA
IpUHLINIIAX 00pa30BaHUSI CTEIeHe.
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HekoToprie npo6iiembr A. I. Manbuiesa u A. U. lupimiosa

JI. A. BOKYTL

B cBoeMm BhICTyIIIEHNE 51 PACCKAXKY O TPOGIEMax, B PEIIeHNN KOTOPBIX 51 (U He TOIBKO i)
yIacTBOBAJI.

1) IIpo6rema MasbiieBa O CyIIECTBOBAHUU KOJIBIA, BIOKIMOTO B TPYIINY, HO HE BIIOXKU-
MOTO B TeJIO.

Bo BBonmoit crarse k kuure [1], Beimenieit mon penakunein M. A. JlaBpenTreBa (3aM.
penakTopa A. U. Mlupmmos), «KpaTkuit ouepk Hay9HON, MEIATOTUYIECKON U OOIIIECTBEHHOM
nestenbHOCTH A. V. Manbuesas, ctp. 6, mpuBonuTcs (eIuHCTBEHHAs) TPOGIEMa, TPUBEICH-
Hasl BBIIIIE.

B knuure [2], B crarse «Anatoly Ivanovich Malcevs, crp. 559, mamucano: «In 1937,
answering a question posed to him by Kolmogorov, Malcev published a paper on the em-
beddability of a ring in the field. The original problem was posed by Van Der Warden
whether there existed rings without zero-dividers which could not be embedded in the field.
Malcev answered the question by constraction a ring whose multiplicative semigroup was not
embedded in a group. Step-by-step, he was led into invistigating the existence of rings whose
multiplicative semigroup was embeddable in group yet the ring still was not embeddable in
a field.». OnaTe, 5TO enuHCTBEHHAS TTPOOIEMa B CTAThe.

2) TIpo6iaema MasblieBa 0 ThIOPUHIOBBIX CTEMEHSX HEPA3PEIINMOCTU TPOGIEMbI COMPsi-
YKEHHOCTU B TPYIIIAX.

Ora mpobileMaTuKa CBs3aHa C HAPABJICHUHEM B ajirebpe M MaTeMaTUIeCKOU JIOTUKE,
KOTOpPOEe HOCUT HasBaHue «Asropurmudeckue npobsemsr (Decision problems) amre6pbrs u
cBs3aHHO ¢ TakuMu nmeHamu kKak Ilen, Tys, Maruyc, Toiopunr, [loct, Mapkos, HoBukos
u ap.

3) IIpo6aema luprmosa o paspermMocTy IpobIeMbl PABEHCTBa B Teopun anre6p Jlu.

Ora npobiema 6blta mocrasieHa B pabote [3|. Pabora mocssirena, o cOBpeMEHHOIT Tep-
MuHOIOTHHU, Teopun 6asucos I'pebuepa — Illupriosa. Oua omepenuna paboTsr X. XupoHaka,
1964 u B. Byx6eprepa 1970 (muccepramus B 1965) mo Teopun Gasucos I'peGuepa.

REFERENCES

[1] Mansues A. U., Us6pannse tpynsr, T. 1, Knaccuueckas anrebpa, Hayka, 1976.

[2] Sinai Y., Russian mathematicions in the 20th century, World Scientific, 2003.

[3] Hlupwos A. U., Hekoropsle anropurmudeckue Bonpocsl miist anre6p JIn, Cu6. Mar. 2Kypnas, 1.3, N 2
(1962), 292—296.
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K 100-smeTuio co nus poxnenus . M. CmupaoBa. Kypc ucropunm maremaTukm

O. II. MAKCUMOBA

B mokmname pacckasbiBaeTcs o Kypce «Mcropus maremarukus, padpaboTaHHbIM IMu-
rpuem MaTseeBuden CMUPHOBEIM! TI0 TOpyUeHMIO Y I€HOTO COBETA IS MATHCTPAHTOB Me-
XaHUKO-MaTeMaTuaeckoro dakyiabrera HI'Y, m xoToperit untascs ¢ 1996 mo 2004 r.

CnemyeT OTMETHUTH, UTO 5TOT KypPC TPeOOBAII OT JIEKTOPA SHIIUKJIONEIUIECKUX 3HAHUIMA
MaTeMaTuKd U TJIyObokon spymunuu. McTopuwyeckuil mpoIiecc BO3HUKHOBEHUS U Pa3BUTUS
MaTEeMaTUUYECKUX TOHATUN U TEOPUN HNEeMOHCTPUPOBAJICA Ha (GOHE PACTYIIEH BHYTPEHHEN
CBSI3 MEXIY OTIEIbHBIMU pa3fejaMi MaTeMaTHKU. 3HAKOMCTBO C MHOTOBEKOBOU WCTO-
puell pa3BUTHUS MaTEMaTHKN COITPOBOXKIAJIOCH PACCKa3aMW O BBIMAIOIINXCS MaTeMaTUKax
MIPOIIJIBIX CTOJIETUH, 006 UX OTKPBITHUSIX, MOBIUSIBIINX HA PA3BUTHUE HE TOTHKO MaTEMATUKH,
HO U OPYyTuX HayK. B oTHmenbHBIX KPATKUX OYepKaX MCCIIENOBAIOCH BOSHUKHOBEHUE U COBEP-
IIIEHCTBOBAHME HEKOTOPBIX BAXKHEWIITUX MOHITUN U Pa3/esioB MaTeMaTuku. Kypc comepxkast
3HAUNUTEIbHOE YUCIIO 3a7ad, CBI3aHHBIX C TEMU WM WHBLIMU MEPUOIAMU B MCTOPUU MaTeMa-
TuKu. B Kypce Takxke OTMeUYeHbI OCOOEHHOCTH MATEMaTUKN B CUCTEME HayK, HeOOXOMUMOCTH
U3YYEeHUST UCTOPUU MATEMATUKN 1 HePa3PBhIBHAS CBS3b IIPEMONABAHUS MAaTEMATUKA C €€ pa3-
BUTHUEM.

K coxanenuto, maTepuasib o kypcey [1, 2| He 6butn omy6iInKoBaHb Tpu Ku3Hu [IMuTpust
MaTBeeBuuA.

CIINCOK JIUTEPATYPHI

[1] Makcumosa O. ., Cyvupros . M. Ucrtopus maremaruku : yueb. nocobue / O. II. Makcumosa, 1. M.
Cwmupros ; HoBocub. roc. yu-t. HoBocubupcx: PUIL HI'Y, 2016. - 320 c. Kuura noctynHa B 97I€KTPOHHON
6ubnumoTevuHON cucreMe https://e-1ib.nsu.ru/.

[2] Makcumosa O. II., Cmupnos . M. Uctopus matemaTuku : ydeb. mocobue s By3os (Cepus: YHuBep-
curersl Poccum) / O. II. Makcumosa, II. M. CmupHoB, 2-e nsmanme, crepeorunnoe; Mocksa, FOpair,
2018. - 319 c. Kuura noctymHa B 57IeKTPOHHOI OubimoTedHoi cucreMe https://biblio-online.ru/.

Hosocubupckrut 2ocydapcmeennbiti ynusepcumem, Hosocubupck
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L. M. Cmuphos (27.10.1919-13.04.2005) 6611 yuenukom A.VI. Mansuesa. Bosee monpo6uyio nadopma-
uuio o IImutpre MaTBeeBuue MOXHO ITOYepIHYTH B http://www.mathnet.ru/rus/person19697
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DJIeMeHTHI NHTETrpaJIbHOT'O NCUNCJIEHNUs B TPpyOdaX Y4YEHBbIX MCJIaMCKOI'O
CpenHeBEKOBbs

D. MAMEOOB

Kunra Beny Myca (IX Bek) «Kunura mosHanus n3mMepeHus miIoCKuX U IIAPOBBIX HUTYP»
(«Kurab mapuda macaxa am-amkan aja-6acura Ba-JI-Kypuiliias) COXPAHUBIIAACT B Bume 00-
paborku at-Tycu, cocrout u3 18 mpemmoxenuii. B miaHuMeTpudeckux 3amadax BBIUUCIIS-
I0OTCSI, CPENU TPOYEro, IUIOMIAAb KPpyra U MJINHA OKPYXKHOCTU. B wacTHOCTH, BBICTyHAs 13
AHAJIOTUY C IPABUIBHBIMI MHOTOT'YTOJILHUKAMU YTBEPXKIAETCs, YTO IJIOIIAIh KPyra PaBHA
IIPOM3BENEHNIO €r0 MOTyaraMeTpa Ha ITOJIOBUHBI [JINHBI €r0 OKPYKHOCTU. B msaTon 3amade
OIIEHUBAHNEM IEPUMETPOB BINCAHHBIX U OMMCAHHBIX MPABUILHBIX MHOTOYTOJIBHUKOB YUHICJIO
OIIEHUBAETCS CBEPXY W CHU3Y: 3%—(1) <m < 3%. IIpu sTOM OTMeuaeTcsi, YTO TaKUM CIIOCO-
60M MOXHO MOJIyYUTH 00JIee TOUHOE MPUOIMKEHHOe 3HadeHre ducaa 7. MHorue mciaamMckue
yUeHble CPEMHEBEHKOBbSI 3aHUMAJINChL ATOW 3amadein. Bummmo, B TpakTate «TpakxTar 06
okpyx)uocTn> («Puana am-myxuruitiias) xammmmom an-Kamm (ym. okosno 1430) mosmy-
JeHa HamOOJTbIIIas TOYHAS OIEHKA JIJIS YUCJIa T ¢ TOMOIIBIO ATOTO MeToma. Karm oreHuBast
IepUMETPE! BINCAHHOTO 1 OIMCAHHOTO MPABWIBHEIX 3 - 228-yTOIEHIKOB Oy YmIT pe3yIbTaT,
nMeroruil 17 BepHBIX OECITUYIHBIX 3HAKOB.

An-Xaiicam B TpakTarax «Peub 06 u3mepenun mapas («Kayn ¢u macaxa am-kypas) u
«Kanra o6 msmepennn napaGonumdeckoro tenas («Maxkama pu Mucaxa ajn-MymKaccaMm ajl-
MyKa(us») OLEHUBAET YaCTUUHBIE CYMMBI HEKOTODPBIX DPSIOB, U MOJIyUEHHBIE PE3YIbTATHI
NpUMEHSIeT MJIs BBIYUCIEHUS ILIOMIaNell u o6eMOB. B 9acTHOCTH, MM IOJIyYeHBI CIIEMyIO-
1Ie Pe3yIbTaTh:

En:kQ_ nt1y (1 ~n3+n2<§:k2<n3+2n2
3 k=1

30

8 8
= <Z )<—m5,z —k?) > m’

OnennBaHuUsT O6BEMBI BIUCAHHBIX U OMTICAHHBIX CTyHquaTLIX TeJI BpallleHUs OKOJIO IIapa
1 mapabonmueckux QUryp, COCTOSIINX W3 NUINHAPUYECKUX QUTYD OH IOJIydaeT COOTBET-
CTBYIOIIINE (bopMyJIbI HpOBO,HI/IMbIe BI:ILII/ICJIeHI/I}I NPAKTUYCCKN PABHOCUJIBHBI BBIYMCIICHUIO

MHTETrPajioB f( —x )dm fa:dm u fx4 dx.
0
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CTpyKTypHBIE BOIPOCHI IepeBa YHUPUKATOPOB

C. 1. BAIIMAKOB

Teopus yuubukanun (mpeobpazoBanus (HOPMYJILI B TEOPEMY HEKOTOPLIMU 3aMEHAMH )
AKTUBHO Pa3BUBAETCS B MOCIENHUE mecaTuwieTus (6] u yxke BkiouaeT B ceGsl HEMAJO Pas-
JIMYHBIX, HO CBA3aHHBIX 3a7a4. B UX YMCII0 BXOMST MCCIeNOBaHNe THUIA YHUGDUKAIINN JIOTUK,
IIOCTPOEHNE ONpeneeHHbIX HAaOOPOB YHUDUKATOPOB (HOPMYJ, ONUCAHUE ITYUIINX®> W IIPO-
CTeInX IOACTaHOBOK (2, 5, 1].

Dopmyna o(p1, ..., ps) yrudpuyupyema B L < Jo 1 p; — 0; (yruduramop) miis Kaxkmom
p; Takas, aro p(o1,...,0) € L.
YauduxaTop o dopmyast o(p1,...,ps) HazoseMm 6oaee obuwum dem ol B L (ol < o),

eCITH CYIIIeCTBYeT TONCTAHOBKA 7y Takasd, ato Vp; € Var(p): ol (p;) = vy(o(p;)) € L.

N3BecTHO, YTO MHOXKECTBO BCEX YHI(DUKATOPOB JIIOO0N (HOPMYIIBI YIOPSOOYEHO OTHOCH-
TEJILHO MPEANOPSIKa, COTJIACHO OTHOMIEHNIO «6osee obumit> [3]. Ommako, panee mpakTu-
YeCcK! He IIPOBOMUJINCH NCCJIEIOBAHUSI CBONCTB U B3aUMONENCTBUS YHUDUKATOPOB BHYTDPHI
TAKOrO OTHOIIEHUs (38 UCKIIIOUEHNEM, BO3MOXKHO, [4]).

IIycts AU, — MHOXKECTBO BCeX YHI(HUKATOPOB IIPOM3BOILHOM GOPMYIIHI ¢ B joruke L. B
IAHHOM MCCJIIOBAHNIN IIPENIAraeTCs OCTPoeHue nepesa yHnbukaTopos (AU, =) dopmyiisr
@, rne AU, BEICTyTIaeT B KadeCTBe MHOXKECTBA BEPIIHH JIePeBa, IOCTPOCHHOTO Ha OTHOIIIE-
UK npennopsnka <. KopHeBbIME siieMeHTaMu nepeBa sSBIAIOTCS KopHesbie (Wiu ground-)
VHUGUKATOPHI, T.€. IMOJIyUeHHBIE IIyTeM TOICTAHOBKU KOHCTAHT BMECTO MEPEMEHHBIX (op-
MyJIbl. OJJIEMEHTAMU IIEPBOIO CJIOSl, €CJIM TAKOBOW CYILIECTBYET, SIBIISIOTCS MaKCHMaJIbHbBIE
nn Hanbostee o0 yHuUPUKATOPHI GOpMyJibl. B mokiiamme aHOHCUPYIOTCS Hadaja JaHHOTO
UCCTIEIOBAHIS.

Uccnenopanue BouimosHeHo nipu puHancoBon nonnep:xkke PODPU, IIpasurenscTBa Kpac-
HOSIPCKOTO Kpasi, KpacHOsSpckoro kpaeBoro (poHOa HAyKM B paMKax HaydHOro mpoekTta N 18-
41-240005, a Takxke PoHmIa MOOAEPKKN MOJIOOLIX yUeHbIX « Konkypc Mébuycas.
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AJIFOpI/ITMbI OIITNMM3AIINA (I)OpMaJ'IBHbIX AJOKa3aTeJIbCTB B JEeAYKTUBHBIX
cucremMax

II. 1O. BnacoB

bomnbmme 6a3pl popMaIn30BaHHBIX HOKa3aTeNIbCTB, HAIIMCAHHBIX YeJIOBEKOM, MOTYT CO-
IepKaTh HEeONTHUMAaJIbHBIE NOKa3aTelbcTBa. ABTOpOM pa3paboTaHBI U Peajln30BaHBL aJIro-
PUTMBI, IMO3BOJIAIOIINEC aBTOMATUYECKN HAXOOUTH U YCTPAHATH HEOIITUMAJIBLHOCTU B CpOp—
MaJIBHBIX OOKA3aTE/JIBCTBaX B OCAYKTUBHBIX CHUCTEMaX IIPOU3BOJILHOI'O BHUOA. AJIFOpI/ITMI)I
TECTUPOBAJIICH Ha 6a3e TeopeM cucTeMbl dhopmanbHol MaTemaTuku Metamath [1].

Crnncok anropnTMoB onTHMEI3AnAN GOPMAIBHBIX TOKA3aTEIbCTB!

yOaJIeHe HENCIOIb3yeMbIX IIaroB,
yIaJeHIe HEMCIIOIb3YeMbIX IPEIIOCHLIOK,

yIajeHne mIyOInpoBaHHBIX IIATOB IOKA3aTEIbLCTBA,

3aMeHa (hparMeHTa AepeBa IOKa3aTeIbLCTB Ha 60siee KODOTKUIl (OMUH IIar),
BbIOCJICHUIE O6H_II/IX OO OEPEBBB NOKa3aTE/JIbCTB 1 I'CHEepalus JIEMM,
regepanus Habosee OOIIero BUOa TEOPEMEI II0 €8 I0KA3aTelIbCTBY.

B peasnbroit 6aze Teopem (mepssre 100 000 crpok 6a3er Metamath) Bce onucanubie BbIITe
onTuMmI3auu cpabaTeBaOT. DOHEKTUBHOCTDL OMTUMEI3AIINAIN:

e yrajieHIe HEWCIIOJIb3YEeMbBIX TPENNOChIIOK: yaajleHO 16 Hemcnonab3yeMbIX TUTIOTES,

e yrajieHue MyOJIMPOBAHHBIX IIATOB JMOKA3aTEIbCTBA: yaaieH 2421 mybaupoBaHHBIN
mar,

e 3aMeHa parMeHTa nepeBa MOKa3aTeIbCTB Ha 0ojee KOPOTKUH: ymaileHo 511 m30bI-
TOYHBIX IITaroB.

CrnemyeT oTMeTUTH, 9TO caMas dbdeKTuBHAs onTuMu3anus (ynaiseHue ny6IupoBaHHBIX
IIIATOB) HA CAMOM [Iejle OBOJIBHO TEXHUYECKasl 10 CYyTU. BOJbIINT HHTEpeC MPencTaBIIsIeT
3aMeHa PparMeHTOB MOKA3aTeTbCTB Ha 00Jlee KOPOKUWE - 3TO yKe HeTPUBUAJIbHAsS Tpacdop-
MaIus IepeBa NOKa3aTeIbCTBA.

COuCOK JIUTEPATYPBHI
[1] Megill N. Metamath: A Computer Language for Pure Mathematics. Lulu Press, Morrisville, North
Carolina, 2007.
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YHI/I(I)I/IKaI_II/IH B HeTpaHBI/ITI/IBHOfI BpeMeHHOfI JIOTNKE 3HAaHUsA C yHI/IBepCEU'II:HOf;I
MOOAJIBHOCTBIO

T. KO. 3BEPEBA

[Tonxom x MOmeIMPOBAHUIO BPEMEHU KaK HETPAH3UTUBHOIO IIPOIECCa BOCXOMUT K UIIEE
BO3MOYKHOI HEKOPPEKTHON mepenadr MHMOpMAINKM: KOTa YacTh MAHHBIX, MOCTYITHBIX BO-
BJIEUEHHBIM B BBIUUC/ITUTEIBHBIN IMPOIECC CYOBEKTAM-areHTaM B MPOIIIOM, MOXKET OBITH yTe-
psIHA K HACTOSIIIEMY MOMEHTY, U HEJIb3sI C YBEPEHHOCTHIO CKa3aTh OyIeT JIM U KOMY UMEHHO
U3 areHTOB IOCTYIHA dTa uHbopManus B Oymyiuem, [1].

N3naganbao mpobieMa yHUDUKAIIIN CTaBUJIACh KaK 3a1ada MPUBEIEHNS 3aaHHbIX TepP-
MOB B CHHTaKCHYECKOEe PaBEHCTBO IyTEM 3aMeHbI X IMEPEMEHHBIX Ha Apyrue TepMbl. B 00-
JTACTHU HECTAHIAPTHBIX JIOTHUK 5Ta 3a/1a4a Jallle pacCMaTPUBAETCS KAK BOIIPOC IPEBPAIIIEHUS
bOpMyIIBL B TEOpeMy IOCIIe HEKOTOPOI 3aMEHBI IIEPEMEHHBIX [2].

dopmyna a(py, ..., ps) HA3BIBACTCSA YHUPGUUYUPYeMOT B JTOTUKE L, €CIU CYIIeCTBYeT MOI-
CTAHOBKa 0 : p; — 0; misd xkaxnon p; € Var(a), takasa, aro a(oq,...,05) € L. B stom
ciyJae, TMONCTAHOBKA, 0 HA3BIBAECTCS YHUPUKAMOPOM POPMYIIBL (.

C.UM. BamvakoB mokasaj MPOEKTUBHOCTH YHU(DUKAINN B JIMHEAHON JIOTUKE HETPaH3U-
TUBHOTO BPEMEHU C YHUBEPCAIILHON MomasbHOCTbio ULLZT L [3], mosznuee aHOHCUPOBaI 06-
oOlIleHNe pe3ysbTaTa Ha Cllydail Joruku 3HaHus [4]. B Tekyiem uccrenoBanuu HaMu TOMI-
TBEPKIIEHO TaHHOE 0O00ITIEHUE.

dspik LYFITK prmouaer Takue YHapHBIE MOIAJTbHBIE OIePaTOPHI, Kak: N — HepedIek-
CUBHAasI HETPaH3UTUBHAs MonaabHOCTH «Next», [y, ..., ], — MomagbHOCTU 3HAHUN areHTOB,
[J. — MOmaIbHOCTE OOIIero 3HaHus, [y — yHUBEpCcaIbHAsS MOOAIBHOCTb.

Joruky ULZT K onpenemnsem Kak MHOXKeCTBO Bcex hopmyi s3bika LYETTR prmomamvbx
Ha COOTBETCTBYIOIIEM el Kitacce ¢peimoB F'.

dopmyna apy, . . ., ps) Ha3BIBaETCA npoexkmusnoti BULLTIC, ecniu 37 (o) (MpoeK TUBHBII
yanbukarop) mis «, T.49. Vp; € Var(a) : Opa — [p; = 7(pi)] € ULTTK. OcHOBHBIM
pPe3yIILTATOM PabOTHI ABIISETCS CIIEMYIOIIAL

Teopema. Jlobas yaupuiupyemas B ULLT K ¢opmyna npoekTUBHA.

Kak crencTBue ycTaHOBIIEH YHUTAPHBIA TUN YHUPUKAIINNA UCCIIEMYyEMON JIOTUKA, TIOITY-
YEHO OMMMCAHUE MPOEKTUBHOTO YHU(GUKATOPA.
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06 aooNTUBHBIX oOIlepanmiax B I/IHTyI/ILII/IOHI/ICTCKOﬁ JIMHEMHON JIOTUKEe

M. 1. KanoBud4, C. JI. Ky3HENOB, A. O. IIEOPOB

PaccmorpuM MuHMMAJIBHBIA (DparMEeHT MHTYUIIMOHUCTCKOTO BapUaHTa JIMHEHHOHN JI0-
ruku [2] (ILL), ¢ onsoit nums uMnnukanueit (—). CekBeHIUU ABYCTOPOHHETO TEeHIIEHOBCKOTO
ncuncitenus mist ILL mmeror Bun I' = A, rme A — dopmyna, a [’ — KoHeuHOE MYJTHTUMHO-
XKecTBO (pOPMyJI. IpaBUIIa BBIBONA CIIEMYIOIITE:
IT-A IBrFC AIlFB

INILA—-BFC IM-A—B
HoGaBuM annuTUBHBIE OIEPANNN — KOHBIOHKINIO & 1 OU3BIOHKINIO B:
INA,-C ' A '-A, TALEC A, = C '~ A,
INNA & A C ' A & Az At A - C I'-A; & As

ILL xOoppekTHa ! IOJIHA OTHOCHUTEILHO ajIrebpamdecKnux Momesledl Ha KOMMYTATHBHBIX
pemérkax ¢ menenusmu (CRL) [1]. 3akon mucrpubyrusroctu, A& (B & C) F (A& B) &
(A& C), B ILL meBbiBomuM. Onuako, kax u miis HekommyTaTusHoi ILL [5], dparmenTsr 6e3

@ u 6e3 & pasIMUIAOTCs ¢ TOYKU 3PEHUS OUCTPUOY TUBHOCTU:
Teopema. @parment ILL ¢ onepanusavu —o u & IOJIOH OTHOCUTEIBHO KJIACCA TUCTPU-

AFA

6ytuBabIx CRL.

Teopema. Crenyrorras CeKBEHIUS, UCIOIB3YIOIas TOJIBKO Ollepaluu —o U B, obIIe3Ha-
ynmMa Ha Bcex auctpubyruBubix CRL, HO He BeIBOmuMa B ILL:

((y = 2) & (2 — ) B &) — ((y — 7) B ), (y — 2) D, ((y — 7) B ) —o (2 — 2) D) F
(ydz) —ox)d .

Crenyrorue pe3ynbTaThl 06 aJITOPUTMIYECKON CIOKHOCTU YTOUHSIOT [6] U SIBIISIFOTCS
KOMMYTATUBHON BEPCUE Pe3yIbTAaTOB Iyl HeKoMMyTaTusHOi 1LL [4]:

Teopema. 3amaum mpoBepku BBIBOOUMOCTH 1A pparmenToB ILL ¢ omepamusavu —o u
& u ¢ onepamuayu — u & PSPACE-nonHbL.

[Ipu sTOM 3amava BEIBOOUMOCTH BO (pparmeHTe Toiabko ¢ —o NP-nomnua [3].

Pa6ora M. . Kanosuua u A. O. Hlenposa momnmepxana rpantom PH® N 17-11-01294,
pabora C. JI. Ky3uernoa — rpantom PH® N 16-11-10252.
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CemMmaHTuKa O0IIEPEKYPCUBHOI Peain3yeMOCTH

A. IO. KOHOBAJIOB

[TousTHE PEKYypPCUBHON peasim3yeMOCTHU BOCXOMUT K paboTe aMEepUKAHCKOTO MaTeMaTUKa,
C. K. Kiunu [1], B KoTOpOi#t ObIIa TPEIJIOKEHA THTEPIPETALUS PAA CIENUOIICCKIX THTY-
UIIMOHUCTCKUX TOHSATHUI HA OCHOBE KOHIIENIUU Teopun ajaropuTmoB. C HeOaBHUX MOp OBbLIN
BBEOCHDBI B PACCMOTPEHUE BapUAaHTBI PEAIN3YEMOCTU, OCHOBAHHBIC Ha PA3JINYHBIX BUOAX Cy6—
PEKYPCUBHOI peasin3yeMOCTH: IPIMUTUBHO-PEKYPCUBHAS PEATIN3YeMOCTD [2, 3], MUHIMAIIb-
Has peanusyeMocTs [4]. [Ipencrasisror uaTEpEeC U Apyrue BUmbl CyOPEKypPCUBHON pean3y-
€MOCTH.

B macrosiein pabore paspabaTbiBaeTCsl TOHATHUE OOIEPEKYPCUBHON pPEaIM3yeMOCTH,
OCHOBAHHO€ Ha UCIIOIL30BAHUYN MHOEKCOB OOIIEPEKYPCUBHBIX (DyHKIINHI B KaUeCTBE KOHCTPYK-
THUBHOI'O CIIOCO0OA MOJIyYeHUs ONHUX peajiu3alil U3 OPYTuX.

B craree [5] 6bIIO mOKa3aHO, YTO MHTYUIIMOHUCTCKAS JIOTMKA HEKOPPEKTHA OTHOCH-
TeTbHO CEMAHTUKU MPUMUTUBHO-PEKYPCUBHON peaM3yeMOCTH, B TO BpeMs Kak Oa3mcHas
JIOTMKa KOPPEKTHa OTHOCUTEJIbHO 3TOro BuOa CEMaHTUKMN. ABTOpOM YyCTaHOBJIEHO, 9YTO aHa-
JIOTUYHBIE PE3y/IbTaThl CIIPABEIJIUBLI U IJIsI CEMAHTUKHU OOIIIEPEKYPCUBHON pPeain3yeMOCTH.
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O neJsieyinnpaBJids€eMOM CEKBEHIIMAJIBHOM HMCYUYMCJ/ICHUA OJIA I/IHTyI/II_II/IOHI/ICTCKOﬁ
JIOTKN

A. B. JISNEUKUN

B pa6ore [1] mpensioxen MOOXon K MOCTPOECHUIO KOPPEKTHBIX U TOIHBIX KOMITBLIOTEPHO-
OPMEHTUPOBAHHBIX OECKBAaHTOPHBIX CEKBEHITNAIBHBIX NCUNCIIEHNH 15 TIONCKA BBIBOAA B KITac-
CMYECKIX U HEKJIACCUIECKNX BapUAHTAaX JIOTUKU TIEPBOTO TOPSIKA, B YJaCTHOCTU, B MHTYUIIN-
OHHICTCKOW JIOTUKe. B Hell OCHOBHOe BHUMAHUE YIIEIS€TCsI BOIPOCAM ONTUMU3AIUN PAOOTHI
C KBAaHTOpaMU, KOTOpas IOCTUTaeTCs 3a CUeT UCHOJIb30BAHUS OPUTMHAIBLHOTO MOHSATUS MO-
IIyCTUMON IOICTAHOBKM, YUYNTHIBAIOIIIETO KBAHTOPHOE CTPOEHNE PACCMATPUBAEMBIX CEKBEH-
I[Uil, YTO U [AaeT BO3MOXKHOCTH CTPOUTH GeCKBaHTOpHbIe ncuncierus. Ho B [1] orcyTcrByer
TEeXHUKA OMNTUMU3AINYA TPUMEHEHUs TPOMO3UIIMOHATBHBIX TPABUII. 3[06Ch MIPeIIaraeTcs 3a-
KPBITH 3TOT NPOOEN I UHTYUIIMOHUCTCKON JIOTUKN B €€ CEeKBEHIINAIILHOM BapUaHTE.

CornacHo paccMaTpUBAEMOMY MOIXOMY, IPOIO3UIINOHAIbHBIE TTPABUIIA HOPMYITUPYIOTCS
TakuM 00pa30M, ITO Ha BBIOOD OIS MPUMEHEHUs] TOr0 WJIM WHOTO ITPOIO3UIINOHAIBLHOTO BIIN-
€T «IeTb» PacCMaTPUBAEMON CEKBEHIINU, T. €. (POpMyJia, HAXOMSIIAICI B €€ CyKIIeIIEeHTe.
(ITpu sTOM cumTaercs, 4To HOPMYIIBl B aHTELHENEHTAX CEKBEHIMI 0Opa3yioT MYJIbTUMHO-
KeCcTBa, a He mocjenoBaTenbHOCTH Gopmyst.) I[lonck BbIBOma B NpemiaraeMoM UCUHCIIe-
HIW, COOEPXKAIINM TOJIBKO IIPOMO3UIINOHAIBHBIE ITPABUIA U BAPUAHT IIPABUJIa COKPAIIIEHUS,
IpencTaBiseT coOOH, mocie (UKCAIny KBAHTOPHOTO CTPOeHUsT GOPMYJI MCXOTHOU CEKBEH-
OIUU W OIIyCKAHWS CAMUX KBAHTOPOB, IIPOIECC MOUCKA CEKBEHIMAJIBLHOTO NePeBa C «KBa3U-
aKCIOMaMII» BO BCEX JIUCTBSAX C IOCJEAYIOLIel IIPOBEPKOM TAKOI'O NepeBa Ha BBLIIIOJIHEHUE
crenyromx yesoBuit: (i) cyIecTBOBaHUE MOACTAHOBKU, MPEBPAILIAIOIEH BCE «KBA3MAKCH-
OMBI» B OOBIYHBIE AKCHOMBI, (ii) BBLINOJIHEHUE YCIIOBUS MOMYCTUMOCTH 5TOM IIONCTAHOBKH
OTHOCUTEIHHO TMOCTPOEHHOrO mepeBa u (iil) BBINOJIHEHWE YCIIOBUS TAK HA3BLIBAEMON COBME-
CTUMOCTHU HONCTAHOBKU C IIOCTPOEHHBIM HepeBoM [2]|. Vcumcrenue sBISETCS KOPPEKMHbIM
u noarvim. Ilpm a3TOM cremyeT oTMETHTBH, UTO TpeOOBaHME COBMECTUMOCTU SIBIISIETCS HEOD-
XONWMBIM YCJIOBHEM IJISI KODPEKTHOCTH B OOIIEM CiIydae HJIsi MHTYUIIMOHNUCTCKON JIOTUKU, U
OHO CTAHOBUTCS M3JIUIITHIM I KITACCUIECKON JIOTUKI.
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IIpo6iema cunbHOU y3HaBaemocTu B pacinupeHusx jioruk Od u JX

JI. JI. MAKcuMOBA, B. ®. FOH

Uccnenyrorcs mpobiieMbl pa3IuyduMOCTA U CUJIBHON PA3IUIMMOCTH, y3HABAEMOCTU U
CHJTBHOHN Y3HABAEMOCTH B PACIIUPEHUSIX MUHUMAJILHONW JIOTUKU J. DT MOHATHUS ObLIU BBE-
nenswl B [1]-[3].

[Iycts Ly — J-moruka m L. — KOHEYHO aKCMOMATU3UPYyeMas JIOTUKa, comepxkarias Lg;
Rul — mHOXecTBO akcuom u npaBuil BeiBoma. llutiem Lo + Rul > L, eciiu Bce popmybl u3
L BuiBomumbl B Lo + Rul; muttem Lo + Rul = L, eciu L coBmamaeT ¢ MHOXECTBOM (hOpMYII,
BRIBOOUMBIX B Lo + Rul.

lNoBopum, uto L pazauuuma nad Lo, eciu cyliecTByeT aJiTOPUTM, ITPOBEPSIOIINNA TI0
moboit popmyite A Bepuo mu Brioderue Lo + A > L. L — cuavno padauvuma Ham L,
€CJIN CYIIIeCTBYET aJrOPUTM, IIPOBEPSIOIINH 110 JTF000MY KOHEYHOMY MHOXKeCTBY Rul akcrom
7 TIPABUJT BBIBOMA, BLITIONIHAETCS I BKIodenue Lo + Rul > L.

Jloruka L — y3nasaema nad Ly, eciim CyIecTByeT AJTOPUTM, ITPOBEPSIOIIUIN IO JIIO-
6ot dpopmyite A pasenctBo Lo + A = L. Jloruka L — cuavho y3nasaema nad Lo, ecrou
CYIIIECTBYEeT aJIrOPUTM, KOTOPBIN IO JIFOOOW KOHEYHOU cucTeMe Rul cxeM akxCuoM W TIPaBUII
BBIBOIIA PeInaeT, copnamaeT ju joruka Lo + Rul ¢ L.

Panee 6b1710 moka3zaHo, YTO UHTYUIIMOHUCTCKAs JIOTuKa Int y3HaBaeMa HaI MUTHUMATHHON
norukont J [1]. OpHako mpobrema ee CHIBLHOI y3HABAEMOCTH HAI J €Ille He PellleHa.

B sToit paboTe MBI MOKa3bkIBaEM, U4TO JIOTUKa Int CuIbHO y3HABaEMa U CUIILHO PA3IMIIMa,
HAl MUHUMAJILHON npenreiTunrosoit jorukoit Od = —-—(L — p) 1 MUHUMAIBHOI CTPORHOL
gorukoit JX = (L —p)V(p— L1).

Kpome Toro, paccmorpum dpopmyny F = (L — pVg) — (L — p) V(L — q).
Jloruka JF = J + F wuccnenoBanack B psme pabor [4, 5], ona paspermmMa u 061anaer
MU3BIOHKTUBHBIM U WHTEPIOJISIIINOHHBIM CBOCTBaMu. HewsBecTHO, ABJISETCS /M JIOTHKA
J + F' y3umaBaemont Hanm J. Mer nokasbiBaem, uTo opmyna F' gBaseTcs paszmmduMon HaL
MUHUMAJTBHOW CTPONHON JIOTUKON JX.
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OG’bEI[I/IHeHHaSI JIOTUKAa 3aga4d 1’ BBICKA3bLIBAHUN

A. A. OHOIIPUEHKO

C. A. Menuxos B [3] BBEI B paccMOTpeHre OOBEMUHEHHYTO JIOTUKY 32184 U BBICKA3HIBA~
auit QHC. B sToit oruke nMeoTcs IepeMeHHbIe IBYX TUIOB — TUIA BBICKA3BIBAHNIE U TUIIA,
3amada. PopMysIbI CTPOSITCS U3 IEPEMEHHBIX € TOMOIIBIO CTAHIAPTHBIX K/IACCUIECKUX U UH-
TYUIUOHUCTCKUX CBA30K V, A, 7, — (He MeHsomux Tul GopMyIl), a TakKe MOMAIbHOCTE |
u 7. PopMysIbl TUIA BHICKA3BIBAHLE TTOMIMHSIIOTCS aKCIOMAM U IIPABUJIAM BBIBOHA KIIACCUUe-
CKOH JIOTUKY, & (OPMYJIBI THUIA 3a0a49a — aKCHOMaM U IIPABUJIAM BBIBOIA MHTYUIIMOHUCTCKOR
goruku. MonambHOCTU MeHSIOT Tut GOpMyT: eciu p — (OpMyIia TUTA BBICKA3bIBAHUE, TO !p
— 3a/]ava «KHANIU IOKa3aTeIbCTBO p»». Ecnu o — dopmyrna Tuna 3amada, TO Tav — BBICKA3bI-
BaHUE ««3allava (v UMeeT pPelIeHne»». DTU MONAJILHOCTHU CBSI3aHbI MEXIY COOON aKCHOMaMI
U mpaBmwIaMu BeIBOHA [3].

C.A. MenuxoB paccmoTpes Heckonbko Tunos Mopesteit soruku QHC (Tomosnoruueckue
MOJIEJIM, MOIEIN HA OCHOBE MOHSATHUS MyUKa), HO HdaKe IJIsl ITPOMO3UINOHAIILHOTO (PparMeHTa
HC sroit noruku He GBITIO N3BECTHO MOJHO ceMaHTUKY [4]. ABTOpoM B [1] paccMoTpeHB! cie-
nytorre Tunbl Moneneit goruku HC: anre6pandeckas cemanTuka u monenu Kpumnke ¢ nByms
HE3aBUCUMBIMI MHOXKecTBaMu MupoB. Jlokazano, uro nmoruka HC mosmHa oTHOCHTETBHO KO-
HEUYHBIX MOIEJIel KaXI0TO U3 3TUX THUIOB.

B [2] 6bun BBemens! mikanbl Kpuike ¢ ««IPOBEPSIOMIMMI MUPAMUA>» U PACCMOTDPEHBI
B KauecTBe Mofeseil smucTeMmyaeckoi gorukn IELT. ABTopom momydeno oGobIIeHme 5THIX
Mozerneit no moneseit moruku HC u mokaszana ciemyrorias TeopeMa.

Teopema Jloruka HC momua orHOcumTEeIbHO Momesierr Kpurke ¢ IpOBEPSIOILIAMEI MH-
pamu. Kpome TOro, BBITOJIHEHO CBOICTBO KOHEUHBIX MOJETIEN.

[Tockonbky Momenu Kpunke ¢ TpoBepsIOIIIMI MUDAMEI TaKXKe SIBIISIFOTCST MOIEIISIMU JIO-
ruku IELT, sra Teopema uMeeT CIENyIOIIMe CIIEICTBHS:

Cnenctsue Jloruka IEL' nomma orHOCHTEIBHO KOHEUHBIX Momesneii Kpumke ¢ mpose-
DSIOILIMHI MUDaMU.

Cnencreue Jlorukn HC u IEL' paspermmer.

C.A.MenuxoBbiM 6b1T0 MOKa3aHo, uTo jgoruka HC sABisieTCst KOHCEPBATUBHBIM PACIIIITPE-
HIEM KJIACCUYECKOI JIOTUKY, NHTYUIINOHUCTCKON JIOTHKY, & TaKKe MOTAIILHON KITaCCHIECKON
noruku S4 (ecim oboznaunts [1 =7!) [3]. OcraBascs oTKpBITHIM Bompoc, sBistercs u HC
KOHCEPBATUBHBIM DPACIIUPEHNEM MONAJIBHON MHTYUIMOHUCTCKOM soruku H4 (ecnu 06o3Ha-
quthk V =!7), Koropas coBnamaer ¢ paccmorpenHont C. AprémoeiM u T. IIporomonecky
snucremuueckoit sorukoit IELT [2]. ABTopoM 6bita moKazaHa CIEmyIommas TeopeMa.

Teopema Jloruka HC — korcepBaTuBHOE pactiuperue joruku H4.

Omzako ocTaéTCsT OTKPBITBIM BOIPOC O TOM, siBJIsieTcst ju npenukaTtHas jgoruka QHC
KOHCepBAaTUBHBLIM paciinpenueM jgorukn QH4.
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HomycTumbie npaBusia BbiBoga MonajibHbix WCP-soruk nang GL

B. B. PumaAuxkum

I'oBopuwM, uTo oruka A, pactupsorias Joruky G L, umeeT caaboe CBOICTBO KO-HAKPBI-
tuit Hag GL (weak co-cover property), eciu st m060ro KOHEIHOTO KOPHEBOTO A-Gdpeiima F
U TPOM3BOJILHOI HETPUBUAJIBLHON aHTUIleNn X CrycTKOB u3 JF, ¢ppeiiM J1, MOITydeHHbIH m06a-
BJIEHNEM KaK KOPHS OIHOA3JIEMEHTHOTO NPPEDIEKCIBHOTO KO-HAKPBITHUS KO (DpenMy Uce YR clt,
Takxe sBIseTcs A-dperimom. Jlorukwm, obramaromire STUM CBOWCTBOM, OyIoeM Ha3bIBAThb
WCP-norukamu wan GL.

O6osuaunm oo := a Aa; Qg := aV Qa. g Becex uncenn > 1, 1 <i,57 <n; n € N,
ompeneiuM (HOPMYIIBI:

mo=pi A N\ pi Ani= N\ Om

J#i 1<i<n
=00 N (i = —000)]: BT :=-0q.
1<i<n

OmnpenenumM Takxke mjst guces n > 1,n € N, IOC/IenOBATEILHOCTE IIPABUII BHIBOMA:
Co (Ai:l N —\(An N Bir)) '
DO_‘An ’
IIycTs 3amaHa jorumka A, pacmmpsromas Joruky G'L, yIOBIeTBOPSIOMIAS yCIOBUAM:
(1) A punummno annporcumupyema;
(2) umeem caaboe ceoticmso Ko-waxpvymui nad GL;
(3) pedyyuposannas gopma rf(r) npasusa r we donycmuma 6 N\ <=  cywecmeyem
A-modeavb M = (F, V) maxaz, wmo i) ¥V v € F x =y \V¢;; i) Iy € Fy v Oxo;
W)VDCF JdeeFelby de, pe € Pr(r), & O02(¢dc) = U (61(02) Uba(2))-

z€D

Teopema. Ilpasuma R, n > 1, gomycTumsl B 060t (UHATHO ANTIPOKCHMIDYEMOTT
jgoruke \, pacrupsorei G L, nmerorren ciaaboe cBOcTBO ko-HakpbITui Ham G L.

Teopema. Ilycre momanbHas jgoruka A(2 GL) ynosrnersopser ycaosusm (1)—(3). To-
raoa jarboe JOIyCcTUMOe HMPAaBUIIO T (B PEOyOUPOBAHHON (GOpMe) JIOTUKU \ BBIBOLUTCSI U3
npasut {R¥.n > 1,ne€ N}.

Teopema. IIycrs monanbnas jgoruka A\(2 GL) ynosaerBopser ycnaoBusm (1)—(3). To-
718 MHOXKECTBO IPAaBUJI {R'ﬁ{, n > 1,n € N} obpasyer He3aBuCHMbII GA3UC HOILYCTUMBIX
MIPaBUJI BBIBOAA JIOTHKU .

Teopema. IlycTts GpUHHTHO anmIpOKCUMUPYyeMas JOTUKA JOTUKA \ PACIIHPSIET JIOTHKY
GL. Ipasmma R, n > 1, n € N, HOmycTHMEI B \ €CIH W TOIBKO €CIAW A\ HMeeT craboe
cBoricTBO KO-HakpbiTuii Han G L.

i, __
R =

Cubupcrut Dedepasvrvrti Ynusepcumem, Uncmumym mamemamuru, Kpacrnogpck
E-mail: Gemmeny@rambler.ru
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A Hilbert-style calculus with explicit rejection

S. A. DROBYSHEVICH

We investigate the system of 2-intuitionistic logic, 2Int, introduced by Heinrich Wansing
[3]. 2-Intuitionistic logic was introduced in an attempt to make sense of problems which arise
when trying to formulate a natural deduction system for bi-intuitionistic logic of Cecilya
Rauszer [2]. Wansing outlined some of these problems and presented his 2-intuitionistic
logic as a natural deduction system for the language of bi-intuitionistic logic which features
explicit rejection. This system contains, for every connective f, introduction and elimination
rules governing the assertion of f as well as introduction and elimination rules governing
rejection of f. What is especially interesting is that there are some rules combining both
modes of reasoning.

One interesting feature of 2-intuitionistic logic is that while it has explicit rejection, there
is no single negation connective which serves as a toggle between assertion and rejection
(in fact there is no negation in the language at all). In this work we develop a Hilbert-
style calculus for 2-intuitionistic logic which has explicit rejection. To do so we employ a
bilateral convention of using the so-called signed formulas of the form o™ and ¢, which
can be intuitively understood as “y is asserted” and “p is rejected”. We then formulate our
Hiblert-style calculus over signed formulas and prove its soundness and completeness with
respect to Kripke-style semantics for 2-intuitionistic logic developed by Wansing. We also
show, how to usual Hilbert-style presentation of 2-intuitionistic logic can be obtained by
characterizing separately assertion and rejection fragments of the system.

Further, we discuss some of the advantages of our approach. One benefit is that think-
ing of 2-intuitionistic logic in terms of signed formulas allows one to formulate a natural
replacement theorem for the system. We also show that by introducing a notion of weak
definitional equivalence for systems with explicit rejection, one can show that 2-intuitionistic
logic and David Nelson’s logic N4 [1] are weakly definitionally equivalent — a fact obscured
by the usual presentation of N4 in which rejection is reduced to strong (or constructive)
negation of the system.

This work was supported by the Alexander von Humboldt Foundation.
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Modelling non-monotonic reasoning via temporal multi-agent logics

V. V. RYBAKOV

A popular area in computer science is applications of non-standard logics for analyses
of computational processes in multi-thread environment. A particulary important case is
verification and modelling processes of reasoning and derivation information from collected
reliable facts. That processes are non-monotonic by nature and collected and proven facts
may be refuted and updated. In particular, for that reason, non-standard logics are often
used for that kind of analyses. These logics often are modal-like or temporal ones or others
close to epistemic logics. They, in general, are devised to capture and represent defeasible
reasoning when reasoners draw tentative conclusions, enabling reasoners to retract their
conclusion based on further evidence (for origin the research in non-monotonic logic).

Reasoning about knowledge is another good issue for applications non-monotonic logic.
That logics include formulae that may mean that something is known or not known, therefore
these logics should not be monotonic. These non-monotonic logics may be various multi-
modal, temporal or agent’s logics (when agent’s knowledge logical operations are meant
as special modal-like operations). These research are well represented in publications of
many authors. We absorb (in a sense) developed previously technique and embedded new
technique obtained recently by us.

The semantics we suggest is based at relational (Kripke-Hinttika like) models for mod-
elling computational processes and analysis of databases with incomplete information, for
instance, with information forgotten in the past. Besides, the agent’s accessibility relations
may have lacunas; agents may have no access to some potentially known and stored infor-
mation. Satisfiability and decidability issues are in focus of our research. We find algorithms
solving satisfiability problem. Illustrating examples are provided.

The reported study was funded by Russian Foundation for Basic Research, Government
of Krasnoyarsk Territory, Krasnoyarsk Regional Fund of Science, the research project No. 18-
41-240005.

Institute of Mathematics and Computer Science, Siberian Federal University, Krasnoyarsk;
A. P. Ershov Institute of Informatics Systems SB RAS, Novosibirsk
E-masl: Vladimir Rybakov@mail.ru
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Modal bilattice logic as the fusion of K with itself

S. O. SPERANSKI

This talk is concerned with modal logics based on the Belnap—Dunn useful four-valued
logic — also known as FDE. One such logic, called modal bilattice logic, was introduced in
[1]; we denote it by MBL. It should be remarked that all the four truth values are explicitly
expressible as terms in the language of MBL. Furthermore, the Kripke semantics of MBL
uses four-valued accessibility relations, and the logic itself turns out to be non-normal.

For a modal logic L, by £L we mean the lattice of L-extensions (defined appropriately).
Denote by K2 the fusion of the least normal modal logic K with itself. Then using the
technique of [2], it can be proved that:

Theorem. There exists a lattice isomorphism between EMBL and EK?2.

The proof of this theorem provides an explicit isomorphism 2 (which is induced by a
suitably chosen computable formula translation). It turns out that 2 preserves various nice
properties. For instance, for every MBL-extension L:

e [ is decidable (complete in co-NP, PSPACE, etc.) iff so is Q (L);
e [ has Craig’s interpolation property iff Q2 (L) has it.

In this way €2 not only preserves lattice structure, but also much of what may be called
‘metamathematical structure’.

This work was supported by the Russian Foundation for Basic Research (Project No.
18-501-12019).
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OFpaHI/I‘IEHHaSI CBOOMMOCTDBb BBIYMNCJIMMBIX HyMepaunf/'[

H. A. BAXXEHOB, M. MycTA®A, C. C. OCIUYEB

Knaccuaeckum MHCTPYMEHTOM MCCIIEIOBAHNS AJITOPUTMIUECKON CJI0KHOCTH HYMEDAIIWil
[1] sBnsercss csommmocTs <. Hywmeparmms v csomures k mHyMmepaunu p (v < ), ecmu cy-
[IeCTByeT Bhrunciaumas Gyskius f, Takas 9ro mis moboro x € w, v(x) = u(f(z)). Ora
CBOAMMOCTD HOPOXKIAeT BEPXHIOK IONIypelIeTKy cremereil (momypemerka Pomxkepca). Ot-
MeTHM [Ba KIFOUEBBIX IS IPEACTABIEHHON PAGOTHI PE3yJIbTaTa O CTPOEHUN MOy PEIIeTOK
Pomxepca ceMeiicTB BbIUUCIMMO-TIEPEUUCIUMBIX MHOXKECTB :

A. Xyropeukwuit [2] mokaszas, aTo mosypereTka Pomkepca winm OLHOSIEMEHTHA, WK
OecKoHeJHaA.

B. Cenusanos [3] nokasas, aro 6eckoneuHas moaypeneTka Pomkepea He MOXKET ObITh
PEIIEeTKOM.

B manHO@l paGoTe paccMaTPUBAETCS 02DAHUUEHHAT C800UMOCTbL HyMeparuil <p,,. Hy-
Mepanus v bm-conurest K HyMeparui [ (V <py, [1), €CIIE CYIIECTBYET BEIYUCIIMAs (YyHKIIS
f, Taxas uto nna mo6oro z, v(z) = p(f(z)) n mas moboro y, mpoobpas f~1(y) — a0 KO-
HEYHOE MHOXKECTBO.

Heoxwunamuo, teopembr Xyropenkoro n CenmBaHOBa He MEPEHOCSTCs HA Ciiydail bm-
ceomumocTu. [losmydeHs! cremyormme pe3yabTaThl:

Teopewma.

A’. Ilna mroboro HaTypaabHOro n > 2, CyIIeCTBYeT KOHEYHOE CEMEHCTBO BBIYHCIIMO-
IepevncIuMbIX MHOXKECTB, TaKoe ITO ero bm-nosmypernerka Pomxepca nmeet Morir-
HOCTR 2™ — 1.

B’. CymecTByeT BEIYHCIIMOE CeMEHCTBO BBIYHUCIUMO-IIEPEUUCINIMBIX MHOXKECTB, UTO
ero bm-mosryperrrerka Pomkepca sSBJIIeTCSI GECKOHEUHON PEIIEeTKOM.

Uccnenosarust H. A. Baxkenosa u C. C. OcnuueBa BBIMOIHEHBI IpU o nepxkke ['panTta
[IpesunenTa Poccuiickoit @eneparunm mirst MOJIOOBIX POCCUUCKUX YIEHBIX — KAHOUIATOB HAYK

(MK-1214.2019.1).

CIIMCOK JIMTEPATYPHI

[1] Epmos 1O. JI., Teopus mymepanuii. M.: Hayka, 1977.

[2] Xyropeukuit A. B. O MOIHOCTH BepXHEN MOy PELIETKN BLIYUCIUMBIX HyMepanuit. Anre6pa u Jloruka.
1971, T. 10, N 5, c. 561-569.

[3] Cenusanos B. JI. IlBe TeopeMbl O BBIUMCIMMBIX HyMepamusax. Amrebpa u Jlorumka. 1976, . 15, N 4,
c. 470-484.
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O Tunax m3omopdusMa mosiyperireTok Pomxkepca B aHAJIMTUYECKON MepapxXuun

H. A. baxkeHos, C. C. Ocnu4eB, M. M. SIMAJIEEB

Hywmeparus v c6odumced k Hymeparuu i, eCIu CyIecTByeT Buraucaumas Gyukuus f(x),
rakas aTo v(n) = p(f(n)) ons moboro n € N. IloHsATre CBOOUMOCTH MeXIy HyMepallu-
MU TPUBOMUT K MCCIIENOBAHUSAM €CTECTBEHHOTO KIIACCa BEPXHUX TONIypeméTok |1, uacto
HasbIBaeMbIX noaypewmramy Podacepca. C.C. Tonuapos u A. Copbu [2| mauamu cucre-
MaTHUUECKOE U3yUeHUe MOy PelIéToK Pomkepea il CeMeiiCTB MHOXKECTB, IPUHAIIeKAIIX
YPOBHSM PA3IUIHBIX TEOPETUKO-PEKYPCUBHBIX MEPAPXUIL.

B nmamuoll paboTe uccienyroTcs momypenéTku Pomkepca B aHATIUTUYECKON MEpapXU.
B wacTHOCTH, TOIYYEH CIIEMYIONIAI PE3yIbTAT:

Teopema. Ilycts m # n — HeHyJeBble HaTypajbHbIC unciaa. Ecam momypermérka
Pomxepca R mma 11}, -eraucimmvoro cemeiicta S C P(N) me onrosmemenTra, To R He m30-
MopdHa HuKakoit momrypemérke Pomxepca ms 11} -seraucmumoro cemeticTsa.

Nccnenosanus H. A. Baxenosa u C. C. OcnmueBa BBINOJTHEHB! TP Tomaepxkke ['panTa

[Ipesunenta Poccuiickoit Penepanun njis MOJIONBIX POCCUNCKUX YIEHBIX — KAHANIATOB HAYK
(MK-1214.2019.1).

CIIUCOK JIMTEPATYPBI

[1] Epmos YO. JI., Teopus mymepanunii. M.: Hayka, 1977.
[2] Tonuapos C. C., Copbu A., OGOOLIEHHO-BLIUUCIAMbIE HYMEPALUN U HETPUBUAIIBHBIE IIOJLyPEILIETKN
Pomxepca // Anrebpa u soruka, 36, 6 (1997), 621-641.
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HpI/IMI/ITI/IBHO PeKypCHABHasl KAaTETOPUMYHOCTDb B CTPYKTYpPax
C 3KBUBAJICHTHOCTBIO 1 YHapax

K. B. BiimHOB

[Iycte /A — mpumuTuBHO pekypcuBHas cTpykTypa. Ckaxem, uro J-mmarpamma 2 paspe-
IIMMa C IPUMUTUABHO PEKYPCUBHBIMU CBUMETENSIMU, €CIIA CYILIeCTBYeT Takas IPUMUTUBHO
pekypcuBHas GysKius g(n,m), 9To ecaum n — HOMep Habopa T u3 A, u m — reneaeBcKuil
HOMep opmyier P(Z, §), To oHa HaxomuT HOMEp HaGoOpa Z TAKOro, 4To eciau B 2A mcTuHHA
Jy ®(z,y), To B A ucrtuuna u ®(z, 2).

Onpenenum kimacc cTpykKTyp Ky Kak KilacC IPUMUTHUBHO PEKYPCUBHBIX CTPYKTYD, 3-
nuarpaMMa KOTOPBIX pa3pelinMa ¢ IPIMUTUBHO PEKYPCUBHBIMU CBUIETEISIMI.

CkaxeM, 9TO IBE€ CTPYKTYPhI IPUMATUBHO PEKYPCUBHO M30MOPQHBI, €CIIN MEXKITY HUMEI
cyIecTByeT m30MOpU3M f, TAKOH UTO U OH, U [ | SBAAIOTCA IPUMHUTHBHO PEKYPCUBHLIMI
PYyHKIIUAMMA.

Bynem roBoputs, uTo anrebpamueckas CTpyKTypa 2l IPUMUTUBHO PEKYPCUBHO KaTeEro-
puuna Ham kiaccom K, ecnu cyrecTByeT m3omopduas 2 crpykrypa 2y m3 kmacca K, n
mobast mpyras cTpykTypa s u3 kiaacca K, mzomopdHas 2, TIPUMUTUBHO PEKYPCUBHO U30-
MopdHa ;.

Teopema. Ilycts 21 — He 6osee yeM cUeTHas CTPYKTYpa C 5KBHBaJeHTHOCTHIO. To-
raa OHa NPUMUTHUBHO PEKYDCHUBHO KaTeropumdHa HaJn Ky, Torma m TOJIBKO TOrma, KOra OHA
BBIYUCIIMO KaTETOPUIHA.

Taxxe B paboTe paccMaTpUBAIOTCS YHAPHI — CTPYKTYPbI C CATHATYPOH U3 OMHOTO PyHK-
[IIOHAIILHOTO cuMBoOJa. l[Ba sjmemenTta yHapa x,y € 2 HA3BIBAIOTCS CBI3aHHBIMU, €CIIH BbI-
nonusiercs f(x) = f™(y) mias HeKOTOPBIX N, m > 0. MakcuMaabHOe CBA3aHHOE MHOXKECTBO
HasbIBaeTcs O/okoM. I[lycTs 2 — cueTHBIN yHApP, B KOTOPOM €CTh KOHEUHBIN 010K [, Takou
a0 B % HalmeTcss 6ECKOHEYHO MHOTO OJIOKOB, M30MOPMOHBIX [, u HalineTcss 6€CKOHETHO MHOTO
60koB u3 2, HemzomopduBIX [, B KOTOpPBIE OH M30MOP(MHO BKIanbiBaeTcs. HazoBem Takoi
6JI0K Hepacno3nasaembim.

Teopema. Ilycts 2 — cueTHBII YHAP, B KOTOPOM €CTh Hepacro3HaBaeMbli 6y1ok. Torna
2l — He IPUMHUTHUBHO PEKYPCUBHO KaTeropumdeH Hang K.

Teopema. Ilycts 2l — He 6oJiee yeM CUETHBIH yHap, CONEPKAILMI TAKOH 3JIeMEHT dy,
aro (dy, f(do), ...) wmm (do, f~1(dp), ...) — w-Irems, y Kaskaoro sjaeMeHTa KOTOPOIt CYIIIeCTBYET
ToJIbKO onuH 1tpoobpas B2, Torma 2 — He IpUMHUTHBHO PEKYPCHUBHO KaTeropudeH Hag K.

Teopema. Ilycts 2l — He b6ojiee ueMm cueTHbIH YHAp, 1 N — Takoe HATYPaJIbHOE THUCIIO,
uT0 Kaxapeli 6j10k B 2 conepxkut menbire N sj1emeHTOB. Torma oH IPUMUTHBHO PEKYPCHUBHO
kaTeropudeH Han Ksx, Torma m TOJIBKO TOrzga, KOraa B HEM HET HEPACIIO3HABAEMBIX OJIOKOB.

Teopema. Ilyctes 2l — He 6ojiee YeM CUETHBIN MHBHEKTHUBHBIN yHap. lorma OH mpu-
MUTHBHO DEKyDPCHBHO KaTeropumdeH Han Ky Torma m TOJIBKO TOrAa, KOrga CYIIIECTBYET N
TaKOU, YTO YHAP COCTOUT TOJIBKO U3 IHUKJIOB JJIUHON < N.

Hosocubupckruil 2ocydapcmeennbiti ynusepcumem, Hosocubupck
E-mail: kvblinov@gmail. com
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HyHKTya.TIbeIe CTeIlI€eHU 1 BJIO2KEHNE PeIlIeTOK

M. B. 3ybkoB, U. II. KanumysinnHd, A. I'. MEJIbHUKOB

CTpyKTypa KOHEUHON CUTHATYPhI HA3bIBAETCS IIyHKTYAJIBHO BBIYUCIIMON, €CJTH €€ OCHOB-
HOE MHOXKECTBO €CTh W U BCe OIEePAIMd U MPEOUKATH IPUMUTUBHO PeKypcuBHBL I[lycTs A
MYHKTyaJIbHAS CTPYKTYPa, Toraa miist n3oMopdubix kormuit 5 u C cTpykTypsl A MOXKHO Ompe-
IeNUTh CJemyIolee MOHITHe cBOmUMOCTH: B <, C ecnm CyIecTByeT NPUMHUTUBHO PEKyp-
cuBHbIN n3omopdusm f : B — C. BosHukaeT cTpyKTypa IMyHKTYaJbHLIX CTEIeHeld. Dboian
MTOJTYYEHBI PA3INIHBIE CBONCTBA 3TON CTPYKTYPHI.

B uacTHOCTHU, OBLIN MOKA3aHbBI CIIEAYIOITNE TEOPEMBL.

Teopema 1. Ilycrs A = (w, +, X, <,0, 1), Tormna cTpykTypa MyHKTYaAJIbHBIX CTEIEeHe
HE SBJISIETCS] HU BEPXHEH MOJIYPEIIeTKON, HU HUXKHEN TOJTYPEIIeTKOM.

Teopema 2. Koxneunas perrretka R BKIambpIBaeTCA B CTPYKTYPY IMYHKTYAJIbHBIX CTEIIE-
Hell )KeCTKOU KOHEYHO IIOPOXKIEHHOU ITyHKTYAaJIbHO BEIYUCTUMON CTPYKTYPBI TOTAa U TOJIBKO
Torna, korna R mucTpubyrTuBHA.

Pab6ora nepBoro aBropa dactudHO rnogaepxkana rpanTroM PODPU N 18-31-00174.

K®Y, Kazanv; KOY, Kazanv; Ynusepcumem Meccu, Oxaend
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O HO3UTUBHBIX ImpenmnopsankKkax

B. C. KAIMYP3AEB

[To3uTUBHBIM TPEONIOPSIKOM MBI Ha3bIBaeM pe(IEeKCUBHOE W TPAH3UTUBHOE B.I. Ou-
HapHOe OTHoOIIeHNe. Hac mHTepecyeT ciiemyroliee OTHONICHIE CBOOUMOCTH: IIPENNOpPSIoK P
BLIUUCIMO CBOOUTCS K mpennopanky @ (cumpommaecku P <. Q) eciu CyIecTByeT BBIYU-
cauMas GyHKIus f Takas, 9TO I JIIOOBIX X,y € w xPy Torma m TOIBKO TOTIA, KOTIa
f(@)Qf(y). B noknane 6Gyner man 0630p HENABHO IOy YEHHBIX PE3YIIHLTATOB O MO3UTUBHBIX
IPEeNnoPAIKaX OTHOCUTEIBHO BHEIYMCINMON CBOOUMOCTH. Takxke OymeT IMOKA3aHO Pa3JIMdme
CTPYKTYP HO3UTUBHBLIX MPENNOPSAIKOB U HO3UTUBHBLIX 9KBIBAJICHTHOCTEI.

Kazazcrkuti Hayuonaavrviti Ynusepcumem umenu aav-Papabu, Aamamor (Kasaxeman)
E-mail: birzhan.kalmurzayev@gmail.com
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A3bIK HpOﬁJ’IeMbI OOITYyCKaHMA B OTBEOECHHOE BpeMi

. B. JIATKuH

Paccmorpum sizpik - AK (™) (F) = {(CP, X)| mawuna Toropunea P, umerowas m sewm,
donycraem 6xod X 6 npedeaar F(|X|) waeos}, rme CE — dukcupoBanHas KOMUPOBKa 00b-
exta F, a yskuus F TakoBa, 9TO IJIst JII060I0 MHOTOWIEHA P HAROETCS N, 9TO IS BCEX
m > n BepHo F(m) > p(m). Ou uHTepeceH TeM, YTO MHOTUE Pe3yIbTATHI O CIIOKHOCTH
pACIIO3HABAHUS PA3PEIINMBIX TeOpUil OBIIM MOJIYUYEeHbI IPUMEHEHUEM CIIEHYIOIero yTBep-
KIIEHUS, NOKa3BIBAEMOrO MUAarOHAILHBIM MeTomoM [1, 2].

IIpennoxenue. Ilyctb pasperimvas Teopus I’ curHaTypbl 0 TakoOBa, YTO MJIS BCA-
ko mporpaMmbl P Marnmeabr ToopuHra u 060 BXOMHOW Hemodky X Ha JIEHTEe MAaIIIMHBI
MOXHO 3¢dexTuBHO moctpouts dopmymny S(P,X) curHatypsl o co CaemyromumMu CBO-
cTBaMU: (i) xkom mma S(P, X) moxer 6b1t6 mocrpoer 3a Bpems ¢(|X|+|CP|), rae g
— mHOrowIeH ¢ukcupoBanueli g Bcex X m P; (i) S(P,X) €T < mammuna P nomyc-
kaer Bxon X B mpenenax F(|X|) maros;  (iii) cymecrByfor xkoucrautel D, b, s >0 rakwue,
910 BepHO b0 HepasercTso (a) |X|<|CS(P,X)|< D -|CP|’-|X|*, aubo mepasercTBO
(b) | X|<|CS(P,X)|<D - (|CP|+|X|) mrsg Bcex mocTaTodro aianHHBIX X, 9TH KOHCTAHTHI
He 3aBUCAT 0T P, HO 3aBHCAT OT HpUMEHIEMON KOTUPOBKH.

Torma (1) mus Beskor koHCTaHTBL 0 > 0 M JTF060I mporpaMMbl P, Hammercs tg, 4TO
BepHO HepaBeHcTBo  |CS(P, X)|< Dy - |X|** mmsa Bcex memouex X, 60iee QIMHHBEIX 9eM to,
roe Dy =D u sy =540 B cayuae (a) wim Dy = (D+6) u s1 =1 B cayqae (b); (2) mna
KaXxxJ10ro a > 1 U BCAKOU meTepMHUHUPOBaHHOU MaiuHbl Thiopunra M, koTopas pacrmo3HaeT
Teopuro ', cyriectByeT 6eckoHedHO MHOTO (popmyn Y , Ha koTopeix M paboraer 6osee deMm
F(Dq - |CY|P) maros npu Dy = (aD1)™" u p= (s1)” !, T.e. cmoxHOCTH pacmo3HaBaHHA
teopun T' He Mmenbie F(Ds - |CY|P).

[ToHATHO, YTO MOKA3aTEIHCTBO MPEIJIOKEHUS HE U3MEHUTCS, eCiii Teopuio 1’ 3aMeHUTH
A3BIKOM L HaI IpOUM3BOILHBIM ajidasuroM o, a dopmyiasl S(P,X) u Y cunrars ciaoBaMu
(memoukamm) B o*. Takum o6pasom, ecin HaM yaanoch a3k AK (™) (F) mommEoMmambHO
CBECTU K UCCIIEIyEMOMY A3bIKY L, TO MbI IMeEM BO3MOXKHOCTH HANTU HUKHIOK TDAHUILY 171
CIIOXKHOCTU pacho3HaBaHus L.

A KaKoBa CII0XKHOCTDH pacro3HaBaHms camoro s3bika AK (™) (F)? TIpuMerss mpemoxe-
HIE K HEMY CAMOMY, [IOJIydYaeM HIDKHIOI rpaHuly cioxuaoctu — F(|X|) npu Besxkux F' um
(@ MOXHO B3TH Kak yromHo O6im3kuM K 1). OrTa ouenka Gim3ka K BepxHeil myist m > 6 [3], Ho
YeM MEHbIIe M, TeM GOJIbIIe 5TU OLEHKH PACXOMISITC.

CIIMCOK JIUTEPATYPBI
[1] Pabur M. O., Paspemnmere Teopun /B Crnpasounas kHura mo MareMaTu4eckoil toruke, Hayka, Mocksa,
1982 Y. III, 77-111.
[2] Vorobyov S., The most nonelementary theory // Information and Computation, 190 (2004), 196-219.
[3] Arora S., Barak B., Computational Complexity: A Modern Approach, Published by Cambridge Univer-
sity Press, 2009.
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O reHepuueckoil Hepa3pemnImMOCTH AecsaTou npobiiembl I'minb6epra nis
MOJIMHOMUAJIBHBIX JIEPEBLEB

A. H. PLIBATIOB

lNenepuueckuii mMoOmXom K ajJrOpUTMUUECKUM mpobiieMaM ObLT mpemtoxkeH KamoBumuew,
Mscaukobiv, [Hnumspaiinom n [lynmom B 2003 r. B pamMkax 3TOro momxoma M3ydaeTcs
noBeOgeHMme aJI'OPUTMOB Ha MHOXKECTBE «IIOYTHU BCEX>» BXOMOOB (STO MHO2KECTBO HA3BIBACTCI
TEHEPUUECKUM ), UTHOPUPYSI TIOBEIEHNE aJITOPUTMa Ha OCTaIbHBIX BXONAX, HA KOTOPBLIX all-
TOPUTM MOXKeT pabOTaThb MEIJIEHHO WU BOOOIIE He OCTaHABINBATHCS.

IIyctb I — MHOXeCTBO BCeX BXOINOB, a [,, — MHOXKECTBO BXONOB paszMmepa n. i mroboro
monMHOX)ecTBa S C [ onmpenenuM CIeMyIOIIyIO MOCIeI0BATETEHOCTh

ST
n

rme S, = S NI, — MHOXeCTBO BXOmOB u3 S pasmMepa n. Acumnmomuueckot naommocmuvio S

HA30BEM Tperelt (eCiIl OH CYIIeCTBYeT)

p(S) = lim pn(S).
MuoxecTtBo S HasbiBaeTcs 2enepuueckum, ecau p(S) = 1, m npenebpexncumvim, ecin
p(S) = 0.

Asropur™m A ¢ MHOXKecTBOM BXOIOB I 1 MHOX)ecTBOM Bbixonos JU{?} (7 ¢ J) HasbiBaeTcs
2EHEPUUECKUM, CCITH

1,2,3,...,

(1) A ocramaBnuBaeTcs Ha BCex BXomax u3 [;
(2) muOX)ecTBO {2 € I : A(x) = 7} sBASETCS IPEHEOPEKUMBIM.

MuoxecTBO S C I HA3LIBAETCS 2EHEPUUECKU PAPEULUMbIM, ECITH CYIIIECTBYET T€HEPUICCKU
AJITOPUTM, BBIYUCIISIONINT €r0 XapaKTEePUCTUIECKYIO QYHKIIIIO.

Hokmam mOCBSIEH U3YUYEHUI0 TeHEPUYIECKON Pa3PeInMOCTU OecsITON mpobiembr ['nib-
6epTa, I JIsA ,E[I/IO(l)aHTOBI)IX }/'paBHE‘:HI/II‘/JI7 IpeacTaB/IdseMbIX B BUOEC TaK Ha3bIBACMBIX ITOJIMHO-
MHUAJbHBIX HepeBbeB. llommHOMUAaIBbHOE MEPEBO — 5TO OMHAPHOE MEPEBO, JIUCTHS KOTOPOTO
MIOMEeYeHbI TTEPEMEHHBIMI WJIM KOHCTAHTON 1, & BHyTPEHHUE BEPIIUHLI COMEPKAT OIMePaIlnn
CJTOXKEHUSI, BBIYUTAHUS U YMHOXKeHUs. JI[F060# TOJITMHOM OT MHOTHX TIEPEMEHHBIX C TIETBIMU
Ko dumeHTaMu MOKHO TPEACTABATH B BUME TAKOTO MOJIMHOMHUAIBHOTO nepeBa. Pa3zmep
MIOJIMTHOMUAITBHOTO EPEBA — 3TO UHUCIIO JIUCTHEB.

Teopema. I[Ipobiema pasperimMmocTu TUOGaHTOBBIX YPaBHEHUH, IIPEACTABISIEMbIX B BH-
e TOJTMHOMUAJIBHBIX NEPEBBEB, HE SIBJIIETCSI T€HEPUIECKH PAa3PEITHMOM.

Hnemumym mamemamuru um. C. JI. Coboaesa CO PAH, Omck
E-mail: alexander.rybalov@gmail. com
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AJ'IFOpI/ITMI/I‘-IeCKI/Ie CBOICTBA OTHOIIICHUN cocencTBa 1 0JI0KA BBLIYMCIIMMBIX
JIMHEMHbBIX IIOpsOKOB

A. H. drojioB

B mepBoit wacTu moxsmama OyneT mOOpoOHO M3JIOXKEHa MpodseMa 3aMKHYTOCTH HABEPX
B B.II. CTEMEHSIX CIEKTPa OTHOIIEHUSI COCENCTBA BBIYUCIMMOIO JIMHETHOTO MOPSIIKa. ODTOT
CTIEKTP MOXKeT ObITh TPUBUAIBHBIM, 3TO CIIydail BO3MOXKEH TOJILKO TOTOa, KOTIIa JTUHEWHBIN
MIOPSIIOK COOAEPKUT JIUIITb KOHEYHOE UNCIIO TIAP COCEHUX BIIEMEHTOB. ['MmoTe3a 3akIi0d4aeTcs
B TOM, UTO B OCTAJIbHBIX CIIyUasX 3TOT CIEKTp Bcerna 3aMKHYT HaBepX B B.II. CTENEHSX.
B 2010 r. aBropom [1] omy6InKOBAHO TIOIOKUTEIBHOE PEIIeHNe s JINHENHBIX TOPSIIKOB, HE
ABIIAIOIINXCS 1)-CXOKUME (JIMHENHBIN MOPSIIOK HA3BIBAETCS 1)-CXOXKUM, €CIIU OH HE CONEPKUT
6eckoneuHbIX 6510k0B). B Tom xke romy P. Hoyuu, 1. Jlemnn u I'. By [2] ony6iukoBasu mosto-
KUTEIBHOE PEIeHne [JIsi OCTABIIIETOCs CIIydas — 7)-CXOXUX JIMHENHBIX mopsankoB. OmHako,
aBTopoM (coBmectHo ¢ M.B. 3y6koBbiM) B mocienueit pabore Gblia 0OHAPYXKEHA HEYCTpa-
auMas ommbka. B 2017 romy P. Hoysu, III. Jlemnn u I". By [3] ony6aukosanu mononuenue,
KOTOpOEe, KaK MM Ka3aJI0Ch, yCTpaHso omubky. K coxasienuio, Bo-IepBbIX, €CTh OCHOBAHUE
roJjIaraTh, YTO ONUCAHHAS KOHCTPYKIINAS TaKXKe He BepHa, &, BO-BTOPBIX, UMU OBIT YIyIIIEH
elle oguH ciaydail. B manmHOM noknane OyoyT TPENCTABIIEHO OMUCAHUE BCEX OCTABIITIXCS
Hepa300paHHBIX CIIydaeB, a TakxXKe OyIeT IpUBENeH PN JaCTHBIX CIIydaeB, OJIs KOTOPBIX
runoTesa BepHa (pesybTaThl MOIyYeHbl coBMecTHO ¢ M.B. 3y6koBbiM).

Bo BTOpoit wacTu nokiama OymeT TPUBENEH Pl AJITOPUTMUYECKUX CBOWCTB OTHOIIIE-
HUs 0JIOKa BBIUYMCIUMON CTPYKTYDPBI, SIBIISIOIIENCS JIUHEUHBIM IIOPSIIKOM, CUTHATYpa KOTO-
poro oborarrieHa OTHOIIEHIEM COCENCTBa. Pe3yrmbTaTel naHHOTO OJI0Ka MOy YeHbI COBMECTHO
¢ P.U. BukmyxameroBeim 1 M.C. Epsmkusbim.

B mocnenneit vacTu moxsiazia paccMaTPUBAETCS COBMECTHBIN CIEKTD OTHOIIEHUN COCEI-
cTBa 1 OJIOKA BBIYUCIUMBIX JIMHENHBIX MOPSOKOB, T.€. KJIAaCC CTENEeHeN X TaKWX, UTO CyIlle-
CTBYeT BBIUUCINMOE IIPENCTaBIeHNEe TaHHOTO MOPsIKa, B KOTOPOM U OTHOIIIEHUE COCENCTBA,
1 oTHOIIeHre O7T0Ka 06a UMEIOT CTeleHb X. B noknane OyneT mperncTaBiieH Pe3yIbTaT O TOM,
YTO TAKOU COBMECTHBIN CHEKTP OTHOLICHUHN COCEACTBAa U OJI0Ka BBIUYMCIUMBIX 7)-CXOXKUX JIH-
HEWHBIX TOPSIKOB MO0 TPUBHAJIECH, MO0 3aMKHYT HABEpPX B B.II. CTeENeHIX. Pesymbrar
mosryder coBMmecTHO ¢ M.B. 3y6koBbIM.
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[3] Downey R., Lempp S., Wu G. Corrigendum: ”On the complexity of the successivity relation in com-
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O BBIYNCJIMMBIX BIIOJIHE PAa3JIO2KMNMMBbIX T'DYIIIIax

H. I'. XucamueB, C. II. TEIHBIBEKOBA

[Iycts rpymna G = &{G; | i € w}, roe G; — moarpynna agguTUBHON IPYIIIBL DAIY-
OHaJILHBLIX uncesl. IlycThb cylecTByeT Takas BBIYMCIUMAas HyMepalus v rpynnbl (G, 9To B
(G, V) HA@ETCS BBIUYUCIIMO MEPEUnCIInMAas MaKCUMATLHO JTUHEMHO HE3aBUCUMAas CHCTeMa
9JIEMEHTOB b;, 1 € W, KAXKIBIN 5JIEMEHT KOTOPOU JIEXKUT B mpsiMoM ciaraemMoMm G; rpymimsl G.
Torma napy (G,v) Ha30BeM BBLIYMCIUMO BIIOJHE DPA3JIOKEHHON IPYIION, a camy rpymnmy G
— 93 HEKTUBHO BIIOTHE PA3IOKUMOI.

PaccvorpuMm ciemyrommii Kjace BIIOJIHE Pa3iokuMbIX rpynmn. Ilycrs pg,pr, ... — He-
KOTOpasl MOCJIeIOBATEIBFHOCTE IPOCTHIX unces, (), — aAAWTUBHAS TPYIIa PaIlOHATBHBIX
qMCesT, 3HAMEHATEIN KOTOPBIX SIBIISIIOTCS CTEIEHSIMU P; 1

G:@{Qm |i€w}'

Torma rpynmy (G HazoBeM BIOJIHE pasiioxkeHHOU. Xapakrtepuctukon x(G) rpymnmer G
HA30BEM TaKOe MHOXKECTBO map 4uces Buna (p, k), 4TO CyIIeCTBYIOT UHIEKCHI i1, . . ., ik, OIS
KOTODPBIX BBINIOJIHEHBI PABEHCTBA Pj, = ... = Pi, = P.

B [1] nokazama cremyrormas

Teopema 1. Abenesa rpynma G = &{Q,, | i € w} sdpexkTuBHO BIOIHE pasIOKHMA
TOrAa I TOMBKO TOTa, KOTAa ee XapaKTepUCTHKa IPUHAIICKIT KAACCY 2.9 apHpMeTIIecKoit
mepapxu.

[TycTs S — HEKOTOPOE MHOXKECTBO TPOCTHIX UNUCEIT TAKOE, UTO CYIIIECTBYET BBHIUNCIIMBIN
npenukaT R(p,n,r) mis KOTOPOro CIpaBeyinBa S5KBUBAJIEHTHOCTH

p € S <= VnIzR(p,n,x).

Torna cupaBemiuBa
Teopema 2. AbeneBa rpymma

A=a{Q,|pe S}
BBIYUCJITIMA.
Orcrona n u3 TeopeMmbl 1 mmeem
CaenctBue. CyIecTByeT BbIYHCIAMAS BIIOJIHE PA3JIOXKUMAs TPYIIIa, KOTOPAs He SIBJIA-
eTcs 3(p(heKTUBHO BIIOJTHE PA3JIOXKIMOM.
CIMCOK JIMTEPATYPBI
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Spectrum of minimal numberings of the families in the Ershov hierarchy

S. BADAEV

We consider only the pairs < K,§ > of objects so that K is a class of subsets of w
closed under cartesian products and § is a computable family of sets from the class K. We
mean that a numbering v of such a family § is computable if {< z,n >: z € v(n)} € K.
Set min({§) be the number of minimal elements in the Rogers semilattice of a family §. A
number min(§) is one of the most important invariants of the Rogers semilattice of §. It is
not hard to see that min(§) = 1 for every finite family § and any class K. Define

SpecMin(K) = {min(F) : § is an infinite computable family of sets from K}.

There is a well-known still open problem of Yu. L. Ershov to describe the spectrum
SpecMin(X?). Up to now it is known that {0, 1, {w}} € SpecMin(%Y) (see [1] for the details).
Note that SpecMin(K) = {1,{w}} for the class K of the unary computable functions by
S.Marchenkov, [2]. We mention also the result of S.Goncharov and A.Sorbi, [3], for the
classes of arithmetical sets: SpecMin(X? ,,) = {{w}} for every n.

As to classes of the Ershov hierarchy, the inclusion {0,1,{w}} C SpecMin(¥;1,) for
every n easily follows from the paper [4]. In [5], S.Badaev and S.Lempp showed that
2 € SpecMin(X;'). Modifying the construction of [5] and using the previously known
results, we can conclude the following result on the spectrum of minimal numberings of the
families in the Ershov hierarchy.

Theorem. For every n, SpecMin(Z,,},) = w U {w}.
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Embeddings of partial orderings into reducibility of real metrics

R. A. KORNEV

We study two notions of reducibility of metrics on a separable space. Let (X, 7, W) be
a Polish space with a distinguished countable dense subset W, let p and p’ be complete
metrics on X inducing topology 7. Say that p is computably reducible to p’ (p <. p’)
if Cauchy representation of a metric space (X, p, W) is computably reducible to Cauchy
representation of the space (X, p’, W) (see [1, 2] for the definition of computable reducibility
of representations). Furthermore, p is weakly reducible to p’ (p <. p’) if there is a (p, p’)-
computable autohomeomorphism of X. It is straightforward to check that <. and <., are
preorderings. One can then define notions of a ¢- and a ch-degree in the usual way.

In [3] it was proved that there exists an infinite sequence of pairwise incomparable
ch-degrees of computable metrics below the degree of the standard real metric pg. In the
present talk we will discuss a construction of metrics above pr. More precisely, we prove
that the ordering of subsets of w by inclusion is embeddable into ch-degrees of metrics above
pr and that any countable partial ordering is embeddable into ch-degrees of computable
metrics above pg.

We will also discuss the embeddings of lattices into c-degrees. It is proved that the
Boolean algebra of computable subsets of w is embeddable as a lattice into c-degrees of
computable metrics and, as a consequence, the countable atomless Boolean algebra is em-
beddable into c-degrees of computable metrics.

The work was supported by RFBR, project 19-31-50006 mol_nr.
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Relatively intrinsically computable relations on Boolean algebras in extended
language

M. N. LEONTYEVA

This paper is a sequel of works [1] and [2] where intrinsically computable relations on
Boolean algebras in extended language are studied. In this paper relatively intrinsically
computable relations on Boolean algebras in a language extended by set of Atoms At are
considered. Let 2* be a Boolean algebra, 21 = (A*, At). We say that a relation R C 2! is
relatively intrinsically computable if for every B = (26, At) which universe is a subset of w,
and for every isomorphism ¢ : 2l — B the image g(R) is computable with respect to oracle
D(%8), where D(%8) is a diagram of 8.

It is known that instead of an arbitrary relation Ry in class of Boolean algebras we
can consider a relation R(z1,...,2;) such that x1,...,2;/1. We call relations of this type
disjoint.

Theorem 1. Let 2A* be a Boolean algebra, 2 = (A*, At), R C ' — l-ary disjoint
relation on 2. Then the following conditions are equivalent:

(a) the relation R is relatively intrinsically computable;

(b) there exists a tuple of parameters ¢ = (cy, ..., ¢y, )|1 such that R is AY-definable with
respect to c.

Now let’s define a Aj-definable relation. We denote Fin,(B) = {z € B : |z| = 2"},
Co-Fin,(B) ={z € B : |—z| =2}, G.(B) = {z € B : || > 2"}.

If Ry, Ry C 2 then we define a relation Ry + Ry C ! such that z € R; + Ry < 37; €
R13%s € Ry 1 & = T + T2 (componentwise sum of the tuples).

Let ¢ = ¢1,...,¢,|1 be a tuple of parameters. We say that an [-ary relation @) is basic
with respect to ¢, if

where every A%(%B) is a relation of one of the types Fin,(B), Co-Fin,(B) or G,(B).

Definition 1. Let 2A* be a Boolean algebra, A = (21*, At), c1,...,c,|1 be a tuple of
parameters in 2, and there is no parameter such that ¢; = B(w) among c1, ..., c,. Then we
call an l-ary disjoint relation R Aj-definable with respect to ¢ if R is a finite union of basic
with respect to ¢ relations.

For fixed I,n and k < n we denote & = (x1,...,x;), ¢ = (¢1,...,¢n), € = (c1,...,¢C).
Let’s define a set I = {5 = (811,512, .. 81k, 521, -,51) € (WU {occh*|Vi <k 3j <1 Sji =
o}. If 5 € I, then a notation |Z, | = § means that |z; - ¢;| = 2% as long as sj; # 00, i < k,
j <1, and |7; - ¢;| = 0o as long as sj; = oo.

Definition 2. Let 2A* be a Boolean algebra, A = (A*, At), ¢1,...,c,|1 be a tuple of
parameters in A, where ¢; = B(w) as long as i < k, and ¢; 2 *B(w) as long as i > k. Then we
call an l-ary disjoint relation R Aj-definable with respect to ¢ if there exists a computable
function f(5) : I — w such that R = |J,.; Rs, where Rs = {z € A" : |z,¢| = 5&®5(z,0)},
and ®3(z,¢) — is a finite union of basic with respect to ¢ relations with code f(5).
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Delta: a new logic programming language Delta-methodology
for p-computable programs in Turing complete languages

A. NECHESOV

We describe a new logic programming language Delta that is based on the theory of
semantic programming [1]-[4] and dynamic logic [5]. All Delta-programs are p-computable,
verifiable, and can be translated into other high level languages. We also describe a Delta-
methodology for constructing new data types and p-computable programs in high level
languages such as PHP, Java, JavaScript, C++, Pascal, Delphi, Python, Solidity, and others.
We would like to pay a special attention to the use of the Delta-methodology for creating
Smart Contracts. We define dynamic models and consider Delta-programs as list-formulas
built from other formulas on dynamic models (see [1]). The main rule for execution of
Delta-programs on dynamic models is

D(fDT)E }: <‘I)1, vy (I)n> <~ D(m)pfbl(E) ’: <(I)2, ceny (I)n> .
Theorem. Any Delta-program is p-computable.

REFERENCES

[1] Nechesov A. V., Delta — new logic programming language and Delta-methodology for p-computable
programs on Turing Complete Languages. Url: https://arxiv.org/abs/1907.07767 Date: July 19,
2019.

[2] Nechesov A. V., Semantic programming: method Ag—enrichments and polynomial computable fixed
points. Url: https://arxiv.org/abs/1903.08109 Date: March 19, 2019.

[3] Goncharov S. S., The computability via definability in semantic modeling. Url:
http://www.pdmi.ras.ru/EIMI/2018/LP/1p_2018-abstracts.pdf Joint work with D. Sviridenko
and A. Nechesov. Date: May 14, 2018.

[4] Goncharov S. S., Conditional Terms in Semantic Programming. Siberian Mathematical Journal, 2017,
V. 58, No. 5, pp. 794-800.

[5] Ershov Yu. L., Definability and computability. Springer. 1996.

Sobolev Institute of Mathematics, Novosibirsk
E-mail: nechesoff@gmail.com

95


https://arxiv.org/abs/1907.07767
https://arxiv.org/abs/1903.08109
http://www.pdmi.ras.ru/EIMI/2018/LP/lp_2018-abstracts.pdf
mailto:nechesoff@gmail.com

MamnbneBckue urerus 2019 Teopust BEIYUCIIMOCTH

Some structural properties of c.e. sQQi-degrees

R. SH. OMANADZE

We say that a set A is sQ)1-reducible to a set B, if there exist computable functions f
and g such that, the following three conditions are satisfied: (i) (Vz)(z € A < Wy, € B),
(i) (Va)(¥y)(y € Wy(a) = y < g()), and (iii) (¥a)(¥y)(x # y = Wy() 0 Wy, = D). This
relation generates the s@q-degrees. Condition (i) characterizes @-reducibility, which yields
the Q-degrees; (i) and (ii) together define s@-reducibility, generating the s@-degrees.

Our notation and terminology are standard, and can be found e.g., in [1, 2].

In this talk we will present the following results.

Theorem 1. There exist two c.e. sets having no c.e. least upper bound on the sQ1-
reducibility ordering.

Theorem 2. The s@Q-degree of a hypersimple set includes an infinite collection of sQ-
degrees linearly ordered under <, with order type of the integers and consisting entirely
of hypersimple sets.

Theorem 3. The c.e. sQ)1-degrees are not dense.

Corollary. The structure Dyqg, of the c.e. sQi-degrees is not elementary equivalent
neither to the structure Dyg of the c.e. sQ-degrees nor to the structure D¢ of the c.e.
(Q-degrees.
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On smoothness recognition over reals

A. V. SELIVERSTOV

Let us consider generalized register machines over the field (R,0,1,+, —, X, <) or over
another real closed field [1]. They are closely related to the machines defined by L. Blum,
M. Shub, and S. Smale (1989). Each register contains an element of R. There exist index
registers containing nonnegative integers. The running time is said polynomial, when the
total number of operations performed before the machine halts is bounded by a polynomial
in the number of registers occupied by the input. Initially, this number is placed in the
zeroth index register. One can also define a nondeterministic generalized register machine
that receives a few hints over R.

Let polynomials over R be identified with sequences of their coefficients using some
monomial order. For a positive integer k, the term “almost all k-tuples” means “all k-tuples
but a set covered by a vanishing locus of a nonzero polynomial in k£ variables with inte-
ger coefficients”. The generic computational complexity had been defined by I. Kapovich,
A. G. Myasnikov, P. Schupp, and V. Shpilrain (2003) and extensively studied by A.N. Ry-
balov [2]. The machine never makes mistakes, but it can warn there is no way to accept or
reject some input. These rare inputs are called vague. This concept is applicable over R.

Definition. Let us consider a generalized register machine over R with three halting
states: ACCEPT, REJECT, and VAGUE. The machine is said to be generic, when both condi-
tions hold: (1) the machine halts on every input and (2) for every positive integer k and for
almost all inputs that occupy exactly k registers, the machine does not halt at the VAGUE
state.

Theorem. There exists a generic generalized register machine that recognizes whether
a given projective cubic hypersurface defined by a form over R of the type z3 + -+ + 23 +
(apzo+ -+ -+ a,xy,)? is smooth at every real point of the intersection with a given projective
hyperplane defined by a linear form of the type xo + [fx,, where 8 € R. The running time
of the machine is polynomial in n.

Remark. The same method can be applied to the smoothness recognition of some
other cubic hypersurfaces. Moreover, it is easy to check whether there exists a real singular
point by a nondeterministic generalized register machine over R. But in the hardest case, it
seems impossible to check smoothness in deterministic polynomial time. Thus, some hard
problems can be solved in generic polynomial time.
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An analogue of the Normal Form Theorem for generalized hyperarithmetical
computability

A. 1. STUKACHEV

We consider the class of approximation spaces [1, 4] generated by admissible sets and,
in particular, by hereditarily finite superstructures over abstract structures [2, 5|. Also, ap-
proximation spaces generated by hereditarily listable superstructures are considered. Gener-
alized computability on approximation spaces is formalized in terms of effective definability
in dynamic logic [3, 6]. For approximation spaces with the property of effective atomization,
an analogue of the normal form theorem is obtained. It is shown that approximation spaces
over listable superstructures possess the property of effective atomization.
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On the structural properties of 2-c.e. wtt-degrees

M. M. YAMALEEV

In our talk we consider structural properties of 2-c.e. wtt-degrees and compare them
with the corresponding properties for the Turing degrees.

Given 2-c.e. degrees ¢ < d, we say that d is splittable above c if there exist 2-c.e.
degrees dg and d; such that d = dpUd; and ¢ < d; < d, for i = 0,1. Given a 2-c.e.
degree d, we say that d is isolated from side if there exists a c.e. degree a such that d £ a
and for any c.e. degree w < d it holds w < a. This notion generalizes the well-studied
notion of isolation introduced by Cooper and Yi [2], where they required a < d instead of
d £ a. Isolation from side was used implicitly in works [1, 4], where the authors obtained
series of model-theoretic properties of n-c.e. Turing degrees, later it was introduced in [3].
Investigating these structural properties we obtained the following results.

Theorem 1 (jointly with Wu Guohua). Any 2-c.e. wtt-degree d is splittable above any
2-c.e. wtt-degree ¢ < d.

Colollary. The partial ordering of 2-c.e. wtt-degrees is dense. Thus it is not elemen-
tarily equivalent to the partial ordering of 2-c.e. Turing degrees.

Theorem 2. Any properly 2-c.e. wtt-degree d is isolated from side.

The author is supported by RFBR, project No. 18-31-00420.
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O dunuTHOU oTmesmumocTu noarpynn B HNN-pacmupenusx rpynn
CO CBSI3aHHBIMU HOATPYIIIIAMU KOHEYHBIX NHIEKCOB

II. H. A3APOB, A. A. KPSI?>KEBA

N3yuenne annpoxkcumanmnonabix cBoricTB HNN-pacmmpenunit 6b110 HauaTo B 1978 romy
b. baymcmarom u M. Tperkodpdom. Umm Obina nokaszaHa GUHUTHAS alTPOKCUMHUPYEMOCTh
HNN-pacmmpesus KOHEUHON TPYIIBL. JTOT XK€ Pe3yIbTAaT ObLI HE3ABUCUMO yCTAHOBJIEH
1. Kosrom. [lampHelimee nu3ydenne annpokcuMannoHHbX cBoiicTB HNN-paciiupenuit cBsi-
3aHO C HAJIOXKEHWEM NOIOJTHUTEIbHBIX OTPAHMYIEHNH KaK Ha 0a30BYIO I'DYIIY, TaK U HA CBsI-
sannble onrpynnsl. Tak, II. H. AsapoBbiM 6bLT mMOKa3aH CHEMYIOITUMN KPUTEPUN (GUHUTHONR
anmpokcumupyemoctu HNN-pacimperus ¢ coGCTBEHHBIMU CBSI3aHHBIME IOATPYIIIAMU KO-
HEYHBIX WHIEKCOB B 0a30BOIl T'PYIIIIE.

Teopema 1. Ilycte G — ¢uHHTHO anmpokcuMupyeMas TPyIIIa C HETPUBUAJIBHBIM
TOXKIECTBOM, W IJIS JIFOOOrO0 HATYPAJIBHOI'O UHCIa N 4HCJIO Bcex moarpynn rpymnnbl G uH-
nmekca n koHeuHo. Ilycts G* — HNN-paciupernne rpymmnsr (G ¢ COOCTBEHHBIME CBSI3aHHBIMEI
noarpynmamu H n K, umerorrimvmu koHeunsle uHaekcel B rpymme G. I'pynma G* ¢uaHATHO
ammpoKCUMHUDPYeMa TOrJa U TOJbKO Toraa, korma B rpymme G cyinecTtByer monrpymma L
KOHEYHOI'O MHIEKca, HopMajbHas B G*.

Ora Teopema siBisteTcst 0600IIeHIeM pe3ybTaTa AHmpeanakuca, Pantuca u Bapcoca,
KOTOpBIe Mokazaian Kpurepuit puanTHON annpokcuMupyemoct HNN-pacimmpenns koneaHO
TTOPOXKIEHHOI abeIeBON I'PYNITBI ¢ COOCTBEHHBIMU CBS3aHHBIMU MOATPYIIIAMI KOHEUHBIX MH-
IeKCcoB B 6a30BOU I'DYIIIIE.

Hanomuum, uro nmoarpynmna H rpynnbl G Ha3bBaeTCs GUHUTHO OTHEIMMON, €CITU IJTS
KaXIIOTO dJIeMeHTa ¢ rpynmbl (G, He TPUHAMIIEXKAIEro moarpymme H, cyIecTByeT romo-
Mopdu3M rpynmbl G HA HEKOTOPYIO KOHEUHYIO T'PYIITY, IPU KOTOPOM 00pa3 djIeMeHTa ¢ He
npuHagexuT obpasy nonrpynnsl H. Ha ocuose pesynbrara II. H. Azaposa momyuen xpu-
Tepuil GUHUTHON OTHETUMOCTU IUKIMIECKIX U KOHEYHO NMOPOX)IeHHbIX monrpymnma B HNN-
paCIIIpeHnn U3 TeOpeMEBI 1.

Teopema 2. Ilycrs rpymnma G yOoB/IeTBOpsSe€T HETPUBHAIBHOMY TOXIECTBY, U IJIS
JIFO6Or0 HATYPaJJbHOIO YUC/Ia N 9UCJIO BCeX monrpynn rpymmnsl G uumekca n koaedHo. Ilycrsb
G* — HNN-pacmmpenne rpynnsr G ¢ cobcTBeHHbIMU CBs3aHHBIME rionrpynmamu H n K|
IMEIIMU KOHedHbIe HHAeKchl B rpymnme G.

1) B rpynme G* Bce nmkamdyeckue MOATPYNIIBI (UHATHO OTAEIUMBI TOTLA U TOJIBKO
toraa, korga rpynna G* ¢uauTHO annpokcumupyema, u B rpyiie (G Bce NUKIMIECKUEe MOM-
T'pyOIbel GUHUTHO OTIOETUMEL

2) B rpynne G* Bce KOHEYHO MOPOXKIEHHBIE IIOATPYIILl (PUHUTHO OTHEIUMBI TOLAA U
TOJIBKO TOrma, korga rpynna G* ¢uruntTHO annpoxcumupyema, u B rpymnmae (G ¢uHHTHO OT-
OeJITIMBI BCe TIOATPYIIEI, BbICEKaeMble B rpymmne (G KOHEYHO MOPOXKICHHBIMU ITOATDYIIIAMEI
rpymmer G*.
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prHHbI €OHNIT KOJIell BbIYeTOB KOJIeIl IeJIbIX KBaAPaTU4YHbIX moJiem

P. 2K. AneeB, B. A. TIo30EEBA, A. C. YEPHBIIEBA (KPUBOBA)

B paborax [2] u [3] moKa3aHO BIMSHUE CTPOEHUS IPYIIILI €AUHNAL] KOJIEI BEIUETOB KOJIEIll
IIEJIBIX TIOJIeN XapakTePOB HA HAXOXKIEHIE U CBONCTBA MEHTPAIILHBIX €IUMHUIL [IeJI0UNCIIEHHBIX
TPYIIIOBLIX KOJIEIl KOHEYHBIX T'PYII. Ba)XHEeWITmM KJIaccoM IOJIell XapaKTepPOB SIBIISIOTCS
KBaJ[paTUYIHBIE TIOJIA. VI3ydueHme T'PYIIT €MUHUIl KOJIEIl BEIUETOB KOJIEIl IEJTBIX KBaApaThd-
HBIX II0JIell TIO3BOJISIET YTOUHUTH HEKOTOpBIE PEe3ysIbTaThl B [3] 1 nMeeT caMOCTOSTeIbHBIN
UHTEpEC.

Panee B paGorax [4], [5] u [6] uccnenosancs ciydait kBagparuasoro momis Q(y/p) mis
IIPOCTOTO YA P. 3MeCh U3YUAIOTCS CITydall KBaapaTuaabe 1o Q(y/m) mis nponsBosib-
HOTO IIeJIOTO YIUCTIA M.

[Iycts I — KOMBIO TEIBIX KBAIpaTuaHoro nois Q(y/m) u n — HaTypasabHOE UYUCIIo.
Torna dakTop—xkonbio I/nl HA30BEM KoabyoM 6biuemo6 TIO MOmyo n Koibia [. Cran-
IIapTHOE IIPUMEHEeHVe KATANCKON TeopeMbl 00 OCTaTKaX CBOOUT M3yUeHUE KOJIbIIa BEIYETOB
K ciyqaio [/q®I, rme ¢ — mpocrtoe u o — HaTypasbHoe uncia. Cormacuo [1, ', 13] s
uneasia I BO3MOXKHBI TOJIBKO CIyYIaM: TOJHOTO PA3/IOKEHUs, TTOTHON NHEPTHOCTHU U TIOJTHOTO
pa3BeTBIIEHUS.

Teopema. Ilycts I — kombno neabrx kBaapaTuaroro mons Q(y/m), ¢ — mpocroe  «
— HaTypaJjbHOe uncia. Ilopsnok rpynmsl equHUL Koabna BerdeToB 1 /q“1 paBen

(g — 1)2q2(0‘_1) — IIJIS IOJIHOTO PAa3JIOXKCHHA,

2

(¢~ — 1)q2(o‘_1) — IJI4 DOJIHOH HMHEPTHOCTH,

(¢ — 1)2¢**~!' — mma mommoro passersieHms.

Uccnenopanue BbimosaeHo npu nomnepxkke [IpaBurensctBa PO B coorBeTrcTBUE C Ilo-
cranosienueM 211 or 16.03.2013 r. (cormamenme N 02.A03.21.0011).
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Crenennnvie M R-rpynnbi, TouHble R-1mionosTHeHUs

M. I". AMATJIOBEIA

[MousTue crenennon R-rpymnmst (R — IPOM3BOILHOE ACCOMMATUBHOE KOJIBIIO C eIUHUIIEH )
Beeneno P. Jlunnonom B [1]. B [2] A. I'. Mscuukos u B. H. PemecieHHUKOB BBEIM HOBYIO
kaTeropuio 9 p, BBENOs HOMOTHUTEIHHYIO aKCHOMY. OTO YTOUYHEHUE MPENCTABIISIET ecTe-
cTBeHHOE OOOOIIeHNE TOHSITUs R-MOMyss Ha CiIydall HEKOMMYTATHUBHBIX Ipymm. B gecTs
ABTOPOB 9TOIl CTATBU IPYIIEL ¢ 9TOI akcuoMoil B [3] Hassaubl M R-rpynnamu (R-KombLo).

XopoI1o n3BeCTHA POJIbL TEH30PHOTO IIPOM3BENEHNS B KaTeropun R-Monysen, B 4aCTHOCTA
TEH30PHOTO PACIINPEHUs KOJbIla CKaJSIPOB. B [2] ompemenen TOYHBIN aHAJOT TOCIETHEN
KOHCTPYKINU [IjIs mpom3BonbHoi M R-rpymmsr G — TkensopHoe mononnesne GoF, rhe i
R — S — romomopdusm kosterr. B mpumioxkeHmsx fi galie BCEro BJIOXKEHUME KOJIeIl, HO U B
TakoM ciayuae R-romomopdmsm A : G — G° me Bcerma sBisercs BroxkenneM. B [2] ykazamo
OITHO OCTATOYHOE YCIIOBUE TAKOTO BJIOYKEHISI.

B [3] BBOmuTCs KaTeropus PY% wacTuunbrx M R-TPyTI U yCTaHBIUBAETCS DA MHTEDPEC-
HBIX CBOWCTB HTON KATETOPUM.

B [4] uccnenyercst moHsTIE TOYHOCTH TEH30PHOTO HOMOIHEHIS U [IOKA3aHA TOYHOCT 715
MIOCTATOYHO IITPOKOTO KJTacca T'PYII U IIXPOKOTO Kitacca kKojell. Kak criencTBue, momydeHo
onucanue cBoOomubIX M R-rpynn u cBobonubrx M R-mpon3BeneHnii Ha sS3bIKE TPYIIIOBBIX KOH-
CTPYKIIUI.

Teopema 1. Ilycrs 7Z — momkosbro koabia R u rpynma G € 7310%, npuuém B G m RT
(ammmTHBHAsS TpyHma KoJbla) HET 3jeMeHTOB nopsnka 2. Torma rpymma G touHa, T.e.
KaHOHIYecKoe oTobpaxerue )\ : G — GT gpngerca Bmoxenmen..

Teopema 2. Il mo6bix X u R, rme R comepXuUT KOJBIO MENIbIX Ynucen Z. cBOOOmHAS
M R-rpynna Fr(X) cymecTByeT u eIUHCTBEHA ¢ TOUYHOCTBIO 10 R-m3omopdusma, Fr(X) =
F(X)®, rme F(X) — abcomoTHo cBOGOMHAs TPyTTa ¢ 6a30it X.

Teopema 3. Ilycts R — KOJbII0, comepaKalliee KOJIbIO 1ebix unucen Z, (G; — HeKOTopoe
mHuOXkecTBO M R-rpynn, ¢ € I. Torma

(1) Gy = (xG)™;
(2) xamonmaeckoe oTobpaxkenue \ : G; — (*G;)F asngercsa Bnoxenmem.
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O HWILMOTEHTHOU anmnpokcuMupyemocTu rpynn Baymciara — CosnmuTepa

B. I bapoakoB, M. B. HEmAOum

Crenyrorue ompenesenust Obiiu BBemeHbl B pabore A. WM. Mamwuesa. Ilycts € — me-
KOTOpHIH kjacc rpynm. [‘oBopst, uto rpynna G annpokcumupyemcs epynnamy u3 € wiam
C—annporcumupyema, eCiu js BCIKOTO HEEMUMHUIHOTO dileMeHTa g € (G HaloeTCss TOMOMOD-
dusm @ rpynnsr G Ha HEKOTOpyIO rpynmy u3 & takoi, uto ¢(g) # 1. Ecim € — kmacce xo-
HeUYHBIX TPy, To G HasbBaeTCs gunummuo annporcumupyemoti (cokparerno GAP). Eciau
¢ — KJIacC KOHEUHBIX p-TPymi, TO (G HA3BIBAETCS p-Punumuo annporxcumupyemoti (CoKpa-
mierno PAP,). Ecnu € — kmace HUIbIOTEHTHEIX Py, TO (G HA3LIBAETCS HUAbNOMEHMHO
annpoxcumupyemot (cokpamenno HAP).

I'pynnoit Baymciaara — Conurepa Ha3bBaeTCsS T'PYIIIA

BS(m,n) = {a,t |t 'a™t =a"), m,n € Z\ {0}.

Tax xak rpynnst BS(m,n), BS(n,m) BS(—m, —n) nonapao n30MOp@HBI, TO He yMeHbIIIasl
o6IIHOCTH, OyIeM CUMTATh, UTO apaMeTPhl YAOBIETBOPSIOT HepaBeHcTBaM 0 < m < |n|.

OCHOBHBIM PE€3yJIbTATOM PabOTHI SBJIAETCS

Teopema 1. I'pynna Baymcaaea — Coaumepa BS(m,n), 0 < m < |n|, annporcumu-
PYEMCI HUADNOMERMHBIMY 2PYNNAMYU MO020a U MoabKko mozda, xoz2da aubo m = 1, n # 2
aubon =em, m>1, e ==+1.

Kak chencreue moaydeH TaKoil pe3yabTarT.

CanenctBue 1. ['pynna Baymcaaea — Coaumepa BS(m,n), 0 < m < |n|, annpox-
CUMUPYEMCT HUABTOMEHTHLIMY 2pYnnami, 6e3 Kpyuerud moz20a U moavko moz2da, Ko2da
n=1, m. e. BS(m,n) uzomoppna Z x 7.

CTpoeHne HIKHErO IMEeHTPAILHOTO psana paspemuMbix rpynn Baymcinara — Comnmrepa
OICHLIBACT

Teopema 2. IIycmv G = BS(1,n), n # 1. Toeda
1) v:G, i > 1, cocmoum u3 saemenmos

tlge(m=D"=l e NU{0}, a € Z;

2) epynna v;G, i > 1 uzomopgna addumuenoti epynne (n—1)""2Z[1/n]. B wacmmocmu,
epynna G memabesesa;

3) G = G' NZ, 2de 7 nopoxcdaemca saemenmon t; gaxmop-epynna ;G /vi+1G uzo-
mopPpua Ly, 1 npu ecex i > 1.

PaGora Beimonaena npu dunancosoit nopmepxkke PODPU (npoekt 19-01-00569).
Hnemumym mamemamuru CO PAH, Hosocubupckutl 2ocydapcmeennbits ynusepcumem, Hosocubupck
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O mnepeceueHnnu O-mOATPYII C OTPAHUYEHUSIMUA HA MHAEKCHI B IPynmnax
C omepaTopamu

P. B. boronun4y, M. B. CEIbKUH

B Teopun KOHEUHBIX TPYIII MEHTPAIBLHOE MECTO 3aHUMAKT OOBbEKTHI, SKCTPEMAIILHO PaC-
MOJIOXKEeHHBIE B rpymme. K TakuMm o0beKTaM B MEPBYIO OYePedb OTHOCITCS MAKCUMaJbHbIE
HOATPYIILI. 3HAHUE WX CTPOEHUS, CIIOCOOa BJIOXKEHUS B IPYIILY, & TaKXKe B3aUMONCHCTBUS
MEXKIy CO0Ol M ¢ APYTUMU MOATPYIIAME IIO3BOJISIOT PACKPBITH MHOTHME CBONCTBA CAMUX
rpynn (cM. mMororpaduio [1]).

[Iycts mamsr rpynna G, mEOXKecTBO A m oTtobpaxenue f : A — Aut(G), rne Aut(G) —
rpynma aBroMopdusmoB rpynmnel G. [logrpynma M maseiBaercs A-pomycrumoit, eciaun M
BBIIICPKMBACT HENCTBUE BCeX onepaTopos u3 A, to ectb M* C M mis mro6oro omepaTopa
ac A

[Iycts X — mpousBoibHBI HemycToil Kiace rpymi. ComocTaBuM €O BCIKOU TPYIIION
G € X mekoropyio cucremy nonrpymnn 7(G). Cormacho [2] 6ymem roBopuTb, YTO T — HOI-
rpynmnosoit X-dyHkTOp (moprpynmoBoit GyHKTOp Ha X), ecim s BCSKOTO SmuMopdu3ma
¢: A B, roe A, B € X, sumonsens sxmouctns (7(A))? C 7(B), (1(B))? ' C 7(A), n,
KpoMe Toro, s sioboit rpynmnsl G € X umeer mecto G € 7(G).

Eciu X = & — xjacc Bcex rpymm, TO HMOATPYHIOBON X-(YHKTODP HA3BIBAIOT IIPOCTO
MOATPYIIIOBEIM (DYHKTOPOM.

dyuxTop O Oynem HazbIBaTh aOHOPMAJIBLHO TOTHBIM, €CJIN MJIis JTIo0on rpymnel G cpemn
mHOKecTBa 0(G) comepxkarcs Bce aGHOPMAIIbHBIE IOATPYIILL TPYIIbL G

[Iycts 0 — momrpynmosoit dyskTop. O6o3maumm Py(G, A) = NM¢g, roe M upobGe-
raeT MHOXKECTBO BCEX MAKCUMAJIbLHBIX A-momyctumbix f-noprpynm u3 G. Eciu 8 G Takux
nonrpynn Her, To noioxkuMm Pyp(G, A) = G.

[Iycrs 0 — monrpymnmosoit dynxTop. O6ozmaunm @y (G, A) = NMg, roe M npoGeraet
MHOXKECTBO BCEX MAKCUMAJIbHBIX A-momycTuMmblx O-monrpynn u3 (G, MHIOEKCHI KOTOPBIX HE
nensaTcs Ha npocroe uucio p. Ecam B G Takux nonrpymnm Her, To moioxum g (G, A) = G.

Teopema. Ilycts rpynna G mveer rpynimy omepatopoB A rtakyro, uro (|G|, |A]) = 1,
0 — abropmampHo momubl ¢gyrkTop. Torma ®q (G, A) N dg, (G, A) = y(G, A).

CanenctBue. Ilycrs rpynna G mmeer rpymmy omepatopoB A rakyro, uro (|G|, |A]) =
1 w 0 — abropmamsHO mommbni Qymrkrop. Torma gaxroprpymma ®g, (G, A) N g (G, A)
HUJIBIIOTEHTHA.

CIMCOK JIMTEPATYPBHI
[1] Cenbkuu M. B. MakcuMasbHbBIE TOATPYIIIBL B TEOPUU KIIACCOB KOHEUHBIX rpynn. Mu.:Benapyckas nasyka,
1997. 144 c.
[2] Ckuba A. H. Anrebpa dopmarmmit. Mu.: Benapyckas nasyka, 1997. 240 c.
[3] Boponuu P. B., Boponuu E. H., Cenpkur M. B. O6 F-mocTmxumMbIx HOArPyNIax B IPYNIIAX C ONEPATO-
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O6 w-He3aBUCUMOU aKCHOMATU3UPYEMOCTU KBA3MMHOT000pAa3uii I'PYyIIn

A. 1. Bynkun

It mro6oro kmacca N mo60ro MHOXKeCTBa KBasuToxknecTs Y yepes Modas(X) obo-
3HAUUM KJIacC Beex Tpymm u3 N, B KaxkIoil U3 KOTOPBIX UCTUHHBI Bee GopMmyssl u3 Y. By-
IIeM TOBOPHUTD, 4TO Kiacc M ompenenserca B kimacce N cucTeMOll KBASUTOXKIECTE Y., €CIIN
M = Mody (X). B stom cimyuae Y HasbiBaeTcs 6a31COM KBa3sUTOXKIECTB Kiacca M B N.

MHOXKeCTBO Y KBA3UTOXKIECTB HA3LIBACTCS He3aBuCUMbIM B N, ecim miis o60ro co6-
CTBEHHOT'O IOAMHOXKecTBa Y’ C X umeeT MecTo crporoe Brioderue Modp (X) C Modp(X).

Basuc xkBasuToxmnects ¥ kmacca M B N Ha3BIBA€TCH W-HE3ABUCUMBIM OTHOCUTETHHO N
(mm B N), ecmn ¥ = UpcwXy, toe X, N Y, = 0 mra mobeix pazmuaabx m,n u M #
Modp (X \ X)) mas kaxmoro n.

B uwactHOCTU, BCsKUT GECKOHEUHBIN HE3AaBUCUMBINA 06a3UC KBA3UTOXKOECTB SIBIISIETCS W-
HE3aBUCHMBIM.

IIycts R, (p — mpocToe 1meno, p # 2) — MHOrooGpasine HUIBIOTEHTHBIX IPYII CTY-
neHn < 2 1 5KCIHOHEHTEI P, T.e. R, 3amaeTcs CIeAyIoIeil CuCTeMON TOXIeCTB:

(V) (Vy) (Vo) ([z,y, 2] = 1),
(Va)(a? = 1),

F5 — cBobGomuas panra 2 rpynmna B K.

Wssectro [1], uTo kBasmmuOrOOGpasue, MOPOKIEHHOE IPYINON Fh, He MMeeT HE3aBUCH-
MOro Oasmuca KBa3sUTOXKIECCTB B R,,.

eopeMa. CTh —— MHOI"'OO a3ne Z-CTYIICHHO HUJIBIIOTCHTHBIX I' I1IT 3KCIIOHEHThI

T Ilycts R, 6, 2-cTy. V-
p (p > 2, p — npocroe aucio). Torma kBazuMHOrOO6pasue, MOPOKAEHHOE CBOGOMHON Heabe-
JIeBoit ‘R ,-rpynmnon, He uMeeT w-He3aBUCUMOTo 6a3uca KBa3sUTOXKIECTB B R,.

CIINCOK JIMTEPATYPBI
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HOpMaHI/IBaTOpr CIJIOBCKUX IIOATPYIIII B JIMHEMHbLIX U YHUAUTApPpHBIX I'PpYIIIIax

A. C. BACUJLEB

IIycTtb r — HeueTHOE TpocToe uncio. B noknane OyneT MpencTaBiIeHO CTPOEHNe HOpMa-
JIN3ATOPOB CUJIOBCKUX T-TIOATPYIII B JIMHENHBIX U YHUTAPHBIX MPOCTHIX T'PYIIaX HAL KOHEU-
HBIMU TIOJISIMU XapPaKTEPUCTUKU, OTITUIHON OT 7.

WcenenoBanue BBITIONIHEHO 3a c4éT rpaHTa Poccuiickoro Hayusoro ¢onma (mpoext 19-

11-00039).
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O TponHbIX paKkTOPU3AUUIX KOHEUHBIX I'PYIIII

A. ®. BAcunbeEB, . H. XAJIIUMOHYUK

PaccmarpuBaroTces Tonbko koneunbie rpymnbl. ['pynna G = AB = BC = CA, rne A, B
un C' — ee MOATPYIIIBI, HA3BIBAETCS TPUKIBI (hakTopusyemoir. Keremns [1] mokaszamn, uro G =
AB = BC = CA uunsnorentHa, eciiu A, B u C sunbnorentust. J1.C. Kazapun [2] nokasasn,
YTO AHAJIOTUYHBIN PE3yJIbTAT BEPEH, €CJIM BMECTO HUJILIIOTEHTHOCTU B3STh PA3PEIINMOCTh.
Cayuait G € §, tme A, B u C npuHamiexkaT pa3perruMoil JIOKAJILHON GopMannu §, ObLT
paccMoTpeH B [3-4].

OrmeruMm, uTo TpoiiHas GakTopu3alus BO3HUKaeT, eciu G uMeeT Tpu nonrpynnst A, B
n C, MHOEKCHI KOTOPBIX MOMapHO B3auMHO TpocThl B (. B pabore [5] Pmayspe u Botikduin
IOKA3aJIi, 9To eciii B rpyimme (G CyIIecTBYIOT TPU CBEPXPA3PEIINMBbIe TOATPYIIIEL C IIOMIapPHO
B3aUMHO TIPOCTBIMI WHOEKCAMU B Hell n koMMyTaHnT G/ HunbnorenTen, To G cBepxpaspe-
mmMa. B pabore [6] mis paspemmmoil HACIENCTBEHHON HACBIIEHHON dopManun § ObIIO
YCTAHOBIIEHO cTpoeHme rpymnnsl (7, umerorein Tpu §-noarpynnsl A, B u C' ¢ monmapHo B3a-
UMHO TIPOCTBIMU MHAeKcamu B G.

Teopema. Ilycte X — Hac/lencTBeHHas HaCBIILIEHHAs (GOpMAIUs pa3pEelIIMbIX I'DYIIIL.
Torma chemyrorme yTBEpXKICHUS 5KBUBAJICHTHBIL:

1) mms mro6oii HACTENCTBEHHON HACKHIILEHHON mongopManuu § u3 X BbBIIOJHAETCI: §
conepxkut Besakyto X-rpynny G = AB = BC' = CA, rae monrpynner A, B u C npuramiexar
§;

2) mrobas X-rpymnmna uMeeT HUIBIIOTeHTHBI KOMMY TAHT.

Cnencrsue. Ilycrs rpynma G = AB = BC = CA, roe A, B u C — cBepxpa3sperimnMseie
moarpynnsl. Ecom kommyTtanr G’ Hmasnorenten, To G cBepxpasperinma.
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O KOHEeuYHBIX rpyiiax c 3aIIaHHOI7I cucTeMon IIOATPYIIIl, YbM MHOEKCHI IIOIIapHO
B3aMMHO IIPOCTBI

T. 1. BACUIILEBA

Bce rpynmner npennosaratoTcs koneunbiMu. OQDHIM U3 HAPABIIEHUH UCCIENOBAHNN B Te-
OpUU I'PYTI SIBJISETCs BBISICHEHNE TPUHAIJIEXKHOCTH I'PYIILI Ki1accy X B cIydae, KOTIa BbLIe-
JeHHast 9acTh ee nonrpynn npuxagexuT X. Hanpumep, Bunanar [1] yeranosun pasperin-
MOCTB rpynnsl (G, eciiu OHA UMeeT TPU pa3pernMble MOATPYIIIbI, Y61 WHACKCH B (G IOMapHO
B3aUMHO TPOCTHL. [l Kjacca HUIBIOTEHTHBIX DY aHAJOTUYHBIN Pe3yIbTaT IOKa3all
Kerens [2]. CeepxpaspelmMocTs TPYIIbL, ¥ KOTOPOU MMEIOTCS YeThIPe CBEPXPa3PerInMbIe
HOATPYIIIBL € MOMAPHO B3aUMHO TPOCTBIMU MHAEKcamu, ycranosui Ilepk [3].

[IycTs ¢ — marypambHoe umcso u t > 1. Cormacuao Kpamepy [4] kmace rpynn X na-
3BIBACTCS Y;-3aMKHYTBIM, €C/ii X CONEPKUT BCsaKyio rpymnmy G, mmerorryio ¢ X-moarpym,
MHIIEKCHI KOTOPBIX B (G TIOMAPHO B3aMMHO IIPOCTHIL.

B kmacce paspemmmmmvbix rpynn Kpamep [4, 5| uccienoBan 3;-3aMKHYTOCTH JIOKATBHON
dopmaruu § 1 yCTAHOBWII 3aBUCUMOCTH MEXKIY BBIMOIHUMOCTBIO MAHHOTO CBONCTBA IJIS
caMoil (hopMallu 1 3HAUYCHUN ee JIOKAJIBHOTO SKpaHa. PyHKTOpHOE 000OIIIEHNE dTUX Pe3yIIb-
TaToB ObLIO TOIyueHO B pabore [6]. Takxke Teopus Kpamepa marura pasBuTue B paMKax
paspa6oraunnoro A.H. CkubGoit MmeToma o-cBoiicTs rpyun (cMm., Hanpumep, [7]). JI. A. Ile-
METKOB IocTaBuil mpobremy (8, ri. I, mpobiiema 7]: pacnpocTpanuTh pe3ynbTaThl Kpamepa
Ha [IPOU3BOJIbHBIE TPYIILI. B MaHHOM HAPABIEHUN MOy Y€HA

Teopema. Ilycrs § — HachbiIeHHas popmanus u f — ee MAKCHMAJIBHBIH BHYTDEHHUI
JIOKJIBHBIN 9KpaH Takol, 4to f(p) X¢-3amkryTa (t > 2) mms moboro npocroro p. Torma §
Yt 42-3aMKHYTA.
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O KOH(I)I/IHaJ'IbHOCTI/I ceyeHu’ OOHOI'0O BEIIeCTBEHHO 3aMKHYTOTI'O IIOJIsA

H. 1O. T"'AJIAHOBA
[Ipu xknaccudukanuy BerecTBEHHO 3aMKHY THIX TIOJIEN N3y Yal0T Pa3INIHbIE BUIBI X CEUCHUN

[1-5]. Ceuenuem (A, B) ynopsimoueHHOro 1moiisi F' HasbIBAeTCs Iapa HEIyCTHIX ITOAMHOXKECTB
sTOro Moy Takux, uto AUB =F,Vax € AVy e B(x <y).

[Mycts L = {ty}ycw, — JIHHENHO YIOPSIOYEHHOE MHOMXKECTBO, HONOOGHOE OPAMHAIY W1,
iy ,Ti Tip - e
G = {tillti; . .tin ‘ tij S L,til >ty >0 > tin,nj €Q,j=1n,neN,
t] = 1 Vr € Q} — nuuefino ymopsimodeHHas neauMas AGerieBa I'DyIIa KOHETHBIX CIIOB

T i i, T4
¢ obpasyronmmMu 13 L n parmoHa bHEIME TOKasaTexaMu. 3mech (¢ ") - (tgll) = (t;' )

n (t:l”) . (t;”) = (t:;lt:f) Hnsa gi,92 € G,g1 = t;il t:k’“ nomaraeM g; < ga < gigy - < 1
ng <1ler <0I[1].

R[[G,R]] — mome orpammaeHHBIX GOPMAIBHBIX CTEHEHHBIX DPANOB & = ) T¢¢, TO€

geG

rq € R, supp(z) = {g € G|ry # 0} — BHOIHE AHTHYIOPSNOUEHHOE MOMMHOXKECTBO TDYIIIEL
G, |supp(z)| < Ny, T.e. mOJIe COCTOUT U3 PSIOB CO CUETHBIMU HOCUTEILIMU [2].

Ceuenne (A, B) BemecrBenHo 3amkuyToro mojist ' C R[[G]] ¢ rpymmoit apxmMenoBbIx
kiaccoB G siBisiercs cummerpuasbiM (o Ilectosy) iff 3r € R[[G]]\ F A <z < B (cM. [3]).

Ceuenne (A, B) ynopsinoueHHOro mosist F' Ha3bIBaeTCst PyHIaMERMANbHbIM I CEYEHUEM
Cromma [2-5], ecrm Ve € F™ 3x € A,y € B Takue, uto |y — x| < €.

[Iycts K HamMeHbIIee [0 BKIIIOUEHUIO BEIIIECTBEHHO 3aMKHy Toe monmnosie noist R[[G, Ry ]],
conmepxairtee G.

Teopema. (1) K C R[[G,N]].

(2) Bce cummerpuunbie cedenus noyis K ummeror konpuHamabHOCTE (R, No) 1 HedyHIA-
MEHTAJIbHBL

(3) Bce mecummeTpuansie cevenus nosig K, mopoxnéunable ceaenmamu rpynmsl G, aMeroT
KOH(pUHATBEHOCTD (Ng, No) 1 He)yHOAMEHTAIHHBL.
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HepaBeHCTBa IJIA YMCJIa KJIACCOB COIIPAXKEHHBIX 3JIEMEHTOB KOHEYHOM T'PYIIIIbI
1N ee CUJIOBCKUX IIOATIPYIIIIL

B. C. T"'AHXKA

[Iycts G — KoHeuHas rpynma mopsaka n = pi't-pg?-....pds, rme py, ..., Ps — PasIUIHbIE
npocteie yucia. [lo reopeme Cusosa [1] B G cymecrsytor nonrpynust Py, Py, ..., Ps Takue,
uro |P;| = p*i,i=1,...,s. O6o3uaunm yepes k(G) I1CIIO KIIACCOB CONPSKEHHBIX 2JIEMEHTOB
B rpynne G u nycts kp(G) = k(P1) - ... k(Ps). B 1999 romy Jlacmo IIbibep mocrasmt B
Koyposckoit Terpanu crnemyrouit Bopoc ([2], Bompoc 14.74).

Bonpoc. Bepuo mu, uro k(G) < kp(G)?

B pabotre nokaszaHa cmpaBeOIMBOCTH HEPABEHCTBA MJIS CUMMETPUYECKUX, CIOpaIude-
CKUX TPYHI U T'PYII, TOPSOKA KOTOPLIX He mpeBocxomsaT 2000.

Teopema 1. Ilycte G — cummerpudeckas rpymnmna. Torma BepHO cienyroriee HepaBeH-
CTBO:

k(G) < kp(G).

Teopema 2. Ilycres G — cnopanundeckas rpynmna. Torma B G HAHIyTCS ABE CUTOBCKUE
noarpynnsl P; u Pj Takue, ITO

K(G) < k(P) - k(P)).

CropaBenInBOCTh HEPABEHCTBA [JIs TPYIII, HMOPSOKN KOTOPBIX He mpeocxomsT 2000,
ObL/Ta yCTAHOBIIEHA, C TIOMOIIIBIO CUCTEMBI KOMITbIoTepHOH anre6per GAP, mits ciopamnaeckux
IPYII — C UCHOJIb30BaHueM |[3].

CIIUCOK JIMTEPATYPBI

[1] Kocrpukuu A. V1. Beenenue B anrebpy. Yacts 3. OcHOBHBIE CTPYKTYDHI: yueGHuK miist By3os. / KocTpn-
kua A. UI. Mocksa: @usmariut, 2004. 272 c.

[2] Hepeménnnsie Bonpocsl Teopuu rpymnmn. Koypoeckas terpans. 18- man. / Masypos B. II., Xyxpo E. U.
Hosocubupck: HI'Y, 2014. 253c.

[3] Atlas of finite groups: maximal subgroups and ordinary characters for simple groups. / Conway J. H.,
Curtis R. T., Wilson R. T., Norton S. P., Parker R. A. Oxford University Press, 1985. 294p.
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I'pynnsl ¢ cyGHOpMAIBHBIMEU CTPOTO 2-MaKCHMMAaJIbHBIMU WUJIN CTPOTO
3-MakKcuMaJIbHBIMU HOATPYyIIIaMu

FO. B. 'opsATOBA, M. H. KOHOBAJIOBA

Bce rpynner B manHOi paboTe ABIISIOTCS KOHeUHbIMEU. HamomuwnMm, uto momrpynma H
rpynnsl G HA3BIBAETCS 2-MAKCUMAALHOT nod2pynnot (Miu 6mopot MaKcumaibnot nodzpyn-
not) rpynnst G, eciin H ABIsS€TCA MaKCUMAJIBHON MOATPYIIION B HEKOTOPOI MaKCUMATHLHON
monrpynme M rpynmer . AHAJIOTUYHO MOTYT OBITH OMpPENESIeHbI 3-MAKCUMAaJbHBIE MOII-
CpYIIBL, 4-MaKCUMAaJIbHBIE MOATPYNNbI U majee. n-MaxkcumanbHas noarpymnmna rpynnst G
Ha3bIBAETCSI CTPOTO N-MAKCUMAJIBHOWN, €CJIN OHA HE SBJISIETCS N-MaKCUMAJIbHON MOITPYIIION
HI B OMHOUI COOCTBEHHON ToATpytmme rpynnsl G.

Panee 10.B. JTyuenko (I'op6arosoit) u A.H. Cxuboit 6610 MOIyYeHO OMUCAHEE TPYIII C
CyGHOPMAJILHBIMI BTOPBIMI WJIM TPETBAMI MaKCUMaIbHbIMU Honrpymnamu (cm.[1]). Passu-
Bas HAHHOE HAIpPaBJIEHUE, HAMU IOJIyJIEHbI PEe3yIbTAaThl, OMUCHIBAOIINE CTPOEHUE TPYII C
CcyOHOPMAJIBHBIME CTPOTO BTOPBIMU UJIN CTPOTO TPETHUME MAKCUMAJIbHBIMU MTOATPYIIAMA.
[IpuBenem HEKOTOPBIE U3 HUX.

Teopema 1. B TOM I TOIBKO B TOM CIIydae KaXJas CTPOrO 2-MaKCUMAaJIbHAS IIOAT DY IIITa

rpyanbr G sBiIseTcs cybHOpMaJIbHON, korma aumbo G HuapmoTreHTHa, aubo G — rpynmna
IIIvunTa ¢ abereBBIME CHIOBCKUMH IIOAT PYIIIAMIL.

CnencrBue 1. Ilycte G — HeHmIBDOTEHTHAas rpymma. lorma CiemyroIime yCaOBUs
SKBUBAJICHTHBI:

(1) G — rpynma [Imunra ¢ abeJeBBIME CUIOBCKUMU ITOAT DY IIAMU;

(2) xaxkmas 2-MakcuMasbHAS MOATPYIIa cyOHOpMasibHa B G;

(3) kaxmas cTporo 2-MakcuMaJbHAs MOATpyInna cybHopMmaiabHa B G.

Teopema 2. Ilyctes G — HeHUIBIOTEHTHAsS rpynma. Torma ciemyroriue yCaIoBUS SKBU-
BaJICHTHBI:

(1) xaxkmas 3-MakcuMasbHAS IOATPYIIa cyOHOpMaiabHa B G;

(2) xaxkmasr cTporo 3-makcumMaJIbHas MOArpyIHa cybHopMaabHa B G.

CIIUCOK JIMNTEPATYPBI

[1] JIymenko (I'op6arosa) FO. B., Ckuba A. H. Koneunble rpynnsr ¢ cyGHOPMAIILHBIMU BTOPBIMU UJTA TPE-
TBUMU MaKCUMaJIbHbIME nonrpynnamu // Maremarnaeckue 3amerku. 2012. Tom 91. Bemyck 5. C. 730—

740.
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O cTpykType HealbesieBbIX JIOKAJILHO PAa3pPeHIMMbIX IPYyHI KOHEYHOTO
MmeTabejieBa paHra

O. IO. JTAMKOBA

II. . 3aitessivm 66110 BBemeHO noHsaTue F-panra rpynmst [1]. Ilycrs G — rpynma, F—
HEKOTOpAasl HEeIyCcTas CUCTeMa ee KOHEUHO MOPOXKIEHHBIX MOATrpymm. F-parnrom rpymnnsl G
Ha3bIBAETCSI TAKOE HAMMEHBIIIEE UKUCJIO 7', YTO JII00asi MOATPYIIa CUCTEeMbI F' MOx)eT OBITH
IOpOXKIIeHA He Ooslee WeM T djeMeHTaMU. B ciydae, Korma Takoro 4dmcia r HeT, F-panr
rpynnel G cuntaercs 6eckoneunbiM. Ecmu F' — cucrema Bcex MeTabeIeBBIX HeabOeIeBBIX
KOHEYHO TIOPOXKIEHHBIX TOArpynn uHeabernepon rpynmnst (¢, To F-panr rpynnel G Ha3bIBAETCS
MeTabelleBbIM. Y CTAHOBJIEHO, UTO JIOKAJIbLHO pa3pelInMble HeabelleBhl I'PYIIIBI KOHEYHOTO
MeTabeseBa paHra MOTYT MMETb OECKOHEUHBIN crenuaabHbIl panr [2]. OCHOBHBIM pe3yiib-
TaTOM PAbOTHI SIBIISIETCS TEOPEMA.

Teopema. Eciu G — HeabesleBa JIOKAJIBLHO pa3pelInMas IPYIIa KOHEYHOrO MeTabesIeBa
paHra, nMerorras 6€CKOHEUHBIN CIlequaabHbIN paHr, To G comepXKXuT HOPMAJIbHYIO HHUJIBIO-
TeHTHYI0 noarpymniny N KOHeYHOrO CHEeIUaIbHOIO paHra, Takyioo, uro G /N — nouru abeseBa
rpymma.

CIIUCOK JIMTEPATYPBI
[1] Hamxosa O. FO. JlokanbHO mMOYTH paspellnMble IPYIIIEl KOHEUHOrO HeabesleBa paHra. Y Kp. MaT. XKYPH.
1990, 1. 42, N 4, c. 477-482.

[2] Hamxkosa O. FO. I'pynmer koneunoro merabenesa panra. [Ipenp. / AH YCCP. Un-T maremaruxu; 90.1.
1990, 35 c.
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O MakcUMAaJIBHBIX TOPAX JIMHEWHBLIX UM YHUTAPHBIX TPYIIII

A. B. 3ABAPHUILIH

MaxkcumasbHBIe TOPBI KOHEUHBIX T'PYII JIMeBa THUIA IIUPOKO M3ydaroTcs. Iiis rpymmn
(P)SL,,(¢) n (P)SU, (¢) cTpoenne MakKCHMajIbHBIX TOPOB, 3aBHCsIIEEe OT pazbUeHms n =
ny + ...+ ng, nposcusercs B pabore [1]. IIpusenéuube Tam HOPMYITBI TOPSAIKOB IUKIITIE-
CKuX (haKTOPOB TOPOB KaK (DYHKIMM OT TAPAMETPOB 71, . . . , Mg SBISIOTCS KAHOHUIECKUM,
OIIHAKO MMEIT KOMOWHATOPHYIO BEIYUCIUTEIBHYIO CIIOKHOCTE. MBI mpemiaraeM npyroe siB-
HOE IUKJIMIECKOe PA3JIOKEHUEe TOPOB (HEKAHOHUUYECKOE, BOOOIIEe TOBOPS), KOTOPOE MOMKET
OLITHL GOJIee TPAKTUYIECKUM C BBIYUCIUTETLHON TOYKN 3PEHU.

YT1o6bI chopMyIupOBaTH OCHOBHOW PE3y/IbTAaT, BBEIEM cilemyroiume obo3nauenus. s
HEHYJIEBOIO IEJIOro 1 depes Z, 0603HAUMM IUKIMYECKYIO IpyHily nopsaka |n|. Ecmm ¢ —
cTeneHb mpocToro uucna, To mnomoxkuM (P)SL (—q) = (P)SU, (q). Ilycts ¢ = £1. HOA
1 HOK HeHy/eBBIX MEIbIX YUCeN Ny, . . ., s CIATAIOTCSA TOJOKATEILHBIMA 1 0003HAYAIOTCS
gyepe3 (ny,...,Ng) U [N1,...,Ns|, COOTBETCTBEHHO.

Teopema. IIycts T — makcumasnbHbI TOp rpynnbl SLy, (£q), mapaMeTpu30BaHHBIH pa3-
buermer n = ny+. . .+n,. O6o3maumm a; = (eq)" ") —1, ay = [(eq)™ —1, (gq) ™2 ms) —
1, ..., as_1 = [(eq)™2 — 1, (eq)"s=+"s) — 1], ag = [(eq)™~* — 1, (eq)™ — 1]. Torna

T = 2Ly X Lgy X .. X L,

roe ) = a1/(eq —1).

Ilycre T — o6pasz T B rpynne PSL,(eq). Ionoxnm d = (n,eq — 1), d' = (n/(nq,...,

ns),eq — 1). g moboro mepeo6o3HaueHUs TAPAMETPOB a3, . . . , Ay IMEEM
ngbll XZb’z XZbg"' XZbS,
roe by = d'a1/d(eq — 1), by = ba/d u by = (az,...,as), bg = [az, (as,...,as)], ..., bs—1 =

[a5—27 (as—h as)]; bs = [as—la (15].

OTa Teopema IO3BOIAET MATh YIPOIISHHOE MUKIMIECKOE PA3JIOKEHIE MaKCUMAJIbHBIX
TopoB rpyui S, (£¢) mist MHOrIX YaCTHBIX CIIy4yaeB pasbueHuil guciaa n. IokazaTesbcTBO
OCHOBAHO Ha IUKJIMYECKOM PAa3JIOkKeHUN OOIero BUAA KOHEYHON abesieBoil TPYIIBI, KOTOPOe
MOXKET TMPENCTABIISITH HE3aBUCUMbBI UHTEPEC.

Pa6ora BuImoOHEHA TIPU MOMIEPKKE TPOTPAMMBI (DYHIAMEHTAIBHBIX HAYIHBIX HUCCIIENO0-
Bauuit CO PAH I.1.1., mpoekt 0314-2016-0001.

CIIUCOK JIMTEPATYPBI

[1] Byrypmakun A. A., I'peukoceesa M. A., Iluknuueckoe CTpOEHHE MaKCUMAJILHBIX TOPOB B KOHEUHBIX
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O HakpLITHUIX B pelleTKe 0-allpPOKCUMUPYEMbIX MHOroo6pasuil /(-rpynn

A. B. 3EHKOB

HamomHmM, 4T0 pemieTodHo ymopsimodeHHas rpymnmna (l-rpynma) — 5To airebpamaeckast
cucrema G curHaTyphl | =< -, 7! e, V,A >, coBMmemaiomias B cebe CTPYKTYPY TDYIIIBI
U PEeIeTOYHOrO TOPSIKA, CBI3AHHBIE €CTECTBEHHBIMU COOTHOIeHusMEu = (u V v)y = zuy V
zvy, r(uAv)y = zuy A zvy. Knace £ Bcex (-rpynn o6pasyer MHOrooOpasue CUrHATYDHI L.
MuoxkecTBO Bcex MHOTOOOpasmit (-rpynn L SBAS€TCS YaCTUIHO YIOPSIOYEHHBIM MHOXKE-
CTBOM OTHOCUTEILHO TEOPETUKO-MHOXKECTBEHHOTO BKIoueHus1. bosee Toro, L ecTsb pernreTka
OTHOCHUTEILHO €CTECTBEHHO OIPENEJIeHHBIX OMEePAIlnil MepecevueHnss U OOBeMUHEHUsT MHOTO-
obpasunit {-rpymr.

Besixkoe muoroo6Gpasme (-rpyti, cocTosiiee n3 Tex (-TPynn B KOTOPBIX BBITOJTHEHO TO-
XKIIECTBO

(y lzTlyAz)ve=ce
OymeM Ha3aBaTh o-ammpokcuMupyeMmbiM. MuOKecTBO L BCEX 0-alIPOKCUMUPYEMBIX MHOTO-
obpasuii (-Tpymm ecTh MOJIHAS MOMPEIeTKa perteTKu L.

Bynem rosoputh, uTO MHOTOOOpasme (-rpymnm X SBISETCS HaAKPBITHEM MHOTO0Opa3ms
(-rpymn Y B pernerke L(Lg) (X maxpeaer V), ecmu Y & X' u nms mo6oro MHOroo6pasus
(o-anmpokcuMupyemMoro MHOroobpasust ) m-rpynn Z takoro, uro Y & Z € X BbmosHeHO
Z =), mubo Z = X. Eciu BcsIkuii 5j1eMEHT COOTBETCTBYIOIIEH PEIeTKN UMEET B Hel
HaKpBITHE, TO OyIeM TOBOPUTH, UTO MaHHAs peleTka 00/Ia0aeT CBOMCTBOM HAKPBITHUS.

B pa6ote [1] 6buT OCTPOEH TEPBBIN TPUMED O-aIIIPOKCUMUPYEMOTO MHOTOOOpasus, He
MMEIOIIIEr0 HAKPLITUi B pereTke Lg. [loznuee B [2] GbIIM MOCTPOEHBI €111e YeThIpe 0-alpoK-
CUMUPYEMBIX MHOTOOOPa3us ¢ aHAJOTUIHBIM CBONCTBOM. BepHa

Teopema. CyirecTByfoT 4eThIpE 0-alIIPOKCUMUPYEMbBIX MHOT00Opa3us (-rpyIim, OTImd-
HbIE€ OT M3BECTHBIX paHee, KOTOPbhIe He UMEIOT HAKPBITHI B perreTke L.

Bameuanme. Bce sTun MHOroo6pasus He IMEIOT HE3aBHCHMOTO 6a3mca TOXKIECTB, YTO
cremyeT u3 paboThI [3).
B sakimouenne oTMeTHM, 4TO perreTka L o6IamaeT CBOMCTBOM HaKpLITUs [4].

CIINCOK JINTEPATYPBI
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0 HepecequI/IﬂX HMNJIBIIOTEHTHBIX HOI[prHH B KOHEYHBIX prHHaX C IIOKOJIeM
L2(q1) X L2(q2)

B. . 3EHKOB

IIycts G — xkomeunas rpynma, A u B — monrpynnet B8 G.  OnpeneamM MHOXKECTBO
Mg (A, B) = {AﬂBﬂ g € Gu AN BY MUHIMAJIBLHO IO BKITIOYEHUIO CPENN BCEX TepecedeHuin
Takoro Buna}, a mg(A, B) € Mg (A, B) xax nonmuoxectso B M¢ (A, B), cocTosiee u3 -
MEHTOB MUHIMAJILHOTO mopsiaka, a Ming (A, B) = (Ma(A, B)) n ming (A4, B) = (mg(A, B)).

Panee [1] B TepMmunax nmonrpynnsl ming (S,.S) 6bUI0 TaHO OMUCAHWE BCEX AP HUIIBIIO-
TeHTHBIX oarpynn A u B B koreuHoit rpymme G ¢ mokoseM Lo (q) 1 CUIIOBCKOI 2-TIOMr DY IO
S, a B [2] sT0 6bUI0 crenano mus rpynnsl G ¢ mokoseMm Lo (2™) X Lo(2™) u B oboux ciyuasx
npu yciaosuu ming (A, B) # 1.

B mammoit paboTe aHOHCUPYETCS CIEMYIOIIas

Teopema. IIycts G — koHeunas rpymnma ¢ nokoiaeM Lo(qy) X La(q2), A w B — Humib-
morentHble noarpynnsl B G u ming (A, B) # 1. Torma G uzoMopHa OTHON U3 CIELYIOLIX
TpYIIIIL:

(1) Aut (L2(q )) x K1, roe ¢ — nubo npocroe uuciio Mepcerna, mu6o g = 9, a Inn (K3) <
K; < Aut ( 2), Ko = La(q2), q2 > 3 moboe;
q1) X Lg(qg))( ), q1 U qo — mpocThle unciaa Mepcenna, t — HHBOIIOLHS;
q1) X PGLy(q))(t), g1 — mpoctoe umuciao Mepcerna, t — HHBOIIOLUS;

(2)
(3)
(4) (Lg(ql) x Sp4(2))(t), 1 — mpocroe uucito MepceHHa, t — HHBOTIOLUS;
(5) (PGL3(9) x PGL2(9))(t), t — uaBOMIOLIHS;

(6) (PGL2(9) x Spa(2))(t), t — mEBOTIONUI;

(7) (Spa(2) x Spa(2))(t), t — mEBOMONIS;

(8) Aut (La(q)) 1 C2, ¢ — npocroe umcio depma.

CHuCOK JIMTEPATYPBI
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Cnopanuyeckue KOMIIO3UIINOHHBIE (haKTOPhI KOHEYHBIX I'PyNn, rpad MpoCThIX
grceJI KOTOPhIX COBHNALaeT ¢ rpadoM HNPOCTHIX YHCEJI MCKITIOYNTEIHLHON
IPOCTOU I'PYIIIbI JIneBa THUIA

M. P. 3UHOBLEBA

[Iycre G — xoneunas rpymnma, 7((G) — MHOXECTBO IPOCTHIX MEINTENIE TIOPSIKa TPYIIITBI
G, w(G) — MHOXKECTBO MOPSIIKOB 271eMeHTOB (cnekTp) rpymusl G. ['padom npocTbix gmcer
(rpadom ['proubepra—Kerens) GK(G) rpynnel G Ha3bIBAETCS HEOPHEHTUPOBAHHBIN rpad,
MHOXKECTBO BEPIINH KOTOPOro conanaet ¢ 7(G), mpudeM maBe BepiinHsl p, ¢ € 7(G) CMeKHBI
TOra U TOJIBKO Torna, korna pg € w(G).

I'pynna G HasbBaeTcs pacrmo3HaBaeMonl o rpady npocthix uncen (rpady I'pronGepra—
Keremnst), ecau ms mo6oit koweusnont rpynnsl H u3 pasencrsa GK(G) = GK(H) cnenyer
G=H.

B cBa3u ¢ 3amaueil pacnosHaBaHUs KOHEUHBIX TPYII O T'pady MPOCTBIX YUCE]T BO3ZHUK
BOIIPOC O KOMITO3UITMOHHOM CTPOEHUM TPy, rpad MPOCTHIX YUCE] KOTOPBIX COBIAIAET C
rpadoM TpPOCTHIX YUCEJI U3BECTHOU MPOCTON T'PYIIILI.

ABTOp paccmaTpuBaeT KOMIO3UIMOHHBIE (DAKTOPBI TAKUX TPYII U HOKA3LIBAET CJICIY-
IOIIY IO TEOPEMY.

Teopema. Ilycts H — koHeuHas mpocTas rpyimna UCKIIOUYATEIBHOrO aueBa Tuma, G —
koneunas rpynna ¢ GK(G) = GK(H). Ipennomoxum, 4ro S — CHOpAZHIECKUIl KOMIIO3H-
nuoHHEII (akTop rpynnsl G. Torma BBIIOTHAETCS OOHO U3 CJACAYIOIIAX VTBEDXKICHUIT

1) G = GQ(Q), S e {Jl, J4,0/N, LyS, FQ,Fg},‘

2) G = 3D4(q), S e {Jl, Ji, Ru, HN, Suz,Coy, Fisa, Fliog, Fi/24, O/N, LyS, Fy, Fs, F3}

Bamernm, uro A.M. Craposeros [1] momyuwsn onmucanne KOMIIO3ZUIIMOHHBIX (HAKTOPOB
KOHEUYHBIX T'PYIII, IMEIOIINX TOT XK€ CIEKTP, 9TO U U3BECTHASA IIPOCTAas TPYIIIA.

CIIMCOK JIMTEPATYPBI
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O o-cy6GHOpPMANBHBIX MOATPYNNaX KOHEUYHOI (aKTOPU3yeMOl I'PYIIIIbI

C. ®. KAMOPHUKOB

[Mpennoxennas A. H. Ckuboit KoHIENIUsA 0-CyOGHOPMATBLHON TOATPYIIIbI, PA3BUBAIOIIIAS
unero Bumannra o cyGHOPMAJILHON MOATPYIINE, 6a3UPyeTcs Ha CJEAYIOIINX TPeX Ompenesie-
HUAX:

1) IIycts 0 — HekoTOpoe pasbueHme MHOXKeCTBa P BCex MPOCTBIX YUCEs HA MOHAPHO
HeTepeceKaormecs momvmuoxectsa 0; (i € 1), T.e. P =J,c; 05 mo;Noj = () nis Beex @ # j.

2) I'pynna G HasbBaeTCsl 0-IpUMapHOiL, ecii G SIBIISIETCST 0;-TPYIIION IJIsI HEKOTOPOTO
1€ 1.

3) Honrpynma H rpynnst G Ha3BIBAETCs 0-CyOGHOPMAIIBLHOI, €CITU CYIIIECTBYET HEllb MOfI-
TPy

H=HyCH C..CH,=G
Takasi, 9TO IJIsl Kaxmnoro ¢ = 1,2, ..., n mubo noarpynna H; | mopmanabHa B H;, mubo rpymnma
H;/Corep,(H;_1) ABIsAeTCS 0-IPUMAPHOILL.

[lousTHO, uTO Monrpynma H cyb6HopManbHa B (G TOrIa U TOIBKO TOTa, KOTIa OHA O-
cybropmainibHa B G st MuHEMasIbHOrO pasioxenus o = {{2}, {3}, {5}, ...}.

B nmamsoMm mokmame obcyxkmaercs moimyuennoe B [Ballester-Bolinches A., Kamornikov
S.F., Pedraza-Aguilera M.C., Yi X. // On o-subnormal subgroups of factorised finite groups
(B meuaru)| pereHne o-CyGHOPMAJIBHOIO AHAJIONA, CJIEMYIOLIEr0 M3BECTHOrO KpuTepus: Bu-
JAHITA O CyOHOPMAJIBLHOCTH MOATPYIINEI B KOHEUHOU (haKTOPU3YeMOil T'PYIIIIE.

Teopema. Ilycts G — koHeYHas pas3peruMas IPYIIa, IPEACTABUMAs B BUE IIPOU3BE-
merus coux moarpynn A u B. Ecnau monrpynna X rpynnet G o-cybHopmasbaa B < X, X9 >
mist jroboro g € AU B, to X o-cybropmasipHa B G.

IIpu o = {{2}, {3}, {5}, ...} Teopema BkiIOUaET cooTBETCTBYIOIIME pe3yIbTaThl Maiiepa,
Cunku, Butanara n Kacomo. OTMerum, 94To 1 TPOU3BOIBLHON KOHEYHOI TPYIIITLI BOIIPOC O
0-CyGHOPMAJIBHOCTH (B TOM UUCIIe U [JIs MUHIMaJIbHOrO pasinoxkernus o = {{2}, {3}, {5},...})
nonrpynnsl X B rpynne G = AB B HacTOSIIEe BPEMS OCTAETCA OTKPBITHIM.

Tomeavcrutl 2ocydapcmeennviti ynusepcumem umeny D. Cropunwt, Nomeav (Beaopyccus)
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Koneunbie rpymnmnbl ¢ HEKOTOPBIMU (POPMAIIMOHHO CYOGHOPMAJILHBIMU
noarpynmnaMmu

M. H. KoHnoBanoBa, 1. JI. Coxor

[Mycts § — dopmanus, ¢ — koneunas rpymnmna, H — moarpynmna rpynnet G. Ilon-
rpynmna H HasbBaeTCs §-CyOHOpPMaJIBLHON moarpymnmoi rpynns G, eciu mu6o H = G, mubo
cyiiecTByeT 1enouka nonrpynn H = Hy < Hy < ... < H, = GG Takas, 410 Hf < (Hi-1)m,
IUIsT BCcex 4. 3mech 3amuck H; 1 < H; o3nagaer, uto H; | — MakKCHUMaJIbHAas MOATPYIIIA
rpymner H;, Yx = (\,cx Y* — anpo monrpynmer Y B rpymme X, a X § — F-kopammkai
rpynmel X, T.e. HaWMEHbIas HOpMaibHas B X moarpynmna, GaxTop-TPYIa MO KOTOPOI
npuHamiekuT §. lonrpynna ®@parturu rpynnst X o6osnauaercs yepes O (X).

Inst macmencTeenHo GopMaruu § u3secTHO [1, eMMma 7], 9TO €ciiu B KOHEUHON T'PYIITe
G kaxmas MakCUMaJibHas TONTrpyIa §-cybropmanbaa, 1o G/®(G) € §. Ecnn xe B koHeU-
ot Tpynme G Kaxmas 2-MakcuMaJjibHas MOArPYIa §-CcyOHOpMAaJIbHA, TO BCe COOCTBEHHBLIE
nonrpynnsl B G UMEIOT HUIBIIOTEHTHBIE §-Kopanukass! (1, reopema 1]. Koneunsie rpynmsr,
V KOTOPBIX BCE 2-MaKCUMaJIbHBIE TOATPYIIEI L-cyOHOpMATBHEL, Ll — dopMaIus Bcex CBepX-
paspenmMbIX TPYIIIL, UCCIIEIOBAHbL B [2].

Popmarus § Ha3bIBAETCsI PEIIETOYHON, €CI B JTIOOOU KOHEUHOI TPYIITIE MHOXKECTBO BCEX
ee §-cyOHOPMAJTBHBIX TOATPYIIT 00pa3yeT MOAPEIeTKy PeIeTKN BCeX Moarpym. Perrerou-
Hble (hopmarmu onucansl B pabore [3]. Hokasana ciemyromas Teopema.

Teopema. Ilyctb § — HacaeacTBEeHHAas HACBIIIEHHAS PEIIeTOYHAas (hopMaIlus, ConepKa-
m1as Bce HUJIBIIOTEeHTHEBIe rpyrnbl. IIpenmosoxum, uro B koHeuHon rpyime (G CyIecTByeT
MakcuMaJbHas noarpynmna M, koTopas obnagaeT CIAeyIOIIIMU CBOHCTBAMI:

(1) M me §-cybropmanbHa B G;

(2) xaxkmas MmakcumanbHas noarpymnna u3 M §-cybropmanbaa B G.

Torna G — 6umpuMmapHas MUHHIMAJIbHAS He §-rpymma, G5 — CHIOBCKas MOATpYIIIa
rpymmer G o ®(GY) = 1.

CIIMCOK JIMTEPATYPBI

[1] Moraxos B. C. O rpynmax ¢ pOpManoHHO CyGHOPMAIILHBIMY 2-MAKCUMAJIBHBIMU moarpynnaMu // Ma-
TeMm. 3ameTku. 2019. T. 105. C. 269-277.

[2] Monaxos B.C. Koneunrle rpynnsl ¢ abHOpManbHEIMU U il-cyGHOpManpHbiMu nonrpynnavu // Cub.
maTem. x)ypH. 2016. T. 57, N 2. C. 447-462.

[3] Bacunwes A. ®., Kamopuaukos C. @., Cemenuyk B.H. O pemerkax nonrpynn koreunsrx rpynn // Bec-
KOHEUHBIE TPYTIHI U MPUMBIKAIONINE ajlrebpandeckne CTPYKTypHI : ¢6. Hayd. cT. Kues : Wnu-T MmaTeM.

AH Yxpaunsr, 1993. C. 27-54.
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IIpocThie KOHeUHBIE IpynnbI ¢ AepeBbsiMu bpayspa B ¢opme 3Be3abI

A. B. KyXAPEB

[Mycts G — xomeunast rpyimma, p — MPOCTOE YUCIIO, MEJISIee MOPSIOK DTON T'PYIIIIHL.
[Ipenmonoxum, uTo cummoBckas p-noarpynmna rpynnsl G rukiandeckas. Torga miis TiIaBHOTO
p-6moka rpynmel G OMHO3HAYHO ompenesieH Tpad bpayspa, sBIISIOIIUICS TIPU 5TOM IEPEBOM.

O6o3naumM yepes &), K1acc KOHEUHBIX TPYII ¢ HOTPUBUAIBHON INKINIECKON CHIIOBCKOI
P-TIONTPYIITION, I KOTOPBIX mepeBo bpayspa raaBHoro p-6i10Ka SBIIsETCs 363001, TO €CTh
IIEPEBOM NHaMeTpa He 60jtee ueM 2. B TepMmHax Teopuy XapakKTepOB 3TO O3HAYAET CIIENIYIO-
miee. ['pad Bpayspa p-6710Ka sBisieTCs 3BE3MI0M, €CIN U TOJIBKO €CJIN KAXKIIBIN P-MOMLYISIPHBIN
HeNIPUBOAUMBIN XapaKTep 5TOro 6JI0Ka MOOHUMAaeTCs 1O OOBIKHOBEHHOT'O HEIIPUBOIMMOIO Xa-
paxrepa [1].

Bosuukaer 3amada ompenenieHus IPUHANIEKHOCTU Ipynnsl kiaaccy X, (em. [2]). Us-
BECTHO, YTO X}, BK/IIOYaeT BCE p-paspelluMble IDYIIBEl ¢ IUKIMYECKON CUIOBCKOU p-IOZ-
TPYIION, OMHAKO He orpaHmunBaeTcs umu. Hampumep, As € Xs.

B macTosmieit paboTe MHTEPECYIONInE HAC BOIPOC PEIEeH Il CIIydas MPOCThIX TPYIII.
A mMeHHO mOKa3aHaA CIEMYIOIasl TeopeMa.

Teopema. Ilycts G — mpocras KOHe4Has TpyIiia, U IIyCTh P — IIPOCTOE UHUCJIO, IeJIs-
mee nopsnok rpynnel G. Torna G € X),, ecau u TOIBKO €CJIH BEIITOJTHEHO OHO U3 CAEHYTOIIIX
YCJIOBUIIL:

1) G = Cy;

2) G =PSLs(q), p # 2 u p nemur q + 1;

3) G =PSLs(q), p # 2 u p nemur q + 1;

4) G =PSUs(q), p # 2 u p nemur q — 1;

5) G = As, p € {3,5);

6

4) G=Sz(q), q=2>""' (n>1), rnep# 2 up nemur ¢ — 1 wm q + 7+ 1;

5) G =2Gs(q?), ¢* = 3%t (n>1), rae p # 2 u p nemur ¢* — 1 wmm ¢ +/3q + 1;

6) G € {My1, Ma3,J3} mp=5;
G=Jiupe {3 5}
UccnenoBanue Beinonaeno 3a caeT rpanta PH® (mpoext 18-71-10007).
CHIMCOK JIMTEPATYPBI

[1] Willems W., Zalesski A. E., Quasi-projective and quasi-liftable characters // J. Algebra. 442 (2015),
548-559.
[2] Blau H.I., On Brauer stars // J. Algebra. 90 (1984), 169-188.
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O 'pYyIIriax, HACBbIIII€EHHbIX KOHEYHbIMMX OPTOIrOHAJIBHBIMU I'DYIIIIaMHU

B. II. MA3YPOB

[Mycte M — mexkoTopoe MmuHOX)ecTBO rpynn. ['pynma G Haceimena rpynnamum u3 M,
ecau mobas KOHeuHas noarpymnmna u3 (G comep:KuTcs B moarpymme rpynnst (G, m30MOpgHOT
HEKOTOPOMY 3JIEMEHTY MHOxkecTBa M.

Teopema. Ilycrs M = {O7(q)|q = £3(mod8)}. Ecan G — nmepmonmyeckas rpymnma,
HacpblneHHas rpymanavu u3 M, To G mzomopgra O7(Q)) A1 HEKOTOPOIo JIOKAJIBHO KOHEUHOTO
o1 () HeIETHOUN XapaKTEePUCTHKH.

WcenenoBanue BBITIONIHEHO 3a c4eT rpaHTa Poccuiickoro Hayusoro ¢onma (mpoext 19-
11-00039).
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Koneunsnie rpynmnsl ¢ 0606111eHHO CyOGHOPMAaJIbHBIMY HANCUJIOBCKUMU
noarpynmnaMmu

A. I". MEIbYEHKO, A. ®. BACUJIILEB

Bce paccmaTpuBaembie B paboTe T'PYIIBI CUMTAIOTCSI KOHEUHBIMEU. OTHIPAaBHON TOYKON
MHOT'UX UCCTIEIOBAHUI SBJIsgeTCs GaKT O TOM, YTO IPYIIIa HIWIHIIOTEHTHA TOTAA U TOJILKO TO-
rl1a, KOT[oa KaXXasl ee CUJIOBCKas MOATPyIna cyOHOpMaJsibHa B Hell. EcTecTBeHHBIM 00001116~
HIIeM CYOHOPMAJIBHOCTH B KJIACCE PA3PEIINMBbIX I'PYIII SIBJISETCS TOHITHE §-CyOHOPMAIBLHOM,
a B IPOU3BOJILHOM cityuae mousaTue K-F-cybHopmanbroit nonrpynnst [1]. Ilycts § — memy-
cras ¢popmanus. [lonrpynna H rpynmel G HA3bIBAETCS:

S-cybuopmasbHon B G,

ecnu mbo H = G, nubo cymecTByeT MakcuMajbHas 1ensb nonrpynn H = Hy < Hy <

- < H, = G Takas, 41O Hf < H; 1 mnsg i = 1,...,n; K-F-cybuopmassroit B G, ecin
cymectByetT nenb nmonrpynn H = Hy < H; < --- < H, = G rtaxkas, gro nmmbo H;, 1 < H;,
100 Hf <H, imnai=1,...,n.

B pa6Gorax [2-5] uccrmenoBanuck IPyHbL, Y KOTOPHIX CHJIOBCKUE MOATPYIIIBL §-CyGHOD-
MasbHbl win K-F-cyGHOpMAIbHBL, B CIydyae HACIENCTBEHHON (HACBHIIIEHHON) dhopManun §.
B [6-7] Gbuim paccMOTPEHBI TPYNIBL € §-CyGHOPMAIBLHBIMI HOPMAJIM3aTOPAME CUJIOBCKUX
MO PYIII.

Teopema 1. Ilycre § — HacmencrBeHHas HachbimeHHas ¢popmanus u m = w(F). To-
rma m Toabko Torma rpymma G npumHammexuT gopmaima Y X §, Korga M KaXXIOH CH-
JoBckou monarpynner P rpynner G miobas monrpynmna H, comepxkarmas P, seiasercs K-§-
cybHOpMasIpHOI B G.

Teopema 2. Ilycts § — HacnaencTBeHHAs HACBIIIEHHAS (hopMaIus pa3perrnMbIX TPYIIIL.
Torma m Tombko Torma rpymmna (G OpUHAMIEXKHUT §, KOrga M KaXXOOHW CHJIOBCKOH IIOM-
rpynner P rpymnner G mobas noarpynna H, conepxkaias mopmanusatop Ng(P), aBasercs
§-cybropmanbroi B G.

CIINCOK JIMTEPATYPBI
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nonrpynnamu // IIGMT. 2011. N 4 (9). C. 86-91.

[3] Cemenuyk B. H., Illesuyk C. H. XapaxTepusanusi KiIacCOB KOHEUHBIX I'DYIII C IIOMOIIBIO OGOOIIEHHO
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@) pelieTke Q)yHKTOpHO 3aMKHYTBbIX KPpAaTHO KOMIIO3UIIMOHHBIX q)OpMaHI/Iﬁ

A. II. MEXOBUY

Bce paccmaTrpuBaemble Tpymnmnbl KOHEUHBL. VICIIONb3yeTcs cTaHDapTHAS TEPMITHOIOT IS
[1]-[3].

HamomuumMm, uTo gopmanyueti Ha3bIBAETCS KITACC TPYIII, 3aMKHY ThIil OTHOCUTEIEHO TOMO-
MOPMHBIX 06PA30B U KOHEUHBIX MOMIPIMBIX TPON3BEICHMUIL.

B npoussomnbHoit rpynne G Bei6epem cucremy noprpyni 7(G). ToBopsit, uto 7 — nod-
epynnosot gywkmop (B Tepmuuosoruun A.H. Ckuber) [1], eciiu BBIMTOTHAIOTCS CIIEMYIOIIIE
Y CITOBUSL:

1) G € 7(G);

2) ms mo6oro smumMopdusma ¢ ¢ A — B u s mobbix rpynn H € 7(A) n T € 7(B)
mueer mecto H? € 7(B) m T¢ ' € 7(A).

PaccmaTpuBatorcs auins Takue TOATPYIIOBbIE GYHKTOPHI T, 9TO IJIst JIF000I rpynsl G
Bce monrpymumnsl, Bxonsimue B 7(G), cybHOpMasibHbL B G.

dopmanus § HasbBaeTcs T-3amkuymot, ecmu T(G) C § s mo6oit ee rpynnsl G u3 §.

Besikast dopmarust cuntaercs 0-kpamuo KomMno3uyuonkot, a upu n > 1 dopmarms §
HA3BIBAETCS N-KPAMHO KOMNO3uyuonnot [2], ecniu § = C'F(f), roe Bce HeIyCThle 3HAYEHUSI
KOMITO3UIINOHHOTO CIIyTHUKA [ SBIAIOTCS (1 — 1)-KpaTHO KOMIIO3UIIMOHHBIME (HOPMAIIUAMU.

[Iycts § — 7-3aMKHyTas n-KpaTHO KOMIIO3UIMOHHAas (GopMmanus. Torma cuMBoIoM
Ler () obo3HauaeTcs pelreTKa BCEX T-3aMKHYTEIX N-KPATHO KOMIO3HIIMOHHBIX MOn(hopMa-
nui popManum §.

Teopema. IlycTs § — T-3aMKHyTas n-KpaTHO KOMIIO3UHOHHAs (popmarius. Torna ecom
popmarnma N, nononaaema B permerke Lr (§) ama xaxmnoro p € m(Com(F)), o § € M.

CIMCOK JIMTEPATYPBHI
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prIII'IbI C OrpaHNYE€HMUsIMHN Ha MaKCHMMaJIbHBbIE€ IIOATPYIIIIbI CUJIOBCKHUX IMOATPYIIII

B. C. MOHAXOB, A. A. TPO®PUMYK

PaccmaTpuBaroTes TOIBKO KOHEUHBIE TPYIIIBLL. T €PMUHOIOI U U OO03HAYEHUST COOTBET-
ctByioT [1].

[TpusHak; cBEpXpa3perumMOoCTy TPYIIIE ¢ OTPAHNIEHUSIMI Ha, MAKCAMAJIbHBIE IO PY B
U3 CHJIOBCKUX TOATPYIII TPYIINBI MOJYYAJA MHOTUE aBTOPBI, CM., HAIPUMED, JINTEPATYPY
B [2]. D'pynmbl, B KOTOPBIX HEKOTOpbIE HMOAIPYIIIBI CONEPKATCS B MOATPYIIAX IIPOCTHIX
MHIIEKCOB, U3yJanuch B [3]-[4].

B macTosmenr paboTe mosrydeHa xapakTepu3alnsd KOHETHOW TPYIIThI, Y KOTOPOU IS JTIO-
60ro IPOCTOTO P KaXKIas MaKCUMaJIbHAS TMOATPYTIIA U3 CUJIOBCKOW P-TIOATPYIIIBI COOEPIKUTCS
B MOATIPYIIIE WHIEKCA P, B YACTHOCTH, TaKhe TPYIIILI CBEPXPA3PEIINMBI.

Onpenenenne. Ilycte G — cBepxpa3spemumas rpynna. Torma ona obmagaeT CHIOB-
ckori bammert 1 = Gy < G; < ... < G,, = G, cBepxpaspemmmoro tuna [1, Teopema
V1.9.1(c)]. Ecnu mms xaxnoro i Bce Makcumasbasle noarpynnsl u3 G;/G;_1 HOpMAaJIbHBI
B G/G;_1, To rpynny G Ha30BeM m-CBEpXPa3PEeLIIMOIL.

He Bce cBepxpaspermMbie TPYIIBL m-CBepxpasperuMbl. Hamnpumep, rpynmna Zz X Ss
CBepXpaspelinmMa, Ho He M-CBEePXPa3pernMa.

Teopema. I'pynna G m-cBepxpaspemmumva (HIIBIIOTEHTHA) TOTAA U TOJBKO TOTIA, KO-
roa s garoboro p € w(G) Kaxnas MakCUMaIbHAS HOATDYIIIA U3 CHJIOBCKOH D-IOATDYIIIBI
rpynnel G comepKuUTCs B HEKOTOPOH moarpymie (HopMaabHOH noarpynine) rpymasl G uH-
HeKca p.

Cremyrormii pe3yIbTaT UCIOIB3YETCs B [MOKA3ATEILCTBE TEOPEMbBI U MIPEACTABIISIET Ca-
MOCTOSITEIbHBINT MHTEPEC.

Ilpennoxenune. Ilycts G — p-pasperumas rpymmna u P — eé cumoBckast p-rionqrpymma.
Ecnn kaxknas MakcuMmasibHas moarpymnna u3 P conepkuTcs B HEKOTOPON HOATPYIIIE I'PYIIIbI
G unnekca p, To G p-cBepxpas3pernmMa.

3ameuanue. YcioBue p-pa3perImMOCTd IPYIILI B IPEAJIOXKEHUN He SBIT€TCS JIAIITHIM.
B mpocroit rpynme As cmioBckast 5-ionrpymnma P umveer mpocTon mopsaok. Bee makcumvasib-
Hble oArpynnel u3 P (o enmHmYHbI) conepxkarcs B noarpynme H ~ Ay u |As : H| = 5.

CIIMCOK JIMTEPATYPBI

[1] Huppert B. Endliche Gruppen. I. — Berlin: Springer-Verl., 1967.

[2] Monakhov V.S., Trofimuk A. A. Finite groups with subnormal non-cyclic subgroups // J. Group Theory.
Vol. 17, N 5. 2014. P. 889-895.

[3] Berkovich Y., Kazarin L. Indices of elements and normal structure of finite groups // J. Algebra.
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O HEKOTOPBbIX CBOICTBaX KOHCUYHBLIX IIOJIy-TT-CII€eIINAJIBHBIX I'DYIIIIL

B. H. MbIIIUK

PaccmorpuMm Tonbko KoHeuHble Tpynmnbl. Kpome Toro, P — MHOXECTBO BCEX MPOCTBIX
uncert, Takux uro p € 1 C Purn’ = P\ 7.

Koneunas rpynna GG HaseiBaeTcs m-cneyuaapnot [1, 2, 3], ecmu G = O, (G) X -+ X
O, (G)xOx (G), rone ™ = {p1,...,pn}. Koreunyio rpynmy G Ha30BeM IOJIy-T-CIENNAIBLHOML,
€CIII HOPMAJIM3aTOP 000N HEHOPMAJILHON 7-CIeIUAIbHON HOArPY NNl Ipynnsl (G sSBIISeTCs
T-CIeINaIbHOML.

Hokazana cnemyrorias

Teopema. Ilycts rpynma G He SBISETCS T-CHEHUAIBHON TPYIITON U I KAXKIOH IIOI-
rpymnel A B G, aBngromterica ubo ' -rpymnmo, aubo p-rpyHmon IS HEKOTOPOro p € T,
N¢(A) — m-cnenquansHas.

Torna mMerOT MeCTO CIIEAYIOIIUE Y TBEPKICHU:

(1) G/F(G) saBmsercs m-cueumanpsoln rpymmoi. Ilosromy, G mmeer xommoBy 7'-mon-
rpyony H m paspernMmyro xosioBy m-moarpymmay E.

(2) Eciu G He aBasgercs p-3aMKHYTOH AJIS KaXIOro P € T, TO:

(2.1) H opmanbHa B G u F HUIBIOTEHTHA.

(2.2) O0p,(G) x -+ x Oy, (G) x H sBseTcs MaKCHMAILHOH T-CIHELHAILHON IIOAT DYIIION
B G 1 Kaxknas MUHHMAaJIbHAsS HOpMaJsbHas nonrpymnna rpynnel G conepxkurcsa B F(Q).

CIINCOK JIUTEPATYPHI

[1] Skiba A.N. On o-subnormal and o-permutable subgroups of finite groups // J. Algebra. 2015. Vol. 436.
P. 1-16.

[2] Skiba A.N. On some results in the theory of finite partially soluble groups // Comm. Math. Stat. 2016.
Vol 4, 3. P. 281-309.

[3] Skiba A.N. Some characterizations of finite o-soluble PoT-groups // J. Algebra. 2018. Vol. 495. P. 114~
129.

I'TY um. @. Cropunel, I'omeav (Beaopyccus)
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O JI0KaJIBHBIX TOYHO TPAaH3UTUBHBIX I'DYIIIIax

M. B. HEmanuMm, A. A. CUMOHOB

cnonb3yeM cTanmapTHOE ONPENeeHne JIOKATBHBIX TOMOJIOTUIECKUX TPYII U JIOKAIIb-
Horo msomopdusma (cm. [1, §23]), a mus ncesmomomeit cremenu n (cM. [2]) ompemesnum
JIOKAJTBHOE N~ TICEBIIOMOTE:

Ounpenenenne. Byzaem ropoputs, uro rpynna npeobpasosanuii (G, Sy,) 3amaéT I0KaIb-
HOE N—IICEBIOIIONe, €CIIA BBIIOJIHEHB] CJAEAYIOIAEe YCAOBUA:
1) ecrt onpenemnensr npoussenerns aw; (b)), p;(ap;(b=1))b, a-;b, To mmeer MecTo paBeHCTBO

a-i b= pi(pi(a)pi(b)) = pi(api(b~1))b;

2) ecnu ompenesieHo mpou3BeneHue a -; b, To mysd Beskoil okpectHocTH W sstemeHTa @ +; b Cy-
mecTByIoT Takue okpectHoctu U 'V snemenTos a u b, uro npu x € U,y € V npoussenenus
2y, wpi(y™ ), @ilepi(y™"))y onpenenensr m x -y = @i(wpi(y~'))y € W;
3) JIOKaJIbHBII TOMEOMOPGPU3M 0;j = Q;p;pj OPU i F j SIBIAETCA JOKAILHBIM aBTOMODGHHI3-
mom rpymmsr G
4) ecsn miist Hexkoroporo a € G onpeneneno p; Ey;(a) u Ep;FE(a), To cipaBenyinBo paBeHCTBO
piEyi(a) = Ep;E(a),
5) snemenTsI e; = @;(e) € G aBmatorcs B rpynne G JIEBBIMU HYJISIMH, TO €CTh €; - T = €;, I
x € U u3 HeKOTOpPOI OKPECTHOCTH E€OUHUIIEI €.

Nmeet mecTo

Teopema. Kareropum JOKaJbHBIX TOYHO N—TPAH3UTUBHBIX T'PYIII U JIOKAJIBHBIX N—
[ICEBIONOE SKBUBAJICHTHBIL.

CIIMCOK JIMTEPATYPBI

[1] HorTpsrun JI. C., Henpepobisable rpynmel, 3-e nsn., ucnp. M.: Hayka, 1973, 519 c.
[2] Cumonos A. A., O606iienne Touno TpamsutusHblx rpynm. V3e. PAH. Cep. marem., 78:6 (2014), 153—
178.
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MyHbTI/IHJ'II/IKaTI/IBHaﬂ T'pYyIIIia I1oJida HYHEBOﬁ XapaKTepuCTHUKNN C KOHEYHBbIM
BeTBJIEHNNEM

K. H. IIOHOMAPEB

Paccmorpum moste K HyJeBOl XapaKTepUCTUKE, MyCTh () — €ro IpocToe TOMAIOIIe, TIOJIe
PAIMOHATIBHBIX UHCET.

Bragase npennosnoxmm, 9To mosne K 06pa3oBaHO anrebpamdecKuME 3JeMeHTaMu. DBy-
IIeM HA3BIBATH €T0 KOHEUHO PA36EMBAEHHbIM, €CITE IPONOIIKEHNE TIOO0T0 AUCKPETHOTO HOP-
MUpPOBaHUs v 1Ot () MO HOPMUPOBaHWS w MO K WMeeT KOHEUHbI WHIEKC BETBIICHU,
e(w/v) < 0.

Teopema 1. Eciu mose anrebpandeckux 37eMeHTOB I KOHEYHO pa3BeTBIIEHO, TO (dak-
TOp — IpyMNa MyJIbTUIIHKATUBHON TPYIIEI IT0 TOATPYIITe KOPHEH n3 equnHusl K* /\/T ABJII-
eTcsT cCBOOOTHON T'DYIIIION.

B wacTHOCTH, IIepHONMYECcKas JACTb MyJIbTUILIHKATABHON IpymIsl \/1 IpsaMo Bemess-
ercs B rpymme K*.

Teneps paccmorpuMm moste K ¢ TpaHcieHOeHTHBIMEI diieMeHTaMu. O6o3HaunM uepes3 k
anrebOpamydeckoe 3aMblKaHIe Ipoctoro noist () B mone K. Torma mome K mpencrasisercs
asre6pamdeckuM pacimperneM K /F MOAXOOAINEro YrCTO TPAHCIEHIEHTHOIO PACIINPEHUS
F = k(T) nons k.

[Tone F' — moste uactubix obnactu Kpynns k[T], ono obramaeT ceMeficTBOM CYu,ecmeer-
HblZ OUCKPETHBIX HOpMupoBaHmid. Mcxomuoe mosme K Ha3bIBaeM KOHEUHO PA36emeE.aeHHblLM,
ecnn J1000e TPONOIKEeHNEe W KaXKIOTO CYIIeCTBEHHOTO HOpMUPOBaHus v nossd F' ma mome K
nMeeT Haz moseM [ KOHeUHBI MHOeKC BeTBiIeHus, e(w/v) < oo.

Teopema 2. Ecim noire K comepXuT TpaHCHEHIEHTHBIE 3JIEMEHTHI U KOHEYHO Da3BET-
BJIEHO, TO (akTop — rpymna K*/k* aBagercs cBo6OTHON rpymImomn.
B gactHOCTH, moarpynna k* mpsmo BeigessieTcs B rpymme K*.

HI'TY, Hosocubupck
E-mail: ponomaryov@ngs.ru
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KounTpnpumep XeprtBuka k runore3e Ilaccerxays3a o6 aBTomopdm3amax

A. M. ITonoBA, E. B. I'PAYEB, O. B. BPIOXAHOB

Hamomuaum dopmynupoBky runotess! [laccenxaysa 06 aBTroMopdusmax.

Inst mro6oro HOpMaam3oBaHHOTO aBToMOpdusma (cMm. [2]) 0 : ZG — ZG cymectByeT
eMUHUIIA, PAIMOHAJILHON TpynoBoil ayirebpel o € QG u rpynmosoit aBromMopdusm o € AutG
takue, uTo 0(g) = a~1o(g)a nns moboro g € G. B 5ToM cityuae roBopAT, UTO aBTOMOPhU3M
nmMeeT dakTopusanuio [{accenxaysa.

Cyl1iecTByeT HECKOJIBKO MIOCTPOEHHBIX KOHTPIIPUMEPOB K 5TOI TUMoTe3e. B 5Tux mpume-
pax MOKa3bIBAETCs CYIIECTBOBAHUE HOPMAJIM30BAHHBIX aBTOMOP(U3MOB, HE UMEIInX (pak-
Topu3anuu llaccenxaysa. Mbr paccmaTpuBaem rpynmy XepTBuka Hiy4y, mopsanka 144, mms
KOTODOIl SIBHO yKasbIBaeM aBTOMOpdu3MbI, He mmeroinue dakrtopusaunn [laccerxaysa (cu.
[1]). Cwmbici pabOTBL COCTOUT B TOM, UTOOBI MOHSTH MOCTPOEHIE TAKUX aBTOMOP(U3MOB C
TOYKU 3PEHUS TEOPUN TIPENCTABICHUN TPyTIIL.

[Iycts G — koneunas rpynma, 11(G), ..., Ts(G) - Bce HENPUBOMUMBIE, HEOKBUBAICHTHBIE
npencrasiesns G, D(G) = {diag(T1(g),...,Ts(g9)),g9 € G}. Tak xaxk ZG = Z[D(G)], Bce
paccmoTpeHust posonstes mist Z[D(G)].

H144:<LXN)>\<CL>,L%CQXC27N203X03,<a>gC4.

|Out(Hy44)| = 16, Bce 57€MEHTBHI, 33 UCKITIOUEHUEM TOXKIECTBEHHOTO, SBIIAIOTCS Mepe-
cTaBisolmME aBToMopdusMamu (cm. [2]).

Ucnoneiys unero XepTBuKa, MOIYUNIIN CIIEIYIOIIEE.

B xomeue Z[D(Hi44)] vammm unean I takoit, uro ¢ € Out(Hi44) u3 pabors [1] Ha
dakTope Z[D(Hy44)]/1 meiicTByeT Kak coOmpsizkeHue HEKOTOPO MaTpurel s (OCTPOMIIn 5Ty
marpuiry). Pasmoxumu unean I B npsmyio cymmy uneanos I = I @1, Takux, uro ¢(I1) = I,
©(I3) = I3, ¢ nepecrasiseT KiaeTKu u B [, u B I5.

SameTnm, uTO M Jg06oro smementa g; € G, 2g; € 1. Oupenenunu oTobpakeHUe
kombia Z[D(Hq44)] mo criemytortieit opmyite:

algi) = ba20) = S(2000)° + p((20)1))

Boraucnenus mokasasim, 9To TaK ONPENesIEHHOEe OTOOPAXKEHUE SBIISIETCS HOPMAJIN30BaH-
HBIM aBTOMOpdm3MoM, mpuueM rpynnbl D(Hiqy) u a(D(Hyg4)) HE MMEIOT CONPATAOIIEN
MaTpunsl. [lociennee u nokaswiBaeT, 4To o He UMeeT (pakTopusaruu [laccenxaysa.

Awnanornunbiit pe3ynbrar nomyunsics mis 14 asromopdusmos rpynmst Out(Higy).

CIIUCOK JIMTEPATYPBI

[1] Hertweck M. A. Integral group ring automorphisms without Zassenhaus factorization // Illinois Journal
of Mathematics. 2002. Vol 46. N 1. P. 233-245.

[2] Usnesa A. M., Bpioxanos O. B., I'paues E. B. Eqununusr nemounciennsix rpynnossrx koster; // Hoso-
cubupck, 2018. 185 c.
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Bep6anbHO 3aMKHYTHIE IOATPYHNIIBI CBOOOAHBIX pPa3pelInMbIX I'PYII

B. A. POoMAHBKOB, E. I. TUMOIIEHKO

Cnenyroree onpenenenne naxo B [1]. Ilonrpynma H rpynner G Ha3BBAETCS 6€pOaAbHO
3amrnymoti, ecnu 1060e PACIIEIIEHHOe ypaBHeHue w(ry,...,o,) = h(h € H), pa3permmn-
Moe B (G, umeeT perrterne B H. OnpenesieHue nomyckaeT ecTeCTBeHHOe 0000IIeHre, a UMEHHO,
IUTsT JTFOO0TO HATYpaabHOro uuciaa m noarpymnma H < (G Has3biBaeTCs m—6epoaasbHo 3aMKHY-
mot, ecnu JI06as CUCTEMa U3 M PACIIEINIEHHBIX ypaBHEeHUN: w; (X1, ... x,) = hi, h; € H i =
1,...,m, mmeroras perenne B G, paspemnma B H. Uepes r,,( H) obo3uauaeTcs panr obpasa
H B abenusamuu G/[G, G]. B [1] nokazaso, 4T0 BepOasibHO 3aMKHYThIE MOATPYIIILI CBOGOMI-
HOWl TPYIIIBLI ABJISIOTCS €€ peTpakTaMu. AHAJIOTMYHOE YTBEPKIEHUE BEPHO I CBOOOMHBIX
HIIBLIOTEHTHLIX rpynil [2]. OCHOBHBIE Pe3yJIbTATHI HOKJIALA CIICLYIOIIHE:

Teopema 1. Ilycmv S, 4 — ceobodnad paspewumad 2pynna panea r CmMynewu paspe-
wumocmu d, H — e xoneuno noposrcdennas nodepynna u rq(H) = 1. Ecau H eepbasvho
samxnyma 6 G, mo H — pempaxm.

Teopema 2. Ilycmv H — sepbaavno 3amrHymag nodzpynna c60600H0t pa3pewumoti
epynnol Spq cmynewu d > 1 panea r. Ecau rqp,(H) =1, mo H = S,q.

Teopema 3. Ilycmv H — 2-noposxcdennas nodepynna c60600m0t pas3pewumots epynnvy
Sr.d. Fcau H sepbanvro zamxnyma ¢ G, mo H — pemparxm.

Teopema 4. Jlwbag xoneurno noporcoHHas m—eepobasvbro 3amkHymad nodepynna H
c606000n01 memabeaesot epynnvt M,., dag komopotirqa(H) = m+1, geagemes pempaxmon.

WccnenoBanus mepBoro aBTopa MOAIEPKAHO MIPOTPAMMON (PyHIAMEHTAJIBHBIX HAYIHBIX
uccnenoBaruit CO PAH 1. 1.1.4, mpoekt 0314-2019-0004. WccmenoBanue BTOPOTO aBTOpa
BBITIOJTHEHO Tpu puHaHCOBOU monaepxkke PODPU, mpoext 18-01-00100.

CHUCOK JINTEPATYPBI
[1] Myasnikov A., Roman’kov V. Verbally closed subgroups of free groups. J. Group Theory. 2014, vol. 17
(1), 29-40.
[2] Pomanbkos B. A., Xucamues H. I'. Bep6anpHO U 9K3UCTEHINAIIBHO 3aMKHYTHIE IIOAIDYIIBI CBOGOMHBIX
HUJIBIIOTEHTHBIX rpymnn. Anre6pa u noruka. 2013, T. 52 (4), 502-525.
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I'enmeTunueckue KOObl HEKOTOPLIX I'PDYIIII C 3-TpaHCH031/IHI/I$IMI/I

B. M. CuHuuuH

Cpenu rpyImi, 3aIaHHbIX TOPOXKIAIOIIIMI 3JIEMEHTAME I COOTHOLIEHISIME, 0CO00e MECTO
3aHUMAIOT PYIIIBL, TIOPOKIEHHbBIE OTPAXKEHUSIMUI, & CPEIY HIX KOHEUHbIE IPYIIIBI IOPOXK ICH-
HBle OTpaxeHusMu — rpyunsl Beis W(A,), W(D,) u W(E,) (n=16,7,8) [1, 2].

B [3, 4] GBI HANICHBT CHCTEMBI TOPOXKTAIOIINX 3-TPAHCTIO3UIII TPy Spo,, (2), 05, (2)
6rusKue K cucTeMaM (pyHIAMEHTAIBHBIX OTpaxenuit rpynn Beits W (E,).

MHOXKeCTBO HOPOXK IAIOIINX U OLIPENEIISIOINX cooTHOmeHni Kokcrepa, 3a1aBaeMbIX Ipa-
dom I',,, o6osuaunm gepes S(I'),) u R(I';,) coorBeTcTBenno, a rpynmy Kokcrepa uepes G(I',),
B wactaoctu, G(I'y,) = (S(I',)|R(T,)).

Pacemorpum rpad I, ¢ pasmerkoir [4].

I,, n>T7:

12 13 14 15

[Monrpymma (s1,...,s¢) B rpynne G(I7) mzomopdusr rpynnam Beitns W(FEg). Ilycrs r =
p1 + 2p2 + 3ps + 2p4 + 2ps + pe B KOpHEBO cucteme Tuna Fg. O6o3HaUMM
X(I,) = (S(1,)|R(I,), (wrs7)* = 1) .
B cucreme GAP 6buin mpoOBeNeHbI BBIUUCIEHUS W YCTAHOBJIEHO, UTO TOPSIKU TPYIII
X (I9) cosmamaior ¢ mopsmxamu rpymnn O (2) mpu 3 < k < 9:
| X (L6)| = 51840 = [W(E¢)| = [Og (2)[; [ X (L14)| = 8256 - [ X (I13)] = |O14(2);
[ X (Is)| =119 - [X(I7)| = |05 (2)]; | X (L16)| = 32639 - [X (I15)| = [O14(2)];
| X (I10)| = 496 - | X (Io)| = |01,(2)!; X (I1s)| = 130816 - | X (I17)| = |Of5(2)]-
X (I12)| = 2079 - | X (111)] = [015(2) ;
U T€M CaMbIM yCTAHOBJIEH W30MOP(MU3M STUX T'PYIIIL.
Amnanornunbie pacueTsl TpoBeneHsl mis rpados F, u J, u3 [4].

Wccnenopanue BuimosHeHO 1ipu puHaHCOBON nomaepxkke PODU B pamkax HAYyIHOTO TIPO-
exkta 19-01-00566 A.

CIIUCOK JIMTEPATYPBI
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O /10KaJIbHO KOHEUYHBLIX HOPMAJIBHbIX moarpynnax rpymmbl Lim(N)

A. 1. Co3yToB, H. M. Cy4yKoB

[Iycts S(N) — rpymmna Bcex mOICTaHOBOK MHOXKeCTBa HaTypasbubix uncesa N. Ilomcra-
HoBKa ¢ € S(N) HasbIBaeTCsS OrpaHUYEHHOM, e

— _ oY
w(g) max |o af| < oo.

MuoxectBo G = Lim(N) Bcex orpannueHHBIX TONCTAHOBOK 00pa3yeT CMEIIAHHYIO TPYTI-
my, GakTOpU3yeMyIo OBYMS JIOKAJILHO KOHEYHBIME monrpynnamu. V3yuaeTcs HOpMaIbHOE
CTPOEHUE 5TOU I'PYIIIHL.

Teopema 1. I['pymma G He ymoBIeTBOPSET YCAOBHIO MHUHUMAJIBHOCTHU IJIS JIOKAJIHHO
KOHEYHBIX HOPMAJIbHBIX IMONTDYIIIL.

Teopema 2. I'pynma G He yHoB/IeTBOPSET YCIOBUIO MaKCHUMAJLHOCTH JJIS JIOKAJTIHHO
KOHEYHbBIX HOPDMAJIbHBIX IIOAT DYIIII.

HaHO OIIMCaHE HOPMAJIBbHOI'O 3aMBIKAHUS IIOOCTAHOBKU M3 JIOKAJIBHO KOHEYHOI'O padu-
kasta rpynnst G.

Wccnenopanue BuimosHeHOo pu uHaHcoBon nommepxkke PODU B pamkax HAYyIHOTO TTPO-
ekTa 19-01-00566 A.

CdY, Kpacnosapck
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O6 annpoKCUMUPYEMOCTHU pa3pelInMbIMU I'PYIIIIaMU IPEBECHBIX IMTPOU3BENEeHU
HIIBIIOTEHTHO alllIPOKCUMUPY€EMBIX DY

E. B. CokooB

[Iyctes T' = (V, E') — HEKOTOpOe IepeBO C MHOXKECTBOM BEPIIUH V U MHOXKECTBOM pe-
6ep E, kaxmnoit Bepiuae v € V comocrasiena rpynma G, kaxnoMmy pebpy e = {v,w} € F—
rpynna H, m MHBEKTUBHBIE TOMOMOPOUAMSBL @ ,: He — Gy, @Ye: He — Gy. Torma
npeBecHbIM npomsseneHueM rpymn G, (v € V) ¢ obbenuHennbiMu momrpynnamMu He g,
(e € E, v € e) massBaerca rpymna (G, o6pasyiommMu KOTOPOI SBIIAIOTCS 06pa3yIOIme
rpyan Gy, a ONPenesTsoNInMI COOTHOIIIEHUSIMI — COOTHOIIeHus Tpynn (G, 1 BCEBO3MOXKHBIE
COOTHOIIEHNUS BUIA Ne ey = Neew, e € = {v,w} € E, h, € H,. Ilokazana cremyroras

Teopema 1. Ilycts mepeBo 1 komeuno, Bce rpymmel G, (v € V') anmmpokcuMupyroTcs
HHUJIBIOTEHTHBIMI TPyHIaMu 6e3 KpydeHus u Bce moarpynnsl Hep. , (e € E, v € e) sBis-
forcs qukandeckumu. Torma npeBecHoe npousBenerne G aIpPOKCAMUDYETCS PA3PEIIIMbIMIT
rpynnamMu 6e3 KpydJeHU.

[IpuBeneHHOE yTBEPXKICHNE CIIYKUT YACTUIHBIM 0606IIeHeM TeopeMbl 2 u3 [1] u Teo-
pemsrl 1 u3 [2], B KOTOPBIX yCTAHOBIIEHA ANIIPOKCUMIPYEMOCTH PA3PEIINMbIMI IPYIIIAMI CBO-
60OHOTO IPOU3BENCHNUs ABYX IPYIII C MUKINYECKUMN OOBEINHECHHBIMY IONTPYIIIaMy IPA yC-
JIOBUH, YTO CBOGOMHBIE MHOXKUTEIIN SIBIISIFOTCS. KOHEUHO OPOXK IEHHBIMI HUJIBIIOTEHTHBIMI [ 1]
TN aIIPOKCUMUPYIOTCA KOHEUHO IOPOXKICHHBIMI HUJIBIIOTEHTHBIMI T'pyHnmaMu 0e3 Kpyde-
st [2]. Tak kak xaxmas cBOGOMHAs TPYIIA ANMIPOKCUMUPYETCS HUIBIOTEHTHBIMU [DYII-
namuy 0e3 KpydeHHs, U3 TeopeMbl 1 BeITeKaeT

CnencrtBue. /[peBecHoe Mpon3BeneHNe KOHEYHOTO YUCIa CBOOOMHBIX TPYIII C IIUKJIITIE-
CKIMU 00bENUHEHHBIMY ITOAT PYIIIaMU aIIIPOKCAMUPYETCS Pa3pPelInMbIMU IpyIIaMu 6€e3 Kpy-
JEeHHA.

OTMeTI/IM, q9TO Tpe6OBaHI/Ie KOHEYHOCTHU OepeBa B YCJ/IOBUAX TEOPEMBI 1mn CJIeOCTBUIA
CYLICCTBEHHO: MOXKHO IIPUBECTU IIPDUMEP OPEBECHOI'O IIPOM3BCOCHUA CYETHOI'O YHUCJ/Ia CBO-
OOMHBIX TPyIn ¢ TUKJINICCKUMUN 00BeIMHEHHBIMI IOATrpyIIIaMM, KOTOPOE YK€ HE ABJIACTCIA
AMIIPOKCUMUDPYEMBIM DA3PECHINMbBIMU I'DYIIIIAMMN. C IIOMOIIIBIO OJaHHOI'O IIpUMEpa OOKa3bIBa-
€TCA TaKXKe

Teopema 2. HNN-paciiuperune cBOOOAHON TPYIIBI C MUKIXIECKIMU CBI3aHHBIMU IIO-
rpynmnaMu He 0013aHO amIIPOKCUMUPOBATHCS Pa3PEIIIMbBIMU T'DYIIIIAMU.
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O rpynnax ¢ aGHOpMaJIbHBIMU WiIN P-cyGHOPMAIBHBIMU MOATPYIIAMN

n. JI. Coxopr

PaccmaTpuBaroTcss TOIBKO KOHeuHBblE Ipynnbl. VMcmomb3yemas TepMUHOIOIUS COOTBET-
creyer [1].

A.®. Bacumwes, T.U. Bacumsesa u B.H. TiorsiHoB [2| BBenau cremyroriee IOHATHE.
[Iycts P — muOXKeCcTBO Beex mpocThix uncent. [loagrpynma H rpynmner G HassiBaeTcs P-cy6-
HOPMAJIBHOMW, €CJIH CYIIIECTBYeT HEeNOYKa IONTPYIII

H=Hy<H <...<H,=G,

rakas, uro |H; : H;—1| € P U {1} mna moboro i. Kmacc rpynn ¢ P-cyGrOpManbHBIME
CUJIOBCKUMH TIOATPYIIIaMU COryIacHO [2| obosnauaercs uepes wil. 3mecs U — dopmarust
Bcex cBepxpaspemnmbrx rpymm. Kioace wil monpo6Ho nsyuen, cum. [2]-[4].

B [5] mpennoxena criemyromas 3amada:

Onucamp 2pynnbl, Yy KOMOPLIT 410004 NOIZPYNNGA AOHOPMAALHA UAY P-cyOHOpMatbHA.

B [6] ycranoBieHa paspemmMocTb IPYIIL, Y KOTOPBIX JTI00as CUIIOBCKAs TONIPYIIIa ab-
HOpMaJjibHA win P-cyGHOpMasTbHA. ['pymnmbl, ¥y KOTOPBIX jT00as mpuMapHas MOArpymna ab-
HOpMaJIbHa uian [P-cyGHOpMasIbHA, U3yYeHb B [4].

Mgl perraeM maHHyIo 3a[ady g TPYII, He TpUHALIeKammx kiaccy wil. B wactroctn,
NOKa3aHa CIIEMYIOIIas TeopeMa.

Teopewma. IIycrs rpynna G ¢ wil. Kaxnas nogrpynma rpynnst G abHOpMasIbHa uin P-
cy6HOpMAaJIbHA TOTAa I TOJIBKO Toraa, korma G = G x P, rne P — CHJIOBCKas p-IIOATDYIIIIA
rpynnsr G s Hekoroporo p € 7(G), sBisiomascs noarpynnon Kaprepa rpynner G, u
G™ x A cBepxpaspemmmma s Bcex A < P.

Bnecs M — bopManus BCeX HUIBIOTEHTHEIX TPy, G — HanMeHbINas HOPMAJIbHASL
B (G MOATPYNIa ¢ HUIBIOTEHTHOH (akxTop-rpymmoit G/G™, a samucs G”' x P osmauaeT
TIOJIYTIPSMOE IIPOM3BEICHNE ¢ HOPMAJILHOM monrpymmoit G,
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O KOHEUHBLIX pa3pelInMbIX FPYNIax ¢ OrPAHUYEHUSIMU HA KOPaKTOPHI
U TTUHTOBBIX HOATPYIII

A. A. TPO®PUMYK

PaccmaTpuBaioTcss TOIBKO KOHEUHBIE TPYIIILI. T epMUHOIOrusS 1 0003HAUYEHUs COOTBET-
creytor [1]. C kaxmoit monrpynmnoit H rpynmsl G T€CHO CBsI3aHBI IBe HOpMaiibHble B G
IOArPYIIILL — HOpMasbHOe 3ambikanue HE u sapo Hg. Hamomunm, uro HE — manmMensb-
mag HopMasibHas B (G monrpymma, comepxainas H, a Hg — maubomnbinas HopMasibaas B G
NOArpYIIa, comepxkarrasics B H.

B paborax (2| u [3]| 6buin moTyueHBI OLEHKM MHBAPUAHTOB paspermuMon rpynnsl G B
3aBHCEMOCTHU OT KaHOHIUECKOTO pasyoxkenus nanekcos |HE : H| u |H : Hg| cyGHOpMATBHEIX
nonrpynn H.

Honrpynmny H rpymnnsr G 6yneMm Ha3bIBaTh pummun2060i, eciiu H comepxkuTcest B mom-
rpynne ®urtunra F(G) rpynner G. OueBunno, 94To Kaxkmas GUTTUHIOBA MOATPYIHa CyO-
HOpMaJIibHa B rpymmne. B pabore [4] mpoBemeHo uccienoBanme pa3permMbix TPYIII ¢ OrPaHU-
YEHUSAMUI HA WHIEKCHI ((MTTUHIOBBIX MOATPYIIII B CBOUX HOPMAJILHBIX 3aMBIKAHUSIX.

HanomuuMm, uto kogarxmopom monrpynnst H rpynmel G HasbiBaeTcst GHakTOP-TPYIIIA
H/Hg. B macrosieit paboTe TMOIyYeHbI OEHKU PAHra W HUIBIOTEHTHON IJIMHBI TPYIIILL,
Yy KOTOPOI MOPANKU KOGMHAKTOPOB (DUTTUHIOBBIX MOATPYII UMEIOT 3aJaHHOE KAHOHIIECKOEe
pa3JIOKEHNe.

Paccmorpum dyukimro

ug(G) =max{n | p"T|H : Hg|, H < F(Q)}, v"(G) = pg&}é) ufj(G).

Bmech sammuck p"T|H : Hg| ob6osmauaer, uto p" memmut |H : Hg|, a p"*! me memmr
|H : Hg|, 7(G) — MHOXeCTBO BCeX HMPOCTHIX HEJUTeNell mopsaka rpynnsl G.

Teopewma. Ilycts G — paspemmmas rpynna. Torma paar ¢axrop-rpynnst G/®(G) me
npesermaer 1 + vl (G), a amapnorenTras ammaa rpymmer G me npessrmaet 4 + ul'(G).

Pa6ora Beimonsaena npu duxaxcosoil nonnepxkke BPODPU (rpant ®19PM-071).
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O6 annpokcuMUpPyeMOCTU KOPHEBBIME KJIacCaMU OGOOIIIEHHBIX MPSIMbIX
OpPOU3BENEHUIN I'PYHII

E. A. TYMAHOBA

Conepxaruit X0Ts 6bI OHY HEEOUHUIHYIO TPYIIY Kjacc rpynn K OymeM Ha3bIBATH KOP-
HEBBIM, €CJIU OH 3aMKHYT OTHOCHUTEJILHO B3STUs MOATPYII U PACIINPEHU, a TaKXKe BMeCcTe
¢ TIoOBIMU ABYMsI TpynnaMu X u Y CONEpXKUT JEKAPTOBO MPOU3BENCHUE BUIA Her Xy, TIe
X, — m3oMopdHasg Konus Ipynnbl X [jId KaxKIOro dIeMeHTa y € Y.

Boénbias qacts pe3yabTaToB 06 alMpOKCUMUIPYEMOCTHU CBOOOMHBIX KOHCTPYKIIUN T'PYIII
MIOJIy YeHa C UCIIOIb30BAHIEM TaK Ha3bIBAEMON «(OUIbTPAIIMOHHOINS> METONUKI, BIIEPBHIE MIPETI-
nmoxennoin . BayMmcarom nis usydenus GUHUTHON alllIPOKCUMUPYEMOCTH 0600ITIEHHOTO CBO-
6omHOTO TIpOoM3BeneHUs NByX rpymi. llo3maee sTa MeTONMKa TPUMEHSIACH IS UCCIIENOBA-
HUS OPYTUX KOHCTPYKIIUI U alllIPOKCUMAIIMOHHBIX CBOUCTB U B UTOT€ ObLIa pacIpOCTPaHEeHa
HA CIIyJall U3yYeHus alllPOKCUMUPYEMOCTH TPOM3BOIIBLHBIM KOPHEBBIM KiiaccoM rpym [1, 2].
Henbio HAacTOsIIIE PAOOTHI SIBISETCS ATANTANNS «<GUIbTPAIMOHHOI»» METONUKH K ICCITe-
NOBAHUIO AIIIPOKCUMUPYEMOCTH OGOBIIIEHHOTO TPSIMOTO (MU IEHTPAIILHOTO) MPOM3BEICHUSI
NBYX TPYIII.

Eciu A u B — nekoropsie rpynnel, H < A n K < B — uxX meHTpajbHbIE TOATPYIIIbL
up: H— K — u3omopdusm, TO 0600IIIEHHBIM IPSIMBIM TTpou3BeneHneM rpynn A u B ¢ 06b-
enwHenHbIME TioarpynnavMu H u K naseBaercst pakTop-rpynma (G IPSMOTrO MpOM3BEICHIMS
A X B 10 ero TeHTpabHON MOATPYIIe, COCTABIEHHON m3 aieMenToB Buma h ™1 (hy), rme
h € H. Jloka3aHa CIeIyOIIas

Teopema. Ilycts K — KopHEBOI Kj1acc rpyIil, 3aMKHY THIII OTHOCUTEIBHO B3SITHS (haK-
rop-rpym, u {(Rx, Sx)}rxeA — CceMeiicTBO map IOArpyIII, OIPEREICHHOE CIELYIOIIM 00pa-
som: (R,S) € {(Rx,S\)}rea TOrma m Tomsko Torga, korga R — HOpMasIbHAS HOATPYIIIA
rpymmnsr A, S — HOpMansHas nogrpynna rpynnsl B, A/R € K, B/S € Ku (RNH)p = SNK.
Ecin BBITOTHSIFOTCS CIIEAYIOIIITE COOTHOIIIECHMUS

ﬂ)\eA Ry=1= m)\eA S (1)
To rpymnmna G ammpokcuMupyeTcs kiaaccom K.

Y CTaHOBJIEHO TaKXke, ITO, KaK U B CiIydae 0000IIEHHOTO CBOOOIHOTO IIPOU3BENEHNsI IBYX
rpym, ycnosue (1) HeoGxommmo miis K-annpokcmvupyemoctu rpynnsl (G, B TO BpeMs Kak
ycioBue (2) TAKOBBIM He SIBIISIETCSL.

Pa6ora Beimonuaena npu dunancosoit nonnepxkke PODU (mpoekr 18-31-00187).
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HEHI/I B KOHEYHBbIX I'DYyIIIIax

B. H. TrOT4dHOB

Bynem paccmaTpuBaTh TOIBKO KOHEUHBIE IPyIIbl. B pabore [1] GBIIIO BBEIEHO Clemyto-
111e€e TIOHSITHE.

Ounpenenenne. Ilogrpynna H rpynmer G HassiBaercs P-cybnopmanvroti B G (0b603Ha-
vaercs H P-sn G), eciim 6o H = GG, mubo cyiecTByer Lensb HOArpyIil

H=HycH,Cc...CH,.1CH,=G

rakas, uro |H; : H; 1| — mpocroe aucio mas Becex i = 1,...,n.

Nmeercst mocTaTouno MHOTO paboT, TA€ U3ydajiCh KOHEYHBIE TPYIILI, ¥ KOTOPHIX Ka-
XKIas MONrPYTIIa W3 3a0aHHON CHCTEMBI HMOATPYII sABJIgeTCs P-cybHOPMAIBLHON B T'DyTIIE.
Ormerum paboty JI. C. Kasapuna [2, Teopema 6], B KOTOpOil OH HepPEUNCINI IPOCTHIE HE-
abesleBbl KOMITO3UITMOHHBIE (haKTOPhI KOHEUHBIX Tpynn G s koropeix 1 P-sn G. Ianubii
pesynbTaT 6611 yTOuHeH B [3, Teopema 3.2]. B sToit paboTe Takke GbLIN yKa3aHbI HEKOTOPHIE
[eNU TOATPYII MPOCTHIX UHIEKCOB MJIsl TPOCTHIX HeabeIeBbIX TPYIII.

B nanbreiiiem nonstue P-cyGHOPMAaIBHOCTE HEOMHOKPATHO 000OIIAIIOCH B PA3IMIHBIX
HampasieHusx. B pabore [4] 6eu1o BBemeno cremyroree noustue. Ilycts N u P — wmHO-
KECTBA BCEX HATYPAJIBHBIX U BCEX IPOCTBLIX YUCET COOTBETCTBEHHO. I GUKCHPOBAHHOIO
t € N momoxum Pt = {p* | p € P,k € {0} UN, k < t}, obosmaumm P> = {p* | p €
P, k € {0}UN}. Tloarpynna H maseisaerca P! (P> )-cyGHOpMabHOl monrpynnoi rpymmst G,

ecnu cyilecTByer uenb nonrpynn H = Hy ¢ Hy € ... C H,_1 C H, = G Takas, 4To
|H; : H;_1| € PY(P*>°) musa Beex ¢ = 1,...,n. Ilpum sTom ucnomesyercs obosnadenme H
P! (P>)-sn G.

OrmernM, uTo Begkas Pl-cybHopManbHas noarpymnmna 6yner P°-cybHopManbHoit. Ilpn
t = 1 nonyuyum noustue P-cy6HOpMAaIbHOW MOATPYIIIHL.
B macTosienn paboTe mepedncieHsl MpocThie HeabeaeBbl Tpynnbl (G, B KOTOphIX 1 P°-

sn G.
Teopema. Ilycte G — mpocras Heabesesa rpynmna u 1 P*-sn G. Torma

G € {SL3(3), SL3(5), PSLy(7), PSLy(11),
SLy(2"), roe 2" + 1 = p — mpocroe unciao Pepma,
SLy(8), PSLy(r), rmer = 2™ — 1 — mpocroe uuciao MepcernHa,
PSU4(2), PSL3(8)}.
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O mepuooMyYecKoul rpymnrie, HACBIIIEHHON IIPAMBIMU IIPOU3BENEHUSIMN KOHEUYHbIX
aJieMeHTapHbIX abesieBbix 2-rpymnn u rpynnsl Us(q)

K. A. ®ununnos, A. C. PENOCEHKO, A. K. HINENKUH

[Tycts R — muOXkecTBO rpymnn. Bymem roBoputThb, uto rpynna G Hacbiuena TPyIIaMu
u3 R, ecnu ;m06as KOHEUHAs TOATPYIa u3 (G COmEPKUTCS B MOATPyIne TPyl (G, m30Mopd-
HOIl HEKOTOpOI rpymme u3 R [1].

Teopema. Ilepuonudeckas rpymnma (G, HaCBILIEHHAS TPYMIIIaMU U3 MHOXeECTBa R =
{Us(q) x I, | n=1,2,...}, rme ¢ — ¢urcupoBanHOE HeueTHOE Um0, m3oMoppua Us(q) X I,
roe [ — rpynmna nepuona 2.

CHUCOK JIMTEPATYPBHI

[1] nénkua A. K., ConpsxeHHO GUIPUMUTUBHO KOHEUHBIE T'PYIILI, CONEPKAIINE KOHEUHBIE He-
paspermuMbie nonrpynmnst. 111 mexkn. koud. o amrebpe, Tesubl noknanos, Kpacuospck, (1993).

Kpacrogaperutd eocydpcmeennpiii aepapnuiti ynusepcumem, Kpacnoapek
E-mail: ak_kgau@mail.ru

137


mailto:ak_kgau@mail.ru

MamnbneBckue urerus 2019 Teopus rpymnit

06 yCTOf;I‘-II/IBI:IX BEIIIECTBEHHBbIX MaTpHUIIaX MaJIbIX IIOPsAOKOB

B. A. UyrPkuH

BerectBennyo kBamgpaTHyio Marpuily A mopsmka n Ha30BeM YCTONYUBOM, €CiIu ee
CIIEKTD PACIIOJIOXKEH B JIEBOU IOIYIIJIOCKOCTH, TO €CTh BeIlleCTBEHHbIE YaCTU BCeX KOPHEN Xa-
PaKTEPUCTUIECKOTO MHOTOYJIEHA MAaTPHUIILI OTPHUIATEIbHBL. Kak XOpOIIo M3BECTHO, B 3TOM
U TOJIbKO 5TOM Cllydae peIleHus CUCTeMbl auddepeHnanbabx ypasaernit dz/dt = Ax
ycTonuuBbl Tipu ¢t — 00. I[Ipobiieme pacrno3HaBaHUS YCTONUYMBOCTU KOHKPETHOW MAaTPUIIHL,
TOYHEe, YCTOMYMBOCTU BEIIeCTBEHHOI'O MHOIOWIEHA CTEIeHU 71, IIOCBSIIIEHO MHOIo paboT.
WNuTepecHo B3TISHYTH HA MHOXECTBO YCTOMYMBBIX MaTpull B 1ejoM. (OUeBUOHO, UTO OHU
00pa3yroT KOHYC, T. €. BBLOEPXKMUBAIOT yYMHOXKEHUE Ha IOJOXKUTEJIbHbIE BEIlleCTBEHHBIC YU-
cra. O6o3naunm yepes P, moimo 06beMa 3TOro KOHyca B 00beMe eBKIIMIOBA IIapa ¢ IEHTPOM
B HyJIe B IPOCTPAHCTBE BEIIIECTBEHHBIX MATPUIL Opsnka n. MoxHo TpakToBaTh P, Kak Be-
POSTHOCTB CITy9atHOTO BBIOOPA YCTONUNBON MATPUILI HOpsiaka n B anrebpe matpuit M, (R)
IIpU PaBHOMEPHOM pacIIpefesIeHnN.

Teopema 1. /lisg BelrieCTBEHHBIX MaTPHIl MOPSAAKA 2 BEPOITHOCTEH PPy cIy4uaiiHOrO BBI-
6opa ycroitunBor MmaTpunbl B aarebpe marpur Ms(R) mpu paBHOMepHOM pacnpenesieHun
paBHa 1/4.

B cmygae marpur nopsnoka 3, onmpasch Ha ITapaMeTPU3aINio KOHYCa YCTONYMBBIX Ma-
TPHUIl, OCHOBAHHYIO Ha MEMCTBUM OPTOTOHAJILHON TPYIILI CONpsKeHneM u3 [1], momyuena
JIWIITb WHTErpaJibHas opmyna mias Ps.

Teopema 2. /lig BelieCTBEHHBIX MaTPHI[ HOPSAKa 3 BEPOITHOCTEH P53 ciiydaiiHOrO BBI-
6opa ycroirunBor MatTpuibsl B aarebpe marpun Ms(R) mpu paBHOMepHOM pacupeneseHun
paBHa

(9! /272) - / (322 + y* — 2%) zdx dy dz dt du dv,
Q
rae obmacts ) 3amaeTcs CHCTEMOH HepaBeHCTB x° + y2 + ... 4+02 <1, 2>0t>0,
322 + 2 > 22, —tV2 < x < tV2.
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O nepuonuueckon yactu rpyimmbl lIlyHkoBa, HACBIIIIEHHON ITOJTHBIMU
JIVMHENHBIMU I'PyHIaMU CTEIEeHU ABAa HAJ KOHEYHBLIMU IIOJISIMUA YETHOU
XapaKTePUCTUKN

A. A. IINENKUH

[Tycts X — mekoTOpoe MHOXeCTBO rpymm. ['pynma (G HACBIIIEHA TPYIIAMI U3 MHO-
x)ectBa X, ecim jro6as KoHeuHas monrpymnma u3 (G comepXKUTcd B moarpymmne rpymumnsl G,
n3oMmopdHoit HekoTopon rpymme u3 X. MuoxecTtBo X OymeM Ha3bIBATH HACHIWGOUWUM MHO-
acecmeom mis G [5]. Ilycrs G — rpynma. Eciam Bce 57eMeHTBI KOHEUHBIX MOPSIIKOB U3
G comepXkaTcs B IEPUONMIECKON MOATrpyIe TPynmsl (G, TO OHA HA3BIBAETCS TIEPUOMNIECKOMN
vyacTeio rpynnsl G u o6osnauaercs T'(G) [1, ¢. 90]. Hamomumwm, uto rpynma GG Ha3bIBa-
ercs rpynmnon [llyakosa, ecian mis moboit konewHon nmonrpynnsl H u3 G B dakTop-TpyImne
N¢(H)/H mobble nBa CONPSKEHHBIX 5JIEMEHTa MPOCTOrO TOPSIKA MOPOXKIAIOT KOHEUHYIO
rpynmy [3]. Ormernm, uro rpynmna I[llynkosa He 06s13aHa 06/1a1aTH TEPUOMUIECKON TACTHIO
[4].

B [2] mokaseiBaercs, uro nmepuonuyeckas rpymnmna [llyakosa (G, HACBIILIEHHAS TPYIIIIAMI
GLo(p™) (Hu XapKTepuUCTHUKA TOJISL P, HI HATYDPAIbHOE 1 HE GUKCUPYIOTCS), JOKAIBHO KO-
Heuna u uzoMopbua G Lo(P), rme P — monxomsiiiiee JIOKaJIbLHO KOoHeuHoe 1oste. [lepenectu
9TOT pe3yibTaT Ha Bech kiacc rpynn HlyrkoBa mosroe Bpemst He ymaBajoCh B CBS3U C OT-
cyrcTBueMm onucanus rpymnn lllyakoBa ¢ abesmeBbIMu meHTpaIm3aTOpaMu WHBOOIIH. [l
ciydast p = 2, 9TO yIajaoCh CIeIaTh.

Teopema. Ilycry rpymma IllyrxoBa (G HacheIIIleHA TpyImaMu #3 MHOXKeCTBa M =
{GL2(2") | n = 1,2,...}. Torma G obnangaer nepuonmaeckoii yactoio T(G), koTopas n3o-
vopdra G Lo(Q) ams HonxXomsiero J0KaabHO KOHEYHOTO 1O () XapakTepUCTUKH 2.

Uccnenosanue Brrmosaeno npu nonaepxkke PH® mpoekT 19-71-10017.
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O ¢dyHKIIMY MJIIOTHOCTU T'PYyHObI

A. A. IInenkuH, C. C. KApYyEBCKUMN, 1. M. 3YBAPEHKO

B Teopun rpynn «apudmeTniecKuMums> IPUHITO HA3BIBATH CBONCTBA TPYIIIBLI, KOTOPLIE
OTIPENENISIOTCS €€ YUCIOBBIMU ITapaMeTpaMu: MOPSIOK IT'PYIIBI M HAOOP €ro IPOCTHIX IeInTe-
JIell, TIOPSIOKY 3JIEMEHTOB, TOPSIIKA MOATPYIII, CTEIeHN HeIIPUBONUMBIX IPENCTAaBIEHNH, TO-
PSIKU KJTACCOB COMPSIXKEHHOCTH U T.1. B KadecTBe apudMeTUIeCKUX CBOMCTB, TTO3BOJISIOIIINAX
C TOYHOCTBIO N0 M30MOp(U3Ma ONPENeInTh KOHEUHYIO TPYIILY, IPENIaraeTcs UCIOIb30BaATh
MOHSITUSI MUHUMAJIBHON CUCTEMBI 00pa3yoonmx u GYHKINN JIOTHOCTUA T'PYIIILI, BBEICHHLIE
HIKE.

Ounpenenenne 1. Ilycts G = (g1,...,gn) — TPYIIA ¢ MHOXeCTBOM oGpasytoimnx N =
{91,...,9n}. Yepes Figm(l), roe | — memoe HeoTpunaTensuoe uncio, Gynem 0603HAYATDH
dyxmmro pocra rpymsr G B MHOX)ecTBe obpasyromux M. Ecmm [ > 0, To Fign)(l) naer
YUCITO 3JIEMEHTOB rpynmnsl (G, IPENCTABUMBIX B BUIIE HECOKPATUMOTO IPON3BENeHNs He (ortee,
geM | amemenToB MHOXkecTBa M. Ecmm [ = 0, To Fgm)(0) = 1 (cunTaercs, 9To enmHnma
IPYIIBLL TPENCTABAMA B BUIE HECOKPATUMOro mpoussenenus miuasl 0 ) [1, c. 102].

Omnpenenenne 2. Pysxmmo Peo(l) = Faml) — Flgoy(l — 1) mma I > 0, n
Pgoy(0) = 1 mna | = 0, 6ynem naswBaTh @ykyuet naomuocmu 2pynnvt G B MHOXKECTBe
obpasyromux M. Pyskimsa P o (1) 018 KaX1I0To Memoro HeOTPUIATETLHOTO | TaeT YncyIo
SJIEMEHTOB TPyHbl (G, MPENCTABUMBIX B BUIE HECOKPATUMOIO MPOU3BENCHUs | BJIEMEHTOB
MHOX)ecTBa 1.

Bomnpoc A. [Iycts G — rpynmna ¢ KOHEIHBIM MHOXKeCTBOM obpasytorux I, H — rpymma
C KOHEeUHBIM MHOXKeCTBOM obpasytomux M. B kaxux ciyuasx u3 paseHcTBa Pgm) = P om)
BBITEKaeT um3oopdpusm G ~ H?

Ounpenenenne 3. Ilycts G = (¢1,...,0n) — TPYyNIa ¢ MHOXECTBOM OOPa3yIOIIIX
N = {g1,...,9n}. MuoxecrBo I GymeMm Ha3BIBATH MUHUMAILHbIM, €CIIA I 0000 i €
Teopema 1. Ilycte Ag = (M), rme N — MUHEMAIBHOE MHOXECTBO 0OGPa3yIOIINX,

COCTOsIIee U3 MBYX 27IeMeHTOB, (G — KOHeYHas MpocTas HeabeleBa T'PYIIa C MHOXKECTBOM
obpasytormx M, u P4, ay (1) = Pgom)(l). Torna G ~ Ag.

Teopema 2. Ilycts L3(4) = (M), rme 9N — MUHAMAIBHOE MHOXKECTBO OOPa3yIOIINX,
COCTOsIIee U3 MBYX 2JIeMeHTOB, (G — KOHEUHAasl MpocTas HeabeseBa T'PYIIa ¢ MHOXKECTBOM
obpasytorx M, u P(r,4) o) () = Pgom)(l). Torna G ~ L3(4).

UccnenoBanme BouimostHeHO Tipu nonnep:xkke PH® mpoexT 19-71-10017.
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Knaccudpukanms «aBTOMOPGHO-HUIBIIOTEHTHBIX> I'PYyNII

B. O. SIHKOBCKUn

I/IBBGCTHO, 9TO IIOCJIEOOBATE/IBHOCTDE KJIACCOB HUJIBIIOTCHTHBIX I'DYIIII CTYIICHU 11 MO2KHO
3a0aThb C IIOMOILIBIO CJIECOYIOIIETO PEKYPPEHTHOI'O COOTHOIIICHN:

{E£} n=>0
{GGD\{E}]%G)E‘JL”A} n>0

roe O — knace Beex rpynt, a Z(G) = {g € G|V¢ € Inn(G)p(g) = g} — uentp rpynmsr.
PaccMoTpuM Tenepb KIacChl «aBTOMOP(MHO-HUILIOTEHTHLIX®> TPYIII CTYIEHN N, ONpenese-

HIe KOTOPBIX aHAJOTUYHO NPENBIAYIIEMY C TOU JIUIIL PA3HUIIEN, YTO aBTOMOPGU3MBI MOTYT
OBITH JIIOOBIMI, & HE TOJIBKO BHYTPEHHUMU:

N, =

AT {G € O\ {BY 7% € Wit n>0

roe O — knacc Beex rpymt, a Zau(G) = {g € G|V¢ € Aut(G)¢(g) = g}. Takas monu-
dukanus onpeneseHns CUILHO CyKaeT HAIIM KJIaCChl, 4 IMEHHO UMeeT MECTO yTBEPIKICHIE:

Gen, ¢ G=Con
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Finite almost simple groups with exactly four conjugate classes of maximal
subgroups

V. A. BELONOGOV

A finite group is called nM-group if it have exactly n conjugacy classes of maximal
subgroups (n is a positive integer).

The study of these groups were started by G. Pazderski [1] for n = 2. In particular,
he proved that 2M-groups are biprimary. Finite 3M-groups, solvable and nonsolvable, were
described by the author in [2].

The investigation of the finite 4M-groups was beginned in the paper [3]. Here we
described the finite simple 4M-groups and the finite nonsimple 4 M-groups having no normal
maximal subgroups.

Thereupon in the paper [4] were considered the finite nonsolvable 4 -groups G which
have a normal subgroup of prime index p. Here the investigation of G' reduces to the case,
when

(*) G has the unique minimal normal subgroup S = Ly X -+ - x Ly, where Lq,..., L; are
isomorphic simple nonabelian groups, p and ¢ divide |G/S| and G/S is a (solvable) 1M- or
2M-group.

Now we investigate 4M-groups of type (*) for ¢ = 1, i.e., nonsimple almost simple
4 M-groups.

Proposition. Let G be a finite nonsimple almost simple 4M -group with the socle S.
Then S is isomorphic to Ls(q) for some q.

Note that G may be indicated precisely using [5].
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Spectra of some almost simple groups

A. A. BUTURLAKIN, M. A. GRECHKOSEEVA

The set of orders of elements of a group G is called the spectrum of GG. This work is a
part of an ongoing study of the spectra of finite almost simple groups.

We use the standard plus/minus notation for linear and unitary groups, for example, we
write GL; (¢) and GL;, (q) for GL,(q) and GU,(q) respectively. Extensions of the simple
group PSLE (q), where € € {+,—}, by diagonal automorphisms are exactly the subgroups
of PGL: (q) containing PSLE (q). We consider a sligtly wider class of groups. Let H be
the subgroup of GL¢ (q) of index d; containing SL5 (¢) and let Z be the subgroup of the
center of H of order dy. We describe the spectrum of the group G(di,ds) = H/Z. When
dy runs over the divisors of (n,q — ¢) and dy = q — ¢, the groups G(d,ds) are the desired
almost simple groups.

Theorem. The spectrum of G(dy, ds) consists of the divisors of the following numbers.

qn_sn .
(1) didy 7
ny_-mjy ,Mn2_ Ny
(2) [g"t —e"1,q — =] for ni,ng > 0 such that ny + no = n;
(2. 757 )

(3) [¢" —e™, g™ — &2, ... q" —¢e"] for s > 3 and ni,ng,...,ns > 0 such that

)

ny+mng +---+ng =mn;
k_g"t—e"t

(4) p {rdanin) for k,ny > 0 such that p*~' +1+n; =n;
(5) pk[qnl —eM g™ —¢em .. q" —¢&"| for s > 2 and k,ny,ng...,ngs > 0 such that

PP 14 +no+ 0y =0
(6) p* —(dl’gl)c(lz_e) ifpk=' 4+ 1 =n for k > 0;

(7) pRAE=D) gy — g,
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One-relator quotients of partially commutative groups

A. DuNCAN

We generalise a key result of one-relator group theory, namely Magnus’s Freiheitssatz, to
partially commutative groups, under sufficiently strong conditions on the relator. The main
theorem shows that under our conditions, on an element r of a partially commutative group
P, certain Magnus subgroups embed in the quotient G = P/N(r); if r = s™ has root s in P
then the order of s in GG is n, and under slightly stronger conditions the word problem of G
is decidable. We also give conditions under which the question of which Magnus subgroups
of P embed in G reduces to the same question in the minimal parabolic subgroup of P
containing r. In certain cases this allows us to characterise Magnus subgroups which embed
in GG, via a condition on r and the commutation graph of P, and to find further examples of
quotients G where the word and conjugacy problems are decidable. We give evidence that
situations in which our main theorem applies are not uncommon, by proving that for cycle
graphs with a chord C, almost all cyclically reduced elements of the partially commutative
group P(C) satisfy the conditions of the theorem.

This is a result of joint work with Arye Juhasz, Technion, Haifa.
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Finite simple groups 2FEs(g) in which the subgroups of odd index are pronormal

A. S. KONDRAT'EV, N. V. MasLovA, D. O. REVIN

According to Ph. Hall, a subgroup H of a group G is said to be pronormal in G if H
and HY are conjugate in (H, HY) for every g € GG. Some problems in combinatorics and
permutation group theory were solved in terms of the pronormality. Obvious examples of
pronormal subgroups are normal subgroups, maximal subgroups, and Sylow subgroups of
finite groups; Sylow subgroups of proper normal subgroups of finite groups; Hall subgroups
of finite solvable groups.

In [1], E. Vdovin and the third author proved that the Hall subgroups are pronormal in
all finite simple groups and, basing on the analysis of the proof, they conjectured that the
subgroups of odd index are pronormal in finite simple groups. The conjecture was verified
for many families of finite simple groups in [2]. Namely, it was proved that the subgroups
of odd index are pronormal in the following finite simple groups: A,,, where n > 5; sporadic
groups; groups of Lie type over fields of characteristic 2; PSLan(q); PSUan(q); PSp2n(q),
where ¢ # £3 (mod 8); PQs,1+1(q); P$5,,(q), where ¢ € {4+, —}; exceptional groups of
Lie type not isomorphic to Eg(q) or ?FEg(q). In [3, 4], it was proved that the conjecture
fails. Precisely, if ¢ = £3 (mod 8) and n & {2™,2™(2% + 1) | m,k € NU{0}}, then the
finite simple symplectic group PSpa,(q) contains a non-pronormal subgroup of odd index.
Moreover, in [4, 5] we received the complete classification of finite simple symplectic groups
in which all the subgroups of odd index are pronormal.

In this talk, we discuss the following recently proved theorem.

Theorem. The subgroups of odd index are pronormal in the finite simple group ?Fg(q)
if and only if ¢ Z —1 (mod 18).

The work is supported by the Russian Science Foundation (project 19-71-10067).
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On the F-hypercenter of hereditary S-formations

V. I. MURASHKA

All groups considered here will be finite. Recall that a formation § is called a formation
with the Shemetkov property if all s-critical for §-groups are Schmidt groups or groups of
prime order. A.N. Skiba [1] showed that every hereditary formation with the Shemetkov
property in the universe of all soluble groups is saturated. There are examples of hereditary
non-saturated formations with the Shemetkov property (see [2]). According to [3] every
hereditary formation with the Shemetkov property is solubly saturated (composition, Baer-
local).

Recall that a subgroup U of G is called X-mazimal in G provided that (a) U € X, and
(b)) if U<V <G andV € X, then U = V. The symbol Intx(G) denotes the intersection of
all X-maximal subgroups of G. A a chief factor H/K of G is called X-central in G provided
H/K x G/Cq(H/K) € X. The symbol Zx(G) denotes the X-hypercenter of G, that is, the
largest normal subgroup of G such that every chief factor H/K of G below it is X-central.

L. A. Shemetkov possed the following question on Gomel Algebraic seminar in 1995
“For what non-empty normally hereditary solubly saturated formations X do the equality
Intx(G) = Zx(G) hold for every group G?” The solution to this question for hereditary
saturated formations was obtained by A. N. Skiba in [4] (for the soluble case, see also [5]) and
for the class of all quasi-§-groups, where § is a hereditary saturated formation, was given in
[6]. In particular, the intersection of maximal quasinilpotent subgroups is the quasinilpotent
hypercenter. Note that methods of [4, 5] don’t very useful in cases of non-saturated or non-
hereditary formations. Let o = {m;|i € I} be a partition of the set of all primes P into
mutually disjoint subsets. Recall that x,c;8,, = (G| O, (G) is a Hall m;-subgroup of G for
all i € 1I).

Theorem. Let § # (1) be a hereditary formation with the Shemetkov property. Then
Z3(G) = Intz(G) holds for every group G if and only if there is a partition o = {m;|i € I}
of P into mutually disjoint subsets such that § = X;c1®,.
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On the axiomatic rank of the Levi class generated by the quasivariety qH),

S. A. SHAKHOVA

For an arbitrary class M of groups, we denote by L(M) a class of all groups G in which
the normal closure (a)¢ of each element a € G belongs to M. The class L(M) is called a
Levi class generated by M. In [1], it was stated that if M is a quasivariety of groups, then
L(M) is also a quasivariety of groups. Levi classes of nilpotent quasivarieties of groups were
treated in [2—-6].

Denote by N, the variety of nilpotent groups of class at most ¢, by NV o the quasivariety
of torsion-free nilpotent groups of class at most ¢, by N., the variety of nilpotent groups of
class at most ¢ and exponent p, and by F,, (M) the free group of rank n in M.

Consider groups having the following representations in N5 :

Hp = gr(:t,y || [x,y]p = 1)7
Hys = gr(z,y | 27 =" = [z,y]" =1).
Quasivarieties ¢F5(N2), ¢Hp- (except qHs1), ¢H,, where p runs through the set of prime

numbers, constitute an exhaustive list of almost Abelian quasivarieties of nilpotent groups.
In [4], it was proved that for any p # 2, the following equalities are true:

L(qF2(N2,p)) = Nap, L(qF2(N2)) = N3 .

Levi classes L(qH,)(p # 2) were studied in [5], and Levi classes L(q¢Hs)(p # 2,5 > 2),
in [6]. All of these classes, as it turned out, are defined by systems of quasi-identities in
infinite number of variables. In [7], it was shown that L(¢Hp:)(p # 2,s > 2) is finitely
axiomatizable, i.e., it can be defined by a finite system of quasi-identities.

In the present paper, we state that the following theorem is true.

Theorem. The axiomatic rank of the quasivariety L(qH),)(p # 2) is finite, i.e. it can
be defined by a system of quasi-identities in finite number of variables.
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On tuples of commuting unitary and symplectic groups over a finite field

U. B. SHARMA

In this talk, I will speak about the enumeration of simultaneous conjugacy classes of
tuples of commuting unitary matrices, and those of commuting symplectic matrices over a
finite field of odd size. The evaluation of the number of simultaneous conjugacy classes is
done with the help of branching rules, where for a given conjugacy class, we determine the
the orbits for the conjugacy action of the centralizer of that class on itself. These orbits are
called branches of that given conjugacy class. We determine the branching rules for 2 x 2
and 3 x 3 unitary groups, Uz(F,) and Us(F,), and for 2 x 2 and 4 x 4 symplectic groups,
Spa2(F,) and Sps(F,). This is work done with Dr. Anupam Singh.
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Finiteness of z-classes in reductive groups

A. SINGH

Let G be a group. Two elements of GG are said to be z-conjugate if their centralizers
are conjugate in G. This is an equivalence relation and the equivalence classes are called
z-classes. Clearly, conjugate elements are z-conjugate.

For a reductive group G over an algebraically closed field k, Steinberg proved that the
z-classes are finitely many (even though the conjugacy classes are infinitely many). It’s not
difficult to see that for GL,, over QQ this is infinite. We prove that for a reductive group G
defined over base field k, when k is a field of type (F), the z-classes are finitely many. This
extends several already known results for classical groups.
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{2™ + 3™} is a T-sequence on Z

S. V. SKRESANOV

A sequence {a,} of elements of a group G is called a T-sequence if there exists a
Hausdorff group topology on G such that {a, } converges to zero [1]. We prove the following
result.

Theorem. {2" + 3"} is a T-sequence on Z.

This settles in the affirmative question 15.79 posed by I.V. Protasov in the Kourovka
notebook [2]. The proof uses a number-theoretic lemma on solutions of equations over
S-units.
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[1] Zelenyuk E. G, Protasov I. V., Topologies on abelian groups, Mathematics of the USSR-Izvestiya, 1991,
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On F“-covering subgroups of finite groups

M. M. SOROKINA

Considered only finite groups. Not listed designations and definitions can be found in
[1]. Let € be a class of all finite groups, § be a non-empty subclass of €, w be a non-empty
set of primes. An §-subgroup H of the group G is called an §¥-covering subgroup of G if
whenever H < U < G, V is a normal w-subgroup of U such that U/V € § then U = HV [2].
The definition of an F“-covering subgroup is the generalization of Gaschiitz's definition of
an §-covering subgroup (see, for example, [1], p.280). Let 7 be a non-empty set of primes.
Denote a class of all m-groups belonging to the class § by §.. Let §1, §2 be classes of groups.
Denote the class {G | G has a normal subgroup N € §; with G/N € §2} by §F152-

In the following theorems we have studied the question on the relation between §F“-
covering subgroups of a Hall m-subgroup of the group G and (€, §,)¥-covering subgroups
of G.

Theorem 1. Let § be a non-empty homomorph, m be a non-empty set of primes, G be a
finite group such that G = A[B] where A is a Hall m-subgroup of G, B is a Hall n’-subgroup
of G, m(B) C w, H is a subgroup of G included into A. Then H is an §*-covering subgroup
of A if and only if HB is an (&,/§)*-covering subgroup of G.

Theorem 2. Let § be a non-empty homomorph, @ be a non-empty set of primes, G
be a finite group such that G = A x B where A is a Hall m-subgroup of G, B is a Hall
7'-subgroup of G, m(B) C w. Then any two §“-covering subgroups of A are conjugate in A
if and only if any two (&, §)¥-covering subgroups of G are conjugate in G.

Theorems 1 and 2 have extended the results of [3].
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[3] Sementovskiy V.G. The projectors of finite m-solvable groups // The subgroup structure of finite groups.
— Minsk: Science and Technology, 1981. — P. 116-138.

Bryansk State University I.G. Petrovsky, Bryansk
E-mail: mmsorokina@yandex.ru

151


mailto:{m}{m}sorokina@yandex.ru

MamnbneBckue urerus 2019 Teopus rpymnit

On inductance property of the lattice of multiply o-local formations

N. N. Vorov’Ev, I. I. STASELKA, A. HOJAGULYYEV

All groups considered are finite. Let o be a partition of the set of all primes PP, that is
o ={o; |1 €I}.If nis an integer, the symbol 7(n) denotes the set of all primes dividing n;
o(n) denotes the set {o; | o; N 7(n)};0(G) = o(|G]) and o(F) = Ugez o(G).
Any function f of the form
[ : 0 — {formations of groups},

is called a formation o-function. Following [1, 2] we put

LF,(f)=(G|G=1or G#1and G/O, , (G) € flo;) for all 0; € 7(G)),
where O_- o (G) is the product of all normal U;—closed subgroups of G. If for some formation

o-function f we have § = LF,(f), then we say that class § is o-local and f is a o-local
definition of § (see [1, 2]). In 1986 A. N. Skiba proposed the following concept (see [1, 4]):
every formation is supposed to be 0-multiply o-local; for n > 0, we say that the formation §
is n-multiply o-local provided either § = (1) is the class of all identity groups or § = LF,(f),
where f(o;) is (n — 1)-multiply o-local for all o; € o(§). In what follows © denotes a
complete lattice of formations [4]. The collection of all n-multiply o-local formations is a
complete lattice by an inclusion C (see [1, Theorem 1.20]).

If M, H € O, then M N $H is the greatest lower bound for {M, H} in ©. The symbol
M Ve $ denotes the least upper bound for {9, H} in O.

We denote by ©7" the collection of all formations having a o-local ©-valued definition. A
complete lattice O is called inductive (see [1, 4]) if for any collection {F; = LF,(f;) | i € I},
where f; is an integrated definition of §; € ©7!, the following equality holds:

Voo (Sz ’ 1€ ]) = LF(,(\/@(fi ’ 1€ [))
We proved the following

Theorem. The lattice of all n-multiply o-local formations [ is inductive.
Corollary ([4]). The lattice of all n-multiply local formations is inductive.
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Nilpotency of the soluble radical of a finite group isospectral to a simple group

N. YAaNG

We refer to the set of the orders of elements of a finite group as its spectrum and say
that groups are isospectral if their spectra coincide. We show that the solvable radical of an
unsolvable finite group isospectral to a finite simple group must be nilpotent.
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JImreapuzarusi aBTOMOpPPU3MOB U TPUAHTYJIAIUSA AuddepeHTNPOBAHNI
cBoOOmHBLIX ajyire6p paHra 2

A. A. AnuMmBAEB, A. C. HAYPA3BEKOBA, II. X. KO3BIBAEB

B 1968 romy P. Penunep [4] mokaszasn, 9To JIOKaJIbHO-HUIBIOTEHTHBIE MuddEpEeHIpo-
BaHUs aJIreOpbl MHOTOWIEHOB OT NBYX II€PEMEHHBIX HAJ II0JIeM HYJIEBOU XapaKTePUCTUKN
SIBIISIIOTCST TPUAHTYIUPYEMBIME. AHAJIOT 3TOro pesyiabrara mis aiaredp Ilyaccorma moxazam
B [3].

[Iycts k — mpousBosbHOE TOJIe U MyCcTh P — MPOU3BOIBHOE OMHOPOMHOE MHOTOOOpa3me
anre6p Han nosleM k. Muoroobpasue 901 Haz0BEM o-MHO2000pa3uem, eciiu 10dast OMHOIOPO-
XKIOeHHas momanrebpa IBYHIOPOXKIEHHON ¢BOOOMHON HN-amre6pbl sIBIIETCST CBOOOIHOM.

3aMeTnM, 9TO MHOTOOOPA3UsI ACCONMMATUBHO-KOMMY TATUBHBIX aJrebp, acConnaTUBHBIX
anrebp, anarebp Ilyaccona, Bcex HeacconmaTUBHBIX ajarebp, KOMMYTATUBHBIX U AHTUKOMMY-
TATUBHBIX ajIredp SBIISIOTCS O-MHOTOOODA3USIMIU.

HoxazaHo, 4TO MHOrOOOpa3ne MPaBOCUIMMETPUIHBIX AJIreOp TaKkKe SIBIISeTCs O-MHOT000-
paszumeM. MuI OKa3aau, YTO TPYMIIa PYUHBIX aBTOMOPGU3MOB MBYIIOPOXKIEHHON CBOOOIHON
anrebpbl o-MHOT000pa3usd HaJl TMOJIEM JOIyCKaeT CTPYKTYPY aMajiblaMUPOBAHHOTO CBOOOM-
HOTO Tpom3BeneHus. Mcnomb3ys 3Ty CTPYKTYpPY, MBI OOKA3ajul JINHEAPU3YEMOCTH PEIlyK-
TUBHOHN T'PYIIBLI aBTOMOP(PU3MOB U TPUAHTYINPYEMOCTD JOKAJIbHO-HIIBIIOTEHTHHIX nudde-
PEHIIMPOBAHNN CBOOOMHON MPABOCUMMETPUIHON aareOpbl paHTa OBa B CIIydae HYJIEBOU Xa-
pakTepucTuKu. AHAJOTMYHBIE PE3YIbTATHI TAKXKE BEPHBI IJIsI CBOOOMHBIX aCCONMATUBHBIX,
CcBOOOMHBIX HEACCOIUTUBHBIX M CBOOOMHBIX KOMMYTATUBHBIX ajiredp paHra IBa.

Pa6ora Boimonaena B pamkax mpoexkta AP05133009.
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O xapakTepu3aiuu HETEPOBOCTU

A. B. BEPEBKUH

Xeiiman Bacc maimén kpurepuit HETEPOBOCTH KOJIbIa A, yKa3as eé paBHOCUIBHOCTh UHb-
eKTUBHOCTH JIIOOBIX MPAMBIX CyMM HHBEKTUBHbIX A—Mmomymneit ([1], [2, c. 157]). Ero pesymb-
TaT MePeHOCUTCs Ha (UILTPOBaHHBIE ITpom3BeneHus. [Ipexme oTmeTnM, 4TO ecian 3aIaHbI

duneTp F man X # 0 u {M ém), x € X} — cemeiictBo A-MOmyiieil, MHIEKCUPOBAHHBIX X
TOrOa CyIIeCTBYeT KAHOHWYECKAs CIOPBeKIus A-—Momyrieit:

m(F): H%XMX” - 1, M4

Crenmyrtortiee yTBepxkaeHne nepedopMynupyeT pesynabTaT bacca.
Jlemma. Ilycts Fy — ¢punbrp Pperiie KOKOHEUHBIX MHOXKECTB B OeckoHeuHOM X, TOrma
TOYHA ITOCIENOBATETEHOCTD:

z) () 7(Fo) (z)
0 QBccex‘MA H:cEXMA Hfo My 0

IlpaBas HéTEpOBOCTH KOIBIIA A 5KBUBAJIEHTHA DACIICIUMOCTH 5TOH IIOCIEOOBATEILHOCTH
U1 JTFOOBIX CeMENCTB NMHBEK TUBHBIX HIpaBbix A—momymern { M ém), xe X},
CranmapTHBIMU CPEICTBAMU, BOCXOMIIuME K pabore bacca, MoxHO mokazath 06001ite-
HII€ HTOTO Pe3yIbTaTa.
Teopema. PaBHOCHUJIEHBI yTBEDKICHUS:
e k010 A HETEPOBO crpaBa;

o xT o
e 1 sro6oro cemericrBa {1 f(‘ ), x € X} — HHBEeKTHBHBIX NIPABBIX A-Momyierd u
¢unprpa F Ha X ciemyrorias TOYHAsA MOCIEAOBATETIBHOCTD PACILIEIIACTCS

(z) _7(F) (z)
0— ker(w(]—'))A—>Hx€XIA 4>HFIA — 0
Cnencreue. Ecmm xonpno A — npaBoHETEpOBO, TOrma arob60e (GpuIbTPOBAHHOE MPOU3-

BeeHNEe NHBEKTUBHBIX IIPDABBIX A—MOHYHeﬁ — HHBEKTHUBHO.

CIIUCOK JIMTEPATYPBI
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JIByMepHbIe TepHapHbIE KOMIIO3UIIMOHHLIE aJIreOphI

A. T. I'AtHOB

B pabore BBOOUTCS B pACCMOTPEHIE HOBBIN KJTACC A/IreOp: TepHAPHBIE KOMIIO3UIIMOHHBIE
anreOphl; I7Isl KpaTkocTu, HazoBeM nx TK-amre6pamm.

Onpenenenne. Anre6py A manm nomem F', char # 2, Ha30BEM mepHapHoti KOMNO3UYU-
OHHOT aa2ebpoil, eclTu Ha HEN 3aaHa HEBBIPDOXKICHHAs] CUMMeTPUUecKas OunHenHass Gopma
n(x,y), ynosiaersopsiroiias paBeHcTBY n(xy, zt) = n(x,y) - n(z,t) nus Beex z,vy, z,t € A.

Kommnosutmontbre anre6pbl 1 MOHOKOMIIO3UIIMOHHBIE aareOps sBisttoTest TK-aare6pamm.
Kimace TK-anrebp 3HaUUTEIBHO IIIPE KJIacCa MOHOKOMTO3UITMOHHBIX ajirebp. TK-amrebpnr
CYIIIECTBYIOT JTFOOOI KOHEUHOW Pa3sMEPHOCTHU, & TaK¥kKe CYIIeCTBYIOT 6eckoneunomepubie TK-
anrebprel. B pabore naiimenbr Bce nBymepHble TK-amare6pbr Ham moseM R BeIleCTBEHHBIX
qucen: 3To 12 anrebp m ogHO OECKOHEYHOE CEMENCTRO.

st Bcex anrebp umeem paBeHCTBa: ejeg = 0; egeq = 0.

Cayuan 1.

bas A = {e1;ea}; n(er,e1) = +1; n(ez,e2) = +1; n(ey,e2) =0.

€o€o = €1€7.

Asnre6pa AD:  eje; = +ey.

Anre6pa A?):  eje; = —e;.

Anre6pa A®):  eje; = +eo.

Anre6pa AW ele; = —eo.

Cewmeiicreo A®): 4 amre6per

eje1 = % : (€15 €2 = £1)

CemetictBo A®: 4 anre6per

\/§€1 €2

5 et 5 e (e1; 2 = 1)

€ie1 =

Cnyuan 2.

bas A = {ey;ex}; n(er,e1) = +1; n(eg,e2) = —1; n(ey,ez) = 0.

€162 = €9€1.

Cemeiicteo A7) Geckoreunoe cemeincTBo

€16y = 0; €2€1 = O;

erer = aqier + fries;

egeg = apoer + [— P11 + € - (aq1 + ag2) - eg;

e==1; (VBi1, 11,002 € R)

I[Ipu a1 = +1, f11 =0, e = +1, g = —1 — 10/ KOMILJIEKCHBIX ULCEJT.
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Omnepatopsl Porel — BakcTepa u pelieHus KjiaccCuueckoro ypaBHeHus SlHra —
BakcTepa Ha KOHEYHOMEPHBIX KBaApPaTUUIHBIX ajrebpax Jln

M. E. I'OHUAPOB

[Iycts L — xoneunomepnas anrebpa Jlu mam momem F XapakTEPUCTUKU HE PABHON 2
1 3 U w — HEBLIPOXKIEHHAs OminHeiHas accornmaruBHas dopma Ha L. Ilapy (L,w) Gymem
Ha3bIBATh KBAJIPATUIHON asrebpoit Jlu.

JIlunerinoe orobpaxkenue R : L — L naspiBaeTcs omeparopoMm Porbr — Bakcrepa Beca
A, ecitu Oj1st JTI00bIX a,b € L:

[R(a), R(b)] = R([R(a),b] + [a, R(D)] + Ala, b]).

OnemeHT 1 = Y a; ®b; € L® L aBAsgeTCs pellieHneM KIacCUIecKoro ypaBHeHus JlHra —
Baxkcrepa, eciu

Z[ai, aj] ®b; ® bj —a; ® [CLj, bz] ® bj +a; ®a; @ [bzbj] =0. (1)
0.

[Iycts (L,w) — xBagparuunas anrebpa Jlu, r = Y a; ® b; € L ® L. B paborax [1, 2]
ObLIIa MTOKA3aHO, SJIEMEHT I SBIIIeTCS KOCOCUMMETpUIecKuM (To ecthb 7(r) = —r, Tme 7 —
MOpP(®U3M [IEPECTAHOBKNU) pellleHneM ypaBHeHus (1) Torma m TOIBKO TOra, KOTIa OnepaTop
R, neticTByOIINI IO IPABUITY

R(a) = Zw(bi,a)ai, (2)

SIBJISIETCST KOCOCUMMeETpudeckuM onepatopoM Porer — Bakcrepa Beca 0.

7151 HE KOCOCUMMETPUIECKUX perenuit ypasuenus (1) ussectro, uro eciau L — npocras
anre6pa Jlu u r — permenne (1) Takoe, aro r + 7(r) sABIAAETCS L-MHBAPHAHTHBIM 3JI€MEH-
TOM, TO HAWNETCS TaKas acCONMATUBHAS HEBBIPDOXKIECHHAs OunmHenHas dopma w Ha L, 9TO
oreparop R, onpenenenHblil kak B (2) sBisercs oneparopom Porsr — Bakcrepa meryneBoro
Beca A, ynossieTBopstoiuit R + R* + Aid = 0, tme R* — conpsiXeHHBI K R OTHOCUTEIHHO
(OpMEL w omepaTop.

B mammoil paboTe m3ydaeTcs CBsI3b MeXIy pellleHusMu ypasuenus (1) u omeparopamun
Porer — Bakcrepa (pasHbIX BECOB) Ha MPOM3BOILHON KOHEYHOMEDHON KBAIPATUIHON AJire-
6pe Jlu (L,w).
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OneHka Kopa3zMepHOCTell B OTHOCUTEILHO CBOGOMHOI JINeBO HUJILIIOTEHTHOI
anre6pe F(9)

A. B. I'pumnn

[Iycts F = k(1,21,...,2Zp,...) — CBOOOMHAS CUETHOMOPOXKASHHAS YHUTAPHAS ACCOIY-
aTUBHas ajrebpa HaI MojeM k XapakKTepUCTUKN # 2, 3, T® — T-upean anrebpwr F', mopo-
K IEHHBI ITTMHABIM KOMMYTATOPOM |21, . .., z;], u F) = F/T" — orrocuTensro cBOGOMHAS
JMEeBO HUJILIIOTEHTHAas ajarebpa wHmekca [. Ilycts, mamee, M,, — moOIpoCTPAHCTBO aJire-
6per (D, cocrosinee w3 TOMMINHENHBIX MHOTOWICHOB OT HEPEMEHHEIX T1, ..., Ty, 1 P, —
MONNIPOCTPAHCTBO B M,,, cocTosImee n3 COGCTBEHHBIX MMOJIMINHENHBIX MHOTOWIEHOB.

Ckaxem, uro dyukuus f(z) maxcopupyem dyukuuio g(x), ecau njsi HEKOTOPOTO UHCIIa
v > 0 u s Bcex moctaroduHo Gombiux x umeeM f(z) > vg(x). O6osunavenue: f(z) = g(z).
Ecmu f(x) > g(z) u g(x) > f(x) omHoBpemenuo, To Gymem rosoputTh, uto f(x) u g(z)
Pynryuu 0dnozo nopaoxa pocma. O6osmauenme f(x) < g(x). s amrep FO u F(T)
[1] u [2] mokazamo, wro dim M,, < 2"n?™ u dim P, < n*", rnel = 2m +3, m = 1 u 2
COOTBETCTBEHHO.

Teopema 1. [lmsz mo6oii amrebper F2™3) pyveror mecro coormomenns dim M, >
2"n2™m dim P, = n™.

Teopema 2. s anre6por FO) mneror mecto coorromenms dim M,, =< 2"nb, dim P, <
nS.

Ioka3zaTenbCTBO OCHOBAHO HA MIPUMEHEHUN TaK HA3LIBAEMOU pacuupennoti aqseebpul I'pac-
cmana (cm. [3], [4]).
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6., 207:12 (2016), 54-72.
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Y TouneHue TeopeMbl biioka o nuddepeHImaIbHO ITPOCTHIX ajireGpax

B. H. 2KEIsIBUH

B pabore cTrposiTtcs mpumepsr nuddepeHImaaIbHO TPOCTHIX aare0p Hall MoJIeM KOMILIEKC-
HBIX YHCEJI, KOTOPbIe He MPEACTABIISIOTCS B YKa3aHHOM B Teopeme bioka [1] Bume.

[Iycts C' — moste xommiekcubix aucest u Clxg, . .., T,] — anre6pa MOIUHOMOB OT Tepe-
MEHHBIX X(, L1, ..., Ly. 1LOTOXKIM
D1 ::ﬂla%—xoa%, ey Dn :l'na% —.fﬁoa%.
0 1 0 n
[Iycte CA(n) — daxropanrebpa anre6per Clzg, .. ., Z,| 0 uoealy, TOPOKIECHHOMY MHO-
rouesoM r3 + ... + x2 — 1. ubdepenmuposarus D1, ..., D, unnymupyor nuddepen-
nuposanus anre6psr C'A(n), KoTopsle Mbl Takxke ob6o3HaunMm depes Di, ..., D,. Oroxmne-
CcTBUM 00pa3bl MEPEMEHHBIX I, T1,..., L, npu romomopbusme Clxg,...,z,] — CA(n) c
T0,T1,...,Ty. Honanre6pa CA(n)o B CA(n), nopoxnennas sinementamu 1, 2%, ... 22, z;x;,
1,7 =0,...,n,i # j nubdepeHInAILHO IPOCTA OTHOCUTEIBLHO nuddeperupoBanuit D;, i =

1,...,n. IIycte CA(n); = CA(n)oxo + ...+ CA(n)ozy. Torma CA(n) = CA(n)o + CA(n)y
— Zy-rpagyuposannas anrebpa u CA(n); — npoexktususiii C'A(n)o-Momyns panra 1.

[Mycts Teneps A = Ag® A1 — Zs-rpamyupoBannas anrebpa Ham mostem C. [lomanreGpy
CA(n)(A) = CA(n)o ® Ay ® CA(n); ® Ay, B Tenzopaom npousseneaun C'A(n) ® A anre6p
uan nosiem C, HazoBeM C'A(n)-o06040uxot anreGpor A.

Teopewma. IIycts A — HeHTpaabHAS IPOCTAas KOHEYHOMEPHAS ACCOUATUBHAS, AJIbTEP-
HaTUBHAs, OPHAAHOBA, JINEBa aarebpa uau aarebpa MasbueBa HaL MOIeM KOMILUIEKCHBIX UH-
cen C, ormmmunas or C'. Torma A mnomyckaer Zo-rpamyupoBky. s mio00u Zs-rpagyapoBKu
amrebper A ee CA(n)-o6omouka C'A(n)(A) aupdepernuaasHo MpocTa OTHOCATEIBHO MHO-
xectBa qupdepennupoparuii ® = {D ®1id, ..., D, ®id}. Anrebpa CA(n)(A) — koneuro-
[TOPOKIEHHBIIH POEKTUBHBIN MOLY/Ib HAL CBOUM LEHTPOUIOM, KOTOpbIi n3oMopdern C'A(n)g.
Ecmu [§] > dim A, o CA(n)(A) — mecobomuerit C'A(n)o-Momys.

B ciryuae moss BEIIECTBEHHBIX UHCENT aHAJIOD 9TOil TeOpEMBbI HOKa3aH B [2].
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O cynepanre6pax I'enbdanna — IHopdpman — HoBukoBa — Ilyaccoua

A. C. 3AXAPOB

Anre6per Denbdanna—Ilopdman—Hosukosa (GDN—anre6per) Geln BBeIeHBl B paboTax
. M. T'ensdanna u . 9. Hopbman [2] u B pabore A. A. Bamuuckoro u C. I1. HoBukosa [3].
B nmureparype BcTpeuanocs HazBauue ayre6p Hosukosa, JI. A. Bokyrs u E. U. 3ensmanos
npemioxunu nobasuthk amumuu M. M. Iensdpanna u U. 4. Hopdman x HA3BAHUIO BBUILY
Toro, 4ro ux pabora 6euia pamsire. K. Kcy [1] Ben monrsitue anre6p [Nenbhanna — Iop-
dman — Hoeukosa — Ilyaccoma (GDN P—anre6per) mis uzydenus npocTeix GDN—amre6p.
Boutn 06061mensr pesynbrarer pa6ot [4],[5] ma GDNP-cynepanre6p.

Ckaxem, ato (A, o) — GDN-cynepanre6pa, eciiu s OMHOPOMHBIX 3JIEMEHTOB UMEOT
MeCTa TOXIECTBA

(oy)or = (- (woz)oy; (zoy)oz—wzolyoz) = (~)lM ((yoz)or—yo(wo2)).

Cymnepasrebpa (A, -, 0) sBisieTcst o6obiennon cynepasirebpoit [Nenbdhanna — Hopdman —
Hosukosa — Ilyaccona (gGDN P-cynepanre6poit), eciam

azyoz=a(yoz); (—D)WFlezoy—aoyz=(—1)lllWHlzlzly,op — (—1)lllvly o g2z,

Cymnepamnrebpa (A, -, o) asugercs GDNP-cynepanrebpoii, ecmu (A, -, 0) — gGDNP-
cynepainre6pa u (A, o) — GDN—cynepasnre6pa.

Teopema. Ilycts (A,-,0) — gGDNP-cynepanrebpa m x He nenmrens Hyas B (A, -).
Torma (A, -, o) Broxuma 8 GDNP-cynepanrebpy BEKTOPHOTO THIIA W, B 9ACTHOCTH, CAMA
apagercs GDNP-cynepanre6poit. Ina ¢gGDN P-cynepanre6pbl TOI0KAM

{a,b} =aob— (=1)l*Plpoq.

Torna ny6ms Kanropa mist stoit ckobku o6osuaunm J(A, {, }).
Teopema. IIycts (A, -, 0) — gGDN P-cynepanrebpa. Torma J(A,{,}) — cneunanpnas
opaaHoOBa cymepaJrebpa.
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JlokanbHBIE aBTOMOP@®U3MbI HUJIHTPEYTOJIbHBIX nonasjareb6p anrebp Illesaste
KJIaCCUYECKNX TUIIOB

. H. 30T0B

Jlokaavnbim asmomopdusmom mpousBoibHON K-anrebpbl A HA3LIBAIOT aBTOMOP(U3M
K-momyns A, meficTBYIOIING Ha KaXXIBIN 3JIeMeHT @ € A KaK HEKOTOPBIN aBTOMOP(U3M ajl-
re6pel A, BOOOIIE TOBOpsI, 3aBUCAIIMNI OT BhIOOpa . JIOKajbHBIE aBTOMOPOU3MBI aareGp
cucremaTnaecku nydarorces ¢ 90-x romos, [1], [2]. MHOXeCTBO BCex JIOKAIBHBIX aBTOMOD-
(bU3MOB TIpOU3BOJILHON aarebpul A obosnauaem uepes Laut A. OTHOCUTEIBLHO KOMITO3UIII
oHu 06pasyioT rpymmy, [3]. TpuBuansbHbIE JTOKATBLHBIE ABTOMOP(MU3MBI TAIOT aBTOMOP(MU3MBI
aJreOpHl.

[Iycts K — acconmaTUBHO KOMMYTATHBHOE KONbLo ¢ emuHuneii. B [3] u [4] uccremy-
I0TCs JIOKaJIbHbIe aBTOMOpGU3MbI aire6psl NT'(n, K) HUIBTPEYTOIBHBIX N X N MATPUIL HAJ
K u acconuuposansoil anre6pser JIu; onu omucanbl npu n = 3 u, korna nose, n = 4. B [5]
UCCTIENYIOTCS JIOKAJIbHBIE aBTOMOP®U3MEL ITpocTol anrebpsr Jlu sl, Ham moeMm HyseBOH Xa-
PaKTEPUCTUKU.

Anre6py llepamme nam K acconuumpyoT ¢ KaxKIOW HEPA3JIOKIMON CUCTEMON KopHeil P
€BKJINZIOBA TPOCTPAHCTBA U XapakTepu3yoT 6a3on [lleBaste, BKIIOUAOIIE TOPOXKIAIOIIITE
srieMeHTHI e, (1 € @) [6, § 4.4]. Baduxcupyem 6a3y 11 B ®; cucrema momoKUTEIBHBIX KOPHET
Ot D 11 B ® enunctrenna [6]. Iomamrebpy N®(K) c¢ 6azoii {e, | r € &1} masnBaem
HUJIbTPEYTOJIBHOU.

Uccnenyercs 3amaua onmucaHust JIOKAIIBHBIX aBTOMOP(GU3MOB HUJIBTPEYTOIBHON TOIasIre-
6pet N®(K) anre6per Hlesaste nan K, acconnupoBanuoit ¢ cuctemoir kopaeit . Crpasen-
TIBA

Teopema. B amrebpe Jlu N®(K) knaccuaeckoro tuma paura > 4 umgean Lo sBisgercs
Laut N®(K)-uHBapHAHTHBIM, & BCAKHI JIOKAJIBHBII ABTOMOPGU3M HEUCTBYET MO MOLYJIIIO
Ly xakx eé momxomsiimii aBTOMOPGU3M.
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TeopeMbl KOHEUYHOCTHU OJIsi TPANyUPOBAHHBIX KoaJireb6p, KoMomyJjien u ajarebp
Xomnda

C. I'. KA3BAKOB

B xmaccuaeckont ajareGpamdeckoil TeOMETPUN UMEET MECTO YTBEpPKIEHUe: JIF00as aJjre-
6pamdeckas rpynnoBas apduanas cxema G: Alg, — Gr Hag morem k m3omopdra 3aMKHY TOHR
moarpymnme aggunnon rpynmosoii cxeMmbl G L, mms mekoroporo n € N [1, §3.4]. Ina ero
IOKA3aTeNIbCTBA UCIONIb3YIOTCS T. H. meopembl kKoneunocmu [1, §3.3].

Ananoruunbie yTBEpXKOEHUS MOXHO CHOPMYIUPOBATH U MOKA3aTh MJIS ciiydas |-rpa-
nyupoBanubix anre6p u (I, \)-kommyraTusabIx anre6p, rme I — abemesa rpymma, a A —
KoMMyTauonHbil haxtop wa I' u k [3, 4].

Teopema 1. Ilycrs € = (C, A ¢) — I'-rpagyuposannas k-xoanrebpa. Jltob6oe koHeuyHOE
mongmHOoXkectBO M mpaoro I'-rpagyuposarroro €-xomonyiis 0 = (V, p) sexkur B KOHEUHO-
MEPHOM T'PayHpPOBAHHOM IIOAKOMOMIYJIE.

Teopema 2. JIo6oe xkoreuHoe nmonmuaoxkecTtBo M I'-rpagyupoBantorn k-koaare6per € =
(C,A,e) nexur B €é koHeuHOMEPHOI |'-rpagyupoBaHHON HogKoaarebpe.

Teopema 3. Jloboe xoreunoe monmuoxkectBo M (I', \)-kommyrarusras k-amare6psr
Xonga $H = (H,pu,n,A,e,S) nexur B eé KOHEUHOIOPOXK OEHHOI monaarebpe Xomga.

B cayugae rpanyupoBaHHBIX anrebp, mis d00bX n € N, KOHETHOMOPOXKIEHHON abeneBon
rpynnst ' u Habopa v = (v1,...,V,) € I MoxHO onpenenuts dyHkTOp [4]:

GLY (v, —): (T, \)-Alg;, — Set,

crapsamuilt B coorBeTcTBue Kaxnon (I, A)-kommyrarusnoit k-anrebpe A = @ A, MHO-

er v
KECTBO Beex o6paTuMbix Marpun M = (a;j)i, j=1,..n cTemenu 0 ¢ [—)JIeMeHTaMZI u3 A, 1. e.
TaKuX, 4To ai; € Ay, (3,5 =1,...,n).

OtoT dynxTop rpymmosoit: GLY (v, —): (I',\)-Alg, — Gr u B ciayuae, xorma k — mose
xapaktepuctuku 0, o npencrasum (I', \)-kommyraTussoit k-amre6poit [4], T. e. sBiseTcs
rpynnosoit adpdunsoit (I, A)-cxemoit [2].

Teopema 4. Jliobas anrebpanyeckas rpynmnoBas appunnas (', \)-cxema

G: (I, \)-Alg, — Gr

man noiaem k xapaxrepuctuxu () mzomopdua 3amkHyTOI Toncxeme cxembl GLY (v, —) mus
HekoTopeix n € Nuv = (vq,...,v,) € I,
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O MUHUMAJIBHBIX HEHYJIEBbIX L-MHOFOOﬁpaBI/ISIX BEKTOPHBIX IIPOCTPAHCTB HanQ
II0oJieM M3 OBYX 3JIEMEHTOB

A. B. Kucnouuuga

[Iycts F — mekoTopoe moste, ' — BeKTOpHOE MPOCTPAHCTBO HA mojieM F', SBIISIOIeecs
MIOMITPOCTPAHCTBOM acConuaTuBHON F-amrebpsr A, mpuueMm A MOpOXKIAETCs TPOCTPAHCTBOM
E xax anre6pa (rosopsar, uro E Broxeno B anrebpy A). ToxmecTBOM BEKTOPHOIO IPO-
cTpaHcTBa I/ HAa30BEeM accOMAaTUBHBIN MHOTOYJIEH, KOTOPHLIA oOpalllaeTcsl B HYJIb B ajarebpe
A wHa snmemenTax mpocTpaHcTBa FE. B sTOM ciiydae Takxke roBOPST O TOXKIECTBAX MapbI
(4, E)

Kmnacc Bcex BEKTOPHBIX TPOCTPAHCTB, BIIOXKEHHBIX B aCCOIUATUBHBIE ajareOpbl U yOoO-
BJIETBOPSIOIINX BCEM TOXKIECTBAM MPOCTpaHcTBa F, Gymem Ha3eBaTh L-MHOrooOpasme,
MMOPOXKIEHHBIM MPOCTPaHCTBOM F, u obo3nauath Vary F. L-muoroobpasume M Ha3zoBeM Mu-
HUMAJIGHBIM HEHYJIEBBIM L-MHOrooOpasueM (OTHOCHTENBHO BKIIIOUEHNUS) WIN ATOMOM, €CJIN
s moboro L-muoroo6pasus N u3 sxmodenus N C M crenyer, uro mu6o M = N, mubo
N — mynesoe L-mHEOTOOOpPaA3TE.

A. Tapckuit mokasaj, 9TO ATOMBI B KJIACCE KOJIEI[ MOPOXKIAIOTCS JTUO0 MPOCTHIM IIOJIEM
GF(p), mu6o KOJIBLIOM C HyJeBbIM yMHOXKeHIeM [1]. ABTOPOM YacTUUHO UCCIENOBAHO CTPOE-
HIIe aTOMOB B KJjtacce L-MHOTOOOpas3uil BEKTOPHBIX IIPOCTPAHCTB HAI ITPOU3BOIBLHBIM ITOJIEM.
A mMeHHO, OICaHbBI ATOMBI B CITyYae 6€CKOHEeYHOTO OIS, HANIEeHbI aTOMBI HAl KOHETHBIM TI0-
nem. Yxaszano, uto L-muoroobpasme M = Vary ([z,y] = 0, 2% = z, 2%y = 29?, 23 +2%+2 = 0)
ABIISIETCS. aTOMOM B Kjacce L-MHOroo6pasuil BEKTOPHBIX MPOCTpaHCTB Hamd mojem GF(2),
npuueM MHOTOO6pasue G F(2)-anrebp, 3amannoe Toxmectsamu M, aTOMOM He sgBiseTcs [2].
Hacrosmas paGoTa mOCBsIIeHa OUCKY aTOMOB B Kitacce L-MHOoroo6pasuit Haz nomem GF'(2).

Teopema 1. B kmacce L-mHOroo6pasmii BEKTODHBIX IIpOCTpaHCTB Ham noiem GF(2)
cyIecTByeT 6ECKOHEYHOE HCJI0 ATOMOB BUIA

My = Varp ([z,y| = O,x2k =2, 2%y = ny,ac2k*1 +22 24 = 0),
roe k=2,3,....
B uactHOCTH, HaiimenHbIi pamee atom M = Varp([z,y] = 0,2* = z,2%y = 29?23 +
2?2 + x = 0) copmamaet ¢ Ma.
Teopema 2. M, = Vary(GF(2%), (a)), rme (a) — ommomeprOe BexTOpHOE MpOCTpaH-
crBo Ha nonem GF(2), a — nmopoxaarormit snement GF (2)-amrebper GF(2F), k =2,3,....
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OnHoponubie GakTOPHO AejimMbie aGesieBbl 1 [-rpynnbl

E. . KomnaHueEBA, T. K. Y. Hr'yEH

Cormacuo [1], monkonbno A acconmaTUBHOTO KONIbLa R HA3BIBAETCS METAMIEATIOM WH-
IeKca M, eciau cyiecTByeT Takon psam A = Ag C Ay C --- C A, = R, uro A; saBnsercs
umeasoMm A; 1 mias Beex ¢ = 0, -+ ,n— 1. AcconmmaTuBHOE KOIBIO HA3BIBACTCS (DUINATBHBIM,
ecyu J1I000M ero MeTamnIeal KOHEUHOTO MHIIEKCA ABJIsgeTCs uneajaoM. M3yuenne GuimaabHBIX
KoJter] mocBsIensl paboTer . Opmuaa, A. Canma, M. ®umunosuua, A. AupyurkeBuya u mp.
Ab6eneBa rpynma G uaswiBaercs T [-rpynmoit, eciau j11060e acCONMMATUBHOE KOJIBIO C A Iu-
tusHOlU rpynnont G dummanbuo. [loustue T I-rpynmb 661710 BBENEHO B [2], TaM ke OMUCAHBI
nepuonuueckue 1 [-rpymnmsr.

B macrosiein pabore omucaubl 1 [-TPyIIbl B KJIACCE BIIOJIHE PA3JI0KUMBIX OTHOPOTHBIX
(hakTOpHO memuMBIX abeseBbix rpymm. AGeneBa rpynma (G Ha3bIBaeTCs GAKTOPHO IEITUMOI,
€CJTU OHA He CONEPXKUT HEeHYJIEBBIX HETMMbBIX MEPUOMNIECKUX TMOATPYII, HO CONEPKUT CBO-
Gommyto monrpymmny F' KoHeuHoro paura, Takyio uro G/ F — nenumas nepuonuyeckas TpyIIIa.
dakTopHO menumble abeeBbl TPYNINbI 6e3 KpydeHus ObLIu BBeIeHb B [3], a B [4] nmonsTue
(haKTOPHO MEIMMOI I'PYIIIbLI ObIIO 00OOIIEHO Ha CMellaHHble abeneBbl rpymnnbl. CorjacHo
[5], cmemannas GakTopHO meiuMas rpynna (G HA3LIBAETCS BIIOJIHE PA3JIOKUMOIL, €CIU OHa
PACKJIAIBIBAETCS B MPIMYIO CyMMYy (GakTOPHO MeUMMBIX Tpymm paura 1. Ecau Bce sTu dax-
TOPHO HeTMMbIe TPYIITEI PaHra 1 m30MOPGOHBI MEXKITY COOOil, TO €CTh ONPENEIISIIOTCS OMHON 1
TON K€ KOXapaKTEPUCTUKON X, TO Tpymmna (G Ha3bIBAETCS OMHOPOIHON BIIOJHE Pa3JIOKIMOI
(haKTOPHO METMMON T'PYIION KOXapaKTEepPUCTHKU X. Takum oOpa3oM, OMHOPOIHAS BIIOJIHE
pazmoxumass GakTOpHO meauMas rpymnmna (G TOTHOCTBIO ONPENENSieTCsl CBOMM PAHTOM 6e3
KpyUJeHUsI 1 1 KoxapakTrepucTtukoir cochar(QG).

Teopema. Ilyctes G — BromHe pas3moxkumas OTHOPOTHAS (haKTOPHO metnMasi abeseBa
rpymna cochar(G) = (my)pep, rae P — MHOXKECTBO Beex npocrsrx uncern. I'pynna G sBisercs
TI-rpynmoii Torga m tonsko rtorpa, korma 7(G) = 1 m B cochar(G) Her menbrx dmres
my, > 1.
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O perneToO9YHbIX I/I3OMOpq)I/13MaX KOHEYHBIX KOJIEI]

C. C. KOPOBKOB

[Iycts R u R¥ — accouuaTuBHBIE KOJIBIA ¢ n30MOPGHBIMEU pernéTkamu nonkosen L(R) u
L(R¥) coorBercTBenHo. N3omopdusm ¢ perérku L(R) Ha pernérky L(R?) Oynem Ha3pIBATD
pewmounbim uzomop@usmom xkombua R ua kombio R?. Tlon p-kombioM (p — mpocToe 9uciio)
OyIeM IOHMMATh KOJIBIIO, AIAUTUBHAS T'PYIIIa KOTOPOrO ABJISAETCSA P-TPYIIION.

N3yuenne peméTodnbx m30MOPGU3MOB KOHEUHBIX HEHUJILIIOTEHTHBIX KOJIell ObLIO Ha-
yaTo B paborax [1]-[4]. IlambHeillme UCCIENOBAHUSA CBA3aHBL C JIOKAJBHBIMEU ¥ IIOJIYJIO-
KajnbHbIME Kosblamu. O IpoBeNEHHBIX MccaenoBaHusX coobiuasnock B [5] u [6]. Cremyio-
IIIIM IIIATOM ABJIAETCS TIEPEXol K obiieMy ciaydato. OCHOBaHMEM IJI TAKOTO IIara sBJIsSeTCs
CTPYKTYPHAas Te€OpeMa O KOHEUHBIX KOJIbIAX C eIMHUICH:

Teopema 1. ([7, Teopema 5.1V.])Eciiu R — xoreunoe kombo ¢ equauneri, o R = Ry +
-+ R, + N (rpynmosas npsmas cymma), roe R; = M, (K;) — moynokaabHOe MOOKOIBIIO
xonbna R (i = 1,n), (N, +) — noarpynmna rpymmst (Rad R, +), 1 BBITOTHEHBI COOTHOIICHIA:
R?=R;, RiR; ={0} mpmi # j, RRN C N, NR, C NuN?CRadR;+---+Rad R, + N =
Rad R.

C ucnonb3oBaHMEM Pe3yIbTATOB, MOJYUYEHHBIX B YIOMSHYTBIX BbIlle padorax [1]- [6],
IOKa3aHa CIIEMYIOIIas TeopeMa:

Teopema 2. IlycTs koHEUHOE p-KOIBLO R ¢ enuanmert npeacrasumo B Buge: R = S+ N,
rne S =R, @©--- @ Ry, Ry = M,,(K;), n; > 1, K; — nokamsroe xonbmo (i = 1,k), N —
(S, S)-momynp u3 Rad R. Ilycts p — npoektupoBanme kosubia R #a xonbno RY. Torma R¥
— p-koubo u mpu sToM R¥ = S¥ + N', rne S¥ = RY & --- ® R{, RY = M,,(K]), K| —
noxasbHoe kKobmo (i = 1,k), N' — HmmsmoTenTHOE moakomsmo u3 R,
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O6 OpTOroHAJIBLHO IOJIHBIX KOJIBIIAX

B. B. JIOBAUEBCKUN

[Tpy m3yueHnn MOTYNIEPBUYHBIX KOJIEIl YACTO YIOOOHO CBECTU 3a[ady K CIIydalo IIePBUU-
HbIX Kojerl. OmHako daxTopm3aius Mo MEePBUYHOMY HUOealy He BCerma IMO3BOJISIET OCYIIe-
CTBUTH MIEPEXOI, TIOITOMY ObLIT pazpaboTaH METON OPTOTOHAIIBHOM TTOIHOTEL [1].

11t acCONMATUBHOTO TOIIYIIEPBUYHOIO Koiiblia R ¢ emununein onpenenum: Q(R) — ero
nostHoe mpaBoe Komblo YacTHbX, C'(R) — uentp kombua Q(R) (pacmmpeHHBIH neHTpOnS
konbiia R), B(R) — GyneBo xombno unemrnoTeHToB kKombia C(R) co ciaoxenumem a & b =
a+ b — 2ab. Wzsectro, uro B(R) — mnomnuas Gynesa anreGpa.

Ms1 uccmenyeM CBsI3b MEXIY CTPOEHHEM OPTOTOHAJIBHO TOTHOTO KOJbIla R u GyreBoit
anre6pst B(R).

Teopema. Ilycts R — mojiynepBHYHOE OPTOrOHAJBHO MOJIHOE KOJIBIIO, A — MHOXKECTBO
aromoB airebper B(R), b =\/ A. Toraa xonbno bR ecTb mpsMoe mpou3sBeneHne mePBUIHBIX
xonerr aR, a € A, B(bR) = 24, anre6pa B((1 — b)R) 6ezaTomua.

CanencrBue. Ilycts R — oproronansso nosHoe konbno. Torma amrebpa B(R) aromHa,
€cyIn U TOJIBKO ecau R ecTb mpsiMoe mpou3BeneHne IePBUIHBIX KOJIELL.

Teopema. Ilycts R — oproroHagbHO mojiHOe KosbLo u aarebpa B(R) 6ezaTomHa.
Torna:

(1) cymecrByer pasmoxenue R = Ry X Rs;
(2) mma moboro pasmoxenns R = [],.; R; Bce B(R;) 6e3aToMHBL.
Mer Takxke 06CyAMM pa3InIHbIE IOAXONLI K OPTOTOHAJIBHON HostHOTE (2] 1 [3] 1 ycrano-
BUM CBS3b MEXKITY HIIMI.
Teopema. Ilycres B(R) — aromuas 6yneBa amrebpa, n € N, ¥ = (ry,...,r,) € R",
¢(r1,...,T,) — OpousBoIBHAL GOPMyTIa OT N CBOOOMHBIX HepeMeHHbIX. Torma

[(r1, - )|l = E(o(7))
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IlenTpasibHbIE TIOPSOKU B MPOCTHIX KOHEYHOMEPHBIX NOPAAHOBBIX
cynepanrebpax

A. C. IIAHACEHKO

N3yuenne mepBuunbx amre6p B II060M MHOTOOOpa3Wu TECHO CBSI3AHO C MOPSOKAMU B
npocTheix anrebpax. Hampuwmep, acconmarusuble nmepBuunble Pl amre6pbr mcuepnbiBatoTCst
[EHTPAJILHBIMI TOPAIKAMEA B MATPUIHBIX ajireOpax, MOPIaHOBBLI MIEPBUYHBIE HEBBIPOXK IEH-
uble Pl-amre6pol sBISIOTCS MEHTPAIBHBIMEI MOPSIIKAME B MIPOCTHIX MOPIAHOBBIX ajrebpax,
ATbTEPHATUBHBIC MIEPBUYHBIE HEBBIPOKIIEHHBIE AJIT€OPBI SIBIISIIOTCS IEHTPAIBHBIMU TOPSII-
KaMu B ajrebpax OKTOHUOHOB.

[Mycts A = Ay ® A — Zs-rpamyupoBannas anrebpa. Ee cynepyewmpom HaszbiBaeTCs
yeTHast 4acTh ueHTpa Z = Z(A) N Ag. Zs-rpamyupoBannas anrebpa A HasbIBaeTCs IEeH-
TPaIBHBLIM TIOPIIKOM B Zo-TPaIyHpoBaHHON anrebpe B, ecmu Z 1A = B. Kak u B Herpazy-
UPOBAHHOM CJIy4ae, IEeHTPAIbHbIE TOPSIKY SIBISIOTCS KIIOUEBBIMU IPUMEPAMU TEPBUIHBIX
cynepanrebp. Hampumep, npu Ha/lo:KeHUU HEKOTOPBIX YCIIOBUN HEBBIPOXKIEHHOCTU HA U€T-
HYIO 9aCTh, IEPBUYHBIE HEACCONMATUBHBIE HETPUBUAJIbHBIE AJIbTEPHATUBHBIE CyTepaireOpbl
UCUYEPIBIBAIOTCS IEHTPAIBHBIMI MOPSIAKAMEI B MIPOCTHIX aJIbTEPHATUBHBIX Cylepaiirebpax.

Kak m3sectro ([1, 2, 3]), HeHTPAIbHBII NOPSANOK B KOHETHOMEDHOI IIPOCTON ACCOIW-
ATUBHON (aJIbTePHATUBHOI, NOPIAHOBON) anrebpe BKIANBIBAETCS B KOHEUHBIN MOMYJIb HAI
cBouM IIeHTpoM. B paboTe mosydeHO 0000IIEHNE STOTO pe3yIbTaTa Ha HOPHAHOBBI CyIep-
ajreOpsl ¢ MOJIYIPOCTON YeTHOU YacThIO, 8 UMEHHO NOKa3aHa CJIelyIoliast

Teopema. Ilycty J — HeHTpaabHBIH HOPSOOK B IMPOCTON KOHEYHOMEDHOH HOpPIAaHO-
BOHI cymepaJrebpe ¢ MOJyIPOCTOH YeTHOH YaCThIO U IycThb / — cymepueHTp J. Torma J
BKJIAOBIBAETCSI B KOHEUYHBIN /-MomyJ/b. B wactHOCTH, ectm / — HerepoB, TO J sABIg€TCS

KOHEUHBIM / -MOIYJIEM.
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O cTpoeHun, onpenesssInX COOTHOIIIEHUIX U TOXIECTBAX B 2-TIOPOXKJACHHON
HIILIIOTEHTHOMN anre6pe R ¢ ycnosuem dim R? /R3 =3

E. II. IIETPOB

N3naBHA BBI3BIBAIOT ONPENESIEHHBIN MHTEPEC CTPOEHUE, OMPENEISIIOIINEe COOTHOIIICHUS 1
TOXKIIECTBA IIPOM3BOJIBHON aCCOIUATUBHON KOHEUYHONOPOXKIEHHOU HUJIBIIOTEHTHON ayireOphl
Han mosieM. o cux mop OCTArTCsS OTKPBITHBIMEI MHOTHE BOIPOCHI, CBSI3aHHBIE C TaKIMUI
asrebpaMu.

B momckax oTBeTOB Ha 0603HAYEHHBIE BOIPOCHI aBTOPOM B pabotre [1] GbIIO mOKa3aHO,
UTO BCSKasl aCCOIMATUBHAS HUJIBIIOTEHTHAsT KOHEUHOMEepHas ajirebpa R HaIl TPOU3BOIBHBIM
nosteM ¢ yciopuem dim R?/R3 = 2 ynoieTBopseT CTaHIAPTHOMY TOXKIECTBY CTEICHH te-

TeIpe Si(T1,T2,23,24) = Y (—1)725(1)T0(2)To(3)To(a) = 0. IIpmaenm aTa orenka okasarack
oESy,
TOYHOU.

B nporecce 06001ennst ykazaHHOTO pesyibrara B paborax [2], [3] uzyuanocsk crpoenue,
OIIPENEISIONINEe COOTHOIIEHUS] U TOXIECTBA KOHETHOIIOPOXKICHHON HUTBIIOTEHTHON ajireGphl
R ¢ ycmopuem dim RY /RNT! = 2 mpm N > 2, rhe, B 9aCTHOCTH, BBIACHUIIOCH, UTO BCAKAS
Takas ajarebpa HaI TOJEM XapaKTEPUCTUKW, HE PABHOW 2, YIOBIETBOPST CTaHIAPTHOMY
TOXOeCTBY creneHn N + 2.

C 1mesnbio MaTbHENINEro eCTECTBEHHOTO MPOMNOIXKEHNST M3y IeHNST KOHEUHOMEPHBIX HIUIThb-
MMOTEHTHBIX ajare6p Hall MOJIeM IOy UeHbI CeMYIOIINe Pe3yIbTaTHI.

Teopema 1. Ilyctes R — 2-mopoxneHHas HuabmoTeHTHas uHaekca N > 4 anrebpa Ha
anrebpamdeckn 3aMKHYTEHIM nofeM F' ¢ ycmosaem dimR?/R3 = 3, B KOTOpOIt BEIIOTHAETCS
OMHO €OUHCTBEHHOE OIIPENEJISIOIeE COOTHOIICHUE.

Torma Tum u onpenessroIee COOTHOIIIEHNEe B ajarebpe R coBmamaroT ¢ omHEM U3 CJIemy-
FOIIIIX BapUAHTOB:

1) Tum: (2, 3, 5, 8 ... Fhia, ..., FN+1>; rme dim R"/R"*! = F, .5 — umcma

®ubonagun, n = 1, N — 1, u B anrebpe R BBIIOIHAETCA OIPENEIIONIee COOTHOIICHTe: b? =
au, u € RV2;

2) Tun: (2, 3, 4, 5 ... .n+1, ... , N>, rge dim R"/R"™' = n + 1,

n = 1, N — 1, u B ainrebpe R BBIIIOJHIETCS OMHO U3 CACAYIOIIUX OIPEOEISIOIINX COOTHO-
IITeHUI:

N—1

21) ba=a*+ab+ Y Y egqaPs T3Pt 4 N (unab”_l + an”>,
s=20t>1 n=3

roe 0 < charF =p < (N —2), &g, pin,Vn € F, npuuem, ecau charF # 2, o p, =0, n =

3,N —1;
N—1

2.2) ba=a*+ab+ > v,b", ecmu charF =0 wmu charF =p > (N — 2);
n=3
2.3) ba=Bab+ Y euaf TP rhe B # 1 umeer KOHEUHBI MyJIHTHIIIIKATHE-

(s+t)>1
HeT mopsanok k < (N —2), eg € F;
N—-1n—-1 o
2.4) ba = Z Z Eni@" T, en; € F
n=3 =1

2.5)  ba = ab (mod R3);
2.6) ba = Pab, ecau  # 1 umeer 6€CKOHEUHBIN MYJIbTUILIUKATUBHBIN HOPIHAOK TN
ero nopsimok k > (N — 2).
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3meck Tunom anrebpbl R MBI HA3bIBAEM CJIEAVIOIIYIO CTPOYKY HATYPAIBHBIX UUCE:
(s1,82,83,...,8N_1), The 8; = dimR'/R*™ 1 < i < N —1, N — UHIEKC HUILIOTEHT-
HOCTHU aire6pbl R (maHHOE MOHATHE BBEIEHO aBTOPOM B pabore [4] muiib mpuMeHnTeTHHO
K KOHEYHOMEDPHBIM HUJILIIOTEHTHBIM ajreGpam).

W3 paGor [1]-[3] BbIICHSIETCsI, 9TO CTEIEHb CTAHAAPTHOIO TOXIECTBA B airebpe R ¢ ycio-
suem dim RY /RNF! =2 n > 1, ne 3aBucuT OT BeMUMHLI MHIEKCA HITHIOTEHTHOCTHU ajIre-
oper R. B ciyuae, xorma dim R?/R3 = 3, Taxoii HezapucuMocTu yxke HeT. IleficTBUTETBHO,
IMeeT MECTO CJIEMYIOIIasi TeopeMa.

Teopema 2. /[ns mroboro HaTypaJabHOIO 4ucjia k HaliZeTcs KOHEUHOMEDHAS HUJIBIIO-
TenTHAs anrebpa R mHam mpowssombHbIM moseM ¢ yciosuem dim R%/R3 = 3, me ymosieTso-
PSrOIass HIKAKOMY MOJIMINHEHHOMY TOXIECTBY CTEIeHH k.

OmHako, B HEKOTOPBIX YACTHBIX CIIyUasX MOTYT OBITh U WMCKJIIOUEHUs U3 CKA3AHHOTO
B Teopeme 2. B mogTBepkImeHME 5TOMY MMEIOT MECTO CIIEMYIOITne (PaKThI.

Teopema 3. Ilyctp R — 2-mopoxkneHHass HUJIBIIOTEHTHAas ajarebpa Ham ajarebpamdecKn
saMKHYTBIM ToeM F' ¢ ycrmosmem dimR? /R? = 3 u onpenemstormm coorromerueM ba = 0.
Torma R ymoBiaeTBopseT cTaHZapPTHOMY TOXAECTBY CTEIEHU YeThipe Si(Ti,Ta,T3,Ty) =

> (—1)725(1)T0(2) T (3)To(a) = 0. IIpmuenm s5Ta oneHka ABIAETCA TOYHOH.
oESy,
Teopema 4. Ilyctp R — 2-mopoxneHHas HUJIBIIOTEHTHas ajarebpa Ham ajarebpamdecKn

3aMKHYTHIM TosteM I xapaxTepuctuku He papHOH aBym ¢ ycaosuem dimR?/R® = 3 u ompe-

mengfomuM cooTHomenneM ba = —ab. Torma R ynoBrneTBopsgeT CTaHAAPTHOMY TOXKIECTBY
crenenn deTsipe Sy (21, T2, 23, %4) = », (—1)7T5(1)T0(2)Zo(3)To(a) = 0. IIpmaem 5Ta onenka
oESy

ABJIACTCSI TOYHOIH.
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IlonmmHOMMAaIBbHBIE TOXKIECTBA NOPHAHOBBIX ajire6p MyacCoOHOBa TUIIA

A. B. Ilonos
s mobont cynepanarebpsl [lyaccona P MOXHO OmpeneuTh WOPIAHOBY CyIepaireopy
K (P), — rax masbiBaembrii my6is Kantopa [1]. CooTBeTcTBylomme MOpIAHOBBI Alre6ph

sBuna G (K (P)), rme G () — rpaccManoBa 0607I1049Ka, OyneM Ha3bIBATH MOPIAHOBBIME AJIre-
OopamMu myaccoHoBa tuma. UYepes KJord obo3HaunM MHOrOOOpasme ajaredp, MOPOXKIAEMOe
MOpOAHOBBIMU aJIreOpaMu IIyacCOHOBA, THUIIA.

N3 pesynbraroB paboTsl [2]| criemyer, uTo B /1060 HOPIAHOBON asrebpe IIyacCOHOBa
THINA BBIIOTHEHO HETPUBUAIILHOE TOXIECTBO. bosee Touno, B coorBercTeuu ¢ [3], B KJord
BBITIIOTHEHO TOXIecTBO Buma Sth; = 0, rme St, — CTaHOApTHBIN HOPIAHOB MHOT'OUIIEH.
Cremytorrias TeopeMa yTOUHSET 3HAUEHUS TapaMeTpoB k u m.

Teopema 1. Toxnecrso Sty = 0 Bemonaeno B KJord Torma m Toneko Torna, KOraa
k m m ymoBJIeTBOPSAIOT JTFOOOMY U3 CIAEAYIOLINX yCJIOBHUIL:

(1) k>6,m>3;
(2) k>4, m>4;
(3) k>3, m>5;
(4) k>2,m>T.

B [2] Taxxe mokazaHo, uTo MHOroo6pasue K.Jord nmeeT CBEPXIKCIOHEHINIILHBIN POCT.
Toxe He3aBUCHMO CilemyeT U3 pe3yinbTaToB pabors! [4]. Cremyrormias TeopeMa HaeT OLEHKY
pocta muoroobpasus KJord.

Teopema 2. /[ maOroobpasus K.Jord mociaenoBatensHOCTE KopasMmepHocTelt ¢y, (KJord)
pacrer xax (Cn)? | roe C > 0.
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YHuUBepcasibHasi 3KBUBAJIECHTHOCTh YaCTUYHO KOMMYTAaTUBHBIX ajnrebp Jlnm,
onpenesieHHbIX rpadamMmu 6e3 TpeyrojbHUKOB, KBAAPAaTOB U M30JIMPOBAHHBIX
BEPIINH

E. H. ITOPOIIEHKO

[Iycts G = (A; E) — HeOpueHTUpPOBaHHBIN rpad 6e3 meTesib ¢ MHOXKECTBOM BEDIINH
A u wmuOXecTBOM pebep E. Yacmuuwo xommymamuenot aazebpoti Jlu wam 061acTbIO
nesocTHOCTH R ¢ emuHuienn HasbiBaeTcs R-ajarebpa ¢ MHOXKECTBOM TOpoxmarommx A =
{ay,as2,...,a,} 1 MHOXECTBOM OIPENEISAIOIINX COOTHOIIEHUI BAIA

{lai,aj] =0]a; u a; coenuuensr peGpoM}. (1)

B [1, 2] 6b1n ycTaHOBIEHBI KDUTEPUE YHIBEPCAIILHOIN SKBUBAJIEHTHOCTHU IJIsI TaCTHIHO
KOMMYTATUBHBIX (MeTabeneBbix) aiare6p Jlu, onpeneneHubx nukiaMu u gepesbsyu. B 2018
TOIIy 9TU pe3yabTaThl ObLIu 0O0OIIEHBI U ObLI 3asBiIeH KPUTEPUN YHUBEPCAIHLHOU SKBUBA-
JIEHTHOCTH IJISI JaCTUYHO KOMMYTATUBHBIX ayrebp Jlum, ompenereHHBIX KOHEYHBIMU CBSI3-
HBIMI Tpadamu 6e3 TPeyroJbHUKOB U KBaapaToB [3]. B macrosmeinr pabore kiacc pac-
cMaTpuBaeMbIx anrebp JIu erte Gombirie paciimpseTcs: onmpenensioime rpadbl MOTYT OBITH
HECBSI3HBIMU, OMHAKO B HUX He JOJIKHO OBITH M30IUPOBAHHBIX BEPIIINH.

[Iycts G = (A; E) — HeopueHTUpOBaHHBIN rpad 6e3 TPEyroIbHUKOB U KBAAPATOB U 6e3
M307IMPOBAHHLIX BepinuH. Yepes G* ob6o3uaunm moarpad rpada G, TOPOKIECHHBIN BCEMU €r0
HEBUCSINMU BEPIITUHAMU.

Teopema. Ilycte G = (A;E) w H = (B; F') — koneunsle rpagsr 6€3 TpeyroJbHU-
KOB U KBaApaTOB U 06€3 N30/ IMPOBAHHBIX BEpPIIHUH. HacTHIHO KOMMYTAaTUBHEIE aareOpsr Jlu,
onpenesieHHbIe STUMHI I'pagaMu, YHUBEPCAJIbHO 3KBHBAJIEHTHBI TOINAa U TOJIBKO TOrAa, KO-
raa rpager G* uw H* m30MOp@HBI, & KOJIHTIECTBO OBYXBEPIIMHHBIX KOMIIOHEHT CBSI3HOCTH
B rpagax G m H ommaakoso.

PaBora Beimonsena npu dunancosoit nongepxkke PODPU (rpant 18-01-00100).
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[2] Topomenko E.H., O6 yHuBepcanbHOI SKBUBAJIEHTHOCTH HEKOTOPBIX CUETHO MOPOXKIEHHBIX YACTHTHO
KOMMYTATUBHBIX CTPYKTYp, Cub. mat. k., 58, 2 (2017), 386-398.

[3] IMopomenko E. H. YHuBepcanbHas SKBUBAIIEHTHOCTH YaCTUYHO KOMMYTATUBHBLIX ajre6p Jlu mekoroporo
kiacca, Mexnynaponsas kondepenius MasbieBckue uTeHwus, Te3uchl nokianos, Hosocubupck, 2018,
163.

Hosocubupcrut, 2ocydapcmeennbiti mexnuueckut yruspecumem, Hosocubupck
E-mail: auto_stoper@ngs.ru

172


mailto:auto_stoper@ngs.ru

MamnbneBckue urerus 2019 Teopus koJterr

IIpocThie mpaBoasIbTEPHATUBHBIE CyHepaire6pul C MOJIYIIPOCTON YETHON
4acThIO

C. B. ITyenuHUEB, O. B. IIIAMKOB

3amada onucaHMs TPOCTHIX KOHEUYHOMEPHBIX ITPABOAILTEPHATUBHBIX Cymeparebp Oblia
copmymuposana U. I1. Illecrakosbim B [1]. B npensimymmx pa6orax asropos [2], [3] Geuin
KH&CCI/I(I)I/IIII/IPOB&HBI IIPOCTEIC ITPpABOAJIBTEPHATUBHBIC Cynepanre6pb1 opu OOIIOTHUTEJIBHBIX
OI'PAaHINYCHUAX Ha IIOJIYIIPOCTYIO YeTHYIO YaCThb.

B mannoit paboTte K1accudumpoBaHbL IPOCTHIE KOHEYHOMEDHbBIE YHUTAIbHBIE TPABOAITh-
TepHATUBHBIE CyNepaareOphl ¢ MOTYIPOCTON YeTHOW JacThio. [loka3aHO, YTO BCSAKas TaKas
cymepanrebpa sSBIsseTCs JuOO0 MPOCTON acCOMMATUBHON MAaTPUIHON ajrebpon Y omsa, aubo
IPOCTON ajbTepHaTUBHON cynepasreopoi [llectakoBa, munbo acCUMMETPUIHBIM TyOseM, JTu60
abemneBoit cymepasre6poit Tuna B, n > 2, Byja(v).

Kpome Toro, momyTHO mosTydYeHO OMucaHWe MPaBOAJIbTEPHATUBHBIX Cylepaarebp ¢ mpo-
CTOU YeTHOW YacThIO; BCIKasg Takas cymnepairebpa mmbo mpocTa, aubO MMeeT HedeTHYIO
YaCThb C HYJIEBBIM YMHOXKECHUEM.

CIIMCOK JIMTEPATYPBI
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nepasire6pbl Hall asre6poit MaTpul nopsaka 2. Anrebpa u soruka, 58:1 (2019), 108-131.
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(0) TOXKNEeCTBaxX II€EPBUYHBIX AJIbTEPHATNBHBIX anreﬁp

C. B. IIYEIVHLIEB

[lepBuynbIe BBIPDOXKIECHHBIE KOMMYTATUBHBIE ajlbTepHATHBHBIE airebper S|X| (MoHCTD
[1]) u Sk(X) (anre6pa CKOCBIPCKOTO [2]) YIOOBIETBOPSIOT TOXKIECTBAM KOMMYTATUBHOCTH,
IPABOI AJILTEPHATUBHOCTU U HUIb uHAeKca 3. B [3] Obuio ykasaHo ToxmecTBO cremneHn 12
4

H(Ca Li, yz) =0,

i=1
BhINONHSIOeecs B anrebpax S[X| u Sk(X). B sToit paGore mokasaHo, 4TO 3JIEMEHT

p(a’7 b7x7 y7 Z? t) = (a7 b? m) (y? Z? t) - (a7 b? y) (Z7 t? x)
+(a,b,2)(t, 2, y) = (a,b,1)(2,2,y)

SBIIIETCS €Ille OMHUM TOXKIEeCTBOM 3TuX airebp. Ilokazamo, uTo p He sABIgETCS CaenCcTBUEM
TOXKIECTB MEHBIIIEH CTENeHN; I IPOBEPKH 9TOr0 GaKTa MOCTPOEH alIUTUBHEIN Oa3lc CBO-
O0MHON KOMMYTAaTUBHOU aJIbTePHATUBHON HUJIb MHIEKCA 3 HUJIBIOTEHTHON MHIEKCa 1 CyIep-

asre6pbl, TIOPOKIEHHON TPEMS HEUe THBIMU CBOOOMHBIMU TTOPOXKHatormmu. JlokasaHo Takxke,
uyro anre6per S[X| u Sk(X) HEOTIMUNMBL TOXKIECTBAME OT 5 MEPEMEHHBIX.

CIMCOK JIMTEPATYPBHI
[1] Muenuunes C. B. O HUIBNOTEHTHBIX 2JIEMEHTAX U HUJIb-PANUKAIAX AJIbTEPHATUBHBIX are6p. Anre6pa
u qoruka, 24:6 (1985), 674-695.
[2] Cxoceipckmit B. I'. Tlepuunbie itopnanoBer anre6pbl n KOHCTpyKius Kanropa. Anrebpa u moruka, 33:3
(1994), 301-316.

[3] ITuenunuer C. B. Usoronsr anbrepHaTusHOro MoHcTpa u anrebpul Cxoceipckoro. Cub. Marem. 2KypH.,
57:4 (2016), 850-865.
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O T-mpocTpaHcTBaX N-CJIOB B OTHOCUTEJIILHO cBoGomHou ajire6pe I'paccmana
6e3 equHNIILI

JI. M. HeIBY 14

T
Oycrs FO) = k(xy,... x4, .. )/([[xl, 1132],.733]) — omHocCumMeabHo c60600nag a12ebpa

I'paccmana [1] 6e3 enuHuubl Ham GeCKOHEUHBIM mojieM k xapakrepuctuku p > 0. O6passr
CBOGOMHBIX MEPEMEHHBIX anre6pet k(T1,...,T;,...) B F®) o6osrauaroTcss TeMu xe OyKBaMM.
Crnenys [1], HA30BEM N-CA0680M ONHOWIEH AITEOPHI FG) | comepxarmii Kaxmyo CBOIO mepe-
MEHHYIO C KDATHOCTBIO N, I PACCMOTPUM HE YHUMaApHO 3amrnymuie T -npocmparncmea W, ,
MIOPOXKIEHHBIE BCEMU N-CjI0BaMu. Pa3mumyHble KOHCTPYKINU, WUCIOJIB3YIOIINE 7-CJIOBA, BO3-
HUKAJIM BO MHOTUX UCC/IEIOBAHUSX, HAIIPUMED, B CBS3U C PEIIeHUEM 3aaad IIITeXTOBOW ITPO-
6nematuku. Tak, mas perreHus: anajora mpobiembl [llmexTa B HEHYIEBON XapaKTEePUCTUKE
pasHBIMU aBTOpaMu [2-4| MCHOIB30BAIACH, IO CYIIECTBY, KOHCTPYKIWs T-IPOCTPAHCTBA 7~
CJIOB.

HacTrosmas 3aMeTka TpomomkaeT UCCIeIoBaHue BOIpoca O ¢Bsa3u 1 -mpocTpancts W, u
W,, mpu r > n B amre6pe F®), msyuasmerocs B paborax [1], [5], [6]. B xapakrepucTuxe
0 orser mpoct (cm. [1]): FG®) = W; 5 Wy D W3 O .... B ciyuae xapakTepucTuku 2
B [6] ymanocs ycranoBurs: W, C W, eciu B © u n MHOXHUTEIb 2 BXOOUT C ONNHAKOBOIL
KPaTHOCTBIO, a TaKxXke ec/iu n HeuéTHO. Kak mokasbiBaeT ciemyrolas TeopeMa, CIPaBeIInBO
OoJstee O0ITIee yTBEPKIIEHNE.

Teopema. Ilyctp B r m n MHOXHUTEIb P BXOOUT C OOUHAKOBOH KPAaTHOCTBHIO, JTHOO T
nmenurcs, a n He meaurcs Ha p. Torma B amre6pe FG) B xapaxrepucruxe p mpu r > n
BBIIIOJIHEHO cTporoe BijroderHue W, C W, .

Ota Teopema u Brmouerus W, C Wyi—1,,. 13 [5], HO3BOIAIOT IOCTPOUTD CICIYIOLIYIO
MUarpaMMy CTPOTHUX BKJTIOUCHUI.

F®= W, > W, > W, >..

U U U
W, D Wy, DO Wy, D...
U U U
sz > Wp2n1 > Wp2n2 D...
U U U
3necy (ng,p) =1, 1 < ny < ng < .... Kax Bummv, anre6pa F®) conepxur Geckomeuroe

4ICI0 OECKOHEUHBIX CTPOrO YOBIBAIOIINMX IEMOYEK BKJTFOUEHWH T-TIPOCTPAHCTB N-CJIOB. B
pabore [5] 6bUIO MOKA3aHO, UTO €CIM 1 NEeJUTCS Ha MEHBIIYIO CTEleHb YUCIIA P, 9€M 7, TO
W, ¢ W,,, W,. 2 W,,, so W, N"W,, # {0}. OTkpbITIM 0cTaeTcst BOmpoc o B3auMocBszu W,
u W,,, korma r meauTcs Ha GOJIBINYIO CTENeHb Yucia P, 9eM n. VIMEeTCsS KaK MOTOKUATETb-
HbIE U OTPUIATEbHBIE IPUMEPBI, Tak 1 TpuMephl 6e3 orBeta: Wog C Wy, Woy & Wy B
XapakTePUCTUKE 2, a BBIIOIHEHO JIu mpu 3ToM BkitodeHue Wi C Wi, e u3Bectro. Cie-
IyeT OTMETHTD, ITO Ipu nobasmerny enuauibl K F(3) Bce 571 BOIPOCH CHIMAIOTCS, OTBETOM
CITyKAT TOJIBKO TEPBBIN CTOJIOEI] MUarpaMMBbl.
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Splitting of derivations on central simple algebras

A. KULSHRESTHA

Let k be a field of characteristic zero and dj : K — k be a derivation on k. Let A be a
central simple algebra over k and d4 : A — A be an extension of dj to A. Such an extension
exists due to a work of Amitsur [1]. Derivations d4 on matrix algebras obtained by applying
dy on each matrix entry are called split derivations. It is known due to a work of Lourdes
and Magid [2] that, if for a given derivation d4 on a central simple algebra A, the constants
of the derivation dj are algebraically closed, then there exists a Picard-Vessiot differential
extension over k that splits d4.

We prove that in some cases algebraic extensions are enough to split derivations d4 :
A — A and in such cases we compute, what we call differential reduced norm group of da,
the group generated by nonzero norms from all algebraic extensions that split d 4. Further,
we compare this group with the group of nonzero reduced norms of A. This is a joint work
with Kanika Singla [3].
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Niltriangular subalgebra of Chevalley algebra and the enveloping algebras

V. M. LEvcHUK, G. P. EGORYCHEV, N. D. HODYUNYA

According to [1], an arbitrary algebra R = (R, +,-) is called an enveloping algebra to
Lie algebra L if the algebra R(7) := (R, 4+, *) with new multiplication a % b := ab — ba is
isomorphic to L. (See also Lie-admissible algebras, [2].) Clearly that for such algebras R
and L we may to choose the same base and then all automorphisms (analogously, ideals) of
ring R are also the same for Lie ring L.

We study the case of Chevalley algebra Ly over a field K. It is generated by elements
e, (r € ®) of Chevalley base for correspondence irreducible root system @, [3]. Fix a positive
root system ®* in ®. For any r, s € ® we have

erkes = Npserys = —€sxe, (r+se€®@), e xe;, =0 (r+s¢dU{0}),

where N,.; = +1 or |r| = |s| < |r + s| and N, = +2, or (for type G2) N,s = +2 or +3. Up
to isomorphisms of given algebra Lj, the signs of structural constants N,.; can be chosen
arbitrary only for certain (extraspecial, by [3, Proposition 4.2.2]) pairs of positive roots r, s.
Thus, enumeration of enveloping algebras for algebra L is reduced to similar enumeration
for niltriangular subalgebra N®(K) with base {e, | r € ®T}.

Constructed in [1] the enveloping algebras R for the Lie algebra N®(K') depend on the
choice of signs of the structural constants N,;. We find the conditions for the uniqueness
of the enveloping algebra R and, at the same time, the uniqueness of the choice of signs of
structural constants of the Chevalley base. Note that even for classical types the conditions
aren’t separately for each type, but on their in common.

Distinguished in [1] standard ideals of N®(K) are also ideals in each enveloping algebra
R. One of the constructed algebras R of type A, _1 is associative algebra NT'(n, K) of all
nil-triangular n x n matrices over K. By well-known DubishI]PerlisTs theorem (1951) it is
a standard enveloping algebra, i.e., all ideals in R are standard. The standard enveloping
algebra R exists for algebras N®(K) of all types, except for the type D,, (n > 4) and
E, (n =6,7,8). The solution of Problem 1 from [4] of the combinatorial enumeration of
standard ideals of N®(K') with K = GF'(q) using ¢g-binomial coefficients has been completed.
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The compressed zero divisor graph of small order for a finite associative ring

A. S. MONASTYREVA, E. V. ZHURAVLEV

We study the compressed zero divisor graph of a finite associative ring R.

Let R be a associative ring. D(R) denotes the set of all (one sided and two-sided)
zero-divisors of R. Also, D(R)* = D(R) \ {0}. For any a € R, we denote [(a) = {z €
R; xa = 0},r(a) = {z € R; ax = 0}. For z,y € D(R), we say that z ~ y if and only if
r(x)Ul(z) = r(y) Ul(y). We note that ~ is a equivalence relation. The class of x is denoted
by [z].

The compressed zero-divisor graph T'(R) of an ring R is the looped graph whose vertices
are all classes [z] where z € D(R)*, and two vertices [z] and [y] are joined by an edge iff
zy =0 or yxr = 0.

Such graphs for commutative case are studied in [1, 2].

We describe commutative finite rings which have the compressed zero divisor graphs of
order 2. Moreover, we found all graphs of order 3 which are the compressed zero divisor
graphs of some finite rings.
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The right-symmetric algebras possessing a “unital” matrix subalgebra

A. P. POzZHIDAEV, I. P. SHESTAKOV

Left(right)-symmetric algebras are an important generalization of associative algebras.
An algebra is said to be left-symmetric provided that the associator is left-symmetric, i. e.,
it is symmetric with respect to the first two variables: (x,y, z) = (y, z, 2) for all z,y,z € A,
where (z,y, 2) 1= (vy)z —x(yz) is the associator of x,y, z. The right-symmetric algebras are
defined analogously, and every right-symmetric algebra is anti-isomorphic to a left-symmetric
algebra. The left-symmetric algebras arise naturally in various contexts. Apparently, these
algebras for the first time were introduced by A.Cayley in 1857 via rooted tree algebras.
In 1961, J. L. Koszul used them in the study of actions of affine transformations. In 1963,
E. B. Vinberg applied the left-symmetric algebras to classify the convex homogeneous cones,
and M. Gerstenhaber used them to study the deformations of algebras.

Left-symmetric algebras also arise in the study of Yang—Baxter equation, in the differ-
ential geometry of flat manifolds, and in the representation theory of Lie groups. Given a
variety of algebras V, a general notion of a pre-V-variety was defined by V.Y. Gubarev and
P.S. Kolesnikov in 2014. It is easy to see that the notion of left-symmetric algebra coincides
with one of pre-Lie algebra.

In the present talk we give classification of all finite-dimensional left(right)-symmetric
algebras A = W @& My over a field F' of characteristic zero such that W is an irreducible
unital right module over My := My(F'), and Mj is a subalgebra of A, whose unity F serves
as the unity for A as well (we call such subalgebras unital). We also show that for every
natural n there exists a simple nonassociative left(right)-symmetric algebra, which possesses
the “unital” matrix subalgebra M, (F).

Let V5 be the standard two-dimensional right module over M>. Fix some linear map-
pings ¢,v : Vo +— My and a homomorphism 7 : Vo +— My of right Ms-modules. Define a
product w * v on Vg by the rule w v = 6(v)w for some fixed § € W*.

Theorem. Let A =W & My, where W is an irreducible finite-dimensional module over
sly. Then W = V5 is the standard module over sly, and the product on A is given by the
rules

m-w = wm ~+ [m, p(w)],
w-u=wxu+ wp(u) + P(u)r(w),
where w,u € W, m € M.
Supported by FAPESP 18/05372-7.
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Group action on Leibniz algebras and equivariant cohomology

R. SAHA

This is a joint work with Prof. Goutam Mukherjee.

J.-L. Loday introduced some new types of algebras along with their (co)homologies and
studied the associated operads. Leibniz algebras and their Koszul duals, zinbiel algebras are
examples of such algebras. Let Leib be the category of Leibniz algebras over a fixed field
K. Given any Leibniz algebra g, J.-L. Loday introduced a cup-product operations on the
graded Leibniz cohomology H L. (g; A) groups with coefficients in a commutative, associative
algebra A. This product is neither associative nor commutative but satisfies graded Zinbiel
algebra structure. We study finite group actions on Leibniz algebras. Let G be a finite
group and g be a Leibniz algebra equipped with a given action of G. We discuss examples of
such actions and introduce equivariant cohomology groups of a Leibniz algebra g equipped
with an action of a finite group G, along the line of Bredon cohomology of a G-space. We
introduce a cup-product operation in the equivariant context and prove that for a Leibniz
algebra gequipped with an action of GG, equivariant graded Leibniz cohomology groups also
admit a graded zinbiel algebra structure.
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Cy6MmakcuMasibuble mogajire6psl B Py X Py

A. A. BABAEB, C. MENIAUK

s onmmcaHust MaKCUMAaJIbHBIX Tonaare6p aareOpbl

PoxPy={( | P x P{™; &, 7, AV, %
m=0

[OCTaTOYHO HAITU BCEe MIHUMAJIbHBIE OTHOIIIEHNUS 110 BBIPA3UMOCTHU C IIOMOIIIBIO <E|, &, =, :) -
172

dopmyt aprocTu (4,4) man mEOxKecTBaME Fo = {0; 1} u Ey = {6; T}.

B [2] mokazano, uTo uncio MakcumaabHBIX Tonanre6p Po X Py pasuo 21, mpuuem 10 u3
HUX CBs3aHbl ¢ Kiaccam [locra [3], a ocrambable 11 — momnpsiMble TPOM3BENEHNS CICTEMBI
P,. OrTu MakcuMasbHBIE TIOHAITEOpPBI ONMPENeIseTCss MUHUMAJILHBIMU OTHOIIEHUuAME Ry —
Ro1.

CrenoBaTeIbHO, IS PEIeHUs TTPOOIEMBI TIOTHOTHI MAKCUMAJILHBIX monaarebp aarebpor
P> x Py, mocTaTogHo HATH cyOMaKCUMaJbHbIE TONAATeOpsl B Po X Ps.

15t HaxXoXK MeH!s CyOMaKCUMAaJ IbHBIX IToaIrebp mocTymnaeM ciaenyomnmM oopasoM. [lycTs
u C Pol (R;) — cybMakcuMmasibHas monaarebpa, Koropas He siBisieTcst ainreopoit Cirymerkoro,
T.e. uY) ¢ Pol (Ri)(l), roe v u Pol (Ri)(l) BCe yHapHbIe (QYHKINN COOTBETCTBEHHO B U U
Pol (R;). Torma pacemorpmu rpadux G [p] — o6pas touxn (0, 1, 0, I) mpu seex ¢ € ulb.
Ecnu v — cybmakcumasbaas nonainre6pa Cirymenkoro, T.e. ull) ¢ Pol (Ri)(l), TO PacCMo-
TpuM rpaduk Tex Gyukuuit u3 L X Py, P, x L u Pol (R;;), xotopsie npunamiexar Pol (R;).

BrimteckazansaoM cmocoboM HaxXomuM Bce CcyOMakcuMallbHbIE TomaareOpol B Po X Ps.
BCyxP,ux 12, 8Cy x P, — 12, B S X P, — 6,8 M x P, — 18, B L x P, — 18.
HyaneHEIM 00pa30M ONUCHIBAIOTCA MaKCHMaJsbHBIC IomanreOper cucteM Po x Cf, P x (7,
PQXS,PQXM,PQXL.

Yucenno MakcuMaIbHbIX nonainre6p cucremst Pol (Rq1) |J P2(1) X Pz(l) pasHo 10, cucrembr
Pol (Ry2) pasro 5, cuctembl Pol (Ri3) paBHO 5. A 4mMCIIO MaKCHMAJLHBIX MOMAITeOp Ka-
KIBIA CUCTEMEI Pol (R14>, Pol (R15), Pol (R16>, Pol (R17), Pol (R18>, Pol (ng), Pol (Rgo),
Pol (R21) pasHO 6.

Teopema. Hucso cybmakcumaapHBIX monaarebp B Po X P, pasro 200.

CIIUCOK JIMNTEPATYPBI

[1] Mansuer A. ., Mansues U. A. Urepatusnsie anre6por [locra: Hosocubupck, 2009, c. 188.

[2] Pomos B. A. O nonuoTe Ha KBanpaTe GyHKIUU anrebpul toruku u B cucteme Py X Py, // Kubepueruka,
1987, N 4, 9-14.

[3] Post E. Two valued iterative systems of mathematical logic // Annals of Math. Studies, v. 5, Princeton
Univ. Press, Princeton, London, 1941.

[4] Lau D. On closed subsets of Boolean functions (A new proof for Post’s theorem) // Elektron. Inf.
Kybern. 1991, v. 27 (3), 167-178.
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Knaccudpukanus u nepedmnciieHne TUMNOB 6a3MCOB MYJIbTUQYHKINN B IIOJTHOM
YaCTUYHOM YJIbTPAKJIOHE paHra 2

C. A. BAnMAEB, 1. K. [IIAPAHXAEB
Iycts A = {0,1} u F = {@,{0},{1},{0,1}}. Omnpenenum crenyroime MHOXKeCTBa
dyHKIIIT:
on =1 | [ A" —>F}7P¥:9P§’m

Py, ={f1f€P;5,n|f(d)<1nnxscexacA"}, Py =UP;,.

= {7 | F € PR, w1 < f(@) < 2 s neex 6 € A%, Py = U Py
Py =A{f|feP;, n|f(a)=1mmsscex & € A"}, P, =] Pap.

®yuxnun 3 Pp Ha3bBaiOT OyieBbIMEI GyHKIUAMA, U3 P35 — JacTUYHBIMI (QyHKIUAMA
na A, uz P, — runepdynkuusvu na A, u3 Py — mynbrudysxunsvu Ha A.

3amava 0 IpUHALIEKHOCTH GYHKINI MAKCUMAIBHBIM (IIPEIIIOIHBIM ) KIIACCaM SBIISETCSE
IOCTATOYHO W3BECTHOI, HApUMep, st GyieBbIX GyHKIU OHa perreHa B [1].

B [2] onucanbr Bce 12 MakcuMaIbHBIX YACTUYHBIX YIBTPAKIIOHOB MyIbTUGYHKINN Ha A.
B noknane paccmaTpuBaeTcst Bormpoc 06 OTHOIIEHNN TPUHAIIIEXKHOCTH MyIbTUDYHKITAA MaK-
CAMAaJIbHBIM YaCTUYHBIM YJIBTPAKJIOHAM, KOTOPOE SBJISETCsS OTHOIICHUEM 5KBUBAJICHTHOCTH
7 TOPOXKIAeT pa3dueHne Ha KIacChl SKBUBaJIeHTHOCTH. VccienoBaHue CBOMCTB MYJTbTU(DYHK-
IUI 1 KOMIIBIOTEPHBINA SKCIEPUMEHT MO3BOJIUIN MOIYUUTDH CIEAYIONINe YTBEPXKICHUS.

Teopema 1. Yuciio kmaccoB MyabTU(DYHKIINH, TOPOXKAEHHBIX OTHOIIEHUEM ITPUHA,IJIEXK-
HOCTH MaKCHMaJIbHBIM YaCTUYIHBIM YJIBTPaKJIOHaM, paBHO 91.

Teopema 2. Yucmo ki1accoB ¢pyHKIUNI aareOpbl JIOTUKHU, MOPOXKOEHHBIX OTHOIICHUEM
IPUHAJIEZKHOCTH MaKCHIMAaJIbHBIM YaCTUIHBIM YJIbTPaKJIOHAM, PABHO 15.

Teopema 3. Ywucio kmaccoB 4YaCTUYHBIX (DYHKIHN, MOPOXKIEHHBIX OTHOIIEHHUEM IIPH-
HAAIEXKXHOCTH MaKCHIMAJIBHBIM YaCTHIHBIM YJIBTPAaKJIOHaM, PaBHO 49.

Teopema 4. Yucso xi1accoB rumepdyHKIINI, TOPOKIEHHBIX OTHOIIEHUEM ITPIHA,ITIEXK-
HOCTH MaKCHUMAaJIBHBIM JaCTHIHBIM YJIbTPAaKIOHaM, paBHO 28.

[TomHbBI KOMIBIOTEPHBIN TEpebOp MOoKa3asl, ITO mMeeTcs 1 Tum 6a3mcoB MOIITHOCTHU 1,
690 TumnoB 6a3ucoB MorrHOCTU 2, 7940 TumnoB OasmcoB morrHOCTH 3, 2830 TUMOB 6a3mCOB
MOIITHOCTHY 4, 6a31COB OOJIBITIENT MOIITHOCTU HE CYIIIECTBYET.

Pabora mepBoro aBTopa BbIOSIHEeHA Tipu nonaepxkke PODPU, mpoekt 18-31-00020.

CIIMCOK JIMTEPATYPBI

[1] d6nouckuin C. B. O cynepnosunmsx ¢dbyaxuuii anre6psl soruku // Maremaruueckuit c6opuuk. 1952.
T. 30 (72), N 2. C. 329-348.

[2] Banmaers C. A. Kpurepuil mosHOTH MHOXKECTBA MyIbTUGYHKIUI B IIOJIHOM YaCTUYIHOM YIILTPAKIIOHE
panra 2 // Cub. snekrpon. matem. uss. 2018. T. 15. C. 450-474.
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O HEepaBE€HCTBaX B IMOJIMAANYECKUX I'PDYyIIIIonagax CIieuaJIbHOI'O B OAa

A. M. TAILMAK

HOJII/Ia,HquCKI/IM prHHOI/I,HOM CIICIINAJIBHOI'O B oA HA3BIBACTCI l—apH]:Iﬁ prHHOI/IH
k
<A 7778,0,k>

¢ l-apHoit omeparueit 7,5, Toe | = s(n — 1)+ 1, n > 2, s > 1, k > 2, koTopas GblIa
onpenernena B [1] Ha k-oft mexkaprosoit cTemenu A* n-apmoro rpymmomma (A,7) ¢ moMorIBO
HOICTAHOBKU 0 U3 Sj, U N-apHOI omepaiuu 7). JacTHBIMEU CIIydasMu [-apHOR ONePALU 1) o k
ABIIAIOTCS [IBe TOJUAMIIecKue onepanuu, Kotopsie O. [oct onpenenuin u usygan B [2].

Teopema 1. Ilycts 0 € Sy m mns mexkoroporo r € {1,2,...,n — 1} momcraHoBka

0" He ABJIAETCSA TOXIOECTBEHHOH, n-apHbIH rpymmnonsn (A,n) obragaer TaKuMU 3JIeMEHTAMUI
Ay €1,...,6n_1, 9TO a % €., n(aey ...e,_1) = a,

n(erer...en—1) =€, N(ep_1€1...6n-1) = €n_1. (1)

Bapurcupyem j € {1,2,...k}, nns koroporo 0" (j) # j, u moaoxum
a=(a1=...=0j_1=¢€,0 =0, Qj41 =... =0} =€), (2)

61:(61,...61), 6‘2:(62,...62), R S | :(en_l,...en_l). (3)
N—— N—— ~————
k k k

Torma
nsvgvk(a\el e €1 €] ... €] ... € ... €4 1 )F (4)

'
S

#ns,g,k(erel...er_laer+1...en_1 e ... e, 1€e ... ex_1 ... €1 ... €en_1 )
N g

Teopema 2. Ilycts 0 € Sy, u msa mekoroporo v € {1,2,...,n — 2} moncranoBka o’ He
SIBJISIETCS TOXKIOECTBEHHOMH, N-apHbLi rpymmoun (A,n), rae n > 3, ob1agaeT TaKUMEA HJIEMEH-
TaMH €1, ...,6,_1, 9TO €,_1 F €, u BepHbI paBeHcTBa (1). 3apukcupyem j € {1,2,...k},
s Koroporo o' (j) # j, momoxnm B (2) aj = €,_1 U OIPENeINM TEMEHTEI €, . ..€n_1 C
momoreio (3). Torga BepHO HepaBeHCTBO (4).

Teopema 3. Ilycts 0 € S m g mekoroporo r € {2,3,...,n — 1} noncranoska o”
HE SABJIAETCSA TOXAECTBEHHOU, n-apHbIi rpynmous langleA,n), roe n > 3, obnagaeT TakuMu
SJIEMEHTAMH €71, . ..,€n_1, 9TO €1 # €., n(ejey...e,_1) = €1 u BepHHI paBeHcTBa (1). 3a-
dukcupyem j € {1,2,...k}, aus koroporo o (j) # j, momoxum B (2) a; = e u ompenenM
SJIEMEHTEI €1, . . . €,_1 ¢ noMotpio (3). Torma BepHO HepaBeHCTBO (4).

CHUCOK JIMTEPATYPBHI

[1] Tamemax A. M., Pycakos A. II., O nonuanuueckux onepanusx Ha AeKapTOBBIX creneHsx // Wssecrtus
I'TY um. ®. Cxopunsbl. 3 (2014), 35-40.
[2] Post E. L., Polyadic groups // Trans. Amer. Math. Soc. 2 (1940), 208-350.
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O pemérkax, 6/IM3KUX K OUCTPUOY TUBHBIM

A. T'. T'enn, . I1. MAcivHIBIH, K. O. PABOM

XOpoII10 U3BECTHO, YTO JTt00asi KOHEUTHOIOPOXK IEHHAS TUCTPUOY TUBHAS PEIIETKA KOHETHA,
TaK XKe, KaK 1 3-TIOpPOXKIEHHAsT CBOOOMHAS MOMYJIIpPHAas PeIéTKa. B To e BpeMsi cBobomHAas
MOMOyJIspHas peléTka panra 4 nMmeeT O€CKOHEUHYIO IUIMHY. KCTeCTBEHHO MO3TOMY HCCIIe-
IIOBaTh BOIIPOC, TIPU KAKWX OCIIAOJIEHUSX YCJIOBUS MOMYJISPHOCTU 3-TIOPOXKIEHHAS PEIIETKA
OymeT mo KpaiHell Mepe MMeTh KOHEUHYIO IUIMHY, & BO3MOXHO, U KOHeUYHOH. llepcrexTus-
HBIM B 5TOM HAIIPABJIEHUN HAM IPENCTAaBISIETCS CBOUCTBO, Ha3BaHHOE HaMU OJIM30CTHIO K
IUCTPUOyTUBHOCTH, pacCMaTPUBAETCS B TaHHOU paboTe.

OmnpenesnteHue. PeréTka Ha3bpBaeTCs OMU3KON K OUCTPUOYTUBHOM, €CIU IS JTIOOBIX
SIIEMEHTOB ', Yy U 2z UHTepBAILL [(z A 2)V (y A 2);(xVy)Az]n

[(xAy)Vz(zV2)A(yV2)

UMEIT UTUHY, He O60JIhITyio 1.

Herpynuo mpoBepuTh, uTO 106ass MOMYJISIPHAS PEIIETKA SBJISETCS OJIU3KON K OUCTPU-
Oy TUBHOI.

Teopema. /liuHa 3-MOPOXKAEHHON pPEHIETKH, OJIU3KOH K AUCTPUOY TUBHOH, KOHEUHA.

Ypaavckuil Pedepasvrviti ynusepcumem, Examepundype
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CTaHI[apTHbIe AJIEMEHTBHBI pellleTKN MHOI‘OOGpa3I/II7I MOHONOOB

C. B. I'yCEB

Onement z pererku (L;V, ) Ha3bIBAIOT

HewmpasbHbiM, eCIn Vy,ze L: (xVy)AN(yVz)A(zVx)
= (@AY V(yA2)V(zA);
CMardapMHbIM, eCIIn Vy,ze L: (xVy)Ahz=(xANz)V(yAz).

N3yuenne cnernmaababix s7eMeHTOB B perierke MON Bcex MHOTO0O6pa3Uit MOHOUIOB OBIIO
HauaTo B pabore [1]. B wacTHOCTH, TaM GBI TTOTHOCTHIO OMUCAHBI HEHTPAIILHBIE SJIEMEHTHI
sTon pereTku. [lanHas paboTa MOCBAIIEHA MTOTHOMY OMUCAHUIO CTAHIAPTHBIX 3JIEMEHTOB
pemrerku MON.

Yepez T obo3naunM TpuBHaIbHOE MHOTOOOpasume MoHOUIoOB, a uepe3 MON — muOrOo-
obpasme Bcex MOHOUIOB. MuOTOOOpa3me Bcex MOyperieTok OymeM o6o3HadaTh depes SL.
OCHOBHBIM pe3y/IbTaTOM PabOTHI SBJISIETCS

Teopema. /las MHOrOOOpasus MoHOUIOB V CJIENYIOIIIUE Y CIOBUS KBUBAJIEHTHBI:
(i) V sBnsercs crapgaprabiM saemerToM pemrerkn MON;

(ii) V sBasercs merrpaababiM siemerToM pemerkn MON;

(iii) V coBmamaer ¢ ogaum u3 muoroobpasui T, SL mam MON.

OTMmeTnM, 9TO S5KBUBaIEHTHOCTS yenosuit (ii) u (iii) sToft Teopemsl Oblta nokasaa B [1,
teopeMma 1.1|. VlHTepecHO, UTO B pelieTke MHOrOO6pasuil HOIyIPYIIIL, B OTJINYNE OT PEIIeTKH
MON, cBoiicTBa 6BITH CTAHOAPTHBIM U HENTPAJIBHBIM 3JIEMEHTOM HE SKBUBAJICHTHBI (CM.
Teopems! 3.3 u 3.5 B [2]).

PaGora Beimonuena npu nommepxke MwunucrepcTsa obpasosanus u Hayku PP (mpoekt No.
1.6018.2017/8.9) u PODU (rpant No. 17-01-00551).

CIUCOK JIUTEPATYPLI

[1] Gusev S. V. Special elements of the lattice of monoid varieties // Algebra Universalis, 97, No. 2, Article
29 (2018), 1-12.

[2] Vernikov B. M. Special elements in lattices of semigroup varieties // Acta Sci. Math. (Szeged), 81 (2015),
79-109.
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@) IIpI/IMPITI/IBHOfI HOPpMAJIBHOCTHA KJIacCa cj1a60 MHBEKTUBHBIX IIOJIMTOHOB

E. JI. EoPEMOB, A. A. CTEIAHOBA

B pa6ore onucanbl MOHOUIBI, HAM KOTOPBIMUI KJIACC BCEX CJIA00 MHBEKTUBHBIX TOJIUTOHOB
SBJISIETCS. TIPUMUTUBHO HOPMAJILHBIM. [IpIMUTUBHO HOpMaJjIbHbBIE TEOPUU IIOJUTOHOB U3y da-
forcst B [1-3]. B wacTHOCTH, B [1] MOKa3bIBaETCs, YTO KIIACC BCEX MOJUTOHOB HAIL MOHOUIOM S
MPUMUTUBHO HOPMAJIEH TOTIA U TOJIBLKO TOrIa, KOTAa S — JIMHENHO YIIOPSAOUeHHBI MOHOWUT;
B [2] mccnenyrorcess MOHOUABI, HAL KOTOPBIME aKCHOMATH3UPYEMBbIil KJIACC BCEX CBOOONHBIX,
MPOEKTUBHBIX WU CHJIBHO IJIOCKUX ITOJIUTOHOB SIBJIS€TCSI MPUMUTUBHO HOPMAJIBHBIM; B [3]
IIOKA3BIBAETCsSI, UTO KJIACC BCEX MHBEKTUBHBIX IMOJIUTOHOB IIPUMUTUBHO HOPMAJIEH.

HanmoMumM HEKOTOpBIE TIOHSITUS U3 TEOPUU IMOJIUTOHOB U TEOPUM MOEIIEN.

[on (meBbvM) momuronoMm g A Ham MoHOMAOM S TOHUMAETCS MHOXKECTBO A, HA KOTOPOM
OIIpEMIeSIeHO NeCTBYE BJIEMEHTOB U3 S, IpuJYeM ennHuIa S HeicTByeT Ha A TOXIECTBEHHO.
[Tonuron g() Ha3BIBaeTCS ClIab0 MHBEKTUBHBIM, €CJIN IJIs JII000r0 JIeBOro uneasa I MoHOUIa,
S u nis mo6oro romoMmopduzma @ : gl — () cyiecTByer romoMopdusMm @ : g5 — 5@,
ITPONOJIKAIOIINI (.

dopmyna Buna Iy ... Jzk (P A ... A D,), Tne &; — aTomapuas HopMyIia CUTHATYPLI
¥ (i €< n), maspiBaercs npumuTuBHOH. Ecmu ®(T,y) — npuMurusHas GopMyIia CUIHATY DL
3, A = (A;X) — anrebpanueckas cucTemMa CUTHATYDHI X, a,b € A — KOPTEXKU 37IeMEHTOB
TOIl e ITUHLL, 9TO 1 ¥, To MHOKecTBa ®(A,a) m ®(A,b) HAZEIBAIOTCS TPIMUTHBHBIMUI KO-
nusmu. Teopus T curHaATypHI Y HA3BIBAETCS IMPUMHUTUBHO HOPMAJIBHON, €CIIN JTIOOBIE ITBe
IPUMUTUBHBIE KOMUU JTUOO COBHAMAIOT, JIub0 He mepecekatorcs. Kiace K amreGpamuecknx
CHUCTEM CUTHATYPHI Y. Ha3bIBAETCS IPUMUTUBHO HOPMAJIBHBIM, €CJIN TEOPUs JII0O0N ajaredpa-
MYIECKON CUCTeMBI Kjiacca K mIpUMUTUBHO HOPMaJIbHA.

Mownoumn S GymeM Ha3LIBATH KBa3HyMOPSAOYEHHBIM, €CIU s JTIOOBIX S,t € S

SsNSt+# @ = Ss C St umu St C Ss.

Teopema. Ecau S — xBa3suymopsaoIeHHbBII MOHOH, TO KJIACC BCEX C1a00 NHHEK TUBHBIX

IIOIUTOHOB Hand S IPUMHTUBHO HODMAJIbHBILL.
Pa6ora nonnep:xxana PODU (rpant 17-01-00531).

CIIMCOK JIMTEPATYPBI
[1] Crenanosa A. A. ITonuroHsl ¢ NIPUMUTUBHO HOPMAJILHBIMU ¥ afOUTUBHBIMU Teopusimu // AmnreGpa u
soruka. 2008. T. 47, N 4. C. 491-508.
[2] TIraxos II. O. [IpuMuTUBHAS HOPMAJILHOCTE U &I AATHBHOCTH CBOOOMHBIX, IPOEKTUBHLIX U CUIILHO IIJIOC-
Kux mosuroHos // Anre6pa u moruka. 2014. T. 53, N 5. C. 614-624.
[3] Edpemor E. JI. IlpuMuTuBHAS HOPMAIBHOCTD U MPUMUTHUBHAS CBA3HOCTH KJIACCA MHBEKTUBHBIX IIOJIV-
rouos // Anrebpa u soruka (B megarn).
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P-cTabunpHOCTBL KJjiacca AeJINMBIX ITOJINTOHOB

A. UI. KPACUILIKAY

B pabote paccMaTpuBarOTCS BOIPOCHL, CBSI3aHHBIE ¢ P-CTabIIBHOCTHIO KIIACCa, NeIIMbIX
[OJIUTOHOB. AHAJIONMYHBIE BOIPOCHI [IJIsl KJIACCA BCEX IIOJIUTOHOB PACCMOTpPEHBI B pabore [1],
rae nokasweiBaercs, 9to (P, s)-, (P,a)-, (P,e)-cTabmIbHOCTb KiIacca BCEeX ITOJIUTOHOB HAa[
MOHOUJZIOM S 5KBUBAJIEHTHA TOMY, uTO S — rpynmna. B [2] maéres monaoe onucanue (P, 1)-
CTabWIIbHBIX TEOPUil B TEPMUHAX ONPENESIMMON MHTEPIPETUPYEMOCTH B TEOPHUU SA3bIKA Ofl-
HOMECTHBIX IIPEIUKATOB.

HamoMHIM HEKOTOpBIE OIpeNesIeHs.

Yepes L(X) Gymem 0603HAYATH S3bIK, KOTOPBIN TOIydaeTcs U3 s3blka L nobaBieHreM
MHOXKeCTBa X B KaueCTBe MHOXKECTBA HOBBIX KOHCTAHT, C — MOHCTD-MOIENb, T.€. HACHI-
IIIEHHAs. B OCTATOYHO GOJIBINON MolHOCTH Momenb Teopun. Ilycrs T'(X) = {¢(a) | a €
X,C | ¢(a), p(z) — dopmyna s3vika L}, a3k Lp momyuaercs u3 s3bika L nobasieHueM
HOBOT'O OTHOMECTHOT'O NIPEAUKATHOTO CUMBOJIa P, A — HEKOTOPOe MHOXKECTBO MPEIJIOKEHUIT
si3bika L p. Teopus T HazbiBaeTcss Pa-cmabuavhoti 8 mMowHocmu A\, ecian Ojis JIF000To MHO-
xkectBa, X B Teopun T morrocTr < A MHOXKeCTBO TA(X) = T(X)U{P(a) | a € X} UA
nmeeT He 6ostee A\ mononsernuit B si3bike (L(X))p. Teopus T masvBaetcs (P, s)-cmabuabmod,
eCJI OHA SBIISIETCsl PA-CTabUIIBbHOM 71 MHOXKECTBA A\, COCTOSIIETO U3 IPEeIJIOKEHIIT, BbIPa-
XKAIOIIIX 3aMKHYTOCTH IIpequKaTa P OTHOCUTENbHO (DYHKINI, OIPeNeIMMbIX (QyHKINOHAIb-
HeiMu cuMmBosamu s3bika L. Teopust T masweiBaercs (P, a)-cmabuabhoti, eciii OHa, SIBIISETCSI
PA-cTabmIbHOI I1sl MHOXKECTBA A\, COCTOSAIIETO U3 MPEIJIOKEHUT, BBIPAKAIOIINX TOT GaxT,
4yTO mpenukar P aBisiercs anreGpamdecKy 3aMKHYTBIM MHOXKECTBOM, T.€. CONEDPXKHUT BCE
KOHEYHBbIe MHOXECTBA, onpenenumbe cTpykrype C dhopMynamu s3blka L ¢ mapamMeTpamMu u3
npenvkara P. Teopus T uaswiBaercs (P, €)-cmabuibrot, ecin oHa sBisieTcst Pa-cTabuibHOI
IUTsE MHOXKeCTBa A, COCTOAIIETO U3 TPEJIOKEHNN, BEIPAKAIOIIMX TOT (DAKT, UTO IMPEIUKAT
P aBIsETCS 57IEMEHTaPHON MONCUCTEMOIL.

[Iycts S — moHOmm. DieMeHT ¢ € S Ha3BIBAETCS COKPATUMBIM CIIpaBa, €CIIH U3 Pa-
BeHCTBa ac = bc cremyeT paBeHCTBO a = b mis mobeix a,b € S. Ilom S-momuronom gA
HOHIMAETCS. MHOXeCTBO A, Ha, KOTOPOM OIPENeJIeHO NefICTBIE 5JIEMEHTOB U3 S CJeBa, IpU-
yeM enuHUIA neicTByeT Ha A ToxkmecTtBeHHO. Jlenumblit S-moauron — 5To S-mosmurod gA,
VIOBIIeTBOpsifoIuil yenosmio ¢A = A myist m060ro COKpaTUMOro cripaBa dJeMeHTa ¢ € S.

Teopema. Kiacc Bcex nemumerx S-momuronoB (P, s)-,(P,a)-, (P, e)-crabumeH Torga u
TOJIBKO TOTZa, Korga S — TCPyIIa.

Pa6ora Beimonsena npu dunancoBoi monnepxkke PODPU (rpant 17-01-00531).
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P-koMOWHaIIN yOOPSAIOYEHHBIX CTPYKTYP

b. II. Kyanemos, C. B. CyoomIATOB

B cepun paGotr [1]-[3] u3yuanucs cBoiicTBa KOMOMHANIUE CTPYKTYp. B HacTosem mo-
KJIaJle MBI UCCIenyeM P-KOMOMHAIINY YHIOPSIOYEHHBIX CTPYKTYP.

Ecmu (My,<1) u (Ma, <9) — nuHeHBbIE TOPAIKA, TO UX AUHETHO YNOPAOOUEHHAT He-
nepecexaowaica Kombunayug (nau xKowkamenayusd), obosHauaemas depes My + My, ecthb
muHenHbI nopstnok (My UM, <), roe a < b < (Ja,b € M ANa <y b] wnu [a,b € My Na <5 b]
win [a € My ANb € Ms)).

[ycts M; := (M;; <pg,,2;) — TUHENHO YyHOPSIOUEHHAS CTPYKTYPa I KaXkKIoro i € w.
Bynem o6o3nauars uepes M’ auHENHO yIOpSOOYeHHYO P-KOMOMHAIINIO HEIIEPECEKAOIIIXCST
cTpykTyp M;, i € w, B mbike {<, %, Pllic,, rme ¥ = Uje,Y;, 1 yHUBEpCYMOM KOMOU-
Hanmm seasgercsa o, My; P;(M') = M; nna kaxnoro i@ € w; mubo Pp(M') < P, (M’),
mu6o P, (M') < Py(M') nns mobeix k,m € w ¢ ycnoBueM k # m, U He CyIIECTBYeT CO-
BIIIAIOIINX OTHOLIEHU (KPOME OTHOIIEHNUS MOPSaKa) U (MYHKIWIl, NeACTBYIOMINX B PAZHBIX
P-tipenukaTrax.

Mmuoxectso (P;, Pj) = {Py | P;(M’') < P,(M') < P;(M’)}, rme i,j € w, Gynem Ha-
3pBaTh P-unmepsasom. Pasbuenue (P, P’) MHOXKecTBa BCex mpemukaTroB P; ¢ ycioBusMu
P;(M'") < P,(M'") nns P; € P u P, € P’ nasviBaercs P-ceuenuem B M’ . P-ceuenus C; u
Cy SIBIISIOTCSI OPMO20HAALHBIMY, €CITH OHU PEAJU3YIOTCS HEe3aBUCUMO OPYT OoT mpyra. s
P-cevenus C = (P, P') uucio monapHo HeM30MOPHHBIX CUeTHBIX Momesneit Teopuu Th(M'),
B KOTOpBIX peamm3yeTrcs C, a Bce P-ceueHus, sBISONIECs OPTOTOHAIBHBIMU cedeHnio C, He
peanu3yioTcs, HazbBaeTcs: C-cnexmpon.

Teopema 1. Ilycts M; — Ny-KaTeropudHas JTUHEHHO YIOPIAOYEHHAS CTPYKTYPa I
kaxnoro i € w. Torma Th(M') spengorixToBa < xorma He cylecTByeT GECKOHEUHOTO pas-
6mennsa M' wma Geckomeunbre P-maTepBasbl, n C-CIEKTD KOHEYeH MJIS Kaxknoro P-cedenums
C.

Teopema 2. Ilycte M — Ny-kaTeropuvsas CTPYKTypa YUCTOTO JIMHEHHOI'O MOPSOKA,
M' — nunerino ynopsmouennas P-xombunanms w xomuii ctpyktTypel M. Torma Th(M')
umeer 6o 2% cuerHbIx Momesneit, mubo (k + 2)™ - (k% + 3k + 2)° cuerHBIX Momemert mis
HEKOTOPBIX HeOTPHIIATEIbHBIX IeJIbIX uucea k,m u s, roe k > 1.
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Anre6pbl yHApHBIX ollepaliuii 1 KoHeuYHbIe ajire6pbl KpacHepa mynbTuonepanuii

H. A. TIEPJI3EB

[Iycts A — xoneunoe muOX)ecTBO U B(A) — MHOXecTBO Beex mommuokecTB A. OTo-
6paxenne f nexaprosoil cremeHun A" B B(A) Ha3bIBaeTCs N-MECTHON MyJIbTHONEDALINEN Ha
A. Ecnu npu 5T0oM Bce 00pa3bl OMHOAIEMEHTHEIE, TO f Ha3biBaeM omeparueil. Panr k Myms-
Tuonepanuu onpenenuM tak k = |A|. Beemem o6o3nauenus OS) IJIS. MHOXKECTBA YHAPHBIX

onepanui un ME:) IUIT MHOYXKECTBA N-MECTHBIX MYJIbTHONEPAIINI.
OnpenmenuM MyIbLTHONEPAITA 1 METAOIEPAIINN Ha MYJIbTUOIEPAIMIX CISIYFOIIIM 00pa-
3oM: myctas o"(ay,...,a,) = &; nonHas " (ay,...,a,) = A; OpOEKUUs 1O i APTYMEHTY
o n
e(ay,...,a,) = {a;}. Cynepnosumus mynasruonepauuit f, f1,..., fn € /\/lf4 ).

(f* frosfa)an, ) = | fbrsba)

biefi(ar,...,an)
Paspemmmocts f € ME:L) no ¢ aprymenty, roe i € {1,...,n}:
(wif)(ar,...,an) ={ala; € f(ar,...,ai—1,a,ai41,...,0y)}.
[lepeceuenue (f Ng)(ai,...,an) = f(at,...,an)Nglas,...,a,).
O6wenuuenue (f U g)(ay,...,an) = f(ai,...,an)Ug(ay,...,a,).

Anrebpoit yHAPHBIX OMEpAIMi HAIl MHOXECTBOM A Ha3bIBAETCS JTI000€ TOIMHOXKECTBO

1
K - (91(4), comepxkKaliee TOXIOECTBEHHYIO OII€palllio 6% I 3aMKHYTO€ OTHOCUTEJIBHO MeETa-

ommepanuu cyneprnosuiuu. BsemeMm ob603HaUeHUE Vk1 IUJIS. PELIeTKU BceX ajaredp yHapPHBIX
omeparuii panra k.

Anre6poit Kpacuepa n-MeCTHBIX MyJIbTHOIEPAINI Hal MHOKECTBOM A HA3LIBAETCS JIO-
60e mmonMHOX)KecTBO R C M%) , comepKalriee BCe N-MeCTHBIE TTPOEKIINH, MYCTYI0 N-MECTHYIO
MYJIBTHONEPAIINIO U 3aMKHYTOE€ OTHOCUTEIFHO METAOIEePAINN CYTEPIIO3UIIAN, Pa3PEIInMO-
cTu 1 OObENUHEHWS, a MPU N = 1 eIlle CONEPXKUT MOTHYIO U 3aMKHYTO OTHOCUTEIILHO Iepe-
cedyeHus. Bsemem obosnauenme Y,' mid pemeTkn Bcex aare6p Kpacrepa n-MeCcTHBEIX MyJlb-
THonepannii paura k.

B pa6ote [1] ompenenena cBs3b ["amya mis pereTok amre6p Omepaiuil U pereToK aji-
re6p mynbTuoneparuii. Cremyroree yTBepKICHIE YCTAHABINBACT KPUTEPUI COBEPIIICHHO-
CTHU 5TOil CBsA3M Iy perneTok V!

Teopema. Css3p 'amya miis perreTok Vk1 n Y)" AB/IgeTCsa COBEPILIEHHON TOTAa U TOIBKO
Torma, korma n > k — 1.
CHUCOK JIMTEPATYPHI
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AJ'II‘eraI/I‘-IeCKI/Ie 1 KBAa3MHEsIBHBIEC q)y'HKI_II/II/I Ha YHHUBEPCAJIBHBIX anreﬁpax

A. T". TTuayc

HanomuanMm, uro dyukuus f(zq,...,T,) OENCTBUTEIHHBIX IEPEMEHHBIX ONPENEIIeTCS B
aHaIM3e Kak ajrebpamyeckas, €C/iu B HEKOTOPOUW OKPECTHOCTH JII0O0N TOYKM U3 €e 00JIacTh
OIpenesIeHnsI OHA MOYXKeT OBITH 3a/laHa HESBHO C ITOMOIIIBIO aJireOpandyeckoro ypaBHEHUS.

[TockonbKy, B 00lIeM CiIyuae IJisi IPOU3BOJILHON YHUBEpCaIbHON anre6psr A = (A;0)
OTCYTCTBYET OMHO3HAYUHO ONpeNesIeHHAas KaHOHUUecKas Tornosorus Ha 2 u nis 2 He 06513aHO
BBINIOJTHATHCS YCJIOBHE HETEPOBOCTU II0 YPABHEHUSM, TO €CTECTBEHHBIMU IIPENCTAaBIISIOTCS
criemytorme onpenenenus. Pyuxmmio f(xy, ..., T, ) Ha30BeM aare6pandeckoil (ra0baabHO all-
reGpanyeckorii) muist anre6put A = (A; o), ecniu ee rpaduk Grf = {{(a1,...,an, f(a1,...,a,)) |
a; € A} sBiusercs obbenuHeHNEM ajarebpanveckux s 2 MHOXKECTB (SIBIISIeTCs ajareGpan-
geckuM miist 2 MuOxkecTBOM). Ilpm sTom mommuOkectBo B C A™ amrebpawuno mis A,
€CIII OHO CyThb COBOKYIIHOCTH peIieHuil B 2 HEKOTOPOil (BO3MOXKHO GECKOHEUHOI) CUCTEMbI
TePMaJTbHBIX yPaBHEHUI.

BuyTpennum romomMopduzMom anreOpsr 2 Ha3hIBAETCS TOMOMOPPU3M MEXIY JTHOOBIMEI
ee nopasrebpavu. Pyukmmio f(zq, ..., T, ) Ha anrebpe A OnpenesInM KakK KBA3UHESIBHYIO [1JIsI
2, ecriu OHA KOMMYTHUPYET CO BCEMU BHYTPEHHUMUI TOMOMOPGU3MAMEI 3TON ajreOpHhI.

OueBumno, 4TO BCsKas ajrebpamdeckas (TIo6aIbHO amrebpanyeckas) miis anare6psr A
dyHKIMSA gBseTCs KBaswHesBHOU mis 2A. O6GpaTHOe HEBEPHO MJIs TJI00AIBHO ajrebpamde-
ckux ¢ynkmuit. Ho mmeror mecTo:

Teopema. Dyukums f(x1,...,T,) SBILETCSI KBASUHESBHOH IJIS YHUBEPCAJILHON AJIre-
6pneI 2 Torma m TOJIBKO TOrga, KOraa OHa ajarebpamdeckas mist 2.

CaencrBue. /i gr0608 KOHEYHOHU 5KBAIMOHAJIBHON obytacTu 2| MOHATHSI KBa3UHEIBHOU
u anrebpamdeckon QyHKIuu 1 2 paBHOCUIIBHEL.

Hosocubupcrut, 2ocydapcmeennbiti mexnuueckut yrusepcumem, Hosocubupck
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Panru nmimanapHocT MHOrooOGpa3uil NOJIyrpynn

II. B. ConoMATuH

HamomHmM, 94TO HATYpagbHOE YHUCIIO T HA3BIBAIOT PAH20M NAGHAPHOCMU MHOTOOOpa3Us
nosyrpynn V, eciim Bce cBOOOMHBIE B V TONYTPYIIBLI paHra < 7 MOIMYyCKAIOT IJIaHAPHBIE
rpadber Kamu, a cBobomHas B 3TOM MHOTOOOpa3uu MOIYTPYIIa paHTa 1+ 1 yKe He DOIycKaeT
mwranapabiil Tpad Konu. Ecmu nns maOroobpasms V Takoro HATYypaJbHOTO UHCIA 7 HE
CYIIIECTBYEeT, TO TOBOPAT, YTO MHOroobpasue V mMeeT GECKOHEUHBIN PAaHT IIJIAHAPHOCTU.

B pa6ore [1] cdhopmynupoBara mpobieMa OMUCAHUS PAHTOB IJIAHAPHOCTU. PereHue
5TOU TTPOOJIEMBI TAET CIIEMYIOIIast

Teopema. PaHr mmaHapHocTH JTIOO0OrO0 MHOrOOOpa3us IOJIYTPYHI JuO60 OGECKOHEUEH,
a60 MOXeT OBITH JIFOOBIM HATYPAJTbHBIM YUCJIOM.

Tem caMbIM MOKa3aHO CYyIIIECTBOBAHUE IOIYTPYIIIIOBBIX MHOTOOOpa3uil Hamepen 3aaaH-
HOTO KOHEYHOT'O PaHTa IJIaHApPHOCTU. B kKadecTBe KOMMEHTApUs OTMETHUM, YTO MHOT0OOOpa-
305 TOJIYTPYII PAHTa IJIAHAPHOCTH PABHOTO 1, 2, 3 yKe NPUBOAUINCH, HAIpUMep, B [2];
panra 2, 3, 4, sanpumep B [3], a MHOroo6pasus GECKOHEUHOIO PAHra IFIAHAPHOCTH, CPEIN
opouunx, IIOABJIAINCE B Ka)K,HOﬁ 13 YIIOMAHY TBhIX cTaTen. OHH&KO OO HaCTOLALIECr0 BpEMEHN
He OBIJIO M3BECTHO HU OTHOT'O MHOTOOOpa3us MOJIYT'PYIN ¢ KOHEYHBIM PAHTOM IJIAaHAPHOCTU
> 4. OcraBirmecsi paHTru IAHAPDHOCTA MHOTOOOpA3Uil MOIYTPYII B TEOPEMe AT PAHTH
IJIAHAPHOCTU MHOTOO6pas3uit V,, MONyTpymI, 3aJaHHEE ToxnecTBamu x2 = 0, xyxr = 0,
T1T2L3 Ty = T2T1T3 - - - Ty IJIS JIEOOOTO HATYPATILHOTO 1 > 3, UMEIOIIEe PAHT IIJTaHAPHO-
CTHU paBHBIA N — 1.

AsTop BrIpaxkaet Gmarogapaocts C. B. I'yceBy u JI. M. MapTbiHOBY 3a mose3Hbie 00-
CyXKIOEeHUs Pe3yILTaTOB.
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Piecewise monotonicity for unary functions definable in ordered
non-valuational o-stable groups

A. B. DAULETIYAROVA, V. V. VERBOVSKIY

We consider the class of ordered groups whose elementary theory is o-stable accordingly
to the following definition. The aim of this research is to investigate properties of unary
functions that are definable in an o-stable non-valuational densely ordered group.

Let M = (M,<,...) be a totally ordered structure, and let A, B be subsets of M.
As usually we write A < B if a < b for any a € A and b € B. A partition (C, D)
of M is called a cut if C < D. Given a cut (C,D) one can construct a partial type
{c<x<d:ceC, de D}, which we also call a cut and use the same notation (C, D).

Definition (B. Baizhanov, V. Verbovskiy).

(1) An ordered structure M is o-stable in X if for any A C M with |A| < A and for
any cut (C, D) in M there are at most A 1-types over A which are consistent with
the cut (C, D).

(2) A theory T is o-stable in A if every model of T' is. Sometimes we write T is
o-A-stable.

(3) A theory T is o-stable if there exists an infinite cardinal A in which T is o-stable.

Recall that an ordered group is said to be of non-valuational type if no non-trivial convex
subgroup is definable.

Fact. Let f be a continuous unary function in a densely ordered group, and let A C
domf be open. Then for any g € G both {a € A: f(a) > g} and {a € A : f(a) < g} are
open.

Lemma. Let A be a definable open subset of an o-stable densely ordered group G of
non-valuational type. Then A is a finite union of convex sets.

Theorem. Let GG be an o-stable densely ordered group of non-valuational type. Let
f be a definable continuous function. Then f is piecewise monotone, that is there exists a
definable partition X, Ay, ..., A, of domf, where X is finite and A; is convex for each i,
and the restriction of f to each A; is monotone.

The proof is inspired by the proof of the similar result for weakly o-minimal theories
by D. Machperson, D. Marker, and C. Steinhorn: let M be a model of a weakly o-minimal
theory, and let f be a definable in M function; then f is locally monotone.

The research is supported by the grant of MES of RK for the project AP05132688
“Relative stability”.

Suleyman Demirel University, Kaskelen (Kazakhstan), Satbayev University, Almaty (Kazakhstan)
E-mail: d_aigera95@mail.ru, viktor.verbovskiy@gmail.com

194


mailto:d$\relax $\@@underline {\hbox {~}}\mathsurround \z@ $\relax $aigera95@mail.ru, viktor.verbovskiy@gmail.com

MamnbneBckue urerus 2019 Teopust Moneseit 1 yHUBEDPCAJIbHAS ajarebpa

On compositions of circular discrete orders with structures and their algebras
of binary formulas

D. Yu. EMELYANOV, B. SH. KULPESHOV, S. V. SUDOPLATOV

Algebras of binary formulas were studied in a series of paper both in general case [1, 2, 3]
and for theories of ordered structures [4, 5, 6, 7]. Aspects of circular orders are considered
in 8, 9, 10, 11, 12].

We consider both compositions of structures and compositions of theories, for discrete
linear orders and given structures, as well as related algebras.

Let M and N be structures of relational languages Y, and X 57, respectively. We define
the composition MN] of M and N satisfying L ang = Xam U Xn, M[N] = M x N and
the following conditions:

1)if R € ¥y \ En, u(R) = n, then ((a1,b1),...,(an,by)) € Ry if and only if

(a1,...,a,) € Raq;

2) if R € ¥x \ Xm, p(R) = n, then ((a1,b1),...,(an,bn)) € Raqnq if and only if
a1 =...=ay and (by,...,b,) € Ry;

3) if R € ¥y NXEn, u(R) = n, then ((ar,b1),...,(an,bn)) € Ryqpn if and only if
(a1,...,an) € Rpm,0r a1 =...=a, and (by,...,b,) € Ryr.

The theory T = Th(M|N]) is called the composition Ty[Ts] of the theories T} = Th(M)
and T2 = Th(N)

By the definition, the composition M[A/] is obtained replacing each element of M by a
copy of V.

The composition M[N] is called E-definable if M|N] has an (-definable equivalence
relation F whose E-classes are universes of the copies of N forming M[N]. By the definition,
each E-definable composition M[N/] is represented as a E-combination [13] of copies of N/
with an extra-structure generated by predicates on M and linking elements of the copies of
N.

Notice that compositions preserve the transitivity of theories. Besides, if the composition
MIN] is E-definable then the theory Th(M[N]) uniquely defines the theories Th(M) and
Th(N), and vice versa.

Let A be a positive cardinality, M, = (M), <) be a discrete linearly preordered set
obtained from M = (Z; <) by replacements of all elements by antichains A having the same
cardinality .

Clearly, the theory T = Th(M,) is transitive, i.e., has unique 1-type.

The structure M is linearly ordered if and only if A = 1. In such a case the algebra 7
of binary isolating formulas for the theory Th(M) is generated by the monoid P/, = (Z; +)
assuming that all labels for Z are non-negative.

Now we consider an infinite discrete circular order C obtained from the discrete order
on Z. Replacing elements of C by copies of a structure N with a transitive automorphism
group, we obtain an E-definable composition C[A] with a transitive theory T'= Th(C[N]).
The obtained structure C[N] can be considered as a variant of transitive arrangements of
structures [14]. Notice that if Th(A) has an algebra B of binary isolating formulas then T'
has a unique type p € S(T') and a regular labelling function v(p) such that B, ,) = Bz[B].

It was shown in [1, 2] that each algebra B of binary isolating formulas of a fixed isolated
type is an I-groupoid with non-negative labels and it can be realized by a structure A/, with
a transitive theory, using a syntactic generic construction.

Considering the compositions C[N], we obtain the following:
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Theorem. For any I-groupoid B3, consisting of non-negative labels, there is a theory

T with a type p € S(T') and a regular labelling function v(p) such that ‘B, ) = Bz [F].

This research was partially supported by Committee of Science in Education and Sci-

ence Ministry of the Republic of Kazakhstan (Grant No. AP05132546), the program of
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To the spectral theory of posets

Yu. L. ErsHov, M. V. SCHWIDEFSKY

Following [1], we suggest two ways to define an ideal of a poset. Within the frames of the
first approach, a topology defined on a set plays the principal role; it defines a partial order
on this set (the specialization order). There are at least two ways to embed an arbitrary
topological Ty-space into a space which is a join semilattice (and even a lattice) with respect
to its specialization order—embedding into an injective space and embedding into its own
essential completion. Then ideals are defined as restrictions of those of join semilattices on
the original space. An inner characterization of ideals obtained in this way is presented.
Along with that, sufficient conditions are found for two extensions of a topological space to
be isomorphic.

The second, a more general, approach does not establish such a tight connection of
partial order with topology, allows nonetheless to obtain generalizations of some results from
[2], where they were obtained for join semilattices. For example, the Hofmann—Mislove
theorem holds also in case of posets. Apart from that, we provide a characterization of
[almost] sober spaces as spectra of posets with topology (or, equivalently, semitopological
posets) and give a description of essential completions of posets with topology.

All the main ideas which we use go back to [2]. Adapting those ideas in case of arbitrary
posets involves the definition of ideal in posets given in [3].

Both authors were supported by the fundamental research program of the Siberian
Branch of the Russian Academy of Sciences 1.1.1, project 0314-2019-0002, and by RFBF,
project 18-01-00624a.
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Sacerdote’s theorem and free projective planes

N. T. KOGABAEV

Denote by Fj, the free group of finite rank n, n > 2. Let x and y be ¢- and s-tuples
of distinct individual variables. In [1] Sacerdote proved the following result on elementary
properties of free groups.

Theorem (Sacerdote [1]). Let m > n > 2. Suppose that ®(x,y) is quantifier-free
formula in the language of group theory and that u is an arbitrary t-tuple of elements of
F,,. Then there is a homomorphism v : F,, — F,, such that ¢ | F,, = id, and for any
s-tuple v of elements of F,, with the property F, = ®(i)(u),v) there exists an s-tuple v of
elements of F,,, such that 1¥(v) = v and F,, = ®(u,v).

Applying Sacerdote’s theorem one can easily obtain that any two nonabelian free groups
of finite rank have the same positive theory (Merzlyakov’s theorem), and that the V3-theories
of all nonabelian free groups of finite rank coincide.

The free projective planes were introduced by Hall in [2]. In [3, 4] Shirshov and Nikitin
proved that any two free projective planes of finite rank can be mapped homomorphically
onto each other. Thus, all free projective planes of finite rank have the same positive theory.
In [2, 3] it was shown that any two free projective planes of finite rank are embeddable into
each other. Therefore, they all have the same V-theory.

In the present paper we prove an analogue of Sacerdote’s theorem for free projective
planes and show that all free projective planes of finite rank have the same V3-theory.
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On algebras for definable families of theories

N. D. MARKHABATOV, S. V. SUDOPLATOV

We define algebras associated with sentence-definable and diagram-definable subfamilies
[1] as well as related characteristics connected with given families of theories. Topological
properties and ranks [2] for these algebras are characterized.

For a given family 7 of theories we consider both the Boolean algebra Bs(7) of sentence-
definable subfamilies and the algebra B;(7) of diagram-definable subfamilies.

Theorem. For any nonempty E-closed family T, an ordinal o > 1, and n € w \ {0},
the following conditions are equivalent:

(1) RS(T) = a and ds(T) = n;

(2) the Boolean algebra Bs(T) is isomorphic to a direct product of n Boolean algebras
B, ..., B, each of which is generated by elements of ranks < « such that each B; contains
infinitely many elements of each rank 3 < «;

(3) the algebra B4(T) consists of infinitely many atomic elements of each rank < «,
B > 0, and exactly n atomic elements of rank «, these n atomic elements correspond non-
principal ultrafilters with respect to elements of ranks < «.
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On non-standardness of topological quasivarieties

A. M. NURAKUNOV

A topology 7 on a set A is Boolean if the topological space (A, 7) is Hausdorff, compact
and totally disconnected. A Boolean topological algebra is a topological algebra which
topology is Boolean. A class of all Boolean topological algebras with algebraic reducts in
some quasivariety is called a topological quasivariety. Profinite algebras are exactly those
that are isomorphic to inverse limits of finite algebras. Such algebras are naturally equipped
with Boolean topologies. For quasivariety R, a topological quasivariety R. is standard if
every Boolean topological algebra with the algebraic reduct in R is profinite.

The main result of the talk is:

Theorem. Let M be a locally finite quasivariety. And let a proper subquasivariety R
of M have no covers in quasivariety lattice Lq(MM). Then topological quasivariety R, is not
standard.

We also provide some corollaries from the theorem.

Institute of mathematics, NAS KR, Bishkek (Kyrgyzstan)
E-mail: a.nurakunov@gmail. com

200


mailto:a.nurakunov@gmail.com

MamnbneBckue urerus 2019 Teopust Moneseit 1 yHUBEDPCAJIbHAS ajarebpa

Hanf’s isomorphisms between predicate calculi of finite rich signatures
preserving all real model-theoretic properties

M. G. PERETYAT'KIN

We follow the algebraic type of definability using 4 N V-formulas affecting more delicate
properties of theories in comparison with the normal approach based on the definability via
arbitrary first-order formulas. An approach when exclusively complete theories are studied
is said to be radical. Within the radical approach, model-theoretic properties are classes
of complete theories. Besides, there are classical-type model-theoretic properties presented
by classes of arbitrary theories. By definition [1], a class p of complete theories is said to
be a real model-theoretic property (corresponding to the common practice of investigations
in model theory), if p is closed under algebraic isomorphisms of theories as well as under
Cartesian extensions and inverse passages in the operation of a Cartesian extension of a
theory.

Theorem 1. Based on Main Theorem [2], we can build a computable isomorphism
p: L(PC (1)) = L(PC (02)) between the Tarski-Lindenbaum algebras of predicate calculi
of any two finite rich signatures o, and o9 preserving all real model-theoretic properties
available in the common practice of investigations; moreover, the isomorphism p preserves
the following classical-type model-theoretic properties:

1. finite axiomatizability,

2. decidability,

3. computable axiomatizability,

4. to be a theory of a given degree a of unsolvability (with respect to the 1-reducibility,
the more, under any weaker type of reducibility),

5. model completeness,

6. 1I,,-axiomatizability, for any fixed n > 2, ¥,,-axiomatizability, for any fixed n > 3,

7. existence of a finite model, existence of a finite model with a given group G of
automorphisms, existence of a finite model Mt whose group of automorphisms Aut() is
included in a given family & of finite groups.

Theorem 1 strengthens Corollary of Main Theorem in [2]. Notice that, the definition
[1] of a model-theoretic property is not applicable to the classical-type properties. Thus,
a natural question arises about the possibility of any adequate definition for the informal
concept of a classical-type model-theoretic property.
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