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BBenenune

OcHoBHasg 3a/lada HayKH U PeAJbHON KU3HHU — IOJIydeHHe IIpa-
BUJIBHBIX Hpe,[[CKaSaHHfI (0] 6yﬂ‘yHLeM IIOBeJIcHNN CJIO?KHBIX CUCTEM Ha
OCHOBAaHUU UX IPOILJIOTO ITOBEICHH.

MHOI‘I/IG 3ala91, BOGHUKaIOIINE B IPAKTUICCKUX ITPUJIO2KEHNAX, HE
MOTYT OBITH pEIIeHBI 3apaHee M3BECTHBIMU METOJAMH HJIN aJITOPUT-
MaMHU. DTO IIPOUCXOJUT IO TOW MPUIUHE, YTO HAM 3apaHee He U3BECT-
HBI MEXaHU3MBbI IMOPOKIEHUSA HCXOIHBIX JAaHHBIX MJIN K€ HM3BEeCTHAsd
HaM uHMOpManys HeJOCTATOYHA I IIOCTPOCHUS MOJEIU NCTOYHU-
Ka, TeHEePUPYIOIIETo MOCTyTaone K HaM JaHable. Kak roBopaT, MbI
HoJIydaeM JaHHBbIe U3 “4epHOro simuka’. B sTux ycjaoBusx HUUYEro He
ocTaercs], KaK TOJIBKO U3ydaTh JOCTYIIHYIO HaM IIOC/Ie[0BATEIbHOCTD
UCXOJIHBIX JIAHHBIX U IBITATbCA CTPOUTH IPEJICKA3aHUs, COBEPIICH-
CTBys HaIIly CXeMy B IIpoliecce Ipejckasanus. [loaxos, mpu KOTopoM
IPOIIJIbIE JTAHHBIE NN IPUMEPBI UCIIOIb3YIOTCA IS IIeEPBOHAYAIBHO-
ro OpMHUPOBAHNS U COBEPIIEHCTBOBAHUSI CXEMBbI IIPEICKA3aHNA, Ha-
3BIBAETCST METOJIOM MawunHnozo obyuenus (Machine Learning).

MammuaHoe 0byUueHre — Ype3BBIYAIHO IMIUPOKAs U JTUHAMUYIECKU
pa3BUBAIOMIAACA 00JIACTb HCCJIeTOBaHMIA, HCIOJB3YIOMas OrPOMHOE
YICJIO TEOPETUYECKUX U IPAKTUIECKUX METOJOB. /laHHAas KHUTa HU B
KaKoOil Mepe He IIpeTeH iyeT Ha KaKoe-JTHOO MCYePIIbIBAIOIIee N3JI0Ke-
HUe COJepXKaHUs JaHHOI obsactu. Hama mesns — mossHakoMuTs 4nra-
TeJId ¢ HEKOTOPhIMU COBPEMEHHBIMU MAaTEMAaTUI€CKUMMA HpO6JIeMaMI/I
JIAaHHOU 00JIACTH M MX PEIICHUSMH, OCHOBHOI U3 KOTOPBIX SBJIAETCS
pobJieMa MMOCTPOEHUsI U OIEHKH NPedcKa3aHutl OYIyIIX UCXOIOB.



C aHHBIM IIOJIX0JIOM TECHO CBA3aHA 33/1a49a YHUBEPCAAbHO20 Nped-
ckazarua. B ToM ciyuae, Korja Mbl HE IMEEM JIOCTATOYHOM nH(pOpMa-
AU JJIS TOrO YTOOBI MOCTPOUTH MOJIETb UCTOYHUKA, T€HEPUPYIONIETO
HabJII0/IaeMble JIAHHBIE, HAM ITPUXOJUTCH yIUTHIBATH KaK MOXKHO 00-
Jee MAPOKUE KJACChl TaKUX MOJeJell W CTPOUTHL METOJbI, KOTOPBIE
[IPEJICKA3BIBAIOT “He Xy2Ke’, ueM Jirobas MOMe/]b U3 JIAHHOTO KJIac-
ca. IloHsiTHEe yHUBEDPCAJIBHOTO IIPEJICKA3aHISI, KOTOPOE IepBOHAYAb-
HO BO3HUKJIO B TEOPHUU IPEJCKA3AHUN CTAIMOHAPHBIX UCTOYHUKOB, B
HACTOSIIIIee BpeMsl BBIIILIO JAJIEKO 38 PAMKH 9TOH TEOpHUH.

[lepBast yacTsb kHury — “CrarncTHYecKas TEOPUU MAIITUHHOIO 00Y-
YeHUsT’ — UCIOJIb3YeT METOJbl TEOPUM BEPOSITHOCTEN U MaTeMaThde-
CKO#l cTaTucTUKU. B OCHOBE JIAHHOTO TIOXO0/IA JIEXKUT MIPEJIIOJIOKEHNE
0 TOM, 9TO HaOJIIOJIAEMbIe HCXOJIbl TEHEPUPYIOTCS BEPOSITHOCTHBIM UC-
TOYHUKOM, BO3MOXKHO, C HEM3BECTHBIMHU HTapaMETPaAMHU.

B pamMkax cTaTuCTHUECKON TEOPUU MAITUHHOTO O0YYE€HUST MBI Pac-
cMaTpuBaeM 3aj1a9u Kiraccudukauu u perpeccun. Ilporecc obyaerust
3aK/II0YAETC B BhIOOpE (DYHKINU KIACCU(DUKAIINYA WX PErPECCUU U3
3apaHee 33JIJAaHHOIO MHPOKOTO KJIACCa TaKUX (DYHKIUI.

Ormerum JBa criocoba MarmHHOro obydenwus. [lpu niepBom crio-
cobe 9acTh COBOKYIIHOCTH JAHHBIX — 00y4ai0was 6u00pKa — BbLIe-
JIsieTCs TOJILKO Jijist obydenus. [locsie Toro kak MeTos npejicka3anus
oIpeIesisieTcsI 10 00y JaroIeil BEIOOpKe, 60Jiee OH He M3MEHSIeTCsT U B
JIAJIbHENIIIEM UCIIOJIb3YeTCs JJIs PENIeHns 3a/a49u IPEICKAZAHUS.

[Ipu BTOpOM cCrOCODE OOyUeHUE HUKOT/A HE IMPEKPAIAeTCsi, KaK
TOBOPUTCs, OHO IPOUCXOIUT B PENHCUME OHAQTH, T.€. NPEJCKAZAHUA
n 00yUIeHUe TPOUCKOMAT MOCTOSHHO B IIPOIECCE TTOCTYILIEHUS] HOBBIX
JTaHHbBIX.

MeTo 161 MAITMHHOT'O 00y YeHUs IEPBOTO TUIIA OYJIyT PACCMOTPEHBI
B IIePBOIi YaCTHU, KOTOPas IMOCBAIIEHA CTATUCTUIECKOI TEOPUN MaIINH-
HOTO O0y4YeHWsI, METO/Ibl BTOPOTO THIIA OyJ/IyT U3y4aTbCsl BO BTOPOI U
TpeTbell JacTAX KHUIH.

[Tocie Toro Kak cxema IpeJCKa3aHUs OIpesesieHa, HaM Heo0Xo-
JAUMO OIIEHUTDH €€ IIpeCKa3aTe/IbHbIE BO3MOXKHOCTHU, T.€. KQ4€CTBO €€
npejickazanuii. [IpegsapurebHo HAIIOMHUM, KaK OIEHUBAIOTCH MOJIe-
JIX TIPEeJICKAa3aHus B KJIACCUYECKON CTATUCTUIECKOH Teopuu. B craru-
CTUYECKON TEOPUU IIPEICKA3aHUs Mbl IIPEJIIIOIAraeM, YTO [OCJIEI0BA-
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TeJIbHOCTh MCXOHBIX JAHHBIX (MM UCT0006) SIBISIETCS Peasn3aryeii
HEKOTOPOr'0 CTAIlMOHAPHOI'O CTOXACTUYECKOro mporecca. [lapamerpnl
9TOrO IIPOIECCa OIEHUBAIOTCS Ha OCHOBAHUU MPOILIBIX HAOJIIOICHUIA,
a Ha OCHOBaHUU YTOYHEHHOI'O CTOXACTHIECKOI'O IIPOIECCa CTPOUTCS
[IPABUJIO IIpeJicKa3aHusi. B aToM ciiydae GyHkuus pucka JaHHOTO Ipa-
BUJIA MIPEICKA3aHUsI OIPEIE/IAeTCA KaK cpeHee 3HadeHne HeKOTOPOi
bYHKINN TOTePh, U3MEPSIIOIIEH pa3inydne MeXK/y MPeICKa3aHIIMU 1
ncxomgamu. CpejHee 3HAYEHHE BBIYUC/ISIETCS 1O “MCTUHHOMY BEPOST-
HOCTHOMY PACIIPEIEIEHUI0”; KOTOPOE JIEYKUT B OCHOBE MOJIEJIN TeHEpa-
MY JTaHHBIX. Pas/imdabie MpaBuja MPEeICKA3aHns CPABHUBAIOTCS 110
3HAYEHUIM CBOUX (DYHKIMI pHCKa.

B cratucrmwyeckoit Teopuu MAITMHHOTO O0yYIeHUsT TAKZKEe MUCITOJIb-
3yeTcsl CTOXacTHYecKasl MOIE/Ib I'eHepallii JIaHHLIX, 8 NMEHHO, HC-
MIOJIb3YEeTCsl TPEITOJIOKEHNE O TOM, YTO IMOCTYIIAIONINE JaHHbIE He3a-
BUCHMO M OJIMHAKOBO paclpeeseHbl. BeposTHOCTh OIMMO0YHON Kiac-
cuduKaAIME WX PErpecCur Ha3bIBaeTCs owubkotl obobuwenus. Ilep-
BBII ITar B CTOPOHY OT KJIACCHIECKOU ITOCTAHOBKH 3aK/II09aETCsI B TOM,
UTO pacipejiesieHne, TeHepUpYIoIee TaHHbIe, HAM MOXKET OBbITh HEW3-
BECTHO W MBI HE MOXKEM H He OyJeM OIEHUBATH €ro ITapaMeTPbl, TaK
KaK OHH He HCHO.HbSyIOTCH B OIl€HKaX OH_II/I6OK K.HaCCI/Iq)I/IKaL[I/II/I nJjm
perpeccun. Mpbl 3apanee He 3HaeM, KaKOH M3 METO/OB KJIacCUPUKA-
WY WK perpeccuu OyJieT MOCTPOEH 0 HADIONAEMON YacTh JTaHHbIX
B mporiecce 00yvIeHnsT; HaM 3aJIaH IEeJIbIH KJIacC TAKUX METO/IOB — Ha-
[IpUMeEp, 3TO MOXKEeT OBITh KJIACC Pa3e/IsioNnX IUIEePIIOBEPXHOCTEN B
MHOIOMEPHOM IpocTpancTBe. OeHKr ommbKy 0000IIeHns IIPU KJiac-
cudUKAINE WX PErPECCUU JOJKHBI OBITH PABHOMEPHBIMU 110 BCEM
TaKHM BEPOATHOCTHBIM pPacCIIpe/e/IeHnAM N IIPpUMEHAEeMbIM METOIaM.
WHbIMI cIOBaM#, 9TH OIEHKHU HE 3aBHCAT OT pacIpeIe/IeHs, TeHePH-
PYIOIIEro JaHHbIe, a TAKXKe OT (DYHKIINYT KJIACCU(MUKAITIT WA Perpec-
cun. BriepBble maHHbIN moax0 ObLT peajn3oBaH B paborax Bammnka
u Yepsonenkuca (cM. [2]).

JLy1s1 OTleHK U TIpe/ICKa3aTeIbHON CIIOCOOHOCTHU CXEeMBI KJIacCupUKa-
[T WK PETPECCUN UCIIOIB3YeTCs meopus 0bobwerus. B pamkax aToit
TEOPUH JTAIOTCA OIEHKU BEPOSITHOCTH OITUOKM KJIacCHUKAIINE OyIy-
X JAHHBIX IPU YCJIOBUM, YTO OOydYEHME IIPOBEIEHO Ha, CJIydailHOi
obyJaroreit BLIDOPKE TIOCTATOTHO OOJIBITOTO Pa3Mepa U B €ro Pe3yJib-

11



tare YHKIHUA KiraccuuKanum (perpeccun) coracoBaia ¢ 00ydaro-
meli BoIOOpKOi. BakueimuM mapamMeTpoM TakKoil OIEHKHU sIBISAETCS
caoorcnocmy (emkocmy) Kinacca yHKIM Kiaaccudukanuu (perpec-
cun). OBBIYHO B OIEHKE BEPOSITHOCTU OIMMOKN KOHKYPHUPYIOT JIJIHHA
BBIOOPKHU M CJIOKHOCTH KJIACCA THUIIOTE3 — IPHU 33/ [AHHON BEJIUYNHE
omuOKu ueM OOJIbIe JuHA 00yJatonieil BEIOOPKU, TeM OOJIBIIH 110
CJIO2KHOCTH KJIACC TUIIOTE3 MOXKHO HCIIOJIb30BaTh.

MeToabl BEIYUCIEHNsT OIMUO0K O0DODIIEHNsSI U TEOPHST PA3MEPHOCTH
KJIaCcCOB (DYHKIIMIT M3JIaraioTcs B riiase 1.

Croxnoctb KJ1accoB MYHKIHH OyIeT U3MEPATHCS TPEMsi CI1ocoba-
mu. [lepBoiit U3 HUX — DYHKIIUA POCTAa U CBA3aHHAs C Hell pa3mep-
Hocth Bamnuka—Yepsonenknca (VC-pasMepHOCTD) M3BECTHBI € cepe-
munbl 60-x rogoB 20-ro Beka. ITo3ke OBLIN BBEJIEHBI YHUCJIA TTOKPHI-
THS W yIIAKOBKH W CBS3aHHAS ¢ HUMHI IOPOroBasi pa3MepHocTh (fat-
Pa3MepHOCTH ), KOTOPBIE JJAIOT O0JIee TOUHBIE BEPXHUE OIEHKH ONIUOKH
006001IIeHNs B TOM CJIydae, KOrJAa pa3/Ie/eHne JaHHbIX TPOU3BOIUTCS C
3a/IaHHBIM [TOporoM. Kirie oua crmocob u3aMepenusi CJI0KHOCTH KJIacca
dbyukiuit — cpequne Panemaxepa — Takke U3ydaeTCs B 9TOU IJiaBe.
[Mocnenaune nBa crocoba m3MepeHus EMKOCTH Kjacca (DYHKINA B OT-
jimane or VC-pa3sMepHOCTH He 3aBUCST OT Pa3MEPHOCTH IIPOCTPAHCTBA
00'BEKTOB.

['maBa 2 mocasiieHa MOCTPOEHUIO AJITOPUTMOB KJIACCU(MDUKAITNT U
perpeccun. B 0CHOBHOM 3TO aJIrOpUTMBbI, UCIOJIL3YIONINE METO/, OLIOP-
HBIX BEKTOPOB. PaccMaTpuBaloTCss METOIBLI paclo3HaBaHus 00pa30B
Ha OCHOBE IIOCTPOEHUS PAa3e/IAIONINX ITUIIEPILIOCKOCTEN MITH TUIIEPIIO-
BEPXHOCTEl B MPOCTPAHCTBAX ITPU3HAKOB, IMTOCTPOEHHBIX C HOMOIIHIO
SIIEPHBIX METOMIOB. VI3j1ararorcsi OCHOBBI Teopun (PYHKIIHOHAIHHBIX
IIJILOEPTOBBIX MPOCTPAHCTB, MOPOYXKIECHHBIX BOCIIPOU3BOMSAIINM $1J1-
pom (Reproducing Kernel Hilbert Space — RKHS), u ux npumenenue
JIJISE TOCTPOEHUS PA3IE/IAIONINX THIIEPIIOBEPXHOCTEN U JJIsi TIOJTY YSHU ST
OIIEHOK OIMUOKU KJIACCU(DUKAITIN.

Bo Bropoit wactu — Ilpejckazanus MHAMBUALYAJIBHBIX [TOCJIEI0BA-
TesabHOCTEl Y BOODIIIE HE UCIOIB3YIOTCS HUKAKUE TMIIOTE3hI O CTOXA-
CTUYECKUX MeXaHM3Max, I'eHepupyiomux jganmsie. Habmomgaemble uc-
XOJ[bI MOTYT TE€HEPUPOBATHCS COBEPIIEHHO HEM3BECTHBIM HAM MeXa-
HUA3MOM, KOTOPBIN MO2KET ObITH KaK JIETEPMUHUPOBAHHBIM, TaK U CTO-
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XaCTUIECKAM WM Jayke “aJalTHUBHO BParkKIeOHBIM K HAIIUM IIPe-
CKazaHUsIM (T.e. MOXKET MCIOJIb30BaTh HAIIH IIPOIILIbIE [IPEICKA3AHUST
[PU PeHepaIui 09ePeHOrO UCXOIA).

IIpu 3TOM BO3HUKAET €CTECTBEHHBINA BOIIPOC — KAaK B 9TOM CJIydae
OIIEHUBATDL IPEJICKA3ATEIbHYIO CIIOCOOHOCTL MeToma. B orcyrcrBue
BEPOSITHOCTHOM Moje/in (DYHKINA PHUCKA B BUIE MaTEeMaTHIECKOIO
OXKUJIAHUST HE MOYKET OBITh OIlpeeseHa.

B Teopun mocsiesoBaTeibHOrO mpejcKasanus (ryiaBa 3) HUCIOJb-
3yI0TCA JBa TOIXOJA IJIsi OLEHKM KadecTBa IpeicKazanuii. B pas-
nese 3.1 paccMaTpUBAIOTCS MaKCHMAJILHO MMUPOKHE KJIACCHI MOJEEH,
OIACHIBAIOIINX BO3MOXKHBIE BAPUAHTHI IIOBEJIEHNST ICTOUYHUKA, TeHePH-
pytomero ganabie. CTPOUTCS METO[I, COOMPAIONINIT BCE BOZMOXKHOCTH
9TUX MOJIEJIEH B OJIHY arperupyronyo Moaesb. Il ponssogurcs cpapHe-
HHe MIPeICcKa3aTeIbHON CIOCOOHOCTH 9TOM MOIEIN C IIPEeICKA3aTE b
HBIMH CIIOCOOHOCTSIMU BCeX MojieJieil Kjacca. B pasmene 3.1 B kade-
CTBe IIPUMEpa arperupyoimx MOAeIell PacCMaTPUBAETCS CMEITNBa-
ONUi IpeJicKa3aTeslb U NMpaBuwiio Jlammaca, a TakyKe ONTUMAJIbHBIN
MUHUMAKCHBIH ITpecKa3aTe/ b U ero MPUI0KEHUs] — YHUBEPCAJILHOE
KoJIMpoBaHue, urpa Kejum.

B pazmene 3.2 npuBeen MeTO/I ITIOCTPOCHUS XOPOIIIO KAJTUOPYEMbIX
npeackazanuii. st omeHKN KadecTBa MPEICKA3aHUN HUCIIOIb3YIOTCS
TECThI, OINEHUBAOIINE PACCOTJIACOBAHHOCTD MEXKJIY IPeICKA3AHUSIMHI
U COOTBETCTBYIOIIUMI UCXOAAME. DTU TECTHI BHIOMPAIOTCS MCXOIsT U3
TexX 3a/1a4, JJIsl PEIIeHNsT KOTOPBIX OVIyT HCIIOJIb30BaThCs IIPEICKa3a-
HUSI.

OfuH U3 BUIIOB TaKMX TECTOB — TECTHI Ha KaJubpyemocTb. Llernb
aJrOPUTMa — BBIIABATEH TAKHE TIPEICKA3AHISI, KOTOPHIE BBIIEPXKUBAIOT
BCe TECTHI Ha KAJIUOPYEeMOCTb.

Tecthr HA KaMUOPYEMOCTb CTPOSATCHA B 3aBUCUMOCTHU OT TOT'O, KaK
MBI IIJIAHUPYEM HCIIOJIb30BAaTh XOPOIIO KaJIHOpyeMble MPEICKa3aHMA.
B paznene 3.5 crnenumasibHble TECTHI U COOTBETCTBYIONINE UM XOPOIIIO
KaubpyeMble MpeJICKa3aHus Oy/IyT HCIOJH30BAHBI IIPU HOCTPOCHUHN
VHUBEPCAJIbHON aJTOPUTMHUIECKON CTpaTerun JJjisi TOProBJIU Ha (Pu-
HAHCOBOM PBIHKE. AJITOPUTM TaKOil CTpaTerud aBTOMATHIECKH ITOKY-
maeT U IpojiaeT akiuu. Mbl JIoKaxKeM, ITO JIOXOJ IIPU TaKOM TOProBJIe
Oy/IeT He MEHbIIE, YeM JOXO]T 000 CTAIMOHAPHON aJITOPUTMUAIECKON
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CTpaTEeruu.
OCHOBHBIE NPUHIUIIBI CPABHUTEBHON (UJIM COpEeBHOBATELHOI)
TEOPUN TIPEICKA3AHIS PACCMATPUBAIOTCS B TaBe 4. DD PeKTUBHOCTH
aJITOPUTMa TIPEJICKA3aHUsI OIEHUBAETCS B (DOpPMe CPABHEHUS C IIPEJI-
CKa3aHUAMU HEKOTOPOI'O Ha6opa IKCIIEPTHBIX METOJ/0B, MJIN IIPOCTO
9KCIIepTOB. B Teopuu mpepckazaHuii ¢ yIeTOM 3KCIEPTOB BBOJUT-
cs1 KJIace IIpejicKasaTesieil, Ha3blBaeMbIX 3Kcrepramu. Kiiace skciep-
TOB MOXKET OBbITb KOHEYHBIM MJIM OECKOHEYHBIM, MOXKET UMETh MOIII-
HOCTH KOHTHHyyMa. B KadecTBe 9KCIEPTOB MOTYT PacCMaTPUBATHCS
pa3/IMIHbIE METOJIbI MIPEJICKA3AHUS, CTOXACTUIECKUE TEOPUU, METOJIbI
perpeccun u T.J. DKCIEPTHI MPEJIOCTABISIOT CBOU ITPOTHO3BI, TPEXK-
Jie 1eM OyJIeT TIPeICTABIIEH COOTBETCTBYIOIMINH UCXOM. ATperupyommii
AJIPOPUTM, [IPU BBIUUCIEHUY TTPEJICKA3AHIS, MOXKET UCIIOIB30BATh 3TH
[IPOT'HO3BI, & TAKXKe KyMYJISATUBHbBIE I0Tepu KciiepToB. Korma ouepe-
HOIl MCXOJI, CTAHOBUTCS M3BECTHBIM, KAXK/IbII SKCIIEPT BHITUC/ISET CBOU
morepu. C pOCTOM UHCJIa MCXOIOB M IPEJICKA3AHUI TOTEPU KaKII0-
r'o IKCIEPTa CYMMUPYIOTCS U 00pa3yioT €ro KyMyJIsTUBHBIE IIOTEPU.
Ha.I/IJ'[yLH_HI/IM Ha3bIBaCTCsA IKCIIEPT HecyH_LI/Iﬁ MHUHUMaJIbHBIE IIOTEPH.
Arperupyromnuii aJITOPUTM PU BBIYUCEHUN CBOMX MTPOTHO30B MOYKET
HCIIOJIB30BAaTh IIPOT'HO3bI U ITIOTEPU IKCIIEPTOB B IIPOIIIJIOM.

B pasnmenax 4.1 u 4.2 6yyT MOCTPOEHBI aJAIITUBHBIE AJITOPUTMBI
IpeicKa3anmsl, KOTOPbIe HECYT OTEPHU He OOJIbIne, YeM IIOTEPU Hau-
JIyUIIIero 9KCIEePpTa ¢ TOYHOCTHIO JO HEKOTOPOil omubKu o0ydeHUs,
Ha3biBaeMoil “perperom’. B pasjese 4.2 mpuBOAUTCS aJTOPUTM pac-
IpejiesIeHnst ToTephb B pexkuMe onyaita Opoitaaa n Hlamupe, KoTophrit
[IpUMEHsIeTCsI B pazzete 4.3 jijist ycuaeHus ciabblX aJIlTOPUTMOB KJTac-
cuduramyn. Crabblit aJIropuT™ KJtacCuUKAIUU JIejIaeT JINIIb He3HA-
YUTEJIHHO MEHBIIIee YUCIIO OMUOOK, IeM [IPOCTOE CAydaiiHOe yra bBa-
uue. B pasgese 4.3 usaraercst aJropuTM YCUJIEHUST CJIa0bIX KJIacCH-
dburaropos — 6ycrunr (Boosting). IIpusogurcs amropurm AdaBoost,
permafomuit 31y 3agady. Aaroputm AdaBoost ycunmmuBaer craborit ag-
TOPUTM KJIACCUDUKAIIAN O aJrOPUTMAa, KOTODPBI ¢ HEKOTOPOIO MO-
MEHTa B IIPOIecce 00yIeHnsl HAUNHAET J1e/IaTh KaK YIOJHO MAJIOEe TUC-
J10 omuboK. [IpuBeiensr JocTaToqnbie yeaoBusI 9PPEKTUBHOCTH 3TOTO
AJITOPUTMA..

B paznesne 4.4 npuBoauTCHd BEPOSITHOCTHBIN AJITOPUTM XaHHAHA
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CJIeTOBAHUST 38 BO3MYIIEHHBIM JINIEPOM, B KOTOPOM ITPUHUMAETCS Pe-
[IEHUS CJIEIOBATH 38 9KCIIEPTOM HECYIIUM HalMeHbIINE IOTEPU B IIPO-
oM. [Ipsimoe citetoBanme 9TOM nee MOXKET IIPUBECTH K HEIIPUEeMJIe-
MBIM IIOTEPSAM MPeICKa3aTeIsl, OJHAKO BBEJICHIE PAHIOMUIAIMHA 103~
BOJISIET IIOCTPOUTDH AJTOPUTM € JOCTATOYHO MAJILIM PEIPETOM.

B paznene 4.5 MBI paccMOTPHUM OOIIKE CBONCTBA AJITOPUTMOB JKC-
HOHEHIIMAILHOrO cMemuBanust. [Ipu aHagmze 3THX aJTOPUTMOB OC-
HOBHYIO POJIb UT'PAET TaK Ha3bIBAEMbIe SKCIIOHEHITNAJIBHO CMEITaHHbIE
norepu. KyMy/ISITUBHBIA BapUAHT 9TOM BEJIUYUHBI aCUMIITOTHYECKU
OJIM30K K MOTEPsIM KarKJI0TO U3 BaAPUAHTOB AJIOPUTMOB SKCIIOHEHITH-
aJIbHOrO CMeIlmnBaHusi. 1109ToMy aHan3 CBOMCTB STHX aJrOPUTMOB,
B OCHOBHOM, CBOJINTCS K aHAJIN3y SKCIOHEHITHAJIHLHO CMEIIAHHBIX IO~
TEPb.

B pazmene 4.6 paccmarpuBaeTcs 0oJiee HeTasbHas TOCTAHOBKA,
[IPY KOTOPOIl ITOTEPH SKCIIEPTOB U arPEerupyIoNIero aJropuTMa BO3HU-
KaloT B pe3ysbTare MPUHATHIX UMU peleHuii. B mporecce mporuosu-
POBaHUsI BBIIAIOTCS UCXOIbI, & (PYHKIUS IIOTEPDh COITOCTABJISIET pellle-
HUsl (HPOrHO3BI) C TUMU MCXOJAMU U BBIJAET COOTBETCTBYIOIINE T10-
Tepu. B paszgene 4.7 paccMaTpuBaeTcs: aJrOpUTM OTCJIEKNBAHNS HaU-
Jrydreit komOuHanuu sxcnepToB Fixed-Share. B npeabriymux pasme-
JlaX MBI CDaBHUBAJIN MOTEPU arPErUPYIONIEro ajJrOPUTMa ¢ IMOTEPSIMHI
HaWJIy4Iero skcrnepra. JIpyroit BO3MOXKHBIN ITOIX0M, COCTOUT B CJIEJTY-
IOIEM: CepHsl IAaroB, Ha KOTOPBIX MPOU3BOIUTCS 00yUIeHre, JIeTUTCS
Ha cerMeHThI. KarKI0My CerMeHTy CTaBUTCS B COOTBETCTBHE CBOI 9KC-
IIepT, IIOC/IeI0BATEILHOCTh CEIMEHTOB U COOTBETCTBYIOIIUX IKCIIEPTOB
Ha3bIBAETCsI COCTABHBIM SKcHepToM. Llesb arperupyromero ajaropur-
Ma, TaK»Ke HECKOJILKO MEHSIETCS — TellePhb OH JIOJIXKEH IIPEICKA3BIBATD
Tak, 9TOOBI ero morepu ObLIN OBl He OOJIBIIE YeM IIOTEPHU COCTABHOIO
9KcIiepTa (€ TOYHOCTBIO JI0 HEKOTOpOro perpera). Jasbreiinme 0606-
[IEHNsT CXeM CMEIINBAHUS PAacCMaTPUBAIOTC B paszese 4.8.

B paznene 4.9 paccMmarpuBaeTcs IOCTAHOBKA 3aJIa9H IIPEICKa3a-
HHUS C 9KCIEPTAMHU B YCJIOBHUSX YACTUIHOIO MOHUTOPUHTA OKPYZKaiO-
meii cpenibl. B aToM ciyuae, mpejickasaTelib B Pe3yJIbTaTe CBOEro Jeii-
CTBUS TTOJy9IaET TOJHKO COOCTBEHHBIE ITOTEPH W HE MMeeT JOCTyIa K
[IOTEPsIM JIPYTHUX IKCIEPTOB. B MUpPOBOii imTepaType 9Ta MOCTaHOBKA,
Ha3bIBaeTCs “mpobisiema MHOropykKux 6Gamnauros”(multi-armed bandit
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problem).

B rnaBe 5 Mbl BepHeMCs K 3a/1ate MPeICKa3aHus ¢ UCIIOJIb30BAHU-
€M 9KCIIEPTHBIX CTpaTeruil. Byer paccMOTpeH arperupyonuii ajiro-
purMm BoBKa, KOTODBIIt UMeeT 3HAUUTELHO MEHBIIYIO OMIMOKY IIpeji-
CKa3aHUsl I JIOrapupMIIECKON, KBAIPATUIHON U HEKOTOPBIX JIPY-
rux QYHKIUN TOTE€Pb, YeM METOJI, SKCIOHEHIINAJHLHOTO CMEIITMBAHUS,
UCIIOJIb30BaHHbIN B riaBe 4. Bymer Takxke mOCTPOEH COOTBETCTBYIO-
Uil aJIrOPUTM MHOI'OMEPHOU perpeccuu B pezKuMe OHJIANH, OCHOBAH-
HBbIA Ha IIPUMEHCHUUN arperupyomnero ajJropurMa.

B rnaBe 6 3a/mada mpeacKa3aHus ¢ UCIOJIb30BAHUEM SKCIEPTHBIX
CcTpaTeruii paccMaTpuBaeTCA B TepPMUHAX TEOPUU OHJIAWH BBIILYKJION
onTuMmuzalyu. B paszese 6.1 npuBesien u u3ydeH aJropuT™Ma OHJIANRH
IPpaJIMEHTHOTO CIIYCKa, a B paszese 6.2 paccMaTpuBaeTCs OHJANH OII-
TUMHU3aIs OOIIEro BUJA OCHOBAHHAS HA METO/Ie 3€PKAJbHOIO CIIyC-
K&, YaCTHBIMU CJIy4YasMU KOTOPOI'O ABJISIIOTCA OHJIANH I'pa/IMCHTHLIN
CIIyCK U aJITOPATMBI OIITUMAJIbHOT'O CMEINBAHUS.

[Ipenckazanmsa B pexKuMe OHJIAIH TECHO CBI3aHBI C TeOPHUEH urp.
Tperbs gacts — Hepovr u npedckadarius — MOCBSIIEHA U3JTOKEHIIO TEO-
puu 1peJicKazaHuil Ha A3bIKe TCOPUU ULP.

OcCHOBHBIE TIOHSITHSI TEOPUN UT'D PACCMATPUBAIOTCS B IyiaBe 7. Mbl
pacCcMOTPUM MaTPUYHYIO UIPY JABYX JIUIL C HYJICBOII CyMMO#l U 1oKa-
JKeM i Hee MUHUMakcHyIo TeopeMy /JDxk. dpon Heitmana. /loxasza-
TEJIbCTBO MUHUMAKCHON TEOpEeMbI IIPOBEACHO B CTUJIC TCOPUU MaIlIUH-
HOTrO OOyYEeHUsI C UCIOJb30BAHUEM METO/Ia SKCIOHEHITUAIBLHOIO CMe-
muBaHus. B 910l r1aBe Tak»Ke BBOJISITCS MOHATUS paBHOBecus Harma
U KOPPEJUPOBAHHOTO paBHOBecusi AyMmaHa.

B rmaBe 8 paccmarpmBaeTcsi HOBBI TEOPETUKO-UTPOBON ITOIXOT
K TeopHuu BeposiTHOCTe, npeyioxkennbiii Boskom u I1leiidepom [46].
B pamkax sToro nojaxona hpopMyIUPYIOTCS UTPHI ¢ TPEICKAZAHUSIMHI,
Ha TPACKTOPUAX KOTOPBIX, IIPU OLPEEeICHHBIX YCAOBUAX, BLIITIOJIHEHDI
pa3IuYHbIe 3aKOHBI TeOPUH BeposaTHOCTel. [IpuMepnl Taknx 3aKOHOB —
3aKOH OOJIBIINUX YUCEJ, 32AKOH ITIOBTOPHOTO Jiorapudma, IeHTpaJIbHAs
Ipejie/ibHasl TeopeMa U T.JI. BBOJAWUTCHA TOHATHE TEOPETUKO-UTPOBOI
BEPOSITHOCTH, KOTOPOE OIIPEJIEIIAETCs JIIst OI00HBIX UTD.

B pamkax 3Toro mojxojia Takke HanboJiee eCTeCTBEHHBIM 00pa3oM
dopmysiupyeTcst 3a/1a4a MOCTPOEHUS YHUBEPCAJIbHBIX IPEJICKa3aHuil,
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paccMoTpeHHas B TJiaBe 3.

B riaBe 9 6ymyT paccMaTpuBaThCcst 60JI€€e CJI0YKHBIE BOIIPOCHI TE€O-
puu urp. B ocHOBe uzjaraeMoil Teopun HaXOUTCH 3HAMEHUTAs Teope-
ma Butekyasia o gocruzkumoctu (Blackwell approachability theorem).
DTa TeopeMa sIBJIsteTCsl 0000IIeHneM MUHUMAKCHOM TeOpeMbl JJIsl UI'P
JIBYX JIAIL, C IPOU3BOJIbHBIMU BEKTOPHO3HAYHBIMUA (DYHKITUSIMHU BBIUT-
poima. Teopema Butekyasisa ciiy>KUT OCHOBOI JIJIs TIOCTPOEHUS! KaJIno-
PYEMBIX IIPeJICKA3aHuil JJIs CJIydasi IIPOU3BOILHOIO KOHEYHOTO YUCTIA
HCXOJTIOB.

B cBorto ouepesp, B 9T0i 2Ke ry1aBe OYJET OKa3aHO, YTO MCIIOIb30-
BaHUE KAJTUOPYEMBIX MIPEICKA3AHUI TI03BOJISIET TIOCTPOUTH CTPATET NN,
[IpU KOTOPBIX COBMECTHOE YaCTOTHOE PaCIIPejiesieHne XOJ0B BCEX WI-
POKOB CXOJIUTCS K KOPPEJUPOBAHHOMY paBHOBecuio AymaHa.

JanHast KHUTa IIPEICTaBsieT coboil KpaTKuit 0030p maeit m ma-
TEeMATHIECKUX METOJIOB COBPEMEHHOW TEOPUHU MAITUHHOIO O0YyYeHUs
U TECHO CBSI3aHHBIX C HEl TEOpUHU IPE/ICKA3aHUS C UCIOJb30BaHUEM
9KCIIEPTHBIX CTPATErnii, HECTOXACTUIECKUX TEOPETUKO-UTPOBBIX Me-
TOJIOB IPEJCKa3aHUsI, TEOPETUKO-UI'POBBIX OCHOB TEOPUU BEPOSITHO-
cTeil ¥ TEOPUHU YHUBEPCAJIbHBIX Ipejickazanuii. [lo MHeHu0 aBTOpAa,
BCE 9TU TEMBI IIPEICTABIISIOT COOOI HEOOXOIUMBIT MUHUMYM TEOPETH-
YeCKUX 3HAHUI JJIS CTY/IEHTOB U aCIMPAHTOB, CIEIMAIU3UDPY IOIIUXCS
B 00JIACTU MAITUHHOTO O0yYeHUsI U UCKYCCTBEHHOI'O WHTEJLJIEKTA.

Pabora Ham 3Toit KHHTOM YACTUYIHO MPOBOAMIACE B JaOOpATOPHUHI
CTPYKTYPHBIX METOJIOB aHAJN3a JIAHHBIX B IPEJICKA3aTEeIbHOM MOJe-
muposannu npu MockoBckoM pusnko-rexumaeckoro nacturyre (M-
T, rocyapcTBeHHBIN yTUBEPCUTET ).

MarepuaJy JaHHON KHUTU UCIIOJIB30BAJICS B KA1eCTBE OCHOBBI KYP-
coB JieKImii, mpouanTaHHbiX aBTropoM B 2008-2013 romax Ha 0Oazo-
BbIX Kadeapax Uucruryra npobsem nepegadn nnbopmanuu (TN
PAH) na daxyabrere yupasieHusi U NpuKJIaIHoi MaTemarukn MO-
TU un na daxymnprere KoMuboTepHbix HayKk HWY Bricmas mkosa
SKOHOMUKU. JlaHHasi KHUTA sBJISETCs CYNIECTBEHHBIM PACIIUPEHUEM
y4ebHoro nocobust [3].

Inaser 1 1 2 MOTYT HOCJIY?KUTH OCHOBOH it Kypca Jiekiuit “Cra-
TUCTUYIECKAsT TEOPUsl MaIluHHOro oOy4uenus’ . Iyiaser 3, 4 u 5 moryT
MTOCJTy?KATH OCHOBOH It Kypca JIeKIuii ‘“YHuBepcaabHbIe MPeICKa3a-
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oust’ W, HAKOHEIl, Ha OCHOBe IJIaB 3, 7, 8 1 9 MOXKHO COCTABUTH KypPC
“Urpst u npejickasanus’ .

C psamoMm mae#t m MOCTAHOBOK 3a7ad, TPEICTABICHHBIX B JTAHHON
KHUTE, AaBTOP TMO3HAKOMUJICS BO BPEMsI KPATKOCPOUIHBIX BU3UTOB B Jie-
mapTraMeHT KOMIIbIoTepHbIX Hayk Poifiag Xostoseit kosuremxka JIowH-
JIOHCKOT'O YHUBepcuTeTa. ABTOP ¢ OJIar0IapHOCTHIO BCIIOMUHAECT MHO-
roJjieTHee OOIIEHUE C COTPYJIHUKAMH U aCIUPAHTaAMU ITOrO Jernapra-
MenTa: Asekcangpom [ammvepmanom, Braagmvupom Boskom, FHOpn-
em Kamguumkanom, Muxamnom Bpiorunbiv, Nnbeit Hyperannossim,
Antekceem YepnosbiMm, Penopom 2K nanoesiM, AMmurpuem AmamcKum
u Jleo T'opmonom.

Aprop 6aaromapen FOpuro Kanmaumkany u Ajtekcero YepHOBY 3a
[IPEJIOCTABJIEHHBIE MATEPUAJIBI.

ApTop ocobenno baromaper Biragumupy BoBKy 3a MHOTOUYHCIIEH-
Hble 0ecelibl M Pa3bsCHEHHUS 110 MHOTUM BOIIPOCAM, 3aTPOHYTHIM B
JaHHOI paboTe.

Bropoe nznanue comepKuT cJieyonme JOMOJTHUTEIbHBIE pa3ie-
ael. B rnase 3 mobasaen paszmen 3.1. B rmaBe 4 mobapiieHBbI pasie-
gbt 4.5 4.9. B riiaBy 5 q06asiien pazzesn 5.8. HoBoit Takxke siBjiseTcs
riaaBa 6.

Astop 6maromapen A.B.T'acaukony, [ A. Kabarsuckomy, C.M.Kaprmenko,
A TI.Kysemosy, A.B.Hazuny, a takxe crymearam MOTU u BIID,
YKa3aBIINM Ha OIEeYaTKU U HETOYHOCTH II€PBOIO M3JIAHUS ITOM KHU-
I'U.

Pabora Haj J0MOTHEHUSAME KO BTOPOMY U3JAHUIO KHUTU YaCTHY-
HO mojepxkana rpantamu POOU: npoekrsr 16-01-00576 A u 16-29-
09649 odu-M.
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Yacte 1

CraTuctunyeckasi TeoOpus
MAIIIMHHOT'O 00y4YeHusd
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I'maBa 1

DJIEMEeHTBhI Teopun
KJIacCU(pUKaIm

Kak 6b1710 3aMetTeHO BO BBEICHUHN, TEOPHUsT MAITHHHOTO O0yJIeHUsT pe-
MAaeT 3aJ[a9u [peJICKa3aHusi OyJIyIIero MmoBeJIeHUs CA0YKHBIX CHCTEM
B TOM CJIy4ae, KOrJla OTCYTCTBYIOT TOYHbBIEC T'MIIOTE3bl O ME€XaHU3MaX,
YIPABJISIONUX [TOBEJICHUEM TaKUX CUCTEM.

Nmeercsa psin kKaTeropuit MaIuHHOTO 00y UEHUsT: KOHTPOJIUPYEMOE
obyuenue mim “obydenue ¢ yaurenaem’ (supervised learning), HeKoH-
Tposupyemoe obydenne (unsupervised learning) (B wacTHOCTH, Kila-
crepusaiiys), obydenne ¢ mojakperuierneM (reinforcement learning).
B sTo0it u cienyomeii raaBax HAC OyIeT MHTEPECOBATDH IEPBBIN THUII
MaIIIHHOT'O 00y YeHusT — KOHTpompyeMoe obydenne. Mbl Haunnaem c
obygatorneit BBIDOPKH, KOTOpast IIPEJICTABJIIET cOOO0i IpuMephl — apbl
Buga “Bxoa — Bbixox . Ilebio oOydeHust sIBJASIeTCS — BOCCTAHOBJIEHUE
3aBUCUMOCTH MEXKJIy JIEMEHTAMU STUX Tap C HEJbI0 MPECKA3AHUS
OY/LyIIero BBIXOA 10 3aJJaHHOMY BXOJY.

B ocHoBe crarucTHUecKOil TEOPUU MAINTUHHOTO ODYUEHUS JICXKUT
TUIIOTE3a O CYIIECTBOBAHUE CTOXACTUIECKOI'0 MEXAHU3Ma NeHEPUPYIO-
IEro TaKue napbl. B 9TOM ciiydae Mbl MOYKEM OIEHUBATH BEPOSTHOCTH
omubKu Kjaccudukarmuu Oyaymux npumMepos. 1Ipu sTom nenarorcs
MUHUMAJIbHBIE TIPEIIIONOKEHUS O BUJIE BEPOSTHOCTHOIO MCTOYHUKA,
TEeHEePUPYIOIIEro JaHHbIe. Teopusi 0000IIEHNS TPEIOCTABISIET OIEHKT
TaKuX OIMUOOK, PABHOMEPHBIE OTHOCUTEIHLHO MAKCUMAJIbHO MTUPOKUX
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KJIACCOB BEPOSITHOCTHBIX paclpeieIeHni TeHePUPYIONINX JTaHHbIE.

MBI paccMOTPHUM JBa OCHOBHBIX KJIacCa 3aJa4: 3ada4 KAaCCu@u-
Kauyuu 1 3adavu peepeccuu. B TaHHOI IyIaBe paccMaTpUBAeTCs 3aa19a
KJIaccuUKAIINK, B KOTOPOI BBIXOJ 9TO METKa KJIacca, K KOTOPOMY
IIPUHAJJIEZKUT BXO/I.

1.1. SBagaua kjaaccudmukam

1.1.1. BaiiecoBcKkuii Kjiaccudukarop

[TpeaBapuTeIbHO PACCMOTPUM OJIUH IIPOCTERIINIT METOJT KJ1accuduKa-
uu. Pacemorpum napy ciydaitabix nepemenubix (X, YY), npunumaro-
niyto 3Hadenus: B MHOxkectBe X X {—1, 1}. IIpeamnonaraem, 1ro 3roit
1ape COOTBETCTBYET pacIpejleieHne BeposiTHOCTeli P U olpeesieHbl
AIlOCTEPUOPHBIE BEPOSITHOCTU TPUHAJIEXKHOCTH 0O0bekTa T € X K
nepsomy u Bropomy kiaaccam: P{Y = 1|X =z} u P{Y = —1|X = z}.

JIerko mocTpouTh ONTUMAILHBIA KIacCUMDUKATOD, €CJIN PaCIpe/ie-
JIEHWe BepoATHOCTel P, renepupyiolee mapbl “BXOJI-BBIXO , N3BECT-
HO.

O603HAYMM YCTIOBHYIO BEPOSITHOCTH TOT'O, 4TO OOBEKT I MPUHAJ-
JIEXKUT [EPBOMY KJIACCY

n(x) = P{Y =1|X = z}.

st npoussosbHOro kiaccudukaropa g : X — {—1,1} BepositHOCTD
OIMOKY KJIacCu(PUKAINA PABHA

errp(g) = P{g(X) # Y}.

Batiecoscxuti xaaccuduramop onpenessieTcss Kak

h(z) = 1, ecu n(x) > %,
| —1 B IPOTUBHOM CJIyuae.

Cremyromast jieMMa I[MOKa3bIBaeT, 4TO OafiecoBckuil KJiaccudukaTop
MUHUMU3UPYET BEPOSITHOCTH OMMOKY err p(h), KOTOpasi B JAHHOM CJIy-
qae Ha3bIBAETCs 0aUeco8ckotl ouwudKo.
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JIemma 1.1. Jlas w6020 kaaccuguramopa g : X — {—1,1}

P{MX) #Y} < P{g(X) # Y} (1.1)

Loxasameavcmeo. st Ipon3BOILHOIO KJIacCu(PUKATOPA § YCJIOB-
Hasl BEPOSITHOCTD OIMUOKU KJaaccupUKAIuy Opu X = & BBIPaXKaeTcs
B BHU/IE

Plg(X) #Y|X =z} =

=1-P{g(X)=Y[|X =z} =

— 1 (P{Y =1,9(X) = 1|X =2} +

+P{Y =—-1,9(X)=-1|X =x}) =

=1— (g1 P{Y =1|X =z} +
gy PLY = —1|X = 2}) =

=1-(1 g(x)zln( ) + 1g(zy=—1(1 = n(z))}),

e 15t moboro yenosust R(x) 6ymer 1g,) = 1, ecrm R(x) Boimose-
HO, U 1p(;) = 0, B IpoTUBHOM Cilydae.
Amnajornanoe paBeHCTBO BBIIOJIHEHO JTsi KiaaccudukaTopa h(x).
Bamerum, 4T0 lgp)——1 = 1 — 1y(p)=1 A5 moboit PpynKuun Kac-
cudukanuu g. Takum obpasoM, /i KaxKaoro © € X

P{g(X) #Y|X =z} — P{h(X )#Y|X_9C}=
= n(2)(Ln@)=1 — Lg@)=1) +
+(1 = (@) Lp@)=—1 — Lg@)=—1) =

= (2n(x) = D) (Ip@)=1 — 1g(r):1) >0

110 ompeIeIeHnto baitecoBCKOro Kiaaccuduraropa h.

Huterpupyem obe 9acTh 3TOro HepaBeHcTBa 1o x. [lomyuuMm nepa-
BEHCTBO JIEMMbI. /A

Baitecopckuii KnaccuduKaTop CIyKAT STAJOHOM JJIs OLEHKH Ka-
JeCTBa aJTOPUTMOB KJIACCH(DUKAIIAHN.

Ob6o3HauuM IOCPEACTBOM D MHOXKECTBO BCEX M3MEPUMBIX (PYHK-
nuii kinaccudukaropos tuna g : X — {—1,1}. Yeaosue (1.1) MoxKHO
3amcaTh B BUIE

errp(h) = P{R(X) # Y} = inf P{g(X) # Y}.
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[Tycts mHekoTOpBIi KitaccudukaTop g; € D mocTpoen HEKOTOPBIM aJi-
ropurmoM A 1o ciyuaiinoii Beibopke S = ((z1,y1), -.., (z1,y1)), cre-
HEPUPOBAHHOM paclpejie/ieHueM BeposiTHocTeil P. AjiropurM Kiaccu-
durarnun A HA3LIBAETCA COCMOAMENbHIM IS pacipeaeenus P, ec-
JIM CIydaiinast Besmdauta errp(g;) cxonures K errp(h) 1o BeposTHOCTH
P, T.e. gist moboro € > 0

P{lerrp(g;) —errp(h)| > €} — 0 (1.2)

pu | — o0.

Autropur™m Kitaccudukanuy A Ha3bIBAETCS YHUBEPCAALHO COCMO-
AmesvruiM, ecau yeaosue (1.2) mmeer Mecto st JIEOOOTO pacipejie-
sieanst P.

Henocrarkom 6aiiecoBcKoro KiaccuduraTopa siBjsieTcst TO, YTO OH
HCIIOJIb3YeT JIJIsl BBIYKMCIIeHUsI 3HadeHuii dpyHkuuu h(x) BeposTHOCT-
HOe pacipejiesienne P, renepupyioriee napsl (z,y). Ipexae gem uc-
I0JIb30BaTh OaifiecoBcKuil KiaaccuuKaTop, HAI0 PEIIUTD 3aJ1ady BOC-
CTaHOBJIEHUsT BEPOSITHOCTHOIO pacupejenenns P 1Mo ero peann3aiu-
siMm. Ha mpakTuke Takoe BEPOSITHOCTHOE pacIpejieleHre JacToO Hem3-
BECTHO U €r0 TPYIHO BOCCTAaHOBUTH. OOBIMHO I MOJIYIE€HUSA JTOCTO-
BEPHOI'O pe3yJibraTa TpebyeTcs: JTOBOJIBHO MHOTO PeaIn3alinii CJryaaii-
noit Besmannnl (X,Y).

OcHoBHBIE TIPOBJIEMBI CTATHCTUYECKON Teopun KJaccupuKaIum
CBsI3aHBI C TeM, YTO IPU MOCTPOEHNN KiaccudukaTopos h(zr) Mbl He
MOXKEM MCIIOJIB30BATh PaCIIpeie/IeHns] BEPOSITHOCTENH, TeHEPUPYIOIIHe
napsl (x,y).

Takum obpazoM, B majbHeiIeM OyayT paccMaTpUBAThCA KJIACCH-
pUKaTOPHI, HE 3aBUCSIIUE OT BEPOSITHOCTHOI'O PACIIPeJIe/IeHUsI, TeHe-
PUPYIOIIETO JAHHBIE.

BaitecoBckuit kinaccudukaTop CIYKUAT IJisi CPABHEHUs ITPEICKA-
3aTeJIbHOM CIIOCOOHOCTH JPYTUX AJITOPUTMOB KJIACCH(DUKAIUN.

1.1.2. IlocTanoBka 3a/ja4mn KJaccudukammm

Bazkuast mpobiiema, BOSHUKAIOIIASI B CTATUCTUIECKONW TEOPUU MAIIIMH-
HOTO 00y YIeHUSsI, 3aKTI0TACTCS B TOM, KAK MHOTO CJTYIalHBIX TTPIMEPOB
HEOOXO0/IMMO MCIIOJIb30BATE IIPU OOYUEHUN JIjIst TOrO, YTOOBI TapaAHTH-
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POBATH JOCTATOTHO MAJIYIO ONMUOKY KIACCU(DUKAIINN C 38 JAHHO CTe-
[IEHBIO JIOCTOBEPHOCTH.

CrauaJia HallOMHUM OCHOBHBIE njten PAC-Teopun MarmmHHOTO 00y-
gyenusi (Probably Approximately Correct-learning), npejo:keHHyto
Basmanrom [52].

B nmannom ciydae popMasibHas TIOCTAHOBKA 3aJIa4i OCHOBaHA Ha
BEPOSITHOCTHBIX IPEJIIOJIOKEHUsIX. MBI IpejiioiaraeM, 9To BCe MpH-
MEPBI, TPEJICTABIECHHBIE JIJIsT OOYUYEHUsT WM TPOBEPKH, HE3ABUCUMO
U OJIMHAKOBO PACIIPeJIeJIEHbI COTJIACHO HEKOTOPOMY (DPUKCHPOBAHHO-
My HEU3BECTHOMY DPACIPEJIETCHIIO BEPOITHOCTEH P Ha MHOMXKeCTBe
X 5TUX TPUMEPOB, UMEIOIIEM CTPYKTYPY BEPOSITHOCTHOTO ITPOCTPAH-
cTBa.

[IpeamonaraeM, 9To KaxKaplit npuMep & € X WMeeT MeTKy — IIPH-
3HAK MPUHAJIEKHOCTH K HEKOTOPOMY Kjaccy. MeTku kiraccoB oGpa-
3YIOT MHOYKECTBO [ 1 33JTAI0TCsT ¢ TIOMOTIBIO HEU3BECTHON HaM (DYHK-
muu ¢ € C tuna ¢ : X — D, Koropasi Ha3blBaeTcsi KoHyenmom: () —
METKa .

JomycTuM, 9TO IO HEKOTOPO# CirydaiiHoil BLIOOpKE

S = ((z1,¢(z1)), ..., (@, c(xr)),

MMOPOKIEHHON pactipeaesienneM P, Mbl mocTpousu runore3y h = hg,
KOTOpasi BBIPAXKAET MPUHAJIEKHOCTh OOBEKTOB T K KJjaccaM (ToJI-
MHO)KecTBaM X)), IIOPOXK/IEHHBIM HEU3BECTHBIM HAM KOHIIEIITOM C.
Omubka runoTe3nl h ONpeIeIsieTCs Kak

errp(h) = P{h(x) # c(x)}.

Omubka errp(h) siBiseTcst cryaifHON BeJIMINHOI, Tak KaK (byHKIHs
h = hg 3aBucur or S.

Paccmorpum 3aiady: Hafitu Takyio rutnoresy h, JJisi KOTOPOii Be-
POSITHOCTB COOBITHSI, 3aKJIIOYAIOIIErocst B TOM, 9T0 ommbOka errp(h)
BeJIMKa, fABJsieTcs MaJioit. Jpyrumu cioBaMu, MbI XOTe€H Obl yTBEp-
KJATh, 9TO TUHOTE3a A 6epoAmHo npubsusumesvro éepha (probably
approximately correct).

Crenenb “ipubIU3UTEILHOCTH KOJUIECTBEHHO OYIET BHIPAXKATH-
csI C TIOMOIIIBIO ITapaMeTpa €: Mbl Oy/1eM TpeOOBATDH BBIIOJTHEHUST HEPa-
BercrBa errp(h) < e.
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Cremnens “BeposTHOCTH OYIET U3MEPSITHCS C TIOMOIIBIO ITapaMeTpa
ypOBH# j1oBepust d. Mbl XOTUM IOJIyYUTH XOPOIIYIO AIIIPOKCAMAIIIIO
KoHIenTa ¢ € C' ¢ BBICOKOI BEPOSITHOCTHIO. B wacTHOCTH, MBI TPEOyeM,
9106l HepaBeHCTBO err p(h) < € BBIIOJIHSIOCH Obl ¢ BEPOSITHOCTHIO HE
MeHbIeil yem 1 — 4.

Bce st coobpaxkeHust IPpUBOLST K CJIELYIONIe TOUHONR (POPMYyJIn-
poBke PAC-reopun MaIrmmHHOTNO 00y IeHMSI.

AutropurMm A BoccTaHaBiauBaeT Kjace KOHIENToB C ¢ IOMOIIBIO
KJacca runores H, ecim juis joboro konirenra ¢ € C, st J10060ro
pacipeesieHnst BEposiTHOCTER P Ha puMepax &, a TaK:Ke JIJIs JIIOObIX
€€ (0,1/2) u 6 € (0,1/2) BbimoHEHO CJIEYIONIEE:

e ajroputM A mosydaer Ha BXOJ| 0OyYAIONIYIO BBIGOPKY, COCTO-
SIIYIO U3 CilydaitHbix nap (x,c(z)), He3aBUCHUMO M OJMHAKOBO
PACIPEIETEHHBIX COIVIACHO P, 9HCI0 KOTOPBIX ITOJHHOMHUAIBHO
3asucut ot 1/€ u 1/9;

e ajroputM A BBLIAET B KadecTBe pedyibrara (QyHKIUIO h, Jist
KOTOPOii errp(h) < € ¢ BeposATHOCTBIO He MeHee 1 — 4.

B sTom ciaydae ropopum, uro Kjacc kKonrentoB C siBisiercss PAC-
n3zyuaeMbiM (Probably Approximately Correct learnable).

B nmamnoit pabore OymerT pacCMATPUBATHCS ITOCTAHOBKA 3aJatU,
HECKOJIbKO OTJIUYHASI OT KJIACCHIeCKON mocTaHoBKU 3amadun PAC-
TeOpUU MAITUHHOTO 00ydeHusi. MbI He HCIIO/IB3yeM MOHATHE KOHIIEI-
Ta, BMECTO 9TOI'0 MBI IIPOCTO MPEJIOIaraeM, ITo napel (x,%y) o0bek-
TOB & W UX METOK Y OJIMHAKOBO U HE3aBUCUMO PACIIPEJIeJIEHbI COTJIac-
HO HEKOTOPOMY HEM3BECTHOMY BEPOSITHOCTHOMY pacipejenenunio P Ha
mHoxkectBe X X D. IlomobHas mocTaHOBKa IPUHATA B COBPEMEHHO
CMAMUCTNUNECKOT, MeoPUY, MAwurHo20 obyyenua. B ocTagipbHOM BCe
ugen PAC-Teopun coxpaHsaioTcs.

Mgt npe/osaraem, uro seibopka S = ((x1,y1), ..., (21,y;)) rere-
pupyercst (IIOPOKIAETCsI) HEKOTOPBIM MCTOYHUKOM. OCHOBHOE Mpe/i-
[OJIOXKEeHIE 00 MCTOYHUKE, TOPOXKIAIONIEM BEIOOPKY S, 3aKIF0UAETCsI
B TOM, 4TO Ha mapax (z,y), T.e. Ha npocTpancTe X X D, 3amaHo pac-
npejesienne BepositHocreii P, a napsl (z;,y;), o6pasyroiye BEIOOPKY
S, OIMHAKOBO W HE3aBUCHMO PACIPEICTCHDI.
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Cootsercrsenno na muoxkectse (X x D)! 3amano pacnpeesenue
BepositHocTeit PP = P x P x --- x P.

IIpasu.no, nim dbyuknus (runoresa), Kiaccudukanum — 310 QyHK-
nust tuna h @ X — D, xKoTopast paszdbuBaer 3jeMeHTHl r; € X Ha
HECKOJIBKO KJ1accoB. Mbr Oyiem TakxKe Ha3blBaTh (PyHKIHUIO h Kiac-
cupUKATOPOM, UJIH PEIIAIONIAM [TPABUJIOM.

B nmanbueiiimem y nac Bcerga OyaeT pacCMaTpUBAThLC CJrydail Ou-
HapHoit kiaaccudukamuu D = {—1,1}, a dynknus h : X — D Gyger
HA3BIBATHCST UHIUKATOPHOI.

B sTom cityuae Bes BeiOOpKa S pasbuBaeTcs Ha JB€ MOIBLIOOPKU:
ST = ((wi,y;) : yi = 1) — noNOKUTETbHBIE TPUMEPDI (UJIU TIEpBbIit
kimacc) u ST = ((z4,¥:) : yi = —1) — oTpuIaTe/NbHbIE IPUMEPDI (MIn
BTOPOii KJ1acc).

B HEKOTOPBIX CiIyvasx WHIUKATOPHAs (PYHKIUS KaacCrupuKaium
h 3a712€TCsI C TOMOIIBIO HEKOTOPOI BEIECTBEHHOM (PYHKIUU f U 9uciia
reR

h(z) = { 1, ecmu f(x) >,

—1 B IPOTUBHOM cCJIydae.

[IpenckazaTenbHas CIIOCOOHOCTD TPOU3BOIBLHON PYHKITUN KJIACCH-
dukanuy h 6yIeT OLEeHNBATHCA 110 0WUbKe KAACCUPUKRAUUL, KOTOPAST
OIIPEJIE/ISIeTCST KaK BEePOSITHOCTH HEIIPABUJILHON KjaccuruKkamm

errp(h) = P{h(z) # y} = P{(z,y) : h(z) # y}.

Oyukiust errp(h) TakKe Ha3bIBACTCS PUCK-PYHKUUOHAAOM.

OcHOBHAa 1IeJIb IPU PEIIeHUH 3a/1a49i KJIaCCU(DUKAIUN — JJIsl 3a-
JIaHHOTO Kitacca (byHKIunit Knaccudukanuun H MOCTPOUTH ONTHMAJb-
HBII KJIaccuUKaTOp, T.e. Takyio yHKINO Kiaccuduxaruu h € H,
Ipy KOTOPOii ormmbKa Kiaaccudukanuu err p(h) sBiiseTcss HAanMeHbIIIeit
B Kjacce H.

B s70it TyiaBe B ocHOBHOM OyJieT pacCMaTPUBATLCH 3aJ/iada KJiac-
cudUKAIMY N-MEPHBIX BEKTOPOB — 3JIEMEHTOB MHOXKecTBa R", rie
R — MHOX>KeCTBO BCeX JeficTBUTENbHBIX unces. Jlagee D — MHOXKeCTBO
KJIACCOB 9TUX BEKTOPOB — KOHETHOE MHOXKECTBO C HEOOJIBIIINM IUCIOM
3JIeMEHTOB. PasMepHOCTb 1 €BKJIUI0BOTO MPOCTPAHCTBA R'™ 0OBIYHO
BEJIMKA 10 CPABHEHUIO C YUCJIOM KJIACCOB.
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Haitee snemenTsr R™ OyjieM 0003HaYaTH HOTIEPKHYTHIMU CBEPXY
OGykBamu: T, 9y, ... € R™; B KoopauHarax — & = (1, ..., &n). Dyayr
PACCMATPHUBATHCST OTIEPAINN CJIOXKEHUST BEKTOPOB

r1+n

x
Z+g— 2+ Y2

Tp + Yn

YMHOXKEHNA Ha BEHIECTBEHHOE YUCJIO

AT
_ [0 1%)]
ar = ,
Ty,
rie T = (z1, ..., &) 0y = (Y1, -, yn)"

C noMomIpIo IITPHUXa MbI YTOUHAEM (POPMY LIPEICTABICHU BEKTO-
pa B BUJE MATPHUIILI — IIPOCTYIO WA TPAHCIOHUPOBAHHYIO, HO TOJIBKO
B TeX CIydasX KOTIa 3TO MMeeT CYIIECTBEHHOE 3HAYCHIE.

Ha BekTopax m3 R" TakxKe ONpeaeeHO WX CKaIsIpHOE IIPOU3-
Begenue (T - 4y) = x1y1 + -+ + Tpyn. Hopma (ymHa) BekTOpa I

n
>~ 22, Ilpu pemenun 3a-
i=1
Ja4un KjaacCu(UKAIUU Mbl MCXOJIUM U3 obyuarowetd evbopru S =
(Z1,11), -y (T1,y1)), T Tj € X — BEKTOP €BKJIMJIOBOTO IIPOCTPAH-
crBa R"™ pasmepHocTu n (HAIPUMED, 9TO MOXKET ObITh HUMPOBOi 06-
pa3 Kakoro-mbo n300pazkeHust), ¥; — 9TO JEMEHT KOHETHOTO MHOZKe-
crBa D ¢ HEGOJIBIIUM YHUCIIOM JIEMEHTOB (MeTKa KJIacca), HallpuMeD,
y; € {—1,1}. DuemenTsr y; € D oupesessiior KJIacchl 00bEKTOB T;.
IIpu permennn 3amauu MHOTOMEPHONH PEIPECCUU TAKXKE PaCCMAaT-
puBaercst obyuatomas Bbibopka S = ((Z1,y1), ..., (T1,y1)), upn
TOM 3JIEMEHTHI 1J; OOBLIYHO SBJISIIOTCS BEIeCTBEHHBIME YKCJIaMU, T.€.
D = R. 3amaua perpeccun OyjeT paccMOTpeHa B pasjenax 2.8, 2.9, a
TakKe B paszgene 5.10.

ompejiessiercss Kak ||Z]| = /(T -Z) =
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1.1.3. JIuneiinble KJjJaccudUKATOPHI: IIEPCEIITPOH

Paccmorpum onua 3 HanboJiee CTapbIX aJrOPUTMOB KJIACCU(DUKAIIAN
— IIEPCEIITPOH.

[TepcenTpon mnpenacTaBiasgeT cobOii HEKOTOPYIO TEXHUYIECKYIO MO-
Jiesib BocupusTusi. Mojesnb nmeer aBa cjos. [lepBbiii, perenTopHblii
CJION TIOJIA€T CUTHAJI HA BXO/IbI IIOPOTOBBIX JIEMEHTOB — HEIIPOHOB TIpe-
06pazyIOIIEro CJIO.

Maremaruaeckast MOJIEb NEPCenmpona OYIET 3aIaBAThCS CIIEIY-
TOIM 00Pa30oM. 3a1aHO TPOCTPAHCTBO X MCXOIHBIX OMUCAHNN 00bHEK-
ta. [IpeobpazoBanue § = @(T), KOTOPOE B KOOPAUHATHOM BUJIE 3alll-

CBIBAETCS Kak y; = @;(Z), 7 =1, ..., m, CTABUT UCXOAHOMY OIUCAHUIO
z=(x1, ..., Tm) € X 00beKTa PeObPa30BAHHOE OMKCAHKE 0O'bEKTA
7= (y1, .-, yYn) € Y. llpennomnaraem, aro X C R™ u Y C R"™ st

HEKOTODPBIX 1M, M.
[TepcenTpon 3a1aeTcs OAHOPOIHON TuHEHHON DyHKIIIEH

L(z) = (A (7)) = Y Xips(®) = > \iws
i=1 =1

rje JeifiCTBUTE/IbHBIE YUCIa \; HHTEPIPETUPYIOTCH KaK Beca, IPUIIH-
cbIBaeMble [Ipeobpa30BaHHbIM Hpu3HaKaM y;. 31ech (A - @(T)) obosna-
Jaer CKaJsIpHOE MpOHM3BeJleHune JAByX BeKTopoB A = (A1, ..., A\,) u
o(z) = (¢1(Z), ..., ¢n(T)) B eBrIMIOBOM IPOCTpancTBE R

ByseMm CBS3BIBATDL ¢ MEPCENITPOHOM (PYHKUUIO AKTNUGCAUUL:

f@ =Y i@
i=1

[Ipumepsr yHKINN AKTUBAIIH:

o(t) = sign(t),
1

C’(t):m,

t_ ot
el —e
olt) = et +et’
rie
1, ecm t > 0,

—1,ecm t < 0.
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B maspmeiimeM 1t pocTOTHI OyIeM HCIOIB30BATL OMHAPHYIO
dbyukuuio akrusanuu o(t) = sign(t), Koropasi oupejessieT Ciaeryo-
mwmit knaccudukarop. CunraeM, 9T0 BEKTOP T NPUHAIIEIKAT MEPBO-
My KJIaccy, ecJiu

i=1

B mporuBHOM ciiydae BEKTOD T NPUHAJJIE2KUT BTOPOMY KJIACCY.
[eomeTpudecKkn 3TO O3HAYAET, UYTO B IMIPOCTPAHCTBE IPU3HAKOB X
3a/1aHa TUIIEPIIOBEPXHOCTD

ZM%’(@) =0, (1.3)
i=1

KOTOpas JEJIUT MPOCTPAHCTBO X Ha IBa MOJyIpocTpancTia. OObeKTh
IEPBOro KJIacca OTHOCATCS K OZHOMY IIOJIYIIPOCTPAHCTBY, OOLEKThI
BTOPOTI'O KJIaCCa OTHOCATCS KO BTOPOMY IOJIyIPOCTPaHCTBY. IlomobHast
IUIIEPIOBEPXHOCTDL HA3LIBACTCH pa3densrowet.

Kaxoii pasmesstrorieii runeprosepxaoctu (1.3) coorBercrByer
Pas3IeNIaomas THIEPILIOCKOCTh

Zn: Aiyi =0
i—1

B IIPOCTpaHCTBe IpeobOpa3oBanubix npusnHakos ). [Ipocrpancrso Y
TaK>Ke HA3BIBAETCSH CNPAMAAIOULUM.

[Iycts 3agana GeckoHewyHAst 0O0ydJaloNiasi BHIOOPKA B CIPSIMJISIIO-
IIEM IIPOCTPAHCTBE

S = ((Ql,ﬁl)a (52,62), o ')7

rje €; 0b03HaYaeT IPUHAJJIEXKHOCTH 00beKTa J; = ¢(T;) KIaccy
Ge{-1,1},i=12, ...

JlomycTuM, 9TO CyMIECTBYET THIEPILIOCKOCTb, CTPOrO Pa3Iesdio-
miast BbIbopky S. Ilyers A = (A1, ..., A,) — BekTOp KO3(bbunmenTon
9TOHl pasjie/diolieil I'MIIepIJIOCKOCTH. 110 olIpelle/leHHI0 MUIepILIOC-
KOCTb CTPOr0 pasjeideT BLIOOPKY, €C/IU BBIIOJHEHB HEPABEHCTBO

inf (A - ;) > 0. (1.4)
(2
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st ymobeTBa mpeobpasyeM 00ydaloNnyio BBIOOPKY CJEIYIONIUM 00-
pasom. PaccMoTpuM moc/ie1oBaTeIbHOCTD BEKTOPOB 41, Y2, ... , L€

Ji = Ui, €Can €; = 1,
! — i, eca €; = —1,

nust Beex 4. Torma ycimoBue crpororo pasienenns (1.4) sammmrercs: B
BHUJIC
inf(A . ﬂ,) > 0.
K

O603HaUUM

=in 7(/&:&1)
p(A) = inf Al

po = sup p(A), (1.5)
A#£0

n
> A? — ymna sexTopa A B npoctpanctse R™.
i=1

YcjioBrE CTPOTOit pa3ieIuMOCTH BEIOOPKY S MOXKET ObITH 3aIica-
HO B Bujie pg > 0.

Agropurm PosenbJjiaTTa IIOCTpOeHUs pa3aesdiolneil ru-
MEePILJIOCKOCTH.

e [|A]l =

[TycTb 3aiana npousBosibHas OecKOHeYHAasi 00y varolas BhIOOPKa

(71, €1); (T2, €2), -

U IIyCTh CYIIECTBYET I'MIIEPIIJIOCKOCTD, IIPOXOJAINas Yepe3 HadaJlo KO-
opaunat (A* - y) = 0, cTporo pazmeidiomas 3Ty BEIOOPKY, T.e. TaKas,
4TO

Cunmraem, garo ||[A*]| = 1.
IIycrs 3a7an mopor pasmiesennst — Iucyo po > 0 takoe, 910

(A" 9i) > po (1.6)

I Beex 4. TaksKe IPeIoaraeM, 9T0 BEKTOPHI §J; PABHOMEPHO Orpa-
HUYEHbI 110 HOpMe
sup il = D < oc.
7
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[Tosaraem Ag = (0, ..., 0).

FORt = 1, ..., T

Ecmu (Ay—1 - g¢) > 0, To mosaraem Ay = Ay_j.

(T.e. ecsim ouepeHON BEKTOP KiaccubUIUPYeTCst IPABUIBHO, TO Te-
KyIlasi THIEPIIOCKOCTh HE M3MEHSETCH ).

Ecimu (A1 - ) < 0 (ouepe/iHoli BeKTOP KiaccuUIUPYeTCsl Helpa-
BUJILHO), TO HPOM3BOJIMM KOPPEKTUPOBKY BEKTOPa TIHMIEPILIIOCKOCTH
Ay = Ay 1 + T, HA30BEM 3TY OIEPAIMIO TAKIKE UCTPACACHUEM OULUD-
KU.

ENDFOR

Puc. 1.1: Anropurm Posenbsiarra mocrpoenust pasjieisonieil rumnep-
ILJIOCKOCTHU

Obytenne mepcenTpoHa 3aK/TI09aeTCsT B U3MEHEHUN KOODIMHAT
BEKTOpa BeCOB A Ha KaxKJIOM Iare ajropuTMa, HMPUBEJIEHHOI'O Ha
puc. 1.1.

IIycts At = (A1t, ..., Ant) — TeKyIIuit BeKTOp K03 dHIIEHTOB
UIEPIJIOCKOCTH, BBIYUC/IEHHBIN Ha 1mare t aaropurMa, t = 1,2, ....

AJITOpUTM HCITONB3YET MPeodbPa30BAHHYIO MOCIETOBATEIHHOCTD BEK-
TOPOB Y1, Y2,

Cnenytomas Teopema, npuHatexamas A.A. HosukoBy, yTBep-
JKJIaeT, 9TO B TOM CJIydae, KOrJa CYIeCTByeT I'UIEePIIOCKOCTh pa3ie-
JISTIOTTAsT BLIODOPKY € TIOJIOXKUTETHHBIM TTIOPOTOM, aaroput™ Pozenbar-
Ta M0CJIe MHOTOKPATHOTO IPEIbIBICHNS 00y IaloNIeil moc/e10BaTe b
HOCTH, COCTABJIEHHON M3 3JIEMEHTOB BBIOOPKH, TIOCTPOUT 38 KOHETHOE
YUCJIO TIATNOB TUIEPILIOCKOCTD, CTPOTO Pa3JeIsioNLy0 BCIO BEIOOPKY.

Teopema 1.1. Ecau cywecmsyem 2unepniockocmy, pa3dessowas
beckoHeuHYI0 8LLO0PKY

(U1, €1), (92, €2),

C NONOACUMEALHBLM NOPO20M, MO 6 aszopumme Posenbaamma uc-
npasAeHue OUWUOKY NPpoucrodum ne boree uem

%]
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pas.t Omo anavum, wmo nepasencmeo Ay # Ni_1 6vinoaneno 0as e
2
bosee uem L%J PABAUNHDBLT T

0
Hocae smoeo, pasdessrousan 2unepniockocms Cmabuiu3upyemcs

u 6ydem 6e30wubouH0 deAumd 6CI0 DECKOHEUHYIO OCTNABULYIOCH HACTIL
nocAA08AMEALHOCTIU.

Hoxazameavcmeo. Ecnm Ha mare ¢ IpouCXOAUT M3MEHEHHE BEKTO-
pa A¢, TO
1AL = 1A=t + 2(Ae—r - Ge) + (171

Tak xak (A¢—1-7;) < 0 (kIaccudukarms t-ro BEKTOpa HelIPpaBIIbHAST)
u |9l < D, nonyuaem

1A < [[Ae-a® + D2,

Eciin o mara T BKJIIOUATEFHO MPOU30ILIO k TAKUX HUCIIPABJIECHUI,
TO MOy JIaeM

JA? < kD2, (L.7)

ITo ycsoButo pasuesumocru (1.6) cymecrByer eaunudHbIi BekTOp A*
TaKOU, 4TO

(A" - %) = po

IJISI BCEX 1.
Onenum Bermunny (As - A*). Ilo oupenenennio (Ag-A*) = 0. Econ
Ha Iare ¢ aJrOPUTM HPOU3BOJIUT HCIPABJIEHHE, TO

(Ap - A*) = (A1 - A") + (A" - 5¢) = (A1 - A7) + po.
ECJH/I Ha miare t HUCIpaBJIEHUA HE IIPOUCXOJUT, TO
(A - A*) = (Ap_q - A).

Takum obpazoM, ecyin K mIary t aaropuTM mpoussesi k UCIpaB/IeHuid,
TO

(A¢ - A*) > kpo.

131ech u nasee, s 06GOr0 BELIECTBEHHOIO YHCIA T YEPE3 || obosnauaercs
MaKCHMAaJIbHOE IIeJI0€ YHCJIO He Goublie 7, a [r] 0603HaYaeT MUHUMAJIBHOE LeJIoe
YHUCJIO HE MEHBIIIE T
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ITo mepasencrBy Kommmu—BymnskoBckoro
(Ag =A%) <A - (AT = (1A
[TosToMy mMeeT MeCTO HEPABEHCTBO
1Al > kpo. (1.8)
O6bequnsiem HepasercTsa (1.7) u (1.8), nomyuaem
D2
k< —.
Po

Taknm o6pa30M, YHCJIO I/ICHpaBJIeHI/IfI HE IIPpEeBOCXOaUT

D2
|2
Po
Teopema nokazana. /A
ITo Teopeme 1.1, kakoBa ObI HE OblTa GECKOHEYHAs pPa3IeInMast

C TOJIOXKUTEJbHBIM TTOPOrOM BBIOOpKa, aJropuTMm PozenbiarTta, cie-
2

JIaB KOHEUHOE UHCJIO UCIPABJIEHUN, He MPEBOCXOIsIIee L%j, Haiiger
0

KaKyI0-JIub0 TUIIEPIIOCKOCTD, CTPOTO Pa3JIe/IsAoNLy0 BCIO BHIOOPKY.
B HEKOTOPBIX Cilydasix B IEPCEIITPOHE PACCMATPUBAETCsI OUHAPHOE
CHIPSIMJISTIOIIEE [IPOCTPAHCTBO, T.e. V) = {—1,1}".
B srom ciyuae scno, uro D? < n. Torma orenka Teopemsr 1.1
uMeeT BUI,

n
k< | =],
Lng

T.€. YUCJIO KOPPEKIM aJlropuT™Ma 00yIeHus IIePCeTPOHa PACTET JIH-
HEHO ¢ Pa3MEepPHOCTBIO MPOCTPAHCTBA.

B sTom pasmesne ObL1a paccMOTpPeHa JIBYXYPOBHEBAs MOJEb Iep-
centpona. Ha mepsom yposHe ompejensercss orobpazkenue § = ¢(T)
UCXOJIHOTO MPOCTPAHCTBA ONUCAHUN OOBEKTOB X B CIPSIMIIAIONIEE
npocrpascTeo ). Ha BTOpoM ypoBHE peasiu3yercsi aJrOpuTM 00y de-
HUST — [OCTPOEHKE PA3JIEISIONIeil THIIEPILIOCKOCTH B IPOCTPAHCTEE )
Ha OCHOBe obyJaroIeil ocseaosareibHoctu. OCHOBHOE TpeboBaHMe K
OTOGPAKEHIIO ¢ JUKTYET BTOPAs YaCTh MOJEJH, & HMEHHO, MHOYKe-
CTBa BEKTOPOB — 00Pa30B {J, IPUHAJIEKAIINX K PA3JINIHBIM KJIaCCaM
JIOJIZKHBI OBITH PA3JIeJIMMbI THIIEPILIOCKOCTHIO.
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MHuorocioiiHasi HeifipoHHasi ceTh. llepcenTpoHBI MOXKHO KOM-
OMHUPOBATHL B BUIE MHO20CA0TUHBLT HEUpoHHvL ceTeil. B Kaxkmoii Bep-
[IAHE ¥ TaKOI CeTH pacIoJIaraeTcst HeKoTopas (DyHKITHSI

f[7(@) = o((@” - z) + V"),

0 — QYHKIUS aKTUBAIMHA; HA MECTO apryMeHTa B Hel IOJCTaBJICHO
3HAYCHUE IIePCEIITPOHA.

PaccmoTpum cemdb BepIuH, COCTOAIIYIO U3 | CJT0eB. 3a/1aHbl HATY-
pasbHbIE YUCIA N, ..., 1 — PA3MEPbI CJIOEB (YUCJIO BEPIIUH B CJIOE),
IpuYeM, CaMbIil BEPXHUI CJION COCTOUT U3 OJHON BepIIUHBL: 1y = 1.

C KaxK0ii j-il BEPIIMHOI §-I'0 CJI0sI CETH aCCOIUUPYETCst PyHKITNST
fi;j(@) = o((w"7 - T) + b)), tne W,z € Rt u b € R.

Heitponnast cerb MOXKeT OBITH IIpeJICTaB/IEHa B BUle HAOOpa BEK-
TOPHO3HAYHBIX (DYHKITHH

fi: R o R,

1= 1, ey l, riae fZ = (fi,la SN fi,m,l)'
Boixon HeiipoHHOI ceTH 3a/1aeTCsl OJIHOMEPHON (PYHKIIUEH — KOM-
TTO3UINEN

fio ficio---0 fao f1.

Bekropsr W'/ Ha3bIBAIOTCS BecaMu, KOTOPDLIE MPUIUCAHBI BEPIITTHAM
(i,7) ueitponHoii cern.

1.2. Teopust 06001IIeHUS

1.2.1. BepxHue OIleHKN BEPOSITHOCTH OINMNOKM KJjaccudu-
Kaiuu

B Teopun 06001eHNST BBIYUCISIIOTCS BEPOSITHOCTH OMINOKN KJIacCU(pU-
KaIuu Ha mecmosoti 6bibopke, TIoc/ie TOTO Kak (MYHKINs Kaaccudu-
Kalliu OIpeJiesIeHa 10 00yuaroweti 6b00pke, T.e. IPOBEAEHO 00y IeHne
aJTOPUTMa, KJIACCU(DUKAIIN.

B sToM pazzesie Mbl IpHUBEIEM OCHOBHBIE ITOJIOYKEHUST CTATUCTHAYE-
CKO#l Teopum 0OOOIITEHMSI.
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Crarucruyeckas TeOPUs MAIUHHOTO 00y YeHUs UCIIOJIb3yeT IUIIO0-
T€3y O TOM, YTO Hapbl (X;,y;) TEHEPUPYIOTCS HEKOTOPBIM HEU3EECI-
HblM HAM PACIPeJIeJIEHNEM BEPOATHOCTEN, IIPU TOM, KaK IPABUJIO,
paccMaTpUBAETCs OYEHb IMUPOKMI KJIACC TaKuX pacupenesiennii. VMc-
[IOJIB3YETCsI TOJIBKO MPEJIIOJIOXKEHNE O TOM, UTO JAaHHBIE HE3aBUCHMO
U OJIMHAKOBO PACIIPE]IE/IEHBI.

B craTucTuteckoit Teopun MAITUHHOTO 00y YEHUsT UCXOJSIT U3 00y-
yaroulett 6v100pku, O KOTOPOW ompeiessercsd (MYyHKINA Kiaccudu-
KalliW WA PErpecCUy, HAMIYIITUM 00pa30M OMMCHIBAIOIIAST 9TY BbI-
bopky. Kmacc ¢pynknmit Kiaccudukaiun MOKET ObITh OY€HD ITHPOK
— OT pa3JIeJISIIONIUX TUIIEPIIJIOCKOCTEH B N-MEPHOM IIPOCTPAHCTBE 0
[IPOU3BOJILHBIX MHOT000OpPa3uil, KOTOPbIE OTOOPAXKAIOTCS C HOMOIIHIO
SIIEPHBIX METOJ0B B T'HIIEPILJIOCKOCTU, PACIIOJIOKEHHBIE B IIPOCTPAH-
cTBax 00JIbIell pa3MepHocTH M > n. Hukakme pacupeaeienns: Bepo-
SITHOCTEN He MUCHOJIB3YIOTCS B AJITOPUTMAaX, BRIMUCJIAIONINX 3HAYCHUS
dbyHKIINN KIaccupuKaium.

OyHKIUS KIACCUPUKAIIMYI TPOBEPSIETCS HA Mecmogots eubopke.
Sajiada Teopuu 0OOOINEHNUST COCTOUT B TOM, ITOOBI OIEHUTH BEPOSIT-
HOCTBH OIMMOKHN KJIacCH(UKAIME HA ITPOU3BOJILHON TECTOBOI BHIOOPKE.

Teopust 0606menuns Bamnnka—depBoHeHKNCA TTO3BOJISET BBITUC-
JIUTH BEPOSITHOCTH OMIMOKH KJIACCH(PUKAIINY HJIN perpeccu (OTHOCH-
TeJIbHO PacIpejie/ieHusI BEPOSITHOCTEH, TeHEPUPYIOIIEro TaHHbIe, BO3-
MOXKHO HEM3BECTHOTO HaM) JIJIs COIVIACOBAHHOII MO 00ydJaromeil Bbl-
6opke PYHKINY KIACCU(PUKAITNT UJIN PErPECCUU HA JIFOOBIX OyJIyIIIX
JIAHHBIX.

Takast BepOSTHOCTb 3aBUCHUT OT pa3Mepa 00ydarolieil BBIOOPKU U
Pa3MepPHOCTH WJI EMKOCTH KJjacca (PYHKIHIA, OMUCHIBAIOIINX JTaHHbIE.

EmkocTs kitacca pyHKIHi HE 3aBUCAT OT YHUCJIA TAPAMETPOB STUX
GYHKIMIT 1M OT aHATUTUIECKOTO crocoba nx 3aganns. OHa 3aBUCAT
OT T€OMETPUYIECKUX CBONCTB KJIACCA — MAKCUMAJbHOTO Pa3Mepa Mpo-
eKkIuit PyHKINH 9TOro KJjiacca Ha BBHIOOPKU 33 aHHON ITUHBI.

B srom pazzese OyiyT JlaHbl paBHOMEDHbBIE BEPXHUE OIEHKHU Be-
POSITHOCTH OMIMOKU B 3aBUCUMOCTU OT JIJIMHBI O0ydalolieli BIOOPKHU
7 pa3MepHOCTH KJiacca PYHKIUNH KIaCCUPUKAIIAN.

Kpurepuit Beibopa GyHKIMN KaIacCuUKAIMT OCHOBAH HA MUHU-
MU3AINNA BEPXHEH OIEHKHN BEPOSITHOCTH OIMMMOKM 0OOOITIEHMSI.
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Iycrs S = ((x1,v1), -..,(x1,y1)) — obyvaromas BeIOOPKa. 3/1eCh
x, € Xmy, € {—1,1} npu 1 < i < [. DuemenTsl X' HA3BIBAIOTCS
obsexmamu, a 3JIEMEHThI ) HA3BIBAIOTCH MEMKAMU.

B npusoxkenusix o6prano X C R™, rae R™ — n-MepHOE €BKJIHI0BO
BEKTOPHOE IIPOCTPAHCTBO.

[Ipeamonaraem, uro Ha muOXkecTBe X X D 3a/iana cTpyKTypa Be-
POSITHOCTHOTO IIpocTpatcTBa ¢ pacupeertenneM P. ITocpexcrsom P
0b03HaYaeM BEPOSATHOCTHOE paclpesiesieHne Ha BbIOOpKax S JJIHHbI [,
KOTOPOE €CThb IPOM3BeieHNe | SK3eMILISIPOB pacipeeienust P.

Paccmorpum obmuit coryuait. 3asan kiacc H dyukinii kinaccudu-
kanuu u gynknus norepb A(y,y'), vae y,y' € D. Jljist Ipou3BoIbHOMN
dbynknun knaccudukanun h € H u Bsibopku S = ((z1,41), ..., (X, Y1)
olpe/iesisieTcsl BhIOOpOYHasi (SIMIIMPUYEcKast) OIuOKa

-3

[Tpeanomaraem, 4To mapsl (', y;) HE3aBUCHMO U OIMHAKOBO DaCIpe-
nesierbl 10 P obosnavaem 910 (x4, y;) ~ P. Obo3Haunm maremMarude-
CKOe OXKHIaHNe MOTePh MIPHU NCIIOIb30BAHNN Kaaccudukaropa h

EP(h’) = E(:p,y)wP(A(h(x)v y))

U3 onpenenenus Eg pi(Es(h)) = Ep(h).

Ecnu dyuknusa moreph orpaHuteHHAsi, TO UMEET MECTO YCUJICH-
HBIM 3aKOH OOJIBIUX YHCesI: st (PUKCUPOBAHHOTO KJIacCuUKaTOpa
h, ¢ BEpOATHOCTBHIO eINHUIIA,

N\p—\

l
1
jz ),Yi) = Ep(h)

npu | — oo. CooTBeTCTBYIOIIEE HEPABEHCTBO OOJIBIINX yKJIOHEHUN
nMeeT BUJL

PYS : Lp(h) — Lg(h) >t} < A(h,1,1),

riae A(h,l,t) — 0 upu | — oco.
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Oyuknusa Kiaaccudukamnun h € H Oymer onpenesThbes MO CIIy-
JaiftHOI BRIOOpKE S, M03TOMY HaM HEOOXOMMO HEPABEHCTBO OOJIBINTNX
VKJIOHEHUI ¢ He 3aBUCAIIEH 0T h OIeHKOI BuIA:

PYS: sup(Lp(h) - Ls(h)) > t} =
= PY{S: (3h € H)(Lp(h) — Ls(h)) >t} < A(l,1). (1.9)

O6osnauum 6 = A(l,t) u JOIyCTUM, YTO MBI MOXKEM BBIPA3UTH
t =t(l,6). Torma PAC-dopmynuposka orenkn (1.9) BeIssauT ciiemy-
FOIUM 06pa30M: JIJIsl IIPOU3BOJILHOTO § > 0, ¢ BepoATHOCTBIO > 1 — 4,
I71st Kaxkaoro h € H BBITTOTHEHO

Lp(h) < Lg(h) + (1, ). (1.10)

OcnoBHasi 3ajiavua KJjaaccudUKaIUu — IOCTPOeHnEe KiaccudukaTopa
h € H, KOTOpBIit MUHUMU3UPYET PUCK-(DYHKIMOHAT (MaTeMaTHIeCKoe
oxuganne omnokn) Fp(h). Tak Kak Mbl He MOYKEM MPSIMO BBIIHCIATD
Besmunny Ep(h), a umeem Tosbko onenky (1.10), Gygem permars jise
sagaqan: (1) MUHEM#3aNUs BBIOOPOTHOTO CPEHEro (bYHKIUH OTEPh
Es(h) upu 3ajanHoil ciydaiinoii BbiOOpke S; (2) HAXOXKJeHUsI Hep-
BEHCTB GOJIBINNX YKJOHEHHH ¢ MuHuMasbHbIME oneHKamu A(l,t) u
t(1,9).

[TpenBapuTeaIbHO PACCMOTPUM YACTHBIN CIydail — 3a1ady ONEHKN
ONUOKK KJIaCCUMUKAIUN JIJIsT CITydast, KOrja (pyHKIMOHATIBHBIN KJIACC
H conepxut rurore3y KJiacCupuKaINl, CONJIACOBAHHYIO C BEIDOPKOIA.

ycres D = {—1,1} u A(y,y’) = 1,2, Obo3Hauaem

1
ertg(h) = 711+ hw:) # i1 < i <1

OTHOCHUTEIbHOE YHCJIO OMMOOK Kjaccudukanum h Ha BbBIOOpKe S.
Baech |A| — uncio snementos muoxkectsa A. Vmeem

l
1 1.

Ls(h) = errg(h) = 1 Z L)y = 7|{Z () # yid-

i=1

[Tycre 3aman0 npasmwio kinaccudukanuu h: X — {—1,1}. Torga
errp(h) = E(m,y)wP(lh(m);éy) = P{(ﬂ?,y) : h(:E) 7& y}
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OTa BeJIWUNHa PABHA BEPOSITHOCTH HEIPABUJILHON KJIACCU(DUKAIIAN.
INunoresa kiaccudukanyuu b corjgacoBaHa ¢ BHIOOPKOI

S = ((xl,y1), ceey (xl’yl))7

ecan h(x;) = y; st Beex 1 < ¢ < [. Jlpyrumu cioBamu, rumoresa
kiraccndukanun b coryacoBana ¢ Bobopkoii S, ecau errg(h) = 0.
st Ipou3BOJIbHON runoTe3nl Kiaaccudurauu h u € > 0 nmeem

PYS : errg(h) = 0&errp(h) > €} =

l
— [1Pthias) =y} =
=1

I
= H(l — P{h(x;) # yi}) =

=1
= (1 —errp(h)) < el (1.11)

3/1eCh MBI UCTIOIL30BATH HE3ABIUCUMOCTE ONNOOK Ha 9JIEMEHTAX BbI-
OOpKH.

IIycts H — HekoTOpBIN Kjacc rumore3 kKjiaccuduxaruu. Ecan
kiacc H xoneunsrit, To u3 (1.11) noxygaem omeHky

PYS: (3h € H)(errg(h) = 0&errp(h) > €)} < |Hle7'.  (1.12)

Wurepnperanust (1.12) 3ak/09aeTcst B CJIELYIOMIEM.

[Iycrs 3aman kpuTudeckuit yposenb § > 0 mpuHsaThs omubod-
HOiT runoresbl Kiaaccudukanuu h € H, coriiacoBaHHBIN ¢ 0byvarorei
BIGOpKOit S. Torja 1o (1.12) Mbl MOXKEM YTBEPXK/IATh, YTO C BEPOSIT-
HOCTBIO He MeHbIe 1 — § runoresa Kiaaccuduranun hg € H, moctpo-
eHHasl 110 CJIyvaiiHoi oOyJaroreil BEIOOpKe S U coTJIacOBaHHAsI C Hell,
6yaer nMeTh ommbKy Kiaccudukamum 2 errp(h) < € = %ln |5ﬂ

Jpyrumu cjaoBamu, BCsKasg THUIOTE3a Kjaaccudukanuu h, uMero-
g ommbKy errp(h) > €, ¢ BepoaTHOCTLIO He Menbe 1 — | H e ™ ne

OyzieT coryiacoBaHa €O CIydaiiHOil BRIOOPKOM JJIHHBI [.

2B J_I‘aaneﬁmeM lnr 0603Ha‘{8.eT HaTypaJ’[BHbIP‘I JIOI‘apI/I(I)M IIOJIOZKUTEJIBHOI'O
qucia 1, a logr Gymer 0603HaUATH JIOTaprudM T IO OCHOBAHUIO 2.
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B ciayuae Geckomednoro cemeiictBa dyHKImit H amaJoruvdnble
OIEHKM Ha OIMIMOKY KJIACCH(DUKAIUU JaeT Teopust 0000IeHMsT
Bamnnuka—Yepponenkuca. CioxkHOCTh Kaacca H onenuBaercs ¢ Io-
MOIIBI0 (DYHKIMU POCTa

Buy()= max |[{(h(z1), h(za), ..., h(z))): h € H}|.

(z1,22, 0y 27)

CroiicTBa 310l QYHKIUH OYIyT U3ydaThCsl TaJIee.
Nmeer mecTo Teopema — aHasior cootHomenust (1.12) mast 6ecko-
neunoro H.

Teopema 1.2. Ilpul > 2/e umeem mecmo oyerka
Pl{S : (3 h € H)(errs(h) = O&QI‘I‘p(h) > 6)} < 23[—1(2[)6_6[/4,

Aoxasamenvemeo meopemor. 11ycrb 1p(z)2, ecTb BenuuHa, pas-
Has 1, eciu h(x) # y u pasnas 0, B iporusHoM ciydae. Torma

Elh(a})#y = eI’I‘p(h),

rae B — maremaTtndeckoe oxkujganue 1o mepe P. ITo ompenenenuto

l
1
errs(h) = 7 2 Thizu
i=1

— qacToTa OMMUOOK KJIacCu(UKAIUN Ha BBIOOPKE S.
YTBepKaeHNe TeopeMbl OyIeT CIe0BaTh W3 CAETYIOMNX JIBYX
JIEMM.

Jlemma 1.2. Ilycmo sadan kaace H dyrnxuutd xaaccudpurayuu. Pac-
emampusearomes dee cayvatinovie svbopru S, S daunve I. Tozda das
mobozo € > 0 npu l > 2/e umeem mecmo nepasercmeo

PYS: (3 he H)(errg(h) = 0&errp(h) > €)} <

< 2P2{SS : (3h € H)(errs(h) = 0&errg (h) > %e)}, (1.13)

20e SS' — deoftitas 6vbOPKa, COCMABACHNAA U3 INEMEHMOE GHIOOPKLU
S u us caedyrowur 3a numu dsemenmos evlbopru S’ .
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Jlokazamenvcmeo. Jlerko Bujers, uro mepaBencTBo (1.13) sxBu-
BAJIEHTHO HEPABEHCTBY

PY{S: sup errp(h)>e} <

h:errg(h)=0
1
< 2P%{SS": sup errgi(h) > =€} (1.14)
h:errg(h)=0 2

Hoxaxkem (1.14). Tyist kaxk10ii BLIGOPKY S U3 MHOYKECTBA JIEBOii YacTu
HepasercTsa (1.14) oboszHaunM mocpeacTBoM hg Kakyo-HHOYIb (DY HK-
o u3 Kiaacca H, 1yist KOTOPO#i BBIIOJIHSIOTCsT PaBEHCTBO errg(hg) =
0 u mepaseHcTBo errp(hg) > €. D10 ciaydaiinas BeaMInHA, 3aBUCSIIAS
OT BBIOOPKH.

Nmeer mecTo ciienyroriee HEPABEHCTBO MEXK Y CJIyIailHBIMU BEJIM-

YHNHaMM 3

1

errs(hg) = 0&errp(hg) > Elerrp(hs) — errgr(hg) < %e <

(1.15)

< lerrs(hs) = O&QITSI(}ES)>%€.

BosbMem MaTemaTndeckoe oXKmanue mo BTopoii BeIbopke S’ oT obenx

vacreil HepasencTBa (1.15). Tlosyunm HepaBeHCTBO JIst CJIydYalHBIX
BEJINIWH, 3aBUCSIINX OT MEPBOi BHIGOPKH S :

1crr5(hs) = 0&errp(hg) > EPZ{S/ : errP(hS) - eI‘I“S/(hs) < 6} <
1
< PYS' : errg(hs) = 0&errg: (hg) > 56} (1.16)

Ucnonb3ys cBoiicTBa OMHOMUAIBLHOTO PACIIPEIE/IEHHS IOy IaeM

PYS' : errp(hg) — errgi(hg) <

M

™
— —
Il

= PYS' : errgi(hg) > errp(hg) —

- X (Jra-ats

{k:k/l>p—e/2}

N =N

(1.17)

N | —

3311ech hs — IPOU3BOJILHASL 1 Lerrg (hg)=0&errp (hg)>e(S) = 0, ectm S He meskuT
B MHOKECTBE M3 JIeBOIl YacTy HepaBeHcTBa (1.14).
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upn [ > 2/e. 3necy p = errp(hg).
HeiicrBuresibro, npu | > 2/€ 6yuer p — €/2 < p — 1/1. Tlosromy
JIOCTATOYHO JIOKA3aTh, UTO

l k n—k __ l k n—=k 1
> (k)p (1-p)"F= > <k>p (L=p" "> 3.
{k:k/lzp—1/1} {k:k>lp—1}
STO HEPABEHCTBO 3KBHUBaAJICHTHO HEPABEHCTBY
AW nk _ 1
3 <k>p (-t < .
{k:k<ip—1}

KOTOPOE CJIIyeT U3 TOro, 4TO MeAnaHa OHHOMUAIBLHOIO PACIpe-
JIeJICHNsT PABHA TIeJIOMY IHCILy OJIizKaiiemMy K dauciy [p.
[Toxcrasisist Hepasencrso (1.17) B (1.16), mosyanm

lerrs(hs)io&errp(hs)>€ <

1
< 2P S : errg(hg) = O&errg (hg) > 56} (1.18)
Bosbmem cpefree 1o S u mosryanm

PYS : errg(hg) = 0&errp(hg) > €} <
1
< 2P2Z{SS, cerrg(hg) = 0&errg(hg) > 56} <

1
<2PH{SS": sup errgi(h) > =€} (1.19)
h:errg(h)=0 2

Orcrona nosmydaem (1.14). Jlemma nokazana. A

Jlemma 1.3. Bepoammocmsd mozo, 4mo Ha 08YT CAYHATHHLL 6blO0p-
xkax S u S' daunv | nexomopas dynryua xaaccudurayuu h € H co-
2A0C080HMG C NEPEOT U3 HUX U cosepuaem boaee el owubox na 6mopot
6bIOOPKE 02PAHUYNEHE BEAUNUHOTL

PZI{SS/ : (Hh S H)(errs(h) = O&GI”I‘S/(h) > 6)} < BH(Ql)efel/Z.

Hoxazameavcmeo. OupenenmM (QYHKIUIO 1), KOTOpas O IPOU3-
BosibHOIT BeIGOPKE SS" = ((1,91), ..., (X2, Y2r)) AmuHbL 2] BBLIAET
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ee cocraB, T.€. MHOXKECTBO ITap €€ COCTaBJIAIOIINX BMECTe C KpaTHO-
CTAMMU:

T](SS/) = {(($1,y1)7k1)7 L) ((vayL)JkL)}a

rye k; — aucsio BXoxKienuii mapst (2, ;) B BIGOpry SS' i =1, ..., L,
L — wucno pasnmunbix nap (x;,y;) B Beibopke SS’; 110 onpenenennto
ki+---+kr =2l

B orsinaume ot BEIOOPKY €€ COCTAaB — HEYIOPSJIOUYEHHOE MHOYKECTBO.
Mepa P? na BbIGOpKax [UIHHBI 2] HHIYIUIPYET MEPY P ua ux cocra-
Bax:

P(2) = P2{S8S" : n(88') € E},

rJe = — MHOXKECTBO, COCTOSIIIEE U3 COCTABOB.

Iamee BpeMeHHO:

e (ukcupyeM HEKOTOPBIH cocTaB Y JJisi BEIOOPOK IJTHHBI 21;

e dukcupyeM HEKOTOPYIO (yHKINIO Kjaaccudukainuu h; MIycTh
dyuKIMa h memaer m OmmMOOK Ha BCeX BBIOOPKAX C COCTABOM

T.
st kaxk ot noiinoii soibopku SS" = ((z1,y1), .., (T, y21)) €
cocraBoM Y ompeJesnM OHHAPHYIO MOC/IEIOBATEILHOCTD €1, ..., €9

oImmbOK KJacCupruKaImu, e

o — 1, ecu h(x;) # vi,
Y -1, ecom h(x;) =y,

rmei =1, ..., 2L

ITockobKy OMMOKHN KJIACCUPUKAIINN OIMUCHIBAIOTCA OepPHYJIINEB-
CKUM pacIpe/iesienneM ¢ BeposTHocThio omubku p = P{h(z) # y},
mobble 1Ba HAGOpa €1, ..., €9 U €], ..., €, OMACHLIBAIOIINX PACIPe-
JeJieHne M OIMMOOK Ha JIBYX BBLIOOPKAX C OJHUM W TE€M K€ COCTaBOM
T paBHOBEPOSITHBHI.

[TosTOMy BEpPOATHOCTH TOrO, UTO HA HEKOTOPOIl [BOWHON BBIOOD-
ke S5, umeromeit cocrap T, Bce OMMOKN COCPEIOTOYEHBI Ha BTOPOIi
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TTOJIOBUHE 9TON BBIOOPKU, OIIEHUBAETCS CBEPXY:

by (20 — m)lm!

(2h (I —m)!m! (20)!
@ —m)...(1—m+1) _

20...(1+1) h
< (1 - g)l < (1 - %)l <e 2, (1.20)

upu m > el. Moxuo 3amenuts B (1.12) dyuknnn kraccudukamnmm
h € H, koTopble jgenatoT m = €l omuboK, Ha (pYHKIMH, KOTOPbIE I10-
JIYIaioTCsd OrpaHmdeHneM obJiacTtu omnpenesienns yuknnii n3 H Ha
MHOYKECTBO BCeX OOBEKTOB {1, . .., X9} U3 BBIGOPOK S5’ qaHHOro CO-
craga 1(SS") = Y. VX 9ncI0 HE MPEBOCXOUT YHUCJIA JIEMEHTOB MHO-
JKECTBa,

{(h(x1),h(z2),...,h(zg)) : h € H},
COCTOSIIEr0 U3 OMHAPHBIX IOCJIe0BaTE/IbHOCTEN ITHHBL 21.
Orenky 4umnciaa Takux HabOpPOB JaeT Gynkuyus pocma ceMmeiicTBa
UHIUKATOPHBIX yHKINit H
Br(l) = max [{(h(z1),h(x2),...,h(x)) : h € H}|.
T1,X2,-yT])
Hcno, aro By(l) < 2!, Tounble OLEHKH GYHKIIUN pOCTa PA3TUIHBIX
ceMelicTB KJIacCUPUKATOPOB OYIAYT JaHbl B paszjese 1.2.2.

N3 onpenesennst pyHKIIMU POCTa CJIEYET, YTO UUCJIO BCEX OI'Pa-
HUYeHuil GyHKIMI Kaaccudukaimu u3 H Ha BbIOOpPKaxX AIUHBI 2] He
nupesocxoauT B (21).

[TosToMy ycyiOBHas BEpOATHOCTH TOIO, 9TO HEKOTOpas (PyHKIIHST
Kyaccndukanun n3 Kiaacca H memaer 6osee €l ommbOK Ha IBOMHOM
BBIOOPKE C JIAHHBIM COCTAaBOM Y U BCE OHU COCPEIOTOYEHBI Ha, BTOPOI
[IOJIOBUHE STON BBHIOOPKH, OrPAHUYIEHA CBEPXY

P2{SS": (3 h € H)(errg(h) = 0&errg/(h) > €)|n(SS") = T} <
< By (20)e= /2,

JleBast 4acTb 3TOro HEpPABEHCTBA IPEACTABJIAET CODOM CIyIalHyIO Be-
mmanny (dbynknuio ot cocraa Y). IIpaBast wacTh HepaBeHCTBA He
3aBHCHT OT cocrasa Y.
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Nurerpupyst 970 HEpaBeHCTBO 110 Mepe P Ha coctaBax Y, oty aum
0e3yC/IOBHOE HEPABEHCTBO

P?{SS": (3 h e H)(errg(h) = 0&errg:(h) > €}) <
< By (21)e™ /2.

Jlemma 1.3 mokaszana. A

Teopema 1.2 menocpencrBento cienyer u3 jyemm 1.2 u 1.3.

N3 Teopembr 1.2 ciemyer, 9TO ¢ BEPOATHOCTHIO HE MeHbIme 1 —
2By (21 )e_d/ 4 Besikast runoTesa KiaccuduKanuy f, IMEIOIIas OIIHOKY
errp(h) > €, He GyueT coriacoBaHa o CJydaifHON BBIOOPKOIl JIJIMHBI
[ > 2/e, 1.e. BysieT OTBEPrHYTa KAaK ONIMOOTHAS.

O6osmaunm § = 2B (20)e~/*. Torma npu 0 < § < 1 Gyaer Bbi-
OJTHEHO e > 2, T.e. ycjioBue TeopeMbl 1.2 Boinosaeno. OTcioga moy-
YaeM CJIeJICTBUE.

Caencteue 1.1. Jlonycmum, wmo xaacc H dynruyui xaaccudura-
yuu umeem xonewryro VCO-pasmeprocmo * d.

Iycmy 3adan xpumuyeckuti yposens 0 < 6 < 1 npunamus ouwu-
b60unol eunomeswv, Kaaccupurayuu h € H, coznacosannoti ¢ obyuaro-
weti 6b160pkoti S.

Tozda npul > d ¢ sepoammocmyio e Husice 1 —§ 2unomesa xaac-
cupurayuyu hg € H, nocmpoertan no cayuatinot obyuarouiet; 6u60p-
xe S u coeaacosanmnan ¢ wed, bydem umems owudKyY KAaCCUPUKAUUL

4 2el 2
< = - — .
errp(hs) ST (dln —|—ln5>

Bce a1 pesysibrarhl MOXKHO YCUIUTD Ha CIydail 00ydeHust ¢ ormo-
KaMU. AHAJOTUYHBIM 00PA30M JIOKA3BIBAIOTCS CJIEYIONINE JIBE JIEM-
™Mbl 1.4 m 1.5, a Takke UX cjeacTBUE — Teopema 1.3.

Jlemma 1.4. ITycmo s3adan xaace H dynxyut xaaccupurayuu. Pac-
emampusaromes dse cayuatinoe evoopru S, S daunwl I. Tozda das
1106020 € > 0 npu | > 2/€% umeem mecmo Hepasencmeo

PYS: (3 he H)(errp(h) —errg(h) > €)} <

< 2P%{SS": (3 h € H)(errg:(h) — errg(h) > %e)}

4Oupenenenne VC-pasmepHocTH jaHo B paszzeie 1.2.2. Tam e 1oy deHa ones-

xa Byr(l) < (2)! npu 1 > d.
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JlokazaTeabCTBO 9TOM JIEMMBbI aHAJOTUIHO JOKA3ATEIbCTBY JIEM-
MbI 1.3.

Jlemma 1.5. Beposammuocms mozo, 4mo Ha 08YT CAYHATHDIT 6b160D-
kax S u S’ daunve I wacmomur owubox Hexkomopoti GynruUL KAaC-
cupurayuu h € H pasaunaromes 6osee wem wa € > 0, oeparudeHa
8eAUNUHOU

PP{SS": (3h € H)(errg:/(h) — errg(h) > €)} < 2B (20)e 2L,

Jloka3aTeabCTBO 3TOH JIEMMBbI aHAJOIMYHO JOKA3aTEIbLCTBY JIEM-
MbI 1.5.

Cremyrommast TeopemMa, 1aeT OIEHKY BEPOSITHOCTH OTKJIOHEHUSI PUCK-
byHKIIMOHAIA OT CPETHEro YnC/Ia OMUOO0K Ha 00ydaronieil BEIOOPKeE.

Teopema 1.3. Hmeem mecmo oueHxa
PZ{S : (3 h e H)(errp(h) — errs(h) > 6)} < 4BH(2l)€_52l/2
npu l > 2/€>.

Orcrofia mojry4aeM CJeICTBHE, CBI3bIBAIONIee BEPOATHOCTD OIINO-
K1 0000ITIeHnsT U CpejiHee IUCI0 OMHOOK Ha 00yvaroIeil BHIOOPKE.

Caencrsue 1.2. Jlonycmum, umo xaacc H dynrxuyutl xraccuguxa-
yuy umeem xoneunyro VCO-pasmeprocmo d, 0 < d <1 ul > d. Toeda
¢ sepoammocmyvio He menee 1 — 9 das h € H evinoanero

2 2el 4
errp(h) <errg(h) + 7 <d1n; +1In 6).

JlamHas oleHKa OMMOKN KIACCH(PUKAIINN 3aMETHO Xy2Ke COOTBET-
crytomeii onenku Buga O(dInd/l) st ciydasi, Korja CyniecTByer
runoTe3a KjaaccuUKaIuu coryiacoBantas ¢ BoiOOpkoit. O0cyxjienne
HO/I06HBIX BOIIPOCOB CM. B [?].

Cremyer OoTMETUTD, UTO OIEHKH TeopeM 1.2 n 1.3, a TakKe CJieI-
crBuii 1.1 n 1.2 umMeroT B OCHOBHOM TEOpPEeTUYECKOe 3HAUEeHNE, TaK KaK
Ha npaktuke VC-pasmMepHocTb d MOXKET ObITh CPaBHUMON C JJIMHOI
BuIOOpKY [. BiimKe K IpakTHKe HAXOJATCS OIEHKM, OCHOBAHHBIE Ha,
MOHATHUAX PA3MEPHOCTH KJIACCOB (DYHKIIHII, KOTOPbIE HE 3aBUCAT OT
Pa3MEpPHOCTH IIPOCTPAHCTBA 0OBEKTOB.
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1.2.2. VC-pazmepHOCTH

B sToM pasjesne Mbl pacCMOTPHUM OIPEJIEIEHUE U CBOICTBA pasMep-
nocru Bannuka—Yepsonenkuca — VC-pa3sMepHOCTH, KOTOpas Xapak-
Tepu3dyeT ‘CJI0XKHOCTL OECKOHEYHOI'O KJiacca (MYHKINN Kraccuduka-
U,

[Iycts X — muOXKecTBO 00bekTOB U H — NpOM3BOJIBHBIN Kjacc
dbyukuit kiraccudpukanuu Ha X. Pacemorpum dyukiuio h € H n
IPOM3BOJILHBIN HAGOD — 6bb0pKy 7aeMeHToB (X1, ..., x;) u3 X.

Bunapueriit nabop (h(x1), ..., h(z;)), cocroamuii u3 37eMeHTOB
muOkecTBa {—1, 1}, onpezensier pasuesienue MHOXKeCTBA {1, ..., T}
Ha JBa nojMHoxkecTBa {x; : h(x;) = 1} — nosoxkuresbHble TPUMEPHI
u {x; : h(x;) = —1} — orpuIaTe/IbHBIE IPUMEPHL.

BeiGopka (1, ..., x;) noanocmoio pazdesena dyukimsivu u3 H
(shattered by H), ecin

{(h(z1), ..., h(z)):he HY ={-1,1}"

OyHKINMA pocTa ceMeiicTBa KiaccudukaropoB H onpeessiercss Kak
MaKCAMAJIbHOE UHCJIO PA3JIUYIHBIX pa3OMeHnii BHIOOPOK MANHBI [ Ha
JBa IOJIMHOXKECTBA, KOTOPhIE MOYKHO OCYIIECTBUTH C IIOMOIIBIO (DYHK-
it n3 Kiacca H:

Bp(l)= max  |[{(h(z1),h(x2), ..., h(x;): h € H}|.

(1,22, ...y 27)

deno, uro By (l) < 2!, a ecin cymiecTByer IOJHOCTBIO pasjienMast
(bynkuusvu u3 xnacca H) Beibopka u3 | snemenrtos, To By (1) = 2.

ITpusesiem ocHoBHyIO Teopemy Teopun VC-pasmepHocTu (eMmy
Cayspa).’

Teopema 1.4. /Jlas a06020 xaracca unduxamophoix gynrxuutd H pea-
AUBYEMCA 00Ha U3 JBYT 803MOHCHOCTET:

1) By(l) = 2! dan scex 1, m.e. dns mobozo | cywecmsyem noamo-
cmvio pasdesumas 6ulb0pKa pasmepa l.

®J10 yTBEpINKIEHEE OLLIO TaKyKe HE3ABUCHMO MOJTydeno Bammmkom u Yepso-
HEHKHUCOM |[2].
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2) Cywecmeyem noanocmvio pazdeaumasn 6u00pKa MAKCUMAAD-
nozo pasmepa d; 6 amom cayuae By (1) = 2! npul < d u

Bu(l) < Zd: C) < (edl>d (1.21)

npu l > d.

Apyeumu crosamu, gyrrkyus Gr(l) = In By (l) — aunetnas uru
HAYUHAA C HEKOTOPO20 3HAMEHUA 02PAHUNEHA A02APUPMUIECKOT PYyrHik-
wueti O(d1Inl) ( nanpumep, ona ne mosicem umems 6ud O(V1)).

Yucao d nasweaemes pasmeprocmoio Bannuxa—Yepsonenkuca uau
VC-pasmeprocmuvio kaacca dynruut H. Obosnavaem d =V Cdim(H).
Ecau peanrusyemcs nepewiti cayuat, mo VC-pazmeprocmo kaacca H
becKoHeUHaA.

Hoxazamenvemeo. Homyctum, aro VC-pasMepHOCTb HEKOTOPOTO
KJ1acca nHanKaTopubix dyuknnit H pasaa d. Torma mo ompeesienuio
By (l) = 2! npn Beex [ < d.

Mer tokazkem HepaBeHCTBO (1.21) MareMaTnaecKoil HHAYKIHe 1o
Besimamae | + d. Huisi | = d = 1 9170 HEpaBEHCTBO BEPHO, TaK Kak 0be
€ro 4acTh PaBHBI 2.

JlorycTuM, 9T0 3TO HEPABEHCTBO BEPHO JIJIs1 JIIOOOH CyMMBI, MEHb-
mreit [ + d, B wactHocTH, qyisi [ — 1 u d, a Takxke gast | — 1w d — 1.

JlokazkeM ero i ciiydasi, Korja pa3Mep BeiOopku paset [, a VC-
pa3MepHOCTh Kjacca pyHKImi paBHa d.

Baenem obo3nagenne

Md) =3 (i)

1=0

Torma mam Ha/I0 T0Ka3aTh, 9TO I J000ro Kjacca dyukmuit H c
VC-pasmeproctsio se Boie d Oymer Bemonnsarbes By (l) < h(l, d)
11T BCex 1.

W3 cBoiicrBa OMHOMUAIBHBIX KO3(DUIIMEHTOB:

() =(71)+ ()
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ITOJIyIaeM COOTBETCTBYIOIIEE CBOMCTBO, CBI3BIBAIOIIEE 3HAUCHUS (DYHK-
mun h :
h(l,d) =h(l—1,d)+ h(l—1,d —1).

[Iycts H — mpousBosibHbIN Kiace GyHKIumit, VC-pazMepHOCTb KOTO-
poro pasHa d u nycrb X1 = (x1,%2,..., x;) — BeIOOpKa pasmepa [,
X9 = (x2,..., ;) — oHA XKe, HO GE3 MEPBOTO JICMEHTA.

Pacemorpnm orpannvenus Hy = Hx, dyrknuii n3 kinacca H na
sneMenThl Boibopkn X1 u Hy = H|x, — orpanmvenns QpyHKimii n3
kjacca H Ha 31eMeHThI BRIOOpKHU Xo. 3aMeTUM, ITO

[Hy| = [{(h(21), hl(x2), ..., h(z1)) : h € H},
By(l) = max ) {(h(z1),h(x2),..., h(x;)): h € H}|.

(x17x27"'7 z

[Tycts Tenepyr X1 = (21,292,..., &) — BBIOOPKA, Ha KOTOPOMH 3TOT
mMakcumyM gocruraercsi. Torna |Hy| = By(l).

[Tpu orpanmyenun dpyukimit u3 Kiacca H; Ha BeIOOPKY Xo HEKO-
TOpbIe Mapbl (BYHKIWH, KOTOPbIE Pa3UYaJiCh TOJBKO Ha 3JIEMEHTE
1, CJUJIUCH B OJHY DYHKIMIO n3 Kiacca Ho.

IIycrs kmacc dyukumit H3 cocromt m3 Tex dbyukmumii f Kiracca
Hs, nis Kazkj10it U3 KOTopbiX Hafimercs dynkuus f’ € H takas, 4ro

f(x1) = —=f(z1) u f'(z;) = f(a;) upu i = 2, ..., . Tlosromy |Hj3|
paBHO uucyy stux QyHkuumii f’.
Orciona cienyer, aro |Hy| = |Ha|+|H3|, nockosbky kiacc Hy o1-

JingaeTcs OT Kyracca Hi TeM, 9TO IBYM WHJIMKATOPHBIM DYHKIUAM [ 1
[’ 3 xnacca Hy, pasmmqaomuMcst Ha obbekTe o1 (ecau takue DyHK-
UK CYIIECTBYIOT), COOTBETCTBYET TOJBKO OJHA (DYHKIMs U3 KJjacca
H,.

Taxeke 3amerum, uro VC-pasmepHOCTD Kiacca Hy He TPEBOCXOIUT
d, TIOCKOJIbKY 9TO TOJKJIacC Kjiaacca Hi.

VC-pazmepnocts Kitacca Hs He mpeBocxomut d — 1, IIOCKOJIBKY €ec-
JIX 3TOT KJIACC (PYHKIIUN TOJTHOCTBIO PA3/IesisieT HEKOTOPOE MHOXKECTBO
00BEKTOB MOIITHOCTHU d, TO CYIIECTBYIOT PACIIUPEHUsT ITUX (DyHKITHI
n3 kjaacca Hy Ha 3/1eMeHT x1, KOTOpPBIE TIOJTHOCTBIO PA3JIEJISIT 9TO XKe
MHOKECTBO € J00ABICHHBIM K HEMY 9JIEMEHTOM 21 (Tak Kak JJId T1 U
Jiroboit byHKIMN u3 Kiacca H3 HaiigyTest nBa ux pacimmpenus: u3s Hy,
IPUHUMAIOIINE [IPOTHBOIIOJIOKHBIE 3HAUEHUsI HA ITOM 3JeMeHTe). B
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9TOM ciiydae Kjacc Hi Takyke MOJIHOCTBIO pa3essieT 9Ty pacIIupeH-
HYIO BBIDOPKY, a €ro pa3MepHOCThb 6oJibine win pasha d + 1. IIporu-
BOpeYHe.

ITo mpe/ImoI0KEeHNI0 UH LY KITUN

|H2| < BHQ(Z - 1) < h(l - 17d)>
|Hs| < B (1—1) < h(l—1,d-1).

[TosTomy
|| = [Ha| + [Hs| < h(l = 1,d) + h(l = 1,d — 1) = h(l,d).
Orcroma B cuity Boibopa X mojrydaem
Ny
By (l) = |H1| < h(l,d) = -
) = i < .0 =3 ()
Hepagsencreo (1.21) mokazano. Ouenka
e el\
<)< (2

npu [ > d ciaeayer u3 Ceayomeil MerovIKn HePaBeHCTB:
d d d i
l l l d
<[ = s
> ()< 200
1=0 =0
N (1 [d
< (= —Z) =
<(2) % () ()
1\ d\'" (1N, [el\*
_ (2 14 = Z == . 1.22
(@) (1) < (@)= (7). o=

Teopema mokazana. /A

Mpsr npusesiem oreaky VC-pasmepHocTH Jijist Kiacca £ BCeX Jim-
HEWHBIX KJaccrupukaTopoB Ha R", T.e. BCeX WHAMKATOPHLIX (DyHK-
muit Buga h(z) = sign(L(Z)), tne L(Z) — nuneiinas QyHKIms. 31ech

N
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sign(r) = 1, ecim v > 0, sign(r) = —1 B nporusHoM ciy4vae. WUuo-
raa KjaaccuuKaTopoM OyjieM Ha3bIBATh COOTBETCTBYIOILYIO (DYHK-
o L(Z).

[Iycte Temepnr X = R™ — n-MepHOEe €BKJINJIOBO IPOCTPAHCTBO.
Juneiinas dyuxius — sro dynknus suga L(Z) = (a - &) + b, rue
T € R™ — nepemennasi, a € R™ — BeKTOp BecoB, b — KOHCTaHTA.

Eciu b = 0, To sinneiinbiit kinaccudukarop sign(L(z)) = sign(a-x)
HA3BIBAETCS OJIHOPO/IHBIM.

Bamernm, 4TO B Cilyudae JIMHEHHBIX (1 OJHOPOJIHBIX) Kiaccuduka-
TOPOB BBIOOPKA Pa3/e/IMMa TOrJia U TOJBKO TOrJa, KOIJla OHA CTPOro
paszennma.

Teopema 1.5. 1) VC-pasmeprocms xaacca 6cex aunetinvr Gynryul
xaaccugpurayuu Had R™ pasna n + 1.

2) VC-pasmeprocmsv Kaacca 6Cex AUHETHDT 00HOPOOHVT KAGCCU-
puramopos nad R™ pasra n.

3) aa waacca 6cex aunetnor 00HopooHvr Gynrkyul Kiaccudu-
xayuu Had R™ evinoineno

n—1
Ge(l)=InHp(l)=In (2> (l _Z 1> <
i=1
<(n—-1)(In(l—=1)—In(n—1)+1)+1n2 (1.23)
npu l > n.

Joxasamenvcmeo. Cnagasa goKaxkeM BTOpoe yTBepzKiaenue. Ha-
6op n BekTopos €1 = (1,0, ..., 0), ..., e, = (0,0, ..., 1) aBisiercs
[IOJIHOCTBIO CTPOI'O Pa3Ie/JUMbIM, TaK KaK JIJIsl JIFOOOr0 IOAMHOXKECTBA
€i1y +++, € DTOTO Habopa CyIIecTByeT JUHEHHBIH OHOPOTHBIN KIac-
cudukarop h(z) = sign(L(Z)), rne L(Z) = a1x1+- - -+ apTyp, KOTOPBHIii
OTZIEJIICT BEKTOPHI 9TOrO MOAMHOYKECTBA OT OCTAJIBHBIX BEKTOPOB Ha-
6opa. Omupenenum koabduimenTsr runepyiockoctu L(T), mpoxois-

meff "epes HAYad0 KOODJMHAT, CJIEAYIOMUM 00pasoM: a;; = 1 npm
1< j<kwua = -1 g Bcex ocTaJIbHBIX 7. Torma L(éij) = 1 npu
1<j<kulL(é;)=—1 a1 BceX OCTATBHBIX j.

JomycTuM, 4TO HEKOTOPBIE 11+ 1 BEKTOPOB U1, ..., Up, Upt]1 MOTYT

OBITH IOJIHOCTBIO CTPOIO Pa3IeIUMbIMU.
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Torna cymectyior 2" BecOBBIX BEKTOPOB Gy, ..., Ggn+1 Ta-

KX, 9TO B Marpuie 7, 00pa3oBaHHON uuciaaMu z; = (@; - U;),
i=1,...,n+1,5=1, ..., 2n+L
21,1y -5 L1y ooy 21,2n+1
Z = Zily ooy 2Zijy, - .-y Zjontl
Zn+1,1y -+« 5 Zntljy -5 Zp41,2n+l

3HAKU 3JIEMEHTOB j-TO CTOJIONA (BBIJEIEHHBIX Y€PHBIM IIBETOM) COOT-
BETCTBYIOT j-MYy KJIACCH(UKAIMOHHOMY KJIACCY, TOITOMY 3HAKHU 3JIe-
MEHTOB CTOJIOIIOB 0Opa3yloT Bce ontl OMHAPHBIX IIOCJIEI0BATEHHO-
creit AjHbL 1+ 1.

BekTops! U1, ..., Up,Unt+1 PACIOJNOXKEHBI B N-MEPHOM IIPOCTPAH-
CTBE U II03TOMY JIMHEHHO 3aBUCHUMBI, T.€. JJIsl HEKOTOPOI NX HETPUBU-
aJbHON ()\i = 0 XOTs1 JJIs OJTHOTO z) JIMHEAHOM KOMOMHAITIN

Aty + -+ Aty + Apg1lpe1 = 0.

JlomMHOXKaeM 9TO paBeHCTBO Ha aj, J = 1, ..., 2"ty mostyuaem
PaBEHCTBO HYJ/IIO JIMHEHHOI KOMOMHAIINY C BENeCTBEHHBIMU KO3 du-
IUEHTAMHA A{, ..., Ap4] JIEMEHTOB IIPOU3BOJILHOTO j-TO CTOJIOINA,

A(@j 1) 4 -+ Mg (@5 - Upgr) = 0.

BaMeTrM, 9To pas/IesIsoNyo THIepIIocKocTb L(Z) Beerma MoxK-
HO BbIOpaTh Tak uro L(u;) # 0 jyist Beex i.

Cpean cToI0IOB UMeeTCsT XOTs Obl OJINH, 3HAKU DJIEMEHTOB KOTO-
POTO COBHIAMAIOT CO 3HAKAME HAOOPa A1, ..., Apt1. OJHO U3 umcen
A; He paBHO HyJ0. [losTOMYy CymMMa MMONApPHBIX MPOU3BEICHUIN I
OHOI'O M3 CTOJIOIOB HOJIOXKUTeIbHA. [loydenHoe mpoTuBopedne Jio-
Ka3bIBAET BTOPOE YTBEPIKJICHUE TEOPEMBI.

JlokarkeM ITepBo€e yTBEP:KIEHNE TeOPEMbI. 3aMeTHUM, 9YTO Habop U3
n + 1 BeKTOpOB

eo = (0,0, ..., 0),e; = (1,0, ..., 0), ..., & = (0,0, ..., 1)

SABJISIETCS TIOJITHOCTBIO CTPOTO PAa3/IeIUMBIM C IIOMOIIBIO JTMHEMHBIX
kiraccudukaTopoB. s nokazaTesbCcTBa 9TOTO YTBEPKICHUS, JJIs
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MO6OT0 MOIMHOXKECTBA {€;,, ..., €, } JAHHOrO HabOpa PACCMOTPUM
JuHenHbl Kiaccudukarop h(z) = sign(L(x)), rae

L(z) = a1z1 + -+ apzy +b, T= (21, ..., Zp).

KoaddbunuenTsl runepriiocKocTu, OTASSIONE 3TO MOJIMHOXKECTBO
OT BCEX OCTAJIbHBIX BEKTOPOB HAOOPa OLPEIEIAIOTCA CIIELYIONUM 00-
pasom: a;; = lupu 1 < j < k u a; = —1 jyist BceX OCTAJbHBIX i,
b= %, €CJIM BEKTOP €y BXOAUT B IMOAMHOXKECTBO, 1 b = —% B IIPOTHUB-
nom ciydae. Torya somommeno L(€;;) > 0mpu 1 < j < kwu L(e;) <0
JI7ISI BCEX OCTAJIBHBIX j.

JlorycTuM, 9TO CyIIecTByeT BhIOOPKA U3 142 BEKTOPOB N-MEPHOTO
MIPOCTPAHCTBA, MTOJIHOCTHLIO CTPOTO pasfe/nMas JUHEHHBIMU KJIACCHU-

duraropamu. IlycTb 570 BeKTOPHI

T1=(T11, -y T1n)s ooy Tng2 = Tng21, -, Tnion) -

[Tokazkem, 9TO COOTBETCTBYIOIIAs BHIOOPKA, COCTOSAIIA U3 N + 2 BeK-
TOpPOB

—/ / =/ /
1’1 = (1’1’1, PN l’l,n, 1) g eeey :En+2 = ($n+2,1, ey l‘n+2,n, 1) s

aexamux B (n + 1)-MepHOM HPOCTPAHCTBE, MOJHOCTHIO Pa3jieanMa
OIHOPOIHBIMH KJIacCupHUKATOpaMu. PaccMOTprM Ipon3BOILHOE TOI-

=/ =/
MHO>KECTBO BBIOODKH Z, o T,
ncxomHoi Beibopku. Ilycrs HekoTOpast ru-

a TakKKe COOTBETCTBYIOIEe II0/-

MHOXKECTBO Xjy, .., Tj,

IIEPILJIOCKOCTD
L(z)=ajz1+ -+ apzy, + b

OTAEJIAeT IIOJAMHOXKECTBO Xj, ..., Ij OT OCTaJbHLIX BEKTOPOB MC-
xoznoro Habopa, T.e. L(Z;;) > 0upu j =1, ..., ku L(Z;) < 0 nna
OCTAJIBHBIX 1.

PaccMoTpuM cOOTBETCTBYIONIMI JTUHEHHBIN OJTHOPOJIHBIN KJI1ACCH-
dukaTop B n + 1-MEepHOM IIPOCTPAHCTBE

L/(i‘) =a121 + - + ATy + bTpi1.

Torpma L'(Z}) = L(Z;) npu i = 1, ..., n + 2. ITosTomy smHefiHbI
onHopoaublii Knaccudukarop L' (Z') oressier coorBeTcTByOIIEe 01
MHOXKECTBO Ty, .., a_c;k OT BCEX OCTAJIbHBIX 3JIEMEHTOB BBIOODKH

=/ / =/ /

T = (331’1, PN 2717”, 1) g ey Jjn+2 = ($n+2’1, PPN $n+2,na 1) .
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Takum obpasoM, HEKOTOpasi BBIOOPKa N + 1-MEepHOr0 MPOCTPAHCTBA,
coCTosINast U3 N+ 2 BEKTOPOB, OKA3AJIACH TTOJIHOCTHIO PA3IEIUMOI OJ1-
HOPOJIHBIMU KJIaCCH(MUKATOPAMU. DTO MPOTUBOPEIUT BTOPOMY YTBEpP-
JKJIEHUIO TeopeMbl. JlaHHOe TpOTUBOpeYre TOKa3bIBAET IIEPBOE yTBEP-
JKJIEHE TEOPEMBI.

JlokaxkeM TpeTbhe yTBep:KieHue TeopeMbl. [lycrs manbl [ BEKTOPOB
Z1i, ..., T;. MBI paccMaTpuBaeM Bce BO3MOXKHBIE PA30MEHNST 3TUX BeK-
TOPOB Ha, JiBa MOJKIacca. Takue pazbueHust IPOU3BOMATCS C IOMOIIHIO
runepiiockocreit L(w) = (@ - ), rye 4 — BeCOBOH BEKTOP, 330l
TUIEPIUIOCKOCTD, & T — IePEMEHHBIN BEKTOP.

I[To onpegenennto R™(u) = R™(x) = R™. st ynobcrBa Mbl BbI-
JieJIsieM TIEPEMEHHYIO, ITPODEraoIyo 110 3TOMY MHOYKECTBY.

Kaxmomy BekTopy @ € R™(u) COOTBETCTBYET T'MIEPILIOCKOCTD
L(z) = (u-z) B R"(x).

3aMeTnM, ITO MOXKHO PACCMOTPETH JIBOMCTBEHHBIN BapuaHT. Bek-
Topy T € R™(x) coorBercrByer runepiiockoctb L(u) = (Z - @) B
R™(u), a | BekTOpaM 1, ..., T u3 R"(z) coorBercTByIoT | rumep-
wiockocreit X1, ..., X; B nupocrpancree R™(u), IPOXOASIIMX UYepe3
HAYAJI0 KOOD/IUHAT.

[Tycrs @ € R™(u) — BeKTOpP, COOTBETCTBYIOIIN{T HEKOTOPOH I'UIep-
wiockoctn L(u) = (u - ) B R™(z), pasnensiommeit Z1, ..., Zj.

EcJin HenpepbIBHO JIBUTATH 9Ty MUIIEPILIOCKOCTh B R™ (), Tak 4ro
paszaenenue BeKTOpOB T, ..., Ij HE HapyllaeTCd, COOTBETCTBY IO
BEKTOD U 3aMeTaeT KOMIOHEHTY B npocrpancTse R™(u). Komnonenra
— 9TO MHOXKECTBO BEKTOPOB (ToueK) npocrpancTsa R"™(u), orpaHndeH-
HOE runepIIockocTsMu Xi, ..., X;, obpasosanubivu B R"™(u) BekTO-
pamu 1, ..., ], KOTOpPBIE B JJAHHOM CJIydae PacCMaTPUBAIOTCA KaK
BECOBBbIE. 3aMETHUM, UTO TaKUM 00pa30M KaxKjasi Takas KOMIIOHEHTA
COOTBETCTBYET OJIHOMY BapUAHTy pa30ueHus BEKTOPOB T1, ..., & HA
JIB& KJIACCA.

Torma MakcuMabHOE YHUCJIO BAPUAHTOB pa3bUeHnsi BEKTOPOB
Z1, ..., ¥; Ha JiBa KJACCA TUIEPILIOCKOCTSME, ITPOXOISINUME Yepe3
HAYAJI0 KOOpAMHAT B R™(r), paBHO MaKCUMAJIBHOMY YUCJY KOMIIO-
HEHT, Ha KOTOpbIe [ rumepruiockocTeit Xq, ..., X HeasaT n-MepHoe
npocrpancTeo R™(u).

[Tycrs ®(n,l) — MakcHMaJbHOE YHCJIO KOMIOHEHT, Ha KOTODBIE
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[ runmepriockocreit X1, ..., X; pasmensioT n-MepHOE IPOCTPAHCTBO

Nmeem ®(1,1) = 2, tak kak dynkuus L(x) = ux Moxer pasje-
JIUTH | TOYeK Ha MpsiMOil TOJIbKO Ha JjiBa Kjacca. Takxke ®(n, 1) = 2,
TaK KakK OJ[Ha TUIIEPIIOCKOCTH MOXKET pa3/eJuTh TOUkr R (1) To/b-
KO Ha JIBe KOMIIOHEHTEI.

[Iycts Teneps 3aganbt [ — 1 BEKTOPOB T, ..., Tj—1 B MPOCTPaH-
cree R"(x). VIm coorsercrBytor [ — 1 runepriockocreit Xy, ..., X;_1
B 1npocrpaHcTBe R™(u), KOTOPBIE PA3JEJIsIOT 9TO MIPOCTPAHCTBO KaK
makcumyM Ha $(n,l — 1) KOMIOHEHT.

JlobaBuM HOBBIII BEKTOD Z; K paHee PaCcCMOTPEHHBIM BEKTOPaM
Z1, ..., 1 B mpocrpancTBe R"(x). EMy cooTBercTBYyeT HOBast ru-
HepIIOCKOCTh X B mpocrpancTBe R™(u).

Ecnu sTa runepmiockocts X; mepecekaeTr oHy U3 KOMIIOHEHT, OHA
JeJIUT ee Ha JBe dacTh. llosiBjasieTcss HOBash KOMIIOHEHTA.

B To ke BpeMmsi 9Ta HOBasl KOMIIOHEHTa, 100ABJIsIET HOBOE pa3eie-
HU€e THIEePIUIOCKOCTA X — HOBYIO KOMIIOHEHTY BHYTPH HIIEPILIOCKO-
ctu Xj.

Taxum 06pa3soM, YKUCJIO HOBLIX KOMIIOHEHT, KOTOPbIe 00pa3yeT I'i-
MEPILIOCKOCTb X, PABHO YHUCJY HOBBIX YacTeil, HA KOTOpbIE T'HUIep-
miaockoctu Xy, ..., Xj_1 JeJIAT TUIEPIIIOCKOCT X.

Tak kak pasmepHOCTb X; paBHA 1 — 1, YNCJIO TUX JEJTeHUI He
upesocxomut ®(n — 1,1 —1).

Orcrosia mojtygaeM peKyppeHTHOEe COOTHOIIIEHNE Ha, MAKCUMYM UHC-
Jia, KOMIIOHEHT

®(n,l) =®(n,l—1)+P(n—1,1—-1) (1.24)

¢ HagasbHbIME yeaoBusivu P(1,1) = 2, d(n, 1) = 2.
JlokazaTh B BUJIE 331241, YTO peKyppenTHoe cooTHomenue (1.24)
UMeeT pelieHue:

2l ecimn 1 < n,

o (n,l) = =l
(n.0) 23 (lil) ecan | > n.
i=1
st mosydennst nocseaaero nepasencrsa n3 (1.23) (a Taxxke u3
n
HepaBeHCTBa (1.21)) MBI HCIIOJIB3yeM OLEHKY » (i) < (%l)n, KOTOpast
i=0
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“MeeT MeCTO mpu JoboM 1 < [. DTa OIEHKa CJaeayeT U3 IEHOTKH
HepasercTs (1.22). JTokaszaTeabCTBO T€OpEMbl 3aKOHYEHO. A\
[Tonyamm BepxHIOK OIeHKY VC-pasMepHOCTH KJIaCCa BCEX MHOIO-
CJIOWHBIX HEMPOHHBIX CETEl 3aJJAHHOTO Pa3Mepa, JjIst Caydasi (DyHKITUN
aktuBanun o(t) = sign(t).
[Iycts F — HEKOTOPBIN KJIacC MHIUKATOPHBIX (DYHKIU, Ompeme-
JIeHHBIX Ha R™. DT QyHKIUN MOTYT OBITH BEKTOPHOZHATHBIMU.
QyHKIWIO POCTa KJIacca J MOYKHO 3aIllicaTh B BHUJE

Br(m) = max |Fx|,
XCR™,|X|=m

rje .7:| x — MHOXKECTBO BceX (DYHKIUM, KOTOPBIE MOJIYYaIOTCs OTPAHU-
geHneM (QYHKIUH u3 Kjacca F Ha KOHEYHOE MHOYXKeCTBO X .

Heobxomumasi onenka OymeT caeIoBaTh U3 CJIEIYIONIENO YTBEp-
JKJTCHUS.

IMpennoxenne 1.1. Tycmv F' u F? — dsa waacca dyrruyui u
F = F' x F?2 — ux dexapmoso npouseederue, a G = F' o F?
KAGCC PYHKUUT, KOMOPBIE ABAAOMCA KOMNOSUUUAMY PYHKUUT U3
omuz kaaccos. Toeda das npoudsosvrozo m

1. Br(m) < Br,(m) - Br,(m);
2. Bg(m) < Br,(m) - Bry(m)

Jlokasamenvemeo. s nokasaresnbersa dactu (1) 3amernm, 9To
qst io6oro X rakoro, uro | X | = m BbIIOJHEHO

|Fix| < ‘}—|lx| : |ﬁ%{\ < Bri - By,

HokazarenberBa yactu (2) npegocTaBisieTcs Yurareso. /A
Kaxk 6b1110 3aMmetero B pasgene 1.1.3, HelipoHHAsSI CETh MOXKET OBITH
[pecTaBIeHa B BUe HAOOpa BEKTOPHO3HAYHDLIX (DyHKIIII

fi: RVt = R™,
rie n; — Harypasbible qucua, ¢ =1, ..., I, fi= (fi1, -y finiy) —

Habop OIHOMEPHBIX QYHKIUI Tria R™-1 — R.

55



Bruixom mHeitpoHHOI ceTn 3a/1aeTcst OTHOMEPHON MYHKIHEH — KOM-
TO3UIENR

f=fioficio---0fa0 f1.

[Tycts F ecTb Kjacc Bcex Takux (MYHKIWHA f, KOTOpPBbIE BBIYUCIISIIOTCS
C TIOMOIINBIO HEIpOHHOM ceTn, F  _ KJacc BEKTOPHO3HAYHDBIX (DYHKITU
fi : RM-1 — R™ u F — kiacc byHKIHH, KOTOpPbIE 06pa3yioT j-10
KOMIIOHEHTY 3TUX KOMIIO3UITUIA.

3aMeTnM Takke, 9T0 (DYHKIUN, ACCOIUMUPOBAHHBIE C BEPIIUNHAMUI
1-T'O CJIOs1, ABJISIIOTCS JTUHEHHBIMYU TOPOroBbIME (pyHKIMAMEU. [losToMy
VC-pazmepHocTs Kiaacca FiJ pasua n;_1 + 1 J1j1s Kaxuoro j.

[To mpemoxkenuto 1.1, a Takxke 1o jgemme Cayspa BBIIOJHEHBI
CJIe/IYIOIE HEPABEHCTBA:

n; me ni—1+1
< J—
<H (%)
i=17=1
! ni(ni—1+1)
=H< o ) < (me)",
1 ni—1 + 1

rje

— obIIee 91C/I0 TTapaMeTpoOB HEHPOHHOHN ceTn.

Onennm Terneps VC-pasmeprocts Kitacca F. Ilycrs m — pasmep
MAKCUMAJIBHOIO TI0 YHUCJY 3JIEMEHTOB MHOXKECTBa, KOTOPOE IOJHO-
cTbio pasienumo dynxnusmu u3 kiaacca F. Torma 2™ < (me)V. Dro
HepaseHcTBo BbinosaeHo npu m = O(N log N). Takum obpaszom, VC-
pasMepHoCTh Kiacca F onennsaercs kak O(N log N).
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1.3. Teopusa 06001eHNs A/ 3aga4 KJaccudu-
KAl C IIOMOMIBIO IIOPOrOBBIX PEMIAIOIINX
MIPaBUJI

B mpempiaymem pazsene mokazano, ato VC-pa3MepHOCTh KIacca BCex
JINHEHHBIX (DYHKIUN KjiaccuUKAIUU 3aBUCUT OT PA3MEPHOCTHU IPO-
crpancTBa 00bekTOB. Ha mpakTuke yimHa BBIOOPDKH MOXKET OBITDH
MEHbIIIE, YeM PAa3MEPHOCTb POCTPAHCTBA, IIOSTOMY OICHKH Teope-
Mbl 1.2 u ciencrsus 1.1, 3aBucsiiue or VC-pa3sMepHOCTH, UMEIOT B
OCHOBHOM TEOPETHIECKOE 3HAUCHUE.

[Tonobuble Hemocrarku VC-pasMepHOCTH IPOUCTEKAIOT W3 TOIO,
9TO [PU PA3JIEJIEHUU BHIOOPKU € TIOMOIIBIO BENIECTBEHHBIX (PYHKIINN
00'BEKTHI, IPUHAJIEXKAIINE PA3TUIHBIM KJIACCaM, MOT'YT OBITh pa3e-
JIEHBI C KAK YIOJIHO MaJbIM 1toporom. Kpome 3T0oro, Mbl He Orpanuyn-
BaeM paclipejiejieHre TAKUX BEKTOPOB B IIPOCTPAHCTBE.

B sTom pazaesne 6ymem TpeboBaTh, ITOOBI OOBEKTHI U3 PA3INTHBIX
KJIACCOB PAa3JIEIIUCh (DYHKITUSIMU C 3apaHee 38 [aHHBIM [TOJI0XKUTE/ b=
HBIM [TOporoM. MbI Tak2Ke OrpaHnduM 00JIaCTh ONPEJIe/ICHUS KJIACCH-
durarmonubix GyHKIMA. Byjger paccMoTpeHO HMOHSTHE PA3MEPHOCTH
KJ1acca (pyHKIUHN, He 3aBUCHIIEE OT PA3MEPHOCTH IpocTpancTsa. Bee
9TO IPHUBEIET K OIEHKAM BEPOSITHOCTHU OIMINOKN 0OOOIIEHHsI, KOTOPbIE
yKe MOT'YyT UMeTh MPAKTUIECKOe ITPUMEHEHNE.

1.3.1. IloporoBasi pa3MepHOCTb U €€ NPUJIOKEHUS

[Iycrs F — Kj1acc BemeCTBEHHBIX (DYHKIHI ¢ 00JIaCThIO OIIpEe I/ IEHIS
X. Kaxnoit pyuknuu f € F cONOCTaBUM WHJIMKATOPHYIO (DYHKITUIO
KJIaCCUPUKAINN

1, ecm f(x) > 0,
—1 B IPOTUBHOM CJIydae.

hy(z) = {

[Iycrs S = ((z1,91), .-, (x,y;)) — BeIOOPKA jynHbL [, T1E ; € X,
Yi € {—1, 1}.

[panuneii ommbKu npu Kiaaccudukanmuu npumepa (;, y;) ¢ moMo-
IBIO BellecTBeHHON (byHKImU f HasblBaeTcs BeJaudnHa v; = Y, f(x;).
Bamernm, uro v; > 0 o3Hagaer, 4To KJaccudUKaIys ¢ MOMONILIO [
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ABJIAeTCS NpaBUIbHOI: hy(x;) = y;. Kpome sToro, 6yem paccmarpu-
BaThb BEJIUYUHY

mg(f) = min -

i=1,..,
— I'PAHUILy OIMUOKY KJIACCU(DUKAIINN C TOMOIIBI0 (DYHKIMH f Ha BbI-
6opke S. o onpegnenennro mg(f) > 0 Torga u TOJBKO TOryA, KOTIA
dyukmusa f kraccudunupyer S 6€3 OMMOOK U ¢ TOJOKUTETHLHBIM IO~
pPOroM.

IIycts € > 0. HazoBem e-noxpuimuem MHOKeCTBa GyHKIUH F OT-
HOCHTEIbHO MHOXKecTBa X = {x1, ..., 2} 7a1000€ KOHEYHOE MHOZKE-
crBo byHKIM B Takoe, aTo jyis jgr0b60it pyHkuu f € F cyliecTByeT
dbyuximsa g € B rakas, aro |f(x;) — g(z;)| <eupuni=1, ..., L.

IIycrs N (e, F, X) — pasMep HaAUMEHBIIErO MO MOIIHOCTH TIOKPbI-
Tust F OTHOCUTEJNHLHO MHOXKecTBa X (MUHMMAJIBHOE HOKPBITHE).

CymnpeMyM 3THX BEJIMYUH 10 BCEM MHO2KeCTBaM X MOIIHOCTH [

N(e, F,l) = sup N(e, F, X)
X |=l

HA3BIBAETCSH “YUCAOM NOKPbMUA Kiacca F.
ITo onpenenenmio

errg(f) = %|{(:ci,yi) (i) # ui}]

— J10J1s1 OIIUOOK KJIacCU(PUKAIIIT ¢ TOMOIIBIO (PYHKIUK f Ha BEIOOPKE

S = ((ajlvyl)a EEE) (‘/L'lv yl))
[Tycrs P — pacupenenenne Beposithocreii Ha X' x {—1, 1}, renepu-

pyloliee 3JeMeHThl BRIOOpKH S. PaccMoTpuM BeposiTHOCTH OITHO0Y-
HOI KJ1acCU(PUKAIUU C TOMOIIbI0 PyHKImH f :

errp(f) = P{hys(z) # y}.
Nmeer MecTO TeopeMa — aHAJIOT TeOpeMbI 1.2.

Teopema 1.6. /[as npoussosvhvir € >0 uy >0

PYS: (3 f € F)lerrs(f) = 0&ms(f) = v&errp(f) > €)} <
< 2N (v/2, F, 2)e~V/4

npu L > 2/e.
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JlokazarenbcTBo Teopembl 1.6 aHAJIOTHIHO JTOKA3aTETHCTBY TEO-
pembl 1.2. Hazso rosibko K pasencrBy errg(f) = 0 mobasurh Gosee
cusbHOe yeaosue mg(f) = v (B upasoit wactu yeaosust (1.13) sem-
Mbl 1.4). AHajiorudHast jJjeMMa, yTBEPXKIAeT, YTO

JIlemma 1.6. ITpul > 2/e

PYS: (3 f € F)lerrs(f) = 0&ms(f) = v&errp(f) > €)
<2P?{SS: (3 f € F)(errs(f) = 0&ms(f) > v&errg(f) >

JlokazaTeabCTBO 9TOM JIEMMBbI IIOYTH ITOJTHOCTHIO IIOBTOPSIET TOKA-
3aTeJIbCTBO JIeMMBbI 1.2.
Bropast memma anasorndsa gemme 1.3:

JIlemma 1.7. ITpul > 2/e

PSS : (3 f € F)(errs(f) = 0&ms(f) > y&errg(f) > 2)} <
<N (v/2, F,20)e /4,

st iokazaresibCTBa JIEMMbI PACCMOTPUM 7Y/ 2-TIOKpbITHE 3 MHO-
2KecTBa, J OTHOCUTEJLHO JIBOWHOI BBIOOPKH SS. Ilycre g € B npn-
6imzkaer ynkiuo f € F ¢ rourocTsio j1o v/2. Ecom mg(f) = v,
To mg(g) > v/2. Kpome sroro, eciu errg(f) = 0 u mg(f) = v, 10
errg(g) = 0.

Ecin ¢yarnus f ommbovuHO KjaaccupUIupyeT OObeKT X;, T.e.
yif(zi) < 0, To yig(w;) < v/2. lycrs errg(y/2,g) obosmagaer mo-
JIFO TeX 4, JIs KOTOPBIX Y;g (i) < /2, rje x; HaXOIUTCsl BO BTOPOI
qactu S BoitHol BeIGOpKH. OTCIONA ClleyeT HEepaBEHCTBO

€

5)} <

< PSS (3 g € B)(errs(g) = 0&ms(g) > S &errg(7/2,9) > 5)}-

PQI{SSY s (3 f € F)lerrs(f) = 0&ms(f) = v&errg(f) >

asee paccy K jieHust aHAJIOIMIHBI KOMOMHATOPHOI 9aCTH JIOKA3aTe b
cTBa JieMMBI 1.5. 3/1eCh MBI OIIeHIBAEM JI0JTI0 BADHAHTOB, IIPU KOTOPBIX
HeKoTOopast GYHKIWMs g € 3 pazjessier MepByoo 9acTh BHIOOPKHU S 0e3
ommbok: errg(g) = 0, u Gosiee Toro, ¢ moporom mgs(g) = v/2, a na
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BTOpPOI MOJIOBUHE BBIOOPKHU JINOO Je/IaeT OMMOKH, JUO0 MMeeT ITOpOr
pasjiesienns He Boimte /2 B gonte errg(y/2, g) > § npumepos. Onenka
Takasd Ke, Kak 1 B jiemme 1.3.

B pesysibraTe mosiydaem OIEHKY

PSS : (3 g € B)(errs(g) = 0&ms(g) > J&errg(/2.9) > 5)} <
<N(y/2, F, 2l)e” !/,

W3 onenok jiemm 1.6 u 1.7 mosryvuaem oreHKY TeopeMbl 1.6. A
O6ozmaunm § = 2N (y/2, F,21)2~/* U3 reopemsr 1.6 u Hepasen-
crBa e~ /* < 27/ ojryuaem

Caencteue 1.3. 3adann kaacc F 6euecm8eHHbT GYHKUUT U HUCAO
v > 0. Tozda das ar0b020 pacnpedenenus eepoammocmets P rna X X
{=1,1}, mobwx | u0 < 3§ <1 ¢ sepoamnocmoio 1 — & npoussosvras
Ppynxyus f € F, komopas waaccuduyupyem S ¢ epanuvet owubry
ms(f) > v, umeem owubky Kraccupurayun

errp(f) < ? (10g]\/(’y/2,.7-", 21) + log ?) .

IToporoBas pazmepuocTb. Kaxkabrit kitacc dyHknnit F mopoxK-
JlaeT TaK Ha3bIBAEMYIO TIOPOTOBYIO pa3MepHOCTh, uin fat-pa3smMepHocTh
(fat-shattering dimension). ITycrs v > 0. MuoxkecrBo X = {x1, ..., x;}
HA3BIBAETCSA 7Y -Pa3deAuMbiM, €CJTU CYIIECTBYIOT BEIECTBEHHBIE YNC-
na ri, ..., r (cBUgeTenn) Takue, UTO sl JIOOOIO IOJMHOMXKECTBA
E C X cymecrsyer dyukius fp € F takad, aro fg(x;) = r; + 7,
ecoim x; € E;u fp(x;) <rj—~, ecom T; € E.

ITo onpenenennio nopozosas pasmeprocms fat. (F) kmacca F pas-
Ha pasMepy caMoro OOJIBIIOTO [0 KOJIMIECTBY JIEMEHTOB Y-Pa3/IeJInMOro
MmHOXKecTBa X . Ilo ompemenennio moporosasi pasMepHOCTb KJjacca J
— 910 HeBozpacrawoiias ¢Gyuakmnus or v > 0. Kmacc F umeer Gec-
KOHEUHYIO IIOPOIOBYIO Pa3MEPHOCTH, €CJIM CYIIECTBYIOT KaK YTOJIHO
GoJIbIlne Y-pPas3euMbIe BHIOOPKH.

Crenyrolast TeopeMa sSIBJISIETCST IPSIMBIM CJIeJICTBHEM TeopeMbr 1.10,
KoTOpas Oyjier joka3ana B pasjese 1.3.2.
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Teopema 1.7. IIycmv F — xaace dynkyuid muna X — [a,b], 2de
a <b. Bubepem 0 < <1 u obosnavwum d = fat. ;4(F). Toeda

2el(b—a) log 41(b — a)2'
dy 72

log N (v, F,1) <1+ dlog

Teopema 1.7 BmecTe co ciiencTBueM 1.3 BeUeT Takoe CJIeICTBUE.

Caencreue 1.4. [Tycmo F — xaacc sewecmsennvir Gyrkuutl co 3na-
wenuamu 6 ompesxe [—1,1], v >0, § > 0 u P — pacnpedeaenue sepo-
ammuocmed, senepupyrowee evbopky S. Toeda ¢ seposmmocmoro 1 — 4§
mobas eunomesa f € F, das komopot mg(f) = v, umeem owubky
KAACCUPURAUUU

16el 1281 2)

4
eI'I'P(f) < 7 (dlog W]Og 7 + logg

2de d = fat., jg(F).

st knacca Beex (OJHOPOJHBIX) JIMHEHHBIX (DYHKIMI ¢ OrpaHu-
YEeHHOM 00JIACTBIO OIPEJIEJIEHUsI UMEET MECTO He 3aBHCSIIAsl OT pas3-
MEPHOCTH IIPOCTPAHCTBA 00BHEKTOB BEPXHsIS OIEHKA ITOPOrOBOI pas-
MEPHOCTH.

Teopema 1.8. ITycmov X = {Z : ||Z|]| < R} — wap paduyca R &
N-MEPHOM €6KAUIOBOM npocmparcmee: u F — Kaacc AUHeTHuT 00HOo-
podnwir pynkuud () = (w- &), 2de |[w|| <1 uz € X. Toeda

fat, (F) < (?)2

Jlokazamenvemeo. omycrum, aro muoxkectso Y = {Z1, ..., &}
SIBJISIETCSI Y-PA3JICTUMBIM C TIOMOIIBIO JIMHEHHBIX OIMHOPOIHBIX (DyHK-
it 3 Kiacca F U CBUIETENSIMHA T, . . ., T].

PaccmoTpumM 1Ipon3BOJIbHOE TTOAMHOXKECTBO Yy CvY. Homycrum,

Zri> Z ;.

zeY ZeY\Y

9TOo
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I[To onpenenenuio Haiimercss BecoBoil BekTop W, ||w|| < 1, Takoit, 1aro
(0-Z)>ri+ymaz; €Y u (w-;) <r; —y s T; € Y. Torma

D@z =y i+ |V

7, €Y ey

Z (w-z;) < Z ri — Y\ Y.

ZeY\Y T,eY\Y
PasHocTb 9THX ABYX CyMM OLEHHBAETCS CHUIY

d@-z) - > (-E) =l

:EZ'EY $1€Y\1>

(1.25)

sz HepaBEHCTBa KOLHI/I—ByHHKOBCKOFO JJId eBKJII/I,ILOBOﬁ HOPMBI I1IOJIY-

qaeM

xiGY I»L'EY\Y
=|w Zi — E Zi <
T, €Y :I,‘ZEY\Y/
<IDoz— D @l
l‘iEY/ Z'ZEY\Y/

(1.26)

U3 (1.25), (1.26) n n3 HepasencTsa |w < 1 mostyvaeM HUKHIOIO OIEHKY

ZJ_%— Z zi|| = 7l

l‘iEY/ IZEY\Y/

JlomycTuM Terepb, UTO

dorm< >

T, eV ZeY\Y
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[Tomensiem muOKecTBa Y 1 Y \ Y Mecramu n aHATOrHIHBIM 06pa30M
HOJIy YUM

Z T; — z;|| = vl

Z‘IEY\Y Z‘iEY

Taxum 06paszom (1.27) BBILIOIHEHO B 000X CJIydasiX.

[IpomoskuM JT0KAa3aTEIbCTBO TEOPEMBI.

Iycrs € = (&1, ..., &) — cydaiiHblii PABHOMEPHO PaCIIpe/Ie/IeH-
HBII OGuHApHBIH BekTOp maunbl [ & € {—1,1} mpui=1,..., [.

BekTop € ecTecTBEHHBIM 00PA30M OIpE/IEISeT PA3OHeHIe MHOKE-
cTBa Y Ha 1Ba moxMHOKeCTBa Y 1 Y\Y Boerancsium maremaTudeckoe
OXKUJIAHKUE KBaJIpaTa HOpMbI pasHoctu (1.27) oTHOCHTEIBHO Citydaii-
HOTO pa3GIeHns] MHOKECTBA Y, OIpeiessieMoro BeKTopoM &. Mneenm

2 . 2
FE Zfi— Z Tl =F Z&i’l =
=1

xiéf/ :EZEY\Y

l l
=EY m|P+28 Y &&(@ 7)) =
i=1

i,5=1,i#j
l
=E) |z < Rl
=1

~

Haiinercss xorst 6B OJHO MOJAMHOXKECTBO Y, JIjIsI KOTOPOIO 3HAYEHHE
HOPMBI PA3HOCTH He DOJIbINE ee CPeIHEro 3HATEHUSI:

xiEY xZGY\Y

Bumecre ¢ nepasencrsom (1.27) aro Biewer Rv/1 > ~l. Orcioma nosy-
uaem | < (R/v)?. Dro oznavaer, uro fat,(F) < (R/y)% A

Teopema 1.8 nokasana Iy Kjlacca OJHOPOJHBIX (QPYHKIUIL. DTO
He $IBJISIETCSI CYIIeCTBEHHBIM OIDaHMY€EHIEM, TaK KaK Mbl MOXKEM yBe-
JIMYATH Pa3MEPHOCTb BEKTOPOB Ha €/IMHUILY U PACCMOTPETh BBIOOPKY
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S"= (@, n), -, (T, m)), tae T, = (Z;,1) npu 1 < i < 1. B sTom
ciyuae omuoposanas yuknusa f'(Z') = (@' - 7'), rme W' = (w,b),
paszziensieT BBIOOPKY S’ ¢ TeM Ke MOpOroM, ¢ KOTOPHIM (hyHKITHsT
f(z) = (w - T) + b pasaenser BHIOOPKY S.

[Toncrasiisiem oreHKy TeopeMbl 1.8 B OleHKY ciiegcTBus 1.4 U 1m0-
JIy4aeM CJIEJIyTOINYI0 UTOTOBYIO TEOPEMY.

Teopema 1.9. Paccmompum 3a0a4y KACCUGUKAGUUL C TOMOULBLIO AU-
Hetnur oonopodnvir gynrkyul f(z) = (w-T) € L, 2de T € R,
|| < 1. Badarvr wucaa v >0 v 0 <6 < 1.

s npouseoavrozo pacnpedesenus seposmmuocmets P, cxonuyen-
mpuposarkozo 6 wape paduyca R ¢ uyenmpom 6 nadane xKoopduram
u 2enepupyrowezo ewbopky S = ((Z1,y1), ..., (T,y1)), ¢ eepoam-
nocmwio 1 — § npoussosvras eunomesa f € L ¢ epanuyets owubky
mg(f) = v umeem sepxrioto ouenky owubky KiaccuPurayuy
e

l
7 log

errp(f) < log RO

+ log —

4 (64R?
(63 ; (1.28)

128 Rl 2
l ~2 '

J1s1 mostydenust 9TOi OIEHKH MBI HCIIOJIB30BAIN TO, UTO B HEpa-
sercrse (1.37) Teopemsl 1.8 BMecTO d MOXKHO B3SITh JIIOOYIO BEPXHIOIO

oneHky uuciaa d = Sdim(]:o‘/ 2). B pamHoM ciydae ymo6HO B3ATD

64R
d=>5-.

Te'yopeMa 1.9 Takxke Oymer mMeThb MECTO Jjist PYHKIIUN U3 ITPOU3-
BOJIBHOT'O THJILOEPTOBOI'O MPOCTPAHCTBA, TOPOKICHHOT'O BOCIIPOU3BO-
asmuM siapom. Takume nmpocTpancTBa OyIyT BBeJAeHBI B pasjeie 2.5.

Onenku teopem 1.8 m 1.9 mociy»karT OCHOBOH [JIsi TIOJIyU€HUsI
HE 3aBUCIINX OT PA3MEPHOCTHU IIPOCTPAHCTBA OIEHOK BEPOSTHOCTH
omuOKu 0000IIEHUs JIJIsT METO/Ia OIIOPHBIX BEKTOPOB B Teopeme 2.5 u3
pasaena 2.6.1.

1.3.2. IlokpbITUS U YIAaKOBKU

PacemorpuM cosepkanue IpeblLyero pasjea ¢ 6ojee odmux mo-
3UIUA.

[Iycrs (X, d) — HEKOTOPOE METPUYECKOe IPOCTPAHCTBO, d(T,y) —
paccTosiHue MeXKly dJIeMeHTaMu &,y € X.
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IIyctb AC X u BC Au «a>0. 'oBopuM, 4T0 MHOXKECTBO B sB-
JIIeTcs Q-nokpuimuem MHOXKecTBa, A, ecin 1jia j0boro a € A cyme-
cryer b € B Takoe, uro d(a,b) < a. Hucaom nokpuimus MHOXKECTBA
A nasniBaeTcs PyHKIINS

Ny(a, A) = min{|B| : B saBasiercsi a-1mokpbituem A}. (1.29)

TosopumM, uto MuOKecTBO B C X siBIsieTcst (i-0moeAuMbiM, €CITA J1JIst
JM00bIX a,b € B rakux, uro a # b, 6yzer d(a,b) > a. Quciom yna-
Ko6Kku MHOXKeCTBa A HasblBaeTcst (DyHKIUS

M(a, A) = max{|B| : B C A aBnsiercst c-ornesmmbiM}.  (1.30)

OcCHOBHBIE COOTHOIIIEHUSI M€Ky YHCJIOM IMMOKDPBITUSI U YHUCJIOM YyIIa-
KOBKH JIAIOTCS B CJIEJYIOIIEN JIeMMe.

Jlemma 1.8. Jlas mobviz AC X ua >0
Md(2aaA) < Nd(aaA) < Md(a7A)'

Loxasameavcmeo. Ilycrs M — 2a-oTnesnMoe IoIMHOXKECTBO A u
N — a-nokpoeitue A. Ilo onpenenenuio MuozkecTBa N I KasKI0TO
a € M maiinerca b € N rakoe, uro d(a,b) < a. Ecim a,a’ € M
pasmuunbie 1 b,b' € N um TakuMm 0O6pasoM COOTBETCTBYIOT, TO b H
b rakike paznmuHble, TaK Kak uHade 610 661 b = b u d(a,a’) <
d(a,b)+d(b,a’) < 2. DTO MPOTUBOPEUUT TOMY, UTO JIFOOBIE JIBA Pa3-
JIMIHBIE sJ1eMenTa M HaXoIsITCs Ha PACCTOSHUU He MeHbIneM 2a. OT-
crozia 3akiodaeM, uro | M| < |N|. IlepBoe HepaBeHCTBO JI0KA3aHO.

IIycrs M — MakcEMaJIbHOE 110 BKJIIOYEHUIO (-OTIEJIMMOE IIOIMHO-
xecrBo A. HokazkeMm, uro M sIBjIsIeTcsl -IIOKPBITHEM MHOXKecTBa, A.
HomycruMm, 310 He Tak. Torma Haiigercs sjgeMeHT T € A Takoii, 4TO
HET HU OJIHOTO 3jeMeHTa u3 M B oKpecTHOCTH T paguyca «. JlobaBum
r K M u nonmydnm cTporo 60Jiblliee 10 BKJIIOYEHUIO TOAMHOXKECTBO
M U {x} muO)ecTBa A, KOTOpOE Takxke a-oraeanmo. Ilosyaaem mpo-
TuBOpeune ¢ Beioopom M. /TaHHOE TPOTHUBOpEYNE TOKA3HLIBAET BTOPOE
HEPABEHCTBO U3 YCJIOBUS JIEMMBI. /\

OcHoBHAa 1eJIb JAHHOIO Pa3jielia — J0Ka3aTeILCTBO TeopeMbl 1.7,
KoTopasi Oyzer ciegcrsueM Teopembl 1.10 (em. mizke). st ero npose-
JeHus HaM [TOTpedyeTcst pa3BUTUE TEOPUHU PA3MEPHOCTH JJIisd (DYHKITUT
C KOHEYHBIM YHCJIOM 3HAYEHUIA.
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[Tycts X' — mekoropoe muoxkectBo u B = {0,1,..., b} — xoHeu-
HOe MHOXKecTBO. Pacemorpum Hekortopsiii kiace F C BY dyukiuii,
OIIPEJ/ICJIEHHBIX Ha MHOXKECTBe X U HPUHUMAIONINX KOHEYHOE YHUCJIO
3nadeHuit u3 muoxkecrsa B. Paccmorpum meTpuky ma JF

I(f,9) = sup |f(z) — g(z)|.

e dyuxiyuu f,g € F omdeaerv, (2-omdenenw), ecom I(f,g) > 2.
Nupivu cotoBamu, cymmecrByer @ € X' Takoe, uro |f(x) — g(z)| > 2.
Knace F omdeaum, eciu jiobble 1Be pyHKIUU f, g € F OTIEJEHBI.

[Iycrs X = {z1,..., zp} € X — HEKOTOPOE MHOYKECTBO C 3aJIaH-
HBIM JIMHEHHBIM IOPSIJIKOM Ha ero sjiemMeHTax (Bbibopka) u JF C BY.
[To omupenenenuto kmnacc F cmpozo paddeasem MHOXKecTBO X, ecaun
cymiecTByer Habop § = (S1,..., Sp} d71€MeHTOB B Takoil, 4T0 JIsi
goboro F C X cymecrByer dyuknusa fg € F Takast, 970

ZL’iEE:>fE(£L'i)>Si+1,
v § B = fp(r;) <s —1

JJIsT J11000r0 1.

loBopsiT TakXke, 9TO JF CTPOro pasiesseT MHOXKECTBO X OTHO-
cuTebHO Habopa s. Pazmep MakcHMabHOTO MHOXKeCTBa X, CTPOro
PA3MeJIMMOro ¢ MOMOIIBIO Kitacca DYHKIMA F, HA3bIBACTCS CMpo2ot
pasmeprocmuio F u obosnadaercs Sdim(F).

PaccMoTpuM IpocTyio JUCKPETU3AINIO, IEPEBOJISIILY IO TPOU3BOJIb-
HyIO0 BelllecTBeHHO3Ha4YHY0 dyHKImo f : X — [0,1] B dyHKImIO,
[IPUHUMAIOIIYI0 KOHEYHOE YHCJIO 3HadeHuil. [lj1s mponsBoIbHOTO Be-
mecTBeHHoro o > () onpesenum

o = |12

(67

JUIsl Beex x, T7e [r] obo3Hadaer Gimrkaiiniee K 7, CBEpXy WJIM CHU3Y,
1eJ10e Incsio; TakuM obpaszom, |r—[r]| < 0.5. Ecsn uuncso r maxourest
CTPOrO B CepeJInHe MHTEPBAJIA MEXKJIy IEeJIBIMA YUCJIAMU, TO MOYKHO
OKPYIJIATH ¢ HegpocTaTkoM. Onpejesnnm takxke F* = {f*: f € F}.
Ouepuano, uto GyHKIud [ NpUHUMAaET 3HAYCHUS B MHOYKECTBE

{0,1,..., [1/a]}.

66



Hasiee, paccMOTPUM CBsI3b MEXKJLy KOMOWHATOPHBIME Pa3MepPHO-
CTSIMU U 9UCJIAMU TTOKPBITUST KJaaccoB pyHKImi F u F.

HanomawnMm, uto wncnao nokpeitust Ny(a, A) m auciao ynakoskn
M(a, A) onpepenenst cornacuo (1.29) u (1.30).

OupenenuM crenuaibHy0 METPUKY Ha J, CBSI3aHHYIO C MHOXKE-
creom X = {x1,..., x,}, caeayomum obpa3om:

Ix(f,9) = max |f (i) — g(xi)]-

X

PaCCMOTpI/IM COOTBETCTBYIOIIUE YUCJIa ITOKPBITHUA U YIIAKOBKHU:

N(a, F, X) = Np (o, F),
M(Oé,]:,X) :Mlx(aaj:)a

a TaK2Ke COOTBETCTBYIOIINUE BECJININHBI

N(a, F,n) = sup N(a, F, X),
| X|=n
M(a, F,n) = sup M(a, F, X).
| X|=n
CBs13b MEXK LY CTPOTOI pa3MePHOCTHIO IUCKPETH3UPOBAHHOIO KJIaC-
ca PYHKIUI 1 [IOPOrOBOi Ppa3MEPHOCTHIO HCXOIHOIO KJIACCA IIPEACTAB-
JIeHa B CJICLYIOLIEl JieMMe.

Jdemma 1.9. ITycmo F C [0,1]F uw a > 0. Tozda
Sdim(F*) < faty o (F), (1.31)
M(a, F, X) < M(2, F/2, X). (1.32)

JlokazaTeIbCTBO JIEMMBI IIPEJIIAraeTCd B KA4eCTBE 3a/IadM.
Cremyrormast JeMMa, IIPeICTaB/IsgeT TEXHIIECKYIO YaCTh OCHOBHOI'O
pe3yJibTaTa 3TOTo pasJiesia.

JIemma 1.10. ITycmo X — xoneunoe mmoocecmeo, |[X| =n u B =
{0,1,..., b}. Ilyemv maxorce F C BY w d = Sdim(F). Tozda ©
M(2,F,n) < 2(n(b+ 1)*)Msv],
d

edey = (T)b'.

i=1

53sech [r] obosHatMaeT HAMMEHbIIEE TIeT0e GOJIbITee WM PABHOE 7.
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Jlokazamenvcmeo. Oupenennm dbyukiwo t(h,n), rae h u n — me-
Jsbte ancia. [peanonaraem, uro n > 1 u h > 2. 3uavenue t(h, n) sroii
GYHKIIUN OIPeaessieTCs CIeLy oM 00pa3oM.

PaccmarpuBaloTcs Bce OTIeIuMbIe MOIKJIacchl F Kiacca (pyHK-
it F, comep:karue mo h smeMmeHToB. IloHATHE OTIEIMMOCTH KiTacca
yHKIMit 6BLI0 OIPEJEIeHO paHee B 3TOM paszele. KarKaplii Takoii
KJIacC PyHKIUH F' MOXKET CTPOro pas3fie/isiTh HEKOTOPbIE MHOXKECTBA
X C X OTHOCHTENBLHO HEKOTOPBIX MOCJIEIOBATEILHOCTEH HEeIbIX Y-
cen s. Koryma Mbr ropopum, uro F' crporo paszessier napy (X, s), Mbl
nMeeM B BuAy, 9To F' cTporo pasgenser X OTHOCHTEIBLHO IOCTIEI0BA-
TEJILHOCTH S.

Oyukrmio t(h,n) 3amaauM GOPMATBLHBIM YCIOBHEM:

t(h,n) = max{k : VF C F,|F| = h, F ornesumo
= F crporo paszensier ue Menee k nap (X, s)}.

Eciu e cymecTByeT HE OAHOTO OTJEIMMOrO MHOXKecTBa F' pasmepa
h, To mosaraem t(h,n) = co.

Jlemma 1.11. Ecau t(h,n) >y u Sdim(F) < d, mo M;(2,F) < h,
d .
edey = (1)

1=0

Jlokazamenvcmso. domycrum, aro M;(2, F) > h. D10 3HAYUT, 94TO
CyIIeCcTByeT oTaeanMoe MHOXKecTBOo F' C F pasmepa He menee h. Tak
kak t(h,n) >y, F' crporo pazzensier mo-kpaiiaeii mepe y map (X, s).

Tak kak Sdim(F) < d, eciin F crporo pazzpensier napy (X, s), To
| X| < d. TlogmuoxkecTBo X pasmepa § MOXKHO BbIOpATh (?) crocoba-
MH, KpOME TOI'0, UMeeTCsl MeHee b' BOSMOXKHBIX [I0CJI€I0BATEILHOCTE
s JymHbl ¢ (13-3a CTPOroit pasmeaumoct X 3JeMEeHTaMU S HE MOIYT
6biTh 0 win b). Takum obpazom, F' crporo pasiesisier MeHee dem

d n
2 ( ')bl Y
‘ 1
=1
X, s)-nap. ITonyuyennoe nporusopedne A0Ka3bIBACT JeMMY. /\
) p y p p y

N3 gemmbr 1.11 chemyer, 9TO jjist TOrO, 9TOOBI JOKA3aTh JIEM-
My 1.10, mocraToyno goKazaTb, YTO

¢ (2(n(b n 1)2)“°gyln) >, (1.33)
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d A
raey =y ()b
i=1
st Toro, urobbl jtokasarh HepaBeHCTBO (1.33) mpeBapuTesbHO

JIOKaYKeM CJIe/TyIoNIee yTBEPKIEHUE.
Jlemma 1.12. Jlasa ¢pyrxyuu t 86INOAHANOMCA HEPABEHCTNEE

t(2,n) > 1 npun > 1, (1.34)
t(2mn(b+1)2%n) > 2t(2m,n—1) npun >2,m >1.  (1.35)

Zoxasameavcmeo. I1jist TIOOBIX ABYX OTIEJUMBIX QYHKINNE f U g,
|f(x)—g(x)| = 2 xoTst 6BI J151 OJTHOTO T, T.€. 9TH (DYHKIIUN PA3JIEIISIIOT
onnossiemenTHoe MHOXKecTBO {2}. Takum obpasom, t(2,n) > 1, Te.
HepaBeHCTBO (1.34) BBIOJIHEHO.

s nokazaresbersa (1.35) pacemorpum MuOXKecTBO F') cozteprka-
mee no-kpaiireit mepe 2mn (b + 1)? nmonaprHo oTAEMMBIX DYHKITHIL.
Ecm takoro mMuOMkecTBa He cymectsyet, To t(2mn(b + 1)%,n) = oo
u HepaBencTso (1.35) aBromarntuecku BbIIOIHEHO. Paszmenmm mpons-
BOJIBHBIM 00pazom ¢yukiuu u3 F' Ha napst {f, g}. Beero takux map
ne menee gem mn(b+ 1)2. Ilycts S 0603HAUAET 3TO MHOKECTBO TIap.
st mpoussosbroit napst {f, g} € S nycrs x(f,g) paBHo onHOMY U3
Tex x, st KoTopbix | f(z) — g(z)| = 2.

Husx e X, 4,5 € B, j =1+ 2, onpeneynm

bin(z,i,j) = {{f, 9} € S : x(f,9) = =, {f(2),9(x)} = {i, j}}.

O0r1ee YUCI0 TAKUX MHOYKECTB HE ITPEBOCXOJIUT

n(b; 1) <n(b+1)%/2.

Hanomuum, 9o o yeaosuto jgemmbl 1.10 Bbinosineno |[X| = n.
Tax xax umcyo seex nap (f, g) pasno mn(b+ 1)2, momxns cyme-
cTBOBaTh =¥, i* u j* > ¢* + 1 Takme, 4TO

|bin(z*, %, %) = 2m.
OrnpeiesiuM J1Ba MHOXKeCTBa (PYHKITUIT

Fy = {f € Wbin(z*,i*,5%) : f(z*) =1"},
Fy = {g € Ubin(z",i*, j*) : g(z*) = j*}
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Snecs UA, re MHOXKECTBO A COCTOUT U3 AP, €CTh MHOXKECTBO, CO-
CTOsAIIIEE U3 3JEMEHTOB BCeX TaKHX Iap.

dcuo, uro |Fi| = |Fy| = 2m. Knace dynkunit Fy otnennm, ecin
paccMarpuBarh 31 dbynkinun Ha muoxkecrse X \ {z*}. Heiicteuresn-
o, kjacc F') a smauwnt, n kjgacc Fi, oraenuMm Ha X, IO3TOMY JIJIs
06X 1Byx dyukiwmit f, f/ € Fy 6yner |f(2') — f/(2)| = 2 ans nexo-
toporo z’, npuuem ' € X'\ {z*}, tak kaxk Ha r* 3HAYEeHNS TUX DYHK-
1uit COBIaIAIOT. AHAJOMMYHBIM 06pas3oM, Kiace dpyHKImit Fy Takzxke
oriesnM Ha obsactu oupenesenust X\ {z*}.

CrietoBaTeIbHO, OKHBI CYIIECTBOBATL JBa MHOKecTBa U 1 V|
KaxKji0e pasmepa He Mmenee t(2m,n — 1), cocrosimme u3 nap (X, s)
Takue, 9To F cTporo pazjeinser mapsl u3 U u Fh cTporo pasjiesnser
mapol u3 V.

OueBuHO, 9TO JH00as mapa u3 UUV cTporo pasme/sieTcst KJ1accoM
F.

[Iycrs (X,s) € UNV. Torma napa ({z*} UX,(Li*gj*J,s)) TaK-
7K€ CTPOTO pasIessaeTcst IoCcpeacTBoM F. DTo Tak, MOCKOIBKY JIO0bIE
dyuknun f € F1 u g € Fy, crporo pasuesitoriiue X, yI0BIETBOPSIOT
rakke ycaosuaM f(x*) = i* u g(x*) = j*, npuuem j* > i* +2. ITosro-
My g(z*) = j* > 1“2” +1u f(z*) =i* < Z?* — 1. Tlosromy oA
u3 3TuX (PYHKIWIT CTPOTrO pasae/seT BLIOPAHHOE IIOJIMHOKECTBO.

Heticreurenpio, nyets B C {z*} U X = {z%,21,...,7)x|} u
f(z;) > si+1upu x; € E, f(x;) < s; — 1 nupu z; ¢ E nyis Heko-
Toporo Habopa s = (S1,..., Sp—1). AHaIOrU4HO, IycTsb g(T;) > si+ 1
upu x; € E, g(x;) < s, — 1 npu z; ¢ E aius HeKOTOPOro HaGopa
s =(s},..., sl,_1). llpusrom f € Fy u g € F». Torna f pasgensier E
OTHOCHTEILHO HAbOpa §1 = (Li*;j*J,sl, vy Sp—1), ecau ¥ ¢ E| win
g pasjensier E oTHOCHTE/ILHO Habopa So = (Li*;j*J,s’l, o Sh_1)s
ecmu ¥ € E.

CuenoBarenbio, kiaace F' erporo pasiesnsier

[UUV|+|UNV|=|U|+|V|>2t(2m,n —1)

nap (X, s). Hepasencrso (1.35) u nemma 1.12 nokasanbr. A
[Tepexomum Tenepnb K jiokaszareabcTBy Jjemmbl 1.10. ITpumensis
nepaseHcTBa (1.34) u (1.35) pekypcuBHBIM 06pa30M, OJIYUUM

t2(n(b+ 1)), n) = 22,0 — 1) > 2" (1.36)
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mpun >1r > 1.

Ecmu [logy] < n, To nmosmaraem r = [logy]| B (1.36) n moiyuaem
uepaserctso (1.10).

Ecin [logy| > n, To Benumunna

2(n(b+ 1)%)Mevl > (b4 1)"

IIPEBBIIMACT YUCI0 BCeX (PYHKIUN co 3HadeHusMu B B u objacTbio
ompenesnernss X, |X| = n. B srom ciaydyae HE OTHOIO OTIEJINMOrO
muoxkectBa F' pasmepa 2(n(b + 1)2)1°8¥] me cymecrsyer u

t2(n(b+ 1A eev] p) = .

Takum obpasom, semma (1.10) nokazana. A

Teneps MBI MO2KEM CPOPMYJINPOBATD U JIOKA3ATH OCHOBHOE yTBEP-
JKJIeHIe 9TOro pasjesa — reopemy Ajona, ben-Jlapusa, Yesa-bosuku
u Xayciepa [8].

Teopema 1.10. ITyem» F C [0,1]% w a € [0,1]. O6osnanum d =
faty 4(F). Tozda

9 9\ [dlog(%2)]
N(a,F,n)§2(n(a+1> ) :

Joxaszameavcmeo. Ucnonb3yst TO, 9TO YUCIO YIIAKOBKU HE IIpe-
BOCXOJIUT HNCJIa MOKPBITHS, HepaBeHCTBO (1.32) memmbr 1.9, a Takike
gemMy 1.10, mosryquM cjIeIyIoniyo IMernovKy HePaBEeHCTB

N(a, F,n) = sup N(e, F, X) <

| X|=n
< sup M(a, F, X) <
| X |=n
< sup M(2, F2 X)) = M(2, F*%,n) <
| X|=n
< 2(n(b+ 1)%)Mosvl,
d/

vie b =[5l y = 32 (DY, & = Sdim(F*/%).
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BameTnm, 4o Ki1ace dhynkimi F/2 yioBieTBopsieT yCI0BIIO JIeM-
mpt 1.10 npu b = [2].

3 mepasencrsa (1.31) semmer 1.9 nosyaaem d' < fatq 4 (F) = d.
Orcrona

d/

=S (ren ey () (@) om

i=1 =1 =1

ben
B wacrnocru, logy < dlog(*$").
Teopema jjokazana. A
Teopema 1.7 u3 pazaena 1.3 saBisercs: nepedOpMyIUPOBKOI 3TOM
TEOpPEMBI ¢ HEDOJIBIITUM OCJIA0JICHUEM OICHKU.

1.4. Cpeanue no Pagemaxepy

B sroMm pasneie 6ymer n3ydarbes eIne OIHO IMOHSITHE eMKOCTH KJIacca
dyHKIMt — cpepane Pajgemaxepa. DTo HMOHSITHE TO3BOJISIET MOy YaTh
HOBBIE BEPXHHUE OIEHKN OITIOKN 0600IIeHHsT.

[Iycts X — HeKOTOpOE MHOXKECTBO, HA KOTOPOM 33/IaHa CTPYKTY-
pa BEPOATHOCTHOI'O IIPOCTPAHCTBA C BEPOATHOCTHBIM PaCIIpeIeIEHIEM
P. Ilycth Takyke 3ajaH HEKOTOPBIH KJjacc J uU3MEpUMbIX (DyHKIIHIA,
OIIpEJIeJIEHHBIX Ha MHOXKeCTBe X .

Hycrs 28 = (21, ..., %) — HeKOTOpask BLIGOPKA, COCTOSIIIAS U3 3JIC-
MEHTOB MHOXKecTBa X . MBI IIPEIIOIOKNM, ITO SJIEMEHTHI BHIOOPKA
HE3aBHCHMO U OJIMHAKOBO pacIpeie/IeHbl CONIACHO pacupeaeeHuo P.

IIycts 01, ..., 0; — He3aBUCHUMbIe OEPHYJIINEBCKHE BEJIUIUHDI,
[IpUHUMalomye aBa 3HadeHusi +1 1 —1 ¢ paBHBIME BEPOSITHOCTSMMU:
Byja(oi = 1) = Byjp(os = —1) = 1/2 pa moboro 1 < i < [. I1n
cayvaifHble BeJIMYMHBI HA3bIBAIOTCA CIydaiinbiMu Pasemaxepa.

O603HaYUM IIOCPEICTBOM 0 = Bi /o DacTIpeieienue Beero Habopa
o1, ..., O] JIJIAHBI [.

Buibopounwvim cpedrnum Pademazrepa kinacca F Ha3bIBA€TCsl YCJIOB-

"Cw. ucrounuku [12], [16], a Taksxe nexupn Kaxaze u Tesapu [33].
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HOC MaTeMaTH4YeCKOe OKHJIaHne

BepositHOCcTHOE pactipenenenne P Ha 3jieMeHTax BHIOOPKU WHIYIIHUPY-
er BeposiTHOCTHOE pactpeesienne P! na BeiGopkax 2! = (21, ..., 2)
NJINHDL {.

Cpednum no Pademazepy Knacca F Ha3bIBAETCS IUCTIO

l
RiF) = Epu(Ru(F)) = BpiFy  sup 73" 03f(20)
fer vt T

CormacHo ompesiesieHIIo, cpeamnee o Pajemaxepy paBHO CpemHeMy
3HAYEHUIO BBIDOPOTHOIO CPEIHETO 110 Pajiemaxepy 0THOCHTEIBLHO pac-
IIpeJleJIEHU S P! Dra BeJIMYNHA, HAPSIY ¢ (pyHKIHe pocTa U IuCIoM
HOKDBITHS, OTPayKaeT CJOKHOCThL (€MKOCTB) Kjacca dbyHKIuii F.

[TpuBenem psim cBolicTB cpennux 1Mo Panemaxepy, KoTopbie OyiayT
UCI0JIB30BATHCS IIPH IOy YeHUH BepXHEH OIeHKH OIOKN 00001eHn st
B pa3zjene 2.7.

ITo onpemenennto BeIOOpoUHOE cpeatee MYHKIUN f Ha BHIOOPKE 2
paBHO

l

HamoMHIM, 9TO 3JIEMEHTHI BHIGOPKH 2! = (21, ..., 2]) HE3ABUCUMO

JIPYT OT JIpyTa FeHePUPYIOTCsI C MOMOIIBIO BEPOSTHOCTHOIO pacipeie-
Jenus P.
Maremarnueckoe oxxuganne byukiun f pasuo Ep(f) = [ f(z)dP.
B cieayrommem yTBEpKIEHIN IIPHBOANUTCS OLIEHKA PA3HOCTH MEZK-
JIy MATEeMaTHYECKUM OXKUJIAHUEM ¥ BBIOOPOUHLIM CPEJHUM, PABHO-
MepHasi 110 BceM (byHKIUAM U3 Kiacca F.

Teopema 1.11. Hmeem mecmo nepasencmeo

E,.pi <;1€1;(Ep<f> — E.(f))) < 2Ry(F). (1.38)

8310 cilyJuaifHas BeJIMYMHA, 3ABUCAINAsl OT CJyYailHONW BBIOOPKH 2 =

(z1, -y 21)-
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Joxasameavcmeo. Iycrs 28 = (21, ..., %) — ciydaiinbie Be-

JIMYUHBI, PacCIIpe/ie/IeHHbIe TaK 2Ke, KaK CJIy‘IafIHbIe BEJIMYNHBI Zl =

(21, ..., 2z1). Kpome sroro, nmpeanosaraem, 4ro
Zly eoey RlyRly «o-y 2]

€CThb I10CJIeJ0BATEJIbHOCTHh HE3aBUCUMbIX CﬂyqaﬁHbIX BEJINYINH.
Nmeer mecTo cjeayroniasd Ielio9Ka paBEeHCTB U HEPABEHCTB:

B (5w [ Bp(n) 130 ) ) ) =

fer i=1
1
=FE, p | sup 7 Z Esp(f(%)) — f(%)))) <
ferF i=1
1
S Euop | Ezop | sup (l Z(f(zz) — f(2i)) )) =
fer i=1
1
EZlZlNPQl ?lel.[;)_ ] ;(f(zz) f(Zﬁ)))
1
ZlZlNPQIEO'NBl/2 JSCIEI.I})- I ;Uz(f(zz) f(%)))) <
1
= EZZNPZEUNBl/Q ?2‘2_ I ;UZf(Zl)>> +
1
+EZZNPIEUNBl/2 sup 7 Zolf(zl)>> =
fer i=1

= 2Ry(F). (1.39)

[Tepexos or 2-if crpoku K 3-fl HPOUCXOAUT 1O CBONCTBY: CyNIpPEMyM
CYMMBI He IPEBOCXOANT CyMMBI cynpemyMoB. Ilossienne B 5-it cTpo-
Ke 0; He M3MEHHJIO CyIIPEMyM, TaK KaK MaTeMaTHYECKOe OXKUJIAHMEe
CynpeMyMa HHBAPHAHTHO OTHOCHTEJIBHO IIE€PECTAHOBOK EPEMEHHBIX
Zi U Z;; 10 9TOM K€ HPUYINHE MBI MOYKEM BCTABUTH B 6-if CTPOKE CHM-
BOJI cpenHero E, . p, J2r

Hepasencrso (1.38) mokazamo. A

74



ITpuBemem mBa ciaemcTBust u3 Teopembr 1.11.
Bo-niepsbix, mepasercTsBo (1.38) MoKHO 06paTHTh:

Caencrsue 1.5. Umeem mecmo HepaseHcmeo

Epi <;25<Ezz (f) = Ep(f))) < 2Ry(F). (1.40)

Hepagsencrso (1.40) mpsimo ciejyer u3 nepasercTsa (1.38) u oue-
BujiHoro paserctsa Ry(F) = Ry(—F), tne —F ={—f: f € F}.

J1s1 okasaTesnbeTBa BTOPOrO CJIEJCTBUsI HAM MOTPeOyeTcs Cie-
JIyIoIasi JIeMMa, KOTOPYIO MBI IIPUBOJMM 0€3 J0Ka3aTeIbCTBa. JTa
JIeMMa TakzKe OyJIeT MCIOJIb30BaHa B JlAJIbHEHIIeM.

Jdemma 1.13. ITycmo f : 28 — R — pynxyusa, ydosiemeopaouan
YCA08UI0

|f(z1, -0y 2ic1, 20 Zik1s ey 21) —
/
_f(zh ceey Ri—15R5y Ritly -y Zl)‘ gci
ona M06020 i u na ecex zi, ..., 2,7z € Z, 2de ci, ..., ¢ — HEKO-

mopvie KOHCMAHMbL.

Iycmy maxoice Z1, ..., Z — HE3a8UCUMDBLE 00UHAKOB0 pacnpede-
aennve (cozaacno eeposmmuocmmuomy pacnpedeaenuto P) cayuwatinve
BEAUMUHDL, NPUHUMAIOWLUE 3HAYEHUA 68 MHOdHCECTEE Z.

Tozda umeem mecmo HEPABEHCNBO:

P{f(z1, ... 2) = Ep(f(Z1, ..oy @) 21} <

—2t2

< exp (1.41)

2de Epi — CuUMB0A MAMEMAMUNECK020 0AHCUIGHUA N0 PACTPEIEAEHUNO
P! na swibopraz daunws 1.

Jloka3aresibecTBO STON JieMMbl MOXKHO Hafitn B pabore [43] u B
monorpaduu [48].
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Tak Kak ycjioBHE JIEeMMBI BBITTOJTHEHO ITpu 3amene f Ha —f, BbI-
ITOJTHEHO TaK>Ke HEPaBEHCTBO:

PYEpi(f(z1, ... 2)) = fz1, .oy 1) 2t} <

(1.42)

Crnemytotee CeICTBIE JAET PABHOMEPHYIO TI0 (DYHKITUSIM U3 KIIaC-
ca JF OIEHKY pa3HOCTH MEXKJ/y MATeMaTHUIeCKUM OXKUIAHUEM (DYHK-
[UU U BBIOOPOYHBIM CPEIHUM 3TOM »Ke (DYHKIUU. DTU BEJIUIUHBI OT-
JITJAIOTCS Ha YABOEHHOE cpejiHee 10 Pajemaxepy kiaacca yHKIIAN.

Caencrsue 1.6. Jlonycmum, wmo snavenus gynruut ud xaacca F
aearcam 6 unmepsane [0,1]. Toeda daa npoussosvrozo 6 > 0 c eepo-
amuocmoio 1 — § evinoaneno:

n 2
Bp() < Balf) + 2R(F) + || b <
2
< EL(f) + 2Ri(F) +3\/§ (1.43)

ons scex f € F, 2de 28 = 21, ..., 2.

Hoxazameavemeo. st siroboit pyHKIMKM f UMEeT MECTO OUYEBHU/I-
HOe HEPABEHCTBO

Ep(f) < Ba(f) + sup(Brp(h) — (1) (L.44)

[Tpumennm uepasencTso (1.41) gemmbr 1.13 Ko BTopoMy wieHy B mpa-
Boit gacru (1.44).

Tak kak 3Hadenus GyHKIUU f OrpaHUYEHBI €JIUHUIEH, MOXKHO
B3saTb ¢; = 1/l npu 1 < i < [. Tlogcrasiisiem 9Tu 3HAYEHUSI B TIPABYIO
gacTh HepasercTBa (1.41) u npupasauBaem ee §/2. [lomyaaem

—2¢2

exp = 2 = 5/2.
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In 2
Orcrona t = \/ . W3 nepasencrsa (1.41) ciexyer, 4To ¢ BeposTHO-
crbio 1 — §/2 BbImOIHEHO

sup(Ep(h) — E.i(h)) < Epi(sup(Ep(h) — E.i(h))) +
heF heF

=2 (1.45)

Hepagencrso (1.38) yTBepkuaer, 1ro

Epi (;gg(EP(f) — E.(f))) < 2Ry(F).

Orciona n u3 (1.45) nonyuaem

sup(Ep(h) — E,(h)) < 2R(F) + \/ lr;lg. (1.46)
heF

Orcroia ciiejiyer, 9To ¢ BEPOSITHOCTBIO 1 — §/2 BBILOJIHEHO

n2
Bp(f) < Balf) 4 2Ri(F) + ] od (147

st moboit dyukiuu f € F.
Taxum 06pa3oM BBIIIOJIHEHO IIepBOe HepaBeHCTBO (1.43) ciencrBust.
AwnasiornanbiM 06pa3oM, ¢ moMoIbio HepaseHcTsa (1.42) Jiem-
Mbl 1.13 mosydaem, 9To ¢ BEPOSITHOCTBIO 1 — §/2 BBIIOJIHEHO

Ru(F) < Ru(F) + \/%m%. (1.48)

U3 nepasencts (1.47) u (1.48) mosydaem, 9To ¢ BEPOATHOCTBIO 1 —
BBINIOJIHEHO BTOpoe HepaBeHcTBO (1.43) ciencrsus. A

B cresyromeii Teopeme j1aeTcsi OleHKa cpejHero no Pajiemaxepy
kiacca ¢ o F = ¢(F) = {o(f) : f € F} xomnosunmii pyuknuii uz F
¢ 3aJ1aHHOM byHKIIMEH ¢.
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Teopema 1.12. IlTyecmv ¢gyrxyua ¢ ydosaemsopsaem ycaoguio Jun-
wuya ¢ Konemarwmot L:

6(x) — o(y)| < Lz —y|

ons ecex x, y. Toeda ewbopounoe cpednee u cpednee no Pademazepy
xaaccos F u ¢ o F C8A3aHVL HEPAGEHCTNEAMU:

Ri(p(F)) < LRy(F), (1.49)
Ri(d(F)) < LRy(F). (1.50)

Joxaszamenvcmeo. Ilycrs 2! = (21, ..., 2z1) — caydaiinast BEIOOD-

Ka 3JIEeMEHTOB u3 obJiacTu omnpeesienns GyHKINM U3 Kiacca J, pac-
npejiejieHHas corjaciHo mepe P, o1, ..., 0; — HADOp HE3aBUCHUMBIX
6epHy.H.HI/IeBCKI/IX Cﬂy‘—laﬁHbIX BEJIMYUH CO 3HAQUYEHNAMU U3 MHOXKECTBa
{+1, —1}, u nycTh 0 — COOTBETCTBYIOIIEE PACIIPe/IeJieHre Ha Habopax
9TUX BEJIMYMH.

Hwmxkecnemyrormue npeobpaszoBanus BepHbl ipu K = F,, a Takxe
upu F = EpE, — COOTBETCTBYIOIINE MATEeMATUYIECKHAE OXKUJIAHUS
0 pacupejesiennsiM Ha 3tux Habopax. Takmm obpazom, MBI cpasy
JokazkeM oba Hepasencrsa (1.49) u (1.50).

ITo onpegenenuto (BeiGOpouHOe) cpejnee 110 Pajiemaxepy Kiacca

dbyukuumit ¢(F) paHo

l
Ri(6(F)) = B <sup 5 aiqb(f(zi))) . (1.51)

st mpOCTOTHI paccyxKaeHuit npegmnostaraeM, aro L = 1. g sToro
MOKHO 3aMeHuTb QyHKIMO ¢ Ha ¢/L. Ham HeoOxommmo J10Ka3arh
HEPABEHCTBO

Ri(p(F)) < Ry(F) = (Sup i Zazf 2 ) . (1.52)

Mer ocymecrBum tnepexoq ot (1.51) k (1.52) ¢ moMmoImpio nenoukn
HEPABEHCTB MO TmaraM. Ha KayKjaoM Imare pacCMaTpUBAETCsI TOCIe-
JIOBATEJIbHOCTD BCIIOMOTaTesIbHbIX DYHKIWA (1, ..., @), TIe Kaxk-
nasi GyHKIMSA ¢; ecThb (DYHKIMSI ¢ WM TOXKICTBeHHAsT PYHKIUs 1.
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Ha mepsom miare Bce GyHKINN ¢; = ¢, HA TOCIEIHEM IIAre BCE TH
dyHKIIMT — TOXKIeCTBeHHbIE: ¢; = I. MBI Tak»Ke MpejojgaraeM, ITo
Ha KaXKJOM Iare, KpoMe Iocjennero, ¢; = ¢. Ilpu nepexome k cie-
JIYIONIEMY IIary odepejiHas (pYHKIUS ¢; = ¢ OylieT 3aMEeHAThCS Ha
ToxkecTBeHHy0 dbyHkuio: ¢ = I. Ilpu srom Gyzer BbIOIHEHA Ci1e-
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AyIolad IMEeIIO9Ka paBEHCTB 1 HEPABEHCTB!:

E(sup - ;i ZUz¢z (z))) =

feFr

EZE(?EE— (f(zl)) + Zazﬁbz(f(z ))) +

+ sup 21 + Z Uz¢z ’L =

fer

27]5( sup (¢(f(=1)) + Zm(f(zi)) -

L feF
2'1 +Zaz¢z z <

1
< (fs;}gf(lf(zl) f(z)| +

l
+Zo'i¢i Zz +Zgz¢z z =
1=2

:% (sup (f(z1) = f'(=1) +

ff'G]:
l
+ZUZ¢Z Zz +ZJZ¢’L z =
=2

1
= —B( §
57 ?gg (z1) + > oidi(f

sup ( 21 +ZUz¢z %)) =

per

Sllp Zaz¢z (153)

ferl
e Habop dyHKIMiT @), ..., ¢ UMeeT Ha eJMHMILY GOJIbIIEe YHUCIIO
TOXKJIECTBEHHBIX (DYHKINN, YeM HAOOD ¢1, ..., .
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B nemouke (1.53) npu mepexoze or 1-it ¢cTpokn K 2-if u 3-it ObI-
JIO B35TO MATEMATUYeCKOe OKUJAHUE TI0 01; IMOCJE STOIO MOXKHO IO~
IpeKHEMY paccMaTpuBaTh [N KaK MaTeMaTHIeCKOe OXKITaHNe 110 BCe-
My HaDOpy 0, Tak Kak Telepb IepeMeHHasi 01 orcyTrcTByeT. [Ipu me-
pexojie ot 4-it u 5-it cTpoku K 6-it m 7-il OBLIO MCIIOJIL30BAHO 3aMe-
JaHue, YTO BEPXHss FPaHb JOCTUTAETCs MIPU HEOTPUIATETHLHOM 3HA-
aennn pasHoctu ¢(f(z1)) — ¢(f' (1)), 109TOMY MOXKHO 3aMEHUTH ITY
PA3HOCTb HA €e abCOJIIOTHYIO BEJUYUHY, IOCJE YEero, HUCIOJIH30BaTh
yeaosue Jlunmuna ¢ L = 1. AHajiornytnoe 3aMedaHne ObLIO MCIIOJIb-
30BaHO IpHU Hepexone oT 6-i m 7-it crpoku K 8-it m 9-i1. 1Ipm mepexome
ot 8-it m 9-it crpoku K 10-if cTpoKe OBIJIO HUCIIOJB30BAHO TO YXKe Co00-
paKeHUe, YTO W IIPU Tepexoie oT 1-it cTpoku K 2-it m 3-1i.

[TpuMmeHsisi HECKOJIBLKO pa3 IenouKy mnpeobpazosanuii (1.53), Mbl
MIOJTyINM BBIPaXKeHWe

1 l
T bl (z0), (1.54)
1

1=

E(sup
fer

B KOTOPOM BCE @ SIBIISIIOTCSL TOXKICCTBEHHLIMU (DYHKIIUSIMHE, T.€. CyM-
ma (1.54) pasrna R;(F).

ITepsas crpoka nenoukn (1.53) pasua Ri(¢(F)) upu E = Ep E,
i Ry(¢(F)) npu E = E,. Takum obpazom, mepasercrsa (1.49) u
(1.50) BbImOIHEHBI U TeOpeMa JloKa3aHa. A\

1.5. Cpennue 1o Pagemaxepy m apyrue Mepbl
€MKOCTHU KJjiacca (pyHKITIA

VKaykeM CBSI3b CPEIHETO Mo Pajemaxepy ¢ IpyTIMEU N3BECTHBIMU Me-
pamu eMKOCTH KJ1accoB dbyHKIwuii — dbyHukimeit pocra B (1) u quciom
nokpbrrus N (a, F, ).

Cssa3b ¢ dyHkiueii pocta. Ham orpebyercsi ciemyromniee BCIo-
MoTaTeJIbHOe yTBepXKIeHne — jJemMa Maccapa:

Jlemma 1.14. ITycmo A — xonewnoe nodmmoscecmeo R wo, ..., oy
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— He3a8UCUMbBLE OEPHYANUCBCKUE CAYSATIHDIE deausutbl. To2da

v2In|A|
< ~ @
£ (s o) <l

ede a = (ay, ..., a).

Zoxasameavcmeo. Vimeer MecTo cieayroniast HUXKE IEHOYKa Pa-
BeHCTB U HepaBeHCTB. Obo3naunm F = E,. [lpu nepexoze ot mneppoii
CTPOKU KO BTOPOH HCIIOJIB3YeTCs BBINTYKJIOCTh 9KCIOHEHTHI. [Ipu me-
pexofie OT 7-if CTPOKM K 8-1f MCHOIb3yeTcsT HepaBeHCTBO e¥ + e~ 7 <
2¢°/2. Ocranbibre [I€PEXO0JIbl OUEBUTHBIL:

exp | AE | sup Z i <
aEAZ 1
I
< E|exp )\supz:azaZ =
aEAZ 1
=F sugexp )\ZzolaZ ) <
ac i=1
<F Zexp )\X:UZGLZ ) =
acA
a€A i=1
I
=Y [ E(exp(roiai)) =
ac€Ai=1
l Aa; —Aa;
Y5 =<
a€Ai=1
l
< Z 1_[6/\2Ha||2/2 <
acAi=1

< |A’€)‘2T2/2,
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e r = sup ||al|.
a€A
JlorapudMupyeM IEpBYIO U IIOCJIEIHION YaCTU 3TOM LEIOYKH U

ImoJyryvaeM HEPpaBEHCTBO

In|A

sup Z oia; | < | | (1.55)
acA ]

Jlerko npoBepsieTcs, 9To npasasi 4acTh HepaseHcTBa (1.55) mocTuraer

cBoero Muaumyma 1pu A = /2 1n|A|/r2. [loxcrasisiem 310 3HaYEHTE

A B IIpaByio dacTh HepaseHcTBa (1.55) u mosrydaem

sup Z oia; | <ry/2In|Al.
acA =1
JlemMma, nokazana. A
Cssasb cpenHero 1o Pagemaxepy ¢ byHKImed pocra ycTaHABIIBA-
eTcs B CJIEJIYIONIEN TeopeMe.

Teopema 1.13. Ilycmv F — kaacc uHOUKGMOPHLT GyHKUU, m.e.

Pyrryul npunumMarOwuT Gunaphvie 3Havenus u3 mroocecmea {—1, +1}.
Tozda

2In Bx(l
RUF) < nl]:()
onn ecex .
Hoxasamesvcmeo. Ilycte E = Epi n OnHapHas CTPOKa a =
(a1, ..., a;) npepcrapnsger snavennus (f(z1), ..., f(z)), 2 = (21, ..., z1).

Nmeer MecTo cieyronias MenoYka HePaBEeHCTB:



[Ipm mepexone ot 1-it cTpoKM Ko 2-it ObLIa MCIIOIb30BaHA JTeMMa, 1.14,
U [epexojie OT 2-i ¢cTpoke K 3-if ObLIO MCHOIB30BAHO 3HAYEHUE €B-
KJTHJI0BO# HOPMBI GunapHoro Bektopa ||al| = V1. 3mech ke 6b110 HC-
[I0JIL30BAHO onpe/iesienne YHKIMU pocTa ceMeiicTBa. TeopeMa JloKa-
3aHa. A\

CBsi3b ¢ 4mcjgoM MNOKpbITUsi. [lycte F — Kjacc OyHKIMHA ¢
obstacTbio onpeesienust X' u ¢ obsacrbio 3uadenuit [—1, 1]. Ha muoxe-
crBe X 3aj1aHa HEKOTOPas BepogTHOCTHAs Mepa. Ilyers 2! = (21, ..., 27)
— cay4aiiHasg BBIOOPKA U3 JIEMEHTOB X .

Pacemorpum nopmy L (f, g) = supy<;«; | f (i) — g(2;)| ma BRIGOPKE
x! u ancno noxperrus N (a, F,x!) orrocHTENIBHO 3TOM BHIGOPKH, KO-
TOPOE PABHO Pa3sMepy HAUMEHBIIETO 110 YHCIY JIEMEHTOB MHOXKECTBa
B C F rakoro, uro misi jwoboro f € F nHaiigercs g € B, Tak 9TO

lxl(f, g) < o

Teopema 1.14. /las evibopournozo cpedrezo no Pademaxepy umeem
MECMO HEPABEHCMEBO

- 21 !
Ry(F) < inf \/ nN(‘l)"f’x)+a . (1.56)

Zoxaszameavcmeo. Ilycts B — MUHUMAJIbHOE TOKPLITHE Kjtacca JF
OTHOCUTENHHO BLIGOPKH 2!, MOMKHO CYUTATD, ITO 0GJIACTD OLpPeIe/Ie-
uust yukmit uz B ectb {1, ..., 71}.

IIycTp Takxke

Ba(g) = {f €F: lxl<f7g) < a}'
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U3 onpenenennst mokpeitusi umeeM UgepBo(g) = F. Tlosromy

!
Ri(F) = E, <Sup (}Zgif(xi))) =

feF i—1
= F, | sup sup afx =
1
= FE, | sup sup ( oig(x;) + oi (f(x:) z))>><
(gereBa(g) l; Z
1
< E; |sup~ > oig(w) | +
gEBlZ 1

l
+FE, (sup sup 1Z:al(f(:l:z) — g(x,))) . (1.57)

9€B feBa(g) * 4

Hutst mocsienmero cpemuero u3 (1.57) BBINOIHEHO HEPABEHCTBO

= FE, | sup sup
9€B feBa(g)

1
< E, (sup sup 72 oil f(z;) Z)|> < a. (1.58)

gE€B feBa(g)

ITo nemme 1.14 mosrygaem

E, (sup zazg . ) <

gGB

< sup g 5= <
geB

!
g\/anl|B|:\/21n./\/'(clx,F,w). (1.59)
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l
Baecw ||lgl| = (/2 ¢2(x;) < VI, Tak Kak pasmep o6JaCTH OIpe/ie-
i=1

JeHust HYHKIMN ¢ paBeH [, a 3HAYEHHs 110 aOCOTIOTHON BeJMUNHE
Or'paHUYEHbl €JIMHUIIEN.
Coennnsiem Bmecre nepasencrsa (1.58) u (1.59) u mosryaaem Hepa-

BEHCTBO
~ l
Ru(F) < <\/2IDN((;’I"’”) +a>. (1.60)

Tak kax HepasercTso (1.60) BbimosHeHO st 1106010 (@ > 0, OHO BBI-
IOJIHEHO M 1T HUzKHel rpann 1o « > 0. OTciona mosrydaeM HepaBeH-
crBo (1.56). Teopema jokasana. A\

13 Teopembr 1.14 oueBmIHBIM 0GpPA30M BBITEKACT AHAJOIHYHOE
HEPaBEHCTBO MEXK/Ly CPEJIHUM 0 PajieMaxepy ¥ 9uc/IOM ITOKPLITHUS.

Caencrsue 1.7.

Ri(F) < inf< 2nN(a, F,1) +a> .

@ l

Bostee 1opobHo o cpeaaux Panemaxepa cm. B [12], [13], [39].

1.6. Bagauu n yrmpaXHeHUs

1. IIpoBecTn mostHOE JTOKa3aTENbLCTBO JeMM 1.4 u 1.5.
2. llycTp Z — nekoTopoe OeCKOHEYHOE MHOYKECTBO,

Pe(Z) = {A: AC Z&|A| < k}

— MHOXKECTBO BCEX €ro IOJMHOXKECTB, COAEpXKaIux He OoJiee k vJ1e-
MEHTOB, f4 — XapakTepuCTUIecKast (PYHKIIUsI MOAMHOXKeCTBa A, T.e.
dyuknus, papHas 1 Ha smemenTax A n 0 Ha 3/1eMeHTax ero JAOMOJIHe-
nus. Ilycrs Hy — Kiace Bcex xapakrepucTudeckux (yuknmii. Joka-
3aTh, 9T0 (byHKIWs pocta By, (1) y1oBIeTBOPSIET COOTHOIIEHUSIM

By, (1) =2
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mpul < k, u

B =3 (0)

=0
upu [ > k.
3. PaccmaTrpuBaeTcss MHOXKECTBO BCeX TOUEK Ha IockocTu. Hafiru
snadenns Gyuxipn pocra By (2), By (3), Bu(4), ..., vae

a) H — MHOXKeCTBO KJIACCU(MDUKATOPOB, MOPOXKICHHBIX BCEMU MPSIMbI-
MU Ha IJIOCKOCTH IIPOXOJIAIIMMEI Yepe3 HAYaJI0 KOOP/IMHAT;

b) H — MHOXKeCTBO KJIaCCU(DUKATOPOB, TIOPOKJIEHHBIX BCEMHU MPSIMbI-
MU Ha IJIOCKOCTH;

¢) H — MHOXKeCTBO KJIaCCU(DUKATOPOB, IIOPOXKICHHBIX BCEMU KPUBBIMU
2-ro TopgJIKa, 3-ro NopsaKa Ha IJIOCKOCTH U T.JI.

4. IlpuBecTn npumMepsl KJIaccoB (pyHKIUH-KIACCU(DUKATOPOB, JIJIs
koropbix V C-pasmepHocTs paBHa 00. (Yrasanue: Paccmorpers Kitace
dbyuknnit F = {sign(sin(tz)) : t € R}. s nupoussosbHOro | mycrsb
x; = 27107 i = 1,...,0, u 81,...,0; — IPOU3BOJIBHBII HAGOD 3JI€-
menToB u3 {0, 1}, 3ajarommii TpUHAIC:KHOCTD 9JIEMEHTOB T; JIBYM
KJiaccaMm pazbuenus. /lokazaTh, 9To mpu

l

t== (> (1-06)10+1

=1

Oyer BbINOJHEHO Sig(sin(tx;)) = 0; st Beex 4, rue sig(r) = 1 upwu
r > 0wu sig(r) =0 upu r <0 (cm. [53])).

5. PaccmaTpuBaeTcst MHOXKECTBO BCEX TOUEK HA, IIOCKOCTH.

a) IIposepurn, uro VC-pasmepHocTh Kiacca JF HHIUKATOPHBIX
byHKIINI, 33 JAHHBIX BCEMU BBIITYKJIBIMI MHOTOYTOJIbHIKAMU Ha, [LJIOC-
KOCTH, paBHA 00;

b) IIposepurs, uro VC-pasmepHocTh Kiacca JF XapaKTepUCTH-
qeckuX (PYHKIUN BCeX MPSIMOYTOJBHUKOB, CTOPOHBI KOTOPBIX ITapaJi-
JICJIBHBI OCSIM KOODJIMHAT, paBHa 4 (Takast GyHKIWs paBHa 1 BHyTpH
PSIMOYTOJIBHUKA; Kak u3MeHuTcst VC-pa3MepHOCTh, eCJIi pacCMaTpH-
BaTb WHINKATOPHBIE (DYHKIINU, KOTOPbIE MOTYT OBITH PaBHBI Kak + 1
Tak U -1 BHYTPU NPSIMOYTOJIBHUKA).

¢) Haiitu VC-pasmeprocts kiaacca F BCeX XapaKTEPUCTHIECKUX
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GYHKINI BBIIYKJIBIX MHOTOYTOJBHUKOB Ha IJIOCKOCTH C d BEPIINHA-
M, riae d = 3.

6. IoyunTs onenky 3) u3 TeopeMbl 1.5 Jyisi Kacca BCexX JMHe-
HBIX (DYHKIUH KJIacCUDUKAINN.

7. Hokazarb, uro peKyppeHnTHOe coorHolnenue (1.24) numeer perire-

Hue:
2l ecrmn 1 < n,

n—1
23 (l_il) ecan | > n.
i=1

®(n,l) =

8. Ilycts G — k-MepHOE BEKTOPHOE MTPOCTPAHCTBO (PYHKITUM, OITpe-
JeeHHbIX Ha R™, 1 3a1aH0 PYyHKIMOHAJILHOE IIPCTPAHCTBO:

F={f:f(z)=sign(g(z)) : g € G}.

Hoxkazars, uro VC-pasmeprocTs Kiacca F He mpeBocxoaut k. (YVka-
sanue: [Ipumep Takoro npocrpancTBa F — KJIacC BCeX JIMHEHHBIX OJT-
HOPOHBIX dynkimit Ha R™.)

9. ITycrs £ — KJ1ace Beex JTMHEHHBIX OHOPOIHBIX GyHKImi f(Z) =
(w - &) raknx, uro ||w| = /(w0 -w) < A u ||z|| < R. dokasars, 410

Cpe;LHee PaﬂeMaxepa 9TOro KJjiacca MMeEEeT BerHIOIO OHeHKyI
AR
Vi

10. Ilyctp F — Ki1acc pyHKIWM, 0TOOparkaolmuX HEKOTOPOEe MHO-
KecTBoO X B R U HPEONoJIOKNAM, 9TO 3aaHO MOJAMHOXKECTBO X =
{z1,... 21}, tme z; € X. Torma X wuaspiBaercs ncesdopazdesumvim
C TOMOIIBIO Kjacca JF, ec/iu CyHmeCTBYIOT JIeHCTBUTEIbHBIC YHCJIA
r1,...,T] Takwe, 9T0 I Kaxkjgoro F C X cymecrByer QyHKIHUS
fe € F, nns xoropoit fg(x;) = r; upn z; € E n fp(r;) < r; upn
x; ¢ E, 1 < i < [. ToBopum, 910 71,...,7 — CBUAETENN Dasjese-
uus. [o onpenenenuto neesdopaszmeprocms Pdim(F) knacca F pas-
Ha pa3Mepy CamMoro OOJIBIITOTO MO KOJMYECTBY JIEMEHTOB MHOXKECTBA,
X, 1ceBIOpa3IeIMMOro ¢ IMoMOINbI0 Kiacca dynkiuit F. lokazars
CJIEIyIOIINE CBOMCTBA TICEBA0PA3MEPHOCTH:

(a) Onpenennm By(z,y) = sign(f(z) —y), rne f € F,x € X u
y € R. llycrs Br = {By : f € F}. Hokazars, uro VCdim(Br) =
Pdim(F).

Ri (ﬁ) <
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(b) IIycts 0 : R — R — npousBosibHast HeyObIBatomast QyHKIHs
uo(F)={oc-f:feF} Torna Pdim(c(F)) < Pdim(F).
(c) st Beex v > 0 fatz(y) < Pdim(F).
(d) Ecinu koneunoe MHOkecTBO X IICEBJIO-PA3JIEIUMO, TO CYyIIE-
CTBYET 7y TAKOe, 4TO JJIsi BCeX Y < 7o, X SBJISIETCS Y-Pa3/IeJIUMbIM

(Vrasanue: Jonycrum, aro koHeunoe muoxecrBo X = {z1,...,7;}
[ICEBJIOPA3/IE/IUMO € IIOMOIIBIO KJIacca JF €O CBUIETEISAMI T1, ..., T].
Omnpeenum

1
Yo = g min{r; = fp(:); 1 <i <L CX, fo(w:) <ri}

Torma nyist 1106010 7y < Y9 MHOYKECTBO X SIBIISIETCST Y-Pa3/I€INMBIM. )
e) omycrum, 9ro KJIace BEecTBeHHbIX (hyHKIWA F 3aMKHYT OT-
HOCHUTEIBHO YMHOXKEHUSI Ha, KOHCTAHTHI. Toraa Jijist BCEX MOJI0KUTE b=
HbIX "nces v oyner fat £(y) = Pdim(F); cm. [9).
(f) Pdim(F) = lim fatz(v).
¥—0

(g) Ilycrs F — kiracc Beex JIMHEHHDBIX OJHOPOJHBIX (DYHKITHIL
f(w) = (w-z), rue z,w € R™. Torna Pdim(F) = n.
11. JTokazatn jlemmy 1.9:

Sdim(F?) < fatq o(F),
M(a, F, X) < M(2, F*/?, X),

e F C [0,1]Y wa > 0.
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I's1aBa 2

MeTo onopHBIX BEKTOPOB

Sasiada KyraccuUKAIUA U PErPECCHE € TOMOIIBIO METOJA OIMOPHBIX
BekTOpoB — Support Vector Machines (SVM) umeer nesbio paspa-
OOTKY aJropuTMuvdeckKu 3PHOEKTUBHBIX METOOB ITOCTPOCHUS OITH-
MaJILHOW Pa3esIsioniell TUIIEPIIOCKOCTH B IIPOCTPAHCTBE IIPU3HAKOB
BBICOKO#1 pazmepHocTH. OUTUMAIBHOCTD TOHUMAETCS B CMBICJIE MH-
HUMU3AIMT BEPXHUX OIEHOK BEPOATHOCTU OIMMOKU 0000IIEeHMs.

2.1. OnTuMaJsbHas TATIEPILJIOCKOCTD

[TpesBapuTe/IbHO PACCMOTPUM CJIydail MOJIHOCTBIO Pa3/eIUMOil BbI-
6opkwu, T.e. CIydaii, Korjaa 00ydYeHre BO3MOXKHO IIPOBECTH Oe3 OmmnbOoK.

BeiGopra S = ((Z1,v1), (T2,92), ..., (T, y)), tne T; € R™ n
yi € {—1,1},i =1, ..., [, naseiBaercs pazdesumots (omodesumoti) ¢
IIOMOIIIBIO THIEPIIOCKOCTH (W« Z) — ¢ = 0, ecim CyIecTBYIOT BEKTOD
w eauHMIHON JymHbl (|w| = 1) u gucio ¢ Takue, 9To

(w-Z;) —c>0upn y; =1,
(w-%;)) —c<0upmy; =—1. (2.1)

B Tom ciyuae, Korja pasuessonias THIepIiockocTb (W - ;) — ¢ =0
CYIIECTBYET, OIpPeIeIIM

c1(w) = min(w - ;),

;=1
co(w) = m_ajcl(w - Tj). (2.2)
yi=
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ITo omupenenennio ¢i(w) > co(w). Kpome toro, ¢1(w) > ¢ > co(w),
€cJI THIEPIIOCKOCTh (W - ;) — ¢ = () paszzensier BBIGOPKY.

Oupenenum
c1(w) — ca(w)

2

Toraa p(w) = 2((c1(w) — ¢) + (¢ — c2(w)) paBHO HONOBUHE CYMMBI
paccTostHUiT OT OJMKAUIIIX CBEPXY W CHU3Y TOUEK 0 pasJiesstorieit
runepiuiockoctn (w0 - ) — ¢ = 0.

Honycrum, aro uro BeIGOpKa S pasjenuMa, T.e. CYIIeCTBYET ¢ Ta-
KO€, 9TO BBIIOJIHEHO ycaoBue (2.1).

Makcumym HenpepbiBHO#i dbyHKImE p(w) Ha KommakTe {w : ||w]| <
1} cymecTByer. 11lycThb MAaKCHUMyM HOCTHUTAeTCs IPU W = Wy.

p(w) =

JIemma 2.1. ITycmo yrxasannvidi eviuwe marxcumym p(w) docmuea-
emes npu w = wg. loeda 2unepnaockocms (wo . i) — ¢y = 0, ade
co = (c1(wo) + c2(wp)), omdeasem ewibopky S u nazodumea mouHo
8 cepedume MmeHcoy OAUNCATUWUMY CEEPTY U CHUIY MOYKAMU NON0-
AHCUMENDHOT U OMPUUATNEALHOT HacTET BVOOPKU.

Zoxasameavcmeo. [eiictBurenbho, mpu y; = 1

(wo - ;) — co = c1(wo) — 1) ;CQ(wO) —

:q@w;Qm@>u (2.3)

Hpu y; = —1

Cl(’u_)o) + CQ(U_]O) _
2
Cl(u_)[)) — CQ(’LZ)())

= — 5 < 0. (2.4)

(wo - T;) — co < ca(wo) —

OcraBmiasicss 9aCTh JIEMMBI TPEIOCTABIISIETCST IUTATENIO B Kade-
crBe 3agaun. A\

Hazosem rumepmiockocts (W - Z) — ¢ = 0 onmumanvrot. s
9TOI MMIIEPIITIOCKOCTH CyMMa PACCTOSTHUIN OT GUIizKaiiimx K Heil (cBep-
Xy ¥ CHU3Y) TOYEK BBIOOPKH MAKCHUMAJIbHA CPEJM BCEX PA3JIeJIsIOIINX
S TUIIEPILIOCKOCTEA.
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Jlemma 2.2. Onmumaivhas 2unepniockocms — eQUHCMBEHHAA 2U-
NEPNAOCKOCTNG OAA KOMOPOT CYMMA PACCTMOAHUT 0M bAUHCATAUUT K
nel (ceepry u cHU3Y) Mouer ul0OPKU MAKCUMANDHA CPEOU 8CEX Pa3-
deasmowux S 2unepnaockocmetl, PacnosONCEHHBLT HA PAGHIT 0T HUL
PACCTNOAHUAL.

Jlokazamenvcmeo. Makcumym wo HenpepbiBHO byHKIMEI p(W)

Ha kommnakre {w : ||w| < 1} mocruraercst Ha rpaHuile, Tak Kak B
IPOTUBHOM CJIydae npu w* = Hggll 6bu10 OBl ||W*|| = 1 u p(w*) =
p(Wo) -

o], > P(10):

DTOT MAKCUMyM €JIMHCTBEHHBI, Tak Kak (pyHKius p(w) BOrHY-
Tast; ecau Obl ee MAKCUMYM JOCTUTAJICA B JBYX TOUKAX, JIEZKAIIUX Ha
rpaHuile KOMIIAKTa, TO OH JOCTHraJjics Obl U BO BHYTPEHHEH TOYKe,
YTO MPOTUBOPEYUUT TOJBKO UTO JOKAa3aHHOMY. A\

Hoxkaxkem, uro dyukius p(w) BoruyTas. st 9T0oro Hajo mpose-
PHUTH, YTO

pO + (1 — N)ai) = Mp(@) + (1 — MA\(@) (2.5)

st Bcex 0 < A < 1 u w, 4, JexXamux B eIMTHUIHOM IIape.
NnmeroT MecTo HEpaBEHCTBA

min(f(7) + g(i)) = min fG)+ min (i),

el
rgléaIX(f (1) +g(i)) < max f (i) + rglealxg(i) (2.6)

JIJIST TIPOU3BOJIBHBIX (hYHKIUH f U g m MHOXKeCcTBa 1.
ITo onpenenenuio

= mir%()\(w T+ (L= N)(u-x5)) >
Yi=
> Amin(w - Z;) + (1 — X\) min(@ - ;).
yi=1 y;=1



AHajiornuHoe HEPABEHCTBO MMEET MECTO JIJIT MAKCHUMYMOB.

BoruuranueM cOOTBETCTBYIOMINX HEPABEHCTB ITOJIy4YaeM HepaBeH-
creo (2.5). A

PaccMmoTpum sKBUBaJIEHTHOE OIIpeieIeHIue ONTUMAIBLHON pas3 1esis-
foreit runepiiockoctu. Ha ocHOBe aTOrO0 omnpenesnenus OyneT paspa-
boTaH aszopummuvecku sdermuehoii MeTOL, IOCTPOECHUS OIITHMA/Ib-
HOI TUIIEPIJIOCKOCTHU B BUJIE 38/1a91 KBaAPATUIHOIO IPOrPaAMMUPOBa-
Hust. TOYHBIA aaropuT™, IOCTPOEHHBIN 110 9TOMY METOLY, OyAeT Ipu-
BEJIEH B CJIEJIYIONIEM PasJierie.

Haiinem BekTOp Wo 1 9ucyio by Tak, YTOOBI OBLIO

(Wo - Z;) +bo > 1 mpm y; = 1,
(wo - ;) +bp < —1 mpu y; = —1, (2.7)

e ¢ =1, ..., [, u BesmauHa ||wWpl|| OblIa ObI MUHUMAJIBHA [IPH STUX
OrpaHUYCHUSIX.

Teopema 2.1. Bexmop wy, ydosaemesoparowuti ycrosuam (2.7) u

UMENUWUT MUHUMAALHYIO HOPMY, Onpedessem ONMmuMaAbHYN pa3-
Wo
Nlwoll -

0eAANOWYI0 2UNEPNAOCKOCTVD € 6ECOEHLM GEKMOPOM W, = IIpu

IMMOoM,

1 1
p(wg) = max ((min(u_) - ;) — max (w - EZ))> = —
[of=1 \ 2 vi=1 yi=—1

Zloxazameavcmeo. Nmeem
s 1 W wWo 1
p(wg) = 5 (01 <_> — <_>> >,
2 [[aol| [[@o| [[@o|
Tak Kak 1o (2.7):
T, 1-b
Cl< ’Li)o > > e 0,
[[do| [[@o|

( W > < —1—bg
()] — NS — .
[[ o] [[@o|

1

Ocraercst nokazarhb, uTo p(wg) > HEBO3MOKHO. JlomycTuM mpo-

llwoll
TuBHOe. PaccMOTpUM BEKTOp W = p(wT,a;). Jlns Hero mmeeM HepaBeH-
0
CTBO
_ gl _
ol = 2L <y,
0
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Tak Kak ||wg| = 1.
Jokazkem, 4TO BEKTOD W1 y/I0BIeTBOpsieT ycsoBuio (2.7) npu by =
_c1(w1)+ca(w1)

5 . meem tipu y; = 1
-3 - o) Tl
1 % — %
_ (@ 7) - a1 (wg) + ?(wo)
p(wg) 2p(wg)
< c1(wp) _awg) +e(wg)

1 - - ¥ Tk
3(c1(wg) — ca(wp))  ea(wg) — ea(wp)
Cayuaii y; = —1 pasbupaercst aHAJOITIHBIM 00Pa30M.
Orcroza mosrygaeM IpOTUBOpeYNe, TaK KaK BEKTOD W] UMeET MeHb-
IIYI0 HOpMY, 4eM BeKTop w(. Ilosromy p(wf) = m
ITo BBIGOpY W Benmunna p(Wg) MAKCHMAIbHA

1
p(5) = max p() = ——.
O =1 ol
ITo Teopeme 2.1 Besmuuna p(wg) = m pPaBHA, PACCTOSHMAIO OT

OIMKAUIITIX TOUEK TOJOXKUTETbHON U OTPHUIlaTeIbHON JacTeil BHIOOD-
KU 10 ONTAMAJIbHOU T'MIIEPILIOCKOCTH

(- 7) — “L70) ! () _,

KOTOpasl PacloJIOKeHa Ha PaBHBIX PACCTOSHUAX MEXKJIY THUIIEPILIOC-

KOCTSIMHU
c1(wg) + co(wf)
2
OIITUMaJIBHO OI'PaHUYIHBalOIIMMU TOYKHU MOJIOXKUTEJbHON 1 oTpuna-

TeJLHON JacTeil BLIOOPKH.
Me! HasbIBaeM Beauduiy p(W;) 2eOMEMPUIECKUM KPAEM OUUOKU.
YpaBHeHne ONTUMAILHON THUIEPIIOCKOCTH TaK:Ke MOXKHO 3alli-
carb B BHJIE

(@5 - @) - = 41,

cl (ZI}Q) + c2 (71)0)

=0.
2

(wo - T) —
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2.2. AaropuTtM mocTpoeHusi OITUMAJJIbHOM’
r'ANepPILIOCKOCTH

B sTOM pasgene Mbl IpUBEIEM AJTOPUTM HMOCTPOEHHS ONTHMAJILHOL
IUIIEPILIOCKOCTH.
Be rpymmbl ycioBuit (2.7) 3anummem B Buje

yi((w-z;) +b) =1 (2.8)

mpu i =1, ..., [.

CoryacHo pe3ysbraTaM IMPEeIbIILYINero Pas3jiesa, JAJis HaX0XK IeHIs
OLTUMAJIBHON THIIEPIIOCKOCTH MbI JIOI?KHBI MEHIMU3UPOBATH HOPMY
BECOBOrO BekTOpa ||w|| mpu orpanmdenusx (2.8).

B paszese 2.10 (mmrke) yKa3aHo, 9TO Jisl PEIIEHNsT KBAIPATHIHON
3aJa49M OIITUMUH3aII

!
(w-w) = Zw? — min
i=1

npu orpanndeHusix (2.7) (MaM SKBHUBAJIEHTHBIX MM OTrDaHUYICHHSIX
(2.8)) cocraBuM JlarpaHKHAH

l
L(®,b,a) = %(w o) =S a0 3) + ) - 1), (2.9)
=1

roe «; > 0 — MHOKHUTen Jlarpamxa.

st Toro, 4Tobbl HalTH CEIJIOBYIO TOUKY JjarpaHxkuana (2.9),
HEOOXO0AUMO MUHMMU3APOBATL €ro 10 IIePEeMEHHLIM W U b, a 1ociie
9TOr0 MAKCUMHM3MPOBATDH 10 MHOXKHUTESIM JlarpaH»ka Mpu yCIOBUIX
oa; =20,i=1, ..., [

Heobxoanmoe yciioBre MEHUMYMa, JIArPAHKUAHA, TMEET BHJL

dL(w,b,a) Z’ o
8/117 v =1 azylxl N 0, (2.10)
OL(w,b,@) -
20 Z“ iy = 0. (2.11)
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Us (2.10) - (2.11) caenyer, uro
l
w = Z oGYiTi, (2.12)
i=1

l
> aiyi =0. (2.13)
=1

IMoacrasum (2.12) B (2.9) u monoxkum W(a) = L(w, b, @). C yuerom
(2.13) mosyunm

l l

_ 1 o

W(a) = Zai b Z a0y (T - ). (2.14)
i=1 ij=1

Jljist HaXOXKJIeHUsl ONTUMAJIBLHON THHEPIIOCKOCTH HaM HaJ0 MAaKCH-
musupoBaTh (yHKImo (2.14) upu yciaousx (2.13) u a; = 0, rue
i=1, ..., 1

[Tycth MakcUMyM JIOCTUTACTCS MPU O = a?, i=1, ..., l. Torma
pellenne 3aa91 IOMCKa ONITUMAJIBHOM THIIEPILIOCKOCTH UMEET BH/L

l
=1
[Ipu sTom
min(wo - T;) + max (wo - T;)
by = yi=1 yi=—1
2

OnrumasibHble pereHust Wy U by JOJKHBI YJIOBIETBOPATD YCIOBUSIM
Kapyma-Kyna—Taxkkepa

a?(yi((wo . i’z) + b) — 1) =0 (2.16)

mpui =1, ..., L.

Otcioma crefyet, 9To o > 0 MOXKeT GBITh TONBLKO IS TeX 4, JTst
koTopbiX y;((wo - Z;) + bo) —1 = 0, T.e. U1 T€X BEKTOPOB, KOTOPbIE
JIesKaT Ha TUIEPIUIOCKOCTSX (Wq - T;) + bg = £1. Takue BekTOpHI Ha-
3BIBAIOTCS ONOPHLLMU BEKTOpaMu (support vectors). BekTop Becos wy
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Puc. 1.1. OHOprIe BEKTOPBI PACIIOJIOZKEHbI Ha I'PAHUYIHBIX T'HIIEPIIJIOCKOCTAX

Hll/IHQ

IpejcTaBsieT cob0il JTMHENHYI0 KOMOMHAIINIO OIIOPHBIX BEKTOPOB Zj,
s=1, ..., k, nme k — 9uCI0 OMMOPHBIX BEKTOPOB:

k
T — 0, =
wo = G Yi T,
s=1

OnrumaJsbHast THUIIEPIIJIOCKOCTb UMEET BUT

k
Z a?syis (i‘is . {E) + by = 0. (2.17)
s=1

OcrajibHble, He OIOPHBIE, BEKTOPHI, MOXKHO HE ITPUHUMATH BO BHUMA-
HUe, HAlIpUMepP, UX MOXKHO U3MEHUTD, IIPX 9TOM OITUMAaJIbHAas I'Alep-
IIJIOCKOCTb HE U3MEHUTCH.
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HpI/IBe,ZLel\I TaKzKe HEKOTOPbIE COOTHOIMIEHM C OITOPHBIMI BEKTOPa-
MHM:

k
l[wol|* = (wo - @o) = Z af of yi,vi, (i, - Tiy), (2.18)
s,q=1

a TaKzKe

k
_ L
w(@) =Y af - §||w0||2-

$,q=1

Cymmupyst (2.16), nosayaum

k k K

0 - - 0 0
Dy (@o- i) +bo Y ol yi, = al.
s=1 s=1 s=1

ITo (2.11) Bropoe ciraraemoe 31oit cymmbl pasro 0. Orciosa, UCHoJIb-
3ys (2.18), nomyaaem

k
doad =" alal yi i, (3, 3,) = |lwol*.
s=1 s,q=1
ostomy W(al) = 3||wo||?. Nneem Takxe

1

7k .
> oy
s=1 ?

2.3. OneHKa BeEpOSITHOCTH ONIMOKU 0O0OOIIeHns
Yyepe3 YHCJI0 OIIOPHBIX BEKTOPOB

[@ol| =

Britmie 65110 TOKA3aHO, 9TO ONTHMAJIBHAS PA3/IEISIONAsT THIIEPILIOC
KOCTB OITPEJIEJISIeTCST He BCEMU BEKTOPAME BBIOOPKH S, & TOJIBKO OIOP-
HBIMHU BEKTODAMI.

MoxkHO paccMaTpuBaTh IEpexo]l OT BBIOOPKU S K pasjiesisitonieit
runepiiockoctu p(S) Kak cxemy cxkaTusi ”HGOPMAIUH, COePKaIleii-
cst B BBIOOpKE S.
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Heb6obIm0e mc1o0 OOpHBIX BEKTOPOB U UX MPU3HAKOB S OIpeie-

A~

JISIET Ty K€ TUIEPILIOCKOCTD, YTO U Besi BbIOOpKa S, T.e. p(S) = p(9).

HomycruMm, 910 paszmep S paBen d. Bcero mmeercst ( d) TTOJIMHO-
JKECTB MHOYKECTBA 3JIEMEHTOB BBIOOPKH. KaxKjgoe Takoe MMOIMHOYKe-
cTBO onpezienger GyHknuio Knaccudburanmn hg. g kaxaoi takoi
dbynkun Kinaccuduxauun hg BEpOATHOCTH TOTO, YTO OHA COIJIACO-
BaHa C OCTAJbHBIMH [ — d TOYKaMU, HO UMEET OIIMOKY 0000IIeHns
Gobie €, orpanuuena semannoi (1 — €)'~ < exp(—e(l —d)). Torma
BEPOATHOCTD TOTO, UTO Kakas-HUOY b QyHKINA Knaccudbukanun hg,
[IOCTPOEHHAS C TOMOIIBIO CXEMBI CYKATHS 10 MTOJIMHOYXKECTBY pa3Mepa
d, corjlacoBaHa ¢ | BEKTOpaMU U UMeeT OIMUOKY 00OOIeHusT OOJIbIIIe
9eM €, OrpaHUYeHa BEJTUINHOMN

(l ;d) exp(—e(l — ).

Taxum 06pa3oM, MBI TOKA3aIU TEOPEMY

Teopema 2.2. [lycmo 3adana HEKOMOPAA CTEMA CHCAMUA UHPOD-
mavuu p(S). Toeda dasn a0bozo pacnpedeaenus eepoammocmets P na
X x{—1,1} u.moboz00 < § <1 ¢ sepoammocmuio 1—3§ na caywaiinod
evibopke S pasmepa | dynryus xaaccupurayuu hg, nocmpoennas c
NOMOULHIO CTEMDL CHCAMUS NO NOOMHONHCECTNBY 68b00pKY pasmepa d,
umeem owudxry 060bwenus He bonee

errp(hg) < ﬁ (dln <Zl> +ln (é)) |

W3 510l TeopeMbl ciieiyeT, 9To mpu d > 2 W IPH JOCTATOIHO
oosbmux [

dinl
ha) < —,
errp( S) 4

rjie d — 9uCI0 OIOPHBIX BEKTOPOB.
2.4. SVM-MeToa B IPOCTPAHCTBE IIPU3HAKOB
Bagana Boibopka S = ((Z1,v1), (Z2,y2), ..., (&1, y1)). Merog SVM

OCHOBAH Ha CJIe/yIOleil ujaee. BeKTOPbI BHIOOPKA X1, . . . , T, IPUHAI-
JIeyKaIlue MPOCTPAHCTBY R™, 0TOOpaXKaioTcss B IPOCTPAHCTBO OoJiee

99



BBICOKOIT pasMepHOCTH — IPOCTpaHCTBO mpu3Hakos (feature space) c
[IOMOII[HI0O HEKOTOPOI'0 HEJIMHEHHOrO 0TOOpaskKeH!sT, BLIOPAHHOI'O allpy-
opu:

z= (21, ..., Tn) = $(Z) = (01(2), ..., ¢n (1)) (2.19)

[onyaaem BekTOpbI G(Z1), ..., ¢(Z;) B MPOCTPAHCTBE NPUIHAKOB
RN,

Bamernm, uro orobpaxkemnue (2.19) MokeT OLITH HEOOPATHMBIM.
Hcxomoe mpocTpancTBo R™ IepexopuT Ipu oTobpazKkenun T — ¢(T)
B HEKOTOPOE MOIMHOYKECTBO IPOCTPAHCTBA MPH3HAKOB R .

B npocrpancree RY 6yaer crpouThes onTUMAIBHAS THIIEPILIOC-
KOCTD, Pa3/Ie/IAomas BeKTopbl ¢(Z1), ..., ¢(T;).

ITpumep. Jlomycrum, 910 JiJist KJIACCUMDUKAIMN JAHHBIX B N-
MEPHOM IIPOCTPAaHCTBE UCIIOJIB3YyETCA ITOJIMHOMBI BTOpOfI CTEeIIeH OT N
nepeMeHHbIX. Torma MOXKHO PaCCMOTPETDH CJIEAYIONLYIO KOHCTPYKIIUIO.

BBomuM HOBBIE TIEpEMEHHbBIE B IIPOCTPAHCTBE IIPU3HAKOB

lexla"'vzn:xnv
2 2
Zn4+1 = L1y -+ R2n = Ty,
2n+1 = 122, .., ZN = TpTp—1-

)

-1
Bcero nmeerca N = 2n+ n(nT TaKuX IepeMennbix. TakuM o0pazom,

MBI IIOCTPOWJIA HEJINHEIHOe 0TOOparXkKeHne
T=(x1, ..., o) = O(T)=2= (21, ..., 2N)

npocrpancTa R"™ B mpocrpanctso RY.
[Ipoobpazom pazmesisonieil ruepIIOCKOCTH B IPOCTPAHCTBE IIPH-
snakoB Z = RN

(w-2)+b=0

npu orobpaxkeHun T — ¢(T) = Z SABJsIETCSA MOBEPXHOCTH BTOPOIO
MOPSIIKa B UCXOTHOM IpocTpaHcTBe R :

~ N
(@-¢(2)+b=> wizi+b=

i=1

n 2n N

_ E E 2 E _

= w;Ti + w;T; + Wik, Tk, + b=0,
=1 i=n-+1 1=2n+1
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rze (ji, ki) — mapa HATYpAJIbHBIX YHCEJ C HOMEPOM i B KaKOW-HUOYIb
B3aUMHO OJHO3HAYHON HyMepallii BCEX Iap HATYpPaJIbHBIX YHCE]I He
OOJIBIIIE N.

Paccmorpum Terepnb obruit coryuait. [lycrs 3ajan0 oTobpaxkenue
(2.19)

¢(@) = (01(7), ..., on(T))

HCXOIHOTO IpOoCTpancTBa K™ B IPOCTPAHCTBO IIPU3HAKOB
N > . ;—
RY ={z=(z1, ..., 2n):z €ER,i=1, ..., N}.

B koopaumHarax 9T0 0TOOparkeHHe 3alllCBIBAETCH B BHJE 2j = ¢;(T),
j=1,..., N.
DJ1IeMeHTBI BBIOOPKH Z1, ..., Zj UCXOIHOIO IIPOCTpaHcTBa R 1e-
pexonar B BekTopa ¢(Z1), ..., ¢(Z;) npocrpancrsa npusHakos R .
Wcnonb3yss MeTOJ IIOCTPOEHUS PAa3JIe/IsIOneil MUIepIIOCKOCTH,
U3JI0’KEHHBIN B paszjiesie 2.2, TOCTPOUM I'MIIEPILIOCKOCTh B IIPOCTPAH-
crBe npusHakoB RY :

N
> wjz+b=0, (2.20)
j=1

Pa3Ie/IAIONLYIo BeKTOPBI ¢(Z1), ..., ¢(Z;).

OTa UHepIIOCKOCTh UMEET CBOUM IIPO0OPA30M B IIPOCTPAHCTBE
R"™ B 0b6IIEM CIydae HEJIMHEHHYIO TIOBEPXHOCTh

N
D wigi(x) +b=0. (2.21)
j=1

Ucnonb3yst npeacrapienne (HyHKINNA KJIACCU(PUKAIUA B IBOM-
CTBEHHOI hopMe, IpeCTaBUM BEKTOD BECOB pa3essioneil Irumep-
IJIOCKOCTH B IIPOCTPAHCTBE IIPU3HAKOB B BHJIE JIMHEHHOW KOMOMHAIIIT
OTIOPHBIX BEKTOPOB U3 MHOXKecTBa {@(T;) : af > 0}:

!

=1
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B koopamHaTax 3TO mpeacTaBiIeHNe MMeeT BUT

l
— 0 7
wy =3 alyiey (&) (2.22)
=1
npu j = 1,...,N. Hucno ciaaraeMbIX B 9TOU CyMMe HE 3aBHUCHT OT

Pa3MepHOCTH IIPOCTPAHCTBA TPU3HAKOB.

[Mogcrasum (2.22) B (2.21) 1 HOIy9IUM BBIpasKeHUE JJIsi HEJIMHEH-
HOI TIOBEPXHOCTH, KOTOPAas sIBISIETCs ITpooOpas3oM B mpocTpaHcTee R
pa3Iessonell TUIePIIOCKOCTH, MIOCTPOEHHON B IPOCTPAHCTBE IIPHU-
snaxkoB RY :

N
Z wjd)j(:i‘) +b=
j=1

N
:Z Zo‘?yi?ﬁj(@) ¢;(Z)+b=

=Y alyK(z,2;) +b=0, (2.23)

rje
K(z,7) = (¢(2:) - $(T))- (2.24)
Takum obpa3oM, Bce pacCcyKIACHUS Il TUTIEPILJIOCKOCTEN B IPOCTPaH-
ctBe R" TOAATCS W JIJTsT HEJUHEHHBIX MTOBEPXHOCTEH B TOM YKe TIPO-

CTPAHCTBE, eCJIN Mbl 3aMEHUM CKaJIsipHOE IIpou3BejieHne (T;-T) B JBOii-
CTBEHHOM IPEJICTABJIEHNH ONTUMAJIBHOI rumepiiockoct (2.17) :

k
Za?yi(@- . .f') +b6=0
s=1
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na dynknuio K (Z;, T), KoTopas 3a1aeTcs BbIpaxkenueM (2.24) u ko-
Topas OyJeT Ha3bIBATLCS A0POM.
OTMeTnM, 9TO BLIMACICHUE HEJUHEHHON DyHKINN

l
f@) =Y alyK(z;,z)+0, (2.25)
=1

coorBercrByfoleil runepiiockoctu (2.23) Tpebyer Beero | onepariuit
U He 3aBUCUT OT padMepHocTu N TPOCTPaHCTBa Mpu3HakoB. U3 aToit
dOpMyJIbI TaKXKe BUJIHO, UTO JJIsi ITOCTPOEHUsI HEJMHEWHOrO KJIac-
cuuKaTOpa B MCXOTHOM MPOCTPAHCTBe R ¢ MOMOIIHIO JIUHEHHOTO
KJIacCH(UKATOPA B IIPOCTPAHCTBE NMPU3HAKOB HAM HE HYKHO 3HATD
oTobpazkenne T — ¢(T), a JIOCTATOTHO TOIBKO 3HATh A1po K (Z;, T).

st perienust npsiMoil 3as1avu Kiiaccudukarmn GOpMaJIbHO MBI
crponM B ipocTpancTee RY MHIEPIIOCKOCTE, Pa3Ie/sonyio 0Gpassl

(E(jl)v ) &(fl)

BEKTOPOB T1, ..., I; BbIOOpku. Ilpm permrernn 3a/a9u MOCTPOECHMUST
ONTUMAJILHOI TMIIEPILIOCKOCTH HAM HAJ0 PEIIUThb JIBOHCTBEHHYIO 3a-
Jady — MaKCHMu3upoBaTh GyHkmio W(a), 3a7aHHy0 BhIpasKeHIEM
(2.14).

OTa QYHKIH, C yIETOM OMPEIEIeHUs sIIpa, YIPOIIAETCS CIIeTy-
IOIIM 00Pa30M:

l l
1 TN T
W(a) = Zai ~3 Z aiajyiy; (6(T;) - p(Z5)) =
i=1 ij=1
l 1 l
= Z o — 5 Z aiajyiyjK(@,a’tj). (2.26)
i=1 ij=1

Takum 06pa3oM, JIJIsi HAXOXKJIEHUST ONTHMAJIBHON UIIEPIOBEPXHOCTH
(2.25), pazaensoreit BBIOOPKY ((Z1,91), -- ., (Z1,¥;)) B IpocTpaHCcTBE
R™, HAM HAJ0 MaKCUMU3UPOBATh HeJuHeiiHyo dyHkiumo (2.26) npu
yeaoBusix (2.13) mo; > 0,4 =1, ..., [. [Ipu s70M HaM He Tpebyercst
sHanne N-MepHBIX BeKTopoB ¢(Z1), ..., ¢(Z;), JOCTATOUHO 3HATH,
9TO UX MONApPHbIe CKAJISPHbIE IpousBeennst K (T, T;) BBIYUCIISIOTCS
C HOMOHIBIO SIZIPA.
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Ha mpaxTuke mogbupaioTcst sipa, I KOTOPBIX COOTBETCTBYIO-
asi TOBEPXHOCTb HAWJIY UM OOPa30M pa3iessieT 00YyUAIOIYI0 Bbl-
OOpKYy.

2.5. dnapa

B sTom pazmesie paccmoTpuM cBoiicTBa gaep 6osee mogpobmHo. IlycTn
X — IpoM3BOJILHOE MHOXKECTBO. B 00I1eM ciiydae oI sApoM MbI II0-
HUMaeM [pou3BoJibHYI0 dyHknuo K (z,y), orobpaxarmomyo X x X
B MHOKECTBO BCEX JIeHCTBUTENbHBIX Ynce] R, KoTopas MOXKeT ObITh
[peJICTaBIeHa B BUJIE CKAJISIPHOIO IIPOU3BEICHUST

K(z,y) = (¢(x) - o)), (2.27)

rie ¢ — orobparkenue MHOXKeCTBa X B HEKOTOPOE IIPOCTPAHCTBO IIPU-
3HAKOB, CHAOYKEHHOE CKAJISIPHBIM MTPOU3BEICHUEM.

Pazbepem HEKOTOpBIE NIPUMEPHI sAJiep, KOTOPLIE NMPUMEHSIOTCS B
MPAKTHIECKUX TPUIOKEHUSIX.

Hepserii npumep: K(z,7) = (Z-9)¢ wm K(zZ,7) = (- §) + )¢ -
MTOJIMHOMUAIBHBIE SIIpA.

n(n+1)
IIpumep. Paccmorpum orobpakenune uz R” B R~ 2

d_)(j') = ¢($1, s ,l’n) =
= (1,22, ..., 22, V2x120, ..., V2xp_12,).

Torna

K(z,9) = (6(2)-6(m) = 1+Y_afyi+ > 2wy = (14+2-9)°.
=1

ij=1,i<j

Honyuaem K (Z,7) = (1 + (Z - §))? — noamuoMuaIbHOE AP0 BTOPOTO
HOPSIIKA.

Qyuxius kiaaccudukamum (2.25), COOTBETCTBYIONAS ONTHMAIb-
HOI pa3esIsionieil I'MIEepIIOCKOCTH B IPOCTPAHCTBE IIPU3HAKOB, B
9TOM CJIydae mMeeT BUL

l
f@) =Y aly(1+ (z;-2))* +b. (2.28)
=1
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Hpyroit Bug saep omnpeaeasercs (pyHKIUSMHA, KOTOPBIE HMEIOT
sug K(Z,y) = K(z—y). Takas dyHKius nHBapUAHTHA OTHOCUTETHHO
pubaB/IeHUsI K T U § OJHOIO U TOI'O YK€ BEKTOpPA.

[Tycrs pasmeprocts paBHa 1 u dbyukuusa K(z) oupemenena na
[0,27]. B Takom ciiydae ee MOXKHO JIOOIPEJIEJIUTD JI0 TI€PUOJANIECKOT
hYHKIIUM U pa3IokUTh B PAaBHOMEPHO cxonsmuiics psag Oypoe:

K(z) = Z ap, cos(nzx).
n=0

Torna
K(z,y) =Kz —y) =

o0 o0
=ap+ Z an sin(nx) sin(ny) + Z an, cos(nz) cos(ny).

n=0 n=0
TO PO COOTBETCTBYET OTOOPAZKEHHIO
x — (1,sinx, cos z,sin 2z, cos 2z, ..., sin(nz),cos(nz), ...)

NCXOHOT'O IMTPOCTPaHCTBa B IIPOCTPAHCTBO ITPU3HAKOB.
B 3a/lavax perpeccuu HMnpoKO MHCIOJIb3YyeTCdA I'ayCCOBO PO

K(z,7) = exp(~ |z — gl*/o?).

layccoBo siyipo MOXKeT OBITH IMOJIyUeHO TpaHC(OpPMAaIlneil SKCIIOHEH-
[AAJBHOTO SAJIpa. DKCIOHEHIINATIBHDIE SJIpa — 3TO SAPO BUJIA

K(a,5) = exp((@ - 7) /o),

rie o > 0 — napamerp.
DKCIIOHEHITHAJIBHOE SIPO MOXKHO Pas3/ioKuTh B psiat Teilopa B Bu-
Jie HECKOHEYTHO CyMMBbI ITOJIMHOMUAJIBHBIX SIEp:

(@)
exp((@-v)) Zik[ .
k=

0
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DKCIOHEHTNATIHLHOE S/IPO TPAHCHOPMUPYETCST B TAYCCOBO SITPO CIIETY-
OIUM 00pa3oM:

K (u,)
K(u,u)K (v,0)
_ exp((@i - 7)/0?)
Vexp((@-a)/o?) exp((v - 0)/0?)

= exp(—la - v[*/20?).

B 3ajauax pacrmosnaBaHust TEKCTOB UCIOIL3YIOTCS sIIPA, OMpeie-
JIEHHBIE Ha, JINCKPETHBIX MHOXKeCTBaX. [IpuBeieM mpuMep Takoro siapa
U COOTBETCTBYIOIIETO MPOCTPAHCTBA TPU3HAKOB.

[Iycts = — koneunstit andasur. CI0BO s B 9TOM ajihaBUTE — ITO
IPOU3BOJIbHAS KOHETHAS MMOCIEI0BATETLHOCTE OYKB § = S$1 S2 ... Sp;
=* — MHO>KECTBO BCEX CJIOB B ajipaBUTE =, BKJIOYAsl IIyCTOE CJIOBO.
|s| = n — mmna ciaoBa s € Z*; numHa mycroro ciaosa pasHa 0.

[Tycts E™ — MHOYKECTBO BCEX CJIOB (IIOCTIEIOBATEIHLHOCTE! ) ITHHDI
n. Ilo onpenenennro =% = U2 (5"

[Tycrs Takke, st — 9TO CIOBO, MOMYUEHHOE KOHKATEHAIINEH CIIOB S
ut,sli:jl=s;sit1 ... Sj.

Ci10BO © sIBJIsSIETCsI TOJICJIOBOM (IIOJIIIOCIIEI0BATENHLHOCTBIO) CJIOBA
S, €CJIU CYIIeCTBYeT MOC/Ie/I0BATe/IbHOCTh UHIEKCoB 4 = (i1, ..., i)
takag, 9to 1 < i1 < -0 < oy < |s| m uj = s;; ana Beex
j =1, ..., |u]; Dro Takxke oboznavaem u = s[i|. Jmunoit moxmo-
CIIEJIOBATEIBHOCTH U B § HA3bIBACTCH IHCTO [(1) = i)y — i1 + 1.

Mpr mpesimosiaraeM, 9TO Ha BCEX CJIOBAX 38JIaH JIMHEHHBIN TOPSs-
JIOK: BCEM CJIOBAM MEHBITeH [JINHBI MPEIINTECTBYIOT CJI0Ba OOJIBITIEH
JUIMHBI, & BCE CJIOBa OJHOM JJIMHBI YIOPSIOUEHBI JIEKCUKOTpadmde-
cku. Torja MOXKHO PaccMOTpPETh HPOCTPAHCTBO NpU3HAKoB Fj, = R="
— MHOXKECTBO BCEX BEKTOPOB JIEHCTBUTENBHBIX UUCEN, MHICKCAMU KO-
TOPBIX SABJISIOTCS BCE CJIOBA JIJIMHBI 1.

OmpenennM 0TOOpaKeHne M3 MHOXKECTBA BCEX CJIOB B MPOCTPAH-
CTBO TIPU3HAKOB

¢"(s) = (Py(s) 1w € E"),
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e

gn(s)= > N0

iu=s[i|

npu 0 < A < 1, KoTOopoe mpeJcTaBisgeT COOON UnC/Ia BCEX BXOXKIE-
HMIl TOAIIOC/IeI0BATEIbHOCTER U3 N OyKB B IIOCJIEI0BATEHLHOCTD S,
B3BEIICHHLIC B COOTBETCTBUU C JJIMHaAMM 3TUX BXO}K,ZLGHI/II’I B S.

Torma cooTBeTCTBYIOIIEE CKAJIAPHOE ITPOU3BEIECHNE BLIYUC/IACTCS
CJIEIYIOIIUM 00Pa30M:

Ku(s,t) = Y (9li(s) - ou(t)) =

ucgEn
_ Z Z A Z NG =
UEE" jiu=s[i] Jru=slj]

=Y Y Y NeHG),

UEE" jiu=s[i] j:u=s[j]

[Tpu Takom 3amanum Berauciaenue siapa Ky (s,t) Tpebyer 60bIIOro
YUCJIa BBIYUCIUTENbHBIX orneparuii. CyIecTByIOT PEeKypPCHBHBIE CXe-
MBI JIJTsI BBIYUC/IEHUST TTOTOOHBIX CYMM 38 MPUEMJIEMOE TTOJTHHOMUATh-
Hoe BpeMs (cM. [24]).

Anpa Takoro THIA UCTTONB3YIOTCS MPU KJIACCU(PUKAIINN TEKCTOB.

BoJtee ogpobuo o syipax cm. monorpadmuto lonbkonda u Cmo-
a6l [49].

TTostoxkuTeIbHO Olpe/ieIeHHbIE SAPA.

Mg GymeMm m3y4aTh sjipa CHEIUAJIBHOIO THUIA — IOJOXKHUTEb-
HO OTpesie/IeHHbIe siapa. 110 KaxKI0My TaKOMY sIIpY MOXKHO TIOCTPO-
UTH HEKOTOPOE KAHOHUIECKOE MMJIBOEPTOBO MTPOCTPAHCTBO IIPU3HAKOB.
[IpeBapuTebHO pACCMOTPUM IIPUMep U3 pasjena 2.4.

Mycrs dynxmus K (z, ) = (¢(Z) - #(T)) 3amana HEKOTOPHIM 0TO6-
parkeHHeM ¢ U3 eBK/INI0BA IIPOCTPAHCTBA R™ B €BKJIMI0BO HIPOCTPAH-
crBo mpusnaxos RY.

ITo onpenenenuto byuxnus K (Z,y) sBIseTCS CAMMETPHIHOI, T.€.
K(z,y) = K(y,%) nyst Bcex T u §. Kpome 91010, BBINOTHSIETCS €I1e
OJTHO BayKHOE CBONCTBO: JIsi JIIOOOM MOCTE0BATETLHOCTHA SIEMEH-
TOB Z1 ,..., T U JIIOOOH TMOC/IETOBATEILHOCTH BENECTBEHHBIX THCETT
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a1 ..., O

I !
Z i K (2, %;) = Z a;aj(o(Z;) - 9(75)) =
i,j=1 ,j=1

2

1 ! I
- Z @ip(%;) Zai(f;(ji) = Z%‘QE(@) > 0. (2.29)
=1 i=1 i=1

B obmiem carygae cchopmysupyem cBoiictso (2.29) B KadecTBe onpejie-
sgenus. [Tycts X — npousBosibnoe muoxkectBo. Oyukimsa K : X x X —
R HA3BIBAETCSI NOAOHCUMENLHO OnpedesehHol, eCiu it JTI000ro Ha-
06opa 2JIEMEHTOB 1 ,..., X U JIIOOOro HADOPA BEIIECTBEHHBIX THCEJI
Q1 ,..., ( BBIIIOJTHEHO

!
Z aiajK(xi,xj) = 0.
ij=1
Cormacno (2.29) bynxmusa K (Z,9) = (¢(7) - ¢()) aBasgercs monoxn-
TEJIbHO OIPEJICJIEHHOM.
Marpuna (K (z;, xj)é,j:l Ha3bIBaeTcss Marpuieii I'pama.
I'nnpbepTOBO MPOCTPAHCTBO, MOPOXK/IEHHOE BOCIPOU3BO-
OAIUM saapoM. ['mis6epToBo mpocTpaHcTBO H — 9TO JIMHEHHOE BEK-
TOPHOE MTPOCTPAHCTBO HaJ| TR ¢ 3aJJAHHBIM CKAJISIPHBIM ITPOU3BEICHUEM
(x - y) Ha ero smeMeHTax x,y € H U HOJHOE OTHOCHTEJIBLHO METDH-
K, oupejensieMoii Hopmoit ||z|| = /(x - ). IlosHoTa o3HAa4IaeT, UTO
KaxK1as1i (PyHIaMeHTaIbHAs TI0C/Ie[0BATE/IbHOCTD JIEMEHTOB H nMeer
peJiedt.
[Tycts X — HEKOTOpOE MHOXKECTBO U JF — rmjib0EpPTOBO MPOCTPAH-
crBo dyukmmuit f: X — R.
IM'unbbepToBO MpocTpancTBO JF HA3LIBACTCH NPOCMPAHCMEOM, NO-
pootcdenmvim socnpoussodawsum adpom (RKHS — Reproducing Kernel
Hilbert Space), eciu jyist kaxkoro x € X jinHeiinblii hyHKIHOHA

f= fx)

sIBJIsIETCST HenpephIBHBIM. [1o Teopeme Pucca—®@urtiepa Kark abIit Hempe-
PBIBHBI JIMHEHHBIH (DYHKITMOHAJ HA THJILOEPTOBOM IIPOCTPAHCTBE MO-
2KeT ObITh MPECTABJIEH B BUJIE CKAJISIPHOTO TPOU3BEICHUS HA HEKOTO-
pbIit s7emeHT 3Toro npocrpanctsa. [lostomy B RKHS myia kaxioro
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x cymectByer dyuknusa K, € F rakas, aro f(z) = (f - K;) as Bcex
f € F. Takum obpasom, ompeueseHo orobpazkenne ¢ : X — F, e
®(z) = K, s Beex .

VMeeT MecTo CBOWCTBO 60cnpouscodumocmu — Jobas (PyHKIMs
f € F upencrapiena B BUJIE:

flx) = (f-@(x))
st BeeX x. Bocnpouseodswee s0po ompeessiercs: Tak:
K(z,y) = (®(x) - ®(y)) = (K - Ky) = Ko (y) = (Ky - Ky) = Ky(x).

[pocreitmuit mpumep RKHS M0KHO TOCTPOUTH ¢ MOMOIIBIO 0TOOpa-
xernst ¢ @ R™ — RN, Ilyers F — mpocrpancTtBo GyHKImM BIa
f(@) = (0-¢(2)), rne z € R™, w € RN u (w-w') — ckanapuoe npousse-
nerne 8 RY. Hopma dbynxmun f onpesenserca kax || f|| = ||@|], a cka-
asipaoe npousseenne dbyukuit f(Z) = (0-¢(Z)) u g(x) = (0’ - P(T))
onpezensiercs kak (f - g) = (w - w').

Torga serko Buzgerh, uro orobpaxkenune f — f(Z) = (w - ¢(Z))
SIBJISIETCSI HEIPEPBIBHBIM OTHOCHTEJILHO Takoil HOpMbI f. Bocmpons-
Bogstee siipo ectb K (Z,7) = (¢(Z) - ¢(y)). Kpome sroro, uz f(y) =
(-6(@)) u K=(5) = K(29) = (4(z), $(5)) m0 onpenerenmo camp-
Horo npousseienust caenyer (f - Kz) = (w- ¢(z)) = f(Z).

s npomssonbroro RKHS mmeer mecro mepasenctso |f(x)] <
V(K (z,2))||f||. Deiicreurenbho, no nepaBerctBy Komu—ByHskoBckoro
MMeeM

[f (@) = [(f - Ka)| < V(Ke - K[| fI| = V(K (2, 2))[| f]

Takoke BBIIIOJIHEHO HEpaBEHCTBO

[f1(2) = fa(2)| < V(K (2, 2))[[f1 = f2ll

st obbix f1, fo € F u x € X. Orcioga cienyer, 9T0 eC/in Io-
CJIeTIOBATEIbHOCTD (DyHKIMEA f, cxomurTcs K HeKOoTopoit dyHKIun f
no mopme RKHS F, To mmeer mMecTo M IOTOYEYHAsl CXOAUMOCTD:
fn(x) = f(x) mna xaxmoro z € X.
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C apyroit CTOPOHBI, MO KaXKJAO0W CHUMMETPUIHON IMOJOKUATEIHHO
ompeesiennoil yukuun K (x,y) MOXKHO ONpPeJEIUTh HEKOTOPOE Ka-
HOHUYECKoe PYHKITMOHAILHOE THIEOEPTOBO IIPOCTPAHCTBO JF, JJIst KO-
TOPOI'O OHA SIBJISIETCSI BOCITPOU3BOISIIIAM SJIPOM.

Ompenenum orobpazkenue ® : X — RY u3 muoxkecrsa X B MHO-
2KecTBO Beex pyuknumii u3 X B R:

O(x) = K(x,-) = K.

ITo oupenenennto K, — s1o dyHukIiws, st koropoit K (y) = K(x,y)
st Beex y. OmnpesienuM JuHEHOE TTPOCTpancTBO JF1 (bYyHKIMIA, 1m0-
POKJIeHHOE BCEMU JIMHEHHBIMU KOMOUHAIISMI

=1

rae n, a; € R u x; € X — upousBosbable. Onepanun CyMMa U yMHO-
JKEeHUe Ha KOHCTAHTY OIPENE/IsIIOTCs CTaHIapTHBIM obpaszom. Otpe-
n

JIeJIAM  CKaJISIpHOe IIpom3Besienne aByX Gyuxmumii f = > oKy, u

g—zﬁj 2 B BUJIC

(f g Zzazﬁj I'Z, ) (2.31)

=1 j5=1

JIerko mpoBepUTDH, ITO BHIPAYKEHNE (2.31) MO2KHO TIPEJICTABUTH B BUJIE

(f-g9) = il Bif(x}) mma (f - g) = Z a;g(x;). Orcrona caemyer, 9To
iz

BeIpazkenue (2.31) ompejesieHo o;LHosHaqu U HE 3aBUCHT OT IIPeJI-
crapierus dyHkiuit f u g B Buje auHeitHbix kombunaruii. OTciona
Takxke cyejyer, uro dbyukuus (f - g) sBisiercst GuinHeRHoi o f u g.
Omna Takxke cummerpuanas: (f - g) = (g - f) mus Beex f,g € Fi. Ona
TaK2XKe SIBJISIETCS TOJOYKUTETHHO OMPEIEIEHHOM.

[IpeBapuTEILHO 3AMETHM, UTO

(f-f) = ZZaZaJ (z5,2;) > 0.

=1 j=1
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VaureiBasg 9TO CBOWCTBO, MOIydaeM, 9TO JJjist JiIo0oro Habopa yHK-
uuit f1,..., fpmwHAOOPA O ..., Oy € R KO03PduIueHTon Oyner Bbi-
[IOJTHEHO YCJIOBHE MOJIOXKUTEIBHON onpeaesennocT dyaknuu (f - g):

SN aiai(fi- ) =D aifi- > aifi | =0
i=1 =

ij=1j=1

ITo ceoiicrBy (2.31) Bbimoaseno f(x) = (f - K) u, B yacruocru, (K, -
K,) = K(z,y) nis Bcex 1 y.
U3 srux ceoiicts u u3 cBoiicria (2.30) Takzke cieimyer, 4To

[f(@)]* =1(f K2)I? < K (2, 2)(f - f)

st f € Fi. B uacrnocru, us (f - f) = 0 caenyer, aro f(x) = 0 mis
BCEX .
Amnasornano

[fi(2) = f2(2)] < VK (2, 2)[[ fr = fall (2.32)

JLJIST fl, fg € Fi.

Oyuxius ||f]| = +/(f - f) ABasgercss HOpMOIA, TaK Kak OHa OIpe-
JleJieHa 110 CKaJISIPHOMY IIDOU3BEIEHUIO.

ITocTpoennoe uHETHOE HOPMHPOBAHHOE IPOCTPAHCTBO J| BCex
JMHeRHbIX KoMbuHarmii (2.30) He siBisieTcst OJHBIM. PaccmoTpnm mo-
IOJTHEHNE 3TOI0 HPOCTPAHCTBAa OTHOCHTEIBHO €r0 HOPMBI JI0 ITOJIHO-
ro merpudeckoro npocrpancrsa F. ITo coitcry (2.32) ayist Jiio6oi
PyHIAMEHTATBLHOM TOCIEIOBATEMLHOCTH (DYHKINN f1, fo, -+ € F1 &
/110000 = BBIIIOTTHEHO

[fn(@) = fm(2)] < VE (2, 2)[| fn = fml

Jist Beex m, n. [losromy st Ji060ro @ 1moc/ieoBaTe/IbHOCTh IUCe)
fi(z), fa(x), -+ € R Taxxke siBiasercs GyHIAMEHTAIBHON U MBI MO-
KeM orpeeinTb GyHkimo f(r) = nh_}rgo fn(x) nyst Beex x € X. Ta-
KM 06pa30M, MbI HOJIy9aeM PaclImpeHne npocTpaHcTBa Fi J0 1mpo-
CTPaHCTBA F.

TakzKe ompenenM CKaJIIPHOE POU3BeIeHNe Ha J

(f ) g) = nh—{go(fn : gn)a
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e fi, fo,... m g1,92,... — HEKOTOPBIE (DyHIAMEHTAJILHBIE TTOCJIEI0-

BaTEJIbHOCTH U3 JF1, cxoudmuecs K f, g € F, COOTBETCTBEHHO.
JlokazkeM, 9TO TIpeJies CYIEeCTBYET U He 3aBUCHUT OT BbIOOpa (DyH-

JaMEeHTAJILHBIX IocjaeaoBaTeabHocreil f1, fo,... u g1,¢g9,.... Ilycrs

f(z) = lim f,(x) u g(x) = lim g,(x).
n—oo n—oo
JlokazkeM, ITO 1OCIEA0BATENLHOCTD {(frn © gm) }n,m — dyHIaAMEH-
rambHasg B RE. Mmeem

’(fm 'gml) - (fnz 'gmz)
|(frr = 9ma) = (Frn = Gma) | + 1 (frr * 9ma) = (g + 9ms)
||fn1H]:1 ’ ”gml - gm2H]:1 + Hgm2||-7'—1 ) Hfm - fn2||.7:1 —0

| <
| <

upu ni,ng,mi, mg — 00. B wacraocru, lim (f, - gn) Takxke cymie-
n—oo
CTBYET.
JlokaxeM KOPPEKTHOCTD OIIPeeIeHUs] CKAJISIPHOTO TPON3BE IEHUSI.

JIemma 2.3. Ilyemw f,g € F. Tozda snauenue (f - g) ne 3asucum
om 6vl60pa NoCALIOBAMENLYHOCTET [, U Gp .

Joxasamenvemeo. lycrs f(x) = lim fu(x) u g(z) = lim g,(z)
st PyHIaAMEHTAJIBHBIX [Toc/IeIoBaTesbaocTell f1, fo, ... 1 g1,492,...0
rue fp, € F1u fr, € Fy ns Beex n. Ilycrs rakxke f(z) = lim f’( )

)7

ug(x) = nh_}rgo gh(x) musa dyHmaMeHTATBHBIX Hocne,zLOBaTeJIbHOCTe

ffs o mgh, by ..
Hokaxem, uro lim (fy, - g,) = lim (f}, - g},). Ilycts n — npous-
n—oo n—oo

k
BOJIBHOE U gp, = Y ;K .. Torma
i=1

(f fm gn (fm fm Zaz z1> =

k k
Zai(fm'Kzi)_ai( ’ Zaz fm Zz fr,n(zl) =0
=1

=1

upu m — oo. Ananorndno, (gn, — g, - f1,) — 0 mpu n — oo.
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Torna

(fn'gn)_(f/ 'g;n):
(fm = fon = 9n) + (fon - Gn — gn) = 0

Ipu N, M — 00. DTO 3HAYMT, YTO y STUX OCJIEJOBATEILHOCTEI OJINH
1 TOT 2Ke Ipene. A\
MoxkHO TaK2Ke IM0Ka3aTh, 9YTO TPOCTPAHCTBO J SBJISETCS TTOJTHBIM
B HOPMe, TIOPOXKJIEHHON CKAJISPHBIM ITPOU3BEIEHUEM.
[IpeBapuTEbHO JIOKAYKEM JIEMMY.

JIemma 2.4. ITyemwv {g,} — nocaedosamervrnocmo dyrndamenmans-
nas 6 Fi u limy, o0 gn(z) = g(x). To2da ||g — gnllF — 0.

Jlokasamenvcmeo. s onpenenenns ||g—gull 7 = /(9 — gn - 9 — gn) =

\/limmaoo(gm —9n"9m — gn) = \/hmmaoo ||gm - gn“]-'l — 0 npm
n — 00. A
JlokazkeM TOJTHOTY TPOCTPAHCTBa JF .

Teopema 2.3. Bceaxasa dyndamernmanrvras 6 npocmpancmee F no-
caedosamenvrocms umeem npeden 6 F.

Jokasamenvemeo. Ilycrs {f,} — dbyngamenranpuas B F, T.e.
1~ fonll — O 1prt m,m > oo,

st kaxkoro n cyiectsyer dbyHgaMeHTaabias B J HOCIeI0-
BATEJBHOCTD g ; € F1 Takasg, 910 fr(x) = lim;_o0 gni(x). o mem-
Me 2.4 || fn, — gn,ill7 = 0 mpu ¢ — co. BeibepeM gy, = gp,i,, Tak, ITOOLI
| frn — gnll < 27" mua Beex n. Torga

Hgn _gmH]ﬂ = Hgn - gme <
”gn - anJ-' + ”gm - meJ" + an - fm”]-' —0

upu n,m — 00, Tak Kak ||gn — fullr < 27" u ||gm — fullr < 277,

KpoMme Toro, || fn, — fm||F7 = 0 n3 dbysmamenransHoCTH.

Cure1oBaTe/IbHO, MOCIIE0BATEIBHOCTD { gy } — dyHIaMeHTaIbHASIB
F1 ¥ IO3TOMY U IO9TOMY JIsi JIIOOOTO & CYINecTByeT npenent g(x) =
lim;, ;00 gn (). Beinosmeno rakxe

||fn *QH}' < an *gn”}'+ Hgn *QHJ: —0
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upu n — 00, T.e. g — IpeJeJl mocjegoBarebuoctu { f,} mo Hopme
| - |7 Buecw || fn — gnllr < 27" u ||gn — gl|7 — 0 mo semme 2.4. A

CBOICTBO BOCIIPOM3BOIMMOCTH TAKKEe MMEET MECTO U3 OIpeIesie-
HUSI CKAJISPHOTO IPOM3BEJCHUs B F:

f@) = lim ful@) = lim (fu K2) = (f - K),

Boitee momgpobroe mznoxkenne teopun RKHS moxkHO HaiiTn Ha BEO-
crpanure [36] a Takxe B pabore [10].

[Tonydennoe mpocTpaHCTBO J HA3BIBACTCS KAHOHUYECKUM 2UAb-
0epMOoBHIM NPOCTPAHCTNEOM, TTOPOKJIEHHBIM BOCIIPOU3BOJAIINM 71
pom K (z,y).

Jpyrue cBoiicrBa RKHS mpescrasiienbl B Bujie 3a7ad B pasjie-
e 2.12.

Tayccoso sypo K (Z,9) = exp(—||z — | /0?) asasercsa nomoxu-
TEJILHO OIIPEJIEJIEHHBIM U IT0O3TOMY IO HEMY MOXKHO OIIPEJIETUTH Ka-
HOHHUYEeCKoe ruibbepToBo npocrpancteo RKHS u coorBercrBytoree
oToOpaXkKeHue B 3TO IPOCTPAHCTBO.

Teopema o npexacraBurese. Teopema o npejcrasurese (Repre-
senter theorem) mokaspiBaeT, YTO pelleHUs! IMUPOKOTO KJIACCA OITH-
MU3BAIMOHHBIX 33189 MOYKHO IIPEJICTABUTH B BUJE JIMHEHHBIX KOMOW-
HAIW 3HAYEHUI siiep B TOUKax o0ydaloleil BEIOOPKHU. DTa TeopeMa
6pl1a JTokasana Knmensaopdom un Bax6oit [37]. Cum. Takxke [49].

Teopema 2.4. IIycmov X — nexomopoe mHootcecmso 06sexmos u S =
((x1,91) »---, (T1,91)) — obyuarowan ewvibopxra, 2de (ri,y;) € X X R.
IIyemy K (z,2') — noaoostcumenvro onpedeaernoe adpo na X x X u
F — coomeememsyiousee KAHOHUYECKOE 2UABOEPMOBO NPOCMPAHCINEO
RKHS ¢ nopmoti || - ||

Badanv, maxorce dynryus nomeps ¢ : (X x R — R U {oo} u
HEKOMOPAA CMPO20 MOHOTMOHHO 803PACMANULAA PYyHKUUA ) HA MHO-
olcecmee 6cex HEOMPUUAMENOHBIL GEULLCMEEHHBLL YUCEN.

Tozda mobas Pynxuua f € F, MUHUMUSUPYOUGA PERYAAPUIO-
BAHHBIT PUCK GYHKUUOHAN

c((zr,y1, f(@1) 500 (@ f(2)) + QD (2.33)
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Mootcem bvimsb npedcmasaera 6 sude

Z 0K (x5, (2.34)

OAA HEKOMOPVIT YUCEN O] ..., Of.

[Tpumep Takoro puck-dyHKIMOHAIA JIJIsT 3a/[a91 PEIPECCHH B TIPO-
CTPAHCTBE Tpu3HakoB f € F:

C((xlvylaf(xl)) L) (wlayh

N‘.—l

l
Z )2+ AP,

rme A > 0.

Jlokasamenvcmeo. Haomuum, uro K, = K(x,-) — dyHKIus, 110-
poxkjieHHas siipoM. JIobast GpyHKkiust f € F HIPEJCTABISIETCS B BUJIE
f(z) = (f - K;) nust Beex .

PaccMoTpuM pasiioxkenue JIMHEHHOIO IPOCTPAHCTBa F B IPIMYIO
CyMMy KOHEUYHOMEPHOI'O ITPOCTPAHCTBA, TIOPOXKJIEHHOTO BCEMHU JIMHE-
HBIMH KoMOuHammamu dynkmmit K,,, ¢ =1,..., [, u ero oproronajs-
Horo JonosiHeHust. Torma jiobast dyHKust f € F IpecTaBiisieTcs B
BHIE:

l
= ZOQKJ:Z + f*;
=1
rie (fs- Kg) =0 s Beex i =1,..., [
Borancinm snadenns: f(x;) qnsseex j=1,..., [

fzg) = (- Kay) =

l
- ((Zasz +f*) .sz> =
=1
l
Z (Ky, - Ku,).

Brech BazkHO, 4TO 3HadeHne DyHKIUN f(2;) He 3aBHCHT OT JIEMEHTa
[+ M3 OPTOrOHAJIBHOIO JONOTHEHUs. TakuM 00pa30oM, 3HaUCHUE IJIaB-

woit wactu c((x1,y1, f(x1)) ..., (z,y1, f(x;))) peryaspuzoBaHHOrO
dbyukumonasa (2.33) ue 3aBucur or fi.
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l
Tax Kak f, oproronasbno aeMenty »  o; K, u dyuxims Q as-
i=1
JISIETCsT CTPOTO MOHOTOHHOM, BBITIOJIHEHO

l
WWW=QO§EM%+ﬂ0:
1=1

l
= Q[ A1 @il |2 + (1 /)12 | =
i=1

l
>QO§:%M@0,
i=1

[IPUYEM PABEHCTBO JIOCTUTAETCsI TOTJA W TOJBKO TOIa, KOraa fy =
0. ITosromy B Touke MuHHMyMa (yHKIHOHATA (2.33) IO/KHO OBITH
f« = 0. Orcroza pemenne 3a1a4un MuHIMI3AIMHA GyHKIMOHATA (2.33)
JIOJIZKHO MMeTh BujL (2.34):

l
f@)=> aiKy,.
i=1

Teopema jrokazana. /A

Teopema 2.4 nokasbiBaer, 4To jyisi pernenus 3aja4u (2.33) byHK-
EoHAIbHON MuHIME3amn B nponssoabHoM RKHS (koTopoe moxer
0Ka3aThCst GECKOHETHOMEPHBIM ) JIOCTATOYHO PENIUTh 38189y MIHUM-
3aIuu B KOHETHOMEPHOM IIPOCTpaHcTBe R".

[Ipumep puck-yHKIIHOHAIA, COOTBETCTBYIOIIETO ONTUMU3AIUOH-
Hoit zagade SVM:

c((x1,y1, f(x1)) -y (z,u, f(2))) =
l
= > max{0,1 - yif )} + 171
i=1

rne z; € R" uy, € {—1,+1} npu i =1 ,..., [. CoorBercrByoIee
IIPOCTPAHCTBO NPU3HAKOB F nopoxaercs sapom K (z,z'). Oyuxims
f € F, munumusupytomias dyHkuuonas (2.33), umeer Bu

l

f = Zalel

i=1
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2.6. Cayyait Hepa3aeanMoii BBIOOPKH

[IpenpapuTebHO TPUBEIEM BEPXHIOIO OIEHKY OIIMOKU OOOOIIEeHMs
IS Cydasi, KOT/a BBIOOPKA HE IMOJHOCTBIO pasjesieHa (QyHKIHEH
KJIacCupUKAIUE. IDTa OINEHKA IOCIYXKUT OCHOBOW JIJIsT ITOCTAHOBKH
COOTBETCTBYIOIIEH ONTUMU3AINOHHON 3a[a9K MOCTPOeHUA (DYHKIIAN
KJTacCuUKAIUN.

2.6.1. BekTOop nmepeMeHHBIX MSITKOTO OTCTYyIa

PaccmoTrpum Temneps 3amady KiiacCupUKAIAU HEPA3IEIUMON BHIOOD-
Ki. 3aJ1a9i TaKOro THIA XapaKTEPHBI IJIsi MPAKTUIECKUX ITPUJIOZKE-
HUI.

Sagan kimacc F dyukiuit tuma X — R, ¢ TOMOIIBIO KOTOPBIX
npousBouTcst Kiaccudukanusi. ObjacTk onpesenenns X QyHKIAN
u3 F sapasiercs momMmuoxkectBoM R™. Ilo kaxkmoit dyukmmu f € F

olpeae/JmM NHANKaTOPHYIO (bYHKLLI/IIO KJIa,CCI/ICbI/IKaLLI/II/I

W) = { 1, ecom f(Z) >0,

—1 B mpoTuBHOM CiTyUae.

Bagana Boibopra S = ((Z1,y1), --., (@, y)). Hyers v = yi f(Z;)
— rpanuna ommbOKu npumepa (T;,y;) € X x {—1,1} orHocureabHO
dyuknun f € F. 3amerum, 9To 7y; > 0 03HAUAeT, 9T0 KJIacCHuUKAIUS
¢ HOMOIIBIO DYHKIUN [ SBJIAETCA PABUILHOM.

Pacupenesenne omubok Ha Beibopke S = ((Z1,v1), ..., (T, y1))
omnpegensiercst Bekropom Mg (f) = (y1, -.., 7). Ilycrs

ms(f) = min ~;
i=1,...,

— rpaHuIa omubKu Kiaccudukanuu Beioopku S mocpeicreom f. Be-
mranna mg(f) > 0 Torja u ToJabKO TOrja, Korjaa f ¢Tporo pasJeliser
S 6e3 onumboK.

[Tycrs v > 0. ITepemennas msirkoro orcryna (margin slack vari-
able) mpumepa (Z;,y;) € X x {—1,1} musa nmoporosoit dyukuuu f u
I'PAHUIIBI OITUOKK 7y ONPEIEISIETCS KaK

& = max{0,y — yi f(7;) }.
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Benuunna £; paBHa mpeBbieHnio 3HaYeHUsS QYHKINNA f 1O CpaBHe-
HUIO C 3aJ[aHHON rpanwuiieii ommbku vy jyisi npumepa (T, y;). Mbl Ha-
30BEM Y PYHKUUOHAALHOU 2PaHULet OTTHOKH.

B paccMarpusaemoii panee oNTUMAU3AIMOHHOI 3a/1a9€ IIOCTPOEHNUST
pasIesAIoNIel TUIEPILIOCKOCTH (DyHKITMOHAIbHAS TPAHUIA ObLIa PaB-
Ha 1 ¥ OHa COOTBETCTBOBaJIA reOMeTpHYIecKoil rpanure 1/||w||, koTo-
Ppad paBHa ITOJIOBUHE PACCTOAHUA ME2KAY 'PAHUYIHBIMU I'MIIEPITIOCKO-
crsvmu (W - ) + b= +£1.

Samernm, 9T0 U3 & > 7y CJEMyeT, 9TO KJIACCU(DUKAIINS IIpUMepa
(Z4,Y;) ABISAETCS OMMOOTHOIN.

Bextop € = (&1, ..., &) Ha3pIBAETCS BEKTOPOM IICPEMEHHBIX MST-
KOro orcryna Jyist Beioopku S = ((Z1,Y1), ---, (T1,U1))-

ITo onpenenenuto y; f(T;) + & > 7 1yist Beex i.

PoJib BEKTOpa MepeMEeHHBIX MATKOTO OTCTYIIA HaJI0 MOHUMATD CJIe-
JYIOIIIM 00pPa30M.

Eciu & > 7, To y; f(Z;) < 0, 1.e. xiaccudukarus npumepa (Z;, y;)
¢ moMompIo f ABageTcs ommbouHoit. B aTOM ciryvae Bemmunna &; or-
paxkaer CTelleHb yJaJeHHOCTH npumepa (T;, y;) OT paseJisiomieii ru-
MIEPILIOCKOCTU — OHa, TeM 00JIble, YeM OO0JIbIlle OMMOKa KJIacCuduKa-
LWL,

Hasee & = 0 Torga u ToabKo Toraa, Korja y; f(Z;) = v; B 9TOM
cirydae KiaaccuduKkanus IpaBuIbHas U JIazke ¢ HEKOTOPBIM 3al1aCoM.

Cuyuait 0 < & < 7y gBJISETCS] TPOMEXKYTOUHBIM, B 9TOM CJIy4ae
kiaccudukanus 0 < y;f(Z;) < v — npaBujbHasi, HO C OYEHb Ma-
JIEHBKUM TIOPOT'OM, HAIIPUMEP, 3TO MOYKET OBITH BCJIEJICTBUE HAJTUIUST
HIyMa B MCXOJHBIX JAHHbIX.

B 1e/ioM HOpMa BeKTOpa OMIHOOK & OTpar<aeT pasMep OIMOGOK
KaaccudUKaum, a Takyke pojb IIyMa B obydaromeil BeIOOpke. B
JasbHeiimeM emauHa ||£]| GyieT BXOAUTH B BEpXHHE ONEHKH BEpO-
STHOCTH HEIIPABUILHOIN KJ1accnuKaImm.

Ec/in HOpMa BeKTOpa, € IOJIOKUTE/IbHA, TO BLIGOPKA HE PA3Ie/IIMA
kiaccudukaropom f(Z) ¢ moporom vy > 0 u Teopema 1.9 B 3ToM cirydae
psiMo He nipuMennma. OJIHAKO B cIydae JUHEHHOro Kiraccuukaropa
MOYKHO CJIEJIaTh BBIOOPKY Pa3JIe/IMMOll, eCIM TepeiTn K SKBUBAJIEHT-
HOIT 3a/1a4e B IpOCTpaHCTBE GOJIbIIE PASMEPHOCTH. DTOT PE3yJ/IbTar,
npunaiexaruii [o-Teitiopy u Kpucruanunu [47], npeacrasien 6e3
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JI0Ka3aTeIbCTBA B CJIeAyIomeil Hmke Teopeme. llpemmosraraem, <to
upuMepsbl (Z,y) TeHEPUPYIOTCs HEKOTOPBIM HEIIPEPBIBHBIM PacIpe/ie-
JIEHUEM BEPOATHOCTE, TP KOTOPOM Mepa KazKJI0i TaKO! Iapbl paBHA

0.

Teopema 2.5. [Iycms L — xaacce 8cex AUHETUHBT 00HOPOOHBIT PYyrK-
yutl euda L(Z) = (W - T) ¢ edunuunvim eecosvm eexmopom ||w]| = 1.
Hycmov v > 0. Tozda das npoudsosvrozo 6 > 0 u Henpepwierozo pac-
npedenenus seposmuocmett P na X x {—1,1} ¢ nocumenem enympu
wapa paduyca R u ¢ uenmpom 6 Hauase K00pounam ¢ 6epoAmHOCIBIO
1 — 0 npoussoavnasn dynkyus f € L ¢ epanuyet owubry ||£]| umeem
na cayuatinot evbopke S daunst | owubky waaccudurayuy

¢ (R2 + Il
2

errp(f) < ;i 5

2
log? 1 + log 5> , (2.35)
2de ¢ > 0 — xoncmarma.

2.6.2. OnTuMu3anmoHHbIe 3a/1a491 14 KJiacCuduKaIum ¢
onrmbKamum

Ciyyaii KBaapaTu4dHO HOpMBI. B cityuae, kKorma BeiOopka S =

((Z1,91), ..., (&, y;)) He pa3menumasi, pacCMaTPUBAETCs 3aja4a Oll-

TUMU3AIUN C TIEPEMEHHBIME MSITKOTO oTcTyma &, 7= 1, ..., [
Haiisiem BEeKTOPHI W, & U 9UCI0 b TAaK, ITOOBI

l
(@-w)+CY & — min, (2.36)
i=1
yi(w-z;) 2 1=, (2.37)
& >0 (2.38)
npu ¢ = 1, ..., [. Koucraara C onpejensier 6ajanc MeXKLy IBYMsI

qacTsaMu PYHKITTOHAJIA.
Ha mpakTuke koncranra C' mnogbupaercss Tak, 4TOOLI pasIesisiio-
masi TUIEPIJIOCKOCTh Pas3Iesisijia 9JeMEHThl 00yJalomieil BLIOOPKH ¢

'Mmeercs B Bugy map B mpocTpancTBe R™, KOTOPOMY IPHHAIICIKAT KIACCH-
dunupyemble 31€MEHTBL Z1, ..., T; BLIOOPKH S.
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MUHUMAJIbHBIM 3HAYE€HHEM HOPMBI BEKTOPA DPAa3/Ie/IAONINX I'DAHAY-
HBIX [I€PEMEHHBIX.

Bamernm, 9ro ycaoBue & > 0 MOXKHO OIYCTHTB, TaK KaK OITH-
MaJibHOe pertenune w, &, b, ryue mekoropbie & < 0, sBJsSETCH ONTH-
MaJIbHBIM U 11pu & = 0.

Jlarpamxuan 3agaqau (2.36) — (2.38) umeer Buj

L(w,b,é,o?) = l(w.w)+CZ€i2_
l

oi(yi (0 - 75) +b) = 1+ &), (2.39)
=1

(2
rie «; > 0 — maOoXkuTE M Jlarpamxka.
CooTBercTByIOIasi ABOICTBeHHAS 3a/1a9a (DOPMYIUPYETCs IIyTEM
nuddepeHnnpoBanns JIarpaHKuaHa

OL(w,b,&, @)  _ ! -
T =w ;:1 yic; T = 0, (2'40)
aL(QD,b,f,OZ) ¢ = )
— = C —_ = 0
OE §—a=0,
OL(w,b,§,a) l '
8[) E yZa’L - 07

a Tak’Ke MOJCTAHOBKOW 9TUX cooTHOIIeHMi B (2.39)

W (w,b,&, & Zaz Z Yy (Ti - Tj) +

1,j=1
1 1, _
t5a(-a) - 5(@-a) =
! 1
~Ya —fzy,ygaza] a) = salara).(241)
=1 3,j=1

Takum 06pa3zoM, Mbl JIOJIZKHBI MAKCUMU3UPOBATH [0 (0 BEJTHIUHY
_ 1
W(a) = Z Z yiyjoaa(Ti - ) + é‘sij) (2.42)

=1 7,7=1
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npn ycnosuax «; > 0,4 =1,2,..., [, rne 6;j =1l upni = j n d;; =
0 nmpu i # j. CoorsercrByiomue yciosus Kapyma-Kyna-Takkepa
AMEIOT BUJL
Oé@'(yi((lﬂ . 1_,‘1) + b) —14 &) =0
npui=1, ..., L
Corutacto (2.40) BEKTOD BECOB BbIPDAYKAETCsI B BUJIE JIMHEHHO KOM-
OMHAIIMK OIIOPHBIX BEKTOPOB:

l
W = E Y; 0G5
=1

Nz ycnosuit Kapyma-Kyna-Takkepa cienyer, uro «; = 0, eciam
yi((w - Z;) +b) > 1, upu srom & = 0. DTU BEKTOPHI PABUIHHO
KJIacCU(PUIUPYIOTCA U JIEXKAT ¢ BHEITHEH CTOPOHBI OTHOCUTEIHLHO I'Pa-
HUYHBIX TUTEPIIOCKocTed. OTOPHBIME SIBJISIIOTCST T€ BEKTOPBI T;, JIJIsT
KOTOPBIX BbIOJIHEHO «y = C& > 0. /g HuUX Tak»Ke BBIITOJHEHO
yi((w-z;) +b) <1m& > 0.

CdopmMmynupyeM 3aady ONTUMABAINN I TPOCTPAHCTRA IIPU3HA-
KOB, 3a/IaHHOT'O HEKOTOPBIM sifpoM K (Z;, Z ;).

Teopema 2.6. [anws. npocmpancmeo npusnakos, onpedenenroe A0-
pom K(Z;,Z;), u obywarowasn swbopka S = ((Z1,y1), ---, (Z1,y1))-
IIyemo sexmop napamempos & ABAAECMCA PEUEHUEM 3G0AHU ONIMU-
MUBAUUL:

!
1 o 1
~3 Z yiyjoio (K(Z;,Z5) + 65ij) — max (2.43)

l

NPpU YCAOBUAL Z yic; = 0,
i=1
a;=201=1, ..., [ (2.44)

ij=1

Toz0a coomsemcemeyouLas pa3desstowan NOGEPTHOCTL uMeem 6ud
l
F(@) = yiaiK (2, %) + b,
=1
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ede b naxodumcsa us ycaosua y; f (T;) = 1 — a; /C' daa npoussoavrozo
i maxozo, wmo oy # 0.

Qynryus Kaaccugpurayuu sign(f(T)) pasdessem snemenmol, 6bi-
bopKu MaK gice, KAK COOMBEMCMEYIOWAA 2UNEPIAOCKOCTVL, TOAYUEH-
Has 6 pesyavmame pewerus 3adavu onmumudayuy (2.36) — (2.38)
8 mpocmpancmee npusHaros, onpedesernom adpom K(z,z), 2de ne-
PEMEHHDIE MAZKO20 OMCMYNA ONPEJEAAIOMCA ONA 2EOMEMPUIECKO20

KPas OUUOKU:
-1/2

1= (Y- gl

JEsv

Jlns Beraumciienus: b* ucnosibsyem paBeHcTBa oy = C§;, a Takke
ycioBus Kapyma-Kyna—Takkepa:

ai(yi((w-2;)+b)—14+&)=0

npui=1, ..., L

leomerpudeckuii kpaii ommbku p(w) = ﬁ,
PACCTOSIHUST MEXK/Ly THIIEPILIOCKOCTsAME (W - Z;) +b) = 1, B siepHOM

cJIydae OIpPeIe/IsieTCs CIeIyIONNM 00pa3oM:

PaBHBII TIOJIOBUHE

l
(w-w) = Z yiyjoziajK(@,fj) =

ij=1
= Z Y Z yiaiK(fi, i’j) =
JjEsv 1€ESV
=D (1§ —yib) =
JjEsv
=D o= ) o=
JESv JjEsv

r,_
> ola-a)

j€Esv

Bepxusisi onenka (2.35) BeposiTHOCTH OMMOKK KJjraccuduKamum
pu 0000IEHNY HEe 3aBUCUT OT PA3MEPHOCTU IIPOCTPAHCTBA, UTO O3~
BOJIsIET IPUMEHATD sijipa K (T, Z), OpokK IatoIiue MpoCcTPaHCTBA [IPH-
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3HAKOB BBICOKOI Pa3MepHOCTH. Y BeJIMYeHNe Pa3MEPHOCTH TPOCTPAH-
CTBa NPU3HAKOB MPUBOJIUT K Pa3JIEJIEHUI0 00ydatomieil BLIOOPKYU T'U-
MIEPILJIOCKOCTBIO ¢ MEHbBIIel HOPMO BEKTOPa &, IYTO YMEHBIIIAET BEpO-
SITHOCTH OIMIMOKU KJIACCU(PUKAIMY [TPU OOODIITEHUN.

[Tpumennm reopemy 2.5. Onenka BepositHocTn omubku (2.35) ume-
€T MeCTO JIJIsl IOPOTOBBIX JIMHEHHBIX (DYHKIHI C € IMHUIHBIM BECOBBIM
BeKTOpOM W. st Toro 4Tobbl ee mpuMeHuTH K 3ajade (2.36) — (2.38),
o/iesinM obe yactu Hepasencrsa (2.37) na ||w||, rne w — onTuMaIBHOE
perrerne 3a1a4an. Torga B (2.35) Hajl0 B34Th B KadecTBe &; BEJIMIUHY
&/llwl, ay = 1/||wl|. Homyunm HOBYIO BEpCHIO BEPOITHOCTH OMINOKH

(2.35)
2
3

Hepagsencrso (2.45) mokasbiBaer, 4To Jjisi MUHUMU3AIUNA BePXHei

erep(f) < (0] R? + [€]*) log? L + log (2.45)

OIIEHKN BEPOATHOCTHU OIIUOKHM O0OOOIIEHUsT HAM HIeHCTBUTEILHO HE0O-
XOZIMMO MUHUMU3UPOBaTh Besnauny (2.36).

Cayuaii guHeiiHoii HopMmbl. Ha mpakTuke dare paccMaTpu-
BaeTCs 3aJa9a ONTHMU3AINN, B KOTOPO BMECTO KBaIPATUIHON HOP-
MBI BEKTODA TIEPEMEHHBIX MATKOTO OTCTYIIA, & HCIIOIb3YeTCs IMHeHHAS
nopMma. B atoMm ciryuae hopMyupyeTcs CaeayIonas 3a1a4ua OnTHMU-
3aIlHH.

Haxo M BeKTOPBI W, & U 9HCI0 b Tak, 4TOOBI

l
(@-w)+CY & — min, (2.46)
=1
yi((w-2;) +b) 21§,
& >0 (2.47)
nupu i = 1, ..., l. Koacranta C omnpejenser OajlaHC MEXIY JIBYMs

yacTaMu DyHKIMOHAJIA.
CoOTBETCTBYIONINIT JIArPAHKHAH UMeeT BU/T

i I P :
W(wvb,f,a,m:2<w-w>+C;fi—

l l
=Y i@ 3) +b) — 1+ &) = > ri,

i=1 =1
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W]

Puc. 1.2. OHOprIe BEKTOPBI PACIIOJIOZKEHbI Ha I'PAHUYIHBIX T'HIIEPIIJIOCKOCTAX

WJIM YK€ HEeIIPABUJIbHO MU Kiaccudunupyrorcs (ciaydaii JuHeiiHOl HOPMbI)

rmeo; >0, r; >20mpuni=1, ..., L
CooTBeTCTBEHHAST IBOMCTBEHHAS 3a/1a9a [IOJIYIaeTCs [TyTeM IPH-
PaBHUBAHUS K HYJIIO IPOU3BOIHBIX:

- !
6L(1D7b7 57 d? F) — — 2y
=w - E yio;T; = 0,
i—1

0w
OL(w,b, &, a,T) o
9%, =C—a;—1r; =0,
_ = l
OL(w,b,§,a,7) o
% = ;ylaz =0.

[Toncrasiisiem pernrenust STUX ypaBHEHUI B MPAMYIO 3aJa9y U IIOJIy-
qaeM JIBOMCTBEHHOE IIpeJICTaB/IeHNE 33/1a91 B BAJE 3aJa9l MaKCUMU-
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3arun QyHKIMOHAIA!

l l
= 1
L(’II), baga da 77) = E QG — 5 E yzy]aza](irz . jj)

i=1 i,j=1

npu o; = 0,7 =1,...,], KoTOpbIii coBIataeT ¢ PYHKITUOHATIOM JIJIs
caydasi pazjieserus 6e3 omubok. OTcrona ciieflyer, 9T0 BECOBOM BeK-

TOp pase/sionell 'IIePIIOCKOCTH 0/IHO3HAMHO OIIpe Ie/IseTcs 1o pe-
l
IIEHUIO ITOM 32841 B BUJIE W = Y OY;iT;.
i=1
OTr4une OT 3a/1a49U ¢ KBaIPATUIHON HOPMOIi 3aKJ/II0YAETCA B TOM,

qaro ycyoBue C — q; — r; = 0 BMecTe ¢ ycyoBueM r; > 0 BBIHYZKIaeT
HepaBeHcTBO ; < C. B 1o x)e Bpemst & > ( BBIIOJHEHO TOJIBKO
upu r; = 0. Orcrona cienyer, aro «; = C st BCeX TaKuX . 1akum
obpaszom, yciaous Kapyma—Kyna—Takkepa umeror Bu/i

ai(yi((W-Z;) +b) —1+&)=0,i=1, ..., [,
il —C)=0,i=1, ..., L

CorytacHO 3THM YCJIOBUSIM TIepeMeHHAsi MsITKOr0 OTCTyIa &; OTJIMYHA
OT HyJIsI TOJIBKO 1ipu «; = C.

N3 ycnosuit Kapyma-Kyna—Takkepa u 'paHUYHBIX YCJIOBUIA OII-
TUMU3AIUOHHON 3371a491 CJIE/IYET, ITO

o ecm y;i((w-z;) +b) > 1, 10 s = 0 u § = 0 (xmaccuduxarys
LPABUJIbHAS );

o ccmm y;((w-7;) +b) <1, 10§ >0wua; =C (omubka Kraccu-
dukanms, BEKTOP sIBJISIETCST OOPHBIM );

o eco y;((0- 7)) +b) =1, 10§=0n0<a; <C.

MokKHO TMOKa3aTh, YTO B ONTUMHUBAIMOHHONW 3ajiade pa3lesieHusl C
OoImuOKaMI B JIMHEWHOW HOpMe IJjIsT 1000t HeTpUBHAILHON BBIOOD-
kn S = ((Z1,91),.--, (@1, y)) (re. Takoif, uro y; = 1 mw y; = —1
Juist Kakux-auoyap 1 < 4,5 < 1) obsg3arenbHO HaiijayTcs 9uciao b
U BEKTOD T;, JIEXKAIIUH HA OJHON M3 IPAHMYHBLIX IHIEPILIOCKOCTEIH:
yi((w - z;) + b) = 1, miusa xkoroporo «; > 0 (cMm. 3amady u3 pasje-
na 2.12).
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OrmopHble BEKTOPBI — 9TO Te BEKTOPHI Tj, Te o > 0 D10 Te BeKTO-
PBI, KOTOpBIE HEIPABIJILHO KIIACCH(MUIUPYIOTCA HJIH JIEKAT Ha I'pa-
HUYHBIX HIEPIUIOCKOCTSX. JIerko BUAETH, UTO PACCTOSHHE OT TAKO-
IO BEKTOpa [I0 COOTBETCTBYIOIIEH IPAHIIHON IUIIEPIIOCKOCTH PABHO
—ﬁ (em. puc. 1.2).

Takmm 06pa3oM, jIst IPOU3BOIBLHOTO SIPa HOJIydaeM CJIeyIOIee
YTBEpK/ICHHUE.

Teopema 2.7. Janw 06yuarowan evibopra S = ((Z1,y1), .-, (Z1,y1))
U NPOCMPArCmMeo npusnaros, onpedesenroe adpom K (Z;, ;). Hycmo
GEKMOP NAPAMEMPOE A AGAACMCA PEUECHUEM 300a4U ONMUMUSAQUUL:

l

!
1
W(a) = E a5 E yiyjoi0 K(Z4, ;) — max (2.48)
i=1 i,5=1

l
nPU YCAOBUAL Z yia; = 0,
i=1
C>z2a;20i=1, ..., L (2.49)

Toz0a coomeememeyouLas pasoessow,as noGePTHOCIG UMEET, 610
!
F@) = v K (Z:, ) + b,
=1

2de b naxodumesn ud yeaosua y; f(T;) = 1 das npouseoavhozo i ma-
K020, 4MO 6€KMOP T; HATOOUMCA HA 2PAHUNHOT 2UNEPNAOCKOCTIU U
a; > 0.

Coomeemcmeyrowasn gynrkyus kraccudurayuu sign(f(x)) pasde-
ASCT, DINEMEHMDL BLIOOPKU MaK dHCe, KK COOMEBEMCMEYIOULAA 2Unep-
NAOCKOCMb, NOAYHEHHAA 8 PE3YALMAME PEUEHUA 3a044U ONMUMUIA-
yuu (2.46) — (2.47) 6 npocmpancmee npusnaros, onpedeseHHom A0PoM
K(z, z), 2de nepemenmie MAKO20 OMCMYNAG 0NPeIeALHb: OAA 260MEM-
PUMECKO20 KPQA OWUOKU:

—1/2

v= 1 viyjoio; K (i, T;)
'7j
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Taxmum 06paszoM, 3a1a1a onrTuMusarmn (2.46) — (2.47) sKkBuBaIEHT-
Ha 3ajade onrumMusaiyn (2.36) — (2.38) ¢ OfHUM JIONOJHUTEILHBIM
ycsosueM, uto «; < C. Ilo 910t mpuanie 9Tu orpaHu<IeHNsT HA3bIBA-
1orest kBaapaTabivMu (box constraints), Tak Kak OHH TPeOYIOT, YTOObI
KayK70e (v HAXOIUJIOCh BHYTpH KBajapara co ctoponoit C, pacmoso-
JKEHHOTO B IMOJIOKUTETHHOM OKTAHTE.

[Tapamerp C' KOHTPOUPYET COOTHOIIEHNE MEKIY TOTHOCTBHIO Pe-
TYISAPU3AINNA U BEJTUIUHON KO3 PUIMeHToB ;. B dacTHOCTH, YeMm
MenbIe napamerp C', TeM MeHbIIe 3HAYEHUS (v;, T.€. MEHBIIIE BJIASIHUAE
MPUMEPOB, HAXOJSIITIXCS JTATIEKO OT PA3JIeIAIoNell THIePIIOCKOCTH.

3amaya i KJjaccudukanmum ¢ ommokamu B ¢dopme 3a-
Ja4un JuHeiiHoro mporpammMupoBauus. Moxuo chopMyInpoBaTh
HIPEBIIYIIYIO 3324y KaK 3aJ1ady JIMHEHHOrO MPOrPAMMUPOBAHUS, B
KOTOPO#l BMECTO KBaJAPATHIHON HOPMBI BEKTOPA W MUHUMHU3UPYETCST
cyMMa KO3(DPUIMEHTOB (v;, KOTOPbIE XapaKTEePU3yIOT CTENeHb yda-
CTHUSI TPUMEPOB B TIOCTPOCHUH PA3IESIONIEH TUIEPILTOCKOCTH.

OrneHKa BEpOSTHOCTH OMIUOKKM ODOOIIEHUS Yepe3 UUCJI0 OMOPHBIX
BEKTOPOB, IPUBEJICHHAsT B TeopeMe 2.2 , MOXKEeT CJIyKUTb 0DOCHOBa-
HUEM MTPUMEHUMOCTH 9TOTO METOJIA.

B sTom cayuae paccmaTpuBaeTcs 3a/1atua ONTHMU3AIINAN:

l l
Zai —I—CZ& — min
i=1 i=1

l
IpH YCIOBUAX Y; Z a;i(Zi-T;) +b | =2 1=,
j=1
(07} 2 07 fl > O)

rne ¢ = 1, ..., l. Koncranta C omnpenessier 6ajganc MEXKIy JIBYMs
JacTaME (PYHKIMOHAJIA.

[IpenmytiecTBO JAHHOMN TOCTAHOBKHU 3aKJIIOYAETCSI B TOM, UTO 3/1€CH
pelaercs 3a/1a9a JIMHEIHOTO IIPOrPAMMHUPOBAHUST BMECTO 3a,1a91 KBl
PATHYIHOTO MTPOTPAMMUPOBAHUSI.
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2.7. Cpeanee no Pagemaxepy u OIleHKa OIMNOKM
KJlacCuuKaIumn

B sToMm pazzmeste OyayT mOJIydeHBI OIIEHKH BEPOATHOCTH OIMUOKH 0600~
MeHust st PYHKITUN KJIaCCU(MUKAIINH, 38 JaHHOM TOPOroBoit (DyHKITH-
eit u3 nekoroporo RKHS. 2

IIycts F — rusib0epTOBO MPOCTPAHCTBO (DYHKITNM, ONpeaeTeHHBIX
Ha HEKOTOPOM MHOXKecTBe X. MBI Takske MpeInoIaraeM, ITo ITO mpo-
CTPAHCTBO SIBJISIETCsI IPOCTPAHCTBOM, MTOPOXKIEHHBIM BOCIIPOU3BOJISI-
mum siapom (RKHS), K (x,y) — coorercryioree siyipo. IIponssosb-
Hast pyHKus f € F NPECTABIsIETCS B BUJIE CKAJISIPHOTO [IPOU3BEIe-
wn f(x) = (f - (), te ¢(x) = K(a, ).

Baxkubrit st MeToia OMOPHBIX BeKTOPOB mpuMep Takoro RKHS
MOZKHO TIOCTPOUTE C HOMOIIBIO oTobpaxkenns: ¢ : R™ — RN, Ilycrs
F — npocrpanctio dyukuuii suga f(z) = (w-¢(z)), tne & € R"™, w €
RN u (w - w') — cranspnoe npoussesenne B RY. Hopma dbynximum f
ompeiesisiercss Kak || f|| = ||w@]|, a ckansproe npousseienue dyHKIMit
fug(@) = (0w - ¢(T)) onpenensiercs kax (f - g) = (w - @'). Oyuxuus
K(z,y) = (¢(x) - ¢(y)) siBASIETCST COOTBETCTBYIOIIUM SIIPOM.

[To xaxknoit dyukiuu f € F onpeleanM UHIUKATOPHYIO (DYHK-
U0 KJIACCH(PUKAITIN

W) = { 1, ecim f(z) >0,

—1 B npoTUBHOM cCirydae.

Iycre F1 = {f € F : ||f|| < 1}. B npusejennom Bblie IpuMepe

F1 — kiacc dyuxmuit f(x) = (0 - ¢(T)) ¢ OrpaHUIEeHHBIM BECOBBIM
BekTopoM ||| < 1.
Bagana obydatormas Beibopka S = ((x1,y1), ..., (z1,¥1)), Tae

r, € X1 Y; € {—1,1}.
Mycrs K = (K (74, ;))!

i j—1 — MaTpuna I'pama sHavennit a/1pa Ha
ssremenTax [ Beibopku S; tr(K) = Zi:l K(x;, ;) — ciex MaTpuIgst
K.

IIpuBesieM OIeHKY BBIOOPOYHOIO cpeHero Pairemaxepa Jjist Kiiac-
ca F] OTHOCHUTEILHO 00yUatorieil BHIOOPKH S.

2Marepuas JaHHOTO pa3/eia WCIOIb3YeT pe3yiabraThl u3 MoHorpadmm Ilo-
Teitiopa u Kpucrnanuun [48].
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Teopema 2.8. Buibopouroe cpednee Pademazepa kaacca Fi ommuocu-
meavro obyuarowets svoopru S = ((r1,y1), .., (x1,y1)) ydosaemeso-
DAEM HEPAGEHCTNEY

1
Ri(F1) <

Vi (K). (2.50)

Zoxazamenvcmeo. VImeeT MeCTO ClIeAyIOIIas MeO9Ka PABEHCTB U
HEPABEHCTB:

l

Ri(F1) = B, (}?éljlr)l ;Zlffz’f(ffi)> =

1=

1
=FE;| su e 0;Q(T;
<|If||<pl (f l; # )>>
!
Eo< Zm'(b(l‘z‘) > =
i=1

1 l l 1/2
— an (Z oip(x;) - Zai¢($i)>
=1 i1
1/2

l
E'(7 Z amjK(mi,xj) =

2,j=1

) I 1/2

31ech Ipu mepexojie oT 2-if CTpOKH K 3-i MBI UCIIOJIb30BAJIN HEPABEH-
crBo Komm—bByHsikoBcKoro, mnpu mepexoje oT 3-if CTpoKu K 4-if ObLIO
HCIIOJIB30BAHO OIpejesieHre HOPMbI BekTopa. lIpm mepexome or 4-i
CTPOKH K 5-ii GbLIIO HCIIOIBb30BAHO HEPABEHCTBO Vencena, IpH mepexo-

N

<

~|

N

1
<=
l

Jie OT H-ii cTpOKH K 6-if MBI UCIOJIB30BAIN HE3ABUCUMOCTD CJTy YailHbIX
BesanH 0y, a Takke E(0?) = 1 u E(o;0;) = E(0;)E(0j) = 0 npu
i # j. Teopema jiokazana. A\

Hanomuum, aro guciio v; = y; f(z;) HasbiBaeTcs rpanureil omm6-
ku npumepa (z;,vy;) € X x {—1,1} ornocurensuo dyukuuu f € F.
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3amernm, 910 ; > 0 o3HavaeT, 9TO KJacCHPUKAIUS C ITOMOIIHIO
dyHKIUK f sBJISIETCS IPABUIBHON.

Bazgana Beioopka S = ((z1,¥1), --., (z1,u1)). llycrs 3amano anciio
~ > 0. [lepemennast Msirkoro orcryta npumepa (;, y;) J1Jisi IOPOroBoii
GyHKIIM f U TPAHUIBI OMUOKY Y OTPEIESIETC KAk

& = max{0,y — v f(zi)}. (2.51)
Bekrop & = (€1, ..., &) Ha3BIBAETCA BEKTOPOM MEPEMEHHDIX MAT-
KOro orcryna Jyist Beioopku S = ((z1,y1), ..., (T1,u1))-

Oupenenum Benomoraresbuyto dbyukiuo f(z,y) = —yf(x). O6o-
3HaUMM Kjace (GyHKIHUHA OT JBYX NEPEMEHHBIX, OIPEJEJTEeHHBIX Ha
X x{-1,1}:

Fa= {f(xvy) : f(x,y) = _yf(x)vf Efl}‘
IIycTb

1, ecom x > 0,
x(x) =

0 B IpOTHUBHOM CJIy4ae.

[IpeamosaraeM, 910 971€MEHTHI BHIOOPKH S NeHEPUPYIOTCSI HE3aBUCHIMO
APYT OT JApyTa ¢ MOMOIIBIO BEPOATHOCTHOTO pacupeaeienus P. Jlerko
[POBEPUTD, UTO

P{(z,y) : y #sign(f(z))} < Ep(x(—yf(z))) = Ep(x(f(z,y)))-

— . . n o 2
Hyers K = (K (24, 25))f ;-1 — MaTpuia 3HaYEHUH #/ipa Ha SJleMeHTax
JIJIsT BBIOOPKHU S.
B cremyroreit Teopeme maeTcs BepXHsIA OIEHKa OITHOKHM 00001IIe-
HUsT KJIacCUpUKATOpa n3 Kjaacca Fi.

Teopema 2.9. Jlas npouseosvrozo § > 0 ¢ sepoammnocmvio 1 —9 das
M0600 pyrxyuy f € Fi 8uinosnero

_ 1 o 2 [T 2
P{y#&gn(f(x))}éM;&—I—h\/tr(K)—l—3 z—llng. (2.52)

Bamerum, UTo IpaBasi 9acThb HepaBeHCTBa (2.52) siBisiercsi Ciry-
vaitnoit Besimannoii. Matpuna K mocrpoena 1o ciryuaitaoit BeIbopke
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S. Ilepemennble MATKOro OTCTyIA & TaKXKe 3aBUCAT OT IJIEMEHTOB
BBIOOPKHU X; U TOITOMY TAKKE SIBJISTFOTCS CJIyYARHBIMU BEJIUIUHAMU.

Zoxasameavcmeo. Hamomunm, o v > 0 — mopor yHKIINKT KJIac-
cudukanuu. Onupenesum Beromoraresibuyo dbyHknuo g : R — [0, 1]:

1, ecim r > 0,
g(r)=4¢ 14+7r/y,ectu —~ <r <0,
0 unaye.

U3 onpegenenust sroit yukimuu ciemyer, aro g(r) = x(r). Orciona u
10 cJIeACTBHUIO 1.6 ¢ BEpOATHOCTHIO 1 — 0 BLIIOJIHEHO

Ep(x(f(z,y))) < Ep(9(f(x,y))) <

= - 1. 2
<Es(90f)+27€z(90f2)+3m. (2.53)

I[To onpenenennio mepeMeHHOi MArKoro orcryna (2.51) BBIIOIHEHO

0 B IpOTUBHOM CJTy4ae.

& _ { 1— L'J;(xi), ecm L{f(mi) <1,
vy

Orcroma rmojry1aeM HepaBeHCTBO
9(=yif(zi)) < &/v

mpu 1 <7 < 1.
Onennm BIOOpOUHOE cpesiHee Pajiemaxepa kiacca GyHKInn Fa:

!
Ri(F2) = E, (Sup 120if($iayi)> =

l
=F, <sup % Z oy f (x;)



Tak kak dyHKINS ¢ yI0BIETBOpseT yciaoBuio Jlumnmmuna ¢ L =
1/, o reopeme 1.12 umeem

Rilg o F2) < Ru(Fa)/v = Ri(F1) /-

ITo onpenenenuto st f € Fo Oyner

l 1 l

Orcrosa n u3 Hepasencts (2.53) u (2.50) Teopemsl 2.8 ciejyer, 9To ¢
BEPOSITHOCTBIO 1 — §

Ep(x(f(z Zfﬁ Vi +3\/T(s (2.54)

Teopema jokazana. /A
B wacrHocTH, econ byuknus f(x) pasaenser BBIGOPKY S 6€3 orm-
00K, TO UMeeT MeCTO OIeHKA:

Es(

N\}—t

CaenctBue 2.1. /Jlasa npoussorvrozo § > 0 ¢ sepoamuocmoro 1 —
oaa 10600 pynkuuu f € F1, pasdessmoweti eubopky S ¢ nopozom vy
6e3 owubox, GHINOAHEHO

P{y # sign(f \/ )+ 3\/ In § 5

PaccmoTpuM moJryueHHBIE OIEHKHU JjIsd Ciydas cemeiicTBa (PyHK-
muit suga f(Z) = (w0 - ¢(z)), e T € R™, w € RY. B ommume or
orenok (1.28) u (2.35), MOJIyYeHHBIX B T€OPUU MOPOrOBOIl pa3MepHO-
cru, oneHka (2.52) mMeer Jrydiine KOHCTAHTHI U He Tpebyer mpejsa-
PUTEILHOTO 3HAHUS PAJMYCa IMapa, B KOTOPOM HAXOJSTCS BEKTOPbI
00yJaroIeit BBIOOPKA — BMECTO 3TOTO B OIEHKE MPUCYTCTBYET CJIe
maTpuilsl I'pama.

C Apyroit CTOPOHBI, €CJU PAJIUYC IIapa, COMEPIKAIIEr0 BEKTOPBI
BBIOOPDKH WM3BECTEH, TO ONEHKa (2.52) 10 HMOpsiKy yCTymaeT aHaJo-
TUYHBIM OIEHKAM, TIOJTy YeHHBIM C TOMOIIBIO IIOPOTOBOI PA3MEPHOCTH.
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Iycrs ||Z;]] < R mns Beex 1 <4 < [. Torma qyrst Masibix 3uadeHnii mo-
PSIOK BEJIMIHHBI

2 2
tr(K) < —VIR2 =2 i
Iy Iy?

2
ly

R2
12
(1.28) u3 Teopembl 1.9 1 HOPSIIOK IIABHOIO |jieHa OIEHKH (2.35) Teo-
peMbl 2.5.

SHAYUTEJIbHO IIPEBBIINIACT IIOPAI0K O ( ) IJIaBHOI'O YJI€Ha OIEHKM

2.8. 3ajaua MHOIOMepPHOIi perpeccun

2.8.1. IIpocTasi 1uHeliHas perpeccusi

[Tycre 3aana obyuatomas seibopka S = ((Z1,y1), ..., (T1, 1)), vae
T, €E R, y, ERupui=1, ..., L

3a1a4a JTMHEHHON perpeccun 3aKJII049aeTcsd B HAXOXK ICHUH JIMHEl-
Hoit pyHKITIN

f(@) = (w-z) +b,

HAWJIYYIIUM 06pa30M MHTEPIOJUPYIOIIei 3jieMeHThl BbIOopKHu S. ['eo-
MEeTPUYIeCKN JaHHasd (PYHKIUS IIPeICTaBIsIeT cO00#l IUIepIIOCKOCTD,
KOTOpas MpUOIMKAET TOYKHU Y; Ha aprymMeHTax T; upm ¢ = 1, ..., L.
Hanee naspiBaem f(z) dyukimeii perpeccun.

Jannas 3ajiada ObL1a pertena [ayccom u Jlexkamapowm erne B XVIII
BEKE IIPU MTOMOIIN MUHUMHU3AINNA CyMMBI KBaJIPATOB PAa3HOCTEH 3HA-
gyennit dynkuuu f(Z;) u Touek y; npu i = 1, ..., [. Teopus 06061m1e-
HUS JJIsl TAHHOI'O METOIa XOPOIIO MPEJICTaBIeHA B MAaTEeMaTUIECKOMN
CTATUCTUKE JIJIs CJIyUast JIMHEWHON MO/ T'eHePAIuU JAHHBIX C TayC-
COBCKUM CJIYYIANHBIM IITyMOM.

B nmanbreiiem mpow3BOJIbHBIN BEKTOP T TakxKe OyieT paccMar-
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pUBATLCS KaK MATPHUIA TUMa 1 X 1, T.e. KaK BEKTOP-CTOJI0eI]

T
€2
:Z' pu—
x’n
DTOT K€ BEKTOD, 3alMCAHHBIA B BHJE CTPOKHU (Z1, ..., Tp), T.€. B

BHJI€ TPAHCIIOHUPOBAHHONI MAaTPUILI TUIA 1 X 1, 6yIeT 3alUChIBATHCS
kak T'. IIpoussenenue nByx Mmarpun, A u B obosnadaerca AB 6e3
TOYKHM MexKAy HuMH. MBI 4acTo OymeM OTOXKIECTBISTH CKAJIAPHOE
IIPOM3BE/IEHNE BEKTOPOB (T - Z) M MATpuUIly T'Z :

21
22

5:(.731,...,37”) :(x121+"'+xnzn)

Zn

tuna (1 X 1) ¢ eMHCTBEHHBIM 3JIEMEHTOM, PABHBIM 9TOMY CKAJISIPHOMY
[IPOU3BEJICHUIO.

CorytacHO MeTO/ly HAMMEHBIIUX KBaJPATOB, MUHUMU3UPYEM K6G0-
PAMUNHYIO PYHKUUIO NOMEPD:

l

L(w,b) =Y (y; — (@ - T;) — b)*. (2.55)

i=1
O6osHaunuM 4epe3 W PaCHIMPEHHbI BEKTOP-CTOJIOEI BECOBBIX KO03(]-
PUIMEHTOB U CBOOOIHOTO JIEHA

w2

&
I

Wn,
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AnajornuabiM 06pas3oM, 0003HAYMM Yepe3 I pacIIUpPEHHBIA BEKTOP-
cToJiber, repeMeHHbIX

T
Z2

2
Il

Tn

1

B HOBBIX pacIIMpPeHHBIX IEPEMEHHbBIX (DYHKIUS PErpeCcCH UMeeT OJl-
HOPOJHBIN BuJ 6e3 CBODOIHOIO UJIeHA:

£(&@) = (@ 7). (2.56)

Paccmorpum matpuity tumna [ X (n + 1), cTpokaMu KOTOpOit sBJIst-
IOTCsI PACIIMPEHHbIe BEKTOP-CTPOKH T = (T, 1) nepemMeHHbIX:

~/

I Tily +--, Tin, 1

~/

T T2y -y .Z‘Qn,l
X: =

~/

x; L1y, --- ,Iln,l

BBomuMm Takke [-MepHBI BEKTOP-CTOJI0EI 3HAYEHUN HHTEPIIO AT

n
Y2

Y

Pasnocru |f(Z;) — y;| (a rakxke y; — f(Z;) u f(Z;) — y;) HA3BIBAIOT-
cst ocmamkamu. Bexrop-cronber ocraTkos uMeer Buj § — (X - ), a
dbyuxmonas (2.55) MOXKHO 3a1IUCATb B MATPUIHOM BHJIE KAK KBaJIPaT
HOPMBI BEKTOP-CTOJIOIA OCTATKOB:

L(w) = | X —g|* = (5 - Xw)'(§ — Xw).
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Bmech n masee s Mpons3BoabHON MaTpunbl A mocpenctsom A’ 06o-
3HavaeM TPAHCIOHUPOBAHHYIO MATPHUIy A.

Temepsb 3ama1a perpeccnu MoOKeT OBITH 3allMCaHa B BHUIE 38189l
MUHAMUJ3AIUN KBaIPaTa HOPMbI BEKTOPa OCTATKOB:

L(w) = || Xw — 7|*> = min. (2.57)

TeoMeTpuYecKr 3TO MOXKET MHTEPIPETHPOBATLCA TaK ¥Ke, KaK MONUCK
IPOEKIMU HAMMEHbIIEH JJIMHBl BEKTOPA § Ha MOJIIPOCTPAHCTBO (IH-
IIEPILIOCKOCTD ), TIOPOYKIEHHOE BEKTOP-CTO/IBNAMI MATPUIE X .

Jls momcka MUHMMyMa I[PUPAaBHUBAEM YACTHBIE IPOU3BOJHBIE
sToro (yHknmonasa (o MepeMeHHbIM W1, ..., Wp,b) K Hymo. Ilo-
JIy9UM CHUCTeMY U3 n + 1 ypaBHeHui

AL ()
ow
[Ipeobpasyem a1y cucremy K BHILY

X' X = X'g.

= —2X'j+2X'Xw = 0.

Eciu marpuna X’ X obparuma, mojiydaeM perieHue 3TOil CUCTEMBI:

i = (X'%)7 X'y,

2.8.2. I'pebHeBas perpeccusd

Ipyroit MeTo, 0b6eceInBAIONINi YUCIEHHYIO YCTONINBOCTD, — 2ped-
nesas peepeccus (ridge regression), 611 pacemorpen Xospiom u Ken-
HaPJIOM.

Hamomuum, 910 A719 TOrO, ITOOBI N30ABUTLCSA OT CBOOOIHOTO e~
HA B YPABHEHUU PEI'PECCUU, MBI PACCMATPUBAEM 3aJ1a9y PEI'PECCUU C
BECOBOIl TIepeMEHHOI W — PaCIIMPEHHBIM BEKTOP-CTOJIOIIOM BECOBBIX
K03 PUImeHTOB 1 CBOOOIHOIO YJIeHA

w1
w2

&
I

Wn,
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a TakKe C PaCIIIPEHHBIM BEKTOP-CTOJIOIOM ITEePEMEHHDBIX

I
x2

2
Il

Tn

B HOBBIX mepeMeHHBIX (PYHKIUS PErpPecCUy MMeET OIHOPOIHDLIN BUJT
06e3 CBOOOIHOTO YJICHA

1@ = (@ @).

PaccmarpuBaerca GyHKINS TOTEPDh CJIEAYIONIErO BUIA!

= Al@||? + || X@ - g]*. (2.58)

[TapameTp A KOHTposmpyeT HaTaHC MEXKJTY KBAIPATUIHBIMUA TOTEPSI-
MU ¥ HOPMOIi BeCOBOI0o BekTOpa. HopMa BecoOBOro BEKTOpa OTparkaeT
CJIOXKHOCTB PErpecCHOHHOM THnoTe3bl. O6CyXKaeHne poin mapaMerpa
A CM. HIKE.

Perntenne 3amaym rpebHeBoii perpeccum B IIpsaAMoil ¢op-
Me. g HaxoXKIeHusl SKCTPEeMyMa IIPUPABHUBAEM K HYJIIO YaCTHBIE
npousBognbie L(w) mo w, i =1, ..., n+ 1:

l
i — Y ((yi — (@ - ))& = 0.
i=1
B marpuunoii ¢popme 3TO ypaBHEHHE UMEET BUI,
Mo — X'+ X' X = 0.
Permtenne 3anuceiBaercss B MATpUIHON dOpMeE:

W= (M + X' X)Xy,
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rae I — enuHUYHAST MaTPHIIA.
Marpuier X' X, I u M + X'X umeror pasmep (n+ 1) x (n+ 1).
Marpuna X’'X aBisgercs HOJI0XKNTETLHO OIPEIe/eHHOM, T.e.

F(X'X):>0
JIJIsE JII0OOTO BEKTOPA Z. DTO CJIE/lyeT U3 PABEHCTBA
F(X'X):=(X2)(X3)=|XZ)|?>0.

[Tpu nobasiaennn k marpune X' X marpunst Al npu A > 0 HoBasg
MaTPHUIA CTAHOBUTCS CTPOTO IMOJIOXKHUTEIHLHO OIIPEIE/IEHHOMN

FN+X'X)z=MZ)?+|Xz]>>0

npu Z # 0. 13BecTHO, 9TO J1106ast MOIOXKATEIBHO OIIPE/IeTCHHAT MAT-
puria obparuma. [ToaTomy perenue 3amadn rpebHEBOI perpeccuu Bee-
rJa cymecTsyer mpu A > 0.

IIpu A = 0 marpura X' X MozkeT okasarbest HeoGpaTuMoit. B aroM
cydae pelleHue 3a/[a9ll PErPECCUN HE sIBJISeTCs eMHCTBEHHBIM. [1o-
aToMy rpebHeBas perpeccus npu A > () 9UCIEHHO CYIIECTBEHHO IPO-
e, 9eM IpocTasg perpeccus. Kpome Toro, mapaMerp A UTPaeT POJib
mrrpada 3a 6oJIbITYI0 HOPMY BEKTOPA BECOB W.

Ecnu A mpubmmkaercs K myso, marpura Al 4 X'X moxer craHo-
BUTBCA Bee OimKe K HeobpaTuMoii. B aTom ciydae aaropurm obpaitie-
HUs 9TOI MaTPUILI CTAHOBUTCH Bce OoJiee HECTAOMILHBIM. BoJibiime
3HaYEHUs] A JI€JIAIOT IIPOIECC BBIYUCIEHNsT OOpATHON MaTpPHUILI Hojee
CTaOMIIHLHBIM.

C npyroit cTopoHbl, pu OOILIINX 3HAYEHUAX \ MaTpura Al Ha-
qpHaer npeobiasarh Hax Marpunedl X'X U 10TOMY OCTATKH pe-
PECCUU CTAHOBATCH OOJIBIINMU U HalJIeHHOE ypaBHEHUE Derpeccuu
TepsieT CBOU IIPEJICKa3aTeIbHbIe BO3MOKHOCTH. [losTOMy 3HaveHmME A
JIOJI?KHO UMETD TOT 7K€ HOPSLIOK, KAK U SJIeMEHTHl MaTpuibl X' X.

3ajsiaua rpebHEBOIT perpeccuu B JIBORCTBEHHON dopMme u ee 0600-
IeHre Ha HEeJIMHEHHbIN cIydail Oy/1yT paccMOTpeHbI B paziesie 2.9.2.
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2.9. Perpeccusi ¢ ollopHBIMI BEKTOPaAMMU

2.9.1. Pemnenue 3ajjaum perpeccuu ¢ romomibio SVM

MeTos; ONOPHBIX BEKTOPOB TaKXKe IPUMEHsieTCs K 3aJlade perpec-
cun. [Ipu sToM Tak ke, Kak U B 3ajade KJIacCUMUKAINU, HEJTUHE-
HBIM Pa3Ie/IAomuM PYHKIUIM COOTBETCTBYIOT JIMHEHHDBIE PA3IesIsIO-
mue (pyHKIUN B IPOCTPAHCTBE IPU3HAKOB, T.€. IPUMEHSIETCH TEXHUKA
Anep.

Jluneitnas e-HedyBCTBUTE/bHAsT (DYHKIUS [TOTEPb — 9TO (DYHKIIUASA

BHIA
L(Z,y, ) = ly = [(Z)]e = max{0, |y — f(Z)| — €}, (2.59)
e f— npousBosibHast Pynkius Tuma R"™ — R.
[Iycrs &€ = (&1, ..., &) — BEKTOP NEPEMEHHBIX MATKOIO OTCTYIIA,
rie & = Lﬁ(fi,yi,f), 1=1, ..., L

AHaJIoru4uHO, €-HEeUyBCTBHUTEIbHAS KBaApaTU4YHas (DYHKIUS I0-
TEPb OIpEAEsIeTCs TaK:

Ly(@,y, f) = (ly = F(@)]e)*. (2.60)

3ajava MUHEIMU3AMUU B CJIy4dae KBaJApaTUdHON HyHKIUU
noTeph.

B ciyuae xBagparudHoii QyHKINKM TOTEPh MUHUMHU3UPYETCA Be-
JITINHA

l
@]+ C Y " LY (Zi, i, f),
i=1
rae C' — nosoxkurenbHast KoHctanTa. Janee f(z) = (w - ) + b.

Mpb1 OysieM MUHEMUBUPOBATH (DYHKIIUIO TOTEPH IPHU (PUKCHUPOBAH-
oM € > (0. [lyist 9TOr0 B ONTUMU3AIMOHHYIO 3aJa9y BBOJATCS Iepe-
MeHHBIC & 1 &, ¢ IOMOIIBIO KOTOPBIX KOHTPOJHPYCTCS OTKJIOHCHHE
OCTATKOB perpeccuu B OOJIBINYIO WM MEHBIIYIO CTOPOHY OT 3aJIaHHON
TDAHUIIBI €.

[Tapamerp C BBOAMTCS [T yUeTa OajaHca MEXKIY CIOKHOCTHIO
PErpecCUOHHON TUITOTE3bI U CyMMO# BEJIMUUH KBAJIPATUIHBIX OCTAT-
KOB JIJISI 9TOU T'AIIOTE3HI.
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[Ipsimast 3a1a98 MUHIMUBAIUK B CIy9Yae KBaIPATUIHON (DyHKIIN
norepb (2.60) npu bukcupoBaHHBIX 3HaueHUsiX HapamerpoB C U €
dopMyIupyeTcs caeayIonuM 00pa3oM:

l
[@]* +C Y (& + &) — min

i=1

L (2.61)

Ha npakruke napamerp C moabdupaercs IyTeM IIPOIeLyPhl THIIA
repebopa Jjist JaHHOH 00yvaroIeil BLIOOPKH.
Jlarpam:xkuaH mpsiMOil 33149 3aIUINEM B BUJIE

l
N PR | .
L(w,0,6,€,a.4) = S |[o]* + 5C ) (& +&) +
=1

l
+ E ai((u_)-a_ci)—i-b—y,;—e—fi)-i-
i=1
!
+ E ai(yi — (0-z;) —b—€e—&),
i=1
rie a=(ay, ..., ) uad= (a4, ..., &p).
3aMerTnM, 9TO TaK Ke, KaK B 3ajiade KJacCuUKAIUu, YCJIOBUs
& 20, & = 0 MOXKHO OIlyCTHTD, TaK KaK BCsiKoe pemienue, rje § < 0
win & < 0, moxkHo 1peobpazoBath B pertenne & = 0 wiu & = 0.
sl oncka MUHUMYMa IPUPABHUBAEM K HYJIIO YaCTHBIE ITPOU3-
BOJIHBIE JIATPAHKUAHA 110 TEpEMEHHBIM W, b, &, &. I3 paBeHCcTBa HYJIIO
IIPOU3BO/IHOM 110 W MOJIydaeM BhIPaXKeHHe JIJIsi BECOBOI'O BEKTOPA

l
W = Z(dz — Odz).i'z (2.62)
=1

W3 paBencTBa HYJIIO MPOU3BOIHON 110 b mosrydaem



W3 paBencrBa HYJIIO0 MPOU3BOIHBIX 1O &; U é osydaeMm & = %ai u
él- = %di JIJIST BCEX 1.

Bamernm, 4To Jiisi JIEOOOTO JIOIYCTUMOTO perenus 3a1a4au (2.61)
BbinoHeHo &;&; = 0 a1s1 Beex 4. [109TOMY JuIst ABOfICTBEHHOMN 3a1a4u
oymer a;c; = 0.

CoorBercTByIOIIast ABOMCTBEHHA 331898 (DOPMYJIUPYETCS CJIETY-
FOIIIUM 0Opa30M:

l l
Zyz(dz — Oél') — EZ(dl + Oéi) —
i=1 =1

l
1 . A o 1
-5 > (G — i) (b — ay)((Ti - Z5) + dis) — max
Z?J:1

l
PU YCJIOBUSX Z(di —a;) =0,
1=1

a; 20,0, 20, 0=1, ..., [ (2.63)
rje 0;; = 1 Torja u TOJILKO TOrja, KOrja i = j.
Yenosua Kapyma-Kyna—Takkepa ciemyromue:
ai((w-2) +b—yi—e—&)=0,i=1, ..., 1,
Qi(yi — (- %) —b—e—&)=0,i=1, ..., L (2.64)

U3 ycnosuit Kapyma—Kyna—Takkepa (2.64) caejyer, 9To jjist Beex
BEKTOPOB BBIOODKH T;, MOIABIINX B CJIOH pa3Mepa € BOKDYT THIep-
IJIOCKOCTH perpeccuu, Boinojneno a; = &; = 0. Ilosatomy B cymme
(2.62) cooTBeTCTBYIOIIHE CIaraeMble OTCYTCTBYIOT (“OIMOPHBIX BEKTO-
pPOB” CTAHOBUTCsI MEHbIIE), U PEIleHne 3a/a9i HAXOXKJICHUS MaKCH-
MyMa B JBOMCTBEHHOU 33/a4e yIIPOIIAeTCd.

BameTuM, 9TO Jijist OIOPHBIX BEKTOPOB T BBIIOJIHEHO (10-T;) +b <
y; —enmn (W - T;) +b > y; + €.

Hacko/IbKO yMeHbIIaeTCst YUC/IO MapaMeTpPoOB v, (v, 3aBUCHT OT
B3aUMHOI'O PACIIOJIOKEHNST BEKTOPOB BBIGOPKHU. OOBIYHO TAKOE yMEHb-
[IIeHUe [TPOUCXOJUT TPHU YBEJUYEHUU € JIO OIPEEJIEHHOrO Ipejera,
[P STOM YBEJINIUBACTCS TOYHOCTh PErPECCUN HA TECTOBOM BBIOOPKE.
[Tpu jpanbHeiineM yBeJUIeHU € 3Ta TOYHOCTD HaIaeT.
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Anepnas Bepcusi 3amauyu perpeccun. [[ocKobKY BEKTOPBI
BBIOOPKH BXOJST B ONTUMHU3AIMOHHYIO 38/1a9y TOJIBKO 9epe3 CKAJISP-
HbIE [IPOU3BEJIEHUS, MOXKHO HCIIOJIb30BATH 0TOOpParXKeHNE B IIPOCTPAH-
CTBO NPU3HAKOB U NEPENTH K sIJIEPHON BepCHH.

Anepuast Bepcusi pesysabrara (pOpMyIUPyEeTCs CASTYIONUM 00pa-
30M.

Teopema 2.10. 3adana ewbopra S = ((T1,y1), --., (Ti,u1)), ede
Z; € X uy; € R. Ucnoavdyemes npocmpancmeo npusnakos, 3a0a6a-
emoe adpom K(Z,z).

ITycmo &, &, 2de & = (aq, ..., oq) u& = (41, ..., qp), 4644~
10MCA PEWEHUAMU KEAOPAMUYHOT ONMUMUIAUUOHHOT 340U

l

!
Zyz(dz — Oéi) — GZ(CAYZ + ai) —
=1

i=1

l
L . ) o 1
—3 Z (65 — i) (G — o) (K (4, T5) + 65”') — max
ig—1

l
NPU YCAOSUAT Z(&l —a;) =0,
i=1

a; =20, & =>0npui=1, ..., . (2.65)

l
ITyemv maxorce f(z) = > (& — ;) K(Z,T) + b, 2de b svibupaemcs
i=1
max, wmobw f(Z;) —y; = —e— (&; — ;) /C daa npoussosvrozo i, 0z
Komopoz2o a; > 0 uau &; > 0.
Tozda Ppyrruyua f(T) sxeusarenmma 2unepniOCKOCAU 6 NPOCMPAH-
cmee npusnakos, onpedessemom sopom K(Z;, T), komopas pewaem

3adawy onmumusayuy (2.61).

3amaya MUHUMU3AIMN B CJIy4dae JUHeHOU (PyHKIUU I10-
Tepb. AHATOTHYIHBIM OOpPA30M pPacCCMATPUBAETCS 3aJia9a PErpecChun
npu JimHelHo# GyHknun norepsb (2.59). MunuMusupyem BeJIMIuHy

I
@l +C Y L (@i, i, f),

=1
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e f(Z) = (w-Z)+b, C' — moa0KATENbHBII TTApAMeTP, KOHTPOJIHPYTO-
il GaIaHC MEXKLY CJIOKHOCTBIO PEIrPECCUOHHON THIIOTE3bI U CyMMOii
BEJIMINH JINHEHHBIX OCTATKOB JIJIST 3TOI I'UIIOTE3bI.

[Tpsimast 3aj1a4a MUHUMU3AIMA B cJlydae JUHEHHON dhyHKImu 110-
Tepb (2.59) npu dbukcupoBaHHbIX 3HaUeHUsIX napamerpos C' u € Gop-
MYJTUPYETCs CJIEYIONNM 00pa3oM:

!
lo]> + C ) (& + &) — min

i=1

npu yciosusix ((w - Z;) +b) —y; < e+ &,
yi — (@ 2:) +b) < e+,
§,6;20,i=1, ..., L (2.66)

Ha npakruke napamerp C' mombupaercs ImyTeM IpOIeayPhl THIIA
nepebopa s JTaHHOM 00yJaroneil BHIOOPKU.
Jlarpam:xuaH IpsMoOil 3a/1a91 UMeeT BUJ

l
N S 1, _ -
L(w,b,€ € & a7, 7) = o||@]* + C D (& + &) +
=1

l
+) (@ Z) +b—yi—e— &)+

i=1
I
+Z@i(yi* (W %) —b—e—&)—
i=1

l

!
D (2.67)
i=1

i=1

FﬂeaiZO,@iZOHTiZO,TA’iZO.

CoorBercrByoras npsiMoit 3ajade (2.66) aBoiicTBeHHAs 3aa9a
[OJIy4aeTCsl U aHAJIM3UPYETCsl TaK ¥Ke, Kak B pasjese 2.6.2 (cirydait
JIMHEHON HOPMBI).

st oncka MUHUMYMa TPUPABHUBAEM K HYJIIO YaCTHBIC ITPOU3-
BOJHbBIE JATPAHZKHAHA 10 EPEMEHHBIM W, b, £, & 1 moJIydaeM BbIpa-
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2KEeHHe IJIgd BeCOBOI'O BEKTOpPa

l
w = Z(@Z - CL’Z)EZ (2.68)
=1

N3 paBencTBa HyJIIO IPOU3BO/IHOM 110 b 1Oy daeM

Kpowme storo, moxygaem ycmoBust C —a; — 1, =0u C —a; — 7, =0
mput=1,...,1.

[TozcraBisiem sTu yeaoBust B marpankuat (2.67) u nosrydaem Gop-
MYJHAPOBKY JIBONMCTBEHHOH 3a1a4u:

l

l
Zy,(ézl — Oéi) — 62(@1 + Oél') -
] =1

l
_% Z (& — a;)(&; — o) (Zi - Tj) — max

l
[pHU YCJIOBUSX Z(di —a;) =0,
=1
0<ana<C i=1, ..., L (2.69)

Venosusa Kapyma—Kyna—Takkepa umeior But:

ai((w-2;) +b—yi —e—§&) =0,
iy — (0 2) =b—e—&) =0,
(Oéi - C)‘SZ =0, (dl - C)él =0,
&&E=0, aia; =0, i=1, ..., L (2.70)
OrmopHbIe BEKTOPBL — 3TO T, st KOTOPBIX vy > 0 mwm &; > 0. Ecin y;
HAXOJUTCS BHE CJIOST PA3MEPAa € BOKPYT ONTHMAJIBHOM THIIEPITIOCKOCTH
(runepriosepxuoctn), To ; = C win &; = C.

Hepagenctpa 0 < o; < C mim 0 < &; < C' MOTYT OBITH BBITIOJTHE-
HBI TOJILKO JIJIsT BEKTOPOB T; PACIOJOXKEHHBIX Ha TPAHUIIE CJIOST.
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BekTOpEI Z;, y KOTOPBIX 3HAYCHAA Y; PACIIOJIOKEHBI BHYTPH CJIOH,
3aBeJIOMO He dBjidorcs onopbiMu. g aux o = 0 1 &; = 0, Tak
KaK B 9TOM CJIydae BBIIIOJHEHBI HepaBeHCTBA (W - T;) + b —y; < € m
yi — (w0 - Z;) + b) < € u upu srom & = & = 0.

BecoBoit BekTop — snHelinas KOMOMHAINS OIMTOPHBIX BEKTOPOB

l
w = Z(@Z - CL’l)fZ
=1

DOyHKIASA JTUHEWHON pPErpeccu UMeeT BUT:

i=1

,HJIH IIPOCTPAaHCTBa C AJIPOM ,H,BOIU/ICTBGHHZ%H 3aada UMeeT BUI:

l l
Zyi(@z‘ — o) — 62(6@ + ;) —
i=1 =1
1 l
) Z (a; — Oé,')(OAéj — Odj)K(.fi,.i‘j) — max
ij=1
l
pU YCJIOBUSIX Z(di —a;) =0,
=1

Oéai,&i <C’, izl, ey l.
QyHKIIUA PErpecCcuu JJisd siIEPHON BEPCUM UMEET BUJ:
F(@) = (6u — i) K (2, ) +D.
2.9.2. I'pebHeBas perpeccusi B JBOMCTBEHHOI popme
['pebueBast perpeccust MoxKeT ObITH MPEJICTABICHA KAK YACTHBIN CJIy-

Jail perpeccum ¢ OIOPHBLIMU BEKTOPAMHU NPU €-HEIYyBCTBUTEILHOIT
KBaJpaTudHoii pyHKnuu norepsb (2.60), rae € = 0.
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[TponmocTpupyeM pelrenre 9Toi 3a0a4dnd KaK JacTHBIA Cirydait
perpeccun ¢ OMOPHBIMHU BEKTOpaMu B ciaydae € = (), He3aBUCUMO OT
pe3yaIbTaToOB pazjena 2.8.2.

BBomuMm mepemeHHBIE MSTI'KOIO OTCTYIIA, KaK 9TO OBLIO CIEIAHO
pazmese 2.8.1; npu 3TOM MBI Oy/IeM UCIIOJIb30BaTh Te 2Ke 0003HATEHUS
pPACIIAPEHHBIX ITEPEMEHHBIX.

Tornma dbyuKIUs perpeccuu ¢ PacIIUPEHHON ITepeMeHHol & Oyer
UMETH OJTHOPOJIHBIN BUJT

f(@) = (@ - 7).
PaccmarpuBaerca nipsimast 3a1ada MUHUMA3AIAN
l
MJw||? + 2512 — min
i=1
npu yeaosuu y; — (W - &) =&, 1 =1, ..., L.
B srom cirydae Jsrarpan:kuaH UMeeT BHJL
l l
Lb,§,a) = Ma|* + > &+ ailyi— (w-&) - &).  (2.71)
i=1 i=1
[TpupaBHUBaeM K HYJIIO YaCTHBIE TPOU3BOJIHBIE JarpaH:kuana (2.71)

HO’U}jI/I&jZ

l

OL(w,§, @) . .
50 =2 \w — Z a;x; =0,
=1
2& — O = 0
upu ¢ = 1, ..., . Orcroma BeIpaykaeM BeCOBOI BEKTOD (DYHKIUU pe-

rpecCud U IMEepPEeMEHHbIEe MATKOT'O OTCTyHa 4Yepe3 IepeMeHHbIe JIBO-
CTBEHHOU 3aJa4u:

- 1 -
W= oy o; T,
i=1
o
&= EZ



[TpenBapuTeIbHO BBIYUCTIM

L 1 L
AMw-w) = Y Z ;05 (Z; - &),

l l
. 1 U

[MoxcraBum s1u BhIpazkeHust B (2.71), mosyunm 3aady B JIBONHCTBEH-
Hoit dpopme

! !
_ 1 L
W(a) = Zyiai o Z ;05 (Z; - &) —
i=1

ij=1
1 l
~ Z o? — max. (2.72)
i=1

DTy 3a/1a9y MOYKHO IePernucaTb B BEKTOPHOI (opme

1 1
_ _ S~ .
W(a)=ya— —~aKa— —-a'a — max,
4\ 4
e K — marpuna 'pama, sjeMeHTaMu KOTOPOH SBJISIOTCS [TOIIAPHDBIE
CKaJIAPHbIE IIPOU3BeJIeHNsT BeKTOpoB K j = (T; - &j).
[TpupaBHuBasi K HYJIIO YacTHBIE IPOou3BoIHbIe W (&) B BBIpazKeHUN
(2.72) 10 (v, TOJIyYNM CHCTEMY YDABHEHHUIA, 3AIMCAHHYIO B BEKTOPHOM
BHJIE

PeIJ_IeHI/Ie 9TOI'O YpaBHEHUA B BEKTOPHOM BHJIC 3allUCBIBACTCA TaK:
a=2\K + )y (2.73)

[Toryuaem ypaBHEHUE pEerpeccuu B IBOWCTBEHHOI dopme.
IIpencraBuM cKaJIgpHOE TPOU3BEJIEHUE PACIIHPEHHOIO BECOBOI'O
BEKTOPA U BEKTOPa PACHIMPEHHBIX II€PEMEHHBIX



Tle @ = (al, ce Oél), k= (kl, ce kl) upu k; = (.TNZZ.%)

Marpuna K sasigercs cuMmMmerpudeckoii, nostomy K' = K. Tlo
CBOICTBY TpaHCIOHNpOBaHus npousseaenns marput (AB) = B'A' u
(2.73) nmeem

& =227 (K +XI)7.
Orciona MYHKIUST pErpeccuu MMeeT BU/I
f(@) =@ %) =7 K+ M) k. (2.74)

OTMeTuM OJIUH HEJOCTATOK JAHHON TOCTaHOBKHU. 110CKOIBKY duc-
JIO TIAPAMETPOB (v; PABHO YHCJIY | 3JIEMEHTOB BBIOODKH, pa3mep obpa-
maemoit maTpuribl K + A\l paBer [ X [, 1 MbI HEe MOKEM HCIOJIH30BATH
JJIsI OOYYeHHsI CJIMIITKOM OOJIBIIYIO BHIOOPKY.

B ciiygae 60/bIux BHIOOPOK MOXKHO Pas3fe/isiTh JAHHBIC Ha IPYII-
bl U CTPOUTH THIEPILIOCKOCTH PErPECCHH IS KarKI0M TPYIIIbI OT-
JAeJIbHO. HpI/I 9TOM BO3HUKaAIOT IIpO6ﬂel\/lbI CTBIKOBKH Ha TI'DaHHIlaX
TPYIIIL.

Henuneitnas rpebHeBast perpeccus ¢ moMoIibIo sjiep. /1soii-
cTBeHHast (POPMa PErPecCuu CIy?KUT OCHOBOM 711 00001eHnst TuHeii-
HOIl perpeccuu JI0 HeJIMHEIHHO# ee (DOPMBI B IIPOCTPAHCTBE IPU3HAKOB.
st sroro BeOsuTCst sipo K (T, 7).

PaccmoTpuM cxeMmy MoOCTpoeHHsI HEJIMHEHHO perpeccuu B IIPO-
CTpaHCTBe MPHU3HAKOB Oojiee momapobHO. Pacemorpum orobparkeHne
¥ — ¢(Z) B mpocTpaHCTBO NpU3HAKOB Gosbmieil pasmepnoctn RY.
Torna ckanaproe npoussesenne 8 RY nopoxmaer sapo K(%;,%;) =
(6(1) - ().

Marpuma ['pama K umeer Bun

K(Z1,21), ..., K(Z1,3)

K(Z2,21), ..., K(Z2,%;)
K=

K(zy,21), ..., K(Z1,%;)
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BekTop Z 6ymer nmerh BuI

K(jbj)

[Tpoo6paszom rumepiiockoctr (2.74), MOCTPOEHHON B MPOCTPAHCTBE
npusnaxos RY, o obpazam BekTopos ¢(Z1), ..., ¢(Z;) upu orobpa-
JKEHUU ¢) SBJISIETCST HEJIMHEHAsT TIOBEPXHOCTh

/(@)

=Yy
rie z = (z1, ..., 21),2i=K(&,Z;)upui=1, ..., L

st nocrpoenust HemHeitHol nosepxuocTu (2.75) coscem e 0bsi-
3aTeIbHO 3HATH KOHKPETHBIA BU 0TOOPasKeHUs B IPOCTPAHCTBO IIPH-
3HAKOB, JIOCTATOYHO 3HATH s71po K (T, Z).

Hpyroit, 6osiee npsimoii, MeTos nosyuenus: dhopmyssl (2.75) mpu-
BeJieH B paszjeire 5.10.3.

OcHOBHOIT 1TPOGJIEMOIl TIPY PENIeHNN TAKUX 3a/a9 SIBJISETCS MOI-
6op spa, HAMIYIITHM OOpa30M TOIXOJAIIErO I Pa3JIe/IeHnsT UC-
XOJIHBIX JIAaHHBIX. JIpyras npob/iema 3aK/I09aeTcst B yJIaqHOM 10160~
pe HopMmasm3yromero mapamerpa . ljasg ee pemrenmst paspaboTaHbl
CIIeNUAIbHBIE AJITOPUTMBI.

'+ K) 7z, (2.75)

BeposiTHOCTHBII aHAJIOT U3JI0YKEHHOI'O BBIIIIE CIIOCODa TOCTPOEHUS
perpeccu ¢ IpOU3BOJILHBIM siJIPOM Ha3bIBaeTCst kpuzunzom (Kriging).
[Tpu BepOATHOCTHO# TOCTAHOBKE BEKTOPHI X1, ..., L] ABJIAIOTCSI CJIy-
YAHBIMU BEJIMYMHAME, [IPUA 3TOM 33/IaH BUJI KOBAPUAIMOHHON (DYHK-
mun R(Z;,%;) = E(Z; - ;). O6bIYHO IpeAIoaraeTcs, ITo BUJ Be-
POSITHOCTHOT'O paclpesie/leHusl, TeHepUPYIOIEro BEKTOPHL X1, ..., Iy,
M3BECTEH C TOYHOCTBIO JI0 HEOOJIBIIIOTO YHCJIa [TapaMeTPOB.

2.10. Hemnueiinass onnTuMu3aius

OcnoBHBIC npenMyniecTBa METO/La OIIOPHBIX BEKTOPOB CBA3aHBI C UC-
II0JIb30BaHHNEM ,H,BOfICTBeHHOfI 3aJa9 OIITUMHU3allH. ,HBOIL/'ICTBGHHELH
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3a/1a9a ONTUMU3AINH HE TOJBKO YIIPOIIAET MPAHINIHBIE YCIOBUS B 3a-
Jade ONTUMU3AIANA, HO M JaeT IPEJCTaBIeHue BECOBBIX KO3 DUIIM-
€HTOB pPa3JIeJIsIioNeli IUIepIIOCKOCTH ([IOBEPXHOCTH) Yepe3 OOPHbIe
BEKTOPBL. JTO IPEACTABIEHNIE He 3aBUCAT OT PA3MEPHOCTH IIPOCTPAH-
crea. OHO mpejcTaBisier coboi MeToJ, cxKaThsd MHPOPMAIIUK, COIEP-
JKarreiics B obydaromeil BEIOOPKe.

B sToMm pasaese paccMaTpUBAIOTCsT TOCTAHOBKY MPAMON W JIBOII-
CTBEHHOM 3aJaY ONTUMU3ALNN, IPUBEIEHbI OCHOBHBIE UX CBOMCTBA.

Ilpsimas 3a/1aya onTUMU3ANUHA. 33/ [aHbI BEIIECTBEHHBIE (DYHK-
i f(w), gi(w), hiy(w),i =1, ..., m, onpenenenusie Ha R", w € R™.
Heobxomumo maiiTn

inf f(w) npu ycmoBusix

w
gi(@)<0,i=1, ..., m, (2.76
hi(®) =0,i=1, ..., m. (2.77

\1\1
\_/\_/

[TocseiHue JBa yCI0BHsT MOYKHO 3aIMCaTh B BeKTOpHOM Bujie §(w) < 0
u h(w) = 0. Iycrs

Q={weR":g(w)<0,h(w) =0}

— obaacmd donycmumocmu, peweHul.

Pewenue 3adayvu onmumudayuy — 3TO TaKOW BEKTOp W™, 4TO
w* € Q u ve cymecrByer w € R™ takoro, uro f(w) < f(w*). Unpimu
CJIOBaMHU, Ha BEKTOPE W* JTOCTUTAETCS 2400aAbHvt MUHUMYM (DbYyHK-
muu f. Eciin maHHOE CBOWCTBO BEPHO B HEKOTOPOW OKPECTHOCTH W™,
TO TIOJIyYaeM OTpeIeIeHre A0KaAbH020 MUHIMYMa,. OyHKINA f Ha3bI-
BaeTcs yeaesoli PyHKITHENR.

Ecrm f(w) — kBajgpaTnanas GyHKINA OT KOOPAWHAT W, a § 1 h
— JinHeiHble PYHKIMA, TO Takas 3aJada ONTUMU3AIMA HA3bIBAETCS
zaadeil KeadpamuuH020 NPoepaMMUPOSAHU.

Oyukiust f Ha3bIBaeTCs BBIMYKJION, eC/id Jijist BceX w,u € R™ u
0 < A < 1 BBIOJIHEHO

fo + (1 =Nu) <Af(w) + (1= A)f(a).

Teopus Jlazpanostca — 3T0 cjiydail, KOTJIa UMEIOTCS TOJIBKO YCJIOBHUSI
h(w) = 0. Jlarpamxkuas umeer BUJ

L(w, B) = f(@) + Bh(®).
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Heobxomnmoe yciioBue MEHIMYMA

oL(w.f) _ 4
ow ’
OL(®.fB) _;
B

DTO yCJI0BUE SIBJISIETCSI JIOCTATOYHBIM, €C/In (PYHKIUs L BBILY KA.
[Tpu obreii ocranoBke 3aja4u (2.77) jarpaHKuaH UMeeT BUJ

m m
L(w,a,B) = f(0) + Y _ cigi(w) + > _ Bihi(w) =
i=1 i=1
= f(@) + ag(w) + Bh(w).
BoiicTBeHHas 3ajia4ya onTuMu3anuu. /[BoiicTBeHHas 3a/a9a

ONTUMUBAIUU YaCTO IPOIIe, YeM MpsMasi, TaK Kak y Hee OoJiee mMpo-
CThle TPaHUYHBIE ycyioBus. [IycTh

O(a,B) = inwa(&,ﬁ, w).

,HBOfICTBeHHaH 3a/la9a OIITUMHU3AIINN 3aKJ/II0O9aeTCA B TOM, 4TOOBI Hali-
TN

max O(a, ) upu ycaoBusxX
(@.B)

a; =20,i=1, ..., m. (2.78)
Hwxe npusoguTes cinabast Teopema JIBOHCTBEHHOCTH.

Teopema 2.11. ITycmv eexmop w ydosaemesopaem ycaosusm (2.76)
u (2.77) npamot 3adavu onmumudayuy (68 4aCMHOCMU, OH MOHCEM
6vimo pewenuem npamoti 3adavu), a (&, ) — pewenue deoticmsentol

sadawu (2.78). Tozda f(w) > O(a, ).

Zloxazameavcmeo. Umeem

w
Bnech ag(w) < 0, Tak kak a = 0 u g(w) < 0, h(w) =0. A
HernocpeIcTBeHHO U3 T€OpEeMBI MOJTydaeM
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CanencrBue 2.2. 3nauenue pewerus deoticmaennoti 3adavy ne npe-
60CTOUM 3HAYMEHUS PEULEHUS NPAMOT 36004

sup{O(a, B) : @ > 0} < inf{f(w) : g(w) < 0, h(w) = 0}.

Eiie omHo citesicTBre U3 9TO# TEOPEMBI JIAET JOCTATOYHOE YCIOBUE
JIJIsI TOTO, YTOOBI 3HAYEHUsT PEIICHNI MIPSIMON U JIBOMCTBEHHON 3818
COBIIa/IAJIN.

Cnencreue 2.3. Ecau f(w*) = O(a*, *), 2de a* > 0, g(w*) < 0,
h(w*) = 0, mo w* u (&*, B*) — pewenus npamoti u deoticmeennot
3a0ay cOOMEEMCMBEEHHO.

B smom cayuae maxorce a*g(w*) = 0.

Jlokazamenvcmeso. B ycioBusix ciejcrBusi B HepasencTse (2.79)
JIBa KpaflHUX UIeHa pPaBHBI, IIO9TOMY OHO SIBJISIETCSI PABEHCTBOM. B
gacrnocty, f(w*) = inf L(a, &*, %) n a*g(w*) = 0. A

JocraroganiM yCﬂgBHeM CYIIECTBOBAHUS PELICHUS IIPAMOM 1 JBOTi-
CTBEHHOI 3aJa4l sIBJISIETCS CYIIECTBOBAHUE Ced.A0601 TOUKHU JIarPaH-
sxuana. s ceyioBoit Touxn (0¥, &, %) M0/IAKHBI BBIIOIHATHCA HePa-
BEHCTBa

L(w*, &, B) < L(w*,a*, %) < L(w, a*, B*)

IJIsT BCeX w, @, 3.
Jpyroe jocTaTodHOe yCJI0BUE PABEHCTBA 3HAYEHUN peIeHuil mpsi-
MOJ M JBOUCTBEHHON 33aJa44 JIAHO B CJICJYIOIIE TeopeMe.

Teopema 2.12. Ilycmo obaacms donycmumocmu 3adawuy £ — 6vi-
nyk.aoe nodmmoscecmeo R, dynwyuu h, g — addunnvie (m.e. h;(w0),
gi(w) umerom eud A;w + b;, 20e A; — nexomopas mampuya). Tozda
3HaveHUA pewenuti npamot u deoticmeennol 3aday cosnadaiom.

Teneps cchopmyaupyeM OCHOBHYIO TE€OPEMY BBIIIYKJIOH OITUMU3aA~
muu — Teopemy Kywna—Taxkepa.

Teopema 2.13. IIycmwv obaacmsd donycmumocmu 3adavy ) — 6ol
nyx.aoe nodmmooicecmeo R, dynrkuus f — ewnykias, dywkyuu h,
g — afpunnvie (m.e. hi(w), gi(w) umerom eud Az + b;, 2de A; —
HEKOMOPAs MAMPUYQW).
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Toz0a sexmop w* asssemcesa pewenuem npamot 3adavu

inf f(w), w € Q, npu ycrosuax
g(w) <0,

h(w) =0

moada u moavko moeda, xKozda cywecmeyem napa (&*, ) makas,
Ymo

OL(w*, a*, B*) 5

ow ’

OL(w*,a*, %) ~
B il (2.80)
a; gi(w*) =0, (2.81)

gi(w*) <0,

a; 20,i=1, ..., m.

VeII0BIST OCTUZKEHHST MAKCHMYMa, 110 [3 JIMHEeHHO# 110 & 1 3 hyHK-
mmn L(w*, &, B) samatores yemosuamu (2.80); OHM SKBUBAJEHTHBI CO-
BOKyIHOCTH ycioBuit: hy(w*) =0,i=1, ..., k.

Vesosus makcumyma dynknun L(w*, &, ) o of comepxarcs B
ycaoBusix (2.81), Tak kak mpu « > 0, Ka)k/0e Takoe yCJIOBHE IIpe-
Bpaiaercs B yciaosue ¢;(w*) = 0 (4T0 5KBUBAJIEHTHO PABEHCTBY HYJIIO
npoussouoit L(w*, &, B) mo a;), a npu g;(0*) < 0 B TOUKe MaKCHMY-
Ma byakimn L(w*, &, 3) T0mKHO GBITH af =0.

YeqoBust (2.81) naseiBatorcs yeaosuamu Kapywa—Kyna—Taxkepa.
OnHM 03HAYAIOT, YTO €CJIU PEIIeHNe 3a/[a9l ONTUMU3AIIH JTOCTUTAETCS
Ha T'PaHHIIE 4-T0 ycIoBud, To o > 0, B mporuBHOM cirydae o = 0.

Ksazaparundroe nnporpamMmMupoBanme. PaccMoTpum 3a1a4y KBaI-
PATHYIHOTO MTPOTPAMMUPOBAHUST

1 _
5u‘/Qw — kw — min
npu yejosun Xw < ¢, (2.82)

re Q — (n X n)-110JI0XKUTEIHHO OIIPe/IeJIeHHAs] MATPHIIA, k — N-BEKTOP,
€ — M-BEKTOD, W — M-BEKTOP HEM3BeCTHLIX, X — (M X m)-marpuia.
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JloryckaeM, 9TO yCJIOBUSI OIPEJIEIISIIOT HEIIYCTOE MHOXKECTBO BEK-
TopoB. Torma 3a7a1a MOXKET OBITH IePenrucatHa B BUJE: HAUTH MAKCHU-
MyM

max (n%n (;w’Qw —kw + &/ (Xw — E))) (2.83)
npu yciaosuu & = 0.
Murnmym o @ B (2.83) gocruraercs npu
w=Q Yk - X'a).

[Moxcrasnsiem 310 BbIpazkenue B (2.82), MOIyYIMM JBONCTBEHHYIO 3a-
Aady

1 o1,
—ia/Pa —a/d — §k/Qk — max

npu yejosuu & = 0, (2.84)

me P=XQ X' d=¢— XQ k.
,HBOfICTBeHHaH 3aJavda TaKzKe ABJIAeTCA KBa,ZLpaTH‘IHofI, HO ec€ I'pa-
HUYHBIC yCJIOBUA MPOIIE, YeM y IIPAMON 3aJa4u.

2.11. KoudopMHBIE TIpecCKa3aHUS

Bagana seibopka S = ((Z1,y1), --., (ZT,y1)), tme & € R™ u y; €
{-1,+1} upu 1 <i <L

[Ipu perennn 3a1a4n KiraccuUKAIUU € TTOMOIIHIO PA3JIeJIAoNeit
TUIEPIIOBEPXHOCTH PA3JIMIHBIE TTPUMEDPHI U3 BEIOOPKY KJIACCUDUITUPY-
I0TCs ¢ Pa3HOU cTeleHbio KadecTBa. Mepa kKadecTBa Kiraccudukaum
upumepa (T, y;) — Mepa HeKOH(DOPMHOCTH — Obljia BBejIeHa BOBKOM
u Tammvepmanom [59]. Mepa HeKOHMDOPMHOCTH IPUMEHSIETCS JJIsT [0~
BhIIIEeHUsT 3(DPEKTUBHOCTH U3BECTHBIX AJITOPUTMOB HA OCHOBE HOBBIX
CTIOCOOOB OIEHKM YPOBHS JTOBEPHUS K PE3yJIbTaTaM UX PabOTHI. DTH
c1ocoOBI OIEHKU HOCAT OOIIHUil XapaKTep U HPUBOISAT K COCTOSTE b=
HBIM aJITOPATMAaM IIPU OYeHb OOIIUX BEPOSTHOCTHBIX IPEJIITOJIOKEHM-
X 0 MEXaHU3MaxX NeHEPAIluU JAHHDBIX.

154



Mpsr1 ontpeiesiiM Mepy HEKOH(MOPMHOCTH J/IsI KJIACCH(MUKAIIIH C T0-
morisio SVM. HarmoMHUM OCHOBHBIE TIOJIOXKEHUST METO/Ia TIOCTPOECHUST
MallliH Ha OHOPHBIX BekTopax (SVM). B merone SVM ncxonmbie Bek-
TOPBI T; OTOOPAIKAIOTCS B BEKTOPHI ((Z;) B IPOCTPAHCTBE MPH3HAKOB,
onpeseneanom sipom K (Z, '). Tlocse 3Toro, cTpouTes: pasensionast
IHIIEPIIOCKOCTD B TpocTpancTse npusnakoB. Coryacuo (2.40) BekTOp
BECOB pa3/IeJISoNleil r'MIepIJIOCKOCTH BbIpaXKaeTCsl B BUJIE JIMHEWHOMN
KOMOWHAIIMN 00Pa30B OIOPHBIX BEKTOPOB:

l

Z a1¢

rie koaddurmenTsl Jlarpanka < BHIYACIAIOTCS B PE3yJILTATE pelle-
HUS IBOMCTBEHHOU 3aa9W OINITUMU3AIINU.

ITo Teopeme 2.6 B NCXOTHOM HIPOCTPAHCTBE COOTBETCTBYIOIIAs pa3-
JIeJISTIONIAsl TIOBEPXHOCTh UMEET BUJL:

Zyzaz xu ) +b.

Permraem ontumuszaruonnyio 3aga4y nocrpoerus SVM o Boibopke S,
IIPHU 3TOM OYJIyT BBIUUCIEHBI KOdddurnmenTs! Jlarpamxka a;. BozbMem
B KaueCcTBe Mepbi Hekongopmmocmu npumepa (T;, y;) 3Hadenne Koad-
dunmenta Jlarpamxka «;.

910 omnpeeieHne 060CHOBBIBAETCS CIeAY oMM obpasomM. U3 yeito-
uit Kapyma—Kyna—Takkepa ciienyer, aro a; = 0, ecju BeKTOpBI
é(@) IPABUJILHO KJIACCUMUIUPYIOTCS U JIEXKAT C BHEITHEH CTOPOHDI
OTHOCHUTEILHO TPAHUYIHBIX THIEPILIOCKOCTEH. OIOPHBIMU SIBJISIOTCS
T€ BEKTOPBI T;, JJIsi KOTOPBIX oy > 0. DTO Te BEKTOPHI, 00Pa3bl KO-
TOPBIX JIEXKAT HA TPAHUYIHBIX T'HIEPIIOCKOCTSIX WJIN K€ HElPaBUJIb-
HO UMM Kjaccudunupyorcsd. Takum obpaszom?, npumepsl ¢ a; = 0
UMEIOT BBICIIYIO CTENEHb COTVIACOBAHHOCTH C BBIDOPKOI, 110 KOTOPOU
HOCTPOEHA PA3JIEIAONIAsl TUIEPIIOCKOCTh (UM TUIIEPIIOBEPXHOCTS ),
a IPUMEDPBHI C MOJIOKUTEHLHBIMU 3HAYEHUSIMUA (v UMEIOT PA3IUIHYIO
CTEeIleHb COTJIACOBAHHOCTU C BHIOOPKOI, KOTOPasd TEM XyKe, IeM DOJIb-
11e 3HaYeHne ;.
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ITycTh BBemeHHAS Mepa HEKOH(MOPMHOCTH IPUMEHSETCS K IIPUMe-
py (Zi,yi). Oupenensiercst p-mecm (p-value):

{7 : aj > ]
pi = ] .
Ilo ompenmenernmio 0 < p; < 1. Majoe 3Hadenme p; O3HAYAET, UTO
upumep (T, y;) IMeeT OJ[HY U3 CAMBIX OOJIBIINX Mep HEKOH(DOPMHOCTI
CpeJ IPUMEPOB BBIOODKHU.

Ha ocHoBe BBeieHHOTO HOHsITHS p-TecTa B [59] npeiozkeH meTa-
AJIPOPUTM JIJI BHIYUCIEHUS KOH(MOPMHBIX MIPEJICKA3AHNN C UCIIOIb30-
BanueM SVM.

[Iycrs mana seibopka S = ((Z1,y1), ..., (T1,4)) ¥ BEKTOp Tyy1,
KOTOPOMY HaJI0 IPUIKCATh MeTKy Kiacca y+1 € {—1,+1}. Banan
TaKKe YpoBeHb j0Bepud € > 0.

Merta-aaropurm:

Mg kaxkgoro y € {—1,41} peraem onTuMU3anMOHHYIO 33/ady
nocrpoenust SVM no Beibopke S = ((Z1,v1), -+, (T, w1), (T1e1,9)),
HaXouM 3HaveHus: Koddpdunuenton Jlarpamxka o, 1 < i <1+ 1mu
BBIYHCJIEM 3HAYEHUE P-TECTA

ey > e
[+1

p(y)

PesynbraTr paborsl ajgropurma:

e cciu p(y) < € JUIs BCEX ¥, TO AJrOPUTM He BBIIAET HUKAKOIO
pe3yIBTaTa;

e ccu p(y) = € It HEKOTOPOT'O ¥, TO BBIJIAEM B KAUECTBE PE3YIlb-
Tara TO 3HAYEHUE Y, JJisi KOTOPOro BeJIMIMHA P(Yy) MPUHUMAET
MaKCUMaJIbHOE 3HAYECHUE:

Y41 = arg m;uxp(y)-

[TomobHBIN TTOPSITOK AeificTBUil 0OOCHOBBIBAETCSI BEPOSITHOCTHBIM
Pe3yJIbTATOM, KOTOPBIN YyTBEPXKIAET, YTO IIPU HEKOTOPBIX BEPOATHOCT-
HBIX IIPEIIOJIOKEHUX O MEXAHU3ME IeHepaIluy IIPUMEPOB BBIOOPKH
p-TecT yuoBJeTBOpsieT ecrecTBenHoMy yciaosuio: P{p; < €} < €, tae
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P — mexoropas mepa Ha Habopax (i HHBAPpUAHTHAsST OTHOCUTEILHO UX
nepecTaHoBoK (1opobuee cM. B [59)]).

Mepbl HEKOH(MOPMHOCTH CTPOSITCST MCXOMSI U3 CIEIUPUKN MOIe-
Jeit nanabix. B Monorpaduu [59| nocrpoersl Mepbl HEKOMMDOPMHOCTH
JIJIST aJITOPUTMOB OJimzKaiiiero cocesa, SVM, Gyncrpena, HEAPOHHBIX
ceTeil, pelaonX 1epeBbeB, I'PeOHEBO perpeccuu u aJropurma baii-
eca.

[IpuBemem npumep Mepbl HEKOM(MPOPMHOCTH I aJITOPUTMA KJIAC-
cuUKAIINT METOJIOM OJIMKAMIIEro cocea.

UNnest anropurMa k-OImKalmmx cocesieil 3aK/II09aeTCs B CJIETY-
foreM. J[ist TOro 9Tobbl mMpejickasaTbh METKY HOBOIO OObEKTa T, Ha-
xomsITest k OMMmKaMIMX O PACCTOSHUIO cocemeil 3Toro obbekTa. B
3ajiade KaacCupuKamum “‘MeToJI0M TOJIOCOBaHMsT  OOBEKTY ITPUITUCHI-
BaeTCsd MeTKa, KOTopas Hambojiee JacTO BCTpedaeTcs y OsmKafmmx
k 0OBEKTOB, a B METOJIE PErPECCHH MOYKHO B3sITh MEIUAHY UX METOK.

Paccmorpum npumepst (Z,y), rue & € R™, y € D, D — koHe4-
HOEe MHOXKeCTBO MeToK. [lomycrum, uro {Z1, ..., Tk} — MHOXKECTBO k
GiKaimux K & 00beKTOB U {Y1, ..., Yk} — UX METKH.

[Tycrs (Z,y) — Hekoropsrii ipumep. Oupeenm Mepy HeKOH(MOPM-
HOCTH 9TOTI'0O IpuMeEpa B BUJE OTHOIICHUA MUHUMAJIBHOT'O PACCTOAHU A
oT 00beKTa T JI0 OOBEKTOB T; C TOH Ke MEeTKOH 1; = Y K MUHUMAJIb-
HOMY PACCTOSIHUIO OT 3TOro 00beKTa T [0 OOBEKTOB I; C JAPYTUMHU
MeTKaMu Y; 7 Y:

. minléjék,yﬁy d(z, fj)

ming gjick g2y AT, T5)

[Tox paccrosiruem d(Z, T') moHuMaeTcss OOBIMHOE €BKJIUIOBO PACCTOSI-
HHE MEXKJY JBYyMsl BEKTOPAMHU.

Yem GosbIre BeMHMMHA (7 ), TeM OJIMIKe PACHIOIOKEH OOBEKT T K
APYTUM 00beKTaM, OTMEUYEHHBIM METKAMM OTJIMIHBIMUA OT ¥, T.€. TEM
GoJibIle cTeneHb HeKOH(MOPMHOCTH TIpuMepa (T, y).

2.12. 3agaum 1 yIrpakHeHus

1. /lokazaTh OCTaBIIYIOCS YaCTh YTBEPKIEHUs JIEMMBI 2.1.
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2. IlocTponTts oTobpaxkenuss K™ B MPOCTPaHCTBa IPU3HAKOB M CO-
OTBETCTBYIOLIUE [IOJIMHOMUAJLHDIE SIPa, JIJIS IOJIMHOMOB OOIIETro BUIA
u GoJiee BbICOKOTO Topsizika (kK = 3,4, ... ), a TaKyKe COOTBETCTBYIO-
e yHkimn kiaaccudukanun suja (2.25).

3. st 110001 cCUMMETPUIHOM MTOJIOXKUTE/IHHO OIIPeaeIeHHON Dy HK-
muu K (x,y) BbInoHEHO HepaBeHCTBO THa Komun—ByHsKoBCKOro:

K(z1,22) < \/K(l‘l,IEl)K(l‘Q,{L‘Q) st Beex o1, T2 € X, (2.85)

(VkazaHue: U3 IMOJOKUTEIBHON ONpeNeJIeHHOCTH (2 X 2)-MaTpuiibl
K(zj,xj) cienyer, 9410 ee cOOCTBEHHBIE 3HAYEHNST HEOTPHUIATEbHBIE.
[TosToMy TO K€ BEPHO U JJisi OIIPEIC/IUTEIsI. )

4. JTokaxxure, 9TO JJIsi JTIOOON CUMMETPUTHON ITOJIOKUTEILHO OITpe-
nesternoit dyukiyn K (x,y) 6yaer:

(i) K(x,z) > 0 qst Bcex x.
(ii) Ecan K (x,x) = 0 s Beex x, To K (x,y) = 0 111 Becex = u .

5. PaccmarpuBaercsa ruib0epToBO IPOCTPAHCTBO J dyHKIUN Ha
X, xoTopoe obJIaJaeT CAEAyIOMNM CBOicTBOM: dyHKIuoHAT f —
f(x) siBAsieTcst HeMPepBIBHBIM JinHeHHbIM (byHKIOHAIOM. [To Teope-
Me Pucca—@urepa 15 Kazxkgoro x € X cyrmectByer sjiemenT K, € F
takoii, uro f(z) = (K, - f). Bocupoussosiiee sijipo ompejiessiercst
rak: K(x,y) = (K, - Ky).

Joxazars, uro dyukmus K (z,y) = (K, - Ky) aBugercs cuMmer-
PUYHON U ITOJIOXKUATEHHO OIPEJIeIEHHOM.

6. Ilycrs Ky (z,y), K2(x,y), ... — CHMMETPUYHBIE TIOJIOKUTETHHO
omnpejnesiennbie gapa nHa X. Jlokazars, 9To ciemyronme ux KoMOUHAa-
UM TaK>Ke SIBIAIOTCS CUMMETPUYHBIMU TOJOKUTETHLHO OIpPeIeIeH-
HBIMU dJpaMM:

(i) a1 K (z,y) + aeKao(z,y), Tae aj, as = 0;
(i) K(z,y) = lim K,(z,y);
n—oo
(ili) Ki(x,y)Ka(z,y) (YKasaHue: HCIOIBL30BATL IIPEJCTABJICHIE IIO-
JIOXKUTEJIbHO onpeienentoit marpunpl (pama) B Buge K = MM');

(iv) K(A,B)= >, K(z,y),tne A, B — KOHEUHBIE [IOJ[MHOXKECTBA
r€A,yeB
X (910 PO HA MHOXKECTBE BCEX KOHEUHBIX HOJMHOXKECTB X ).

VKazaThb COOTBETCTBYIOIINE OTOOparKeHUsI B IIPOCTPAHCTBA IIPU-
3HAKOB.
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7. Mokazars, uro dhyukuuu Ki(Z,§) = exp ((E'§)> u Ko(z,y) =

ag
Iz—ll3

o ) SIBJISIFOTCSI TIOJIOZKUTE/ILHO OIIPE/Ie/IEHHBIMU (3/1€Ch T, i €

o (-
R™, || - |l2 — 9Bkimzmosa nopma). IIpuBectn coorBercrByfOIUE MpE/I-
cTaBJIeHUs TUX (PYHKIUN depe3 CKaJAPHBbIE MPOU3BEICHUs B IIPO-
CTPAHCTBE IPU3HAKOB.

(Vrasanue. Vicionp3osars cBoiicTBa (i-1v) mpeaplyieii 3aia4qu.

7. Ilpu oupenesienun B pazjese 2.5 KAHOHMYECKOrO T'MIbOepTOBa
[IPOCTPAHCTBA, TOPOXKJIEHHOIO SIJIPOM, OBbLIO OIPEJIEIEHO CKAJISPHOE
NPOM3BEICHNE Ha TOTOJHEHU F MHOKECTBa JIMHEHHBIX KOMOUHAIIUIT
Fi:(f-g9) = nli_)rgo(fn-gn), rie f1, fa,... M g1,92,... — HEKOTOpbIE (DYyH-
JIAMEHTAJIbLHBIE TOC/IEOBATEILHOCTH U3 F1, cxomamuecs K f, g € F.
(i) JokazaTh, 4TO 3TOT HpPEJEJI CYIECTBYET U HE 3aBUCAT OT BbIOOPa
dyHIaMEeHTATBHBIX TOC/Ie0BaTeIbHOCTEH f1, fo,... U 1,02, . ...
(ii) Jokaszarh TakKe, 4TO KAHOHUYECKOE THILOEPTOBO IPOCTPAHCTBO
F SIBJISI€TCSI TIOJTHBIM B HOPME, MMOPOKIEHHON 9TUM CKAJSIPHBIM IIPO-
U3BEJICHUEM.
(ili) dokazars. uro dyuxmmonan f — (f - K) sBisercs Henpepbis-
ubM Ha F (cM. [36]).

8. BoamozkHo sipyroe onpejeserne: RKHS — 510 runmbbepToso mpo-
crpancTBO F DyHKIWMI ONpeIeIeHHbIX Ha MHOMXKECTBEe X, JIJIT KOTO-
poro cymecrsyer dyukuus K (z,y) Takas, 9410

o K(x,-) € F ans moboro x € X;
o f(x)=(f K(x,-)) nug mobbix f € Fuz e X.

(1) Jokazars, 9To0 9TO OIpe/ieeHre SKBUBajeHTHO onpejesernio RKHS,
nanaomy B pasguesie 2.5: RKHS — sTo ruimsbeproBo mnpocrpancrso F
dyuknuit Ha X, KoTopoe 0b6J1a1aeT CJIeIYIONNM CBORCTBOM: (DYHKITH-
onan f — f(x) sABisieTCs HENPEPBIBHBIM JIHHEHHBIM (DYHKIIHOHAJIOM.
(ii) dokazarb, uro dbyukuus K (z,y) U3 3TOro oupejeseHus €JuH-
crBeHHAasT 1151 3agarHoro RKHS F.
(iii) dokaszarb, uro dyukuus K (x,y), obaajamomas 3aJaHHbIMU JBY-
MsI CBOHCTBAMU, OTIPeie/isieT eJMHCTBEHHOE C TOYHOCTBIO JI0 U30MOD-
dusma RKHS (cm. mokasaresnscrso B [36]).

9. Ilycts X koHewuHOE M mpocTpaHcTBO H cocTouT M3 BCeX Belle-
CTBEHHBIX (DYHKIWIL, onpeesennbix Ha X . Torna Kaxkipiii sement H
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MOYKHO TIPEJICTABATDH B BUJIe KOHEYHOMEPHOIO BeKTOpa. Ha 3Tux Bek-
TOpaxX paccMaTpPUBAETCsl €BKJIUI0BA HOPMa U COOTBETCTBYIONIEE CKa-
asipHOoe Tpousseienne. Ilocrponts coorBercTBytomee supo K(z,y),
snement K, u dbynknuonan f — f(x). [Iposepurs, uro mpocrpan-
crBo H ects RKHS.
10. Tokazars, uro ruasbeproBo npocrpanctso Lo([0, 1], P) Bcex
msmepuMbIx Gynkmuit f : [0,1] — R, aisa koropsix [ f2dP < 0o, co
cKaJsipHbIM npoussegenueM (f - g) = [ fgdP ne sasnsercs RKHS.
11. Jokasarb, 94TO B ONTUMU3AIMOHHOI 3a/a4e (2.65) 3HaueHue b
HE 3aBUCUT OT 4.
12. /lokazaTh, YTO B ONTUMU3AIMOHHON 3ajade pa3JieJIeHUs C
oImubKaMy B JIMHEWHOW HOpMe IJjIsT 1000t HeTpUBHAILHON BBIOOD-
kn S = ((Z1,y1),...,(Z,y)) (re., Takoii, aro y; = 1 u y; = —1
st Kakux-auoynap 1 < 4,5 < 1) obssaresbHO HayTCa 49ucao b
U BEKTOD T;, JIesKaIluil Ha OJHON M3 IPaAaHMYHBIX THUIEPILIOCKOCTE,
yi((w - z;) + b) = 1, mus koroporo «; > 0.
13. Jokaszars, uro Marpuna ['pama K; j = (Z; - jj)?,j:l obparmma
TOTJIa U TOJLKO TOIJIA, KOIJIa BEKTOPDI X1, ..., I; JUHEHHO HE3aBU-
CHMBI.
14. (i) Haiiru makcumym obbeMa Hapasijiesienume/ia Ipy 33 [aHHOI
ILJIOMIAJIA TIOBEPXHOCTH.
n

(ii) Haittn makcumym surpomun H(py, ..., pp) = — > piInp; upu
i=1

yeaoBusix » . p; = 1, > cip; = e.

15. ITpoBecTr Bce HEOOXOUMBIE BBIKJIAJIKHA JIJIs IOy I€HUs PeIlle-
Hust (2.84) KBaJpaTHIHON 3a/1adH.

16. BeiBectu coorHomenust (2.65) ays ABOMCTBEHHON 3a/a4qu pe-
I'PECCUH.

2.13. JIabopaTopHble pabOThI

B sTom pazmeste nperaraiorcs cragIapTHBIE J1ab0paTOpHbIE pabOThI
JIJIsI PellleHus] 3aa91 KJIacCuUKAIUKU C IOMOIIbio SVM.
BroimostHeHne paboThl BKIIIOYAET CJIEAYIOIINE ITPOIIEIY PhI:

e 3arpysuTh HUCXOJHBIE JTaHHBIE C COOTBETCTBYIOIIEro caiita. Kax
[IPABUJIO, UCXOJHBbIE JaHHBIE — 3TO HAOOP BEKTOPOB OOJIBLIION
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pPa3MepHOCTH, B KOTOPBIX y2Ke yKa3aH KJIacC O0DbEKTa.

Paznennts mannbie Ha 00y 9aIOILY IO 1 TECTOBYIO BhiOOpKH. Kitacc
00beKTa UCIIOIb3YETCsI B 00y JaroIieil BLIOOPKE JJIsT IIPOBeIeHIsI
obyuenus, a B TeCTOBOU BBIOOPKE — JIjIsi TIPOBEPKU ITPABUILHO-
cru Kiaccudukanuu. Ilocae nposenenns KiaccuuKalum Tpe-
6yeTCﬁ IoaCYUuTaThb JOJIIO IIPAaBUJIBHBIX OTBETOB.

IlepeBon, maHubLIX B (pOPMAT, JOIYCKAEMbIH IIPOrPaMMHBLIM 00eC-
neuenuem SVM.

[TpoBecTn KagMOPOBKY (IIKAJINPOBAHUE) UCXOJHBIX JAHHBIX.

[IkasmpoBaHye JAHHBIX [OMOraeT U30eKaTh OTePU TOUHOCTH
U3-38 CJIMIIKOM MAJIBIX MJIH CJIUIIKOM OOJIBIINX 3HAYUEHUHA HEKO-
TOPBIX [IPU3HAKOB. B 9acTHOCTH, 9TO BaXKHO IIPU HCIIOJIH30Ba-
HUH rayccoBa siyipa. PeKoMeH/[yeTcst HOpMHPOBATH YHCJICHHOE
3HAYEHMe KaXKJ[Oro IPU3HAKA TaK, YTOObI OHO IIONAJAJI0 B UH-
tepsay tuna [—1, 1] wim [0, 1].

Bribpars sapo, Hamaydmmm oOpa3oM Kiaccudunupyroiiee o0y-
YaIoNy0 BBIOOPKY. Kak mpaBmio, cTaHgapTHBIE MTPOrPAMMbI
SVM ucnonb3yor caeayolnnue spa;
1) muneiinoe snpo K(z,y) = (T - y),
2) nomnomuanbuoe aupo K(z,5) = (Y(Z - §) + )%, tme v > 0,

llz—g]|

3) rayccoso sinpo K(Z,y) =e o2 |

El
¥

4) curmonuoe siipo K(Z,y) = th(y(Z - g) + 7).

Pexomenayercst mepBoHavaIbHO BBIOPATH rayccoBo sapo. Vme-
IOTCSI CJIydad, KOIJa IayCCOBO SAPO JaeT HEYIOBJIETBOPUTEIb-
HbIE Pe3yJIbTaThl. Hanmpumep, 9T0 MOXKET IPOUCXOIUTD B CJIyUae,
KOT/Ia, pa3MEPHOCTDL IIPOCTPAHCTBA OOBbEKTOB OYeHb H60JIbinasi. B
3TOM CJIydae XOPOIINe Pe3yJIbTaThbl MOXKET JaBaTh JUHEHHOoe da/1-

po.

IIpoBecTn mEpeKpecTHYIO MPOBEPKY JIIsT HAXOXKJICHUS HAWITY -
mux 3Hadennii mapamerpos C' u . 3aMeTuM, ITO HEJOCTATOTHO
To00PATh 3HAYEHUs [TapaAMETPOB, KOTOPbBIE JAI0T HAMIYUIIYIO
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TOYHOCTH TOJILKO Ha obydarorieit Beioopke. IIpocreiimuii crrocob
— pa3e/uTb BBIOOPKY HA JIBE YaCTU, HAUTHU HAWJIYUINNE 3HAUE-
HUS TApaMeTpPOB MPU OOyYUeHWHM HA IEePBON YACTH U HCIIOJIB30-
BaTb PE3YJIbTAThI KJIACCU(PUKAIINA Ha BTOPOI YaCTH B KAYECTBE
OIIEHKM Ka4yecTBa OOydYeHus.

Nmeerca Gostee ciioxKHas TPOLEAYPa IMEPEKPECTHON MPOBEPKHU
(cross-validation), mpu KoTopoii 06ydaromasi BEIOOPKa pas3/Iesisi-
ercst Ha, N paBHbIX dacteii. [TociemoBaTenbHO BBIOUpAETCs OJ1-
HO U3 TOIMHOYKECTB, IIOCJIe 9TOr0 KJaacCuuKaTop odydaercsa Ha
obbeuaeHnn N — 1 OCTaBIIUXCS TTOAMHOXKECTB U IIPOBEPSIETCSI
Ha BBIOpAHHOM IIOAMHOXKECTBe. BhIOMparoTcst 3HAUYEHUsT mapa-
METPOB, JAIOIINe HAanOOIBIIYI0 TOYHOCTH HA OJHOM M3 TaKUX
IIO/IMHOZKECTB.

[Tonbop nmapamerpoB C' U 7y MOMXKET NPOU3BOIUTHCS ITPOCTHIM
1epebopoM 110 HEKOTOPOMY JMCKPETHOMY IIOIMHOXKECTBY — pe-
merke. HemocrarkoM 9Toro Meroja sBJISIETCS OOJIBIIOE BPEMsI
BBIUMCJIEHUsI. [IpUMEHSIIOTCS pa3IndHble S3BPUCTUIECKIAE MeTO-
Jbt iepebopa C' u 7.

Bribpars 151 ucriosib3oanust mapamerpbl C' 1 -y, KOTOPBIE JTAI0T
HAWIY4IIyI0 TOYHOCTD KJIACCU(DUKAIIHH.

[IpoBectn kIaccudukaiuio Ha TeCTOBOU BbIOOpPKe. OdopMUTD
pe3y/IbTaThbl C COMOCTABJIEHUEM TOYHOCTH KJjiaccupuKaluu Ha
obydJaroIeil 1 TecToBOil BHIOOPKaX.

Nmeerca psan caiiToB, comepaKaliux MPOrpaMMHOE OOecIievueHue

SVM u coorBercTByIOINE MPUMEPDHI I IIPOBEIEHUs IKCIIEPUMEH-
TaJbHBIX pacderoB. OTMETHM HEKOTOpbIE U3 HUX.

[Iporpammuoe obecnieuerre SVM MoxKHO HaiiTh Ha caiiTax:

http://www.csie.ntu.edu.tw, www.support-vector.net

Tam ke MOXKHO HaUTH WHCTPYKIUUA IO IPAKTUIECKOMY IIPUME-

HeHuio mporpamMm SVM u 1OJroToBKe MCXOJHBIX JaHHBIX. Tam 2Ke
IIPUBE/JIEHBI ITPUMEPHI.

Ha caiire http://archive.ics.uci.edu comep:karcst ucxoHble IaH-

HbIE JIJIsI PEIICHUs 33/1a9 KJIaCCU(MDUKAIMT U PETPECCUM.

JlaboparopHas pabora 1
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[IpoBecTn obydenne u KiaaccuUKAINIO PYKONUCHBIX mudp. Jlan-
woie B (popmare MATLAB moxk#O HaliTH 110 ajpecy:
http://www.cs.toronto.edu

B gacrHocTH, IO 9TOMY ajpecy nMerorcs Janubie u3 6asel USPS,
coziepzkalnye udpPoBbie 00pa3bl PA3IHIHBIX HAITUCAHUN PYKOIHUCHBIX
udp.

JlaboparopHas pabora 2

ITpoBecTn obyUeHne U KIacCUPUKAIIAIO IO JAHHBIM U3 YKA3aHHBIX
BhIIe caiiToB. Beibpars Habop JaHHbIX, poBecTu obyuenue SVM u
TeCTUPOBAHUE HA TECTOBOW BBIOOPKE.

Jlaboparopuas pabora 3
[IpoBecTn obOytuenne n KaaccupUKAIIUIO HA TPEALLIYIINX JTAHHBIX

¢ TIOMOIIIBIO IIEpCenTpoHa u ajiroputma Pozenbiiarra. [Iposectu cpas-
HEHUE BpeMeHU PabOTHI.
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Yacte 11

IIporno3uposanue
NHANBUJYAJIbHbIX
II0CJIe10BATEJIbHOCTEN
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I'maBa 3

YHuBepcaJbHbIE
IIpeacKa3aHus

3.1. HOCJ’IG,Z[OB&TG.HI)HLIG BEPOATHOCTHBIE IIp€Ed-
CKa3aHnu4d

Paccmarpupaercd ciaenyromas 3a1ada IPOrHO3UPOBAHUSL: [IPEICKA3a-
TeJIb MOJIYIaeT B PEXKUMe OHJIAIH HEKOTOPYIO YHCJIOBYIO ITOCJIEI0BA-
TEJILHOCTb UCXOMOB W1, W9, ..., Wn_1, ... 1IpH 9TOM IpeicKaszare-
JIF0 He U3BECTHO PacIipejieieHre BePOSITHOCTEN NCTOYHUKA, TeHEPUPY-
IOLIEro 3TY IOCIEI0BATEILHOCTE. 3aJadeil IpeicKas3are/is sBJIsSeTcs
BBIYUCJIEHUE OIEHOK BEPOSTHOCTEH Py, OYAYIUX MCXOJOB Wy IO yiKe
U3BECTHBIM 7 — 1 MCXOMAM W1, W2, ..., Wp_1-

Yucao p, MOXKET PaccMaTPUBATLCA KAK BEPOATHOCTH COOBITHSI
wp = 1 B TOM cityuae, Korja w; npuHuMaior 3Hadenus 0 min 1. Jlerko
BUJIETh, YTO B 3TOM CJIyYae YUCTIO Py TAKXKE SBJIAETCI MATEMATHIe-
CKUM OXKUJAHVEM CJIy4YalHOU BEeJIUYUHBL Wy,.

B ciiyyae KOHEYHOro 4MC/Ia MCXOAOB BEJIMYUHA P, MOXKET OLITh
BEKTOPOM BEPOATHOCTEN BCEX BO3MOXKHBIX HMCXOIOB.

Bagano muOkectBo 2 = {1,2,...,m} ucxomos, P() — MHOKe-
CTBO BCeX paclpejeseHuil sepogrnocreit Ha 2. IIpedckasamenvhan
cmpamezus (AWIH IPOCTO CTPATErUsi) — 9T0 GECKOHEYHAs MOCJIeI0Ba~
rembrocTh fi(-|yt™1) € P(Q) ycnosubIx pacipesiesennii BepogTHOCTe
Ha Q. 3necy ¥t = y1,...,y, v € Q, t = 1,2,.... CoorBeTcTBY-
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folee pacrpejiesieane BeposgtHocTeit Ha 2" ompenensiercs f(y"

Y
[Tisy filwely'™), f(y°) = 1. Jlerko mposepurs, uro 35 . f(y")
C apyroii CTOPOHBI, 110 KasKIOMY PaCIpeIeIeHIIO BepOHTHOCTeI‘/’I
Q" MO>KHO BOCCTAHOBHUTDH YCJIOBHBIE PACIIPEICICHUST

] t—1\ _ f(yt)
fz(yt‘y )_ f(yt_l)'

f Ha

st Bcex 1 <t < n.

B obmem caydae, mpeiackasaTesibHas CTPATETHs OIPEIesIsieTCs
dyuxueit f onpenenennoit Ha 2* = U,Q". B nanbreiiem unmekc t
B f; omyckaem, obozuauum f(y: |yt ™1) = fi(ye|yt™1).

Bynem paccmarpuBaTh ﬂorapH(bMquCKyfo dyHKIMO norepk. Me-
YUCJIsIeM TIOTEPU TpeCKa3aTe/IbHON cTpaTerun [ Ha MOC/Ie10BaTe b
HOCTH UCXOHOB y"™ = y1,...,Y, B BUIE

n

F(ym) = lné =—In ™.
L™ t; o) ™

[Iycts F — HEKOTOpPOE MHOXKECTBO IIPEICKA3ATEIbHBIX CTPATErnit, p €
F. OuenuBaeM 3 HEKTUBHOCTH IPEJICKA3ATEILHON CTPATEIMH p Ha
MIOCJIeIOBATE/TBHOCTH UCXOMOB §'* = Y7 . .. Y, C IIOMOIIILIO pe2pema

Ry = B0 - ot £4(0") = supin L0,

3.1.1. CmenmBamInuii IpeacKa3aTeb

B nanbreiiiiieM Mbl PACCMOTPHUM JIBA TUIA ONTUMAJIBHBIX ITPEICKA-
3aTeNbHBIX cTpaTeruil. llepBast 3 HEUX — cMeITUBaIOIIadA IpeIcKa3a-
TeJIbHAs CTpaTerus (CMEeNMBAIONIMH IPEICKA3aTE D).

JLTst TpOCTOTHI M3JI0KEHUsT TIPEIIToJIaraeM, 9To Kiaace J — KoHed-
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meiit.! Onpenennm cmewusarowuti npedckasament

_rf n—
S Jynlyn e

n-1y _ f€F -
plamly™™) = > e~ Lhoa (") B
fer
> flynly™ ")
> flymh)
fer
> )
_ Jer
> fyr )
fer
O6oznasmm W, = Y. f(y™). Wo = 3 f(y°) = | F|. Torna
fer fer

Yy — oL — ¢ = _n =
p(y") = il_[lp(yzly ) ZHI W = W
> fly™)
_ feF
|F|

Perper cmemmBartorero mpejickasaTess OIEHNBAETCS CBEPXY

(y") = Supln# < In | F.
Y

[Mpaswio Jlammaca (cm. pasgen 3.1.2) siBasieTcsl 4aCTHBIM CJIyYaeM
CMEIUBAIOIIETO TPEeCKA3aTeN A I CIydas OeCKOHETHOIO MHOXKE-
crBa F.

3.1.2. IlpaBumao Jlansaaca

UcToputeckn mepBoii MmpoleLypoil yHUBEPCAJIBHOTO ITPOTHO3UPOBA-
Hus aBsercs npasuio Jlammaca. 2 Dra mpomeaypa HCIoIb3yeT MU0

!B mpoTuBHOM Ciywae HAZO 3AMEHHTH CyMMBI Ha COOTBETCTBYIOIINE HHTETDa-
JIBL.

2JTamac paccMaTpHBaI 33,49y BBIUHCIEHHS BEPOSTHOCTH COOBITHSI, KOTOPOE
3aKJIIOYAETCd B TOM, YTO COJIHIIE B3OWJET 3aBTPA, €CJIU U3BECTHO, YTO OHO BCXO-
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Te3y O TOM, YTO MCXOJbl W; MOPOKJIAIOTCS HEKOTOPBIM HUCTOYHUKOM,
KOTOPBIN TEHEPUPYET UX HE3ABUCUMO JIPYT OT JPyra ¢ OFHON u Toi
JKe BEPOSITHOCTBIO €JIMHUIIBI, PABHOM p.

[Tycrs ucxonpl w; npunaekar muoxkecrBy {0,1}. Mbl rTakxke
peJjiroiaraeM, 94To B KaXKJIbII MOMEHT Bpemenu ¢ = 1,2, ... wuc-
XOJl w; TMOPOXKJIAETCS HE3ABUCHMO OT HPEJbIIYIINX UCXOJ0B C HEU3-
BECTHBIMU HaM IIOCTOSIHHBIME BepositHocTsiMu p = P{w; = 1} n
q = P{w; = 0} = 1 — p. HeobxonuMo O1eHUBATH 3TH BEPOSTHOCTH
B PeXKMMe OHJIAH Ha OCHOBE CTATHCTHUKHU IIPEIBIAYINX UCXOI0B.

[TycTb MbI HAbB/IIOMAEM UCXOJIBI W™ = W1, . . . Wy, B KOTOPbIX UMEeT-
cs Ny €JIMHUIL U Ny HyJIEl, 11 +ng = n. BeposiTHOCTH MOJIYYNTH TAKYTO
[OCJIEIOBATE/ILHOCTD NCXOI0B paBHa P! (1 — p)™2, eciau BEpOSTHOCTD
eIMHUIBI paBHa p. Tak Kak MCTUHHAS BEPOSTHOCTL P HEU3BECTHA,
paccMOTpuM OARECOBCKYIO CMeCh BEPOSITHOCTEN MOC/IeI0BATE TbHOCTH
JUIAHBL 7 TI0 BCEM BO3MOXKHBIM P

1
P(w") = / P (1 — p)"dp.
0

3HageHne 3Toro nHTerpaJia JIEerKkO BBIYUC/IINTD.

JlemMma 3.1.
1

1
0/pn1(1 —p)"dp = m

Jloxazamenvcmeo. IIposepuM aTo paBeHCTBO OOPATHON WH/TYKITH-
1
eif no ny. Ipu ny = n umeem [ pdp = ﬁ
0

Jmo Kaxkaeii gerb nocaeanue 5000 ger (1826251 nenn). DTa 3a7a9a HAXOAUTCS
Ha I'paHUIE IPUMEHUMOCTHA YaCTOTHOU MHTEPIIPETAIMUA BEPOATHOCTHU, TaK KaK He
BBIIIOJIHEHO YCJIOBUE IIOBTOPSIEMOCTH JAHHOIO OIbITa. KpoMme TOro, u3pecTHast Io-
CJIEJIOBATEIBHOCTh COCTOUT W3 OJHUX BOCXOJIOB. 1eM He MeHee, JIJIsi TOTO, YTOOBI
BBIPDA3UTDh CTENEHb Halllell CyObeKTUBHON HEONPEJIEJIEHHOCTH O 3HAYEHWH P ITOMN
BEPOSITHOCTH, MBI CUMTAEM BCE 3HAUYEHUsI P PaBHOBO3MOKHBIME. CoracHo (hopmy-

Jie, TIPUBEEHHON Jajiee, BEPOSITHOCTh PACCMATPUBAEMOrO COOBITHS OyIeT paBHA
1826252
1826253
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ITpeamonoxknum, ITO

1
1
pn1+1 )ng—ldp =
0/ (n+ 1)(n1+1)

WuaTerpupys mo 4acTsaM, MOy IUM

1 1
n1 _
n2d — n1+1 n2—1g,
/p p = +1/p —p) p
0 0
n—ny 1
~n +1(n—|—1)(") (n+1)(")
1 n1+1

Jlemma nokasana. A
JIOBHASI BEPOATHOCTDH COOBITHUS 1 = 1 npu U3BECTHBIX HCXO-
YcnoBHAsSI BEPOSITHOCTE COO W+ 1 3BEC CX0
nax w" =wi, ..., Wy pPaBHA

1
Pw"l)  0+2(0)  ni41
- 1

P =1w"} = = .
o = 1" =) nt2

(n+1)(,1,)

Takum obpazom, nosrydaeM mpasuso Jlaniaca:

ni+1
P = 1|lw"™} =
{Wn—I—l |w} ’I’L—|—2’
no + 1
P =0lw"} = =——.
{wnsr = 0"} = 7775

KaugecTBo Takoii mporie1ypbl MPOrHO3UPOBAHUS MOXKHO OIIEHUBATH
¢ TIOMOTIBIO KaKOH-HuOy/ib byHKImu norepb. [Ipumep — siorapudmvm-
qeckas QYHKIUS [TOTEPD:

Ly(w") = =In(p™ (1 —p)™2).

U3 Teopun mHGOpMAIINN U3BECTHO, YTO 3Ta BEINIUHA C TOYHOCTHIO
70 1 coBHajaeT co CpeJHUM KOJUYIECTBOM JIBOMUHBIX OUTOB, HEOOXO-
JIUMBIX JJIST KOOAMPOBAHUS IOCTIEIOBATEILHOCTER W™, COCTOAIMMX U3
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7] €JIMHUIL U Ny HyJIel U IOPOXKJAEMbIX UCTOYHUKOM C BEPOATHOCTBIO
eInHUILI, paBHoil p. Herpynno nmpoBeputs, uTO

n1\"1 /ng\n2
sup p" (1 —p)"2 = (—1) (—2) .
0<p<1 n n

st mpasuia Jlamraca
1
L(w")=—InP(w") = —ln/pm(l — p)"2dp.
0

JomycTuM, 9TO IOCJIEI0BATEILHOCTh W' MOPOXK/IEHA UCTOYHUKOM C
BEPOSTHOCTBLIO W, = 1, paBHOIT pg. Torga mjas TpoM3BOILHON MOCTIE-
JOBATEIbHOCTH Ww" BBITOJTHEHO

L(w™) = Ly, (w") <
sup p"t(1—p)m2
0<p<1

L(w )—Oégile(w )=In— =
Jpi(1—p)r2dp
0

(o)™ )™
(

33

=In-2———"2 Lln(n+1).

")
ni

Taxum 06pazoM, UCIOIB3YS JJIsi KOJAUPOBAHUS BEPOATHOCTU, BBIUUC-

(n+1)

JenHble 1o npasuiy Jlamiaca, mbl ucrparum In(n + 1) gonoaHuTe b-
HBIX OUTOB MO CPaBHEHUIO C JJIMHON ONTUMAJIBLHOTO KO/, T.e. KOJIA,
ITIOCTPOEHHOI'O0 HA OCHOBE MCTUHHON BEPOATHOCTH Py MCTOUHUKA, ITO-
POXKIAIOIIETO UCKOIBI W .

Jpyroit, 6bosee TOIHBIN, METOT TPOTHO3MPOBAHUS OBLIT ITPEIIOYKEH
Kpuuesckum u TpodumosiM. Pacecmarpusaercst 6aiiecoBckasi cMech
BEPOSITHOCTEH TOC/IeI0BATEIbHOCTH JITHHBI 7 110 BCEM BO3MOYKHBIM P

¢ wiorHocThio 1/(my/p(1 —p)) -

¥

m/p(1 —p)

1
P(w") = /pnl(l_p)ndp
0
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B sToMm ClIy4dae yCJIOBHasA BEPOATHOCTD IIOABJICHUA €IUMHUIBI IIOCJIE 1

HabONeHnt w" = wy, ..., W, PaBHA
ny+1/2
Pllw") = ———.
(L") n+1

WMeer MecTO OIEHKA:

1
ML-p) 1 mpym gy
[ rmaatzaa ) G

OTH yTBEPXKJIEHUs MIpeljlaraeTcs jjajee B pasjeie 3.6 B Buje 3ajad
1m2.

Orcroza mojtyyaeM OIEHKY Ha JOIOJHUTEIbHOE YHCJIO ODUTOB IIPU
KOJITUPOBAHUU C MCIIOJb30BAHUEM IIPOIHO3UPOBaHUs 10 MeTony Kpu-
1eBckoro n Tpodumona:

sup p™ (1 —p)"?

ny ny _ 1. 0sp<l1
L(w") oé%ile(“ )= fl p™(1—p)™2

0 7y/p(1-p)

)" ()" 1
1 nnl nln ng \ 2 g ln(z\/ﬁ) = 71nn+h’l2
avm ()" (5) 2

B sroit OII€HKE oInOKa aCUMITOTUYECKHA B JABa pa3a MEHbIIIE, 9YEM B

<In

COOTBETCTBYIOIIEH oreHke st MmeToma Jlamaca.

3.1.3. OnrTumanbHbIii MUHUMAKCHBII MpeicKa3aTelib

Hpyroit Tun nipejickasaTesiss — ONTUMAaJIbHBI MITHUMAKCHBIH TTpeIcKa-
3aresb asee Mbl He npejosiaraeM, 9To J — KOHEYHBIH KJIACC.
OmpenennM MUHUMAKCHYT pe2pem,

n i n b )
F,ZLQ

Val(p, F) = sup(Lj(y") — inf Li(y™) =
yn
a1

y" p(y™)
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Oupenenum

sup; f(y")

pry") = —xzn supy F(@) (3.1)

U3 oupenenenus ciepyer, uro p*(-) — pacupejeserue BeposiTHOCTE
Ha Q". MunumaxcHoili npedckazament OIpenesseTcs

1y Py’
Py )
Teopema 3.1. [Iycms p* — munumakrcHutl npedckazamend 0as KAGCCA

npedckaszamenvnvir cmpameeuw F. Toeda umeem mecmo ceoticmeo
onmumanvrocmu Vi, (p*, F) = Vo (F). Kpome amozo,

= ansupf(x”
z" f

Zoxaszameavcmeo. I3 onpenenennst

In— 227 Squ f Z s (3.2)

P (yily’

[Tpasas cymma u3 (3.2) He 3aBUCHT OT Y, IOITOMY JieBasl 9acTh pa-
BEHCTBa TaKKe He 3aBUCUT OT y" u

» sup f
Vo (p*, F) = supIn f §:supf
y’!L

Jokazkem onTumaabHOCTD pejckasarens p*, r.e. Vy, (p*, F) = V,(F).
PacemorpuM ponsBosIbHBIN TpejicKazarens p # p*. Torma, Tak Kak

S p(a™) = 3 p*(a") = 1, cymeersyer y” Taxoe, wto p(y") < p*(y").
™ ™

Orcrona

Supy fym) > In sup ¢ fy") _
p(y") p*(y™)

- supy f(x")

=supln ———

an p*(z")

In
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Orcioma V,,(p, F) > Vi, (p*, F) upu p # p*. CienosarenbHo,

Sup ¢ fy") _

Vo (p*, F) = inf supIn = Vo (F).

Poyn p(y™)

Teopema mokazana. /A
g KoHedHoro Kjacca J nMeeT MeCTO OIeHKa

Vo(F) =In) sup f(a") <
o

<) Y fam) =

an feF

=In > > f@") <In|F|.

feF xn

3.1.4. Ilpunoxxenus

PaccMoTprM HEKOTOpBIE KOHKDPETHBIE IIPUMEPHI IPUMEHEHWS MUHU-
MAaKCHBIX IIpejcKa3aTeselt.

N36brTounocts koza. Ilox komom (METoI0M KOAMPOBAHMS) TIO-
HEMaeM [OC/Ie[0BaTe/IbHOCTE DYHKIWIA ¢, @ Q" — {0,1}*, cn(y™)
— KomoBoe ¢a0BO cocrosimee n3 0 m 1. Koa HaseBaeTcst mpeduKCHO-
KOPPEKTHBIM, €CJIH JJisl JIIOOOTr0 1 KOJIOBBIE CJIOBA Cp, (Y™) HE SIBIISIIOTCSE
MPOIOJKEHUAMEI JPYT Japyra. B 9ToMm ciiydae, JIerKO 3aMETUTD, 9TO

BBITIOHEHO HepasencTso Kpadra 227100 < 1) mue |2 — anuna
yn
caoBa x. C npyroii ctopossl, o reopeme Kpadra (cm. [23]) ms Jrro-

0oit TpejicKa3aTebHON cTparerun f CyIIecTByeT KOJI ¢, TaKOi, 4TO
le(y™)| = [—logy f(y")].

Bamada yHUBEPCAIBLHOIO KOJUPOBAHMA 3AKJIIOYACTCA B IOCTPOE-
HUM TaKOro KOJIOBOIO pacipejiesierusi (crparerun) p*, 9robbl u3bovi-
MOYHOCTND K00a,

sup(— logy py, (y") — }g;(— logy f(y™))) =
y’VL
supser f(y")
=suplogy ————~— "

y" p*(y™)
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ObLiTa, OB MUHIMAJIBHOI, T.€.

supser f(y")
Py

ITo Teopeme 3.1 cooTBeTCTBYIONIEE KOJAOBOE PACIPEIEICHIE 3aa€TCs
dbopmymoit (3.1)

Vo(p*, F) = Vo (F) = In2 inf suplog,
PEF yn

o sup )
p (y ) - xznsupff(wn)'

Ko, coorBercTByIIUil pacipeie/leHuo p*, Ha3bIBaeTCs YHUBEPCAJIb-
HBIM JIJIt KJIACCA KOJIOB, OIIPEJIEJISIEMbIX PACIIPEIEJIEHUSIMU U3 KJIacca
F. B manHOM ciiydae n30BITOYHOCTH KOJIa C TOYHOCTHIO JIO MHOXKUTE-
Jisi In 2 coBrajiaeT ¢ perpeToM COOTBETCTBYIOIIEIO PACIIPE/IEEHNUS, &
JIJTMHBI KOJIOBBIX CJIOB, C TOYHOCTBIO JI0 Perpera, He IPEeBOCXOMIAT U~
HBI KOJIOBBIX CJIOB JIIOOOrO Koja u3 JF (upumep cMm. B ciepctsun 3.1
Jrasee).

Buepsbie maHHbIN CIIOCOO YHUBEPCAJIBLHOIO KOIMMPOBAHUS IIPEII0-
xen B pabore FO.M.IItapskosa [5]).

Nrpa Kennu. Knaccuueckast mojienis urpol Kesm 3akiodaercs
B caepyromieM. Ha KaxkioM payH/ie ¢ IpOu3BOAUTCs 3a0er m JIoa e,
OJIHA U3 KOTOPBIX BHIMIphIBaeT. Ilycrs 4! = y1,...,y,_1 — HOMepa
BBIMTPBIBIINAX JIOMIa el Ha payngax 1,...,¢ — 1. rpok Ha KaxKjaoMm
payHe ¢ BKJIAJIbIBAET BCE CBOU JIEHEXKHBIE CPEJICTBA B CTABKU HA JIO-
maJieil B IPOIOPIUSX, KOTOPBIE IIPEJICTABIEHBI B BU/I€ KOODJIUHAT BEK-
topa crpareruu (f(1|y'~1),..., f(m|y*~1)). Cymma xoopaunar pasHa
€JINHUIIE, a CAMU KOODJIMHATHI €CTh HEOTPUIATEIbHbIE BEIleCTBEHHbIE
qncsia. QyHKIUS BBIUTPHINIA UMEET BHU]

k;, ecnmu y = y;,
k(ylyl,...,yi_l)—{ ' v

0 B mpOTWBHOM cJTydae.
[TycTp HAYAILHBIN KanuTa urpoka pased 1. Tora BLIMTPHIIT UTPOKA,
IIPUMEHSTIONIEr0 CTPATETWIO BJIOYKEHUs [ 3a 1 PayHJOB PaBeH

n

Kn(fy™) =[] F@ily'™k(wily™).

i=1
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3aMeTnM, ITO OTHOIIEHNE BBINTPHIMIell crpaTeruit f u p

Ko(f.y™) T fuly™ Dk(uly™"  fy™)

Ku(p,y™)  TTimy pwsly =D k(wily =)~ py™)

He 3aBuCHT OT yHKIuuM Bburpbima. [lo onpeaenenuto Vi, (p, F) =

sup,» sup In £ g:)) u Vy,(F) = inf), V,,(p, F). HasbiBaem onrumasibHoOi

TAKyIO0 CTPATEruio BIOXKeHUsl p*, st Kotopoii Vi, (p*, F) = Vi, (F).
Bo Bcex aTHX npuMepax BOZHHKAET 33J1a4a OIEHKU BeJIMYUHDI
Vo (F) Jyist COOTBETCTBYIONMX KJIACCOB cTpaTeruii JF.
Crparerun He 3aBucdmue or ucropuu. OUEHUM BeJIUIUHY
Vi (F) juist ojoro npocroro Kiacca crpareruii. [lycrs kiace F cocro-
UT U3 pacrpejesenuii BepositHocreil f(y) na muoxkecTBe 0 = {1,2}.
Torﬂaf:{(Q?l_Q):qugl}vq:f(l)'

Teopema 3.2. V,,(F) = %lnn—kéln%—ken, 20e €, — 0 npu n — oo.

Joxazameavcmeo. I1o Teopeme 3.1

Vo(F) =In ) sup f(y").

Y ferF

snech y" € {1,2}, nycrb ny — umcsio 1l B ¥ u ng — umcsio 2ek,
ng =n—mny. Torna f(y") = ¢ (1—q)", sup; f(y") = ()™ (22)™

“ G =wE (7)" ()"

riae n; = n;(y"). MoxxHO npejcraBuTh
/0 s\ ngyne
WF = 3 () ()™ ()™
N3 dopmyabr Crupiunra
2mn (%)neﬁ <n! < V2mn (g)neﬁ,

rae € > 0 — KoHctanTa. Torma

1 n_oL_ <n> <n1)”1 <n2)"2 o 1 [
— eT2n — —= — eT2n 1,
V27 \ ning “\ni) \n n/ T 2r\ ning
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Orcroa, B 9aCTHOCTH, IOJIyYaeM BEPXHIOK OIEHKY

n—1
1
Vo(F) <In —el2n+1 .
B <t ¥ o

ni

CyMMa OIeHUBaEeTCs Yepe3 UHTerpaJ

SHIn
ni—1 nin2
B n—1 1 1 N
ni=1 n o (1 77111)
! dx
~ _— =7
0 Vva(l—ux)
Orciofa momydaem
nm
Vo(F) <Iln ((1+0(1)) 2) lnn—l—fln 5 T ens

re €, — 0 mpu n — oco. Humkusasa onenka MoxKeT ObITH ITOJTy<I€HA
aHAJOIMYHBIM obpas3oM. Teopema mokazana. A
Teopema 3.2 moxkeT O6bITH CHOPMYIUPOBAHA TAKXKE B BUJE:

Craencrue 3.1. Mooicno nocmpoums onmMUMGALHYIO CMPLME2UIO
p* € F maxyro, umo dasn moboti cmpameauu f € F u das xaorcdol
nocAed08aMEALHOCTIU Y™ BHINOAHEHO

L (y™) < Li(y™) + *1nn+*1n + én,

ede €, — 0 npu n — oo.

B wacmmocmu, uzbvimourocms onmumaﬂbnoeo Kx00a 0/Lﬂ KAQCCA
Kx0doevlr pacnpedesenuti F 02panuvena 6eAUMUHOT 5 10g2 n+i 5 logy 5+
€n-

Buowuepviw uepora 6 uzpe Keaau, npumensiousezo cmpamezuio p*,
YydosAemeopAem HEPABEHCNEY

1
Kn(p*,yn) P (1 - En)n_E sup Kn(f7 yn)’
feF

2de €, — 0 npu n — oo.
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Bonee mogpobHOe M310:KEHNE MATEPHUATIOB 3TOTO Pa3esIa MOXKHO
HajiTu B MoHorpadusx [23| n [41].

3.2. KanubpyemocTh MPOTrHO30B

B Tom ciydae, Korga OTCyTCTBYeT THIIOTE3a O MEXaHU3Me IOPOKIe-
HUST UCXOJIOB Wj, JIJIE OTIIEHKH KAIeCTBa, IIPOrHO30B UCIOJIb3YIOTCS T1e-
JieBble (PYHKIMOHAJBI (PYHKIMA TIOTEPH), KOTOPBIE BHIONPAIOTCST UC-
XOJsI U3 KOHKPETHBIX 3aJad4, JJIsi PelleHUs] KOTOPBIX IMPOU3BOIUTCS
IIPOTHO3UPOBAHIUE.

TUnuIHbBIM TpUMEPOM 3302491 Ha IPOIHO3MPOBAHKE SIBJISIETCSI 3a-
Jlada MpeJICKa3aHns MOrobl Ha 3aBTpPa, HAIIPUMED, COOBITHE W, = 1
MOXKET HHTEPIPETHPOBATHCS KaK HOXKIb B N~ JeHb, a UHUCIIO Py —
KaK €ro BepOsSITHOCTH, BBIUMCJIEHHAST HA OCHOBE HAOJIIOIEHUI TOr0/IbI
W1, W, ..., Wnp_1 3a OpeablayInme n — 1 JHeit.

[IpeickazaTesb MOrOABI CIUTAETCST XOPOIIO KAJIUOPYEMBIM, €CJIu
JIOYKIb CJIYYAeTCs TaK »Ke 9acTO, KaK OH IMPOTHO3UPYETCST MPEeICKa-
zaresieM. Hanpumep, eciu noxkans ciaydaercd B 80% Bcex mHeit, mjist
KOTOPBIX IPEICKa3aTe/ b J1aBaJl IPOoruo3 p, = 0.8, u T.1. Bemmun-
Ha CPEJIHEr0 OTKJIOHEHUsI YACTOThI UCXOJIOB Wy, OT IIPOTHO30B Py, TJIE
Pn & P, A8 Pa3/IMIHBIX 3HAYEHUN p* MOXKET HCIOIB30BATHCST KaK
TECT JIJIsl BBIABJICHUS “IJIOXUX’ IIPeAcKa3aTesIeil.

B upegpiaymenm upumepe p, € [0,1]. MoxHO paccmarpusBaTh
[IOCJIEIOBATE/IHbHOCTH JAHHBIX OoJiee obIiero xapakrepa. Hampumep,
nycTb Wy = S, — I€Ha HEKOTOPOro (BPUHAHCOBOIO MHCTPYMEHTa B
HEKOTOPBIE ITOC/IeI0BaTE/IbHbBIE MOMEHTRI BpeMenn n = 1,2, .. .. Ilena
UMEET CTOXaCTHUYECKHUI XapaKkTep M3MEHEHHs. B IpakTUYeCKuX IIpu-
JIOXKEHUSTX WHOTIA TPYIHO BOCCTAHOBUTH IapaMeTPhl MOJEIN, YIIPaB-
JISTIOIIENl m3MeHeHneM IeHbl. Kpome 3Toro, 3Tu mapameTpbl MOTYT
U3MEHSThCA CO BpeMeHeM. Unc/o p, pacCMaTpUBAETCs Kak IIPOTHO3
“cpellHEro 3Ha4YeHUs’” 3TOM BEJIWYMHBI Ha, IIIare 1.

B pasmene 3.3 mbI Oyaem paccMaTpuBaTh KaK OMHAPHBIE MCXO/IBI
wp € {0,1}, Tak ¥ BelIECTBEHHBbIE MCXOJIbI, JIEYKAIME B €JIUHUIHOM
uHTepBaJe: wy € [0, 1]; uncio p, gexur B equamaHOM oTpe3ke [0, 1].

Eciu 6b1 3a1a9a BOCCTAHOBJIEHUSI HICTUHHBIX 3HAYEHUI BEPOSITHO-
creit p; perrajach TPAIUIUOHHBIMEA CTATUCTHIECKUME METOIAMU, TO

177



MBI OBl TIPEJIIOJIATaI, YTO UCXO/IbI TEHEPUPYIOTCS C IIOMOIIBIO HEKO-
TOpOil BEpOSITHOCTHOI Mepbl P T.e.

pn = P(wp, = 1wy, wa, ..., wp—1) mpun =12, ...

— YCJIOBHAsI BEPOSITHOCTD COOBITHA Wy, = 1 IIPU M3BECTHBIX 3HAYECHUAX
W1,Wa, ..., Wp—1. B 9TOM cilydae mpecKasaTesib TOJKeH ObLT Ob
pelaTh KJIACCUIEeCKyI0 3aJlady MaTeMaTHIeCKOH CTATUCTHKH — BOC-
CTAHOBJIEHIE BEPOSITHOCTHON Mephl P 110 HabsronernsM. OOBIIHO TIpU
9TOM KJIACC BO3MOXKHBIX MEP CHJILHO OIPAHUINBACTCS Ha OCHOBE HEKO-
TOpOit arrpuopHoi nudopmaruu 06 ucrounuke. Hanpumep, npemmnosia-
raeTcs, 9TO pacipejeeHne IPUHAJIEKAT 38 [aHHOMY TapaMeTpue-
CKOMY KJIACCY M MBI JIOJI?KHBI 110 HAOJIIOJIEHUSAM BOCCTAHOBUTH HEKO-
TOPBIIT HEM3BECTHBIA apaMeTp 3TONH MePHI.

OnHako Ha TPAKTUKE MBI 9aCTO UMEEM JIEJI0 C €IMHCTBEHHON UCTO-
PUUECKOIl MTOCIeI0BATE/TBHOCTBIO UCXOM0B W1, W2, - .., Wp—1, ... T HE
MMeeM IIPEeJACTABICHIA O MEXaHI3MaX, TeHEPUPYIONINX ITY HOCJIEI0Ba~
TE€JIbHOCTbD. MBI JazKe MO>KEeM He S3HATb, ABJIAIOTCA JIN 9TU MEXaHU3MbI
CTOXaCTUIECKUMU.

B manHOIT TyaBe mpeAIosioXKeHne O HAJIUYIUN TaKoir Mepbl P He
HCIIOJIb3YeTCsd. B yCIOBUSIX OTCYTCTBHSI MePhl BO3HUKAET €CTEeCTBEH-
Hagd TPYAHOCTH — HEU3BECTHO, KaKUM 06pa30M OoleHuBaThb KadeCTBO
IIPOrHO30B. TpebyioTcst KPUTEPUn KadecTBa, UCIOJIb3YIONINE TOJIBKO
IIOCJIEIOBATE/ILHOCTD JTAHHBIX, ITOJIyYaeMyIO IIPEJICKA3aTeIeM B PEXKU-
M€ OHJIAWH.

Tem HE MeHee, MOXKHO yKa3aTh METOJI TPOTHO3UPOBAHUS ITPOU3-
BOJIBHOH II0CJICOBATEIIBHOCTU W1, W2, ..., Wnp—1, YAOBJIETBOPAIOIINNI
TaK HA3BbIBAEMBIM TE€CTaM Ha KaAubpyemocmo.

[IpuBenenHOe BBIIIE MPABUIO MIPOBEPKHU IIPEICKA3ATEISI TOTO/IbI
MOXKHO 3allCaTh B CJIEAYIOIMIEM BHJE: sl JIIOOOr0 JeHCTBUTEILHOIO
anciaa p* € [0, 1] BeIOIHEHO

n
- ok Wg
22_1&p2~p L~ p*, (3.3)

ST B
1=1&p;~p* ~Pi~p

ecJin 3HaMeHaTe b OTHOIIeHus (3.3) cTpeMuTCst K GECKOHEIHOCTH TIPH
n — 00. 3/1eCh MbI UCIIOJIB30BAJIA CUMBOJI ¢ IPUOJIMKEHHOTO PaBeH-
CTBa, IMOTOMY YTO HA IPAKTHKE YUCJIO P* MOXKHO 33/aBaTh TOJIBKO C
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FORn=1,2, ...

IIpedckasamensy anOHCHpYeT IPOrHO3 Py, € [0, 1].
IIpupoda anoncupyer ucxon wy, € {0,1}.
ENDFOR

Puc. 3.1: IIpoToko/1 urpol ¢ JIeTePMUHAPOBAHHBIMHU MTPEICKA3AHISIMU

HEKOTOPOU TOYHOCTBIO. YCJI0BHUE p; &~ p* TpebyeT JabHEHero yrod-
HEHUS.

yTO‘{HI/IM CXel\Jy npejacKa3aHusd B BHUJIE IIPOTOKOJIa UT'PBI C y‘{aCTI/I—
eM JIByX UrpokoB Ilpedckazamensn Ipupodw. Ilporokos npemcrapieH
Ha puc. 3.1.

Urpoku — Ilpedckazamens u IIpupoda — MOTYyT UCIIOIB30BAThH BCIO
nH(MOPMAINIO, KOTOpasi U3BECTHA Ha MOMEHT ero WM ee JefCTBUsI.
B gacrnocru, na mare n IIpupoda MoxKeT UCIOJIL30BATL IPOrHO3 Py,
aHOHCHUPOBaHHBIN [Ipedckazamenem; IIpedcrasamens He 3HAET UCXOL,
Wn, TAK KaK K MOMEHTY BBLIAYM IIPOTHO3a P, IIpupoda ele He aHOH-
CHpOBaJia CBOI MCXOJ.

[IpuBenem ToUHOE OmpejesieHe KAJIUOPYEMOCTH, PEeJIOKEHHOe
Hetiumom [25]. Pacemorpum nponsBosibHbIE TIOBIHTEPBAIbI [ BUIA
[a,b], (a,b], [a,b), (a,b) uareprasa [0,1] n ux xapaxrepucruieckue
byHKIINNT

I(p) — 1, eciu p € I,
(p) = { 0 B IPOTHBHOM CJIydae.

[TocsietoBaTEIBHOCTH TIPOTHO30B P1, P2, ... Kaaubpyemcs Ha Gecko-
HEYHOI MOCJIEI0BATEIBHOCTH W1, W2, . . ., €CJHU JIJIsI XapaKTePUCTUIE-
ckoit dyukmuu [(p) kaxkmoro noapiaTepBaia [0,1] kasubposounas
0wWubKa CTPEMUTCSA K HYJIIO, T.€.

> i1 L(pi) (wi — pi)
> i1 1(pi)

ecJin 3HaMeHaTe b OTHOMIeHus (3.4) cTpeMuTCst K GECKOHEIHOCTH TIPH
n — oo. Xapakrepucruieckas Gynkims [(p;) ompemesnsieT HEKOTO-
poe IpaBWIoO BLIOOPa, KOTOPOE OLpPEIe/IdeT T¢ HOMepa UCXOMO0B 1, JJIs
KOTOPBIX MbI BbIMUCJIIEM OTKJIOHEHUE ITPOrHo3a p; OT COOTBeTCTByIO—

— 0, (3.4)

IIEro NCXOoaa W;.
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JeitBua paccMaTpuBa 3aa9y IOCTPOCHUS Yy HUBEPCAILHOTO TIPe -
ckazaressd’ — aJlOPUTMa, KOTOPLIA Jjist JII00O0# 1OoC/Ie10BaTe IbHOCTH
HCXOJIOB BBIIAET KAJIUOpyeMble IIPOrHO3HI.

IIpocrbie coobparkeHusl IOKA3bIBAIOT, YTO HUKAKOH aJIrOPUTM, BbI-
LII/IC.HHIOH_[I/II‘/’I IIPOrHO3bI Ha OCHOBaHWM IITPOHIJIBIX MCXOJ0B, HE MOXKET
BCerla BLLIABATL KaJauOpyeMble IIPOrHO3LI. A HUMEHHO, IJIs IIPOM3-
BOJIBHOT'O TAKOI'O ajropuT™Ma f MOXKHO OIPEEUTH MOCJIe/0BaATE b=
HOCTb W = W1, W2, ... TaK, 9TO

i = { 1, ecsm p; < %,
0 B IpOTUBHOM CJIydae,
e p; = f(wi,...,wi—1), @ = 1,2, .... Jlerko Bujerh, 4To JiJisl MH-
repsasa I = [0, %) nau Jjist uaTepBaga I = [%, 1) ycioBue Kagubpye-
moctu (3.4) HapyIaercs.

JlamHast oCIeI0BATEIBHOCTD W = W1, W2, ... SBISIETCS MPOCTE-
UM [PUMEPOM peaju3allui “aJIallTUBHO BpaxKJIebHOI’ crparerun
IIpupoder. “AnanTuBHOCTE 3aKJIIOYAETCA B TOM, YTO Ha, KasKJIOM IIare
i IIpupoda BLIOUpPAET MCXOJT P; B 3aBUCUMOCTH OT TTPOTHO3a Pj, AHOHCH-
poBaunoro Ilpedckazamenem. “BpazkieOHOCTD” 3aKJIIOYAETCSI B TOM,
YTO UCXOJ] Ww; BBIOMPAETCs TaK, YTOObI |w; — p;| = %

[TonobHbIE TPYMHOCTH TOCTPOEHUST YHUBEPCAJIBLHOIO IIPEJICKA3aTe-
JIsT OKA3aJINCh TPEOJOIUMBIMEI C TIOMOIIBIO MOHSITUST PAHTIOMU3UPO-
BaHHOrO nporuosa. Ilycrs P[0, 1] — MHOXKeCTBO BCEX BEPOSITHOCTHBIX
Mep Ha orpeske [0, 1].

[IpoToKo UI'PHI C IeTEPMUHUPOBAHHBIMU TIPEICKA3AHUSIMU, TIPU-
BeJIEHHBIN Ha puc. 3.1, 3aMeHsieTcss Ha MPOTOKOJ WIPBHI C PAHIOMU-
3UPOBAHHBIME TIpejicKa3aHusiMu, cMm. puc. 3.2. Ilpu srom BBOIMTCS
BCITOMOTATEIHHBIN UTPOK — [eHepamop cayuatinmr wuces. IIpupoda
pU BBIGOPE OYEPEHOIO UCXOMA Wy MOMKET HCIOJIB30BATh PACIpeie-
JIEHHE BEPOsITHOCTEl, aHoHCUpoBaHHOe [Ipedckasamenem, HO TIPOrHO3
Dpn, CKPBIT OT Hee. [loaromy xom [enepamopa cay4atinwiT wuces oMe-
IIeH B IIPOTOKOJIE TI0cjIe X012 [Ipupode.’

O6oznagaeM w1 = wi,...,wn_1. BeposTHOCTHLIE pacIpe/ete-

uus P,, B obmeM ciyuae 3aBHcAmme oT w” !, IOpoxKaioT pacipe-

3Ypcro urposast popMyIHpOBKa 6€3 NCIOIB30BAHNS OHSTHS BEPOSITHOCTH Gy-
JIleT TpuBeieHa B pazzese 8.3.
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FORn=1,2, ...

IIpedcrasamenv aHOHCHDYeT paclpejiesieHne BeposTHOcTelr P, €
P([0,1]).

IIpupoda anoucupyer ucxon w, € {0, 1}.

T'enepamop cayuatinoir wuces aHOHCUPYET CIIydaiiHOe YUCIO Py, Pac-
IIpe/ieIeHHOE COTJIACHO Mepe FP,.

ENDFOR

Puc. 3.2: TIpoToKo/1 urpsl ¢ paHI0MA3UPOBAHHBIMYU TPEICKAZAHUSIMU

JleJieHne BeposiTHOCTEl P Ha MHOXKeCTBe BCeX OECKOHEUHBIX MTOCJIEI0-
BaTeJIbHOCTE!l POrHO30B P1, P2, ..., the p; € [0,1], i = 1,2,
BeckoneuHast 10C/I€I0BATEIBHOCTD W = W1, W2, ... SBJISETCS Iapa-
METPOM ITOTO PACIIPE/IECTICHMS.

3amernM, 9TO Takasg Mepa P cylecTByeT u B ropasjio 6ojiee 00-
MeM cIIydae, a UMEHHO, KOTJa KayKIbI MCXOJT Wy, SIBJISIETCST U3Mepu-
Moit PYHKIHEH OT HOC/IeI0BATENBLHOCTH Py, ..., Pp_1 s Beex 4 n.

B stom ciryaae, mis 106010 1 OIIpeiesIeHO CeMeCTBO BEPOSITHOCT-
HBIX MeD Py, (dppn; 1, -+ -y Pn—1) (BEPOSITHOCTHBIX SIJIED ), 3ABUCAIIUX OT
napaMerposB pi, .. .,Pn—1 € [0,1]. B gacTHOCTH, OLpesieeHa HaUATb-
Hast Mepa P (dpy).

ITo sTOMYy ceMeitcTBY J1jist JTIOOOTO 1 OIIPEIEIISIETCST BEPOSITHOCTHAS
mepa @, Ha [0, 1]" cremyronm obpasom. st siroboro 6opesieBCcKoro
muoxectsa A C [0, 1] onpenestnm

Qn(A) =
:/Pl(dﬁl)/PQ(dﬁg;pl).../Pn(dﬁn;ﬁl,...,]5”1)1,4(]51,...,]3,0,

rie

~ - 1, eciia (P1,...,Pn) € A,
]—A(pla .. apn) — { (pl pn)

~ | 0 B npoTUBHOM ciIy4ae.

ITo Teopeme Monecko—Tynpau [4] 0 HPOIOIKEHUN MEpbI CYIIECTBY-
er BepositHOCTHast Mepa P Ha muO)kecTBe [0, 1]%° Beex GeCKOHEIHBIX

4CornacHo IPOTOKOITY, TIpe/ICTaBIEHHOMY Ha prc. 3.2, [Ipupoda HabomaeT Ha
mare n 3Ha49EeHHS IIPOTHO30B D1, ..., Pn—1, BblIaBaeMbIX [enepamopom caywali-
HOIT YUCEA. HA TIPONLIBLIX marax. [lpu sTom 3nadenne mporuosa p, et HeIOCTYITHO.

181



TPaeKTOpuit Pi, P2, ... Takas, ITO
@n(A) = P(A x[0,1]%)

JUIst Beex n u Beex 6openesckux A C [0, 1]™.

B uwacTHOCTH, MOXKHO 151 J1E060r0 TozbiHTepBasa I C [0, 1] pac-
CMATPHUBATH BEPOATHOCTL P cobbitust (3.4).

®ocrep u Boxpa [28] mocrponsin ajgropuTs Jijisi BHIYUCIEHHs] Ka-
JUOPyeMBIX PaHJIOMU3UPOBAHHLIX IPEICKA3AHUIl /I ciIydas, KOra
NCXOIbI W; MPUHUMAIOT KOHECIHOE IHCJIO 3HAYEHUN.

[TpuseseM 3TOT pe3yjabTaT Jis cjydasl, KOIjla HCXOIbl w; HPH-
HUMaIOT TOJIBKO JIBa 3HAYCHUA 0 n 1: JJIgd IIPOU3BOJIBHOT'O SHAYEHU A
napamerpa A > () aaropuT™M reHepupyeT paHIOMU3HPOBAHHDIE IPE/I-
CKa3aHUd TaK, 9TO

1 n
limsup |~ > I(pi)(wi — pi)| < A
n—oo | N i1
BBIIOJIHEHO € BEPOSTHOCTDLIO 1, TJie TPaeKTOPUU IPOIHO30B P1, P2,
pacipejiesieHbl 10 BeposiTHOCTHO! Mepe P a I(p) — xapakrepucruie-
ckast bYHKIUS IIPOU3BOJIBLHOrO nosiaTepBada [0, 1].

Bepcust sToro anropurma Jyist ciaydas w; € [0, 1] 6yaer npuseena

B cJIeyIonieM pa3zjene 3.3.

3.3. AJgropuTMm BBIYHUCJIEHUS KAJNOPyeMbIX ITPO-
THO30B

[TpuBenemM HEKOTOPBIIT MOAEPHU3UPOBAHHDLIN BAPUAHT PAHIOMU3ZUPO-
Banuoro ajropurma Kakane u @ocrepa BbYuCIeHUsS KaTUOPyEeMbIX
npeJicKasanuii, npejyioxkennslii Kakasge n @ocrepom [32].

[Iycth wi,ws, ... — HPOU3BOJIbHAS TOCIEIOBATEIHLHOCTD JJIEMEH-
toB {0,1} wim [0, 1], mocrynatomast B pexkume oniaiit. ITocrponm
QJIPOPUTM I BBIYUCJICHUA CJIy4YalHON BEJWYMHBI, BbIJIAIOIIEH I1pO-
rao3 P, € [0, 1] Gymyuiero 3HaYeHus wy, 10 HAYATBLHOMY (DPArMEHTY
Wi, .. .,wp—1. OcHOBHOE TpebOBaHIE K TAKUM TPOTHO3AM: OHU JTOJIZK-
HBI C BEPOSITHOCTBIO 1 YIOBJIETBOPSATDH ycjaoBuio Kajgubpyemoctu. Co-
OTBETCTBYIOIEE PACIIPE/IE/IEHIE BEPOSTHOCTEN SABISIETCS BHY TPEHHUM
110 OTHOIIIEHUIO K AJIOPUTMY U CTPOUTCS B MPOIECCE KOHCTPYKITUH.
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[IpesBapuresnbHO pa3obbeM MHTepBas 3HadeHui nporuoszos [0, 1]
Ha paBHble yacTy JIMHbL A = 1/K ¢ IIOMOIIBIO PAIMOHAJIBHBIX TOYEK
v; = 1A, tme ¢ = 0,1, ..., K. Ilycrs V obo3HauaeT MHOXKECTBO
Bcex arux touek. JIwboe uncio p € [0, 1] npejacrasisiercs B BuJE
JIMHETHOM KOMOMHAIINY TPAHUIHBIX TOYEK MTOALIHTEPBAIA PA30UeHsI,
COIEPXKAIIEro P :

b= Z wv(p)v = wl)i—l(p)vi—l + Wy, (p)Ui,
veV
e p € [vi—1,vi], i = |[p/A+1| n

b—vi Vi — P
wvi—1(p):1_Tlv wvi<p):1_ ZA .

[Tosaraem wy,(p) = 0 j1st Becex ocTasibHBIX 3HAUYeHUii v € V.

B nanbHeiineM JeTepMUHAPOBAHHBIN TPOTHO3 P, BhIIaBa€MbIil aJI-
TOPUTMOM, IIPUBEJIEHHBIM Jlajiee, OyIeT OKPYIJISThCS 0 U;_1 C BEPO-
SITHOCTBIO Wy, , (P) U 70 V; C BEPOSITHOCTDBIO Wy, ().

CHadaJjia IIOCTPOUM aJIrOPUTM, BBLIAIONIUN JeTepMUHUPOBAHHbBIE
IIPOTHO3BBI.

[TycTh OPOTHO3BL P1, ..., Pp—1 Y2Ke onpesesesl (myctb p; = 0).
Boraucanm mporuos py,.

PaccmoTpuM BerioMoraTeibHY 0 BEJTUIUHY

n—1
Mn—l(v) = Zwv(pi)(wi — Di).-
i=1
Nneem

(Mn(v))Z = (Nn—l(v))2 + 2wv(pn)ﬂn—1(v)(wn - pn) +
+(wv(pn))2(wn - pn)2~ (3.5)

CymmupyeM (3.5) 1o v :

D (1)) = D (n-1(v))* +

veV veV
+2(Wn - pn) Z wv(pn)un—l(v) +
veV
+ Z(wv(pn))2("‘)n _pn)2- (3.6)
veV
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Wsmennm IOPAITOK CYMMUPOBaHUA B CYMME BCIIOMOT'aTC/JIbHBIX BEJIN-
Y1H

Z Wy (p)ﬂn—l (U) =

veV

n—1
= wylp) Y wy(pi)(wi — pi) =
veV 1=1
n—1
=> O wo(p)wy(pi)(wi — pi) =

=1 veV

n—1
= 3" (@(p) - wpi))(wi — pi) =
i=1

rae

w(p) = (w1, ..., Wye) = (0, ..., wy,_,(p),wy,(p), ..., 0)

— BEKTOD BEPOSITHOCTEH OKpyIJIeHusl, p € [v;—1,v;] 1

K(p,pi) = (w(p) - w(p;)) (3.7)

— CKaJIsIpPHOE TIPOU3BEJICHIE COOTBETCTBYIONMX BEKTOPOB (s1y1po). Ilo
oupezesnennto K (p, p;) — HenpepbiBHas dOyHKIUSL.

Bropoit wien mpasoii dactu pasencrBa (3.6) mpu moJxojsiem
3HAYEHWHN P, BCErJIa MOYKHO CJI€JIATh MEHBIIUM WJIM PaBHBIM HYJIIO.
leficTBuTeIbHO, B Ka4eCTBe P, 6€peM KOPEHDb Py, = P YPaBHEHUs

n—1
> wo(p)pn1(v) =D K(p,pi)(wi — pi) =0, (3.8)
veV i=1

€CJIM OH CYLIeCTBYyeT. B IpOTHBHOM cilydae ecjy jeBas 4acThb ypaBHe-
Hust (3.8) (Koropasi siBjIsieTcsi HelPepbIBHOM 110 p (yHKIueit) GosibIie
HyJIs JJ1 BCeX 3Ha49eHUil p,,, TO IojaraeM p, = 1, a ec/iu OHA MEHbIIe
HyJsIs, TO nojaraeM p, = 0. Oupemesennoe TakuM 06pa3oM 3HAYEHUE
Pn, BBIAEM B KA4eCTBE JIeTePMUHUPOBAHHOIO IIPOrHO3A.
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Tpetrwnit wren (3.6) orpanmden wuciaom 1. JleiicTBUTEIHHO, TAK KaK
|wi — pi| <1 myist Beex i, uMeeM 1jisi HPOU3BOJIBLHOTO T

Z(wv(pn))2(wn _pn)2 < Z wy(pn) = 1.

veV veV

Otcioma u 1o (3.6), ecau moc/IeIOBATEIBHO BBIONPATH IIPOTHO3BL P
COIJIACHO YKA3aHHOMY HPAaBUJLY, TIOJIYIUM

S () < 37w (p)?(wi — i) < . (3.9)

veV i=1veV

[TycTs Tenepb p; — ciaydaiiHasi BeJTMYUHA, IPUHUMAIOIIAsT 3HAYE-
HUst v € V' ¢ BEpOSTHOCTSIMU Wy (p;) (HA caMoM Jiesie, JJIsl KaxKJ0ro p
HEHYJIEBBIMU SIBJISAIOTCST TOJIBKO 3HAYEHUST Wy (P) JJIst ABYX COCETHHUX
IPaHUI] TIOJbIHTEpBaa Pa3OUeHNsl, COJAEPIKAINEro JIeTePMUHIPOBAH-
HBI Tporuo3 p;). Ilyers Takxke I (p) — xapakrepuctuaeckast QyHKIUS
nponsBoJibHOTO nojbiaTepBaia [0, 1]. s soboro ¢ maTemaTnaeckoe
ovKUanme cayJaitnoit Bemmannnt 1(p;)(w; — p;) pasmo °

E(I(Fi)(wi = 5:)) = ) wo(pi) I (v)(w; = v). (3.10)

veV

CoracHo yCHIIEHHOMY MAPTHHIAILHOMY 3aKOHY OOJIBIINX YHCE]T
(cMm. crencrBue 10.6 HIXKe) ¢ BEPOSITHOCTBIO 1 :

n

1 3 . 5 _
ﬁzl(pi)(wi_pi) - gZE(I(pi)(Wi —pi))| =0 (3.11)
i=1 =1
npu n — o0.
[To ompejiesieHUIO TETEPMUHUPOBAHHOTO MTPOTHO3a P; U (DYHKITUN

wy (p)

Y wop)(0)(wi —v) = Y we(p)I(0)(wi —pi)| <A (3.12)

veV veV

°B ciryuae Korga w; ecTb (bYHKIMSI OT 3HAYEHHIl IPOILIBIX HPOIUHO30B, 3/€Ch
MMeEeTCS B BHUJY YCJIOBHOE MATEMAaTUUECKOE OXKHUJAHUE OTHOCUTEJHHO CJIyYaiiHbIX
BEJIUYUH D1, ..., Di—1-
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JIIST KaXKJI0TO %.
[Tpumensiem HepasercTBo Komu—ByHsikoBekoro K Bekropam { iy, (v) :
veV}u{l(v):veV}, yanrsBaem (3.12) u momydaem

Z Z wy (pi) 1 (v)(wi — pi)

i=1veV
= Z[(U)Zwu(pi)(wi_pi> <
veV 1=1
< 2 (m@)? [ I(0) <
veV veV

< VKn, (3.13)

rae K = 1/A - 4aucio nojpiHTepBaIoB pa3oueHusl.
Ucnonbays (3.12) u (3.13), nonydaeM BEpXHIOIO OLEHKY JIJIsT a6CO-
JIFOTHON BEJIMYMHBI CyMMBbI MaTeMaTHIecKux oxkuganuii (3.10) :

> E(I(pi) (wi — ﬁi))‘ =
i=1

DD welpi) I (v)(wi —v)
i=1 veV
< An++/n/A (3.15)

N

(3.14)

TSt BCEX M.
N3 (3.14) u (3.11) mosyvaem, 9TO ¢ BEPOSITHOCTHIO 1:

lim sup
n—oo

<A. (3.16)

% > 1(Bi)(wi = Bi)
=1

CdopmynupyemM pe3yabTaTbl 9TOTO pasjesia B BUAE CJIEIyIONIEei
TEOPEMBI.

Teopewma 3.3. /i xasicdozo A > 0 Mmoo2icHO nocmpoums ar2opumamm,
6u10a10WUT PAHIOMUSUPOSAHHBIE NPO2HO3DL, MAKOT, YMO 0AA A100020
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nodvinmepsana I C [0, 1] nepaserncmeo

. 1, _
imsup - 37 1) e - 0] < &
n—oo |T 1

suNOANERO NOYMU 6ctody, 2de I(p) — rapaxmepucmuseckas GyrKyus
aMmoeo no@bmmepsa/m.

Eciu B mporiecce KOHCTPYKIMU B OIPEJEICHHBIE MOMEHTBI Bpe-
MEeHU Ng, § = 1,2,..., u3mensatb A = A, tak, arodbsr Ay — 0 upn
§ — 00, MOXKHO JIOCTHYb aCUMITOTUIECKH TOYHOTO PE3YIbTaTa:

Teopema 3.4. Moowcro nocmpoums anzopumm, 6v0a0UULT PaHdo-
MUBUPOBAHHBIE NPO2HO3DL, MAKOU, YMO dad 06020 NOJbIHMEPBANQ
<o,
1
lim —

n—oo N

n
> I(pi)(wi —pi) =0
=1
nowmu 6c¢100y.

JeTaanm KOHCTPYKIINN MPUBEJIEHBI B paszaene 3.5.1.
[Tporuo3sl, yI0BAETBOPSIONINE YCJIOBUIO TeOpeMbl 3.4, OyayT Ha-
3BIBATHCS LOPOULO KAAUOPYEMBLMU.

3.4. IIporuozupoBaHue C ITPOU3BOJILHBIM SIJIPOM

Cy1mecTByIOT JBa MOIX0Ja K YHUBEPCAJIHLHOMY IIPOrHO3UPOBAHUIO:

- YHUBEpPCAJILHOE TIPOrHO3UPOBAHNE, IIPU KOTOPOM B Ka4€eCTBE ITPO-
THO3a BBIJAETCS PacIIpejieJleHne BEPOSTHOCTEN Ha MHOXKECTBE BO3-
MOKHBIX IIPOTHO30B (B YaCTHOCTH, B CJIydae OMHAPHBIX I10CJIEI0BA-
TeJIbHOCTEIT MHOYKECTBO BO3MOXKHBIX ITPOTHO30B COCTOUT U3 JIBYX JJIe-
MEHTOB, KaK B IPEJbIIYIIEM pasjesie); IPU 3TOM B KAadecTBe Ipa-
BUJI BBIOOPA WMCIOJIB3YIOTCS MTPOU3BOJIBHBIE IMOIBIHTEPBAJIBI € IIMHIY-
HOI'O MHTEPBAJIA;

- YHUBEpCaJIbHOE IIPOTHO3UPOBAHNE, IIPU KOTOPOM IIPOTHO3 SIBJIsI-
eTcs JIeTepMUHUPOBAHHBIM, OJHAKO B KadecTBe MPaBUJI BbIOOpa pas-
pelraeTcs MCIOJIb30BATh TOJBKO IUIAJIKNE MPUOJINKEHNST K XapaKTe-
pucTuIecKuM (PYHKIINAM IIOABIHTEPBAIOB eIUHUIHOIO NHTEpPBAaJIa.
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Puc. 2.1. Ilpumep mocaesoBaTeTbHOCTH JAHHBIX W1,Ws, ... U IOCIEI0BA~

TEJIFHOCTH KAJIMOPYEMBIX IPOTHO30B P1, P2, - - -

B mepBom citydae HOCII€I0BATENBHOCT TPOIHO30B Y/IO0BIETBODSI-
eT YCJIOBHIO KaJUOPYeMOCTH € BEPOSITHOCTBIO eauHuIa. Bo BTOpOM
cllydae yCJIoBHe KaJnOPyeMOCTH IIPOCTO BBIIOJIHEHO JJIst IIOCJIe/I0Ba-
TEJILHOCTH JIeTePMUHUPOBAHHBIX IIPOTHO30B C IVIAIKUMU BECAMHU.

MozkHO moKa3aTh, 9To 068 ITU HOXO/IA [0 CYIIECTBY SKBHBAJICHT-
Hbl (cM. [32]).

Bropoii MeTos mporHosuposanus 6yeT PACCMOTPEH B 9TOM pas-
Jeie.

Meton mocTpoeHusi aJropuTMOB YHUBEPCAJILHOTO ITPOrHO3UPOBA-
HUsA, TIpeJIozKeHHbI B paborax Pocrepa n Boxpsr [28], a Takke Ka-
kajie nu Pocrepa [32|, 6b11 0606men B. BokoMm Ha cityuail nmpoms-
BOJIBHBIX s1/1ep B paborax [61] u [65]. B aT0M pasjese Mbl nipe/icTaBum
OCHOBHYIO HJIEI0 9TOr0 0DOOIIEHUSI.

[IpeaBapurebHo cOPMyIHpPYEM 3a/1ady IPOrHO3UPOBAHUS B BH-
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FORn=1,2, ...

Ipupoda anOHCUpYyeT CUTHAI Ty, € X.

Cxenmux aHOHCUPYET HeNpPepbIBHYIO 110 p dbyHKImo Sy, @ [0,1] — R.
IIpedcrasameny anoncupyer nporuos p, € [0, 1].

IIpupoda anoucupyer ucxon y, € {0,1}.

Cxenmux BBIYUCISIET CBOM BBIMT'PBIII Ha, IIare 7 UrPbI

ICn = K:n—l + Sn(pn)(yn - pn)-

ENDFOR

Puc. 3.3: Ajropursm 111 BBIYKC/IEHUST JIETEPMUHUPOBAHHBIX ITPEICKaA-
3aHUI B CJIydae IPOU3BOJILHOTO APa

Jie HEKOTOPO# abCTPaKTHON UIPhl MeXK Ty urpokamu: IIpupoda, Ilpeo-
cxadamenv u Ckenmux. Irpok Ckenmuk OyIeT onpenessiTh 1eJIb Ur-
pbl. Ha kaxkjiom 1are n Ckenmukx aHOHCUPYET HEIIPEPhIBHYIO (DYHK-
o Sy (p) m mocie Toro Kak I[Ipedckasamens u IIpupoda obbsiBU-
JII CBOM XOJIbI IOJICYUTHIBAET CBOI BBIMI'PBIINI KaK 9TO YKa3aHO Ha
puc. 3.3.

Wrpa perynupyercst IpOTOKOJIOM, IPUBEICHHBIM Ha, pHUcC. 3.3.

B sT0it urpe mporuossr OyIyT J€TEPMUHUPOBAHHBIMU, ITOI0OHO
[IPOrHO3aM P;, KOTOPbIE BBIYHUC/ISIIOTCSI B BUJie KOPHeil ypaBHeHUI Tu-
na (3.8) B paszese 3.3. Mbl paccmoTpuM 6oJiee 0OIIYIO TIOCTAHOBKY, &
HMEHHO, BBEJIEM JIOIOJTHUTEIHLHYIO NH(POPMAIUIO — CULHAAbL.

3asano MHOXKecTBO curHaaoB X C R™ — MHOXKECTBO 1mM-MEpPHbBIX
BEKTOPOB T = (Z1, ..., Ty,), HA KOTOPOM PACCMATPUBAETCs OObITHAST
m-MepHasl €BKJIMI0Ba HOPMa

CurnaJjibl MOYKHO WHTEPIIPETUPOBATH KaK JOMOJHUTEIbHYI0 MHQOD-
MaIiio, KoTopas rnocrynaer [Ipedckaszamento B pexkuMe OHJIANH.
[Tonaraem HauabHBIA BeIUTphINT Ckenmuka Ko = 1.
Carenyromast TeopeMa 1oKa3bIBaeT, 9To [Ipedckazament UMeeT crpa-
TEruto, Ipu KOTOPOil BRIMIphIT Ckenmuka He Bo3pacTaeT Kak Ob1 Ipu-
poda He BLIOUPAJIa CBOU XOJIBI.
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Teopema 3.5. [Ipedckaszament umeem cmpamezuto OAf 8bUUCAEHUA
nPo2H0308 P, Npu Komopotd Ko 2 K1 > ... Ky > ...

Jlokazamenvcmeso. Crparerust [Ipedckasamens 3aKII09aETCs B Cle-
JIYTOIIEM.

Ha npoussosibaoM mare n urpbl IIpedckazamens BHIMUCISET CBOR
IIPOTHO3 Py, CJELYIOMUM 00PA30M.

[Iycrs Sy, (p) — nenpepbiBaas 10 p GYHKIUS, aHOHCUPOBAHHAS
Crxenmurkom coracHo npoTokosy Ha puc. 3.3. Eciau S, (p) nonoxu-
TestbHO Jtst Beex p € [0, 1], To mosaraem py, = 1. Ecom Sy, (p) orpuna-
TesibHO st Beex p € [0, 1], To nosnaraem p, = 0. B nporusHoM cirydae
U3 TEOPEMBI O MPOMEKYTOIHBIX 3HAYECHUX CJIELYET, YTO ypPaBHEHUE

Sn(p) =0, (3.17)

paccMaTpUBaeMOe OTHOCHTEIBLHO P, UMeeT KOpeHb. B sToM ciydae
IIpedcraszamens BLIOMpaeT B Ka4eCTBE P, OIUH U3 TAKUX KOPHEH.

JIerko BUIeTH, 9TO MPW TAKOM BBIOOpE P, BBHIUIPLIN Ckenmuka
BCerJla He BO3pacTaeT, KaK Obl OH HE BBLIOMPAJ HEIPEPBIBHYIO 1O P
dbyukmuio S, (p) n kak 661 [Ipupoda He BHIOWpAsa CBOW XOJBI, T.€.
BCErJia BBIITOJTHEHO

Ko>Ki>...Kn>...

I BeeX n. A

Mgt 6yzem ucnosbzosars siapo K((p, z), (p/, ') - cummerpuanyio
HOJIO?KUTE/ILHO OIPeIeJIeHHYI0 BeIeCTBeHHYIO TVIaIKYI0 PyHKIIUIO Ha
([0,1] x X)2. IIpumep sstpa — TayccoBoO AIPO:

K((p7j)7(pl7j/)) =
)2 T — i’l 2

07 03

r7e 01, 09 — IMapaMeTpPhl SIpa.

Paccmorpum ciemnyromyio crparernto Ckenmuka, KoTopas 6yiaer
BBIHY2KJATh [Ipedckazamens nesaTh Ha KayKJIOM IIare n “XopoIrno Ka-
Jmbpyembie” Tporuo3el. [lycrs B Havasie mara n mporHo3bl P1, . « . , Pn_1
y2Ke m3BeCTHBI. PaccMoTpuM DyHKITHIO

n—1
Sn(p) = ZK((p,.fn), (plvil))(yl - pi)'

=1
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[Iycre Ilpedckasament UCHONIB3yeT CTPATETHIO, OIMCAHHYIO B Teope-
me 3.5. Torna Boiurpeim Ckenmuka 3a N IIAroB UTPHI YIAOBIETBOPSAET
COOTHOIIIEHUSIM

N
Kn=Ko=>_ Su(pn)(yn —pn) =

N n=1
=2 D K (o, @), (b 0)) (i = i) (g = P) =

1 N N
=3 3 Z K((pn, Tn), (0is ) (i — i) (Yn — Pn) —

N
ZK((pnajn)v (pmiz‘n))(yn _pn)2' (3~19)
n=1

CorytacHo pe3dysbraTaM pasjeia 2.5 CymeCTBYIOT M'MIbOEPTOBO PO-
cTpaHcTBO Hpu3HaKoB H u orobpaxkenue @ : [0,1] x X — H rakoe,
9TO

K(a,b) = (2(a) - ®(b))

upu a, b € [0, 1] x X, rye Toukoii 0603HAUEHO CKAJISIPHOE IPOU3BEIEHIEe
B npocrpaHcTBe H (nasee || - || — cooTBeTcTBYyIOMAT HOPMA).
Besmunna ¢y = sup |[®(a)|| HaspiBaeTCs KOHCTAHTON BJIOXKEHMsI

a
(embedding constant). Mer paccmarpuBaeM sijipa, Jjisi KOTOPBIX CO-
OTBETCTBYIONIAsI BEJIMUNHA, KOHEUHA: ¢y < OO.
[lepenumiem (3.19) B Buzge

2

1| &L
Ky =Ko=3 Z B (P, Zn) (Yn — pn)|| —
171;1 _
2 > @ ((n, ) (yn — p)l* (3.20)
n=1

ITo mpeamomIoXKeHmo

e = sup||B(p, B)]| < .
p?x
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ITo Teopeme 3.5 mepaserncTso Ky — Ky < 0 BhITOSIHEHO 71T BCex V.
Torna uz (3.20) caexyer

N
= 1
Z(I) pn,xn _pn) < §NCQ (321)
Hepagsencrso (3.21) mepenniem B Bujie
N
> " ®(pn, Tn)(yn — pn)|| < VNC. (3.22)
n=1

NuabivMn CJIOBaMHU, CpeJIHAA OIINOKA AJIrOpUTMa IIpeJCKa3aHusd orpa-
Hu4geHa

N

Z (i)(pru jn)(yn - pn)

n=1

C

< —.
VN

1
N

Mcnonb3yst Moy Yennyio OleHKy CpejiHeil OMmMOKN ajJropuTMa Mpe/l-
CKa3aHMUsl, TOJIyYUM PE3YJbTAT O KAJUOPYEeMOCTH, aHAJOIMYIHBIH pe-
3yaBTaTy U3 pasnena 3.3. 71 3Toro Bo3bMeM B KaUecTBe SApa KaKoe-
HUOY/Ib CeMEHCTBO TVIAJKUX TPUOMKEHUH K XapaKTepPUCTUIECKUM
dyHKIMAM 0HO3IeMEeHTHBIX MHOXKecTB {(p*, %)}, tme (p*,z*) €
[0,1] x X, me. cemeiicTBO dyHKIMIT BH/IA

K((®"7%), (p, 7)) = e z+)(p, T)- (3.23)

IIpumepom Takoro cemeiicrsa Iy« (p) sIBIsieTCST CeMENCTBO IayCCOBBIX
siep Trma (3.18).
JList Tporuo30B p; OyAeT BBITOJHEHO

Caencrsue 3.2.

N C2
Z pm-rn)(yn _pn) < (3.24)

El

daa kaocdod mouru (p*,z*) € [0,1] x X
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Zoxasameavcmeo. 1lo cBoiicTBY simpa cyImecTByeT Takas (pyHK-
st ®(p,T) co 3HAUEHUSIMH B HEKOTOPOM TI'HJIBOEPTOBOM IIPOCTPAH-
CTBE IPU3HAKOB H, 4TO

K((p*,3), (p, 7)) = I o) (P, T) = (R(p", 77) - O(p, ).

[Tpumenum nepasencTBo Komun—ByHsikoBckoro k HepaseHcTBy (3.22)
1 TTOJIy YUM

N
Z I(P*@*)(pnﬂ Tn)(Yn — Pn)
N ) n=1 _
((Z P (pn, Tn)(Yn — pn)> - O (p*, :C*)>
n=1

N —
Z (I)(pna i‘n)(yn - pn)
n=1

<

<

|||‘1>(p*,f*)|| < C*VN.

Orcrona nomydaem (3.24). A

Bennunna
N

E I(p*,a‘:*)(pnafn)
n=1
SIBJISIETCsI TJIAJIKUM AQHAJOTOM 9HCJa 1ap (Pp, Tp), HAXOISAIIUXCS B
2299

“MsrKOi” oKpecTHOCTH Tapbl (p*, T*).
Hepasencrso (3.24) MOXKHO Iiepenucarb B BUJE

N
E I(p*,i*)(pmjn)(yn _pn) 2
n=l < VN . (3.25)

I(p*,i*) (pn, jn)

M=

N
Z:l I(p*,a_c*) (pnv jn)

n=1

Onenka (3.25) mMeeT CMBICT PR
N
Z I(p*,j*)(pnv Tp) > \/N,
n=1

T.€. CXOAUMOCTHb YaCTOT K IIPOrHO3aM 6y,ZL€T MEeTb MeCTO TOJIbBKO B

299

IIOAITIOCJIE JOBATECJIbHOCTAX “CTaTUCTUYECKHU 3HAYNMOMN JJINHBI.
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[IpecTaBmeHHbIil B 9TOM pa3ese aJropuT™ yHUBEPCATHHOTO TPO-
THO3UPOBAHUS MOYKHO JIETKO PeaIM30BaTh B BUJIE KOMITLIOTEPHOM TTPO-
TPaMMBI.

3.5. YHuUBepcaJbHas aJIrOPUTMUYECKas TOProBasi
cTparerus

B sTom pazsene Mbl paccMOTpuM (PUHAHCOBOE TPUJIOKEHUE MEeTOJIa
IIOCTPOEHHUS XOPOINO KaJHOpyeMbIX mpejckasanuit. ¢ Anropurmmde-
ckast Toprosis (Algorithmic trading) — 510 dhopmMann30BaHHBIN TPO-
II€CC COBEPIIEHUS TOPTOBBIX ONepaInii Ha (PUHAHCOBBIX PHIHKAX I10 32~
JIAHHOMY AJITOPUTMY C WCIIOJB30BAHUEM CIETMATM3NPOBAHHBIX KOM-
HBIOTEPHBIX CUCTEM (TOPrOBBIX POOOTOB).

TeopeTnko-nHGOPMAITHOHHBIH TTOXO/T K TIOCTPOECHHUIO YHUBEPCATD-
HBIX TOProBbix crpareruit 6eu1 ocoBan T.Kosepom [21], [22], 23],
KOTOPBII TPEJIOXKUIT aJITOPUTM JIJIsT ITOCTPOEHUsT ‘YHUBEPCAJIBLHOTO”
JIMTHAMIYECKOTO TOPTQEsT aKITHii.

CBO#ICTBO yHUBEPCAJIBHOCTH 9TOTO aJITOPUTMA 3aKII0IAETCS B TOM,
YTO OH SIBJISETCS ACUMITOTHIECKU HAMTY IIIAM B IIEJIOM KJIacce TOPTro-
BBIX crpareruii. Anropurm KoBepa JuHAMUYECKU IE€pepacIpelesier
JIEHBI'H MEYKJTy HECKOJBKUMHU aKIUSIMU B 3aBUCMOCTH OT UX TEKYIIe
JOXOJHOCTU TaK, 9YTO HonyqaeMbIﬁ UM J0XOJI OKa3bIBaeTCd aCUMIITO-
TUYECKU HEe MEHBINNUM, 9eM JIOXOJ OT JII0O0i TOCTOSHHON cTparernn
BJIO2KEHHA B 9TU aKIHU. HpI/I 9TOM He JeJlaeTCd HUKaKHX CTOXaCTH-
YeCKUX TPETOIOKEHIH O TIOBEJCHNN BPEMEHHBIX DSIIOB TEH AKITHIL.
[Tonydyennble pe3yabTATBI UMEIOT CMBICJI IIPU JIFOOOM XapakKTepe U3-
MEHEHUsI IeH aKIIUnA.

Tounast mocTaHoBKa U aaroput™m Kosepa 6y1yT NpUBEIEHBI B pa3-
nesie 5.9 B pamkax 6ojiee obIreil Teopuun, a B 9TOM pas3jiesie Mbl IIPU-
BeJIEM JIPYTOii aJITOPUTM TIOJ0OHOTO pojia JIJIst AJITOPUTMIIECKON Top-
TOBJI C OJIHOHN akIueil. DTO AJITOPUTM TaKxKe OyJIeT jiaBaTh ACHMII-
TOTUYIECKN HAUOOJIBINII JOXO IO CPABHEHUIO C JII0OOH “He CIUIIKOM
CJIOZKHOW TOPIOBOIi cTpaTerueii.

Jlamuplit agropuT™ Oy/IeT MCHOIB30BATDL XOPOIO KaJuOpyemble

53ror pasmen MoKeT GLITH IPOIMYINEH IIPH IEPBOM UTCHHUIL.
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MPOTHO3BI TieH akmmu. MeTos mpeckazanns OyIeT OCHOBAH Ha KOM-
OMHAIIMK METO/Ia TIOCTPOEHUST PAHIOMU3UPOBAHHBIX MIPEJCKA3AHUN 13
pazmerna 3.3 U MeTO/Ia MPEICKA3aHII C UCITOIb30BAHNEM SITIep U3 pas-
nena 3.4. B ocHOBe BCEro 9Toro mojixo/1a JIEXKUT TOHATHE KATUOPyeMo-
CTU TIpeCcKa3aHuil, mpeioxkeHHoe [9BUIOM 1 paHee pacCMOTPEHHOe
B pasgene 3.2. Mbl 06061mumM ero jijist 6osiee MMUpoKOro Kaacca MpaBul
BBIOODA.

OcHOBHOI1 pe3ysIbTaT 3TOr0 pasjesa — TeopeMa 3.6 — yTBepXK/I1a-
€T, UTO IpeJijlaraeMasi B 9TOM Pa3Jie/ie TOProBasi CTPATErUsl sSIBJISeTCsT
YHUBEPCAJILHON — OHA, SIBJISETCS AaCUMITOTUYECKY HAMIYUIIEH B KJTac-
ce BCeX CTpaTeruii, IpeCTaB/IeHHBIX HEIPEPBIBHBIMYU (DYHKIUSMHA OT
BxomHOM mHPOpManmu. 1101podHO ITOT METO] W COOTBETCTBYIOIINE
YHCJIEHHbIE SKCIIEPUMEHTHI TIpejicTaBiensl B [69] u [70].

[IpeamooKuM, ITO BEIleCTBEHHbIE 3HATEHHS S, .52, . . . , KOTOPBIE
MBI Oy/IeM UHTEPIPETUPOBATH KAK IEHBI HEKOTOPON aKIUK, TOCTyTa-
0T B pexKuMe OHJIaiiH. MBI TakzKe IpeoaraeM, ITo OHI OrpaHmde-
HBI U1 HOPMUPOBaHBI Tak, 1o 0 < S; < 1 jist Beex .

B mporecce Toproeiau Ha (PUHAHCOBOM PBIHKE TpEHIepbl MOKY-
MaloT U mpojaloT akmuu. Mbr canmraeMm, uncyio C' TMOKyTaeMbIX WJTH
[IPO/IaBAEMBIX eIUHUI] (PMHAHCOBOI'O MHCTPYMEHTa MOXKET TPUHUMATH
J060e BelecTBeHHOE 3HadeHue. Jlomyckaercss BO3MOXKHOCTD TOKY-
naTh orpunare/ibHoe uncao akuii: upu C' > 0, nokynka —C' aknuii
SKBUBaJIeHTHA Tpomaxke C' akimii, a mpogayka —C' aKIuii S9KBUBAJIECHT-
Ha nokynke C akiuii. Mbl Tak»Ke JOMycKaeM, 9TO KasKJIbIi Tpeiigep
MOKeT OJTAJIZKUBATD JCHHIM B HEOTPAHMIEHHOM KOJUIECTBE.

[Toyx crparerueil Mbl HOHMMAEM HEKOTOPBIH aJroputMm (Moxer
OLITH PAHJIOMU3MPOBAHHBIN), KOTOPBIl B Hadaje KayKI0r0 payHia i
urpel BogaeT aucio C; eTuHUI, (GpUHAHCOBOIO MHCTPYMEHTA, KOTOPOE
HEeOOXOIMMO KYIIUTh (€CJIU 9TO YUCIIO OJI0KUTEJIbHOE MU PABHOE HY-
JII0) WJIM TIPOJIaTh (ec/in OHO OTPHIATEIbHOE) 10 IeHe S;—1. B Kownie
9TOrO Ke payHJa Tpeiijep IpojaeT KYIJIEHHbIe €IUHUIBI WA MTOKY-
maeT MPOJIAHHBIE B TOM YK€ KOJMIECTBE, COOTBETCTBEHHO, TI0 TIeHe S;.
Takum obpazom, 3a i-if payH I UI'PBI KAITUTAJ Tpeiiaepa yBeJInanBaeT-
cs (ymenbmmaercst) na Besmauay C;(S; — Si—1).

[IpoBejiem cpaBHEHME JIBYX TUIIOB TOPIOBBIX CTpaTeruii Ha (puHAH-
COBOM DBIHKE B BHJE MPOTOKOJIA UTPHI C JABYMSI TUIIAMU TPeHIepoB:
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Ha mrare ¢ 1petidep M ucronb3yer paHI0MU3UPOBAHHYIO CTPATETHIO
— OH HLOKYIAeT CIydaiiHoe 9uc/ao axiuii M;, KOTOPOe BBIMUCIISLETCH
HEKOTOPBIM PaHIOMU3UPOBAHHBIM aJiropuT™MoM; Tpetidep D — mpen-
CTaBUTE]Ib [TMPOKOTO KJjacca Tpeiijiepos, o nokymnaer D(x;) aknuii,
rae D — npousBosibHAs HenpepbiBHAsA (DYHKINs, ONPEJICJICHHAA Ha
enunanaHoM orpeske [0, 1], a x; — aucno usz orpeska [0, 1], B KoTopom
3aKOMPOBaHa BXO(Hast H(GOPMAIUs 1 KOTOPOE BBIJIAETCs Tpeiiaepam
IpeXKIe, YeM OHM IIPUMEHSIT cBoU MeTozAbl. TakuMm obpasoMm, C; paBHO
M; mst Tpetidepa M n pasHO D(z;) nna Tpetidepos D Broporo tua.

BemecrBennoe ncio x;, Kak u B paszaene 3.4, OygeT TakxKe Ha-
BBIBATBCA CULHAAOM WA QONOAHUMEALHOT utdopmaruet. Jucmo x;
npunaiexut [0, 1] 1 B HeM MoxKeT ObITh 3aKOAUPOBAHA JII00asT TUCI0-
Bast undopmarmst. Hanpumep, 970 MokeT OBITH jayke OyryIas 1eHa
akmuu S;.

Kaxxnpiit Tpetidep D ucnonb3yeT Ha mare ¢ TOJLKO HHGOPMAIIIO
x; — o nokynaer (mau npogaer) D(z;) emunun akiun. Crparerusi
3TOro THUIIA OYIET HA3LIBATLCI CMAUUOHAPHOU.

s Tpetidepa M nannasi urpa siBJISIETCS UI'POM ¢ TOJHOM HHGOP-
Marmeii. AsropurMm 1petidepa M OyneT HCIOIB30BATH BCE 3HAYCHUS
Sj—1mx; upn j < i.

[Iporibie IEHBI AKIUH, CUTHAJIBL U ClIeJIaHHbIE IPEICKA3AHNST TaK-
JKe€ MOXKHO 3aKOIMPOBATh B CUrHAJEe x;, modroMmy 1petidep D mo-
JKET HCIOJIb30BaTh 3Ty HHMOPMALN0. 31eCh HUMeeTCs OrpaHNYeHNe
— dyukiwsa D nomkHa ObITH HENPEPBIBHOM.

Pangmomuzanusi. Crparerus Tpetidepa M aBisiercst paH oMU3H-
posannoii. Hamomuum Meron pamgoMusanuu us paszgena 3.3. Ilycrn
K — upoussosibHOE HaTypajbHOe 4ucyo. Pasbusaem unrepsad [0, 1]
Ha K paBHBIX HOAbIHTEPBAIOB jinHbl A = 1/K ¢ moMoIpio parmo-
HaJIBHBIX Touek v; = 1A, e ¢ = 0,1,..., K. Ilycrs V' — MHOXKECTBO
s1ux ToYeK. JIoboe uncio p € [0,1] MoxkeT GBITH MpEJCTABICHO B
BUJIE JINHEHHON KOMOMHAIIMK JBYX TPAHUYHBIX TOYEK IIOJBIHTEPBAJIA,
COJIEPXKAIIIErO P:

p=>_ wy(p)v=wy_, (p)vi—1 + wy, (p)vi, (3.26)
veV

e p € [vi_1,v), i = |p'/A+ 1], Wy, (p) =1—(p—vim1)/An

196



Wy, (p) =1 — (v; —p)/A. Onpenemmnm wy,(p) = 0 151 BceX OCTATBHBIX
veV.

[IycTb p paBHO V;—1 C BEPOSTHOCTBIO W,y ,(P) W PABHO V; C BEPO-
SITHOCTBIO Wy, (D).

O6oznaunm gepe3 wW(p) = (wy(p) : v € V) BEKTOP ITUX BEPOSTHO-
creit. [oBOpuM, YTO MBI OKPYIJVISEM YUCJO P N0 V;—1 C BEPOATHOCTHIO
Wy, ,(p) ® 10 v; ¢ BEPOATHOCTBIO Wy, (D).

B nasbHeiiiem Mbl Oy/ieM paccMaTpUBaTh HEPEMEHHYIO TOYHOCTH
OKPYIJIEHUS, & UMEHHO, Oy/ieT 3a/1aHa II0CJe0BaTebHOCTD lTapaMeT-
poB Ay > As > --- — 0. Ha kakmom mare KOHCTPYKIIMH MBI OyaeM
OKPYTJIATH YHCJIa BBITEYKA3aHHBIM CIIOCOOOM C TOYHOCTBIO JIO OJTHOT'O
u3 Takux 4A;. Takoii criocob cirydaifHoro oOKpyrieHust OyaeT Ha3bIBaTh-
¢ nocaedosamenvroti pardomu3ane.

YuuBepcasbHasa ToproBasi crparerus. OnpemennMm yHEBEP-
CAJIBHYIO TOPTOBYIO CTPATETMIO B BUJIE TOCIEIOBATEILHOCTH CJIyUaii-
HBIX BEJIUYNH Mi, 1 =1,2,.... g Toro, 9To0bI MOCTPOUTDH TAKYIO
CTPATEruio, Ha KaXXJOM PAayHJE | BBIYUCJISEM MIPOTHO3 p; OyILyIero
3HAaYEHUs IEHbI COTJIACHO AJITOPUTMY, KOTOPLI OymeT NnpuBejieH Ha
puc. 3.5 B pazzeite 3.5.1 HmKe. PaHAOMU3UPYET 9TO YHUCIO, T.€., OIpe-
JIEJINM COOTBETCTBYIOINLYIO CJIYYaHYIO BEJIMYUHY Dj.

IToguepkHeM, 9TO B TPOTOKOJIE, IPEACTABIEHHOM Ha puc. 3.4, pea-
JIM3AIs CITyYaiiHol Besmauubl M cKpbiTa 0T Pbika, KOTJA OH AHOH-
cupyer 1ieqy S;. Poirok MOXKeT 3HATH METO/I PAHIOMU3AIUN U BHIIUC-
JISITh BEPOSITHOCTH COOBITHUI Ml =1m MZ =—1.

Mpr TakKe paHjoMU3UpyeM Hpebiayiinee (yKe M3BeCTHOe Tpeii-
JilepaM) 3HaYeHue TEeHbl S;_1, T.€., OPEIEJUM COOTBETCTBYIOILYIO CJIy-
JaHyI0 BeJINIUHY S’i—1~

ITociie BCeX 9TUX IPUTOTOBJICHHI, ompexenuM M; COIIacHO 1po-
TOKOJIY, TPUBEJIEHHOMY Ha puc. 3.4.

l'oBopuMm, 4TO B ciiydae M; >0 Tpetidep M niepexoaut Ha JJINH-
HYIO IO3UINIO; OH MEPEXOIUT Ha KOPOTKYIO MO3UINI0, B IPOTUBHOM
cayuae.” To e camoe otnocutcst K Tpetidepy D.

7 IymHHast MO3KIHst Ha (DUHAHCOBOM PBIHKE — 9TO IIPHOGPETEHNE IIEHHBIX GyMar
B HaYaJjIe payHJIa UI'PHI C [IEJbI0 UX IIPOJIA’KU B KOHIIE PayHJia B pacyere Ha yBeJIu-
4yeHue ux cronmoctu. KopoTkast O3UIUs — 9TO IIPOJIArKa OJ(0JZKEHHBIX (y Jpyroro
Tpefimepa) aknuii B HaIaIe PAyH/IA TP C [EJIbIO0 WX MOKYIIKA U BO3BPAIICHUS B
KOHIIe payHJia Urpbl. Ilepexossi Ha KOPOTKYIO MO3WIMIO, TPEiep PacCIUThIBAET
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Homaraem KF =0 u ) = 0.

FOR i =1,2,...

Puinor anoncupyer curnan x; € [0, 1].

OrnpeiesiuM TOYHOCTD CJIydailHONO OKpyTJyieHusT Ha mare i: A = Ay,
e ng < i < ngy1 (mocsmemoBaresnbHOCTH Ny U Ag, s = 1,2,...,
olIpe/JiesIeHbl HU2Ke 1ocsie HepaBeHcTBa (3.48) B mokasarenberse Teo-
peMmer 3.7 nasee).

BeorumcisieM Iporuos p; ¢ MOMOIIBIO aJrOPUTMa, TPUBOJUMOTO HIZKE
Ha puc. 3.5, ¢ BXOJHBLIM IapaMeTpoM A.

[TonyuaeM paHIOMU3UPOBAHHOE 3HAUEHUE MTPOTHO3A: Pj.

IosyyaeM pasOMU3MPOBAHHOE 3HAYEHHE IeHbL: Sj_1.

Tpetidep M nokynaer M; axiuii 1o uese Sj_; 3a KazKLylo, Iie

i — 1, ecstu p; > Si_1,
! —1, B mpoTUBHOM ciIy4ae.

Tpetidep D nokynaer D(x;) akiuit 110 nene S;_1 3a Kaxjyto, rjae D
— IIPOU3BOJIbHAsI HenpepbiBHast GyHKIws Ha [0, 1].

Puoirox 0b6bsiBisieT 1eHy S; aKIuu.

Tpetidep M upomaer M; aknuii 1o nene S; u OGHOBJISET 3HAUECHHUE
CBOETO KYMYJISATUBHOTO BBIUTPBIIIIA! ICZM = K?{l + MZ(Sl —Si—1)-
Tpetidep D nponaer D(z;) akuuii 1o 1ieHe S; 1 OGHOBJIsIET 3HAUYEHUE
cBoero KymyastusHoro semrpbiia: KP = KP |+ D(x;)(S; — Si—1).
ENDFOR

Puc. 3.4: IIpoTokon urpst
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Mpur pomyckaem, 9To Tpeiiiepbl MOI'YT OJAJIKUBATDH JEHBIU U aK-
MW B HeOrpaHW4IeHHOM KoJimdecTBe. [lo oxoHyanwm cepuu payHI0B
UTPBI MBI OIIEHUM BBIUTPBIIIT (MK JIOJT) KaXKJ0T0 U3 TPeiiiepoB.

I{eHTpaIbHBIM MOMEHTOM CTpaTerui M; sBISCTCS PAHIOME3HPO-
BaHHBII AJITOPUTM JJIsl BBIYHMCJIEHUs] IIPEJICKA3aHUI P;. DTOT aJiro-
puTM OyJeT upejcTaBieH Ha puc. 3.5 B pasueie 3.5.1.

Tpetidep M MOXKeT MOKYIATH WA MTPOJABATL TOJBKO OTHY aK-
muto. [losromy myist cpaBHeHUs 3MPEKTUBHOCTH CTpaTeruii Tpefiie-
POB HEOOXOIMMO HOPMUPOBaThL crpareruio 1petidepa D. Paccmorpum
HopMmy ||D|lec = sup |D(x)|, tae D — npousBosibHAsT HEIPEPBIBHAS

0<z<£1
dbyukuust, onpeesennas Ha equanaHOoM orpeske [0, 1]. Taree mbr Oy-
JIeM HCII0/1b30BaTh Beauauny || D4+ = max{1, || D]/~ } B kauecTBe HOp-
MUPYIOMIETO MHOYKUTESI.

[Ipennosnaraem, uro s3Hadenust Si,Sa, -+ € [0,1] u x1, 29, -+ €
[0, 1] momatoTest moce10BaTEIbHO B PEKIME OHJIAH B pAMKax IIpPO-
TOKOJIa, IIPEJICTaBJIEHHOrO Ha puc 3.4.

OCHOBHO# pe3yIbTAT 9TOTO pas3fiesa MPEJCTABIM B BUJE Teope-
MBI 3.6, KOTOpas yTBEPKIAET, UTO, C BEPOITHOCTHIO 1, CpeTHMiT BBHIUT-
PBIIIT YHUBEPCAJIBLHONW TOPrOBOM CTPATEIMH ACHMIITOTUIECKN HE MEHb-
e 9eM CPEeJHUl BBIMTPBIII JIFOOON CTAIMOHAPHONW TOPrOBOW cTpaTte-
U, OTHECEHHBIN Ha, OHY AKIIUIO:

Teopema 3.6. Cmpamezus Tpetidepa M sasasemcsa acumnmomuye-
CKU ONMUMAALHOU: OAS M0001 Henpepbieroll dynryuy D acumnmo-
MUYECKOE COOMHOWEHUE

S Y 14D
— — >
hgn inf - (K = IDIF'Ky)) =0 (3.27)

BHINOAHEHO NOYMYU BCIOAY OMHOCUMEALHO PACIPEICAECHUS BEPOATNHO-
cmeti, NopPoHcoenH020 Memodom PaHIOMUIAUUL.

Bamerum, uro TpeboBanue (3.27) mist Becex D SKBUBAJIEHTHO TpPe-
0OOBaHUIO BBIMIOJIHEHUS] HEPABEHCTBA:

lim inf = (KM —KD) =0

n—oo M

Ha YMEHBbHICHNE II€Hbl B KOHII€ payHJda UI'PBI.
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qst Beex D rakux, 910 || Do < 1.

[TockosbKy ycstoBue (3.27) acCHMITOTHYECKOI onTHMabHoCcTH 1'pet-
depa M BBITIOJIHEHO M OTHOCHTEILHO TPUBHAJILHOM crparerun D(z) =
0 JUIst BCeX x, 9Ta CTPATErus SIBJSETCS TaKkKe U ACUMNIMOMUNECKU
bespuckosoli.

Caenctue 3.3. Ynusepcarvrnan cmpameausn Tpetidepa M asasemca
acumnmomudecky 6e3puckosol:

M

liminf —2 >0
n—oo N

BHIMONHEHO NOYTNU ecwdy.

JokazareabcTBO TeopeMbl 3.6 mpuBegeHO B pazjene 3.5.2. Tam
MBI PACCMOTPHUM COOTBETCTBYIOIIYIO TOPTOBYIO CTPATErHIO, KOTOPAs,
B CBOIO OYEPE]Ib, UCIOJb3YEeT XOPOIIO KaauOpyeMmble NpeIcKa3aHus,
orpeJiesisieMble B pasjese 3.5.1.

3.5.1. KasiubpyemocTh € JIONMOJHUTEIbHO mHEOpMAI-
en

B sToM paznesie MBI IPUBEJIEM U M3y TUM AJITOPUTM JIJIsT BBHITHCJIEHUST
XOPOITIO KATUOPYEMBIX TIPEICKA3aHI, KOTOPbIe OYIyT UCIOIH30BaATh-
Cst JUIsL OlIpeiesIeHusl TOproBoii crparerun M;.

Mpbr paccMOoTpuM IpaBuiia BeIOOPa IOAIIOCIEI0BATE/IHLHOCTEN 00-
Jlee OOIIIEro BUJA Ue€M Te, KOTOPble PACCMATPUBAINCH B pasjiesax 3.2
u 3.3. Jlyia npomssosbHoro nojmuoxkectsa S C [0,1]% = [0,1] x [0, 1]
OTIPETETTIM

Is(p,z) = { (1)7 zc;m (p,x) €S,

, POTHUBHOM cCJlydae,
rie p,x € [0,1]. B paznene 3.5.2 MbI Oy1eM HCHOJIB30BATH MHOYKECTBA
tuia S = {(p,z) :p >} wm S = {(p,x) : p < z}.

I'miib6epTOBbI IIPOCTPAHCTBA, MOPOXKIEHHbIE BOCIIPOU3BO-
admye aapoM. B KadecTBe epBOro Talla JOKa3aTe/bCTBa Teope-
MbI 3.6 MBI TIOKaXkeM B pasjesie 3.5.2, 4To JJjisi IPOU3BOJILHOI'O I'UJib-
Geprosa npocrpancrsa RKHS moxHO onpegesnts crparernio M,
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KOTOpast sABJISETCH YHUBEPCAJILHON JJIs KJIACCA BCEX CTAI[MOHAPHBIX
cTpaTeruii, 3aaBaeMbIx (DYHKIIUSMU U3 3TOro mnpocTpancrsa. [locie
9TOr0, UCIOJIB3Ysl yHUBepcaibHOe mpocTpancTBo RKHS, Mbr mepene-
CceM CBOICTBO yHUBEPCAJIBHOCTH HA MTPOU3BOJILHBIE CTPATEIMH, 3a/a-
BaeMble HEIIPEPBIBHBIMU (DYHKIIASIMH.

Hanomuaum, 4To rusibbepTOBO MPOCTPAHCTBO JF (DYHKIHIA, OIpe-
JleJieHHBIX Ha MHOXKecTBe X HasbBaercs RKHS wa X, ecoim dynk-
moHasl f — f(x) siBisieTcst HeNpepbIBHBIM I KaxKjoro r € X.

O6osnauaeM || - || Hopmy Ha npocrpancTse F. Takke omnpejesisercs
cr(x) = sup |f(z)|. Koncranra Broxkenusi mpocrpamcrsa F oImpe-
Ifll7<1

JleJIsIeTCst Kak ¢r = sup cr ().
x

Mubr 6ynem pacemarpusarb RKHS F na X = [0,1] ¢ xoHeuHoii
KOHCTAHTOI BJIOXKeHUsI: ¢F < 00. BaxKHbIii puMep TakKoro mpocTpaH-
crea RKHS — cobonesckoe mpocrpancrso F = H'([0,1]), xoropoe
cocrouT u3 abCcosIOTHO HempepbiBHbIX (yHkiumii f : [0,1] — R ¢

I1£l5 < o0, wre Ifllx = /T (F(®)2dt + Jy (F'(2))2dt. Man raxoro
npocrpancra cx = Vcthl = 4/ if::z (em. [62]).

[Iycts F — mekoropoe npocrpanctBo RKHS na X co ckansgpabiM
npoussesierneM (f - g) mus f,g € F. Ilo teopeme Pucca—®umepa
st moboro © € X cymecrsyer ky € F takoe, uro f(z) = (kg - f)
st Becex f € F. Torzma Bocpom3BosIee sIPO ONPEIEIeTCs Kak
K(z,y) = (k- ky).

B o6parhyto cTopony, job6oe siapo K (x,y) onpeessier HEKOTOpoe
xaHnoHuueckoe npocrpancteo RKHS F, a takke orobpakerue P :
X — F, rak uro K(z,y) = (®(x) - (y)).

I[Iycrs F — HekoTopoe rusibbeproso npocrpanctso RKHS Ha [0, 1]

C KOHEYHOIl KOHCTaHTOH BJOXKeHUs Cr, || - || — cooTBercTByM0OmAs
vopma u R(x,z") — supo ua [0, 1].

[Ipeanosaraem, 9To mocjae0BaTeIbHOCTD S1, So, - - - € [0, 1] Bere-
CTBEHHBIX YHCEJ U MOCIE0BATEILHOCTD 1, X2, -+ € [0,1] curnasos

MMOCTYTAIOT TIOCAEI0BATETHHO COTTIACHO ITPOTOKOJIY, ITPEICTABIEHHOMY
Ha puc. 3.4.

Teopema 3.7. Ilycmov € > 0. Mooicno nocmpoums aszopumm 0z
BUIMUCAEHUA NPOZHO308 D1, P2, ... MAKOU, YMO BHINOAHEHDL CACOYIO-
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WUE YCAOBUA:

e dasa 06020 6 > 0, das 06020 nodmmoosicecmsa S C [0,1]2 u
ons A106020 N ¢ sepoaMHOCMBIO He meree 1 —

> Is(Bi 7)(Si = 5i)| <
i=1

2
< 18n%/4e(ck 4+ 1)/ 4 ,/gln5 (3.28)

ede P1,P2,... — COOMBEMCMEYOWUE PAHOOMUSAUUL D1, D2, - - -
U 21,29,... — PAHOOMUIGUUU HuCes 2z1,29,..., 20e z; = S;_1,
1=1,2,...;

e Jdas awbozo D € F
> D(i)(Si — pi)| < IDllFy/ (¢ + D)n (3.29)
i=1

ons 6cexr n;

e das m06ozo nodmmosicecmsa S C [0,1]% ¢ seposammnocmuro 1

n
7}32@%2]5(15@',51‘)(51 —pi) = 0. (3.30)
i=1

oxazameavcmeo. 1lnan mokasarenberBa cienyronmii. CHadasa
mo 3agaHHoMy A > 0 MBI MOAUGMUIUPYEM PaHIOMU3UPOBAHHDBIN AJI-
TOpUTM M3 pasaena 3.3 U 00ObeINHUM €ro ¢ aJrOpUTMOM M3 pasie-
sa 3.4. Ilporuossr MoudUIUPOBAHHOIO AJrOpUTMa Oy/IyT Kaaudpo-
BaThCsl OTHOCUTEJIBHO PACITUPEHHBIX MIPABUJI BbIOOPaA Ha MOCJIEI0BA-
TesbHOCTH S71,52,... ¢ TounocThio 10 A. Ilocse sToro, Mbl mpume-
HUM 3TOT JI'OPUTM B YCJIOBUSX II€PEMEHHOU TOYHOCTU OKPYIJICHUA:
A — 0, Tak 9T0 OyIyT BBIIOJHEHBI YCJIOBUS TEOPEMBL.

Ilpennoxenue 3.1. IIpu npednosoosicenuar meopemovt 3.7 M02AHCHO
NOCMPOUMDB AAOPUMM, OAA BOINUCAEHUA NPOZHOZ06 MAKOT, YIMO Gbi-
noaneno nepasencmeo (3.29) oas ecex D uz RKHS F u daa ecex n.

202



Taxotce das mobozo & > 0, aobozo S C [0,1]? u ao06ozo n ¢ eepoam-
Hocmwvlo He menee 1 — § bydem 6vimoanero:

> Is(Bis Z:)(Si = pi) | <
i=1

[\

n(c% +1) 4P 2

An + 2 A 5 05

Jloxasamenvcmeo. TIpeionoKuM, 9To JIeTepMUHIPOBAHHBIE ITPO-
[HO3BI D1, ..., Pp—1 yZKe ompejeseHbl (mojgaraem p; = 1/2). Boraunc-
JIIM TEIepPb JAeTEPMUHUPOBAHHBIN IIPOTHO3 Py, U CAYUIANHO OKPYTJINM
€ro Jio pp.

Paszbuenne V = {vg,..., vk} U BEPOSITHOCTH CJIy4ailHOIO OKPYT-
JeHnst ObpLIn onpeiesieHsl 1o (3.26). Jlasee, MbI OKPyTJISieM JIeTEPMI-
HUPOBAHHBIN [IPOIHO3 Py, JIO Vj—1 C BEPOSITHOCTBIO Wy, (Pn) U 110 U; €
BEPOSITHOCTBIO Wy, (P ). MBI Takzke cydaiiHbIM 00pa3oM OKpPYIJIsieM
Zn, = Sp—1 10 Vs_1 C BEPOSTHOCTBIO Wy, , (2n) U JIO Us C BEPOSITHOCTHIO
Wy, (21), TIE 2 € [Us—1, V).

ycrs Wy (pn, 2n) = Wyt (Pp)wy2(2n), tie v = (v1,0?), vl 0?2 €V,
1 W(pn, 2n) = (Wy(pn, 2n) : v € V?) — BekTop, 3a1atommii BeposT-
HOCTHOE pacipeseenue na V2 =V x V. OupeennM cooTBeTCTBYIO-
mee sapo: K(p,z,p',2") = (W(p,z) - W(p',2)).

ITo onpenenennio siyipo R(x,x’) MOXKHO pe/icTaBUTEL B BUJE CKa-
JIIPHOTO IIPOU3BEJIEHNsI B IPOCTPAHCTBE Npu3HakoB: R(z,z') = (®(x)-
().

AﬂFOpHTM JJIgl BBIYHUCJIEHUA JIeTePMUHUPOBaAHHBIX Hpe,ZLCKaSaHI/IfI
P1,P2,... OpelcTaBaeH Ha puc. 3.5. IIpomomxmm mokasaTesrbCcTBO
npegiozkenusa 3.1. IlycTb mporHossl pi, pa, ... BBIYUCIEHBI C IIOMO-
MIBIO 9TOTO ajropuTma (cM. puc. 3.5).

ITo onpeie/IeHUIO IPOTHO3a, Py, B AJATOPUTME, IPEICTABJICHHOM Ha
puc. 3.5, 17151 ;moboro n u ucxona Sy, Boimosneno U(p,) (S, —pp) < 0.
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Oupenenum p; = 1/2. Nnnnmanusupyem napamerp A.

FORn=1,2...
n—1
Oupenemnm Uy (p) = 3 (K (P, 20, Pis 2i) + R(wn, ) (Si — pi).-
i=1
Ecmu U, (p) > 0 pst Beex p € [0,1], To oupenenum p, = 1;
Eciu Uy, (p) < 0 mist Beex p € [0, 1], To onpegpennm p, = 0.
B nporusHOM citydae, mycThb P, €CThb KaKOH-JInO0 KOPEHb ypaBHEHUS
U, (p) = 0 (Takoii KOpeHb CYIIECTBYET [0 T€OPEME O IIPOMEXKYTOTHOM
3HAYCHUN).

ENDFOR

Puc. 3.5: AnropurMm jjist BBIYUC/IEHUS JeTEPMUHAPOBAHHDBIX IIPEICKa-
3aHUN

Torma, Kak JIerko BUIAETh, IJjIsI JTI060ro INV:

ZU pn pn)_

N
= Z ‘ (K (pn, 2n, Di, i) + R(xn, 7)) X
X(Si = pi)(Sn — pn) =

1 N N
= 5 ZZK(pnaznvpiazi)(Si _pi)(Sn _pn) -

n=1 i=1

1 N
Z(K(pny Zns Py Zn) (Sn — pn))2 +

2
n=1 =1
1 N
D) Z(R(xnu T ) (Sn — pn))2 = (3.31)
n=1
1| & ’
= 5 ZW(pnyzn)(S pn) -
1 Nn—l
2ZHW(pI,zn)H (Su=pa)+  (3:32)
_1 : )
5 Z pn) -
n=1 F
1 N
52 ()| %(Sn — pn)*. (3.33)
=1



3aech B crpoke (3.32) |- || — 9BkimmoBa HOpMa, a B crpoke (3.33) |- || 7
— HOpMa Ha F.
Tax kax (S, — pp)? < 1 ana Beex n u

HW(men)HQ = Z (Wv(pnyzn)>2 <
veEV?2

< Z Wv(pnazn) =1,
veEV?2

BbIYHMTaEMas CyMMa B ¢Tpoke (3.32) orpanudena csepxy duciom N.

Tak xak ||®(z,)||Fr = cr(zn) n cr(z) < cr a1 Beex x, BbIUUTA-
emasl cymMa B cTpoke (3.33) orpanutdena csepxy senudnuoit cxN. B
PEe3yJIbTATE MOy IaeM:

</(c%+1)N, (3.34)
<4/ (& +1)N (3.35)
f

miast Beex N. O6osmaunm: i, = Y Wi(pi, 2)(Si — pi). Ilo (3.34),
i=1

N
Z W(pm Zn)(sn - pn)
n=1

N
Z ®(20)(Sn — pn)

| iin |l < 4/ (% + 1)n nas Beex n.

yctsb i, = (pn(v) : v € V2}. To onpenenenmo st o6oro v:
n
pn(v) = Walpi, 2:)(Si — pi). (3.36)
i=1

Berasmsiem Besmauny I(v) B cymmy (3.36), e I — xapakrepucTude-
ckast (byHKITHSI TPOM3BOJIbHOTO TIomMEokecTBa S C [0, 1]2, cymmmpy-
eM10 v € V? 1 H3MeHsieM MOpsI0K CyMMIpOBaHus. IpuMensen nepa-
BercTeo Kormm—Bynskosckoro mist sekropos I = (I(v) 1 v € V?),
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fin = (11n(v) : v € V?) B eBKIWIOBOI HOPMeE U MOTydaeM:

ST Walps, 2)10)(S — pi)| =

1=1 yeV?2

=D 1)) Walpi, 20)(Si —pi)| =
=1

veV?2

= (- fin)| < I~ Nl < \/IV2(c5 + D)n (3.37)

st Beex n, te [V2| = (1/A +1)? < 4/A? — aucyio snemenTos pas-
OueHusl.

[IycTs p; — caydaiiHas BeTMYIHHA, IPUHUMAOIIAs 3HATYEHUsT v € V
¢ BeposiTHOCTSMU Wy (p;). Hanomuum, uro Z; — cayvaiinasi BeumdanHa,
IPUHUMAIOIIAsT 3HAUEHUsT U € V' ¢ BEPOSITHOCTAME Wy (2;).

Iycrs S C [0,1]2 u I — xapakTepucTidecKas dhyHKIIA STOTO MHO-
xkectBa. [y mr060oro ¢ MaTeMaTUdecKoe OXKUJIAHUE CIIydaiiHoil Beu-
annsl 1 (p;, Z;)(S; — pi) paBHO

E(I(pi, z:)(Si — pi)) =
= > Wulpiz)I(0)(Si = v'), (3.38)

veV?2

e v = (vl v?).
HepasencrBo Xedauara—Aa3yMbl yTBEPXKIAET, UTO JJIsT JTFOOOTO

v>0

1 n
o[l

=1

> ’y} < 26_2”72

JUIT BCeX M, rje V; — orpaHnvYeHHble MAPTUHIAJ-PA3HOCTH (CM. JIeM-
my 10.2 u caencrsue 10.4 u3 pazzgena 10 gasee).
Hasee mbt nostaraem V; = 1(p;, Z)(S; —pi) — E(I(pi, 2;)(Si —pi)) n

v = 1/% In %, rae 0 > 0. Orcroma mosydaeM, 9To AJjsl J00bIX 0 > 0,
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S u n, ¢ BEpoITHOCTBIO 1 — §:

> I 2)(Si = pi) — Y E(I(pi, 7)(Si — 1))
i—1

=1

<

< 2mI. (3.39)

[\
| DN

ITo ompemeneHnio 1eTepMUHUPOBAHHOIO IIPOTHO3a, CYMMBbI:

D Walpisz)1(0)(Si = pi) 1 > Wolpi, )1 (v)(S; — v')

veV?2 veV?2

pazmuaiotest He 6oee deM Ha A jyis Beex 4, tie v = (vl v?). Cym-
mupys (3.38) mo i = 1,...,n u ucnonb3ysi HepaBeHCTBO (3.37), mOJTy-
qaeM:

> E(I(pi, %)(Si — pi)| =
=1

N

=130 3 Walpi 2)I()(Si — v

i=1 yeV2

< An+24/(c% +1)n/A? (3.40)

JUIst BCEX M.
ITo (3.39) u (3.40) myst 106BIX S U N UMEEM ¢ BEPOATHOCTBIO 1 —

21(252‘,5@')(51'—]51) <
i=1
<A 2 2 "o 2
< An+24/(cx+1)n/A% + Elng. (3.41)
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ITo mepasencrBy Komu—BynsakoBckoro:

n):

N
ZS —pn)(D - ®())| =

N
(Z S _pn n) : D) <
N =1
< Z(Sn _pn)q)(xn) : HDH]: <
n=1 F

< IDllry/ (& + DN.

IIpennoxenue qokazano. A
Ilepexomum Temepb K 3aKII0UUTE]LHOMY 3TAIly JI0KA3aTe/ILCTBA,
TeopeMbl 3.7.

Beipazxenne An+24/(c% + 1)n/A? u3 onenox (3.40) u (3.41) npu-

2 1 1
HUMaeT CBoe MHHEMAJbHOE 3Havenne mpn A = v/2(c% + 1)in~1. B
9TOM CJIydae npaBasi 4acTb HepaBeHcTBa (3.40) paBHa

An+2¢/n(c% +1)/A% = 2An = 2v2(c% + 1)ini.  (3.42)

Hasee Gysem ucosnb30BaTh BepXHIOKW oneHKy 2An s (3.40).

st nonyvenus: onenku (3.28) BbIOEpeM MOHOTOHHYIO OCJIEJIO-
BaTeJIbLHOCTDL unces A1 > Ag > ..., Tak 4yro Ay — 0 npu s — o00.
Taxk>ke Oy1eM HCIIOIB30BATH BO3PACTAIOINIYIO IIOCIEI0BATEILHOCTD Ha-
TYyPaJIbHLIX Yucea Ny < no < ... Jljag mpowsBosbHOrO § Ha Imrarax
ng < N < Ngy1 MBI OYIEM HCIIOJIB30BATD JJIsI PAHJIOMU3AINN pa3due-
uue naTepBada [0, 1] Ha nogsiHTepBabl JynHbl Ag. Haunnaem narmm
nocJiegoBaTeabHocT ¢ iy = 1 1w Ay = 1.

Oupenenum 4ducia no,ng, ... Tak, YTO0 HEPABEHCTBO

Z E(I(pi, Z)(Si — pi))| < 4(s + 1)Agn (3.43)
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BBITIOJTHEHO JIJIST BCEX Ng < N < Ngy] U JJIST BeeX S > 1.

MpbI ompejieTuM 3Ty MOCIEI0BATEFHOCTD C IIOMOIIBI0 METO/Ia Ma-
TemMaTndeckoil uHayKun 1o s. Jomycrum, aro ng (s > 1) yxke onpe-
JeJIeHO TaK, YTO HEPABEHCTBO

n

> B(I(pi, 2)(Si — i) | < 4sAs 1 (3.44)
=1

BBITIOJIHEHO JIJI BCEX Ng—1 < N < Ng. JomycTumM, 9T0 TakkKe BBIIOJI-
HEHO JMOIIOJIHUTEJIbHOE HEPABEHCTBO

ZS: E(I(pi 2)(Si — i) | < 4sAsns. (3.45)
=1

Omupenenum ngq1. Pacemorpum npesckazanusi p; (Pp; — UX PaHIOMU-
3MPOBAHHBIE 3HAYEHNSI), BBIYMCJIEHHBIE C MOMOIIBIO OIPE/IeJEHHOIO
BRIl aJropuT™a npu jguckpernsarmun A = Agyqi. [lepsoie ng u3
9TUX IpeJIcKasaHuii He OyJleM MCIIOJIb30BaTh (TOYHEE, OHM IOSIBJIsI-
I0TCST TOJIBKO B orfeHkax (3.46) u (3.47); obo3HaunM ux pi,...,Pn,)-
JlobaBuM Bce mpeicKazaHus p; I © > Ng K TPEICKA3AHUIM, TOJIY-
YeHHBIM Ha MPEeBIIYINNX Marax WHAyKnun. [lycTs ngyq Takoe, 9T0
BbBIIIOJIHEHBI HEPpaBEHCTBa

Ns+1

> E(I(pi 2:)(Si — )| < ZS:E(I(ﬁi,%)(Si—ﬁi)) +
=1 i=1

| ST BUGHENS - 5)+ S BB )(Si — B)| +
i=ns+1 =1

+ D> BI(Pi, 5)(Si — D) | < 4(s + D) Agpansi1. (3.46)
=1

3/ech 1epBasi cymMMa M3 IIpaBoil yacTu HepaBeHcTBa (3.46) orpanu-
gena 4sAgng no npeanosnokenno naAyknun (3.45). Bropas u Tpe-
Thsl CYMMBI OIpaHMYEHbl BesmauHaMu 2Ag 1 1Mgi1 U 20411Ng, COOT-
BETCTBEHHO, e A = Agij ompenesieHa Tak, YTO BBIIOTHEHO (3.42).
dro crenyer u3 (3.40) u BeIOOPA M.
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Torma mpeanonoxkenne nuayKnuu (3.45) BBIIOIHEHO TpU

25A, + Aerl

> — .
Ml Z N s 1)

[TonobupiM 06pazom mosyvyaeM

> BI(pi, %)(Si — )| < i:E(I(ﬁi75i)(Si—]5i)) +
i=1 1=1

| ST BUGHE) S — )+ S BB (S — b)) +
i=ns+1 =1

+ <A(s+1)Agn (3.47)

S° B(I(Dn2)(S: — b))
=1

upu ng < N < Ngp1. 3JeCh IepBas CyMMa H3 IIPaBoil 4acTu Hepa-
BeHCTBa TakxKe orpanmdena: 4sAgng < 4sAgn 10 IPEIIOIOKEHUIO
nayknun (3.45). Bropast u Tperbsi cymMbl orpaHndensl 2Ag1n <
2Asn u 2Ag41ns < 2Agn, coorBercTBeHHO. DTO caeayer u3 (3.40) u
Boibopa Ag. NnjrykTusHOe npeanosoxenne (3.44) BBIIOJIHEHO.

ITo (3.43) Jyist HPOU3BOJILHOTO S BBIIIOJHEHO

> E(I(pi, %)(Si — pi)| <A(s + 1) A (3.48)
=1

JUIST BCEX N = Mg, ecin Ag yiosierBopsier yeaoBuio Agypq < Ag(l —
1
S43) VI BCeX s.
[TokazkeM, UTO MOCJIEIOBATEILHOCTH Ts U Ag YIOBJICTBOPSIOIIIE
9TUM YCJIOBUSIM, CYIIECTBYIOT.
IIyctb € > 0 u M = [2/e], tae [r|, ecrb HamMmeHblmee Iie-

Jtoe umucio Gobinee min pasnoe r. Oupenemnm ng = (s + M)M u

1
Ay =V2(c%+ 1)%71;1. HeTpytHO IIPOBEPHUTD, YTO B 9TOM CIydae BCe
YCJIOBUsI, HAJIOXKEHHBIE Ha Ng U Ag, BBIIIOJHEHBI JJIs BCEX JIOCTATOYHO
OOJIBITIUX §; IYCTH OHM OyJyT BBINOJHEHbI IPU BCceX § = Sg. llepe-
OIIPEIENNM N = Ng, Jyist Beex 1 < ¢ < sp. 3aMeTny, ITO HEPABEHCTBA
(3.44) n (3.45) BBINOJIHEHBI ISl TAKUX 1; TPUBUAJIBHBIM 006pa30M.
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B omnenke (3.44) mast Bcex ng < N < Mgy BBIIOTHEHO

Ad(s+1)Asn < 4(s+ M)Asnsy1 =

= 4V2(cE +1)i(s+ M)(s+ M+ D)M(s + M)~ 1
342/M

N

< 18(c% + 1)%n
< 18(c% + 1)inate,

N

Taxum obpazoM, mosryuaem

n

ST B, 20)(Si — Bi))| < 18(c% + 1)/ 4n¥/ 4 (3.49)
=1

JJId BCEeX M.
HOHO}KI/IM ‘/z = I(ﬁz,éz)(Sl — ﬁz) — E(I(ﬁz,,%l)(SZ — ]51)) n vy =
\/% In %, riae ) > 0. 3,&er FE — cumBos YCJIOBHOT'O MaT€MaTHUYI€CKO-

TO OXKUJAHUSI OTHOCUTETBHO P1, ..., Pi—1. Clydaiiible BeJU<IuHBL V;
06pa3yioT MapTUHTAI-PA3HOCTh OTHOCUTENBHO MOCIET0BATEIHLHOCTH
P15, 21,02, 22 - - -

CoracHo HepapeHCTBY XedauHra—Aa3yMel 11 jaodoro v > 0

1 n
gl

=1

> 7} < 2e7 2 (3.50)

Jutst Beex n (em. stemmy 10.2 u3 pasieda 10).
Kom6unupys (3.49) ¢ (3.50), mosyuum, uro mis 1obbix § > 0, S
U N C BEPOSITHOCTBIO 1 — § BBIIIOJIHEHO

2
< 18(c% + 1)V Ap3/4te 4 1/gln 5

Coornomrenwe (3.30) MozKeT ObITH II0JIYYCHO U3 HepaBeHCTBa (3.28)
¢ momoIbio JeMMbl bopens—Kanrennu. /lokazaTeabcTBO aHAJIOTIY-
HO PACCy’KJEHHIO B KOHIIE J0KA3aTeabcTBa TeopeMbl 3.6 (cM. pas-
nea 3.5.2). Teopema 3.7 nokazana. A

> I, 7)(Si — i)
=1
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3.5.2. JlokazaTeabCTBO TeopeMbl 3.6

Ha kaxkmoMm mare ¢ BeIMUC/IsIEM JeTEepMUHUPOBAHHBIA IPOrHO3 P; CO-
[JIACHO aJIFOPUTMY, IIPUBEIEHHOMY B paszese 3.5.1, u mocsie 3Toro me-
PEXOJJM K €r0 PanzoMU3aly Di MCTIONL3YA aPaMeTPLL: M =1[2/¢],
A=A = ﬂ(cf—i—l) (3+M)_4 uns = (s+ MM tmens <i<
N1 Iycrb Takske S;_1 — paHIOMU3MPOBAHHAS IPOLLIasd IeHa Sj_
duHancoBoro nHcTpyMenTa. B Teopeme 3.7, z; = S;_1 u Z; = S; 1.

[Tpr jaHHOM METOJIE PAaHJIOMU3AIUKN MMEIOT MECTO CJIELYIOIINe
BEpPXHUE OIECHKH;

n S
D I > Si1)(Sic1 = Sic)|[ <Y (1 — o)Ay <
i t=0
3
<A+ 1)t < AR + Dinite, (3.51)
TIae ng <N < Ngt1.

[Tycrs D(z) — nupoussosnbhas dyukius u3 RKHS F. OgeBujubiv
obpaszom, orenka (3.51) BepHa, ecsm Mbl 3amenum I(p; > S;_1) Ha
|D||3' D(x;). Jlnst IpOCTOTHI, MBI IPUBE/IEM OIEHKH JUTs CITy™ast, KO-
raa D(z) > 0 st Becex © u

N~ ) L ecmnpi > Si-1,
! 0, B IPOTUBHOM CJIyUae.

Ucnionbayem obo3HadeH s

vi(n) = 4(c% + 1)inite, (3.52)
2
va(n) = 18n17¢(c% + 1)1 + ,/%1 5 (3.53)
v3(n) = /(ck + 1)n (3.54)
Hamee Bce cyMMbI TipejmnonaraTes aas ¢ = 1 ..., n. Mbl Takxke

HCIIOJIb3yeM HEPABEHCTBO XedauHra—Aa3yMbl.
Jlns npousBosbHOTO § > 0 ¢ BEPOSITHOCTBIO 1 — § MMEET MecTo
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ciaenyromad Ielb paBeHCTB U HEPAaBEHCTB!:

ﬁi>§z—1
= Y (Si—p)+ D> Bi—Sic0)+ D (Sii1—Sio1) %3.55)
Pi>Si1 pi>Si1 Pi>Si_1
> E (i — Si—1) — vi(n) — va(n) #3.56)

Pi>Si1
> D3t iD(w»(@- —5;-1) = vi(n) = va(n) =
= |D]3" Z;D(fm)(pi —S-1) +IDIIF imm@ —pi) -
| DJ3! éD(m)(Si_l — Si-1) = va(n) — va(n) X3.57)
> | D3 Zl D(;)(ps = Si-1) = 3va(n) — va(n) =3.58)
2 f}D(m)(S@- — Si1) —

=1

—IDID D) (Si — pi) — 3 (n) — va(n) %3.59)
=1

> |DITHD D D(@i)(Si — Sic1) —
i=1

=3v1(n) — va(n) — [ID|FMID]| Frs(n) =
= |IDIIF'KC = 3va(n) — va(n) — | DI D) Frs(n).

ITpu mepexoze ot (3.55) k (3.56) GbLIM UCIOIB30BAHBI HEPABEHCTBO
(3.28) u3 Teopemsr 3.7 u orenka (3.51); mo 9Toi npunHe OBLIN BBHIYTE-
ubl wiensl (3.52) u (3.53). IIpu nepexoze or (3.57) x (3.58) aBazx /bl
6pl1a npuMeneHa orenka (3.51); mo sroit npuanne wien (3.51) 6bu1
BbIuTeH JiBaxK/ bl [Ipu nepexoze or (3.58) k (3.59) 6bL10 uCIIOIB30BA-
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HO HepaBeHCTBO (3.29) u3 TeopeMbl 3.7; TaKUM 00pa30M, OB BHIYTEH
wier (3.54).

Takum obpasoM, cyIecTByeT Takasi KOHcTaHnTa ¢ > (0, 9ro mida
Jiroboro § > 0 u st Jitoboro n ¢ BEPOSITHOCTBIO 1 — ¢ BBIIIOJTHEHO

_ 3

KM > |ID|T'KE —ent™ — /- In <. (3.60)
B uacraoctu, npu D(x) = 0 npu Beex z, MoJaydaeM yCJIOBHE HA

PHUCK BO3HOXKHBIX IIOTEPhb Hallled YHUBEPCAJbHOHN CTpaTerun: s Jro-

6oro 0 > 0 u ajis1t J10OOro N, ¢ BEPOSITHOCTHIO 1 — §, BBIIIOJIHEHO

Hepagencrso (3.27) 6yzaer cienosars u3 (3.60). s qokasaressb-
cTBa HCHoJb3yeM JieMMy Bopens-Kanresm. Dra jeMma yTBEpKia-
eT, YTO €CJIU JIJIsl HEKOTOPOH MOCJIE0BATEIbHOCTH COOBITHI A, psij

o0
> P(A,,) cxomurcst, TO BEPOSTHOCTH TOTO, 4TO cobbiThe A, 1pouc-
n=1

XOJUT JiJ1si OECKOHEYHO MHOruX 1, paBua 0.
Jlnst Toro, 4ToObI IPUMEHUTH 3Ty JIEMMY, UCIIOJ3yeM HEpaBEH-
ctBo 10.5 m3 pazmena 10.

O6o3HauNM ¥ = 4/ % In % Toraa § = 2e~ 277", [Tepemnumem (3.60)
B opme:

1 1
“KM —|ID||ITP SRR > et — 4. (3.61)
n n

Coruacuo (3.60), mist m06bix 7 u v > 0 mepaBencrso (3.61) He BbI-

o0
2 2
™", Tak Kak psiji » e 2™ cxomurest

n=1
upu v > 0, o siemme Bopensg-Kanremm, npu ¢dukcuposarasoM v > 0,

HepaBeHCTBO (3.61) MozkeT HapyIaTbes He Hosiee YeM JIjisi KOHETHOTO

IIOJIHEHO C BEPOSITHOCTHIO 2€ 2

quciia pa3imaabix n. OTciona ciejiyer, 9To coObITHE:

T N 14D

BbBIIIOJIHEHO IIOYTH BCIOJY.
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Teopema 3.6 mokazana It TPOU3BOJIBLHON HEOTPUTIATEHHON DYHK-
nuu D € F. JlokazareibCTBO yTBEPKIEHUsI JIJIsi IPOUM3BOJILHON HEIO-
JiokuTebHoN dyuknun D € F, a TakxKe 111 DYHKIINH 00IEero BuIa
AHAJIOTHUYHO.

MsI pacuiupuM Oy I€HHBIE ACUMIITOTHIECKIE OIEHKH JIJIsT JII0OO0I
HerpepbiBHON dyHKINN D(x) ¢ TOMONIBIO YHUBEPCAILHOTO sijIpa 1
cooTBeTcTBYMOIIEro KaHonndeckoro RKHS.

IMuas6eproBo mpocrpancreo RKHS F na X nHaswiBaercs yrusep-
canvHviM, ecau X — KOMIIAKTHOE METPHYECKOe IIPOCTPAHCTBO U JIFO-
bas menpepbiBHas GyHkng f Ha X MoKeT OBITH alllIPOKCUMUPOBAHA,
B MeTpuKe || - |00 DyHKIMEH 13 F ¢ NPOM3BOIBLHON TOYHOCTBIO: JIJIsi
Jsoboro € > 0 cymecrByer D € F Takasi, 94TO

sup | f(z) — D(z)| <€
zeX

(cm. CreitaBapr [51], Oupenenenne 4).

Mpgr 6yem ucnosbszoBars X = [0, 1]. CobosieBckoe mpocTpaHcTBO
F = HY(]0,1]) sBnsierca yausepcambubim RKHS (em. paborsr: [51],
621).

CymecroBanne yunsepcagbnoro RKHS wa [0, 1] mossossier no-
JIVIUTD TIOJIHYIO BEPCHIO TeopeMbl 3.6.

MOKHO TIOCTPOUTH AJITOPUTM JIJIsI BIYUCIEHUST JIETEPMUHUPOBAH-
HBIX TIPEJICKA3AHNI p; U METOJ, TIOCIETOBATEIBHON PAHIOMUIAIINN Ta-
KHe, 9TO COOTBETCTBYIOIIAS PAHIOMU3UPOBAHHAS TOPTOBasi CTpaTe-
rust M; BBIUIPBIBACT HA OJIHY €IUHHILY (DUHAHCOBOIO MHCTPYMEHTA
He MeHbIIe, YeM JTI00asi HeTpUBHUaIbHAsT HEIIPEPbIBHAS CTAIIMOHAPHAST
crparerust f. Tounee, HepaBEHCTBO

o] M —14f
limint — (K3 = |£I7'KF) >0 (3.62)

BBIIIOJIHEHO IIOYTU BCIOJY OTHOCHUTEJIbHO DPacIIpeldesJICHUA BePOATHO-
CTE, TTOPOKIECHHOTO TTOCJICAOBATEABHON PaHIOMU3AITNECH.

DTOT pe3yJbTaT HEIOCPEJICTBEHHO Cie/lyeT 13 HepaseHcTBa (3.60)
7 BO3MOYKHOCTHU KaK YTOIHO TOTHO AlIIPOKCHMUPOBATH JIIOOYIO HEIlpe-
peiBHyIO dyHKImo f Ha [0, 1] ¢ momorpo dyuknun D u3 yHUBEpcaib-
Horo (cobosesckoro) RKHS F.
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Toprosas crparerus Mi, yaoBieTBopsiomas (3.62), HasbiBaeTcs
YHUBEPCAADHO COCTNOAMENDHOU.

Bamernm, YTO CBOHCTBO yHUBEpCAJbHOl cocrosrenbHocTH (3.62)
SIBJISIETCS] ACUMIITOTUYIECKIM U HUYErO He YTBEPKIAET O CKOPOCTH CXO-
JIMMOCTH B CJIydae IPOU3BOJIbHON HenpepbiBHON (yHKImu f. OmneHka
ckopocru cxopumoctu (3.60) ObLta nosydena jist yHKIui u3 6osee
cueruaJbHbIX mpocrpancts RKHS.

3.6. 3amaum u ynpa>kKHeHUs

1. /IokazaTh, YTO NPU UCIOJB30BAHUYI CMEITUBAHU M0 MeTony Kpu-
1eBcKoro u TpodumoBa ycjaoBHAS BEPOSITHOCTD MOSIBICHUS €INHUAITBI
rocjie n GMHAPHBIX HaOJIOJeHNH w" = w1, ..., W, PABHA

7”L1—|—1/2

P(wpt1 = 1jw") = i

)

re 1 — IUCJIO eIUHUIl B w™.
2. JlokazaTh, 9TO TaKyKe UMEET MECTO OICHKA:

1
"1(1 — p)n2 1 n1\™ [N\ "2
/ ];r\/p(l fp) W= 5/ (Zl) (72> '

n
3. IosryunTs sBHYIO GOPMYILY I ONTUMATBHON CTPATErMU UTPBI
Kesumu He 3aBucsieit or ucropun u3 pasiena 3.1.4. [Tonyuurs siBHyTO
OIEHKY BBIUTPBIIIA JJIT TOTO KJIACCA CTPATErHii.
4. Hanmcarhb BbIpazKeHUe JIsl yHUBEPCATBHOTO KOJOBOTO PACIIPEe-
nenerns (3.1) OTHOCHTENIBEHO KJacca KOJIOB He 3aBUCSIIUX OT HCTOPUU
(Omeem:

k(y™) ) k™) <%(yn))"—k(y")

\/@(14-6”)

n
rue k(y™) = |{i: y; = 1}| — aucsio epunuil B nocsiegoBaTeibHOCTH Y
u €, — 0 mpu n — 00).
5. OneHuTh MUHUMAKCHBIN perper Jijisi Kjaacca CTpaTeruil He 3a-

P (") = (

BUCAIIUX OT UCTOPUU B CJIy1Tae€ IPOU3IBOJILHOI'O KOHETHOI'O MHO>KECTBa
HNCXOIA0B.
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6. [ 7151 HEKOTOPBIX MOC/IEI0BATEIHLHOCTEN JIETKO TIOCTPOUTD KAJIU0-
pyemble mpejickazanusi. [lociemoBaTelbHOCTD W1, W2, . .., COCTOSIIAS
n3 0 u 1, Ha3bIBaeTCd CTAIMOHAPHON, eCJIN Ipeae)

1 t
lim - > w;
oo t £
=1
CYIIIECTBYET.

JlokazaTb, 94TO IMOCJIEI0BATEILHOCTD IIPOTHO30B P1, P2, - - ., OIPe-
JneJieHHast cooTHoIeHusimu p; = 0 u

=
pi = i—lzjle
]:

mpu ¢ > 1, KaqubpyeTcs Ha CTAIMOHAPHO [TOC/IEIOBATEIBHOCTH W1, W2, - . - -

7. OOBsICHUTD, TIOUYEMY B JOKA3aTEIbCTBE TEOPEMbI 3.2 HEJIb3sT UC-
[0JIb30BaTh IPOCTO OKPYIJIEHHE € HEJOCTATKOM (MJIM C U3OBITKOM )
MPOTrHO3a, P, 1O COOTBETCTBYIOINIEH I'PAHUILI MHTEPBaJa pa30ueHus.
[IpuBecTn KOHTPHIPUMED.

8. Onucarb BO3MOXKHBIE METOJIBI BEPOSITHOCTHOTO OKPYIJIEHUS Jie-
TEPMUHUPOBAHHOI'O TPOTHO3a P;, B JIOKA3ATETHCTBE TEOPEMBI 3.2.

9. Hokazarb TeopeMy 3.6 /7T IPOU3BOJBHON HEIIOJIOXKUTEIbHOMN
dbyukun D € F, a Takxke g QyHKIHI 0011ero Bua.

10. IIpuBecTu KouTpHpPUMED K TeopeMe 3.6 1Jis crydasi pa3pbIBHOMN

dbyuxiuu D(z).

3.7. JIabopaTopHbIe PAOOTHI

Autropurym, onmcaHHbI B pasjeste 3.3, MOXKeT ObITh JIEMKO peasin30BaH
B BHJIC KOMIIBIOTEPHOIT mporpaMmbl. [Tpn 9ToM j1j1s BBIYHCICHHST KOD-
Hsl ypaBHeHUs (3.8) JIydile BCEro MCHOJIb30BAThH [VIAIKOE HPUOIIHKe-
Hue K aapy (3.7) — rayccoso sapo K(p,p') = e~ 70=P)? 1714 HexoTopo-
ro ® MoxHo TakzKe ncnosb3osars sapo suja K (p, p') = cos(5 (p—p))
upu p,p’ € [0, 1].

8B JaHHOM CJTyYae CHIHAJIBI OTCYTCTBYIOT. JIJIst UCIIOTb30BAHMS CHTHAJIOB MOYK-
HO MCHoJIb30BaTh sypo (3.18.) v > 0.
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Paszyinanble BpeMeHHBIE PsIIBI MOXKHO 3arpyxKaTh ¢ caiita FINAM
(http://finam.ru).

Hampumep, MOXKHO 3arpy3uTh MOMWHYTHBIE JTaHHBIE TIE€H AKITAI
KaKOW-HUOYb KOMIaHuu: Sq,S1,92, ..., S, U OTKAJIMOPOBATH WX
Tak, 9robbl S; € [0, 1] mst Beex 1.

JlabopaTropHas pabora 1

PeammzoBath anroput™m paspena 3.3. Hammcath mporpammy st
BBIYUCJICHUST XOPOIIO KAJUOPYEMBIX ITPOTHO30B P1,P2, ..., Pp JJId
JIBOMTHOM MOCJIEOBATEIBHOCTH W1, W2, . . . , Wy, I1e w; € {0,1}. Cpas-
HHUTb 3THU IIPOTHO3BI C IIPOrHO3aMHU 110 IpaBuiy Jlamaca.

JIBOMYHYIO TOC/IeT0BATEILHOCTE MOXKHO 00pa30BaTh U3 IOCIIE-
nosarenpHoctu npupamenuit ASy, ASy, ..., AS,_1, tne AS; =
S; — S;—1. DTO MOXKHO CIEJIATH CJIEAYIONIUM 00Pa30M:

1, eciu AS; > 6,

wi =
! 0 B IpOTHBHOM cJly4dae,

e 0 — HEKOTOPOE IOJIOKUTETLHOE TUCIO.

ITpoussecTn 0TOOP MOAIIOCIETOBATEILHOCTEM, HA KOTOPBIX IIPO-
CHO3 P; > O JJIsl PA3JINYHBLIX [IOJIOKUTEIbHBIX 3HAYEHMI §.

Coznath rpadudeckoe MpecTaBIeHne Pe3yIbTaTOR.

JlaboparopHas pabora 2
3arpys3uTb BpEMEHHON psJI IeH KaKoi-ubo akiun. HopMuposars

nens! akmuu Sp, S1, ..., Sp—1 Tak, arods S; € [0, 1].

Hamnmcars mporpamMmy st BBIMHCJIEHHS XOPOIIO KAJIHOPYEMBIX
[IPOTHO30B P1,P2, ..., Pn AId OTKAJIUOPOBAHHON II0OCJIEI0BATEIHLHO-
cru uncesa Sg, S1, ..., Sn_1.

[Ipoussectn 0TOOP MOAIOCTEIOBATEIBHOCTEN, HA KOTOPBIX IPO-
HO3 YJOBJIETBOPSIET P; > S;_1 + € JJIsl pa3jMJIHbIX 3Ha4UeHuil € > 0.

Coznathb rpadudeckoe MpejcTaBIeHne pPe3yaIbTaTOB.

[IpennoxuTh U peaan30BaTh MPOrPAMMBI-POOOTHI JJId UTPHI HA
Kypcax akInii, UCIOJIb3YIONNE 3TH KAJTHMOPyeMble ITPOTrHO3HI.
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I's1aBa 4

IIpenckazanus c
11CII0JIb30BaHUEM
9KCIIEPTHBIX CTpaTerui

Saa4ya IPUHATHST IPABUJIBHOTO PAIMOHAIBHOIO PEIIEeHUsT SIBJISETCS
IIEHTPAJbHOI B HayKe U IPaKTHUKe. Pelllenre mIpuHIMAETC s Ha, OCHOBE
HEKOTOPBIX HAOIIOAAEMbBIX JaHHBIX. KaK M B IIpeabIAyINei rIaBe, Mbl
OyzieM pacCMaTPUBATD 3321y IIPOTHO3UPOBAHNUS IAPAMETPOB KAKOTO-
6o mporiecca. ToabKO Ternepb MbI Oy/IeM OIeHHUBATh MPaBUILHOCTH
HalllUX IIPOT'HO30B, PYKOBOACTBYACH MHBIMU ITPUHITUITAMU. MbI TaK>Ke
He Oy/IeM HCIIOJIb30BaTh HUKAKHUX IIPEIIOJIOXKEHII O IMPUpPOe Mexa-
HU3Ma eHepalluy IIPOrHO3UPYEMON IOCJIEI0BATEIbHOCTU.

[TpaBuABLHBIN TPOrHO3 WK MTPABUJILHOE PEIIEHHNe BEJIYT K MEHb-
UM TIOTEPsIM, YeM HelpaBuIbHbIe. [Ipu TpaauIimoHHOM CTaTHCTHIE-
CKOM IIOJIXOJI€ MBI OIIeHUBaeM MOTEPU IIPU HAIIIAX IIPOTHO3aX B CPaBHE-
HUU C HEKOTOPOH UJieaJIbHOM MOJIEJIbIO IIPUHATHS IIPABUJIbHBIX pellle-
HUIT, KOTOpast OOBITHO OCHOBAaHA Ha HEKOTOPOU CTATHCTUIECKON MOIe-
JIM, OIKCBIBAIOINIEl Hab/omaeMble JaHube. [Ipu TpaaumuonHoM mo/I-
XOJle CHavaJla OLIEHUBAIOTCA HapaMeTpbl CTATUCTUYECKONH MOJEeIN Ha
OCHOBE HabJIIOIEHNIA, a IIOTOM IPOU3BOJSUTCS IIPOrHO3 HA OCHOBE 3TOM
MO/IeJIn IIpU OIIEHEHHBIX ITapaMeTpax.

ITpu cpaBHUTETBHOM ITOJXOJI€ BMECTO OJHON WJICAJIbHONW MOJIEJTA
paccMaTpuBaeTcss HabOp BO3MOXKHBIX MOJIEJIel, KOTOphle HA3BIBAIOT-
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Cs1 KOHKYPUPYIOIUMU SKCIEPTHBIMU CTPATETUSMU, WU MPOCTO, IKC-
nepramu. MHOXKECTBO TAKMX IKCIEPTHBIX CTPATETWIl MOYXKET OBbITh KO-
HEYHBIM W OECKOHEYHBIM U JlayKe HecdeTHBIM. Vcrosb3ys ucxobl,
[IOCTYTAIOIINE B PEXKUME OHJIANH, SKCIIEPTHBIE CTPATErUU MIPOU3BO-
JIIT TPOTHO3BI Oyayiero mcxoma. I[IporHo3upyrommii aJropuT™M Mo-
2KeT HabJIIOJIATh MPOTrHO3bI KOHKYPUPYIOIMINX SKCIEPTHBIX CTPATErnii
U OIEHUBATDH uX 3PPEeKTUBHOCTDL B mpomnwuioM. [locse sToro aaropurm
JleJlaeT CBOM IIPOr'HO3.

PesyapraThl MpOrHO30B HAIErO ajJrOpUTMa CPABHUBAIOTCS C Pe-
3yJIbTATaMU [IPOTHO30B IKCIEPTHBIX aJaropuTMoB. OOBIYHO TPOU3BO-
JIUTCS CPaBHEHME TOTEPh HAIero ajropuTMa 3a HEKOTOPBIN Ieproj
[IPOT'HO3UPOBAHUS C IIOTEPSIMU HAMJIYUIIErO HAa PETPOCIEKTUBE DKC-
[IEPTHOTO AJITOPUTMA.

CpaBHeHe MOXKET TPOM3BOIUTLCS KAK B HAUXYIIIEM CIydae, a
TaK Ke B CPEJHEM, €CJIU HAIl aJrOPUTM HCIOJIb3YyeT PaHIOMU3a-
[UF0. 3aMEeTUM, UTO PACIpPeie/IeHne BEPOITHOCTENH, KOTOPOE UCIIO/Ib-
3yeT pPaHIOMU3UPOBAHHBIN AJTOPUTM, SBJISETCH BHYTPEHHUM BCIIO-
MOTATEJIbHBIM PacIpejie/ieHreM aJIl'OPUTMa; OHO He MMeeT HUKAKOTO
OTHOIIIEHUsI K UCTOYHUKY, T€HEPUPYIOIeMy Ucxobl. Mbl camu rere-
pUpyeM ciiydaiiHble YUCIa ISl HAIEero ajropuTMa.

ObcymuM Tak»Ke THUIIbI IIPOIECCOB, MeHEPUPYIONINX JAHHbBIE, JJIs
KOTOPBIX OYyJyT PacCMATPUBATHCST HAIU METOJbI MPOIHO3UPOBAHUSI.
[ToBeierne HEKOTOPHIX IIPOIECCOB HE 3ABUCUT OT IIPOT'HO30B IIPEJICKa-
zaresist. Takue MpOIECChl 9acTO PacCMATPUBAIOTCS B KJIACCHYECKON
MexaHuke, ousuke. Hamnpumep, morojia He 3aBUCUT OT IIPeICKA3aTEN
noroziel. [IpuBoiuMbIEe HIMXKE METOBI PADOTAIOT Tak Ke U B CJIydae,
KOI'J[a XapaKTEePUCTUKHU IIPOIECCa 3aBUCAT OT MPeJCKa3aHuil. DTO Tak
Ha3bIBAEMBIH CJIy4ail “aJanTuBHO BpaxkiebHoit npupo/asr’. Hanpumep,
JIAHHOE TIPEJIIIOJIOYKEHIE SIBJISIETCST €CTECTBEHHBIM IIPHU ITPOTHO3UPOBa-
HUM (PUHAHCOBOTO pbIHKA. PaccMaTpuBaeMble aJlrOPUTMBI OyIyT 3h-
deKkTUBHO pabOTaTh BO BCEX ITUX CJIyUasX.

4.1. AnropuT™M B3BEIIIEHHOTO OOJIBIITMHCTBA

B sTom pasjene Mbl pacCMOTPHM IIPOCTEHINNE ajJrOPUTMbI, BbIIAIO-
e TOYHOE IpeJicKaszanne OyayInero ucxoma. VimMeercs: iBa BO3MOXK-
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ueix ncxofa 0 u 1. Mmerorcss N sKcrepToB (cTpaTeruii), KOTopble Ha
KasKJIOM Tmare ¢ BblgaioT npeackasamns pi € {0,1},i=1,..., N.

Nsyaaromuit aaroputM 0003peBaeT B peKuMe OHJIAWH OMHAPHYIO
TI0C/Ie/IOBATEIBHOCTD W1, . .., W1 U MPOTHO3BI IKCIEPTOB P, ..., pi,
i=1,..., N, u upeiuckasbiBaer Oyymuii ucxon p; € {0,1}.

[IpeBapuTesIbHO PACCMOTPUM CJIydail, KOTJIa OJUH U3 IKCIEPTOB
1 TOYHO IIPEJICKA3BIBACT OYIyIITUI UCXOI: p% = wy I Beex t.

PaccmorpuM Tak HasbiBaeMblid “AjiropurMm OoJbmnHCTBA . AJIro-
PUTM oIpeJiesigeT Ha KaxKjaoMm mare t = 1,2,... MHOXKeCTBO BCeEX
9KCIIEPTOB, KOTOPbIE HU Paly He CJAesaji ONIMOKY Ha IIPEJIbLILY X
arax:

Bt:{i:p;-:wjHpHBcexlgjgt—l}.

AJIFO N'TM 60.HI:>H_H/IHCTB8. BbIJIa€T IIPOTI'HO3 = 1 ecJ/mm 6OJIBH_H/IHCTBO
Pit t y

paHee HU paldy HEe OH_H/I6aBHlI/IXCH 9KCIIEPTOB BbLILAAIOT 1 B kauecTBe

TaKOIr'o IPOTHO3a, B MPOTUBHOB ciaydae py = 0. Tounee,

1, ecrm |{i : i € By, pi = 1}| = |By|/2,

t p—
P 0, B IpOTUBHOM CIIydae.

Teopema 4.1. Jlonycmum, wmo cyulecmsyem axcnepm i maxot, 4mo
) )

P = wy Oaa ecex t. Toeda “Anzopumm boavwurcmea” desaem e

6onee wem [logy N owubox, 2de N — wuco sxcnepmos. *

Hoxazameavemeo. Femm “Ajiroput™m 60/bIIMHCTBA” JIEIA€T OO~
Ky Ha Irmare t, To 9UCI0 paHee HUKOT/A He OMMOABIIIXCS YKCIEPTOB
yMEHbIIAeTCst 110 KpaiiHeit mepe Bisoe: |Byi1| < [|By|/2]. 1o npemmo-
noxkenuo |By| > 1 muist Beex t. OTCroa 9ucao yMeHbIIeHU BeJInInHbI
| B¢| B nBa pasza ne npesocxomut [logy N . A

PaccmorpuMm Temepnb citytaii, Korma 9KCIEepPTa, TOUHO YTaIbIBAIO-
mero Oy/yIne MCXO/Ibl, He CyIIeCTByeT. B 9ToM ciiydae pacCMOTPUM
paccMoTpuM “AJIPOPUTM B3BEHIEHHOI'O GOJILIIMHCTBA, KOTOPLIA OBLLI
upeioxker Jlurmicroyrnom u Bapmyrowm [40)].

[TpuBesieM TPOTOKOJ WMIPBI ¢ HPEJCKA3AHUSIMU IKCIEPTOB (CM.
puc. 4.1). Vuacrauku urpel: Jxcnepm i, i = 1 ,..., N, IIpedcrasa-
meav, IIpupoda. KaxkioMy y9acTHUKY UI'DBI B MOMEHT €ro JIefiCTBus

'3nece [r] obosnataer HamMenbInee mesoe GOMbIee I PABHOE 7.
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FORt=1,2, ..., T

Oxenepm i Bbigaer nporuos pi € {0,1},i=1, ..., N

IIpedckasamens BulIaeT poruos p; aaropurma WM A(e):
IF Y wi> > w

impi=0 impi=1
THEN p, =0
ELSE p; =1
ENDIF

IIpupoda Beigaer ucxon wy € {0,1}

IIpedcraszamens MPOU3BOINT TIEpPECIET BECOB HKCIEPTOB:

[Mycrs By = {i : pé # Wy} — MHOXKECTBO BCEX IKCIEPTOB i, KOTOPBIE
BBIJAJIA OIUOOYHBIN ITPOrHO3 Ha Imare t.

VMeHbltaeM Beca TaKUX SKCIEPTOB:

Wi (1 — ewy, ecom i € Ey,
s w}, B IPOTUBHOM CJIydae.

ENDFOR

Puc. 4.1: Asropurm WM A(e)

JoCTyIHa UHMOPMAIUS O BCeX ACHCTBUAX APYTUX UTPOKOB B MOMEH-
ThI, IPEJIIECTBYIONNE JTaHHOMY. ['OBOPUM, YTO STO UI'Da C MOJHON
undopmatmeii.

IIycts € — mapametp, 0 < € < 1. [lomaraem HavaybHBIE Beca dKC-

nepros w} = 1 pu Beex 1 < i < N.
T
Mycrs Li, = Y |pt — wy| — umcno Beex ommbox Ixenepma i, Ly =
. =1
> |pt — wi| — umco Beex ommbok IIpedckaszamens, T.e. aJropuTMa
=1
W MA(e) na T marax.

Teopema 4.2. [laa 2106020 i 6bIM0AHEHO
2 - 2
Ly < |— | L] —|InN
e () e (O
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Joxasameavemeo. lycrs Wy = > wi. Mycrs m = 1minN L -
<i<

YUCJIO OMUOOK HamIydinero sxcmepra wa 7' marax. [Iycrs stor mMu-
HUMYM JIOCTUTAETCS JIJIsi 9KCIepTa 4. '1or/1a Bec SKciepTa ¢ KOPPEKTH-
poBaJica He 6osiee m pa3. Torma

Wy > wi > (1— )™ (4.1)

g BeexX t Takux, uro 1 <t < T.
C npyroit cTOPOHBI, €C/IM Halll AJTOPUTM JEJIaeT OIINOKY Ha Inare

t, TO
Z wt Wt/2
1€l
CretoBaTe/ibHO,
Wer = 3 (1 - uj+ > wi =
1€l 1€ E;
N
= Z wi —€ Z wi <
i=1 i€ By
<W, (1 -3).
X t 2

[To ompenmenenuto Wiy < Wy mna moboro t. Otcioma ajst mio60ro
T > 0 umeem

=T <(-5)", =

e M = Ly — obmiee anciio ommubok ajropurma WM A(e) na mepBbix
T marax.

N
Bamernm, uro Wi = > wj = N. U3 (4.1) n (4.2) crenyer
i=1

e e(-9)”
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Boruncisiem narypasbHBIA jorapudm oT 000MX dacTeil 9TOro Hepa-
BEHCTBA, IIPOBOIUM CJIEIYIONINE II€PEXOIbL:

mln(l—e)—lnN<M1n(1—§)

mmu—fy4nN<—§M

1
mln —I—lnN>EM
1—c¢ 2

(2 () + (2) v o
@E{)m+<i>MN>AL (4.3)

Bropast crpoka (4.3) mosiydeHa u3 [epBOi ¢ IIOMOIILIO HEPABEH-
crBa In(1 4 z) < x, KoTopoe mmeer mecTo pu x > —1.
[Mocnennsist crpoka (4.3) MOJIyYeHO U3 IPEIIOCTIe THEN ¢ TIOMOIIBHIO

HEPaBEHCTBA
1 ( 1) 1
—In < .
y I—y 1—y

DT0 HepaBeHCTBO MOJy4YaeTcss u3 HepaseHcTBa In(l + z) < o myrem
nozcranoBku ¢ = y/(1 —y). A

Teopema 4.2 moKa3bIBaET, ITO AJITOPUTM B3BEIIEHHOTO OOJBITIH-
ctBa WMA ommubaercst He 6bosiee 4eM MOUTH B JiBa pa3a OOJIbIIe, YeM
HAWJIYyYIIUNA SKCIIEPT.

HcTopudecku, O-BUIMMOMY, 9TO TEPBBIN aJTOPUTM TAKOTO POJIA.
Omn 6b11 nipeytozken Jluriacroynom u Bapmyrom B 1989 romy u Has3bI-
Basicss Weighted Majority Algorithm [40]. Heckonbko mosxe, B 1990
roxny, B.I'. BoBk npeioxkui 60s1ee 00Ul arperupyromuil aJaropuTm
(Aggregating Algorithm) u nonsiTue cmermuBaemoii byHKIUI OTEDD,
KOTOpBIE paboTatoT Jiyist urp 6osiee obmero Tuma (cM. [54]).

4.2. AJropuT™M oNTUMAaJIbHOIO paciipejiesieHus Mo-
TeEpPb B pexKuUMe OHJIAH

B stom pazmese Mbl pacCMOTPHUM IIPOCTEHINYIO MOJE/b U aJTOPUTM
ONTUMAJILHOT'O CJIeJOBAHUS 34 SKCIIePTaMU B pexKUMe OHJIANH JJId TO-
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0 CJlydasi, KOrJa HaM JIOCTYIHBI TOJIBKO BEJIMUUHBI IOTEPh SKCIIEPTOB
Ha KaxKJOM Inare (Kakas-jinbo KOHKpeTHast (byHKIMs [OTePb OTCYT-
crByer). Dror asropurm 6bl npeioxken Ppoiinyom u [lanupe [29].

Tunuasblil mpuMep TAKOM 33 /1a41: PACIIPE/IEINTENb UMEET HECKOTb-
KX ﬂpySeﬁ, JeJIaoX CTaBKH Ha CKadYKaX W BbBIMTI'DLIBAIOIINX MJIN
TepsIONUX Ha KayKJOM Illare HEKOTOpble CyMMbI. Pacmupenenmmnresb
pacrojiaraeT Ha Ka)kJOM Ilfare HEKOTOPOH CyMMO, KOTOPYIO OH XO-
YeT PACIPEIETUTh MEXKLY JAPY3bsMU C IEJIBIO MOy YUTh MaKCUMAaJIb-
HBIIi BBIUIPBINT (MJIM MUHHMAJIbHBIE 1OTepH). EcTecTBeHHBINH KpuTe-
puii OIIEHKH yCIIEITHOCTH CTPATEIUU PACIIPEIETUTEIsSI — €10 BHIUT'PBIIIL,
C HEKOTOPO# TOYHOCTHIO, JOJI2KEH OBITh HE MEHbIe YeM y HauboJsee
YJIAYIMBOTO JIpyTa.

[Iporecc mpejickazanust MpeacTaBuM B (OpMe MPOTOKOJIAa HEKOTO-
poit UTphI ¢ TOHON nHMOPMAaIeil. Y YaCTHUKNA UTPhL: CTPATETNH WMJIN
Ixenepmos, 1,2, ..., N, a takke Pacnpedesumens. llens Pacnpede-
AUMEAS TTOCTPOUTD TAKYIO IIOC/IEI0BATEILHOCTD IIPEICKA3AHUN OTe-
pU KOTOPOIi ObLIM ObI HEe HAMHOTO OOJIBIIIE, Y€M MTOTEPU HAWJIYUIIETr0O
JKCIIEPTA.

Ha kaxxgom mare wrpsl ¢ = 1,2, ..., T pacrpeaenresb omnpe-
JIe/IleT BEKTOp pacmpejieienns crpareruit py = (py, ..., pi¥), rae
p%+---+p£v =1lupi>0mnupni=12, ..., N.Ilocae 3Toro Kax-
Jlast U3 crparernii 0ObsIBIIsIeT CBOM MOTePH Ha mare t — wucyo [b, re
i =1,2, ..., N. Ilorepu pacupemennresst Ha mrare t paBHBI CMECH
[IOTEepPhb SKCIEPTOB Ha STOM IIIare

N
(pe - 1t) = me,
i=1

rie Iy = (I}, ..., I)V) — BekTOp MOTEpPL BCex cTpaTernit Ha mare t.

M1 Gy/1eM mpe/iroaraTh, YTo HOTePH SKCIIEPTOB HA KarK/IOM Ilare
orpanmuensl, manpumep, [i € [0, 1] s Beex i u t.

B ciiyuae orpaHMYeHHBIX Ha KaxKJOM Iare 1morepb HeT HPUHIU-
[HMAJIBHO PA3HUIBI MEXK/IY AJITOPUTMAMHE, KOTOPBIE JIOOMBAIOTCS MHE-
HUMAJIbHBIX [OTEPh, U AJTOPUTMAMU, KOTOPBIE JOOUBAIOTCS MaKCH-
MaJIBHOI'O BBIUTDBIIIA; MOXKHO OT IIOTEPh [; HA KAXK/IOM Iare nepeiTu
K BeIATPHBINTY 1 — [y u obparHo.
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Kywmynarusuabie nmorepu Ixcnepma ¢ #Ha marax t = 1,2, ..., T

paBHEI
T
1 _ %
Ly = E L.
t=1

CooTBeTCTBEHHO, KyMYJISITUBHBIE TI0Tepu Pacnpedesumens Ha 1marax
t=1,2, ..., T paBHBI

Samaua Pacnpedesumensn 3aKJI0OUaeTCsT B BbIOOPE TAaKUX BEKTOPOB
pactpesienierust crparernit pg, ¢ = 1,2, ..., T, 97006l MUHUMU3HU-
POBaThb BEJIMINHY
i
Ry =Ly — miln L.

st perienust 91oii 3aga4u pacemorpum anropurm Hedge(f) us pa-
6oret [29] (cMm. puc. 4.2). Ero napamerpom sisssiercs uuciio 3 € (0,1),

1 BexTOp Becos W1 = (wi, ..., wl). IIpeanonaraem, 4To HavATBHbIE
N
[
BECa BCEX HKCIIEPTOB YJOBJIETBOPSIOT YCIOBHIO »  wi = 1.
i=1
OcHoBHOI TexHUYecKuii pe3ysbrar st anropurma Hedge() npe-
CTaBJIEH B CJIEJLYIOIEil JeMme.

JlemMma 4.1. /[lasa 110601 nocaedosamesvrocmu 6eKMOPOS NOMEPL

l1, ..., lp axcnepmuwzr cmpameautd 1, ..., N 6vnosHeno HepaseH-
cmeo
N
Z i
In Wy < _<1 - 5)LT7 (46)
i=1

ede Lt — nomepu anzopumma pacnpedenenus Hedge(3) sa T wazos.

Zloxazamenvcmeo. VI3 BBITYKIOCTH SKCIIOHEHTHI UMeeT MeCTO Hepa-
BencTBo 7 < 1—(1—4)r upuscex r € [0,1] u 0 < B < 1. Ucnonssys
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FORt=1,2, ..., T

Pacnpedeaumens BEIMUCTISIET pacpejiesIeHAe IKCIIEPTHBIX CTPATET I

Wy

Dt = . 4.4
bt N (4.4)

7

wy

1=1
Oxenepm i obbaBasier cgor nmotepu Ii, i = 1,2, ..., N. Ilycts Iy =
(1}, ..., 1) — BekTOp TOTEPL BCEX cTpaTermii Ha mare t.

Pacnpedeaumensv noacanrbiBaer ceou norepu: Iy = (py - ).
Pacnpedeaumens IPOU3BOANT IEPECYET BECOB SKCIEPTHLIX CTPATEIHIA:

wiyy = wiph (4.5)

angai=1, ..., N.
ENDFOR

Puc. 4.2: Anropurm Hedge(f)

9TO HEpaBeHCTBO U KOMOuHUpysi (4.4) u (4.5), noayyaem

lZ
wt+1 = Zwt/@ <

MZ ||Mz

<

(S

i=1

wi(l—(1-B)) =

.
—_

\_/II

(1= (1= B8)(Pt-lt))- (4.7)
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[MocrenoBarenbno npumensist (4.7) mpu t =1, ..., T, nomyanm

N
i

E wryp S

i=1

3/ech 6bLIO UCIOJIB30BaHO HepaBeHCTBO 1 + = < exp(z) JyuIst Beex .
N
MBI TakzKe HCIIOIB30BAJIH CBOTICTBO y |, w) = 1 JJIsT HAYAIBLHBIX BECOB.
i=1
OTciozia HeMeJIEHHO CJIe/lyeT yTBepXK/eHne JeMMbl. A

ITo (4.6) umeem
N .
—In (Z wZTH)
=1

Ly < - (4.8)
U3 onpepenemnus Becos (4.5) ciaemyer
T . .
whyy = wi [] 8% = wip"r. (4.9)
t=1

Orcrota mojtydaeM CJIeIYIONLy 0 TEOPEMY.

Teopema 4.3. /[as 10601 nocaedogamesvHocmu 6eKmopos nomeps
l1, ..., lp axcnepmunz cmpameauti i = 1, ..., N das npou3cosvHvr
t u 1l 6BNOAHEHO HEPLBEHCTNBO
% %
—In(w}) — Ly 1In
1-p

B CJIy1a€ KOHETIHOT'O YUCJIa IKCIIEPTOB €CTECTBEHHO IIOJIOZKUTDH Ha-

Ly < (4.10)

YaJIbHBIe Beca SKCIEPTHBIX CTPATEruii paBHBIMU W) = 3 JUIsl BCEX i.
Torga (4.10) MOXKHO IepenucaTh B BHJE
In(1/p) . InN
Lr < ——"minL} + ——. 4.11
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Hepagencrso (4.11) MOXKHO HHTEPIPETHPOBATH KaK TO, 9TO KyMYJIsi-
TUBHBIE TIOTEPU pacipeesmrebuoro ajropurma Hedge() we mpe-
BOCXOJAT TMOTEPH HAWIYUINETO SKCIEPTA, YMHOKEHHBIX HA KOHCTAHTY
lnl(iﬂ ILTIOC OIMUOKa 00yYeHust — perper %

B pa6ore [55] nokazamno, uro ounenka (4.11) siBisiercst HeyJrydIa-

eMoil. A UMEHHO UMeeT MeCTO TeopeMa.

Teopema 4.4. [lycmv B — npoudgosvhwili aA20pumm pacnpedeienus
nomepsL ¢ NPOU3BOALHBIM HUCAOM IKCnepmos. onycmum, wmo cy-
WECMBYIOM MAKUE NOAOHCUMEADHBLE JCTUCMEUMEADHBIE YUCAG G U C,
WYMo 0AA NPouU3eoavho2o wucaa N cmpameeutdl u das 410000 nocae-
dosamenvrocmu sexmopos nomeps I, ..., T sxenepmmoir cmpame-
eudi, 2del' = (I}, ..., ) nput =1, ..., T, 6vinoaneno nepasencmeo

L7(B) < emin Ly 4+ aln N.
(2
Toz0a dan scex 5 € (0,1) 6ydem svinosneno 00no u3 HepaseHcms:

cZ2 ———uamua > —.

1-p 1-p
3a cuer 1o0100pa napaMerpa § MOXKHO JIOOUTLCH [Iepepacipeieie-
HUsI KOHCTAHT TaK, YTOObI MyJIbTUIIMKATHBHBINA MHOXKUTENb B (4.11)
CcTaJI pa.BHI)IM e,ZLI/IHI/II_Le 3a cyeT yBeJII/IquI/IH aﬂﬂI/ITHBHOFO MHOXKUTEJIA.

Jlemma 4.2. ,ZNZ(mNycmLLM, ymo 0 < L < Luo < R K R. ITycmo
maxoice 3 = g(L/R), 2de g(x) = (1 + +/2/x)~L. Tozda

1 1 —
_ B R<L+V2LR+R. (4.12)
1-p 1-p
Loxasameavcmeo. Mbl 6yaeM HCIIOIb30BATE CJIEIYIONIee HEPpaBeH-

crBo: —In 8 < % upu [ € (0,1]. Cuemyromast memnodka mnpeodbpaso-
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BaHUll IIPUBOJIUT K HY?KHOMY Pe3yJIbTaTy:

—Inpg 1 1+ 1
L —— R<L—F4 -~ R=
1—B+1—BR 243 +1—BR
1 1 1
_2L<1+5>+1_ﬁR—
1. [2R 1
2 L

1

- 2R
Ve

1.~ L

<L+ LR+ R+ R\ —= <
2 2R

<L+ V2LR+R.

Tax Kak Mbl npenonarann, aro 0 < i < 1 ays Beex i u t, Ky-
MYJISITUBHBIE TIOTEPU KaXKJIOT'O IKCIEPTA OTrPAHUYUEHBI: LiT < T pna
Beex i u T. Tlosromy MoxkHO B Hepasencrse (4.12) momoxurs L =T
[osaraem takzxke R = In N. Torma no semme 4.2

Lr <minLy +vV2TIn N +1In N,
(2

riae L — kymyssituBHble niorepu ajaropurma Hedge() 3a T maros.

HejtoctaTrkoM 9TOI OIEHKH SABJISIETCSI TO, UTO TTapamerp 3 3aBUCUT
or ropuzonTa 1. CM. Tak»kKe KOMMEHTapuii B KoHIle pasjgeia 4.6.1.

Heckobko 6oJiee TOUHBIE OIEHKHU [OTEPb CMEIINBAIOINIEr0 ajro-
puTMa Oy/yT MOJydeHbI B CJCAYIONMX pasjeiax, TJe IMOTEePH KC-
[IEPTOB U CMEIIMBAIONIET0 aJrOPUTMa Ha KayKJOM Iare Oy/yT Bbi-
YHUCIIATBCS B BUJIE (DYHKIIUK OT PEIIeHHsl SKCrepTa (MpeIcKasaHus) 1
MCXO/1a TIPUPOJIBL.

4.3. YcuyieHne NpocThIX KJaccuduKaTopoB — Oy-
CTHUHT

B sToM pazaene paccMaTpuBaeTCsi METOJ, YCUJIEHUsT ITPOCTBIX KJIac-

cuduKaTopoB, KOTOpHIH HasbiBaeTcst 6ycmune (Boosting). Dror me-

TOJIT OCHOBAH HA KOMOWMHHUPOBAHUHU MPUMHUTHBHBIX “‘CJa0BIX’ KJIACCHU-
dukaTopos B oauH “cunbubiil’. Byner nzydarbest aaroputm AdaBoost
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(oT aHMIMICKUX CJIOB “aanTHBHOCTD 1 “‘yensenue”), MpeiyIoxKeH b
®poitagom u [Mlanumpe [29]. DrTor anropurm ObLT YCIENIHO UCHOJIb-
30BaH BO MHOI'MX 00JIACTAX, B YaCTHOCTH, B 3aJlade IOUCKA JIUI[ Ha
n3obpaxkeHuu. PaccmarpuBaeMblii METOJ, yCUJIEHUST ITPOCTHIX KJIACCH-
CbI/IKaTOpOB IIPpUMEHLAETCA BO MHOI'UX 3aJa9ax 1 JJO CUX IIOP ABJIACTCHA
00'BEKTOM MHOXKECTBA KaK MPUKJIAIHBIX TaK U TEOPETUIECCKUX UCCTIe-
JIOBaHUIA.

Agropurm AdaBoost. B srom paszene ajiropurm onTHMaJIbLHO-
r'O pacIpeeieHnsI TOTePhb, N3JIOKEHHBIH B pa3jesie 4.2, Oyaer mpume-
HEH K PEIIEHUIO 33/Ia1 YCUJIEHUS aJrOPUTMOB KJIACCH(MDUKAIUN.

Hamomuunm 3a1a1y nocrpoenust Kiaccudukaropa. IIpeackasaresnb
nosxyvaer Beioopky, S = ((z1,41), ..., (2, y1)), e x; € X ny; €Y.
Mubr npeanonaraem, uro Y = {0,1}, X — muoxkecTtBo. Mbl Takxke
[pE/IIoIaraeM, 9To JIJIst BCEX § mMaphl (X4, Y;) OANHAKOBO U HE3ABHCHMO
PACIIpE/IESIEHBI COTJIACHO HEM3BECTHOMY HAM PACIIPEJIEJIEHUIO0 BEPOSIT-
mocreit P ua X X Y.

Cmpoeutl asrzopumm MawWuHH020 00Y“eHUA JJIsi TPOU3BOJIBHBIX
€,0 > 0 mpu oOydyeHUHN HA JOCTATOIHO OOJIBIION CJIyUIAHON BBIOOP-
Ke S ¢ BepoATHOCTbIO 1 — § BbImaeT rumorely Kiaccudukanuu hg,
KOTOpasi UMeeT OInOKy 006001eHns He 6osee €. Kpome sroro, Bpe-
Msi pabOThI TAKOI'O AJrOPUTMA JIOJ2KHO MOJMHOMUATIBLHBIM 00pa3zom
zaBucerb oT 1/€, 1/6 u pasmepa BBIGOPKH.

Caabvili anzopumm MaUWUHH020 06YveHUA TI0 OIPEIETEHNAIO O
JKEH YJIOBJIETBOPSTH TE€M K€ CBOHCTBaM, 3a UCKJIOYEHUEM TOr0, 9TO
TO K€ CaMOe BBIIIOJIHEHO JIJIS XOTs Obl OJHOTO € < % — v, ey >0 -
KOHCTaHTA.

31ech OyleT paccMaTpUBATBCS TOJIBKO 3aJ1avda [IOCTPOEHUST TUIIO-
Te3bl Kaaccudukanuu hg 1mo obygaromieit Bbibopke S. [Ipobiiema oren-
KU ee IPeJCKa3aTe/ILHOM CIIocOOHOCTH He OyIeT 00CYyKIAThCS.

[Tycrs D(i) — npousBosIbHOE pacIpe/ie/ieHne BEPOSTHOCTE! Ha, MH-
Jekcax (asementax) Boibopku. Ilo omnpenenenmio D(i) > 0 mist Beex ¢
u

EcrecTBeHHBIl IpEMEp TAKOrO paclpe/ie/ieHus — PABHOMEPHOE Pac-
npejesieHne Ha 3jaeMenTax Bbibopku: D(i) = 1/1 mius Beex i.
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Owubka 06yuenus Kiraccudukaropa h Ha o0yJaroIeil BHIOOPKe S
OTHOCUTEILHO paciipeeserus I onpeessieTcs Kak

e=D{i:h(z;) £y} = > D).

i:h(x;)#y;

B gacrroctu, npu pacupenenennn D (i) = 1/l omubka o0ydenus: pas-
Ha JI0JI€ YMCJIa HEIPABUIbHBIX KJIacCUMUKAIUil 00beKTOB:

e = [{i: h(xi) # yitl/!-

Hekoropsle anropuTMmbl KiaaccuUKaIIU MO3BOJSIOT HCIOIb30BATDH
pacipeeserne D(i) Ha s1eMenTax 06ydaionieil BBIOOPKU B KAYeCTBE
BXOJIHOI'O IapaMeTpa. B IIPOTHBHOM cilydae, MOYXKHO HCIIOJIb30BATh
PECOMILIMHT 00y Yaroieil BHIGOPKU. PecoMIIMHT 3aK/II0UaeTCs B TOM,
410 MbI (POPMUPYEM HOBYIO BBIOOPKY, B KOTOPOii KaxKiast napa (;, y;)
BeTpedaercs ¢ dactotoit D(7). st sToro, ¢ momompio remepartopa
CJly9aifHBIX YUCesI, Mbl BLIOMpAaEM 3JIEMEHTBI U3 CTapoil BLIDOPKH CO-
IacHo pactpeesennio D(i).

B sTOM pasjiesie Mbl peniaeM 9acTHbIH crydail oOImeit 3a1a49u — Mbl
PACCMOTPHM METOJI YCHJICHHsI CIab0ro aJropuTMa KJIacCH(DUKAIIIT
Ha obyuaromieii Boibopke. Ha puc. 4.3 npusenen anropurm AdaBoost
(upemtoxkennstii Ppoitngom n Hlamupe [29]). DroT asropurm siBiisi-
eTcsl MeMa-aA20PUMMOM, OH TIEPECTPANBAET IIPOU3BOJILHBINA Caabblii
AJITOPUTM KJACCU(MDUKAITNN, UMEIOITUil OIUOKY 00ydIeHus € < % —7, B
CHJIbHBII aJIrOPUTM, UMEIOIHIi KaK YIOHO MAJIyIO OITHOKY 00y JIeHust
€ (Bce ommbOKN — OTHOCUTENILHO pacupejenenus D).

[TpuBeieHHBII aJITOPUTM TIPEJCTABIIAET COOON HEKOTOPYIO BEPCUIO
aJrOpUTMa ONTUMAJBLHOIO PACIpEJIEIeHUs] IOTEPh B PexkKuMe OHJIaiiH
Hedge() (cm. paszzen 4.2), B KOTOPOM HapamMerp [3 IMHAMUYIECKH U3-
MEHSIETC 110 IaraM ajaropurma. Kpome Toro, paccMarpuBaeTcst J1BOTi-
CTBEHHasl BEPCHUsI 9TOrO aJrOpUTMa. B JaHHOM aJropurme Beca IIpH-
[IUCHIBAIOTCS HE CTPATErHsiM, a dJieMeHTaM BbIbopku. Tak Kak Tenepb
noTepu Ha mare t m3aMepsaioTcs Bemmannoit [f = 1— |hy(z;) —y;|, Takue
[OTEPH PABHBI HYJIIO, €CJIU TUIIOTe3a hy HEIPABUILHO KIacCupuImpy-
eT 0ObEeKT T, U OHM MaKCUMAaJIbHBI (€JIMHUIA), €CJIU KJIACCH(DUKAIIHS
— npasuibHast. COOTBETCTBEHHO, BeC HENPABUIIBHOM KjaccuduKkammm
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Bxog anropurma: Boibopka S = ((z1,41), ..., (x1,%)), pacupeese-

uue D na {1,...,l}, ciabuiii anropurm kiaccudukaimun WeakLearn.
OmpenesnM HavYaIbHbIE 3HAUYEHUs BecoB: wi = D(i) mmsi =1, ..., L.
FORt=1, ..., T
1) Monaraem npu i = 1, ..., 1
, wi
Pi =
J
> wy
i=1

2) BosbiBaem asnropurm WeakLearn, B kotopom D(i) = p} jyist Bcex
1 ¥ KOTOPBINl BO3BpAIAET TUIOTE3Y KIaCCUUKAIIHI fg.
3) Boruaucisiem omubky obyuenust Kiaccuduraropa hy :

!
e = pilhi(x:) —vil-
=1

4) Ionaraem B = €;/(1 — €).
5) Omnpeiesium alanTUpoOBaHHbie Beca pu ¢ = 1, ..., [

i i pl=lhe(zs) -yl
wip = wyBy .

ENDFOR

PesynbpraTr paboThbl ajropurMa: BbIJATh TMIOTE3y — WHUKA-
TOPHYIO DYHKIHIO:

h(z) = 1, ecm f(x) > %7
| 0 B OpoTHBHOM ciIyuae,

rie moporosasi GyHKINs f ONpeesisdercd B BUIe JUHEHHOH KoMOnHA-
nuu rurnore3 agropurma WeakLearn

C BecaMu
In(1/8;)
gt = T )
> In(1/84)
=933
mput=1,..., T.

Puc. 4.3: Anropurm AdaBoost



pacTert, a Bec MPaBUILHON KJIACCH(PUKAIINN yMeHbImaeTcs. Takum 00-
pasom, anaropurm AdaBoost BbIessieT npumMepsl, Ha KOTOPBIX aJiro-
purm WeakLearn maer HenmpaBuIbHBIE KJIACCH(MPUKAIINN 1 3aCTABJISIET
ero o0ydJarThbCs Ha ITUX IPUMEPAX.

[Ipu anasnuze OyJieT CyIIECTBEHHO HCIIOJIb30BATHCS CBOWCTBO CJla-
6oro asropurma WeakLearn — ripu Jii060M paciipeie/icHuu Ha 3JIeMeH-
Tax BBIOOPKHU ero omubKa o0yveHust MeHblle YeM 1/2 Ha HEKOTOPYIO
[OJIOXKUTEJIBHYIO BEJIMUUHY 7.

Pesynwrar paborsr anropurma AdaBoost oneruBaercst B ciemgyro-
el TeopeMe.

Teopema 4.5. [Ipednoaooicum, wmo caabvili ar20pumm Kiaccupura-
yuu WeakLearn npu ezo ewzosax aszopummom AdaBoost Ha wazax

t=1, ..., T evdaem eunomeswv, ¢ owubkamu 00YUeHUA €1, ..., €
(ommocumenvro coomsememeyrowur pacnpedeserud, 3a0aHHHT 8 Gek-
moprom sude py = D, pa, ..., pr). Toeda owubka obyuerus
¢=D{h(z;) #yi} = Y D()
h(z:)#yi

pesyavmupyrousets 2unomesvt h, evidannot aszopummom AdaBoost
nocae T wazos pabomol, oeparumena

T
e <2 [[ Vel -«). (4.13)
t=1

Zloxazameavcmeo. Tak ke, Kak B JoKazaTeabcTBe jgeMum 4.1 u 4.2

l
u3 pas/iena 4.2, MBI OEHUM CBEpXY U CHU3Y BeJIMHYHHY » | Wi, . Uve-
i=1
€M BEPXHIOIO OIEHKY:

! l
i i pl—|ht(xi)—ys
Zthrl :Zwtﬁt el <
i=1 =1
l .
<Y w1 = (1= B) (1 = (i) — wil) =

i=1

l
= (D wi) (1= =B)(1 =€) (4.14)
=1
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Ucnonssys (4.14) T pas, mosryanm

l
> whi < H (1-—(1-3)1—-e)). (4.15)
=1

t=1

31ech ObLIO HUCIOJIB30BAHO OIPEJIe/IEHNe OIMMOKN OOyYeHUsT €; AJIro-
purma WeaklLearn ua mare ¢ :

l

! i
, w
e = > pilhe(wi) —vil = > | 7 | 1he(@s) — wil-
i=1 =1 S w!
j=1

Jlemma 4.3. Pesyavmupyrowutl kaaccuguramop h deaaem owubry
Ha obBexme x; moz2da U MoAbKo moada, Ko20a

T T —1/2
HB;'ht(iCi)_yH > (H 61&) _ (4.16)
t=1 t=1

Hoxazamenavemeo. JleficTBUTEIEHO, 9TO YTBEPKICHUE TIPSIMO CJIe-
JyeT m3 olpeieseHust kKjaccuduraropa h B ciaydae, korma y; = 0,

—|he(xi)—yi —hi(x;
TaK KaK B TaKOM ciydae 3, Ihe(a) =yl _ By t(@i) st Beex t. Ilo ompe-
JlesieHnio paBeHcTBo h(z;) = 1 MoxKeT OBITH TOTJIA U TOJBKO TOLJIA,

KOT'J1a,

Zln (1/Bi) e (z Zln (1/8:). (4.17)

Hepasencreo (4.17) skBuBasienTHO HepaBeHCTBY (4.16).
[Tycrs renepn y; = 1. Torma hy(z;) < y; nnsa seex t. [losromy
Bt—\ht(%)—yz‘l _ Bt_(l_ht(mi))

t<T

17st Beex t. B aTom caydae st Bcex 1 <

B;Wt(%)*yi\ _ Bt*lJth(xi)_ (4.18)

PasencrBo h(x;) = 0 110 OIpe/IE/ICHUI0 BO3MOXKHO TOJIBKO IPU

T T —1/2
[16 "¢ < (H Bt> : (4.19)
t=1 t=1
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Hepagercrso (4.19) 9KBHBaJIEHTHO HEPABEHCTBY

T T 1/2
[15 > (H Bt> : (4.20)
t=1 t=1

Hepagsencrso (4.20) ¢ yuerom paeHcTBa (4.18) 9KBHBAJIEHTHO HEpa-
BeHcTBy (4.16) semmbl. Jlemma jokazana. A

BosBparmasich K 0Ka3aTeIbCTBY TEOPEMBI, 3aMETHM, UTO IO OIPe-
JICJICHUIO

T
i . —|he(xi)—ys
whyy = D) [T gyl (4.21)
t_

ITo nemme 4.3 u3 (4.16) u (4.21) nomygaem

I
i i
dowha > Y, wh >

=1

i:h(z;)#y;

T 1/2
> > DG <Hﬁt> =
t=1

i:h(x;)#y;

T 1/2
—¢ (H ,Bt> , (4.22)
t=1

rJie € — omubKa 00yUeHnsl Pe3yILTUPYIONIero Kiaccudukaropa h or-
HOCHTEJILHO pacupeneiaenus D.
Kom6uunpyst (4.15) u (4.22), nosxyanm

T 1-(1-B8)(1-e«)
. 4.23
tl;[1 NG (4.23)

Tak Kak 97eMeHTHl TpousBeeHust (4.23) HEOTPHUIIATEIHHDBI, MOYKHO
MHUHUMU3HPOBATDL 110 [ KarKIblii COMHOXKHUTEJb OTHeabHO. IIpupas-
HUBAEM K HYJIIO TTPOU3BOIHYIO TIO [3; :

(%(1_(1_\/5%(1_@)) 0
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u nonygaeM: By = €;/(1 — € ). [logcrasasiem sT0 BeIpaykenne st B B
(4.23) n noyuaem (4.13). Teopema nokazana. A

Craencrue 4.1. OQuubka obyuenus pPe3ysbmupyouezo KAGCCUuGu-
xamopa h ydosaemsopaem Hepasencmey

e=D{i:h(z;) #vyi} <exp ( QZ%) , (4.24)

2()6615:%—’715, Yy >0nput=1, ..., T.
B cayuae, koz2da vy = 7y daa ecex t, nepasencmeo (4.24) ynpowa-
emes 0o

e < exp(—2T7?). (4.25)

Jlokazamenvcmso. Jlehicturensio, B onenke (4.13) teopembr 4.5
1
IpH € = 5 — ¢ Oyner

2ve(1 —e) = /1 — 472

Orcrona
T

6<H\/1—4%2:
T
—exp<z 1—4%)\

t=1

T
< exp <—2 Z’yf) : (4.26)
t=1

Hepagencrso (4.24) mokasaHo.

l\')\»—l

Ouenka (4.25) npencrasisier coboii 0OBIYHYIO SKCIIOHEHIIUAIBHO
yOBIBAIOILYIO OIEHKY OIMNOKN 00y4eHUsl THIa HepaBeHCTBa XedIuH-
ra.

HepagerncrBo (4.25) mo3BosisieT ONEHUTH YHUCJIO WTepanuii ajiro-
purma AdaBoost, HeoOXOIUMBIX JIJIsT JJOCTHKEHUsT OIMUOKN 00y IeHUsT

< € pe3yabTUPYIoNEero Kiaccuduraropa b :
1 1
T>_—>5n-.
2y €
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4.4. Aaroput™M cjegoBaHUS 3a BO3MYIIIEHHBIM
JAnJIepoM

B sTom pazjesie Mbl pacCMOTPUM JPYTOil OOIIHIT TTOAXOM, K 3a/1atie OIl-
TUMAJIBHOTO PACIIPEJIEJIEHUs] TIOTEPh — aJTOPUTM CJIEJIOBAHUS 38 BO3-
mytierabiM Jujiepom — “Follow the Perturbed Leader — FPL”. 9ot
AJITOPUTM eIlle HA3bIBAETCsT aJITOPUTMOM XAaHHAHA 110 UMEHU €ro Iep-
BOOTKpbIBaTe sl — cM. pabory Xannana [30], a Takxke crarbio Kaman
u Bemmnania [34] u monorpaduio Heza-Buanku u Jlyromm [41]. Tasib-
Heiiliree M3ydeHHe ITOTO aJrOPUTMa IMIPOBOAMIOCHE XyTTepoMm u Ilo-
JauoM [31], Koropbie 0GOBIIUIIN €ro Ha CYETHBIH KJIACC IKCIEPTOB.

[Ipu mamHOM TOAXO/I€ MBI BHIOMPAEM HAWIYYIIErO B IIPOILIOM
npejickazaress — jujaepa. st Toro, 9To0bl HEUTPAJIU30BATD “BpaXK-
nebuble” BO3MMEMCTBUS IPUPO/ILI, MBI PAHJIOMU3UPYEM KYMY/IITUBHBIE
[OTEPHU SKCIIEPTOB Iepej BLIOOPpOM Haumsydirero sKkciepra. Ha kax-
JIOM IIIare aJI'OPUTM CJIEJIOBAHUS 38 BO3MYIIEHHBIM JIUJIEPOM HECET Te
JKe MOTEPH, YTO U BhIOpaHHBIN dKcepT. Llesas ajaropurma — noayquTsb
KYMYJISTHBHBIE TIOTEPHU, KOTOPBIE HE ITPEBOCXO/ISIT TIOTEPU HAMJTY UIIIe-
I'0 9KCIEPTA ¢ TOYHOCTHIO 70 HEKOTOPOI OIMUOKN 00y YeHUs — PErPETa.
Perper narero ajgroputs uMeer TOT K€ MOPSIOK, ITO U aJTOPUTM
ONTUMAJILHOTO PACIIPEJIESIEHUS TIOTEPh WU AJITOPUTM B3BEIIEHHOI'O
OOJILIITUHCTBA.

[Ipenckazanus ¢ 9KCIEPTAMHU ITPOUCXOIAT CJICAYIOMIM O0OPA3OM.
Ha xaxmoM mare ¢ sxcreprs! ¢ = 1, ... N mecyr norepu si. Mbr pes-
moJjiaraeM, 4To IOTEepU IKCIEPTOB Ha KayKJIOM Iare { OrpaHUYeHbI:
OéséglgﬂﬂBcexth.

B nauane ouepesgHoro mara t Ilpedckasamens HADIOIAET KyMy-
JIATUBHBIE TIOTEPH SKCIEPTOB 8, ; = 8§ + -++ + si_; 3a npomuisre
maru < t, 9 = 1,...N. IIpedckaszamenrv TpUHUMAET PEIIEHUE CJIEI0-
BaTh 3a OJIHUM W3 TUX IKCIEPTOB, CKAXKEM 3a IKCIepToM i. B Komrie
mara IIpedckasamens HeceT Te ¥Ke MOTEPU, UTO W BHIOPAHHBIN DKC-
mepT i: §; = si. KyMyJaTuBHbIE TOTepH SKcIepTa HCUHUCTSIOTCS B
BUJIE S1:¢ = S1:¢4—1 + St = S1:¢4—1 + Sﬁ.

JIerko mpuBecTr MpUMep UTPhI C ABYMsI SKCIIEPTAMU, KOTOPBIH 110~
Ka3bIBAET, UYTO IPOCTOE CJICIOBAHUE 33 HAUIY IIITHM IKCIIEPTOM MOXKET
npuBecTH K GostbIuM motepsim IIpedckasamens, 3HATATEHHO IPEBBI-
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MIAIOIIAM [TOTEPU KaXKJOT0 U3 IKCIEPTOB.

IIycts moTepu kaxkjgoro skcmepra Ha marax t = 0,1,...,6 ecrb
56123456 = (3:0,1,0,1,0,1), 83, 55,456 = (0,1,0,1,0,1,0). sIcno.
YTO B 3TOM CJIyUae IIPOCTOH aJIrOPUTM “‘CJIeJOBaHUS 38 JILIEPOM™ BCe-
raa OygeT NpUHUMATH HEIPABUIBHOE PEIEHUE U €ro KyMYJ/IATUBHBIE
[IOTEPU Ha KaXKJIOM IIare OYJAyT Kak MHHUMYM B JiBa pa3a 0oJiblie
YeM MTOTEPH KaXKJOTO IKCIIEPTA.

B Tom ciydae, Korjia moTepu SKCIIEPTOB HA KarKJOM Ilfare orpa-
HUYEHBI, MOXKHO OOPOTBHCS C IOMOOHBIMU SIBJICHUSIMH IIyTEM DPaHJI0-
MU3AIMH KyMYJISITUBHBIX TOTEPh SKCIIEPTOB U TOJIBKO IIOCJE ITOTO
BBIOUPATH HAMIYYIIETO SKCIIEPTA.

Anropurm FPL Boriaer na mare t = 1,2,... B KayecTBe IIpejl-
CKa3aHUsl HOMED dKCIEePTa ¢, Jijis KOTOPOr'o sIBJISIETCSI MUHUMAJILHOM
BeJIMYNHA ]

(2 (2

S1:t—-1 65 )
1€ € 510 napamemp obyuenus, u £,4 =1,... N, ecTb H0OCII€10BATEb-
HOCTb HE3aBHCHUMbIX OJMHAKOBO PACIIPEJIEICHHBIX CJIyYailHbIX BHJIM-
YUH PACIPEICICHHBIX COIVIACHO SKCIIOHEHITUAJIHLHOMY 3aKOHY C ILJIOT-
Hoctoio p(x) = exp{—z}, z > 0.

3aMeTnM, 9TO MOYKHO BBIODATBH TH CJIyUAlHBIE BEJIMIUHBI [T€PE]T
IIPOIECCOM OOYUEHUs aJIrOPUTMA.

Mpsr OyieM HCIOJIB30BATH CBOMCTBA IKCIIOHEHIIUATBLHOTO paciIpe-
nenerns: P{¢& > a} = e % u P{¢ > a+ b} = e bP{¢ > a} nna
BCEX HEOTPUIATEIbHBIX 3HAUEHUN @ U b. DTu U JIpyrue cBOfCTBa SKC-
[MOHEHIINAJILHOTO PACIIPEIC/ICHHS] IPEIAraloTCs B BUIAE 337129 B Pa3-
nene 4.10.

Ha mare ¢ urper Kax<ierii us N 9kcrnepTos Hecer notepn st € [0, 1],
i =1,...N; KyMyJIsaTUBHbIE TIOTEPU IKCIEPTA § UCUUCIISTIOTCS

i i
S1:¢ = S1:4—1 T S¢-

[yctb €, = a/+/t nns Beex t, Te KOHCTaHTa a GyjieT yToYHeHa
nagee. Mbl nmpeanomnaraeM, 4ro sy = 0 J171 Beex 1.
[TceBmoxon FPL anropurma npegcrasien Ha puc. 4.4.
T
[Iycrs s1.p = sft — KyMyJsTUBHBIEe ToTepu anroputma FPL Ha
t=1
marax < 1.
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FORt=1,2...
IIpedckazamens BEIOUpaET SKCIEPTa, UMEIOIIEro HAuMEHbIINE BO3MY-
IIeHHHbIE KyMYJISITHBHbIE IIOTEPH Ha Imarax < t: 2

. 1 .
: 7 (
Iy = argmin;_j o N {Slzt—l -—=&.

€t
Oxcnepm i vecer norepu s; for i =1,..., N.
IIpedcraszamens HECeT TIOTEPHU Sy = s{t.
ENDFOR

Puc. 4.4: Tlcesnokon FPL amropurma

B ciuenyiormeit nuke Teopeme J1aeTCs BEPXHsis OIEHKA CPETHETO
3HAYEHUs KYMYJIATUBHBIX 1MOTeph anropurma FPL.

Teopema 4.6. Mamemamuueckoe 0xHcudaHUe KYMYAANMUCHLT 70~
mepv anzopumma FPL ¢ nepementvim napamempom obyuenus €, =

2In N
—t 02PaGHUYEHO CEPTY KYMYAATNUBHDIMU TLOTNEPAMU HAUAYHULE-

20 IKcnepma nAroC peepem:
E(sy.r) <minsp+2vV2T In N (4.27)
1

Loxasameavcmeo. Ananus onrumasibHocTu ajropurma FPL oc-
HOBaH HA CPABHEHUU €0 MOTEPb C MOTEPSIMU BCIIOMOTATEIBHOTO AJi-
ropurma IFPL (Infeasible FPL) (see puc. 4.5).

Auropur™m IFPL nenaer csoum npeickasaHus Ha OCHOBE HUCIIOJIb-
30BaHUS BEJIUIUH sﬁzt, i =1,... N, KoTopsle ele HenspecTHbI [Iped-
ckazamenro B Hadasie mrara t. [lo 9Toil npuydnne JaHHBIA aJITOPUTM
dusnueckn He peau3yeM U CJIYKUT TOJbKO JIJI aHAJIN3a [TOTeph aJ-
roputma FPL.

MaremaTudaeckoe OXKHIAHUE OJHOIIATOBBIX HA Iare t u KyMyJIs-
TUBHBIX ToTeph anroputMmoB FPL u IFPL na mrare T' obo3HawnM

I, = E(stlt) ur; = E(s{t),
T T

lir = th uryr = Zrt;
=1 =1

240



FORt=1,2...
IIpedckazamens BEIOUpaET SKCIEPTa, UMEIOIIEro HAuMEHbIINE BO3MY-
[MIeHHHbIE KYMYJISITUBHBIE ITOTEPU Ha marax < t:

A 1
— : (A T
Jy =argmin,_; 5 {Su - th .

Oxenepm i wecer norepu s for i =1,..., N.
IIpedckazamens HeceT rioTepu s;] L,
ENDFOR

Puc. 4.5: Ilcepnokoy IFPL anropurma

COOTBETCTBEHHO, TJI€ stIt — norepu ajroputma FPL ma mrare t 3;5] t—
norepu ajsropurma [FPL na mare ¢, cumpos E obo3HadaeT MaTeMa-
THUYECKOE OKUJIaHUeE.
— : % 1 ¢4 _ : 7
Hanomuuwm, uro [, = argming{sy, ; — ¢} n J; = argmin{s},, —

Lei)

Jlemma 4.4. Cpednue xymyaamusrvie nomepu aszopummos FPL u
IFPL ydosaemesopsiom nepasercmesy

T

lir <rmr + Z €t (4.28)
=1

ona ecex T.

Zoxasameavcmeso. Ilyctb c¢p,...cn — TPOU3BOJIbHBIE HEOTPHUIA-
TeJbHBIE JAeficTBUTeNbHbIE Yncia. s npousBoabaoro 1 < j < N
OIpEIENM THCIIA Mj U 1M

/‘,
i
g 1
mj =min{s},; ;| — —ci} <
1#] €t

. ; . 1
<min{si, ; +s — —¢} =
i#£] €¢

. 1
s i el — ol
- i;gl{sl:t 6tcz} m;
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[TpousBouM cpaBHEHNE YCIOBHBIX BEPOSITHOCTEH:
P{l; = j&' = ci,i # j} m P{J; = jl¢' = cii # j}
I/IMeeT MECTO CJIe,ZLyIOH_[aH OEeII0OYKa paBeHCTB nu HepaBeHCTBZ
P{l; =jl¢" = c,i # j} =
= Psly — € <mylé = cii £} =

—P{fj Et(sltl mj)‘fizcivi#j}:

= e P{¢ > e(s],_, —mj+ 1)[¢" = ciyi # j} <
< 6Etp{5j et(slt 1+ St mj)|fi =ci,i # jf <
<P > e(s]y —mh)|E = cii # j} =
) 1 . ,
=e“P{s], — =& < m;\fl =ci,i £ j} =
€t
= e P{Jy = jl¢' = iyi # j} (4.29)

IIpn mepexome oT 3-if cTpoKW K 4-if MBI MCIOJIB30BAIN HEPABEHCTBO
P{¢ > a+b} < e PP{¢ > a} nna ciaydaiinoit semauHb £, pactpe-
JIEJIEHHOM COIJIACHO KCIIOHEHIUAJILHOMY 3aKOHY, Ijie a u b — mpous-
BOJIBHBIE HEOTPUIIATE/IFHBIE BEIECTBEHHBIE TUCJIA.

Tak Kak 9TU OIEHKH HUMEIOT MECTO IIPH BCEX YCJOBHUAX C;, OHU
TaKKe UMEIOT MECTO B O€3yCJIOBHOM BHJIE:

P{I, = j} < e P{J, = j}. (4.30)
anga Beex t=1,2,... mj3=1,...N.
Cymmupyem (4.30) mo j =1 ,..., N u noy4nm HepaBeHCTBO
lt = E(S{t) = ZS%P{I,: = ]} < eE‘ ZS%P{Jt = ]} = eetT‘t.
j=1 j=1

Hepagsencrro Iy — 1 < €l ciemyer m3 HepaBeHcTBa 1y = e 'l >
(1 —7r)l; upu r < 1. Cymmupyem tu HepaserctBa ot =1 ,..., T u
6epem Bo BHuManue 0 < I < 1 714 Becex t. B pesysnbrare HOHy‘{I/IM

T
oo <rr+ Z e <rip +2aVT.
=1
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JlemMma, nokazana. A
B criemyrorneii jieMMe MBI TIOJIYYUM BEPXHIOI I'PAHUILY CPETHUX
KYMYJISITUBHBIX mToTephb ajropurma [FPL.

Jlemma 4.5. Mamemamuueckoe oocudarue KYMYAAMUSHHLL NOMEPD
anzopumma IFPL oepanuyero ceepxy

o InN
rir < min sy + (4.31)
7 €T
ons ecex T .
Jloxasameavcmeo. BeesieM B 9TOM JI0Ka3aTeIbeTBe ;= (51, ..., 51 )
~ BEKTOD OJTHONIATOBBIX TIOTEPh SKCIEPTOB M S1.¢ = (S1.,,...,s0,) —
BEKTOD KYMYJIATHBHbIX HOTeph 3KcIepTon. IIycrs Takske & = (£1,...,&N)

— BEKTOD KOOp/JMHaTaMMN KOTOPOT'O ABJIAIOTCA IKCIIOHEHIIUAJIBHO pac-
IIpeaeJeHHbIe cnyqaﬁHbIe BEJIMYUHBI.
PaCCMOTpI/IM BCIIOMOr'aTeJIbHbI€ BEKTOPDI:

Si=s—¢ (1 - 1) (4.32)

€t €t—1

- 1
S1:¢ = S1:¢t — *E (433)

€t

nmput=1,2,....

Jst poussosibHoro Bektopa s = (s', ..., sV) u egumnmunoro

Bekropa d = (0, ..., 1, ..., 0) obozHawmM

M(s) = argmingcp{d - s},

rme D ={(0, ..., 1), ..., (1, ..., 0)} — MHOXKeCTBO, cocTosiITEee U3

13 '77

N paszmeproctu N u
ITo ompeenennio M (S) ecTb ¢IUHUIHBII BEKTOD, i-s1 KOOD/IIHATA

koToporo pasta 1, rie s* = min s7. Ecau umeercs: 60j1€e 01HOTO
1SN

TAKoro ¢, To nosaracM M (S) paBHBIM HAMMEHBIIEMY U3 HUX.
ITo oupenenennto (M (s)-s) = min s/,
1<<N

SVA

— CKaJIsdApHOE IIPpOU3BEAcHUE.

ITo onpenenenuto aropurma IFPL
T
rr =E Z M (31:¢)s¢
t=1
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Takum o6paszomM, HaM HEOOXOIMMO OIEHUTH CYMMY IIOJT 3HAKOM MaTe-
MATUYECKOTO OXKUIAHUSI.
IIpeaBapuTebHO IMOKAXKEM, 9TO

T
> M(814) -8 < M(S1.7) - 81 (4.34)
t=1

JlokazaTeabCcTBO MPOBOINM METOIOM MaTEMATHIECKOW WHIYKIIAU 10
T. s T = 1 yrBepxkienue oueBujiHO. Jljisi Toro, 9Tobbl clieaTh
mrar uagayknun ot 1'— 1 K T’ crestaeM j1Ba 3aMevaHus.

Nmeem §1.7 = S1.7_1 + S IO OIpPEIEIEHNIO, a TaKXKe

M(81.1) - S1.7—1 = M (S1.7-1) - S1.7-1,

TaK KaK IpaBas JacTbh 9TOT0 HEPABEHCTBA PaBHA MHUHMAJIbLHON KOOpP-
JUHAaTe BeKTopa Si.7_1, TOrJA KaK JeBasi ero JacTh PaBHA KOOPINHA-
Te, KOTOpasl BhIOMpPAJIach M0 JAPYTOMY KPUTEPHUIO.

CoenuasieM 06a 9TH 3aMeYaHUs BMECTE U [IOJIy4aeM yTBEPKICHIE
napykiun (4.34) st mara T UCIONb3yst MPE/IIOIOKEHIEe WH LY KITUH
it mara 1T — 1:

M (S1.7) - S1.7 = M (81.7) - S1.7—1 + M (S1.7) - S7 >
> M(S1.7-1) - S1.7—1 + M (S1.7) - S >

T
> M(814) -5
t=1

Benomunast onpegienenne (4.32) BekTopa S, MBI MOYKEM I€peIn-
carpb (4.34) ciemyronmM o6pa3oM:

T T
~ - - - 1 1
> M(81a) st < M(S1r) - S1r + Y M(S14) - € ( - > (4.35)
t=1 =1 A
AwnajytornuHo, ucnosb3yst onpezenenne (4.33) Bekropa 14 ¥ TO 4UTO
KpUTEpUil BHIOOpa KOOPINHATHI BHOBD OBLIT M3MEHEH, [10JIyYaeM Hepa-
BEHCTBO

M(gl:T) : gl:T < M(SI:T) : <51:T - 5]“> -
M(sir) €

(4.36)
€T

= min{d - s1.7} —
sptd-sur)
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o onpenenenuio (M(sy.7) - £) = &* ans nexoroporo k.

Tak kak E(§) = 1 it 9KCIIOHEHIUMAJILHO DPACIPEIEIeHHO CIIy-
qafiHON BeIMIUHBI £, MATEMATUIECKOEe 0XKUIAHNE BEITUTAEMOT0 1JIeHa,
B (4.36) paBHO

B <jw(slT)§) — iE(gk) - i (4.37)

€T €T €T

Bropoit wien (4.35) ymosiersopsier

< Z max ¢ (1 - 1> 1 max &' (4.38)

€ €41 €T 1<i<N

31ech Mbl UCIIOJIb30BAJIA CBOMCTBO €; < €;_1 JJIs BCeX L.

Mp1 6yaeM UCIIoIb30BaTh BEPXHIOI OIEHKY /I MATEMATUIECKOTO
OXKWJIAHUST MAKCUMyMa SKCIIOHEHITMAJBHO PacHpeIe/IeHHBIX CJIydaii-
HBIX BEJIMYIUH:

0< E(max &) <1+1InN. (4.39)

1<iKN

HeiicTBATEIBHO, I8 SKCIOHEHIUAIBLHO PACIpeIe/IeHHBIX CJIYYaiHbIX
Bequana &, ¢ = 1,... N, BBIITOJIHEHO

P{max¢' > a} = P{3i(¢' > a)} <

N
< ZP{{i > a} = Nexp{—a}. (4.40)
i=1
Jl1sT TPOM3BOIBHON HEOTPUIATEILHON CJIyIalHON BEJIUYUHBI 7) BbI-
OJIHEHO
oo
B = [ Pln> vy, (441)

0
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JToKa3aTeJbCTBO 3TOI0 COOTHOIIEHHUE IPEJIOCTaB/IgeTcd YUTATE0 B
Bujie 3aaun u3 pasjesa 4.10. Torpa mo (4.40) umeem

E(max¢' —InN) =

= /P{max{i —InN > y}dy <
7
0

< /Nexp{—y —InN}dy = 1.

Crnemosatenbro, E(max; &%) < 1+ InN. Cormacro (4. 39) MaTeMaTH-
Jeckoe oxkufanue (4.38) orpaHUYeHO CBEPXY UHCIIOM 5( +1InN).
Kom6unupys onenku (4.35)—(4.38) u (4.37), nosyunm

T
rior =F (Z M (81:4) 'St> <
=1

A
<minsip 4+ (4.42)
4 (4

Jlemma nokazana. A.

3aBepImM JI0Ka3aTeIbCTBO TEOPEMBI.

Hepagsencrso (4.28) siemmbl 4.4 u HepasencTso (4.31) jemmbr 4.5
BJIEKYT HEPABEHCTBO

E(s1.7) < <m1n81T—|—aZ\[ lnN\/>

< mln sty + 2aVT —|— ln NVT. (4.43)

Jutst Beex T'. Munumusupyem (4.43) 10 @, HOJLy<IUM ONTHMAIBLHOE 3HA-
yenne a = V2In N. Takum o6pazom, Mbl moaydmin oneHky (4.27)
TeopeEMbI

E(si.r) < minsi.p +2vV2T In N.
(2
TeopeMma joKazaHa. A
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MpbI Tak>Ke MTOJTy UM CJIEJICTBHE 9TON TeopeMbl. B aTOM cieacTBun,
HCIIOJIb3Ysl BAPUAHTHI HEPaBEeHCTBa XedIuHIa, Mbl 3aMEHUM OIEHKY
JIJISI CPEeTHEro 3HAYEeHUs HA BEePOSITHOCTHYIO OIEHKY IS KYyMYJISITUB-
HBIX IIOTEPb.

JList 3TOr0 HaM HEOOXOIUMO YCIOKHUTDL PAHIOMUBAIIIIO, IIPUMe-
Hsiemyto B ajroputMe FPL. IIpexknae Mbl Ha KaxXJIOM ITare UCIIOJIb-
30BaJjIl OJIHY U Ty K€ IOC/IeI0BATEIbHOCTh HE3ABUCUMBIX OJMHAKOBO
pacipeieseHHbIX crydaiupix Bemamans L, ..., &NV, Mbl momudurm-
pyem aaroputmbl FPL u IFPL caenyrommum obpasom. Pacemorpum
OECKOHEYHYIO ITOCIeI0BATEIHLHOCTD CEPUIl HE3ABUCHUMBIX OJHHAKOBO
pacIpeiesIeHHbIX COTVIACHO KCIIOHEHIINAJIBPHOMY 3aKOHY CJIYYalHBIX
pesmaun &, L ﬁv, t=1,2, ..., Tak, 9TO BCe 9THU CJIyYailHbIe Be-
JIMYUHBI PACCMATPUBAEMble BMECTE HE3aBUCUMBI.

B amropurme FPL na puc. 4.4 ma mare t Mbl OyjeM BO3MY-
IAaTh KaXKJI0r0 SKCIEPTa C IOMOIILIO CEPUU C/IyYalHBIX BEJIMIHH
&, ..., §iv . Ilpedckasamend BbIOMpaeT 3KCIepTa, MMEIOIIEro Hau-
MEHBIIINE BO3MYIIEHHbIE KyMYJIATUBHBIE IOTEPH Ha IMarax < t:

. 1 .
_ : 7 1
I = argmin;_—j 9 N\ S1:i¢—1 — gft .

Anajornunoe usmeHenust BHocuM B ajropurMm IFPL.

B sToMm ciyuae ofHOIIATOBBIE TIOTEPH St, t = 1,2, ..., aJropurMma
FPL OynyT He3aBUCHMBIME CJIyIaflHGIME BEJINIMHAMHY.

JlokazarenbcTBa JeMMBbI 4.4 ocTaeTcs TeM Ke, JOKa3aTelbCTBO
JIEeMMBI 4.5 U3MeHseTcsd HE3HAYUTEIbHO, HAJIO TOJIHBKO B HEPABEHCTBAX
(4.35), (4.36) u (4.38) cpa3y paccMOTpeTb MaTEMATHIECKOE OXKUIAHNE
OT 06OMX WX 9YacTell W MCIOMB30BaTh To, uTo (&) = 1 muis Beex i u
t.

Caencteue 4.2. /las npoussosvrozo § > 0 ¢ seposmuocmoio 1 — §
BHINOAHEHO HEPABEHCTNEO

. T 1
sty <minsi.p +2vV2TIn N + 3 In 5 (4.44)
(2

A./LZOpumJ\/L FPL sasasemcsa acumnmomuuecku cocmoamenvhvim (U./LU
COCTMOAMEADHBIM TO XaHHaHy).’

1 ,
li;n sup —(s1.7 — Z;nlaimN si.r) <0 (4.45)
—00 =1,...
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¢ sepoammocmovio 1.

Joxaszameavcmeo. s nokaszaTeabCcTBa MEPBOIO YTBEPXKICHUS
MBI HCIOJIb3yeM BapuaHT HepaseHcTBo Yeprosa (10.3) us caencrsus 10.2:
IIycts X7, X3, ... — IOC/IEIOBATEILHOCTL HE3ABUCUMBIX CJIyYali-
HBIX BEJIMYUUH TAKUX, ITO npu Beex ¢ = 1,2, ... Boimosneno 0 < X; <

1. Torma mmst mob6oro € > 0,

T T
2¢?
i=1 =1

[Tosraraem 6 = exp (—%) Orcrona € = \/%ln%. Ipun X; = s us
HepaBeHcTBa (4.46) cieyer, 9TO ¢ BEPOATHOCTBIO 1 — 4,

T

> s < E(sir) +
=1

Tt
2 s

U3 sroro HepaBeHcTBa u orenku (4.27) Teopembl 4.6 mosiyuaem Hepa-
BeHCTBO (4.44).
st nokazaresnberBa yrBep:kiaenus (4.45) Mbl IpUMEHUM JIPYTOit
sapuanT (10.4) Hepasencrsa Yepnosa:
1 T
P3|z > (Xi— E(Xi))| > e p < 2exp (—2T¢€%) . (4.47)
i=1
3aech nmonaraeM Xy = s¢. Tak Kax st ji060ro € > 0 psij SKCIIOHEHT
B IIPaBO#l YACTH ITOr0 HEPABEHCTBA CXOJUTCs, 10 JieMMe Bopesis—
Kanremmu:
.1
Tlgrgo T(SI:T - E(SlzT)) =0
¢ BeposiTHOCTBIO 1. VI3 3TOrO coorHomenust u onenku (4.27) reope-
MBI 4.6 mosrydaem HepaBeHCTBO (4.45) 11st BepXHEro mpe/esa.
[Tpu mokazarenbcTBe Teopembl 4.6 u caencTBud 4.2 MbI TPEIIITOA-
TaJTH, 9TO TIOTEPH S: SKCIEPTOB Ha KayK/OM IMare ¢ He 3aBHCAT OT HO-
MepOoB 3KcIepToB Iy, BeOpanuex Ipedckasamenem na marax ° t' < t.

3B laHHOM HPOTOKOJIE 9TO SKBUBAIEHTHO HPEIIOJIOKEHHIO O TOM, UTO OTEPH
9KCIIEPTOB 81, S5,... npu ¢ = 1,..., N 3aJaHbl 3apaHee U NPeIbABIsIOTC [Iped-
cKa3amento IO MaraM COTJIACHO ITPOTOKOJTY.
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MoxHO mOKa3aTh, YTO cJencTBue 4.2 BEPHO W B CIydae IKC-
[IEPTOB, MMOTEPU KOTOPBIX HA KAXKJIOM Iare t 3aBUCAT OT 3HAYECHUN
caydaitnbix BesmauH [y mpu £ < t. B sroMm ciaywae ciyuaitHbie

Bemunabl Xy = s, = S He OyAyT HE3ABUCHMBIMH, HO BEJIIdH-
ol Xy — F(X|X1,...,X;—1) 06pa3yior MapTHHIAJI-Pa3HOCTb OTHO-
CUTEJIHO TI0C/IE0BATEILHOCTH CAyYalHbIX BeauduH X1, Xo,..., #

MbI MOXKeM IITPpUMEHHUTDH COOTBeTCTByIOLuee HEpaBEeHCTBO Xe(b,ZLI/IHFa.*
Anzymbr (10.7) u ycuieHHBI MApPTUHTAJIBHBIN 3aKOH GOJIBIINX YH-
cext (10.8). B wacrHOCTH, yCI0BHE ACUMIITOTUYIECKOI COCTOSATEILHOCTI
(4.45) TakzKe BBIIOJIHEHO U B 9TOM CJIydae.

4.5. AaropuTMbl 3KCIIOHEHIINAJIHLHOIO CMElIBa-
HUA: OOINMIT IMOJIX01

B sTom pasiene Mbl pacCMOTpPHM 00LIHE CBOMCTBA aJrOPUTMOB 9KC-
HOHEHIMAJIBLHOTO cMemuBaHud. IIpn aHanmse 3THX aJIropuTMOB OC-
HOBHYIO POJIb UI'PaeT TaK Ha3blBaeMble 9KCIOHEHIUAILHO CMelIaHHbIe
norepu (Mixability loss — Mixloss). Ananms cBoiicTB 9710 Besmdn-
HEI TpocT 1 3dexTusen. KyMynaTuBHEIl BapHaHT 9TON BEJINIHHBI
aCUMIITOTHYIECKH OJIM30K K HOTePsAM KarKJO0To M3 BapHaHTOB aJIro-
PUTMOB 3KCIIOHEHIIHAIbHOr0 cMemuBanud. [losTomy ananms csoiicTs
STUX aJTOPUTMOB, B OCHOBHOM, CBOJMUTCS K aHAJIN3Y 9KCIOHEHIINAJIb-
HO CMEITaHHBIX OTePb.

4.5.1. DKCHOHEHIMAJIIBHO CMeIIIaHHbIE TIOTEPU U UX CBOM-
CTBa

AjtropuT™M onTUMaJIBHOTO pacipejiesierust nmorepb Hedge nmeer Ham-
boJiee 0OIIYI0O POPMYIUPOBKY CPEIM AJTOPUTMOB IKCIIOHEHIINAILHO-
ro cMmemuBanust. Mbl yke paccMaTpuBaju ero B pasuese 4.2. B srom
pasjiesie Mbl PACCMOTPHUM TOT AJTOPUTM U €0 PA3HOBUIHOCTH B CBe-
Te obteit Teopun. s ymobcrsa Ha puc. 4.6 eme pas npuBeeH €ro

IIPOTOKOJI.
[Iycrs LY = > 1} — KyMyJIsATHBHBIE [IOTEPH SKcHepTa i. VI3 onpe-
t=1
JeJIeHUs CJIeJIyeT, UTO Beca, UCIOJIb3yeMble Ha Imare t, MOXKHO 3allu-
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Asropurm Hedge(n)

Baanbpl HOpMEPOBAHHDIE HAYAJBHbBIE BECa SKCIEPTOB W; | Ha MEPBOM
N

mare npu ¢ = 1,..., N, > w;1 = 1; 0OBIIHO 33JaI0TCSI pABHOMEPHBIE
i=1

Beca w; 1 = 1/N. Bagan napamerp obyduenus ) > 0. [Toraraem Lj) =

JIJIsT BCEX 1.

FORt=1,...,T

HOpMaJIHSyeM HaKOIIJICHHbIE BeECa 3KCIIEPTOB

Wi ¢ .
w;t: Ni’ Hpﬂlzl,...,N.
> Wi
=1
IToyuaeMm norepn skcreproB lf nmpu ¢ = 1,..., N.

Beranciisiem norepu asropurma Hedge(n) na mare ¢

N
ht: wi7tlt.
=1

(B repmunosiornu pazzena 4.2 sro norepu Ilpedckazamens.)
[Iepeonpenensiem Beca Bcex 3KcmepToB ¢ = 1,..., N HJIsT UCIOIB30Ba-
HHS Ha CJIEIYIOIIEM IIare

Wi 41 = wi,te_nli-
ENDFOR

Puc. 4.6: Anropurm Hedge ¢ mocTostHHBIM TTapamMeTpoM 00y IeHust
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_pLi .
caTb TaKXKe B BHJIC W; = W; 1€ nLi mpu ¢t =1,..., N.

T
[Iycrs Hy = ) hy — KymynaruBHble notepu aaropurma Hedge(n).
t=1

N

O6oznaunm Wy = > w; ¢ — noreniman na mare t. 113 onpenerenus
i=1

W1 = 1. U3 onpenenennst BeCOB CJAeAyeT, YTO HOTEHIINAJ TaK»Ke paBeH

N .
_ 1
Wi = > w;e nLio1 a HOpMHPOBAHHBIE BECA SKCIIEPTOB PABHDI
i=1

Wk, — Wi ¢
EL 74

Jutst Beex ¢ u t. OupelesnM oKCnoHEHYUAALHO CMEUWAHHBIE NOMEPU
(mizloss) ua mare t

N

1 * _nli

my = ——1In E w; e
"

Ucmonb3ys BBeJeHHBIE BbINIE 0003HAYUEHUsT MOYXKHO TaKXKe 3alllicaThb
BEJIMTYUHY My B BUJE

1, 1 g l
my = —fln—szte M —
" bzt
N
S w e nLy_1o—nt}
i=1
= —;ln ~ =

N i
Z wi71e_77Lt
=——m-=L -
n N —nLi
Z wi’le t—1
i=1

(4.48)

T

[Iycrs Mp = > my — KyMyJIsITUBHBIE CMENIAHHbIE TOTEPH 32 MEPBbIE
t=1

T 1maros.
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Jlemma 4.6. Kymyasmuenoie cmewanmvie nomepu Mrp moocro npeod-
cmasums 6 sude

N
1 1 i
Mp=—=InWri=—=In) wpe "r. (4.49)
N 1
Jlokasamenvemeo. HeiicrBuresnbHo, cormacuo (4.48),

T~ R T
t=1 t=1

T
1 W, 1
=—"In Ml I Wpy =
nooq Wi U

=1
N N
1 1 _nLi
=——1In E Wi T4+1 = ——1In E W; 1€ T,
N =1 N i=1
Smece Wi =1. A
Tax Kak cyMMa He MeHbIIe 4eM JII000e CJIaraeMoe, IOJIydaeM CJie-
Ayiomuye IIoJIESHbIE HEPpaBEHCTBA.

CJ'Ie,JJ,CTBI/Ie 4.3. Kymyﬂﬂmueﬂme CMEWaHHdvle nNomepu U nomepu
npou3eonvbHO20 IKCNEPMQ 1 C8A3AHDL HepaseHCMBAMU

1 , 1 1
Mpr < ——Inwjpy =Lp+ —In—-. (4.50)
Ui o Wil
B ciyuae paBHOMEPHBIX HadasbHBIX BecOB HepaseHCTBO (4.50)

nMeeT BUT

. N
My < Lip + ——.
n

Kpowme sroro, u3 sroporo pasencrsa (4.49) noxygyaem

min L% < Mp
1<i<N
JUIST Kaxkoro 1.

Beenem oboznauenus m? u M{,Z JJIST COOTBETCTBYIOININX BEJIMYUH
my u M onpeieJIeHHBIX IPU 3HAYEHUH ITapaMeTpa 00y IeHusT paBHOM
7.

OrMeTuM BaxkKHOE IS JIaJIbHEHIIero CBOMCTBO BEJIMYUHbI M;l -
MOHOTOHHOCTB 110 TIAPAMETPY 7).
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Jdemma 4.7. M > MFE npun < p.

Zoxasamesvcmaso. U3 BeIIyKIOCTH TIAPabOJIbI UMEeM

- 1 & 2
M} =—= anwiyle_"UT = ——anwM (e_“LZT) >
C—— -

n

1 N _ w 1 N ]

> ——1In (Z wi716_“LlT> S anwi,le—#L’T = M%
n =1 i=1

JAN

Nzy4nm crerenb 6JIM30CTH SKCIIOHEHITMAJIBHO CMEITAHHBIX TIOTEPh
my; 1 orepb anaropurma h;. N3 Beimykiaoctun dpyuxkmnun — ln numeem

N N7 N '
my = —In (Z wzte_”l%> < sztﬁ = hy. (4.51)
i=1 i=1

Oupenenum 0; = hy — my. VI3 nepasencrsa (4.51) caenyer, aro d; > 0
T
Jutst Beex t. Onpegenum Ay = Y §;.
t=1
Perper anropurma Hedge(n) OTHOCHTEIBHO IKCIIEPTA 4 OLPEJIeIisi-

ercs Rb, = Hp — L%. IIpencraBuM 3Ty BeJIUYINHY B BHUIE

T T
Rp=Hr—Ly =Y m— Ly +» 6 =Mp— L+ Ar.
t=1 t=1

U3 nmepasencrsa (4.50) crencrus 4.3 moxydaem

: : 1 . 1 1
Ry <Lh+—-1n — LY+ Ar=—In
’ 4 n Wi r N Wi

—+ AT.
B ciygae paBHOMEpHBIX HadaJIbHBIX BecoB w; 1 = 1 /N BBIIIOJIHEHO
, In N
Ri <=5+ A7

IJIs J11000r0 1.
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st OlleHKN BeJIWYUHBI OTKJIOHEHUs1 §; = hy — M3 WCIOJIb3yeM
nepasencTso Xedmuara In F(e*X) < sE(X) + M, rae X — orpa-
HUYeHHas CaydaiiHasl BeandnHa, ¢ < X < b, s — jqoboe 9ucyo. 1o
HEPAaBEHCTBO J0Ka3aHo B pasmese 10 HimKe.

[pesmoaraem, 9To Ha KayKJIOM Iare ¢ 3HaUeHns MoTeph [i Beex
sKcrepTos 4, 1 < ¢ < N, JexkaT B HEKOTOPOM HHTEpBaJie BEIeCTBEeH-
HBIX gmces JauHbl L. st KaxK1oro ¢ paccMOTpUM B KadecTBe X CIIy-

JaiiHyIo0 BeUauHy, KoTopas upu ¢ = 1,..., N mpuHuMaeT 3HAYECHUE
7 * —
[} ¢ BeposTHOCTBIO w;,. Honaraem s = —n). Torna

7’]2L2

InE(e™™) < —nE(X) + 5

N A N )

Bnech B(X) = Y wili=hulnE(e™) =1In Y we ™ = —nm,.
=1 i=1

Orcio/ia orydaeM HEPABEHCTBO

L2
I gmt+%-

L2
Takum obpazoM, 6 < "T U perpeT aJiIrOpUTMa OTHOCUTEJIHHO JIF0OOTO

JKCIIEPTa ) OII€HUBACTCA KaK
nTL? 1 1 nTL?

Re=Hp— L. <Mp—Lh+"1-——" < >In—
T T T T T+ 3 nnwi,1+ 3

Jtst Jioboro ¢. ChopMysnpyeM 3TOT Pe3yJIbTaT B BUJIE TEOPEMBL.

Teopema 4.7. ITycms na kasicdom waee t 3naverus nomepn Ii ecex
axenepmos ©, 1 < 1 < N, seoscam 6 HEKOMOPOM uHmepsase GeEe-
cmeennoli npamoti daunv, L. Tozda das xascdozo T u a0bozo a%xc-
nepma i UMeem Mecmo oueHKa

Onpenenum R = maxi<i<n R% — perper ajgropurma Hedge(n).
Ecnu ucnonb3ytorcs paBHOMEpHBIE HadaJIbHBIE Beca, TO Teopema 4.7
[IPUHUMAET CJIeAYIONTyIo (hopmy.
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Cnencrsue 4.4. B ycaosuaxr meopemvi 4.7 U NP PAGHOMEPHBLT Ha-
wanbHor eecaxr wi = 1/N 6ydem

InN nTL?
Rr < e + Ul
n 8
UAU )
In N L=T
Hr < min LT—{—D— Uidid
1<i<N 8
8ln N

oas xaoicdoeo T. Ilpun =

, 1
< i ; — .
Hr < 1]cg]glgnNLT + L/ 2TlnN. (4.52)

4.5.2. Anamms anropurma Hedge c mepemeHHBbIM mapa-
MeTpOM O0y4YeHUst

6 CAYUAE PASHOMEPHDIT HAMANOHDIT
gecos bydem

Anamms anropurma Hedge ¢ mepemeHHBIM TapaMeTpoM OOy UIeHUsT OC-
HOBAH Ha CBOHCTBE MOHOTOHHOCTH KyMYJ/ISITHBHBIX 110Tepb M7, 110 ma-

pameTpy 1.
[Iporokos urpsl s anropurma Hedge ¢ mepemeHHBIM mTapamer-

pom oOyuenust npusesieH Ha puc. 4.7. OTaudume OT TPOTOKOJIA AJi-
COPUTMA C MTOCTOSTHHBIM IapaMeTPOM O0yUeHUs, MPEJICTABICHHOM Ha

puc. 4.6, 3aK/II09aeTCs B TOM KaK ONPEIEIIAIOTCS BECa Wy 41-
T
IIycte Hr = h; — KyMyJgaTuBHBIe 1toTepu ajiropurMa Hedge
T t y
t=1
N
obosnaunm Wy = > w;+. Torna o onpeenennio
i=1

w. t
* 1,
w’L,t

:Wt'

BBG,HGM IKCIIOHEHIIUAJIbHO CMEIIaHHbIE ITOTEPU aJITOPUTMa Ha Iare t

N
1 * _ntli
my =——1In E w; e e
o=
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AsropurMm Hedge

3aJjanbl HavaIbHBIE BeCa SKCIEPTOB W; 1 Ha HEPBOM IIare Ipw i =
N

1,...,N, > w;1 = 1. llapamerp oOytdeHus mepeMeHHbI: Ha Imare t
i=1

ero 3HadeHue paBHO 7y, Tie 0 < My < M g Beex t. [Tonaraem

6:0,D;JIH BCEX 1.
FORt=1,2,...

HOpMaHHByeM HaKOIIJICHHbIE BeECa 3KCIIEePTOB

Wit .
w;y = ~ —mpui=1... N
> Wi
=1
IToyuaem norepn skcrepros lf mpu ¢ = 1,..., N.

Breraucisiem orepu anropurma Hedge wa mrare ¢

N
ht — wi7tlt.
=1

Li=Li 1+ lf; — olpe/iesisieM KyMyJISITUBHBIE TIOTEPH dKCIEpPTa ¢ 3a t
aroB.

IlepeoonpenenseM Beca Bcex 9KcHepToB ¢ = 1,..., N IJIs UCIIOIB30-
BaHUS Ha CJAEJYIONIEM Iare

Wiyl = wi,16_mL%-
ENDFOR

Puc. 4.7: Anropurm Hedge ¢ mepeMeHHBIM TTapamMeTpoM 00y IeHUsI
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I/ICHOJIBSyH BBCJCHHbBIC BBIIIC 0003HaYEHNsT MOYKHO TaK:Ke 3allMCaTb
BeJIMIUHY TNy B BHJIE

N

T
Z wi,le ntLt
1 i=1

N )
nt Z 'l,UZ 16—77th_1
=1

T

KymyssituBHble cMeranibie orepu paBubl Mp = > my. Onpeennm
t=1

T
0t = hy — my. Umeem &, > 0 auist Beex t. Oupepenum Ap = > ;.

t=1
Perpet anropurma Hedge oTHOCHTEIEHO IPOU3BOJIBHOTO SKCIIEPTA

1 TIPEJICTABJIAETCS B BUJIE

T T
p=Hp—Ly=> m—Ly+Y 6 =Mp—Ly+Ar.
t=1 t=1

O6oznauum my, M,' — cMemannble oTepu, KyMy/IsITUBHBIE CMETTAH-
Hble II0TE€PH, COOTBETCTBEHHO, ajropurma Hedge(n) us pasuena 4.5.1,
KOTOpBIIl UCIIOJIb3yeT Ha Beex marax t' < ¢ HOCTOSHHBIN IapameTp
oby4eHust 1 = n.

Ilo onpenenenmio my = M," — M" | nna Beex t. B cayuae nepe-
MEHHOI'O IIapaMeTpa obydYeHnsI HeBOZMOXKHO J0Ka3aTh yTBEPKICHUE
anajoruanoe jemme 4.6. Tem He MeHee, HCIOJIb3Ys CBORCTBO MOHOTOH-
HOCTHM KyMYJISTHBHBIX CMEIIAHHBIX IIOTEPh 110 IIAPAMETPY 1), MOXKHO
MOJIYYNUTh YTBEPXKJEHUE aHaJiormdHoe ciejcteuio 4.3. Buepsoie sTa
ujiest ObLIa UCIO/Ib30Bana B pabore [35].

[IpenBapuTe/bHO TOKaXKEM HEPABEHCTBO, CBA3BIBAIOIIECE KyMYJIs-
THBHBIE CMENIAHHDLIE IOTEPH IIPU IIEPEMEHHOM IapaMeTpe O0ydeHust
nu KyMy.HﬂTI/IBHbIe CMeEIIIaHHbIE ITOTEePpU IIPpU IIapaMeTpe O6yquI/Iﬂ I10-
CJICJIHErO Imara.

Jlemma 4.8. My < MJ" dan ecex T.
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Joxasameavemeo Vicnonssyst memmy 4.7 m monoronnocts M," |
10 [TapaMerpy 1), HOJIyIaeM
T

T T
— — Nt Mt mt m—-1 __ nr
MT*th*ZMt _Mt—lgth - M7 = Mg
t 1 t=1

no _
Baecs My° = 0. A
[IpuBenem HEPABEHCTBO, CBA3BIBAIOINIEE KYyMYJIATUBHBIE CMEIIAH-
Hble TIOTEPU U TMOTEPU MPOU3BOJILHOTO SKCIIEPTA 1.
Caencrsue 4.5. /las npoudsosvHozo skcnepma i
, 1 1
7
Mp<Ly+ —In—
nr Wi
ons ecex T

Zloxazameavcmeo. [eiicrBurenbao, ns jiemM 4.6 u 4.8 momydaeM

T
My < M7" = Zm:ﬁ = *1HWT+1 =
N
1 i . 1 1
=——1In wiie P L L4 = In—.
nr ; " ™ onr Wi, 1

g seex 1. A

Kak u B Teopeme 4.7 mjst cpaBHeHUsi my U hy UCHOJIB3YEM HEpa-
BercTBO Xedauura. [Ipeamonaraem, 94To A8 KaXKI0r0 ¢ MOTEPHU BCEX
sKciepToB [i meskar B maTeppase qmuabl L. Torma ayis mo6oro

7’]2L2
In E(e™ ™) < —mB(X) + ts
i
N
1 ]t T]tL2 ntL2
hi = E(X) < ——tanthe mit 4 =M + g
Takum obpazom, 6 = hy —my < =, Torma
, Lz 1
b= Hp — L < My — +Z77t —1n—+LQZnt.

Cdopmynupyem 3TOT pe3yabTaT B BUJE TEOPEMBI.
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Teopema 4.8. Ilycmv daa xasicdozo t nomepu ecex sxcnepmos [
aestcam 6 unmepsane daunv, L. Tozda oas aobvix nocaedosamenn-
nocmeti nomepv makux sxenepmos Ii, 1 < i < N, u napamempos
obyuerua ng, t = 1,...,T, umeem Mecmo 6epITHAL OUEHKG PE2PEMa
anzopumma Hedge omrnocumenvHo npoussosvHo2o aKcnepma i

R < —1 — L2 4.53
re nr - Wi * Znt ( )

B ciiygae paBHOMEPHBIX HAYaJbHBIX BECOB MMEET MECTO CJIeIyIOo-
masi OIeHKa.

CaencrBue 4.6. [lycms 6bn0AHEHbL YCAOBUA MEOPEMBL 4.8 HAUAAD-
noe 6eca aKcnepmos pasromepnvie: w;1 = 1/N npul <i < N. Tozda
NOMEPY ANA2OPUMMA 02PAHUNEHDL CEEPTY

1<i<N

T
InN 1
Hr < min LT+D—+ LQZm.

B uacmmocmu, npu ny = 1/ 45N evinoaneno
Hr < 1gn<n Ly + ILVTIn N (4.54)
1

Hns mosydenust onenku (4.54) uinem ONTHUMAJIBHOE 7); B BHJIE
N = % JJIst 3TOro OleHUM CBEPXYy CYMMY psijia B IIPaBOil 4acTu

HepaseHcTBa (4.53) Besmunnoit 2av/T'. Ilocse sroro HaxXo UM MUHU-
MyM TIpaBoii yactu HepaBeHcTBa (4.53) mo a. OH mocTuraercst mpu

a= \/4111 u paser LT In N

4.6. A.TII‘OpI/ITMbI JKCIIOHEHIINaJIBHOI'O B3BEIlIlnBa-
HUd 3KCIIEPTHBIX ITPOI'HO30B

4.6.1. /IerepMuHUpOBaHHBbIE POTrHO3bI

Paccmorpum Teneps 6osiee JieTasbHYIO IOCTAHOBKY 3a/1a4M IIPEJICKa-
3aHUs C UCIIOJIb30BAHUEM SKCIEPTHBIX cTpaTeruil. B 3Toit mocranoBke

259



[IOTEPU IKCIIEPTOB U IPEJICKA3ATEN BO3ZHUKAIOT B PE3YJIbTaTe IIPH-
HSTBIX UMU perrneHuii. TpeTuil urpok — mMpupoja — BBLIAET UCXOJIbI,
a (byHKIUS [OT€Ph COIOCTABJISIET PEIleHus! (IIPOTHO3bI) IKCIEPTOB U
[IPEJICKA3ATES C STUMU UCXOJIAMU U BBIJIAET COOTBETCTBYIOIIUE TIOTe-
pu.

[TycTb MHOXKECTBO UCXO/I0B {2 €CTh ITPOU3BOJIBHOE MHOXKECTBO 00b-
eKTOB JIroboi puposl, © = {1,..., N} — MHOXKecTBO 9KCHepToB, I —
MHOYKECTBO peIllleHuii 1in Iporuo3os (mpejckasanwuii). [Ipennomara-
€M, UTO ITPOTHO3bI IIPUHAJIE’KAT HEKOTOPOMY JIMHEHHOMY ITPOCTPAH-
crBy L (manpumep, I' € R"™), rae R UMHOXKeCTBO BCeX BEIIECTBEHHBIX
quces). Takum 06pa3oM, UX MOYKHO CKJIAJBIBATH U yMHOXKATH Ha Be-
IIECTBEHHBIE YHUCJIA.

Ouenka npunsiTOro perenust (wim npejackazanusi) v € I' npu uc-
xo07ie w € §) IPOUBBOIUTCS € TIOMOIIBIO PYHKIUK 10TePb A(w, ) onpe-
JiesieHHO# Ha, MHOXKecTBe () X T

IMongMHOXKeCTBO Z JIMHEHAHOro HpocTpaHcTBa L Ha3LIBAETCS 6bi-
NYKABILM, €CJIU JJIsl JTIOObIX TOYEK z, 2’ € Z m moboro unciaa 0 < p < 1
Trouka pz + (1 —p)z' € Z.

Oyukiys h(z), onpejeneHHast Ha BBITYKJIOM MHOXKECTBE Z, HA3bl-
BaeTCsl BBILYKJION, ecin ee naarpaduk {(z,y) : y > h(x)} — Bbirykioe
MHOKECTBO. DTO 9KBUBAJIEHTHO TOMY, UTO €CJIM JIJIst JIOObIX 2,2 € Z
u Jtroboro uncia 0 < p < 1 BBITIOJIHEHO HEPABEHCTBO

h(pz + (1 —p)z') < ph(z) + (1 —p)h(2"). (4.55)

[Tpenmosaraem, ITO MHOYXKECTBO MPOTrHO30B ' — BBITYKJIOE TTOIMHOXKE-
crBo L, a dyHKIws 1orepb A(w,y) sIBIAETCs BBITYKJION 110 TIPOrHO3Y
~v mpu KaxkjaoM w € (). Kpome sroro, mpesrosaraeM, 9T0 QyHKIIHS
[IOTEPh OIPAHMYEHHAsI 1 ee 3HAUEHUS JIeXKaT B HEKOTOPOM UHTEpPBAJIe
JAHBL L.

PaccmarpuBaercss urpa ¢ moJiHoil nHdoOpMaImeil MexKIy UIPOKa-
mu: Ilpedexasamenn, Sxcnepmu i, tae i@ € O, u Ilpupoda. Urpa mpo-
HUCXOINUT B COOTBETCTBUU CO IIPOTOKOJIOM, IIPUBEIEHHBIM Ha puc. 4.8.

[TpoTokoJI ompe/iesisieT MopsiIoK JjeiicTBuil (xompl) urpokos. Kax-
JIBIIT UPPOK MOXKET IIPU OIPEIeJIeHIH CBOEro AefiCTBUST UCIIOJIb30BaTh
BcIo nHAOPMAIUIO, KOTOPas M3BECTHA K HAYaJly ero Xoza.

Henwio Ilpedckasamensn saBjsieTcss BHIOOP TAKO# I10C/IEI0BATE b=
HOCTH TIPOTHO30B 71,72, ..., 9TOOBI JIJIsT KaxK10r0 T’ ero cyMMapHbIe

260



ITomaraem Hy = 0 u Lé =0 g Beex 4, 1 <7< N.
FORt=1,2, ...
Oxenepmot i € © anHOHCHPYIOT TpecKasanms & € I
IIpedckazamensy npuHUMaeT cBoe pemnierue vy € I
IIpupoda anoucupyet ucxox wy € €.
Ixcnepmor i € O BBIYUCIAIOT CBOM CyMMAapHbIE IMOTEpHM Ha Imare t
UTPBI
= L+ A ).

IIpedckasament BLIMUCISET CBOM CyMMapHbIe IOTePU Ha, Iare ¢ Urpbl
Hy = Hi—1 + Mwi, 7t)-
ENDFOR

Puc. 4.8: IIpoToKoJT UTPHI C JIeTEPMUHUPOBAHHBIME TTPEJICKa3aHUSIMUI

norepu Hr 3a niepsbie T’ mraros ObLIM ObI ¢ HEKOTOPO CTEIEHBIO TOU-
HOCTH He OOJIBbIIIe 9eM CYMMAapHBIE MOTEPH LiT KaXKJI0T0 IKCIIEPTa 1.
IIpupoda mozxkeT OBITH “BpaskieOHOI” IO OTHOIIEHUIO K 9KCIIEPTAM
u Ilpedcrkasamento: BblIaBaeMble €10 MCXOIBl Wy MOI'YT 3aBHCETH OT
IPOTHO30B U &} 1 ¢, Tak Kak IIpupoda BBLIAET UCXOJ Wy TOT/A, KOT/IA
[IPOTHO3BI y2Ke BBIIaHBI 9KcriepTaMu u IIpedckasamenem.
KonnmaecTBeHHOM OIIEHKOI METOIa IIPOTHO3UPOBAHUSI SIBJIAETCA KYy-
MYJISSTHBHBII perper OTHOCUTEJIFHO SKCIIEPTA ¢ U [TOCJIEI0BATEIEHOCTH

HUCXOMOB W1, - - . , WT

T

Ry = Hr — Ly = ) _(Mwi, 1) = Mwi, §)). (4.56)
t=1

[Tpocreiinmmuit aJropuT™M B3BEITMBAHUS SKCIIEPTHBIX IPOrHO30B BHIYUC-
JiteT mporuo3 IIpedckxaszamens o popmyie

N
Ve = Zwit&?, (4.57)
i=1
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rae &fI' — nmporuos ¢-ro 3Kcnepra Ha Iare ¢,

Wit

* ?y

Wiy = (4.58)
> Wi
j=1

— HOpMHUpPOBaHHBIe Beca, w;¢, ¢ = 1, ..., N, — HaKOILICHHBIC Beca

sKcrepToB Ha 1mare t. Tak Kak [ — BBITyKJI0€ MHOXKECTBO, V¢ € I jijisa
Bcex t.

B anropuTMme SKCIIOHEHITNAJILHOTO B3BENUBAHUA C MEPEMEHHBIM
ITapaMeTpOoM O6y‘IeHI/IS{ B Ka49eCTBe HaKOIIJICHHBIX BECOB 3KCIIEPTOB Ha
mare t 6epyT BETUIHMHBI

Wiy = wme*mLi—l, (4.59)

t=1, ..., N,tne Li_l — CyMMapHbIe IIOTePH ¢-T'0 IKCIEPTA Ha Iarax
or 1 not—1, n; — mapamerp oOyIeHUS.

OrneHnkn perpera aJjirOPUTMa OINTUMAJLHOTO B3BENIUBAHUS DKC-
[IEPTHBIX PEIIeHnit MOT'yT ObITH II0JIyYeHbI B KAYECTBE YACTHBIX CJIyYa-
eB o1eHOK TeopeMbl 4.8. PaccmaTpuBas pOTOKOJI, IIPEJICTABIEHHBIN
Ha puc. 4.8, TOJBKO B YaCTH IIOTEPb, IOJYYUM MPOTOKOJI aJrOpUTMa
Hedge. O6osnadmm notepu sxcreptos i = \(wy, &), U3 BemyxmocT
dbyukun A\(w,y) 0 BropoMy apryMeHTy MOJIy UM

N N N
Mewove) = A wi Y wi&l | < wiAw, &) =Y widi =y
i=1 i=1 i=1
I1JIsI BCeX t.
[Tpumensist Teopemy 4.8, oIydIaeM CJIeAyIONIEe yTBEPKICHIE.

Teopema 4.9. [Tycmd 8uNoAHEHbL YCAOBUL MEOPEMbBL 4.8 HAYAALHBLE
seca axcnepmos pasromeprve: w;1 = 1/N, npu 1 < i < N, napa-

MEMPBL 0OYUEHUA Ty = \/41512;\7,

Jlonyemum, wmo gynryus nomepv A(w,7y) AAAeMCA SUNYKAOT
N0 8MOPOMY APLYMEHMY U NPUHUMAEM SHAYEHUA 8 UHMEPBALE OAU-
Huvt L. Toeda das mobozo T nomepu anzopumma IKCNOHEHUUAADHOZ0
838EUUBAHUA YIOBALMBOPAET, HEPLEEHCNEY

Hy < min Ly 4+ LVTIn N,
<

1<i<
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xax Oov [Ipupoda ne evidasana ucrodo, wi, ..., wr € 2, a axcnepmol
Hu npedemasaiu c6ou npo2nosv &, ..., &p, 1 <1 < N.

4.6.2. PangoMu3snpoBaHHbIE TPOTHO3bI

3aJlaHbl MHOXKECTBa UCXOJ0B {2 1 MHOXKeCTBO mporuo3os I'. Vmeercs
N »skcnepros. 3ajana HekoTopasi GyHKIUs 10Teph A(w,y). B aTom
pasjiesie Mbl He HpeJrojaraeM, 910 (bYHKIHS TOTEPh BBIMYKJIasi 110
BTOPOMY apryMeHTY.

ITpumep. IIpusegem mpumep, KOTOPBIH MOKA3BIBAET, YTO B HEKO-
TOPBIX UI'PAX C HEBBILYKJION 110 IPOrHo3y dbyHKimed morepb A(w,y)
JII060H METO/T TeTEPMUHUPOBAHHBIX MTPEJICKA3AHUN UMeEeT HeJ0MyCTH-
MO OO0JIBIITYIO OMUOKY, KOTOpasi PACTET JUHEHHO C POCTOM JJINHbI 116~
PHOJIa TIPEICKAZAHUSI.

Paccmorpum ripoctyio urpy ¢ aBywMmst skcrepramu 1 u 2. [Ipocrpan-
CTBa MCXOJOB 1 Iporuo3os copmagaor: ) = I' = [1,2]. [lorepu npu
IIPEJICKA3aHUH Y U UCXOJe w PaBHBL A(w,7y) = 1,2, — XapakTepn-
cruveckas dbyHkms MHOXKecTBa {(W,7) v # w}.

Jlerko mpoBepuTb, UTO 3Ta (PYHKIUS MOTEPH HE SIBJISIETCS BbI-
MyKJIOH TIO0 TPOTHO3Y. 3aMEeTUM, UTO JJIs JII0OOH MOCIeT0BATEILHOCTH
nporuo3os Ilpedcxasamens v1,y2, ... CyIIECTBYET TaKasl [OCJIEI0BA-
TEeJIbHOCTh MCXOJ0B W1,Ws, ..., 9T0 morepu I[lpedcxasamens mMakcu-
Majbhbl, T.e. Hp = T mis Beex T'. HefictBurensuo, [pupoda moxeT
OmpeesuTh s BcexX t = 1,2, ...

2, ecmm ¢ =1,
Wt =
1 B mpoTuBHOM Cydae.

PaccvoTpum JIByX 9KCIEpTOB, OJUH M3 KOTOPBIX — dKCHEPT 1, Bceraa
IIpeICKa3bIBAET /ftl = 1, a apyroii — sKcepT 2, BCerjia MpeiCKa3biBaeT
& =2t=1,2, .... lycrs L — morepn i-ro sxcrmepta, i = 1, 2.

Samernm, uto [Ipedckaszamend Tpu MPOTHO3E Yy = 1 TPOCTO CJie-
JIyeT pelTeHnio SKcepTa 1, a mpu Mporuose y; = 2 — cJIeyeT PENeHnio
JKCIIEPTa 2.

JIerko BuaeTh, 9TO, TaK KaK JjId IOCJIEJOBATEILHOCTH HCXO/IOB
w1,W, ..., Wp YACJIO €IUHUI] WU YUCJIO JABOEK OYIyT He OOJIbIIe
gem T'/2, y omHOro u3 3Kcuepros norepu OyayT He Gosee yem T'/2.
[TosTomy min;—1 2 Lfé < T/2 nns seex T
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Takum obpazom, 1151 1000 TTOCTIEI0BATETHLHOCTH IPOTHO30B [Iped-
cKkazamens “‘ananTuBHo BpaxkaebHast [Ipupoda MOXKeT IPeoCTaBUTD
[I0CJIEIOBATENIBHOCTD W1, W2, ... TAKYyIO, YTO

Hp — min L > T/2
i=1,2

st Beex 1.

[IpuBenenubIil MpUMEp MOKA3BIBAET, UTO /I HEKOTOPBIX HEBbI-
NYyKJIBIX PYHKIUAX HoTepb IIpupoda MOXKeT BbIIaBaTh IOCJIEI0Ba-
TeJIbHOCTH MCXOJ0B TaK, UTO MPU JIFOOBIX TeTePMUHUPOBAHHBIX eii-
creusix IIpedckaszamens ero perper > T'/2 3a mo6oit mepuoj| urpel
T.

Hamnyio mpobisiemy IIpedckasamens MOXKET MPEOI0JIeTh C IOMO-
MIBIO PAHJIOMMU3AINN IPOrHO30B. TOUYHee MPOrHo3aMu OyIyT CMellaH-
HbIe CTPATErny — PACIpeeeHns] BEPOATHOCTE Ha MHOXKECTBE BCEX
JeTepMUHUPOBAHHBIX ITPOTHO30B. BMecTo dyHKIUN TOTEph OyIeT pac-
CMaTPUBATHCA €€ MaTeMaTUIeCKOe OXKUJIaHue, K KOTOPOMY MBI IIPHU-
MEHUM Pe3yabTaThl pasjesna 4.2.

[IycTs Temeppb Ha KaxXaoM Imare t urpol [Ipedckxasamens BbLIaeT
[IPOrHO3 B BHJE CMEIIaHHON CTpaTerud — paclpejie/IeHus BEPOSTHO-
creii Ha MHOXKecTBe 3Kciepros {1, ..., N}.

[IpoTrokos paHIOMU3MPOBAHHON UI'PHI IIpeIcTaBjeH Ha puc. 4.9.

MpbI BBOZMM B IIPOTOKOJI €IIle OJIHOIO UI'poKa — [enepamopa cay-
YaUHBLT YUCEeN, KOTOPBIN OyIeT TeHepupOBATh HOMED IKCIIEPTa U3 MHO-
xkecrsa {1, ..., N} cormacuo 3amannomy IIpedckazamenem pacupe-
JeseHuio BepoaTHocTeit. IIpupoda MOXKeT UCIOIb30BaTh ITO PACIIPe-
JeJIeHUEe BEPOSATHOCTEHN, HO HE MOYKET HCIIOJIb30BaTh HOMED IKCIEPTA,
BBIOPAHHOI'O COTJIACHO 3TOMY pacupejeennto. [loaromMy MBI oMera-
eM B IIpoToKoJie X0, I enepamopa cayuatinvx wuces mocyie xona Ilpu-
POl

Tenepamop cayywatinolr 4uces OTHOCUTEILHO IPOU3BOJILHOIO Pac-
IpesiesieHusT BEPOSITHOCTEN MOXKHO PEaIM30BaTh HA OCHOBE T'€HEpaTO-
pa PaBHOMEPHO PaCIIPEICIEHHBIX CIYYalHBIX YHCEJ CJIEIYIOMIM 00-
pazom. BBoguwm ciygaitabie nmepemenubie [y, Tak uTo [y = ¢ Tormga u
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IIycts Hy = 0, L6:0,i:1, ...y N.
FORt=1,2, ...
Oxenepm i anoncupyer npornos: £ € T, i=1, ..., N.
IIpedcrasamens AHOHCHUPYET paciipeiejieHue BEpPOATHOCTEN
N
Wiy, -, Wy HA MHOKeCTBe 9KcriepToB {1, ..., N}, e Y wy, = 1.
I N 1 b

1=
IIpupoda anouncupyet ucxom: wy € €.

Tenepamop cayuatinux wucea anoncupyer skcnepra i, € {1, ..., N}

C BEPOATHOCTDBLIO U],;-kt t

Ixcnepm i BBIYUCIAECT CBOU CyMMAapPHBIE [TOTEPH HAa IIare t Urpbl
t — Ht—-1 +)\(wt7£t>7

rnet=1, ..., N.
IIpedcrazamens BIMUCISIET CBOM CyMMapHBIE ITOTEPH Ha I1are ¢ Nrpbl

Hy = Hy 1 + Mwy, £1).
ENDFOR

Puc. 4.9: TIpoToko/1 urpbl ¢ paHIOMA3UPOBAHHBIMYU TPEICKAZAHUSIMU
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TOJIBKO TOT/Ia, KOTJIa

1—1 [
* *
Ure D wind wisl
=1 =1

rae Beauannbl Uy, Us, ... — He3aBUCHMbBIE PABHOMEPHO paCIIpeIesIeH-
Hble B €IMHUYIHOM OTPE3KE C.Hy‘{alebIe BEJIMYUHBI. I/IS OIIpeJIeJICHN A
crenyer, uro P{I; =i} = wy, s Beex t.

B rakoii urpe norepu Ilpedckazamens )\(wt,§t[ﬁ) SIBJISIIOTCS CJTY-
yaiiHoit BesmamHoOil. B sTOM cilydae kKadecTBO mpeickasanus IIped-
cKkasamens U3MepsieTcd TakzKe CJIy4YaiiHOl BeIUYNHON — CJIyJailHbIM
perperomM

T
Hp— min Ly =Y Mw, &) —

1=1,..., %
t=1

T
_min ; Mewr, &) (4.60)

Hennio Ilpedckazamens ABISAETCS MUHUMU3AIMS MaTEMATUIECKO-

T'O OXKUJaHWs perpera 4

E(Hr = apiny, L) =

I
E

T
E(Mw,§")) — ff}?ﬁ%N; Awr, &) =

t=1

I
N

T
A, §)pic —  min ; At &)- (4.61)

-
Il

1¢=1

DyneM BBIUHCIATE paclpefieleHne BEPOSTHOCTEN Ha MHOXKECTBE
9KCIIEPTOB € HOMOIIBI0 cooTHomenuit (4.58) n3 pasmena 4.6.1.

[Tepedopmynupyem Teopemy 4.9 mjisg paHIOMI3UPOBAHHON HHTEP-
IIpeTanun.

4Mpl TakKe VUIUTBIBaeM CjIydail, Korja IIpe/icCKa3aHus dKCIEePTOB Ha Imare t

3aBUCAT OT 3Ha4YeHui I, ..., [;_1. B aToMm cirydae, jasee, Ha mare t uMeeTcst BBUILY

YCJIOBHOE MaTeMaTH4ecKoe OxKuIaHue Er, .y (Hr — min Ly|L,...,Ii—1), Toe
i=1,...,N

wy = (Wi ,...,WN,) — TEKyIue HOPMATH3OBAHHBIC BECA SKCIEPTOB.
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Teopema 4.10. Jonycmum, wmo dynxyua nomepv A(w,y) npunu-
Maem 3navenus 6 unmepeane oaunv L.

ITycmv navwasvhoe pacnpedeserue Ha MHOHCECTNBE IKCNEPMOE —
PAGHOMEPHOE, @ PACTPEIEACHUE BEPOATNHOCTNEL 2eHEPaMOoPa CAYYati-
HOX wucen onpedeneno cozaacto dopmysam (4.59) u (4.58), Hp —
CAYHATinbE KYMYAATMIUCHDBLE NOMEPU AN20PUMMA, NPEOCTNACACHHO20
Ha puc. 4.9.

Tozda daa a0bwx nocaedosamenvrocmets uCrodos u NPO2HO306
IKCNEPMOB UMEEM, MECTNO OUCHKA MATMEMAMUNECKO20 0XHCUIAGHUA De-
2pema GEPOATNHOCTINO20 AA20PUMMA IKCTOHEHUUAADHO20 G3GEULUCH-
HUA

E(Hy —min L) < LVTIn N. (4.62)
(3

Hastee, aHAJIOIMIHO TOMY KaK ObIJIO TI0JIy9€HO yTBepxK Ienue (4.45),
citencTBus 4.2 MBI JIOKaXKeM CJIeIYIOIINe JIBa CJIEJCTBUS.

CanencrBue 4.7. Ilycmo 0 < 6 < 1. Tozda das 060t nocaedosa-
MEABHOCTNU UCTO008 W1, . . ., WT U A0O0U NOCACIOBAMEALHOCTNU NPO-
enosos akcnepmos &, ...,&p, 1 < @ < N, ¢ sepoamnocmvro 1 — 6

EHINOAHEHO HEPAGEHCTNEO
T
. i
 min g AMwe, &) <
e

T
> Awn &)~
t=1

/1 1
< LVvTInN + iTlng.

Hoxazamenvemeo. s mokazaTeIbCTBa 3TONO YTBEPKICHUS MbI
HCIOJIb3YyeM BapuaHT HepaBeHcTBa Xedauura—Aazymer (10.7). Jlerko
BHUJIETD, YTO CJIy4aiiHble BEJUINHDBI

Xy = MNwt, &) — ENwi, &[N, ..., Ti-1)

00pa3yioT MapTHUHIAJI-Pa3HOCTh OTHOCUTENHHO II0CJIEI0BATEHbHOCTA
T

caydaitabix Beauaud I1, I, . ... Tlosromy mius ux cymm Sp = > Xy
=1

SBbIHyKIIOCTI) 110 BTOPOMY apryMeHTY He IpeJIiojaraeTcs.
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BBIIIOJTHEHO HEPABEHCTBO

2
P{Sr > ¢} < 6_27,

rie ¢ — MPOU3BOJIBHOE IOJIOXKHUTEIbHOe umcyo. OTcioma Jjisd Ipous3-
BOJIBHOI'O 0 > () BBIIOJIHEHO HEPABEHCTBO

/1 1
— — > <o.
P ST> 2Tln5 <6

VTBepKIACHUE CJACIACTBUS TEHEPDb IPAMO CJIEIyeT U3 3TOIO0 HEPABEH-
crBa u HepasencTs (4.61) u (4.62). A

[Iycte B urpe Ha upeicKka3aHus C HCIOJIb30BAHUEM 3SKCIIEPTOB
1 =1,..., N HeKOTOpHBIii TIpeacKa3aTeb BbIIAET PAHIOMU3NPOBAH-
HBIe TIPOTHOBHI €1, &2, . . ., & i-if SKCIePT BhLIAeT MporHosel &1, &L ...
riei=1,...,N.

[IpejickazaTesb HA3BIBAETCS COCMOAMEALHOIM 10 XAHHAHY, €CTIN
JIIsT JIIOOOH TIOCIeIOBATEIBHOCTH UCXOJIOB U JJIsi JIIODOH MmocjenoBa-
TEJILHOCTH IIPOTI'HO30B 9KCIIEPTOB IIOYTH BCIOJIY BBIIIOJIHEHO

T—o0 ?

T T

: 1 . i

hmsupf E Mws, &) — _min E AMwe, &) | <0. (4.63)
t=1 T =1

Cremyronee cye/ICTBUE JIOKA3bIBACTCS TOYHO TaKyKe KakK yTBep-
xkyenne (4.45) creacreus 4.2.

CunencrBue 4.8. Bepoamnocmuvili ai20pumm IKCNOHEHUUAALHOZO0
838EUWUBAHUA C NEPEMEHHBIM NAPAMEMPOM ODYUEHUA ABAAELMCH CO-
CMOAMENDHUM N0 X AHHAHY.

[TosicauM, KaK COOTHOCUTCS IIPUMEpP, IPUBEIEHHBIN B HATAJIE ITO-
ro pazguena, co cieacreuem 4.8. B mpumepe Ipedckaszamens mpu mpo-
raose v = 1 Ha mare ¢ mpocTO caelyeT PeNreHuio SKCIepTa iy = 1,
a IpHU MPOTHO3e Yy = 2 - CcjeayeT pemteHuto sxcuepra iy = 2. [lomy-
qaeM OeCKOHETHYIO TPAEKTOPHUIO BBIOMPAEMBIX IKCIIEPTOB: i1, 19,
[Ipu paHIOMU3MPOBAHHOM BBIOOpPE IKCIIEPTOB BEPOSITHOCTH BHIOPATDH
9Ty TPAEKTOPHIO, a TaKXKe JIIOYI0 IPYIryio, Ha KOTOPOl HAPYIIAeTCst
ycsosue (4.63), pasua 0.
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CpaBrenne ¢ TeopeMoii 4.2 IOKa3bIBAET, 9TO PAHIOMU3HPOBAH-
HBIIT aJIFCOPUTM, IIPUMEHEHHDBI K IIPOCTOil (PyHKIUHU IIOTEPb, UMEeT
npuMepHo (B 3aBHCHMOCTH OT BbIOOpa napamerpa [ = e ) B 1Ba
pa3a MEeHBIIYIO OLEHKY OMIMOKHU, 9eM JeTepMUHUPOBAHHDIN aJIrOPUTM
B3BeIIeHHOT0 6osbimrHcTBa WMA.

4.7. AJropuTM OTCJIE2KMBAHUS HAMJIYYINeil KOM-
ounaiuu 3KcneproB Fixed-Share

B mpeapraymux pasienax Mbl CPABHUBAJIH IIOTEPU arperupyioniero
aJITOPUTMa, C TTOTEPAME HAWIYUIIero skcuepra. Jpyroit BO3MOKHBIM
MOJIXO, TIpetoKenHblit Xepberepom u BapmyTom B [27], cocrout B
CJIEJIYIOIIEM: CepUsl IIAaroB, Ha KOTOPBIX MPOU3BOJUTCS O0yUeHue, Je-
JINTCSI HA CerMeHThI. KarKI0oMy CEerMeHTYy CTABUTCA B COOTBETCTBHUE
CBOl 3KCIIEPT, IOCJIE/I0BATEIBHOCTh CEIMEHTOB U COOTBETCTBYIOIINX
9KCIIEPTOB HA3BIBACTCS COCMasHbim kcnepmom. 1Llens arperupyrore-
I'0 aJITOPUTMA TAKKe HECKOJIbKO MEHSIETCS — Telephb OH JOJI2KEH IPe/l-
CKa3bIBaTh TakK, LITO6bI 6I)IT]:> HE XYy2Ke KazK/I0T'0 COCTaBHOI'O IKCIIEPTA.

JlarHOE M3MeHeHne [T03BOJIsIeT TOYHee MOAEINPOBATh YCJIOBHUS pe-
aJIbHOM KU3HU, KOr'Jla COCTOAHUE IIPUPO/bI MO2KET MEHATHLCA CO Bpe-
MEHEM U pa3Hble IKCIIEPTHI MOI'YT IIPE/ICKA3bIBATE C PA3HOI CTEIEHbIO
YCHEITHOCTU B 3aBUCHUMOCTU OT TEKYIEero Tpeuiaa. /laHHblil mOIxom
naspiBaeTcs “trackng the best expert”.

B sToMm paszaesne paccmoTrpuM perper 6osiee oOIero BuIa, a UMeH-
Ho, Oy/leM CpaBHUBAThH IOTEPHU AJTOPUTMA SKCIOHEHITUATIHLHOIO CMe-
MIUBAHUS C MOTEPSIMU HAUJTYUIIeil KOMOMHAITME SKCIepToB. B pasme-
Jjte 4.7.1 mbl npuBeneM ajiroputMbl Fxed-Share m CompHedge, B pas-
nese 4.7.2 Mbl JOKayKeM UX dKBHUBaJIEHTHOCTH, a B pasjene 4.7.3 Mbl
[OJIYINM BEPXHIOI OIEHKY perpera ajropurma Fixed-Share c¢ momo-
IIBIO aHAJOTMYHOM oreHKn perpera ajaropurma CompHedge.

4.7.1. CocTtaBHBIE YKCIEPTHI U AJTOPUTMBI JIJIT HUX

Bynem paccmaTpuBaTh 9KCIIEPTOB JIBYX BUIOB. DKCIIEPTOB B CTAPOM
CMBICJIE HA3BIBAEM asemenmaptvimu. meercs N 3jeMeHTapHBIX 9KC-
nepros. Ha mare ¢ sjleMeHTapHEBIN 9KCIIEPT ¢ HeceT IIOTepH [, rie
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i € {1,...,N}. 3a s maroB KyMyJsITUBHBIE IIOTE€PU JIEMEHTAPHOI'O
S
: i_ i
9KciepTa i paBHbl L) = 1lt.

QurcupyeMm ropu3oHT mporunosupoBanus 1. Cocmashvim skcnep-
MOM HA3BIBAETCsI TIPOU3BOJIbHASL TOCIEI0BATEILHOCTD (11,12, .. ., iT)
9JIeMeHTapHbIX 9KcrepTos, rae i; € {1,..., N} mpu j=1,...,T.

Paccmarpusaem asnropurm Hedge(n) st cOCTaBHBIX 9KCIIEPTOB
C MOCTOSTHHBIM TTapaMeTpoM oOydenus 1. OBO3HATUM STOT AJITOPUTM
CompHedge(n). B nporiecce ero paboThl BBIYUCISIIOTCST BECA COCTAB-
HBIX 3KCIEPTOB.

[Tporokos urpsl miast anroputma CompHedge(n) npuBeieHn Ha
puc. 4.10.

Ha mare ¢ cocrasmnoii sxcepr (iy, ..., i, ..., i7) HECET HOTEPU lit,
rne 1 <t < T. 3a s maros, 1 < s < T, KyMyJISITUBHBIE [TIOTEPHU JIe-

MEHTapHOTO 9KcuepTa (i1, .. .,4s, ..., i) paBubl Lg(i1, ..., is,...,i7) =
s

> I3t Bamernm, uro Lg(iy,...,i7) = Ls(i1,...,is). Cormacuo (4.64)

=1

TaKKe BEPHO

. . . . - . . —nllt
W1 (11, ooyt e ey ip) = Wi, ..oy igy ... 0p)e Tt =
t .
o . N DI
= Wi (i1, ly...,ip)e =1 =

= @1 (i1, ... i, ... ip)e MRttt ir)

AHaJormyHbIM 06pa30M OoIIpeesisAeTCsd IOTeHIIua I

Wr= Y (i, ..., ir) =

U1yl

= > dn(iy, ..., ip)e 1T (i), (4.65)

U1 5eee BT

CMemannbie IIOTEepH aJIropuTMa JAJisd COCTaBHBIX 9KCIIEPTOB PAaBHBI

1 1 it
~ ~ /. . . —nl
my = ——In — E Wity ey ity .. ip)e Tt =

U1 5eeelit ey

1
=—h— QDtH(il,...,it,...,z‘T):—Eln ‘;1.
t
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Asropurm CompH edge(n)

[Tycrs wi(i1,42,...,97) — HAYAJLHBIA BEC IKCHEPTA i1,19,...,0T.
[TpeamoaraeM, 9TO 3TH BECa HOPMHUPOBAaHBI. TOUYHOE BBIpArKEHUE
JIUIST HAYAJIBHOTO BECA COCTABHOIO KCIEPTa OyJIeT NPUBEICHO HUKE

(eMm. dopmyiry (4.66)).

FORt=1,2,...,T

Ucnonb3yst Beca COCTABHBIX IKCIIEPTOB, HAKOILJIEHHBIE HA IPEIbIITY-
MUX Tarax, BBIYACIIEM TPOTHO3 PACIpe/ieIeHNs TIOTEPh CPETN dKC-
IIePTOB

Wy (i1, ..., i7) = wt(“""’ZT), Jutst Beex (i1, ...,107).

Z ’Jlt(il, e ,ZT)

(SRR

[osyaaem morepu sKcreptos i npu i = 1,..., N.
Beoruuciisiem norepu anropurma CompHedge(n) Ha mare ¢

7 ~x . . i
ht: E ’wt(Zl,...,Zt,...,’LT)ltt.

U1 yeensltyennsdT

[Tepeorpenensiem Beca BCeX COCTABHBIX IKCIIEPTOB I UCIIOJIb30Ba-
HUS Ha CJIeIYIONIEeM Iare

1
Bgr (i1, gy oo yir) = We(in, e, ip)e ™. (4.64)

ENDFOR

Puc. 4.10: Anropurm CompH edge(n)
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KyMy.HHTI/IBHbIG CMEIIIaHHbIE ITOTEePUN COCTAaBHBLIX IKCIIEPTOB 3a T ma-
I'OB paBHBbI

1 - . )
=——1In Z Wit1 (i1, .- i7) =
" Ul yeenndr

1 ) )
=——1In Z W1 (il, RN iT)einLT(“’”"ZT).
n

i1yeenyd

Asropurm CompH edge(n) Jisi COCTaBHBIX 9KCIIEPTOB (DU3UYECKH
HepeaJin3yeM, Tak KaK YHCJI0 9THX SKCIIEPTOB SKCIIOHEHIIUATBLHO Pac-
rer ¢ pocrom 1. TloaToMy ONpeJIesIsIIOT SKBUBAJIEHTHBIN €My 10 pe-
3yJbTaTaM (PU3NYECKU peasin3yeMblil aJIFOPUTM, KOTOPBIHA paboTaeT ¢
KYMYJISITABHBIME BECAMU.

Pacecmorpum KyMyssaTuBHBIE (MapruHaibHble) Beca Wy (i) 1eMeH-
TapHbIX skcreproB 1ip 1 <t < T ui=1,..., N. Oupenenum

Wi (i) = R (PR FRETE K TR )

Ulyeesbt— 1,50t 5y
s Wy (1)
(i) =
> we(j)

Jj=1

mpu 1 <t < T, a Takxke

Wy (i, ... i) = Z Wity .oy igy gty - - 0T)-
Lt 1yeesdT

C yuerom (4.66) nHmxe, serko BumeThb, 4t0 W1(i) = 1/N m1s Beex
1<i<N.

JlemMma 4.9. /Jlasa MAP2UHAADHDIT 8ECO8 COCMABHBIT IKCNEPMOE Gbi-
NOAHEHDL PABEHCTNGE

- N
W, = El Wy (1)
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Jloxaszameavcmeo. IIpsimoli mpoBepKo#l moJrydaeM

We= > ay(is, ... ir) =

(AR

N
=S Y @ilineisin) = Y (i),

G=1 91,0 i1 it 1y iT i=1

Cwmemannbie morepr (mixloss) aaropurma Jjisi COCTaABHBIX 9KCIEPTOB
PaBHBI

1 1 it
~ . . . _nl
my = ——In — E Wiy vy ipy. .., ip)e Tt =

gl W 11 yeeesbtyeensdT
1.1 Y
=——Iln— Wiy, .- -, 1, ,zT)e_"l% =
I 2

1.1 & -
= — ln —_ 'lI]t (Z’)e_nl% .
n W ;

Bripaxkenue jis hy [IOJIyIaeTCsT aHAJJOTUIHBIM 00pas3oM. A\

OrpejiesiuM Tereph HadabHBIE BECA COCTABHBIX IKCIIEPTOB JIJIsi
anropurma CompHedge(n). Onu 6ynyr HepaBHOMepHbIMEU. DuKcH-
pyeMm mapamerpbl 1 > a1 = ag = ... 2 ar 2 0. Oupenesum

1 T Ot T
@i(in, - oir) = 11 (N_1> II a-a).  (466)

it—170t i1 =1t

B pabore [41] paccmaTpuBaercsi IOCTOSIHHBIN apaMerp a; = & JJist
Bcex t. IlycTn

S(il,...,iT):‘{Siis_l#is, 2<$<T}| (4.67)
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— YHUCJIO IepeMeH JIEMEHTAPHBIX 9KCIIEPTOB B COCTAaBHOM 3KCIIEPTE.
Torna onpejenenue (4.66) npuHIMaeT By

N B
wl(Zh“.’ZT):N(]V_l) (1_a)T (1,0ensir) =1

Mo2KHO 3aMETUTh, YTO U3 OIPEJIeJIeHUsI CJIeyeT, 9To w1 (i1) = % u

o . o ) a
Wy (i1, ooy i) = W1(in, -y it) <N_t11u+17éit +(1— at)lit+1=it> :

YeqoBuble BeposTHOCTH Wi (i1, ..., 4¢41)/W1(i1,...,1) 3a7a10T Map-
KOBCKUI CiydailHblil Iponecc, IOPOXKIAIOMUHA II0CAe10BaTEIbHOCTD
9KCIIEPTOB 1, %2, . . ., IPA KOTOPOM %t4] = &t C BEPOSITHOCTBIO 1 — ¢, I
C BEPOSITHOCTBIO (v B KAYECTBE i¢4] PABHOBEPOSITHO BHIOMPAETCS OJUH
u3 ocrapmmxcsg N — 1 skcriepToB.

AnropurMm Fixed-Share ¢ mocTosTHHBIM TapaMeTpoM 00y IeHtsT ObLT
npeioxker B pabore [27|. Anropurm Fixed-Share onepupyer ¢ “maxk-
posecamu” w; ¢, TAe © = 1,..., N. IIpoToKos Urpsl /I8 ajaropuTMa
FS(n) upusenen Ha puc. 4.11.

3ameuanue. CyiiecTByIOoT JApyrue BapuaHThl anropurMa Fixed-
Share. HerpyaHo 3aMeTuTh, 9TO MOXKHO C(HOPMYIUPOBATH (PUHATID-
HyIo dacTh agroputMa Fixed-Share (puc. 4.11) B cienyrormem Buje:

_ 1
w; e nli

< ‘

—_nld
> wjee” M
i=1

Loss Update: w;’; =

. . . .« N m
Fixed-Share Update: w; ;11 = 3y + (1 — m%) w;'y.
B npyrom apmanTe moxkHO dacTh Fixed-Share Update ompeme-
JINTD
ap & Q
_ m t m _ Y m
Wi = (1 — ar)wyly + N E Wit =7 T (1 — a)wiy.
Jj=1
31echk 0TOOpaHHAS YaCTh BECA IKCIEPTA § PACIIPEIE/ISIETCS MEXK 1y BCe-
Mu N skcrepramu mopoBHY. COOTBETCTBYIOIINE PACCYKICHUST OYILYT
AHAJIOTUYIHBI, IPUBOJMMBIM Jjlasiee (cM. 3ajaun u3 pasjena 4.10).
Crenyromast jeMMa MoKa3biBaer, 4To onepanust Fixed-Share Up-
date He M3MeHSIET BEJIMYUHY HOTEHIIAATIA.
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Anropurm F'S(n)
[Tomaraem w; 1 = % npui=1,...,N.
FORt=1,...,T

Brorunciisiem mporuo3 pacipe/iesieHus MoTephb CPeIn SKCIePTOB

[omyaaem morepu sxcrepros I mpu 1 < i < N.
N .
Borancistem norepu anropurma F'S(n) @ hy = > wl,li.
i=1

Boruncisiem KymysigaTuBHBIE TOTEpH BCexX dKcmeptoB 1 < ¢ < N
aJITOpUTMA.
[Iepeonpenensiem Beca Bcex skcmepToB 1 < ¢ < N B aBa sramna:
Loss Update
mo_ . Nl
w;y = w;e”
Fixed-Share Update
. — m o Qi m
wigr1 = (1 — a)wiy + 77 X wiy
JF
DKBHUBAJECHTHOE OIIPEIeIeHNe JIjIsi BTOPOI'O STAIA:
N
— m
Pool = 231 awyy.
1=

witr1 = (1 — at)wzm,t + —N£1 (Pool — atwft).

ENDFOR

Puc. 4.11: Anropurm Fixed-Share
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N N
Jlemma 4.10. > w11 = Y wl.
=1 )

=1 =

Hoxasamesvcmeo. Cymma He U3MeHsIETCs, TaK KaK Ha IIare ¢ oT
KazKJIoI'o Beca 3a0UpaeTcsl OIS (i, a Bce 3a0paHHBbIe JOJIU BO3BPAa-
MAIOTCS IPYTUM BecaMm. A

N3 nemmbr 4.10 nonygaem

N N N ‘
m —nl}
Wi = g Wi 41 = g wiy = g w; e .
i=1 i=1 i=1
OmpejiesM cMeranuble morepu aiaropurMa FS(n)
N
]. * _ lz’
my = ——1In g wi e
O

W3 npenpiaymux onpeeeHuil MoJydaeM BbIPpayKeHUsl JJIsd CMeIlaH-
HBIX MTOTEPH

N
1 1 i
my = ——In — w; e Mt =
N t =1
1 1 1. Wi
=——In— wiy=—=1
n t; vt n W
Takxe
T T
1. Wi 1
MT = my = ——1In = —— IHWT 1- 468)
e R

4.7.2. Teopema 006 3KBUBAJIEHTHOCTU JABYX aJTOPUTMOB

OkBuBajeHTHOCTD asropurmoB CompHedge(n) u F'S(n) Buepsbie
orMmeueHa B pabore [56], MOJIHOE 10KAa3aTEILCTBO IIPUBEEHO B [41].

Ml oKazkeM, 910 1pu (GUKCHPOBAHHOM TOPU30HTE IIPOTHO3UPO-
Banust T Maprunasibhble Beca Wy (i) anropurma CompHedge(n) st
COCTABHBIX SKCIIEPTOB, B KOTOPOM HAYAJIBHOE DACIPE/ICTICHIE BECOB
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onpe/iesieHo 1o dbopmyie (4.66), u Beca w; ¢ anropurma FS(n) paBHbI
upu 1 <t < T. Orciona Oyjier c/1e10BaTh PaBeHCTBO COOTBETCTBYIO-
X BEJIMIUH Wt, me, Mt u Wy, my, My cOOTBETCTBEHHO.

Teopema 4.11. ITycmw oba anzopumma CompHedge(n) u F'S(n) uc-
noav3yom odur u mom owce napamemp obyuwerua 1. Tozda wy(i) =
wip Onsecer 1 <i<Nul<g<tg<T.

Hoxazameavcmeo. JlokazarebCTBO MaTeMaTUIECKOR MHAYKIUei
o t. U3 onpenenennst Wi (i) = w;; npu 1 < ¢ < N. Ilpeanonoxnm,
910 W (1) = wiy upu 1 < ¢ < N. JdokaxeM, 910 Wi41 (1) = W41 A
BCex i. U3 onpeiesieHnss IMeeT MeCTO CJIelyIomas IMelnouKa PABeHCTE:

(i) = Y i, i i, i) =
2 P P O

3L
Z e =L Wiy, ..., 0t,1) =
'l

t .
/DI ) a
= Z e s=1 (Zl, ey lt) (]\f—tlliﬁéi + (1 - at)liti> :(4.69)
U1 5eeeyit
I L [o%
= ey (i) (N N i+ (1= at)liti> =(4.70)
_nlit at
=D e My (]\Hliﬁéi +01- at)h‘m) =(4.71)
i
m ai
= wzt,t (]\]'_11115751 + (1 - at)lit=i> :(472)
it
e (1-— at)wﬂ =
it i
= Wj t+1-

Baeck npu nepexojie ot (4.69) k (4.70) 6bLIO UCIIOJIB30BAHO PABEHCTBO

t—1 .
~ - . . . o I
’U)t('lt) = Z 'wt('ll, . .,Zt) = Z w1(11, . ,Zt)e s=1 ° ,

115yl —1 115yl —1
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upn nepexogie ot (4.70) k (4.71) 6bLIO NCIIOTH30BAHO IIPE/IIIOIOXKEHIE
ungyKimn We(iy) = wj, ¢, a upu nepexozxe or (4.71) x (4.72) 6bLio
UCIIOJIb30BAHO onpesenenue w;,',. Taxum obpasom, mpemionoxenue
WHJIYKI[MU BBIIOJIHEHO U Ha mare ¢t + 1. A

ITockombKy Bee Bemanubr Wy, 1y, My onpenenenst depes (i), a
Besmaunel Wy, my, My onpeseiieHbl uepes Beca wj ¢, MOJLyIaeM CIIe/l-
CTBHUEC.

Caencreue 4.9. Ilycmwv oba anrzopumma CompHedge u FS ucnoav-
sylom odun u mom oice napamemp obyuwenus n. Toeda Wy = Wi,
Tht:mt, Mt:Mt UHT:HT.

- T .
Baecy Hp = > hy — Kymyasarusable norepu ajropurma CompHedge(n)
=1
T
u Hp = > hy — Kymyasituable 1oTepu ajaropurma FS(n).
=1

4.7.3. Perper anropurma Fixed-Share

Ouennm Besmauny Mp = —% In W1 9epes morepu mpoU3BOJIBLHOTO
COCTaBHOI'O 9Kcepra. JIjist 5T0 BOCHOIb3yeMCsl 9KBUBAJIEHTHOCTD AJl-
ropurmoB F'S(n) u CompHedge(n), Touanee, paBeHCTBOM UX OCHOB-
HBIX XapaKTEPUCTUK: WT =Wrn Mt = M;.

ITo cnencrBuio 4.9 Besmunna Wryp = VVTH. ITosromy cormac-
HO paBeHcTBaM (4.68) u (4.65), st J1IOGOrO COCTABHOIO 9KCIEPTA

i1,...,i7 Oymer
. ) | )
My < Lr(i1, i2, ..., iT) — Elnwl(ﬁl,lza---,ZT)

YuurbiBast Beipazkerue (4.66) jjist HAUATBLHOTO BECA SKCIIEPTA 11, . - . , i
B anropurme CompH edge(n) MOIyIUM CIIAYIONLYIO OIEHKY IS Pe-
rpera KyMyJIsSITUBHBIX CMEIIAHHBIX TOTephb ajropurma F.S(n).

Teopema 4.12. Jlaa npouseosvbH020 cOCMABHO20 IKCNEPMA L1, . . . , IT

MT — LT(il,iQ, ce ,’iT> <

T T
g—:}ln % I1 (Na_tl) I] ¢-an]. (4.73)

Tp—1=1¢
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B wacTHOCTH, IIPH MOCTOSIHHOM NapaMeTpe oy = ( HEPABEHCTBO
(4.73) upesparraercst B

MT — LT(il,iQ, .. .,iT) <

S(’L’l,..A,Z‘T) . .
T

rje BesuauHa S(i1, . .., i) oupejesena 1o (4.67).
BaTa/mM mapamMerp ¢ = gy
HepaBeHCTBa (4.74) oleHUBAETCsI CBEPXY BEJIMIMHOI

ansi Beex t. Torma mpaBast 4acThb

In N + Z (In(t + 1) + In(N Z 1n<1—t+1> <

it—170t Tt—1=1¢

n
1

T
n(lnN+k:1n(T+1)+kln( —-1) +2Zt+1> <

<Lk +DMT+ 1)+ (k+1)InN) +2).

3

Cormaco jiemme 4.9 KymyssiTHBHbIe morepu ajaropurma FS(n)
paBHBI KyMy/ITUBHBIM 1orepsiM ajaropurma CompHedge(n): Hp =
Hyp. st onenku noreps anropurma CompH edge(n) npuvenum mepa-
BeHcTBO Xedygmura (cMm. HepasencTso (4.50) coepcrsust 4.3 u Teope-
My 4.7) K cocTaBHBIM 3KcrepTaM. B pesyiabrare MOIydaeM OIEHKY
perpera ajgropurma F'S(n) B cilydae OrpaHUYEHHBIX OJHOIIAIOBBIX
[IOTEPb.

Teopema 4.13. [Iycmo wa kastcdom waze t 3nauenus I nomepwv axc-
nepmos saestcam 6 unmepesase daunot L eeuecmeennoti npamot. To-
2da dasa A106020 M

HT_ . min LT(ila"'viT) <
5(i1,507) <M

nL*T
8

< ;((m—l—Q) (T +1) + (m+ 1) ln N) +2) + (4.75)

05t NPouseosvrozo T'.
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[Ipu 3amaHHOM TOPU30OHTE MPOTHO3MpOBaHUs 1 W Mapamerpe m
ONTUMU3UPYEM IIPABYIO YaCTh 3TOI OIEHKHU 110 1) U MOJIydaeM

_ 8((m+2)In(T +1)+ (m+1)InN) +2)
"_\/ LT

HepasencrBo (4.75) npu TakoM 3HAYEHWHU 1) IPUHAMAET BUJI

Hr— min  Lp(iy,...,i7) <
8(11,yeeeyiT)<M

< L\/;T((m+2)ln(T+ 1)+ (m+1)In N) +2).

4.8. CxeMbl CMeNINBAHUS aIlIOCTEPUOPHBIX pac-
npeJesieHniA 3KCIepPTOB

B sToMm pasmene paccMOTPUM METOIBI CMEIIMBAHUS AIIOCTEPUOPHBIX
pacrpejiesieHuil 3KCIEPTOB ¢ UCIOJIB30BAHUEM CXEM CMEITUBAHUS 06-
mero Buja (mixing past posteriors — MPP), npemoxennsrit B pa6o-
re [14].

[TpeBapuTeIbHO U3y UM CBOCTBO OTHOCHTEILHOMN SHTPOINH (pac-
xoxiennsi Kynnbaka—/Jleitbepa)

n
i
D(pllg) = piln .
i=1 v

rje n — IPOU3BOJIBHOE HATYPAIbHOE YUCIO, P = (P1,...,Pn), ¢ =
(q1,...,GQn) — DIIEMEHTBI N-MEPHOTO CUMILIEKCA A, T.e. pacupesese-
HUsI BEPOSITHOCTEN HA KOHEYHOM MHOYKECTBE M3 M 3jeMeHTOB. [Ipe-
nosaraeM, uro 0ln 0 = 0.

HepasenctBa p > ¢q, p =2 ¢q, p = 0 Ha BekTOpax OyIeM MOHH-
MaThb IIOKOMIIOHEHTHO; 31€Ch O — BEKTOD C HyﬂeBbH\/H/I KOOpaAuHaTaMM.
B manbmeiimem 6ymyT HCIOJIB30BATHCA CACAYIONIIE CBOMCTBA OTHOCH-
TEJIbHOW 9HTPOIINN.

Jlemma 4.11. Jas mobwvix p,q, w € A, maxuzx, wmo ¢, w > 0 6ydem

D(pllg) < D(p|lw) +In (ZHq”) .

i=1 v

280



Ecau q > Bw dasn nexomopozo wucaa B> 0, mo

D(pllq) < D(p||w) +1n[13.

B wacmmocmu , npu p = w 6ydem D(wl|q) < ln% npu q > pfw

Zoxaszameavcmeo. I3 Boruyroctu Jjiorapudma 6ymaer

D(pllq) — D(p[w) = sz ln— < (4.76)

<lIn (Z@?) .
i=1 v

n
Ecmn x Tomy xke ¢ > fw, Gymer Z pZ L <> i 6111}11
i=1

_1
=3 A

N3 jremmbl oty gaem Ba}KHOG ,ILHSI ,ZL&JIbHeﬁHIeFO CJIEJICTBUE.

t
CaencrBue 4.10. IIycmv p € A, u q = Y, fiw;, 2de w; € Ay,
i=1
w; >0 npu 1 < t, 8= (B1,-.-,08t) € Ay u 8> 0. Toada
1
D(pllq) < D(pllw:) HHE
(3

oas A106020 i. B wacmuocmu, npu p = q umeem OUEHKY pacrostcde-
HUA MENCOY NPOU3EONLHBIM INEMEHMOM W; SBINYKA0T KOMOUHAUUET
U 6EKMOPOM BLINYKAOT KOMOUHAUULU:

t
1
D (wzH E 5lwz> < lnﬁ
i=1 ’

ona 4106020 1.

B pasbreiimeMm Ha KaxkgoM mare 0 < ¢t < T Bekrop w® =
m m
(th, ce, W N’t) OyJeT IpeJCTaB/IATh HAKOIJIEHHbIE HOPMUPOBAHHBIE
Beca N 9KCIepTOB Ha 9TOM Irare. HoBoe ammocTrepropHoe pacipeie-
AeHue Wit1 = (Wit41,..., WNt41) SKCIEPTOB (JIJIs UCIIOIB30BAHMS
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Ha mare t + 1) Gyaer onpeiensThCcs B BHJE BBITYKJIONH KOMOMHA-
t

i wip = ., Bw™ ¢ Becavm BT 0 < s < t, e w™ =
s=0
(s, ..., Wi ) — BEKTOp HODMHUPOBAHHBIX BeCOB 3KcrepTos {1,..., N}

Ha mare t. B KoopJiiHaTaX 9Ta ollepaliid 3aIllUCbIBACTCA B BUIE Wj t41 =

2y

t
t+1 :
> A ™ npn 1 < i < N.
s=0
Bexrop A = (B, ... BITY) naswsaerca cxemoti cmewusa-

t

nus. s wero semonnerno Y BT =1u L > 0mpn 0 < s < ¢
s=0

Bekrop B! 3amaer Beca, ¢ HOMOIIBIO KOTOPHIX CMEIIMBAIOTCS HPO-

HIble paciipejiesienns dkcrepToB. OH MOXKET 3aHOBO 33/IaBAThCS HA

KaKJIoOM mare t.

AJITOpUTM CMEIUBaHUS ATIOCTEPUOPHBIX PACTIPEIETICHNN JKCIEp-
ToB MPP mpusenen na puc. 4.12. B orninume or paHee paccMOTpeH-
HBIX aJI'OPUTMOB SKCIIOHEHIIMAJIBHOI'O CMENINBAHUS STOT AJITOPUTM
HCIIOJIB3YeT He TOJBKO TEKYIINe HAKOILIEHHBIE Beca SKCIIEPTOB, HO OH
TaK»Ke CMEIIMBAET 5TH Beca W BCe BeCa, HAKOIIEHHBbIE HA IPOIILIBIX
marax. 9To MO3BOJIIeT He 3a0bIBATh MPOIILIBIE YIATHbIE KOMOMHAIIAN
9KCIIEPTOB JIaXKe, eCJIN JIOKAJIbHO Ha JIAHHOM Iare 3TH SKCIIEPTHI HEC-
Jin Gostbinue rorepu. Eciim B OyaylneM Takue SKCIepThl BHOBL OyeT
HECTU MAaJible TIOTePH, UX Beca ObICTPO BO3PACTYT.

[IpuBenem rnpuMepbl CXEM CMENTUBAHUS.

Ipumep 1. 7 =1 u B! = 0 npu 0 < 5 < t. B srom ciy-
qae, [MoJIydaeM OOBIYHBIN aJrOPUTM KCIOHEHIIMAILHOTO CMEITUBAHUS
Hedge(n) :

wjge” M

N J
> wje M
j=1

m
Wi,t4+1 = Wit

TSI BCeX ¢ U t.

IIpumep 2. /Ipyrue BapuanThl CXeM CMEITUBAHUS MOT'YT OBITD 10~
JIy9eHBI cJieytonuM obpazom. COOTBETCTBYIONINE AJTOPUTMBI OYJIy T
naspBarhest Fixed-Share. B stux cxemax cmermuBanms S = 1 — a

t—1
u Y B = o, pu sToM,
s=0
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Asgropurm M PP
m

Hapamerp 7 > 0. Ionaraem w;,1 = w;'y = % npu ¢ =1,...,N.
FORt=1,...,T

[Tonyuaem norepu skcreproB I} upu 1 < i < N.
N
. — . (2
Brerancasem norepu anropurma M PP : hy = Zl w41}
1=
[lepeonpeesisieM Beca BceX IKCIEPTOB B JIBA dTAIIA!
Loss Update

—nlt
w; e 1t .
2 wje
j=1
Mixing Update
Boibupaenm cxemy cMemmuBanns [ = (Bé“, ey f“) U OIPeIeTUM
t
wi,tH = E ,3§+1’w”; opu 1 < 7 < N.

s=0 "
ENDFOR

Puc. 4.12: Anropurm MPP cMemmBanus anocTepuopHbIX pacipe/ie-

JIEHU 9KCIIEPTOB

e (i) (t)‘H = «. B sroMm ciyuae, mosrydaeM BapUAHT aJITOPUTMA
FS(n) ¢ nocrosiaabiv nmapamerpom 0 < ar < 1:

o
——l—(l—a)wﬁ

Wi t+1 = N

TS BCeX ¢ U t;

o (ii) Bt = Z 1pn 0 < s <t — paBHOMEPHOE BJMSHUE HPOIILIOTO;

t—1

o (iii) B! = (t—O;)vZ% mpu 0 < s < t, e Z; = Zoﬁ -
s=

yObIBaIOIIee BJIMAHAE MPOILIOro (31ech 7y > 0).

Anamus aaroputma MPP.

MBI HECKOJILKO pacCIIUpUM TOHATHE perpera. Pambiime Mbl cpas-
HUBaJIA IIOTEPU CMEIIMBAIOIIEI'O aJrOPUTMa C IIOTEPSAMU HAWJILy YIIero
3a JIlaHHBI 1IeproJ| sKcepTa. Teneps, cienys pabore [38], Mmbl Oymem
CPaBHUBATH MMOTEPH CMEITUBAIONIETO AJITOPUTMA C IIOTEPAMU HAMUTY Y-

el BBIIYKJION KOMOWHAIINN TOTEPh IKCIIEPTOB.
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T
Hanomuum, uro L, = l} — KyMyJISITUBHBIE IIOTEPH SKCIIEPTA
t=1
T
i,1 <1< N, Hp = ) hy — KyMyJIaTUBHBIE TIOTEPU AJITOPUTMA 34,
t=1
rnepsbie T’ 11aros.

O6ozmaumm Iy = (1}, ..., 1)) — BekTOp MOTEPH BCEX KCIEPTOB Ha
. 1
mare t. Taxxke my = —% > wize i cMeraHmble TOTEpU Ha Imare t,
i=1
T

M = )" my KyMyJIsiTUBHBIE CMeIlIaHHBIe TI0TepH 3a epse 1 1aros.
t=1

Ncnonb3ys nepaBeHcTBO XedauHra MOXKHO MOJIYIUTb hy < my —|—g
u Hy < M+ %7 a1t moboro t. Ilpeamnonaraem, 9To moTepu 9KCIEPTOB
JexaT B emHIIHOM nHTepsase: [} € [0, 1] ms Beex @ u t.

Bynem paccmaTpuBaTh BBITYKJIbIe KOMOUHAIIMH [IOTEPb IKCIIEPTOB

N .

ua mare t: (g - lt) = D qidl}, vae ¢ = (qu ¢, - -, qNt) € AN — BEKTOD
=1

CpaBHEHUA IIOTEPb. !

[Tosraraem ﬁé = 1. OueHuM CBepxy KyMYJISTUBHBIE CMEIIAHHBIE
norepu ajropurma MPP.

Teopema 4.14. /[aa npoussosvhvirt, 0 < s < t—1, u npousdsoivrozo
sexmopa cpasnenus q; € Ay 6ydem

1

me < (qe - ly) + ;(D(Qtuwt) — D(q¢||lwi™)) < (4.77)
<o)+ (D(qtnwm = D(@flw) +n ;) L)

Jlokazamenvemeso. Vcnonwsysi (4.76), mosyanm HepasencTso (4.77)
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CJIEIYIONIAMU TTPEO0PA30BAHUIMU:

1, < -
my = —— anw@te_”l% =
Ot
i1 ol J
= Zq” I+ lne i — fanwjyte_"lt =
N
N
= Z gicly + 1
=1 N

= (g - 1t) + —(D(gellwe) — D(ge[lwy”))-

Hepagsencrso (4.78) caemxyer uz (4.77) no caejpcrsuio 4.10. A
ITpumenum teopemy 4.14 111 HEKOTOPBIX CXEM CMEIIMBAHUS U3
npuMepoB 1-2.
Ipumep la. B =1 u B = 0 upu 0 < s < t. B stom ciy-
Jae, MMeeM aJIlOPUTM 3SKCIIOHEHIMaIbHOro cMmemmBanus Hedge(n):

w; ¢

=

it
w; e 't .
Wi 41 = Wi = N”ij JUIA BCexX 1 | t.

> wj e M
=1
PaccMaTpuBaeM IIOCTOSHHYIO BBITYKIYI0 KOMOWHAIINIO TIOTEPh IKC-

nepToB Ha Beex mmarax. CymmmpyeMm HepaeHCTBO (4.78) 1pu mocro-
SHHOM BeKTOpe cpaBHeHus ¢ = q o t = 1,...,T u nonydaeM

T

T
<> (a-1) + = S (Dlallwr) - Dlgllw)) =
t=1 U
T
=S (g ) + ~(D(gllwr) — Diglwp)) <
t=1

T
<3+ D(qnwo.
t=1

ITpu nepexojie OT IEPBOrO PABEHCTBA KO BTOPOMY HCIIOJIb3YEM PaBEH-
CTBO Wy = W}, KOTOPOE UMEET MECTO JJIsl CXeMbI CMeNTHBaHust ¢ 3
storo npumepa. Coce/iHne ciaracMble BEIMUTAEMON CYMMBI COKpaIlia-
I0TCs1 M OCTAIOTCsI TOJIBKO II€pBOeE U Iocsie/iHee ciaraemble. Ilocennee
HEPAaBEHCTBO MMeeT MecTo, Tak Kak D(g||wl}) > 0.
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Takum 0O6pa30oM, MBI JOKA3aIN CJIEIYIONIee YTBEPXK IeHNUE.

Ilpennoxkenue 4.1. /las a106020 ¢ € AN 0as 06020 T 6vinosrero

HEPABEHCTNEO
T

1
Mpr <) (q-1)+ ED(C]HUH)'
=1

Kpome amozo,

T

1 T
Hy <3 (a1 + Dialwn) + 5.
t=1

Bropoe HepaBeHCTBO CJiejlyeT U3 HepaBeHCTBa XedIUMHTa U TP/l
rostoxkernst 0 < l% < 1 upwm Bcex ¢ u t.

Cranmaprras onenka jiyist aaropurma Hedge(n) mosydaercs: npu
g = (0,...,1,...,0). B srom ciyuae, w; = wj' = (%,,%) u
D(q||lw1) = In N. B pesysbrare, nosyuaem onenkn My < L + % u
Hpr < Lﬁ;p + % + % JJIs IIPOU3BOJILHOIO 1.

ITpumep 2a.

B wacru (i) mveem cxemy cvemmBamms Si70 = 1 — o, 1 =0
mpu 0 < s<twu ﬁéﬂ = ov. D970 BapuanT ajgropurma F'S(n): w;41 =
¥ T (1 = a)w}y nna seex i m t.

[TpeaoioKuM Terepb, 9TO BEKTOP CPABHEHUS ¢ M3MeHsieTcsl k
paz mpu 1 < t < T. Ilycrs t1 < tg < ...t — Te miaru, Ha KOTO-
PBIX MPOUCXOIAT M3MEHEHUs, T.e. i, 7 Gty W Gt = ¢—1 JJIs BeexX
oCcTaJIbHBIX Iaros, rae t > 1. Ilomaraem tg = 1 u ¢ty =T + 1. Ilpu-
MernM Teopemy 4.14 s pacnpenenenus 317! s (i). Hamommmy, aro
wi1 = w;y = % npu i =1,...,N.

)

Ilpennoxkenue 4.2. /s moboti nocaedosamesrvhocmu T eexmopos
cpasnenua q; ¢ k usmeneruamu

k
! "
Mr <Y (g 1) + - > (Dlay, llwr) = Dlas, iz, 1) ) +
t=1 77jzo
tlmii ko (4.79)
n Ila n Ill_a. .



Joxasameavcmeo. IlpuMeHuM Ha KarKJIoM Inare t HepaBeHCTBO
(4.78) Teopembl 4.14 njisi MOAXOJSIIETO S.

B sTOM HepaBeHCTBe, €CIM ¢ = Gi—1, TO IojaraeM s = t — 1 u
ucHosb3yeM cxeMy cMemmBanus 3, =1 — a, T.e.

1
1—a’

1 1 1
e < (G- l) + 2 Dlaelwizy) = 2 D(@l|wi”) + 2 n

Ipu t = 1 momaraem s = 0 u B} = 1. Ilo onpexenenmio wj' =

(%, e %) [Momyuaem

1 1
my < (qu-h) + ED(meB”) - Pladvr).

Jlns maros t, rue IPOUCXOOMIIA U3MEHEHUs] BEKTOpPa CPABHEHUS: § =
t4
t1,...,t, nomaraem s = 0, 3/ = «, T.e.

1 1 1.1
my, < (gt - i) + ED(qthwg”) - ;D(qthw{?) + Hln o

CkJajipiBaeM BCe 9TH HepaBeHCTBa Tpex THIoB. O IMHAKOBBIE 110 abCOo-
JIOTHOI BeJIMYMHE U Pa3HbIE 110 3HAKY CJIaraeMble BHYTPU HHTEPBAJIOB
COKPATATCSA, OCTAHYTCS TOJHKO HAYAJIBHBIE U KOHEUHDIE JIJIs KAXKI0-
ro uHTEpBaJja pasbueHus ciaraembie. KpoMe 9Toro, Hadaay Kazioro
UHTEPBAJIA COOTBETCTBYET JIONMOJHATEIBHOE CIAraeMoe % In é, a Kaxk-
JIOMy mary t, rjie g = ¢¢—1, COOTBETCTBYET JONOJHUTEILHOE Clarae-
Moe %ln ﬁ Takux JOMOJTHUTENIBHBIX CJIAraeMbIX IIEPBOTO THUIA — k,
a sroporo Tuna I’ — k — 1. B nrore monywaem (4.79). A

[Tycts BekTOpBI cpaBHenus: ¢ umeror Bug ¢ = (0,...1,...,0) u
Ha mrarax 1 < t < T npoucxoanT k M3MeHEHU TaKUX BEKTOPOB. 1o-
ria D(g,|lwg') = In N npu 0 < j < k n onenka npejyioxkenus 4.2
[IPeBpaIaeTcs B OleHKy ajropurMa Fixed-Share mpu nmoctosiHHBIX m1a-
paMerpax 1) u o.

Caencrsue 4.11. /Jlaa a106020 cocmashozo akcnepma iy, . ..,i7 ¢ k
USMEHEHUAMU INEMEHMAPHBLT IKCNEPMO6 bydem

1 1 1
MT <LT(il,...,iT)+f(k+1)lnN+7kln—+
n n «

1
—(T'—k-1)1
o .
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a mawoice

1 1 1
Hpy < Lp(iy,...,i7) + —(k+1)InN + —kln— +
n n o

Tn
1o 8"

1
+—(T—k—1)ln
n

Bamernm, UTo I arperupyroiiero ajropurma Boska (cMm. ria-
By 5) hy < mp u Hp < My u nostoMy HeT HEOOXOMMOCTH UCIIOJb-
30BaTh HEPABEHCTBO XedIUHra U MPEIIIo/IaraTb OrPAaHUIeHHOCTD 110~
Tepb I} 3KcrepToB. [y 9TOro aJropuTMa ClaraeMoe % OTCyTCTBYET.

Ouenku perpera ajropurma MPP st cxem cmemusanus u3 (ii)
u (iil) npusesennl B pabore [14]. HucsieHHbIE SKCIIEPUMEHTBI, IPUBE-
nennbie B pabore [14], mokassiBator 6os1ee BbICOKYIO 3hHEKTUBHOCTH
9THUX CXEM CMEIMBAHUS [0 CPABHEHHIO CO CXeMoil cmerrmBanust ().

4.9. Ilpesckazanus C 3KCIePTaMHU B YyCJIOBUSX
9aCTUYHOT'O MOHUTOPUHTA

PaccMOTpUM OCTAHOBKY 331441 TIPEJICKA3aHKsI ¢ IKCIIEPTAME B YCJIO-
BUSIX YACTUYHOIO MOHUTOPHMHIA OKpyzKamomeil cpeapl. B sTom coy-
qae, IpU NPUHATHU PEIICHUs, IPEJICKa3aTeIb MOXKET HE MMETh J0-
CTyla K IOTE€PsAM 3KCIEPTOB Ha MPONLILIX IMarax, a TakkKe K CBOUM
[OTEPSIM, OHECEHHBIM BCJIEJCTBUE PUHATONO UM pelleHus. Bmecro
9TOr0, €My ITIPEJIOCTABISAETCS 3HAYEHNE HEKOTOPON BEJTMYUHBI TIPOU3-
BOJIHOIi OT 3TuX 10Teph. [IpuBenem xapakrepHbiit npumep (cm. [41]).
Ha ovepeuom paysgze ¢ mnpogaser; (IpecKa3arTesib) yCTAHABIMBAET
LIeHy HEKOTOPOro TOBapa B pa3Mepe ¢, IPH 3TOM €My HEeH3BEeCTHA
MakcuMmaJibHast 1eHa wy € {1,..., N}, KoTopyIo roToB 3a1aTuThb I10-
Kymnaresb. B 9ToM ciiydae, B KOHIIE payHja ¢ [IpojaBer HeceT MOTepH

(wt - 'Yt)l’}'téwt + Cl’}’t>wt
N b

l(wta%) =

KOTOPBIE OTPAYKAIOT €ro HeJIOMO/IYIeHHYIO TPUOBLIb OT CJAUIIKOM Ma-
JIEHBKO#1 (10 CDABHEHUIO C OXKHJIAHUSIMU MOKYIIATEJIs1) eHbl WU T10-
TEpU OT TOr0, YTO TOBAP HE ObLI HPOJAH. 3/eCh ¢ — IOJIOKUTEIbHAS
KoHCTaHTa. IIpu 9TOM, 0COOGEHHOCTD MPOOJIEMBI 3aKII0YAETCSI B TOM,
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FORt=1,2, ...

IIpupoda BEIOHpaET MCXOM, Wy, HO HE MOKA3BIBAET €ro IPeJCcKa3aTelo.
IIpedcrasamens BeIIAET IpeJCKa3aHue 7y (HO He 3HAET BEJIUIUHY CBO-
ux 1morepsb Iy = (Y, wy)).

IIpedcrasamens noaydaer Bemauny orkiauka hy = h(vyg, wy).

ENDFOR

Puc. 4.13: Urpa ¢ npeacka3aHusiMi B YCJIOBUSAX YACTUIHOI'O MOHUTO-
pUHTa

qTO IpoJJaBel] HUKOI'1a He 6yﬂeT 3HATh 3HAYCHNE BECJIMYINHBI Wy 1, TEM
caMbIM, 3HAYEHUsI CBOUX II0Teph. BMECTO 3TOr0, B KOHIIE 0YE€PEITHOTO
payHja t eMy U3BECTE€H TOJIbKO PE3YJIbTAT V¢ < wy WK Yy > wy (ObLT
KyIIJIEH TOBAap WM HET), T.e. 3HadeHne dyHkuun h(ye, wr) = L1y, <u, -

Bosuukaer 3a/iaua nocTpoeHust (PaHIOMU3UPOBAHHOIO) aJIlOPUT-
Ma, KOTOPBIIl yCTaHAB/IMBAJ Obl B PEYKUME OHJIAH MEHDI Yy TAK, YTOObI
CpeJIHUE 110 BPEMEHM HOTEepU POoJaBiia ObLIn (¢ BEPOSITHOCTHIO €U~
HUIA) OJU3KHA K MAHIMAJIbHBIM:

T T
1
T ;l(wt,%) - 12%21}\/2“@"%) — 0 npu T' — 0.

Cumraem, uro v € {1,..., N}. Takum 06pazom, IpojaBIly U3BECTHA
marpuna {h(i, j )}f\;:l BCEX BO3MOXKHBIX OTKJIMKOB OKDY2KCHUS.

MoxkHO pacMaTpuBaTh 3TOT Iporecc B obimiem ciaydae. Vmeercs
dbyukuus moreps (i, j) € [0, 1] u bynkus orkauka h(i, j), rae i,j €
{1,...,N}.

[IpoTokos cOOTBETCTBYIONIEH UI'PBI IPeJICTaB/IeH Ha puc. 4.13.

CoOTBeTCTBYIOMMIT AITOPUTM M OLIEHKA €ro perpera MpUBeIeHbI B
kuure [41] (pasuen 6.4). Mbl pacemorpum 31Ty 11pobsiemy B HauboJiee
3HAYMMOM YaCTHOM CJIydae.

qaCTHbH\I cJIydaeM 3ada491 InpeacKa3daHnd ¢ YaCTUIHBIM MOHUTO-
PUHIOM SBJISIETCS TaK HasblBaeMas “TpobjieMa MHOTOPYKHUX OGamiu-
toB” (multi-armed bandit problem) (cm. 06z0p [17]).°

539ra, TepMuHOTOTHS BO3HUKIA U3 peanbHoit xkusaw — B CIITA HasbBaIOT Hr-
paJibHBIi aBroMaT — “one-armed bandit”. VImeercst HECKOJIBKO UTI'PAJIBHBIX aBTOMAa-
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B sTom ciiygae, mpejicka3aTesb B pe3yIbTaTe CBOETO JIEHCTBUS MO~
JIy9aeT TOJIHBKO COOCTBEHHBIE TIOTEPU U HE UMEET JOCTYTIa K MOTEPSIM
JIPYTHX 9KCIEPTOB.

Dra 3aaua IepBoHaYAILHO Oblia copmyuposana Pob6urcom [44]
B CTOXACTUIECKON IIOCTAHOBKE, IPU KOTOPOH MPEIIOIAraeTcsl, 9To 0~
TepU KayKJIOT0 IKCIEPTa TEHEPUPYIOTCST CIY I HBIM 00pa3oM HE3aBU-
CHMO OT TIOTEPH OCTAJBHBIX SKCIEPTOB C ITOMOIIBIO0 (DUKCUPOBAHHO-
ro TMPUCYIIEMY €My pachpejiesieHusi BeposiTHocTell. BepositHocTHBIE
pacipeesieHust SKCIEPTOB UMEIOT PA3JIMYHbBIE CPEIHUE U HEM3BECTHDI
TIPEJICKA3ATETIO.

[Tpu Apyroil, MUHUMAKCHON (MM aJAlTUBHO BpPazKIeOHOIM), mo-
CTAHOBKE MBI HUYIETO HE TIPE/ITOIATaeM O TPUPOJIE UCTOUHUKA, TPET-
cKazaTesb UMeET JIEJI0 TOJIBKO ¢ UCTOPUIECKON TOC/IeI0BATEIbHOCTH
norepsb [11]. Dra nocraHoBKa OyeT paccMOTpeHa B JAHHOM pasJele.
ITpo o6e mocranoBku cM. B 0630pe [17].

IMepexoaum K M3JI02KEHNIO 384491 B MUHIMAKCHOM TocTanoske. Ha
KaxkJIoM miare t [Ipedckazamenn Beibupaer HoMep I skcnepra (“pyu-
Ky aBromara) u HeceT norepw Iy, ;. Hovepu ¢, ¢ # Iy, i =1,..., N,
BCEX OCTAJBHBIX IKCIEPTOB Ha Tare t eMy HeJIOCTYNHBI. Perper a-
FOPUTMA OTIPEJIEACTC KaK

T T
RT == E llt,t - mjn E l@t.
=1 -

Hanpuwmep, ecim IIpedckasamens seibpan Iy = 1, 10l = 1uly; = 0,
a ecu Ilpedckazamenn Boiopas Iy = 2, To l1; = 0 u loy = 1. Jlerko
BUJIETD, 9TO Kak Obl [Ipedckazamens ue Boibupad Iy 6yner Ry > T'/2
it Beex 1.

Tem He MeHee, MOXKHO JTOOUTHCST IPUEMJIEMOTO CPETHETO perpera,
€CJIM IPUMEHSITh PAHIOMU3UPOBAHHBIE CTPATErun JJisi BbIOOpa, I.

Howmep skcnepra Iy MozkeT OBITE cirydaiinoit Besmaunoit (IIpedcka-
3amens NPUMEHSIET PAHIOMUBAIMNIO 110 HEKOTOPOMY PACIPEIeIeHUIO

ToB. Ha Kark/1oM payH/ie UI'DOK JiepraeT 3a PYYKYy OJHOI'O M3 aBTOMAaTOB U IIOJIY-
YAET BBIMIPHII (MM MPOUTPHII). [Ipr 3TOM OH He 3HAET, KAKOM BBIUTPHINI OH ObI
TIOJTy IUJI, €CJIi OBl JIeprajl pydKu APyrux aBromMaToB. llepes urpokom crout mpo-
O6seMa BbIOOpA aBTOMATa JJIsl UI'PHI HA CJIeNyIomeM payHue. lanHas 11oCTaHOBKA
aKTyaJIbHa BO MHOI'MX >KM3HEHHBIX CHUTYyallUsIX, I'Je HaJO IIPUHUMATH DEIIeHUd B
YCJIOBUSAX HEOIPeJleJIeHHOCTH.
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Aaropurm Exp3

3ajianbl TapaMeTpbl 00ydeHust 11 > 1jg > --- > (0 U HAYAJIBHOE pac-
npeJieicHue p; = (%, e %) ma N 3KcIeprax.
FOR t =1,2,

IIpedckasamensv BeibUpaeT Iy ~ p; m HeceT motepu Iy, ¢

lie
IIpedcrazamens BEIYUCISIET OIIEHKY IOTEPL SKCIEPTOB lzt = i 17—,
a TaK>Ke OIEHKY KyMYJISITUBHBIX IIOTEPh LZ 4= LZ 4—1+ lZ 4

[TpoM3BOAMTCS TIEPECTET BEPOATHOCTHOTO PACIPEIETEHUS Pyt 1
—ntLy
e E)

Dit+1 = m——— upn 1 <7 < N.
3 e~ MLt
j=1

ENDFOR

Puc. 4.14: Anropurm Exp3

BEPOATHOCTER P, KOTOPOE BBIUYUC/LAET B Ka4yeCTBE IIPOrHO3a HA KaXK-
JloM paysjie t urpsi). B aTom ciryuae perper Ry siBiisiercst ¢ty daiiHoi
BEJIMYNHON, TaKKe UMeeT CMBIC PACCMOTPETh MaTEMAaTUIECKOe OXKHU-
JaHue perpera

T T
E(RT) = EItht Z lIt,t - H]-Zln Z l’i,t
t=1 t=1

AJITOPUTM ¥ COOTBETCTBYIOIIAS UI'Pa IIPEICTABIEHbI Ha puc. 4.14.

Teopema 4.15. IIycmov 0 < l;; < 1 das ecex © u t, a napamemp

06YyHeHUA nepemeHtull U umeem eud 1y = IHN . Tozda

Eltwpt(RT) < 2 TN ].HN

T
dna kascdozo T, ede Ry = Y Iy, — minj<icn D liy.
i=1 t=1
Zloxazamenvcmeo. Tlokaxkem, 4TO st JIFOOOIM HOCJIG,ZLOBaTeJIbHO—
crm 1 > My > -+ > 0 Oymer Erp, (Rr) < N Zn + lnN pinjet

Kaxk 1010 1.
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N7 L
Ucnonbsyem obosnadenus p;; = P{I; =i}, l;; = p%l 1,—. Torma
1y

EItht Zt Zt —i =1 b (480)

Vth lt|It szt 1[,5 =i = lIt, . (4.81)
l2t l% t

’LNpt zt’It szt 12 1It =1 = b, (482)
p[t,t

E ( ! ) Z LI (4.83)

~ — | = pjt— = N. )
Ti~py DI, 4 ~ ]tpj,t

T
ycrs k = argming <,y > liy. U3 (4.81) n (4.80) cienyer, uro
=1

T

T T T
Re =) lni—=> e = Biup(liall) =Y Erp, (lks)- (4.84)
t=1 t=1 t=1 t=1

CaoiicrBo (4.80) o3Hauaer, 4TO OIEHKA [;; SIBJISETCA HECMEIIEHHOI.
IIpeapapuTebHO 3aMETUM, UTO

1 - ~
— In Ejp, (exp(—m(li,t — Epop, (lk,tut)))ut) =
1 ~
= _—1In (exp(ntEkNpt( ,
Mt

Ua
) Eiv, (exp(-mili)|11) ) =
1

= Wi, (exp<—mz},t)ut> + By (Teall).  (4.85)
t

Ucxonst u3 npejcrasienust (4.85), 3amuinemM cjaraeMoe U3 I€pBOi
cyMMBI pasnoctu (4.84) B Buje

Eimp, (lig|Iy) =

1 - -
= 1 B (ep(=mullie = By (i IIR) = (186)
1 ~
_E In Ejp, (exp(—nelit))|11). (4.87)
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Ucnonb3yem mepaBenctBa Inzx <x—1lume ™ —1+ 2 < % npu x > 0.
Ucnonbayst (4.82) moxkHO orieHuTh (4.86) cire/ryomnun o6pasoMm:

10 By, (x0(= (T — Bpmp (el )1 ) = (4.88)
=0 By, (exp(=mlia) 1) + mBrp, (g 1) < (4.89)
< Eivp, (eXp(_ntZi,t)’It> — 1+ mBip, (Lt I) =

= Ejp, (eXP(—Utii,t) -1+ ntii,t’It) <

2[2 272 2
< B [ M5HL ) = 0 < T (a90)
2 2p1t,t 2p1t,t

ITpu nepexome or (4.88) k (4.89) MBI HCHOIB30BAIN TO, YTO HJIEH
Ekwpt(ik,tllt) He 3aBucuT or i. B onenke (4.90) mcmosbzoBann 0 <
liy <1 mpu Beex i u t.

Ocraercst onenuts Besmuanny (4.87). Onpenenum ®o(n) =0 n

1 1N
®,(n) = ; In D e
=1

Benuunna ®4(7) paBHa MHHYC KyMyJISITHBHBIM CMEIIAHHBIM IIOTEPSIM
M7 u3 paspena (4.5.1) (em. nemmy 4.6). Mmeem

1 ~
T In B, (exp(—mlie) | 1t) =
. % e*ntii,tfle*'rltzi,t
_77 ln i=1 N = @t—l(nt) — @t(nt) (491)
t

Z e—ﬂtii,t—1

i=1

B pesyubrare, ucnosbsys onenky (4.90) pesmunnbt (4.86) 1 OleHKY
(4.91) Besmumust (4.87), mosrydaem

Mt

Eirp (lig|Iy) < 5o T Qi 1(nt) — Pe(ne)- (4.92)

pft,t

293



Ucnons3ys (4.92), onennm (4.84)
T T
Rp =Y i — Y Iy =
t=1 t=1
T ~
Z EItNPt (lk’,t) <

Mﬂ

E’V\‘Pt

t=1
T

227% —1—2(1% 1) = e () ZEItht lkt-

= “Plt 3

I[lepecTaB/iss caaraeMmble, TOJIYIIM ©

T
Z 1 (m) — Pu(ne) Z (1) — Pe(ne) — Pr(nr) <
—1

(4.93)

—®7(nr).

3/1ech MBI HCHOIB30BAINCH CBOHCTBOM MoHOTOHHOCTH: Pf()) < Pr(10)

upu 1 < p. Jasee, mnjs npou3BoJIBHOTO k

1. 1Y .
—®r(nr) = ——1In— e~ rlic —
w N
lnN _il Ze nr Lt <
\ Cav R
nr nr
T
In N ~
Y
nr =1

"Ionpobuee Z D1 (ne) — Pe(me) =

= ®o(m) + (— <I>1(771) + @1(n2)) + (—P2(n2) + 2(n3))+
+(=P3(n3) + P3(n4)) + ... (=Pr-1(n7-1) + Pr-1(n7)) — P (N7).
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Orciona ncnonb3ys csoiictsa (4.80) u (4.83) momywaem u3 (4.93)

N & In N
< 2tz_;nt+ — +ZEItht lkt ZEItf\/pt lkt

T

_N In N
QZern— <2VTNI N

A7 Kaxkoro 1 tae ny = \/I?TN.

Ocraercst IpoBepUTh MOHOTOHHOCTH P4 (7). V13 BhIyKI0OCTH IApa-
60JIbI mMeeM 1pu 1) < [

(& a1 X
—1In —e i) = —In) et = dy(p).
n (ZN ) 7 ZN

Teopema jrokazana. /A

4.10. 3agaum U ynpaXHeHUsd

1. ITocTpouTh BapuaHT ajropurT™a OOJIBIIMHCTBA JJIsi CJIydasi KOTJa
UMeeTCs IKCIIEPT, PO KOTOPOr0 M3BECTHO, UTO OH JiesiaeT He bosee k
ommboK. [losyunTs o1eHKy |nciia onuboK ajaropuTMa 6OJIbITNHCTBA.

2. PaccMoTpuM IIPOTOKOJI UTPBI C IPEICKA3AHUSIME IKCIIEPTOB, B
koTopoM ITpupoda Beimaer mocnenosarenbocts 07 (01)717. Vneer-
Cd TPU IKCIEPTa, KaxKJAbI M3 KOTOPLIX BBIJACT IIOCTOAHHOE IIPE/I-

ckazanme: Jkcnepm 1 Beerma mpenckasbiBaer & = 0 aya Beex t =

1, ..., 4T, Oxcnepm 2upenckasbiaet &2 = 1 i Beex t = 1, ..., 4T,
Oxenepm 8 pejickasbiBaeT & = 1/2 g seex t = 1, ..., 4T. Oynk-
ust norepb — A(w,y) = |w — /.

Boerancants gast Bcex t =1, ..., 47"

(i) Beca IKCIEPTOB;
(ii) morepu Pacnpedeaumens nz anropurma Hedge u npejckasa-
HUsI QJITOPUTMa SKCIIOHEHITUAJHLHOTO B3BEIIMBAHUS.
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3. IIpoBepuTsh mpocTeiirme CBORCTBA IKCIIOHEHIAILHOTO PaCIpe-
JleJieHust ¢ II0THOCTBIO p(x) = e *: P{{ > a} = e % u P{{ > a+b} =
e P P{¢ > a} na Beex HEOTPHTIATETLHBIX 3HATCHMIT @ I b.

4. Jlokazarh, 9TO s JIFOOON HEOTPUIIATEIBHON C/IyJaiiHON BeJin-
YHHBI 1) C ITIOTHOCTHIO pacupeiesierust p(t) BHIIOJIHEHO COOTHOIIEHNE:

E(n) = /P{n > y}dy.
0

(Vrasarue: Ucnonssosars ceoitcrso p(y) = F'(y), rae F(y) = [ p(t)dt =
1—P{n > y} — dyukuns pacnpejenenus ciaydaiinoii Beauaunsr. [To-
CJIe 9TOrO, IpoMHTerpupoBath 10 Uactam E(n) = [ tp(t)dt).
5. I[IpoBecTu mOKA3aTEIBCTBO JIEMMBI 4.5 JIJIsi TOTO CJIydasi, KOrjaa
Ha KaxkaoM mare ¢t B aaropurmax FPL u IFPL nna parnomusanmm nc-
OJTb3yeTCs Besl Cepust CIydaiinbX pestmann &, ..., &V t=1,2, ....
6. IIpoBennTe cpaBHEHNE PAHIOMI3UPOBAHHON BEPCUU aJITOPUTMA
SKCIIOHEHITUAJILHOTO B3BEITUBAHUS JIJIs CJIydasi IPOCTON (PYHKIIUU 10~
Tepb ¢ Teopemoii 4.2. [Tokakute, ITO CpesiHUE TOTEPHU ITOTO AJTOPUT-
Ma IIPUMEPHO B JIBa Pa3a MEHbIIE YeM MOTePH JIETEPMUHUPOBAHHOTO
aJITOPUTMa, B3BEIIEHHOrO DO/IBIUHCTBA. [IprBeinTe TOUHYIO OIEHKY.
7. TlokazaTb, 9TO aJrOPUTM ONTUMAJLHOTO PACIIPEJIESIEHUS I10-
Tepb U3 paszena 4.2 ecTh YacTHBIN ciydail ajaropuTMa SKCIOHEHITU-
aJbHOTO B3BENIMBAHUS SKCIEPTHBIX pelennit u3 paszeia 4.6.1.
(Vrasanue: PaccMorpeTs B KauecTBe IPOCTPAHCTBA UCXOJIOB §) =

[0, 1]V, cocrosmee u3 nabopos noreps sxcnepros I = (I1,..., 1Y), rae
N — uuciio skcneproB. B KauecTBe npocTpaHCTBa peleHuii paccMoT-
perb cummiekc I' BeposiTHocTHBIX pactpeaertennii p = (p', ..., pN), a

B KadecTBe GyHKIME HoTeph paccmorpers dynkmuio A(1,p) = (I - p)
— CKAJISIPHOE IIPOM3BE/IEHIE BEKTOPOB | € [0, 1]N npel.

IIporuos i-ro sxcmepra ecTh eauargHbIt Bektop £ = (0,...,1,...,0)
pasmeproctu N. Torma mpor{os aaropuTMa SKCIIOHEHITHAJILHOTO B3Be-
MUBaHUSA Ha IIare t, MpuBeJeHHBIN B pasnese 4.6.1, mpecraBisgercsa
B BUJIE BEKTOpA:

N
& = Zﬂwzt =D,
i=1
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e pr = (Wi, ... ,w}k\,’t) — Habop HOPMHUPOBAHHBLIX BECOB IKCIEPTOB
Ha Imare ¢, BBIYUC/ICHHBIX Kak B ajropurme Hedge (cm. [68]) ).

8. IIpoBepuThb, 9TO MOXKHO CHOPMYJTHPOBATH (DUHAIBLHYIO IaCTh
ajropurMma Fixed-Share B ciemyrorem Bue:

o
W; t€ i

x .
5 wjae
3,t€

Jj=1

Loss Update: w;’; =

Fixed-Share Update: w; ;11 = 3y + (1 — %at) w;'t.

HokazaTh, 94TO OIEHKa perpera ocraHeTcs npexkueil (Vkasarue.
HOKaBaTb, YTO BEJIMYUHBI ’U);it OCTaXOTCd TEMHU 2Ke, 9YTO U B II€pBOHA-
JaJIbHOM BEPCUU ajIrOpUTMa, W IIO9TOMY, BCE PACCYXKIEHUs jajee, B
TOM YHUCJIE OIEHKA Perpera, COXPAHSAIOTCs IPEKHUM. )

10. Kak usmenuTcs orenka perpera, ecin dactb Fixed-Share Up-
date mmeer Bu: wipyr = FE + (1 — at)wm.

11. ITocTpouts anropurm Fixed-Share ¢ mepeMeHHBIM mapaMeTpam

4In N
t

Vrxazanue. Vcnob30BaTh MOHOTOHHOCTD BeJIMIUHbI Mp = M;l 110

o6yquH${ Nt = , IPOBECTU €I'0 aHaJInu3.

7.

11. JoxazaTb, 9YTO s JI000r0 KOHETHOTO MHOXKeCcTBa n3 IN K-
IIePTOB, KOTOPbIE Ha KaxKJoM Imare t = 1,2,... JeJIaloT ITPOTHO3BI
€ €00,1], 1 < i < N, u BLIMUCIAIOT CBOM TIOTEPH Ha KarKJIOM TIa-
re ¢ IMOMOIILIO OFHONM M3 PYHKIMUI HOTEPD: abCOIIOTHOM, KBapaTud-
HOIl MK JIoTapudMIIeCKOit (O;LHOI‘/’I UL BCeX SKCHepTOB), HaigeTcsa
TaKasl IT0CJIeJOBATEILHOCTD UCXOA0B JIjIsi KOTOPOil KyMYyJIATUBHBIE 1O~
TepH KarKIOr0 M3 SKCIEPTOB 3a IepBble 1 IIaroB HE MEHbBIIE YeM
T—-O(VTInN).

12. TlpuBecTnu 1CEBIOKO aJTOPUTMA PECIMILINHTA, KOTOPHIHA 0
JIAHHON BBIOOPKE IeHEepUpPYyeT HOBYIO BBIOOPKY 9JIEMEHTHI KOTOPOI CO-
CTOSIT U3 3JIEMEHTOB HCXOJIHON BBIOOPKU U PACIPEJIeIEeHBI COrTIACHO
3aJTAaHHOMY PAacCITpeJIe/IEeHUII0 BEPOATHOCTEN.

4.11. JIabopaTopHbIe PAOOTHI

Jlaboparopuast pabora 1
3arpysuTh BpEMEHHBIE PsiJIbI II€H HECKOJIBKUX aKIuil u3 Bebcaiita
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www.finam.ru (MOXKHO B34TH JaHHDBIC IIEH [O JHIM B TEUYEHHU TO-
na win 6ostee). CocTaBuTh aJropuTMbl Ha OCHOBe ajaropurma Hedge,
Fixed-Share u MPP st nepepacupeieienusi CpejcTs, BJIOXKEHHBIX B
aKIMK, B 3aBUCUMOCTH OT UX JIOXOJAHOCTH. [IpeiBapuTe/ibHO 0TKAIN0-
pPoBaTh JaHHbIE TaK, LITO6bI OHHM HaXOJUWJIMNCH B €IUHNYIHOM NHTEpBaJIe.
[Tepedopmynuposars amroputm Hedge jijis cityvasi BBIMTPBIIIIEIL.

JIlabopaTropHasi pabora 2

[IpoBecTu cpaBHUTEIBHBIN AHAJIN3 KyMYJISITUBHBIX [IOTEPH AJINO-
purmor Hedge, Fixed-Share u npuoaumoro Hmke ajgropurma Variable-
Share (cm. [27]. Dror anropurm ananoruden aaropurmy Fixed-Share,
npuBejJieHHOMY Ha puc. 4.11, 3a uckI0YeHneM TOCTAETHETO dTana, Ko-
TOPBIN TENEeph UMEET BU/L:
Variable-Share Update _
wigrr = (1= (1= a) ) wfs + g5 2o (1 — ap)iw]y.

J#i

B aByx nocsieiarx ajaropurMax mogo0paTh HOCTOSTHHBIE 3HATEHU ST
ay = Q.

JIabopaTropHasi pabora 3

Hanucars nporpammy aJjiropurma AdaBoost, ncnosbsyromero B
KadecTBe cjaboro anropurma kiaaccudukamnun WeaklLearn roropoe
nporpamMmmuoe obecrieuenne SVM, omnucannoe B pasmeiie 2.13. Ilpo-
BECTH yCHUJIEHHE AJrOPUTMa KJIAacCuUKAIMU PYKOIUCHBIX 1udp (u3
6aspr USPS, comepxkarteit rudposbie 00pa3bl pa3indHbIX HAITNCAHII

DPYKOIUCHBIX TUDP).
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I'maBa 5

Arperupyoniuii aJropuTm
BoBka

PaccmoTrpennble B ritaBe 4 aJrOpuTMbl MAIIMHHOTO OOYYEHUS, WC-
HOJIL3YIOIIIE KOHKYPUPYIOIIHE SKCIIEPTHBIE CTPATErNH, UMEJI Perper
(omubky obyuennst) nopsinka O(VT'InN), rne T — jymna nepuosa,
N — auciao sKcnepTHuIX crparernil. s HEKOTOPBIX CIeIUaJIbHBIX
dbyHKIMi MOTEPD, Cpe KOTOPBIX — KBaJIpaTHdHas U JorapudmMude-
CKasl — 3Ty OIUOKY MOYKHO 3HAYUTEIBHO YMEHBIIUTH J0 BEJIMIHHDI
nopsiaka O(In N). B nannoii riase O6yayT copmynmupoBanbl ob1iye
TpeboBaHUsT K MOAOOHBIM (DYHKIIMAM IIOTEPHL W OYAET OIMUCAH COOT-
BETCTBYIOIIUIT arperupytomnuii ajgropursm, uMeronuii perper O(In N).
Arperupyromuit anropurm Boska npejcrasisierT coboit MeTOI CMemn-
BaHMsl SKCIEPTHBIX CTPATErWii B HEKOTOPOM CMBIC/IE SKBUBAJCHTHDII
METOJIaM IIPEJICTABJIEHHBIM B IyIaBe 4.

5.1. CmenmBaembie (pYHKIIUA TOTEPH

Paccmarpuaem nipocreiimuii cayvail, Korma MHOXKECTBO UCXOJIOB sIB-

nsercst apyxaneMeHTHBIM ) = {0,1} u MHOXKeCTBO NpejcKa3aHuii
ecth equangHbIl naTepBas ' = [0, 1]. AnajormunbiM o6pasom pac-
cmarpuBaercs ciaydail = {—1,1} u I' = [-1, 1]. MsI Gyzem upeio-

JIaraTh, 4To PYHKIMU 10TEph A(Ww,7y) SIBJISIETCS HEOTPUIATEILHON 1
VIAOBJIETBOPSET CJIETYIONIAM YCJIOBUSAM:
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e 1pu KaxJI0M w DyHKINsS A(w,y) HEIpepbIBHA IO 7;

e cymecrByer 7y € [0, 1] Takoe, uro oba 3uadenust A(0,~y) u A(1, )
KOHEUHBIE;

e me cymecrsyer vy € [0, 1] Takoro, aro oba smauennst A(0,7) u
A(1,v) 6eckoneunbie.

st pousBosibHON yHKIMU 10TEph A(W,y) paccMaTpUBaeTCst
MHO02HCECMB0 NPedcKa3arull

I = {(z,y) : 3p (A0,p) =2, A(1,p) =)} (5.1)

U MHONHCECTMEBO cynepnpedcnasanuﬁ

Ix={(z,y) : 3p (M0,p) <z, A\(1,p) < y)}. (5.2)

U3 nepsoro cpoiicrBa ¢yukimu norepb u kKommakraoctu [0, 1] cie-
JIyeT, 9TO MHOXKECTBO Cyleplpe/cKasanuii 3amMknyTo. s paccmar-
puBaeMbIX HUKe (DYHKIHMI 1OTeph MHOXKeCTBO npejckasanuii (5.1)
SIBJISIETCsI TPAHUIEl MHOXKeCTBa cyneprpeckasannii (5.2).

Hawm GyieT y06H0 Ha3biBaTh HOTyTLIOCKOCTH [0, +00)2, B KOTOpOIT
paccMaTpUBaIOTCA MHOXKECTBA IIPEJICKA3aHUN U CylleplipeaCKa3aHuii,
NPOCMPAHCMBOM NPEICKA3AHU.

Jst npoussosbaoro 1 > 0 myers By @ [0,+00)? — (0,1]% ects
roMOMOpPMU3M U3 TPOCTPAHCTBA MPEJICKA3AHUN B 9KCNOHEHUUANDHOE
NPOCMPAHCMEO

En(z,y) = (e, e ™) (5.3)
JUtst Beex x,y € [0, +00).

[Tpu sTOM TOMOMOphU3ME MHOXKECTBO Ipe/icKazanuii (5.1) mepe-
XOIMT B MHOXKECTBO

E,(IT)) = {(e7mO0P) =mAAP)Y . e T
a MHOXKECTBO CyleplpejicKasanuii (5.2) mepexoguT B MHOKECTBO

Ey(Zy) = {(z,y): 3p (0 <z <e™OP) 0 <y <em™IP)L (5.4)
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Qyukiws norepb \(w, ) HA3BIBACTCS 1)- CMEUUBAEMOT, €CTTH MHO-
xKecTBO Fy (X)) aBisiercs BoiIyKabiM. PYHKINA HOTEPh HA3BIBAETCS
CMEUWUBAEMOU, €CIIN OHA SBJISIETCS 7)-CMENINBAEMOil JJIs HEKOTOPOTrO
n > 0.

Mpbr 6yaeM paccMATpUBATDL ClIEAYIONIHe (DYHKIIMH IOTEPDb: JIOTa-
pudMHUIECKYI0, KBaJIPATUIHYIO, abCOJIOTHYIO U mpocryio. llepBobie
nBe OYyIyT CMEITNBaEMbIMHU.

B ciyuae, korma €2 — koneunoe, I' — MHOXKeCTBO BCcex paciipejiesie-
Huii BeposiTHOCTell Ha (2, jorapudmudeckas (QyHKIHUS IOTEPh OIpe-

nenstercst: A(w,y) = —Iny{w}, e w € Q u v € I' -~ BeposiTHOCTHAS
Mepa Ha KOHEYHOM MHOxkKecTBe ().
Ecin Q = {0,1}, To MOXKHO OTOXKJECTBUTH 7 C BEPOSTHOCTHIO

eIMHUIBL, TOrIa 1 —7 — 9TO BEpOATHOCTH HyJ/Is1. B 3TOM Cilydae MOXKHO
B3aTh [ = [0, 1] u paccmorpers sorapudmutdeckyto GyHKIUIO HOTEPhb
B BHJIE

AMw,7) = —In(wy+ (1 -w)(1—7))

win, 6osiee oApoOHO,

—In~y, ecsim w =1,
—1In(1 — %), ecim w = 0.

A = {

Ob6ob1ernHas jgorapudMudIecKast (PyHKIUs IOTEPh OIPeIeIsIeTCs
KaK

Aw,7) = ;lnm (1 —w)(1-7)), (5.5)

rje n > 0 — nmapameTp.
Ksamgparuanast pyHKIHS MOTEPD OMPEIEISIETCS KaK

Aw,7) = c(w—7)?,

rjie ¢ — HeKoTopas HOJIoKUTeIbHas KOHCTaHTa. MoXKHO paccMOTpeTh
Q={0,1} uT =10,1].

Mo2KHO TaKzKe HCIIOJIb30BaTh HellpephIBHOE MHOYKECTBO MCXO/I0B —
esuHUYHbINH uaTepBai ) = [—1,1] u aHAJIOrMYHOE MHOXKECTBO NP/l
ckazanuit I' = [—1,1]. Dru mMHOXKecTBa OyIyT PacCMaTPUBATLCS B
3aj1a4e Perpeccui.
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Puc. 6.1. MHOXKeCcTBO TIpe/iCKa3aHMil U CYIepIpeICKa3annii Jjorapudmmde-

CKOI (PYHKITUN TTOTEPH

AbcomoTHast BbYHKIHST TOTEPh TO

Aw,7) = clw =1,

rjie ¢ — HEeKOTOpas IOJIOXKATeIbHAasg KOHCTaHTa. s sToit dyHKum
[OTEPDb MCHOIL3YIOTCA T€ YKe MHOYKECTBA MCXOJ0B W IPEJICKa3aHuii,
YTO U JJI KBAJAPATUIHON (DYHKIUHE OTEPD.

[Tpocras urpa Ha npejckasanue (pocrast GYHKIHsI IOTEPh) PACc-
cmarpuBaercs B caydae ) = I' = {0, 1}. @yukuus norepb coBnajaer
¢ abcosmorHoit dbyukumeil noreps (ipu ¢ = 1) u yJI0BIETBOPSIET CBOii-
CTBY
0, ecmn w =7y,

1 B mpoTuBHOM ciIydae.

A = {

O6cyauM reoMeTpUIeCKre CBOMCTBA CMEITUBAEMbIX (DYHKIINN I10-
Tepb. 31ech 06001eHHast JJorapudMuieckas (pyHKIUS TOTEpb UTI'PAET
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Puc. 6.2. Obpa3sl MHOXKECTBa IPeACKa3aHUuil M CylepIpeICKasaHuil Jiora-

pudmutecKoil GYHKINMN TOTEPh B SKCIIOHEHITNAIBHOM ITPOCTPAHCTBE

0CO0YIO POJIb.
JIerko BUzIeTH, UTO MHOXKECTBO IipejicKazanuii (5.1) 0606ueHHOi
norapudmutdeckoii byHKIm noTeph (5.5) ecTh KpuBast:

{(z,y): e ™ +e =1} (5.6)

Mpbr Gygem paccMaTpuBaTh HapaJulesibHble CABUrH KpuBoii (5.6) B
IUIOCKOCTH CYTEPIIPEJICKA3aHui, T.e. KDUBBIE BUIA

{(z,y) : e7"@=) 4 emnW=h) = 1}, (5.7)

TSl IPOU3BOJIHOTO BeKTOpa (v, [3).
ToBOpHUM, YTO TOYKA IJIOCKOCTH (Z1, Y1) HAXOAUTCS “CeBEePO-BOCTOUHEE”,
YeM TOYKA IJIOCKOCTH (T2,Y2), €CIIU T1 = To U Y1 = Yo.
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Puc. 6.3. MHuoxKecTBO IpeicKa3aHUil U CyIlepIpe/IcCKa3aHnii KBaIPATUIHOM

dyukuuu noreps (pu nogxosiieM [3)

MmnozkectBo A C R? HAXOJUTCH CEBEPO-BOCTOUHEE HEKOTOPOT'O -
paJLIeIbHOTO ¢iBUra KpuBoii (5.6), eciin KaxK1asi €ro TOIKa HaXOUTCsI
CEBEPO-BOCTOYHEE HEKOTOPOIT TOUKH, JIeKalieil Ha sroM casure (5.7).

3amMernm, 9TO Ipoobpa3aMm BCeX HPSIMBbIX BHJA ar + by = ¢, e
a > 0u b > 0, paccMaTpUBaeMbIX B SKCIIOHEHITHAJIBHOM IIPOCTPaH-
crBe, pu roMmoMopdusme (5.3) SIBIISIIOTCST BCe MapaJsleibHble CABUIH
kpuBoit e~ 4+ e~ = 1, paccmMaTpuBaeMoii B IPOCTPAHCTBE CyIep-
npeackazanuii. JleiicrBUTEILHO, JIEMKO IPOBEPUTD, UTO IPOOOPas IIpsi-
Moit ax + by = ¢ npu romomopdusme E, ecTb Kpubast

ae” ™ +be” W = ¢,

T.€. TTapaJIeIbHBIN c¢ABUT KpUBOit e~ F 4+ e~ = 1 Ha BeKTOP

<—1lna,—11n b) .
no¢c n c
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Puc. 6.4. O6pasbl MHOXKeCTBa IPEJICKa3aHUil U CyIepIpeICKa3aHuii KBaJl-

paTuyuHO# DYHKIUK TOTEPH B SKCIIOHEHIIMAIBHOM IIPOCTPAHCTBE

Takum 06pa3oM, UMEETCS B3AUMHO-OTHOZHAYHOE COOTBETCTBUE MEIK-
Iy TAKUMU IPSIMBIMEA X + by = ¢ B 9KCIOHEHINAILHOM IIPOCTPAHCTEE
7 TapaJjyebHBIMI CABUraMu KpuBoil e~ 4+ e~ = 1 B mpocTpaHcTBe
CyllepIpeICKa3aHuii.

Jlerko BuzeTh, uTO 06pa3 F, (X)) MHOXKeCTBa CyleprpeJcKa3a-
HUil B 3KCIOHEHIMAILHOM IIPOCTPAHCTBE SBJISAETCA BBILYKJILIM TOLIA
U TOJBKO TOTJA, KOTJA I JI000H TOUKK €ro T'PAHUIBI CYIIECTBYET
npsMast, IPOXOALdINasd 9epe3 3Ty TOYKY TaKas, 9TO BECh 3TOT 00pas
MHOYKECTBa CYyIIePIIPe/ICKa3aHnil HaXOUTCsI IO OJHY CTOPOHY OT 3TOH
UPAMOI.

ITepeBojist 9TO CBOHCTBO U3 SKCIIOHEHIUAJBHOTO MPOCTPAHCTBA B
IPOCTPAHCTBO CYIIEPIPEICKA3AHUIA, IOy YUM CJIEIYIOIIEe XapaKTepH-
CTUYIECKOE CBOMCTBO CMEIIUBACMOCTH (PYHKIUU IOTEPD.
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Ilpennoxkenue 5.1. Pynkuyus nomepsv ABAACMCA 1)-CMEWUBLEMOT
mozda u moavko mozda, kozda das a060l mouku (a,b), sesrcauwed
HA 2PAHUYE MHONCECTNEA CYNEPNPEICKa3anull, CYULeCEyem napai-
aeavredi coeuz e M=) 4 e=1W=8) = 1 xpugot e + e W = 1,
npoxodswut wepes mouxy (a,b), u maxot, wmo ece mHoscecMB0 CY-
NePNPedcKas3aHull AEHCUM CEBEPO-BOCTNOUHEE IMO20 COGU2A.

B ciureryionux paszesnax Mbl Oy/ileM pacCMaTpPUBAThH CMEIUBAEMbIE
dyuknun morepb. OKa3bIBAETCsI, YTO MPH HEKOTOPBIX HHTEPBAaJax
3HadeHuil mapamerpa 1) JorapudmMudeckas n KBaJapaTudHas (QyHK-
[N [IOTE€Pb OKA3BIBAIOTCS 7)-CMEITUBAEMBIMHU, a0COJIOTHAST (DYHKIIHAS
[IOTE€Ph 3TUM CBOWCTBOM He 00J1a1a€T.

g cMmermmBaeMbix (DYHKIMH 10Teph 4Ype3BbluaitHo 3ddexkTun-
HBIM $BJIFETCA TaK HA3bIBACMbIN arperupyiomuii aaropuTM, KOTOPbIA
661 pemtoker B 1990 rogy B.I. Boekowm [54]. DTor amropurm ObLT
UCTOPUIECKH OJTHUM W3 IIEPBBIX aJrOPUTMOB 10100HOr0 pojia. OH siB-
JIsteTcst 0bo0IeHneM 6ojiee ITPOCTOr0 AJATOPUTMA, B3BEIIEHHOI'O 6O0JThb-
IMIMHCTBA, KOTOPBIN ObLT mpeioxked B 1989 roxy JIutiicroynom u Bap-
myToMm [40]. Arperupyronuii anropurym BoBka nmeer perper, KOTOpbIit
3aBUCHUT TOJIBKO OT YUCJa IKCIEPTOB U HE 3aBUCUT OT JIJIMHBI IIOCTIE-
J0BaTETHHOCTH.

5.2. KoHeuyHOe MHO>KECTBO IKCIIEpPTOB

B pasmenax 4.6.1 u 4.6.2 aaropuTMbl IpeACKa3aHUsT UMEIH PErper
O(WTInN), rne T — nyuna nepuona, a N — 9uciio 9KCnepToB. Ajro-
PUTMBI U PE3YJIBTATHI TUX Pa3/e/I0B OTHOCUIUCH K (PDYHKIUSIM [TOTEPH
IPOM3BOJIBLHOTO BHa (B pasfese 4.6.1 momosHUTEbHO TpeboBaIACH
BBINYKJIOCTH (DYHKITMU [IOTEPH O TPOTHO3aM ).

B sTom pasmese mpuBegeM aJropuTM CMENTUBAHUST IIPOTHO30B, KO-
TOPBII SIBJISIETCSI OITUMAJILHBIM JIJIsI CMEITNBAEMbIX (DYHKIIMI TOTEPh
(srorapudMuIecKoii, KBaIPATHIHONN ).

[IpuBOMUMBIIl HUXKE AJIPOPUTM MMEET PErper He 3aBUCAIINA OT
qauHbl nepuoga 1. Dra omubka mveer Bug O(InN), rne N — quc-
JIO 3KCIIEPTOB.

B nasbHeiineM Mbl IOCTPOUM CTPATErHIO IPEICKA3aTE I, Al KO-
TOpOIl ee KyMyJIsITUBHBIE oTepu L Ha mrare 1’ cBA3aHBI C KyMyJIsi-
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[Iycts Lo =0, Lo(i) =0,i=1, ..., N.

FORt=1,2, ...

SDxenepm i anoncupyer mpornos & € I',i=1, ..., N.
Ilpedckazamens aHOHCUPYET IPOTHO3 Y3 € 1.

IIpupoda anoucupyet ucxox wy € €.

IKenepm i BEITUC/ISET CBOU CYMMAapHBIE [TIOTEPU Ha IMare t Urphbl:

Ly(i) = Li—1(3) + Awr, &)
IIpedckazamens BHIMACISET CBOM CyMMapHbIE IOTEPH Ha, Iare ¢ Urphbl:
Li = Li—1 + Mwi,7e)-

ENDFOR

Puc. 5.1: HpOTOKOJI UT'PBI C UCITOJIB30BAHUEM IKCIIEPTHBIX ITPOT'HO30B

TuBHBIME TOTepsiMu Ly (6) sxcmepra 6 ciaemyomum o6pasom:

Ly < ¢(n) iIelf Lr(6)+a(n)lnN

qist Beex T, rjie B obrieM cirydae Mozxker 6bIThb ¢(n) > 1 11t Ipo3BoJIb-
HOTO 3HaveHMs napaMerpa odydenus 1 € (0, 00).

B cayuae n-cmemusaemoit dbyukimn moreps ¢(n) = 1.

[TpenBapuTeILHO PACCMOTPUM CXEMY AJTOPUTMa B CIydYae MHO-
xectBa ucxonoB 2 = {0,1} m KOHEYHOr0 MHOMKECTBA SKCIEPTOB
© ={1,2, ..., N}. IIporHossl MOryT IPpHHUMATE JIOOBIC 3HAUCHUS U3
mHO)kecTBa ['. Banana dyskiusa morepb A(w, ), tie w € Q u y € I

B nocepyromux pasjesnax 0yLyT paccMaTpUBaThC OECKOHEIHBIE
(1 Jaxke HecueTHbIE) HpocTpaHcTBa sKciepToB ©. Ilpu sT0M pesyiib-
TAThl CyNECTBEHHO HE U3MEHSITCsI, HAJI0 TOJIHKO BBECTH Mepbl Ha IKC-
Inmeprax U CyMMBI 110 9KCII€EpTaM 3aMEHUTb Ha MHTErpaJibl 110 0

HanoMHUM IIPOTOKOJI UIPHI € MIPEJICKA3AHUSIME C UCIIOJIb30BAHIEM
9KCIIEPTHBIX [IPOTrHO30B (puc. 5.1).

Ananus JaHHOTO AJINOPUTMA AHAJOIMYEH aHAJM3Y MOJOOHBIX aJjl-
TOPUTMOB, TIpUBeIeHHOMY B pasjese 4.6. s moTHOTBI M3I03KEHUS
[IOBTOPKUM YaCTh 9TOTO aHAIU3A.
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Qukcupyem mapamerp obydenust 7 > 0 (learning rate), momara-
em 3 = e ". Beemem HekoTOpOE anpuopHoe pactpesesenusi Py(i) Ha
MHOXKEeCTBe 9KciepToB O. EcrecTBeHHO GpaTh paBHOMEPHOE AlpuoOp-
Hoe pacrpejiesenue Ha skcneprax Py(i) = 1/N s Beex @ € O, e
N — 9uCIO SKCIEePTOB.

Ha marax t = 1,2, ... Ilpedcrxasamend mepecTpanBaeT Beca KC-
meptoB ¢ = 1, ..., N corjacuo ¢gpopmyJie
Pi(i) = A B (4). (5.8)

Takum 06pa3oM, BeC KCIIEPTa, UMEIOIIEro OOJIBINHIE TOTEPU, YMEHb-
1aeTCs.
Beca skcnepros (5.8) HopMupyeM:

Py(1)

Py (i) = —
> P)

, (5.9)

9TOOBI CyMMa HOPMHUPOBAHHBIX BECOB CTaJjia paBHON 1.
Bseziem BcrioMoraresibHyI0 PYHKIINIO, KOTOpas HA3bIBAETCS “TICEB-
JOTpeICKa3aHueM

N
gt(w) = logg Z 5/\(%62)3*—1(2')- (5.10)

i=1
AsrropuT™, BBIIAIOIIKI [ICEBIONPEICKA3aHNsI, BBIYUCIEHHbIE 110 (hop-
myute (5.10), o6osnauaem APA (Aggregating Pseudo Algorithm). O6o-
3HAUYNM cyMMapHble norepu ajropurMa APA 3a T’ marop Ha mocie-

JIOBATEJILHOCTH UCXOJO0B W1, ..., Wy :
T
Lp(APA) = th(wt)- (5.11)

t=1
Crenytorast 1eMMa TIPE/ICTABISAET CYMMapPHBIE TIOTEPH AJITOPUTMA,
APA B GoJsiee IpocTOM U SICHOM BHJIE.

Jlemma 5.1. Cymmaprovie nomepu obobuwernnozo aszopumma 3a T
Wa206 Mo2ym 0vimb npedcmasaenvt 6 sude

N
Ly(APA) =logg > B0 Py(i).
i=1
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Jokasamenvcmeo. U3 (5.8) ciexyer, aro

T
, S Awi]) P
Pr(i) = 8= U By(i) = BETO Py (i),

W3 onpenerennst UMEIOT MECTO CJIEIYIONINE PABEHCTBA

N N
logg Y B W Py(i) —logg Y Hm1 O Py(i) =
=1 =1
N

) BLr() Py (i)
= logﬂ =1 =

pLr—1(1) Py(i)

=1

N )
S BLr-1@+Awr.€r) p (1)
1=1

N .
= logy > BT PE_ (5) = gr(wr). (5.12)
j=1

[Mocaenuee pasencrso ciegyer u3z onpesjesnenus (5.10). TTockoabky
(5.12) umeer mecto it Beex T, TOJIydaeM yTBEPKJIEHHE JIEMMbI

T N A
Lp(APA) = Y gi(we) =logg Y- B0 Py(i). A
t=1 i=1

[TceBnonpenckazamnue g¢(w) mpeacTaBiseT coboit HEKOTOPBIE YCpei-
HEHHbBIE IOTEPU U He JIaeT caMoro npejickazanus v € I') st koroporo
TpeIHA3HAYEHDBI 9T TOTEPH.

B HEKOTOPBIX Cilydasix MOXKHO IIEPEBECTH IICEBIONPEICKA3AHNE B
0obObraHOE TpescKaszanue. Qynryuet nodcmaHoekyu Ha3biBaeTCsl PYHK-
st vy = 2(g¢), Takas, 910 A(w, 2(g:)) < gr(w) ms Beex w.
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Puc. 6.5. Ilpumep oupenesienns npepckasanus y*. Ilpsmas, npoxomsmast
. x

gepes Touky M, ormedaer Touxy N = (MO A1) ma kpusoit, mo

KOTOPOH BBIUUCJISIETCS TIpejicKa3aHue y™

Mpr mokazkem, 4To (byHKIMSI T0ICTAHOBKH CYIIECTBYET, €CJIH (DYHK-
s ToTephb A(w, Y;) ABJISETCS CMEIUBAECMOIL.

Ilpenmoxkenne 5.2. Ecau dynkuus nomepv AGAAEMCA CMEUUBHE-
MOT, Mo GYHKUUA NOJCMAHOBKY CYULLCMBYEM.

Jlokazamenvemeo. Ilycrs dynkims morepb \(w,y) sBIAETCS 1)-
cMermBaeMoit u myctb S = e~ . 13 BeimyKjIocTH 00pas3a

Ep(2)) = {(z,9) : Ip (0 < 2 < pAOP < y < AP}

B 3KCIIOHCHIIMAJIBHOM IIPOCTPaHCTBE MHO2KECTBa CyHepHpeﬂ‘CKaﬁaHI/Iﬁ
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dbyukmun A\(w,y) caenyer, aro cymecrsyer v* € I' Takast, 9aro

N .
AT ) > ZBA(wT,é’T)p;il(j) (5.13)
=1

qutst Beex wr € {0, 1}. Hepasencrso (5.13) osnavaer, uro abcrucca u

OopJAuHaTa TOYKN
(ﬁx(om, Bxu,wﬂ)

60JH)IH€ 1M paBHbI 9€M a6CLLI/ICC8, n opauHaTa TOYKH
N , N .
A0,E] - A(L,E) .
Z B (07£T)P7*171(])7 Z B uéT)P%fl(J)
j=1 J=1

[Tosaraem X(g;) = v*. Yeaosue A(w, 3(g:)) < gi(w) Gyaer Bbimos-
HEHO JIJIsT BeeX w, T.e, byHKIws X (+) gBisiercs GyHKIHEl 10cTaHoB-
KH.

Ecin dyskius moreps \(w, ) BBIYUCIUMA HEKOTOPBIM AJTOPUT-
MOM, TO TaKKe CYIIECTBYeT aJIlOPUTM, KOTOPBIl Ha 1mare t BBIJIAET
npeJickazanne y; = %(g¢). DTOT aJrOPUTM HA3BIBAETCS a2Pe2upyio-
wum aszopummom (AA-anropurm, Aggregating Algorithm).

st HeKOTOPBIX (YHKIMN [OTEPh MOYKET CYNIECTBOBATH MHOI'O
pas/im4HbIX Y, yjoBjersopsomux HepasencTsy (5.13). B mociey-
IOMIUX pa3jiesax Oy/lyT IPeJCTaBIeHbl KOHKPETHbIE aHAJUTHYECKUe
BbIpazkeHus Jyisi GyHKIuu 3 (g;) B ciydae jorapudMudeckoii u KBaji-
paTugHOM (DYHKIINIA TOTEPh.

B rom ciyuae, xorma Y(g¢) cymecrByer, u3 jeMMbl 5.1 ciepyer,
4TO OyJIeT UMETh MECTO HEPaBEHCTBO

T
Lr(AA) = Mwi, B(gr)) <
t=1

N
< Ly(APA) =logg Y~ B Py(i). (5.14)
i=1

[Tpunumem KarxK10My 9KCIIEPTY OJMHAKOBbIH HavabHbLil Bec Py(i) =
1/N. Torma uz (5.14) cienyer, 9ro jjist TPOU3BOJIBHOIO i € O, Jyisi
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Bcex T'
L N
Ly (i
Lp(AA) <logg I ;—1 plr® ) <

1 : In N
< logg (NﬁLT@) = Ly(i) + HT (5.15)

Omuerka (5.15) o3HauaeT, 9TO0 CyMMapHbIe II0T€PU arperupyoIero
anroputmMa AA He TPEBOCXOAAT TOTEPH JIIOOOTO SKCIEPTa, B TOM IHC-
JIe 1 HalJiydmiero, T.e., UMEIOHIETO0 HauMEHbIINe IMOTEPpU CpeJin BCEX
SKCIEPTOB, ILTIOC HEKOTOPBI perper (ommbka 0OydeHHs ), KOTOPBIil
3aBUCUT TOJILKO OT YMCJIa SKCIEPTOB U IapaMeTpa U, YTO OUYeHb BarK-
HO, He 3aBUCUT OT JJIMHBI MEpHoJa MPEJCKA3aHusd, KaK 3TO OBLIO B
aJrOPUTMe SKCIOHEHIMAILHOIO B3BCITNBAHNUS.

5.3. beckoHeyHOe MHOXKECTBO IKCIEPTOB

[ToBTOpUM CXEMY AJIrOPUTMA B CIydae GECKOHEYHOIO MHOYKECTBA IKC-
nepros ©. Mbr mpeanosiaraeM, 4ro Ha © 3ajaHa CTPYKTypa Bepo-
SITHOCTHOT'O ITPOCTPAHCTBA — CUTMa aJiredpa GOPEIeBCKUX MHOXKECTB.
DTO MO3BOJIIET paccMaTPUBATh Mephl Ha O. B 3TOM ciiydae cyMMBI 110
skcrepraM ¢ = 1, ..., N 3aMeHSIFOTCST Ha, MHTETPAJIbI IO STUM MepaM
Ha ©.

[To-upexxuemy Q = {0,1}, T' = [0,1]. Bagana dyHKIWMs 10TEPH
AMw,7), e w € Qu~y el n >0 - napamerp obyuenust, J = e .

[Tycrs 3a1aHO0 HEKOTOPOE AIIPUOPHOE BEPOSITHOCTHOE PaCIIpeIeie-
uue Py(df) na muoxkectse sxcrepros ©. [Ipennosaraem, 9o mporHos
Ete skcrepTa 6 Ha mrare t ectb u3Mepumasi QyHKIUs OT 6.

Ha mare t = 1,2, ... Ilpedcxazamenv mepecTpanBaeT Beca SKC-
IIEPTOB B COOTBETCTBUU C (POPMYJIOi
Py(do) = gD Py (dh). (5.16)

Takum obpazoM, Bec IKCIEPTa, UMEIOIIEro HOIBINNE MOTEPU, YMEHb-
maercs. [lo onpezenennio 3ananue BecoB (5.16) SKBUBAJIEHTHO CIO-
co0y BBIYHCJIEHHUSI BEPOSITHOCTEN coObITHil F 110 dpopmyite

P(E) = / gt p,_ (df).
E
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Beca (5.16) nopmupyem:

P,(db)

P} (df) = P(0)"

(5.17)

HopMmupoBanuble Beca HPEACTABISIOT COOOil BEPOSITHOCTHYIO MEpY;
i nee PF(©) = 1.
AHaJIOrHYHBIM 00pa30M BBEIEM “IICEeBIONpeIcKa3aHue’”

ge(w) = log /@ B Py (dg). (5.18)

AJropuT™M, BBLIAIOMMI IICEBIONPEACKA3aAHUs, TaKxKe 0003HAYAETCS
APA, a cymmapnsbie morepu anropurmMa APA 3a T maros pasHbI

7(APA) Z gi(wy). (5.19)

s (5.16) cremyer, aTO

; ( t7§t) ( ) /BLT Po(dg)

Pr(df) = 5
@)

P5(df) = T 5L By (df)

Py(d).

Torya pasencrso (5.18) mepemnuceiBaeTcst B BUIE

wa)-I-LT 1(0)
logﬁ/ N da)Po(dH). (5.20)

Hmeer mecTo anasor jieMMbl H.1.

Jlemma 5.2. Cymmapnovie nomepu obobusennozo aszopumma 3a 1T
Wa206 Mo2ym O6vims nmpedcmasaenvs 6 eude

Lr(APA) = logg /@ BEr©) py(db). (5.21)
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oxasamenvcmeo. [Joka3aTeabCTBO JIEMMBI aHAJOTHIHO JTOKA3a-
TesibeTBY JieMMbl 5.1, 113 (5.8) coemyer, uro

T
Awy, &9
P,(df) = ﬁtgl ( t)Po(dG) = gL py(dp). (5.22)

I/I3 OIIpeJesjieHru s NMEIOT MECTO CJIEAYIOIre paBEeHCTBaA:
log s / 3L py(dh) — logg / BEr-10) py(dh) =
C] (S

o e ORy )
R, Bl O Ry (d0)

Jo BLr-1(O+Awr£7) Py (dh)
Jo Bl @Ry(d)

= logg

I BA@T ) P (d6) B
Jo Pr—1(df) B

= logg

= logg /@ BACrEIPE L (df) = gr(wr).  (5.23)

[Tocsieiaee paBeHCTBO ctejyeT u3 onpejeaenus (5.18).

[Tockoubky (5.23) umeer mecro jyist Beex T, osrydaeM yTBEPIKIe-
HUe JIeMMBI. /\

g cmermmBaeMoii (YHKIIMU II0TEPHb HETPYJIHO II0KA3aTh, YTO
dbyukuus nojcraHoBKu Y(g¢) Tak:Ke CyIIECTBYeT W B Ciaydae Oec-
KOHEYHOTO TTPOCTPAHCTBA IKCIepToB O. JleiicTBUTEILHO, HHTErPAJILI
110 df mpubIMKAIOTCS KOHEYHBIMHA CyMMaMH, KOTOPbIE COOTBETCTBY-
10T KOHEYHBIM MHOXKECTBaM 3KcuepToB. IIpesckazanus, coorBETCTBY-
IOIIFe 3TUM KOHEUYHBIM MHOYKECTBA JKCIIEPTOB, WMEIOT IPeebHYIO
TOYKY 7", TaK KaK MHOXKECTBO IIPEJICKa3aHMii KOMIAKTHO. Tak Kak
dbyuknus norepp A\(w,y) HEIPEpBIBHA IO 7Y, 9Ta MPE/Ie/bHAsS TOIKA
Oy/IeT yJOBIETBOPSTD YCIOBUIO

Aw,7") < gr(w)

JUIst BeeX w, 1ae g¢(w) oupemeseno 1o (5.18). Iomaraem X(gy) = v*.
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B srom citydae 1o siemme 5.2 OyJieT UMETh MECTO HEPABEHCTBO

T

Lr(A4) = 37 Mo S(an) < logs [ S OR@0).  (524)
t=1

5.4. IIpounsBoabHass QPYHKIUS MTOTEPH

B mocsieyomux pasjiesiax Mbl IIOKazKeM, 9TO JorapudMudeckas u
KBa/paTHdHast (PYyHKIMH [OTEPh SBJISIIOTCS CMENTHBAEMBIMU.

B obriem ciyuae, Korga QyHKINMS TOTEPh HE ABJISIETCS CMEITBAC-
MOii, orpeiesisiercst kpusas cmewusaemocmu (mixability curve) e(n) :

¢(n) = inf {c :VPIdelVw <)\(w,5) < clogg / B)\(wﬁ)dp('Y)> } .
T

[Ipr HEKOTOPBIX €CTECTBEHHBIX IPEIIIOI0KEHUSIX Ha MCXOIHBIE MHO-
yKecTBa, QYHKIWs ¢(7)) ABISETCS HENPEPLIBHON M HEBO3PACTAIOIIEH.

B sToMm ciiydyae byHKIMS HOACTAHOBKU OIpPEJE/IsieTcss KaK (pyHK-
ysl, YJIOBJIETBOPSIIOIIAS

Vw: Aw, Xy(9) < c(n)g(w) (5.25)

JI7IsT JTIODOTO TICEBIOIPEICKABAHIST

9(w) = logg /F BN aP(y)

1 BEPOATHOCTHOTO pactpenenenus P na I
MoKHO OnpeaeuTb MUHUMAKCHYI0 DYHKIIAIO TOACTAHOBKH.

A
¥, (g) € argmin sup (w,’y).

V€l e 9(w) (5.26)

ITo ompeiesienno obast MUHIMAKCHAs QYHKIU IIOJCTAHOBKA Xy (g),
yzrosiersopstionias (5.26), yaosiersopsier n HepaseHcrsy (5.25).

3aMeTnM, UTO MOTYT CYIECTBOBATH JAPYIHe — HE MUHUMAKCHBIE,
(yHKIMHU 110/ICTAHOBKY Takue, 4To BbIoHeHO ycsosue (5.25). Yacro
UX IIPOIIE BBIYUCIIUTD.
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B obmmem cirydae, mj1si Mpon3BOJILHON DYHKINN TOTEPD, HE 00s3a-
TeJIbHO CMeIuBaeMoii, BMecto (5.24) umeem

T
Lr(A4) = 37 Mwn, Sy (01)) < e(n) log /@ BET O py(dh).  (5.27)
t=1

Bce amasiornvnble HepaBeHCTBa OYIyT BEPHBIME, €CJIM BBECTH B HUX
MHOKUTEIB ¢(1).

B ciydyae KOHEUHOro 4mcJia 9KCIeproB HepaBeHCTBO (5.15) mepe-
XOJIUT B HEPABEHCTBO

N
1 .
Lr(AA) < c(n) 108;5 (N E BLT(1)> <
i=1

< tog (75470) = L) + <l

ansg Bcex T'muBcex 1 =1, ..., N.

5.5. Jlorapudmuieckasi pyHKIOHUS IIOTEPH

ITycTb MHOXKECTBO BCEX MCXO/IOB §) M MHOXKECTBO BCEX 9KCIIEPTOB © —
KOHEUHble, MHOXKECTBO BcexX Iporuo3os I' = P()) — MHOXKeCTBO Beex
BEPOSTHOCTHBIX pacupesesenuii Ha Q. [Ipu v € I' n w € Q, Besmunna
v(w) = v({w}) paBua BepositHOCTH 371€MeHTA wW. Jlo2apupmuneckas

Pyrryua nomeps onpenensiercst A(w,y) = — Iny(w).
Bosbmem ) = 1, Torna 3 = e~ L. B arom ciryuae
BN = 5(w),

T.e. pAaBHO BEPOSITHOCTH, KOTOPYIO 3KciepT unu Ilpedckaszamens npu-
[IACBIBAET MCXOAY w. B 3TOM cilydae arperupyroiiuii aJropuT™ COB-
majaeT ¢ aJropuTMOM SKCIOHEHITUAJBHOTO B3BEIINBAHUS.

[Iporuos skcepTa ¢ Ha mmare t — 9To pacipeie/leHie BEPOSITHOCTEN
& = €i(-) € T ma mpocTpancTse ucxoyos €.

C KazKIbIM 3KCIEPTOM ¢ € © Ha 1are t Oy/IeM CBSI3BIBATH paciipe-
JieJieHre BeposiTHOCTel (Q; Ha (), onpejesisieMoe YCIOBHBIMHU BEPOSIT-
HOCTSIMU:

Qi(wlwr, ..., wi1) =E(w) €T (5.28)
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Takoe pacipejesienne MOKHO HHTEPIIPETUPOBATH KaK CyObHEKTUBHOE
YCJIOBHOE pAacIipejiejieHue dKciepTa i Ha t-M mare. Besmauna (5.28)
paBHA yCJIOBHO# BEPOSATHOCTH, KOTOPYIO - 9KCIIEPT IIPUIIUCHIBAET Oy-
JIYIIEMY UCXOJLY W, ITOCJIE TOTO KAK OH HAOJIIOIAJ UCXOBI W1, . . ., Wi_1-

Torma cyObekTUBHAST BEPOSTHOCTD, KOTOPAas MPUIHCHIBAETCS HA

niare t SKCHepTOM 'L I10CJI€10BaTECJIbHOCTH NCXOJ0B w1, ey Wt paBHa
IPOU3BEJICHUIO
Qi(wi, .., w) =& (w1)&(wa)+ ... - & (wy). (5.29)

Beca skcrepToB niepectpanBarorcs coryiacuo (5.8). B nanuoM city-
4ae BeC i-T0 IKCIIEPTa MepeorpeieseTcs Ha mare t

P,(i) = M@t P (i) =
=& (w)&(wa) - .. - EGw)Poli) =

= Qi(wi, ..., w)Po(i). (5.30)
Beca (5.30) sKcrepToB HOPMUPYIOTCS KaK
Pi(i ; Py(7
Pt*(Z) — t(Z) — Q’L(wl7 ) wt) 0(7’) . (531)

N N
;Pt(]) ;Qj(wh RRE) wt)PO(j)

BeposirHocts P (i) npejicrapiisier coboil allocTepuOpHY IO BEPOSITHOCTD
9KCIIePTa ¢ MOCJIe HADIIONEHUSA UCXOJOB W1, ..., Wi.
7: .
Tax kak M@ = &;(w), ncesmonpeckazanue (5.10) npespana-
eTcst B Jorapndm OaiiecoBCKOM cMecH pacIpemeeHnii, mpeaTaracMbIx
Ha 1rare ¢ 9KCIepTaMu,

N
gt(w) = logg ng(w)Pttl(i)- (5.32)
i=1

Bosbmem B KadecTBe npejckasanus %(gy) aaropurma AA pacupe-
JeJIeHne BepOSITHOCTeH, KOTOopoe IMpeicTaB/sieT coboil HaitecoBCKYIO
CMeCh paclpejie/ieHuil, mpejjaraeMblx Ha mare t 9KCIIePTaMH.

Pacupegenenne BeposTHOCTEH — upejckasanue ajropurma AA,
OTIPEJIETIAETCST KaK

N
(W) =2(gr) = Y G (W) Py (6),

i=1
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Torma 3Hadenme jgorapudMuIecKoil (PyHKIME TOTEPh HA HMCXOJIE Wy
nipu pesckaszanuu [Ipedckadamens, pABHOM PaCIIPEIEJIEHUIO Yy, IPO-
CTO PaBHO IICEBIIOIPEICKA3AHUIO

N

Mwe, 1) = —Inyi(wi) =logg > & wi) Py (i) = gilwr)-
=1

PazbsicHuM jtaHHBII METOJI U €ro CB3b ¢ 6alieco8CKUM NPABUNAOM
Ha IIpUMepe MEPBBIX JABYX maros: t = 1, 2.

Kaxxiomy skcrepry ¢ Ha mare t = 1 COOTBETCTBYET €0 IPOTHO3 —
pacnpesesienue BepositHocteit €8 = £4(-) € T na . Ha nepsom mare
npejickazanne ajaropurma AA —

N
nw) = &(w)R(i),
=1

MIPEJICTABSIET CO0OI DalileCOBCKYIO CMECh BEPOSITHOCTHBIX pacIpeie-
JICHUI KCIEPTOB OTHOCUTEJIBHO aIllPUOPHOIO pacupejieneHusa Py Ha
MHO>KECTBE BCEX IKCIIEPTOB.

[Tocste Toro Kax MOSIBUJICS MEPBBIA UCxox wi, [Ipedckazamenn 1e-
pecTpauBaeT alpUOPHOE paclpe/ieieHne Ha MHOYKECTBE 3IKCIIEPTOB.
CuadaJjia OH OIIpeie/isieT Beca IKCIIEPTOB:

Py(i) = B Py(i) = € (wn) Po(i),

ITocse aTOrO IMyTEM HOPMUPOBAHUS BECOB BBIMHUCISIOTCS allOCTEPUOP-
HbIE BEPOSTHOCTH KCIIEPTOB ¢ 10CJIe HADJIIOJIEHNS UCXO/a W1

& (wi) Po(i)

Pf(i) = N .
> &(wi)Po(j)
j=1
Herpymmao 3amernTnb, 9T0 HanHast popMya IpeacTaBiseT coboit dpop-
mysy Baiteca jyist BbIMHC/IEHUS! allocTepropHOil BepositHocTH Py (7)
9KCIIePTa 4 [0CJIe HADIIOMEHUST UCXOIA W .

AnajoruuaniM 00pa3oM IMOCTyIIaeM Ha mare t = 2.
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Kaxxomy skcrepty ¢ Ha mare t = 2 COOTBETCTBYET €0 IPOTHO3 —
pacupeesenne BepositHocreit £5(+) Ha ). Ilpenckazanue ajaropurma

AA
N
raw) = 3 E(w) Pi (i)
=1
MIpeICTaBIsIeT cOo0OM 0alleCOBCKYIO CMeCh BEPOSITHOCTHBIX pacIpeiie-
JICHUI 9KCIIEPTOB OTHOCUTEJIBHO allOCTEPUOPHOIO pacupesesenus Py
Ha MHOXKECTBE BCEX IKCIIEPTOB, TOCTPOEHHOTO Ha OCHOBE MCXO/Ia, ITO-
JIYIEHHOT'O Ha IPEJIbIIYINEM Iare.
[Tocie Toro Kak MOSIBUJICSI BTOPOit UCXOJ wo, [Ipedckazamens nepe-
CTpamBaeT alloCTEPUOPHOE pacIIpejie/IeHue Ha MHOYXKECTBE SKCIIEPTOB.
CrauaJia OH IE€pEOTIPEJIE/IsIeT BeCca SKCIIEPTOB

Py(i) = B2 Py (i) = € (w2) Pi (i) = € (w1)E (w2) Poi).

ITocse aToro myTeM HOPMUPOBAHUST BECOB BBIUUC/ISIIOTCS allOCTEPUOP-
HbI€ BEPOSTHOCTH IKCIIEPTOB i MTOCJIe HADIIOACHUST UCXOI0B W1, W :

E@)PI6)
N .
> (@) P ()

By (i) =

BHOBB HETPYJIHO 3aMETHUTDL, YTO IIOCJIeAHAA JaCTbh PaBEHCTBa IIPEI-
craBJisieT coboii (opmysy Bailieca mjisi BBIYHCIEHUST AIOCTEPUOPHOA
BepositHocTH Py (1) 9KCIepTa 4 mocsie HabJIIOACHNS HCXO/a Wy Ha OCHO-
BE IIPEJIBLAYINIX AIOCTEPUOPHBIX BeposiTHOCTEH Pf(7), BBIMHCIEHHBIX
Ha IPEJbLIYIIEM Iare.

Takum obpasoMm, B ciydae JiorapudMUIecKOil (QyHKINHA HOTEPD
asroput™m AA mpescTaBiiseT coOOil MOCTe0BATEIFHOE TPUMEHEHNE
bailecoBCKOTO MPaBUIa B PEXKUME OHJIAIH.

[Morepu i-ro skcrepra 3a T’ maros paBHbI

T

Lp(i) =Y Mwr &) =

i=1
= —In(&(w1) - ... -&p(wr)) =
= —InQ;(wy,..., wr). (5.33)
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DT0 paBEHCTBO HUCIIOJIB3YET OlpeeieHe CYObeKTUBHON BEPOSITHOCTH
(5.28), koropyto IIpedckasamens NPUIIUCHIBAET IKCIIEpTAM Ha 1are t.

[Torepu Ilpedckaszamens, ucronbsyromiero aaroput™m AA | 3a T ma-
I'OB PABHBL

T
Lr(AA) = Mwr, 2(gr)) =
t=1

N
=logg T R(i) =
i=1
N
=logs > Qi(wi,..., wr)Po(i). (5.34)

=1

Taxum obpasom, norepu Ilpedckaszamens 3a T 11aroB, UCIOJIb-
gytortero aaroputM AA, paBHB MUHYC JlorapudMy OT 0aitecoBCKOi
CMeCH BCEX BEPOSITHOCTEH, KOTOPhIE SKCIEPTHI IPUIKACHIBAIOT MTOCTIe-
JOBATEJIbHOCTH MUCXOJIOB W1, ..., Wy JJIUHBI 1.

Hepagencrso (5.15) npespairaercsi B HEepaBEHCTBO

N
Lr(AA) =logg > Qi(wr,..., wr)P(i) <
=1
< —lnQ(wi,..., wr)—InPy(k) (5.35)

misiBeex Tuk=1,... |N.

5.6. IIpocTas nrpa Ha npeacKa3aHUsd

HanomHuM, 49To IpocTasd UIPa Ha IIPeJCcKasaHHd PacCMaTpUBAETCs
B cilydae, KOIJla IPOCTPAHCTBO UCXOJO0B U IPOCTPAHCTBO IPOIHO30B
nByxanementable u copnagaior: ) = ' = {0, 1}. Bazava npejckasza-
HUS 3aKJII0YAETCs B TOM, YTOOBI TOYHO IPEICKA3aTh OYIyIHil HCXOJ,
DyHKINSA TOTEPh ONPEIEIACTCS

0, ecotmt w = 7,
1 B IpOTHBHOM CJIydae.

AMw,v) = {
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Takum 06pazoM, KyMyJISITUBHBIE TIOTEPU IKCIIEPTA PABHBI YMC/IY OIIU-
OOK IIpH IMPeACKa3aHuU OyIyIIero NCXOoIa.
Nneercst N 3KCIEPTOB; 9KCIIEPT ¢ AeIaeT Ha Iare t mpeacka3aHne
i
gt € {Oa 1}

st aHam3a 9TOM NPl KaxKI0€e ICeBIOIPeICKa3aHne

N .
g(w) =logg Y~ B Py (i) (5.36)

=1

npescrasisiercst B Bugie Touku (g(0), g(1)) Ha KOOpAMHATHON IJIOCKO-
cru R2. DTa TOUKa MMeeT BHJ

(logs(Bp + (1 = p)), logg(p + B(1 = p))), (5.37)

rie 0 < f < 1 — napamerp cmemmuBanus, p = ». Pf (i) — cym-
&i=1
MapHBIIl BEC 9KCIIEPTOB, NPEJICKA3bIBAIOIUX 1 Ha mare ¢, Ipu 3TOM
1—p= > P (i) — cymMapHBIil BeC 9KCIEPTOB, IPE/ICKA3BIBAIOIIIX
£/=0
0 na mare t.
Bee Touku Tumna (5.37) 06pa3yior BBIILYKIIYIO KPUBYIO, COEIMHSIIO-
myto roukn (1,0) u (0, 1), koropsie coorBercrBytor p =0 u p = 1.
ITo onpesenenmio 1/¢(8) pasro abcrmcce (opanHaTE) TOYKH IIEPe-

cevyeHus IpaMoil y = x u 3Toit Kpusoii. [lpu p = % u3 (5.37) nosyuaem

1 _ 1+ 5
c(ﬁ)_0g5< 2 >

ln%

_2 -
1+8

nJjim

c(B) =

- (5.38)

In

[Ipumenum anropurm AA K 9T0ii nrpe.

OupesenuM (QYHKIMIO TIOJICTAHOBKU Y = X(g) CJeayommM o6-
pasom: X(g) = 0, ecomm rouka (g(0),¢(1)), Borancienuas mo (5.37),
JIE?KUT BBIIIE NpsiMoit y = x, v = X(g) = 1, ecam Touka (g(0),g(1))
JIEKUT HUXKE WM Ha IPSAMOR Y = .
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Orta GYHKIWS TOICTAHOBKN YIOBJIEeTBOpsieT yeaosuio (5.25), Tak
kak npu v = 0 6yzer aberucca g(0) > A(0,0) = 0 u opaunara g(1)
6OJIBIIIE OPIMHATEI ﬁ TOYKH [IEPECEUCHNUs OUCCEKTPUCHI KOOD/[MHAT-
Horo yria u kpusoii (5.37). Takum obpaszom, g(1) > ﬁ = ﬁ)\(l, 0).
[Tosromy A(w,0) < ¢(8)g(w) npu Beex w € {0,1}.

AwnayormaneiM 06pa3oM mosrydaeM HepaBeHCTBO A(w, 1) < ¢(f)g(w)
pu Beex w € {0, 1}.

Bamernm, aro ecan Touka (¢(0), g(1)) mekuT BblmIe npsamoit y = ,
To abcrcca Menblne opauHaThl, T.e. ¢(0) < g(1), win

logs(Bp + (1 — p)) <logg(p+ B(1 —p)),

4TO SKBUBAJIEHTHO p < 3. B 3TOM cilydae ajiropuTy IpejicKasblBaer
v =0.

B nporusnOoM ciyuae, T.e. ecan Touka (g(0),g(1)) mexur Huke
(nm Ha) UpsSMOI Yy = T, TO

logs(Bp + (1 — p)) = logg(p + B(1 — p)),

YTO IKBUBAJECHTHO P > % B sroMm citydae anropuTm mpejicKa3biBacT
v =1.

910 o3Hadaer, 4To ajroputM AA mpejackaszbiBaeT 1, ecau cyM-
MapHBI BeC 3KCIIEPTOB, IPEJICKA3BIBAIONNX 1, OOJIbIIE CYMMAapHOTO
Beca YKCIIEPTOB, TpeicKa3biBaonux 0; aaroput™m AA mpeacKasbiBaeT
0 B mpoTuBoIOI0KHOM ciaydae. Takum obpasom, aaropur™ AA npe-
CKa3bIBaeT KAaK B3BEIIEHHOE HOJIBIMMHCTBO IKCIIEPTOB. DTOT AJTOPUTM
6bL1 onmcan B pasgese (4.1).

B sTom ciyuae gy moboro skcrepra 0 € © OyneT UMeTh MeCTO
HEPABEHCTBO

ln% 1
Lr(AA) < S ) Lr(@) +n [ — | InN. (5.39)
In m In m

5.7. Urpa ¢ xBagpaTtudHoii PyHKIHEN TTOTEPH

U3zyaum urpy ¢ KBaapaTudHoil pyHKIHEH TOTeph B IPOCTEHIIIEM CJTy-
Jae, KOrJa HPOCTPAHCTBO MCXOMOB jByxasementHoe: ) = {—1,1},
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[POCTPAHCTBO HPOrHO30B 9TO BCE JeficTBUTENbHbIE Yncaa u3 [—1,1].
DyHKIus 1oTEPh — KBaJpaT PasHOCTH MEXKJLy HCXOJIOM U IPOIHO30M
Aw,y) = (w =)

MBI pacemarpuaeM ciydaii 8 = {—1, 1}, mockoaIbKy joKka3aTesb-
CTBa B 9TOM CJlydae IIpolle. Bce NpuBe/IeHHbIE HUXKE YTBEDPKIEHUsI
TaKKe BEPHBI 1 JiIs ciaydas Q = [—1,1].

JIemma 5.3. Keadpamuunas gynkuyus nomeps A6AAEMCA 1)-CMEUUBAEMOT
mozda u Mmoavko moeda, Koeda 1 < %

Jlokazamenvecmso. Ipencrasum ncesnonpeickaszanue (g(—1), g(1))
TOYKOI B 9KCIIOHEHIIUATHLHOM IIPOCTPAHCTBE:

(e emma(h)y,

MHuozxkecTBy Beex npejckasanuii v € [—1, 1] coorBercTByer napamer-
pU30BaHHAas KPUBasl B 9KCIOHEHITUAJIHLHOM ITPOCTPAHCTBE

(@(7),y(7)) = (e71T1V7 emn1=0)%),

QyHKINA I0TEPh OYIET 7-CMEeNInBAEMON, ecjii 00pa3 MHOXKECTBA Cy-
MePIIPEICKA3aHIi B 9KCIOHEHITUAILHOM IIPOCTPAHCTBE SIBJISIETCSI BbI-
IIyKJIBIM MHOXKECTBOM, T.€. TOr'la U TOJIBKO TOI'la, KOrJla OrpaHUYIN-
BaIOIIasi €ro KpHUBas MMOBOPAYNBAET HAJIEBO IIPU BO3PACTAHUM 7y (MU
9TOM abCIUCCa YMEHBIIAeTCs1). DTO OyIeT B CJIydae, eIl BbIIOJTHEHO

2

2
YCJIOBIE BOTHYTOCTHA KPUBOIA: fp—g < 0.
Boraucinm BTOpyIo Ipon3BOIHYIO TaPAMETPUIECKH 33, IaHHOM KPU-

BOI1

Py _dyr'(V)y"(v) =" (Y (1)

Pesdr @O .

[Tpu Bo3pacrannu napamerpa 7y Beaundnsa () yObIBAeT, II03TOMY
d o
ﬁ < 0. Urpa Oynmer n-niepemeninuBaeMoil TOrIa U TOJBKO TOTA, KOTIa
d2
2 < 0, 9TO PABHOCHIILHO yCIIOBUIO

' (v)y"(v) = 2" (7)Y (v) = 0.
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BoraucinM npousBoaHbBIE 110 TapaMeTPy:
() = —2n(1 + ~)e 1+’
2" (y) = 2(—1 4 2n(1 + 7)?)e "+
y'(7) = 2n(1 — y)e "
y"(7) = 2n(=1+ 2n(1 — y)?)e 107 (5.41)

Torya yciaoBue n-cMemuBaeMocT! TpebyeT, 9To6bI s BCeX 3HAUEHMH
v E [_17 1]

—(1+y)(=1+2n(1 —7)*) -

—(1 =) (=1+2n(1+7)% >0,
el
n(l -~ <3

n<% (5.42)

Jlemma nokaszana. A
Haiiziem Tenepb By Kakoii-HUOY/ b PyHKIMU MOJICTAaHOBKY Y(g) B
cayuae 0 = {—1, 1} u koneunoro uucia sxkcuepro © = {1, ..., N}.
1

IIycts n = %, B=e"2.
[TpousBosbHOE HICEB/IONIPEICKA3AHNE

N
gi(w) =logg Y A Pr (i) (5.43)

i=1
3a/1aeTcs TOYKOMN

(e Qgt( 1) , € 29t 1) —

N
= (Z BP0, ZBML@P* ) (5.44)
1=1

i=1

KOTOpas PacIIOJIOXKeHa, 110, BOTHYTOI KPUBOi
(ﬁA(*l,'y),/B)\(l,'y)) ’ (5.45)
upu v € [—1.1].
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[TpoBeaeM IpsaMyTO, TPOXOIAIILYIO Yepe3 HAYaI0 KOOPANHAT U TOY-
Ky (5.44). Kosdduiment HakIoHa 3TOi IPSMON paBeH

(1)
k= Bﬁgil) — e29t(-D=39:(1), (5.46)

Touka mepecevuenus (ﬂ)‘(’lﬁ*), 5/\(1’7*)) 9TOi psimoii u Kpusoii (5.45)
nMeeT abCIUCCy M OPAMHATY IO BEJUYUHE HE MEHbINe, YeM abcIimcca

u opaunara To4ky (5.44)
A1) > gar(=1)

gAY > goed) (5.47)
DKBuBaJICHTHAsT 3aUCh (5.47) nMeer Buj

AM=1,7") < gi(=1),

AL 7%) < ge(2). (5.48)
Boerancmm npeckazanne v*. 3Hatderune y* HAXOMUM U3 YPABHEHUST
B0 pa—a-n _ B aaa)-a-1ae)
o P = i P - (549)

Ocraercst HaifiTH KOpeHb ypaBHEHUsI
ALY = A=1Ly) =1 =97 = (=1 =7")% = (1) — gu(-1),

KOTOPBIA paBeH

.1

7" =19 (=1) = g:(1)). (5.50)

Boiree JdeTaJIbHO Ha IIare t BbI6I/Ipa,eTCH npeacKa3aHne

N N
. 1 _ i " i 7 * .
Ve = 1 (logg 2_1 6)\( 1’€t)Pt—1(l) — logg 2_1 6>\(17£t)Pt—1(2)>

nJjim
e~ 3=’ P (i)

IO

N
I
—

e 2P (1)

(o

S
Il
—
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AmnasornvaHbie CBONCTBA M YTBEPAKICHUSI UMEIOT MECTO ¥ JIJIsT MHOYKe-
crea 2 = [—1,1] (cm. [58]).

st 6ECKOHEYHOI0 MHOYKECTBA, UCXOH0B {2 TeOMEeTPUYIECKOe Olpe-
JIeJIEHUE CMeNnBaeMoil (pyHKIUU TI0TEPh HE UMEET CMbICja. B aToM
cirydae MOXKHO BBecTH GoJiee obmiee ([IpsiMoe) OlpejiesieHre CMelBa-
emocTu. OyHKIMS MOTEPh HA3BIBACTCS 1)-CMENIUBAEMOI, €CJIU CYyIIe-
crByeT (QYHKIUS MOJICTAHOBKY X (gy) Takasi, 9To

AMw, X(gt)) < ge(w)

st Beex w € Q, tae g onpesenena no (5.18).

5.8. MeTo/ 3aIlIUTHBIX NPEACKA3aHUIN U arperu-
pYIONIUii aJIrOPUTM

B sTom pasmesne mamaraercss MeTof, “3amuTHBIX HpPEJCKa3aHuUil
(defensive forecasts), npemioxkennstii Boskom u Takemypoii (cMm. pa-
6orel, [61], [63], [66], [67], [20]). PaccmarpuBaeTcst mpoToKosI HIphL Ha
npeJcKa3anust ¢ ydacTHuKamu Ilpupoda u IIpedcrasamens, mpeacras-
JICHHBIH Ha puc. 5.1.

O6ozaaunM (p,w)"™ = p1,wi, - - ., Pn,wWn, e w; € {0,1}, p; € [0,1]
npu 1 < i < n. Iomaraem (p,w)? = \. ITocrenosaTesHOCTD Dy HKITHIT
M, ((p,w)™), n = 0,1,..., IPUHUMAIONMX HEOTPUIATE/IbHbIE BeIle-
CTBEHHBIE 3HAYEHUST, HA3BIBAETCA TEOPETHKO-UTPOBBIM CyllepMAapTHH-
rajioM ¢ MePEMEHHBIMU BEPOSTHOCTSIME, €CJIU BBIIOTHEHbI YCIOBUS

o My(N) <1
e Jijid BCeX N, Pi, w; ipu 1 <72 < n — 1 u Bcex p.

pMy((p,w)" ', p, 1) + (1 = p) My ((p,w)™ ", p,0) <
< My, _1((p,w)™ 1), (5.51)

Cymnepmaprumran M, Ha3bIBaeTCsT HEMPEPBIBHBIM [0 TIPOTHO3Y, €CJIN
st noGoro n dymkust My((p,w)") = M((p, @)™, P, wn) Henpe-
PBIBHA IO TIEPEMEHHON P, NPHU JIOOLIX (PUKCUPOBAHHBIX 3HAYCHUIX
OCTaJIbHBIX 11apaMeTPOB.
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Teopema 5.1. Jlasa 4106020 Henpepvi6H020 N0 NPO2HO3Y CYNEPMAD-
muneara My moocHo max ulbupamsd npoeHosv, P1,P2, - .., 4IMO Gbi-
noareno My, _1((p,w)" 1) = My((p,w)"™) das ecex n, xax 6w [Ipupoda
HE BLIOUPANG UCTODL W1, W3 . . . .

Hoxazameavcmeo. Onpeaeanm

fﬂ(w’p) = Mn((p,w)”_l,p,w) - Mnfl((paw)n_l)a

rae p € [0,1], w € {0,1}.

M moboro n dyukmus fp,(w,p) HenpepbiBEa 1o p. HerpymHo
POBEPUTh, JIJIsl Hee TaKKe BBIIOJIHEHO HepaBeHCTBO pfy(1,p) + (1 —
p)fn(0,p) < 0 s Becex p. B wacrnocrn, f,,(0,0) <0 u fr(1,1) <O0.

Hokaxkem, uro cymecrByer p* takoe, 9to fp(w,p*) < 0 mist Bcex
w € {0,1}. Eciu f,,(1,0) < 0, To nosaraem p* = 0. Ecin f,,(0,1) <0,
ro mosiaraeM p* = 1. Ocraercst pacemorpers ciaydait fr,(1,0) > 0 u
fn(0,1) > 0. B arom ciyuae, pasnocts f,(p) = fu(l,p) — fu(0,p)
noJioxkuTeabHa npu p = 0 orpunarenbia npu p = 1. ITo Teopeme o
IPOMEKYTOYHOM 3HaveHuu fp,(p*) = 0 miust mHekoroporo p* € (0,1).
Orcrona cienyer, 910 fr(w,p*) <O mmw =0nw = 1. A.

YacTHBIM C/IydaeM 3TOH TeOPEeMbl siBJSICTCS TeopeMa 3.5 U3 pas-
neiia 3.4.

[TpuseieM KOHKPETHBIE IIPUMEPBI TEOPETUKO-UTPOBBIX CylepMap-
THHTAJIOB.

PaccMorpuM urpy Ha IpeJcKasaus ¢ 1-CMenmBaeMoii (pyHKImeit
norepb A(w,p) U ¢ IPOTOKOJIOM, IPEJCTaBIeHHBIM Ha puc. 5.1. Ilycrs
{1,..., N} — MHOXeCTBO 3KCIepTOB, &i — MPOrHO3 dKcmepTa i, Py —
uporuos IIpedckasamensn ua mare t, w; € {0,1} — ucxom, npencras-
sienno#t Ilpupodoti ua tmare t.

Beesiem obosnavenust ;¢ (w,p) = AMw,p) — Mwe, &) — perper aj-
rOpUTMAa IIPEACKA3AHIA OTHOCUTEILHO SKCIEPTA, ¢ Ha, IIare ¢ Ipu Ipo-

n
ruose npejckazaress p u w € {0,1}, R;,, = Y 7 ¢(wy, pr) — cooTBeT-

t=1
CTBYIOIIUN KyMYJISITUBHBII PErpeT 3a IEPBBIE 7 IAr0B, THE P1, - . ., Pn

— nporuossl npejckazaressa. Onpegennm M) ((w,p)™) = exp(nRip).

[TpuseieM npnmeps! QYHKIWHA HOTEPh, /IS KOTOPBIX 9Ta (yHK-
ST SBJISETCSH TEOPETUKO-UTPOBBIM CYIEPMAPTUHTAJIOM, HEIPEPHIB-
HBIM OTHOCHTEJIBHO IIPOIHO3A Dy,
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Csoitctso (5.51) st ML ((w,p)"™) MOKHO 3aIicaTh B SKBUBAICHT-

HOM BH/IE
pelMin(Lp) (1 — p)elmin(Op)) <1, (5.52)

JlorapudpmMmudyeckasi GyHKIUS MIOTEPD.

[Tycrs AM(w,p) = —Inp(w), tae p(1) =pup(0) =1-p, 0 <p < 1.
Ota byuKIus sABsieTcs N-cMmemuBaemoit mpu 0 < 1 < 1.

ITposepum cBoiicTso (5.52):

pel(~Imptng) 4 (1 p)en(=In(1-p)+n(1-£))

)

riae 0 < 7 < 1. 9To HEepaBEeHCTBO NEpenuIeM B BHIE
1—n ¢ 1— j
p NG+ (L=p) (1 =&)< L
JIerko BUETD, UTO 3TO HEPABEHCTBO SABJIAETCS CJIEJACTBAEM 0000IIEH-
HOT'O HEPpABEHCTBa MEXK/1y apI/I(l)MeTI/IquKI/IM u reoMeTpuIeCKuM Cpe-
mv: a®bt = < aa + (1 — a)b, rae a,b > 0 u 0 < o < 1. [ocreanee
HEPABEHCTBO CJIEJlyeT U3 BOIHYTOCTH JiorapudMa.
KBazaparuynass GyHKIINS TOTEPD.
yctb Mw,p) = (w—p)?, e w € {0,1} up € [0, 1]. Dra bynxuus
sABJIsIeTCs N-cMemmBaemoit pu 0 < n < 2.
ITposepum coiictso (5.52):
pel(P=D?=(1-86)%) | (1 — p)en*~(ED*) < 1

9

O6o3HaunM 5}1 = p + X U HepenuIieM 3TO HEPABEHCTBO B BUJE
— _ 2
pe?11=P)T (1 — p)e™ 2T L 77

[TocieiHee HEPABEHCTBO SABJISIETCSI YACTHBIM CJIy9YaeM HePaBEHCTBA
Xedbmunra In FesX < sE(X) + 52(b8_a)2, rie X — ciaydaiiHas Besu-
qnHa, Jjs Kotopoit a < X < b u s € R. eicTBUTeIbHO, BO3bMEM
B KauecTBe X CJIydaiiHyio BeJIMYUHY, KOTOpas paBHa 1 ¢ BEpOSTHO-
cteio p u 0 ¢ BepogaTHOCTBIO 1 — p. g wee npu a = 0 mw b = 1
oymer pes1=P) 4 (1 — ple=P < es’/8. Tonokum s = 21T W TOJIyIAM
pe2n1=p)z 4 (1 — p)e=2mwo L e v?/2 L e17® rak xak n < 2.

HAcno, aTo myis torapudMUIecKoil 1 KBaIpaTHIHON DYHKIUN 10~
Tepb cynepmaprurran M. ((w,p)™) 6y/ieT HerpepBIBHLIM MO TTPOTHO3Y

Pn.-
Cdopmyimupyem moIydeHHbIE PE3YJIbTAThl B BUJIE TEOPEMBIL.
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Teopema 5.2. Jlas aozapudpmuneckots u xkeadpamuurots Gyrxuull no-
mepv pynryus M), ((w,p)") = exp(nR; ) Asasemca HenpepuieHbim
no NPO2HO3Y MEOPEMUKO-UDOSHIM CYNEPMAPMUHLANOM OAH A100020
7.

AbTEpHATUBHBIN AJITOPUTM JJisi BHIYUCIEHUS TIPOTHO30B
arperupymoiiero ajgroputma AA.

[IpuBesiem Temeph aJrOPUTM JIJIsT BHIYUCIIEHUS TIPEICKa3a il ar-
perupyrorrero ajropurma AA Ha 0OCHOBE METOJA 3aIUTHBIX TPEICKa-
3aHUil.

[IpeiBapuTesibHO HaiileM HEKOTOPYIO BEJIUUUHY, KOTOPAs sIBJIs-
eTCsI MHBAPUAHTOM arperupyrolero ajropuTMa — OHa He BO3PacTaeT
B IpOIlecce MIPBI Ha TMpeJicKazanus Kak 6ol [Ipupoda we BBIOMpasa
cBou ucxobl. Ha ocHoBe 9T0# BestnunHbl OYIeT IOCTPOEH TEOPETHKO-
UTPOBOH cymepMapTUHTaI. AJITOpUTM, MPUBEIEHHBIA B TeopeMme 5.1,
OyJleT JaBaTh IpeJcKasaHusi, KOTopbie obecriedar perper (5.15).

HamomHIM HEKOTOpBIE 3JIEMEHTHI AHAJIN3a ATPErUPYIOIIEro aJiro-
purMa AA u3 HaYAJIBHBIX Pa3/Ie/IoB IJIaBbl 5. 3aJaH0 HAYAJIBHOE Pac-
upegesienne Py(i) na mHOXKecTBe Beex sKcmepToB {1,..., N}. Ilycrs
n > 0 u 3aana n-cMemuBaeMast (PyHKIUs 10Tepb A(w, p).

Jomyctum, gato Ha mare T TPOTHO3BL 7, . .., YT—1 YK€ OIpeie-
nenbr, £ ... ,fér — MPOTrHO3BI dKCIepToB. W3 pe3yinbraToB pasgena b
caenyer, 9o oreHka (5.15) Gyer uMerb MecTo, ecan st arboro T’
IporHoO3 Y yaosserBopsier Ha mare T ycnosuio (5.13). Ilepenurmem
ycaosre (5.13) B Buge

N
ZPT 1 ZPT 1(j)e~ A W,E]) AW, yT) (5.53)
7j=1

npu w € {0,1}. Hanommmm, uro Pr_i(j) = Po(j) [[ e (wekd),
Vcnonb3yeM 3TO paBeHCTBO, a TAKXKe YMHOXKHM 00e 4aCTH HepaBeH-
crea (5.53) Ha HtT:_ll "M (@rt) 1 o1y UM 1OC/IEe HEKOTOPBIX Hpeodpa-
30BaHUN

N .
ZPO )Qr-1(3) = D> Rol(j)Qr—1(j)e" @) A@E) (5 54)
7j=1
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e

-1
Qr-1(j) = exp ( (Z (wi, V1) (wt,fg)>> ) (5.55)

t=1

Taxke nosaraem Qo(j) = 1 mas Beex j.
Takum obpaszom, ycaosue (5.13) SKBHBAJIEHTHO TOMY, 9TO CyIIe-
CTBYET 7y TaKO€, 9TO JJId BCEX W BBIIIOJIHEHO

ZPO )Qr(j ZPO )Qr-1(7), (5.56)

rie Qr(j) ectb Q7 (j), B KOTOPOM Wy 3aMEHEHO HA W.
Taxum 06pa3oM BBIOOP IPOTHO30B 7Y COMJIACHO ajroputmy AA ra-

N
panrupyet, uro Besunuuna » , Py(7)Qr(j) He Bo3pacraer kak 6b1 [Tpu-
i=1
poda He BLIOUpaJIa CBOU I/IC)J(O,ZLBI wt. BepHo 1 obpaTHOE, €CJIi TPOTHO3HI
BBIOUPAIOTCS TaK, 9TO 3Ta CyMMa, He BO3pacTaeT ¢ pocroMm 1, To ycJio-
Bue (5.13) it 95TUX HPOrHO30B BBINOJHEHO U oneHKa (5.15) perpera
agropur™ma AA umeer mecro.
Benomunast onpeziesienne KyMyIATHBHOTO perpera R; r 3aMeTuM,
aro Qr(i) = exp(nR; ). Ilo Teopeme 5.2 mist moboro ¢ byHKIUA

My, ((w,p)") = exp(1Rin)

ABJISETCS HEIIPEPBIBHBIM 110 IIPOTHO3Y TEOPETUKO-UTI'POBBIM CyllepMap-

TUHTAJIOM JIJIsI JIOTAPU(PMUIECKON U KBAIPATHIHON (DYHKITUH [TOTEPD.
JIerko mpoBepHUTH, YTO BBIMYKJasd KOMOMHAIMS CyIepMapTHHIa-

JIOB TaKzKe sfBJIeTCd cynepMapruarajioM. B gacraocTu, dpyHnkims

N

My ((w,p)") = > Mi((w,p)") Po(i) =
=1

nRzn PO ZPO Qn

\\Mz

TaK>Ke ABJIAeTCA CyIIepMapTUHIAJIOM.
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Teopema 5.1 gaeT HaM aJTOPUTM JIJIsT BBIYUCIEHUS TPEICKA3AHMUIT
V¢, IpH KOTOPBIX BesimunHa cynepmaprunrana My((w,p)!) ne Bozpac-
TaeT M OCTAETCs MEHBINUM MM paBHbBIM 1. HBIMEU cioBamwu, CyTie-
CTByeT aJrOPUTM BLIYMCJICHHs] IPOTHO30B TaK, 9TO 1 Beex T

N N
> R(6)Qr(i) <D Po(i)Qr-1(i). (5.57)
=1 =1

N

B wacrnocru, Y Py(i)Qr(i) < 1 pst Beex T'. 113 onpenenenns (5.55)
CJIEJLyeT, UTO =

Qr(i) = exp (n(Lr — L)),

T , T ,
rae Ly = Y Mwe, 7)) 1 Ll = > Mwy, &). VI3 nepasencrsa
=1 =1

N
> Ry(iyexp (n(Ly — L)) <1
=1

CJIEJIyeT, ITO KarkJoe CJIaraeMoe He IIPEBOCXOAUT 1, T.e.
Py(i)exp (n(Ly — L)) < 1.

Orcrona cireryer, 9To I JII000Tro %

| 1
Lr < Lp+ —log 5=
n - Po(i)
ans Beex 1" kak 0b1 IIpupoda He BuIOMpaJia ucxoapl. B cirydae paBHO-
MEPHOI'0 HAYaIbHOTO PACIIPEIe/IeHIsT HA MHOYKECTBE SKCIepToB Py(i) =
1/N nyst Beex @ mostydaem

i
Ly < Lin+ 22
n
Hanbheiinee obcyzK/IeHNe CBI3U MeK/Ly CBOICTBOM CMEIINBAEMOCTHU
dYHKIIUM HOTEPh U TEOPETHKO-UTPOBLIME CyePMapPTUHIAIAMEI CM. B
paborax [20], [18]. dpyroit asropuTm mojoOGHOrO TUIIA HPUBEIEH B

crarbe [26].
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5.9. YHuBepcaJabHbIl TOpTdesIb

Paccmorpum cienyromyto urpy Kosepa [22]. meercs N dbunancoBbIX
MHCTPYMEHTOB, HaIpUMeED akiuii. Bpems pazjiesieHo Ha WHTEPBAJIbI
t=1,2, ... lloBeneHne pbiHKA B MOMEHT t XapaKTE€pPU3YETCsI BEKTO-
poM m3MeHeHuil e aknuii or Momenrta t — 1 Kk MOMeHTY ¢ (BEKTOpOM
JIOXOJTHOCTE!H )

W = (Wits vy WNE),

rie
" Sit

it = o

T Sit
Si+ — IleHa aKIUU ¢ IIPH 3aKPBITHN HHTepBasa B MoMeHT t. [To ompe-
JEeJIEHNIO Wj ¢ € [O, 00), IPUYEM CIATAECM, ITO HE BCE Wit PABHBI HYJIIO.

WNuBectunun B ganable N (PUHAHCOBBIX MHCTPYMEHTOB XapaKTe-

pusytorcst nopmgheaem — Bekropom 4 € [0, l]N , TJIe

Y= (Yt ---s INR)

u 7yt + -+ Ny = 1. Benuuunsel ;4 oIpeJesidioT IPOIOPIHH, 110
KOTOPBIM TEKYIasi CyMMa JIeHer BKJIAbIBAeTCd B (DUHAHCOBLIE WH-
cTpyMeHThI B MOMeHT t — 1. Tora mHBeCTHITNN, BJIOXKEHHBIE COTTIACHO
MOPTAETTIO 74, YBEJIUINBAIOTCI B

N
(Ve - @) = Z%’,twi,t
i=1

pa3 K MOMEHTY .

[IpuBenem mpuMep KOTJa UCIOJIb30BaHue OPTdeEsst PUHAHCOBBIX
UHCTPYMEHTOB J1aeT OOJIbINHI JTOXOM UeM BJIOYKEHHUSI B KaXKIbIH W3
STUX MHCTPYMEHTOB. |

[Iycts BekTOp moxomHOCTEH ABYX (PUHAHCOBBLIX MHCTPYMEHTOB M3-

MEHAETCdAd CO BpEMEHEM KaK

_ 1 1 1
wr = (1, 5), (1,2), (1, 5), (1,2),(1, 5), (1,2),...

LCrparerns “Buy and Hold” mpenycMarpuBaer MOKYIKY HEKOTOPOTO KOJIMYeE-
CTBa eIMHUI] (DUHAHCOBOI'O WHCTPYMEHTA B HaYaJ € TePUOJIa U IMIPO/IaXKy UX B KOHIIE
[IEPUOIA.
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Jlerko BuaeTn, uto crparernsa “‘Buy and Hold” me maer Bbiurpbimma
HU HA OJHOM U3 9THX (PUHAHCOBLIX MHCTPYMEHTOB II0 OTIEJLHOCTH,
TOIa KaK BBIUTPLINI HOPTQENBHON CTpaTerun y; = 5 = (2, 2) 3a 2T
[IAr0B UI'PHI JAET BLIUIPLILI HA €IMHUILY BJIOXKEHUS

1 11 1 1 9\
Kr=1-[=2.1+=2.2). (2. 1+2.9)...= (2
T <2 3 2) <2 T3 ) <8> e

npu T' — oo.

[Iyctes TI' — muO)kecTBO Beex moptdeseit. Ilo ompemnenennio 3to
MHOKECTBO SIBJIAETCA [N-MEPHBIM CHMILIEKCOM.

OnpeniesiuM pYHKIIAIO [IOTEPDH B BUJIE

AMw,5) = —In(y - @). (5.58)

PaccmoTprM mOCTOSHHBIX 9KCIIEPTOB — KAXKIbIH 9KCIIEPT Beeraa Oyier
JaBaTh B Ka4ecTBe IIPOrHO3a OIUH W TOT ke noprdenb: 7 € I'. Ta-
KM 00pa3oM, Kaxk bl moprdesb n3 [ paccMarpuBaeTcs B KadecTBe
KCIIEPTA.

[Ipumenum arperupytoriuii aaroput™ AA K 9TOMy MHOYXKECTBY
9KCIIEPTOB M K 9TOH (PYHKIUU HOTEPD.

Jloxom OoT MHBECTUINI OT OJIHOM BJIOYKEHHON IEHEXKHOHN eIMHUIIbI
npu nocrostuaoM moprdene 7 € I' 3a mepseie T’ maros (MOMEHTOB

BpPEMEHH) paBeH
T
6

t=1
Torma KyMy/IaTUBHBIE ITIOTEPHU IKCIIEPTA 7y 3a TOT YK€ MEPUOJ], PABHBI

T
= (- @).
t=1

Hormycrim, aro 3amano anpropHoe pacipeesnenne Py(dy) na cimv-
mwiekce I' Becex moprdereii.
Corutacuo (5.20) morepu o6o6mmenHoro agropuryma APA pasab

—1 proatra® s 5.59
o5, / ) (5.59)

rme f=e7,0<n<
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Teopema 5.3. Hepa (pynruyua nomepv (5.58)) Koesepa asasemca
emewusaemot npu 0 < n < 1. Pynkyua nodcmanosku 3adaemcs Gvi-
pasicenuem

S(gr) = / TPf_ () =

IBLT 1( ~
= e P (5.60

Zloxazameavcmeo. Ham Hamo JoKa3aTh, 9YTO I BCEX W

o | ap(s &) gp(s
A (w, /F 'vdP(v)) < logg /F BN ap().

DTO HEPABEHCTBO SKBUBAJIEHTHO HEPABEHCTBY

f(/'rdP ) /f )P (¥ (5.61)

e f(7) = M@ = (5 - @)". Hepasencrso (5.61) ciemyer u3 Bormy-
roctu yuknuu f(7) npu 0 < n < 1. Ilpu n = 1 310 HEpaBeHCTBO
MEePEXOUT B PABEHCTBO

(& [rare) = [@ mare).

[Tporuos noprdes (5.60) MOXKHO 3aKCATH MOJHOCTBIO, UCTIOJb-
3yst upezcrasiaenne (5.21) (u3 semMMbl 5.2) cyMMapHBIX TOTEpb 0600-
MEHHOTO aJropuT™Ma 3a 1’ 1maros:

A

Lp(APA) = logg / B Py (d7).

[Monaraem 1 = 1. Tak Kax npu HaIeil HGyHKIUU TOTEPh CYMMapPHBIE
IIOTEPHU OJTHOTO IKCIepTa 7 3a 1’ MaroB paBHBI

T
Lr(y)=—-In HW - W),
t=1
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IoJIyvaeM BbIpazKeHue JIJjid ONITUMaJIbHOI'O HOpT(i)e.HH — IIPOTHO3a Ha-
miero aJiropuTrMmac

o T—-1,- - _
Sy = fr 1= (3 - @) Po(dy)
= T—1,- _ -
fr [T (- @) Po(dy)
V106HO paccMOTPeTh B Ka4eCTBE allpUOPHOTO PACHpPEIeICHUsT Ha

CHUMILJIEKCE BCEX MOCTOSHHBIX MopTderneir pacupeaenenne lupuxie ¢
napamerpamu (1/2, ..., 1/2):

N
Po(dy) = [E((f%fﬂv I~ 2,

rIe

(o)
I'(a) = /x“_le_mdx.
0

Bamernm, uro I'(N + 1) = N

[TpuBejieM BEPXHIOO OIEHKY II0TE€PH arperupyoIero ajJropuryMa B
urpe Kosepa. ITocranoBka 3a/1a4n OCTPOEHNUST yHUBEPCAJIBLHOTO IOPT-
desiss Tpu OTCYTCTBUHU CTOXACTUYECKUX IPEIIOJIOXKEHUN 0 IpUpoje
BEKTOPA JIOXO/IHOCTEH (DIHAHCOBBIX HHCTPYMEHTOB, aJTOPUTM BBIUNC-
JIEHUS OIITHUMAaJIBHOI'O HOpT(be.HH 1 OII€HKa €ro KalluTaJla 6bI.HI/I BIIED-
Bble petozkensl Kosepou [21], [22], [23]. ITosxe Bosk [55] mokasaur,
qro ajroput™m Kosepa u ero orenka MOryT ObIThH MOJIyU€HBI KaK pe-
3y/JbTaT IpUMeHeHus arperupyiomiero agropurma AA. Urpa Kosepa
U COOTBETCTBYIOIINE YTBEPK/ICHUS [IPEJICTABICHBI TAKyKE B MOHOT'Da~

dbun [23].

Teopema 5.4. Jlas 4100020 NOCmMoaHH020 NOPMPEs 7y BuNONHEHO
HEPABEHCMBO

N -1

Lr(AA) < Lp(7) + InT +¢c (5.62)

ons ecex T, 2de ¢ — NOA0ACUMENBHAA KOHCTNAHIMA.

Jlokazamenvcmeo. Ilycts ) = 1. Torma @7 = (@ - 7).
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KymynsaruBHabIEe TOTEPH arperupyromero ajaropurMa 3a 1’ maros
VJIOBJIETBOPSIOT HEPABEHCTBY

T
r(A4) € 3 ) = —n [ O Ra) =
t=1

= —In /F 7)Po(d7).

t=1

st Toro, 1urobel mostyanTs orneHky (5.62), HaM HaJI0 JI0Ka3aTh Hepa~
BEHCTBO

N-—1
/ ) Po(d7) = e T sup [[(@ - 7).
| A— el 5

rJe € — HEKOTOpasd KOHCTaHTa. HepermmeM 9TO HEepaBE€HCTBO B BUJ/IE

T ,_ _
sup [T, (@ - )
el N-1

Jo TI (@ - 3)Po(d7) sel 7 (5.63)

HpI/IBe,[LeM JAB€ BCIIOMOIr'aTeJ/JIbHbI€ JIEMMBI.

Jlemma 5.4. J{as 4106668 HEOMPUUGMENDHDIT BEULECTNEEHHBLL YUCEN
at,...,ar u Bi,...,Pr evinoanero 2

< —. .64
. (5.64)

— at —
Hoxasamenvemeo. Ilycrs J = argmaxi ;<7 g, - Ecma ay = 0, To
uepaseHcTBo (5.64) ouesumno. Ecim ay > 0 u S; = 0, To npasasi
gacTh HepaseHcTBa (5.64) paBHa 6ECKOHETHOCTH U HEPABEHCTBO BHOBb
Bepno. Jlasee npemmosaraem, uro oy > 0 u 5y > 0.

2Tlosaraem % =0.
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Hus mo6oro t u3 oy /By < ag/By cnenyer ap/ay < Bt/ By. Toaro-

My
L+ &
t#£J <OéJ

S B
1+ Z
t;éJ
Jlemma nokaszana. A\

Byznem paccmarpuBaTh HPOU3BOJIBHBIE MOC/IEIOBATEJILHOCTH M-
.T . . . .
cen jt =j1...gr, e ji...gr € {1,...,N}.

M=
S

~~
Il
—

Nl
=

w
Il
—

Jlemma 5.5. [lyemov ¥* = argminsep Ly (). Jaa mobozo pacnpede-
aenua eepoammocmeti Py na cumnaexce T evimoanerno

T (% - T
1}:1}77 wt) — < max IT_[tzl Vi —. (5.65)
fr [Lio1 (V- @) Po(dy)  3"=irir fr [Ti=1 v Po(dy)
Aoxazamenvcmeo. Ilycrs ¥* = (77,...,yy) 1@ = (W1, ..., W N)-

3amnuceiBaeM TPOU3BEJIEHNE CYMM B BUJIE CyMMBbI BCEBO3MOXKHBIX
[IPOU3BEJIEHUI COCTABJIEHHBIX IIyTEM BBIOOPA 110 OJIHOMY SJIEMEHTY U3
KazKJ10l CyMMBbI

T T
[ H Z e = Y, 1 Gew (566
t=1 t=1j=1 jT=j1..-jT t=1
AHaJIOFI/I'-IH])IM 06pa30M HOJIyLIa,eM Hpe,ILCTaBJIeHI/Ie
T
/ Dhd) = Y / [[rwe)Poldr).  (567)
Fi=1 JT=j1..97 t=1

Hemmm (5.66) ma (5.67) m omenmBaeM wacTHOe IO JeMMe 5.4, rie
_ T s _ T -

T = Ht:1 V5 Wt A 5jT = fr Ht:l 'thwt,jt)PO(d'Y)- [Tpu sTom pac-

CMATPUBAEM STH BeIMTHHBI TOJIBKO JJIs TeX HAGOPOB MHIEKCOB jl

3JIeBast yaCTh HEPABEHCTBA HE 3aBHCHUT OT (.
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st KoTophIx [ [, we.j, > 0.

1.3 @)
Jo Ty (@ 7) Po(d)
Y Il vwes):

iT=j1..97

T — <
> fr Ht:l ’Y;twt,jt)PO(dV)
JT=j1..jr
T
<  max Ht:l V5 Wt _

. .. . T _
Jt=ijrgr fl" Ht:l Vjtwtjtpo(d’)/)
T .
iT=jvegr [p =1 5. Po(d)

[Tocreinee paBeHCTBO OBLIO TOJIYYIE€HO COKPAINEHUEM YUCIUTENS U

3HAMeHATelst Ha, MHOKUTEb Wy j, .

Jlemma npokaszana. A

JI71s1 3aBepIIeHnst oKa3aTeIbCTBA TEOPEMbl HAM HEOOXOIUMO OIle-
HUTBH CBEpPXY IIPaByIO 4acTh HepaseHcTBa (5.65).

MBI npuBe/ieM BbIBO, Jist Gostee ¢1aboil ONEHKH. KOr/ia B KaueCTBe
pacupezesennst Py ucrnosbsyercst paaomeptoe (1, ..., 1) — pacupee-
nenne Tnpuxse va cuviurexce I

[Tosnast onenka npusejieHa B pabore [22] u B Mmonorpacdun [23].

OuenuM CBepXy BeJTHIHHY

T
omax Ty,
J7=J1--J1T

Jo Ty v Po(dy)

Hycrs n;(j7) = {t < T : jy = i} mpm i € {1,...,N}, (j7) =
ni(57)/T — cooTBeTCTByIOMINE YACTOTHI BCTPEUACMOCTH HHJCKCOB B

nocrenosaremsuoctu j 1, H(vi(57), ..., vn(j1)) = — évj vi(57) In v (5
— YaCTOTHad SHTpOHI/Iﬂ. =1
Metonom Jlarpamka MaKCHMH3UPYEM BEJIUIUHY HtT:1 7j, W IOy~
yaeM HEepaBEHCTBO
T
H'th < 2 THW(GT)swn (51)) (5.68)

t=1
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N

JUIst JIOOBIX Yj,, - .., Vjp, TAKHX 9TO ) yj, = 1, IpHYeM PaBEHCTBO
=1
nocruraercs npn v;; = vi(j1),i=1,...,N.
13 ompesesiennst ”HTErPA OT 7j, . . . ,Yj, IO PABHOMEPHOMY Pac-

npenenenuio Py na I paBen

T
L 1
/Ft];[lmPo(dv) = TN G o), (5.69)

N-1 J
rne N (v1(57), ..., vn(47)) — amcio nabopos iy, . . . , i1, B KOTOPBIX Ya-
CTOTHI BeTpedaeMocTi saeMentos {1, ..., N} pasuwt v1(57), ..., vn(457).

Taxkoit Ha60p JaCTOT Ha3bIBacTCdA THUIIOM IIOCJ/ICJ0BATEC/JIBHOCTH jT.

31ech (TEJX 1_1) — wucyo tunos.? Torma s (5.69) mosyuaem

T
1
. Po(d7) > : ‘ 5.70
/Ftl;{% b(d7) (TX[AIIl)QTH(VI(JT):--~7VN(JT)). (5.70)

U3 onenok (5.68) u (5.69) nosyuaem oneHKy

T+N-1
N -1

JT=j1.Jr
T _
fr [Ti=1 i Po(dy)

Takum o6pa3oM, Mbl oay4duin oreHky (5.63), B KOTOpoii BeJnmInHa
6T¥ samenena ua eIV L.

Ha stoM mokasarenbcTBo TeopeMbl 5.4 3apepmaercs. A

Tak Kax JOXO/I IpH CJIeTOBAHNN CTPATErNH MHBECTUPOBAHNS, TPeI-

JlaraeMoii aaroputMom AA, paseH

max [T v,
< < > <(T+1)N

Kp(AA) = e~ Lr(A4)

HepaBeHCTBO (5.62) MOYKHO IIEpEnucaTh B BHJIE

—1

Kr(AA) > e T~ "7 Kr(9),

T

,,,,, ”N)’

rge v; = %, 1 <4 < N, a 9uCI0 BCeX THIIOB PABHO YHC/Iy PEIleHHi ypaBHEHUs

T+N—-1
N-1

Ypco mabopos B ofHOoM THIE (11, . . ., vN) paBHO N (11,. .., UN) = (n1

ni+---+ny = N B HEOTPHIATETbHBIX IEIbIX YUCIaX, & UMEHHO, (
) < 2TH(D1,“.,VN).

) . Kpome

9TOr0, XOPOIIIO U3BECTHO, UTO (
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rye ¢ — koucranta, K (%) — 10X0/, Oy IeHHbIIi TP MCIOIb30BAHU
[IPOU3BOJILHOTO MTOCTOSTHHOTO TTOPTQEIs 7.

Jlamnas ornenka 3¢d@eKTUBHA B TOM CIydae, KOIrja J0XOJ Hau-
JIYHUIIEro aJIlOPUTMa, UCIIOIb3YIOIIEro OCTOSHHBINA TOPTdEIIh aKIInii,
pacTeT SKCIOHEHITUAJBHO ¢ POCTOM YHCJIa BPEMEHHBIX MIaros 1’ Urpsbl.
B srom ciayuae, 6aaromapst nosmHomuaibaocT onenku (5.71) mo T,
J0XOJ] YHUBEPCAJBLHOIO aJrOPUTMAa TAKXKE PACTET IKCIOHEHIINAIHLHO
mo 1. K guciy sHemocrarkoB ajiropurMa KoBepa sBjisiercst OoJIbIast
BBIYUC/IUTEIbHAS CJIOYKHOCTD, KOTOPas PACTET SKCIIOHEHITUAIBLHO B 32~
BUCHMOCTH OT YHCJIa aKIUi.

5.10. MHoromepHasi OHJIaliH perpeccus

5.10.1. MHoromepHasi perpeccusi ¢ IIOMOMIbIO
arperupymolIimnero ajropurma

B sTom pazjene Mbl paccMOTPUM TIPUMEHEHUE arperupyIoliero ajaro-
pUTMa JJIs PEIIEHNs 3308491 PErpeccun. B orimyaue or 06bI9HON MHO-
TOMEPHOI PEerpeccuu, KOTOpasi UCTIOIL3YET 00y IAIONTY IO BBIOOPKY JIJIsT
OIIpejieJIeHUsT CBOUX TapaMeTpoB, A A-ajiropurMm 00ydaercst B peskKuMe
onaita. COOTBETCTBYIOINIHIT aJIrOpUTM IpeJIoKeH p pabore [58].

PaccmorpuM MHOrOMEpHYIO JIMHEHRHYIO perpeccuio. [Ipupoda Bbi-
naer 3uHadenns (xy,y), e vy € R uwy € Rupnt=1,2, ...

Bajada perpeccuy 3aKI09aeTcsd B BBIYUCICHUN Ha KaXKIOM IIa-
re t > 1 MpoOrHO3a BEJMYWHBI Yy O paHee TMOJIYIeHHBIM 3HATEHUSIM
(x1,91), ---, (T4—1,Y4—1) ¥ BHAYEHUIO apryMeHTa Ty.

B sToM pasgene Mbl HE TOIYIEPKUBAEM BEKTOPBI YEPTON CBEPXY.

B coorBeTcTBUET € Teopueil MpeCKA3aHUN C MCIIOJIb30BAHUEM KC-
[EPTHBIX CTPATETHWl BBEIEM B 9Ty UIPY KcuepToB § € R™. dkcuept
0 naer Ha mare t TpeJCcKa3aHWe — 3HAYEHUE JIMHEHHON (DyHKIIN:
& = (0 ).

Sajadeil perpeccun B peyKUMe OHJIAMH SIBJISIETCsT TTOCTPOEHUE Ha
KaxKJI0M Trare ¢ IMporHo3a BEJIMYNHBI Y4, UCTIOIB3Ysl IIPOTHO3BI TaKUX
JIMHEHHBIX 3KCIEPTOB.

Obmas cxema PErpeccuu PEryaupyercs MPOTOKOJIOM, MPUBEICH-
HBIM Ha, puc. 5.2.
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FORt=1,2, ...

IIpupoda anoncupyer xy € R"™.

DKcnepmol, aHoHCHPYIOT poruosbt &7 = (0 - zy), § € R™.
IIpedckazamens pejcTaBIsgeT pejckazanue vy € K.
IIpupoda anoucupyer y; € [-Y,Y].

ENDFOR

Puc. 5.2: Obmas cxema perpeccun

PaccmarpuBaeTcst urpa ¢ moJsiHo# wH(MOpMAIUEl MeXK Iy UIPOKa-
Mu: Idxenepm 6, Ipedckazamens u Ipupoda.

Jlst BEIYUCIEHUST TOTEPh MCIOIb3YeTCsT KBATIPATHIHAS (PyHKITHS
norepb. Ha mare t 9xenepm 6 serauciser con norepu (y; — (0-24))>.
Ipedckazamenny BoraucIseT cson motepn (Y — Yi)2.

[Ipumenum K 3T0it urpe ajroputm AA ¢ mapamMerpom oOyUeHUsi
n=1/2Y.°

BBejiem anpropHoe pacripejiesieHue

Po(df) = (an/m)" 201" gg, (5.71)

IJle @ — HEKOTOPBIii ITapameTrp (aHAJIOIMYHbII TapamMeTpy, KOTOPbIi uc-
HOJIb3yeTCst B TPEOHEBOI Perpeccui), a KOHCTAHTHI BHIOPAHBI U3 YCJIO-
BUSI HOPMAJIM3AIUH. 3/1€Ch UCIIOJIb3YeTCsl €BKJINI0OBA HOPMa BEKTOPA
0 = (01, ..., 0,), sanannas dopmysoit 0| = /07 + -+ 62. Ha-
IIOMHUM TaKKe, 9TO MbI OTOXKJECTBJISIEM CKAJISIPHOE ITPOU3BEJICHUE
(0 - ) u omHodIEMenTHYIO MaTpuily x'0, Tae 2’ — BekTOp-cTPOKA, 6 —
BEKTOP-CTOJI0EII.

Torma morepu Tpou3BOJIBLHOTO 9Kcrepra § € R™ Ha mare ¢ paBHBL:

Aye, 240) = (yr — 210)* = 0/ (x42})0 — 2(yex})0 + ;. (5.72)

r_ r_
HamomunMm, 4ato xp = (Z14,..., Zny), 0 = (01,..., 6p), a x¢, 0 —
9TH K€ BEKTOPbLI, 3aIllMCAHHBbIE B BUJE CTOJIOIOB. 31€Ch MBI HCIIOJIb-
soBasin paserctso x0xi0 = 0'(x42,)0, KOTOPOE MOXKHO HPOBEPUTH

SMOKHO I0Ka3aTh, 9TO IIPH TAKOM 3HAMECHUH ApaMeTpa by HKIAs OICTAHOB-
ku cymectByer u umeet Bug, (5.50).
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TTO-KOOPIMHATHBIMA ITPE0OPA3Z0BAHUSIMUA:

xé@xé@ = <Z xm‘el) Z xmﬂj =
i=1 J=1

= Z Oi:rt,i:xmej = 0/(113151‘2)9

i,y=1
ITorepu sToro sxcnepra § € R™ 3a nepsble 1’ maroB paBHBI

T

Lp(0) = Z(yt —y0)* =

t=1
T T T
=0 (Z xtxg> 0 —2 (Z ywé) 0+> yi (5.73)
t=1 t=1 t=1
Corutacro (5.8) n (5.22) nmeem

P,_1(df) = g1 py(dh).

HOSTOMy IIPOU3BOJIBHOE IICEBJOIIPpEACKA3aHUE Ha IMare t numeer BU T

/ 1

i ) (5.74)

Orcrona, yuanreiBasi npecrasiaenus (5.71) /it aIpuopHOro pacrpe-
nesternst u (5.72) myist GYHKIMU IOTEPb, IOy IUM

mPO(dG) = (5.75)

T T—1 T—1
/ —n9’(al+t21 xtx£)9+277(t21 yexy—Yap)0—n( tZI yI+Y?)  dh
= e = = = _
n PTfl (@)

Awnajytornanoe npejcrasienue umeer mecto s gr(Y).
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B ciydae kBagparndaHOil (QyHKIMU TIOTEPb M MHOXKECTBA IPE/I-
ckazanuii [—Y,Y]| MoxKHO nOKa3aTh, 4To (DyHKIMs HOJCTAHOBKU CY-
mectByer u umeer Bug (5.50) (em. [58]).

Torma, ucnonb3yst dbopmynny (5.75) mus gr(—Y) u anamoruduyro
dbopmyny st gr(Y'), momyaaem

VT = %(QT(_Y) —gr(Y)) = % x

T T—1 T—1
—n0’ (al+ Y zex})0+2n( Y yer;—Yal)0—n( > y2+Y2)

fRn e =1 =1 =1 do
X logﬁ T T—1 T_1 -
—n0'(al+ 3 zexl)0+2n( 3 yewi+Yz,)0-n( 3 y7+Y?)
f e t=1 t=1 t=1 da
Rn
T —
00 @I+ Y weal)0+20( 3 yel—Y )0
fRn =1 =1 do
logg : =

4Y —" aI-i—Z zrx})042n( i ytxé-‘rYZ‘/T)Qda
t=1

Jrne

T T-1
1 | —nF (a1+t21 xpay,—2 tzl ytwg,2Yx’T)
o = =
T4y 088°

T-1

EF aI+Z$txt, 2;yt:pt,2YxT =

-1

T-1 T
Z yry | | al + Z T ST (5.76)
t=1 t=1

3/1eCh MBI Cpa3y COKPATHIN OOIIII MHOKHUTETH PT+1(9) B UHCJIUTETIE

u 3HameHarese 2-it crpoku. [Ipu mepexoje or 2-ii cTpoku K 3-if MHO-
“n(Y )

KUTETb € t=1 B JHUCJIUTEJe U 3HAMeHaTe e ObLI BLIHECEH U3

IO/, MHTErpajia U COKPAIIEH.

ITpu nepexoae ot 3-if CTPOKU K 4-#f MBI UCIOJIB3YEM CJIETYIOITYIO
HIKe JIeMMYy 5.6, I3 KOTOPOil cIe/lyeT, 9TO MHTErpajl B YNCIUTENE 3-ii
CTPOKHU pPaBeH

a2y inf (0 A9+c9+2'6)
feR™

vdetA
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a WHTerpaJ B 3HaMeHaTe e 3-f1 CTPOKHU paBeH

a2y inf (0 A9+c0—2'6)
feR™

e )
vdetA

e

T
A=al + th;cg,
t=1

B 4-i1 cTpoke MBI uco/ib30Ba 0603HAYEHNE

F(A,c,z) = (0'A0 + 0 + 2'0) —

inf

0eR™

— inf (/A0 + 0 — 2'0), (5.77)
OeR™

a TIpu Iepexofie OT H-i CTPOKM K 6-if — CIeayIoNTyIo HUXKe JeMMy 5.7,
cornaco Kotopoit F(A, e, x) = —c/ A7z,
[IpuBenem HOPMYIUPOBKY U JOKA3aTEILCTBA JieMM 5.6 u 5.7.

JIemma 5.6. ITycmo Q(0) = 0'A0 + 0+ d, 2de ,c € R", d€ R u
A — CUMMEMPUUHAA NOAOAHCUMENLHO ONPEOEAEHHAA MAMPULA TUNA
(n xn). Toeda

n/2

/e_Q(G)dH —e @ T (5.78)

VdetA’

Rn
2de Qo = mingern Q(0).

Hoxazameavemeo. IlycTs MUHUMYM KBaJpaTUIHONW (POPMBI
Q) =040+ 0 +d

nocruraercs upu 6 = 0y. Ionaraem &€ = 0 — Oy u Q(ﬁ) = Q&+ bp).
Jlerko BUAETDH, 4TO KBaJpaTH4yHasd dacTb gopMbl Q ecth &' AE. Tax
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KaK MHUHUMYM HOBOI (DOpMBI Q nocruraercst ipu 6 = 0, e 0 =
(0, ..., 0), sra dpopma HE MOKeT MMETH JinHelHO# yacTu. [leiicTBu-
TeJIbHO, B JIOCTATOYHO MaJsiofi okpecTHocTH () JiMHeitHas JacTh JOMHU-
HEpoBaJa 6Ll HaJ| KBAJPATHIHON YacThio 1 Torja 65l Ha 0 dopma Q
HE IpUHUMAJIA Obl MUHUMAJILHOE 3HAUEHHUE.

Tak KaK MUHIMYM Q(f ) paBeH (Jp, MOXKHO 3aKJIIOYUTh, 9TO KOH-
cranTa GopMbl ecTh Qy. Takum obpazom, Q(g) = A + Q.

Ocraercst 10Ka3aTh, 9TO

/ e~ ¢ 48de = 72 /\/det A.

RN

Dro ciemyer n3 reopeMsl 3 (pasmena 2.7) monorpadun [1]. A
Jlemma 5.7 mokasbiBaet, ato F(A, c,z) = —c/ A7 .

JIemma 5.7. ITycmv A — CuMmeMpuuHas nOAOHCUMENLHO Onpede-
aennan mampuya muna (n X n), byx € R™. Tozda

F(A,c,r) = min (' A0 + 0 + 26) —
feR™

— min (0’A0 + 0 — ') = - A7z (5.79)
0eR™

Zoxasamenvcmeo. [1jis HaxoXkKIeHUs TePBOr0 MUHUMYMa, ITPUPaB-
HUBaEM YaCTHBIE IPOU3BOIHLIC KBaapaTudHoii dhopmbl 0’ A+ 0+2'6
o 0; k nymo. 3nece § = (61, ..., 6,). Ioay4yaem cucremy ypashe-
unit 2460 + ¢ + 2’ = 0. Orciona JIerko BUJETh, YTO 3TOT MUHUMYM
JIOCTUTAETCSI TIPU 3HAYEHUU BEKTOpa 1 = —%A’l(c + x). Ananorng-
HO, MUHUMYM BTODOI YaCTH JOCTUTaeTcs mpu 01 = —%A‘l(c — ).
VTBep:KJIEHUE JIEMMBI [TOJIYYaeTCs TOJACTAHOBKONH TUX 3HAYEHWH B

Pa3HOCTh MUHUMYMOB. A\
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A=ual;b =0.

FORt=1,2, ...

AnropurMm nonygaer r; € R™.
Borancasiem A = A + 2.

Bolnaem npejckasanue v, = b’ A7 xy.
Auropurym noarygaer y; € [—Y, Y.
Boraucasiem O =V + yi 2.

ENDFOR

Puc. 5.3: Anropurm perpeccun AAR

Takum 06paszom, coryiacHo Beipaxkenuto (5.76) s yr, aHa mare T'

T
A=al+ Z Txl,
t=1

T-1
/
b = E ytxb
t=1

yr=bVA ey =
-1

T-1 T
= (Z yta:2> (a[ + meé) -z
t=1 t=1

OTu HOPMYIIbI TOKA3BIBAIOT, YTO MBI MOXKEM 3aIUCATH Teleph aJi-
roput™m AAR 1151 perpeccun ciemayromum o6pa3oM — CM. puc. 5.3.

Cpasrenne noteps ajiropurMa AAR ¢ morepssMu HAUJTy 9II1ero SKc-
nepTa JaeT Caeayolas TeopeMa.

Teopema 5.5. /laa npoussosvrozo T

T
1
t=1

n T
1
< inf(L 4+v2y Inf1+= 2\
1{;( 7(0) + all0]]7) + ;:1 n( + “;1 fﬂm)
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Ecau x momy orce |z ;| < X das ecex t u i, mo
. 9 0, (TX?
Lp(AAR) < 1%f(LT(9) +allf]|*) +nY*In | — +1).
a

Joxaszameavcmso. Ilycte 1 = ﬁ [Io nemme 5.2 moTepu anaro-
purma APA Beipazkatorcs B Bujie dhopmyibt (5.21). B namem ciayuae
sra hopMyIIa 3alUCHIBAETCH B BUJIE

Ly(APA) = logg / e~ py(dg) =

n

T T T
o —n0'(al+ 3] mw)0+20( 3 yiay)0—n 3 vi
n/ e t=1 t=1

~ log, /R (an/n) =" 4. (5.80)

Sxkcnonenta B (5.80) mveer iz e ) rue

T T T
F) =0 (a[ + Z:cw:é) 0—2 (Z ytx:t) 0+ ny
t=1 t=1 t=1

[Tycts Mmurumym F'(6) nocruraercs npu 6 = 6.
Tora 1o siemme 5.6 Boipakenue (5.80), npecraB/soniee MOTepu
APA, pasno

Ly(APA) =

27/26~nF (60)
=logg | ((an/m)"/?) =

T
\/det (an[ +n) xgcé))
=1

T
1 1

t=1

T
1 1 )
= F(6p) + %lndet <I+ p E ZEtZL't) =

t=1

T
1
= F(6p) + Y2 Indet (I + p meé) .

t=1
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ITo onpenenennio (5.73) KyMyJIsSTUBHBIX IIOTEPh IKCIepTa 6

T T T
F(6y) =0 | al + Z nxy | —2 Zytxg 0o + Z y?
t=1 t=1 t=1

T
= allfoll® + D _(ye — 7160)° =

t=1
= al|6o||* + Lz (o).

Taxk xkak L7(AAR) < Lp(APA), orciofa mojydaeM yTBEpPKJIeHHEe
TeopeMbl. A

5.10.2. Ilepexoa K ssepHOII MHOTOMEPHOII perpeccun

s mepexoia K siJIepHO# perpeccuu HeoOX0IMMO ITEPEBECTH BCE TIOJTY-
YeHHBIE aJITOPUTMBI U OIEHKHU OIMMUOOK perpeccuu B (popmy, Ipu KOTO-
poii Bce OHU 3aBUCAT TOJIBKO OT CKaJIAPHBIX IIPOU3BEJICHUIT BEKTOPOB
HUCXOIHBIX JAHHBIX. [locie 3Toro Mbl mpenoIoKuM, ITO TUIIEPILIOC-
KOCTb perpeccun ObLja MPOBeJeHa B IMIPOCTPAHCTBE MPU3HAKOB, MIPU
9TOM CKAaJIIPHBIE NPOU3BEJCHUS OyIyT CBEPHYTHI B BUJI€ 3HAYCHUN
aapa.

Benomuum dhopMyiib J1j1st BBIYUCIEHUS OCHOBHBIX IAPAMETPOB aJI-
ropuTMa

T
A=al + Z Ty,
t=1

T—1
/
b= E YtTy,
t=1

Yr = b/AiliL‘T =
-1 T -1
= Z YTy al + th:cg X (5.81)
=1 t=1

[Tycrs K (x,2") — mekoropoe spo, tie x, &' € R™, u Mbl moJydaem
Ha BXx0J BBIOOPKY S = ((Z1,y1), (T2,¥2),... )
BBosieM 0603HauMEHUS:
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Kp = (K (zi,75)); ;_,

kr = (k(x;, xT))iTzl — mocie iU crosiber; MaTpuibl Kop;

Yr — BeKTOp-CTO/I6EI NCXOIOB;

(Yr_1,0) = (y1,.-.,yr—1,0) — HEIOJHBIH BEKTOP-CTOJIGEI UCXO-
JIOB, JIOTIOJTHEHHBIN HYJIEM.

Bamuiiem oHJIANRH aaropuT™ JuHeiHON perpeccun (5.81) B BujE
yIOOHOM JIJIsT TIepeBOJia B sIZIEPHYIO (hOpMYy.

Beenem marpuity tuna T X n

— MATpUIla 3HAYEHUN S71pa;

/
Ty L11, 2125 -« -, L1T
/
x 21, X922, ...,ToT
XT — 2 — bl 9 ) ,
/
T Tnls Tn2,---,TnT
¥ KOTOPOI CTPOKH — BEKTOPbI-CTPOKH ], . . . , /n. Torja jierko mpose-
PHUTD, UTO
T
/ /
rxy = XpXr,
t=1
a TaKyKe

Nmeer mecTo ciremyromniast

Jlemma 5.8. /J[asa 210600 nxm mampuuvt B u 210600 mXxn mampuot
C maxuz, wmo mampuyss al, +CB w al, + BC obpamumvi, umeem
MECMO PABEHCMEO

B(al, +CB)™! = (al,, + BC)™'B, (5.82)

2de a — a0boe sewecmeennoe wucao u I, — edunuvnas mampuya pas-
Mepa .

Joxasamenvcmeo. PaBerctBo (5.82) 9KBUBAIEHTHO PABEHCTBY

(al, + BC)B = B(al,, + CB),
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KOTOPOE OYEBHJIHO BBULY JUCTPUOYTUBHOCTH YMHOXKEHUSI MATPHUIL. /\
Ucnonb3yst jeMMy IMpeJICTaBUM 3HAUYEHUE IpeJICKa3aHus JIMHel-
HOW perpeccun

yr=bVA ey =

T-1 T -1
— (Z ytxff) (a[ + thxl’t) =
t=1 t=1
= (Yr_1,0) Xr (al + XpX7) " ar =
(YTfl, O)I ((II + ‘XT‘X%)_1 XTxT =

-1 .

= (Y_1,0) (aI + f(T) kr, (5.83)
e Kp = XrXhu kr = Xrar. 3amerum Takske, 4TO
XoXp = (2 20) y_y
kr = (2 - 27)[_,

T.€. 9JIEMEHTBI MATPUIIBI U BEKTOPA [IPEJICTABIAIOT COOOil CKaIsPHBIE
[POU3BEJIEHUsT BEKTOPOB 1, ..., TT.

AJanTHBHBIN aJICOPUTM siIEPHON BEPCHUH MOJTyYaeTCsl U3 AJTOPUT-
Ma JIMHEHHOl OHJIAH perpeccuy 3aMeHON CKaJIsSPHBIX [TPOU3BE/ICHII
13 MATPUIIBI KT = XTXF} U BEKTOPA ]NcT = Xpxp Ha 3HAUEHHUS sSIIpa,
Kp = (K(xi,xj))gjjzl u kp = (k:(q:i,xT))Z-Tzl. [Moayanm BbIpazkeHue
JIUIsl IPOIHO3a, sI/IEPHOi BEPCUH aJIalITHBHOI MHOIOMEPHO{i perpeccun

Y = (YT—la 0)/ (aI + KT)_l kr.

Onenka ommOKU OOy4UeHUsT JIsl sIAEPHOW MHOTIOMEDHOIl perpeccuu
nMeeT BUJ,

Teopema 5.6. Jlasn scex T
. 2 2 KT
Lp(AAR) < Héf(LT(@) +al|0||*) + Y= Indet -+ I

onsa ecex T.
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5.10.3. A nepHas dpopma rpedbHeBoOIl perpeccuu

[Tycts anropurm mupejckasanus A HCHOMB3YeT BXOJHBIE BEKTOPBI
Z1,T2,...T U PE3yJbTAT €ro paboThl 3aBHCUT TOJBKO OT HUX CKa-
JpHBbIX npousseiennii. Takzke 3amano siapo K(x,y), rae z,y € R™.
BaMeHIM BCIOJy CKaJIsIpHbIE HpousBeneHust (z; - ¢;) Ha K (x;, x;).

B uacrtrocTu, dopmyna s mpeickaszaHus METOJIOM IpeOHEeBOI
perpeccun (cM. paszen 2.8.2)

yry1 = w'z = ((af + XpX7) X Yr) 2pyq
MOXKeT ObITh IIpeoOpa30BaHa C MOMOIIBIO JIEMMBI 5.8 K BUILY
Yr+1 = we = ((aI + X%XT)_lX%YT)IiL‘T_H =
=Y} Xr(al + X5 Xp) tapy =
= Y} (al + X X5) ' Xpapy =
= Yh(al + X7 X5) Lk,

T
rie kr = (Tr41 - Te)p—q-
[Ipenckazanue ajs gaepHO TPeOHEBON PErpPeccCru UMEeT BHU]T

vr1 = Yy(al + Kr) "k,

rne Kr = (K(zi,azj))zr:l ukr= K($T+1,$t)?:1-

Bamernm, 4To B 3TUX 2Ke 0603HaueHusAX hopMmya (5.83) st npe-
CKa3aHUsl aIallTHBHON sIepPHOI PErpeccur MMeeT HEeCKOJBKO OTINY-
HBIN BUJI;

yr41 = (Y7,0) (al + Kr41) "~ kpa,
rjae KT+1 = (K(xl,ajj))ZT;ll n kT—i—l = K(IL‘T+1, :L‘t)zzrll.

5.11. Sagaunm u ynpaXHeHus

1. HapucoBatsh rpadukn mpejackasaHuil u o0JacTh CylepIpeacKa3a-
HMif, a Tak>Ke UX 00pasbl B IKCIIOHEHIIMAJBLHOM IIPOCTPAHCTBE s
KBaJIPATHIHO, JTOTapudMUIecKoi, aDCOJIIOTHON U MPOCTON (DyHKITHI
noTeph i pasziudaeix 1 > 0. [IpuBectun npumepsr 77, TPU KOTOPBIX
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JIJIT JIOTapUPMITIECKON M KBaAPATUIHON (PYHKIUH MOTEPh COOTBET-
crBytomue 06JaCTH B IKCIOHEHIIMAILHOM [POCTPAHCTBE OyIyT BbI-
IyKJIBIMHA (& TaKzKe HeBBIILYKJIbIMH).

2. @yukuus 1orepb A(w, ) HA3BIBAETCSI 1)-9KCIIOHEIUATLHO BOTHY-
Toit, econ dbyukuus f(y) = e MMWY) gpogercs BOTHYTOH JIJIST BCEX
w € Q. Hasbisaem dbyskimio \(w, y) 9KCIOHEIUATBHO BOIHYTOMH, ecjim
OHa, 7)-3KCHOHEIUATBHO BOTHYTA JjIst HEKOTOpOro 7 > 0.

JokazaTh, 9T0 BesiKast IKCIIOHEHIUATLHO BOrHy Tas dbyHKims A(w, )
SIBJISIETCsI BBIIYKJION 110 Y Jyist jio6oro w. [Ipusectn mpumep, Korja
obparHoe yTBep:KjeHue HesepHo (Ykasanue. V3yaurs abcoIOTHYIO
dbyukuuio norepb A(w,y) = |w —7])-

3. JlokazaTb, 9TO €c/iu HEKOTOpass (DYHKIUS MOTEPh SABJISETCS 1)-
9KCIIOHEHIIUAILHO BOTHYTOM JIJIsi HEKOTOPOro 1) > 0, TO OHA sIBJISIeTCst
77/-9KCIIOHEHIMAIBHO BOTHYTOI 11 moboro 0 < 1’ < 7.

4. O6bsICHUTE B YeM OTIMYUE HOHATUI CMENIMBAEMOCTH M SKCIIO-
HEHIIUAILHOI BOrHyTocTH. JIoKa3aTh, 9T0 KJIaCC CMEITUBAEMBIX (DY HK-
Iyii II0Tepb CTPOro IIMpE YeM KJACC SKCIOHEHIUATIBHO BOIHYTBIX
dyuxmmit (Vrazanue. s wekoropbix n > 0 kBajgpaTndHas (DyHK-
IHsl IOTE€Ph MOXKET OBbITH 77 > (-CMemmBaeMoii, HO He SKCIOHEHIIU-
aJbHO BOrHYyTOM. M3yunTs cBoiictBa dynkuuu f(y) = e ="
pazauuHbIx 1 > 0).

5. JlokazaTh, uro dyHKmus norepb Aw,p) = (w — p)?, e w €
{0,1} u p € [0, 1] aBasercs n-cmemuBaemoit npu 0 < 7 < 2.

6. Tokazarb, uro abcosoTHast dyHKIMs H10Tepb A(w,y) = |w — 7]
He SIBJISIETCS CMenmBaeMoil. Borauciuts koucrauty () (u a(f)) us
onenkn (5.27) mys cnyyast w € {0,1} u v € [0, 1].

(Omsem:

1 1

rae B =e¢e .
MO2KHO [TOJIyYUTDL 3TO 3HAUYEHHE IIyTeM MUHUMU3AIUN I0KA3aTe I
CTEIIeHN ¢ B HEPABEHCTBE:

c

N
e > Ze—nk(w,fé)pt*_l@
i=1
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B HamXyaIleM caydae — JJId HPOU3BOJNBHBIX w, 7, & n P . Ymobno
HCIIO/Th30BATh T€OMETPUUIECKOE MIPEJICTABIEHNE — KPUBYIO:

(efm? efn(lfv))

mpu 0 < v < 1. Halitu ¢ njig ciydast, KOTjia pacCTOssHAE OT TOYKU Ha,
KPUBOIi JIO CaMOM JIJIMHHON XOPIbl MAKCUMAJIBHO 110 BCEM w, Y U &;).

7. IIpoBeputh BbIIyKJIOCTH KpuBoi (5.37).

8. Hapucosarsb rpaduk kpusoii ¢(3), 3ajanHoii paencrsom (5.38).

9. BuiBectu HepasencTso (5.39). VccieoBarh 3aBUCHMOCTD MHO-
skuresist B onerke (5.39) or 3umadenus .

ITepecTtpouThb 3Ty OIEHKY B OIEHKY C €IUHUIHBIM MHOYKUTEIEM
u perperom tnopsiiika O(v1'In N) aHaJOrmIHO TOMY, KaK 3TO ObLIO
CIEJIAHO B AJITOPUTME PACIIPEIe/IeHUs IMOTePh B PEXKUMe OHJIANH 13
paznena 4.2.

10. ITocrpours Momudukanuio Fixed-Share st arperupyroiero
asiroput™MoM Boska. [losyduTh OlleHKY COOTBETCTBYIOIIETO PErPETA.

5.12. JIabopaTopHbIe pabOTHI

Ucnonb30BaTh TaHHBIE U3 CJIEIYIOMINX BeOCANTOB JIJTsT pellieHust 3a,1a9
perpeccun: http : //www.csie.ntu.edu.tw; Baza manusix UCI Ma-~

chine Learning Repository maxomurest no ajpecy http : //archive.ics.uci.edu.
Ona cogepKuT 60JIbIIoE YKC/I0 HAOOPOB JAHHBIX JJI KJIACCUPUKAIIAN

U PErpeccum.

JIaboparopHasi pabora 1

[TocTpouTh MPOCTYIO JIMHEAHYIO, IPEOHEBYIO PErPECCUH, & TaK¥Ke
PErpeccruio ¢ TOMOIIBI0 CTAHIAPTHOTO IIPOrPAMMHOIO 0becIeveHust
SVM, manubix no ¢gpopmysinam pazaenos 2.8 u 2.8.2, 2.9.1. ars cpas-
HUTEJbHBI aHaIu3 TOYHOCTU PErPecCHy I BCEX HCIOIb30BaHHbBIX
METOJIOB.

Jlaboparopuas pabora 2

HpOBeCTI/I TaK2Ke IKCIIEPUMEHTDBI C AJePHBIMA BEPCUAMU 3TUX MeE-
To710B. /laTh cpaBHUTE/IbHBIN AHAIN3 TOYHOCTH PErPECCUU JIJIsi BCEX
HCIIOJI30BaHHLIX METOJ0B.

JlaboparopHas pabora 3
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[IpoBecTn JIMHEITHYIO PErPECCUI0 B PEKUME OHJIAHH C ITOMOIIBIO
arperupyorrero ajropurma u3 pasuesa 5.10. [IpoBectu cpaBHUTE B~
HBI aHAJIM3 TOTHOCTU PErPeCcCHH C APYTUMHU METOIAMHU.

Jlaboparopuas pabora 4

Peamm3oBaTh C/IeAyOIIYIO CTPATErNIO OCTPOCHUST TOPTQEs aK-
Ouii Ha OCHOBE JAHHBIX 00 HCTOPUYECKHX IIEHAX akKIuii n3 caira
www.finam.ru (cm. [50]).

Nmeerca N axmwmit. IlycTs w;; — JoxomanocTs akmmn @, S; ¢ — Ko-
JITIECTBO JEHET, BJIOXKEHHBIX B aKIIMIO ¢, B MOMeHT Bpemenu t. Pac-
cmarpuBaercs N crpareruii Tuna “Buy and Hold”. Anropurm nHBe-
CTUPOBAHUS 3aKJIIOUAETCS B TIepepacipee/IleHi NHBECTUITNI MeK Ty
9TUMU CTPATETUAMU: JJIsi ITPOU3BOIBLHON aKIINK ¢ Ha IIare ¢ OCTaBJIsI-
eMm cymmy (1 — a)S; ¢, BIOKEHHBIMI B 9Ty aKIHUIO, a CyMMy a.S; ¢ pac-
peesisieM PaBHOMEPHO MexK 1y ocTaJbHbIMU N — 1 akmusvmu. 31ech
0 < a < 1 — napamerp ajropur™a. B 3ToMm citydae KamuTaJl, BIO>KEH-
HBII B aKIUIO 4, U3MEHAETC 110 (hopMyJie

a
Sig+1= | (L—a)Sis+ ~N_1 E Sits | Wits1-
J#i
mpu 1 <7 < N.
HaHI/IcaTb TOYHBIN aJITOPUTM U peaJim30BaThb €TI0 B BUJAE KOMIIbIO-

TepHoit TporpaMMbl. [IpoBecTn ducieHHbIe IKCTIEPUMEHTHI.
Cdopmynuposars stor ajsroput™m B hopme Fixed-Share ¢ Becamu

N
wir = Sit/ Y Sj+. HomyunTs oneHKy perpera.
j=1
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I'maBa 6

Boinykiiasi oniaiiH
ONTUMMU3 IS

6.1. OnyaifH rpaAneHTHBIN CITyCK

Bajiady NpeJCKa3aHuio C UCIOJIb30BAHUEM SKCIEPTHBIX CTPATEruii
MOYKHO TakKyKe PacCMaTpUBATh B TEPMHUHAX TEOPUH OHJIAWH ONTUMU-
sarun [71].

Paccmarpusaem sBkimoBy HopMmy || - || = || - ||2 ma R™. Bana-
HBI BBIITYKJIOE 3aMKHyTOe MHOXKeCTBO S C R" u kjacc F BBIMYKJIbIX
BEIECTBEHHBIX (DYHKITHIT OIIPEIeJIEHHBIX HA 9TOM MHOYKECTBE.

[Iycrs d(z,y) = ||z — y|| — 9BKINIOBO paccTostHue MEXKIy TOYKA-
mu (BekTopamu) x,y € R™ u (x - y) — COOTBETCTBYIOIIEE CKAJISIPHOE
npousseienue. !

O6osnaunm P(y) = argmin,cgd(x, y) — 9BKINI0BA IPOEKIUST IPO-
U3BOJILHOM ToUkM iy € R Ha BBIMYKJIOE 3aMKHYTOE TTOJIMHOXKECTBO S.

Hasee OyIyT UCIOIB30BATHCS CJAEIYIOIINE JOIYIIIEHHS.

e MuoxecTBO S orpaHutuenHoe: cyiecrsyer Koncranta C's Takasi,
qro d(x,y) < Cs st Beex x,y € S.

o Jlns kazxkpoit pyukiun ¢ € F u x € S cylecrByer cyobrpajinenT
g(z), nst koroporo BeimoHeHO ¢(y) — c(x) = g(x)(y — =) nua
Beex y € S. D1y dbyunkuuio g(x) rakxke obozHauaem V().

B s10M ¥ ClieyroneM pas/esnax Mbl He HOIYEPKHBAEM BEKTODPBI CBEpXy.
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AJIropuT™M OHJIAIH IPaJMEHTHOrO CILyCKa
[onaraem x1 € S — mobas Touka, Lo = 0, n; = 1/4/t.
FORt=1, 2, ...

IIpedckasamens BoliaeT xp € S

IIpupoda BeiaET ¢ € F

Kymynsarusasie norepu Ly = Ly + ¢¢(xy)
[ToarorasaueaeM MPOrHO3 IS CAELYIOIIETO Iara
Ty = Pz — ;i Ver(zt))

ENDFOR

Puc. 6.1: Anroput™m oHJIAiH TPaUEHTHOTO CITyCKa

e Cymecryer koucranra Cr takas, uro ||Ve(z)|| < Cr mis Beex
ce Fupcexz € S.

e CylecTByIOT aJropuTMbl Jijisi BbIUUC/IeHUsI 3HadeHuit Ve(x) u
P(y) = argmin,cgd(z,y).

[IpoTrokon anropur™Ma OHJIAWH T'PAIMEHTHOTO CITYCKa ITPeICTABIEH
Ha puc. 6.1.
Perper anropurMma 3a mmepBbie T’ MIaroB onpeaeasieTcs

T
RT = ;ct(xt) — IﬂgléngCt((L')

t=1
Ilpumep: S C R" — cragapTHBIN N-MePHBIH CUMILIEKC B R", Tt =
n
(X1t @pt), TAC Tip = 0w Y wp; = 1 st Beex ¢, er(x) = (It - @),

=1
rze BekTop Iy € [0, 1]" 3amaer dbyHKIUoO ¢p U & € S — ee apryMeHT.

Teopema 6.1. Aszopumm oniatin 2paduenmmozo Cnycka umeem eepr-
HI0M0 OUEHKY peepema

1 1
Rr < §c§ﬁ+ (VT — 5)CJ%.
,ZZO’ECLSCLm&/L’bCTTLGO. CHaanIa y6e,H,I/IMCH B TOM, YTO AOCTAaTOYHO
IIPOBECTU OLEHKY perpera Ijd JIMHEeHHbIX (byHKLLI/Iﬁ BHUIA ct(a:) =

(g¢(zy) - x). deiicTBUTENBHO, JJIsi TPOM3BOJILHON BHIMYKJIONH QyHKIMN
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¢t € F oymer cy(x) —cp(xy) = Vey(z)(x—2¢) morst eex 2.2 Tyers 2% =
T

argmingcg > ¢(x). st sroit Toukm BbimosnHeHO ¢(T%) — cp(wy) >
t=1

Ve (xy)(z* -~ x¢). Orciona
ce(we) — (™) < =Ver(zg) (2" — x¢) = (Ver(e) - @) — (Ver(ag) - ).

Torna

T

T T
Rt = g ct(xy) — ez g (Ve(zy) - ) E (Ve(zy) - x¥).
t=1 t=1

t=1

Haustee orennm perper agropurma st dyuknuii Buga ¢ (x) = (g¢(x¢)-
O6o3HAUNM Y1 = Tt — MGe, i G = Ve (), T = P(yig1)-
Nnmeem

Yer1 — T = xp — 2 — Gy

BosBoaum 06e 9acTu 3TOro paBeHcTBa B KBapaT (CKaJsIpHOE IPOU3-
BeJICHUe BEKTOpa Ha cebs):

(yes1 — %)% = (xg — %)% = 2z — %) g + 0 lae)®. (6.1)

U3 cBoiicTBa NPOEKIMK Ha BBILYKJIOE MHOXKECTBO uMeeM |z — yl|
|P(y) — | mns Bcex 2 € S mwy € R™ Orcioma (yir1 — )2
(w441 — 2*)2. Orciona u u3 (6.1) momyqaem

VWV

(zp1 — %) < (2 — %)% — 204 (wp — %) gt + P CZ.

NJIn

1

o (@ = ") = (g =" + 303 (62)

(zt —2%)gr <

23neck u nanee npomssesenus Tuna Ve () (T — T4) TOHUMAIOTCS KAK CKAJTSP-
HbIE.
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Cymmupyewm (6.2) o ¢ n mosmydaem, ¢ yaerom (6.1),

T
(

Rp <) (w1 —a*)g <
t=1
T .
*\2 *\2 t 2
<;2m((a«t—m) — (w1 — ")) + 5Ok =
1 G
2 2
= —(z1—27)" + Ty —x )"+
2771( ' ) ;2771;—1( ' )
T T
1 11 o 1
+= — = — | (2 —x")" — — (X1 — ") +
22(7715 Ut—1)<t ) 2t<t+1 )

oz E

Bropoe u uerBeproe ciaraembie cymMbl (6.3) yIpomamTcst

T

1 %\ 2 1 *\2 __
; M1 (z¢ — ") M (41 — ") =
1 2
= ——\XT 1—1'* gO. 6.4
(i ) (6.4
ITponomxaem (6.3) ¢ yuerom (6.4)
T T
1 1 1 1 C?2
Rr < —(x1 —2")? + = (—)x—m*z—i—f <
2771( ) 2; Ne N1 (= ) 2 ;nt
T T
11 1 1 C2
<Ci| -+ < - ) - <
° (2771 2 tz:; N M1 2 ;Ut
1 02 & 2 C
<C:i— 4+ 2L < EVT+=LE0VT -1
SznT+22m 2 VT + VT - 1)

Teopema mokazana. /A
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6.2. OnyIaiiH 3epKaJIbHBIN CITyCK W CBSI3aHHbBIE C
HUM BOHPOCHI

[IpuBenem ajaropuT™ OHJIANH ONTUMHM3AIMU OOIIEro BUAA OCHOBAHHO-
0 Ha METOJIe 3€PKAJIBHOIO CITyCKa, YACTHBIMHU CJIydasiMU KOTOPOTO
SIBJISIFOTCSL OHJIQMH IPAJIMEHTHBIA CIIYCK M aJrOPUTM SKCIIOHEHIHAb-
HOT'O CMEIUBAHUSI.

[Tpusenem HeoOxOMMMBIE onpeesierns. [lycrs (z - y) — ckamspHoe
IPOM3BeJIEHNe Ha IBKJINI0BOM npocrpancrse R™. [lycrs [|z|| — neko-
Topas HopMma Ha R™. Ilazee OymeM paccMaTpuBaTh CJIEIYIOIINE BUILI

n
HOpM Ha R™: l-Hopma ||z||1 = > |x;|, 2-HOopMa (9BKJIHMI0OBA HOpMA)
i=1

n

llz||l2 = z? n co-HOpMa ||z || = max |z;|.
1

= 1<i<n

[Tycts €2 — HemycToe nmopMuOKeCTBO R™ TaKO€, 4TO MHO2KECTBO €0
BHYTpPeHHNX Touek ()¢ siBJIsieTCsl BBITYKJIbIM. PaccMoTpuM (OyHKITHIO
R, ompenenennyio Ha ) u HenpepbiBHO auddepennupyemyo Ha 2°.
O6oznaunm VR(b) = (g—fl(b), ce gx—}:(b)) — rpajment bynknun R.3

Pacxoxkaenune Bparmana.

Oyukius R : ) — R nazweiBaercst gyrxyued Jlescandpa, ecan

e R — cTporo BhIIyKJasg W HENPEPBIBHO JauddepeHimpyemMas Ha

QC.

Y

e cci Kakast b0 MOC/IeI0BATE/ILHOCTh TOUeK {Ty} u3 ) cxo-
JIUTCS K HEKOTOPOfl TOYKe Ha I'DAHUIE 3TOTO MHOXKECTBA, TO
|IVR(xy)|| — oo npu n — oc.

ITo mpousBobHOi dyHKIMK Jlexkanapa R onpenensieTcst pacrooic-
denue Bpsemana KaK pa3sHOCTb MEXKJIy IpupalieHneM PyHKIAA U C1a-
raeMbIMI IIEPBOTO TOPsIIKa B pasjoxkenun Teitaopa

Drg(z,y) = R(z) — R(y) — (VR(y) - (z —y)), (6.5)

e z € Q uy € Q° Jlerko Bumers, uro Dr(z,y) > 0 npn = #
Yy, Dr(z,x) = 0; KpoMe 3TOro, MOXKHO IIPUBECTU IIPUMEDPDI, KOTJa
pacxoxaerue Bparmana #He cumMerpudHas QyHKIIHAA.

3B 6oee obrmem cirydae MOKHO paccmarpusarh VR(b) Kak cy6rpamment.
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Oyuknusa R Ha3bIBaeTCS CUALHO 8bINYKAOT OTHOCUTETHHO HOPMBI
Il ||, ecomu myist Beex & € Q u y € Q° BBIIOIHEHO

R(z) - R(y) > (VR@) - (@ =) + 3l =yl

rJie 0 — NOJIOXKUTEIbHAsT KOHCTAHTa (MOJIYJIb CHJIbHOM BBIILYKJIOCTH).

Hust crporo Beinykioit dyukiuu Dgi(x,y) > 0, a Jjsi cCHJIbHO
BBIIYKJIOH (DYHKIUK ¢ MOJYJIEM CHJILHON BBIIYKJIOCTH O BBITOJIHEHO
Dg(z,y) = §|lz — y||? ms Beex x u y.

IIpumep 1.

[Iycrs R(z) = %Hz”% Ha Q = R". Torna VR(y) =y u Dr(z,y) =
sllzl3 = 3lyllE — (v (& —v)) = 3llzll3 + 3l9l3 — (z-y) = 3le -
y||3. 31ech MOYIb CHITLHOMN BLITYK/IOCTH OTHOCHTEIHHO 3BKJIHIOBOLT
HOPMBI paBeH 1.

Ilpumep 2.

n
Qyukius R(z) = Z x;Ilnx; — x; paccmarpuBaercs Ha R (MHO-

=1
2KEeCTBO BCEX N-MEPHBLIX BEKTOPOB C HEOTPUIATEILHBIMU KOODIMHA-
tamn). 3jech onpejesum 1o HernpepbiBHOcTH 0In0 = 0. s nee

(VR(y))i = Iny; npu y; > 0, Dr(x,y) = > xilnz, — > yilny —
i=1 i=1

n n
Slnyi(x; —y) = > aln % — pacxoxnenne Kynnbaka—J/leitbaepa
i=1 i=1

MeXIy & U Y. Mogy}b CUJIBHOM BBINTYKJIOCTH (GyHKIMu R oTHOCH-
TesibHO 1-HOpMBI paBe 1 (cM. 3aja4dy u3 paszena 6.3).

JIemma 6.1. (VR(z) — VR(y)) - (2 —y) = Dr(z,y) + Dr(y,x) —
DR(,Z,Z’).

ﬂo%asameﬂbcmeo. HpeﬂCTaBI/IlVI BCe paCXO}K,ILeHI/IH B y,H,O6HOM BU e
Dr(z,y) = R(z) — R(y) — (VR(y) - (z —y))

Dr(y,«) = R(y) — R(z) — (VR(x) - (y — 2))
—Dp(z,2) = —R(2) + R(z) + (VR(x) - (= — 2))

+

CKJIa,ZLbIBaeM 9T PaBE€HCTBa U IIOJIydJaeM

Dr(z,y) + Dr(y,x) — Dr(2,z) = (VR(x) — VR(y)) - (2 — y).
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A
B ciieytomeil memme mnpejicrasieHo o6obIenHoe HepasencTso 1u-
aropa jyist pacxoxaenust Bparmana (em. [41]).

Jlemma 6.2. IIycmo S C Q — 3amrxHymoOe 8uNYKAOC MHOICECTEO
maxkoe, wmo S NQ° # 0, xg € Q° u 2* = argmin,c gD (z,z9) — npo-
exyus Bpaemana mouku xo na S.* Toeda x* € SNQC u das kasrcdozo
yesSnQe

Dr(y, o) = Dr(z",x0) + Dr(y,z").

Jlokasamenvcmeo. Oupenenum G(x) = Dpg(x,x9) — Dr(z,z*).
U3 onpejiesiennsi pacxoxk/ieHusi BparmMaHa U COKPAIeHUs] OJMHAKO-
BbIX YJIEHOB IIO0JIyYa€M

G(x) = —R(z9) — (x — xo) - VR(x0) + R(z™) + (x — z2¥) - VR(z").

Oynknus G siBasiercs guneiinoit. [Tycrs z, = ay + (1 — a)z™ — Touka
Ha [psaMoii, coemuusomeil y u x*. W3 Beinmykjoctu S, o, € S mis
Beex «. U3 ymuneiinoctu G(x,) = aG(y) + (1 — «)G(z*). Torma

Dg(za;20)—Dr(%a,2") = a(Dr(y, x0)—Dr(y,2*))+(1—a) Dr(z", z0).
Orcroma ipu o > 0 Oyjzer

Dr(y,x0) — Dr(y, ") — Dr(z", 20) =
_ Dgr(zq,x0) — Dr(za,z*) — Dr(z*, o)

(07

WV

S —DR(.fa,.%*)‘
«

(6.6)

3/1ech MbI UCIIOJIBL30BaM HepaBeHCTBO DR(Zq, o) = Dr(z*, xg).

Omnpenemnm D(x) = Dg(z,z*). Ilo Bropomy cBoiicTBy dyHKINMI
Jlexkanpa, Tak Kak xg € Q° u x* — ToYKa MUHAMyMa, OHA HE MOXKET
HaxOoauThCsd Ha rpaHuie mMHoxkectBa (), T.e. z* € Q° Ilostomy 1o
nepsoMy cBoiicTBy dynkuuu Jlexkanapa npoussoanas gpyHKun D
110 HAIPABJICHUIO i — £ B TOUYKe T

D;_x*(x*): lim M: lim D(z* + a(y — z¥)) — D(z*)
a—0+  « a—0+ a

4HerpyaHo 0Ka3aTh, 9TO TaKasi TOYKA T CYyIIeCTBYeT U eJUHCTBEHHAasd.
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CYIIECTBYET U KOHEUHA.

Umeem VD(z*) = V,Dg(z*,2*) = VR(z*) — VR(z*) = 0.
Orcioma Dj,_,.(z*) = (y — 2%) - VD(2*) = 0. Tax xax B (6.6)
lim —2&lEea’)
a—0+ a
Dr(y,z0) — Dgr(y,z*) — Dg(x*,29) > 0, uyro u TpeboBaIoCh I0Ka-
3aTb. A

BrinykJiioe conpsi>keHue.

[Tycrs R — dyukuus Jlexkanpa, onpe/iejeHHas Ha MHOKecTBe ().
OnpeeuM oepalyio COPIzKEHUsT

R*(p) = igg((p -x) = R(x)). (6.7)

= 0, a zneBas 4acrb (6.6) He 3aBucHT OT v, ByjueT

Taxk kak MHOXkKeCTBO )¢ BBINYKJIO€, a (PYHKIUsT [R CTPOTO BBIYKJIas,
TOYKa X, Il OCTUraeTcs MakcuMmyM B (6.7), eMHCTBEHHAS, 110 BTO-
pomy croiictBy dbyukiuu Jlexanapa x € Q° npu stom p = VR(x).
Herpymao npoBeputsb, uro R* — Takxke dyukims Jlexxanmapa, ompe-
JlesieHHast Ha MHOxkectBe (2 = VR(Q°). HasbiBacM 9T0 MHOXKECTBO
JIBOMCTBEHHBIM IIPOCTPAHCTBOM.

MozkHO pacMOTpeTh (PYHKIIUIO COMPSIKEHHYIO0 K R*

(R")"(2) = R™(x) = ;;g“p -x) = R¥(p)). (6.8)

Herpynuo nokasars, uro R**(x) = R(z) (cMm.3amady u3 pasjena 6.3).

JIlemma 6.3. IIpuz € Q up € Q* 6ydem p = VR(x) mozda u moavko
moeda, kozda x = V R*(p).

Jlokazamenvemeso. Eciu 1jist HEKOTOPBIX P U X BBIOJIHEHO R*(p) =
(p-x)—R(z), TO  ecTb TOUKA MaKCHMyMa B J1eBoii qacTtu (6.7) 1 10o3T0-
My p = VR(z). O6parHoe TakKe BEPHO — €CJIU JJisl P U T BBIIOJIHEHO
p = VR(z), T0 x sABIsIeTCA TOUKON MakcuMyMa B (6.7) 1 BBIIOJHEHO
R*(p) = (p-z) — R(z).

Takum obpasom, R*(p) = (p - ) — R(z) Torja u TOIBKO TOIIA,
koryia p = VR(x).

Amnanornuno, B (6.8), R**(z) + R*(p) = (x - p) BBIIOJIHEHO TOr/IA
M TOJIBKO Torjia, Korya = = VR*(p).
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Tax xkak R = R**, pasercrso R**(z) + R*(p) = (z - p) coBuagaer
¢ pasencrsoMm R(x) + R*(p) = (= - p).

Canenosarensio, p = VR(z) Torja u TOIBKO TOrJa, KOTJa T =
VR*(p). A

N3 jtemmbl 6.3 TpIMBIME ITPEOOPAZOBAHUSIMHE JIETKO IOJIYIUTD CJIe-
JIYIOIIee PABEHCTBO.

CaencrBue 6.1. Dr(z,y) = Dg-(VR(x),VR(y)).

Jlemma 6.3 u ciencTBue 6.1 MOKA3BIBAIOT MEXAHU3M HUCIOIH30-
Bauust Gynkuuu Jlexxanapa: orobpaxenue VR(x) orobparxkaer mpo-
crpancTBo ¢ B iBojicTBeHHOE TpocTpancTBo 2* (06pas VR(£2°)), npu
sroMm V R*(x) — o6paTHOE 0TOOpayKeHNE 1 COXPAHSETCS BEJMINHA PAC-
XOXKJIeHUsI BparMana MexKLy JIIOOBIME JIByMsl TOUYKAME M MEXKIY UX
obpazamu.

AnroputMm OHJIAWH 3€PKAJILHOTO CITyCKA.

[TepexoauM K M3JI0XKEHUIO METOJA OHJIANWH 3ePKAJBLHOTO CIIYCKA.
Basana Hopma ||z|| ma R™. IIycrs Q@ C R™ u 3ajaHa CHIBHO BBIITYK-
Jlasi ¢ MOJYJIEM CHJIBHOM BBIILYKJIOCTH O OTHOCHTEIHHO HOPMSBI || - ||
dbyuxius Jlexanapa R, oupenesnennas Ha ) (Q* = VR(Q°) — asoii-
CTBEHHOE TIPOCTPAHCTBO). 3a/laHbl TAKXKEe 3aMKHYTOE BBIILYKJIO€ MHO-
»kectBo S C  Takoe, uro S NN° # (), a TakzKe 3aMKHYTOE BBIILYKJIOE
muozkecTtBO F' C R™ (cM. npuMepsl la u 2a HuKe).

PaccmarpuBaercs noropsiomasics urpa. Ha kaxxmom payuae ¢
IIpeJIcKa3aTe/b BbIJAET perienne ¢y € S u mojydaer orBeT xy € F.
[Torepu or sTOrO perenus: ucuanucasiiorest B suje (g - ). IIporokos
aJrOpUTMa OHJIAHH 3ePKAJbLHOIO CIIyCKa IpeJIcTaB/IeH Ha puc. 6.2.

Perper anropurMma 3a mepsbie T’ IIaroB ONpeJIesieTcst

T T
Ry = Z(ﬁt - xy) — min Z(y “Ty).
t=1 ves i

Teopema 6.2. [Tycmv n > 0 uY = sup, es(R(y) — R(Y')), X =
supyep ||z||«.% Tozda anrzopumm onaatin sepranvrozo cnycka umeem
BEPTHION OUEHKY pezpema

Y
Rr < — + LTx2
n 20

® [IoiicTBenHAas HOpMa ompenensaercs ||z|l. = SUP <1 (T - w).
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AJIropuT™M 3€pKaJIbHOTO CITyCKa.

[Tomaraem g7 € S N Q¢ — mavanbuas Touka, Lo = 0, n > 0.
FORt=1, ..., T

IIpedckasamens Boigaer §; (BHIYUCIEHO HA HPEJIbLILYIIEM IIare).
IIpupoda Buinaer xy € F.

Kywmynsarusasie norepu Ly = Ly—1 + (g - T¢)-

[ToarorapauBaeM IIPOrHO3 /IS CJIELYIOMIEro IIara

Ji+1 = VR*(VR(J:) — nxy) (9Ta oneparnust onpe/iesieHa Ipu yCJIOBUH
VR(y) —nzr € Q" upu Bcex y € Q°ux € F).

Jt+1 = argmingc s DR(Y, G41)-

ENDFOR

Puc. 6.2: AnropurMm oHJIAH 3epKaJbHOIO CIIYCKa

Ipun= % Q%Y 2MA OUEHKA NPUHUMAET, GUJD

2Y X2
Ry < T
o
IKBUBAAEHMHAA HOPMYAUPOSKQ: Oas 206020 T u nr 7\/ 29Y G-
NOAHEHO
1 ZT: d e < /X
- = mm -
t_l ves o Yy t) X oT )

xax 6v. IIpupoda ne evibupanra c6ou xodwi.

T
/lokasamenvemeo. Ilyers y* = argmingcg > (y - 2¢). ITo ompee-

t=1
JICHUIO

nRr = 772 Ge—y)m) =
T T
7)2 9t — Y1) - Tt +772 (G411 —Y") - 3p). (6.9)
t=1 t=1
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[TpoBeieM OIEHKY CIaraeMoro mepBoii cyMMbl u3 mpaBoii qactu (6.9).

(9 = Ger1) - xe) < llGe = Geall - el =

= (Valld = G |) (= llzells). (6.10)
Vo
3aech MBI ucnosb30Basn HepaBeHCTBO (Y- x) < ||y - |||« mis Beex x
u y, tae ||z||. — asoiicTBennas mopma.’
U3 nepasencrsa ab < % + % U CHJIbHO# BBIYKJI0CTH (DYHKIUHI
R 1nosyuuMm OLEHKY JijIsl IIPOU3BOJIBHOrO ciaaraemoro (6.10) mepsoit
CyMMBI U3 npasoit qactu (6.9)

2
. - 0 . - n
(¢ — Ue1) - 2¢) < §Hyt — G |? + %HJ%HE <

2
< Dr(fesr, 0n) + g—UXQ. (6.11)

HO.HyLH/IM Tellepb BEPXHIOIO OIEHKY CJiaraeMoro BTOpOf/i CYMMbI U3
npasoit gactu (6.9). ITo onpenenenuio g1 = VR*(VR(9:) —nze). Io
Jgemme 6.3 VR(:Ijt_H) = VR(ﬂt) — NTy WIAX Ty = VR(Qt) - VR(gt_H).

Orcrona ucrosb3ys jgemmy 6.1 mosrydnm

N((Ger1 =) - 2) = 1 — ") - (VR(Ge) = VR(e41)) =
= Dr(y*, %) — Dr(Y", J1+1) — Dr(Gt+1,9) <
< Dr(y", 9t) — Dr(Y", §1+1) — Dr(Ge41,9¢). (6.12)
3ech MbI ucnonb3oBaan HepaBeHCTBO Dr(y*, Giy1) = Dr(Y*, Ui41),

KOTOpOE CJIeAyeT U3 JIeMMbI 6.2.
Cymmupys (6.12) mo ¢ mosty<um

T
1Y (a1 —y*) - 2p) <
=1
T
< Dr(y™,91) — Dr(y", 9141) Z R(Jt+1,9t)- (6.13)

61/13 olpeJie/IeHus JABOACTBEHHOR HOPMBI |||« = supy, < (v - ) = sup, (7 -

x) > HyH (y - ). Orcroma nomydaem HEOOXOIUMOE HEPABEHCTBO.
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Ciroxkum nepasencrsa (6.11) u (6.13)

T T 5
. I
W = 3 (0= v) e < 3Dl B0 + 5, TX

+Dgr(y*, 1) — Dr(Y", Yr+1) R(Yi+1,t)

IIMH

2
< Dr(y",in) + 5-TX* <
2
< R(y*) — R(11) + 2UTXQ

2
<Y+ L7x2 (614
+5 (6.14)

13 (6.14) momyuaem oneHky perpera Rp < % + %TXQ. Onrumu-

3UpyeM 110 1) U MOJYYUM 1) = %\/% u Ry < 4/ 2YUXQ T. Teopema
nokazana. A\

Bepuemca x npumepam 1 u 2.

ITpumep 1a.

Ilycts S = F = R", R(y) = 3/|yll3, tie y = (y1,-..,yn). Torma
VR(y) = y u VR*(p) = p. Torga anropurm 3epKajbHOIO CIIyCKa
UMeeT BUJL

Gi41 = VR (VR(yt) — nxe) = G — nay,
Ut+1 = Yt=1- (6.15)

1 IPEJICTABJIAET CODO AJITOPUTM I'PAJUEHTHOTO CIIyCKA € IIOCTOSTHHBIM
mapameTpom 1 > 0.
IIpumep 2a.

n
[Mycre S = {x € R™ : 2; > 0, x; = 1} ecrb n-MepHbIH cuM-
z:l

wiekc B R", F = R", R(y) = Zyl Iny; — y;. Torma VR(y) =

(Inyy,...lny,). O6o3naunm VR(y ) = Iny. Ecim z = VR(y), To
y = VR*(z). B koopaunarax z; = lny; u y; = €%, re., y =

366



VR*(z) = € = (*,...,e*). Orciona mojiydaeM BbIpayKeHNE aHa-
nornanoe (6.15) B KoopamrHATAX

Jirr1 = (VR (VR(§y) — nay)); = M0t 71000 = g, e~ 1t

[Tpoexnns Bpsrmana Ha CHMIIJIEKC — 3TO HOPMaJIM3allisd B 1-HOpMe
(cm. 3azavy u3 pasgena (6.3) HuXKe) Jip1 = ”Zgﬁkitl”l W B KOOPIUHA-

Tax
Gige M

Pit+1 = —
Z jSe_nxj,t
i=1

[Tonygaem anaJsior ajropuTma SKCIoneHmabLHoro cmerusanus Hedge.

6.3. Sajaun m ynpakHeHUs

1. Jokaszarb, 9T0 MOJLYJIb CUJILHON BBITYKJIOCTH (byHKIn R u3 npu-
Mepa 2 oTHOCHTesIbHO 1-HOpMBI paBet 1 (eM. [6]). (Vrasanue. IIpensa-
n
PHUTEJILHO JIOKa3aTh HepaBeHCTBO [InHckepa: Y | x;ln % > %Hx —yll3,
i=1 '
e £ = (T1,...,%n) 1Y = (Y1,---,Yn)-)
2. Hokazars, uro R** = R.
3. Hokazars pasencrBo Dg(x,y) = Dr«(VR(z),VR(y)) (Cnen-

creue 6.1).
4. JlokazaTb, 9TO mpoeknus bpsrmana Toukm y € ) Ha cuM-
IIekc S B IpuMepe 2a paBHa HOPMAIU3AMU Y B 1-HOpME 7§ = Hyy||1 =
Yy - Gijppre 10t
—m’—, B YACTHOCTH, §J; 41 = —7
Zi:1 vl ’

> Gjegre At
=1

5. AropuT™m clIeIOBaHus 32 PEryIsSpPU30BAHHBIM JIJIEPOM IOJIY-
JaeTCd U3 aJIropuTMa, IPpeJcTaBJI€eHHOI'O Ha PHC. 62, €CJi1 IIPOIrHo3
JUISE CJIEIYTOIIEro IIara, Olpeae/nThb

i1 = argmingcq ((y - 2) + 1 'Dr(y, §t))
Jt+1 = argminge s DR(Y, ¥+1)

,HOK&B&TI) 9KBUBAJICHTHOCTL aJITOpUTMa CJIeJJOBaHUA 3a PEryJjidpuso-
BaHHBIM JINJIECPOM M aJI'OPUTMa OHJIAITH 3€PKaJIbHOI'O CIIyCKa B TOM
CMBbICJIE€, YTO OHU BBIYUCJIAIOT OJUMHAKOBBIC ITPOT'HO3bBI gt.
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n

6. ITposeputh, uro dbyukius R(x) = —2 ) \/x;, oupejejieHHasT
i=1

Ha R, ectb dyukius Jlexkanapa. Berancanrs qs nee R*(p), VR(x),

DR(l‘,y), Dp- (.%,y)
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Yacro 111

Wrpsl 1 npeackazanud
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I'maBa 7

DJIeMEeHTbl TEOPUU UT'D

B manHO# ritaBe MbI paCCMOTPUM KJIACCUYIECKHE BOIPOCHI TEOPUU UTD
— WI'PBI JIBYX JIUI C HYJIeBOil cyMMOii. MbI JloKaXkeM MUHUMAKCHYIO
Teopemy [Ik. pon Heiimana, a Tak»kKe pacCMOTPUM METOJIBI PEIIeHMsI
TaKUX UTP. ByayT Takke pacCMOTPEHBI ITPOU3BOIbHBIE UTPhI MEXKTY
KOHEYHBIM YHCJIOM UTPOKOB. [lj1st Takux urp OyayT ompeeseHbl Mmo-
HsITUsT paBHOBecusi Hala u KoppeimpoBaHHOTO paBHOBecHs: AyMmaHa.

[TousiTusa u pe3yabTaThl STOM TVIABBI OYIyT MCIIOJIb30BATHCI B Ja-
Jee B rytaBax 8 u 9.

7.1. AHTaroHNCTUYEeCKNEe UTPhI JIBYX UTPOKOB

I[Iycte X m Y — MHOXKecTBa IMPOM3BOJILHON MPUPOJLI. PaccMoTpum
AHTArOHUCTUIECKYIO UTPY ABYX Jinil. [lepBbiit UTPOK BHIOUpAET cmpa-
meeuto (xox) x € X; OMHOBPEMEHHO C HUM BTOPOil UI'POK BLIOMpAET
crpareruto y € Y. B nopmaavrot opme Urpbl KasKIblii UTPOK BbI-
OupaeT CTpaTeruio HE3aBUCUMO OT BBIOOpA JPYTroro UIpokKa. 3agaHa
dbyukuust f(x,y) BBIATPHIIIA IEPBOTO UI'POKA, KOTOPAst OJJHOBPEMEHHO
siByIsieTcst (byHKIHe mpourpsbiia Broporo urpoka. Oyuknus f(z,y)
oIIpejiesieHa Ha JIEKApTOBOM Ipou3BesieHnn X X Y.

B cayuae f(x,y) < 0 BBIUIDBINI IIEPBOIO UI'POKA OTPUIATETHHBII,
T.€. SIBJISIETCsI €0 IIPOUTPBIIIIEM.

Ilens mepBOro Mrpoka — MaKCHMU3AINST CBOETO BBIUTPHIIIA, IEb
BTOPOI'0 MI'POKA 3aKJII0YAeTCsl B MUHUMU3AIIUNA CBOEI'O IIPOUTPHIIIA.
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Ecnu niepBbIit urpoK BBIOpaJ CTPATErWio X, TO €r0 BLIUTPBIII Oy-
Jer He Menbine deM infycy f(x,y) HesaBucuMO OT BHIGOpPA BTOPOIO
ATpOKa. DTa BEJIUUYNHA HA3BIBAETCSI MAPAHTHPOBAHHBIM PE3YJIBTATOM
JIJIsI TIEPBOI'0 UIpoKa. Hamrydmmuii rapaHTUPOBaHHbBIA PE3YJILTAT JIJIsT
[IEPBOT'O UI'POKA:

v = sup inf f(z,y)
zeX YEY

Ha3bIBaCTCA HUNCHUM 3HAYEHUEM U2DbBL.

Crparerns 2¥ mepBOro Nrpoka Ha3BIBAETCS MAKCUMUHHOT, €CITH

inf f(2°,y) = v.

yey
C TouYKM 3peHusi BTOPOrO WIPOKa, BHIOOP CTpaTErwu Yy TapaHTHPYeT
eMy MaKCHMAJIbHBIII IPOUTPBINT: SUP,¢cy f(2,y) — ero eapanmuposan-
Houll peayavmam. Hannydamuit rapaHTUPOBAHHBIN PE3YILTAT BTOPOTO
UrpokKa — BeJIMYINHA

v = inf su T
yeym@r;f( .Y)

HA3bIBAETCSI BEPXHUM 3HAYEHUEM UTPHI.
Crparerns: y° BTOPOro UIpoKa Ha3bIBAETCH MUHUMAKCHOMH, €CJIH

Jlemma 7.1. B 1060t anmazonucmuyveckot uepe v < U, m.e.

sup inf f(z,y) < inf sup f(z,y).
reX YEY yeY zeX

Zoxasameavcmeo. Vimeem st miobbix x € X my € Y

?Ji&fvf(x,y) < fz,y) < sup f(z,y).

zeX

Orcrona

inf f(x,y) < sup f(x,y).
yey zeX

JleBasi 9acTh MOCJIEIHETO HEPABEHCTBA 3aBUCUT OT I, & IIpaBasi — HET.
[TosTomy

sup inf f(z,y) < sup f(z,y)

zeX YeY zeX
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JJId BCEX Y, CJIeIOBATEJIbHO,

v =sup inf f(z,y) < inf sup f(z,y) =7T.
zeX yevy yeY zeX
JlemMma, nokazana. A
Touka (2°,y") € X x Y maspiBaercs cednosoti moukoti byHKIUI
f, ecnu

fla,y?) < f(a°,9°) < F2% ) (7.1)

miEBcex € X nyeY.
Yeqosue (7.1) 9SKBHBAJIEHTHO YCJIOBHIO

max f(x,9°) = f(2°,y") = min f(2°, y). (7.2)
rzeX yey
BamernM, 9TO KOTr/a MBI IIUIIEM Min BMecTo inf mim max BMecTo sup,
TO UMeeM BBHU/LY, YTO TH SKCTPEMaJIbHbIE 3HAYEHUsI JOCTUTAIOTCS B
HEKOTOPOI TOYKe.

[oBopsiT, 9TO AHTArOHUCTUYECKAS UIPA UMEEM PEUWEHUE, eCJII
byuxmus f(x,y) mmeer ceqosyio Touxy (20, 4y%). Yucmov = f(2°,4°)
HasbIBaeTca snavenuem, wma yenoti urpel, =0, y° — onmumarvrvle
empamezuu urpoxos, (20, Y0, v) — pewenue uzpvl. DTH HAZBAHUS OIPAB-
JBIBAIOTCA CJICIYIOIIEel TeopeMOil.

Teopema 7.1. 1) Jlas mozo wmobw, pynkyus f(,y) umesa cedrosyro
MoKy, HeobToduMmo u docmamouro, 4¥mobv, 6viA0 BBIMOAHEHO YCAOBUE

max inf flz,y) = min sup f(z,y). (7.3)

2) ITycmw svmoaneno (7.3). Tozda napa (2°,y°) moada u moavko mo-
20a asasemcs cedaosoti mowkot, xozda x° — makcumunnas, a y° -
MUHUMAKCHAA CMPATNE2UL ULPOKOB.

Hoxasamenvemeso. Jokasarenberso veobxogumoct 1) u 2). Iycrs
(29, yY) — cemmosas Touka dynxmun f(x,y). Torma

v < sup f(z,y") = f(2%y°) = v = inf f(a%y) < v (7.4)
zeX yey
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Orciona v < v. ITo nemme 7.1 umeem pasencrso v = v. Torna B
(7.4) uMeroT MECTO PaBEHCTBA, U TIOITOMY 20 — MaxcumuHHAas, a yP —
MUHUMAKCHAs CTPATErUH.

Jlokazamenvcmeo docmamounocmu. Jomycrum, aro (7.3) BbIIOI-

0 _ MaKCUMHWHHYIO, yO — MUHUMaKCHYIO CTpaTEruu.

neno. BosbMmem x
[Mokazkem, uro mapa (xg,yo) sBIsieTCss ceyIoBoil Toukoil. [leiicTBu-

TEJIBHO,

f(@®9%) = inf f(a%y) =v="1=sup f(z,3°) > f(2°,5°).
yey zeX
Orcrozia ciielyer, 94To BO BCEX STUX HEPABEHCTBAX MOXKHO MOCTABUTD
sHakn pasercTBa. Takmm obpasom, (20,9yY) — cemmosas Touka. A
Wrpa B OpJISHKY, IPY KOTOPOil IIEPBBIl UI'POK 3aralblBACT YUCIIO
0 mu 1, a BTOpOi OTrajbIBaeT, ¢ MaTPUIIEH BBITIIAT

()

He MMeeT Ce/IJIOBON Touku. [l Hee HAMTYUIUN rapaHTUPOBAHHBIMA
pesy/bTaT Jjid IIepBOr0 MIPOKa paBeH: v = max;minja;; = —1, a
HAWJTY Y9I TapAHTUPOBAHHBIN PE3yJIbTAT /I BTOPOTO UIPOKa (T.e.
€ro MPOUIPHIII) PaBeH: U = minj max; a;; = 1. DTa urpa He uMeer
peleHus.

7.2. JlocTtaTo9HOE YCJIOBHE CYII€CTBOBAHUSI
CeJIJIOBOII TOYKU

JlokazkeM JOCTATOYHOE YCJIOBHE CYIIECTBOBAHUSA CEJJTOBON TOUKMH,
CJIEJICTBUEM K KOTOPOMY SIBJISIETCS MUHUMAKCHAST TEOpeMa..

[IpemBapuTe bHO HAIIOMHMM, UTO TMOAMHOXKECTBO Z C R™ eBK/n-
JIOBOT'O MPOCTPAHCTBa R HA3BIBAETCS GHNYKAbLM, €CIU JIJIsT JTFOOBIX
TO4eK 2,2 € Z m moboro uncta 0 < p < 1 rouka pz + (1 —p)2’ € Z.

Oyukiys h(z), onpeje/ieHHasi HA BBIIYKJIOM MHOXKECTBE Z, Ha-
3BIBAETCH BBIIYKJION, ecu s JIo0bIX 2,2’ € Z u moboro 4mcia
0 < p < 1 BBINIOJIHEHO HEPABEHCTBO

h(pz + (1 —p)z') < ph(z) + (1 = p)h(2'). (7.5)
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®yuknust h(z) HA3BIBAETCST BOTHYTOM, €CJIM BBIIOJIHEHO HEPABEHCTBO
(7.5), rje 3HaK < 3aMEHEH Ha >.

Teopema 7.2. [Iycmo X, Y - swnykavie nodmmoosicecmsa R™ u R™
coomeememeento (20e n U m — NPOU3BOALHBIE HAMYPAALHBLE YUCAR),
Y — xomnaxm, pynxuus f(x,y) onpedeaena na X XY, npurnumaem
BEULECNBEHHBLE SHAMEHUA U 02PAHUMERA N0 AOCOMOMNHOT BEAUNUNE,
dyrnkuyua f(x, ) — ewnyraaa u nenpepvisnaa (no y) dasa kascdozo
anauenus x € X, f(-,y) — 6oenymasn das xascdozo snavenun y €Y.

Tozda

sup inf f(z,y) = inf sup f(z,y).
zeX yeY YeY zeX

Zloxazameavcmeo. Ilo jtemme 7.1 HaI0 JI0KA3aTh, 9TO

inf sup f(x,y) < sup inf f(z,y).
yeY peXx zeX YeY
Homycrum gyt mpocrorst, uro f(x,y) € [0, 1].

QurcupyeM joctaTodHo Majoe € > 0 u jocraTodnoe OOJBIIOE
HaTypaJabHOoe uncyio n. U3 komnakTaocT Y cliefyer, YTo CyIIecTByeT
e-ceTh B Y, T.e. KoHewyHoe MHOKecTBo Touek {y!, ..., yV} Takoe, uro
KazKJiast TOUKA i € Y HAXOJUTCH B €-OKPECTHOCTH OJIHOM U3 TOUeK ¥’

Onpeie/inM 1ocC/IeI0BATeIbHOCTD TOYEK Y1, Y2, - .-, Yp € Y U TO-
CJIEJIOBATEJILHOCTD TOYEK T1, T3, ..., Ln € X pekypcusHo. IlycTh g
— mrobast rouka X. Oupenesum ipu t =1, ..., n

N . t—1 i
Syl o f(xs,yY)
Yt = Z:;, ; (7.6)
S e Xiso fl@sy)
j=1

riae 1 = +/(8InN)/n u x; Boibupaercst Tak, 9T00bI OBLIO

flze,ye) = > sup fz,y) —

Tak kak GyHKIUSA [ ABJISETCS BBITYKJION 110 BTOPOMY apI'yMEHTY, MbI
MOZKEeM IIPUMEHUTH TeopeMy 4.9 ¢ dbyukiueit morepb A(x,y) = f(z,y).
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[Tpumennm Teopemy 4.9. st sToro nopmupyem dbyuknuio f(z,y)
Tak, 9ToObl ee 3HaveHus Jiexkaju B uHrepsasie [0,1] (upubasum u
YMHOKHAM Ha IOJXOISAIINE KOHCTAHTHI).

B anropurme 9KCHOHEHIMAILHOTO B3BemuBanus (7.6) BeJMIUHBI
y® — IPOrHO3BI 3KCIEepToB, i = 1,..., N, x; — ucxonpl, t = 1,...,n, y;
— uporuos [Ipedcrasamens. 1o (4.52) mosyunm

n n
. . 1
;f(xtayt) < i:T},I.l,N;f(x“yl) + W

Henum 9TO HEPABEHCTBO HA N :
LS flanm) < }jf OV
— mln . .
n v Tty Yt . Tty Y m

[Tonb3yeMcst BBITYKIOCTBIO (DYHKIUE f 110 BTOPOMY apryMEHTY U BO-
IHYTOCTBIO 110 TIEPBOMY, a TakKKe uctosb3ys (7.7), noaydaem

inf sup f(z,y) <

yeY gex
S<sup fla,— D w] <
rzeX < Z )
<sup — > f(@,yr)
zeXx N Z
Zsupf 2, Y1)
t 1m€
1
Zf (T, ye) + —
n
InN 1
Cmin zm, LA

(7.8)



[Tepexo or 1-if cTPOKU KO 2-1i IPOUCXOJUT 110 OLPEJIETIEHIIO; TIEPEXO/T
or 2-it K 3-it — o BeiyKJI0CTU f(2,); mepexox ot 3-ii K 4-if mpoucxo-
JAT, TaK KaK CyIIPEMYM CyMMBI He ITPEBOCXO/IUT CYMMBI CYIIPEMYMOB;
repexoJt OT 4-if K 5-if MPOUCXOIUT IO ONPEIEeTEHUIO Xy; MEPEXO] OT
5-it k 6-if npoucxomut 1o (7.7); nepexox ot 6-i K 7-if HpPOUCXOAUT 110
Borayroctu GyHkmuu f(-,y); mepexo or 7-ii K 8-if MPOMCXOAUT IO
OIIpeJIeJIEHNIO CYIIPEMYMA.
Taxum 06pa3oM, MbI JIOKA3AJIH, UTO JIJIA BCEX T

4 InN 1
inf sup f(z,y) < sup min z,y") + 1\ — + —.

Yerpemiisiem n K 66CKOHETHOCTH U TIOJTY IaeM

inf sup f(z,y) < sup min f(wvyi)-
yey 2EX zeX i=1,...,

Verpemnsem € — 0 u nosrydaeM

inf sup f(z,y) < sup inf f(z,y).
YeY zeX reX YEY
Teopema mokazana. /A
JlokazareabCcTBO TEOPEMBI 7.2 COAEPIKUT METO] BHITUCIECHUS [IEHBI
UTpBI, TaK KaK u3 1-if, 5-if u 8-it crpok HepaseHcTBa (7.8) ciemyer, 9To
n
sesmunna = S f (x4, y) ABJIAETCH KAK YTOIHO GIM3KIM IPHO/IIKEH -
n ty Yt YIOX p

t=1
€M K II€H€ UI'PbI IIPU JOCTATOYHO MaJIOM € U JOCTATOTHO OOJIBIIIOM 1.

7.3. CMmentaHnHble pacOIMpPeHns MAaTPUIHBIX UTP

7.3.1. MuHnumakcHasi TeopeMa

[Tycts Tenmeppr X = {1, ..., N} uY ={1, ..., M}. CoorBercTByIo-
Iasi Urpa HasbiBaeTcs MaTpuaHoil. Pyukius Berpsima f(i,j) = a;;
MOKEeT OBITH IIPEACTABIEHA B BIIe MATPHUIIBL. 1]epBbIif UTPOK BBIOMpA-
eT HOMep CTPOKHU, BTOPOI UTPOK — HOMEp CTOJIONA, SJIEMEHT ;, j, HAXO-
JISIIIIUICS HA UX [epeCevYeHnt, ONPEJIE/ISIET BBIUTPHIII IIEPBOT'O UT'POKA,
U IPOUTPLIIT BTOPOLO.
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Cmewarmnoti cmpameaueti ITPOKa HA3BIBAETCST PACIIPE/ie/IeHue Be-
POSITHOCTEl Ha MHOXKECTBE ero xo10B. CMelaHHoe pacIIipeHue MaT-
puunoii urpsl (X,Y, f(z,y)) onpenensiercst kak urpa (X,Y, f(p,q)),
rme X — MHOXKECTBO CMEIIAHHBIX CTPATEruii IepBOro MIrpoka, ) —
MHOXKECTBO CMENIaHHBIX CTPATErWii BTOPOro UIpoKa, f (]5, (j) — cpen-
Hee 3HaYCHUE BBIATIDPBIINIA OTHOCUTEJIbHO MepPhl P X q :

N
X={p=(p, ..., pn): Y_pi=1, pi > 0};
=1
M
y={q= (a1, -, QM):Z%‘:L qi = 0};
=1

N M
F0:0) =Y i, j)pig-

i=1 j=1
Nmeer mecro MuamMakcHast Teopema JIxx. ¢pon Heitmana.

Teopema 7.3. Bcakxas mampuyHas uzpa UMEEM, PEULCHUE 8 CMEULAH-
HOLL CMPATNE2UAL:

max min f(p, 7) = min max f(p, g).
Jlokasamenvcmeo. ocrarouno jnokasarb, uro dyukuust f(p,q)
UMeeT ceJJIOBYIO ToUKy. [Ipnmmennm Tteopemy 7.2. MuoxectBa X u )
— CHMIIJIEKCBI B €BKJINJOBBIX IIPOCTPaHCTBaX, IIO3TOMY ABJIAIOTCA BbI-
nykiasivu. Oyuknust f(p, §) — OuminHeiiHas 1 T09TOMY HEIPEPBIBHA 110

000MM apryMeHTaM, BOTHYTa M BBITyKJa 110 HUM. A\

3amedanue. MoKHO TaKKe pacCMOTPETH IIOC/IEI0BATEILHBIN Ba-
PUaHT UIPHI JBYX UIPOKOB: CHAUaJia TEPBBI UTPOK BHIOUpAET 3Jie-
MeHT p € X, HOTOM BTOpO#l UI'POK BbIOMpaer ¢ € ); IpHU 3TOM BTO-
POit UI'POK 3HAET BBHIOOP MEPBOr0O UTPOKa. B 3TOM ciiydae mepBblit Ur-
POK TO-TIPEXKHEMY IIPEJIIIOJIaraeT, 9T0 BTOPOil NTPOK CBOMM BBIOOPOM
Oy/JeT TBITAThCS MUHUMHU3UPOBATH €ro BhIUTpHINI. [losTomy ero om-
TUMaJIbHAsT CTPATErUsi COCTOUT B TOM, ITOOBI JIOOUTHLCSA TOTO, ITOOBI
JOCTHTAJICH MaXpe x Mingey f(P, ).
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[Ipu apyroit mocsienoBaTeIbHOCTH AefCTBUI CHAYA/Ia BTOPON WT-
POK BbIOMpaeT ¢ € ), a 3aTeM IePBbLI UI'POK, 3Has €ro BLIOOD, BHIOU-
paer p € X. 31eck BTOPOil UI'POK 3HAsI, ITO [IEPBBIl UTPOK B OTBET HAa
ero xoJ OyIeT MaKCHMU3UPOBATH €ro IIPOUTPHIII, BEIOEPET CBOI XOJI
g € Y Tak, 4Tobbl gocTuraics mingey maxzex f(p, q).

D sToMm ciydae mo-npexHeMy JIeHCTByeT MUHUMAaKCHasi Teope-
Ma 7.3:

max min f(p, g) = minmax f(p, q).
max min f(p, ¢) = min max f(p, q)

7.3.2. Hucrtble cTpaTeruun

Pacemorpum marpuunyto urpy na X = {1, ..., N}, Y ={1, ..., M}
¢ dbynkrmeit Berurpeima f (4, j) = a; j. IlpuBeem Tpu mpocThIX yTBEp-
JKIIEHHUsI, KOTOpbIe OoJlee JeTAJIBHO OIUCHIBAIOT CTPYKTYPY OITHMAJIb-
HOT'O PelleHUs] B TePMUHAX YUCTLIX CTPATEruil.

O6osnauanm 1; = (0, ..., 1,..., 0) — wucmyro cmpamezuro, KOTO-
pas npeacrasiser coboil pacipeaeacHue BeposaTHOCTEH Ha MHOYKECTBE
X, cocpenorouentoe Ha i € X (BekTop jyuHbl N, y KOTOPOIO -5 KO-
opjiMHaTa paBHA 1, OCTajIbHbIE KOOPIMHATHI paBHbI (). AHAIOIUIHBIM
00pa3oM paccMaTpUBAIOTCS YUCTbIE CTpaTeruu Ha Y. 3aMeTuM, 4To

f(1,15) = f(i,7) = aij.

Teopema 7.4. /las mozo wmobww napa cmewarnwox cmpamezut (p*, ¢*)
bvina pewenuem (cedao8ots moukoll) CMEWAHHO20 PACUWUPEHUSA MATN-
puunots uepv, (X, f), neobxrodumo u docmamouno, wmobv, 6vinoA-
HANOCH HEPABEHCIMEO

fa. @) < f(0°.@) < f(P". 1) (7.9)
onsscexi € X ujey.

Joxaszameavcmeo. HeobxomumocTs ciemyer u3 Teopemsul 7.1. JIna
JIOKa3aTeTLCTBA JOCTATOTHOCTH 3AMETHM, UTO KaXKIas CMeNTaHHast
crparerust p = (p1, ..., PN) MATPUYHON UTDBI SIBJSETCs JIMHEHHOI

N
KOMOMHAIME YUCThIX cTpaTeruii p = » | p;l;, aHAJOrHIHBIM 06PA30M
i=1
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M
IIpeJICTaBJIeTCs CMELIaHHad CTpaTerus ¢ = Z qj1;. Ilosromy moxK-
j=1
HO PaCcCMOTDETH JIBaKJIbl JINHEHHY0 KOMOUHAIUIO HepaseHcTBa (7.9).
[Tosryunm
N N
FB.0) = pif(Li,q) <Y _pif(0".7) = £, 7).
=1

i=1

M
F@T) =Y aif(0".7) <D a;f (0" 1) = f(7".q)
j=1

j=1
Jyist Beex p u . OTcrona mojiydaeM yCJIOBUE CEJJIOBOIM TOUKU:
fp,q") < f(*,q") < f(",q)
JJIST JTIOOBIX P U §. AN\

Teopema 7.5. /Jlaa cmewanrozo pacuupenus npoudsosbHot Mam-
PUYHOT U2PVL CNPABEAAUBHL COOMHOULEHUSA

min f(p, q) = min f(p, 1;),

max f(p,q) = max f(1;, ).
Loxasameavcmeo. O4eBUIHO, YTO

min f(p, q) < mjinf(@ 15),

mng(ﬁ,(I) > max f(1;, q)-
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[TpoTuBOIIOI0KHOE HEPABEHCTBO CJIEIYET U3 HEPABEHCTBA

N M
F0.0) =Y aijpig; =
i=1 j=1
M N
= Z Zai,jpz qj P
j=1 \i=1
N M

N
= mjianiam = min f(p:15),
=1

KOTOPOE UMEET MECTO sl JIIOOOI0 §. DTO HEPABEHCTBO O3HAYAET, YTO
MUHUMYM B3BEIIIEHHON JINMHEWHONW KOMOWHAIIMYM JOCTUTAETCsI, KOTJIA
BECh BEC COCPEJOTOYEH Ha HauMeHbIneM djieMmenTe. CreoBaTe/IbHO,

min f(,q) > mjin f(D,15).

Bropoe HepaBeHCTBO HOKa3bIBAETCS AHAJOTUIHBIM 00pa3oM. /A
N3 310l TeOpeMbI Oy IaeM

Caencrue 7.1. B cMmewaHHom pacuuupeHul, npouseoavhot Mam-
PUNHOT, UZPDL BVINOAHEHO PAGEHCTNEO

v =maxmin f(p, 1;) = minmax f(1;, q),
p 7 q 7

2de v — snavenue uepol.

Haiinem perenne urpbl B OpJISIHKY B CMEIIAHHBIX CTPATETHsX.
Marpuria BbIILIAT 3TOH Urpbl Tuma (2 X 2) uMeer BH/L

()
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Cwmemannble crparernn 3roit urpsl: p = (p,1 —p) u ¢ = (¢,1 — q), a
CpejiHee 3HAYCHNE BLIMIPLIIIA UMEET BULL

2
fE.0) = aipig; =
ij=1
=q(-p+1-p+(1-q(p—(1-p)=

)

CpeﬂHee 3HAYCHNE BbIAT'DbIIIA:

f(p,q)=—4 ( — ;) (q - ;) (7.10)

[IPEJICTABIISET CODOIl ypaBHEHUE OJIHOIOJIOCTHOTO IUIIEpboIon/Ia.
[IycTn

I[To corepierBuio 7.1 pereHue UrPhI JJOCTUTAETCST B TOUKe P*, Ha KOTOPOii
v(p) AOCTUTAET CBOErO MaKCHMyMa — 9TO p* = %

AHaJIOrHYHble PACCy K/IeHUs I0Ka3bIBAIOT, YTO ¢* = 3. 3HaueHue
urper: v* = f(p*,q*) = 0. Touka (p*,¢") sBAsieTCst ceTIOBOI TOUKOI

oznmonosocTHoro rurepbosonna (7.10).

7.3.3. Pemtenne marpu4noii urpst Tuna (2 x M)

JI71st HaxOXKeHnsT PeIIeHuit B CMEIIAaHHBIX PACIIHPEHUIX MATPHIHBIX
urp (2 x M) (mmm (N X 2)) MOXKHO HCIOJIB30BATh I€OMETPHYCCKOE
npejcrasienue crparernit. CoryiacHo ciaeacTsuio 7.1 3HaUeHHe TaKoi
UTPBI PABHO

v =max min (aj jp+az;(1—p)).

ax min (10 + a2(1 - )

3/ech nepBblil UIPOK BBIOHPAET CMEIIAHHYIO CTPATETHIO — PACIIPeie-
JeHne BepositHOCTe p = (p,1 — p) Ha CTPOKAaX MaTpPUIBL, & BTOPOIl
UT'POK BLIOMPAET YUCTYIO CTPATErUIO — CTOJIOEI] j MATPHUIIBI.
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BH&LII/IT7 JJIA HaXO2KJJICHN A SHAYCHUA NT'PHI 1 €€ PEIICHUA IJId T1eP-

BOI'O UI'PDOKa HaJd0 IIPOCTO HallTu 3Ha4YeHUe P = p*, opu KOTOpPpOM

byHKIHST

v(p) lgjng%(aldmaz,]( P))

JIOCTUraeT CBOEr0 MAKCHMAaJIbHOIO 3HadeHusi Ha orpeske [0, 1]. Dro
sHavenue v(p*) u OyueT 3HAUEHUEM UTDBL.
J1s1 HaXoXKIeHusl peleHns CTPouM Bce M TPSMBIX BUJIA

Lj(p) = aijp+ az;(1—p),

rej=1, ..., M.

Hnst kazxzoro p € [0, 1] 1poBouM BEepTUKATIBHYO HPSIMYIO JI0 Tie-
pecedeHnst ¢ UPSIMOl ¢ HAUMEHBIIUM 3HAYEHUEM OpPJIUHATHI. TOYKH
nepeceveHusi 06pas3yoOT JOMaHYO JIUHUIO Y = v(p) — HudHCHI00 02uba-
WY IS BCEX STUX TPSIMbIX. BepxXHsis TOUKa HUXKHEH orubarorieit
olpe/iesisieT ONTUMAJIBHYIO CTPATEruio epBOro Urpoka (ee adbcruceca
p*) u 3navenue urpsbl (opauHaTa TOUKH v(p*)).

Bazaga. Haiitu pemenne cMemaHHOTO PACIIUPEHUs MATPUIHON

7 3 31 -1 0

-1 -1 10 5 3/
Crpoum Bce mpsmble Buga Lj(p) = aijp + az;(1 — p) npu j =
1, ..., 6

UTPBI:

Li(p) = Tp— (1 - p),
La(p) = 3p — (1 —p),
L3(p) = 3p+ (1 —p),
L4(p) = p,

Ls(p) = —p+5(1 — p),

Crpoum HIKHIOIO orubaortyo. Touka p* siBjsieTcst TOYKO epecede-
HUS OPIMOit 4 1 psiMoii 5, T.e. pemaeM ypasrerne p = —p+5(1 —p).
Monyuaem: p* =5/7, v(p*) =5/7.

It HaXOXKIeHUsT ONTUMAJILHONW CTPATErnd BTOPOTO HIPOKA KC-
MMOJIb3YEM CJIETYIONLYIO TEOPEMY.
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Teopema 7.6. IITycmo (p*,q") — pewenue mampuunotl uepov. 6 cme-
WAHHBLT cmpameuar, v* — 3navernue uepoi. Tozda

e uz p; >0 caedyem f(1;,q*) =v*,
e u3 qj >0 caedyem f(p*, 1) = v*.

Jloxazamenvcmeo. JTokaxkem nepsoe yTBepzKaenue. [1o onpeerne-
mmo f(1;,¢) <v*,i=1, ..., N.

HorycTum, uTo cymecTsyer ig Takoe, ato p; > 0 u ojHOBpeMen-
Ho f(1l;,,q") < v*. PaccmorpuM JinHeliHY 0 KOMOUHAIIMIO HEPABEHCTB
f(1;,7*) < v* ¢ koapdurmentamu p}, i =1, ..., N, u, Tak KaK 0JHO
U3 CKJIa/IbIBAEMbIX HEPABEHCTB SIBJIAETCS CTPOTUM, IIOJIy UM

N
V= f0G) =Y f(L )P < vt = F(5.T).
=1
DT0 MPOTUBOPEUNE JTOKA3BIBAET MIEPBOE YTBEPIKIEHNE.

BTOpOG yTBEPXKACHNE NJOKa3blBacM aHaJIOTHTYIHO. JAN

CaencrBue 7.2. [lycmow (p*, %) — pewenue mampuunots uzpvl 6 cme-
WAHHOIE cmpame2uaz, v* — 3navenue uepo. Toeda

e us f(1;,¢") < v* caedyem pf =0,
o us f(p*,1;) > v* caedyem qj = 0.

Yenosue f(p*, 1) = pay j+(1—p)ag,; > v* 03HATaeT, 9TO COOTBET-
CTByIOmAs paAMas B TOYKE p* IIPOXOIUT BBINIE TOYKH IIEPECEICHUST
(IBYX) IPSAMBIX, HA KOTOPBIX JOCTUTAETCS 3HAYEHHUE UTDDI.

BapepmmM peleHne 3aadnd — HalieM ONTUMAJILHYIO CTPATETHIO
BTOPOI'0 UI'POKA.

Hons 1-it, 2-it, 3-if, 6-if umcrbIX crpaTeruii Broporo urpoka (T.e.
COOTBETCTBYIOIIUX TIPSAIMBIX) BBIIIOJHIETCS HEPABEHCTBO

f(*,1;) = Lj(p*) > v*

mpu j =1,2,3,6.
ITo caenacrBuio 7.2 1jist ONTUMAJILHON CTPATErTU

7 = (41,96, 95,9, %, %)
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oyner ¢ =0,¢5=0,¢3=0,¢5=0,q1 =q¢, ¢5=1—q.

[Tycrs Tenepb MepBLI UIPOK BBHIOMpAET YHCTYIO CTPATErWio Ha
CTPOKax — OffHy U3 cTPoK ¢ = 1,2. Bropoit urpok Beibupaer cMernraH-
uyto crpareruo ¢© = (0,0,0, ¢}, 1 — ¢}, 0) ua crosbrax. Torna

v* = min max (a;4q + a;5(1 — q)) = Inax(a2 aqy +ais(1—qi)).

q 1<6<2 1<i<2

Hnst j = 4,5 nonywaem: ¢f —(1—¢q3) =5/7ub5(1—q}) = 5/7. Orciona
P =06/7, ¢ =1/1.

[TosiHOE perienme UTPhbl UMEET BUT,

o (B2)
7T
0),

1
777

~

| ot

7.3.4. Pemtenne urpst Tuna (N x M)

B obmem ciydae paccMaTpuBaeTCst MaTpUYHAasd Urpa ¢ MaTpUIEit
A= (ajj), tnet =1, ..., N, j =1, ..., M. Bes orpanudenns
OOIIHOCTU MOXKHO CYMTATh, YTO BCE 3JIEMEHTHI Marpuipbl A cTporo
[IOJIOXKHUTEJIbHBL; I09TOMY 3HAYEHUE U UI'Phl B CMEIIAHHBIX CTPATEIH-
AX TaKyKe CTPOro HOJIOMKHUTEIBLHO.

ITo crieperBuio 7.1 B cMeIIAHHOM PACIIMPEHUH TPOU3BOILHON MaT-

PUYIHOIT UTPHI BBITIOJTHEHO PABEHCTBO

v = maxmin f(p, 1;) = minmax f(1;,q), (7.11)
P a i

rjge v — 3HaYeHHe Urpbl. 1103TOMYy CyIIeCTByeT CMemaHHas CTpaTe-
rusgt p = (p1, ..., PN) HEPBOrO UTpoKa, Takasi, 4to f(p,1;) = v aus

! st Toro 9T06BI 9TOr0 OGHTHCS, JOCTATOYHO IPHGABATL HEKOTOPYIO JOCTa-
TOYHO GOJIBIIMYIO TOJIOKUTETbHYI0 KOHCTAHTY K KAaXKJIOMY 3JIEMEHTY IIJIaTeXKHOM
MaTPHUIBI UT'PHI.
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7000# uncToit crparernn 1; Broporo nrpoka. Mubivm cioBamu, BbI-
MOJTHAIOTCS yCJIOBU ST

N
Zai,jpi >UHij: ]-a LR Mo
i=1
N
sz' =1,
i=1
pi=0umpui=1, ..., N.
Beeniem obosnavenust x; = p;/v, i = 1, ..., M. Torma sru yciaosusi
[PEBPAIIAIOTCS B COOTHOIIEHUST
N
Zai,ja:i = 1 HpI/Ij: 1, ceey M,
i=1
N
in =1/v,
i=1
ziz0mpui=1, ..., N.

3ajia4a IOMCKa pelleHns] B MATPUYHON MI'De CBOIAUTCI K 3ajade Jid-
HEWHOTO NPOrpaMMUPOBAHUA: HAUTA T1, ..., LN TAKHE, 9YTO

N
g T; — min
i=1

IIPU yCJIOBUAX

N
ZCL@J@'Z’ >lopuj=1, ..., M,
i=1
ziz20umpui=1, ..., N.
ITo (7.11) cymecrByer cMemanHasi crparerust ¢ = (qi, ..., qN)

epBoro Urpoka, takasi, 4ro f(1;,q) < v ams maoboit aucToii crpare-
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Irmn ].l IepBOT'O UT'POKa. Nnpivn CJIOBaM#, BBIIOJITHAIOTCA YCJIOBUA

M
Zai,jqj <’UHpH’i=1, ey N,
j=1
M
> =1
j=1
qgi z0mpn j=1, ..., M.
Bsenem oboznadenus: x; =gqj/v,j=1, ..., M. Torna stu yciaosus

ITPEBPAIIAIOTCS B COOTHOIIEHU S

M
Zai,jmgélnpmizl, ..., N,
j=1
M
> =1/v,
j=1
x}}Onpnjzl, ..., M.

3ajlada MOUCKa PENIeHns B MATPUYHONU MIDE CBOIUTCH K 3aJade Jiv-
HEHHOro IpOorpaMMUPOBAHUS: HafiTH &), ..., T, Takue, 410

M
E a:; — max
Jj=1

Ipu yCJOBUAX

M
> aigzj<lupni=1, ..., N,
=1

I
—

xé}Oanj

910 — 3aja4a JUHEHHOrO IPOrPAMMUPOBAHU, ABONCTBEHHAs K
IpsIMOI 3aj1a4e JijIsd IepeMeHHbIX T;, ¢ = 1, ..., N.
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7.3.5. Koneunast urpa mexkjay K mrpokamm

B obmmem cirydae konednast urpa Mexkay K UTpoKamu B HOPMAAbHOT
dopme onpegeinsiercs: caemyomum obpaszom. Urpok k € {1, ..., K}
nMeerT Ni BO3MOXKHBIX CTpaTeruii (XOJ0B MM YHUCTBIX CTPATEruii).
[ycts i = (i1, ..., ix) — HEKOTOPHIt HAGOp cTpareruii Beex K urpo-
KoB, rzie i; € {1, ..., N;}, =1, ..., K.

Tora somrpbim k-ro nrpoka obosnadaercs f(i) = fF(iy, ..., ix)
(B IpyToii OCTAHOBKE ero moTepy pasHbI — fF(7)).

Cmewanmnan cmpamezus k-To UTPOKa — 9TO pacIpe/ie/ieHne Be-
posrtiocreit pF = (p}, ..., p’ka) Ha MHOXKECTBE BCEX ero CTpareruit
{1, ..., Ng}. Buecob p;‘? — BEPOSITHOCTH BBIOOPA MUT'POKOM CTPATETMH
j € {1, ceey Nk}

Hycrs IF — ciayuaiinas BeqmdnHa, IPHHAMAIONAS 3HAUCHIE § €
{1, ..., Ny} c BeposiTHOCTBIO PE.

Hycrs I = (I', ..., I*) — pexropmas ciywaiinas BejmumHa,
LPEJICTABJISIONIAs HADOpP CTpaTeruii Bcex UIPOKOB. SHAYEHUSIMU Ta-
KOOI CJIy4allHOI BEJMYUHBI ABJIAIOTCH BEKTODbI i = (i1, ..., iK), TOE
ije{l, ..., Nj},j=1, ..., K.

OGBIYHO HpeJIIoIaraeTcs, 9To cIydaiinbie Besmuunnt 11, ..., IK
HezaBHCUMBL. Ha MHOXKecCTBe BEeKTOPOB I pacCMATpPHBAETCS BEPOSIT-
HOCTHadA Mepa T = ﬁl X e X ﬁK , KOTOpad oupeiesigeT BepOATHOCTD
3JIeMEeHTApHOro ucxosa i = (i1, ..., ix), PABHYIO IPOU3BEJICHUIO Be-
POATHOCTEN MCXOJI0B:

N T _ = _ 1 K
(i) =n(l =1i)=p; = - Diy-
MaremaTnieckoe OKHJaHAE BBIUTPHIMA k-I0 NTPOKa PABHO

Ex(fM(D) =Y w(i) ) =

K
Ny Nk

i1=1 ig=1

PasnoBecue H»amma. Habop cMemannbix crpareruii Bcex K ur-
POKOB



Has3bIBaeTCst pasHosecuem Hsowa, ecan mgiast moboro k =1, ..., K n
m000ii cMeInanHoii crpareruu p’ k oyaer

Ex(f*) = Ew(f°),

IJie CTpaTerus

=, .., P )
[OJIyY€eHa U3 CTPATEruH 7T 3aMeHOl BepOSITHOCTHOTO pPacIpejieIeHust
k-ro urpoka p* Ha apyroe pacmpesnenenue ¥,

MoxkHO CKa3aTh, 9TO €CaM 7 — pasHOBecwe Hamra, To HEKaKOMY
UTI'POKY HE BBITOJHO U3MEHSITh CBOIO CTPATErUIO, eC/IU JPYrue UIPOKH
HEe MEHSIIOT CBOM CTPATErUH.

Munumakcuast reopema JIxx. don Heifimana siByisiercst 9acTHBIM
cJly9aeM yTBEPXKJIEHNsI O CyIIeCTBOBaHNN pasHoBecust Hama s ciry-
Yyasi UIPbl ¢ HYJIEBOW CYMMOI JIIsi JIByX WIPOKOB. B 3ToM cirydae
byHKIUN BRIMTpHIIIEH Urpokos pasubl f1(i,5) = f(i,7) u f2(i,j) =
—f(4,7), e f(i,7) — dyHKIUS BEIMTPBIIIA B UTPE JABYX JIAIL C HYJIE€BOI
CYMMOI.

B wacrrocTH, ceposast Touka (pY, ¢°) B urpe IByX JIHIL B CMeTIaH-
HBIX CTPATErusax ¢ HyJIeBoii cyMMOil siBsieTcst papHoBecuem Hara, Tak
KaK JIs JTIIOOBIX CMENIAHHBIX CTPATETHil P U ¢ BBIIIOJHEHO

0,8 < @, < @, a),

rie f(p, ) — MaTemaTHIECKOE OXKUJIAHUE BBIUTPBIIIA [IEPBOTO UI'POKA,
a — f(p, §) — MaTeMaTHIECKOE OKUJIAHIE BBIMIPBIIIA BTOPOTO UIPOKA.

B cirygae urpnt AByX JIMI] C HYJIEBOI CyMMO MHOYKECTBO BCEX PaB-
HOoBecuit Hamra onmcano B ciaemyromeM yTBEPKIEHUN.

Ilpengioxkenne 7.1. Ilapa (p*,q*) Asasemcsa mouwkoll pasnosecus
Howa 6 uepe deyx auy ¢ nyaecoti cymmoti mozda u moavko moada,
xo2da

q* € {g: min f(p,q) — max},
P

p* € {p: max f(p,q) — min}.
q

Jlas 10600 maxot napo (p*, %) ewnoaneno f(p*,q*) = v, 2de v —
yeHa u2poL.
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JlokazaTeabCTBO HMpeJIoyKeHus 7.1 MpeoCTaB/IsAeTCsT YUTATENO B
BHUJIE 3aJIaYH.

B obmem ciyvuae konedHOU Urpbl K UTPOKOB UMEET MECTO CJIETy-
oITAasi OCHOBHASI TEOPeMa.

Teopema 7.7. Kaoswcdas xoneunas uepa umeem no xpatinet mepe 00-
Ho pasHosecue Howa.

JlokazaTeIbCTBO 3TOI TeOpeMbl OCHOBAHO Ha, UCIIOJIL30BAHUY TEO-
peMbl Bpayspa 0 HEloIBUKHOI TOYKE.

[IpuBenem npumepsl urp u pasHoecuit Hama. Paccmorpum urpor
JBYX UTPOKOB, KaXKJIbIif U3 KOTOPBIX UMEET JIBE CTPATETHH.

IIpumep 1. IlepBas urpa — panee pacCMOTPeHHas UT'PA B OPJISTH-
Ky, B KOTOpPOI TIepBbII UTPOK 3arajibiBaeT umncyao 0 miam 1, a Bropoi
OTraJIbIBaeT, C MATPUIIEH BBHITIJIAT

-1 1
Sy
OTa Urpa ¢ HyJEeBOH CyMMOIl UMeeT pellleHre B CMEIIaHHBIX CTpaTe-
I'UAX: JijIgd IepBOro U BTOPOr'O UI'POKA COOTBETCTBYIOIINAE CMEIIaHHbIe
CTpaTerud UMeIoT BuI pF = (%, %) u gt = (%, %) DTO perreHue u
SABJISIETCS] €UHCTBEHHBIM paBHOBecmeM H»amma B 3To0i urpe.
Mpbl mepenuiiieM MATPHUILY BBIILIAT STONH UI'PHI B BUIE TaOJIUIIBI

0oJiee ODOIIEro BUIA:

Xom | 0 1

1 (1,-1) | (-1,1)

IIpumep 2. JIBa urpoka pemraior UATH Ha KOHIEPT CIymaTh Ba-
Xa WM HATH Ha KOHIEPT ciymaTb llemmeperikoro. 2 OIuH Hpeio-
quTaeT caymarh baxa, a apyroit Ilenneperikoro. IIpu sTom, oba onu
MPEANOYNTAIOT NITH BMECTE Ha OJUH KOHIIEPT, 9eM KaXKJIOMY Ha CBOI
KOHIIEPT. Tabauia mpearouTeHnit MeeT BU;:

2Mysbika xommozuTopa Krmummroda ITleHepenkoro comep:KuT SKCIepuMeHThI
B 00JIACTH aTOHAJILHOM MY3BIKM U HE BCET/Ia PACCUNTAHA, HA IITUPOKOTO CJIYIIATES.
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Xox, bax | Ilemneperknii
Bax (2,1) | (0,0)
Menpepenxwuit | (0,0) | (1,2)

Nmeercst aBa paBHOBecus Hala B YHCTBIX CcTpaTerusx B 9TOH HUIpe
(B,B) u (IT,IT).

IIpumep 3. JIBa urpoka »KuUBYT B COCETHUX KOMHaTax. Kaxk-
JBI MOXKET CJIyIIaTh I'POMKYIO WM THUXYIO My3bIKy. KazK bl HTpok
[IPEAIIOIUTAET CJIYIIATH MPOMKYIO MY3bIKY, & TaK¥Ke, ITOOBI €0 COCe/l
CIyIIaJ TUXYIO My3bIKy. Tabuma npearnodTeHuil CTeleHn I'POMKOCTH
nMeeT BUI:

Xox Tuxo | I'pomko
Tuxo (3,3) | (1,4)
I'pomko | (4,1) | (2,2)

B sT0ii urpe umeercst ToJIBKO 0JIHO paBHOBecue Hara. DTo qucrast
crparerns (I,[") (mokazaTenbcTBo B BUe 3aa49m).5

KoppenupoBanHnoe paBHoBecue. O6061eHneM papaoBecusi Ha-
& SIBJISIeTCsT KOppeJInpoBaHHOe paBHOBecre AymaHa. Pacipeesenne

BeposTHOCTell P Ha MHOYKECTBE

K
| J EENEY
k=1

BCEX BO3MOXKHBIX HAOOPOB ¢ = (i1, ..., i) ), COCTABJICHHBIX U3 BCEBO3-
MOKHBIX cTpaTeruii Bcex K MIPOKOB, HA3LIBACTCS KOPPEAUPOSAHHHLM

pasrosecuem, ecan gyt Beex k =1, ..., K u muga goboit dyHKIIN
h:{1, ..., Ny} = {1, ..., Ni} Gyuer

Ep(f*(i) = Ep(f*(h(ix),i-x)), (7.12)

39ra urpa TakxKe Ha3BIBAETCHA “IUIEMMa 3aKJIIOYEHHOro”. JIBoe M30/IMpOBaH-
HBIX JIpDYT OT JpYyra 3aK/IIOYEHHBIX MOJIYyYal0T HAUMEHBINNE CPOKH 3aKJIOYEeHUS
(BbrUrpBII — 3), ecin 06a He IPU3HAKTCA B coBepinennoM npecryruteaun — (T,T).
B 10 ke BpeMs, KaxKablii n3 HuX Oyjer ocBoOOXKAeH (BBIUIDHINI — 4), ecyu Ipu-
3HaeTCs caM | Oyjier ceujeresbersoBarh nporus apyroro — (T,IY), (I,T). Opyroi
3aKJIIOUYEHHBIH, €CJIM OH MIPU TOM HE MPU3HAJICH, Oy IUT 3HAYUTEILHO OOJIbIIHIA
cpok (Beiurpeint — 1). Hu onun U3 3aK/II0YEHHBIX HE 3HAET TOYHO, YTO CHEJIAET
apyroii. Jlna xaxkmoro 6ezonacuee Beero npusnarhes — (I,[) w nomyaurs BbIUT-
PBIIIH 110 2 KaXKIbIH.
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rje BeKTop ¢ = (41, ..., i) PACIPEIETICH B COOTBETCTBUU C BEPOST-
HOCTHBIM pacupeneienueM P, a Takxke

= (’517 vy U151y - lK)
(h(Zk), Z—k) = (Zla sy U—1, h(Zk)v ht1s ) ZK)'
B ornuume ot paBuoBecust Hamma Besmmdaunbl i, 0oJiee HE CUUTAIOTCS
HE3aBUCUMBIMU, & BEPOSITHOCTHAS Mepa P He siBJIsieTCs IPOU3BeIeH M-
€M Mep — CMEIIAHHBIX CTPATEruil UT'POKOB.

Chenymomast JeMMa JaeT SKBUBAJEHTHOE OIMCAHUE KOPPEIUpO-
BaHHOTO PABHOBECHUS B T'€OMETPUYECKNX TEPMHUHAX.

Jlemma 7.2. Pacnpedeaenue sepoammnocmeti P na muoocecmee

K
[T -, e}
k=1

nocaedosamenvrocmeti cmpameautdi muna i = (i1, ..., ig) AGAA-
EeMCA KOPPEAUPOBIHHBIM PAGHOBECUEM M0200 U MOALKO Mmo2da, Ko-
2da das waotcdozo uzpoka k € {1, ..., K} u wmobwx cmpamezui
7,5 € {1, ..., Ny} ewnoaneno
> PEE) = 4G iw) =0, (7.13)
Q=4
-/ 3 . . -/ . .
ede (7'yi—g) = (i1, «ovy k1,7 sk, «--y IK).

Yenosue (7.13) moorcno sanucams maxoice 6 eude:
E(f*@)lix = 5) = B ip)liv = ),

2de E — ycao6H0e MAMEMAMUNECKOE 0AHCUOGHUE OTNHOCUMENDHO PAC-
npedeaenus P.

Jlokasamenvcmeo. Yciosue (7.12) KOppesmpoBaHHOTO DABHOBECHSI
SKBUBAJICHTHO COBOKYIIHOCTH YCJIOBHIA:

Z P@@)(f*(@) = f*(h(ix).i-x)) = 0, (7.14)
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e k € {1, ..., K} u h — upousBosbHas dOyHKIUS THIIA
h:{l, ey Nk}—>{1, ey Nk}

Hns npoussosbubix 7,5 € {1, ..., Ni} paccmorpum dyukuuio h,
rakyto, uro h(j) = j' u h(ig) = ix aua Beex i # j. Torma B cym-
Me (7.14) ocranyTCst TOJIBKO ClaraeMble, COOTBETCTBYIOINIIE HabopaM
i, B KOTODBIX i} = j, & B OCTAJIbHBIX CJIaraeMbIX COOTBETCTBYIOIINE
pasnocTu cokparsarcs. Takum obpasom, cymma (7.14) npeBparurcs B
cymmy (7.13).

B obpaTHyto CTOpOHY, yTBEP:KI€HNE TPUBHAIBHO. /A

Kaxoe ycsoBue Tuna (7.13) 3a/1aeT 3aMKHYTYIO [OJIYILJIOCKOCTD,
IIO3TOMY MHO2KECTBO BCEX KOPPEJINPOBAHHDBIX paBHOBeCI/Iﬁ npejacraB-
JisieT coboil 3aMKHYTBINH BBIMTYKJIBIH MHOTOTPDAHHUK B MPOCTPAHCTBE
Bcex mep Ha Muoxkectse | [p_ {1, ..., Ni}.

[Tycts P — HEKOTOpOE pacipeiesieHne BepOATHOCTEH Ha MHOYKe-
cree [[7 {1, ..., Ni} u j € Ay mrs mexoroporo 1 < k < K.
O6o3naunmM mocpeacrBom P_;(-|ix = j) cooTBeTcTBYIOIIEE YCIOBHOE
paclpeJieleHe Ha MHOKECTBe Hf:l s #k{l, ..., Ng} npousBosbHBIX
HabOPOB i_j M3 ITOIO0 MHOXKECTBA IPU M3BECTHOM i, = j. BBemem
Tak)Ke 0D03HAUEHUE

FHG L PorClie = 9))) = B pineiyy (PG 1-1)-

Bynem tak:ke mucarh 60Jiee KOMIAKTHO:

fk(j/7 P*k) - Ep_k(fk(jlag*k))a

HMest BBHLY, 9TO P_j, €CTh pacipejiesieHne Ha i_j, TOPOXKICHHOE Pac-
npenenenueM P nipu yciaoBuu iy = j.

Teneps MoxkHO 3ammcarh ycaosue (7.13) KOppeJnpOBAHHOTO PaB-
HOBECHs B 9KBUBAJIEHTHOI popme:

CaencrBue 7.3. Pacnpedenerue seposmuocmeds P na mmoocecmee

K y y =

[[—:{1, ..., Ni} nocaedosamenvrocmetc cmpameeuic muna © =
(i1, ..., 1K) ABAAEMCA KOPDEAUPOSAHHLIM PABHOGECUEM MO020a U
moavko mozda, Ko2da das Kastcdozo uzpora k € {1, ..., K} u amobwx
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empameauti j,j' € {1, ..., N} evinoaneno *

PG, Pog(lik = §)) = max f2(5', Pog(-lik = ). (7.15)
J'EA;

CymecrBoBanue paBHoBecusi Hatra B j11000ii KOHEYHON Urpe o3Ha-
YaeT, 9TO KOPPEeJUPOBAaHHOE PABHOBECHE CYIeCTBYeT. MHOXKECTBO BCex
KOPPEINPOBAHHBIX PaBHOBECHIT Oojiee oOIIMpPHOE U UMeeT Dojiee Mpo-
CTOE OIMCAaHUe, 9YeM MHOXKECTBO BcexX paBHoBecuit Hara.

7.4. 3agaqu U yIrpa>kKHeHUsI

1. loka3aTh, 9TO B CMEIIAHHOM PACITUPEHUN TPOU3BOJIHLHON MaTPUU-
HOIl WIPBI NPOM3BOJIbHAS MAKCUMHUHHAS (MUHMMAKCHASI) CTPATErHUsI
OJTHOT'O UTPOKA JOCTUTAETCS MPU YUCTON CTpATErnu JPYTroro UTPOKa:

o (p,q") = max f(1:,°), (7.10)
rie (p*,q") — pemenue urpsl (cemyioBast TOUKa).

2. Jlokazarp mpeioxkenne 7.1.

3. Jokazars, uro B urpe u3 IIpumepa 2 (pasuesn (7.3.5)) nmeercs
TakyKe paBHOBecue HsIa B CMEIIAHHBIX CTPATErusiX: MEPBBIA UIPOK
BbIOMpaeT B ¢ BEpOsiTHOCTHIO % u I ¢ BeposITHOCTBIO %; BTOPOI UT'POK
BeIOUpaeT b ¢ BeposiTHOCTHIO % u Il — ¢ BeposiTHOCTHIO %

Nmerorest mu gpyrue pasHoBecusi Hamma B 910t urpe?

4. Hokazarh, uro B urpe u3 I[Ipumepa 3 (pasuesn (7.3.5)) umeercs
TOJIKO OJIHO paBHOBecue Hama. Dr1o uncras crparerus (I'\I).

5. Ilokazarhb, YTO TPOM3BOJIbHAS BBLINTYKJIas KOMOUHAIUS PaBHO-
Becuit Halma siBjisiercst KOppeupoOBaHHBIM PABHOBECUEM.

4310 ycmoBre GymeT UCIOMB30BATHCA B JAJbHEHIIEM B KAUECTBE OIPEIeICHNS
KOPPEJINPOBAHHOTO PABHOBECHUS.
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I'maBa 8

Teoperuko-urponasi
NHTEepIIpeTannsd TeOpun
BEPOATHOCTEN

B sT0it ryiaBe MBI PACCMOTPUM HOBBII TEOPETHUKO-UTPOBOM TOJXOM, K
Teopuu BeposiTHOCTel, npeyioxkennblii Boskom u [eiidbepom [46].

B pamkax sToro nmoaxoma popMyIUPYIOTCS UIPBI, B KOTOPBIX, IPU
OIIPeIeJIEHHBIX YCJIOBUSIX, BBIIIOJHEHBI PA3INIHbIE 3aKOHBI TEOPUN Be-
pogTHocTeit. [IpuMepbl TaKIX 3aKOHOB — 3aKOH OOJIBIIINX TUCE, 3aKOH
MTOBTOPHOIO JiorapudMa, IeHTpasibHasl Ipe/ie/ibHAsT TeOpeMa U T.II.

Urposasi nHTEpIpeTAIUst TEOPUHN BeposTHOCTel 13 Kuuru 46| 6y-
JIeT POJIEMOHCTPUPOBaHa B pasjiesie 8.1 Ha mpuMepe 3aK0Ha OOJTBITIX
qHCeI.

B pamkax 3Toro mojxojia Takxke HanboJiee eCTeCTBEHHBIM 00pa3oM
dopmyupyeTcs 3a/1a9a MOCTPOEHNST YHUBEPCAJIBHBIX MTPEICKA3AHMIA,
paccMoTpeHHast B riiaBe 3. VIrpbl HA yHUBEPCAJIBHBIE MIPEICKA3AHUS
OyIyT paccMOTpeHBI B pazzese 8.3.

8.1. TeopeTuko-UTpoBOii 3aKOH OOJIBIIINX YUCEJT

Wrposasi nHTEpIIpETAlIs TEOPUU BEPOSITHOCTEH OCHOBAHA HA MJEX U
MOHATHSIX U3 puHaHCOB. B mrposoit mocranoske Boska u Illeitde-
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pa [46] st KaxK10ro 3aKOHa TEOPUN BEPOSTHOCTEl (HAIpuMep, ycu-
JIEHHOT'O 3aKOHA OOJIBIIIX YUCEsI UM 3aKOHA TOBTOPHOI'O JIorapudma )
dopMyIUpyeTCss HEKOTOPAasi MMOBTOPAIOIIASICS UTPa C TOJTHON WHOOP-
Marmeii, B KOTOpOil Ha KayKI0M payHjie (Iare) urpbl OJ(iH yIacTHUK —
IIpedckasamenn, BELIAET CpeliHee 3HAUEeHNE OYIYIIEro UCX0a, a IMOC/Ie
3TOro, APyToil yaacTHUK — IIpupoda, BbimaeT HOBBIT ncxon. | Tperuit
yaacTHUK Urpbl — Ckenmuk, onpejessieT 1ejib UIPbl. 3Hasl IPOTHO3,
Cxenmuk nejaer CTaBKy Ha €ro OTKJIOHEHHE OT OyIyIIero McXoia 1
BBINT'PBLIBACT MJIM IIPOUTPHIBACT HEKOTOpYIO Benuunny. llepen mada-
JioM urpsl Ckenmuk pacrojaraeT HEKOTOPBIM HAYAJIbHBIM KaIlUTAJIOM
U B TEUEHUU UTPHI OH HE MOXKET OpaTh B JOJIT — €TI0 CTPATErust JTOJIXK-
Ha ObITh 6es3onacroti. Irpa ycTrpoena TakuM 0OpasoM, 9TO eCJIh 3aKOH
TEOPUU BEPOSITHOCTEN HAPYIIAETCS JIJIsl TOCJIEI0BATEIbHOCTH ITPOTHO-
30B U UCXOMOB, TO Ckenmuk MOXKET HapalllUBaTh CBON BBIUTPHIII 0
OECKOHEUHOCTH JIazKe HAXOIICh B PaMKaX YKA3aHHBIX OrPAHMIEHUH.
9TO 9KBUBAJIEHTHO TOMY, YTO Ha TE€X ITOCJI€J0BATEJIBbHOCTAX IIPOTrHO-
30B U MCXOJOB, JJIsl KOTOPLIX 3aKOH TEOPUU BEPOITHOCTEN BLIIOJIHEH
kanuran Ckenmuka BCerjia OCTAHETCS OIPAHUYEHHBIM, €CJIU OH WC-
[OJIb3YeT DE30MacHYI0 CTPATEruIoO.

PaccMoTpumM 6€CKOHETHO TTOBTOPSIIONILYFOCS 02PAHUYEHHY0 UTPY HA
[peICKa3aHus MEXK Iy TpeMs urpokamu: Ilpedckasamenn, Ckenmux u
IIpupoda.

JleiicTBHST UTPOKOB PErYJIUPYIOTCS CAELYIOIIUM IIPOTOKOJIOM — CM.
puc. 8.1

JlaHHYIO UTPYy MOXKHO PACCMATPUBATH KaK (PpWHAHCOBYIO. B Heil
Ha KaxkjoM mare n Ckenmuxk nokymuaer M, eIMHHI HEKOTOPOro (pu-
HAHCOBOI'O MHCTPYMEHTA 10 P, 38 KaXKJIyI0 eIuHUIly. B KOHIle mmara
00bsIBIIIETCSI HOBas LIeHa w, U Ckenmukx IpoJaeT UX II0 HOBOM IleHe,
a €Tro KalluTaJl YBEJIMIUBACTCA WJIM YMEHbBHIIaCTCA Ha COOTBETCTBYIO-
IIYI0 BEJIUYIUHY. 3aMeTUM, 4T0 MoxkeT ObiTh My < 0. B atom ciryuae
Crxenmux nponaer | M, | equnun prUHAHCOBOrO HHCTPYMEHTA B HAYAJIE
ara 1 MOKyIaeT WX B KOHIIE IIara.

Ckenmuk BeINTPBIBAET B 9T0i1 urpe, ecim (1) I, > 0 jyu1s1 Beex n u
(2) mmbo sup,, K, = 0o, ubO BbIIOIHEH 3aKOH OOIBIIHX “Hces (8.1)

1B cjly4dae 6I/IHapHBIX HNCXOI0B Owml cpeJHee 3HavdYeHue paBHO BEPOATHOCTHU
€IMHUIbI.
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[Iycrs Ko = 1.

FORn=1,2, ...

IIpedckasamens npexbsiBisier Mporuos p, € [0, 1].

Cxenmux uperbsiBisier ducio M, € R.

IIpupoda npembsiBisier ucxo wy, € [0, 1].

Ckenmux obHOBIIsIeT cBOI 6viuepviws: Ky = Kp—1 + My (wy — pp).

ENDFOR

Puc. 8.1: IIpoTokos 6€CKOHETHO MIPOIOIXKAOIIENCS UTPHI C IPeICcKa-
3aHUSIMU

(cM. HEKE); B IPOTHBHOM CJIydae, BLIUIPBIBAIOT [Ipupoda u IIpedcka-
3amend.

B obmiem ciiydae He IpeaoaraeTcst UTO UMEETCsT 3aKOH JJIsI BbI-
0Oopa XOJI0B yIaCTHUKOB UT'PhI. K/ Takoil 3aKOH UMeeTCsl, Ha3bIBAEM
ero crparerueit. Hanpumep, Oymer onpenenena crparerus Ckenmu-
Ka: Ha KaxKJIoM Iiare 3Hadenune M, OyjeT onpeieasTbCs ¢ MOMOIIBIO
[TOCJIeIOBATEILHOCTH (DYHKITUI OT BCEBO3MOXKHBIX IIPEIIIECTBY FOIIIX
XOIOB YYACTHUKOB UIPLIL:

M, = My(p1,w1,02,w2, ... ,Pn—1,Wn—1,Pn)-

TeopeTuko-urpoBoit 3aKOH OOJIBITUX YUCEST (POPMYJIUPYETCsT B BHUJIE
CJeAYIONIEell TeOpeMBbl.

Teopema 8.1. Cywecmeyem cmpamezus Crxenmura, npu xomopot
OH BLLUZPVIBAETN, HE3ABUCUMO O MO20 KaKue Obl Todbl HEe BuOUPAAU
IIpedcrazamens u Ilpupoda. Hnwvimu carosamu, cyuecmeyem cmpame-
eun Cxenmuxa maxas, wmo K, = 0 das 6cex n u 8unoaneno 00Ho u3
deyx ycaosuti:?

e sup, K, = oo

® UAU

n

1
li — E i — Pi) = U. 1
ngnoo n i1 (w b ) 0 (8 )

20gua u3 3a1a4 U3 pasnena 8.5 yTBEPKIAET, ITO ITO YCJIOBUE MOXKHO 3aMEHUTH

Ha Oosiee cuibHOE ycaoBue lim KC,, = oo.
n—oo
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Jlokazamenvcmeso. Jomycrum, ato 3akon 6osbmumx dncen (8.1) me
BBIIOJIHEH. DTO O3HAYAET, YTO JIjIsI HEKOTOPOro € > () 6yaer BBIIOJIHE-
HO

;Z(wz —p;i) > 2€ (8.2)

J71s1 6ECKOHETHO MHOTUX 7 WX YK€ I HeKOTOporo € > () OymeT Bbl-
MOJIHEHO

%Z(wl —pi) < —2€ (8.3)
=1

7151 6GeCKOHEYHO MHOIuX 1. MBI IpejmoaraeM, 94ro € < %
Paccmorpum niepseiit cayuqaii. Tak kak |w; — p;| < 1, orciona

n n

eZ(wZ- — pz‘) — 62 Z:((,dZ — pi)2 > 6271

i=1 =1

1151 GeckonewHo MHornx 1. Mcmonssyem mepasernctso t—t2 < In(1+t),
KOTOpOE BBIIOJIHEHO IIPH BeeX ¢ > — 5, 1 IoJydaeM

n
Zln(l + e(w; — pi)) > €n
i=1

JiTsT GECKOHETHO MHOTHX 7.
[Tycts B urpe Ckenmux BoIOUpaeT Ha KaXKOM Iare 7

M, = eKp_1,

rme KCp_1 — ero TeKymmuil BBIMTPHINI. JIerko BHIETH, UTO BBIUI'PBIII
Cxenmuxa Ha IIare n paBeH

n

ICn = H(l + e(wi _pi))v (84)

=1
a IJIgd ero .HOI‘apI/ICbMa BBIITIOJTHEHO
n
I, =Y In(1+e(w; —pi)) > €n (8.5)
=1
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Juist 6eckonevno muorux n. Orciona sup,, K, = oo.
Bamerum Takxke, uro u3 onpesesnerus (8.4), K, = 0 s Bcex n
Kak OBl He BBIOMPAJINCH 3HAYMEHUS W; U P; B IPOIECCe UTPHI.
AwnasiornanbiM 06pa3oM, B ciydae KOrjia BbInoJiHeHo (8.3) st 6ec-
KOHEYHO MHOI'HX Ty, MOKHO IOCTPOUTL crpareruio Ckenmuka

M, = —eKp—1,

e K1 — ero TeKyInii BEIMTPBIIT B COOTBETCTBYIONIEH UTDE.

HetoctarouHOCTE 3TOM0 pacCy»KI€HUsT 3aK/II0IAETCsT B TOM, UTO
Ckenmux e nveer nHMGOPMAIN O TOM, Kakoe u3 yciaopuii (8.2) nam
(8.3) BbIIOJIHEHO JIJIsi GECKOHEYHO MHOIHX 7, & TaK¥XKe JJIs KaKOro
€ > (0 OHO BBIIIOJIHEHO.

Jliist Toro, 9Tobbl OOOMTH Ty TPYIHOCTH, YCIOXKHUM CTPATETrHIO
Cxenmuka Tak, 9TOOBI OHA YIUTHIBAIA 004 CIydast U BCE BO3SMOXKHBIE
sHavuenus € > 0. [losaraem €, = 2=k upu k = 1,2,.... Onpenemum
/Cé’k =1u ng’k =1 s Beex k.

PaccmoTpum mmocie1oBaTeIbHOCTD CTPATErnil 1 COOTBETCTBYIONINX
BCIIOMOIaTEIbHBIX UI'D

1,k 1L,k
M,n - 6kl€n_1,

2,k _ 2,k
Mn — _Eklcn_l,

o0

ME =Y "27FMyk
k=1
o

M, =) 27 Mk,
k=1

1
My, = 5(My + M)

O6’])€,ZLI/IHI/IM BCIIOMOTI'aTE€JIbHBIC UT'PDBI U CTPATECI'u B OJHY UT'DY U OAHY
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cMermanuyio crpareruto M, ¢ oqHuM BeIATPHITEM Ky

(o]

+ _ —k-1,k

Ky = E 270",
k=1
o]

- _ —k 2,k

K, = E 270K,
k=1

Kn=-(KH+K;).

| =

Bce 3t psaabr cxomsiTcst, TaK Kak st JF000r0 (PUKCHPOBAHHOTO 7
Oymer ICrlL’k < 2™ nyia Beex k. Orcroma 6yaeT BBIIIOJHEHO |Mg’k| < onl
JJIST BCEX N.

3aMeTuM, YTO KazKIblil 13 BHIUTPLIIICH YIOBJIECTBOPAET YCIOBUIM
K,ll’k >0mu IC?L’k > 0 s Becex n 1 k.

Ecnn 3akon Gospimux wucen (8.1) He BoImosiHeH, TO yciaoBue (8.2)
win ycsiosue (8.3) GyJieT BBIIOJIHEHO [IPU HEKOTOPOM € = €}, JIJIs Oec-

s,k
KOHeYHO MHorumx n. M3 ycnosus (8.5), B Kotopom K, = Ky

JTs
s =0 wm s = 1, caeayer, uto In ICZ’k > e%n Jj1s1 OECKOHETHO MHOTHX
n. Orciona ciejyer, 4To sup,, K, = oo.

Teopema jokazana. A

Teoperuko-urpoByio ¢GpopMy 3aKoHa OOJIBIINX YHUCEI HOJIYUUM C

ITOMOIIBIO SKBUBAJEHTHON 3aIIUCH yTBEPXKIEHUS TeopeMbl 8.1.

Caencrsue 8.1. Mootcro nocmpoums makyio besonacHyio cmpame-
euro Crenmuka, 4mo 0is A1000T PEGAUSAUUL 02PAHUNEHHOT, UZPDL C
NPedcKasaHUAMY OINONHEHA CACOYOULAA UMNAUKGUUA:

n

o1
sgplCn <00 = nlggo - Zl(wz —pi) =0,
1=

2de ICp, — wanuman Crenmuka na waze n.

Jpyrumu cjioBamMu, 3aKOH OOJIBIINX YUCE BBIIOJIHEH JIJI TeX
TPaeKTOPUl UT'PHI, HA KOTOPBIX HEJIb3sl HEOIPAHUYEHHO YBEJIMYNBATH
CBOfl KaIMTaJI, UCIIOJIb3ys OE30IaCHyI0 CTPATErUIO.

399



8.2. TeopeTuKo-urpoBasi BEpOSITHOCTb

B Teoperuko-urpoom nojixoze K reopun Bepositioctu BoBka u [leii-
epa [46] nCXOHBIM SIBJISIETCSI IOHSITHE UTPBI C TIpecKa3anusmu. [1o-
HSITHE BEPOSITHOCTH COOBITHSI SIBJISETCST TPOU3BOIHBIM U OTIPEJIEIISIETCST
¢ TIOMOIIBIO TTOHATHUSI UTPhI. [IpaBua Urpbl peryJimpyoTcst IPOTOKO-
JIOM.

[Ipexsapurenbuo ciaeraem HedopMasbHbIe MOICHEHHUS. PaccMoT-
puUM Kakyo-1ubo urpy. B 9Toit urpe Mol BbjgeasieM urpokos Cren-
muka u Brewmnee oxpystcenue, KOTOpoe Tak¥kKe JieJlaeT CBOM XOJbl (B
oTBeT Ha XOojbl npousBeeHubie Ckenmurom). Crkenmuk aeaaeT CBOM
XOJIbI, UCIIOJIb3YsI M3BECTHBIE MY XOJbl BHewHe20 oKpystcenus m mu3-
MeHsIsT TIpy 9ToM cBoit Kammran K. Ckenmukx nMeeT B HAYaJT€ UTPHI
HAYAJIbHBINA KanuTas (BOSMOXKHO HYJIEBOI) U MOXKET 6parhb B JI0JT 63
MIPOIIEHTORB.

Kazk 1011 peasusaliiy Hrpbl COOTBETCTBYET TpaeKTopust £ Brewte-
20 oxpyotcenun. g KaxKaoi Takoil TPAEKTOPHUHU OIPEIe/IeH KAITNTAI
Crenmurka K(&).

MoxkHO POpMATBHO OIIPEIEINTD TPASKTOPUN UTPHI O I00HOTO TH-
na u sBostonuio Kanuraia Ckenmuka. Ha kaxxom payse (mare) ur-
pbl Brewmnee oxpyorcenue u Cxenmuk TeIa0T CBOU XOIbl: BHewHee
OKpYIHCEHUE TIPEIBIBIISIET 9JIEMEHT W MPOU3BOILHON Tpupont, Cken-
MUK TIPETbsIBJISIET SJIEMEHT M.

TpaekTopust Brewrezo oxkpystcenus COCTOUT U3 TOCTEIOBATETb-
HOCTH €ro XOJIOB Wi, W2, .... B 00IIeM cjaydae MOXKHO CIATATH. 9TO
KayKIbI X0 W Brewnezo okpysicenus JTEKUT B HEKOTOPOM MHOYKe-
ctBe W, KOTOpOe MOXKET 3aBUCETH OT HAYAJIBHOTO (PparMeHTa TPAeK-
TOPUU UT'PbI, U3BECTHOTO JIO XOJa w, a ouepeaHoii xoa m Ckenmuka
SIBJISIETCST 9JIEMEHTOM HEKOTOPOTO MHOYKECTBa S TaKyKe 3aBUCSIIETO
OT TIPEJIIIEeCTBYOMIEH YaCTH TPAEKTOPHUH.

[ox crparerneit Cxenmuxa mornMaetcst pyHKIus M oT HAYATD-
HBIX (pparmMeHTOB TpaekTopuii. Ckenmuk BEIMUCIISIET CBOI OUYepeTHON
xo B Buge m = M(&), rue £ — HavadbHAS YACTb TPACKTOPHHU, W3-
BeCTHasi K MOMEHTY ero XOJA.

Crparernst urpsl onpegesier Kamuraa Ckenmuxa KM (&), xoTo-
pBIil 3aBUCUT OT M3BECTHON uacTu TpaekTopunm & urpbl. Kamuras
Crenmura K™ m3mensiercst B mporecce UIpsI ¢ HOMOIIBIO (hyHKUUL
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eviuepviusa A Ha W x S. Ilocite odepennoro xoma m Ckenmuka u
0YEepeIHOrO X04a W Brewnezo oxpyosicenus M IPOUCXOIUT U3MEHEHUE
karmuraia Cxenmuka;

KM (gw) = KM (&) + A(w,m),

rie KM(0) = Kt — ero mauanbubiii kanura.

Mugr 6ysiem mpesiosiaraThb, 9To Bee Xoibl Ckenmuka 00pasyroT Jiv-
HeifHOe IpoCTpaHCcTBO: aym + agm’ € S juist mobeix m,m’ € S u
BEIIECTBEHHBIX HCENT (1, (2, & (DYHKIUSA A\ ABJIAETCs JTMHEHHOI 110
BTOPOMY apryMeHTY:

Mw, cxm + agm’) = ag AM(w, m) + asA(w, m’)

JIUIsE JIIOOBIX M, M’ 1 BeIIeCTBEeHHbIX YHCe (1, (y. B YacTHOCTHU, J1Jis
JIIOOBIX ABYX crpareruit M1 u Ms 1 BEIeCTBEHHBIX IUCE (v U (to JIH-
Helinag komonnanua M = a3 M1+ oMo Takzke aBiigercs crarerueit
7 IJI KAIIUTAJIOB COOTBETCTBYIOMMM STUM CTPATErUSAM BBIIOJIHEHO:

KM (&) = a1 KML(€) + a2kM2(€)

T BCEX TpaeKTopuit £.

[Tycrs 3amam0 HEKOTOpOE MHOXKECTBO Tpaekrtopuii ) u z = z(§)
— dyukmust ot Tpaekropuii £ € (). Takas dbyHKIMS OyIeT HAZBIBATH-
csl nepemenHot, 10 aHAJOTUU CO CJIyvaliHOIl IepeMeHHOH B Teophu:u
BEPOATHOCTEM.

B dunancoBoit maHTEpIpETAINE, [IEPEMEHHAST T — 9TO 00I3aTeIb-
cTBO (KOHTPAKT) BBULIATUTH & (£) exmuur (JeHer) Mo Kakoil Obl Tpa-
exTopuu & HEe pa3BUBAJIACH UI'DA.

KymuTs 06s13aTeIbCTBO & 38 (v O3HAYAET, UTO TOKYIATETh TIIATHT
MPOJIABILY BEJIMIMHY (v B HAYAJIE UTPHI, a MPOJIaBer] 00si3aH BO3BPATUTH
HnoKynareso Beauauny x(§) B KOHIE UIPBI, Kakas Obl TpaeKTopus &
UTPBI HE UMeJia MecTo. PaccMOTpUM BOIIPOC O TOM, MO KAKOH MUHW-
MaJIBHOM I[eHEe (v TIPOJIABEIl MOYKET HPOJATh (& MOKYNATe b KYIHUTh)
nepemennyto x(§).

[Tokymaresnb MOXKET 3AIIATUTE MPOJABILY BEJTMINHY (¢ MEHBIITYIO
YeM BO3MOXKHast BbliaTa (€) B KOHIlE UTPBL. B aToM citydae, npojia-
BeIl JIOJI?KEH KOMIIEHCUPOBATH 9Ty PA3HUILY IIyTEM UTPHI, T.€., UCIOJIb-
30BaTh MOJYYEHHYIO CYMMY (v KaK HAYAJbLHBIA KaluTasl JJIsi UTPHI C
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HEKOTOPOIi cTparerueil M 1 HOJIyIUTh B KOHIIE NIPBI KAITUTAJ JOCTa-
TOYHBIH (nn Jrake GOJIbIIN) Jist BBILUIATHL () 110 00s13aTe/IbCTBY:
KM(€) + a > x(€) nna moboit TpaeKTOpHE ¢ UIPHI.

Jasee, sl IPOM3BOJILHON TepeMenHoii y, Beipaxkenne KM > y
6yzer osnauarn, uro KM (€) > y(€) mns Beex TpaekTOpHil & UrphI.

B nmamnom cirydae posts posasiia urpaer Ckenmuk, KOTOPDIi 1071-
JKeH 06EeCIIeYNTD BBIIOJIHEHNE 00s13aTe/IbCTBA T Iy TeM Xe/[2KUPOBAHSI
B paccMaTpuBaeMOil urpe.

Bepzneti yenoti mepeMeHHOM & HA3BIBACTCS HAMMEHDINIAs 1IEHA, (v,
1o Koropoit Ckenmuk MOXKeT IPOJATEH IEPEMEHHYIO & TaK, ITOOBI ¥
Hero cyiecTBoBasa 6bl crparerusi M UIDBI, IPH UCIIOIB30BAHUN KO-
TOpOit OH MOT' OBI BBINOJHHUTH 00s3aTEJLCTBO BBHILIATUTEL x(§) mpH
JIE000 TPAEKTOPHUU UI'PBI:

Ez=inf{a: IMKM >z —a)}

Bepxuss mena onpeiesisiercs 1o Tpaekropun £, Ha KOTOPOH BeJIMInHA
BBIIATH & (§) MaKCHMAaJIbHAS.

PaccmoTrpuM Temepb BOIIPOC 0 TOM, 38 KAKyI0 MAKCHUMAJIBLHYIO T1e-
HY @ HOKyIaTeJb MOXKET KYyIHUTh (& HPOJABEI] MPOJATh) IepPEMeH-
uyio x(&). Ilpogaser mojayuyaer or IMOKylaTeas ( B HAYaje UTPHI U
0bst3yeTcst BBIILTATUTD &(£) B KOHIIE UI'PBI. Posib mOKynaress urpaer
Ckenmuk, KOTOPBI JTIOJKEH IIyTeM XeJKIUPOBAHUA KOMIIEHCHPOBATD
pasHocTb o — z(&).

Huoicnet yenoti iepeMeHHON & Ha3bIBAETCsT HAUOObINAs 1IeHA (O,
IpU KOTOPOIii cymmecTByeT Takast crparerug N Ckenmuka, 9T0 BBIIOJ-
nerno yeaosue KV > o —

Ex =sup{a: IN(KN > a—2)}

Huzkusist 1ieHa onpeiesisieTcst 1o TpaeKTopuu &, Ha KOTOPOii BeimanHa
BbILIATHI & (£) MUHIMAJIbHASL.

Kynure nepeMeHHyIo T 3a & 9KBUBAJIEHTHO TOMY, YTOOBI IIPO/IATH
nepeMeHHyo —x 3a —. PopMaIbHO 9TO MOXKHO 3AIMCATH B BHJE

E(—z) = sup{a: EU\/(ICN >a+)}=

= —inf{a: EIM(ICM >z—a)}=—FEx
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[TpoToKO HA3BIBACTCS KO2EPEHMMBIM, CCIIN JTIT KayKI0W cTparTe-
run M cymecTByer Taxas tpaexTopus &, uro KM(€) < IC(/)VI, rie
K — mawambmerit kamuran Cxenmuka. DTO O3HAMAET, YTO JIs JIO-
6ot crparernn Ckenmuka CyIeCTBYeT Takasl TPASKTOPHUsI UTPBI, Ha
KOTOPO#l OH HE MOXKET BBINTPATH HUYIEro 0ojee UeM ero HadaabHbIH
KaITHTAT.

IIpennoxkenue 8.1. Ecau npomoxoa xozepernmmuoiti, mo Ex < Ex u
Ea = Fa = a, 2de a — nepemennan, das komopot a(§) = a dasn ecex

3

Loxazameavcmeo. Ecmm Ex > Ezx, TO CyIIeCTBYIOT KOHCTAHTHI
a1 < (v Takue, 9TO

FEr < a; < ay < Ex,

u crparerun M u My taxue, aro KM > 2 —aq u KM2 > ay — .
Torma ans crparerun M = M1 + Mo BBIIIOJIHEHO

/CM:/CM1+/CM22QQ—O£1>O,

9TO MPOTUBOPEUUT TPEJITOJIOKEHIIO O KOTEPEHTHOCTH MTPOTOKOJIA, T~
DB

JlokazaTebCTBO BTOPOrO yTBEPYKJICHUSI TTPEIOCTABISIETCS IUTa-
TEJI0 B BUIE 3aJa9n. /\

Ecmun Ex = Ex, 510 06Iee 3HadMeHNe HA3LIBACTCS IEHOI IIepeMeH-
HO#l u u obozHavaeTca Fr.

SameTnm, 9T0 B (PUHAHCOBON WHTEPIIPETAIIMN BEPXHSISI TIEHA OTIpe-
JIeISIeTCsl MHTEPECAMU MTPOJIABIIA TIEPEMEHHON, a HUXKHSAS IeHa Olpe-
JIeJISIETCST MHTEPecaMi TIOKYTATe s TIepEMEHHO.

B ciyuae, KOr/ia BepXHssl U HUKHSISI II€HbI COBIAIa0T: Bxr = Ex
MoKHO TaKzKe BBECTH HIXKHIOIO M BEPXHIE BapHUAIUH TTEPEMEHHON I
Vo = E(xr — FEx)?> u Vo = E(xr — Ex)?, rne Ex — nena nepeMenHoi
T.

Bepxusist u HUKHsIsT BepoATHOCTH cobbitust S C ) BBOJATCS JJTsT
KAaKJI0r0 TEOPETUKO-UTPOBOI0O MPOTOKOJIA. PacCMOTPUM MHIMKATOP-
HYH0 (DyHKIHIO COOBITHS S

1s(§) = {

1, eciim € € S,
0 B mpOTUBHOM CJIyvae.

403



OTa PYHKIMS TaKKe SABJISIeTCS MePeMEeHHOM, OIpe/e/IeHHOi Ha Tpa-
eKTOpUsSIX Urpbl. [losTOMY OHA MMeeT BEPXHIOIO M HUXKHIOIO II€HDI.
Bepxneti sepoamnocmuvto coObITHsT S HA3bIBAETCS BeJIMIMHA,

P(S)=E(1g).
Us onpenenenns P(S) < 1 ana moboro cobbrrus S u
P(S) =inf{a:Ko=0u IMYEKME) +a>1ecm €S,
KM€ +a>0ecm € ¢ S)}
Huotcneti 6epoammocmuvio codbiTus S Ha3bIBAETCA BEJIUUMHA
P(S) = E(1g).

ITo ompenenennro,

P(S) =sup{a: Ko =0n INVEKN(€) > a—1 e € € S,
KN(©€) = a ecn € ¢ S)}.
Ecam npoToKosT KOrepeHTHBbIi, TO

0< P(S) < P(S)<1

P(S)=1-P(Q\ S).

B kawecTBe mpuMepa mpuMeHeHUs IOHATHsT TEOPETUKO-UTPOBOI BEpO-
SATHOCTU PACCMOTPUM KOHKDPETHBIE TPAECKTOPUU M COOTBETCTBYIOIINI
BapWaHT TeopeMbl BepHyin.
Ha puc. 8.2 mpuBeieH TpOTOKOJI UI'PBI ¢ TOJIHON nHMOpMAaIueil —
MIPOTOKOJI UTPbl beprysiin.
N

O6osuaunm Sy = Y. xy,. o onpenenenuio Ckenmuk BHIUIDBI-
n=1
BaeT B 3Toit urpe, ecoim K, > Onpun = 1,...,N u K, > 1 qubo
Sn
N < €.

3aMeTuM, 9TO STOT MPOTOKOJI SIBJISIETCST KOTEPEHTHBIM, TaK KakK
B oTBeT Ha Jj000# xoi Cxenmuxa M, Ilpupoda MOXKeT IpPebsIBUTH

MCXO/T
1, ectu M,, <0,
€T =
" —1 B IPOTHUBHOM CJIydae.

B Tom ciygae ICp, < Ko miist Beex n.
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Yuacrauxu urpsr: Ckenmuk u Ipupoda.>

Sagansl uncaa 0 < € < 1 u > 0 — HavaapHLIR KanuTaa Ckenmuxa:
ICO = Q.

FORn=1,2, ...

Crenmux uperbasiser aucio M, € R.

ITpupoda npebsiBisier ucxon T, € [—1,1].

Cxenmux obHOBIsICT cBoil Kanutar: K, = K,,_1 + M,x,.

ENDFOR

Puc. 8.2: IIporokosn urpsl Bepuysum

Teopema 8.2. Ckenmux umeem sviuepviuunyio cmpamezuto npu N 2>

L. Kpome amozo,
— (| SN 1
PJl— < —.
{' N >6} Ne?

ae?”
HS KoeepeHmMHocmu npomoxona C./L@ayem, Umo aHaA02UYHOE HEPABEH-
cmeo 6blNONAHEHO (9./Lﬂ HUIANCHEU GEPOAMHOCTNU.

Zoxaszameavcmeo. llpeiBapuresibHO 3aMETHM, UTO

Sp =831+ 22,8, 1+ a5 =
=82 | 422,81 +1,
rie So = 0. s
_ 20on—1

IIycts Ckenmux BbIOMpaeT CBOIO cTpaTeruio B suje: My, = —
Ha KaXkJIOM Iare n urpbl. Toraa

N
(0%
Ky — Ko = v Zl 28, 1Ty =

_ %2 oAy = ﬁ_

S2
Cnenosarensro, Ky = a—. Orciona

SN [Kn
— | <\ —. .
’N “VanN (86)
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ITo onpenenenuio, Cxenmux BeurpbiBaeT, ecau Ky = 1. Ecaun Cny < 1
u N> -1 1010 (8.6)

Taxum obpazom, Ckenmuk OISTH BBIMTPHIBAET.

Cymma Sy 3aBucur or Tpaekropuu urpbl: Sy = Sy(§). Onennm
BEPXHIOIO BEPOSITHOCTH COOBITHSI, COCTOSIITIIETO B TOM, UTO CPE/IHEeE 3HA-
YeHUEe yKa3aHHOM CYMMBI OTKJIOHSIETCsSI OT HyJist OoJjiee WeM Ha HEKO-

- fo59)-

COCTOdIIee U3 BCEX Tpa,eKTOpI/Iﬁ UIrpbl IJId KOTOPBIX BBIIIOJIHEHO YKa-

TOPOE YUCJIO €:

3aHHOE HEPABEHCTBO. Ero BepxHsist BEPOSITHOCTL PaBHA

SN(f)‘
N

P(E) =inf{a: Ko = a n IMVEKN () > 1, ecm > €,

Sn(€)
N

KA (€) > 0, ecomn

’ <o)}

Kax MBI TOJIBKO 9TO mOKa3aju, Takas crparerus M cylmecTByeT npu
o= NL& CieroBaTe IbHO,

e{f-

Teopema jtokazana. A

S 1
‘N >e}<.

8.3. rppl Ha yHuUBepcaJibHbIE NTPeACKa3aHUsd

B sToM pasjiesie MbI TOKaXKeM, ITO IIPU HEKOTOPOU MOIUMDUKAIINY UT-
pol u3 pagnena 8.1 Ckenmuk ncmonb3yst 6€30MACHYI0 CTPATETHIO MO-
ket “BeiHyUTE  I[Ipedckasamens BbIIABATH IMPOTHO3BI, KOTOPHIE Ka-
JIMOPYIOTCSA HA TPOU3BOJILHON OECKOHEUHON ITOC/IeI0BATE/THHOCTH UC-
XOJIOB, BbIaBaeMbIX [Ipupodoti.

PaccmoTpumM HEKOTOPYIO OECKOHEYHO ITOBTOPSIIONIYIOCS UTPY MEXK-
Jiy TpeMms urpokamu: IIpedcxaszamenn, Ckenmux u IIpupoda.
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[Iycrs Ko = 1.

FORn=1,2, ...

Ckenmux npexbsisisier dyukmio Sy, : [0,1] — R.

IIpedckasamens nperbsiBisier IPoruos py, € [0, 1].

ITpupoda npebsiisier ucxon wy, € {0, 1}.

Crxenmux obHOBIsIET cBOM sviuzpviws: KCp = Kp—1 + Sp(pn) (Wn — Dn)-
ENDFOR

Ilobedumenu 6 beckonewnoti demepmMunuposarHot uzpe:
IIpedcrazamens BHIMIPLIBAET B 3TOM Urpe, eCc/ii BhIUrpbim Ckenmu-
xa K, ocraercss OrpaHUYEHHBIM; B MPOTUBHOM CJIy9ae BBIUTPBHIBAIOT
Crxenmux u Ilpupoda.

Puc. 8.3: IIpoToko/1 urpnl ¢ IeTepMUHUPOBAHHBIMU MTPEICKA3AHUSIMU

JleftcTBUST ITPOKOB PETYIUPYIOTCS ITPOTOKOJIOM, IPUBEIEHHBIM Ha
puc. 8.3.
OcHoBHOE CBOYICTBO UI'PBI IIPEJICTABIIEHO B CJIEJIYIOIIEH TeopeMe.

Teopema 8.3. Crenmux u Ipupoda umerom viuzpoitiHyto cmpame-
2U0 8 JeMEPMUHUPOBAHHOT U2Pe HA NPedcKasaHue.

Hoxazamenvemeo. HeiicrBurebao, Crenmuk MOXKET OMPEJIETUTD

1, ecyim p < 0.5,
—1 B IPOTUBHOM cJIy4Yae.

Sn(p) = {
IIpupoda MoOKeT OUPENEaTh Ha KAXKJAOM IIare 1 Urpbl

o — 1, ecsim p, < 0.5,
" | 0 B IpOTUBHOM Cilyuae.

Torna B Taxoit urpe Ha KaxkjaoMm mrare n > 0, ecim wy, = 0, TO P, =
U TIO3TOMY Wy, — P < —% u Sy, (pn) = —1; ecam xke wy, = 1, 10 P, <
U TIO9TOMY Wy, — P = % u Sy (pn) = 1. Orciona cieyer, 4ro

[NSIEE I

1
K:n 2 lCnfl + =
2
JJId BCEX T, 1 BBIMI'DBIII Cﬁ:enmu%a HEOIrpaHUvI€eH. A
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[Iycrs Ko =1 u Fo = 1.

FORn=1,2, ...

Ckenmux nperbsisisier dyukmio Sy, : [0,1] — R.

IIpedexasamenn npebaBiisdeT paclipelleleHue BepoATHOCTel Ha MHO-
JKecTBe Beex npejckazanuit: Py, € P[0, 1].

IIpupoda npexbssaser ucxon wy, € {0,1}.

IIpedckasamens npeabsBisgeT Tect ciydaitnoctu fp, : [0, 1] — R, yuo-
BJICTBOPSIONIAN yCIOBUIO KOPPEKTHOCTH OTHOCHTEILHO Mepbl P, a
mvenno, [ fn(p)Pn(dp) < 0.

T'enepamop cayualinoir “uces IPeIbABIIsieT YUCI0 Py ~ P.
Ckenmux obHOBIIsIeT cBOM BhIUrphIL: K, = Kp—1 + Sp(pn) (wn — Pn)-
[Tpeackasaresb 0GHOBIIsIET CBOi BuIUIDLIIL: Fp, = Fp—1 + fn(pn)-
ENDFOR

Puc. 8.4: IIpoToKo/1 UTPBI ¢ BEPOITHOCTHBIMHU TTPEICKA3AHISIMU

B sroit urpe “Bpaxkiebnas”’ IIpupoda ucnonsdyer mporuos Ilped-
crxazamens nyist GOPMUPOBAHUST CBOETO MCXOIA.

OxasblBaeTcs, YTO B PaHIOMHU3UPOBAHHOM BapHAHTE 3TOH UIPHI
BLIATpBIBaeT IIpedckasamens. B panmoMusupoBaHHOM BapHaHTE WI-
pol IIpupoda ne GymeT 3HATH TOYHOrO Hmporuosa IIpedckasamens, eii
U3BECTHO TOJIBKO PACHpEIeIeHIe BEPOSITHOCTEH, COrJIACHO KOTOPOMY
IeHEpUPYETCs STOT MPOrHO3.

PaccmoTprM GECKOHEYHO MOBTOPSAIONLYIOCS UIPY M€Ky YEThIPb-
mst urpokamu: IIpedckazamens, Cxenmusx, [Ipupoda, Ternepamop cay-
watlinnx wucen, Maoxkecrso ucxonos — {0,1}, P{0,1} — muO)KecTBO
Bcex BeposTHOCTHBIX Mep Ha {0, 1}. Kaxnas mepa @ € P{0, 1} 3ana-
ercst AByMst ancaami (¢, 1—q), rie ¢ = Q{1} — Bepositrocts 1, P[0, 1]
— MHOKECTBO BCEX BEPOSITHOCTHBIX Mep Ha [0, 1].

Urpa peryaupyercs IpOTOKOJIOM, IIPEICTABJICHHBIM Ha puc. 8.4.

[TpoTokos ompeeisieT MOPsIOK JeHCTBUAN UTPOKOB U JOCTYIIHYIO
um urdopManmo. KaxKplii nrpok npu BIOOPE CBOEil cTpaTerun Mo-
JKeT UCIOJIb30BaTh BCIO NHMOPMAIIIO, KOTOPasl MOSBUIACH JI0 €r0 XO-
Jla — UCXOJIBI, TPOTHO3BI, CTPATErUH JAPYTUX UI'POKOB.

Oeparuvenus das Crenmura: Ckenmuk IOJKEH BbIOUparh Sy,
Tak, 94To ero BuMrpbim K, > 0 m1a Bcex n HE3aBUCHMO OT XOJIOB
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JPYTUX UTPOKOB.

Oeparuvenusn oasn Ipedekasamenn: Ilpedckasamens JTOMXKEH BbI-
oupars P, u f, Tak, 9T00BI €ro BBIUIPHIIT JF;, > 0 111 Bcex n He3a-
BHCHMO OT XOJIOB JPYIUX HUI'POKOB. *

Hobedumenu 6 pardomuduposarHol uzpe Ha NPEICKA3GHUA:

[IpemmosaraemM, 9To CTpaTern NIPOKOB TAKOBBI, 9TO JAHHBIE OI'Da-
HUYIEHUsI BBIITOJTHEHBI. e/ TPOK XOTsT ObI OJIMH pa3 HapyIIaeT orpa-
HUYEeHne, TO OH y2Ke He MOXKeT ObITh 1obeanTeieM B Urpe.

IIpedckasamensv BEIUTPBIBAET B 9TOi Urpe, ecin (1) ero BHIUTPHIII
F, meorpanmden mwin ecan (i) semrpeimn Ckenmuka K, ocraercs
OI'PAHMYEHHBIM; B OCTAJILHBIX CJIyYasX BBINTPBIBAIOT JPYIHAe UTPOKH.

B cremyrormieit Teopeme Mbl tokaxkeM, 9To IIpedckasamens nmeer
BBIUIPBIIIHYIO CTPATErNIO B 9TOM UIpe.

Teopema 8.4. [Ipedckazamenn umeem 6biupblliHyI0 CMPAMEUI0 6
BEPOAMHOCTIHOT Uzpe HaA NPEICKA3GHUA.

Joxaszamenvcmeo. Ha Kaxxmom 1miare n Harmeil Urpbl pacCMOTPUM
BCIIOMOTATEJILHYIO UTPY € HYJIeBO# cymMmoit mexk ity [Ipupodoti u Ilpeod-
cKazamenem, KOTOpas 3aKJII0YAeTCsl B CJIEYIONIEM.

IIpedckasamens Buibupaer uucio p, € [0,1], Ipupoda BHIGUpPA-
et unciio wy, € {0,1}. [Morepu IIpedckasamens (Boiurpsi [Ipupodu)
paBHBI:

F(wmpn) = S(pn)(wn *pn)'

st sroboit ememannoii crparerun IIpupode @, € P{0,1}, Ipedcka-
3amennb IPeIbSBIISET YUCTYIO cTpareruto p, = Q{1}. Yucras crpare-
IUsi P, COOTBETCTBYET cMelnanHoii crparerun P, (p,) = 1, Py(r) =0

upu 7 € [0,1] \ {pn}.

4Bpmrpein F,, COOTBETCTBYET IOHATHIO OIPAHMYEHHOIO CHH3Y CylEpMapTHH-
rajla B TEOPDUHM BEPOSATHOCTEH, a fr(p) COOTBETCTBYET CyNepMapTHUHTAJ-PA3HOCTH
Frn — Fn—1. YcaoBust urpsl Tpebyior, uTodsr Fo = 1 u B mporecce urpet JF,, > 0
71 BCeX M. YCJOBHUe ffn (p)Pn(dp) < 0 mus Bcex n BiedeT f]—"nPn(dp) < Fn-t
JUTSL BCeX M. JTH CBOMCTBA COCTABJISIIOT ONPEJeSIeHAe CyTIePMapTHHTAIA B TEOPUN
BeposTHOCTE. B HameMm cily4ae, 3TH CBOMCTBA HOJ?KHBI BBITOJHATHCA TOJIBKO Ha,
TPAEKTOPHUU IIPOTHO30B P1, P2, . - . , KOTOPbIE TEHEPUPYIOTCS B IIPOLECCE UTPHI.
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Torma maTemaTndeckKoe OKUIAHWE BBIUTPHINIa [Ipupodv. oTHOCH-
TEJIbHO CMEINAHHON cTpaTeruu () U YUCTON CTPATErwH P, PAaBHO

F(Qn, Pn) = Q{0}F(0,p,) + Q{1}F(1,ps)
= Q{0}S(pn)(—pn) + Q{1}S(pn)(1 — pn)
= (1= Q{1})S(pn)(—=Q{1}) + Q{1}S(pn)(1 — Q{1}) = 0.
Taxum obpaszom, V Q 3 P F(Q, P) < 0 umm
supinf F(Q, P) < 0. (8.7)
o P

st Toro 9ro6Bl MPUMEHUTH MUHUMAKCHYIO T€OpeMy, HaJo Ipe-
BPATUTh 3Ty UTPY B MATPUIHYIO.

MpbI y2Ke uMeeM JiBe CTPOKH, KOTOPBIE COOTBETCTBYIOT TIPEJICKA3a-
wusm [Tpupodw, wy, € {0,1}.

PaccMoTpuM HEKOTOPOE Tpub/IMzKeHNe K BCIOMOTaTeIbHON Urpe,
B KOTOPOM MHOYKECTBO CTOJIOIOB, COOTBETCTBYIOMMX XoiaMm [Ipedcka-
samenn, Koneunoe. s nponsposibHoro A > 0 BeIOEpeM B MHOXKECTBE
[0, 1] koHeuHYIO €-ceTb N, COCTOSAILYIO U3 PAIMOHAIBHBIX TOYEK, Ta-
KYIO, 9TO KaxKjiasl TOUKa ITOr0 OTPE3Ka HAXOJUTCs Ha PACCTOSHUM He
GoJiee UEM € OT OJIHON M3 TOYEK ITOTO MHOKECTBA, & TAK¥Ke, ITOOBI
HUZKHee 3HaYeHne Urpbl He npesocxoamio A /2, eciu [Ipedckasamens
BBIOUpaeT P, € Ne.

Takyio e-ceTh MOXKHO BBIGpaTh, Tak Kak | Sy, (p)| < Kpq < 2771
OTpaHUYeHo TI0 P (3aBHCHT TOBKO OoT n). © Torma HepaseHcTBo (8.7)
OyJeT npeobpa3oBaHO B HEPABEHCTBO

supinf F(Q, P) < A/2.
Q P

CorytacHO MUHUMAaKCHOH TeopeMe,

inf sup F(Q, P) = supinf F(Q, P) < A/2.
P Q Q P

[Mosromy Ilpedckasamenv umeer cMemannyio crpareruto P € P[0, 1],
COCPEJIOTOYEHHYIO Ha MHOXKeCTBe N, TaKyo, 9TO

sup FI(Q, P) <A,
Q

®CkenTuk momKeH BRIOUpPATh Sp(p) Tak, aro Kp > 0 171 BCEX 1 HE3ABHCHMO
OT OEUCTBUNA OPYTUX UTI'POKOB.
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OTKY/la CJIeJIyeT, 4TO

/ S0 (p)(wn — )dP(p) < A (8.8)

s oboux 3HadeHuili w, = 0 u w, = 1.

[Iycts EA — moavuOkecTBO MHOKecTBa P[0, 1] Beex BeposTHOCT-
HBIX M€p Ha eIUHUIHOM OTPE3Ke, COCTOosAIIee U3 Mep P, yIoBIeTBOPsI-
fomux yeaosuio (8.8) miust wy, = 0 1 wy, = 1 oxHOBpEMeEHHO.

Ha muoxkecrse mep P[0, 1] MOXKHO paccMOTPETb TOIOJIOIHIO CJIa-
6oit cxomumoctu. 13 Teopun Mepbl uzsectHo, uto P[0, 1] KOMIAKTHO
B oToil Tonmostoruu. Kpome Toro, EA 3aMKHYTO B 9TOil TOIIOJIOIUN.

Bribepem mociieioBaTe IbHOCTL MOHOTOHHO yOBIBatONMux K 0 parm-
OHAJIbHBIX uncena A;, i = 1,2, ... Ilepeceuenne 6eCKOHEUHOI MOCTIE-
J0BaTCJIbHOCTU 3aMKHYTBIX BJIO2KEHHBIX JPYT B JIpyra IIOAMHOX?KECTB
KOMITAKTa Helycro, nosromy NEa, # 0.

Torna cymecrsyer BepositHocTHast Mepa P, € NEaA, € P[0, 1],
Takasi, 9TO

/ S (p)(@n — p)Paldp) < 0 (3.9)

g w, = 0 1 w, = 1 olTHOBpeMeHHO.

Bepuemcs Teneps K Hateir ocHopHoM urpe. Crparerust IIpedckasa-
meas OyIeT 3aK/I04YaThCd B BLIOOPE Ha IIare 1 BEPOATHOCTHOIO Pac-
npenesieHust P, KoTopoe ObLIO OIpeIe/IeHO B BCIIOMOTaTeIbHOM Urpe.
Ero BropniM xomoM 6ymer BLIOOP TecTa fp i IPOBEPKU CIIyYaiHOro
quca

fn(p) = Sn(p)(wn *p)'

Torna F,, = KC,, 1is Bcex n.

Cpennee 3uauenue f,, mo mepe P, ze npesocxoaut 0 1o (8.9), T.e.
fn — KOPPEKTHBIN OTHOCUTENBHO MEPHI P, TecT.

s F, = K, nomaydaem, 9T0 Bcerja OyHeT BBIIOJHEHO OJHO U3
aByx: jqubo Berpein Ckenmuka orpaHudeH, Jubo BeIATPHIT [Iped-
ckazamens HeorpanndeH. B oboux ciryuasx [Ipedcrkasamens BBINTPHI-
BaeT. A

Bynem roBoputh, 4to Ienepamop cayuaiiHbir “uces BbIIAET Mpa-
BUJIbHBIE CJIydailHble YHCTIa, eCJIn sup,, JFn < 00.
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8.4. PanmoMu3supoBaHHble KaJnOpyeMble IIpej-
CKa3aHUsI

B sToMm pazmesne Mbl mokaxkem, uro Ckenmuk, BBIONpas CIeIuabHBIM
006paszoM CBOIO HGE30MACHYIO CTPATEruio Sy, (p), MOXKeT J0OUThCs TOrO,
artobbl IIpedckasamens BBIONpa CBOU MPOTHO3LI TaK, YTOOLI OHU ObI-
JII XOPOIIO KaJIMOPYEeMBIMU Ha MPOW3BOJIBHON ITOCJIE0BATETIHLHOCTH
HMCXOMIOB, KaK Obl [Ipupoda nx He BBIOMpAJIA.

[IpeiBapuTe/IbHO PACCMOTPHUM IIPOCTOI ciryuait — Ipedckaszamens
Oymer BBIOMPATH CBOM HPOTHO3BI TaK, 9TOOLI BBLIMTOJIHSJICSI HEKOTO-
PBIif TEOPETUKO-UTI'POBOI BAPUAHT 3aKOHa OOJIBINNX 4ncesi. Vnes KoH-
CTPYKIIMU Ta Ke, 9TO U B pazzeie 8.1.

IIycrh € — IpoM3BOIBLHOE MOJIOXKUTEIHHOE YHNCJIO TAKOE, YTO BbI-
nosiHeHo 0 < € < % Tlosraraem Ké = 1. B omnpenenennoit BoIie paH-
JOMU3UPOBAHHON UTpe Ha MPeACKa3aHue IoJiaracM

Sflz (p) = GIC'rlz—lv

T.e. cTparerus Ckenmuxa He 3aBUCUT OT Iporuosa IIpedckazamens
Ha TI1are n, a 3aBUCUT OT BLIUTPHITA Ckenmuka, TTOJTyIeHHOTO UM Ha
marax < n.

B srom ciyuae Boiurpeimn Ckenmuka Ha IIare n paBeH

n

1
Ky =[]0+ e(wi = po)), (8.10)
i=1
TOE W1, ..., Wy — HOCIEIOBATEIBHOCTD HCXOIO0B, IPEAJI0KEHHBIX [Ipu-
podoti, a p1, ..., Pn — MOCIEIOBATEIHLHOCTD MPOTHO30B, PE/IJIOZKEH-
ueix Ilpedckasamenem na marax 1, ..., n.

Taxk kak |w;—p;| < 1 st Beex 4, ICTll > 0 m1st BceX n HE3aBUCUMO OT
JeficTBUil IPYyrux UTCPOKOB, T.e. OCHOBHOE TpebOBaHUWE K K CTPATErnu
Cxenmurka BBITTOJIHEHO.

ITo Teopeme 8.4 IIpedckasamend MMeET BBIUIPBIIIHYIO CTPATEIHIO
B BEPOSTHOCTHOW HI'pe Ha MIPEJCKa3aHUsl. ITO O3HAYAET, YTO €CJIH
Tenepamop cayuwatinoix “uces BIIAET ITPABUJIbHBIE CIyYalHbIC TUCIA,
T.e. sup,, Fn < 00, To Kak Obl [Ipupoda He BblIaBaa CBOM HCXOJIbI
Wi, ..., Wp, Ipedcrkasamens obiragaeT METOIOM IIPOrHO3UPOBAHUSI,
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Tpu KOTOPOM JIJISI €r0 MPOTHO30B P1,

, Pn BbIArpBINT Ckenmuxa
KL orpanuuen, cxaxenm mexoropsmm wnciom C > 0 :

n

[ +ewi—pm) <C

i=1

JJId BCeX M. 9T1o HEpaBEeHCTBO MOXKHO IIepenuncaTb B BUIE

Zln(l +e(wi —pi)) <InC,
i=1

n n

GZ(%’ —pi) — € Z(Wz - pi)? <InC,

i=1 i=1
n

GZ(M —p;) <InC + é%n,

InC
— P — D) < — 8.11
DICEIEL (811)

JUTST BCeX 1. 37ech MBI HCTOMb30Basm Hepasenctso In(1 +t) > t — ¢2
npu t > —0.5.

Orcrona ciemyer, 910

—p) <e (8.12)
=1

Anajormanbiv o6paszom, osaras K3 = 1 u BbiGupas cTpaTeruio

S2(p)

—ek?

n—1>

Crenmuk MoXKeT 106UTbCsI TOro, uTobbl [Ipedckasament BblIaBAI
CBOU IIPOrHO3BI TaK, LITO6I)I 61:)1.]10 BBITIOJIHEHO HEPaBEHCTBO
1 n
lim inf — g (wi —pi) = —e. (8.13)
n—oo N 4 i
1=

O6e 3T cTparerun MOXKHO COE/INHUTD B OJIHY CTPATEruio, KOTOPast
obecreanBaeT OJHOBPEMEHHOE BBIOJIHEHHE 000NX HepaBeHCTB (8.12)
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1 (8.13). B stom ciywae crparermn SL(p) n S2(p) u cooTseTcTByOMIE
karmranst KL (p), K2(p) pacemarpupatorcs Ckenmukom Kak BCIIOMO-
raTejbHBIE B €0 pacueTax.

st urpsl Ckenmuk BLIOUPaET CTPATErnio

1
Sn(p) = 5(55(1?) + S2(p))-
TOI‘,IL& ero B])II/IprHH Ha I11are n 6yﬂeT paBeH
1

BamernM, 4TO KarKAblil U3 BBIUIPHIMIEH OyJeT yIO0BIETBOPATH yCJIO-
pusm KL > 0 u K2 > 0 s Beex n. Ha nepsom mare Sy(p) = 0,

Tak xaK Si(p) = —S?(p), sarem snavenns S} (p) u S2(p) pasoiiayTres,
TaK KaK OHH ONPeJIe/IAI0TC Ha OCHOBAHUM CBOMX BBIMTpHITTeit KL (p)
u K3 (p).

[Tycts Tenepamop cayuatinmx “wucen BBLIAECT TPABUIBHBIE CJTYIaii-
HBle Yucia, T.e. sup,, Fn < 00.

W3 orpaHnyeHHOCT CYMMAaPHOro BhIArpbIiia K, OyIeT ciienoBarhb
OTPAHMIEHHOCTDb KaskKI0ro u3 Bemrpeimrei KL m K2. Kak 66110 10Ka-
3aHO BBIIIE, TaKasl OIPAHNICHHOCTD BBINTPBIIIEH BJIEYeT OJIHOBPEMEH-
HO€ BBIIIOJIHEHUE TIPeJIesIbHBbIX HepaBeHCTB (8.12) u (8.13).

Cremyromuii mar 3ak/ai09aeTcsi B TOM, 9TOObI IIOCTPOUTHL CTpaTe-
ruto Cxenmurka, KoTopast 06ecrednBaeT OJHOBPEMEHHOE BBIIOTHEHNE
HepaBeHcTs (8.12) u (8.13) mst Beex € > 0.

Jljist 9TOro BBEIEM IOC/IEIOBATEILHOCTD € = 27 F g Beex k.
Onpenenum IC(l)’k =1lmu ICg’k = 1 gs Bcex k. Paccmorpum mocieno-
BATEJIBHOCTh CTPATErnii

Sk (p) = erkcy”

n—17

S2E(p) = —ek2F

n—1»

St(p) =Y _27* 5 (p),
k=1

Sy(p) =Y 27F52k(p),
k=1

Su(p) = 5(S(0) + 5, ().
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COOTBGTCTByIOHH/Ie BBIUT'PBINIBI CBA3aHbI YCJIOBUAMU

o
Kh =Y 27 Kk,

k=1
K= 27 K3k,
k=1
1

Bce 3t psaabr cxomsiTcst, TaK Kak IJIst JI000r0 (PpUKCHPOBAHHOTO 7
oyaer KCLP < an qst Beex k o popmyiie (8.10). Orcroma u us onpe-
JleJIeHH ST ]Sﬁ’k(pﬂ < 27! g Beex n.

3aMeTnM, 9TO KarKJbIil U3 BBIUI'PBIIIEN YJIOBJIETBOPSIET YCJIOBH-
M /C,ll’k > 0mn IC%’k > 0 gyst Bcex n u k. Ilosromy u3 paBHOMEp-
HOW OTpaHMYEHHOCTH CYyMMAapHOTO BBIMTPHIMa [, ClieyeT orpaHu-
TEHHOCTh KaXKJI0T'0 M3 BBIMTPHIIIEH ICTll’k u K%’k. Kaxk 6b110 0Ka3aHO
BBIIIE, OTPAHMYEHHOCTD KayKJIOTO U3 ITUX BBIUTPBINIEH BIeYET OJIHO-
BPEMEHHOE BBIIIOJIHEHNE [PeJIe/IbHBIX HepaBeHCTB (8.12) u (8.13) yike
Tenepb JJId Beex €, k=1,2, ...

Orcrona mojiydaeM, 9TO cMellaHHasi crparerust Ckenmuka BbI-
uyxRmaet [Ipedckasamens, 9To6bI BHINTPATDL B UTPE COTIIACHO TEOpe-
Me 8.4, BbIJaBaTh TAKHE IIPOTHO3bI, YTO BBIIIOJHEHO CJIEIYIOIIEE YCJIO-
BHUE KaJInOPyeMOCTH:

n

lim ~ D (wi—pi) =0. (8.14)

Oupenenenne kamubpyemoctu (8.14) obsiagaer 09eBUIHBIM HEI0-
craTkoM. Hampumep, XopoIio KaaudpyeMbIMU ITPOTHO3AME IS IIOCTIe-
J0BaTEJILHOCTH W1, w2, ... = 0,1,0,1,0,1,0,1, ... aBisercs nocsemno-
BaTEJbHOCTD P1, P2, ... = %, %, %, %, %, %, %, %, ... Opmnaxko, eciu pac-
CMATPUBATH TOJBKO YWJIEHBI ITOCIEOBATEILHOCTH UCXOJIOB, UMEIOIINE
JeTHble (/I HEeYeTHBIE) HHJIEKCHI, 0I00HBIE IPOIHO3BI Y2Ke He Oy/yT
XOPOIIIO KaJuOPYEMBIMI Ha, COOTBETCTBYIOMIEH IMTOIIOC/IE0BATEILHO-
ctu. [TosTomy HEOOXOIMMO BBECTH B PACCMOTPEHUE JOTOJIHUTEILHBIE

MIPAaBUJIa BBIOOPA ITOIIOC/IEI0BATEIbHOCTEMH.
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[Tycts B iporiecce urpst [Ipupoda BBIIAET TOC/IEI0BATEIBHOCTD HC-
XOJIOB W1, W2 ..., IIpedckasamend BbIIAET IIPOrHO3LL P1, P2, ... llpa-
BUNOM 6blO0PA, HABBIBAETCS (PYHKITUS

F(p17w17p27w27 ey pn—lawn—lapn)y

OlIpeieJIEHHasd Ha II0C/IeJOBATE/IbHOCTAX TUIIA

P1,wW1,P2,W2, ..., Pn—1,Wn—1;Pn,
rIe p, — Iporuos [lpedckasamens Ha mare n, n = 1,2, ..., U IpUHA-
MaloIlasd TOJbKO JBa 3HadeHus: 0 u 1.

IToceroBaTe/ IbHOCTD IIPOCHO30B P1, P2, ... HA3LIBAECTCHA LOPOULO
Kaaubpyemoti Ha IOCJIEIO0BATEILHOCTH UCXOIOB Wi,W2, ... OTHOCH-
TeJIbHO TpaBuiia Bbibopa F(p1, w1, p2, w2, ... ,Dn—1,Wn—1,Pn), €CJII
BBIIIOJTHEHO

n
SUPZF(plawhm,wz, cevy Pic1,Wis1, i) < 00
"oi=1
TN
n
> F(p1,wi,p2,w2, -0y pic1,wio1, pi)(wi — pi)
lim =L =0. (8.15)
n—oo
ZlF(pl,w17p2,w2, ooy Dic1,Win1, i)
i=

OCHOBHOI PE3yIbTAT TEOPUU YHUBEPCAJIHLHOTO MPOTHO3UPOBAHUS
YTBEPXKIAET

Teopema 8.5. Jlas 410600 cuemrnoti nociedosamesvbHOCU Npasun

ewbopa Fy, k = 1,2, ..., cywecmsyem maxas cmpameaus Ilpeod-
ckazamens (ar2opumm 6bucAeHUA NPoeno3os P, no npedwcmopuu
Pl W1, P2, W2y -y Dn—l,Wn—1), ¥Mo npu 4060l cmpamezuy, IIpupo-

abL, suamoweﬁ UCTOObL Wp HA oCHOBAHUU U3BECTIVHDLT 3HaveHut

pb1,W1,p2,wW2, ..., Pn—1,Wn—1,Pn,

NnoCAL08AMENLHOCTIL NPOZHO306 D1, D2, ..., BLIOABAEMAA 2EHEPAMO-
DOM CAYHATIHDIE “uces, 6ydem Topouro Kasubpyemots omHoCuUmesbHo
1106020 npasuaa ewbopa Fy, npu ycrosuu sup,J, < oo (m.e. xoeda
2EHEPANOP CAYUATHBLT YUCEA BBLOAEM NPABUNLHBLE CAYHATHBLE YUCAQ).
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Lloxazameavcmeo. JJokazaTerbCcTBO TEOPEMBI IIPEICTABIISIET CODOIM
CJIEJLYIOIIUI TIAT YCAOXKHEHUsT PACCMATPUBAEMOI BBIIIE KOHCTPYKITUH.

B koucrpykiuu crparermii Sy (p) m Spk (p) wmcIIO €} 3aMEHNM Ha
mapy €pFs, tne k,s =1,2, ...

PaccmorpuM GeCKOHEYHBIE TOCJIEI0BATEILHOCTA BCIIOMOTATE b-
HbIX cTpareruit Cxenmuxa:

k

S’rll,k,S(p) — Esz(p17w17p27w2’ ey pn—l,w’rLfl?p)ICr}L’_’ls?
27k7

S2E5(p) = —exFs(p1,w1,p2, w2, -+ Pu1,Wn1,P)K0

Bresiem Kakyo-HuOyap 3bdeKTUBHYI0 HyMEpaIMIo BCEX IAp HATY-
pasnbubix unces (k,s). Ilycrs jyist Takoil mapel ¢ HOMepoM i GyJer
p(i) = u q(i) = s. Takyto nymeparuio u dyuxiwu p(i) u ¢(i) nerko
OIIPeJIeJINTh KOHKPETHBIM 00pazom. Omupeseanm

(e 9]

SEp) = Y27 S0 p),

j=1

Sa (p) =Y 279 5pP090) (p),
j=1

Su(p) = 5(S7(p) + S5 (0))

Jlajee 10Ka3aTe/ILCTBO MPOXOAUT AHAJOTHIHO CIyYAI0 CMEITUBAHUS
crpareruii Cxenmuka ¢ MHOXKUTEJIAMUA €.

3aMeTuM, 4TO CyMMHMPOBAHME B MOJIEPHU3MPOBAHHOM BapUAHTE
(8.11) HOIZKHO MPOU3BOAUTHCS TOJIBKO IIO0 TEM %, JIJIs KOTOPBIX

F(p1,w1,p2, w2, ..., Di—1,wi—1,pi) = 1.

B monepunsuposannom Bapuante (8.11) u B (8.14) mist Toro, 4T00bI
nostyantsh (8.15), Ha/l0 n B 3HAMEHATEJIe 3aMEHUTH Ha

n
> Flpy,wi,p2,wa, -, Dio1,wio1,Di).
i=1
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8.5. 3ajlaum n ynpakHeHUs

1. Hoka3zark, aTo B Teopeme 8.1 MOXKHO 3aMeHUTH ycjioBue sup K, =
oo Ha ycioue lim K, = oo (VkazaHue: Jyisi 9TOrO HAJI0 BMECTO
n—oo

oxHoit crparerun M, = €, paccMoTperb 6ECKOHEYHO MHOI'O CTPa-
TEruii BUaa

ME =

n

M, ecnin K1 < 20,
0, B TpOTUBHOM CJIyUae,
e C' — Npou3BOJIBHOE TOJIOXKHUTEIBbHOE Teioe ducyo. Ilocie sroro,
- [ee]
paccMoTpuM cmech stux crparernit M, = Y. 27¢MS. Coorser-
Cc=1
crBytomuii Kanuraa CkenTrka obo3HaIaeM ICS . Heobxomumo moxa-
3aTh, YTO Ha MPOU3BOJBLHOM Imare n kKamutaj CKenTuka, KOTOPBIH
~ ~ oo
npujepkuBaercs crparerun M, pasen K, = >, 279KY. Orciona

y7Ke JIETKO MOJIy4nTh, 4T sup K, = 0o Torja u ’CI"OJlIbKO TOr/Ia, KOrja
lim K, = oo).
n—oo

2. TokazaTh, 4TO B IPOU3BOJILHOM UI'DE JIJIsi BEPXHEHT IIeHbI JIFOOBIX
IIEPEMEHHBIX X, T1, T2 BbIIOJHEHbI HEPABEHCTBA!

a) Bz < supx(€).

§€

) Ea = Ea = a, rjie a — KOHCTaHTA.
C) (5131 + 1'2) < Ea?l + Exg.
d) E(z + a) = Ex + «a, t1e o KoHcTanTa.
e) E(ax) = aFEx pu a > 0.
f) ecm 1 < w9, To Bz < Ews.
3. CdopmympoBarh U JI0Ka3aTh aHAJIOTUYHbIE HEPABEHCTBA JIJIsl

o
tin

& by

HUXKHeH 1eHbl BKr nepeMeHHON .

4. JTokazaTb, uto B Jmoboit urpe 0 < P(S) < 1u P(S) <1

5. lokazarh, UTO B UTPe ¢ KOT€PEHTHBIM IIPOTOKOJIOM JIJIsI BepXHei
U HIDKHEH BeposTHOCTel JI00bIX cobbiTuit F, Fi u FEo BBLIIOJTHEHBI

HEepaBEHCTBA:
a) 0K P(E)XP(E)<L 1
b) P(Q) = P(Q) = 1.
0 P(E)=1-P(Q\E).
d) P(El U Eg) < P(El) + P(EQ)
e) P(E1N Ey) > P(E1) + P(Es) — 1



f) eCJIn E1 g EQ, TO F(El) S F(EQ)

6. IlycTe mpocrasi urpa Ha npejckazaHusi u3 pasuena 8.2 (mpo-
TokoJs1 Beprysum) ¢ ucxomamu u3 muoxkectsa {—1, 1} npomomxaercs
N payunos. okazarh, YTO BEPXHsisl U HUXKHsIsI BEPOATHOCTh JIIOOOM
tpaekropun & amasl N paBubl 27V 1, COOTBETCTBEHHO, BEPXHSIS 1
HIDKHAA BEPOATHOCTD JII060I0 KOHEIHOTro MHOYKecTBa, S pasuel 27V | S|
(Ykazanue: Ilycrs Tpaekropust &y bUKCHpOBAHA U MOXKET HCIOJIb30-
BaTbCs crparerueit Cxenmuka. jisi OllEHKN CBEPXY BEPXHEH BEPOsIT-
HOCTH 3a,IaHHOII TpaekTopun & paccMoTpuM mosaraeM Ko = 27N n
onpenenum crparernto Cxenmuxa: My = 2N u M, =K nput > 2
BJIOJIb 310l TpaekTopuu. Oupeneaum M; = 0 mocJie TOro Kak Ha mare
t — 1 TpaekTopus £ UTPHI PA3OILIACH C 33 IaHHOI TpaekTopueii £y. To-
raa Karmrasl Ckenmuka OyeT yABamBATbCS HA KaXKJOM Ilare, moKa
TPaeKTOpHUs UI'PHI £ COBIaIaeT ¢ 3afdanuon &y. Kanuraa craner pas-
HBIM HYJIIO, KAK TOJIBKO TpaeKTopusi & UrPbl PA30HIeTCs ¢ 3aaHHON
rpaekropueii &y. [Tosromy Ky (&) =1 u Kn(§) = 0 upu £ # &.

Jljsi ONEHKH CHHU3Y HHYKHEH BepoaTHOCTH mojaraeM o = 27N u
paccmorpum crparernto My = —a u My = Ki_q upu t > 2 B1oJib
3ajtaHHoi TpaekTopun. Onpenenum M; = 0 11ocjie TOro Kak TpaekTo-
pUst UIPBI PA30ILIach ¢ 3aaHHol TpaekTopueii €. I1pu stom Ky = 0.
[Toka TpaekTopust UTPHI COBIAJIAET C 33JJAHHON TpaekTopueir & 1oJr
Ckenmuka B KOHIIE IIara S pPaBeH — Zf;& 2ia = —(2° — 1)a. Ecm
TPaeKTOPHUs UI'PBI BIIEPBbIE PA30IILIACh C TpaeKTopueil & Ha 1are s,
To Ckenmuk BeIMTPBIBAET 2° U TOCJIE OTIAYH JIOJIFA Y HETO OCTAETCS
«. Eciim TpaekTopust urpnl copmajaer ¢ Tpaekropueit &, moar Cken-
muxka B Koune urps pasen — (2 —1)a. I[TosToMy O OKOHYAHNM UIDHI
karnuTtana Ckenmuka paBeH ).

[IpuBecTu mpuMepbl COOBITHIA, /I KOTOPBIX MOYKHO TOYHO BBITHC-
JINTh BEPXHUE U HIKHHE BEPOSTHOCTH.

7. EcrecTBenHO paccMaTpuBaTh IPOTOKOJIBI, KOT€PEHTHBIE B OoJiee
IIIAPOKOM CMBICJIE, UeM PacCMaTpPUBaJIOCh paHee. PaccmarpuBaem Bce

tpaekropun £V = &, ..., &n mmmmsr N.

[IpoTOKOST HA3BIBAETCST KOZEPEHMHVIM, €CJIA JJIsi KaXKJOW CTpa-
Terun M wm Jo60it HemosiHON Tpaektopum " = £1,...,&, JJIHHBI
n < N cyIecTByeT Takoe ee IPOI0JIKEHIEe g,flV 1 = &nt15- -+, &N, ITO

KMEN) < KM(€), tne €N = ¢7¢l, . Dro snauut, uro must jo-
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00it TOYKK TpaeKTopun £ CYIIECTBYET ee MPOIOJIKeHNe, IIPH KOTOPOM
crpareruss M He MOXKeT BBIMIDATH OOJIBIIIE €M OHA, MMeja B 3TOR
TOUKe.

JlokazaTrb, YTO IIPU TAKOM OIIPEJIeJIEHUN KOIePEHTHOTO ITPOTOKOJIA
BEPXHSISI BEPOSITHOCTH COOBITHST S paBHA

P(S) = inf{a : IMYENVR(KM(E) +a > 0) n
KME +a>1ecm € €8)}.

[Teppoe yciioBre 03HAYAET, YTO TEIIEPh IIPHU OIIPEIe/IEHNN BEPXHEIl Be-
POSITHOCTH COOBITHSI MBI MOXKEM ITOTPebOBaTh, 9TOOBI KamuTag Cken-
MUKG SIBJISIICS HEOTPUIIATEILHBIM HE TOJIBKO B KOHIE UI'PbI, HO ¥ HA
BCEX ee IIarax.

8. 3aBeplIuTh J0Ka3aTeabcTBO TeopeM 8.1 u 8.5.
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I'maBa 9

HOBTOpHIOH_[I/IeCH NI'pbl

B rnaBe 7 paccMaTpHBaHCh OJHOKPATHLIE pead3alliid WP U Bbl-
YUCJISITACh MX XapPaKTEPUCTUKHU. BBIYHUC/IEHre TOYeK PaBHOBECHSI B
TaKUX UI'PaX SIBJIAETCA BBIYUCIUTEILHO TPYIOEMKIMU IIPOIIEILY PAMH.
B wacTHOCTH, KaK OBLIO MOKA3aHO, JJIsi TAKOTO BBIYUCICHUST HEOOXO-
JUMO peIaTh 3aJa4dy JUHEHHOTro MpOorpaMMHUpPOBaHusI. B 9Toil ria-
BE MBI TIOKAKEM, UTO UCIHO/Ib3ys KaJuOpyeMble MPeICKa3aHIs MOXKHO
MpubJIMKaTh TOYKHM paBHOBecusi HaIra maim TOYKH KOPPEJTHPOBAHO-
0 PABHOBECHSI B HEOIPDAHUYEHHO MMOBTOPSIIOIIMXCS UI'PAX C HOMOIIBIO
JaCTOTHBIX PaCIpeIe/IeHn.

B pazmesne 9.1 MBI paccMOTPpUM aCUMITOTUYECKHE XapaKTEPUCTU-
K1 O€CKOHETHO IMOBTOPSIOIINXCSI UTP C HYJIEBOH CyMMOW M IIOKarKeM,
YTO IIOCTPOEHHBIE paHee aJrOPUTMbI, MAIIKMHHOIO 00yYeHusT IpudJIn-
2KaloT TOYKHU paBHOBecusi Harma.

B paznene 9.2 mbr gokaxkem TeopeMy Biiekyasiia o mocTuKuIMO-
CTH, KOTOPas sIBJSETCsS 0000IIeHneM MUHUMAKCHON T€OpeMbl Ha CJIy-
Jail BEKTOPHO 3HAYHBIX (PYHKIUI BRIMIPHIIIa. B pazmaerne 9.3 Mbl mpu-
MEHHM 3Ty TEOPEMY I MOCTPOCHUS KaJUOPYEMbIX IPEICKA3AHUIA
JIJISI CJTydasi IPOU3BOJIBHOIO KOHEYHOTO YHCJIA MCXOO0B.

Hamee, B pasaene 9.4 Oymer mokas3aHo, YTO €CJIHM B HEKOTOPOM
HEOI'PAHIYIEHHO ITOBTOPSIONIEHCST UTPe BCE UTPOKU HCIIOIb3YIOT IPe/I-
CKa3aHUsl, KOTOPble KAJHOPYIOTCS Ha TOCJIEIOBATEILHOCTIX CTpaTe-
ruii, BEIOPAHHBIX B UTPE STUMU OIIOHEHTAMHU, W BBIOMPAIOT “OITH-
MaJIbHBIA OTBeT’ Ha 3TU IpeJCKa3aHWsi, TO COBMECTHOE YaCTOTHOE
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pacupeiejieHre CTpaTernit UTPOKOB CXOJNTCSA K MHOYKECTBY KOPPeIn-
POBaHHBIX PABHOBECUIl UTPHI.

9.1. BeckoHeYHO MTOBTOPSIOIINECS UTPHI JIBYX WUT-
POKOB C HYJIEBO CyMMO

B sToM pazmesie MbI pACCMOTPUM UI'PBI, TOBTOPSIONINECS] BO BPEMEHH.

JomycTun, 9T0 Ha KazkaoM mare t = 1,2,... IepBbIil HI'POK BbI-
6upaer xox I; € {1,..., N} B cOOTBeTCTBHU C pacipejiejleHIeM Be-
positHOCTEl Py = (P14, ..., PN,t) (CMermamHOil crparerueii), a BTopoi
urpok Beibupaer xox Jy € {1,..., M} B cooTBeTCTBUH C DacIipe/ie-
JeHneM BeposATHOCTE ¢t = (qi4,..., ¢N,t). CMelIanHble CTpaTernu
UT'POKOB Py U Gy MOTYT 3aBUCETH OT IPEJIIIECTBYIONINX XOI0B UT'PO-
KOB M WX PE3YJbTATOB. BBIMIPHII MEPBOro UrpoKa Ha mHiare ¢ paBeH
f(Iy, J¢), a Bomrpsim Broporo urpoka pasen — f (I, Ji).

Bysiem cpaBHUBATH KyMyJISITUBHBII BHIUTPBIII KazKJI0I0 HIPOKa 32
N AroB ¢ KyMYyJISITUBHBIM BBIUTPBIINEM €ro HAUIy dIeil KOHCTaHTHOR
CTpaTeruu:

Jmax S f(i k) = f(I )
T =1 t=1

JJIgd IIEPBOT'O UT'POKa 1

S fUn )~ min > (1)
=1 j=1..., M =1

JIIST BTOPOT'O UTPOKA.

MpbI TpUMEHMM TEOPHIO IpPeJICKA3aHUN € UCIIOJIb30BAHUEM 3KC-
IEePTHLIX CTPATEruil [/l BLIMACICHUS TPUOJNKEHUI K PABHOBECHUIO
B Takux urpax. Ilpum anajnuse JeficTBUil IEPBOTO MI'POKA MHOZKECTBO
ero xo/10B {1,..., N} 6yuer paccMarpuBaThCsl KaK MHOXKECTBO BCIO-
MOTaTeIbHBIX 3KCHEepTOB. KarK/Iblii 9KCIepT 7 BBIAAET Ha BCEX HIarax
OJIHO W TO XKe IIpeJicKasanue pasHoe i € {1,..., N}. Ilepsbiii urpok
paccmaTpuBaercss Kak [Ipedckazamens, KOTOPBIN BBIAAET Ha KaykKJIOM
mare ¢ npejckasanue ;. [Ipu srom xonpt Jy € {1,..., M} Broporo
UTPOKA MHTEPIPETUPYIOTCA KakK UCXOAbI [TpupodoL.
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Amnayornumo, Tpu aHagn3e JeHCTBUI BTOPOTO UTPOKA MHOXKECTBO
ero xo7oB {1,..., M} TakyKe paccMaTpuBaeTCst KAK MHOXKECTBO BCIIO-
MOTaTeIbHBIX 3KCIePTOB. KaxK/Iblil 9KCIEPT j BBIJAET HA BCEX Iarax
OJIHO U TO Ke TpejicKazanue pasuoe j € {1,..., M}. Bropoii urpok
paccMmarpuBaercst Kak IIpedckasamens, KOTOPBIN BBLIAET Ha KAXKIOM
miare t npeackazanue Jyp. pu stom xoxwr I € {1,..., N} nepsoro
UI'POKA MHTEPIPETUPYIOTCS KaK UCXOIAbI [Ipupodul.

Pazbsgcaum Tenepb, Kakue OYHKIUHU [IOTEPb UCIOJIB3YIOTCS DU
sToMm anasmuze. [lotepu nepporo urpoka pasubt A (Jy, I;) = — f (I, Jp),
e J; — ucxon Ilpupodel, a I — nporuo3 nepBoro urpoka Ha iare t.
[Torepn BTOporo mrpoxa pasubl A2(Iy,J;) = f(I;,J;), roe toe I —
ucxon Ilpupodv, a J; — Iporuo3 BTOPOro Urpoka Ha Iiare t.

[Tepsbiii (M1 BTOpOit) UIPOK MOXKET BBIOUPATH CBOM XOJbI (CMe-
[IAHHbIE CTPATEIUH) COIVIACHO HEKOTOPOMY IIPABUJLY HJIM aJIlOPUTMY,
KOTOPBINl Ha KaXKJIOM Iare ¢ BBIJAET paclpee/ieHne BepOsSTHOCTEN
Pt (mmu Gp). Asropurm nomo6HOTO poja Oy/leT Ha3BIBATHCS OHAATH
cmpamezueti TIEPBOro (UM BTOPOTO) UTPOKA B OECKOHEUHO NOGMOPA-
rowetica uape.

HormyctuMm, 910 062 UI'POKa BHIOUPAIOT CBOH XOJ/IbI B COOTBETCTBUH
C OHJIAfiH CTpATErusiMU, COCTOATEIbHBIMEU 110 XaHHaHy (CM. ompe-
nenenne (4.63)). Hampumep, MOXKHO HCIOJIB30BATH AATOPHTM IKC-
[IOHEHIINAJbHOrO B3BelMBaHus u3 pasguena 4.6.2. CorsacHo 3Tomy
AJITOPUTMY IIE€PBBIl UI'POK BBIOMPAET CBOIO CMENIAHHYIO CTPATErHIO

bt = (P14, ..,pNt) HO dopmyite:
exp (—m 22;11 (s, z))
Dit = - ,
Zszl exp (—m Zizll AT, k))

e ¢ = 1,..., N, ny — nepemenusiii napamerp obydenus. [Ipu srom
x071, J5 BTOPOTO UTPOKA PACCMATPUBAETCH KakK mucxom I[IpupodoL.

Ilo ciencrBuio 4.8 mepBBIT UTPOK SBJISIETCSA COCTOSTENBHBIM IIO
XaHHaHy, T.€., IPU COOTBETCTBYIOIIEM BLIOOPE ITapaMETPOB 7); UMEET
MECTO

n

1 1 &
limsup [ = > A (J, I) - minNgzx\l(Jt,i) <0 (9.1
v t=1

n—00 ni4 i=1,.

423



C BEPOATHOCTDIO 1, T/Ie pacipeie/ieHre BepOsITHOCTEH Ha TPAEKTOPHUIX
IIEPBOI'0 UTPOKA, OIPEJIESeTCS 10 TOCEI0BATEILHOCTH PacIpeiese-
Al o, t=1,2,....

Bropoit urpox MOXKeT TaKKe MOXKET INPUMEHSATH aHAJOTHUIHYIO
crpareruio. B aToMm ciaydaro on Takke OygaeT COCTOATEIbHBIM 110 XaH-
HaHy, T.e. C BEPOATHOCTBIO 1 MMeeT MecTo

I 1 ¢
lim sup HZ)‘Q(It’Jt) _j,minMﬁZAQ(It’j) <0. (9.2
t=1 t=1

n—00 =1,...,

B repmunax Bomrpsbiiieit (9.1) uMeer Buj: ¢ BepoATHOCTHIO 1 BbI-
ITOJTHEHO

1< 1O
lim inf - E f(Ly, Jp) — max - g f@,Jy) | =0, (9.3)
t=1 ‘ t=1

n—oo =1,..., N

rie TpaekTopud I, Is, ... pacipejenena mo Mepe p; X P2 X ... — Ipo-
U3BEJICHUIO CMEITAHHBIX CTPATEruil IeEPBOTO UT'POKA.
Coornomenne (9.2) nMeeT BUJI: ¢ BEPOSTHOCTBIO 1 MMeET MECTO

n—o0

. RS o 1g .
hmsup ;Zf(ltﬂ]t) _] {nlnMEZf(Itu.]) < 07 (94)
t=1 T t=1

rme TpaekTopus Ji,J2,... pacmnpeneneHa mo Mepe q; X G2 X ... —
HPOU3BEJIEHUIO CMEIIAaHHbIX CTPATEruili BTOPOT'O UTI'POKA.

Crenyromast TeopeMa yTBEPKIAET, 9TO €CJIH IIePBBIil UTPOK BHIOH-
paeT CBOM XOJIbI COIVIACHO COCTOATEJIFHON 1Mo XaHHAHY OHJIANH CTpa-
Teruu JiJisi 66CKOHEYHO TOBTOPSIONIENCS UTPBI, TO HE3aABUCUMO OT TOT'O
KaK BTOPOI UI'POK BBIOMPAET CBOU XOJIbI, CPEIHUN BBIMTPHIII IT€PBOTO
UrpoKa HE€ MO2KEeT 6bITb HaMHOI'O MEHbIIIEe 9YeM ITeHa HUI'DbI. AHaJIOFI/ILI—
HOE yTBEpK/IEHUE BEPHO JIjIsi BTOPOIO UT'POKA — €CJIM BTOPO# UI'POK
BBIOMPAET CBOM XOJIbI COIVIACHO COCTOATENIHbHON 110 XaHHAaHY OHJIANH
CTpaTEruu, TO HE3ABUCUMO OT TOTO KaK BBIOMPAET CBOU XOJIbI HEPBBII
UTPOK, CPEIHUI IPOUTPHIIT BTOPOT'O UT'POKA HE MOYKET ObITh HAMHOIO
0oJIbITIE YeM I[eHa UTPHIL.
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Teopema 9.1. Jlonycmum, umo 6 uepe 06yxr Auy ¢ Hyareeot cymmot
nePevili UPoK BLLOUPAEM CE0U TObL COZAACHO OHAGTH CMPAME2UL, CO-
cmoamenvnoti no Xannany. Toeda nesasucumo om mozo0 xax emopot
U2PoOK 6uLOUPAEM, CEOU TOObL

1
liminf =" f(I;, Jp) > v, (9.5)

nowmu 6ciody, 20e v — yena uzpol.

Ecau xaoicowti uepox npudepscusaemca onaatin cmpameauu, co-
cmoameavroti no Xannany, mo, ¢ eepoammnocmsio 1, umeem mecmo
DPABEHCTNEO

lim 1 > f(I, ) = (9.6)

Zloxazamenvcmeo. lleHa UTPBI TIpeICTABIISAETCST B BUIE

v =maxmin f(p,q) = minmax f(p, q).
[ a b

Kpowme Toro,

N M
FE.0) =Y pigifi.j),
i=1 j=1
N
f(p.g) = me(i,ﬁ,
f(l7(j) = Z@Uf(%])
j=1

Cormacuo coornomienuio (9.3), /s 10KA3aTEILCTBA IEPBOTO YTBEP-
xkerust (9.5) TeOpeMbI JOCTATOYHO MIOKA3aTh, YTO JJisi IPOM3BOJILHOI

mocjeoBaTeIbHOCTH J1, Jo, ... XOJ0B BTOPOIrO UTPOKA
1 n
max — E fli,Jy) = v (9.7)
i=1.., N n
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JJId BCEX M. ,B;.HH JOKa3aTe/JbCTBa 3aMETUM, ITO

1 n
ma‘X Zf Z Jt m}?XEZf(ﬁa Jt)7
t=1

n

Tak Kak »_ f(p,J;) nuHeiiHO 10 P, & MaKCUMyM JIMHEHHO# (dyHK-
=1

UM, ONIPEICJICHHON Ha CUMILIEKCE BePOITHOCTHBIX PACIIPEIeIeHIIT Ha

{1,..., N}, gocruraercsi B OJ{HOI U3 €rO BEPIINH.

IIycTp
1 n
Gin = 2 V=)
t=1

— 9gacToTa IAaroB, Ha KOTOPBIX BTOPOil UIPOK BhIOUpaeT xox j. IlycTrh
Takke ¢n = (Qin,- .-, Gmpn). Torma

1 n
m@X*Zf(ﬁa Jt maXZQ]nf D,J
o t=1 j=1
= max f(P,Gn) = minmax f(p,q) =v
q D

JIJIst IIPOM3BOJILHOM IOCIEI0BATENIBHOCTH J1, Jo, . . . XOI0B BTOPOrO UI-
poKa

s nokasarenberBa Broporo yreepxkienusi (9.6) teopeMbl Boc-
nosb3yeMcst ycaosueM (9.4) cocTosITeIbHOCTH TI0 XaHHAHY W JOKa-

2KEeM, UTO
' min g f(I;,j) < v =maxmin f(p, q)
7j=1,..., p q
JIUTs1 TIPOM3BOJIBHOI mocstetoBarestbHoct I1, Io, . .. XO/IOB IIEPBOTO HI-

poka. JloKa3aTeabeTBO 9TOr0 yTBEPIKIACHHs AHAJOIUIHO JTOKA3ATE b
crBy Hepasencrsa (9.7).
Otcrona momyanm

lim sup — Zf I, Jy) < (9.8)

n—oo N

IIOYTHU BCIOALY, TJie U — [eHA UIPHL.
O6bemunss (9.8) u (9.5) nomyunm (9.6). Teopema nokazama. A
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9.2. Teopema Bieky3i1a 0 JOCTHXKUMOCTHI

Teopema 9.1 u3 HpeabIAYIIEro pasjiesa yTBep:K/IaeT, 9TO MEePBbIi Ur-
POK IIPH JOCTATOYHO OOJIBIIIOM YHCJIE MAr0B, IPUIEPKUBASICH OHJIARH
CTpaTeruu COCTOATENbLHON 110 XaHHaHy, MOXKET CHEeJIATh CPEIHee 3Ha-
YEeHHNE€ CBOET'O BBIUI'DBINIA aCHUMIITOTUYECKM HE MEHbIIEe II€eHbl HUI'DBI,
KaKoii Obl cTpaTeruu He IPUIEPKUBAJICS BTOPOH UI'POK.

B stom pazaesne mbl paccMoTpuM 00600IIEHIE 9TOTO YTBEPKICHUS
Ha CJIy4ail BEKTOPHO—3HAYHON (PYHKINK BHIUIPLIIIA U IIPOU3BOILHOIO
3aMKHYTOI'O BBIITYKJIOI'O MHO2KECTBa S BMECTO II€HbI UI'DHI. By,ZLGT 10-
KazaHa 3HaMeHuTas Teopema Birekysiia o goctukumoctu (Blackwell
approachability theorem). Dra Teopema npecrapisier HeOOXOIUMBIE
1 JOCTATOYHBIE YCJIOBHS, IPU KOTOPBIX CYIIECTBYET PAHIOMUBUPO-
BaHHAsI OHJIAIH CTPATErusi IEPBOI0 UTPOKA Jjist OECKOHETHO TOBTOPSI-
FOIIEICsT UIPBI, HPUAEPKUBAsICh KOTOPOH OH C BEPOSITHOCTHIO 1 mipu
HEOrPpamYeHHOM IIPOJIOJIXKEHUN UIPBI MOYKET KaK yIOZHO OJIU3KO IIPH-
OJIM3UTDH CpejlHee 3HAUEHNE BEKTOPA CBOErO BHIUTPHINIA K 33 IaHHOMY
MHOXKECTBY S, HE3ABHCHMO OT TOrO, KaK Obl He BHIOMPAJ CBOU XOJIbI
BTOPOI UI'DOK.

B 1956 r. Burexyssr [15] npemoxumn obobiienne MEHEMAKCHOM
TeopeMbl Ha CJiydail BeKTOpHO3HAYHOM (pyHKIMHN BhiUrphima. [Tozxke
OBLIO 3aMeYeHO, UTO 3Ta TeOPeMa MOXKEeT OBITH HCIIOJIb30BaHa, IIJIst
IIOCTPOEHUsT KAJIMOPYEMbIX ITPEICKA3AHUIA.

[To-npexkHEMY paccMaTpUBAETCs UIpa ABYX JHUIl. TOJIBKO Telephb
byukius pourpbina f(i,7) IpHHEMAET 3HAYMEHHUS B d-MEPHOM IIPO-
crparctBe RY. HamoMHIM, 9TO CTpATErnn mepBOTO UIPOKa IIPIHA/I-
Jiexkar Koneanomy Muoxkectsy Z = {1,..., N}, a crparerun BToporo
UrpoKa IpuHaiexkar Koneanomy Muoxkectsy J = {1,..., M}. Cme-
LIAHHBIE CTPATErdU UIPOKOB — 3TO PaCIpeleseHus] BEPOITHOCTEH Ha
muOKecTBax Z u J. VIx muoxkectBa obosnauatorcs P(Z) u P(J) co-
orsercreento. Ilpu p = (p1,... ,pn) € P@) u ¢ = (q1,-.. ,qu) €
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N
f(B,j) = Zpif(aj),
w
FG,0) = q;f ),
j=1

— N M —
Fo.0) =" pigi f(i. ).
i=1 j=1

Kak O6bI‘{HO, paccMaTpuBacM €BKJINAOBO PDACCTOAHUE

MezK Ty JTI0OBIMH 1By Ms BeKTopamu Z, § € R Ecimn S C RYuz € RY,
TO pacCTOsTHUE OT TOYKU T O MHOXKECTBaA S OMPEIeNISIeTCS KaK

dist(z, §) = inf ||z — g].
ist(z, $) = Inf ||7 — 9]

Jutst 3aMKHyTOrO MHOXKECTBa S 1IyCTh dg(Z) 0bo3HaTaeT KaKOi-HIOY/ 1b
ssleMeHT y € S, st koroporo paccrosinne dist(Z,y) MHHHMAIBHOE.
Ecim x Tomy xe S — BBIIYKJIOE, TO TAaKOl 9JIEMEHT €MHCTBEHHBII.
Muosxkectso S C R naspisaercs docmusicumvim (approachable),
€CJIN CYIIECTBYeT TaKasl PaHJIOMU3NPOBAHHAsI OHJIAIH CTpATerus mep-

BOI'O MT'POKa P1, P2, ..., ITO JJId JIIOOOH MOCIEI0BATEILHOCTH XOIO0B
Ji, J2,... BTOpOro urpoka st P-TouTu Bcex mocjeaoBaTebHOCTel
I, I, ... XOIOB IIEPBOTO UI'POKA BBIIIOJIHEHO

T
. . 1 Z =
Th—r};o dist f e f(It7 Jt)7 S| = 07

rae P — ob1ree pacipeesierne BeposiTHOCTEH Ha TpaekTopusx 11, I, . . .

XOJIOB IIEPBOI'0 UI'POKA, KOTOPOE OIPEIEISIeTCs PACIIPEIE/ICHUSME D1, P2, - - - -

Crnenytommast TeopeMa JaeT JOCTATOTHOE YCIOBUE TOCTUKIMOCTH
3aMKHYTOTO BBIITYKJIOIO HOJMHOXKeCTBa 13 RY.

[IpeamosaraeM, 9T0o paccMaTpUBaeMble JaJjiee MHOKECTBaA, S 1 3HA-
wennsa f(i,j) HAXOAATCA B €IUMHIYHOM IITApe MPOCTPAHCTBA R
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Teopema 9.2. 3adano 3amrrymoe swvinyxaioe nodmmostcecmeo S C
Re. [laa wasicdozo eexmopa T & S paccmompum eunepnaockocmo Iz,
npoxodawyro weped moury ds(T) u opmozonasvbyo npamot, coedu-
narowet mouku T u dg(T).

Honycmum, wmo das xascdozo sexmopa T & S cyuecmsyem pac-
npedenerue p € P(I) maroe, wmo sce mowwu f(p,1),..., f(p, M)
U MouKa T AeHCAM No pasdmnvie cmoponst 2unepnaockocmu Iz, Toeda

MHOoHCECTME0 S dOCTNUINCUMO.

Zoxasameavcmeo. Ilycts Iy, 1o, ... u Ji, Js, ... — Kakue-1ubo 1mo-
CJIEJIOBATE/IbHOCTH XOJOB IIEPBOTO M BTOPOrO HIPOKOB. O6GO3HAYUM
BEKTOD CpeJHero 3HaUeHUs] BHIUIPHIIIeil 3a IePBbIe ¢ IIaroB

t
R R
my = t;f(fi,z]i)-

IIycre Ha mIarax UIpbl MEHLIIMX | UIPOKHM YK€ IHPOU3BEIU XOJbI
Ii,..., I;_1uJy,..., Ji_1. llpeanosoxum, ato my_1 & S.

Ypasuenue runepiuiockoctn Il |, npoxosieit epes Touky dg(mi—1)
U OPTOTOHAJIBHYIO IIPSIMOM, COEIUHSIONIEH TOUKU my—1 U dg(mi_1),
AMeeT BUJ,

(We—1 - &) — b1 =0,

rje
 omyy —dg(my—1)

-1 — ds(mi—1)]|

Wt—1

bi—1 = (W1 - ds(my—1)).

[Tpeamomnaraem, uto mgy = 0.

BamMeTHM, 9T0 TOYKA M1 HAXOIUTCS BbIIIE THIIEPILIIOCKOCTH (TaK
KaK sBJIAETCA KOHIIOM HAIIPABJAIONIEI0 BEKTOPA 3TON T'UIIEPILJIOCKO-
cTH).

ITo ycmoBuio Teopembl JJISI T = M| CYIIECTBYET CMeIaHHas
CTpaTerus Pz MEPBOrO UI'POKA, JIJIsI KOTOPO BCe TOUKU

f(ptal)a"'v f(ﬁtvM)
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HaXO0dATCA HUXKE ,ZI;&HHOfI THUIIEPIIJIOCKOCTH:

(We—1 - f(Pt,5)) — be—1 <0

st BceX J = 1,..., M. D10 ycjoBre MOXKHO TaKKe 3allUCATh B BUJIE
o1 (f d <0. 9.9
max (@ (f(pr, ) = ds (1)) (9.9)

CwmernraHHast CTPATErust Py OLPEENISeTCs IIyTeM PEIeHUsT 33 J1a9u JIU-
HeitHOTO TporpamMMupoBanust (9.9).

[IpoBepumMm, uTo TOUKA My “UpubIMKaeTcss’ K MHOXKecTBY S. U3
oIpe iesIeHn st

dist(imy, S) = ||y — ds(mg)|| < e — ds(me_1)]l.  (9.10)

Herpynuo nposeputsb, 4T0

t—1
ﬁlt Tmt 1 + f(-[t,Jt) (911)

Bossenem B kBajpar HepaseHcTBo (9.10) ¥ IPOIOIKIM BBIKJIAJIKH C
ucnosb3oBanueM (9.11)

2

dist(my, S ——My—1 + f(It;Jt) ds(mi—1)

Ht—l

2

——(my—1 — ds(me—1)) + ( (It, Jr) — ds(m—1))|| =

’t—l

7
( ) 7701 = ds ()| +

28 > S (s — (i) - (P ) — ds(n-1))) +

+tl2||]?(ltw]t) — dg(m—1)|*. (9.12)

Tak Kak MHOXKeCTBO S 1 Bee 3Hadenust f (i, j) HAXOAATCS B €IMHITHOM
mape npocrpancTsa RY, BBHINOJIHEHO HEPABEHCTBO

1f (I, Jp) — ds(me—1)| < 2.
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Hcnonb3yst 910 HepaBeHCTBO IpeobpasyeM HepaseHcTsa (9.11) n (9.12)
B HEPABEHCTBO

|y — ds(m)[|” = (t = 1)?[lme—1 — ds(m—1)||* <
<4+ 2(t = 1)((Mu—1 — dg(mu—1)) - (f(It, Jt) = ds(mi—1))). (9-13)
O6o3naunm A
Ky = Tnmtﬂ —dg(mi—1)||-
Bommomaeno 0 < Ky < 2upu t < T. Cymmmupyem o t = 1,... T
JIEBYIO U IPABYIO YacTH HepaseHcTsa (9.13) u pazmemm ux na T2

lmr — ds(m7)|* <

T
< % + % ;Kt—l(wt—l . (f([t, Jt) - dS(mt—l))) <

1 2 _ )
< gt p 2 K@ () = o 0). (0.14)

L1151 OJTy YeHus 110CIIe/JHEro HepaBeHCTBA Mbl HCIIOJIb30BAJIN HEDABEH-
crBo (9.9).

Bropoe ciaraemoe nocsesnero diena (9.14) npezcrasisier coboit
MapTHHTaJI-pasHocTh. | TlosToMy omo 1o ciesacreuio 10.6 K Hepaser-
crBy XeduHara—As3yMbl OUTH BCroay crpemurcss K O mpu T — oo.
Orcrona

dist(mr, S) = |l — ds(mg)|| — 0 mpn T — 0o

¢ BeposiTHOCTBIO 1. Teopema mokazana. /A

B cnenyiomeit Teopeme JraeTcs HEOOXOIUMOE U JJOCTATOYHOE YCJIO-
BHUE, IIPU KOTOPOM IIPOU3BOJILHOE 3aMKHYTOE BBIITYKJIOE€ MHOXKECTBO
JOCTHXKUMO IEPBBIM HUI'POKOM.

Teopema 9.3. Bamxnymoe evnyraoe nodmmoscecmeo S C RE do-
CTNUDHCUMO NEPBBIM UZPOKOM T020A U TOALKO T020a, K020a 0AlL KadiC-
dozo q € P(J) cywecmsyem p € P(I) maxoe, wmo f(p,q) € S.

'Tax kax Ep, (f(Is, J¢)) = f(Pe, Ji), tie E — CUMBOJ MATEMATHHECKOTO OKH-
nanus. Takxke K;—1 — npenckasyeMast ciiydaiiHas BeJMIHHA.
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Jlokazamenvcmeo. domyctum, aro jyist kaxkgoro ¢ € P(J) cyre-
cryer p € P(Z) rakoe, uro f(p,q) € S. Ilycrs Takxke Tog & S u dg(Zo)
— OmmKaiimast K o Touka u3 S. PaccMoTpuM BCIoMoraTe/ibHY0 MaT-

puuHyo urpy ¢ dyukuumeii siurpbima a(i, 7) = ((ds(zo)—zo)- f(,7))-
[To MurMMaKCcHOIT Teopeme
max min a(p, j) = min max a(z, q). (9.15)
p J q 7

o ycioBuio Teopembl jist KazKI0ro § € P(J) cymecrByer p Takoe,
aro f(p,q) € S. Orciona n u3 (9.15) mosyaaem

m]‘gixmjin((ds(f?o) —Zo) - f(p, ) =

= mqin mgx((ds(wo) —T) - f(P,q) >

> ggg((ds(fo) —T9)-38) =
= ((ds(Zo) — o) - ds(Z0))- (9.16)

[Mocnennee pasencrBo u3 (9.16) cieiyer u3 onpejeseHusl BEKTOPa
ds(Zo) ¥ BBIIYKJIOCTH MHOYXKECTBa S.
PaccmoTrpumM rumnepiiiocKocThb

L(z) = ((ds(Zo) — Zo) - 7) — ((ds(Zo) — Zo) - ds(Zo)) = 0,

POXOJISAIIY IO Yepe3 TOUKY dg(xg) 1 OpTOroHAIBHY IO BeKTOpY dg(Zo)—
Zg. Jlerko mpoBepuTh, 9TO

((ds(zo) — Zo) - To) < ((ds(Zo) — Zo) - ds(Zo)).

Orcrona monydaem L(Zg) < 0, T.e., TOUKa T JEXKUT HUKE TUIEPILIOC
koctu L(z) = 0.

W3 HepaBeHCTBa MEXKIY IIEPBBIM U IIOCAETHUM YJIEHOM IIEIIOYKI
pasencTB u HepaseHcTB (9.16) cieyer, uro cymecrsyer p € P(I)

Takoe, 9To it jioboro j =1,..., M
((ds(z0) — @0) - f(P,)) = ((ds(Zo) — To) - ds(o))-
Nupivm cnosamu, L(f(p,5)) = 0 aas moboro j = 1,..., M. Takum

obpaszoM, runepiiockoctb L(Z) = 0 pasuessier 9TH TOYKH U TOUKY
Zo. CilemoBarebHO, MHOXKECTBO S JOCTHUKUMO 110 Teopeme 9.2.

432



st mokazaTebeTBa 06paTHOTO YTBEPIKIEHHS , JIOIYCTHM, 9TO Cy-
mecrsyer §o € P(J) Taxoe, aro f(p, o) € S mis Beex p € P(I).

[Tpumenum Teopemy 9.2 /711 UTPBI ¢ TPAHCIIOHMPOBAHHOM (DyHKIM-
eit Bemrpoima f'(i, ) = f(j,4) U BBIIYK/IOro 3aMKHYTOIO MHOMKECTBA,
T(q) = {f(p,q0) : p € P(T)}. _ _

I[To onpenenenuto Bee 3uadenust f'(go,0),..., f'(Go,N) € T(qo).
U3 Boinykiocru muozkecrsa 1'(qgo) caemyer, aro st jioboro T & T'(qo)
toukn T u f'(qo,0),..., f'(Go, N) HaxomsaTCs IO pas3Hble CTOPOHBI OT
runiepriiockocTn Iz, mpoxossmeit 1epes TOUKy dr(q,)(Z) 1 oproro-
HAJIBHYIO TPSMOit, coeuustomeit TOUKn T 1 dr(qy)(T).

Torga o Teopeme 9.2 muO)ecTBO T'(Jp) JMOCTUAKUMO JIJISi UTPBI C
TPAHCIOHUPOBAHHON (DYHKIIMEH BBIUTPBINIA U C IMTOCTOSTHHON CTpaTe-
ruen qg.

Mer pomycrumu, aro T'(go) NS = 0. Tlo ycnoBuio TeopeMbr u mo
onpeesennio muoxkectsa S u T'(qo) 3amkuyTbie. Herpy o mokasars,
9TO B 9TOM CJIy4ae MHOKECTBO S He JIOCTHKUMO JIJIT MCXOIHOM UIPhI
(em. 3agauy u3 pazzgena 9.5). Teopema mokazana. A

B kauecTBe 1epBOro mpuMeHeHus: TeopeMbl 9.2 MOCTPOUM OHJIAHH
CTPATEruio MpeJICKA3aHNsT COCTOATENbLHYIO 110 XaHHAHY.

I[Tycrs 3aaub1 MHOKecTBa X010B Z = {1,..., N} — nepBoro urpo-
kaun J ={1,..., M} - Broporo urpoka. P(Z) n P(J) — MHO)KeCTBa
UX CMENIaHHbIX cTpareruii. Paccmarpusaercsa urpa ¢ GyHKImel mo-
repb (7, ), tme 0 < I(4,7) < 1 mus Beex i, J.

Haimta mieb onpeieiuTh Ha KaskJOM Iare ¢ CMEenaHHylo cTpaTe-
I'UIO P IEPBOTO UI'POKA TAKYIO, UTO JIJIs JIIOOOH MOC/IEI0BATEIBHOCTH
X0J10B J1, Jo, ... BTOPOro UTPOKa ¢ BEPOATHOCTHIO 1 OBLIO BBIIOJHEHO

T T
1 1
lim sup T E I(I, J;) — min T g l(i,Jy) | <0, (9.17)
t=1 t=1

T—o00 I<isSN

IJle TI0CJIeIOBATEIbHOCTh X0noB I1, I, ... pacupeneiena o mepe P
TOPOXKACHHOI pacupenesieHuAMA P, P2, - - - -

JJtst TOro, 9TO0BI IPUMEHUTH TeopeMy 9.2 paccMOTPUM BBIITYKJIOE
3aMKHYTO€ MHO>KECTBO

S:{(ul,..., UN):uigo,Z‘:L..., N},



a TaK»Ke BEKTOPHO3HAYHYIO IJIATEXKHYIO (DYHKIIUIO

1, ) — LN, j)

Bamernm, uro 3madenus f(i,7) jaexkar B N-MEPHOM IIape pajmyca
VN ¢ IeHTpoM B Hadaje KOODIMHAT. YMHOXKasi 9Ty (DYHKIHIO HA
koucranty 1/v/N MoxHO 106uThCst, 9T06hI 3Hauenus f (i, ) Jezkaim
B €IUHIIHOM ITape.

PaccMoTpuM npousBoJbHBIE BekTOp T € S. Jocrarouno pac-
cMoTpeth cayvail koriga dg(Zg) = 0 m ypaBHeHHME THUIIEPILIOCKOCTH
Iz, umeer Bux (w - Z) = 0, 1€ BCe KOMIIOHEHTHI W; HOPMAIBHOIO
BEKTOPA W TUIEPILIOCKOCTH HEOTPHUIATEIbHBIE.

Jlns 1oKazaTe beTBa, CyIIeCTBOBAHUs CTPATEINU TaKOH, YTO BbI-
nosaeHo (9.17), J0CTaTovHO JI0KA3aTh, UTO CYIIECTBYET CMENIaHHAsI

crparerusi p € P(Z) rmakas, aro Bce BekTopel f(p,1),..., f(p, M)
JIesKaT HUZKe TUnepruiockoctu (w - &) = 0, T.e. BBIIIOJHEHO

N
> wp(U(p, 5) = Uk, 5)) <0
k=1

ans Beex j = 1,... M. Jlerko npoBepuTh, ITO 9TO YCJIOBUE BBIIIOJTHEHO
npu -

_ w

p = —

—
> w;
=1

[To Teopeme 9.2 cymiecTByer Moc/ie0BaTeIbHOCTh CMEIIAHHBIX CTPa-
TEruu pi,..., Pt,... HEPBOrO UIPOKa Takast, 4To ycjaosue (9.17) Bbi-
TIOJTHEHO C BEPOSITHOCTHIO 1.

9.3. Kaaubpyembie ITpeacKa3aHms

B sTom pazaesie MbI mpuBeieM METO/T IOCTPOCHUS KAJTUOPYEMBIX IIPE/I-
CKa3aHUil B cJIy4dae IPOU3BOJIBHOIO KOHEYHOI'O MHOXKECTBA UCXOI0B HA
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OCHOBE TeopeMbl 9.3. DTOoT MeTo 1 OBLIT IIpeIoKeH B padbore Manropa
u rosbra [42].

B pazmene 3.2 paccmaTpuBanCh 3a/1a9a YHUBEPCAJIHLHOTO IIPEI-
CKa3aHUs CPEJIHErO 3HAUEHUsI P; OYIYIIEro UCXOJA w; U COOTBETCTBY-
foliee MOHsATHE Kajaubpyemoctu. B sToM paziesne Oymer paccMmarpu-
BaThCH 3aJa4a YHUBEPCAJIBHOTO IMPEJCKA3aAHUs BEPOATHOCTHOIO PaC-
npejiesienust Oyaymux ucxojoB. B ciaydyae OMHAPHOTO MHOXKECTBA UC-
x070B {0, 1} obe 5Tm 3a1aun SKBUBAJEHTHBI, TAK KAK BEPOSITHOCTD
eJIMHUIIBI P; PaBHA CPeJIHEMY 3HadeHuto Oyiytiero ucxoia w; € {0,1}.

Bynewm npejonarars, 4T0 HCXOJIbI IPUHAJIEZKAT KOHETHOMY MHO-
xecrBy A = {ay,..., apm}. O6o3nmaunm P(A) — MHOXKECTBO BCex
pacupeesiennii BepodaTnocreil Ha muoxkecrse A. Kaxkioe Takoe pac-
npejiejieHne (CMemaHHasi CTpaTerus) eCTb BeKTOp p = (p1,..., Dm)
HEOTPUIATEbHBIX BEIECTBEHHBIX YNCes CyMMa KOTOpbIX paBHa 1. Ha
BEKTOPaX—PaCIpe/IeJIeHUsIX Oy/IeT pacCMaTpUBATLCsT HOPMa, ||pllec =
Max|<i<m |Pi|- MOXKHO TaKKe paCCMaTPUBATE 9BKJINI0BY HOPMY ||p]|2.
U3BecTHO, YTO 3TH HOPMBI KBUBAJEHTHBI B mpocTpaHcTBe R™. B
JlasibHeiineM Mbl Oy1eM HCIosb30BaTh 0bo3HadYeHue ||p|| nmes: BBULY
JIIOOYIO U3 9TUX HOPM.

Iycrs 0[a;] = (0,..., 1,..., 0) obo3HAYAET BEPOATHOCTHOE Pac-
TpejiesIeHne, COCPETIOTOUEHHOE Ha IJIeMEeHTe a; MHOKecTBa A. B aTom
BEKTOpE i-51 KOOpJWHATA paBHa 1, ocTajbHBIE KOOP/IMHATHI — HYJIEBBIE.

Paccmorpum urpy ¢ mostaoi uadopmanmeit Mmexay Ilpedckaszame-
aem u Ilpupodoti. Ha kaxmom mare t Ilpedckasamens BbIIaeT BEpO-
siTHOCTHOE pacupesesenne P € P(A), nocie dero IIpupoda BblzaeT
ncxoj a; € A.

B Tepmunax Teopum urp, pr — cMelaHHasi crparerust Ilpedcrkasa-
mens, 8[a] — uncras crparerus [Ipupods.

st BEIOOpa cTpareruii pi, P2, ... Ilpedcxasamens Gymer mpume-
HSTH PaHIOMU3MPOBAHHYIO cTpareruto, TouHee, [Ipedcxaszamens Oy-
JIeT BbIJIABATh Ha KaKJOM Iiare t ciaydaiiHeiit Bektop p; € P(A),
pacCIIpe/IeJIEHHBIN COIVIACHO HEKOTOPOMY BEPOSATHOCTHOMY Dacipee-
senmio Py € P(P(A)).

Kaxxip1it urpok MOKeT UCIIOIb30BAThH BCIO HHMOPMAIIUIO, U3BECT-
HyIO 710 ero jgeticrBus. Ha crpareruto IIpupodvs He HAKJIAIBIBACTCS
HUKAKNX OTPAHUYCHUIL.
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ITo reopeme Nonecko-Tymbun [4] BepositHOCTHBIE MepbI P; OpoK-
IaroT obIree pacupeesienne P Ha TPAeKTOPUAX P1, P2, - - - -

[Iycre 3amano anciio € > 0. Lenb IIpedckasamens BelmaBaTh paH-
JOMU3UPOBAHHBIE IIPOIHO3BI Py pacipeie/ieHHble 1o Mepe P Tak, 4To-
6b1 st sio6oro p € P(A) st MPOU3BOJILHOI cTpaTeruu aj,ag, . . .
IIpupodsl TOYTH BCIOLY OBLIO BBIIOJIHEHO YCIOBUE €-KAJIHOPYEMOCTH:

T
. 1 = _
lim sup T Z I”I;t,mge(é[at] —pt)|| <, (9.18)
T—o0 =1
rjie BeKTOPHI P1, P2, ... Paclpeie/ieHnl mo mepe P u

[ 1, ecim ||pr — p|| < e,
lIPe—pll<e 0, B IPOTUBHOM CJIydae.

IIpedckasamens GyneT BLIOMPATh CBOM IIPOTHO3BI Py U3 HEKOTOPOIO
GUKCHPOBAHHOTO KOHEIHOI'O MHOXKecTBa crpareruii P.. g 3aganus
9TOT0 MHOYKECTBA OCTPOUM KaKyIo-HUOY b e-ceTb Pe = {51,..., 5N}
B MHOXKecTBe Bcex BeKTOpoB P(A). Takum obpasom, Jyist Jr060ro
BekTopa p € P(A) maiimercsa ssement e-cetu §; € P, Takoii, 4To
1P — 5l <e

Mpgr1 6yem cTponTth BeposgTHOCTHBIE pactipeaenenus P € P(P(A)),
CKOHIICHTPUPOBAHHLIE Ha KOHEYHOM MHOXKecTBe P.. Iyt mpocTOThI
MBI OTOXKJIECTBJIsIEM KOHEYHOE MHOXKeCTBO Pe = {51,..., SNy} 1 MHO-
JKECTBO MHJIEKCOB ero sjnemenToB Z = {1,2,..., N}, a takxe Oyuem
paccMaTpHuBaTh Ha KayK IOM Hiare ¢ BeposTHOCTHBIE paclipejesenue P
Ha 7.

IIycts P — obiee pacipemeseHne Ha TPACKTOPHUIX i1,19,... HO-
MEPOB 3JIEMEHTOB MHOXKECTBa P, IIOPOXKICHHOE PACIPEICIeHUAMA ;.
Torna ycsiosue (9.18) oueBHIHBIM 06PA30M CJIEIYET U3 CJIEJLYIOIIErO
YCJIOBUSL: IOYTHU BCIOAY BBIIOJHEHO YCIOBUE

N T
_ 1 f _
lim sup E T g Igi,—iy (Olae] — 81)|| < e (9.19)
T=oe =1 |7 =1

CymecTBoBaHue e-KajmbpyeMoii crpareruu B obieit hopme yTBep-
JKJAETCs B CJEYIONIEN TeopeMe.
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Teopema 9.4. /Jlaa npoussosvhozo € > 0 MoocHo nocmpoums no-
€AedosamenvbHOCmb 8epoaAMHOCIHLLL pacnpedesernuts Py, t =1,2,...,
maxyro, ¥mo P-noumu 6ctody 8binoAHEHO YCAOBUE E-KAAUOPYEMOCTIIU
(9.18), 2de P — eepoammocmmoe pacnpedeaenue Ha MPLEKMOPUAL
D1, P2, - .. noposcdenroe nocaedosamenvrocmvio Py.?

Zloxazameavcmeo. Mbl mpuMmenuMm Teopemy 9.3, B KOTOpO# 1ep-
BBIiT UTPOK — 310 IIpedckasamens ¢ MHOXKECTBOM cTpaTernii > 7 =
{1,2,..., N}, a Bropoii urpoxk — IIpupoda ¢ MHOXKECTBOM CTpaTEeruii
J = A. OyHKIUs BBIUIPHIIIA IPUHAMAET B KAIeCTBe 3HAUYEHUN BeK-
Topbl pazmepuoctu N|A| :

0
) ) 0
f(ka a) = 5[@]; Sk
0
0
rne k € Zua € J, 0 — m-mepHblii Hy/lTeBoit BekTop, m = |Al, a

TakKe 6[a] — Py — PasHOCTH JBYX BEKTOPOB — CTOJIGIOB PA3MEPHOCTH
m, KOTopasi 3aHIMAaeT k-0 KOMIIOHEHTY CJIOXKHOT'O BEKTOpA.

OmnpeiesIIM Tenephb BBITYKJIOE MHOMKECTBO B mpocrpancTee R™Y.
MBI 3amichBaeM BEKTOPBI pocTpancTsa R™Y Kak CII0KHbIE BEKTO-
poi pasmeprocTu N ¢ BeKTop-KommonenTamMu B R™ : X = (Z1,..., Zy)
rae T; € R™. OnpenenuM 3aMKHYTOE BBIIIYKJIOE MHOXKECTBO

N
C=3%:3 ol <e
k=1

ITo Teopeme 9.3 3aMKHYTOe BBIITYKJ/I0€ HOAMHOXkKecTBO C' JI0CTUKI-
MO TOTJIa M TOJILKO TOIJIa, KOrjla st Kaxkjoro ¢ € P(J) cymecryer
p € P(Z) rakoe, uro f(p,q) € C.

2Venosue (9.18) skBuBasentro ycosuio (9.19).
3Mbl oroxmecTBiasieM P, = {51,..., 3N} W MHOXKECTBO WMHIEKCOB I =

{1,2,..., N}.
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YenoBue TeopeMbl 9.3 0 TOCTHKUMOCTH BBITTOJTHEHO JIJTST MHOMKE-
crBa C, Tak Kak Jyist J1000i cMmernanuoit crparerun ¢ € P(J) = P(A)
BTOPOTrO UTPOKa, HalijleTcss TouKa 5 u3 P. Takas, urto || — 5| < e,
re. f(k,q) € C. B sTom ciyuae Mbi GepeM B Teopeme 9.3 B KadecTse
p pactipenenenne dk] na Z = {1,... N}, cocpesioTodenHoe Ha qucITe
k,rne 1 < k < N. B arom ciyuae f(p,q) € C.

ITo Teopeme 9.2 MOXKHO TOCTPOUTH PAHIOMU3UPOBAHHYIO CTpaTe-
ruto [Ipedckazamensn P, € P(Z) takyio, aro Kak 661 [Ipupojia He BbIOU-
paJia moCaeI0BATEILHOCTD A, 42, . . . MOCIEIOBATEILHOCTD BEKTOPHO-
3HAYHBIX BBIUTPBITIEH

+ 2 Ipi,—1y(8lag] — 51)

T
1 B t=1
T Z f(itv at) =
t=1 T -
%t; I, —ny(d[at] — 5n)

IMOUTH BCIOJLY CXOJUTCst K MHOXKecTBY C', TJle TPAeKTOpHUst i1,%2, ...
pacipeiesiena 1o Mepe P IOpOoXkKIeHHON 10C/IeI0BATEIbHOCTHIO PaH-
JIOMUBUPOBAHHBIX cTparernii Pj.

Taxkum obpasom, ycsiobue Kajubpyemocru (9.19) BbiosHEHO HO-
gTn BCioay. Teopema jokazana A

[TocsieJoBaTEILHOCTD IPEICKA3aHUIT HA3BIBAETCS (XOPOIIO) Kainb-
PYEMOil Ha [TOCJIeI0BATEILHOCTH UCXO/I0B, €CJIN OHA sIBJISETCS €-KaaudpyeMoit
it jaoboro € > 0.

[Ipejickazanusi, KOTOpble BBIOMPAIOTCS M3 KOHEYHOI'O MHOXKECTBA
Pe = {51, ..., Sn.} u ynosierBopsitor yciaosuio (9.19), HasbBaroTCst
€-KaJIMOPYEeMbIMU TIPEJICKA3AHUSIMU.

Moxuo ycmiuth TeopeMy 9.4 u mo0UTHCA KaaubdpPyeMOCTH Ipe/i-
CKa3aHui.

Teopema 9.5. Mootcro nocmpoumdsd paHOOMUSUPOSAHHYIO CMpPame-
ewro Ilpedckazamens P, maxyro, wmo dan aobozo p € P(A) u arwbozo
€ > 0 ycaosue Karubpyemocmu,

T—oo

T
e I
fm N 7 ;Iptpnse@[at] —p)|| =0 (9.20)
6blNOAHEHO oYU GC'I‘Ody,
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[IycTs €; — cTporo yobIBaIoOMast MOCaeI0BATETHHOCTD ITOJIOKATETb-
HBIX BEIEeCTBEHHBIX YHCeJ Takas, 4ro €¢; — 0 mnpu ¢ — oo. Hna
ITOCTPOEHUsT HEOOXOIUMON IOC/IEI0BATEIbHOCTH MIPEICKA3aHUil HAI0
PA3MIEJIUTh MIArd KOHCTPYKIIUU HA JIOCTATOYHO OOJIBIITHE 110 PasMepy
MHTEPBAJBI — “310X1’, B KaXKI0I M3 KOTOPBIX B KAUYECTBE IpercKas3a-
HHSI BBIOMPAIOTCST 9JIEMEHTBI COOTBETCTBYIOIIEH €;-CeTH B MHOXKECTBE
P(P(A)). DTu upeickazanus €;-KaJuOPYIOTCsi Ha BEPXHEH TpaHuUIle
i1 91I0Xe W €;_1-KaJuOpyloTcsad Ha Beell -1 smoxe. JTa muesd ObLIa
peayim30BaHa IIPHU JIOKA3aTeJIbCTBE TeopeMbl 3.7 B pazjese 3.5.1.

C moMoIpIo 3TOi Ke KOHCTPYKIMH MOXKHO yemauThb (9.19) 1o
YTBEPXKJICHUSI:

Teopema 9.6. Mooicro nocmpoums maxyro paHoOMUIUPOSEHHYIO CINPA-
meauro, Ymo

T

, 1 - _

Jim fi Iip—py (6[az] = p)|| =0 (9.21)
peP(A) Il 7 t=1

6blNOAHEHO oYU GCTan,

BameTnm, 9T0 BO BHemIHel cymme u3 (9.21) ToIbKO KOHETHOE THC-
JIO CJIAraeMbIX OTJIMYHO OT HYyJIsl: CYyMMUPOBAHHE IIPOMCXOJUT TOJIBKO
mope{p:1<t<T}

Mbl He OyeM OCTAHABJIMBATHCS HA JETAJSIX COOTBETCTBYIOIIEH
KOHCTDPYKITUM.

9.4. Kanubpyemble IpeAcKa3aHUd 1 KOPPeJInpPo-
BaHHOE paBHOBecCHUE

B sToM pasmesie MBI IOKazKeM, YTO €CJI B HEKOTOPOI HEOrpaHMIEHHO
MMOBTOPSIOIIENCST UI'Pe BCe UTPOKU HCIIOJIB3YIOT IIPeICcKa3aHus OyiLy-
IIUX XOJOB OIIIOHEHTOB, KOTOPbIE KAJHOPYIOTCS Ha IIOCJIEI0BaTE Ib-
HOCTSIX CTpaTeruii, BHIOPAHHLIX B UTPE STUMU OIIIOHEHTAMU, U BbI-
OuparoT “OonTHUMAJBHBIN OTBET’ Ha 9THU HPEICKa3aHUs, TO COBMECTHOE
YaCTOTHOE PACIIPE/IC/IEHIE CTPATEI NI HI'POKOB CXOIUTCSI K MHOYKECTBY
KOPPEJINPOBAHHBIX PABHOBECUN UI'PHI.
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Kazioe pacrpejiesienne BepOATHOCTEHl HA KOHEYHOM MHOYKECTBE
A mommoctn N ectb N-MepHBIH BEKTOD: 0003HAYNM TaKOe pacipe-
neserne p. s smoboro a € A mocpenctBoMm p(a) obo3HATAEM G-10
koopauHary p. Jpyrumu cioBamu, p(a) — BEPOSITHOCTH IPUITUCHIBAC-
Masl JIEMEHTy a € A.

B kayecTBe HOPMbI Ha TAKUX PACIPEIEICHUIX P MOXKHO PACCMAT-
pUBATH OJIHY MX 3KBHBaIeHTHBIX HOpM ||p|| ma RY (ssxiuioBy min
MaKCHMyM) U COOTBETCTBYIoIee paccrosiaue d(p,q) = ||p — ql||. Pac-
crosirme ot saementa p € RY no muoxkecrsa S C RY ompenensercs:

d(p. $) = inf d(p.0)

Beckoneunast 1mocjie0BaTeIbHOCTD P1, P2, ... CXOAUTCA K MHOMKECTBY
S, ecin

lim d(p¢, S) = 0.

t—o00

PaccmorpumM mmpom3BosibHYIO UIPY k UI'POKOB, 3aJlaHHYIO B HOpP-
MaJibHOU opme. JJIsT KazKI0ro Urpoka ¢ 3a1aH0 KOHEUHOe MHOXKe-

crBO ero xomoB (crparermii): A; = {1,..., N;},i=1,..., k. Kpo-
Me 3TOro, IJIS KaKIOro UIPOKa i 3aJaHa (PYHKIUS €r0 BLIMCPLILIA
filin, ..., ig), toe is € As, s = 1,...k, — XOABI BCEX UTPOKOB.

CMemanHas cTpaTerust UIPOKa S — 9TO BEPOATHOCTHOE pacIpee-
JIEHWE Ha MHOXKECTBE ero X010B As. MBI Takske OyZeM pacCMaTpUBaTh
CMEIIAHHBIE CTPATErHy I'PYIII UIPOKOB S1, ..., S — COBMECTHBIC Be-
POSITHOCTHBIE PACIIPejieIeHNs Ha, MHOYKECTBAX UX X0/0B Ag, X ... Ag,.

O6oznaunm A = H?:l Ajm A = Hj?éi Aj. Ilycrs pt; — upo-
M3BOJIBHOE PACIPEAE/ICHUE BEPOATHOCTEH Ha MHOXKECTBE XOIOB BCEX
UI'POKOB, KpOME i, — MX COBMECTHAasl CMeIlaHHas CTpaTerus. 3Iech
HIZKHUN WHIEKC MOJIepPKUBaeT, uto p—; € P(A_;).

BynmeMm Takzke uCIOIB30BATHL OO03HAUCHUSL:

fla,p-i) =Bp_ (fa,) = > fla,ai)p-i(a),
a_;€EA_;

a—i = (a1, @Gi-1,Qit1,- .., Q)

(CL, C_L_Z') = (al, ey @1,y Q54 1, ak),

rie a € A;, a_; € A_;, F — cuMBOII MaTreMaTU4eCKOro OXKHIAHMSI
OTHOCUTEJIHBHO MEPBI P_;.
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FORt=1,2,...

st kaxxkaoro ¢ = 1,..., k, U'POK ¢ BBIAAET IIpecKa3anne Habopa Oy-
JYIIIX XOAO0B CBOUX OIIIOHEHTOB j # 1 — paclpeIe/IeHne BepOSTHOCTeH
p'; (cMemanHas cOBMeCTHasl CTpATErHsl 3THX MIPOKOB) M BBIOMDAET
CBOIO CTpaTeruio a! € A;, Ipu KOTOpOil ero BBIUIPBIN MaKCHMAJIEH,
[IPY YCJIOBUM, 9TO €0 OIIIOHEHTHI OYIyT MPUACPKUBAIOTCA COBMECT-
HOI CMeIIaHHOH cTpareruu ﬁt_i

al € argmax,es, f(a,p' ). (9.22)
ENDFOR

Puc. 9.1: TIpoTokos urpnt

[IycTh Termeph UPOKU MTOBTOPSIFOT CBOIO UI'PY COIJIACHO MPOTOKO-
Jy, nipejacTaBiaeHHoMy Ha puc. 9.1. Mbl HazbiBaeM J00YIO CTPATETrHIO
a WTpoKa i, Ha KOTopoi mocTuraercs MakcumyM dbyukmmu f¢(a, pt ),
ONMUMANLHBLM 0MEEMOM Ha TIPeJICKa3anue P’ ; X0J0B OCTAIBHbIX UI'-
POKOB. Kcim mmeeTcsi HECKOJIBKO TAKUX CTPATETrHil, TO BBIOMpAETCs
OIHA U3 HUX — ag, COTJTACHO KaKOMY-JIMOO 3apamee (PUKCHPOBAHHO-
My mpaBumity. HasbiBaeM 3Ty CTPATETHIO 6bl0PaHHBIM ONIMUMAAOHBIM

omeemom.

[ycrs @' = (at, ..., a’,;) — HabOP XOIIOB BCEX MIPOKOB Ha Iiare t.
O6o3Ha9M
1 X
L St
pr =17 tE_l d[a’] (9.23)

- SMIMPUIECKOE TaCTOTHOE paclpejiesieHne HabopOB CTPATErnil, BbI-
GPAHHBIX BCEMH HIpOKaMu 3a T’ MIAroB HIpel. 37ech & [a] ecrb BekTOD
Pa3sMEepHOCTH Hle |Ai|, B KOTOpOM OfiHA KOOpAMHATA, COOTBETCTBY-
foltas HaboOpy @, paBHa 1, a BCe OCTAJIbHBIE €r0 KOOPJAMHATHI PABHBI
0.

Koopaunaramu BeKTOpa Pp SABJSIOTCS 9aCTOTHI BCTPEYAEMOCTH
KaxK0ro nabopa crparernit @ = (ai,..., ax) B IOCIEIOBATEILHOCTH
nabopoe a' = (a},..., al), BBIOpaHHBIX UrpokKamMu Ha marax ¢ =
1,... ,T urpsr. PasmepHocTh BekTOpa pr, Kak U BeKTOpa d|a’], papHa

obemy umcity mabopos (af, ..., al), a umenno, Hle | A
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Kazkmomy Habopy crparernii @ = (ay, ..., ag) COOTBETCTBYET THC-
JIO

1
pr(@) = Zl{t: 1<t <T.a =a) (9.24)

— 3HAYEHHUe YaCTOTHOIO paclpejiesieHusi Ha Habope d (COOTBETCTBYIO-
Imasi KOOp/nHaTa BEKTOPa Pr).

Cuiesiyioriasi TeopeMa MOKa3bIBAET, YTO €CJIM KayK/Iblii UIPOK UC-
HOJIB3YeT MPE/ICKA3aHUs XOJ0B OCTATBHBIX UI'POKOB, KOTOPBIE KaJIu0-
pyloTcst Ha Habopax crpareruii onmoHeHToB B cMbicse (9.21), u BuiOu-
paer onTuMaJIbHbI oTBer (9.22) Ha ITH IPEeICKA3aHNUs, TO COBMECTHOE
YaCTOTHOE PaCIpeJIeJIeHNe CTPATErnii U'POKOB CXOMTCsT K MHOYKECTBY
C KOppeMpPOBaHHBIX PABHOBECHIi UTDHI.

Teopema 9.7. Ecau das xaorcdozo © npedcrkasanus ]5171-,]7271-, R
aubpyromes na nocaedosamenvrocmu @b, a>,, ... empameazuti onno-
HEHIMOB 1, MO NOCACIOEAMEALHOCTNG YACTNOMHBLT IMNUPULECKUL PAC-
npedeaenuti pr, onpedesernvix no (9.23), cxodumes x mnoorcecmsy C

KOPPEAUDOBAHHIT PABHOBECU.

Hoxazamenvemeo. st mokazaTesibCTBa TEOPEMbBI HAM HA/JIO TTIOKAa-
3aTh, 4TO

d(ﬁT,C) — 0

npu T — oo, e C — MHOXKECTBO BCEX KOPPEJMPOBAHHBIX PABHOBECHI
urpel. Mbr Takxke mokazkem, ato C # ().

CuMiiekc Bcex pacipeieieHnii BEpOsiTHOCTE! Ha, MHOTOI'PDAHHUKE
A = Hle A; (BekTOpOB pasmepHocTH |A|) sABISETCST KOMIAKTHBIM
MHOKecTBOM. [losTomy mocienoBaTesbHOCTD pacupeseieHuii {pr
T =1,2,...}, onpesenennnix 110 (9.23), cofep:KuT GECKOHEUHYIO CXO-
JISIILYT0CST TOJINIOCTIeIOBATe/ILHOCTD Pr; . IlycTh p* — npesiesibaast Touka
9TON MOIIOC/IEOBATETLHOCTH. MBI JOKaXKeM, 9TO P* sIBJISIETCsT KOP-
PEJIMPOBAHHBIM PABHOBECHEM.

QukcupyeM i U X014 € A; UTPOKa i TaKue, ITO



= 4
e a = (ay,... ,ai), as € Ag, s=1,... k.
O6osnaunm f = f* u onpezjenuM jiBa HOJAMHOXKECTBA (3aBUCHIIINE

orimna) B,BCP(A):

B={q-i: f(a,q-i) = max f(a',§-i)}
a'€A;
— MHO2KECTBO BCEX CMEUIaHHBIX CTpaTeI‘I/IfI OIIIIOHEHTOB UT'DOKa i, JJIA
KOTOPBIX €TI0 YucCTasl CTpaTerus a fABJIdAeTCdA OIITHUMaJIbHBIM OTBETOM.
ﬂeFKO BUIETH, 9TO B- 3aMKHYTO€ BBIIIYKJIO€ MHOXKECTBO. OHpe,ZLeJII/IM
TaK>Ke

B= {q D3t (q = q))&f(a,q-i) = max f(d, ch))}
a'€A;
— MHOKECTBO BCEX CMEIIAHHBIX CTPATEruil, BLIOPAHHBIX OIIIOHEHTAMU
UI'POKa ¢ Ha Tex mmarax t = 1,2, ... Urpbl, Ha KOTOPBIX OH BBIOPAJ XO[I
@ B KavIeCcTBe ONTUMAJILHOrO oTBeTa. V3 onpeneneHus B C B.

13 onpejiesieHus CJEyeT, YTO MHOXKECTBO B siBisieTcs: He GoJiee
YeM CHYETHBIM, TaK KaK Ha KazkJIOM IIare K HeMy JjiobaBJisieTcst He 6oJiee
OJTHOTO 3JIEMEHTA.

PaccmoTpuM ycI0BHYIO BEPOATHOCTD ITPOU3BOJILHOTO BEKTOPA XO-
JIOB G_; BCEX UIPOKOB, KPOME i, IIPU M3BECTHOM a; = a (TJe a ObLIo
BBIODAHO BBIIE) OTHOCUTE/ILHO MIPEJIEIbHOIO PACIIPeIesIeHus] P

p*(a‘a a—l)

o P (9.25)

p(a—ilai = a) = p*((a,a—i)|a; = a) =
[To cmemcrBuio 7.3 pacrpejesieHre BEPOATHOCTEH P HA MHOMKECTBE
Hszl{l, ..., Ny} nocnenosarensuocreii crpareruit a = (ay, ..., ag)
SBJISIETCS KOPPEIMPOBAHHBIM PABHOBECHEM TOTA M TOJIBKO TOTIA, KO-
ria Jyist Kaxkgoro urpoka i € {1, ..., K} u mob6oii crpareruun a € A;
BBITIOJTHEHO

fia,p(-la; = a)) = max f*(d’, p("]a; = a)).
a’€A;

‘Ecmm p* (a) =0, TO TO XOI G MOXKHO He yUUTLIBATH LIPH [OZCYETE YACTOTHOI'O
pacIpenesieHns; 3TO SKBUBAJEHTHO CJIyvalo, KOTJa ¢-ii UTPOK He HCHOJIb3yeT a. B
9TOM CJIy4ae a4 MOXKHO UTHOPHUPOBATH.
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Orcrona cieyer, 9To BEPOSTHOCTHOE DACIpPEJeICHne P sBIISeTCs
KOPPEJIMPOBAHHBIM PABHOBECHEM TOTJIA U TOJIBKO TOLJA, KOLJIA YCIIOB-
Hoe pactpesesenne p*(-la; = a) € B mius Becex i i a € A;.

Bepremcst K DUKCUPOBAHHBIM YUCIy i U d1eMeHTy a € A;. Mol
JloKazkeM, 9ro p*(-|a; = a) € B paccmarpuBasi IpUOJIUZKEHHE K HEMY
C TIOMOIIBIO COOTBETCTBYIONIETO YACTOTHOIO PACIIPEIEIICHUS.

IIycTp

Nr(a) = |{t:1<t<T, a' =a}

— gucyio maros < 77, Ha KOTOPBIX UI'POK ¢ BLIOMPAET CTPATErUio a,
Nr(p-i) =[{t: 1<t < T, ply = pi}

— uynesno marop < 7', Ha KOTOPBIX OINIOHEHTHI UIPOKA i BLIOUPAIOT
HAbOp CMelaHHbIX crpareruii p—; € P(A_;).

OmupeiesIMM COOTBETCTBYIOIIEE PACIPEIE/IEHUIO P YCIOBHOE Ya-
crorHoe pactpejenenue pr(-la; = a) crpareruil, BLIODAHHBIX BCEMU
UTPOKAMHU KPOME 4, a MMEHHO, PACCMOTPHUM YCJIOBHYIO BEPOSTHOCTD
d_; IPM W3BECTHOM @; = G OTHOCUTE/ILHO PACIIPEIEICHUS PT

—a) = pr(a,a—;)

pr(a—ila; = a) = =) (9.26)

Cormacno (9.25) pr;(a—ila; = a) = p*(a_i|a; = a) mpu j — oo.

ITo ompenenenuio MHOXKeCTBa B siemenr a € A; nosiBisieTcst B
Habope cTparerui a' B KauecTse i-if KOOPIAMHATHI TOJILKO TP ﬁt_i € B.
Orcrozia ciiefiyer, 9To 4acToTa BeTpedaeMocTu Jiroboro Habopa (a, a—;)
B II0CJI€10BATEJIBbHOCTHI

paBHA YaCTOTE BCTPEYACMOCTH HabOpa d—; B IIOCJIE/IOBATEIBHOCTH
~t Lot >
{a’;:p_; € B, 1 <t<T}

[Tosromy mo (9.24) mosywaem:

1 -
pr(a,a_;) = pr(a) = th 1<t<T, p', € B, a"; =a_;}|
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ITo ompenenenuto pr(a; = a) = NTT(a). Orcroga moJsy4aeM Bbl-

parkeHusi JIJisi yCJIOBHOI'O YACTOTHOIO PACIIPe/iesieHusi, 00PA30BAHHOIO
HOCJIeI0BATEILHOCTDIO @', rie ag =a,t=1,..., T

_ 1 _¢
pT("a’i = (L) = NT(CL) § i 6[0’77:] =
1<i<T, pt ,eB

- (NTT(a)>; do> Iy gl —po)+ (9:27)

5_eB 1<t<T
NT(ZM)) _
-+ E _— i 9.28
_ ( Nr(a) b (9.28)
p_;€EB

Tax kax p*(a; = a) > 0 u p* ecTb MpeJes pactpeieennit pr; Tpu

J — 00, II03TOMY MHOXKUTEJIb < NTj](a)> OTPaHUIEH CBEPXY.

ITo ompenenennto

Nr(a)= > Nr(p-).
p_i€B

Taxum obpaszom, mo (9.21) cymma (9.27) crpeMuTCs K HYJIIO U IO9TO-
My pacnpejenenne pr; (-|a; = a) cxomures npu Tj — 00 K MHOXKECTBY
BbIITY KJIbIX KOM6I/IH&H,I/H‘71 QJIEMEHTOB U3 MHO2KECTBa B, KOTOpOE B CBOIO
oYepe/ib SBJISETCS TIOMHOKECTBOM BBIIYKJIOTO 3aMKHYTOIO MHOXKe-
crBa B. Orciona

d(pr; (lai = a), B) =0

upu 1} — oo.

N3 cxomnmocTn pr; — p* mpm j — 0O CJeIyeT, UTO I IIPO-
U3BOJILHOTO BeKTopa a—; oyner pr;(a—ia; = a) — p*(a_ia; = a)
npu T — oo. OTcIofa 1 U3 3aMKHYTOCTH MHOXKeCTBa B ciieiyer, 4To
p*(+la; = a) € B nyst Becex i u a € A;. Takum 06pa3om, MbI J0Ka3aJIH,
YTO BEPOATHOCTHOE paclpeje/ieHie P* dABJIAeTcs KOPPeJIUpPOBaHHbLIM
pasaoBecueM. OTCIO[a CIIEIyeT yTBEPXKICHAE TeOpeMbl. /\

N3 Teopem 9.4 m 9.7 mosydaeM ciieayroliee CJIeACTBUE.
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Caencreue 9.1. Moowcro nocmpoumbsd pardoOMUSUPOSAHHBIT aA20-
pumm, xkomopwiti oas mobozo 1 < i < N svvucasem nociedosamenn-
HOCTL Npedcka3anul ]51_1-,]52_1», ... X0J08 ONNOHEHMOE ULPOKA T, MAK
YIMO GHINOAHEHO caedyroulee:

o [Tycmos Kaoicovili uepok evibupaem evibupaem 6 Kauecmese c60e20
2004 HAUAYUWULT OMBEM HA NPEICKAAHUE IMO20 GAOPUMMG.

o To2da amnupuueckue wacmomo, PT 0008 6CET U2POKOE CLOOAM-
ca Kk muooicecmsy C KOPPesupOBaHHLT PAGHOBECUT UePbl NPU
T — 0o ¢ sepoammocmuvio 1.

9.5. Bagaum u ynmpa kKHeHUd

1. lokazars mepaseHcTBo (9.8).

2. JlokazaTb, 9TO MUHMMAKCHas T€OpeMa SIBJISIeTCs CJIEJICTBUEM
TeopeMbl BiieKyasia o JOCTHKUMOCTH.

3. Jlokaxkure, 9TO €CJIM 3aMKHYTOE MHOXKECTBO S JOCTUKUMO B
urpe ¢ Mmarpuiieit f(i,7), To Jr0boe 3aMKHYTOE TIOJMHOXKECTBO €ro JI0-
HOJIHEHUs He JIOCTHXKUMO B urpe ¢ marpuneit f/(i,7) = f(j,1).
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YHacts 1V

BcmmomorareabHbIE
yTBEP2KJIeHUS
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I'maBa 10

HexkoToprle 3amedaTeibHBIE
HepaBeHCTBA

[IpuBesemM HECKOJILKO 3aMeYaTesIbHbIX HEPABEHCTB, KOTOPbIE HEO/HO-
KPAaTHO UCIOJIb3YIOTCS B J0Ka3aTeIbCTBax TeopeM. OCHOBHBIM TaKUM
HEPABEHCTBOM OyIeT HepaBeHCTBO XedauHra.

Jlemma 10.1. Ilycmo X — cayuatinas seauvwuna v a < X < b. Toeda
0AA NPOU3BOALHO20 S € R
s2(b — a)?

In E(e*X) < sE(X) + 3

(10.1)

Lloxazameavcmeo. Tak kKak
In E(e*X) = sE(X) + In B(e*X—FX)),

JOCTaTOYHO JI0KA3aTh, YTO Jjisd JIIOOOH ciaydaiinoii BesmdauHbl X C
E(X)=0,a< X <b, 6yzer

E(esX) < 652(b—a)2/8_
s BBIITYKJIOCTU 3KCIIOHEHTBI UMeeM

r—a 4 b—z
e
“b-a b—a

ST sa

npu a < = < b.
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Ob6osnasanm p = —3%-. Tak xak E(X) = 0, To npuMeHss MaTe-

MaTUIeCKOe OXKUJIaHUe K 0DeUM JacTsIM 3TOI'0 HEPABEHCTBA, IOy IUM
upu x = X :
a b
E esX < — esb + 50 —
(™) < b—a b—a
= (1 — p+ pes=)epslb=a) — glu),

rae u = s(b—a), p(u) = —pu+In(1 — p + pe").
[Tpoussomnas p(u) mo u paBHa

W)= -pt —FP
Plu)=-p p+ (1 —pe ™

Nneem ¢(0) = ¢'(0) = 0. Kpowme Toro,

woy . pl—ple™ 1
PG a e ST

HeiictBuresnbho, obosnatum ¢ = (1 — p)e . Torga Hajmo jokasarhb

HEepPaBEHCTBO ﬁ < i, KOTOpOE cienyeT u3 (p — q)2 = 0.

ITo dopmyste Teitopa jyist HekoToporo 6 € [0, u] mosydaem

u? u?  s%(b—a)?
plu) = @(0) +up'(0) + 5¢"(0) < o = ——5——

Tak Kak u = (b — a). Jlemma gokazana. A
PaccMoTprM HECKOJIBKO CJIEJICTBHN, PA3bsICHSIONINX 3HAUECHNE 3TO-
IO HEPABEHCTBA.

Caencreue 10.1. Ifycmv X — cayuatings sesuyuna maxas, “4mo
Pla< X <b} =1, ¢c>0. Toeda

2

__2c” _
P{X — B(X)| > ¢} < 2¢ G-a? (10.2)

Zloxazameavcmeo. IlpenBapuTeibHO HAIIOMHIM HEpaBEeHCTBO Map-
koBa. [Iycts X — cayuaitnas senmunna, X > 0. U3

E(X):/Xdp>/ XdP > cP{X > ¢}
{X>c}
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caeayer, uro P{X > ¢} < E(X)/ec.
Ucnonb3yst 910 HepaBeHCTBO U HepaseHCTBO (10.1), mosyunm

52 (bfa)2
8

P{X — E(X) > ¢} = P{es(XBX)) 5 ges) ¢ gmost
Jutst Beex s > 0. Haxopmm mMunnMyM npasoit wactu 1o s. Ou jocru-
raercs nipu s = 4c/(b — a)?. Orciona oy Taem

2c2

P{X —E(X)>c}<e -2,

Anasnornano IoJIydaeM

_ 2c2
P{X —E(X)< —c}<e -7,
OKOHYATEJILHO TIOJIyIaeM
2

7
P{|IX —E(X)| > c} <2e t-0?.

A

DBoJtee u3BeCcTHBIM ABJIAETCS CJIEAYIONIEE CJIEACTBUE U3 ITOH JIeM-
MbI — HepaBeHCTBO UepHoBa. !

Caencteue 10.2. [Tyemo X1, Xs, ... — nocaedosameavrocms Hesa-
BUCUMDBLL CAYHUATHIT SCAUMUH TMAKUX, “Mo npu ecer i = 1,2,
sunoaneno P{a; < X < b;} = 1. Tozda dan aobozo € > 0

2¢2

|, (03
;(bi*ai)Q

n n
P ZXi—EZXi>€ <exp | —
=1 =1

a mawatce

n n 2
2
P{ZX,- ~EY X< —e} 0 I —
i=1 i=1 S (b — a;)?
=1

! Mns ymoGerBa mHOT A HCHOML3yeM obo3Hadenne exp(z) = e”.
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Hoxazameavemeso. JlokazaTebCTBO aHAJOTUYHO JOKA3ATETbCTBY
caegcrBus 10.1. V13 nepaBencrea Mapkosa u Hepasencrsa (10.1) mo-
JIydaeM

n

PN (X — B(X;)) > e

=1

B (exots 350 - B0
_ z _

exp(se)

N

I
N

i
N

<exp | —es+ —=

N

8

2¢2

> (bi — a;)?

=1
[Ipu tpexose oT BTOPOil CTPOKHM K TPeTheil Mbl UCIIOJIB30BaIA He3a-
BUCHUMOCTD CJIyIailubix Besuaud X1, Xo,

[Ipu mepexoje oT MpeaIocieIHeil CTPOKU K IOCJIEIHE CTPOKe MbI
UCIIOIb30BaIN MUHUMUBAIIUIO 10 §. BTOpOoe HEPaBEHCTBO Oy IaeTCs
AHAJIOIMYHBIM 00pazoM. A

N3 sT0oro ciaeacTBust MOXKHO IIOJIYIATH OIEHKY CKOPOCTH CXOJIMO-
CTH JIIsT 3aKOHA, OOIBININX IUCET.

Caenctsue 10.3. [lyemo X1, Xs, ... — nocaedosamesvrocms Hesa-
BUCUMDBLL CAYHUATHIT SEAUMUH TMAKUL, “Mo Npu ecer i = 1,2,
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swinoanerno P{a; < X < b;} = 1. Toeda daa mobozo € > 0

1 — 2n2e?
P —Z(Xi—E(Xi)) >ep<2exp | -5

i3 > (b — ai)?

i=1
Ecav a; =0, b; =1 das scex i, mo

n

P %Z(Xz — E(X;))| >ep < 2exp (—2n62) . (10.4)
i=1
[TocemoBaTenbHOCTD Citydaiiubix Bequand Vi, Vo, ... Ha3bIBaeTCs
MapTHHTAJI-PA3HOCTHIO OTHOCUTEIHHO IMOCIEIOBATEILHOCTH CJIydaii-
HBIX Besmmaud X1, Xo, ..., ecian i Jjioboro ¢ > 1 Besmauna V; ecThb
dbyukmusa or X1, ..., X; n

E(Viq1| Xy, ..., X3) =0

¢ BepositHoCcThIO 1. Crefyroree HEPABEHCTBO HA3BIBACTCS HEPABEH-
ctBoM XedauHra—A 13y MbI.

Jlemma 10.2. ITycmo Vi, Vo, ... — MAPpMUK2AA-PA3HOCTD OTHOCU-
MENBHO NOCACIOBAMEALHOCTIU CAYHATHDIEX eaudur X1, Xo, ..., KpO-
me amozo, Vi € [Aj, A; +¢i] das nexomopotl cayuatinot eeauvuno, A;,
usmepumoti omuocumensvro X1, ..., X;_ 1, u nexkomopot nocaedosa-
n
MEALHOCTIU NOAOHCUMENLHUT Koncmanm ¢;. Ecau S, = > Vi, mo

i=1
ona a0boz0 s > 0

e < 79 =
Lloxazamenvcmeo. meem
E(e®n) = E(e*" 1 E(e*V" | X1, ..., Xn_1)) <
< E(essn,les%%/s) _
= 5 /B p(es5n 1), (10.5)
31ech Ipu epexo e OT IEPBOil CTPOKK KO BTOPOii ObL1a MCIIOIB30BAHA

agemma 10.1.
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Pesysbrar sieMMBbI TIOJTy9aeTes myTeM urepariun nepasercTsa (10.5).

A

Crenyroliee CIeJICTBHE JOKA3BIBAETCSI AaHAJTOTUIHO cieacTBuio 10.1.

Caencrsue 10.4. I[Iycmv Vi, Vs, ... — mMapmuHzan-pazHocms om-

HOCUMEALHO NOCAECD0BAMEALHOCTNY CAYHATUHUT seaunur X1, Xo, ...,

kpome amozo, Vi € [A;, A; + ¢i] daa nexomopoti caywatinot eeauvurol

A;, usmepumoti ommocumenrvro X1, ..., X;_1, u Hexkomopot nocae-
n

d08AMEABHOCTNU NOAOAHCUMENLHOT KOHCTAWM ¢;. Ecau S, = >V,
i=1

mo oas arbozo n > 0

P{|S,| > c} <2exp | ——
>

=1

Zloxazameavcmeo. Vcnosib3yeM HepaBeHCTBO MapKoBa
P{X >c} <E(X)/c
u HepasercTso (10.1). Tomyuum jyist HpoOu3BOJILHOTO N
n
23 e

P{S, > c} = P{e*" > ¢} <exp | —cs + %

st Beex s. Haxonmmm mMurmMyM npapoit wactu 1o s. OH gocruraercs
n

npu s = 4e/ Y ¢2. Orcrona norysaem

=1

2c?
P{Sp >c} <exp| —— . (10.6)

AHnajioruvuHo mostydaem

P{S, < —c} <exp | ——
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OKOHYATETBLHO MOTYIaeM

2¢2
n

>
i=1

P{|Sy] > c} <2exp | —

Ciaenctsue 10.5. B ycaosuax caedemeus 10.4, 2de x momy orce ¢; =
1 daa ecex i, noayvwaem

2

1
P{Hﬂ>c}<2ezm. (10.7)
n

Tak Kak psiJi 9KCIOHEHT B IpaBoii dactu HepaseHcrsa (10.7) cxo-
auTcs, o jyiemMe Bopensi—KanTennn mosryaum

CaenctBue 10.6. B ycaosuax caedcmeus 10.4, 2de k momy oice 6vi-
noaneno By < ¢; < Bg 0af 6cex i, 0Af HEKOMOPOLIL NOAOHCUMEND-
Houx Koncmanm B, By noayuaem ycusennuiil Mapmun2asoivil 3aKom
bosvUWUT wucen:

S,
P{hm"zo}zl (10.8)
n—oo N
HepaseuncrBo Mak-/Iunapmumga. Chemyroiee yTBepKIEHUE UC-
[0JTH30BAJIOCH TIPU OIIEHKaxX cpefHero Pajemaxepa (cM. Takke pabo-
Tol [43] u [48]).

IIpennoxenue 10.1. Ilycmov f: X™ — R — dynrxyua, ydosiemso-
DANOUGA YCAOBUIO

’f(.’lfl, ceey Li—1, T4y Lj41y -y .Tn) -
/

—f(.iCl, vy Li—1, L5y Tij4ly -y .CCn)’ < ¢ (10.9)
0na 1106020 i w 0nA 6CET X1, ..., Ti,Th, ..., Ty € X, 2decy, ..., Cy
— HEKOMOopvLe KOHCMAHIbL.

Hycms maxorce X1, ..., X, — He3asucumvle 00UHAKOB0 pacnpe-

deaernuie (cozaacho eeposmmuocmmomy pacnpedeaenuro P) caywatinve
BEAUMUHDL, NPUHUMAIOWUE 3HAYEHUA 68 MHodcecmee X .
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Toz0a umeem mecmo HEPaBEHCMEO:

PY{f(X1, ..., Xp) - E(f( X1, ..., X)) >t} <

—2¢2

n
> o
i=1

< exp ,  (10.10)

2de E — cumeon mamemamuneckozo odcudarus no pacnpedeseruro P"
HaA 8LLO0PKAT OAUHDL N.

Tax Kak ycjoBHe yTBEPKJIEHUsI BBIMIOJIHEHO IPHU 3aMeHe f Ha — f,
BBIINIOJIHEHO TaKzKe HEPABEHCTBO:

PYE(f(X1, ..., Xp))— f(X1, ..., Xp) >t} <
—2t?
<exp | — (10.11)
> e
=1
Jlokazameavcmeo. Ilycts dyukius f(x1,. .., z,) oupeaesena Ha MHO-
xkecrBe X™ u ynossersopsier ycaosuio (10.9) ¢ KOHCTaHTAMMY ¢1, . . . , Cp.
IIycre Takxke Xip, ..., X, — He3aBUCHMbIE OIWHAKOBO pacIpeie-

JIeHHBIE (COIJIACHO BEPOSITHOCTHOMY pacipejiejieHuto P) cirydaiiabie
BEJINUMHBI, IPUHUMAOIIME 3HaUeHusI B MHOXKecTBe X. Oupeaenum
MapTUHIAJI-PA3HOCTH

Vi=Ex,  ~P..Xo~P([I X1, .., Xi)=Ex;np,. x,~P(fI X1, ., Xi1)
npu 1 < ¢ < n. [elicTBuTe/bHO, U3 OIPEIEIEHNUS,
Ex,~p,. . x,~pP(Vi|X1,...,Xi—1) =0

JJIsT BceX ¢. Kpome 3Toro, Tak»Ke JIEeTKO BUIETh, ITO

Y Vi=> f(X1,..., Xp) = Epa(f).
i=1 =1
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['panrurbr n3MeHeHUsT KazKI0i BEJTMINHDBI V; €CTh IIPeICKa3yeMble CJIy-
JajiHble BeJINYUHBI

Li = llef EXi+1NP7---7XnNP(f|X1> <o 7Xi—17 ZL‘) -

_EXszy,XnNP(f‘X]J e 7Xi—1)7

M; =sup Ex, ~p,.. x.~P(fI X1, ..., Xi1,2) —
x

—Ex,~p,. x,~P(f|IX1,..., Xiz1).

ITo ceoitcry (10.9) 6yner M; — L; < ¢; upu 1 < i < n. Torya 1o
HepaBeHCTBY XedauHra—A 13yMbl

2t2

2

PYf(X1,....X,)—E(f) >t} <e L

[Ipengoxenne jgokazano. A
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