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[lepBhie aBe YacTU peIHA3HAYEHBI JJIsT IIEPBOHAYAJBHOIO 3HA-
KOMCTBa C OCHOBAMHU TEOPUH KOJIMOTOPOBCKOMN CJIOXKHOCTH W aJIIO-
PUTMUYIECKOH ciydaiiHOCTH. BBOISTCS M M3ydaroTCsi TMOHSITHS KOJI-
MOTOPOBCKO#l CJIO?KHOCTU U CJIyYaifiHOCTH KOHEYHOTO 0bbekTa. [Ipu-
BeJIEHBI OCHOBHBIE TIOHSITHS ¥ TEOPEMbI KOJIMOTOPOBCKOT'O ITOJIXO/IA K
00OCHOBaHUIO TEOPUH BEPOATHOCTEN HA OCHOBE TE€OPUU MH(MOPMAIIIH
U Teopun aJaropuTMoB. TpeTbst YacTh COJMEPKUT DoJiee CJIOKHBIE Pe-
3yJIBTATHI, PA3BUBAOIINE KOJIMOTOPOBCKHI TOIX0] K 0OOCHOBAHUIO
Teopuu WHMOPMAIIUA U TEOPUU BEPOATHOCTEH.

st CTY/IEHTOB M aCIUPAHTOB MATEMATHIECKUX W ITPUKJIAIHBIX
MaTEeMATHIECKUX CIEIUAJIHLHOCTENH.
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BBenenue

B magame 60-x rr. XX B. A. H. KosMOropos mpeiytosKui mpo-
rpaMMy IOCTPOEHUsI TeOPUU WHMOPMAIUU W TEOPUH BEPOSATHOCTEH
Ha TPUHIANIAJILHO HOBOI aJIrOpuTMUYIecKoil ocHoBe. IlepBoit my6-
JINKAIMEH [0 aJTOPUTMUIECKON Teopuu WHMOPMAIIUN SIBJISIETCST €10
crarbst [11], Te ykaszaH croco® U3MEpeHus: CJIOKHOCTH KOHETHO-
ro obbekra (ciosa). jsi aroro KosiMoropoe BBes TOHsSITHE a.-
eopummuneckol caodicnocmu K(z) Korednoro obbekTa T, paBHOI
JJIMHE CAMOI'0 KOPOTKOI'O JIBOMYHOIO KOJA, 110 KOTOPOMY HEKOTO-
PBIil YHUBEpCaJbHBINA aJrOpUTM — CHOCOO JTEKOJUPOBAHUST — MOYKET
BOCCTAHOBUTH JIAHHBIN KOHEYHBI 00beKT . OCHOBHBIM pE3yJibTa-
ToMm KosimoropoBa ObLTa «TeopeMa HHBAPpUAHTHOCTH», OJ1aroaapst Ko-
TOPOIl MOXKHO OIIPEJICJIUTD CJI0KHOCTHh K() HE3aBHCHMO OT CIIOCO-
Oa mexkomumpoBaHus. TakuMm 00pa30M, AJITOPUTMUYUECKAS CJI0KHOCTH
KOHEYHOI'O O0BEKTa SIBJIAETCS BHYTPEHHEH XapaKTEPUCTHKON 3TO-
ro obbekTa, He 3aBHUCSINENl 0T crocoba ee m3Mmepenusi. Ha ocHope
HMOHATHUS CAOHCHOCTIU, BBOJIUTCS MOHSATUE KOAUMECNEE UHPOPMAUUL
I(y : ) = K(z) — K(z|]y) B omHOM KOHEYHOM 0OBEKTE Y O JAPYroM
KOHEYHOM OObEKTE .

Nnen KOJIMOTrOPOBCKO# CJIOXKHOCTH U CO3JIAHHOW HA €€ OCHOBE
AJITOPUTMUIECKON Teopun mHGOPMAIME BO3HUKJIM Ha (poHE OypHO-
ro pasBuTusi Teopur MHAMOPMAIUU U KOJIUPOBAHUs, KOTOpasi ObLIa
ocHoBaHa 3HaMeHUTHIME paboramu Kiona Ilennona [29].

Biusko K ujessM KOJIMOTOPOBCKOW CJIOXKHOCTH HAXOJISITCS HJIeU



YHUBEPCAJIBHOI'O CZKaTUA I/IH(bOpMaL[I/II/I " YHUBEPCaJILHOI'O ITPOTHO-
3UPOBAHUS, KOTOPble BO3ZHUKJ/IM B TOT Ke IEepuoj, BpemeHu — B 60-
70rr. 20-ro cromerusi. IIpu 3ToM moaxome, paccMaTpUBAETCsT STAJIOH-
HBII KJacce croxacTudeckux Mojeseii (reference class) u crpourcs
METO/I, KOJIMPOBAaHUS WJIM IIPOTHO3MPOBAaHUsI, KOTOPBI CKUMaeT WH-
dOopMaINIO WX IPOTHO3UPYET OYIYIIIE UCXOIBI He Xy2Ke UeM JIIobast
MO/IEJTh 9TOTO KJIACCA, TPAB/IA, C TOYHOCTBHIO 10 HEKOTOPOI MOrper-
HOCTH — perpera (M30BITOYHOCTH Koja). B aToM ciydae, Kpurepuem
3 HEKTUBHOCTH YHUBEPCAJIBHOIO METOJIA SIBJISIETCS MUHUMU3AIUST
perpera. K ki1accy yHUBEPCAJILHBIX METO/IOB MOYKHO OTHECTU METO/IbI
yHUBepcaabHOro cxkarus undopmanuu B.@. Badkuna (1], 5.M. ®u-
tuaroda [27|, P.E. Kpuuesckoro [13|, FO.M. IlItapskosa [31], [32],
B.4.Psab6ko [20], [21], A. Puccanena [33] n ap.

[MTennonoBckast Teopust UHMOPMAIUU CYIIECTBEHHO OCHOBBIBACT-
¢ HA BEPOATHOCTHBIX IPEIIIONOKEHUSX, UTO CyKaeT 00JIacTh ee
IIPUMEHNUMOCTH. A.HI‘OpI/ITMI/ILIeCKaH Teopusd I/IH(bOpMa,L[I/H/I ABJIAdETCA
[IOTIBITKON PACIPOCTPAHUTDH UJEU M MOHSATUS TEOPUU UH(MOPMAIIIH
Ha HECTOXaCTUYCCKUI ciiydail.

Psit Conomonos [50], [51] BuepBBIe cTan paccMaTpuBarh B Ka-
YECTBE ITAJOHHOIO KJIACC BCEX AJITOPUTMUYECKU BBITUCTHUMBIX MO-
nesteii (pacrpe/iesleHnit BepOsSITHOCTEH) M HOCTPOUTT yHUBEPCATBHBII
IIPEJICKA3ATEh, KOTOPBIA JOKA3yeMO MPEeJICKA3hIBAJ aCHMITOTHYIE-
CKU HE Xy?Ke TeM JTI000€e BBLITHCINMOE PACIPEIETEHIE BEPOSITHOCTENH.
Hetoctarkom Takoro yHUBEPCAJIBHOIO IPEICKA3ATEN s SABJISETCH OT-
CYTCTBUE aJITOPUTMa BBIYHUCJICHUA €TI0 Hpe,ZLCKa:SaHI/Iﬁ.

[ousTue AJITOPUTMUIECKON CJIO’KHOCTH, BBEJICHHOE
A.H.Kosnmoroposeim B [11], Tak»Ke OCHOBAHO Ha IIOCTPOECHUU
YHUBEPCAJIHLHOTO METO/A JIEKOJUPOBAHUA JIJIs STAJOHHOTO KJIACCA,
COCTOAIMIEro M3 BCEX BbBIYUCJIUMBIX METOJ0B JEKOAWPOBAHUA. BCQ
9TH aJrOPUTMbI UHTEIPUPYIOTCH B OJIMH YHUBEPCAJIbHBIN aJIOPUTM
C TIOMOIIBIO yHUBEpCcabHON (dbyHKImu (Mamuabl ThiopuHra).

[TonsiTne KOJIMOTOPOBCKOW CJIO2KHOCTU DPA3BUBAET IOHATHE IH-
tponuu [lleHHOHA M MMeeT aHAJIOTUYHBIE CBOWCTBA.

Crenyer OTMETHTb, YTO B KJIACCHIECKON Teopuu HHMOpMAINn
UMEEeT CMBICJI PACCMATPUBATH KOJUYIECTBO NH(MOPMAIIUU TOJBKO JIJIst



CIy9afHbIX BeJau4duH & U 1), TPUHUMAIOIINX 3HaYeHusd j € J U3 HEKO-
TOPOr0 MHOKECTBA.

I(n:&) = H(&) — H(E|n),

rne H — sarponuga [lennona:

H(E) ==Y p(&=j)logp(& =),
J

H (&|n) — ycnosuas surponus [lennona.

Kax BuAHO U3 9TOTO OIpefeeHus, I 3aaHusT SHTPOTIN HE00-
XOJIMMO 3HATh PacIpeJiesieHre BEPOATHOCTEN NCTOYHIKA, NeHEPUpPY-
OITET0 CUMBOJIBI j, U3 KOTOPBIX COCTABJICHBI KOHEUHBIE OODEKTHI .
Takum 06pa3oM, MOHATHS IHMPONUY (AHANO2A CAOHCHOCTIU) U KOAU-
Yecmea UHMOPMAUUY, SBISTIOTCT BHYTPEHHUMU HOHITUSIMHU TEOPHUH
BEPOSTHOCTEH U TPEOYIOT [JIsi CBOEr0 BBIYUCJEHUS IPEXKJE BCErO
OTIPEJIETTUTD BEPOSITHOCTHOE TPOCTPAHCTBO, ONMUCHIBAIONIEE NCTOTHUK
JIAHHBIX.

Kak m3BecTHO, BEPOSITHOCTHBIE YTBEPKICHUSI NHTEPIIPETUPYIOT-
csl 4Yepe3 CTaTUCTUYECKUEe BbICKa3biBaHus. [losromy mpakTmdecku
omnpejiesierne suTporuu H () M COOTBETCTBYIOMIEIO MOHATUST KOAU-
Yeemea UHPOPMAuUL MOKET OBITH WCIOJB30BAHO TOJBKO JIUIIL B
IIPUMEHEHUN K ODIMUPHBIM COBOKYITHOCTSIM OObEKTOB.

Hamnpumep, Tpyamo npeactaButhb cedbe ero npuMeHeHue JIjis Ope-
JIeJIEHUs] KOJIMYECTBA MHMOPMAIINU, COJIepIKAIIeiicss B TeHOME UeJsio-
Beka (IIpeJICTaBJIEHHOM B BH/IE YeThIPeXOYKBEHHOIO CJIOBA) O TEHOME
muMiianse. Jjisg 9Toro HaJ0 NMpeCcTaBUTh cebe TU WUHUBUILYAJb-
Hble TEHOMBI KAK 3JIEMEHTHI OOIMMPHBLIX COBOKYITHOCTEH MOMOOHBIX
UM I€HOMOB, B KOTODBIX IOSIBJIEHUE KarKJOI'0 HYKJIEOTHJA Ha OIpe-
JIEJIEHHOM MECTE I€HOMa ONHUCHIBACTCS HEKOTOPBIMHU BEPOSITHOCTSIMI.
Kakum 06pa3oM MOXKHO OIEHUTH 3TH BEPOSATHOCTH HEU3BECTHO.

[ToTpebHOCTD UCIOIB30BATD HOHSATHE CAOHCHOCMU U ONIPEIeIsie-
MO€ Uepe3 Hero MOHITHE KOAUYECTNEA UHPOPMAUUY B CIIyUIae WHJIN-
BH/IyaJIbHBIX O0BEKTOB, HE PACCMATPUBAEMBIX KaK PEAJU3AINU CIIy-
JAWHBIX BEJTMIWH C OMPEJICTCHHBIM 3aKOHOM DACIPEIC/ICHNST, BbI3bI-



BaeT HeOOXOIMMOCTL 110 KpaiiHeil Mepe TeOPeTUIECKOIro U3y IeHUsI
COOTBETCTBYIOIIEr0O MOHSTHUS CJIO?KHOCTH.

Kommoroposckuii moaxom 0OCHOBaH Ha OOPATHOM MOCTIEI0BATEhb-
noctu Aeficreuit. CHava a ONpENe/IAeTCa MOHATHE CAONCHOCTNU KO-
HEeUH020 00BeKMa U ONPEIEIIeMOe Yepe3 HEro MOHSITHE KOAUMECTBG
ungopmaryuy, a 3aTeM Ha TOM OCHOBAHUM Pa3BUBAECTCA TEOPUS
CTATUCTUYIECKUX CBOMCTB KOHEUHBIX 00bekToB. Uaest Kosmmoropona,
onybaMkoBaHHas B cTaTbe [11], 3aKiouanach B TOM, 9T00bI IIPU3HA-
KOM C/Iy4afiHOCTH KOHEYHOH I10CJIe0BATEIbHOCTH CUMBOJIOB & CUU-
TaTh OTCYTCTBUE B Hell 3aKOHOMEPHOCTEN, UTO BhIpaXKaeTcsl B HEBO3-
MOXKHOCTH 00Jiee KOPOTKOTO OIUCAHUS ITON MOCIEIOBATEHHOCTH,
yeM ee juMHA: B 3ToM caydae K(x) =~ I(z), rue I(z) — nymua 3roii
[IOCJIETOBATELHOCTH.

A. H. Kosmoropos npugaBaJj 00JIbIIIoe 3HAYEHNE U3YIEHHUO 110~
HATHUS aJTOPUTMHUYIECKON ciydaifHocTn komeunozo obsexma. Ilpnm
9TOM IOHSITHE MEpBI He JIOJIKHO BXOJUTH B 3TO ompejesenue. Oc-
HOBHas ujesi KoaMoroposa 3ak/ioda/ach B TOM, YTOOBI BBIBOIUTH
CTOXaCTUYECKHUE CBOMCTBA KOHEYHON MOCIEI0BATEIbHOCTU U3 IPEJI-
MTOJIOYKEHUS O TOM, YTO €€ CJIOXKHOCTD, ITPU 38/ IAHHBIX OTPAHUIEHUSX,
OIM3Ka K MaKCUMAJIbHOMY 3HAYEHUIO.

AutropuT™MuYecKast CJI03KHOCTD, BBEJIeHHasT KKOJIMOTOPOBBIM, BIIO-
CJIEICTBAN ObLIa HA3BAHA KOAMO20POBCKOT CAONCHOCTIBIO, 8 CIIOCOD
dopMyIupoBaHns BEPOATHOCTHBIX YTBEPKJICHUH Ha OCHOBE IIOHSI-
TUl aJITOPUTMUYECKON CJIO?KHOCTH U KOJIMIECTBA MH(MOPMAIIMH ObLIT
HA3BaH KOAMO20POSCKUM NOOL0J0M K 0OOCHOBAHHUIO TEOPUU BEPOSIT-
Hocreit. OCHOBHBIE TIOHATHS U UJIEH KOJIMOTOPOBCKOT'O IOIXO/Ia, JJIsT
KOHEYHBIX 00bEKTOB M3/IaraloTCsd B TJIaBe 3.

HezaBucumo ot KosmoropoBa noHATHE aJrOPUTMIYECKON CITOXK-
HocTn 66110 Takxke BeJeHo [ Heittunbivm [35], [36].

B naspmeiiniem pa3BuTne aJropuTMUYECKOIO MTOX0/1a K TEOPUN
BEPOSITHOCTEH TONLIO WMHBIM IyTeM. B KadecTBe CIydYaflHBLIX 00b-
€KTOB CTaJIl PaCCMATPUBATLCSI OECKOHEYHBIE ITOCIEI0BATEIHLHOCTI
ucxoqoB (06eraro 10 0 u 1). Ilpum TakoMm mojxoje ucue3aT TEX-
HUYECKHe TPYIHOCTH, XapaKTEePHBIE IIPU Pean3aIluid KOJIMOTOPOB-
CKOT'O TTOJIXOJIA JIJIs KOHEYHBIX 00beKTOB. llapasiielbHO ¢ KOJIMOTo-



POBCKHM CJIOYKHOCTHBIM mToaxogoM Mapruu-Jled mpemmoxum anro-
PUTMHYECKO — BEPOATHOCTHBIN IMOJIXO/[ K ITOCTPOEHUIO «KOHCTPYK-
TUBHOW Teopuu BepogTHocTel». Maprtun-Jled BBes nomstue 6ecko-
HEYHOU TOCJIE0BATEILHOCTH, CJIYIaifHON OTHOCUTEIBHO 3aJIAHHOIO
BEPOSITHOCTHOI'O pacipejiesienns. beCKoOHeUHast [10C/Ie10BATEIbHOCTD
Ha3bIBAETCS GAAZ0PUMMUNECKY CAYHAUHOT, €CJIU OHA BBILIEPKUBAET
Jioboit BeraucuMbiii rect Maprun-Jleda. Oupenesienne u cBoiicrBa
caydaitubix 1o Maprun-Jledy mociieioBaTesbuocTel usnaraorcs B
riase 4.

Kaxk BoIsicHmiocs mo3xke, mousaTue ciaydaitaoit mo Maprun-Jledy
[TOC/IEIOBATEJIBHOCTHU JIOIYCKAET SKBUBAJIEHTHOE OITUCAHUE B TEPMU-
HaX MOAUMDUIINPOBAHHBIX BAPUAHTOB aJITOPUTMIIECKON CJIOXKHOCTH.
JI.A.JleBun n K.IL.IITnopp BBesn B paborax [14], [17], [15], [18] u [49]
HOBBIE BEPCHH KOJIMOI'OPOBCKOM CJIOYKHOCTH — MOHOTOHHYIO U IIpe-
UKCHBIE BEpCUU KOJIMOTOPOBCKO# CJIOXKHOCTH, KOTOPBIE OTIHIAIOT-
¢ OT KOJIMOT'OPOBCKOI CJIOKHOCTH HCITOJIb30BAHUEM CIIEITUAJBHBIX
METOJIOB JIEKOJUPOBAHUS KOHETHBIX 00BEKTOB.

JlaHHBIE BUJIBI CJIOXKHOCTHU TIO3BOJISIFOT JATh OlpeesieHne OecKo-
HEYHOH CJIyYailHON I10C/Ie10BaTEeIbHOCTH, 9KBUBAJICHTHOE OlIpe/iesie-
uuto Maprun-Jleda. Takum o6pazoM, KOHCTPYKTUBHBIHN U CJIOZKHOCT-
HO#l MTOJIXO/IbI K TEOPHUH BEPOATHOCTEN COBIAIAIOT. Bee amu nousaTus
U T€OPEMbI [IPUBEJICHBI B TUIaBe .

Heszapucumo ot Kosmoropopa, u garke HECKOJIBKO paHee, HIen
IIOCTPOEHUS «YHUBEPCAJBHOTO MPECKA3ATEIsT» ObLIN PEJJIOKEHBI
P. ConomonoBeiM. CoJIOMOHOB XOTeN MOCTPOUTh Mepy M ¢ s der-
TUBHO BBIYUCJIUMBIMUA CBOWCTBAME, KOTOpas ObI IIPECKa3bIBaJia HE
xy2Ke Jir000i Beraucmmoint mepol P. Ilepsonadasibabie uaen CoJto-
MOHOB& OBLIN He sICHBI, OH YTOUHHJ UX HO3Ke B cTarbax [50| u [51].
Ero yrounenust npuBesin K IOCTPOEHUIO YHIUBEPCAJIBHON MPEICKA3hI-
BaloOIeil Mepbl, KOTOPast [IPaB/a He 00JIa/aJ1a JIOCTATOYHBIMU BbIYUC-
JINMBIME CBO¥icTBamMu. Kak BBISICHIIOCH, IIOCTPOUTD IIPEICKA3aTE b,
KOTOPBIN SBJIAJICA Obl OJHOBPEMEHHO BBIYUCIUMBIM U yHUBEPCAJIb-
HBIM, HEBO3MOXKHO; 11032Ke JIeBUH TOCTPOUJI IOy BBIYUCITUMBII yHU-
BepCAJIBHBIN IIpeicKasaTesIb. 31ech Haubojiee IMEHHOM sIBJISTETCS UIest
CoJstoMmoHOBa 00 YHUBEPCAJILHOCTH [IPEJICKA3ATEIIST, KOTOPAasi C CAMOTO

10



HaJaja MPUCyTCTBOBaJIa B ero paborax. Tak ke, KAk ¥ KOJIMOTOPOB-
CKasl CJIOZKHOCTD, YHUBEPCAJIbHBIN ITPEJICKA3ATE b OIPEJIEIISIICS C UC-
[I0JIb30BAHUEM YHUBEPCAJIBHON MaIuHbI THIOPUHTA, KOTOpPasi CTPO-
UTCS B TEOpUM PEKYPCUBHBIX DYHKIMI. B aTOM 3akodaercs cxoj-
crBo 1oxx010B Konmoroposa u CostomonoBa. 3amerum, aro Cosio-
MOHOB HE PACCMAaTPUBAJI [TOHATUE AJITOPUTMUIECKON CJIO2KHOCTU KO-
HEYHOTO 00beKTa, a KoJIMOropoB HUKOT/Ia HE pacCMaTpUBAJT 33Ty
IIOCTPOEHUs] YHUBEPCAJIBLHOIO Iipejicka3annsd. [lo3xke umest yHuBEp-
CAJIBHOTO TTPEJICKA3ATE IS [TOJTY 118 CBOE YTOUHEHHUE B BUJIE TIOHSITHS
yrusepcarvrol noaymepsi, Begenuon Jlesunsivm B 1970 1. [10]. Do
MOHSITHE M3y4aeTcs B TiaBe 6.

B.I"Bosk [56] npemioxun 06001ienne MoHITHsI YHIBEPCATIBHOI
[TOJIyMePbhI — HOHSITHE MPEJICKA3ATEIbHON CJI0XKHOCTH. DTO MOHATUE
nzyvaercst B pazzeie 10.

Nnen yHuBepcajabHOIO MPEICKA3aHUSA WHIUBULYAJLHON I1OCTIE-
JO0BaTEIbHOCTU TPEIBOCXUTUIIN TOSBUBIIYIOC 1T03ke B 1990-x T0-
Jax «reopuio MarmmHaOro obydenusi» (Machine Learning), koropast
umMeeT OoJiee TPUKJIAJHYIO HAIIPABIEHHOCTD, YeM aJIlOPUTMUIECKAST
caydaitaocts (cm. [46] u [8]).

Bruskue onpesesennst ciydaifHOCTA C MCIIOJb30BAHUEM TEOPUN
MapTUHTAJIOB TI03Ke [IPUBEJIM K HOBOMY TE€OPETUKO-UI'POBOMY 000C-
HOBAHWIO TEOPUHU BEPOSITHOCTEN U (DUHAHCOBOW MATEMATHUKH, P
noxxennomy Boekom u [eiidepom [48].

DJIeMeHTbI BEPOSITHOCTHOM Teopuu WHMOPMAIINYA U3JIAraloTCs B
vactu | Kauru. B 9Toi yacTu paccMaTpUBAIOTCsT OCHOBHBIE TIOHSITHST
U CBOMCTBA KJIACCHYECKON Teopuu MHGMOPMAINH, TAKUE KaK, SHTPO-
IUsT, KOJIMIECTBO B3aMMHOU HHMOPMAIINN, KOTUPOBAHUE BEPOSITHOCT-
HBIX UCTOYHUKOB. B riaBe 2 06CyKIAI0TCA METO/IbI yHUBEPCATHLHOTO
cxkarust uapopmarmu. Ajroputm Jlemmes—3uBa u3yvdaercsi B pas-
nene 2.1.

B uwactu Il kHUTH TIpescTaB/IeHBI OCHOBHBIE TIOHSITHSI U yTBEp-
JKJIEHUST AJITCOPUTMUYECKON Teoprur NHMOPMAIIHH.

Yacte III mocedamena pa3iuvHbIM TPUIOKEHUSIM aJTOPUTMU-
qecKoil Teopunm wHMOPMAINN K TEOPUHU BepodTHOcTei. B wacrHO-
cTU, B pazjese 7 TPUBOJUTCH «CJOKHOCTHOE» JIOKA3ATEIBCTBO 3a-
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KOHa, [IOBTOPHOI'O aJIrOpUTMa, IpejIozkeHHoe B pabore 2], B pasje-
Jjie 8.1 mpOBOJUTCS AJITOPUTMUYECKUN AHAIU3 IPTOAUMIECKON Teope-
Mbl Bupkroda mms caydaitaeix mo Maprtun-Jledy mociienoBareinb-
HOCTEI, IPEeJIOXKEHHbIT B crarhe [7).

B wactu IV uzyuarorcs npob/ieMbl peIcKa3yeMOCTH KOHETHBIX
1 BeCKOHEYHBIX mocJeoBaTesbuocteil. B riase 10 paccmarpuBaet-
¢ 3aJ1ava TOC/IEIOBATEILHOTO IPOTHO3UPOBAHNS KOHEUHBIX TTOCTIC-
JIOBATEJbHOCTEN, BBOJIUTCH U MU3y4aeTCs IpeJCKa3aTesbHas CII0XK-
HocTh. B rnase 11 usyuatorest (o, 3)-croxacrudeckue 1o Kommoropo-
By KOHEUYHbBIE T0cIeoBaTesbHocTr. B wacTtn V BBomuTCs Kitaccudu-
KaIlsl ¥ U3y4JaroTCs CBOMCTBa GECKOHEUHBIX TOC/IEI0BATEILHOCTEIH,
KaK HocHTeJsell MH(POPMAIUUIO, KOTOPbIe MOTYT OBITH ITOJIyIeHBI B
KOMOUHAIMSX CTOXACTUIECKUX U AJTOPUTMUYECKUX IPOIECccoB. B
JACTHOCTH, B TJIaBe 12 M3ydaroTcsl aJlrfOPUTMUIECKA-UHBaAPUAHTHBIE
CBOICTBa OECKOHEYHBIX TOC/IEIOBATEILHOCTEI.

B macrosiiee BpeMst TeOpust KOJIMOTOPOBCKOMN CJIOXKHOCTH TIPEJI-
cTaBjseT coOOil OMMH M3 PA3JIEJOB MATEMATHKH, 110 KOTOPOMY H3-
JIAIOTCsT MOHOTpaUH U IPOBOISITCST MEXK Ty HAPO/IHbIE KOH(DEPEHITHH.
[TepBast 0630pHast cTATbs 10 KOJIMOTOPOBCKON CJI0XKHOCTH U CJIyYaii-
HocTn ObLta omybGsukoBana B 1971 r. 3BonkunbiM u Jlepuubiv [10].
Nzito2kenne KOJIMOrOpOBCKO# KOHIIEIIIUY CJIyYaliHOCTU U HOBBIE Pe-
3yJIBTATHl B 00JIACTHA aJrOPUTMUIECKON Teopuu WHMOPMAIUUA ObLIH
npescrasiiensl B 1981 r. B 0630pe Bororuna [4]. 31ech Buepsbie 6bLin
[IPUBEICHBI JIOKA3aTe/IbCTBA HOBBIX PE3YJIbTATOB JIeBuHA, OIyOInKO-
BaHHBIX (6e3 /oKazarenbcrBa) B 1970-x rogax B crarbsax [14], [15],
[17]. B 1990 r. 66171 onybmkoBa 0630p YcreHckoro u ap. [25].

3a pybekoM OOMIETTPUHSATHIM UCTOTHUKOM B OOJIACTH KOJIMOTO-
POBCKOI1 cytoyKHOCTH siByistercsi MoHorpadus Jlu u Buransu [45]. B
HACTOAIIEE BpeMsl HanboJIee MOJIHOE M3JIOKEHUE TEOPUU KOJIMOTO-
DPOBCKOIl CJIOXKHOCTH IIPEJICTaBIEHO B MOHOrpaduu Ycienckoro, Be-
pemaruna, lens [25]. s 6osee riyb6oKOro u3ydeHusl mpeaMera
pekomen rytorcst jiekin 11. Taqa [41].

Yactu I u Il cocraBnensr Ha ocHoBe Kypca «Kosmmoroposckas
CJIOXKHOCTD W €€ TPUJIOKEHUsT», TPOINTAHHOTO ABTOPOM Ha (DaKy/Ib-
TeTe MPUKJIATHON MATEMATUKY U yipaBjerns MockoBCKOTO (hu3nko-
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Texnudeckoro uHcTUTyTa B 2011-2020 rr. Bee raBsr 310l yacTu
cHabxkeHbl 3atadamu. Jacte [ comepkut 6osiee cI02KHBIE BOIIPOCHI
U MOXKEeT OBITH HCITOJIB30BaHA JIJIs UCIIOJIb30BaHUsT B OoJiee TPOJIBH-
HYTBIX CIIEIUAJBHBIX KypCax.

Yacre | kauru ocHosana Ha MoHorpadun [38] u Gbuia go6aB-
stena tipu obnossienun 2020r. Yacrs II mannoro yuebuoro mocobus
(raBbl 3-6) npejcTaBiisier cobOl PACIIUPEHHOE U3JI0XKEeHne 0030p-
HOfT paboTel [4], KOTOpasi Gblaa JONOJHEHA DPSJIOM DPE3YJIbTATOB U
Jl0Ka3aTeabeTB u3 paborer (58] u monorpadun [25|. Ilpu sTom co-
JlepkaHue pasjena 6.2 OCHOBaAaHO Ha MaTepuaJe u3 crarbu [51] u ee
uzsioxkerun B MoHorpadun [45]. Hacre 111 ocHoBana Ha Marepuale
crareit [2], [7] u [58]. Hacrs IV ocnoBana na marepuase crareii |3,
[5] u [59].
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Yacte 1

DJIeMeHTbl BePOATHOCTHOIA
Teopun nHMOpMaIn
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I'maBa 1

KoaupoBanume

Bagan andasur A = {ay,...,a;}. Ilog ucrouankoM moHMMaeM Me-
XaHU3M TeHepalluu CJI0B, COCTOSIX u3 Oyks ajpapura A. Mbr Oy-
JIEM PAcCMaTpUBATH JIBa THUIIA UCTOYHUKOB: BEPOATHOCTHBIE MCTOY-
HUKWM W UCTOYHUKHU TUIA ‘“YePHBIN SIIIK .

BeposiTHOCTHBIIT UCTOYHUK IIPEJICTABIIEH PACIIPE/IETIEHUEM BEPO-
SITHOCTENl HAa MHOXKeCTBe Bcex OYKB asipaura A. BeposTHOCTHBIIM
WCTOYHUK BBITACT OYKBY a; andaButa A ¢ 3aJaHHON BEPOSITHOCTHIO
pi- 3nech p; = 0 a5 Beex © u Zle p; = 1. MeToabl KoaupoBaHuUst
Oy/yT y4YUTBHIBATb paclpejesieHne BEPOATHOCTEN COOTBETCTBYIOIIE-
ro ucrounuka. CBOWCTBA BEPOSTHOCTHBIX HCTOUYHUKOB OITUCHIBAIOTCS
IIEHHOBCKO# Teopueil nHdopMaIun u OyIyT U3ydaTbCsi B TiaBe 1.

ITox “gepHbIM SIUKOM’ TOHMMAEM MEXAaHH3M IeHepalun OyKB
HEU3BECTHON HAM MPUPOIBI. DTO 3HAYUT, ITO MbI JIOJPKHBI UCIIOJIb-
30BaTh METOJbI KOJMPOBaHUs, KOTOPbIE HE OCHOBBIBAIOTCs HA KAKOM-
JinbO MOJIeJTU TeHepaIluu JIAHHBIX. DT METO/bI Oy/IyT U3ydaTbCs B
qactu Il nocBsIeHHoit aaropuTMudeckoii Teopun HHGOPMAIIHH.

[TpoMmerkyTOIHOE MECTO 3AHUMAIOT YHUBEPCAJIbHBIE METOJIBI CXKa-
Tus nadopmaruu. COOTBETCTBYIONUN aJrOPUTM CXKATUS HE UCIOJIb-
3yeT HUKAKUX IAHHBIX O HpUpojie UCToYHuKa OykB. OgHAKO aJ-
ropuT™ 3hhEKTUBEH TOJIBKO Jisl ONPe/IeJIeHHbIX KJIACCOB (BeposiT-
HOCTHBIX) UCTOYHUKOB. AJIFOPUTM yHUBEPCAIBLHOTO C2KaTusi HHGMOD-
Malliy, IpeJIoyKeHHblli 3uBoM u Jlemmesem, Gymger paccMOTPEH B
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pazmerne 2.1. JJokazaHo, ONTUMAIBLHOCTh AJTOPUTMA B CIyYae CTa-
[MOHAPHOT'O 9PrOJANIECKOI0 UCTOYHUKA.

1.1. Koapr

Bynem koauposarh cioBa B KoHeunoMm ajidasure A = {ay,...,ar}.
[Tosr c;1OBOM MOHMMAETCs TIPOU3BOJIbHAS TTOCJIEI0BATEILHOCTE OYKB
T =2x1T2...%p, e x; € A npu 1 < i < n, gymna ciaosa [(z) = n.
Ob6o3naunm A* — MHOXKECTBO Bcex CoB B ajidasure A. s ymnob-
cTBa BBOAUM TrycToe cioBo A. ObozHadaem A" — MHOYXKECTBO BCEX
CJIOB JIJIMHBI 7, COCTABJIEHHBIX U3 OYKB ayjdrusuTa A, TOCPEICTBOM
A* 0603HAYMM MHOXKECTBO BCEX CJIOB, COCTABJIEHHBIX U3 OYKB aJjida-
BuTa A.

CnoBax = x1T9...Tn WY = Y192 - - . Yp MOXKHO 3AIUCHIBATE OJTHO
oCJIe JPYTOTO: TY = T1X2 - . . Tnly1y2 - - - Yn — KOHKATEHAIUST CJIOB T
u y. CJI0BO Yy MPOJIOIKAET CJIOBO T, & CJIOBO & SIBJISIETCS HATAJIOM
nn TpeUKCOM CJIOBa, Y, €CIN Y = Xz JJIsT HEKOTOPOTO CJIOBa, 2,
obosnavaem x C y. Fenm z # A, To numem x C y. JBa ciosa x
Uy HECPABHUMBI, €CJIN OHU HE MPOJOKAIOT aApyr apyra. CioBo y
HA3bIBAETCS TIOJCJTOBOM CJIOBA X, €CJIA T = UYV JJIsT HEKOTOPBIX CJIOB
U .

[Tycrs I = {0, 1} — 6Gunapusrit andasur. Bygem koauposars cio-
Ba u3 A* nonunsimu ciaosamu. Kog —sro dyuknus C : A — {0,1}*,
C(A) — muO)ecTBO KOJOBBIX cj10B. PyHkiusa C' kaxoii Oykse u3
A conocrasiisier cjioBo u3 0 u 1. Cioso x = x1x2 ... T, KOIUPyEM
nobyksenno ciosom p = C(z) = C(x1)C(x2)...C(xy,). Kog C —
onnosHaunbit, eciu C(x) # C(y), upu x # y mjis Beex z,y € A*.
Kon C — omgHO3HAYHO MEKOIUPYEMBIi, €CTM CYIIECTBYET (DyHKITHS
D : {0,1}* — A* (mexkomep) rakass, uro D(C(z)) = x mia Bcex
x e A"

MuoxkecTBo cjioB X Ha3bIBAeTCs 6e3MpePUKCHBIM, €CJIH JTIOObIE
JIBa Pa3/INIHBIX CJIoBa U3 X He MPOJOJIKAKT JIPYr JApyra (Hecpas-
HUMBI): & € y st J106bIX ,y € X Takux, 9To T # ¥.

Kon C nasbiaercst 6e31pedUKCHBIM, €CJIM MHOXKECTBO BCEX KO-
qoBeix cioB C'(A) sBisiercs 6esnpedurcubiM. JIerko BumeThb, 91O
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UMeEET MECTO CJIEIyIONee yTBEPKIEHUE.

Ilpennoxkenue 1.1. Beaxut 6eanpedurcruti x00 asaaemcsa 00Ho-
3HAYHO JeKoduPYeMbIM.

Jlerko mocTponTs mpocTeiimuii 6e3mpedUKCHBIA KOJI.

Ilpennoxkenue 1.2. /s 4106020 aadasuma A mModcHO nocmpoums
beanpepurcrol kod C(x) maxot, wmo [(C(x)) < log|A|+1 das ecex
rec Al

Joxazamenvcmeo. Boibepenm k tax, arobn 28 < |A| < 281, 06-
IIee 9NCI0 BCeX JBOMYIHBIX MOCIEeI0BATEILHOCTEH IIMHEL k+ 1 paBHo
2k+1 Bce oHM He HPOIO/ZKAIOT APYT APYra, MOITOMY HX JOCTATOU-
HO, LITO6]:)I yCTaHOBHTb B3aNMHO-O/JHOZHaAYHOE COOTBCTCTBUEC MG)K):Ly
HEKOTOPBIM IIOMHOXKECTBOM BCEX JABOMYHBIX CTPOK JIUHBI k + 1 u
oykpamu u3 A. O

Omnucanne Beex GecripeUKCHBIX KOJOB JAeTCdA B CJIe Iy Iomeil Hu-
ke Teopeme Kpadra.

Teopema 1.1. Becnpepurchoi x0d ¢ daunamu Kodo8wIL CA08
li,... .l (k= |A|) moorcem 6vimv nocmpoen mozda u moavko mo-

k

2da, xozda . 275 < 1. Omo mepasencmeo nasvisaemea nepasen-
i=1

cmeom Kpagma.

Loxasameavcmeo. Ilycrs 3agann! aucia l; < lo < ... < I, 1

k
KOTODBIX BBINOJHEHO HepaseHcTBo Kpadra > 2=k < 1. TTocrponm
COOTBETCTBYIOIMUI KO/ Boibepem momapmo HleclpaBHI/IMbIe JTBOUIHBIE
[IOCJIEIOBATE/IHbHOCTHU C 9TUMU JInHaMK. [IycTh iepBast 3 HIX COCTO-
UT U3 OHUX HyJeh u umeer faiauny li. [locse sToro, BBy TpeboBa-
Hust Gesnpedurcrocty, nMeercst 2271 mocsenosarenbHoCcTel 1
Hbl [y (IIPOJIOJIKEeHNIT BBIOPAHHOIO KOJIOBOIO CJIOBA JUIMHBI [1), KO-
TOpBIE HEJIb3sT UCIOJIb30BaTh B KAa9eCTBE KOJOBBIX CJIOB JIJIUHBI [o.

'3 1ech u manee log obo3naugaeT orapud Mo OCHOBAHMIO 2, In — HATYpATBHEII
sorapudm, |A| — 9uCI0 371eMEHTOB MHOXKeCTBa A.

17



Ojmako, Tak kKak 2/2 > 22~0 yajinercsa cioBo bl Iy, KOTOpoe
MOXKHO HCIIOJIb30BaTh B KadecTBe BTOPOI'O KOJIOBOIo cjoBa. llocie
sroro, mmeercs: 21371 4 2Bl “sappenenHBIX” K HCIIONTB30BANIO KO-
JOBBIX CJIOB JUnHBI [3. Tak Kak m3 HepaseHcTBa Kpadra ciemyer,
aro 28 > 2B=h 4 9=l i pHOCH HalieM Kakoe-HEGY/b HeCpABHI-
MO€ C paHee BBIOPAHHBIMHU KOIOBOE CJIOBO IIHHBI 3. IIpomokaem
3TOT IIPOIECC BBIOOPaA KOMOBBIX ¢JI0B k pa3. Ko Oymer mocTpoeH.

JomyctuM, 9T0 CyIecTByeT 6e3mpedUKCHbBIM KO C JINHAMA KO-
JIOBBIX CJIOB 1,12, ..., 1. Ilycts I* = max;<;<x l;. VI3 cBoiicTBa Ges-
IPePUKCHOCTH CJIEJIYeT, YTO MHOYKECTBO BCEX JIBOUYHBIX ITOCJIEI0-
BaTeJIbHOCTEH [JIMHBI [* MOXKHO IIPEICTABUTH B BUIE OObEIMHEHUSI
IIONIAPHO HEIIEPECEKAIOIIIXC sl MHOYKECTB [10CJIe/I0BATeIbHOCTEl (Ipo-
JIOJIZKAIOIINX KOJIOBBIE CJIOBA), COCTOSIIIIX 13 ol*=h , 2l*_l2, R o —lk
3JIEMEHTOB cooTBercTBeHHO. Tak kak 207 > 20—l 4 ol" =l 4 .. 4
2l*_lk, noydaeM HepapeHcTBO Kpadra. O

[IpuBomumas wumxke Teopema MaxMusiana MTOKa3bIBAET, €UTO
nepaBeHcTBO KpadTa siBjseTcs XapaKTePUCTHIECKUX CBOMCTBOM OJI-
HO3HAYHO JEKOJIUPYEMBIX KOJOB.

Teopema 1.2. Kod asasemcs 00H03HAUHO OeK0OUPYEMBIM 0204 U

k
moavko moeda, Kozda Yy 27 <1, 20e 1y, g, . .. 1 — Oaunse K0006HT
—
CA06. !
Hoxazameavcmeo. B ogHy CTOPOHY yTBEpXKICHHE CJIELyeT N3
TeopeMbr 1.1.
[Iycrs A = {ay,...,ax} ¥ 3a1aH OJHO3HAYHO IEKOIUPYEMBIIT KO
C, l, = I(C(a)) upu a € A. Jlyisi IPOU3BOJILHOIO HATYPATHLHOTO
auciaa M paccMoTpuMm

M
ZQ_l“ = Z Z Z 9=ty —lag—lay, _

a€A T1EAT2€A Tz EA
Ml*

=Y N2t (L)
L=1
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rae ¥ = maxgealy, N(L) = | X(L)| u X(L) = {x1,...,2m
M

> ly; = L}. Bee cioBa z ... 2y € X (L) pasiaudnble, HOITOMY UX
i=1

KOJIbI TaK3Ke Pas3/IndHble (Tak KaK KOJI OJIHO3BHAYHO JIEKOUPYEMBbIi).
Bcee stu kompr umeror gmuny L, mo3TOMY BCEro mx He OOJIBbINE FeM
2l Tax kax B (1.1) N(L)2~1 < 1, nonygaem

22_1“ < (MI)™ -1 npu M — . (1.2)
acA

[Tockonpky JeBass dactb (1.2) me 3aBucur or M, mnoxydaem

Y27l < 1.0
acA

1.2. Durponusa Illennona n KoabI

B sToMm pasmene mbl OymeM u3ydaTb BEPOATHOCTHLIE MCTOYHUKHU U
CBsI3aHHBbIE C HUMM KOibl. 3ajaH aindasur A = {ay,...,ax}. Be-
POSITHOCTHBINT MCTOYHUK IIPEICTABJIEH PaCIpemeIeHneM BepOSTHO-
creil Ha MHOXeCTBe Bcex OYKB aJsidpasura A. BeposTHOCTHBIN HC-
TouHuk X BbIJIaeT OYKBY a; ajiaputa A ¢ 3aJ1aHHO BEPOSITHOCTHIO
pi = P{X = a;}. Bnecv p; > 0 qyist Beex i u Zlepi = 1. Me-
TOJIBI KOJUPOBAHUSI OYIyT YINTHIBATH pacipeaesieHIe BeposiTHOCTe
COOTBETCTBYIOIIETO UCTOYHUKA.
DHTpONMUSs. DHTPOIUs UCTOYHUKA X OIPEIEIsieTCst

k
H(X) == pilogp:.
=1

[Tosnaraem 0log 0 = 0. Taxxke mumem H(X) = — > p(a)logp(a) =
acA
— > P(X =a)logP(X = a) = Eqp|—logp(a)]. [lousarue surpo-
acA
My OTHOCHUTCA K pacCIIpeaeJICHHUIO BepOﬂTHOCTeﬁ 1 HEe 3aBUCUT OT

TOro, KaKue 3HavYeHHs IIPUHAMAET ciaydaiiHas seauanna X . ITosto-
My uHOI/Ia 0b03HaYaeM SHTpoiuio Kak H (p).
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B nasnbreiinem Gyuem npesnosnarats, 9to p(a) > 0 mst ao6oro
a € A, tak kak eciu p(a) = 0, TO MbI MOYKEM HCKJIIOUYUTH OYKBY @
u3 ayihasuTa A.

ITpocreiimue CBOHCTBA SHTPONUY NPEJACTABICHBI B 3a1a9aX pas-
nena 1.4.

IIpumep. [ycts A = {a1,a2} nu X — GepHyIHeBCKast CIydaii-
nag Besmunua: P{X = a1} = p u P{X = ag} = 1 — p. Torna
H(X) = H(p) = —plogp — (1 — p)log(1 —p), 0 < H(p) < 1 nna
BCEX P.

DHuTpoIus napbl, ycJIoBHas suTponud. Ilyctb A u B — nBa
andasura, (X,Y) — napa cyvailHbIX BeJIMUUH, IPUHAMAIONINX 3HA~
yenuss B A m B cOOTBETCTBEHHO. 3aJaHO pacCIpeie/ieHne BeposiT-
Hocreill sroit mapel p(z,y) = P{X = z,Y = y}, tne ¢ € A,
y € B. CoorBercrBylolye MapruHajbHble paclpejeienus p(r) =

ZyEBp(x,y) ma A up(y) = > cap(x,y) na B. Banana ycinosnas

BepositHoCTb p(y|x) = p{Y =y|X =z} = PIE@?;)'

ITo omnpeneeHNIo SHTPONNS APl CIyYAHBIX BEJIUYINH PaBHA

HXY)=- > pla,y)logp(z,y).
(z,y)EAXB

BBe,Z[‘eM QHTPOIINIO OTHOCUTEJIbHO YCJIOBHOI'O paClIpeae/ICHUsA

HY|X =2)=->_ plyl)logp(ylz).
yeB

yCJIOBHaH QHTPOIIN OIIPpEIe/IAETCA
H(Y|X)=) p)H(Y|X = z).
T€EA

MoxkHO mepenucaTh 3Ty BEJIUIUHY MMOIpOoOHEee

HY|X)==) p(x)) plylz)logpylz) =

€A yeB

=— > pla,y)logp(ylz).

(z,y)€AxB
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Eciu A=Bu X =Y, 1o p(x,x) = p(x) u p(xz|z) = 1. Orcrona
H(X,X)=H(X) u HX|X) = 0.

Ciriestyromiast TeopeMa yCTaHABJINBACT PA3JIOzKeHHe JIJIsT SHTPOIIN
Hapbl.

Teopema 1.3. H(X,Y)=H(X)+ H(Y|X).
Lloxazameavcmeo. Ilo onpenenennto

H(X,Y) ==Y plx,y)logp(z,y) =
7y

== plz.y)logp(x)p(ylz) =
—_Z<Z (z, )logp ZZPQTZ/ ) log p(y|z) =
Y

T

= H(X) + H(Y|X).
|
13 Teopembl 1.3 HEIOCPEICTBEHHO CIIEyeT
Caencreue 1.1. H(X) - H(X|Y)=H(Y) - HY|X).

IIpaBuiio menu. Teopemy 1.3 MOXKHO 0OOOIIUTDL CJIETYIONTAM
obpazom.

H(X1, X2, X3) = H(X3| X2, X1) + H(X1, X2) =
= H(X3’X2,X1) + H(XQ‘Xl) + H(Xl)

B obmem ciayuae mmeeT MecTo
CJIe,}ICTBI/Ie 1.2, H(Xl, XQ, ey Xn) = Z:’L:I H(X”Xi,l, e ,Xl).

OTHOcCHUTEJIbHAS SHTPOINS, KOJIUIECTBO NHMOPMAIUH.

[Tycts p(x) u g(x) — pacupemesnenusi BeposiTHOCTell Ha asda-
Bure A. OTHOCHTEbHAST SHTPONUs WM pacxoxkjenne Kyinbaka—
Jleiibiepa ompemensercs

x
)1
D(pllg) = 3 p(a)log 22 e

TEA
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ITpengioxkenue 1.3. D(p||q) = 0 u pasencmso nyato umeem mecmo
mozda u Moavko moezda, Ko2da p = q.

Joxaszameavcmeo. I3 BormyTOCTH JIorapI/chMa nMeeM

D(plla) = Zp
< 1og2p<x>;%) - 1ogzq<m> =o. (13)

q(z)

Pasencrso B (1.3) TO/IBKO 11pH plz) — L vt Beex x. O

[Iycts (X,Y) ~ pxxy(x,y) — coBMeCcTHOE pacipe/iesieHue napbl
CayIafiHbIX Betmdud U X ~ Dx, Y ~ Py — COTTBETCTBYIIIUE Map-
TUHAJIBHBIE paciipejiesieHns. B3anMHuoe KoJn4aecTBo nH(MOpPMAIUu B
caydaitHoi Beuunne X 0 CIydaiiHoi Bemaume Y ONpeJie/iseTcs Kak

I(X :Y) = D(pxxvllpx x py) = D(p(z, y)|p(z)p(y)

Crenyromye CBORCTBa HEIOCPEICTBEHHO CJIELYIOT U3 OIPEIeICHMS:
I(X:Y)=1(Y :X),
I(X:Y) >0,
I(X :Y) = 0 rorga u Tosbko Tria, korga p(z,y) = p(x)p(y),
T.e. KOrJa Caydailable Benaudbl X 1 Y He3aBHUCHMBIE.
BeipakeHnue kosmdyecTBa HGOPMALUN dYepPe3 SHTPOIIUIO.
V106HO KOMMIecTBO MHAPOPMAIINN 3alINCHIBATH Uepe3 SHTPOIIHUIO.

Teopema 1.4. [(X:Y)=H(X)-H(X|Y)=H(Y)-HY|X).

Zoxaszameavcmeo. Ilo onpenenenuio

Zpa:ylog prylog (’))

:—pr y) log p(a +pr y)log p(zly) =
z,y z,Yy

= H(X) - H(X|Y).
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U3 pasencra H(X,Y)=H(X)+H(Y|X)=H(Y)+H(X|Y)n
TeopeMbl 1.4 110JIydaeM CUMMETPUYIHOE BbIParkKeHHe JIJisi KOJTMIeCTBa,
nHMOPMAITITI

CaencrBue 1.3. I(X:Y)=HX)+ HY)-H(X:Y).

Cpennsisi qymHa kona. 3ajanbl andasur A = {a1,...,a;} u
kon C na mem. Ilycrs I; = I(C(a;)) — aymHA i-r0 KOJOBOIO CJIOBA.
Bajano pacipesesenne BepositHocreit p; = p(a;) Ha A, 1 < i < k, H
— ero surponus. CpeaHeil JIMHON KOJa HA3BIBACTCA MATEMATHICCKOE
OXKUJIaHUE IJINHBI KOJOBOrO ciaoBa L = Zle pil;.

Teopema 1.5. Ilycmwv 3adaro pacnpedeserue gepoammnocmets Ha ai-
pasume A. Tozda

1) Jas mo06o20 0drnosnauno dexodupyemozo xoda L > H.

2) Cywecmsyem besnpedurcroid kod, das komopozo L < H +1.

Zoxasameavcmeo. Ilycts l; — mpuHa i-ro komoBoro cijosa. Ilo
Teopeme 1.2 mmeer mecTo HepaBeHcTBO Kpadra ¢ = Zle 27l < 1.
Torma umena ¢ = 27%/c, 1 < i < k, obpasyior pacipejeiie-
une BeposTHOCTell HA A. UMmeem L — H = Zlepi(li + logp;) =
Sk pilog B —logc = D(pllq) —loge > 0. Yrpepxenue 1) poxa-
3aHO.

[Tomaraem I; = [—logp;]. Torna %pi < 27k < p; nas Beex
1 < i < k. Orciona Ele 27l < 1. Tlo Teopeme 1.1 MOXKHO ITO-
CTpouTh Oe3MpPedUKCHBIN KO/, JJIMHBI KOIOBBIX CJIOB KOTOPOTO PaB-
HBI I1,...,l;. 13 %pi < 27k cpenyer, uro l; < —logp; + 1 u Torma
L= pili < Xf pi(—logpi +1) < H+ YV pi = H+1.
Yreepxjenue 2) jpokazano. O

Koa Illennona. Ko, mocTpoeHHBIN B YTBEPXKIEHUN 2, HA3DLI-
Baerca KogoMm Hlennona. Oaun u3 cnocoboB nocrpoenust koaa Hlen-
HOHA yKa3aH B CJIEJYIOIIEM [IpUMepe.

IIpumep. Ilycrs A = {a,b,c,d} u ux Beposirnoctu p(a) = %,
p(b) = 1, p(c) = 3, p(d) = }. Pasbusaenm a1 GyKBbI Ha J1BA TOIMHO-
JKeCTBa, [IPUMEPHO PABHON BepositHOCTH, moJydaem {a} u {b,c,d}.
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Komosbie ciioBa OykB n3 mepBOTO MHOXKECTBA OyIyT HAYMHATHCS Ha
0, a Broporo Ha 1. To ke camoe HpPOJEJIBIBAEM C KaXKJbIM U3 O]
MHOKECTB (ecii OHO JeuTest), nosuydaeM {b} u {c,d}. Bropoii 6ur
KOJIOBBIX CJIOB OYyKB U3 IepBoro Muoxkectna ectb (), a u3 sroporo 1.
Tak jajee, IPOIOKAEM, TIOKa, He JTOWIEM JT0 OTHOITEMEHTHBIX IO
MHOXKeCTB. B pesynbrare moaydaem 6esnpedukcusiii ko C(a) = 0,
C(b) = 10, C(c) = 110, C(d) = 111. ObbsicauTe, OYEMY FTUM
crrocoboM Bcera mostydaercst Kog Ilernnona.

IIpumep. Kox Illennona — onTuMaJbHBIN B CPEJIHEM, HO HE TIO-
TOYEYHO.

Iycts A = {a,b} u p(a) = 2719 p(b) = 1 — 271°. Torma xomOM
Mlennona sisnstercst ko C'(a) = 0000000000 u C'(b) = 1. Cpeusis
qymaa sroro koga L = 10-271041-2710=1_-9.2710 £ 0.99. B 10
ke Bpems, ko1 C(a) = 0 u C(b) = 1 umeer 6Gostee KOPOTKHUE KOJIOBBIE
CJI0BA M HECKOJIBKO GOJIBINYIO cpemiofo amay L = 2710412710 =
1.

CaoiicTBO cpaBHUTEIBHOM onTuMalibHOCcTH Kona [llernnona mpes-
CTABJICHO B CJICYIONIEM IIPE/JIOKCHU.

IIpeanoxenune 1.4. ITycmo C — k00 Ilennona u C' — nexomopwiti
odnosnauno dexodupyemuti xod, l(a) = I(C(a)) = [—logp(a)] u
U'(a) =1(C"(a)) — daunwve coomeemcemeyrowuz kodoswr caos, a € A.
Tozda P{l(a) > I'(a) + ¢} < 27¢FL.

ﬂonaaamenbcmeo.

Pfi(a) > U'(a) + c} = P{[-logp(a)] > I'(a) + ¢} <

1 /
< P{ﬁ = l’(a) +c— 1} = P{p(a) < 2—l (a)—c+1} _
plLa
- Y o<y 2
a:p(ag2—l(@)—c+1 acA
< g+l Z 9—1'(a) < g—ctl
acA

[Tocreinee HepaBeHCTBO UCTOIB3YeT HepaBeHCcTBO KpadTa, KoTopoe
UMeeT MEeCTO BBHJLy OJHO3ZHA4YHOI jJexogupyemoctu koja C/. O
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CBoOIiCTBO acCMMOTOTUYECKOW paBHOpACIPeIeIeHHOCTH.
Paccmorpum BaskHBIN YacTHBI ciaydaii. JlaHa mocsieroBaTe IbHOCTD
X1, Xs,... HE3ABUCHUMBIX CJIYUIANHBIX BEJINUNH CO 3HAUEHUSIMU B aJl-
dasure A. Ilo cirabomy 3aK0HY OOIBIINX UHCEN

p(Xl...Xn) _

1 n
SEEL S S g p(Xa) - Exymplp(X0)] = .
=1

rae CXOAUMOCTDb — ITO BEPOATHOCTH, T.€.

_p(Xl Xn
n

P{' —H)>e}—>0

upu n — oo, rje H = H(X4).
st mpousBosibHOTO € > () pACCMOTPHM MHOXKECTBO

A" = {(1‘1 .. .CUn) : 2*“(H+e) < p(ﬂfl o xn) < 2fn(er)'

€
CsoiicTBa MHOXKecTBa A7’ IIDEJICTABIIEHDI B CJIe/IyIOIIEeil TeopeMe.

Teopema 1.6. 1) /laa a106020 € > 0 u 0aa 6cex N GHINOAHEHO
1
H—-—e< ——logp(xy...xp) < H+e€
n

npu (1 ...x,) € A?
2) P(A?) > 1 — € daa scex docmamoyuno bosvuius n.
3) | Ar| < 20001+
4) 1A = (1 — €)2"HF =9 gan ecex docmamouno Gorvuu n.

Joxasamenvcmeo. CpoiictBa 1) u 2) CIeAyIOT U3 OLPEIeIeHNsT
muOKecTBa A”. JIns mokasaTesberBa CBOHCTBA 3) PACCMOTPHM

1= p@)> Y pl)>

TEAT TEATD

> Z 277L(H+E) _ |A?‘27n(H+e)'
TEAD

Orcroma |A?] < 2nH+e),
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st nokasaresnscrsa 4) samernm, uro P(AY) > 1 — € st Beex
J0CTaTO4HO Gostbiux 1. ITosromy

1—e< P(AY) < Z o—n(H—¢) _ ‘A?’Q—H(H—e)'
TCAD

Orcioma |A?] > (1 — €)2"7=9) s Beex mocTarouno Gombimx n. O

[TpumennM 5TH CBORCTBA JIJIsT ONTUMAJIBLHOTO CXKaTHs HHGOpMa-
uu. ByjieM npunmchBaTh KOJOBBIE JBOUYHBIE CJIOBa He OyKBaM U3
asdaBuTa A, a MOCIEI0BATEILHOCTSIM 3THX OYyKB (6JIOKAM) JJIMHBL
n. punurmem Kaxxoii nocsegoBarenbuoctu (21 ...24,) € A" nso-
uaHoe ¢J10BO (1 . .. &) AymHbL [(t(x1 ... zy)) < log |[AZ |41 u noba-
BUM K KaXKJ0il Takoii mocienoparesbHocTu npedure 0. JImmHa Ta-
KOIO KOZI0BOro cijioBa t(xy ...xy) He npesocxomut [(t(z1...x,)) <
log |A?| +2 < n(H +¢€) + 2.

Ocraybable GJOKH JUIMHBL 7 KOJUPYEM JBOUYHBIMU CTPOKa-
mu Jymebl < log|A™| ¢ mobasiienHoit 1 B Hauase crpoku. Torma
l(t(x1...2n)) < nlog|A| + 2 prs Takoro 670Ka.

O6osznauaem =" = 1 ... T,. CpeaHss IJIMHA 9TOI0 KOJA

L= Y pla")i(t=") =

nEAn
= > pEMtEM)+ Y pa")i(tE") <
TEAD e AP\ A
< Z p(a™)(n(H +€) +2) + Z p(x™)nlog |A| +2 =
ZneAr ZnE AT\ AP

=P(AN)(n(H +¢€)+2)+ P(A"\ AY)(nlog|A| +2) <
<n(H +¢€)+2+clog|A| +2en(H + €).

Takum obpazom, Ajist TF060T0 € > 0 1711 BCeX TOCTATOYTHO OOIBIIIX
n cymecrByer Ge3npedukcHblii ko t(x™) s 6JI0KOB OYKB JJIMHBI

T TaKOI, 9TO
B [l(t(ﬂf))} < He
n
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1.3. DHTpONMUS CTAIIMOHAPHOIO IIPOIIEcca

HyCTb A KOHeYHBIit aJI(baBI/IT. Beckoneunaa IIocJjae 10BaTe/IbHOCTH
caydJaitHbix BequanH X1, Xo,... CO 3HaUeHUsIMA B A Ha3bIBaeTCs
CT&HI/IOH&pHOﬁ, eCcIn JIJ1d JIOOBIX L U S U JIIOOBIX X1y...,Tpy € A
BBIIIOJTHEHO CBOMCTBO NHBaApUaHTHOCTU OTHOCUTEJ/IbHO CABUI'Q
P{Xl = xl,Xg = .TQ,...,Xn = JIn} =
= P{Xl—i-s = $1,X2+S = T2+sy--- 7Xn+s = xn}-

VaenbHass SHTPOMUS CTAIMOHAPHOTO IIPOIECCa OMPeeNsIeT s

Ho. = lim (X1, Xo,..., n)_

n—00 n

MaI qoKazKeM, 9TO 9TOT Ipees cyiecTyer. 11o cBoiicTBY sHTpONNN
H(X17X27 e Xn) < nlOg |A|

Teopema 1.7. /[asa 2100020 cMayuonapho2o cmoTacmuieckozo npo-

uecca
Hoo = lim H(X,|Xp_1,... X1),
n—o0

npuvem npedes Cywecmeayem.

Zoxasameavcmeo.  1lo  cBOWCTBY  yCJIOBHOW  SHTPOIIHUU:
H(X|Y,Z) < HX|Y) (cm. 3amaay u3 pasiena 1.4),

H(Xp41|Xn, ... X1) < H(Xp41| Xn, .. Xo).
[To cBoiicTBY MHBAPMAHTHOCTH OTHOCUTE/ILHO CJIBUTA UMEEM
H(X, | Xp-1,...X1) = H X141 X0, ... X2).
Orcrona
H(Xp41|Xn, ... X1) < H(Xp| Xpn-1,... X1).

Takum obpasom, YHCIIOBAs [IOCJIEIOBATEILHOCTD
H(X,|Xp-1,...X1) He yObaer. Tak Kak oOHa OrpaHHYEHA,
cymectByer ee npeest limy, oo H(Xp| Xpn-1,...X1).

Bynem ucriosibzoBars Jiemmy Heszapo.
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Jlemma 1.1. /Jlaa  wmoboli  wucaosoli  nocaedosamesbHocmi
ai,as, ..., ECAU Gy — G MPU T — OO0, MO %Z;;lai — a.

ITo npaBuiy 1enu
n
H(X1,...,Xn) =Y H(Xi|Xi1,...,X1).
i=1

ITo nemme Yezapo mpejien

H(Xy,...,X
Ho = lim A Xn) oy H(Xp| Xn_1,...,X1)

n—o00 n n—o0o

cymectByer. O

IIpumep. Ilpu usyvdeHun 9acTOTHBIX XapPAKTEPUCTUK JIATEPa-
TYPHBIX TEKCTOB UCIIOJIb3YEeTCA MOJICIIb CTAllMOHAPHBIX IIPOIECCOB.

IIycts a1, ag, . . . — CTAIIMOHAPHDIHN MIPOIECC, KOTOPDLIN OIUCHIBACT
MIPOITECC TMOPOKIEHNUS JTUTEPATYPHOro ImpousBeleHus. V3mepsrorcs
OCHOBHbBIE XapPaKTEePUCTUKU TAKOI'O IIPOLiecca:
H1 = H(Oél),
Hg = H(a2]a1) = H(alag) — H(Oél),
H3 = H(Ozg’ag, al) = H(Oq, a9, ag) — H(al, 042) — H(al),

H, = H(ap|ap-1,...,01) = H(a1,...,an) — H(ag,...,a1) — - —
H(al)a

ITo Teopeme 1.7 H, \, Hoo 1ipu 1 — 00.

K.IIlenuon 29| mpoBo/ i1 OIBITH 110 H3MEPEHUIO SHTPOIIUH eCTe-
CTBEHHOI'O AHTJIMICKOIO sI3bIKA W IOJIYYIUJI CJASIYIONINe 3HATCHUA:

Hy =~ 4.76, Hy =~ 4.03, H3 =~ 3.32, Hy = 3.1, ... , Hg = 1.9 +—
Hy ~ 1.3.

Boranciaenne gacToT BeeX OJIOKOB JOCTATOYHO OOJIBIITON JJTMHBI
3aTpyAHUTEbHO. [l09TOMY 1T OIEHKHW SHTPOIHUHU KCIIOJIb30BANCH
UTPOBBIE U TICUXOJIOTTIECKHUE METOJIbI.

1.4. 3agaun n ynpaXHeHUd

1. HokazaTn mpenjoxenue 1.1.
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2. okazarsb, uro He cymecrtByeT Koja C Takoro, uro ((C(x)) <
llog [4].

3. ycrs A = {ay,...,ar} — andasur, p; = P{X = a;}. Hoka-
3aTh, uto a) H(X) < log|A|, paBencrso jocTuraercs Korjga p; = 1
mpu 1 <4 < k.

6) H(X) = 0 rorma u TOJILKO TOr/a, KOTJa CyliecTByer a € A
takoe, 4ro p(a) = 1.

B) H(P) — Boruyras mo P.

r) D(pl||q) — BeiyKIIasi no p u q.

4. Hoxkazars, uro H(X,X) = H(X), HY|X) < H(Y), I(X :
X)=H(X).

5. Hokazars, uro H(Y|X) = 0 rorma u Tosbko Torjga Y ecrhb
dbyukuus or X: Y = g(X).

6. Ilycts g : A — A — mpoussoabhas dyuknus. Jlokazars, 9To

a) H(X) < H(g(X). Jns Kakux g uMeeT MecTo PaBeHCTBO.

6) H(X|g(Y)) > H(X|y).

B) I(X:Y)>I(X:g9(Y))

7. Hokazare, uro H(X) = log|A| — D(p|ln), tie X ~ p — pac-
peJIeieHa 1o P, (L — paBHOMepHoe pacupeseinenne Ha A: pu(x) = ﬁ.

8. Hokaxure, uro H(X|Y) < H(X)u H(X|Y,Z) < HX|Y).

2| 7| 0Bo3HAMAET TETYIO YACTH BEIECTBEHHOTO MHC/IA 7.
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I's1aBa 2

YHuBepcaJjibHOE CXKaTue
nHMopMann

PaccmoTpennbie BBINIE aJrOPUTMbBI KOJAUPOBAHUS HCIOJIB3YIOT IJIsT
IIOCTPOEHUsT KOJIa paclipeie/IeHNe BepPOsITHOCTEeH mcTouHuKka. B oToit
[JIaBe Mbl PACCMOTPHUM AJITOPUTM YHUBEPCAJIBLHOIO CXKATUST HHQOP-
Mallil, KOTOPBI He MCIIOJb3yeT B CBoell paboTe HUKAKHUX ITPEJIIIO-
JIO>KeHn# 00 MCTOYHUKE JaHHBIX. 1eM He MeHee, JJIsi J0Ka3aTellb-
CTBa ONTUMAJIBHOCTH 3TOTO AJITOPUTMa HEOOXOIMMO MIPUHSITH IPE/I-
IIOJIOYXKEHUE O TOM, UTO JIaHHBbIE T€HEPUPYIOTCSI HEKOTOPBIM CTaIllo-
HapHBIM ProndecKuM mporeccoM. [Ipn aTom, 3HaHNE KOHKPETHOTO
pacipee/IeHIsI BEPOsITHOCTEH 3TOro mporecca He TpedyeTcs.

CranuoHapHbIe 3PTrOAUYECKUE IIPOIECCHl — MAKCUMAJILHO IIUPO-
KU KJIacC IPOIECCOB, JIJIT KOTOPBIX BBINTOJIHEHBI BEPOATHOCTHBIE 3a-
KOHBI.

2.1. AnropurMm 3uBa—Jlemiies

B sTom pasgesie Mbl u3ydnmM ajiroputM 3uBa—/lemuesis yHUBEpCAJIb-
Horo cxkarusi uadopmanuu [60], [61], [38].

Ha Bx0/1 KOMUPYoOIEMY ajJrOpUTMY MTOJIAETCS CJIOBO, COCTABJICH-
HOe U3 OYKB KOHeTIHOro ajipapura. Ajaropurm LZ auraer 310 CJI0BO
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cjeBa HaIpaBo. B mpoliecce UTeHMsT aJITOPUTM IPOU3BOIUT Pa3du-
€HUe BXOJHOI'O CJIOBA Ha IIOJICJIOBA, Pa3JeJIeHHbIe 3alsaThIMU (T1ap-
CHHT), U OJIHOBPEMEHHO II0 3TUM IOJICJI0BaM (DOPMUPYET KOAUPYIO-
YO TTOCJIEI0BATEIbHOCTD.

Jlekoupyomuii aJiIrOpuT™M BOCCTAHABIMBAET UCXOIHYIO TIOCIIEI0-
BATEJIbHOCTH OYKB IIPOXO/sl WM YUTAs CJIEBA HAIPABO KOIUPYIOILYIO
TOCJIe/I0BATEJIBHOCTb.

Mpr mpuBeneM onuwH m3 BapuaHToB ajropurma LZ. Ilapamerp
ajroputma: W — jyinHa okHa. Bxon ajnropurMma: ¢Tpoka OYKB & =
T1X2...Tp

LZ-anropurM.

WHILE i < n

[ycrs nogcerpoka 87!

=1Ii...T;_1 yKe oObpaboraHa Ha IIPEIbI-
JIYIIUX [Iarax u IpeJcTaB/ieHa B BUe Habopa IMOJACTPOK, pas3JiesieH-
HbIX 3al4TOMH.

Haxomum waunGoubinee k takoe, uro 3j(i — 1 — W < j <i—1)
U TIOJICTPOKA JUIMHEI k, HAYHHAIOMALCA C Tj, T.€. TjTj41 .- Tjtk—1
COBIIaJIAET C HOJACTPOKOU T;Tit1 ... Tith—1 (l‘j+s =2iys Ipu 0 < 5 <
kE—1).

BoinessieM TOACTPOKY X3 Tiy] ... Titk—1 3AMATHIMA U KOJIUPYEM
ee tpoiikoit (F, P,L), tme F' = 1 — uHIUKATOp THIA KOIUPOBAHUSI,
P =i — j — xoop/iuHaTa Havajaa OT ¢ BJIEBO, TJie j — MAKCUMAJIbLHOE
U3 cyliecTByonmx, L = k — JjuHa IOICTPOKH.

Eciin takoe k He maiijgercs, o kogupyem x; napoit (F,C), rue
F=0ucC= ZTi.

END

Takum 06pazoM, KOAUPYIOIIAs TOCIEI0BATEIHLHOCTL COCTOUT W3
nap u tpoek (F,C) u (F,P,L). Jlerko mocTpouTh JEKOAUPY IOt
AJITOPUTM.

JL71sT TPOCTOTHI MBI HE YIUTHIBAEM KOHEIT BXOIHOTO CJIOBA — CUM-
TaeM, ITO BXOJIHOI MOTOK OYKB HUKOTIa He 3aKaHIUBAETCH. 1TOOBI
y9IeCTh KOHETI, CJIOBA, MOYKHO JTOTIOJTHUTETHLHO MTPOBEPSTDH MMPU TTOUCKE
k ycimoBue i + k —1 < n.

IIpumep. Bxomnoe ciioo ABBABBABBBAABABA — cioso

B andasure {A, B}, mmuna okaa W = 4. Ajgropurm mpousBOuT
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MMApPCUHT U KOJTUPYET:
ABBABBABBBAABABA
ABBABBABBBAABABA
(0.A),(0,B),(1,1,1),(1,3,6),(1,4,2),(1,1,1),(1,3,2),(1,2,2)

Hanpuwmep, nepsoie jiBe OykBbl A u B panee He BCTpedasuchk, mo-
stomy Kogmpyem ux mapamu (0.A) u (0,B). Tperbsa 6yksa B BeTpe-
vyaercss panblne (cocennsisi 6yksa B ciiea), a ee npojoskenne BA
paHbIIle He BCTPEYaIOCh, O3TOMY KoaupyeM 31y B rpoiikoii (1,1,1).
JlBurasicb BIIPABO 110 BXOIHOMY CJIOBY OOHAPY2KUBAEM, UTO ITOJICTPO-
ky A B B A B B M0XKHO OTJIOKUTH OT TpeTbeil cjieBa OYKBBI CJIOBA
(a ee TPOJOIKEHNE y¥Ke HEJIb3s1), TOITOMY KOJIUPYEM ee TPOUKOi
(1,3,6) u ..

OntumanbuocTb LZ-coxaTus. [logubrit ananns agropurma LZ
TEXHUIECKU CJI02KeH. MBI pacCMOTPUM HEKOTOPYIO YIIPOIEHHYIO CXe-
My: BXOJIHOE CJIOBO OECKOHEYHO BJIEBO U BIPaBO. TouHee, 3a/aH CTa-
IIMOHAPHBIN PTOAMIECKUN TTPOIIECC

.- '7X—27X—17X07X15X27 s

Asroput™m HaumHaeT cxkartue ¢ OYKBbI Xg, IpU 3TOM, ..., X o, X 1
— M3BECTHAsI UCTOPUS, JJINHA OKHA HEe OTPaHUYICHA.

[Ton cTarmoHapHOCTHIO MbI IIOHUMAEM WHBAPUAHTHOCTH OTHOCH-
TEJILHO CJIBUTA,

P{Xz = ai. X2+k = ak} = P{Xi+s = ai. -'X'i+k+s = ak}

JJIsI JTIOOBIX 2, k, a1,...a 1 —00 < § < 00.

[Tost, 9proIMIHOCTHIO TOHUMAEM CJIEJIYIOoIlee CBOMCTBO: YacToTa
JII00OH KOMOMHAIUU a1, ...d, HA OTPE3Ke MJIMHLI 7 IIOYTH BCIOLY
CXOZIUTCSI K BEPOSITHOCTH STOH KOMOHHAIIMK IIPU 1 — 00.1

MBI Tak»Ke IMpeIIONaraeM, 9TO BEPOSTHOCTD JIFOGOH KOMOUHAIM G, . . . A,
k > 1, mosoxkuTenbHa
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Paccmorpum yrporeHHbiii BapuaHT ajaropurMa. Tak Kax JIro-
60e TOJICJIOBO CTAIIMOHAPHON U 3PTOJMIECKON TOCIEI0BATEIbHOCTH
BCTPeYaeTCs paHee, I1PU 3aJlaHHOM 1 OYIEeM II0CJIEIOBATEIEHO KOIH-
poBaTh OJIOKH BXOJIHOT'O CJIOBA JIJIMHBIL 7.

N3yaum acuMITOTUYIECKOE IIOBEJICHUE IJINHBI KOJIOBOI'O CJIOBA
6JI0Ka JJINHBI N IPU 1. — 00. BBeseM ciiydaiinyio BeJnIuHy

R,(Xo, X1,...,Xp1) =
= I;l;ig({X_jX_]’_H . X—j+n—1 = X()Xl . Xn—l}-
W3 cBoiicTBa 9proIuIHOCTH 3Ta BEJIUMINHA KOHEUHAS [TOUYTU BCIOY.
Corytacno anropurmy LZ mpr 6ynem kKomumposaThb ciloBo X[ =
XoX1 ... X,—1 Tpoiikoii (1, j, n). 3akoaupyem 3Ty TPOHKY JIBOUIHOI
II0CJIeI0BaTeIbHOCTBIO JnHbl Ly, (X)) = log R, + 2loglog R, + 3,
e R, = Rn(Xo,X1,...,Xpn—1) = j. IIpo crocobsl KojupoBanust
HaTypaJbHBIX dmcesa cM. pa3feisl 3.1.1 u 5.1 nmamee.
B manbHeRIIX paccyKIeHUsIX PEITarolyio poJb UTPAET JIEMMA
Karma. Haanm HEOOXOAUMBIE OIPEIeIEHNSI.
[ycrs A — cuernsiit ajcdasur u ..., Ur, Uy, Uy, ... — cranmonap-
HBI 1porecc ¢ 3Hadenusmu B A. Torma npu v € A paccMoTrpum
BEJIMIUHY

Qu(i) =P{U_;=u, Uj#uupn —i<j<0|Uy=u}.

OTa BeJUYUHA IPECTaB/IseT CODOH YCJIOBHYIO BEPOSITHOCTH TOTO,
910 HabJI0aeMas B HyJIeBOIl MOMEHT BpeMeHU OyKBa U B OJIMKaii-
IeM TIPOIILJIOM HaOJII0IAIach ¢ IMIArOB TOMY HA3aJ.

Buriire 6buta onpestesiena cayvaiinasa sesmauHa R,,, B acTHOCTH,
Ri(u) = minjsoU_; = u. Torma E[R1(U)|Uy = u] = > 72, iQu(4)
— cpejHee BpeMsi OJIMKAMIIero mosBIeHnsT Ha0J 1i0/1aeMoil OyKBbBI U B
upormuiom. O6o3uadum Takke p(u) = P{Uy = u}. MbI npe/monoxu-
s, aro p(u) > 0 mis Beex u € A2

Jlemma 2.1. E[Ry(U)|Up = u] = ;5

2B nporuBHOM CiIyuae GyKBY MOMKHO YIAIATH U3 A.
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Hoxazameavemeso. Ilycrs u € A. OupenenuM ciydaiiHOe COOBI-

THE
Aip={U_j=u, Uy#uvupn —j <i<k,Uy=u}.

s onpenenennss Ajr(VAyrw = 0 mpu (j,k) # (k) n

P (U]k, Aj7k> = 1. IIpeacraBuM BEPOSITHOCTH TOTO OObHEIMHEHHST

B BHUJE CYMMBbI BepOHTHOCTGﬁ IIOIIapHO HECOBMECTUMBIX COOBITHI

Udin | =2 > P4,
7,k

7=1 k=0

ZZP wWP{U_j=u, Uy Fuupn —j<i<klUy=u}=
7=1k=0

=Y P(Uk =w)Qu(j + k) = P{Up = u} Y iQul(i)
k=0 i=1

J:l =

Bﬂ‘er MbI UCITOJIB30OBaJIN CTaIlMOHAPHOCTDH IIPOIleCcCa, TaKzKe TO, 9TO

nuMeeTcs ¢ pas3indHbIX nap (j, k) rakux, aro j + k = i. Orciona
E[R1<’U,)’U0 = u] = Wlu) g

— 1 _
Uz nemmer E[Ry(u)] = Y ,ca p(—up(u) = |A| — cpennee Bpemsi
BTOPUYHOIO MOSBJICHUS KAKOH-T100 GYKBBI.
MoKHO PACIpPOCTPAHUTH 3Ty JIEMMY Ha IIOCJIEI0BATEIbHOCTH
OyKB.

Caencrsue 2.1. Ilycmo ..., X 1, X, X1,... — cmayuonaphwiil 9p-
200uMeCKUTE NPOYECC, 3HAMEHUS KOMOPO20 NPUHAOAEHCAM, KOHEYHO-
My aagasumy. Toeda das dan mobox Tg, T1,...,Tn_1 € A 6ydem

E[Rn(Xo,Xl, ceey Xn—l)’XOXl . -Xn—l = Tol1 ... .’L'n_l] =
1

p(xoxy ... Tp—1)

Joxazamesvemeo. OupeseuM  CTAIMOHAPHBIA  3proJudecKuit
nporecc U; = (X, Xiv1,.. ., Xign—1), —00 < i < 00, U IPUMEHIM
gemMy 2.1. O
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O60o3na9M
1
HTL: - 1 n—1
~ > plag)logp(ag ),

n—1
z, TEA™

rje mg_l = ZOX1...Tp—1. DHTPOINS CTAIMOHAPHOIO HpoIecca (H1c-
TOYHHKA) PABHA
H,
Hyo = lim —.
n—oo n
O6o3H9UM Xg_l = XoX7...X,_1. Takke Ln(Xg_l) —JIJINHA, JBO-
UYHOM MOCJIEJIOBATEIbHOCTH, KOTOpasi Kojupyer Tpoiiky (1, 7,n).
IIpusesem Tenepb TeopeMy 06 ONTUMAILHOCTU CXKATHS AJITOPHT-
MoMm LZ.

E[Ln(X5 "]

Teopema 2.1. lim,_ .o = H.

Zloxazameavcmeo. Tak Kak L,, OMHO3HATHO JTEKOAUPYEMBbIH KO,
mo Teopeme 1.5

E[L(X§™)) > n, (2.1)

Jyist Beex n. Panee OBLIIO OTMEYEHO, UTO MOXKHO KOJIMPOBATH TPOHKI
TaK, 94TO

Lo(X07Y) =log Ry(X) 1) + 2loglog Ry (X3~ +3. (2.2

Ellog Ra (X34 _

Hokaxxem, uro limsup,, . - < Ho. [eiicTBuTe b

HO,
Ellog R, (X))
. =
Z pal NE[log Ry(XP HXp =271 < (2.3)
1
1 n— n— n—
<ﬁ Z plag ) log B[R (X HIXg =27 = (24)
a:O 6
= Z p(x log; g (X0 H = H (2.5)
1 p(l‘o 1) n n 0 [e’e) .

1‘
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npu n — 00. 3jech nepexo or (2.3) kK (2.4) npoucxoauT 1O Hepa-
BercTBy Uencena, mepexon or (2.4) x (2.5) IPOUCXOAUT IO CIIe-
crBuio 2.1 Kk gemme Kara.

st Broporo ciraraemoro u3 (2.2) umeem

Elloglog Rn(Xg_l)]
n

1 1
< - log Eflog Ry (X)) < - log Ha(X5").
n

U3 cymecrsoBanust npejea (2.5) cieyer, 9To sl JIEOOOrO € >
0 Oyzmer Hn(X(T]‘*l) < n(He + €) auist BCex J0CTATOYHO 6OJIb-

mux n. Orcioga limsupnﬁwilogloan(Xg_l) = 0 u no (2.1)
n—1
u (2.5) limnﬁmw H.,. Orcioga ciemyer, 9TO
n—1
lim, oo 20X 1 g o
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Yacte 11

AaropurMunyeckas Teopus
nHMopManun
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I'maBa 3

IIpocTas KoiMoropoBcKasi
CJI02KHOCTD

B sT0i1 rimaBe maeTcst onpeaeIeHIo IPOCTOH KOJIMOTOPOBCKOM CITOXK-
HOCTH M JIOKA3BIBAIOTCS €6 OCHOBHBIE CBoiicTBa. M3maraercs dpunu-
rapHbiii moaxon A. H. KoamoropoBa K omnpesesieHuio CjIydaiiHOro
WHINBHUIYAJIbHOIO KOHEYHOro o0bekTa. IlokazaHo, 9TO croxacTu-
YecKHe CBOHCTBA KOHEYHOI'O O6”beKTa ABJIAIOTCA CJACJCTBUAMMU €I'0
CJIO?KHOCTHBIX XapaKTEPUCTHUK.

3.1. OcHOBHBIE OHSATHUS TEOPUMN AJITOPUTMOB

OrnpetesieHnst KOJIMOTOPOBCKOM CJIOXKHOCTH U aJITOPUTMUIECKOM CITy-
JailHOCTH OCHOBBLIBAIOTCSI HA MCIIOJIB30BAHUU OOILIEH TeOpUU ajro-
PUTMOB, KOTOPas HA3BIBACTCSH TAKXKe TeOpHUeil PeKypPCUBHBIX (PYHK-
LIMii, & TAKKe ee OCHOBHOI'O PE3YJIbTaTa — TeOPEMbI O CYIIECTBOBAHIN
YHUBEPCAJILHON (DyHKIIH.

B sToMm pasmesie Mbl 0OCYIMM OCHOBHBIE ITOHSATHSI TEOPUH AJINO-
PUTMOB U IIPUBEIEM HJEI0 IIOCTPOECHMSI yHUBEPCAJIbHON (PYyHKIUN.
Knaccuueckoe mocobue mo Teopum aJaropuTMoB — MoHorpadust Po-
»epca [19].
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3.1.1. KoHCTPYKTUBHBIE OOBEKTHI

AﬂFOpI/ITM])I NPUMEHAIOTCA K KOHCTPYKTUBHBIM O6'beKTal\l 1 B Ka4de-
CTBe 3HAYEHUH TaKKe BBIIAIOT KOHCTPYKTHBHBIE UM KOHEIHBIE 00b-
extbl. [ToHsiTHE KOHCMPYKMUGHO20 06BEKNA ABJISIETCST NCXOAHBIM B
JIAHHOM W3JI0KEHUM U He OyJIeT MMeTb TOYHOTO MATEMATHIECKOIO
onpejienenns. CBOHCTBA KOHCTPYKTUBHBIX OOBEKTOB MOJPOOHO 06-
CyKJat0Tcsl B KHure [24].

THUNUIHBIMU PUMEPAME KOHCTPYKTHUBHBIX OOBEKTOB B HAIIEM
IIOHMMAaHHNU SIBJIAIOTCA CJIOBa B HEKOTOPOM KOHEYHOM aﬂd)aBI/ITe

A:{al, ey ak},

rae k > 1. Andasur cocrour us 6ykKB ai, ..., ar. BykBa a; — 9T0
HEJIEJIUMBIIl CUMBOJI, KOTOPbIN HEe Oy/eT UMeTh TOYHOIO OIpejie/ie-
aust. [Ipu 3amarnnm amdaBuTa OOBITHO 3a1a€TCsI HEKOTOPBIA JTMHEI-
HBIIl TIOPSIJIOK HA ero OyKBax — y HAC OH 3aJIaeTCs MIPOCTOI HyMe-
pammeit 3tux OykB: a1 < --- < ap. B gajpHeiliieM 3TOT HOPsIOK
UCIIOJTB3YETCsl IIPU OIPEJIEJIEHUN JIEKCUKOIPADUIECKOTO MOPSIJIKA HA
cinoBax aJipasura A. Cinoso B andasure A — 970 KOHEUHas MOCIIE-
JIOBATEJILHOCTD OYKB T = X7 . .. X, 9TOr0 ajdaBuTa, T.e. T; € A pu
1 =1, ..., n. MHoxkecTBO Bcex cJioB B ajidasure A obozHadaeTCst
cuMBOJIOM A*.

Hmna ciosa x obosnavaercs [(x) = n u paBHa duciy OyKB B
9TOM CJIOBe. YJI0OHO pAacCMaTpPUBATHL IIYCTOE CJIOBO A, KOTOpOE HE
coJiepKuUT HU o/HO# O6ykBbI. Ero jymHa pasHa nHyso: [(A) = 0.

Konkarenarueit 1ByX CJIOB & = Z1...Znp U Y = Y] ... Ym HAZBI-
BAETCS CJIOBO LY = X1 ... TpYl - - - Ym, JJIMHA KOTOPOI'O PABHA CYyMME
anuH ciaoB x u y. Ilo onpenenennto A = Ax = x 15 J1iI0O60T0 CJI0BA
T.

CnoBo x sBisieTcst IpepuKcoM cioBa Yy, obozuadaerca x C vy,
ecau y = xz JJis HEKOTOPOro cjioBa z. Ecim cjioBo z HemycToe, TO
nutem ¢ C y. s ciioBa © = 21 ... Ty, €ro npeduxc JJIHBL m < N
obo3HayaeM ™ = 1 ... Tm,.

B teopuu nndopmanyu mmupoko UCHOIL3YeTCs IBOUYIHbIH axda-
Bur I = {0,1}. CumBossl 0 n 1 naspiBatorcst buramu. Boiiesemnne
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TaKoro ayipaBuTa CBI3aHO CO CIIOCOOOM XpaHEHWT WHQMOPMAIUUA B
nmaMaTu kommbiorepa. CiioBa B ajibaBuTe I HA3LIBAIOTCS JIBOUIHBI-
My (6MHAPHBIME) TOC/IE0BATEIBHOCTAME WK cTpokamu. O6o3Ha-
YaeM MHOKECTBO BCEX JBOMYHBIX cjioB = = {0, 1}*.

MuoxkecTBO Beex Harypasbhbix umcen N = {1, 2, ...} rak-
JKe ABJISIETCST MHOXKECTBOM KOHCTPYKTHUBHBIX OOBEKTOB. UacTo st
yI00CTBa MBI OYIeM TPUCOSTUHSITE YuC/I0 () K HATYpaIbHBIM YUCIAM.
KoncrpykTuBHas mpupoma HATYPAJIbHBIX TUCE CBSI3aHA C TEM, UTO
OHU TIPEJICTABJIAIOTCI B MIAMATU KOMITLIOTEPA B BUJE CJIOB B HEKOTO-
poMm asicbaBuTe. Hampumep, HATypabHBIE YUCIA MOXKHO IPEICTaB-
JSATHh B BUje cJIoB B yHapHoM ajidasure U = {1}: nocienoBaresib-
HocTb 11 .. .1 u3 n egunur npejacrasiaser unciao n € N. Taxkoe npej-
CTaBJIEHHE sIBJISIETCSI HESKOHOMHBIM — JIJINHA, YHAPHOI 3alliCh InC/Ia
n paBHA N.

DKCIOHEHITNAJIHLHOE YMEHbIIEHNE JJIMHBI 3AITUCH IHUCJIa, IIPONCXO-
JAT TIPU UCIOJIB30BAHUN HEOIHOIJIEMEHTHOTO ajidaBura. Mbl Oyaem
HCIIOJIb30BATh CTAHIAPTHOE IIPEJICTaBICHNE HATYPAJbHBIX YUCET C
IIOMOII[LIO JIBOUYHBIX CTPOK, KOTOPOE OIIPEJIE/ISIeTCS CICIYIONUM 00-
pazom. st ymobeTBa MBI BKJIFOYNM 9rcyio ) B 9TO COOTBETCTBUE.

[Tycts bin(n+1) = 1lyg_1 . . . vy npeacrapisier cob0i 3aUCh IHC-
Jga n + 1 B gBomunoii dpopme:

n4+1=2"+u_ 1281 42t 420

CormocraBiisieM HaTYpaJbHOMY YHCIY T CTPOKY Str(n) = vg_1...1p.
3aMeruM, YTO KaxK7asi CTPOKa COOTBETCTBYET HEKOTOPOMY HATY-
pPaJbHOMY YHCIIY, IIyCTas CTPOKa cooTBeTCTBYeT unciy 0.
Nmeer mecto mepasenctso 28 < n+ 1 < 281y nosromy 6yner
k = |logy(n + 1)|. Orcroma JuHA CTPOKH, COMOCTABIEHHON THCITY
n, pasna [(str(n)) = |log(n +1)] <logn+1npun>11.
[Ipumep comocraB/ienns yKa3aH B TabJIHIIE.

'3nech u nasee |r| ofosmavaeT MENYIO YACTD BEINECTBEHHOIO YHCIA T, 10gn
0603HAYAET ABOMYHBIN jorapudM n, Inn — HATYpaIbHBIH JIorapudM.
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Hucso n | Crpoxka str(n) | Yucao n+ 1 | [IB. 3am. bin(n + 1)
0 A 1 1

1 0 2 10

2 1 3 11

3 00 4 100

4 01 ) 101

5 10 6 110

6 11 7 111

7 000 8 1000

OTOoXJIeCTBIIIEM HATYyPAJBHOE UUCJIO 7. W €r0 3alliCh B BHJE
crpoku str(n). IIpenmyiiecTBoM TaKOro IpeJCTABIEHUs] [0 CPaB-
HEHUEM C JIBOMYHBIM IMPEJICTABIEHUEM HATYPAJbHBIX YHUCEJ SIBJIs-
€TCsl TO, YTO OHO SABJISIETCS B3AMMHO OIHO3HAYHBIM COOTBETCTBHUEM
MexK Ly MHO:KecTBOM N BCeX HATypabHBIX YHCET W MHOXKECTBOM
= = {0, 1}* Bcex KOHEUHBIX JBOUYHBIX II0CJIEA0BATEIHLHOCTEN, TOTIA
KaK He BCAKas TBOMYHAS ITOCJIEIOBATEILHOCTD SABISETCA TBOMIHOMN
3alllChI0 HEKOTOPOT'O HATYPAJJIbHOIO YUCJIA.

B nanbmeitmmem OyaeM MHUPOKO HUCIIOJIB30BATH TaKOE COOTBET-
creue. Korga Oyier ya006HO, He OyieM pas/indaTbh HATYpPaJbHOE YUC-
710 n 1 ero 3anuchk str(n). C BEIYUCINTENBbHOM TOYKN 3PEHUsI UCIIOTIb-
30BaHMe MHOXKeCcTBa = BMecTo N Gojiee eCTeCTBEHHO, TaK KaK ajro-
PUTMBI PAOOTAIOT CO CJIOBAPHBIMU IIPEJICTABICHUIMI HATYPAJIHHBIX
qHCe.

[Tapbl cTPOK MOTYyT KOZUPOBATHCHA CTPOKAME PA3JIUIHLIM 00-
pasoM. MBI He MOXKEM paccMaTpPUBAThL KOHKATEHAIWIO JIBYX CTPOK
T=121...Tp UY = Y1...Ymn KaK KOJ Tapbl (Z,y), TAK KaK 110 Heii
HEBO3MOXKHO OJIHOZHAYHBIM 00pa30M pa3ieuTh SJIEMEHTDHI ITaphl.
[TosToMy HEOOXOMMMO 3aTPATUTH JIOMOJHUTEIBHYI0 HHMOPMAIIIIO
JIJISI pas3/ieJIeHns mapbl Ha ee djeMeHTbl. Hampumep, 310 yao0HO f1e-
JIaThb CJIeyommmM 006pasoM. J1jist TpOU3BOIBHOM CTPOKU & = T . . . Tn
00603HAYNM T CTPOKY, B KOTOPOI BCe OUTHI IOBTOPEHBI 110 1B Pa3a:
T = X127 ... TpTy. Torma comocrapisieM nape crpok (T, y) mocaero-
BarenabHoCTh T01ly = 1271 . .. xpxp01yy . . . Y. JIerko BuseTh, 9TO B
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5TOM CJIydae CyHIeCTBYeT aJlOPUTM, KOTOPbIil BOCCTaHAB/IUBAET JJIe-
MEHTBI IIapbl T U ¥y 10 nocjaegosareasbnoctu £01y. Ilpu sTom jiuHa
koza pasra [(Z01y) = 2l(x) + I(y) + 2.

OcHOBBIBasICH Ha, TOIl »Ke Hjee, MOYKHO YCTPOUTH U Oojiee 3KO-
HOMHOe Kojuposanue nap (z,y). Conocrasum nape (z,y) CTPOKY

str(l(z))01zy,

KOTOpasl COCTOMT M3 YJBOEHHOI nBonuHoil 3amucu str(l(x)) aymHb
CTpOKHU X, pasnennTesid 01 u cTPOK & U Y, 3aIUCAHHLIX TOAPA. fcHo,
YTO IO 3TOMY KOJYy MOXKHO OJHO3HATHO BOCCTAHOBUTH T H Y, IPHU
9TOM JJIMHA KOJUPYIOIIE 0C/IeJ0BATEILHOCTH PaBHA

lz)+ Uy) + 2(str(l(z)) +2 <
<Uz) + U(y) + 2logl(x) + 3.

MOoKHO TPOJIOJIZKUTD UEI0 TAKON SKOHOMUHU U MOCTPOUTH KOJUPO-
BaHue NMapel (,Yy) ¢ HOMOIIBIO OC/IEI0BATEILHOCTH

str(l(str(l(z))))0Lstr(l(x))xy.
Jnmua Komupyromeii mocie/oBaTeIbHOCTH PABHA

l(z) 4+ U(y) + U(str(l(x))) + 20 (str(I(str(l(x)))) + 2 <
<Il(z) +U(y) +logl(x) +loglogl(x) + 4

u T.J. B oxnoit u3 3a1a1 u3 paszena 3.6 yTBEpKIAETCS, UTO BEJIH-
unHy logl(x) Hesb3sl yCTPAHUTD U3 9TUX BEPXHUX OIEHOK.

B nambueitniem 1o mapoii (x,y) ABOMYHBIX CTPOK Oy/IeT IIOHU-
MAaTbhCsl CTPOKa, KOJAUPYIOIas 3Ty Mapy OJIHUM U3 ITPUBEJIEHHBIX BbI-
IIe CrocoboB.

AnanornaseiM 06pa3oM MOXKHO KOAUPOBATH TPOHKH (z, Y, 2), ec-
JIM 3alliCBIBATh UX B BUje (, (v, 2)). U Tak masee.

Kpome MHOXKeCTBa =, OTOXKJIECTBIIEHHOTO ¢ MHOKeCTBOM N | Mbl
OyZeM HCIOJIB30BATH MHOXKECTBO Q BCEX PAIMOHAJBHBIX THCEN U
MHOZKECTBO R BCEX BEIECTBEHHBIX THCEJL.
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Parmonasipbible 9nciia MOYXKHO €CTECTBEHHBIM OOpa30M 3aHyMe-
pOBaTh apaMy HaTyPaJIbHBIX duces (1 OMTOM 3HAKA) U TEM CAMBIM
JBOUYIHBIME CTpoKaMu. He OyaeM ocTaHaBIMBATBLCA HA JIETAJISIX Ta-
KOl Hymepaluu.

BerectBentbie qucia He ABISIOTCA KOHCTPYKTUBHBIMU O0beKTa-
MU, XOTs ObI IOTOMY, 9TO UX MHO2KeCTBO HecueTHO. [loaromy asro-
puTMbI He OyayT paboTaTh HEIIOCPEICTBEHHO C BEIIIECTBEHHBIMU T C-
samu. BmecTo 3Toro onu OyayT IPUMEHATHCS K UX PAIMOHAIHHBIM
IPUOJIMKEHUSIM.

3.1.2. Aaropurmsbi

B katecTBe OCHOBHOI MOIE/I AJITOPUTMA OY/IeT UCIIOIb30BATHCS IO~
usrne Manmael Teiopuara (MT). Mawuna Teropunea upencrabis-
eTcs B BUIE JIEHTHI, HEOTPAHUYIEHHO PACIINPSIEMO B 00€ CTOPOHBI, 1
rojioBku. Jlenra pazjesieHa Ha sf9eHKH, B KayKJIYIO U3 KOTOPBIX I'O-
JIOBKa MOKET 3aIlMChIBATH CUMBOJI HEKOTOPOTO BXOIHOTO aJihaBuTa.
Ha sTomMm ke asihaBuTe 3ammcbiBaeTcs BeixoaHoe caoso MT. Marmuna
Trropunra 3anaercs vHabopom (A, T, Q, 0, qo, g ), re

e A — ocHOBHOI ajpaBUT, HA KOTOPOM 33JIA€TCsI BXOJHOE CJIOBO
MT u 3amucbiBaeTcst pe3yJibTaT;

o ' — nenrounnrit uim pabounii aapaBuT, KOTOPHINH UCIIOJIB3YETCSI
qutst Beraucaernit MT, mpu stom A C T

e () — MHOYKECTBO BHYTPEHHUX COCTOSTHUN WJIM MMAMSTEH TOJIOBKH;
B IIporecce pabOThl TOJIOBKA MOXKET 3allOMUHATH OTpaHUYEH-
HYIO 10 00beMy HWHQMOPMAIMIO C MOMOIIBIO0 CBOUX COCTOSHUMN
q € Q; roeopsT Takxke, aro MT HaxomuTcsi B COCTOSIHUA ¢

e 0(q,a) — dbyHurusa nepexonos, rae ¢ € Q u a € I'; ee 3Ha-
gyennst — tpoiiku 0(q,a) = (¢';a',M), tne ¢ € Q, € T n
M € {R, L, S), koropsie HazbiBatoTcst Komangamu MT; koman-
bl UHTEPIPETUPYIOTCA ciefytomumM obpazom: eciu MT naxo-
JIATCA B COCTOSHUM ¢ M YUTACT Ha JICHTE OYKBY @, TO KOMAHJA
5(q,a) = (¢',d’, M) naer ykazanue creperh OyKBY a, 3aIIUCATD
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BMecTo Hee OyKBY a', MI3MEHUTH TeKylllee COCTOSHIE ¢ TOJIOBKH
Ha ¢ W IIepeMecTuThb TOJIOBKY BJIEBO, eciin M = L, cABUHYThCS
BOpaBo, ecaiu M = R, unu ocraBaThCad HAJ TOU Ke sSIEeHKOIl,

eciu M = S,

® (0 — HaYaJIbHOE COCTOAHHNE TI'OJIOBKHU, IIPU 3TOM I'OJIOBKa YCTa-
HaBJINBa€TCsdA HaJl CaMbIM JIEBBIM CHUMBOJIOM BXO/IHOI'O CJIOBA;

® (K — BaKJIIOYHATEILHOE COCTOsIHHE; KaK TOJIbKO TojoBKa MT
HEePBBI pa3 nepensieT B COCTOAHNE (K, MAlllnHa IIPEKPAaIaeT
paboThI, IIPH 9TOM CJIOBO, KOTOPOE 3aIlUCAHO Ha JIEHTE, CIUTa~
eTcsI Pe3yJIbTaTOM ee pabOTHI.

Texymiee cocrostane paborsl MT onucbiBaercst kouduryparmeii (MH-
PHOBEHHBIM OIIMCAHUEM ) — CJIOBOM

T1...Tsqay1 ... Yk, (3.1)

IJle ¢ — TeKyIlee COCTOsIHME T'OJIOBKH, KOTOpas 0003peBaeT CHMBOJI
@ Ha JIEHTE; CIpPaBa U CJI€Ba OT ¢ HAXOJATCS BCE CUMBOJIBI, HAXO-
namuecs Ha JeaTe. Oaun mar paborst MT — 310 niepexojt ot oHO#
KOH(UTYpaInn K HEIIOCPEICTBEHHO e ayomei kouduryparun. Ha-
npumep, ecju Tekyiee cocrosinue MT onucbiBaeTcst KoHMUTryparu-
eit (3.1) u BemosHsieTcs komana 6(q,a) = (¢',a’, R), To mpoucxomur
[ePEXot K CJIEYIoNeil KOHMUryparuu:

T1...TQAY1 .. Y = T1...Ts@ QYL .. Yk (3.2)

B srom 3akitogaercst ojma 1mar paborsr MT.

MT Boraucisier HeKOTOpyIO dyHKImMIO 1) @ A* — A* cnenyromum
obpaszom. Ilepen zammyckom MT Ha jieHTe 3ammcan apryMeHT — BXOJI-
HOE CJIOBO ¥, HaJ IepBOil OYKBOII KOTOPOI'O YCTAHOBJIEHA I'OJIOBKA
MT, naxojsmasicad B Ha4aIbHOM COCTOSHUM qg. Kak mpaBuio, KOHeT]
BXOZHOTI'O CJIOBa OTMEY€EH CIIeIIMaJIbHBIM CUMBOJIOM — MapKepOM KOH-
Ia BXO/THOTO cjioBa. Ecm B miporiecce Berancienuss MT mepexoaut B
3aKJIIOUYUTETHLHOE COCTOSHUE (K, TO B KadeCcTBe 3HAUYCHUS (PYHKITUU
¥ (x) GepeTcst 9acTh COMEPIKIMOTO JIEHTBI — OT CUMBOJIA, OTMEIEHHO-
'O COCTOSIHUEM (¢, IO MapKepa KOHIIA BBIXOIHOIO cjaoBa. Ecym oo
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u3 3TuX npasu HapymeHo uin MT HuKorjga He IPUXOIUT B COCTO-
siHUE (F, TO 3HaUYeHre (DYHKIIUU ) HA apTYMEHTe & He OIpPeIesIeHO.

Oyukimst 1 : A* — A" HazbpIBaeTCsl BBIYUCIUMON, €CU CYIIe-
crByer MT, KoTOpasi BEIYUC/ISIET 3HAYEHUS TOM (DYHKIIUU.

XapaKTepHOI 0COOEHHOCTRIO TIpoItecca Beraucierust MT siBisier-
¢ TO, 9YTO HA HEKOTOPBLIX BXOJHBIX ciioBax MT mokeT HuUKOrja He
JIOCTAYb KOHETHOI'O COCTOsTHUSI. Ha Takux cjI0Bax cOOTBETCTBYIOIIAST
dyHKINI He onpeeneHa. B aTom ciydae BoraucamMast (pyHKIS STB-
JISIETCS] TaCTUIHO OIPEIeJIEHHOM.

Omicanuble BBIME MAIMUHBI T HIOPUHTA, SIBJISTIOTCS «CTIEITHATA3H-
poBaHHBIMEI». KaxKjiasi Takas MalinHa paboOTAeT TOJBKO C OJHOI
nporpammoii. Moxkuo moctpouth «yHuBepcasbnyio» MT, T.e. Ta-
KYyI0, KOTOpasi MOXKET MHTEPIPETUPOBATH paboTy Jio0oii mporpam-
Mbl. Touree, (bukcupyeM BXOIHON andaBuT A U paccMaTpUBaeM Bce
MT, koropble BhIUnCIsAOT (Gyukimun tuma A* — A*. B gacraocrn,
moxkHO paccmorperb A = {0,1} u cunrarh, YTO paccMaTpUBAIOT-
Csl BCE BBIYUCJIUMbIE (DYHKIUH, APTYMEHTHI U 3HAYEHUS KOTOPLIX —
HaTypaJIbHbIE YUC/IA.

IIycTs cumBO # He npuHamiekuT aadasury A. Kaxmyo mpo-
rpamMmy Juisi Beraucjenust gpyukinun ¢ @ A* — A* Mmoxk#HO 3aKO0-
JupoBaTh cyioBoM p B asidasure A. CJIOBO CONEPXKHUT 3aKOIUPO-
BAHHYIO OCJIEI0BATETLHOCTh KoMaH T porpamMbl M'T, BbIvucisio-
melt 3Havenus QYHKIUNA . MOKHO TakKe HAUCATh TPOrPAMMY—
WHTEPIPETATOP, Ha BXOJ[ KOTOPOHl MOMAIOTCS CJOBA pHx, TIe p —
KOJI HEKOTOPOIi IpOrpaMMbl, a & € A* — BXOIHOE CJIOBO IJIsl 9TOI
nporpaMMbl. VHTeprpeTaTop MOXKET HCIIOJIBb30BaTh H0jIee MUPOKUil
JleHTOUHBIN ajipasut. Cxema pabOThI MPOrpaMMbl HHTEPIIPETATOPA
caeayomast: Ha KaXKJIOM Iare paboThl MHTEPIPETATOPA Ha JIEHTE
zanucana Koudurypamnus mogeaupyemoit MT; uaTeprperaTop jieko-
JIIPYET KOMAaH/Ibl U3 CJIOBA P M BBIIOJHIAET HEOOXOUMBIE TIEPEXO/IbI
tuna (3.2) or oxHON KoHbUrypaluu K JAPyroi, KOTOpbIe MPEeIIn-
CBHIBAIOTCSI 9TUMM KOMAaH/IaMHU. TakuM 00pa30M, HHTEPIIPETATOD BbI-
qucssier HekoTopyto dyuknuio U(p, ), rae p, x € A*, obiagarorryo
CBOMCTBOM:

e Jyis 060 BuUmcauMoOn pyukmu P @ A* — A* naitnercs
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p € A* Taxoe, uro ¥(x) = U(p,z) nna seex x 2 .

Oyuknus U(p,x), obiaaormmast STUM CBOHCTBOM, HA3bIBAETCS YHU-
sepcanvhoti Gyrkyued s BCeX 9acTUIHO ONPEJIeIeHHBIX BHIYHC/II-
MbIX QyHKIMt Tuna A* — A*.

Y9uThiBas OTOXKIECTBIECHIE TPOU3BOILHON Mapbl KOHEYHBIX I10-
cJiejioBaresibHOCTel (2, Y) ¢ nociesoBaTeabHOCTHIO TO1Y (1, Gosee
SKOHOMHO, C IT0CJIe10BaTeIbHOCTHIO str(l(z))01zy), MOXKHO paccMmar-
pusath byskiwo U(p, z,y), yHUBEPCAIbHYIO JIJIsl BCEX BHIYUCIUMBIX
dbyuknumit B(x,y) or 1ByX apryMeHTOB: st JIIOOOIT TAKON BBIYUCIIA-
moit dyukuun B(x,y) cymecryer takoe p, uro B(x,y) = U(p, z,y)
JIJIST BCEX &, iy. AHAJIOTMIHBIM 00Pa30M MOXKHO PacCMAaTPUBaTh PYHK-
[[1H, YHUBEPCAJIbHBIE JJIsi BCEX BBIYMCIMMBIX (DYHKIMHA OT JIEOOOTO
3a/IA4HHOTO YHC/Ia APT'YMEHTOB.

B jasibHeiimeM Mbl 6yJ1eM UCIIOJIb30BaTh HEKOTOPbIE 3(hheKTUB-
Hble (AJIPOPUTMHUYECKIE) CBOHCTBA MHOXKECTB CJIOB 3a/IaHHOIO ajda-
BUTA.

MHO}KGCTBO KOHCTPYKTHUBHBIX O6'beKTOB Ha3bIBa€TCAd IIePEeInCIIN-
MBIM, €CJIA JIHOO OHO IIyCTO, JINOO SIBJISIETCST MHOYKECTBOM 3HAYEHUIN
HEKOTOPOI BBIYUCIUMON (DYHKITUU.

Ilpennoxenue 3.1. Ob6aacmd onpedeaerus 110000 SLHUCAUMOT
Pynryuu f(r) ABAAEMCA NEPEUUCIUMIM MHOHCECTNEOM.

Joxaszamesvcmeo. Homyctum, 9To 06/1acTh onpeeaeHust GpyHK-
nun f(x) — Hemycroe MEHOXKeCTBO. [TocTpOUM aJropuT™ Jijisi BHIYUC-
seHnst pyHKnuu g(n), nepedncsonieii 06,1acThb onpeesieHust dhyHK-
i f(z). Ilpeasapurensuo onpeaennm g(0) = a, rie a — Kakoii-im6o
3JIEMEHT U3 00JIacTu onpejieieHust QyHKmu f.

BaryckaeM POIECC OJIHOBPEMEHHOI'O BBIYHCJIEHUsI BCEX 3HAUe-
uuii f(x) HA BCeX BO3MOXKHBIX BXOJIAX X, Jlejlasi HA KaXKJOM Iare
HAIIIErO IPOIIECCca O/IMH 1Al BbIYUC/IeHNs 3HaueHust f(x) TOJbKO st
OJTHOTO U3 TakuX . Ec/im Ha mare n Halero MoJIeIMpOBaHUsl 3HAYE-
uue f(x) BHepBbIe OIIPEJIEINIOCh, osaraeM ¢g(n) = x. B nporusHoM
ciydae nosaraeM g(n) = g(n —1). O

23ILGCB umMmeercs B BUAYy, 9TO 00e 4acTu 3TOro paBEHCTBa OIIpeJe/ICHbl UJIU He
OoIpeJae/IeHbl OHOBPEMEHHO.
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3aMeTnM, 9TO TPUBUAJBHBIM 00pa30M BEPHO M yTBEPIKIEHUE, 00-
paTHOe K HpEeJJIoKEHHUIO 3.1, & MMEHHO: ITPOU3BOJIbHOE MEPEUUCTH-
Moe MHOXKeCTBO C' sIBJISIeTCsT 0DJIACTBIO OIPEIEIEHUST BHITUCIIMOM

byHKIINNT

£(a) = { 1,ecm a € C,

HEOIIPE/IETICHO B IIPOTHBHOM CJIydae.
[Iyctn
Wy, = {z : U(p, x) onpezesena}.
U3 oupenenenust u npejyiozkennst 3.1 ciemyer, 9To
e 1V, — HepedncImMOe MHOXKECTBO JIJIst JI000T0 P;

® JIJId JIF000TO IEepeInc/JIMMOro MHO2KECTBa C HafI,ZLGTCH TaKoe p,

aro C' = Wy;
e mHOkecTBO {(p,x) : € W)} nepedncimmo.

OTH CBONCTBA O03HAYAIOT, YTO UMEETCSI aJITOPUTM, KOTOPBIN «PaBHO-
MEPHO» IEePEUNC/IIET BCE MEPETUCTUMbIE MHOYXKECTBA.

MHO>KeCcTBO KOHCTPYKTHBHBIX 00beKTOB (' HA3BIBAETCST paspe-
IIAMBIM, €CJIM €r0 XapaKTepUCTuIecKas yHKIHsT

£la) = 1, ecim a € C,
= 0, ecn a & C

SIBJISIETCST BBITUCTUMOIA.

JIerko BHUIETH, UTO BCSIKOE pa3permMoe MHOMKECTBO, a TaKiKe
€ro JONOJTHEHNE SIBJISIIOTCs nepedncanMbiMu. ObpaTHOE yTBEpK/Ie-
Hue HeBepHO. COOTBETCTBYIONINE HMPUMEPHI CTPOSTCS C MOMOIIBIO
yHausepcasabHoii dyukuuu U(p, x). Obsactsb onpejesenus: dbyHKIHI
U(p, x) Ha3bIBAETCsI YHUBEPCATBHBIM MHOXKECTBOM.

IIpensoxxxkenue 3.2. VwnusepcaisvbHoe MHOHCECMEBO
{(p,x) : U(p,z) onpedenero} (3.3)

nepevucAuUMO, Ho He pa3pewumo.
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Jlokazamenvcmeo. Muoxkectso (3.3) mepedncimmo Kak 001acTh
OIIPE/IeJIeHNsT BBIYUCINMOl (DyHKIAH.

BTOpyIO JaCTb YTBEP2KJICHUA TEOPEMbI JOKazKeM METOJI0M OT
nporusroro. [omycrnm, 4To MHOXKeCTBO (3.3) paspermmo, T.e.

byHKITSA

1, ecu U(p, x) oupejesieHo,
0 B IPOTUBHOM CJTydae

é(p,w)Z{

sBjsieTcst Beraucaumoii. Torna dyHKIMs

Heortpeiesiero, ecan &(p,p) = 1,

0(p) = { 0, ecu (p,p) =0,

TaKzKe SBJIAETCA BBIYUCIUMOI. [109TOMy CyImecTByeT Takoe ¢, 9To
0(p) = U(q,p) nna seex p.

Uszyuanm, aro npoucxomut npu p = q. Ecim U(q, q) oupesesneno,
10 £(q,q) = 1. B aToM ciryuae 3nadenue 0(q) He ompejesero. Boi-
nosineno 0(q) = U(q, q), 3nauut, u U(q, q) He onpeeneno. [Toxyuaem
IPOTUBOPEYHE.

[Tycrs 3uauenne U(q,q) ne oupeneneno. Torma &(q,q) = 0. B
stoM ciaydae 0(q) = 0, T.e. 310 3HAYeHue onpejesero. OmMHOBpeMeH-
uo 0(q) = U(q, q), 1.e. 3nauenue U(q, q) Takxke oupesjesero. Ousrhb
HOJTy9aeM IIPOTUBOPEYne.

BHAUUT, UCXOHOE TIPEJIOJIOKEHne 0 TOM, 9T0 yHKus &(p, x)
BBIUUCIMMAsT, WK TO YKe CaMoe, 9T0 MHOXKecTBO (3.3) paspernmoe,
HesepHo. U

BameTuM, 9To npeiokKenne 3.2 SKBUBAJEHTHO TOMY, YTO HE Cy-
HIECTBYET aJropuTMa, KOTOPbIl PeIaeT BOIPOC O TOM, OCTAHOBUTCS
JIU TIPOM3BOJIbHASA IIPOTPaAMMa P Ha BXOJIE T WA HEeT. 3a/1a49a IOCTPO-
€HMsI TAKOTO aJIrOPUTMa HA3BIBACTCS <«IIPOOJIEMON OCTAHOBKHY.

3.2. OnpeneseHne KOJIMOTOPOBCKOM CJIOXKHO-
CTHU

A. H. Kommoropos B crarbe [11| npeiiokui u3MepsTh CI0KHOCTD
KOHEYHOI0 O0bEKTa X IIPU 3aJaHHOM KOHEYHOM OOBEKTE Y JJIMHOMN
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caMO#l KOPOTKOW MOCJIe/I0BATEILHOCTU P (HpOI‘paMMbI T x), co-
croseit u3 0 u 1, 10 KOTOpOit HEKOTOPOii cr1ocod JeKoaupoBanusa B
MOZKET BOCCTaHOBUTDL X, UCITIOJIbL3Yyd B Ka1€CTBE ILOHOJIHI/ITeJIbHOﬁ nH-
dopmanmu c10BO y¥. MareMaTHIecKn 3TO 3allUChIBAETCS CJIELY IOIIIM
00pa3oM:

Kp(rly) = min{l(p) : B(p,y) = =},

rze [(p) — aymua nocsenoareasnoctu p € {0,1}*, a B(p,y) — Heko-
Topas BuuucauMas GyHKImA. Mbl cuntaeM, 9To min () = oo. Hazbl-
BaeM byukiuio Kp(z|y) Mepoil cioKHOCTH OTHOCHTEIBLHO Crocoba
nekonuposanust B(p,y).

YauThiBasg TO, 9TO MBI MOYKEM KOJWPOBATL JIOObIE KOHCTPYK-
TUBHBIE O6'beKTI)I JABOUMYIHBIMHI CTPOKaMM, MO2KHO IIpealrojgararb, 9TO
x,y € {0.1}*.

CdopMynupoBaHHOE BBIIIE OIPEIEICHNE CI0KHOCTH 3aBUCUT OT
Borancnmoit dyukiwm B(p, y) — ciocoba JeKoInpoBaHsi KOHETHBIX
06bexToB 3 . OIHAKO HCIIOJIL30BAHIE OCHOBHOIO PE3y/ILTATA TCOPUH
AJITOPUTMOB — TEOPEMBI O CYIIECTBOBAHUN yHUBEPCAIbHON DyHKITUN
— mo3BoIMI0 KOJIMOTOpPOBY ONpEIEIUTE CIOYKHOCTh HE3aBUCHMO OT
criocoba sekojmpoBanust B(p,y).

NmeeT MecTO OCHOBHAsi TeopeMa TeOpHUH AJTOPUTMUYIECKO
CJIOYKHOCTH — T€OPEMa MHBAPUAHTHOCTH.

Teopema 3.1. Cywecmsyem maxas vruuciumasn ynryus A(p,y),
wmo 0as 060t evucaumoti dynryuu B(p,y) umeem mecmo nepa-
6EHCNGO

Ka(zly) < Kp(zly) +c, (3.4)
206 C — Hexomopas KoOHCmaHma, He SQBUCﬂwaﬂ omux u y

Jloxasamenvcmeo. Ilycrs U(q, p,y) — dyHKIMsI, yHEBEpCaIbHAasT
JUTsl BCEX BBIMHCIMMBIX (byHKImiA B(p,y) OT JAByX apryMeHTOB.

3B ommmume or Teopum HHMOPMAINHM, IIPH OMPEIETICHHN KOJMOTOPOBCKOM
CJIO?KHOCTH PACCMATPHUBAIOTCS CIIOCOOBI JEKOAMPOBAHMUSA, JJIs KOTOPBIX MOTYT HE
CYIIIECTBOBATh COOTBETCTBYIOIINE CIOCOOBI KOMMpPOBaHUsi. Kpome 3Toro, taxme
CITOCOOBI JIEKOIMPOBAHUST MOTYT OBITH HE BCIOJLY OIPE/IEIEHHBIMU (DYHKITUSIMU.
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OrnpesiesiuM «yHUBEPCAJBHBI» CIIOCOD JEKOMMPOBAHUS:

A(q0lp,y) = U(q,p,y)

Jst Beex p, ¢,y € {0, 1}*. [Ins Bcex ocTaIbHBIX BXOJIOB, HE MMEIOIIIX
Buga (G01p,y), sHavenue dbyukiuu A He OIpeEJIEIEHO.

[Iycrs B(p,y) — mpousBosibHasi BbruucanMasi (byHKIHS, TPE-
CTaBJISIONIAs] HEKOTOPBIH cr1ocod jekompoBanusd. Ilo ompenesrennio
YHUBEPCAILHOM DYHKITUH J1JIs HEKOTOPOT'O ¢ UMEET MECTO PABEHCTBO
B(p,y) =U(q,p,y) mius Beex p u y. Jlomycrum, 9410 p — CAMBbIil KOPOT-
KW KOJ[ JIJIT CTPOKU T IIpH criocobe onucanust B u 1010 THUTEIEHON
urdopmainn y. st vero Boimosneno B(p,y) = x. Torna

A(@O1p,y) = U(q,p,y) = B(p,y) = =.

CpaBHEBaeM JJIMHBI KPATYANIINX KOJOB JjIsl T IIPU CIOCODaX JIEKO-
nuposanus A u B:

Ka(zly) < Kp(zly) + 2l(q) + 2.

CooTBercTByIONIasl KOHCTAHTa ¢ UMEET BUI ¢ = 2 (q) + 2. Teopema
JlokazaHa. O

B nokazarenbcTBe TEOpEMBI 3.1 HCIOIB3YyeTCA CASYIONasd cXxeMa
YHUBEPCAJILHOT'O JEKOAUPOBAHUA:

q:p,y — T,
A :q0lp,y — .
3nech g01p — apxuB, KOTOPBIN COJEPKUT IPOIPAMMY ¢ JTEKOINPOBa-
HUS X 110 P U JONOJTHUTEILHON HH(MOPMAIIUH .
Oyukuust A(p,y), onpe/iejieHHasl B JJ0Ka3aTeIbCTBE TeopeMbl 3.1,
HA3BIBAETCST ONMUMAALHYM CNOCOOOM 0eK00UPOBAHUA.

ITo Teopeme 3.1 mjist J1IOOBIX ABYX ONTUMAJBHBIX CIIOCOOOB JIEKO-
nupoBanus A u As ISt BCeX T U Y BBIIOJIHEHO

‘KAI (.%"y) — Ka, (x‘y)’ S G (3'5>

rjie ¢ — HeKOTOpasi KoHCcTaHTa (3aBucsinas or A; u Asg).
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Mpr Takxke 3amucbiBaeM (3.4) B Buje 4
Ka(zly) < Kp(zly) + O(1),
a (3.5) — B BUzE
Ka, (z]y) = Ka, (z]y) + O(1).

Dukcupyem OJIHY TaKyto OnTUMaIbHYIO DyHKIuo A(p,y) u obosna-
qIM

K(zly) = Ka(z|y).

Hazosem dynkimio K(z|y) yeaosroti koamozoposckoti croscnocmubio
CJIOBA T IIPHU U3BECTHOM Y.
OmnpenennM 6e3YCA06HYI0 KOAMOZ0OPOSCKYIO CAOHCHOCTVD

K(z) = K(z|\)

KOHEYHOTO 00beKkTa x. B 3ToM ciiydae OonTUMAJIBHBIN CIIOCOO JIEKO-
JOAPOBaHUA JIJ11 BOCCTAHOBJICHUA T HE MCHOJIb3YeT HUKAKON IOITOJ-
HUTEJIbHON mH(MOPMAIIIH.

OTMeTuM HEKOTOpBIE IIPOCTEHINNEe CBOMCTBA KOJMOIOPOBCKOM
ciioxkHoCcTHU. IlepBoe M3 HUX — KOJMOTOPOBCKAasl CJI0XKHOCTH CTPOKH
HE IIPEBOCXOJUAT € TOYHOCTHIO N0 KOHCTAHTBI €€ JIMHBI:

K(zly) <l(z) +O(1).

DTO HEPABEHCTBO MMEET MECTO, TaK KaK MOXKHO PACCMOTPETH TPHU-
BUAJIbHBII ci0co6 fekoauposanust B(p,y) = p auist Beex p, y. st
5TOTO Ccriocoba Jiekouposanus BoinosHeHo Kp(x|y) = I(z), u nmosro-
My 10 Teopeme 3.1

K(zly) < Kp(zly) + O(1) = I(z) + O(1).

‘B namsmeiimem mepasenctso f(r1, ..., Tn) < g(T1, ..., Tn) + O(1) o3ma-
YAET, YTO CYIECTBYET KOHCTAHTA C TaKasl, YTO HEPABEHCTBO f(Z1, ..., Tn) <
< g(x1,..., Tn) + C BLINOJHEHO IJIS BCEX T1, ..., Tn. 3J4ECh KOHCTAHTA C HE
3aBUCHUT OT T1, ..., Tn.

Pasencrso f(z1, ..., Tn) = g(x1, ..., Tn)+ O(1) 03HAYAET, UTO BBHIIOTHEHBI
HepaseHcTBa f(Z1, ..., Tn) < g(z1, ..., Tn) +O1) n g(z1, ..., Tp) <
< flm, -..y z) +O(1).
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B wactHOCTH, CIOXKHOCTH HATYPAIBLHOTO YHUCIA 7, OTPAHUYEHA €0
JiorapugmMom:
K(n) <logn+ O(1).

HeKOTOpre qucjia UMEIOT 3HAYUTEJIbHO MEHBbIIYIO CJIO?KHOCTD. Ha—
npumep, ciaoBo 0™ = 0...0 IJIUHBE N TMeeT CI0KHOCTH

K(0") < logl(0™) 4+ O(1) = logn + O(1).

U3 onpenenenns K(z|y) < K(z) + O(1). Pasnocrs mexy mpa-
BOI1 U JIEBO#i YaCTSIMU 9TOTO HEPABEHCTBA MOYKET OBITH MAKCUMAJIBLHO
6osbmoit. Hanpumep, K(z|x) = O(1). Jlerko BujeTb, 9TO CyIIECTBY-
0T KOHEYHBIE II0CJIEI0OBATEIbHOCTU T, JJIsi KOTOPBIX HMEET MeCTO
K(z) = l(x) + O(1).

Herpyamo fokasars cieyloliee yTBEPK/ICHHE.

IIpennoxenue 3.3. Besycaosnan caoocrocms K(x) crosa x cesn-
3ana ¢ ycaoerot crooicnocmuvio K(x|y) omuocumenvro dpyeozo caosa
y u caoscnocmuvto K(y) amozo caosa caedyrouum obpasom:

K(z[y) — O(1) < K(z) < K(zly) + K(y) + 2log K(y) + O(1). (3.6)

Jloxazamenvcmeo. IlycTb 110 caMoMy KOPOTKOMY KOJY P U YCJIO-
BUIO 3 MOYKHO BOCCTAHOBUTD Z. Kpome Toro, mycThb ¢ — caMblii KOpOT-
KMl KOJI /I BOCCTAaHOBJIeHHs Y. MoKHO 106aBUTH KOJI, YCJIOBUS Y K
KOJy p u 110 cioxkHomy Kouy str(l(q))0lgp Boccranosuts . ymuHa
TAKOTO KoJla paBHa IpaBoil yacTu HepaBeHcTBa (3.6). O

[IpuBenem ere HEKOTOpPBIE CBONCTBA KOJIMOI'OPOBCKOHN CJIOYKHO-
cru. Ilycrs ¢ (z) — Borancinmast dbynkmus tuna {0, 1} — {0, 1}*.
Torna

K(y(z)ly) < K(zly) + O(1), (3.7)

rae koucranra O(1) 3asucur or ).

Jlist oKazaTeIbeTBa 9TOr0 HEPABEHCTBA PACCMOTPHUM CIIOCO0 Jie-
koxuposanust B(p,y) = Y (A(p,y)), rae A(p,y) — oNTUMAJIBHBIN CIIO-
cob mexoanposanusi. st 3Toro crnocoba geKoanpPOBAHNS BBIITOTHEHO
Kp(¥(x)|y) = l(p), tne A(p,y) = x. Orcroga nosyuaem (3.7).
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BepHo Tak:ke cooTHOIIEHME
K(zly) < K(z|¢(y)) + O1). (3.8)

Paccmorpum croco6  mexogmposanusi B(p,y) = A(p,¥(y)), rae
A(p,y) — ouTUMaJIbHBIN CII0COO JIEKOAMPOBaHUs. s 9TOro croco-
6a nexommposanus Kp(zly) = I(p), rme A(p,¥(y)) = z. Orciona
nosygaeM (3.8).

Jlerko BuIeTH, 9TO KOJIMOTOPOBCKas cjoxkuocTh K () Heorpanu-
YyeHa. B cilydae ee OrpaHUYEHHOCTH MPOCTO HE XBATHJIO ObI KOJIOB
JUIsl BCEX CJIOB & (UX GECKOHEYHO MHOIO).

Kpome Toro, oHa He siBJIsSIeTCs BBIYUCIUMON. DTO CBOHCTBO Clle-
Jyer u3 Gosiee cuibHOrO cBojicTBa — dyHkuus K(x) He ToibKO He
BbIYMC/IUMAasgd, HO 1 He UMeeT HeOI'PAHUYEHHON BBIYUC/INMON HUZKHENR
OIIEHKI.

IIpennoxenue 3.4. He cywecmeyem svvucaumots gyrryuu (x),
KOMOPAA NPUHUMAGEM KaK Y200H0 BOADUWUE SHAMEHUA U MAKOT, 4MO
Y(x) < K(x) dan scex x, das xomopwx (x) onpedesena.

Jlokasameavcmeo. Jomycrum, uro dbyukiust ¢ (x) sBsieTcst BCIo-
ny oupenenennoit u Y (z) < K(x) s Beex z. Oupenesnum Jpyryio
byHKIIIO

p(z) = min{y : ¥(y) > z}. (3.9)

ITo onpenenennto ¥ (u(zx)) > x s Beex .
Tak kax t(z) meorpanmdena, GpyHKuust () SBISETCT BCIOLY
oupeesennoil u Beraucanmoii. Ilo csoiicry (3.7)

K(u(x)) < K(z) + O(1).
C nipyroii cTOPOHBI, 110 OLpeJeIeHII0 (DYHKITUH 1)
z < p(p(z)) < K(p(z)) <K(z) +0(1) < I(z) +O(1).

[Tosryuaem nporuBopeune, tak kak jmHa [(x) = O(logx).
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B cayuae, xorja dyHKIws 1)(x) He sIBJIsIeTCs BCIOJLY OLPEJIesIeH-
HOIt, st Beramcsenus: yukmun p(x) no dopmyie (3.9) mMoxker He
cymecTBoBaTh anropurma. OHAKO COBCEM HE OOS3aTEbHO UCKATDH
MuHEMYM B (3.9), ocraTouno HafiTu Xxors Obl KaKoe-HUOY/Ib Y Ta-
koe, 4ro ¥ (y) > x. Oupeje/uM ponece OJHOBPEMEHHOIO BbIUUC/Ie-
HUsI BeeX 3HaueHuii ¢ (y) 10 Tex mop, NHoKa He HaleTcsl  Takoe, 9To
¥(y) > x. Onpenenum 3Hadenue f(xr) paBHBIM IIEPBOMY TAKOMY Y.
Takoe y naiigercs, Tak kKak GyHKIWs ¥ (y) IpUHIMAET GECKOHETHO
MHOro 3HavdeHuit. U

Oynkrus f:{0,1}* — {0, 1}* naseiBaercs nepedncanMoit ceep-
Xy, ecau MHOX)ectBO {(x,y) : y > f(z)} (maarpadux dyukmun f)
HEePEIUCITIMO.

JIerko BUJIETD, 9TO KOJIMOIOPOBCKast cyioxkHOCTh K(2|y) mepevnc-
JIIMA, CBEPXY, TaK KaK

{(z,y,n) :n>K(zly)} = {(n,z,9) : Ip(A(p,y) = 2&l(p) < n)},

rie A(p,y) — onTUMAIBHBIN CIIOCOD JEKOIUPOBAHUSI.

YrBepxaerne 3.4 CBA3aHO C OJHONW HHTEPIPETAITHEH TEOpEeMbI
Tenesist 0 HemosiHOTE, KOTOpasi Oblta npejyiokena Heiirunbim [35].

Teopust xapakTepuzyercss OECKOHEIHBIM HaOOPOM YTBEPIKICHMUI,
[IpEJICTABJICHHBIX B Buje dopmyst. Kaxias dopMmysia ecTb CJI0BO B
HEeKOTOpOM aJsipaBuTe. MOXKHO CINTATH, ITO (POPMYJIBI 3aKOIUPOBA-
HBI JIBOWYIHBIMU CTPOKAMH.

3aJIlaHO MHOXKECTBO «HCTHHHBIX» (opmyr TRUTH.

Nmeercs TakKe HEKOTOPBIHM aJITOPUTM, [TEPEUUCISIONTNI MHOMKE-
crBo PROOF «jiokazyeMbix» (hopmyit.

[IpemmosaraemM Takzke, 9TO TEOPHUsl HEIIPOTHBOPEYMBA, T.€. BCe
JokazyemMbie hopmyiiel siByisitorcest uctuaabiMu: PROOF C TRUTH.

JlomycTuM, 9TO BCE HUCTUHHBIE B OOBIYHOM MAaTEMATHIECKOM
cumbicsie yrBepkenus suga K(x) > n, tne x € {0,1}* un € N,
MOT'YyT OBITH 3allMCaHbl Ha S3bIKE HAIEel TEOPUU U IIPUHAIICIKUT
muoxkectBsy TRUTH.

Ilpennoxxkenue 3.5. He boaee wem KoHnewHoe wucro ymeeparcoernull
muna K(x) > n ¢ pasavunvmu n mozym npunadiescams mmoice-
cmey PROOF, m.e. moeym b6vimsb doxaszyemvimu.
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Joxasamensvcmeo. domyctum nporusuoe. Torma cymecTByer aJi-
POPUTM, KOTODBIil mepednciser (J0Ka3biBaeT) GECKOHETHYIO MOCTIe-
JoBaresibHOCTh yrBepKaenuii K(z;) > n;, i = 1, 2, ..., cpeau Ko-
TOPBIX UMEETCsi OECKOHEYHO MHOTO Pa3IUIHBIX 7.

Honyckaem TakKe, 9TO BCE T; pas3JjUdHble (JJIsi 9TOIO HE IIepe-
HC/ISIEM YTBEPXK/ICHUST C TIOBTOPSIIONIIMUCS X5 ).

OupeiesinM 4acTUYHYIO BRIYUCAUMYIO DyHKIUIO (x;) = n; 1ajist
BCeX 4. DTa (PYHKIIUS TPUHUMAET KAK yTOJHO OOJIbIINE 3HAYEHUS.

Torma K(x) > 9(x) mist Becex , jjist KOTOpBIX ¥ (x) onpejiesieHa.
[Tosrywaem mpoTruBopedne ¢ yrBepxkaeHneM 3.4.

Tak KaK CJIO2KHOCTH HEOI'DAHUYIEHA, MMEETCsI OECKOHETHO MHOTO
MCTUHHBIX yTBep2Kiennii Buga K(x) > n ¢ pasmuunsivu n. He 6ostee
YeM KOHEYHOE UUCJI0 TAKUX YTBEPXKJEHUN MOXKET OBITh JI0KA3aHO,

nostomy PROOF # TRUTH. O

3.3. Hecxkumaemble 1ocJjie 10BaTeIbHOCTHI

Nnmeercst Bcero 2" ABOMYHBIX CTPOK AJUHBL n. s joboro k < n
IHCI0 BCEX MIBOUYIHBIX CTPOK X JJIUHBI N, HJIsT KOTOPBIX BBIIIOJTHEHO
HepasercTBo K(x) < m — k, He IpeBOCXOJUT YHC/Ia BCEX JIBOMYHBIX
KOJIOB P, Jisi KOTOPBIX [(p) < n — k. Yucsio Takux p paBHO

20 42t . ponThl conmk

Takum obpaszom, mosst x takux, uro K(z) < n — k, omenmBaercs
CBEPXY:

H{z: l(z) = n&K(x) < n — k}| <ok
2TL
Benuunny

d(x) =n—K(x)

HazblBaeM JiepeKTOM ciIydailHoCTH HocseoBareapnoctu x. Ona ob-
JlaJlaeT CBOICTBOM

{x: l(z) = n&d(z) < k}| > 2",
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3aMeTHM, YTO BCE 9TH PACCYIKJICHHU OCTAHYTCS BECPHLIMH, CCJII
mbl 3amennM K(z) ma K(z|i(z)). Chopmymupyem sro cBOiicTBO B
Bu/Ie yTBepxkaenus. [lycrs |D| o6o3HadMaeT 9ucIo 91eMEHTOB KOHEY-
HOro MHOKecTBa D.

IIpennoxxenune 3.6. ITycmo
B ={z:l(z) = n&K(z|l(x)) > n — k}

— MHOICECTNBO BCEL COHCUMAEMBLT He boaee vem Ha k-6umos nocae-
dosamenvrocmeti daunve n. Tozda

2"(1 = 27%) < |Bngl < 2.

MozkHO TakKe pacCMaTpUBATDh B KadecTBe fedeKkTa cIyIaiiHOCTH
pesimanny d(z|n) = n—K(z|n). lns Hee BepHBI Be Te Ke CBOCTBA,
aro u st d(x).

Takum o6pa3oM, /I BCeX IOCJIEI0BATEILHOCTEH JJIMHBI 1, KPO-
Me MaJIol uX J0/H, jedeKT caydalHocTu orpanuder. HbIMU c1o-
BaMM, OOJIBIITUHCTBO IOCJIEA0BATEIbHOCTEl HeckuMaeMble. MBI 1o-
KaXkeM, 9TO BCJIEJICTBUE dTONH HEC)KUMAEMOCTU i OOJILITUHCTBA
HOCJICIOBATEJILHOCTEH NMeeT MeCTO CBOMCTBO yCTOMYMBOCTA YaCTOT
CJIMHUIL U HYJICH.

[lepeitnem Termepb K 00Jiee TOYHBIM OIEHKAM KOJMOTOPOBCKOIA
CJIOKHOCTH. J[omycTuM, 9TO HEKOTOPOE IIOIMHOZKECTBO

D ={x1,z2,...xp}

MHOKECTBA CTPOK JIIMHBI M 3aJIaHO B BHJIE CIUCKA (T1,T2,...Tm)
CBOUX 3JIeMeHTOB. PaHee ObLIO yKa3aHO, KaK KOJUPOBATH ITOT CIIU-
COK B BHJE OJHOM CTpoKHU. [[jist IPpOCTOTHI 0003HAYAEM DTy IOC/ICI0-
BaTEJILHOCTb TaK »Ke, KaK camMo MHOxkecTBO D. Torna jura 3ajganus
ajieMenTa x € D 1ipu n3BeCTHOM cIicKe [ JOCTATOYHO 38/1aTh HOMEP
9TOro 3jeMeHTa B cnucke. OTCoa MoIydaeM OIEHKY

K(z|D) < log |D| + O(1).
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Kpowme sToro, numeer mecto orenka
(1-27")|D| < {z € D : K(x|D) > log|D| — k}| < |D|. (3.10)
MoxkHO ompenesuThb AeeKT CAydaitHOCTH djieMeHTa ¢ € D B Bujie
d(z|D) =log |D| — K(z| D).
st HETO BEPHO HEPABEHCTBO

|{xeD:‘dl<)aT|D> >kl ok

Bonee TouHass BepxHAS OIEHKa KOJIMOTOPOBCKOM CJIOXKHOCTHU
CTPOKU JJINHBI 71 MOXKET OBIThH IOJyYEHA, €CJU IIPeIBaAPUTETHHO
[IPeJCTaBUTh MHOYKECTBO BCEX JIBOUYHBIX CTPOK JJIMHBI 72 B BHUJE
00beIUHEHNST TTOTIAPHO HEIEPECEKAOIINXCS TOAMHOYKECTB CTPOK €
3aJaHHBIM YUCJIOM €JIUHUIIL;

{0, 13" = UR_o=3,

re
=k — {x l(x) :n&in = k},
1=1

a 3aTeM IpuMeHHUTH oreHky (3.10) u dbopmyiry
K(z) < K(z|D) + K(D) + 2log K(D) + O(1).

Eciu k=0 umm k = n, ro K(x) = O(1). Iycrs nanee 0 < k < n.
Hanomunwm, uro [k = () = ﬁlk)' [Tpumensist 9TH OIEHKH,
k

LIOJIyIUM I CTPOKH T € =

K(z) < K(z|2F) + K(2F) 4+ 21og K(EF) + 0(1). (3.11)
Hastee, mpumensiss dopmyiny CrupJinara

n! =+v2mn <E>n (14+0(1/n))

e
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JJIsT KaxkKa0ro pakTopuaaa n3 OMHOMUATIBHOTO KO3(M UIMeHTa, mo-
JIY9IUM

K(z|Zh) < log +0(1) =

n!
kl(n — k)

:n<klogk (1k> log <1k>) +
noon n n
1 1 1
+§ logn — 5 log(n — k) — 5 logk + O(1). (3.12)

Itst 3a1aHUST CTPOKH, TIPEJICTABIIAIONTEN MHOXKECTBO Efb, JOCTATOYHO
suarh gucaa n u k. Ilostomy
K(ZF) <logn + logk + 2loglogk + O(1) <
< 3logn + O(1). (3.13)

Hanomuum onpegnienienne sutponun [llennona:

H(p) = —plogp — (1 —p)log(1 - p),
rie 0 < p < 1 (mommaraem 0log 0 = 0).

YuureiBast 310 npejcrapienue u onenku (3.12) u (3.13), nepe-
numeM orneHky (3.11) B ymporieHHOM BH/Ie:

K(z) < nH (:) + O(logn). (3.14)

Bepxmusist onenka (3.14) m03BOJISIET BBIBECTH HEKOTOPBIE CTATHCTHE-
CKHE 3aKOHOMEPHOCTH JJI HEeC2KUMAEMBIX I10CJIeI0BaTe/ILHOCTEI.
HomycruM, 4To JAuHa = pasHa n. PaccMoTpum passioxxenne sH-

rpormu H (p) no dopmysne Toitsopa B OKpecTHOCTH TOYKH p = %

Jlerko nposeputsb, uro H(1/2) =1, H'(3) =0 u H"(1/2) <0, rae

1
p(1—p)n2’

H(p):1—2loge<p—;>2+0<<p—;>2>. (3.15)
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I_Ia.l_[OI\/lHI/IM7 9TO BEJIMYMHa
d(z) =n—K(x)

Ha3bIBAETCsI J1eDEKTOM CJIyIaiiHOCTH [OCJIE/[OBATEILHOCTH .
U3 mepasencts (3.14), (3.15) u pasencrBa K(x) = n — d(z) no-
JIyIUM
Eoo1\? 0 logn + d(x)
n 2) n
Taxum 06pa3oM, MbI JOKA3aJIU CJIELYIONLYI0 TEOPEMY — 3aKOH 0O0JIb-
X 9uceJI JJj1sd HeC2KMMaeMbIX HOCJ‘[eﬂOBaTeHBHOCTeﬁ.

Teopema 3.2. Cyuwecmsyem xoucmarma C maxas, 4mo 0as 110600
KoHeuHol deouMHOT NOCACIOBAMENOHOCTIU X OAUHDL T, cOOeparHcau,eth
k edunuiy, 6vinoaneno

ko1 <C logn—l—d(:v).

no 2| n

B crarpe [11] A. H. KomMoropos npeiioxKus cauTaTh MpU3HAKOM
CJLyJafiHOCTH KOHEIHO [OC/Ie/[0BATEJILHOCTH & OTCYTCTBHE B Hell 3a-
KOHOMEPHOCTEI, UTO BBIPAsKAETCs B HEBO3ZMOYKHOCTH (0J16€ KOHETHO-
IO ONUCAHUS T, YeM ee JiInHA. Mbl Ha3bIBaeM TaKHe I10CJIeI0BATE b-
HOCTH HeCXKUMaeMbIMU. J[jisi HeCXKIMaeMOi 110CIe/I0BaTeIbHOCTH &
pesimansa d(z) = n— K(z) mana. Teopema 3.2 mokassiBaer, 4T0 J1jist
1

HEC2KUMAEMBbIX TOC/Ie/IOBATEIbHOCTE! 1acToTa eIMHul] OJIM3Ka K 5.

OrneHKa OTKJIOHEHUsT YaCTOTHI OT % BaBUCHUT OT CTEIIEHH HEeCXKIMAae-
MOCTH TIOCJIE0BATEIBHOCTH .

A. H. Koumoropos npugasaJ 00JIbIIOe 3HAUYEHNE U3YUIEHHUIO 110~
HATHUS aJTOPUTMUYIECKON CJIydaifiHOCTH kKomeunoeo obsexma. [lpu
9TOM IIOHATHE MePbl He HOJKHO BXOAUTH B 9T0 onpeaesenue. [Ipuse-
neM uHTepuperamnuo uaen KojMmoroposa B cieyromeM Buje. Bume-
CTO Mephbl I'PAHUYHbLIE YCJIOBUS HA CJIYYailHOCTH 3aal0TCS B BHIE
pa3bHreHusI MHOXKECTBa BCEX KOHEUHBIX ITOCIEI0BATEIbHOCTEH I TMHbBI
N Ha KOHEYHbIE TOITaPHO HEellepeCceKaonecs Mo AMHOXKecTBa. KoHed-

Hagd II0CJICJOBATE/IbHOCTL X ABJIACTCA CJIy‘IafIHOfI, €CJI1 BbBIIIOJIHEHO
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K(x|D) = log |D|, rne D — Tor s51eMeHT pa3bueHust, KOTOpOMY [pH-
Ha UIeXKUT T, & € D, |D| — aucso ero ssemenTos. 113 reopun Kogupo-
Banust caenyer, uro K (x| D) < log|D| + ¢ mis mo6oro x € D, rue ¢
— KoHcraHTa. JljIst XapaKTepu3anun «CTeHeHn CJIyYaiiHOCTH KOHEeY-
HOI nocsIe1oBaTeIbHOCTH KomMoropos BBosuT fedekT ciiydaitnocTn
KOHEYHOIT T10CJIe/I0BATEIBHOCTH & OTHOCUTEIBHO KOHEYHOIO MHOXKE-
crBa D:
d(2|D) = log|D| — K(a]D),

rie K(z|D) — ycioBHAs CJI0KHOCTH KOHEUHON MOC/IeI0BATEIbHOCTH
2 OTHOCHTEJILHO KOHETHOTO 00beKTa D.

OcHoBHas ujiesi KosiMoroposa 3ak/o4aiach B TOM, 9TOOBI HAXO-
JUTH TOAXOASINNE Pa3sOUeHNsT MHOXKECTBA BCEX KOHEYHBIX ITOCJIEN0-
BaTETHLHOCTEN ¥ BBIBOJUTH CTOXACTUYECKNE CBONCTBA KOHEYHOMN ITO-
CJIETOBATEILHOCTH U3 TIPEIIOMOKEHUST O TOM, UTO €€ CJIOKHOCTD OT-
HOCHTEJILHO COOTBETCTBYIOIIErO dJjieMeHTa pasouerust D (st KOTo-
poro x € D) 6;13Ka K CBOEMy MaKCUMAaJIbHOMY 3HAYEHUIO, & UMEHHO,
K(z|D) =~ log|D|.

MbI IpOIOJIKUM ODCY2KJIEHUE CTOXACTUIECKUX CBONCTB HECXKU-
MAaeMBbIX MOCTIEeN0BATEILHOCTEH B pa3ene 9

3.4. Ci102KHOCTH TIaphbl

B srom pazmene moxkaxkem teopemy Kosmoroposa—/leBuna o jie-
KOMIIOBHUIIUN CJIOXKHOCTH Iapbl. BIepBble 3TO HOKA3aTEIHLCTBO OBLIO
omybsmmkoBano B 063ope [10].

Teopema 3.3.
K(z,y) = K(z) + K(y|z) + O(log K(z, v)). (3.16)

Jloxasamenvcmeo. IlycTb 110 caMOMy KOPOTKOMY KOJLY P M YCJIO-
BUIO T MOYXKHO BOCCTaHOBUTBL Y. Kpome Toro, mycrtsb ¢ — caMblii KO-
POTKUI KOJI JIjisi BOCCTaHOBJIeHUs x. MOXKHO JI0OABUTH KOJI YCJIOBHS
2 K Kojy p u 1o ciaoxkuomy kouy str(l(q))0lgp BoccranoBuTh mapy
(x,y). Jamuna takoro KoJa paBHa IIpaBoil YacTu HepaseHcTBa (3.16).
Hepasenctso < mokazaHo.
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JokazaTeabCcTBO 0OpaTHOTO HEPABEHCTBA > HAMHOIO CJIOXKHEE.
®ukcupyem napy (z,y). Oboznaunm a = K(z,y). MuoxkecTBO

A={@"y):K@"y)<a}

apjigiercs mepeanciumMbiM. Kpome storo, |A| < 2971 JTna xask ot
CTPOKHU x' paccMOTpUM cedeHune

Ay =1{y : (2/,y) € A}.

O60snaunm m = |log |A,||. Torma 2™ < |A,| < 2™+

1) Onennm ceepxy Besmauny K(y|z). Jis sroro mo 4uciy a me-
peuncisieM Bee mapel (2',y') € A u oTKjaabIBaeM Te Taphbl, Jisl
KOTOpbIX ' = x. Takum 06pazoM, MbI IepeUnCIsieM MHOKECTBO Ag.
st sananus y € A, Ipu U3BECTHOM & MOYKHO HCIIOJIB30BATH YUCJIO
@ ¥ TIOPSAJIKOBBI HOMEpP TEepeUYncyieHus y € A,, T.e. 9UCI0, HE Tpe-
Bocxomamee |A;| < 2™, Takum o6pasoM, yanTLIBas HEPABEHCTBO
m < a, IoJaydaeM

K(y|z) < log|A.| + 2i(str(a)) + O(1) <
<m+ 2logK(z,y) + O(1) < m+ 3logK(z,y) + O(1). (3.17)

2) Onennm ceepxy Besmauny K(z). ITycrs
B={x:|A.|>2"}.
13 nHepaBeHcTBa

2Bl < Y A, < |4] < 201
z’'€B

cremyer |B| < 2¢-m+L,

DJieMeHTbI MHOYXKeCTBa B MOYKHO MEPEYUCIATh 3HAST ¢ U M.

Ilo ompenenennto x € B. g 3amanus © MO a NEPEIUCIAEM
napbl u3 MHOXKecTBa A. Ilpnm 9T0M, KaK TOJBKO HabepeTcst He MeHee
2™ nap (2/,y’) ¢ onuHaKOBOII epBOil KOOpMHATO 2, TIepedncisem

z' B B.
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Tak kak |A;| > 2™, cpenn Bcex ', mepeuncienubix B B, Gyger
u x. s 3amanust © Hall0, KpOMe BBIIIE IepedncaeHHON nHdopma-
WU, 3HATH IOPSIIKOBBIII HOMED ero IepevducseHusi, T.e. YUCJIO0, He
npesocxogsiiee |B| < ga—m+l, JIBOUYHBIN KOJI 9TOr'0 YHCJIa UMEET
JUnHy He 6osiee a — m + 1. Mbr ucnonbzosanu Takxke a = K(z,y) n
m < a+ 1. VIx nBouvnblie Kojbl uMeror panny e 6osee 3log K(z, y).
Orcrona

K(z) <a—m+ O(logK(z,y)). (3.18)

Cuoxkum HepaserncTsa (3.17) u (3.18) u mosryunmM HEOOXOMMOE Hepa-
BEHCTBO
K(ylz) + K(z) < K(z,y) + O(log K(z, y)).

TeopeMma noKazana. O
Basaua 10 u3 pasmena (3.6) yrsepxaer, uro oneHka (3.16) ne
yIydinaemMasi.

3.5. KoangectBo mHdopmaium

Ha ocnose mongarus cioxuoctu A. H. Kosmoropos mpenjoxxui
B [11] onpegesienne KomvecTBa HHMOPMAIIUE B CJIOBE Y O CJIOBE I:

I(y: 2) = K(z) — K(zly).

Besmunny K(x) MOKHO HHTEPIPETUPOBATH KAK MUHUMAJIBLHOE KOJIU-
7ecTBO MHAPOPMAIINY, HEOOXOIUMOE JIjIsI BOCIIPOU3BEIEHNS CJIOBA, T;
K(z|y) unrepnperupyercst Kak MUHUMAJIbHOE KOJIMIECTBO HHMOPMa-
[N, KOTOPOe HeoOXOANMO H00aBUTh K MH(MOPMAIINH, COAEPKAIIei-
¢ B 9, YTOOBI BOCCTAHOBUTH X. PAa3sHOCTH MEXKIy HUMU €CTECTBEHHO
MHTEPIPETUPOBATD KaK KOJNIECTBO NHPOPMAIIUN, COlepKaIeiicsa B
CJIOBE ) O CJIOBE X.

DT0 ompejieseHrne aHAJOIMIHO BEPOSTHOCTHOMY OIIPEJIeJIEHUIO
nHbOPMAINN, COMEPKAIIEHCsT B CIyIallHON BEJMIHHE 1P O CJIydaii-
Hoit Besimaune &:

TH(¢ 2 ) = H(§) — H(E[Y),
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rae H — sarponus Ilermona.

B oriane oT BEpOSITHOCTHOTO OIIpe/iesIeHIsT KOJINIecTBa HHQOP-
mvanuu [H (v : §), Besmuuna I(y : ) He kommyrarusHa. [Tokakem
9TO Ha IPUMEDE.

st siroboro m maiigercss @ jymubl m takoe, uro K(x|m) > m.
HeitcrBuresbHO, ecii GbI TAKOIO & HE CYIIECTBOBAJIO, JIst JIFOOOTO Y
JUIMHBL M CyIIECTBYeT p juimHbl < m — 1 Takoe, uro A(p,m) = y.
Baecy A — onTuMasbHBI METOJ JIeKOMpoBaHus. Bee Takue p pas-
sdaHble. YnesIo Takux p, a 3HAUNT, YHCII0 U TAKUX Y, HE IIPEBOCXO/IUT
YHCIIa BCEX JBONTHBIX CTPOK JITMHBI < M. DTO 4nciio pasuo 2™ — 1.
Tak Kak 9IHCII0 BCEX JBOMIHBIX CTPOK JUIMHBI M paBHO 2™, HaiieTcs
x Takoe, 1ro K(z|m) > m.

AnanorngsaeiM 00pa30M HaiyTCss CKOJIb yroaHO GOJIbINHE M,
Jutst koropbix K(m) > I(m).

Ouesnao, K(I(m)|m) = O(1). [Jas KazKga0ro Takoro m u Jyis
COOTBETCTBYIOIIErO & JUIMHBL 1M TOJIyYaeM

I(z :m) =K(m) — K(m|z) > I(m) — O(1),
I(m:z) =K(z

|
=
8
32
n

Buaunr, I(x: m) —I(m : ) > I(m)—0(1). dnuna qsondsoii 3amucu
qHCIa M YIOBJIETBOPsieT HepaBeHcTBy [(m) > logm — 1.

HasbHeiiniee pacxoxienne Mexk ity Besmanaavu [(z : y) ul(y : x)
B 001IIeM CJlydae Heslb3sl yBeanunTh. Besmunna [(z @ y) kommyTaTus-
Ha ¢ ToanocTbio j10 O(log K(z,y)). Ilo Teopeme 3.3

K(z,y) = K(z) + K(y|z) + O(log K(x,y)),
K(z,y) = K(y) + K(z|y) + O(log K(z,y)).

OTCIO,ZLa IoJIydaeM

(y : 2) — I(z : y)| = O(log K(z,y)),
I(y : z) — (K(z) + K(y) — K(z,y))| =
= O(logK(z,y)).
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3.6. 3ajjaum n ynpakHeHUS

1. Jokazars, uro yHusepcasbhas yukius U(x,y) He siBaseTCst
BCIOJ/LY OIIpeJIeJICHHOA.

2. O6wbsicanre, nouemy byHkIiws ciaoxuocru K(z) onpesenena
JUIsT JTIOOOTO T, & TaKzKe, I0YeMy OHA HeOrDAHUYEHA.

3. Hokazarb 9T0

(a) K(0™n) =0(1), K(0™) < logn + 0(1), K(0") = K(n) +
+0(1), rme 0™ — cooBo, cocrosiimee n3 n Hyeit; K(2™) <logn+ 0(1)
u K(22") < logn + 0(1), rae 2" — HaTypajgbHOE YHCIO — CTENeHb
JIBOVIKHU, IOHUMAEMOE B OOBITHOM CMBICJIE.

(b) CymecrByer koncranTa ¢ > 0 Takas, aro K(0") > logn — ¢
U1 OECKOHEYHO MHOIHX 7.

(¢) K(z|l(z)) < K(x)+0(1) < K(z|l(x))+logl(x) +1oglogl(x) +
+ 2logloglogi(z) 4+ 0(1).

(d) K(z,z) = K(z) + 0(1); K(z,K(x)) = K(z) + 0(1).

(e) K(20) = K(z1) + 0(1) = K(0x) + 0(1) = K(1z) + 0(1) =
= K(z) +0(1).

(1) K(zly0) = K(ely1) + 0(1) = K(z|0y) + 0(1) = K(z]1y) +
+0(1) = K(z|y) + 0(1).

4. JTokazarb, 9TO ONTUMAJIbHBIN cr1ocob onucanus A(p) He sBiisi-
eTcsl BCIOLY OIPeJIeJIeHHO (DYHKITME 1 JIjisl HEro He CYIIECTBYET CO-
OTBETCTBYIOIIErO aJrOpUTMa KOJUPOBAHUS, KOTOPBIH 110 TPOU3BOJIb-
HOMl KOHEYHOW IOC/IeIOBATEILHOCTH T BbIJaBaJl Obl KaKOi-HUOYIb
caMblil KOpOTKUii KOJI p, jijist Koroporo A(p) = x.

5. Mokazars, uro dyHKIwms caoxuocru K(x) He siisiercs nepe-
YUCIUMOIN CHU3Y, HO SIBJISIETCS [IEPEYUCIUMON CBEPXY.

6. /lokazaTb, 9TO CyIeCTByeT KOHCTAHTA ¢ TaKas, UTO JJIsl JIIO-
6oro N HaiifeTcsi mapa Mocje0BaTeIbHOCTEH (Z,Y), it KOTOPOii
soinosaeno [(z) + (y) = N u K(z,y) > N +1log N —c.

7. Jokazarb, 9TO JjisT JIIOOOTO M CYIIECTBYET IIOCIeI0BATE /b
HOCTb X JJIMHBI < 7 TakKas, YTO 3aMeHa HEKOTOPOro Oura B Heil Ha
POTHUBOIIOIOKHBII IIPUBOJIUT K TIOCIEI0BATEIHLHOCTH X', TJ1e

K(z") > K(z) + logn — O(1).
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Kax maj10 ncnpaBuTh 9T0 HEPABEHCTBO, €CJIN TOTPEOOBATDH CYIIECTBO-
BaHUE TAKOW MOCJIEOBATEILHOCTH T JIJINHBI PABHOM 7.
ITpu 1060t Takoit 3aMeHe

K(z") < K(z) + logn + O(loglogn).

8. Ilycrs K(x) 2n—c,¢>0,ux=yz e l(y) =1(z) =n/2.
Torna K(y) > n/2 — O(logn) u K(z) > n/2 — O(logn).

9. ITpoBectu j0Ka3aTeaLCTBO HepaBeHcTBa (3.10).

10. Jokasars, uro mepasencrsa K(z,y) < K(z) + K(y|z) + O(1)
u K(z,y) < K(z) + K(y|z) + O(loglog K(z,y)), a Tak»ke HepaBeH-
crBo K(z,y) < K(z) + K(y|z) + log K(x,y) + O(1) B 0bmiem ciyuae
HEBEPHBI.

[TpuBecTn HeTPUBHAJIBHbIE IIPUMEPBI [IOCJIE0BATEILHOCTEH, JIst
KOTODBIX II€PBOE U3 HEPABEHCTB BBIIIOJIHEHO.

11. Ilycre A — mepednciinMoOe MHOXKECTBO U W = WiW ... — €0
XapaKTePUCTHIECKasl I0CIIe0BATEIbHOCTD, TJe

l,ecmmi€ A,
w,; =
’ 0 B IPOTHBHOM CJIydae.

ObosnagaeMm w” = wj . ..wy, — HOCJIEI0BATEILHOCTD IIEPBBLIX 71 OUTOB
GECKOHETHOIT TOC/IeI0BATEILHOCTH W.

Hokazars, uro K(w"|n) < logn + O(1), rae w" = wiws . .. wy,.

Ouenurs ceepxy K(w™). Kak uaMeHsiTCsi 9TH OIEHKH, €CJIU MHO-
xkecrBo A paspemumo?

12. JaHbl 1Ba cjioBa & W Y — JBa cJIoBa ofHO# jumHbI 1. Ore-
HUTH [(2 @ y) cBepXy ¥ MO BO3MOYKHOCTH IPHBECTH OIEHKHU CHU3Y B
HAMXYJIIIEM CJIydae:

(a) x=0101...01 mw y = 1010...10 qymus! 2n;

(b) z=0"nuy= 1n/20n/2

(C) T = /212 ¢ y = 1n/20n/2

(d)x=z1...2p u 2 =x121 ... Tpp;

() x = wvw u y = usw, cJIoBa U, v, W, S — JJIUHbL N;

(f) 2 = wvw u y = svt, cioBa w, v, w, S, t — IJIUHBL N;

13. Jloka3arh HEpaBEHCTBA!
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(a) K(z) < K(zy) + 2logl(x) + O(1);
(b) K(z) < K(zy) + 2logl(y) + O(1);

(c) mpuBecTH IPUMEpPbI KOHEUHBIX IOCJIE0BATEIbHOCTE & U Y,
Jutst koropeix HepasencTso K(z) < K(zy) + O(1) n gaxe K(x) <
K(zy) +2log K(z) + O(1) mesepno. IIpusectn npumMeps! mocieiosa-
TeJILHOCTEl & JUIUHBI 1, y KOTOPBIX CYIIECTBYIOT TIO/IOCIIEI0BATE b
HOCTHU Ha TOPsIJIOK 00JIee CI0XKHBIE, 9eM BCsI [OCJIEI0BATEIbHOCTD.

14. JokazaThb, 9TO IJISI MOYTH JIFOOOM OECKOHEYTHOM IIOCIeI0Ba-
TEJIBHOCTU W CYIEeCTByeT Takoe uucyo m, uro K(w™) > n —m mis
0eCKOHEYHO MHOTHX 1.

15. JTokazarh, 4To Cpe/in HATyPAJbHBIX Yrces1 OT 1 110 n HaiijgeTcst
quco ciaokuoctu > logn — 1. Omenurs got0 guces or 1 g0 n
CJIOYKHOCTB KOTOPBIX > logn — ¢, tie ¢ > 1.

16. /Tokazarb, 4TO JjIst JIIOOOTO Y YUCJIO BCEX T JJIUHBI 1l TAKUX,
aro K(x|y) < K(z) — m ne npesocxoaut 2"~ "™1¢ ryie koHcTaHTa ¢
He 3aBUCUT OT M U Y.

17. Jokazarb, 94T0 mjist TIOOBIX CTPOK Y, Z, U JJIMHBL 1. HaiimeTcst
crpoka x JymHbl 1 Takas, uro K(z|y) > n — 2, K(z|z) > n—2u
K(z|u) > n — 2.

18. Jokazarb, 4T0 11j1st JIF0O0i GECKOHETHOIT IOC/IeI0BATEILHOCTI
w Byzer sup,, K(w"|n) < oo Torma u ToabKo TOr/a, KOrjia w ABIseTCs
BbIYUCJIUMOM.

19. CymrecTByeT Takas KOHCTAHTA €, ITO JJIst JIIOOOH OGEeCKOHed-
HOIT mocsiesioBaTeIbHOCTH W BbINOAHEHO K(w™) < n — logn + ¢ mis
OECKOHEYHO MHOTUX 7.

20. CyriecTByIoT GeCKOHEUHAsSI W ¥ KOHCTAHTA ¢ TaKUe, 9TO

Kw") >2n—2logn —c¢

JITST BCEX M.

21. lokazaTb, 9TO CyIECTByeT Takasi KOHCTAHTa C, ITO JJIs JIIO-
6bIx z, n 1 k, ecim mmeerca > 2F makux p, uro A(p) = x u l(p) < n,
o K(z|k) < n—k+c (3necy A(p) — onrumasibHbLii C11ocob onucanusi).

22. Jlokazarh, 94TO JJIsT TI060T0 6E3YCJIOBHOTO CIIOCOOA OMUCAHUST
A(p) cymiecTByer Takasi KOHCTAHTa €, ITO Jisi JIEOOOTO T YHUCJIO €ro
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KpaTYafInX OMUCAHUN He MPEBOCXOIUT ¢. Y Ka3aHHe: UCIOIb30BaTh
OPEeAbLAYINYIO 3a/ady.
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I'1aBa 4

Cay4gaifHOCTH TIO
Maprun-Jledy

B 370i1 T/1aBe MBI paccMOTPUM KOHCTPYKTHBHBIE BAPUAHTHI KIACCHU-
YeCKUX IMOHATHUI U3 TOIOJIOTUN W Teopun Mepbl. B dacrHOCTH, Oy1eT
OIIpeJIeJIeHO IToHATHE OeCKOHeUHOI ciyvalinoit mo Maprun-Jledy mo-
CJIEIOBATEILHOCTU. MBI TTOKaXKeM, 9TO U3BECTHBIE ACUMITTOTHIECKIE
3aKOHBbI TEOPUU BEPOATHOCTEN BBINOJIHEHBI JJISI KaXKJIOW TaKON CJIy-
JalfHON MOCJIeI0BATEIbHOCTH.

Byner chopmynupoBaHa HOBas JIOTUKA TEOPUU BEPOSITHOCTEI.
CorytacHO 3TOI JIOTMKE 3aKOHBI TEOPUU BEPOSITHOCTEH BBIIOJHEHDI
HE TOJIBKO JIJIsl IIOYTHU BCIOJY, — KaK 3TO MMeeT MeCTO B KJlacCude-
CKOII TEOPpUM BEPOATHOCTEN, — HO U JUId KazKJIO¥ WHJIUBUIYAJIBHONI
HOCJAE0BATEJIbHOCTU, KOTOPas BbIAEPXKUBAECT YHUBEPCAJBLHBIA TECT
Maprun-Jleda.

4.1. Tectet MapTun-Jleda

[Tycrs ) — MHOXKeCTBO BCeX OECKOHEYHBIX (JBOMYHBIX WM OMHAD-
HBIX) TOCsIeoBarebHocTell, cocrosamux n3 0 n 1. Tomosorus na
9TOM MHOXKECTBE 33JaeTCsd NHTEPBaJIaMHI BUIA

I, ={we:zCcuw}
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rIe & — KOHeYHasl IBONTHASI TOCIeI0BATEIbHOCT.

MmuoxkecTBo ) MOXKHO HM300parkaTb B BUIE OECKOHEYHOI'O IBO-
UYHOTO JIepeBa, BEPIIUHON KOTOPOT'O SIBJISETCH IIyCTas IIOCJIeI0Ba-
TeabHOCTH A. OcTajbHbIE €r0 BEPIINHBI IIPEICTABIEHBI BCEMU KOHEY-
HBIMU JTBOMTHBIME [TOCJIEI0BATETLHOCTAME. [[OPSIIOK MEXK Ty 3TUMU
BEPIITHAMU 33,Ia€TCsI OTHOITEHNEM ITPOIOJI2KEHUST ITOCIIeI0BATEIHHO-
creit. Kaxknast 6eckoHeUHasT TOCIEI0BATEILHOCTD, cocTosdAIasd n3 ()
u 1, m3o6parkaeTcss 6ECKOHEIHBIM IIyTEM Ha J€peBe, CTAPTYIONIEM U3
KOPHSI.

Nurepsan I'; cocronTr m3 Bcex OECKOHEUHBIX MPOIOIKEHII KO-
HEYHOl 1ociefoBaTesibHocT 2. JI1obble n1Ba naTepsana 'y u I'y 6o
He nepecekatorcs: I'; N Ty = (), ecam mocsie[0BaTe/IbHOCTH & U Y He
[IPOJOJIKAIOT JIPYT APYyTa, JUOO OJWH U3 HUX ABJISIETCS ITOAMHOXKE-
crsom apyroro: I'y € T'y wim I'y € I'; B IpOTHBOIIOIOKHOM CIydae.

OTKpBITBIE MHOXKECTBA, IPEJICTABSIOT CODOM OObeIMHEHUs Ta-
KX HWHTEPBAJIOB. Kakmoe OTKPBHITOE MHOXKECTBO MOXKHO IIPeCTa-
BUTBH B BHJIe 00bEINHEHUSI IIOITAPHO HEIIEPECEKAIOINXC ST HHTEPBAJIOB.
3aMKHyTble MHOXKECTBA, — 9TO JOIOJHEHUS OTKPBLITHIX MHOXKECTB.

Cuadasa Mbl Oy/ieM paccMaTpHUBaTh PaBHOMEPHYIO Mepy L Ha
MHOKecTBe (). OHa 3a/1aeTCsl CBOUMH 3HAYEHUSIMU Ha, MHTEPBAJIAX

L(T,) =27'@®

st Beex € {0,1}*. asee sra Mepa MOxKeT ObITH IIPOJIOJIZKEHA
€CTeCTBEHHBIM 00pa30M Ha BCe OTKPLIThIE U 3aMKHYThIE MHOXKECTBA,
a 3aTeM M Ha Bce OOpesIeBCKIe MOIMHOXKeCTBa (2.

MpbI paccMOTpHUM KOHCTPYKTHBHBIE aHAJIOIH 9TUX HOHATHIA. KOH-
CTPYKTUBHU3AIMS O3HAYAET, ITO BCe (DYHKIIMHU U OIEPAINH JOJI2KHBI
OBITh B KAKOM-HUOYIb CMBICJIE BBIYUCIUMBIMU.

Nurepsan ', oaHO3HAYHO 3a7aeTCs KOHETHOH ITOCIEI0BATE b
HOCTBIO X W ITO3TOMY SIBJISIETCSI KOHCTPYKTHUBHBIM 00beKTOM. PaBHO-
MepHasi Mepa WHTEPBAJIOB 110 OIPEJIeJIeHNI0 — BBIYUCINMAsT PYyHK-
[¥sI, TIePEeBOJIAIIAsI KOHEYHbBIE MTOCIEI0BATEIHHOCTH £ B PAIMOHA b=
Hble ncia 274,

HaszoBeM oTkpbiToe MHOKECTBO U aipekmuero omxpoimoim, ec-
JIK €r0 MOKHO IIPEJICTABUTh B BHIE O0ObEeIUHEHUs] BHIYUCIMMONA I10-
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CJIeJOBATEJIbHOCTHU NHTEPBaJIOB
__ | |90

e dyukus f(i) = x; aBaserca Bbraucaumoii. Jomonnenne ad-
(EKTUBHO OTKPBITOTO MHOYKECTBA HA3BIBACTCS IPPHEXMUEHO 3aMKHY-
MbiM MHOXKECTBOM.

B Teopuu BepositHOCTH 0c000€ 3HAYMEHUE UMEIOT MHOXKECTBA, Me-
pot 0. B wacrHOCTH, acMMITOTHYECKHE 3aKOHBI TEOPUH BEPOSITHO-
cTeil, TaKue KaK YCUJICHHU 3aKOH OOJIBIMUX YUCE]T WA 3aKOH I10-
BTOPHOTO Jiorapudma, UMEIOT MECTO JJisi BCEX IOC/IeI0BATEILHO-
creit, kpome MHOX)KecTBa Mepbl (). [OBOPAT, YTO OHU UMEIOT MECTO
IIOYTHU BCIOLY.

Namepumoe moamuokectBo A C € umeer mepy 0, ecau [jist JIio-
6oro € > ( cymecrByeT Takoe OTKpbITOe MHOXKecTBO U = Ul aTo
ACUu LU) <e.

OupenenuM KOHCTPYKTUBHBIN aHaJor MHOXKecTBa Mepbl 0. MHO-
kecTtBo A C ) aBisiercst 9 PEKTUBHO HYJIEBBIM, €CJIH TaKas IOC/Ie-
JOBATEJIbHOCTh MHTEPBAJIOB 3aJIa€TCS 110 PAIMOHAJIBLHOMY YHUCIY €
HEKOTOPO# BBIYUCIUMON (DYHKITAEH.

Bosee Touno, muOkecTBO A C Q sBisiercst ahexmueho nyae-
8VLM, €CJIM CYIIECTBYeT Takasi BbluucauMast byHKIms (i, €), rie i —
HATypPAJIbHOE, & € — TOJIOXKUTEILHOE PAIMOHAJIBHOE TUCJIO, ITO

o L(Uil'yi0) <em
o ACU;l'y( e Muis Beex panmoHasbHBIX € > 0.

Paccmorpum yOBIBAIOIIYIO IOCJIEIOBATEILHOCTh PAIMOHAIBHBIX
qucel €, = 27", m = 1,2, ... MuoxecTBo

T={(m,z(i,27™)) :i,m=1,2,...}

SIBJISIETCSI TIEPEUUCTUMBIM. DTOMY MHOXKECTBY COOTBETCTBYET TOC/IE-
JIOBATEJILHOCTD M PEKTUBHO OTKPBITHIX MHOXKeCTB {Up, } Takast, 4To

o Uy =U{T,: (mx) €T},
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o L(Up) < 27™ s Bcex m,
e ACN,Up.

MoOKHO B3sITh 3TH CBONCTBa B Ka4ecTBe ONpeaesieHnst 3(h@HEeKTUBHO
HYJIEBOI'O MHOXKeCTBa. MHOXkKecTBO nap 7' Ha3bIBAE€TCS BBIYUCIUMOIT
OCHOBOI JIjisi cucTeMbl 3(PhEKTUBHO OTKPLITHIX MHOXKECTB {U,, }.

MuozxkecTBo 1" onpejieiisieT paBHOMEPHBIH CIIOCOD TEPEUUCICHUS
MHTEPBAJIOB, cocrapisionmx cemeiicrso {U,,}. Hasosem rtakoe ce-
MeRCTBO 3(DEKTUBHO OTKPBITHIX MHOXKECTB PAGHOMEPHO Nepevuc-
AUMDBIM.

MoxkHo norpeboBaTh, 4TOOBI BBIIOJIHSIOCH €Ie OJHO CBOWCTBO
cucremsl {Up, }:

o Unyt1 C Uy, Ui Bcex m.

MEICTBO MHOXKECTB BJIETBOPSH [IEePBLIM TPEM CBOIi-
CemeiictBo MmuOKeCTB {Upy, }, yI0BII€TBOPSIIOIIEE T1E eM CBO

CTBaM, JIErKO NEPeCTPOUTh B JAPYIYIO nocsieposareabrocts {U), },
YJIOBJIETBOPAIONLYIO Y€TBEPTOMY CBONCTRBY, T.€. TAKyIO, UTO

Torma L(UJ,) <3 um2 <27

Cucrema 3 dEKTUBHO OTKPLITHIX MHOXKECTB {U,, }, ya0BIeTBO-
psIfOITasi MEPBBIM TPEM YCJIOBUSIM, HA3BIBAETCS TMECMOM NPOSEPKU
Hna cayyatinocms mo Maprtun-Jledy. Kaxnaprit tect Maprun-Jleda
ompeesiser 3pGHEKTUBHO HYJIeBOE MHOXKECTBO My, Uy, KOTOpOE Tak-
2Ke OyIeT HA3BIBATDCS HYAEEBIM MHOHCECTLEBOM MECMA.

Beckoneunasi gBonmvHasl OCIEI0OBATEIHLHOCTL 0MEEP2aemcs Ta-
KM TeCTOM, €CJIM OHa JIE2KUT B €ro HYJIEBOM MHO2KECTBE. MbI To-
BOPHM TaKzkKe, 9TO TaKas II0C/IeJOBATEIbHOCTh HEe CJIydaifHas II0
Maptun-Jledy. IocnenoBarensHocTs evideporcusaem tect Maprus-
Jledra, ecmm oHa He MPUHAIIEXKUT €0 HYJIEBOMY MHOXKECTBY.

Mpbr 6yaeM Ha3bIBaTH OECKOHEUHYIO JTBOUYHYIO ITOC/IEI0BATEb-
HOCTB CAy%atinot no Mapmun-Jlegy, eciim oHa He TPUHAJIEIKAT HUA-
KakoMy 3P HEeKTUBHO HYJIEBOMY MHOXKECTBY. Jlpyrumu cjioBamu, Ciry-
JaifHasl MOCJIeI0BATE/IbHOCTD BhIAEpKUBaeT J000it Tect Maprtun-

Jleda.
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ITo cymiecTBy, 3 dHEKTUBHO HYJIEBBIE MHOXKECTBA — TO BCE IIOJI-
MHOXKeCTBa HyJIeBbIX MHOxKecTB TecroB Maprun-Jleda {U,,}. Tlo-
CKOJIbKY MHOKEeCTBO Bcex TectoB Maptun-Jleda caerHo, mepa 06b-
€JINHEHUS UX HYJIeBbIX MHOXKECTB paBHa HYJII0. TakuM o6pa3omM, Mepa
MHOKECTBA BCEX CJIyUYalHBIX [TOCJEI0BATEILHOCTEH PaBHA €IUHUIIE.

IIpuBenem nekoropbie npumepbl TecToB Maprun-Jleda u coor-
BETCTBYIOMUX 3(PDEKTUBHO HYJIEBBIX MHOYKECTB.

MHOKeCcTBO, COCTOsIIIEE M3 OIHON OECKOHETHOH IOCIeN0BATE b
voctu 0 = 00..., saBisgercs 3(HPEKTUBHO HYJIEBBIM, TaK KakK
0° € Nplgn u L(T'gn) = 27" mas Bcex n. Kpome Toro, mocseso-
BATEJIBHOCTh MHTEPBAJIOB ['gn SABJISETCS TEPETUCTUMOIA.

MmuoxkectBo U, cocrosiiee u3 BCeX IBOUYHBIX IOCJIEI0BATEIHLHO-
creit Busia w = w10w20. .., Takxke siBjisgercsi 3HEKTUBHO HYJIEBBIM,
TaK KaK COJEPXKUTCS B IMEPECEUCHUM IIEPEUUCIUMON CUCTEMBI -
(PEKTUBHO OTKPBITHIX MHOYKECTB!

Um = U{FcplonO‘..:me 1T € {07 ]-}7i = la s m}a

rie L(Up,) = 27™ jyist Becex m.

[TpuBenem Gostee caoxKHBIM TpuMep — 3PPEKTUBHO HYJIEBOE MHO-
JKECTBO, CBSI3AHHOE C YCUJIEHHBIM 3aKOHOM OOJIBININIX YKCeJI, KOTOPBIi
copmyupyeM cieayroruM obpazoM. Obo3HATNM

Ez{w: nmwzl},

n—>00 n 2

n

rie Sy (w) = > w;. YcuieHHBI 3aKOH OOJIBIINX THCEJ yTBEPIKIAET,
i=1

91O

L(L) =1.

Omnpenenum Tect Maprun-Jleda, koropsrit oTBepraer 0Oy OECKO-
HEYHYIO JJBOMIHYIO MTOC/IEI0BATEIbHOCTD W, JJIsT KOTOPOI YCUIeHHBIH
3aKOH OOJIBINUX YUCEST HAPYIIAeTCsI, T.e. w & L.

ITocTponM paBHOMEPHO IMEPEUUCTUMOE CEMENCTBO 3(hHEKTUBHO
OTKPBITBIX MHOXKECTB U,,, m = 1,2..., takoe, uto Q\ L C Ny, Uy,.
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JL1st TocTpoeHusT 3TOH CUCTEMBI MHOYKECTB MbI Oy/IeM HCIIOJIH30-
BaTh HepaBeHCTBO XeduHra

L{w: M—l >(5}<26_2m$2
n 2

TSI BCEX 1, 0.
Jlajtee cumraem, 9T0 § — IOJIOKUTEHHOE PAI[HOHAIBHOE HUHCJIO.
Omnpeniesium cemeitcTBO 3hMOEKTUBHO OTKPBHITHIX MHOXKECTB

Sp(w) 1
LR ) _ 2
Un—{w.zgg I 2>(5}.

Herpynuo mposeputs, 4TO

U,‘i:UU{FI:l(az):k& Skk(fn)—; >5}

k>n x

— 3 @EKTUBHO OTKPBITOE MHOXKECTBO, & €r0 Mepa TaKXKe yObIBaeT
SKCIIOHEHITNAJBHO TIO 7

1 2 2
L(U,g) < 6726_2’”6 _ 6—277,5 —21115.
Iycte U = Q\ £ — MHOXKECTBO BCeX OECKOHEUHBIX MOCIIEI0BATEIIb-
HOCTell W, J1JIg KOTOPBIX YCUJIEHHBIH 3aKOH OOJIBIINX YHCe/I HapyIla-
eTCsl.
ITo onpenenenuio w € U Torja u TOJIBKO TOIJa, KOTJa CyIIECTBY-
er § Takoe, uTo w € N, U°. Nnbivu ciopamu,

UC Usn, UL,

Bamernm, uro L(N,US) = 0 must mo6oro § > 0.

Ham #HE00X01MMO TTOCTPOUTD PABHOMEPHO MEPEINCIUMYIO ITOCTIEe-
JOBATEIBLHOCTD 3PHEKTUBHO OTKPBITHIX MHOXKECTB, [I€pecevueHne Ko-
TOPBIX BKJIIOUaeT U.

PaccMoTpuM cYeTHYIO0 BBIYHCIUMYIO IIOC/IEIOBATEIHLHOCTE YObI-
BAIOIINX PAIMOHAIBLHBIX wnces §; = 27 °. Jljis KaxKAbIX ¢ u m 3d-
bexTuBHO HAXOIUM 1; 4, TAKOE, UTO

L(U(Si ) < e—Qni,m(Sf—anéi < 2—m—i'

Mi,m
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Jltst Kazk10r0 m BhIGepeM i3 KazK1oro cemeiictsa {U2} MuoKeCTBO
US 1 BosbMeM o0'belMHeHHe BCeX TaKHX MHOMKEeCTB:

U,, = U;U%

Nim"*
Torna
(0.9}
LUy <Y 27 i=2"
i=1
17t Bcex m. Kpome sToro,
U CNpUn.-

Taxkum 06pa3oM, MBI OIPEIEINIA PABHOMEPHO IIEPEIUCIUMYIO II0-
cJie1oBaTesIbHOCTD b deKTuBHO OTKPbITHIX MHOXKeCTB {Uy, }, niepe-
cevYeHre KOTOPBIX COIEPKUT Bce OECKOHETHBIE TIOC/IeI0BATEIbHOCTH,
HA KOTOPBIX HAPYIIAETCs YCUIEHHbBIH 3aKOH OOJIbINNX duces. B gact-
HOCTH, NCTUHHA UMILIMKAIUSI:

Sn(w)

1
we L= lim 222 ==,
n—oo N 2

4.2. YuuBepcaabHblii Tect Maprua-Jleda

B sTom pazjiesie MbI J0KayKeM OCHOBHOM DPe3yJIbTaT KOHCTPYKTUB-
HOI'O 110/IX0/1a K TEOPUU BEPOATHOCTENl — TeopeMy O CYIIECTBOBAHUU
MaKCHMAaJIbHOTI'O 110 BKJIIOYEHUIO 3D (PEKTUBHO HYJIEBOI'O MHOXKECTBA.

Teopema 4.1. Cywecmeyem MaKCUMAALHOE O BKAOUEHUIO Ifierk-
MUBHO HYALBOE MHONCECTNEO.

Joxaszameavcmeo. VIMeercss cueTHOE YHCIO PABHOMEPHO IIepe-
YUCJIUMBIX CeMeiicTB 9(PEKTUBHO OTKPHITHIX MHOXKECTB

(U}, n=1,2,...,

HyJIeBble MHOXKecTBa M, U! KOTOpBIX 33/1a10T Bce 3(DPEKTUBHO HY-
JIEBbIE MHOKeCTBa. HaM HeoOXOIuMO J0Ka3aTh, YTO O0beIMHEHUE
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BcexX 3 PEKTUBHO HYJIEBBIX MHOXKECTB CAMO COJEPKUTCHA B dpdek-
TUBHO HYJIEBOM MHOXKECTBE M3 STOIO ke cemelicrBa. Mmess Takoro
IIOCTPOEHUST AHAJOTUIHA CIIOCO0Y, KOTOPBI OBLT UCIOJIB30BAH IIPU
aHaJn3e YCUJIEHHOIO 3aKOHA OOJIbINUX duces. st KaxKjaoro m Mbl
oThepeM W3 KarKJO0r0 PABHOMEDHO IEPEdHC/IMMOIO CeMeicTBa 3(-
(EeKTHBHO OTKPLITHIX MHOXKecTB {U!} omHo MHOMKeCTBO UfLi TaKoe,
49TO L(Uf;i) <27mi g OIIPeIe/IIM CeMefCTBO 93 PEKTUBHO OTKPHI-
Terx MHOKecTB Uy, = U;Uy, . Torma L(Up) < 27 ama Bcex m u
repecevenne 3TuX MHOXKeCTB M, Uy, Oyler comep:kaThb Bce 3hdek-
TUBHO HYJIEBbIE MHOXKECTBA.

[Ipobitema 3akjo9aeTcss B TOM, 9TO BCE YKA3aHHBIE OMEPAIUN
JIOJIKHBI OBITH 9 dekTuBHbIMU. JJIsT 9TOr0, aHAJIOTUIHO TOMY KaK
9TO JeJIaJI0Ch B YaCTHOM IPUMEPE — IPU AHAJM3E YCUJIEHHOTO 3a-
KOHA OOJIBINUX YUCEN, MbI JOJIXKHBI OIPEJIEUTh PABHOMEDHO IIepe-
YECAMMYIO TocTenoBaTensuocts {UL m = 1,2,...} i = 1,2,...,
cemMeiicTB 5P PEKTUBHO OTKPBITHIX MHOYXKECTB, CPEIU KOTOPBIX COIEP-
JKATCs BCE IIEPEYUCTUMbBIE CEMENCTBA.

3/1eCb MBI TaKKe PACCMOTPHUM BBIUYUC/IUMYI YHUBEPCAIBHYIO OC-
HOBY — MEPEIHUCINMOE MHOXKeCTBO Tpoek T = {(i,m,x)}, vae i,m —
HaTypaJIbHbIe YUCJIA, T — KOHEUHAsT JBOMTHAST [TOC/IEI0BATEIBHOCTD.

Jlemma 4.1. Cywecmeyem ynusepcasvbtas 6uUucAuUMaL 0cHo8a T
maKas, 4mo

® Jas 2100020 1 cucmema IPHexMmueHo OMmKEPbIMBLE MHONHCECNE
Up = Ug{Ty : (i,m,x) € T} (4.1)
asasemces mecmom Mapmun-Jlega;

e das mobozo mecma Mapmun-Jlegpa {Up,,m = 1,2,...} nad-
demcsa i maxoe, wmo 6vinoaneno pasencmeo (4.1).

Joxasameavcmeo. s mocTpoeHnst BEIYUCIUMOA OCHOBLIL T, 00-
JIaJIaIoIedl HeOOXOMMBIMH CBOMCTBAMHU, MBI UCIIOJIB3YEM TEOPEMY O
cytecTBOBaHUM yHUBepcasbHoil dyukiuu. [lycrs U (i, m, x) — dyHK-
sl yHUBEpCcaJbHasi JJisi BCEX BBIYMCIMMBIX (DyHKIuil ¢(m,x) or
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JIBYX apryMEHTOB. 37eCh YA00HO CUUTATDL, 9TO ¢ M M — HATYPasb-
HBIE YHCJIA, a T — JIBOUYHAS CTPOKA.

Kak Obumo 3amedeno B pazmerne 3.1.2, yHuBepcasbHas HyHK-
st U (i, m, ) onpeJieisieT yHUBEPCATbHYIO CHCTEMY TI€PEINCTUMbIX
MHO>KECTB:

W; = {(m,z) : U(i,m, z) oupenenena}.
DTa cucreMa yIOBIETBOPSIET YCIOBHSIM:
e IV, — mepednciammMoe MHOKECTBO Map Jiist JII0OOro i;

e JijIs1 JIF00OTO TepevuncaInMOoro MHOXKecTBa ntap W Haiimercs Ta-
Koe 1, ato W = Wj;

o muOXKecTBO {(1,m, ) : (m,x) € W;} nepedancimmo.

Mgl niepectponM ceMeiicTBo MHOXKecTB W; B mepedmncanmoe ceMmeii-
ctBO 1} Tak, 4ToO

1) T; € W; st Beex i

2) T; — BbducInMasi OCHOBa HeKoToporo Tecta Maprun-Jleda mist
JIFOOOTO 17;

3) st JI00OH BBIYUCIMMOIT OCHOBBI HEKOTOPOTo Tecta MapTuH-
Jledba T naiimercsa rakoe i, aro 1T = T; = W;;

4) muoxecrso T = {(i,m,x) : (m,z) € T;} nepeuuncaumo.

[Tpouseenem mepectpoiiky cucrembr W; ciaemyromum obpaszom. Pas-
BEPHEM IIPOIECC MNEePEeYMCIeHUsT MHOXKeCTB W,;: Ha KaKJIOM Illa-
re § 9TOr0 IIpoIllecCa Je1aeTCd OJHNH IHIar' BBIYHUCJ/ICHUA 3HaAYCHUA
U(i, m,x) nias onHoro u3 Habopos (i,m,x). s 95T0ro Mbl KakuM-
b0 06pa3oM mpocMaTpuBaeM Kakblii HaGop (i, m, ) Ha Gecko-
HEYHOM YHCJIe TAroB MpoIecca.

FOR s=1,2,...

Iycrn TZ-S_1 — Bce nmapsl (M, x), IepeInCAeHHbIe B MHOXKECTBO 1
za marn < s. Homaraem T2 = ).
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[Tycrs Ha mare s Mbl IpocMaTpuBaeM Habop (i, m,x).

Eciu 3nauenue U (i, m,x) pamee He ObLIO OIPEIEJEHO, TO Bbl-
IIOJIHSIEM OYePe/HOM miar Belaucsenns 3uaderus U (i, m, ) st upo-
cMarpuBaemoro mabopa (i, m, ).

Eciu 3nauenune U(i,m,x) BuepBble OLPEJETIEHO, TO IPOBEPSIEM
YCIIOBHE

L (UpATw : (mya) € T} UT,) <27 (4.2)
EC.HI/I 9TO YCJIOBHE BBIIIOJTHEHO, TO OIIpe/ie/ideM
Ty =T34 U {(m, )},

B IIPOTUBHOM cJlydae onpejennm 1} = Tf‘l.
Honaraem T} = Tjs*1 JUTST BCEX j £ 1.
ENDFOR

Omnpenemam T; = U/} nig Kazkaoro @ u
T =A{(i,m,z): (m,z) € T;}.

Jlerko BueTh, ycioBus 1) — 2) BBINOJIHEHbI, TAK KAK OHU IPOBEDSI-
JIICh B IIPOIECCe KOHCTPYKIMU. YcsioBue 4) BBITOIHEHO 10 TPUPO/IE
camoii KoHCTpyKIun. [loKazkeM, 9To ycaoBue 3) TakyKe BbIIIOJIHEHO.
[Iycts T — Bhrauciumas ocHoBa jys Tecta Maprun-Jleda. Kak me-
peancimmoe MHOXKecTBo, 1T = W; nasa Hekoroporo ¢. s Ttakoro
i ycsoBue (4.2) Bcerga Oyzer BBIIOJHEHO U Bee mapbl uz W; Gyayr
nepeuncyieHnl B T;. Takum obpazom, T'= W; = T;.

Jlemma mokazama. O

3aBepIuM JI0Ka3aTebCcTBO TeopeMbl 4.1. Oupeaeaum cepuio Te-
croB Maprun-Jleda:

Ul = Up{Ty : (i,m,z) € T}.

[To semme 4.1 jyist kaxkoro recra Maprun-Jleda {U,,} naiinercs i
takoe, 9ro Uy, = U}, 1j1s1 Bcex m.
Omnpenemnm MakcuMmanbbiil Tect {Uy, } ciemyronmm obpasom:
Upn = U U}

i+m
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npu m = 1,2, ... Torma s gob6oro m

oo

L(Uy,) < iL( Lm) <D 27 =27
=1 =1

ITo cBoiicTBy 4) MHOXKECTBO
T=U{(m+iz):(,mzx)eT}

nepevducaumoe. JIerko BHJETh, 9TO OHO SIBJISIETCSI BHIYHCIUMO OC-
uosoit Tecra {Up, }.
st mo6oro Tecra Maprun-Jleda {U),} 6ymer BbimosHeHO

L CUn

m-+i

Jutst siioboro m. ITosromy mysesoe MuOkecTBO Tecta {Ul } siBsiercs
LOJMHOXKECTBOM HyJIeBOro MHOXKecTBa Tecta {Up, }:

NwU: C MU

Teopema 4.1 mokazana. O

[TocTtpoennsrit B Teopeme 4.1 TecT Ha3BIBAETCH YHUBEPCAADLHBIM
mecmom Maptur-Jleda.

Ha camowm jeste MblI joka3ajn jgazke 60jee CUIbHOE YTBEPIKIEHHE
PO YHUBEPCAJILHBINA TECT.

CaencrBue 4.1. Ywuusepcaavroti mecm Mapmun-Jlega {U,,} 06-
aadaem caedyrouum ceoticmseom: das npoussosvnozo mecma {Vi,}
HAt0eMeA YUCAO T MAKOE, MO GHINONHEHO

Veri g Um
ona ecex m.

W3 onpeieniennst cieyeT, 9To OECKOHEIHAS ITOCIEI0BATEHHOCTD
w siBIsieTcst cay4aiiaoit mo Maptun-Jledy Torma m ToJBKO TOrIa,
KOT/Ia OHa HE COJIEPYKHUTCS B HYJIEBOM MHOXKECTBE YHUBEPCAJHHOTO
TeCTa.
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3amMernM, 9TO B omnpejeneHun tecra Maprtun-Jleda MOXKHO 1m0-
tpeboBars L(Uy,) < p(m) mias Bcex m, rjue p(m) — IpOU3BOJIbHAS
BbIYKCIUMas (DYHKIMs Takasi, 4to p(m) — 0 nupu m — o0o. D10
oTIpeJie/IeHre TeCTa TMPUBOIUT K TOMY Ke KJIacCy CAyUaiiHbIX MoCc/Ie-
JoBaresibHOCTel (cM. 3a1ady 10 u3 pasmena 4.3).

AropuTMUYIecKU MOIXOJ, K TEOPUU BEPOSITHOCTEN MpeTaraeT
HOBYIO JIOTUKY JIJIsi HHTEPIIPETAIINH BEPOSTHOCTHBIX 3aKOHOB.

[Tycts ®(w) — HEKOTOPOE yTBEPXK/ICHNE O HECKOHETHOI MOCIIE0-
BATEJIBHOCTH W, KOTOPOE MOXKET OBITh UCTUHHBIM UJIU JIOKHBIM JIJIsT
KazKJ0 KOHKPETHON MOCJIeI0BATEIbHOCTH W.

[Toxm 3akOHOM TEOpUM BEPOSITHOCTEN MBI MOHUMAEM YTBEPIKIE-
are P(w), KOTOpOe UCTUHHO JIsl OYTH BCEX W L IIpumep Taxoro
3aKOHA — YCHUJIEHHBIN 3aKOH OOJIBINUX 4Yucesl. B MoC/IenyomnemM Mbl
TaK»Ke PacCMOTPUM 3aKOH ITOBTOPHOTO JIOTAPU(MMa U IPrOIAUIECKY O
Teopemy bBupkroda.

Hanomunm, aro £ 0603HAYAET MHOXKECTBO BCEX OECKOHEUHBIX
JIBOMYIHBIX TIOCTIEI0BATENbHOCTEH, ciaydaitaeix mo Maprtun-Jledy.
DKBUBAJIEHTHO, 9TO MHOXKECTBO BCEX IOCJIEI0BATEILHOCTEH, KOTO-
pBbI€ BBIIEPXKUBAIOT YHUBEpCcaIbHbIH TecT MapTtun-Jleda.

AJITrOpUTMUYECKUI TTOIXO0J] K TEOPUU BEPOSITHOCTEH Ipejiaraer
60s1ee TOTHYIO (POPMYIUPOBKY BEPOSITHOCTHBIX 3aKOHOB. 3aKOH MO-
KeT ObITh chopMyIupoBaH B (popMe, CBODOJHOIM OT IMOHSTHSI BEPO-
SITHOCTHOT'O PaCIpeIeIeHIs:

we L= dw)

TJIS BCEX W.

4.3. Sagaun n ynpaXKHeHUs

1. JlokazaTh, 4TO CJIE/LYIOIINE MHOXKECTBA OECKOHEUYHBIX I1OCJIe-
JloBaTebHOCTEN SABJISTIOTCS 3D MEKTUBHO HYJIEBBIMHU:

1

B arom paspese Mbl 171 IPOCTOTHI pacCMaTPUBaeM PABHOMEPHYIO Mepy Ha
MHOKecTBe () Bcex GECKOHEUHBIX ABOMYHBIX ITOC/EI0BaTebHOCTEN. Bhiparkenue
«IIOYTH BCIO/Ly» O3HAYaeT «3a MCKJIOYEHUEM MHOXKECTBAa MePbI HYJIb».
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(a) {O0wa0ws0- - : w; € {0,1}};

(b) {0, 1};

(C) MHOXKECTBO, COCTOsIIiee M3 OJHO BBIYMCIUMOl HOC/IEI0Ba~
TEJLHOCTH;

(d) MHO)KECTBO BCEX BBIMUCIMMBIX II0CIIE/0BATEIHLHOCTENH;

(e) MHOXKECTBO, COCTOSAIIEE U3 BCEX OECKOHEUHBIX MOCJIEI0BATE b
Hocreli w Takux, 9ro K (w") < logn + O(1) aus Beex n;

(f) MHOXKECTBO, COCTOSIIIEE U3 BCEX OECKOHETHBIX MOCJIEI0BATE b
HocTellt w Takux, uro K (w™) < f(n) mis Beex n. s kakux dyHK-
nuii f 570 BepHO?

2. Jlokaxkure, 9T0 0ObEIUHEHNE U TIepecedeHne KOHEIHOrO IHC-
Jia, 3 HEKTUBHO HYJIEBBIX MHOXKECTB TaKKe siBJIseTcs 3PHEeKTUBHO
HYJIEBBIM MHOKECTBOM.

3. JlokazKkute, ITO €CJIM HEKOTOPask GECKOHETHASI TTOCTIEI0BATE b~
HOCTb W = WiWg ... ABJAETCA CIydalHO!, TO

(a) Ow, lw, xw — TakxKe ciydaliHbIe MOCJIEIOBATEIBHOCTH, 1€
T =21...T, — KOHEYHAs TIOCJIEI0BATEILHOCTD;

(b) W' =wi ... Wy 1T1 ... TpWy . .. — TAKKE CIIyIalHAST TOCTIEI0-
BaTeJIbHOCTD;

(¢) TaksKe SIBJISIETCsI CJIyYaHON TTOCIEI0BATEIBLHOCTBIO W', Y KO-
TOPOii KaxKJIbIil OUT TPOTUBOIIOJIOKEH COOTBETCTBYIOIIEMY OUTY TI0-
CJIEJIOBATE/IBHOCTH W;

(d) mocsieoBaTENIbHOCTD WyWh 41 - .. SBJSIETCS CILyYatHON JiIst
JIIOOOT0 7; BEPHO M 0OpaTHOE: sl JIIOOOT0 7, €CJIU MOC/IeI0BATE b=
HOCTb WpWp41 - .. ClHydaiiHasg, TO wiwsg ... — TaKxKe caydaiHasi I10-
CJIEJIOBATEC/ILHOCTD.

(e) sBistercst M CAyYaiiHOM  I110CJIEIOBATEIBHOCTH — BHUJIA
W1WiWows ... 7

4. Tlyerb A — paspelnmuMmoe MHOXKECTBO U O = Q¥ ... — €r0
XapaKTepUCTUIECKas MOCIeI0BATEIbHOCTD. JJoKa3aTh, 9TO v HE AB-
JiseTcs cJlydaitHoil 1oc/IeJ0BaTe/IbHOCTDIO.

5. IlycTh 1moCIe10BaTEeNLHOCTD W = WiW3 ... SABJISETCH CJIydaii-
HOU 1 N1 < N2 < ... — BBIYUCJIUMAS IIOCTEIOBATEILHOCTH HOMEPOB.
Torma 1oc/1eJ0BATEBHOCTD Wy, W, - - . CIIydaiiHasl.
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6. Ilyctb w = wyws . .. cayvaitHas MOCAe0BATEILHOCTD, & ITOCTIe-

JOBATEJILHOCTb (v = ({Q ... BBIYHCIUMAs. Torma mocjenoBareb-
HOCTb w @ «v ciiydvaiiHas. Baecb wP o =w Dajwys Dag... u®—
caoxenue 1o moaymio 2 (060=0,061=1,141=0).

7. Ilycte A — mepevncjimMoe MHOXKECTBO M W = WiWg ... — €0

XapaKTepucTu4iecCkKasd II0C/II€0BaTC/JIbHOCTDL, I'J1e

{ 1, ecin i € A,
Wi =

0 B IpOTUBHOM CJIy4ae.

JlokazaThb, UTO TOC/IEOBATEILHOCTD W HE SBJIsieTCs cirydaiiaoii. [lo-
crpouthb TecT Maprtun-Jleda, KoTophIil 0OTBepraeT Takume mOC/Ie10Ba-
TEJILHOCTH.
8. Tect CosoBest — 3TO BBIYUCIUMAST TIOCJIEI0BATETLHOCTD CTPOK
o0
T1,Ty, ... Takas, ato Y. 27H@n) L1,

n=1
Beckoneunas IIOCJIEJIOBATEJIbHOCTD W BBIJICPZKUBACT TECT COJIO—

Bed, €CIu Ly C w I He 6ojIee 1eM KOHETHOrO UKCJIa PA3JINIHLIX 7.
B nporusnoM cityuae Tect CoJioBest OTBEPraeT MOCJIeI0BATEILHOCTD
w.

JlokazaTb, 9TO GECKOHEYHAas IIOCICIOBATEIBHOCTD W SIBJIACTCS
caydaitnoit mo Maprun-Jledy Torma m TOJILKO TOrma, KOLIa BLLIEP-
xupaeT 1060t Tect Comosed.

Jokaszars, uro s aoboro recra Cososed X1, Xg, ... CeMeHCTBO
MHO>KECTB

Up ={w: 2z, Cw aus > 2™ pasiudsbix n}

apjsiercst rectom Maprun-Jleda, KoTOpbIit OTBEpPraeT TO K€ MHOXKEe-
CTBO TIOCJIEJIOBATEILHOCTEIA.

[Tokarkure, kak u3 tecra Maprun-Jlecdpa mocrpours Tect Colto-
Besi, KOTOPBII OTBEPTaeT TO YKe MHOXKECTBO OCJIEIOBATEILHOCTEI.

9. CdopmysnpoBaTh CBOHCTBO yHUBEPCAJIBHOCTH J1Jist TeCcTOB Co-
JIOBES U MPUBECTHU HE3ABUCUMYIO KOHCTPYKIIMIO TAKOI'O TECTA.

10. /IokazaTk, uT0o B ompenenennn Tecta Maprun-Jleda mMoxkHO
norpeboBats L(U,,) < p(m) prs Bcex m, rie p(m) — IpOU3BOIIb-
Has BblumcsmMasi byHKIMs Takas, aro p(m) — 0 upm m — oo.
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DTO ompefiesleHne TeCTa MPUBOINT K TOMY Ke KJIACCY CIyIaifiHBIX
HOCJIeIOBATE/IbHOCTEI.
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I'maBa 5

CrnenuaJjibHbIe BUIBI
AJITOPUTMUYECKOMN
CJIO?KHOCTH

B 510it riiaBe Mbl JaJUM SKBUBAJIEHTHOE OINUCAHUE CJIyYaiffHBIX 110
Maprun-Jledy mociaemoBaTebHOCTEH ¢ TOMOIIBIO AJITOPUTMUATECKON
caoxkaocru. Tem camMbIM TlepBoHadaibHast nporpamma Kosmoroposa
110 CJIOZKHOCTHOMY OIPEJIEJIEHUIO CJIYyYaiiHOCTH OyJIeT BBIIIOJIHEHA.

EcrecTBeHHBII Iy Th J|JIst CIO2KHOCTHOI'O OIIPE/IeICHUST CILy IaitHO-
CTH 3aKJ/II0O9aeTCd B II€ePpEHECEHUUN IMOHATHA HECXKIMAEMOI KOHEYHOMI
[OCJIEI0BATE/ILHOCTH Ha GECKOHEUHBIE [OCTIEI0BATEILHOCTH. B sTOM
cilydae CJIeJ1oBaJIo Obl CUNTATH CIIy9aiiHOM GECKOHEUHYIO [10C/Ie/10Ba~
TeJIbHOCTD W, JJisi KOTOPOii 661710 66 BeiosHeHo K(w™) = n+ O(1),
rae w" = wi...w, — HOCJIEJ0BATEIBHOCTD [IEPBBIX N GUTOB GECKO-
HEYHOI [0CJIe/I0BATELHOCTH W.

[Tpocrasi KOJIMOTOPOBCKasi CJIOKHOCTH K(x) He HOIXomuT Jjist
TAKOT'O OIIPEJIeJIeHNsI, TaK KakK JJisi JII000N OEeCKOHEUIHOH ITOCIeI0-
BaTeJbHOCTH w BbIONHEeHO K (w") < n —logn — O(1) asa Gecko-
HeYHO MHOrux n (cM. 3azady 16 u3 pasuesna 3.6). B cBsasu ¢ srum
MBI PaCCMOTPUM JiBa MOIUMUIMPOBAHHBIX BapHaHTa KOJMOIOPOB-
CKOIl CJIOKHOCTU — MPe(PUKCHYI0 U MOHOTOHHYIO CjIoxKHOCTH. C 110-
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MOTITBIO KaXKI0M M3 9TUX CIOKHOCTEH MOKHO OyIeT JaTh Ompeiese-
HUE CJIydailHOW TOC/IeI0OBATEIbHOCTH, SKBUBAJIEHTHOE OIPEJICTICHIIO
Maprun-Jleda.

5.1. IIpedukcHoe geKoampoBaHUE

Kiaccuaeckasi Teopust nHMOpMAIIUT PEIIaeT 3a/1a9y TOCTPOEHUST KO-
JIOBBIX CJIOB JIJIsI CHMBOJIOB KOHEYHOTO aJi(paBuTa, HA KOTOPOM (POp-
MYJIUPYIOTCS IiepeaBaeMblie coobInerus. [Ipu 9ToM MCIIOIb3yIOTCS
KO/IbI, KOTOPBIE JIOMYCKAIOT BO3MOXKHOCTD JiekoaupoBanus. [Ipocreii-
ree JIOCTATOYHOE yCJIOBHUE JJIsi CYIIECTBOBAHUS aJTOPUTMA, JIEKO/IM-
PoOBaHUsd 3aKJ/JII0OYaeTCd B TOM, 9TO KOJOBBLIE CJIOBa HE JOJI2KHBI IIPO-
JOJIZKATh APYT ApyTra — He JOJIKHBI ObITh mpeduKcaMu ApYyT JAPY-
ra. B saToM ciiygae Mbl MOXKEM 3aKOIMPOBATH COOOINEHUE MPOCTOM
IOCJIEIOBATE/THHOCTHIO CJIOB, KOJAUPYIOIINX IIepeIaBaeMble CUMBOJIDI.
Baronapst 6e3mnpeduKCcHOCTH KOJOBBIX CJIOB IIPOCTEHIITNI aIrOPUTM
MOXKET JIeKONPOBATH 3aKOIMPOBAHHOE COODIIEHNE ITPOCTO YNUTAsI €TI0
MIOJIPsiJT U TIPOBEpsisi HA COBIAJIEHUE C BO3MOXKHBIMU KOJOBBIMHU CJIO-
BaMU.

B srom pasgene Mbl  paccmorpum  GesnpedukcHbie  (wiin
11pebUKCHO-KOPPEKTHBIE) METOIbI JIEKOIMPOBAHNsI KOHEUHBIX 00beK-
TOB M COOTBETCTBYIONIYIO NMPEPUKCHYIO CJIOKHOCTH, KOTOPAas SIBJIS-
ercst MouduKaIueil KOJIMOTOPOBCKOH CJIOYKHOCTH.

5.1.1. IlpedukcHasi CJI02KHOCTH

MmuozxkecTBo cTpok C' HasbiBaeTCs 6e3PeUKCHBIM, €CIIU JJIs JIIOOBIX
p,q € Coynerp Zq.

Mzr 6ymeM paccMaTpUBaTh CIOCOOBI JEKOAMPOBAHUSI, IJIsI KOTO-
PBIX MHOYKECTBA KOJIOB SIBJISIIOTCA 6e31PehUKCHBIMI.

Oyuxkius B(p,y) HassiBaeTcs npedukcno-koppekmuot (o mep-
BOMY apryMeHTY), eCJIi JJIsl JIOOOro 3§ MHOXKECTBO BCEX P, JIJIsl KO-
Topeix B(p,y) onpenesnena, sBisiercst 6e3npeduKCHBIM. 371eCh apry-
MEHT ¥ PACcCMATPHUBAETCH B KAaUeCTBE IIapaMETPA.
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DTO yc/I0BUE 3KBUBAJICHTHO TOMY, UTO JIst JIIOOBIX p U P, ecyn
B(p,y) u B(p',y) oupenenenst, 1o p Z p' u p’ € p.

[Iycre B(p,y) — UpOM3BOJIbHAsI BBIYUCIUMAS HPEDUKCHO-
KoppekTHast GpyHKIms. OupegesuM Mepy CI0XKHOCTH OTHOCUTETHLHO
byukiuu B:

KPp(z[y) = min{l(p) : B(p,y) = x}.

Baech cuuraem, uTo min () = oo.
Jns Mep CIOXKHOCTH OTHOCHTENHLHO TIPEPUKCHO-KOPPEKTHBIX
dbynkuumii TakKe UMeeT MecTo TeopeMa MHBapUAHTHOCTH.

Teopema 5.1. Cywecmsyem SoiuUCAUMAA NPEPUKCHO-KOPPEKMHAA
dyrxuyua A(p,y) maxasn, wmo s A10600 6oUCAUMOT NPEPUKCHO-
koppexmnol gynkyuu B(p,y) svnoanero

KPa(zly) <KPp(zly) + ¢

s 6cex T u 'y, 2de ¢ — Kowemanma, 3asucawas om B (1o ne 3a6u-
CAULAA OM T U Y ).

Hoxazamenvemeo. Cxema J0Ka3aTeIbCTBA Ta, XKe, 9TO U y JO-
Ka3aTeIbCTBa TeOPEMBI HHBAPUAHTHOCTH JJIsS IPOCTOH KOJIMOTOPOB-
ckoit cioxkuocTu. IIpeaBapuTeslbHO HYXKHO I0KAa3aTh, YTO CYIIE-
CTByeT YHUBepcaJbHasi (PYHKIUsI JUIST KJIACCA BCEX BBITHUCTIMBIX
IpeUKCHO-KOPPEKTHBIX (DYHKITHIA.

Jlemma 5.1. Cywecmsyem gviuuciumas npehurcro-Koppexmmas
N0 NEPEOMY GPLYMEHMY P GYHKUUA U (¢,p,y) makaa, wmo daa ato-
60t eviuucaumols npedurcro-xoppexmmot no p gynryuu B(p,y) cy-
wecmeyem q maxoe, wmo B(p,y) = ﬁ(q,p,y) O 6CeT P U Y.

Jokazamenvemso. Ilycrs U(q,p,y) — Bbruncanmast GyHKIHS,
VHEUBEPCAJIbHAS JIJIS BCEX BBIUUCIUMBIX (DYHKITHHM OT JBYX apryMeH-
TOB P U Y.

Paseepuem mporiecc BBIYHUCTEHUSI 3HAYEHUI yHUBEpCAJIbHOMN
dbynkmun U(g,p,y): Ha KaxKJIOM IIare S MPOCMATPHBAECM TOJIBKO
omuH HabOD (q,p,y) U JejlaeM JOIOJIHUTE/bHBINA Al BbIYUCICHUST
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suavenust U(q,p,y), eciam 3T0 3HAUEHUE ellle He OIPeJIeIIOCh Ha
HPeJbLIYIIHUX [arax.

[Ipocmorp HaGOPOB (¢,p,Yy) OCYIIECTBISIEM KAKUM-JIHOO Bbl-
YUCJIATENBHO 3(PdeKTUBHBIM 00pasoM. Ilpnm sTom, KaxKmapiii Habop
(¢, p,y) npocMarpuBaeM Ha GECKOHETHOM YHCJIE MIAIOB [POIECCA.

FOR s=1,2,. ..

I[Tycrs Ha mare s npocMarpusaercst Ha6op (¢, p, y).

Ecim 3rasenne U (g, p, y) GBLIO OIPeIeIeHO Ha IIPe IbI Iy X MIIa-
rax, TO Ha IIare § HAYEro He JIeJIaeM.

Ecin smavuenne ynusepcasbroit dyuxiun U(q,p,y) BuepBble
OIIPEIC/INIIOCH Ha IIare § 1 MHOXKECTBO, COCTOSIIee U3 p U Beex p’ Ta-
Kux, 9To 3Hauenus U(q,p',y) onpeesienbl Ha MpebIyIIuX Marax,
siB/IsieTCs GesnpedukcHbiM, 1o onpeteanm U(q,p,y) = Ulg, p,y).!

ENDFOR

ITo mocTpoenuto dyHKIMSA U (¢, p,y) obnamaer cBoiicTBaMMU:

o Juist moGHIX ¢ 1y dyuxius U (q,p,y) siBASIETCS TIPEDUKCHO-
KOPPEKTHOII 110 p;

e s obbix q u y, ecau byukuus U(q,p,y) sasiasercs
nupeduKcHO-KOppeKTHOit 110 p, To U(q,p,y) = U(q, p,y).

e ccou dyukiust B(p,y) sBisiercs npedbUKCHO-KOPPEKTHON 110
p, To Haiizercs takoe ¢, uro B(p,y) = U(q,p,y) BbIIOIHEHO
JUISE BCEX P U Y

Jlemma gokazana. O

[Tepexonum K HoKa3aTeIbCTBY TEOPEMBI 5.1.

ITycTb U(q, p,y) — yHKOusS yHUBepCaJdbHas JUIsi  BCEX
pedUKCHO-KOPPEKTHBIX  (yHKInA. OmupenesuM Crocod IeKo-
JTAPOBAHUST

A(g01p,y) = U(q,p,v)
Jutst Beex p, ¢,y € {0,1}*.

'"Ha kaskom 1mare s mporiecca 3nadenus U(q, p,y) ONpPeeIeHbl TOIBKO s
KOHEIHOTO 9HCJIA TPOeK (¢, D, Yy).
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Jlist Bcex ocTaJbHBIX BXOJIOB, He nMeromux sujga q01p, y, 3Hade-
HUe 3TOoi (DYHKIUNA HE OIPEJEICHO.

Jlerko Bugerb, uro srta dyskims A(g0lp,y) saBisiercs
pedUKCHO-KOPPEKTHOIA.

[Iycre B(p,y) — UpOM3BOJIbHAsI BBIYUCIUMAS HPEDUKCHO-
KoppekTHas dhynkius. Torma o jsemme 5.1 J1j18 HEKOTOPOTO ¢

B(p,y) =Ul(g,p,y)

st Beex p u y. OTCro/ia BeITEKAET, 9TO €CJIN JIJIsT HEKOTOPOIl CTPOKU
x Beinosirero B(p,y) = x, ro A(q01p,y) = x. Orcrona

Ka(zly) < Kp(zly) + 2l(q) + 2.

CoorsercrByolas KoHCTaHTa ¢ umeer Bu: ¢ = 2l(q) + 2. O

[IpeduKcHO-KOPPEKTHBIN METOJT JEKOINPOBAHUS, Y/IOBIETBOPSI-
ONUN 3aKJII0YEHUIO TeopeMbl 5.1, HA3BIBAETCS YHUBEPCAJIBHBIM.
QuKCHUpyeM OJINH U3 YHUBEPCATBHBIX MTPePUKCHO-KOPPEKTHBIX METO-
JIOB JIEKOIMPOBAHUS A 1 HA30BEM COOTBETCTBYIOIIYIO MEPY CJIOKHO-
cru KP4 (x|y) yeaosHoit npedurcroti caoorcnocmovto. B nanbreiinem
HUKHUN UHJEKC OITYCKAEeM.

Onpenenum 6e3ycaoehyto MpepUKCHYIO CJI0KHOCTH

KP(x) = KP(z|\).

B paszene 3.2 6b110 mostyveno mnpocreiiniee nepasenctso K(z) <
[(x)+O0(1) pst mpocTOoit KOJIMOTOPOBCKOM CIIOKHOCTH. B cirydae mnpe-
(bUKCHOI CII0KHOCTH, JOKAa3aTeJIbCTBO U3 pasjesa 3.2 He TOIUTCH,
TaK Kak crocob Jiekonuposanusi B(p) = p He siBJisieTcsi HpedUKCHO-
KOppeKTHbIM. MoxkHo ero momudurmposars: B(str(l(p)0lp) = p.
Jlerko nposepurb, uro Koubl Buja str(l(p)0lp obpasyior Gesupe-
dbuxcnoe muoxkecrso. Torna KP(x) < I(z)+2logl(x)+O(1). Moxuo
rakzke 1oty ants oreHky KP(z) < I(z)+logl(x)+2loglogl(x)+O(1)
n tak jganee. U3 manbHeiimero OygeT cegoBaTh, YTO CIAraeMoe
log l(x) HeBo3MOXKHO ycTpaHuTh (cM. paszen 5.1.3).

[TpuBesieM COOTHOMUIEHUSI, CBA3BIBAIOMME NPeUKCHYIO B IPO-
CTYIO YCJIOBHBIE KOJIMOI'OPOBCKHE CJIOXKHOCTH:
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IIpennoxxkenue 5.1.
K(zly) — O(1) < KP(zly) < K(z|y) + 2log K(z[y) + O(1).

Zoxasameavcmeo. IlepBoe HEPABEHCTBO BBIIOJIHEHO, TAK KAK I
3aJaHUsI IIPOCTOMH KOJIMOTOPOBCKOH CJI0YKHOCTH HCIIOJIb3yeTCs DoJiee
IMMUPOKUI KJIacC METOJIOB JIeKOIMPOBAHNA.

st mokazaTebCTBa BTOPOTO HEPABEHCTBA HAM HEOOXOIUMO I10
YHUBEPCATBLHOMY CIIoco0y JekonupoBanust A(p, y) JJis HPOCTON KOJI-
MOT'OPOBCKOH CJIO2KHOCTHU TTOCTPOUTH IPeUKCHO-KOPPEKTHBIN CIIO-
cob jiekoimpoBanus. OnpejienM 1peduKCHO-KOPPEKTHBIN METO/T Jie-
KOIWMPOBAHUS CJIEAYIOIIIM 00pa30M:

B(str(l(p))0lp,y) = A(p,y).

YrBepxKaeHne goka3aHo. O
OTMeTuM TakzkKe CJeIylollee HEPaBEHCTBO JJIsi YCJIOBHOM IIpe-
PUKCHON CJIOYKHOCTH.

IIpensoxkenue 5.2.
KP(z|l(x)) < l(z) + O(1).

Hoxazamenavcmeo. Oupenennm npeduKCHO-KOPPEKTHYIO IO 1ep-
BOMY apryMeHTy (PYyHKITUIO

p, ecam l(p) = n,
HEOTpeseJIEHO, B TPOTUBHOM CJIydae,

B = {

Torma KP(z|l(x) < KPp(z|l(z)) + O(1) = l(x) + O(1). Box
Bosiee HeTpuBMAIBHbBIE COOTHONIEHUS TS TIPEPUKCHON CJIOZKHO-
cru GyIyT OKA3aHbI B CJIEAYIONIUX PA3JIe/Iax.

5.1.2. Moaejs BBIYUCJJICHUS

CymecTByeT HHTEpIpeTanns IpeduKCHO-KOPPEKTHBIX CIIOCODOB Je-
KomupoBanus B Tepmuaax mammH Teiopuara (MT). s mpoctoTsr
paccMoTpuM 6e3yCJIOBHBIE METOMBI JIEKOMMPOBAHMSI.
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Buauenus: dbyukun B(p), 3aja0m1eil HEeKOTOPbIH MeToJ JeKOo-
JIMpOBaHust, MOXKHO Bbraucjisith Ha MT ¢ ofHOIT BXO[HON U O/HOI
paboueit serToi. BxomHoe C/I0BO p mOMeIaeTcs Ha BXOIHON JIEHTE,
BBIUUCJIEHUS] IPOU3BOJIATC Ha PabOUeil JIeHTe, Pe3yJIbTaT BhIUUCTIE-
Hud IIoMellaeTcda TaM 2Ke.

[Ipu 0OBIMHON MHTEPIPETAINN IPAHUITHI BXOJHOIO CJI0BA KAKUM-
Jinbo obpaszoM 00O3HAUEHBI Ha JieHTe: B Ha4daje pabors! rosoka MT
0003peBaeT epByI0 OYKBY BXOJHOT'O CJI0BA, P; BXOIHOE CJIOBO OTPaHU-
YEHO CIIpaBa MapKepoM KOHIa Bxosa. [1o 9roit npuannae HAM TTPUXO-
JIUTCS UCIIOJIL30BATH PA3/IEIUTENb JIJIs Aaphl BXOAHbIX cJioB — MT ne
CMOKET Pa3/e/INTh JIBa BXOIHBIX CJIOBA, €CJIN OHU 3AIMCAHBI TIOPSIT
6e3 paseseHusl.

OxkasbiBaercsi, uro  Gyuknun  B(p), npeiacrabisioniye
IpedUKCHO-KOPPEKTHBIE METOHbI JEeKOAUPOBAHUS, MOKHO BBI-
qucasatb Ha MT 6e3 mapkepa koHIa Bxosa. B mporecce Bbraucienust
Ha Takoir MT romoBka umTaeT BXOIHOE CJIOBO U IPOU3BOIUT BBI-
qucienns Ha pabodeit jenre. [Ipum saTom B ToMm ciyuae, korga MT
OCTaHaBJ/JIMBACTCsA U IIeIaTaeT PEe3y/bTaT, BBIIIOJTHECHBI YC/JIOBUA:

® B IIPOIlECCe BBIYUC/IEHUS I'OJIOBKA BXOJTHOI JIEHTHI HUKOT/IA He
BBIXOUT 3a IIPeJeJibl BXOJHOI'O CJIOBA,

® B MOMEHT OCTAHOBKHU I'OJIOBKA 0003pPEBaeT IOCJIEIHIO OYKBY
BXOJTHOTO CJTOBA.

Hannasi uarepnperanust 6blia npejioxkena Yeirunbiv [36].
MbI copMyIUPYyeM COOTBETCTBYIOLIEE YTBEPZK ICHIE.

Ilpennoxxkenue 5.3. Jhobas npedurcHo-KoOppexmHas 6oiuCAUMGS
Ppyrxuua svivucauma wa MT 6e3 mapkepa xonua eroda.

Hoxazameavemeo. Ilyctb npedUKCHO-KOppEKTHasT  (PYHKIUST
B(p) Berancanva va MT M, KoTopast ucmosb3yer Mapkep KOHIA
BXOJIA.

Mpur mHepopmasbHO onuiieMm pabory MT Mo, KoTopast Mojeupy-
er pabory MT M1 u npu 5TOM He UCHOJB3yeT MapKep KOHIA BXOJIA.
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[Tycts Mo y2ke mpounTasa gacth Bxoga p’ C p. Samyckaem My
Ha BCEX BO3MOXKHBIX BXOJaX MapaJLIeTbHO.

Ecau na nekoTropom Bxoje & MammHa M1 OCTAaHOBUJIACH U HAIIE-
gaTaJjia BBIXOJIHOE CJIOBO Y, TO nposepsieM, oyaer g p’ C x.

Eciu p’ € x, To npomo/zkaem mapasiiesibHoe MOJIeIMPOBaHUe Pa-
60TBI M1, a ¢ 3TUM T OOJIbIE HUUEro He IejIaeM.

(a) Ecu p’ C x, To Mmammua My quraer ciietyomuii 6ur b Bxoja
u B JanbHeiimeM oGpabareiBaer cioso p’ = p/b. B cayuae p) C x
3 pedUKCHON KOPPEeKTHOCTH (BYHKIMU B ciepyer, 94To MalluHa
M He MOXkeT OBITH OlpejeeHa Ha ¢JoBe p' M MbI MOYKEM THTATDH
caenytomuii 6uT BXoja 6e3 HapylieHus TpeboBanuil Kk MarHe Mo.

[Tocsie sToro mamuna Mo nposepsier, 6yner sm p” C x. Ecin
p” & x, To npomo/IzKaeM napaJuieIbHOe MoJieJIupoBanue paboTbl My,
a ¢ 9TUM 2z OOJIbIIE HUYETO HE JIETIAEM.

(al) Ecsin p” = x, To mamuna My BbIIaeT y B KAU€CTBE PE3YJib-
TaTa PabOTbl HAJ BXOJIHBIM CJOBOM P U IpeEKpairaer padbory. Boi-
YHUC/IEHNE TIPOBEJIEHO KOPPEKTHO, TaK KaK M3 CBOMCTBa MpedbUKCHOI
KOppekTHocTH GyHKIMU B MmamuHa M| MOXKeT OBITH OIpejie/ieHa
Ha He 0Oojiee YeM OJHOM HAvYaabHOM (bparMeHTe BXOJIHOIO CJIOBA P
(BKJIIOYAs €10 CaMOro).

(a2) Ecin p” C x, To My BO3Bpamaercst K myHKTY (a).

[To koHcTpykIMmM MamuHa Mgy 3aKkaHuYnBaeT paboOTy U BBIIAET
pEe3y/IbTAT He BBIXOJA 38 IPEe/bl BXOJTHOTO CJIOBA. Y TBEPXKICHUE
nokazano. O

[IpuBenem npumep IPUMEHEHUS PACCMOTPEHHON MOJIE/IN BBIUUC-
JIEHUST JIJIsT JTOKA3aTeTHLCTBA OHOTO U3 HEPABEHCTB JIJIsT TPEMUKCHOM
CJIOYKHOCTH TaPHhI.

Jist npebuKCHOl CIOKHOCTH UMEeT MECTO HEPABEHCTBO

KP(z,y) < KP(z) + KP(y) + O(1). (5.1)

st mokazaTebCcTBa PacCMOTPUM IPeOUKCHO-KOPPEKTHBI METO.T
JekoaupoBaHus map. IlycTs mo mporpamMme p MOXKHO BOCCTaAHOBUTD
CJIOBO T, a IO IIPOrpaMMe ¢ MOXKHO BOCCTAHOBUTD CJIOBO Y.

ITo mpemyroxkeHnio 5.3 MOXKHO CIUTATH, ITO CJOBO I BOCCTAHAB-
JIMBAETCsI 110 CJIOBY P C HOMOIIBIO MAaIIMHLI M1 a CJIOBO 3 BOCCTa-
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HABJINBAETCST 110 CJIOBY ¢ C IOMOIIBIO MammmHbl Mo, Obe MalmHbI
HE HUCIOJIB3YIOT MapKep KOHIA Bxoja. Torjga B KauecTBe IIPOrPaMMbI
JIJTsT BOCCTAHOBJIEHUST TIAPBI MOYKHO PACCMOTPETD CJI0BO pq. CHawama
Marmmnaa M7 npuMeHsieTcss K CJI0By pg u Bbimaer x. llpu sTtom ee
rOJIOBKa 0003pEBaeT IOC/IEIHIO OYKBY CJIOBA P, U T€M CAMBIM MbI
3HAEM HaJaJIO CJI0Ba ¢ M MOYKEM MPUMEHUTH MAIMuHy Mo K CIOBY ¢
u noayauts y. Orcioma ciemyer nepasenctso (5.1).

5.1.3. AnpuopHasi mojiymepa Ha AUCKPETHOM MHOXKe-
CcTBe

[IpedukcHO#l C/I0KHOCTH COOTBETCTBYET JIBONCTBEHHOE IMOHATUE —
MOHSATHE MEPEUUCIUMOTO PACIPEIC/ICHUSI BEPOITHOCTEH HA MHOXKE-
CTBE BCEX HATYPAJBHLIX YUCEJ.

Hamomuum, uro R 0o603HaUaeT MHOXKECTBO BCEX JIEHCTBUTE/Ib-
HBIX guces, N — MHOXKECTBO BCeX HATypaJbHbIX uncest. O6o3Ha M
R+ MHOKECTBO BCEX HEOTPUIATEIBHBIX JeHCTBUTEIbHBIX dnces, N
— MHOKECTBO BCeX HATYPAJBbHBIX Uncesl BMecTe ¢ (), KOTOpoe OTOXK-
JECTBJIEHO C MHOXKECTBOM BCEX JBOUYHBIX CJIOB Z=.

Pacripejiesienne BeposiTHOCTENl HAa MHOXKECTBE HATYPAJIBHBIX 9H-
cent — 310 dyukius [ : Ni — Ry, yIOBIETBOPSIONAs yCIOBUIO

> fln)=1.
n=0

N3 Texandecknx coobparkeHnil HaM IPUIETCS OCJIA0UTDh KaK MOHSITIE
pacipejiesieHnsi Ha MHOXKECTBE HATYPAJIbHBIX YUCEJN, TAK U [MOHATUE
€r0 BBIYUCIUMOCTH.

DddekTuBHAs BbIYUCIUMOCTL dyHKImi Tuna f : N, —
R. MbI BBeZieM CTPYKTYPY 3D DEKTUBHON BHIYUCIUMOCTH I PYHK-
nuit ¢ BermecTBeHHBIMI 3HadeHusaMr. O6IacTh onpeseneHns QyHK-
muu Tuna f @ Ny — R COCTONT U3 KOHCTPYKTUBHBIX OOHEKTOB 2 .
Suadennst Tako# GYHKIUE He SBISIOTCS KOHCTPYKTHBHBIMU OOBEK-
TaMu. KOHCTPYKTUBHBIMU SIBJISIIOTCS €CTECTBEHHBIE IPUOJINYKEHUS K

2HamoMHIM yCTaHOBJIEHHOE B pasfiere 3.1 COOTBETCTBHE MEXKIY HATYpPAIb-
HBIMHI YHUCJIaMHU U JBOWYIHBIMHU CTPOKAMH.
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BEIIeCTBEHHBIM YUCJIaM — paluoHajibHble ducsa. CynecTByor pas-
JMYHBbIE yPOBHU 3P DEKTUBHON BBIUUCIUMOCTH it DYHKIMI TuIa
f : N+ — R.

Oynkius f: Ny — R Ha3blBaeTCsl MEPEYUCIUMOIl CHU3Y, eCiu
muoKecTBO {(r,z) : r < f(z)}, rae r obo3HaUaeT parEOHAJIbHOE
YHCJIO, SBJIAETCH HEPEUNCTUMBIM.

Jpyroe sSKBHBaJIeHTHOE OIPEJEIEHAE IEPEUNCHUMON CHU3Y
GYHKINN CIIeIyIonee.

[TocnenoBarenbHoCTBIO DYHKIWHA fp(T) HA3BIBACTCS BBIUNCIIN-
moit, ecn dyuknus f(n,z) = f,(z) Borancanmast.

Ilpenioxkenne 5.4. Qyukyua [ nepeuuciuma cnudy, moz20a u
moavko mozda, K02da cywecmsyem HeybLBaIoULas bIHUCAUMAA NO-
caedosamenvrocmo Gyrkyul fr(T) ¢ PAGUOHAALHOMU SHAYEHUAMU,
m.e. fni1(x) = fn(x) das scex n ux maxas, wmo f(x) = nlg]go fn(2)

ona ecex x.

Jlokasamenvemeo. Iycrs A = {(r,z) : r < f(z)} u A™ — Koneu-
HOE IOJIMHOXKECTBO A, NEePEeUnc/JeHHOEe 32 1 IIAroB MePeYrC/IeHHs .
OnpenennM fp(z) = max({r : (r,z) € A"}U{0}). Jlerko nposepurs,
9TO HOCTIEI0BATELHOCTD [y (X) YIOBIETBOPSIET YCIOBHIO IIPEIJIOKE-
HUI.

st iokaszaresnbeTBa 0OPATHOrO yTBEPXKICHUS, IycTh f(x) =
limy, oo fr(z) 1 fr(z) < foy1(x) mas Becex x u n. Torma us BbI-
YUCAUMOCTH fp(Z) IO N U T cJIefyeT, 9To

{(r,2) cr < f2)} = {(r,2) : 3n(r < fu(z))}

— IIepevYucanuMoe MHOXKeCTBO. O

Anasornyno dyukius f : Nj — R Ha3bBaeTCs IePEUUCTUMON
cBepxy, ecym MHOXKecTBO {(r,z) : 7 > f(x)}, rue r obo3nadaeT paru-
OHAJILHOE YUCJIO, SABJISIeTCs IePedrcnMbIM. JIpyroe sKBUBaJIEHTHOE
OIIpeJIe/IeHAE TIEPEIUCUMOi cBepxy dyHKIuU ciemyiomiee. DyHK-
1ust f nepednciauMa CBepXy, €CJU CYIIECTBYET HEBO3PACTAIONIAs Bbl-
YUCMMAst TIOCIEI0BATEIbHOCTD (DyHKIMH fr, () ¢ panuoHaJIbHBIMU
saadeHusMu (r.e. fpi1(x) < fo(z) mug Bcex m m x) Takas, 9TO
f(z) = lim f,(x) s Beex .

n—oo
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Oynaknusa f : Ny — R Ha3bIBaeTCa BLIYUCIUMOI, €CIM OHA OJI-
HOBPEMEHHO IEPEYNC/INMa CHU3y U cBepXy. s Takoit pyHKINM Cy-
IIECTBYET aJIlOPUTM, KOTOPBIH 10 BXOLYy & W IPOU3BOJBHOMY IIO-
JIOXKUTEJILHOMY PAallOHAIBLHOMY YHCIY € BHIYUC/ISIET PAldOHAILHOE
npubsimkenue K f(z) ¢ ToarocThIO 110 €. [eficTBuTesIbHO, 10CTATOY-
HO TIEPEYNCIATh pallnoHaIbhble dncia 11 < f(z) ure > f(x) mo rex
[I0p, IIOKa He HallJlyTCsl TaKue JIBa YKCJIa, JJisi KOTOPBIX Ty — 71 < €.
JIto6oe M3 HUX MOXKHO B3STh B KadeCTBe HEOOXOINMOTO PAIlOHAJIb-
HOrO pub/IMKeHns K 3Hadennto f ().

Ilepeunciaumbie mosymepbl. Oyukmua Q : Ny — Ry Ha-
3BIBAETCS MIEPEUNCIMMOI CHI3Y ITOJIyMEepOii, eCIi OHa IepPedYncInMa,
CHU3Y U

> Qm) <1,
n=0

B MmuOXKecTBe Beex nepeIucC/JIMMbIX CHU3Y ITOJIyMED CyIIeCTBYET YHU-
BepC&J’IbeIfI 00BEKT — MaKCUMAaJbHasA ¢ TOYHOCTHIO 0 MYJIbTUILIN-
KATHUBHOI KOHCTAHTLI nepeduc/jimMasd CHU3Y IIoJIyMepa.

Teopema 5.2. Cywecmsyem maxas NEPENUCAIUMAL CHUSY NOAYME-
pa P, wmo dasa 110600 nepenucaumoti chudy nosymeps, QQ Hatidemcs
KOHCTNANMA C TAKAAL, “4IMNO

cP(z) > Q(x)
oas ecex x. 3decv KoHcmanma ¢ 3asucum om nosymepss Q.

W3 cBoitcTB 3¢hbPeKTUBHOCTH CIeIyeT, YTO MHOXKECTBO BCEX IIe-
PEUHMCIUMBIX CHU3Y TOJyMep cueTHO. MBI mokaxkem, 4TO Bce Iepe-
YUCTTIMBIE CHUZY TOJTyMEPhI MOYKHO TEPETUCISITH CHU3Y PABHOMEDHO
OJIHIM aJITOPUTMOM.

Jlemma 5.2. Cywecmeyem maxasn nociedosamesvHoCmb NOAYMED
P;, wmo

o wmmnoorcecmeso {(i,r,x) : v < Pi(x)} nepewucaumo (r — payuo-
HaAbHOE);
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o Oas A106010 neperucrumoti crudy noaymepv, Q natidemes ma-
xoe 1, wmo QQ = P;.

Jloxasamenvcmeo. Kak u upexkje, st OCTPOEHUsT TAKON T10-
CJIEJIOBATE/ILHOCTH TI0JIyMEP UCIIOJIb3YeM YHUBEPCAIbHYIO (DYHKIIHIO.
PaccmorpuM mepedncamMbie MHOXKECTBa, COCTOANME U3 map (r,x),
rJie 7 — PalUuoOHAIBHOE YUCJIO, L — HATYPATbHOE YUCIIO (TOUHEee, OTOXK-
JIECTBJIEHHAsI C HUM CTPOKa). MBI TakzKe UCIIOIb3yeM KaKoe-HUOYIb
OTOXKJIECTBJIEHUE PAIMOHABHBIX YUCET W JBOUYIHBIX CTPOK. Ilapbl
JNIBOMYHBIX CTPOK TAKYKE OTOXKJIECTBJICHBI CO CTPOKAMH.

[Tycrs U(i,7,x) — yuuBepcasibhas dynkius. Kaxnoe nepednc-
JauMoe MHOXKecTBO nap (r,z) umeer Buz W;, KOTOpoe ecTh 00J1aCTh
onpegenennst Gyukmun U (i, 7, z) nupu DUKCHPOBAHHOM i (CM. pas-
nern 3.1).

BarycTuM Iporece BbIYUC/IEHUS BCEX 3HAYEHWI yHUBEPCAIbHOI
dbyukuun U(i,r,x) B BUge IUKIA, Ha KAXKJOH UTEPAIUH KOTOPO-
[0 IPOCMATPHUBAETCS TOJBKO ONHA TPOIKa (i,7,2) U MOIEIUPYETCs
OJIMH IIar MaIluHbl ThIOpUHTa, Bbraucisiomeil suadenne U (i, 7, ).
[Tpu sTom Kaxgas Tpoiika (i,7,x) IpocMaTpUBaeTcs Ha GECKOHEU-
HOM YHcJie uTepanuii muKIa. Eeam Ha ouepeiHoil urepanuu s muKia
suavenue U (i, r, ) BIEPBbIE ONPEJIEJIEHO, TO OIPEIeJUM MHOXKECTBO
W =W u{(r,x)}; nonaraem W7 = W', 5 nporusrom caryuae.
Hycrs WP = 0. Takum obpaszom, W7 o6ozHATACT KOHETHOE TIOMHO-
JKECTBO Hap, ePEeYnC/IeHHbIX B W; 3a § IIaroB nporecca BbIYuCIeHUsT
yHEUBepcaabHO# dyukiun. Oupemeanm

fi(z) = max({r: (r,z) € W’} U{0}).

Tak kak W — KoHeuHOE MHOXKECTBO JIst JIFOOBIX @ 1 s, f7(x) > 0
TOJIBKO JIJIs He DoJiee KOHEUHOro YHc/ia pa3indnbiX z. [1o onpenese-
nmo f#(x) < (@) ans seex 4, s, @

Jlmsl KazKIoro ¢ OMpeJIes M Pio(x) = 0 gy1a Bcex z, upu s > 0

oupegennm Pf(z) = f7(x) ausa Beex x, eciu

S ) <1, (5.2)
Yy
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onpenemum P#(z) = P*71(z) B nporusnom ciayuae. 3ameTum, 4TO
ecau yesosue (5.2) Hapymiaercst Jjisi KAKOrO-HUOYIb S, TO OHO HE
BLITIOJTHEHO U Jist Goabmux s, nostomy Pf(x) = P*71(x) nus Beex
TaKHX S.
S
I;IB OIIpeJIe/IeHHUST CIIE/LYeT, 9TO JIst JH060ro & BhiosHeHo PP (1) <
s+ . .
P> (x) mis Beex 4, s. [1j1st IPON3BOJIBHOTO ¢ OIPEJIEIINM
Pi(z) = sup P/(z) = lim P/(z)
s 5—00

)

quist Beex . Torma ) Pi(y) < 1, tak kak » , P (y) < 1 myst mo6oro s.
v v

Kpowme sroro, r < P;(z) Torma u Tonbko Toraa, Korga r < Pf(x) s

HeKkoToporo s. Ilo ompejesnenuio, MocIe0BATEIBHOCTD PAINOHA b

HbIX unces P?(z) BeramcsmMa kak dyHKIus oT 4, s U x. [losromy

muozkectBo {(i,7r,x) : v < P;(x)} nepeuancimmo.

JLnst jir060it IepevIncImMoii CHU3Y MOJIyMephl () nMeeM

Wi ={(r,z):r < Q(x)}

Jutst HekoToporo i. Torja yesioBue (5.2) Beeryia BBIIOJIHEHO U TIOITOMY
Q(z) = Pi(z) nus Beex z. O
Jlokazamenvcmeo meopemoi. Otpeennm

P(z) = §:j meﬂ«c»

Oyuknnga P mepedncinMa CHU3Y KakK JBOWHON Ipeesl HeyObIBAIO-
el BLIYUCIIMOIT TOC/I€10BaTE/IbHOCTH (DYHKITUI C pAIIMOHATLHBIMI
3HaYEHUsIMHA. 3JIeCh MBI UCIIOJIb3yeM HEKOTOPOe 0DOOIIEHNE IIPeIo-
senust 5.4, corsacio koropomy Pj(x) = limy, oo fn (4, x), e fi, (i, x)
— BBITUCIUMASI 110 I, ¢, 1 ¥ HeyObIBAIOIIas 0 1 TOCJAEI0BATETHHOCTD
dyHKIHUI ¢ paruoHaIbHBIMA 3HATEHUSIMU.

OHa sIBJIsIeTCST TOJIYMEPOii, TaK Kak

=1
;P(x)_zx:;wpz(w)_

s 1 1
I D ILCAD I vt

=1 i=
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Kpome 3toro, st jioboii epedrncmMoil CHU3y MoIyMephl () nMeer
MecTo paBeHcTBO () = P; ajs1 Hekoroporo ¢. [Toaromy

i(i +1)P(x) = Q(x)

Jist Beex x. Teopema mokazana. O

B nmanbmeitimem Mbl 3apesepBupyeM oboszHadeHnune P i Makcu-
MaJIbHOH IepevYnc/ImMoil cHU3y mojayMepbl. Mbl 6yaeM HasbiBarh P
anpuoproti nosymepoti Ha MHOMXKECTBE BCEX HATYPAJBHBIX UHCET U
HyJsie (MHOXKECTBE OTOXKJIECTBJIEHHBIX C HUME JIBOMYHBIX CTPOK), 1O~
CKO.Hbe OHa IIPpUIINCHBIBaET CaMyIO 60.HBLHyIO HOJ’[beILH/IC.HI/H\JyIO Be-
POATHOCTD HATYPaJIbHOMY YHCILY.

YteHbI JIFOOOTO MTEPEUUCTUMOTO CHU3Y CXOJISIIIETOCS Psijia Olpe-
JIEJISIIOT OLIEHKU CHU3Y JJIs AllPUOPHOIL moryMepsl. Hampumep, Moxk-
HO YTBEPXKATh, 9TO JIJIT HEKOTOPOI KOHCTAHTHI ¢ > (0

1
P(n) >
(n) enlogn(loglogn)?

JJIsl BceX n 2> 3, TaK Kak

o0

1
<
Z nlog n(loglogn)? >

n=3
W3 310it OTleHKN TTO/Iy9IaeM CJIe/ICTBHE.

CaencrBue 5.1. P(z) > 0 dan scex x.

5.1.4. /IBOiicCTBEHHOCTDH

Cremyromiast TeopeMa O JIBORCTBEHHOM IIPEJICTABJICHUN TPEDUKCHON
CJIO2KHOCTH YKA3bIBACT HA CBA3b MEXKY NPEeMDUKCHON CJI02KHOCTHIO
U allpUOPHOI HOJIyMepOii.

Teopema 5.3. KP(z) = —log P(x) + O(1).
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Jokazamenvcmeo. Ecim  # y, 1o mo oupenenennio KP(z) u
KP(y) — ayimHbl IBYyX HONAPHO HECPDABHUMBIX [OCJIE0BATEILHOCTE
Pz U py. IlosTomy

> 2@ = fj L(Tp,) < 1,

T€EE

IJie BCe JIBOMYHDIE CTPOKH Py, & € =, MONAPHO HECPABHUMBI, II03TOMY
unrepsasbl ', nonapro He nepecekatorcda. Kpome sroro, dbynkmnus
Q(z) = 27 KP(®) pepeuncimma crusy.

Canenosarenbro, dyHkust Q(x) ecTb nepedncanMasi CHU3Y II0-
JiyMepa Ha HaTypasbHbIX ducaax. OTcioa cemryer, 9ro

cP(z) > 27 KP@)
JUIst BCEX X, TJIe ¢ — KOHCTaHTa. TakuM o6pa3oM, Mbl JIOKA3aJIH, 9TO
—log P(z) < KP(x) + O(1).

Jutst tokasaTesbeTBa MPOTUBOIIOI0KHOTO HEPABEHCTBA HAM I10-
TpebyeTcst BCIoMoraTeabHoe yTBepKIeHne. V3BecTHoe B TeOpun WH-
dopmanuu HepasencTBo Kpadra 3akiodaercss B TOM, YTO JJIs JIIO-

00i1 KOHEYIHOI TTOC/Ie[0BATEILHOCTH HATYPAJIbHBIX dnces ki, ..., ky
TaKOM, 4TO
n
Yok,
i=1
CYIIECTBYIOT ITOMAPHO HECPABHUMBIE JIBOMIHBIE CTPOKU P1, ..., Pn
rakue, 9to [(p;) = k; upu i = 1, ..., n. laHHOE HEpABEHCTBO WC-

MOJIb3yeTCs B Teopun nHMOpMAIUHT 111 3(PDEKTUBHOIO ITOCTPOCHUST
IpeUKCHBIX KO/0B ° . ITOCKOIBKY MBI CTPOMM KOJIBI JIsi GECKOHEY-
HOT'O MHOKECTBA BCEX JIBOMYHBIX CJIOB, HAM ITOTpedyeTcst 000OIIeH-
Hoe HepaBeHCTBO Kpadra.

33910 HepaBEHCTBO HA IJIMHBI KOJOBBIX CJIOB SIBJISETCS HEOOXOIUMBIM U IO-
CTATOYHBIM YCJIOBHEM CYIIECTBOBAHUS OJHO3HATHO JIEKOJIUPYEMOI'O KOJA.
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Jlemma 5.3. Jlaa 410600 8bi4ucaumoti nocaedosamessHoCmu Hamy-
pasvHuT ducen ki, ko ... maxot, wmo

o0
Yok,
i=1

MOIHCHO NOCTPOUMD  BHIMUCAUMYIO N0CAEIOBAMEALHOCTND NONAPHO
HECPABHUMBLE JBOUYHBLL CMPOK P1,D2, ... maryro, wmo l(p;) = k;
npu it =1, 2,

Joxasameavcmeo. TlocTpouM HyzKHYIO IIOC/IEI0BATEILHOCTD 110
naaykiuu. IIycts p1, ..., pp yKe OIpedeseHbl TaK, ITO BBIIOJIHE-
Ho l(p;) = k; mpu i = 1, ..., n. Haiigem p,11. Vcnonb3yem npes-
IIOJIOZKeHEe NHAYKIUN: CYIIIECTBYIOT KOHEYHbIC II0CJIeJ0BaTE/IbHOCTU
t1, ..., tym Taxme, uro [(t;) # l(t;) upu i # j u

Q \ U?erpi = U?;lrti'

Cpean cios t1, ..., t;, obg3aTe/ILHO HalljeTcsa CJIOBO t;, JIJIsI
KoToporo [(t;) < kp41, TaK Kak uHaUe

LU Ty) < ) 277 =27Fm
s>knt1

1 TOorJa AJId MX JOIIOJIHCHHNA
LU Ty,) > 1 — 2 kst

n+1
OTKyJZIa Y 27k > 1. Tlosryuaem HPOTHBOpEUHE C YCIOBHEM JIEMMBL.
=1
[Tycrs t; — camoe mymanOE €10BO C [(t1) < Kpy1.
Eciu [(t1) = kp41, TO onpenennm p,4+1 = t1. B arom ciyuae,

Q \ U;:—llrpi = UZT'ZQFH’

T.€. IPEJIIIOJIOXKEeHNe MHIYKIUI BBIIOJIHEHO.
Eciu [(t1) < kp41, TO npegcraBum uaTEpBat 'y, B Buje ooben-
HEHUs TIONAPHO HECPABHUMBIX UHTEpPBaIoB g, ..., [y, Tak, uro
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l(as) = kpy1. Herpy/iHO IpOBEpuTD, 9TO 9TO BCEI1a MOXKHO C/EIATh.
Oupenenum 41 = as. meem

Q\UMIT, = Ul Ty, Ui Ty,

JmHb! BeexX a; pa3nudHble n O60JbIe AauHb! t1. JaunHel Beex t; mpu
1 > 1 menbIe geM jytuHa t1. [lostomy Bee a; u t; mpu ¢ > 1 a; mmeror
pasyimunble JauHBbL. [Ipemnonokenne WHIYKIIMU BBITIOJIHEHO JlemMma
JlokazaHa. O

ITepexonum K J10Ka3aTe/bCTBY TeopeMbl. [locrponm mpedukcHo-
KOppeKTHYIO dyHKIuo B(p) Takyio, 4To

KPp(z) < —log P(z) + O(1).

st sroro mepeuncisiem 6e3 MOBTOpeHUs BCe Hapbl (m,T) Takue,
ITO 1
27" < —P(x).
2
Tax kak P(z) > 0 mis Bcex x, Taknx nap 6eckonedno muoro. [lycrs
(mg, ) — k-s1 napa npu TakoM nepeducaenun. Toraa

T TRp=T
S SRLETS S A
x
e s(x) = min{my : zx = x}. g 9T0if BeJMINHBI BBIIOJIHEHO

_ 1 —s(z)+1 5 1

@ < 1p(x) u275@H > Lp(a).

Tak xkak P(x) > 0 mas Bcex x, it KayKJOro & CymecTByer k
Takoe, 4To Ty = .

ITo memme 5.3 CyImecTByeT BBIMUCIMMAS MOCIEA0BATETLHOCTD

pb1,p2, ---

OIIAPHO HECPABHUMBIX CJIOB, JIsi KOTOPBIX [(pr) = my s Beex k.
Oupenenum dyuknuio B(p):
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B(pr) = xy 1uist Beex k. IList ocTasibHBIX BXOJIOB 3HAUeHUE (DyHK-
nyu Heonpeaeseno. Torma

KPp(z) = min{my, : z, = 2} = s(x).

meem 275(®) > 1P(x). Dxeusanentno, 27 KP8@) > 1p(g) yum
KPp(z) < —log P(z)+2. Orcioza norydaeM yTBEPK I€HAE TEOPEMbI
KP(z) < —log P(z) + O(1). O

Mo2KHO paccMOTpPETh yCIIOBHBIE MIEPEUNCIUMbIE CHU3Y HOJIyMEPbI
Q(x|y), M1 KOTOPBIX BBIIOJIHEHDI YCIOBHS:

e muOXKecTBO { (71, x,y) : 7 < Q(x|y)} nepeuncimnmo;
e > Qxly) <1 st Kaxk0r0 Y.
x

AnaoruaHeIM 06pa3oM IOKA3bIBAETCS, UTO CYIIECTBYET MAKCHMATh-
Had C TOYHOCTBIO 10 MyﬂbTI/IHﬂI/IKaTI/IBHOfI KOHCTaHTBI YCJIOBHAa:I
nonymepa P(z|y) Takas, 9rTo s J11060# IIE€PEUMCIUMON CHU3Y
YCJIOBHOM mosiymepbl Q(x|y) cyliecTByer KOHCTAHTa ¢ Takasl, 4TO
cP(z|ly) > Q(z|y) ns Beex = u y.

HenocpecTBeHHbIM 00pa3oM IPOBEPSIETCs, YTO TeopeMa JIBOii-
CTBEHHOCTH MMEET MECTO JIJIsl YCJIOBHBIX MPebUKCHO CII0KHOCTH 1
AIPUOPHOIl TIOJTyMEepBHI.

Teopema 5.4. KP(z|y) = —log P(z|y) + O(1).

V1006HO HCIOJIB30BATh PE3YILTAT TEOPEMBI 5.3 JIJIsI JOKA3aTE b
CTBa HEPABEHCTB i HpedukcHoil ciokaocTH. Cdhopmyaupyem
HeoOXOAMMOE CJIEICTBIE U3 TEOPEMBI H.3.

CaenctBue 5.2. /Jlas 4100010 nepequciumoti CHU3Y Nocaedo8amenb-
HOCTNAU BEWECTNBEHHVIT YUCEA Gn, N = 1,2, ..., maxol wmo

9]
g an < 00,
n=1

UMEETM, MECTO HEPABGEHCIMEO

KP(n) < —loga, + O(1).
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B xauecTBe mepBOro MPUMEHEHUSI TOTO CJIEICTBUS JTOKAXKEM
HEPaBEHCTBO

KP(n) < logn + 2loglogn + O(1). (5.3)

JeiicTBUTBHO, Psin 2, TlogZn < 0O~ CXOMUTCA. Hepagencrso (5.3)

TIOJTysIaeTCs TI0 CEJCTBUIO O.2.
MoxkHo ycunurh HepaBeHCTBO (5.3):

KP(n) < logn + loglogn + 2logloglogn + O(1). (5.4)

OHO cJelyer u3 CXOJUMOCTH PSJIA » oo 1 < 00.

n=4 plognloglog®n
MoxkHO moKa3aTh OoJiee TOUYHOE HEPABEHCTBO

KP(z) < I(z) + KP(I(z)) + O(1).

JeiicTBUTETBHO, CXOMUTCA P

22 —KP(I(z)) _ Z Z 9—U(z)-KP(l(z)) _
_Z2m2 m—KP( ) Zz KP(m) < o0. (5.5)

m

st moKazaTeIbCTBa IIPOTUBOIIOJIOKHBIX HEPABEHCTB HCIIOJIb3Y-
eM JIpyToe CJIeJICTBUE U3 TEOPEMBI 5.3.

CaenctBue 5.3. /las 4100010 nepeduciumoti CHu3y nocaedosamens-
HOCTU BEWECMBEHHBIT YUCEA Gn, = 1,2, ..., maKxol, 4mo

E an = 00,
n

UMEETN, MECTNO HEPABGEHCINGO
KP(n) > —logay,

O0ns BECKOHEUHO MHORUX 1.
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Zloxazameavcmeo. eficTBuTeNnbHO, MO TeopeMe 5.3, ecin
KP(n) < —loga, + O(1), T0o nmeer mecro oo > cy  P(n) >
>, Gn = 00. Ilomy4ennoe npoTuBoOpetne TOKa3bIBaeT CleAcTBrE. [

1
Z nlogn -

n=2

Tak Kak psi

pacxoanTcs, it OECKOHEYHO MHOTHX 7N BBIITOJIHEHO
KP(n) > logn + loglog n.

Takum obpazoMm, HepaBeHCTBO (5.4) SBIAETCS MOYTH He YUIydIae-
MBIM.

5.1.5. IIpedukcHasi CJIO>)KHOCThb Mapbl

L1t ipepUKCHOM CITOZKHOCTH MMEET MECTO TOUHOE COOTHOIIIEHHE JIJTsT
JEKOMIIO3UTIUU CJIO?KHOCTU TapPHI.

Teopema 5.5. KP(z,y) = KP(z) + KP(y|z, KP(z)) + O(1).
[IpeiBapuTeIbHO JOKAXKEM JIBE IPOCTHIE JIEMMBI.
JIemma 5.4. KP(z,y) < KP(z) + KP(y|z) + O(1).

JlokazaTeabCcTBO 3TOM JIEMMBI IIPEIOCTABIISIETCST TUTATEIO B Kar-
qecTBe 3a1a9n 9 u3 passena 5.4.

JIemma 5.5. KP(z,KP(z)) = KP(x) + O(1).
Zloxazameavcmeo. HepaBeHcTBO
KP(z) < KP(z,KP(z)) + O(1)

OYEBH/THO.
ITycrs p — camblii Koporkuil KoJ Jyist . Tora HeKoTOpbIii airo-
pur™ Moxer 110 p Bbraucauth = 1 KP(x) = I(p). Orcrona

KP(z, KP(z)) < KP(z) + O(1).
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Jlemma gokazana. O
[Tonb3ysch emmamu 5.4 u 5.5, TOJIyYINM HEPABEHCTBO < :

KP(z,y) < KP(y,z,KP(z)) + O(1) <
< KP(z,KP(z)) + KP(y|z, KP(z)) + O(1) =
= KP(z) + KP(y|z, KP(z)) + O(1).

Jlns jjokazaTebeTBa 0OPATHOIO HEPABEHCTBO MBI BOCIIOJIB3YEM-
Cs JIBOMCTBEHHBIM IIPEJCTABIEHHEM MPEPUKCHON CIOKHOCTUA Uepe3
AITPUOPHYIO TOJIYMEDY.

YuaursiBas Teopemy 5.3, HaM HEOOXOIUMO JI0KA3aTh HEPABEHCTBO

c1P(ylz, KP(z)) > 2XP@ P(z, ),

TIe Cc1 — IIOJIOZKUTEJIbHad KOHCTaHTa.

Oyukunst Q(z) = Y P(z,y) ABIsS€TCS IEPEUNCIUMON CHU3Y II0-
y
JIyMepOoil, Tak Kak

S Q@) =Y Pley) < L.

[Mosromy coP(x) = > P(x,y) Jyisi HEKOTOPOIH TI0JIOXKUTENHHONR KOH-
y

cTanTel ¢p. B wacrmoctm, 32 XP(®) > S P(z,%), mia mexoropoit

Yy
KOHCTaHTbLI C3 HUJIN

Zc§12KP(I)P($,y) <1 (5.6)
y

IJI J11I000r0 .

Eciin 661 dyukius Q(y|z, m) = 0512mP(:L‘, y) ObLIa TIepeYnC/Iu-
MO CHU3Y MOJIyMEPOil, MbI Cpa3y MOJIyqunn Obl HEOOXOMMOE Hepa-
BEHCTBO

cP(yla, KP(2)) > 257 P(a, )

JIUIsl HEKOTOPOi KoHCTaHThI ¢. OJiHAKO jaHHast (DYHKIHS YI0BJICTBO-
psier yeaoBuio (5.6) Tosnbko npn m = KP(z). Mer npeogoseem sToT
HEJIOCTATOK C IIOMOIIIBIO JIOIIOJIHITE/IbHBIX IIOCTPOEHHUIA.
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MuoxkecrBo W = {(r,z,2) : r < P(x,z)} nepeancinmo. Ilycrs
W' obosnadaer KOHEUHOE TIOJMHOMKECTBO €ro 3JIeMEHTOB, Mepevrc-
JIEHHBIX 3a t 1mraros. [lycrb

P'(z,2) = max({r : (r,x,y) € W'} U{0}).

Omnpenesmm noxymepy Q(y|x, m) caemyrommm o6pa3oM: Mo T, m u §
HaiizeM MakKcHMaJbHOe ¢ < § Takoe, 9ToO

cgtom Z P'(z,2) < 1,
z<t

1 I1oJjiaracM

0512mPt(1’,y), ecm y < t,
0, ectm y > t.

@ (yle.m) = {

ITo onpexnenenmo Q°(y|lz,m) < QT (y|z,m) mna Bcex x, m u s.
[Iycrs
Q(ylz, m) = sup Q*(y|z, m).
S

Torna HETPYIHO BUIAETH, U4TO (DyHKIHUS () Tepednc/inMa CHU3Y U

> Qylz,m) <1
Yy

JIst JII00BIX & 1 m. VIMeeM i1t altproOpHOil 10Ty Mepbl
cP(ylz,m) = Q(ylz, m)

JIUIsl HEKOTOPO! KOHCTAHTEI C.
[Toraraem B sToMm HepaencrBe m = KP(x). Tak xak corsiacHo

(5.6),

CI32KP(:6) Z-Pt(xaz) <

z<t

< 03712KP($) Z P(z,z) <1
z
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JIUTST Ka2KJIOTO t, BBITIOJTHEHO
Q(y|z.KP(z)) = ¢ 12XP@ P(z, 2).
Orcroza nomydaem
cP(ylz, KP(z)) = 2XP@ P(z, y)

1A HeKOTOpOfI IOJIO?KUTEJbHOI KOHCTAHTHIL C. TeopeMa JOKa3aHa.
]

5.2. MoOHOTOHHBIE CIIOCOOBI JIEKOJINPOBAHUSA

B coBpeMeHHO# NpaKTUKE U TeOpUN MHPOPMAIIUK IIHPOKO HCIIOJIb-
3yIOTCS AJTOPUTMBI, KOAUPYIOIIHe HH(MOPMAIMOHHBIE MACCUBBI, I10-
JIydaeMmble TTOTOKOM B pexkKuMme OHJiaiH. [Iporiecchl JIeKOIupOBaHUs
TaK2Ke JOJI2KHBI ITPOUCXOINTH B PEXKMMe OHJIAIH, a KO/I0Bas IOCIe-
JOBaTEJIbHOCTb TaKKe NOJIZKHA CTPOUTHCH ITIOTOKOM.

B cBasu ¢ stum MBI OyreM pacCcMATpPUBATDL TaK HA3bLIBAEMbIE
MOHOTOHHBIE METOJIbI KOJUPOBAHUS W JeKOAUpOoBaHUs. MOHOTOH-
HBIM MeTOJaM JIEKOJIMPOBaHNA 6y,ILeT COOTBETCTBOBATh MOHOTOHHAA
CJIOXKHOCTD, KOTOpasl sBJsSeTCs MOAn(UKAIMEl MPOCTONH KOJIMOTO-
POBCKOW CJIO?KHOCTH.

5.2.1. MonoToHHas CJIO?KHOCTD

Oynknus f: {0,1}* — {0, 1}* HaspiBaeTCS MOHOTOHHOI, €Cn ISt
BCex x U y Takux, 9ro & C y, Bbmosneno f(z) C f(y). Kiacc Takux
dbynkmit MO’KeT OBITH MCIIOIB30BAH JIJIsl OIPEIETIEHUS COOTBETCTBY-
foIeil MOHOTOHHOIT ciozkHOCTH km(x) (cM. 3ama4du paszerna 5.4).

JL1st oripeie/ieHne MOHOTOHHBIX CIIOCOOOB JIEKOINPOBAHNS MbI OY-
JIeM MCHOJIb30BaTh Olpe/iesieHne 6oJiee 0bIIero BuIa.

BalaHreM BBIYUCIUMON ONEPAINE HA3BIBAETCS IIEPEUNCTUMOE
MHOZKECTBO IIap KOHEUHBIX I0C/IeI0BaTebHocTeil F', KoTopoe o6iia-
JlaeT CBOMCTBaAMMU:
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1) g mobeix nap (p,x), (p'z’) € F, ecom p C p/, To x C 2/ nim
z' Cux;

~ N

2) eciu (p,x) € F, 1o (p,z') € F, 1o st mobbIx &' Takux, 4To
/
x Cx.

[Ipu Takom omnpejeneHun st JOOOH KOHEUHON WU OECKOHETHOI
nocaieoBarenbaocTu o, ecin (p,x), (P, 2') € Fup C o, p' C a,
TO OJiHA U3 IOCJEA0BATEJLHOCTEH & Wiu T’ IIPOJOJIKAET JIPYIyIO.
DTO0 CBOWCTBO 00ECIIEUNBAET KOPPEKTHOCTH CJIEIYIOIIEr0 OIpeesie-
HUS BBIYUCIUMON ONepaliyu.

JList TpOU3BOJILHON KOHEUHOM M OECKOHETHON TI0C/IeI0BATE/ b
HOCTH (¢ OIIPEJICJIMM 3Ha4YCeHUE BBIYMCINMON Ollepalinun:

F(a) =sup{z : Ip(p C a&(p,z) € F)}. (5.7)

3/1ech 1101 Sup MOHUMAETCs 00'beIMHEHIE MHOZKECTBA [IOIIAPHO COTJIa~
COBAHHBIX IOCJIEOBATEILHOCTEH B OJHY IOCIIEI0BATEIBHOCTD. JK-
BUBaJIEHTHAs 3aIiCh J71 (5.7):

F(a)= S?Lp{x - (o™, z) € FY.

PaceMoTpuM ipuMephbl BBIMUCIUMBIX oniepariuii. JIiobas MOHOTOHHAs
dyuknust f : Z — = 3a7aeT BBIYUCIUMYIO OIEPAIMIO: MHOXKECTBO
F={pz):3pe D¢(x € f(p))}, rae Dp — obacTb onpejiesieHns
dbyukuun f, ynosiaersopsier ycioBusim 1) u 2).

B 4acTHOCTH, MHOKECTBO F' = {(p,p) : ' C p} 3anaer Toxe-
cTBeHHYIO onepaiuio: F(p) = p st Beex p.

BHavYeHneM BbIYUCTMMOl OlIepalui Ha KOHETHOI TI0C/IeI0BATE b
HOCTH MOYKET MOXKET ObITh GECKOHEeUHas MOC/Ie0BaTeIbHOCTL. Ha-
npuMep, st JI000# GECKOHETHON BBIUUCIUMON IIOC/IEI0BATETLHO-
CTH (@ MOXKHO paccMOTPETh 3aJaHie BBLIMHCIAMOIlL omepamun F =
{(\,a™) : n € N}, e A — nycras nocsenosarebaocTb. Torma
F(X) = a. Bamernm, 4T0 BepHO U o6paTHOE: I JI0OOI BLIYHC-
quMoit oneparmu F', ecim F(p) = a, e p € Z u av € ), 10 110cte-
JIOBATEIHLHOCTD (¢ — BBIYHCIMMAast (CM. 3a/1ady u3 pasmuesna 5.4).
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Jlist mroboit BeIMuC/IMMOM oneparuu F'onpemesnM Mepy MOHO-
TOHHO CJIOKHOCTHU

KMp(z) = min{l(p) : « C F(p)}. (5.8)

ITo oupenenennto seamanaa KMp(x) paBaa jymmHe caMoii KOPOTKOI
CTPOKM P Takoii, 4To Jyisi HeKOTOpoii mapel (p,z’) € F 6yner z C
a’. Tlo cBoiicTBy 2) 3a/1aH1sT BBIYUCIUMOll OIIEPAIME B 9TOM CJIydae
raxxe 1 (p, ) € F. losromy Bemmamaa KM F(z) paBHa JmuHe camoit

KOPOTKOI CTPOKH P Takoil, uro napa (p,z) € F, r.e., onpejieieHne
(5.8) sKBUBAJIEHTHO

KMp(z) = min{l(p) : (p,z) € F}.

,HJIH MOHOTOHHBIX CIIOCODOB JEeKOANPOBaHNA TaK2Ke nMeeT MeCTO TeO-
peMa MHBapUuaHTHOCTHU.

Teopema 5.6. Cywecmeyem GuiHUCAUMAA MOHOTNOHHASA ONEPAUUS
A maxas, wmo 0as 110001 BLIMUCAUMOTE MOHOMONKHOT onepayuu F
CYWECMBYEM, KOHCMAHMA C MAKAA, YMO

KMj(z) < KMp(z) + ¢
ona ecex x.

[IpexBapuTesbHO MBI IOCTPOUM PABHOMEPHO IEPEUNCIUMYIO 110~
CJIEIOBATEILHOCTD BeeX 3(P(DEKTUBHBIX CITIOCOOOB 38 IaHUS BHIUNC/IU-
MBbIX Olepaluii.

Jlemma 5.6. Cywecmsyem nepeuucaumoe mHostcecmeo mpoek F,
xomopoe obaadaem c8OUCTNEAMU.

o Jdas 1106020 T MHONHCECTNEO

~

Fi={(py): (i,p,y) € F} (5.9)

obaadaem ceolicmseamu 1) u 2), m.e. asasemca 3adaHuem
HEKOMOPOU 6bIHUCAUMOT ONEPAUU;
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® Oas 06020 3adaHus eviuucsumot onepayuu F natidemes 1
maxoe, wmo F = F; (dasa xomopozo ewinoanero c60lcmeo

(5.9)).

Jokxazamenvemso. Ilycrs U (i, p,y) — yHuBepcaibHasi QyHKIHS
u MHOKecTBO W, cocrout m3 Beex map (p,y) TAKUX, 4TO 3HAYCHHE
U(i,p,y) omnpenesneHo.

IIycts W cocrour u3 Bcex map (p,y) TaKUX, YTO 3HAYECHHE
U(i,p,y) ompeneseHo 3a S MIAroB.

Iycrs FP = 0.

[Tosraraem Ff = W7, ecim muoxecrso W yrosiieTsopser yciio-
Buio 1) onpejesienusi 3a1anus b dexkTuBHOl oneparyu. B nmporus-
HOM CJIy4ae, OIPeIe/ UM Ff = F’f‘l.

Onpenenum Fy = USFZ-S. [Tocyie aTOrO /15T KAXKIOTO § PACIIIUPUM
MHOKECTBO Fj co1e/1yrommn 06pasoM: J1Jlsl KasKIoH mapbl (p,y) € F,
nobasuM K Hemy Bee napsl (p,y'), rae y' C y.

Ob603HAYNM TOJTy Y€eHHBIE MHOXKECTBA, Fi, t=1,2, ... Ilo mocrpo-
EHUIO KaXKJI0€ TAKOe MHOXKECTBO SIBJISIETCS 3aJIAHNEM BBITHCINMOIN
oneparuu. [lycth

F=A{(i,p.y) : (p.y) € By}

ITo ompenenenuto F — mepedncanmMoe MHOXKecTBO. Kpowme Toro, s
JIFOOOTO 3a/IaHUsT BBIYUCIUMOI Ollepalun F maiinercst i Takoe, 9TO
F =W, Ilo criocoby oTpe ieIeHns F, = W;, mpudeM paciiupeHue
MHOKecTBa F) 10 MHOKecTBa Fj He HapyIIUT 3TO PABEHCTBO, TaK
KakK MHOXKecTBO W; 0bsiasiaer cBoitcTBOM 2). 3HAUMT, F = F,. Jlemma
JokazaHa. O

Zoxasameavcmeo meopemo. Ilycrb nepedncimmoe MHOXKECTBO
TpoeK JF yJIOBJIETBOPSET YCJIOBUIO JIEMMBI 5.6.

Omnpee/nM OITHMAIBHBI MOHOTOHHBL c110co6 3aganus A ciie-
JYIOIIIM 00pa30M:

A = {(stx(i)01p,y) : (i,p,y) € F}.

YesroBre 1) MOHOTOHHOTO €rtoco6a 3a/1aHust OIEBUTHBIM 00PAa30M BbI-
nosHeHo. Jljist Toro 4To6bl GbLIO BBIIOJIHEHO YCJIOBUE 2), PACIIAPUM
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MHOXKecTBO A: jist Kaxk 1ot mapel (z,y) € A 106aBUM K MHOYXKECTBY
A Bee napwr (z,y') Takue, aro y' C y. Ilycrs A — cooTBeTcTBYIOmAs
MOHOTOHHAasI orepariusi. JlokaxkeMm, 9T0 A Olpee/sieT ONTUMAaJIbHBII
MOHOTOHHBII CIIOCOD JIEKOIMPOBAHMSI.

[Iycts F' — 3amanne HEKOTOPOI BBIYUC/IMMOI OIIEpPAIU, TAKXKe
(p,z) € F ul(p) = KMp(z). A

Torna no jemme 5.6 F = F;, (i,p,x) € F u modromy

(str(i)01lp, x) € A s wekoroporo i. Takum o6paszom,
KMy(z) < IU(p) +20(i) + O(1) = KMp(z) + 21(i) + O(1).

Teopema nokazana. O

QukcupyeM OJHy U3 ONTUMAJBHBIX BBIUYUCIUMBIX OIEPAINii
A, yIOBJIETBOPSIIOIIUX TeopeMe 5.6, W Ha30BEM MepPY CJIOXKHOCTU
KM 4(z) monomonnoti caoorcnocmoto ciaosa x. Hukunilt mnaekc B
JaJIbHEHIIeM OILyCKaeM.

Nmeer mecro mepasencTo KM(x) < I(z) + O(1). HeficrBuren-
o, muoxkectso nap F = {(p,p/) : p C p,p € E} ynosnersopsier
ycsioBusiM 1) 1 2) onpejiesieHus 3a/[aHNsT BBIYUCIUMON OlIepaIin.

MoHOTOHHAST CJIO?KHOCTD CBSI3aHA, CO CJIOKHOCTSIMHU JIPYTUX BU-
JIOB CJIEIYIOIIIM O00Pa30M:

KM(z) < KP(z) + O(1) < K(x) + 2log K(z) + O(1).

JeficTBUTEILHO, NI JTIOOOH BBIYUCIUMON NPeUKCHO-KOPPEKTHON
dyukuun F(p) muoxecrso {(p, F'(p)) : p € Dr}, tae Dp — obiactb
ompeiesiennst byHkimu F', y0BaeTBOpsieT yeJIoBuio 1) onpeieieHust
33JIaHNA BBIYUCINMOI OIlepaIiu.

MoHoTOHHAST CJIOKHOCTH SIBJISIETCST MOHOTOHHOM QyHKIHMEH, a
nmenno, KM(z) < KM(y) upu = C y.

5.2.2. Teopema JleBuna—IlInoppa

Teopema Jlesmuna—IllHoppa 0 XapaKTepwsaluu CIy9allHON 110
Maptun-Jledy nmocaemoBaTeIbHOCTH 3aBepIaeT nporpammy Koamo-
TOPOBA IO CJIOYKHOCTHOMY OIMMUCAHUIO CIYIANHBIX MTOCIEI0BATEIHHO-
CTell.
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Hamomunm, ato w™ = wq .. . wy, 0003HATAET TMOCTIEI0BATEIHLHOCTH
[IEPBBIX N OUTOB HECKOHEYHO ITOC/IeI0BATEIbHOCTH W.

Teopema 5.7. Beckoneunas d60uunan nocaedosamesvbhocms W CAY-
yatina no Mapmun-Jlepy mozda u moavko moezda, xo2da

KM(w™) =n+ O(1).
Jloxazamenvemeo. JTokaxkeM, 9T0 MHOKECTBO
{KM(w") 2n+4+0(1)} ={w: YmaIn(KM(w") <n—m)} (5.10)

SABJIIETCsT A(DPEKTUBHO HYJIEBBIM.
[IpeiBapuTEIBHO JIOKAXKEM JIEMMY.

Jlemma 5.7. Jlasa 2410600 nocaedo8amesbHocmy nonapHo Hecozia-

oo
COBAMMBIL 06 T1,Ta, ... evnoaneno Y. 27 KM@n) L1,
n=1

1. Toroa U3 MOHOTOHHOCTH CJIOXKHOCTH CJIOBA D1, P2, ... TaK¥kKe IIO-
HApHO He coryiacoBambl u nosromy Y., 271 < 1. O
[Tepexonum K goKasaTebCTBY TeopeMbl. Ompeaeanm

Jlokasamenvemeo. Ilycrs x; C A(p;) u l(p;) = KM(x;) juist Beex

Unp =U{Tz : l(z) < n&l(x) — KM(z) > m}.

I[IpejicraBuM 5TO MHOYKECTBO B BHjie O0bEMHEHNS IOIIAPHO Helepe-
CEKAOIUXCsl UHTEPBAIOB Uy, 5, = U;?:lf‘xj, rJie &; — IOIMAPHO Heco-
riacoBasbl 1 [(x;) — KM(zj) > m n l(x;) < n ma seex j. Torma

k k
L(Unp) <Y 27H0) < 27m )y " g7KMl@;) < gmm
j=1 j=1

ast Bcex m u n. lycrs
U = UpUppn = U{T; : l(z) — KM(z) > m}.

Unn C Unpnt1 ans Becex m u n. Hosromy L(Uy,) < 27 s Beex
m.
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Eciu w npunajyiexkur muoxkectsy (5.10), To jyist KaxKa0ro m
cymecrByer n takoe, aro KM(w") > n —m, 1e. w € Uy C Up,.
SHAYUT, W SIBJISETCST 9JIEMEHTOM 3(D(PEKTUBHO HYJIEBOIO MHOMXKECTBA
N Unn-

Hokaxkem obparHoe yreepxienue. Ilycrs {U,,} — npoussosb-
it Tect Maprun-Jleda. Mol jokakem 6ojiee CUIBHOE yTBEPIK/I€-
Hue: ecsim w orBepraercst recroM {Up,}, 1o Besmunua n — KP(w™)
HeorpanudeHa.

[Iycts U = Ny Up, tiie L(Up,) < 27™ mjist Bcex m u
Up =U{ly: (m,x) € T},

rjae T — BbIUHUC/IUMasd OCHOBaA. HyCTb TaK2Ke BBIIIOJIHEHO YCJIOBUE:
ecau (m, z), (m,x’) € T, 1o caosa x u &’ necpaaumbl. Jlokazaresb-
CTBO CYIIECTBOBAHUSI OCHOBLI C TAKUM CBOMCTBOM IIPEJIOCTABJISCTCA
YUTATEJIO0 B KaYecTBe 3a/a9u U3 pasjena d.4.

OnpeieinM ceMeiicTBO paBHOMEPHO IIePeUNCIUMbBIX CHU3Y IIOJIYy-
Mep Ha MHO2KECTBE BCEX HaTypaﬂbeIX quceJI:

2m9=lz) ecn (m,z) €T,
0 B IPOTHBHOM CJydae.

Pan(z) = {
15t KaxKAoi U3 3THX IOJyMEp BBIIOJIHEHO HEPABEHCTBO

S Pu@)y=2m Y 27@ =2mp,) < 1.
x (m,x)eT

PaccmoTpum cmech 9TuX moJiyMep — MepeducIuMyI0 CHU3Y ITOJTyMe-

py:
1

@ = 2+

P (x).

NE

=1

3

N

3 onpenenenns ), R(x) < 1. Tak xak cP(x) > R(x) s HekoTO-
pOI71 KOHCTaHTBI C, BBIIIOJTHECHBI HEpaBEHCTBa

KP(z) < —log R(z) + O(1) < —log P (x) + 2logm + O(1).

4Hamomumm, uro n — KM(w™) > n — KP(w™) — O(1).
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Kpowme sroro, npu (m,z) € T
—log P (z) = l(z) — m.

Ecmn w € NU,,, To Ui KazKJIoro m CYIIECTBYET N TAKOe, UTO BbI-
nosaeso (m,w™) € T' u, 3naqwur,

n—KP(w") = m —2logm — O(1).

CrejtoBaTe/ibHO,
sup(n — KP(w")) = oc.
n

Teopema jokazana. O

Ha camom jieste, Teopema 5.7 gaeT XapaKTEPU3AIUIO CJIYYaHBIX
[I0CJIEIOBATEILHOCTEN HE TOJIBKO B TEPMUHAX MOHOTOHHON CJIO2KHO-
CTU, HO U B TepMHUHAX MPeUKCHON CJIOKHOCTU. BTopast 4acThb 3TOi
TeopeMbl U ObLIIa JTOKA3aHa JJIsT MPEePUKCHON CITOYKHOCTH.

Beuy BakHOCTH 9TOrO pe3dy/ibrara, cOpPMyJIIPpYEM ero B BHUJIE
TEOPEMBI.

Teopema 5.8. Beckoneunas d60uunan nocaedosamesvbhocms W CAY-
yatina no Mapmun-Jlepy mozda u moavko moezda, xo2da

KP(w") > n—O(1).

Ob6paTHOe HEPpaBEHCTBO HE MMEET MECTO JIJIsT IPEMUKCHON CJIOXK-
HOCTH.

5.3. Berauciumbie Mmepbl

Jlo TOro MecTa MbI JjIsi ITPOCTOTHI PACCMATPUBAJIN TOJHKO PABHO-
MepHyI0 Mepy. Ha caMom Jiejte Bce OCHOBHBIE Pe3Y/IbTATHI AJTOPUT-
MUYECKON TEeOPpUN BEPOATHOCTHU BBLIIIOJIHEHBI WU JIJIsI ITPOM3BOJIBHBIX
BBIYUC/IUMBIX MED.

IIycte P — mpousBojibHasI Mepa Ha MHOXKecTBe () Bcex 0OEcKo-
HEYHBIX JBOMYHBIX MOCJEI0BaTeIbuocTeil. PaccmorpuMm dyHKIMo,
IIPUHUMAIONIYIO BEIICCTBEHHbIC 3HaAYCHUA:

P(:L‘) = P(Fx)y
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rje T — NPOM3BOJbHAS KOHEYHAS IMOCIEI0BATEIBHOCTD. DyHKIMA
P(x) ynoBiaerBopsieT yCJIOBUSIM:

P(\) =1;
P(z) = P(x0) 4+ P(z1). (5.11)

Bepuo u obparnoe. st 3amanus Mmepbl P Ha Bcex HOPETEBCKUX MO/
MHOXKeCTBax ) JIOCTATOYHO 3aJ1aTh JIJIsT BCEX KOHEUHBIX ITOCJIEI0BA~
resibHOCTEH X 3HavYeHuss GyHkuuun P(r), yIoBIeTBODSIONHE YCJIO0-
susim (5.11). Ilocse sTOTO ONpEsIEsieTcs Mepa UHTEPBAJIOB B BHJIE
P(I'y) = P(x) ays Bcex x, KOTOpasi MOXKET OBITH CTAHIAPTHBIM
00pa3oM pacrpocTpaHeHa Ha JIF00oe oObeInHeHne CUYETHON Iocye-
JIOBATEILHOCTH IOMAPHO HEIIEPECEKAIOIINXCsI NHTEPBAJIOB — JIi00oe
OTKPBITOE MHOXKECTBO, & TEeM CaAMBbIM U Ha JII000e 3aMKHYTOE MHOYXKE-
cTBO. ajaee MOXKHO pacupocTpaHuTh Mepy P Ha j1i0060e 60pesieBCcKoe
IIOJIMHOZKECTBO ().

ITpocreitmuit mpuMep HepaBHOMEPHON Mepbl — IIPOM3BOJIbHAST
OepHYJLINEBCKAs MEPa C BEPOSITHOCTHIO €IMHUIILI, PABHON p:

By(x) =pF(1—p)"*,

rae n — JJINHA T0CJIeIOBATEILHOCTH T, a k — YUCJI0 eIUHUI B HEll.

Ecmm p = 0, To Mepa P cocpenoTodena TOILKO Ha OFHOU ITOCIe-
nosaresbHoctn 0°°: P(0") = 1 agist Bcex n u P(z) = 0 musa Beex
OCTAJILHBIX .

Mepa P nasbiBaercst BBIYUCIUMOI, ecu dbyHkius P(x) sBiser-
cs1 BerancmMoit. Ompeiesierue BEIauCInMOi (OyHKITUN C BEIECTBEH-
HBIMH 3HaYEHUsIME OBLIO JIaHO B paszuesie 5.1.3.

I/ISBGCTHO7 q9To d)yHKH‘I/IH BbIIUC/JINMa TOr'Zla U TOJIBKO TOI'/Zla, KO-
r/1a OHA MEPEUUCTUMA CHU3Y U CBepxy. Ecin OyHKIMs SABIsSeTcs Me-
pOit, TO JIOCTATOYHO TPEOOBATH TOJIBKO MIEPEUUCTUMOCTD CHU3Y WU
[IEPEIUCTUMOCTD CBEPXY.

Hanpuwmep, eciu dbyukinus P(z) nepeducjinMa CHU3Y, TO OHA T1e-
pedncanMa U cBepxy (a TeM CaMbIM U BBIYHCINMA), TAK KaK

r>Plx)el-r< Z P(z).
zZ£x,l(z)=l(z)
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Bepuysnesckast By(x) Mepa BBIMHCIIMA TOTJIA H TOJIBKO TOTJIA, KO-
Ia BEIIECTBEHHOE YUCJIO P BLIYUCIAMO.

AHayIornuHbIM 06pPa30M ONPEIENAETCA OHATUE TOCIEI0BATE b
HOCTH Ciydaiinoii mo Maprun-Jledy OTHOCHUTENLHO BLIYHCIMMOM
Mepbl P. Oupegnessiercss moHsitue P-Tecra: 3TO EPEUUCTUMAS 110-
CJIeIOBATENIBHOCTD 3P MEKTUBHO OTKPBITHIX MHOXKECTB {Up, },m =
1,2, ... makas, uro P(Up,,) < 27 ™.

MuozkectBo A — acbdexkrusno P-uyiesoe, ecaiu A C Ny U, mis
Hekoroporo P-recra {Up,},m=1,2,....

Toumo Tax ke, Kak TeopeMa 4.1, TOKa3bIBAETCS CJIELYIONIAs TeO-
pema. Hazmo Toabko B gokasaTeabCTBe 3aMeHUTL Mepy L ma P, a
suagenme 2°1%) wa P(z).

Teopema 5.9. /[aa 210601 evivucaumots mepv P cywecmesyem mak-
CUMAABHOE MO SKAOUERUIO dPpexmuenoe P-Hnyaesoe mroocecmeo.

Teopema Jlesura—IIInoppa Takzke nMeeT MECTO JJIsI ITPOU3BOJIb-
HOI BBIYUCJIMMON MEpDI.

Teopema 5.10. Beckoneunas 060uMHAA N0OCACIOBAMEADHOCTID W
caywatna no Mapmun-Jledy omnocumenvro svuucasumot mepor P
mozda u MoAvko mozda, Koz20a

KM(w") = —log P(w") + O(1).

YTBepK/IeHHE O TOM, HUTO MOCJIEJOBATEIBHOCTD W CIIydaiiHa 110
Maptun-Jledpy oTHOCHTENIHHO BHIYUCIUMOI MePBI PP TOTJIa U TOJIBKO
torja, Korga KM(w™) > —log P(w™) + O(1), mokasbiBaeTCst TOYHO
TaK »Ke, KaK U TeopeMa, d.7.

TpuBnaabHasi 4acTh JIOKA3aTEIbCTBA TE€OPEMBI 5.7 0 TOM, YTO
KM(z) < I(z) + O(1), cranoBATCA HETPUBHAJIBLHON B CJIydae IpPO-
M3BOJIBHON BhIMUCIMMOIT Mepbl P. Mbr copmynupyem u jrokazkem
aHAJOTUIHOE YTBEPXKJEHNE B BUJE JIEMMHBI.

Jlemma 5.8. Jlas 410601 evivucrumoti mepv, P natidemes xoneman-
ma ¢ maxas, wmo KM(x) < —log P(z) + ¢ dasa ecex x. °

-
°Buepsble GpopmynupoBKa 3T0# JleMMbl onybaukosana B [14]. Haunbosee Tod-

HOe WM3JI0’KEHHUe JI0Ka3aTelbeTBa uMeercss B [25]. B KoHCTpyKImn 310 j1eMMBl

COEPKUTCA Ued MeToa apudmernaeckoro kogmposanus, cm. [10], [32].
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Zoxasamesvcmeo. BeeieM nepapxuieckyio CUCTEMY OTPE3KOB C
BBIUUCJIUMBIMI KOHIIAME T, C [0, 1] Takyto, uro

e JymHa T, paBua P(x);
® T\ = [07 1]7
® T, = Tpo U Tyl IJIS BCEX I.

Takast cucremMa OTPE3KOB CYIIECTBYET, M KOHIIbI 3TUX OTPE3KOB MOK-
HO BBIUHCJSITE C J000I CTEIeHbI0 TOTHOCTH.

PaccmorpuM Takke OTpe3KMd € JBOUIHO-PAITHOHAJIBHBIMHU KOH-
mamu. [IponsBoabHOM IBOMYHOI MMOC/IETOBATETBHOCTH T = I ... XLy
COIIOCTAaBUM OTPE30K C JIBOMYHO-PAIIMOHAJBHBIMU KOHIIAMU JJIMHON

2771“
. n . n .
=) 227 227" +27"
=1 =1

PaccmorpuMm MHOXKECTBO

~

F={(z,y): I, C my}. (5.12)

MuozkecTBo F' siBistercs nepednciuMbiM. Tak KAK KOHIIBI OTPE3KOB
I, ABISIOTCS KOHEIHBIMU O0HEKTAMU — PAITMOHAILHBIMUI YUCTAMH, &
KOHIIbI OTPE3KOB 7y, MOKHO BBIUUCJISATH C JIFOOOH CTEIeHBIO TOYHOCTH,
MOKHO OIPEJIE/IUTE AJTOPUTM, KOTOPBIH OIPEIETUT CTPOroe BKJTIO-
venue [, C 7y, €CJIM OHO MMEET MECTO, U HUKOLJIA He OCTAHOBHUTCS B
IPOTUBHOM CJIydae.

Kpome 3TOro, m3 onpejiesieHus BBIIOJHEHBI CJIEYIONHE CBOfi-
cTBa:

1) ecnt (z,y) € Fua Cal, o (2,y) € F;

2) ecu (x,y), (z,y) € F, 1o my Ny # ) u, ciegoBaTesbHO,
yCy nmmy Cy.

Orcioia MOXKHO BBIBECTH TIEPBOE YCJIOBUE U3 OIPEJIEJICHUs 3a/1a-
st scpexTuBHON onepamun: ecmu (x,y), (') € F u x C 2/, 10
1o cpoiicrBy 1) umeer mecro (z/,y) € F u 1o cpoiictBy 2) mocieio-
BaTEJIBHOCTU i U i CPABHUMBIL.
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Bropoe yciioBue onpenenenus 3aganus 3hPEKTUBHON Oepalinm
—ecin (z,y) € F, 1o (2,y) € F s Beex yf C y — UpsamMo crieiyer
U3 OIPEJICTCHHsI CUCTEMBI OTPE3KOB Ty

TakumM 06pasoM, 3a4aH1e F' OIpeIesieT BhIMIC/IMYIO OIICPALLIIO
F 1 cOOTBETCTBYIOILYIO MEPY CJIOXKHOCTH:

KMp(z) = min{l(p) : (p,z) € F'} = min{l(p) : I, C 7 }.

Orcrona ciemyer, uro KMp(x) paBHo Munyc jorapudmy OT JJIMHBL
caMoro OOJIBIIOrO JIBOMYHOIO OTpe3Ka [, CTPOro coJeprKallerocs B
T

B sro6oM oTpeske T, CTPOro COIEpP:KUTCA OTPE30K C JIBOMIHDI-
MM KOHIIAMM JIJINHBI HE MeHee %‘7{1’. Orcroma Jiyist caMoro 6OJIbITO-
I'0 JBOUYHOIO OTPE3Ka [j,, CTPOrO CONEPIKAIIETOCH B Ty, BBHIIOJIHEHO
1P(z) < 271P) ym

KMp(z) =1l(p) < —log P(x) + 2.

Orcrona KM(z) < —log P(x) +O(1). O

B sakimoyenne 3aMeTHM, YTO CJIOXKHOCTHBIE OIIPEIesIeHUs CIIy-
qaifiHocTn u omnpeieseHue caydaiiHoctu no Maprun-Jledy orHocu-
TEJIbHO BBITUCIUMOI Mepbl P IPUBOIST K OJHOMY M TOMY Ke KJIACCy
OeCKOHEYHBIX MOC/IeI0BaTebHoCTel. 1TocaeoBaTe/IbHOCTH U3 9TOTO
KJ1acca 6yaeM Ha3bIBATD IIPOCTO CAYUGTHBLMU TLOCAEA0BAMENDHOCTIA-
MU OTHOCHUTEJILHO BBIYUCIUMON Mepbl P.

5.4. 3ajlaun U ynpakKHEeHUS
1. /TokazaThb, 4TO
KP(z) < K(z) + logK(x) + 2loglog K(z) + O(1).

Hokazarh, uro wien log K(x) Heib3st ycrpanuTh u3 mpaBoii dacTu
HEPABEHCTBA.

2. Tokazarb, 4TO JBa ONpEJIEJICHUs] TIePEYnCJInMOii cHu3y (cBep-
Xy) dyHKIUM — Yepe3 nepedncauMocTs nojrpaduka (Haarpaduka)
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U uepes mpejiesi HeyObIBatoleil (HeBo3pacraroleii) mocsieoBaTelb-
HoCTH (DYHKIUIT C PAIMOHAIBHBIME 3HAYCHUAME — SKBUBAJCHTHDI.
3. Jloka3aTh, 4TO €C/u CyIECTBYeT aJrOPUTM, KOTOPBIii 10 BXO-
Jly T U NPOU3BOJBLHOMY HOJIOXKUTEILHOMY PAIMOHATBLHOMY UHCITY €
BBIYHCIIsIET PAIMOHAJIBHOE NpHUO/IKeHne K f(Z) ¢ TOYHOCTBIO JI0 €,
To dbyuknus f(x) nepednciuma CHU3Y U CBEPXY.
4. JlokazaTh, 9TO UMEET MECTO HEPABEHCTBO

KP(z,y) < KP(z) + K(y) + O(1),

rie K(y) — npocrasi KOJIMOropoBeKast CJI0XKHOCTb.
5. JlokazaTh HEpaBEHCTBO

KP(¢(z,y)) < KP(z) + KP(y) + O(1),

rie ¢(x,y) — NpOU3BOJIbHAS BBIYUCTUMAsT (OyHKITHSI.

6. Jloxkazare mepasencTBo (5.1), MCIOAB3YsT PE3YJIbTAT TEOpe-
MBI 5.3.

7. Vcnonb3yst nzieio JokasareabeTBa HepaeHeTsa (5.5), ToKaxKu-
T€ HEePaBEHCTBO

KP(z]y) < K(z|y) + log K(z|y) + 2loglog K(z|y) + O(1).

8. Jlokazarh HepaBeHCTBO (5.4).

9. Jloka3aTh HEpaBEHCTBA

a) KP(z,y) < KP(z) + KP(y|z) + O(1).

b) KP(z,y, z) < KP(z|y) + KP(y|2) + KP(2) + O(1).

10. /TokazaTh HEPABEHCTBO

11. /Toka3aTh HEPABEHCTBO

KM(z) < KP(2) + O(1) < K(z) + 2log K(z) + O(1).
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12. Jloka3arh, YTO yHHBEPCAIbHAS [EPEINCTUMA CHUIY ITOJTyMe-
pa Ha HATypaJIbHbIX uncjiax P(n) He siBisercs BbraucganMoii QpyHK-

nwmeii u Y, P(n) < 1.

n
13. JTokazaTh, 9TO JBOUIHOE PA3JIOKEHHE JeHCTBUTEILHOTO YHC-
aa Y P(n) smusiercst cayqaitnoit no Maprun-Jledy mnocsenoBaresb-

n
HOCTBIO.

14. Tokasarh, 9T0 TaKOe YK€ yTBEPK ACHIE BEPHO JIJIs BEIIECTBEH-
noro wmcya Y 27 KP(),

n
15. lycrs F' — onrumasibHasi ipeUKCHO-KOPPEKTHAsT (DYHKITUS.
J1J1st TpOM3BOILHON CTPOKHU X MOYKHO PACCMOTPETh BEPOSTHOCTH TO-
ro, 9To Marmuna F' Ha ciiydaifHOM BXOJle BBIIACT T

P(z) = L{3p(F(p) =x)} = > 27'@.
F(p)=x

a) Jlokazarh, 4To
2—KP(.’E) < ,P(ﬁ) < 2—KP((L’)+1

TakuM obpasoM, BeauunHa P(x) u anpuopHast nosymepa P(z) cos-
aJIal0T ¢ TOYHOCTBIO JI0 MYJIBTUILIMKATUBHON KOHCTAHTHI.
b) Jdokazarb, 9T0 YUCIO

> Pa) = > 2-p)

F(p) olpeJieIeHo

SIBJISIETCS] HEBBIYUCIMMBIM ¥, 60JIee TOTO, CIYUYAHBIM OTHOCUTETHLHO
PaBHOMEPHOI Mepbl. DTO YUCJIO HA3BIBETCI YUCIOM JedThHA.

16. Jlokazarh, 94TO /I MOYTH JII0OOH HGECKOHEUHOl TOCIeT0Ba-
TeJIbHOCTHU W Haifiercs anciao m rakoe, 410 KP(w™) = n+KP(n)—m
JiTsT GECKOHEYHO MHOTHX 7.

17. CymecrByeT Jpyroe omnpejejeHne IpeduKCHO-KOPPEKTHOTO
criocoba JiekoaupoBanus. Borancimmast dyuknust B(p, y) Ha3bIBaeT-
st ipebUKCHO-KOPPEKTHOI, ecym st yiio6bix map (p,y) u (p',y) us
ee obJacTu onpejesienus Takux, aro p C p/, Bomosaneno B(p,y) =
B(p',y). Takum 06pa3oM, KOJBI MOIYT IIPOJIOJIKATE JAPYT JAPyTa, HO
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TOTJIa OHM SIBJIAIOTCS KOJIAMU OJITHOTO M TOT'O K€ KOHEYIHOI'O 0OBbEKTa.
Ha ocnoBe kaxKk10ro Takoro crnocoba jekojuposanus B(p,y) ompe-
JesIsieTCsl Mepa CII02KHOCTHI

KPz(zly) = min{l(p) : B(p,y) = «}.

JlokazaTb, 9TO CYIIECTBYET COOTBETCTBYIOMAA IPEPUKCHAS CJIOZK-
noctb KP/(z|y). Jokazars, 4To oHa COBIIAJAET ¢ paHee OLpe/IesIeH-
HOI TPedUKCHON CTOXKHOCTHIO C TOYHOCTHIO 10 KOHCTAHTHI:

KP/(]y) = KP(ely) + O(1).

18. lokazars, 9yTo npeduKCcHAS 1 MOHOTOHHAS CJIOYKHOCTH HE SIB-
JISTIOTCSL BRIMUCIUMBIME (DyHKIHsIMA. JloKa3aTh, 9TO /71 ONTHMAJIb-
HBIX CIIOCODOB JIEKOJINPOBAHUS JIJIsI 9TUX CJIOKHOCTEH He CyIIeCTByeT
COOTBETCTBYIOIINX BBIYUCIUMBIX CIIOCODOB KOJUPOBAHMUS.

19. Hoxaszars, uto KM(z) < KM(y) npn x C y.

20. Hoxkazars, uro K(z) £ KM(z) + O(1). Ilpusectn npumep,
TJie HapYIIAaeTCs COOTBETCTBYIOIIEE HEPABEHCTBRO.

21. Hoka3zarbk, 9T0 /st JIFOOOTO TeCTa CJIyYalHOCTU CYIIECTBYET
OCHOBA, JIJIsl KOTOPOIi BBINOJIHEHO yeaoBue: ecan (m, x), (m,x') € T,
TO CJIOBa ' U ' HECPABHUMBL.

22. Janbl BeraucauMasi Mepa () U GeCKOHeUHasl MOCJIe0BaTe b=
HOCTh w. Jlokasars, aro ecim Q(w"™) = 0 711 BCeX M, TO IOCIIEI0-
BaTeJbHOCTD W He cirydaiirast 1o Mepe (. [loctpouts Tect Maprus-
Jleda, orBepraomnuit w.

23. IlpuBectu mpumep, KOTa sl HEKOTOPOI BBIYUCIIMON Ore-
pamn F'(x) = w, rae & — KoHedHAasl MOCJIEOBATEIBHOCTD, & W —
OeckoHeuHast. YTO MOXKHO CKa3aTbh O IOCJIEIOBATEILHOCTH W.

24. Jloka3aTb, 4TO BBIYHUCJIUMAs IIOCIEI0BATEIHHOCTD CIIydaiiHa
IO HEKOTOPOM BBLIYUCJ/IMMON Mepe.

25. Bepnynmmesckas Mepa B, ABIAeTCS BEIYUCINMOI, €CJIU BbI-
YUCTUMO 9uCI0 p. Jloka3aTh, YTO BEPHO U 0OpaTHOE yTBEPK/IEHUE.

26. ITyctn I}, — MHOXKeCTBO BCeX OECKOHEUHBIX I10C/Ie/I0BATe/IbHO-
cTeit, cIydaiiHbIX OTHOCHTENBHO Mepbl By. lokaszars, aro I,NI, = 0,

ecau p # q.
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27. Ilycts P — npousBoJibHas BhIaucmMas Mepa. Jlokasars, 91o
CyIleCTBYeT HecaydaiiHass Mo 3Toi Mepe OeCKOHeUHasl MOCTeI0Ba-
TEJIbHOCTD. JIoKa3aTh, 9TO MHOXKECTBO BCEX HECJIyYaRHBIX HOCTIEI0-
BaTeJIbHOCTEH GECKOHEUHO (M MMeeT MOIIHOCTh KOHTHHYYMA).

28. Jokazarb, urto sup, KM(w™) < oo Torja m TOJIBKO TOI/A,
KOT/Ia OECKOHETHAST TTOCTE0BATETLHOCTD W SBJISIETCST BBIYUCTIMOIA.

29. Oynkuus f : {0,1}* — {0,1}* nasbiBaeTcss MOHOTOHHOI,
ecu f(z) C f(y) upu  C y qy1st Beex @ U y U3 00J1aCTU OIpeiese-
uust pyukiuu f. Jas g060it BEIaucmMoi MOHOTOHHON DyHKIUH f
MOKHO TaKKe OMPEIeINTh MOHOTOHHYIO MePY CJIOYKHOCTH:

kmy(z) = min{l(p) : = € f(p)}.

a) Jlokasarb, 9TO JJIsi TAKUX MEp CJIOKHOCTHU TaKyKe MMEET Me-
CTO TeopeMa MHBAPUAHTHOCTHU: CYIIECTBYET TaKad BbIYIUCINMad MO-
noronnas GYHKIUS f, 9T0 s JI0OOH BBITUCIUMON MOHOTOHHOI
bYHKIIUN g CYIIECTBYeT KOHCTAHTA C TaKas, YTO HEPABEHCTBO

kmy(z) < kmg(z) + ¢

BBITIOJIHEHO [Tt Beex x. Purcmpyem onmy u3 Takux GyHkiuuil f u
PACCMOTPUM MOHOTOHHYIO Mepy cioxkuocTa km(x) = kmyg(x).

b) Hokazars, uro km(x) < () + O(1).

¢) Hokazars, uro K(z) — O(1) < km(x) < KP(x) + O(1).

d) Hokaszarb, uro KM(z) < km(z) + O(1). Hokazars, uro 06-
paTHOe HEPABEHCTBO HEBEPHO.

e) Hokazarb, uro sup,, km(w™) = oo st 1060l GeCKOHETHOT
MOCJIEIOBATENTHHOCTH W.

f) okazarnb, aro Teopema Jlesuna-IIlnoppa /st paBHOMEpHOI
MepBbI BepHa 1 st cioxknoct km(x). Byger am sTa Teopema Bepna
B CJIydae MPOM3BOJIbHON BeIYHCUMOl Mepbl? Jljisi Kakux Mep oHa
MOXKeT ObITh BepHa!

30. JokazaTh, 94TO

a) KP(w") <n+ KP(n) 4+ O(1).

b) KP(w") = KP(n) + O(1) musa m060it BEIIHCINMON IIOCTIET0-
BATEJIBHOCTHU W.
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31. IlpoBepuTh yTBepK/I€HUE U3 JIOKA3ATEJILCTBA JIEMMBI 5.8: B
JIIOOOM OTpE3KE 7T, CTPOTO COMEPKUTCA OTPE30K C JBOMIHBIMU KOH-
LaMU JJIMHBL He MeHee i‘”x’-
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I'maBa 6

YHuusepcaJjJabHOE
IIPOTHO3UPOBAHNE

6.1. YHuUBepcaJibHas MoJiyMepa Ha JepeBe Bcex
JBOMYHBIX ITOCJIeJOBaTEeJIbHOCTE

B sroMm pasjernie Mbl OIpeenM AIPUOPHYIO HEPEUNCTUMYIO CHU3Y
nosiymMepy M Ha MHOXKECTBE BCEX JIBOUYHBIX I10CJIEI0BATEILHOCTEII.
DTa mosyMepa OLPEIeNsieTcsl aHAJOIUTIHO AlPUOPHON mosymepe P
Ha MHOYKECTBE BCEX HATYPAJbHBIX dnces. II0CKOJIbKY MBI OTOXK/ie-
CTBUJIM HATYPAJIbHbIE YUCIAa U KOHEUHBIE JBOUIHBIC [IOCIIEI0BATE b
HoCcTH, POpPMAJILHO HOcHTEdb y moiaymep P u M omun m TOT Ke.
Pasnnane onpeiesieHuit 3aKII09a€TCs B TOM, YTO IIPH ONPEIEJICHIN
nostyMepbl P MBI He yUIUTHIBAJIN CTPYKTYPY HOCHTENst (M IIO9TOMY
Ha3bIBAJIM €10 MHOYKECTBOM HATypaJbHbIX duces). Olpeesenne 1mo-
ayMepbl M 6Gyzer CyIecTBEHHO HCIIOJIB30BATH CTPYKTYDPY MHOKe-
CTBa BCEX KOHEYHBIX JIBOMUHBIX II0CIIE0BATEIHHOCTEN, & IMEHHO 9Ta
noJiyMepa Oy/IeT CoryiacoBaHa ¢ OTHOIIEHHEM MPOJoJKeHust: T C y.

[Iycrb = = {0,1}* — MHOXKeCTBO BCEX KOHEUYHBIX JIBOUYHBIX
nocseoBaTebHocTell (coB mm crpok), @ = {0,1}*° — mmoxe-
CTBO BCeX OECKOHEUHBIX JBOMYHBIX MOC/Ie0BaTe/bHOCTelH. Koneu-
HbIe JIBOMYHbIE [OCIIEI0BATEIBHOCTH C OTHONICHUEM IIPOIOJIXKEHUS
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x C y obpa3yoT OeCKOHEYHOe JIEPEeBO, BEPIIUHON KOTOPOTO SABJISIE€T-
cs IyCTasl MOCIeI0BaTEeIbHOCTD A.

[Tostymepoit (Ha epeBe JBOMYHBIX [OCJIE0BATEILHOCTEl) HA3bI-
BaeTCs BCIOJLY olpejiesieHHast QyHKINS () 1 = — R4, YIOBIECTBOPSI-
foIlasi CBoMcCTBaM

QW <1
2) Q(x) = Q(x0) + Q(x1) nyst Beex .

[Tosrymepa () HA3BIBAETCS EPETUCIMOIT CHI3Y, €CIIU MHOYKECTBO
{(r,z) : » < Q(z)} nepeuncimmo, rue r 0603HATAET PAIHOHAILHOE
THCIIO.

Cpeir BCex MEPEunC/INMBIX CHHU3Y HMOJIyMeD TaKKe CYIIeCTBYET
YHUBEPCAIBHBIH 00beKT. MBI JIOKazKeM, 4TO CyIIECTBYeT MaKCHMAaJIb-
Hasi ¢ TOYHOCTBIO JI0 MYJIBTUIUINKATHBHON KOHCTAHTBI IEPEIHCIINMAST
CHH3Y IIOJIyMepa.

Teopema 6.1. Cywecmsyem nepeuuciumas crudy nosymepa M
maKas, 4mo oas 100017 NEPENUCAUMOT CHU3Y noaymepv, @ cyuie-
CMBYem Koncmamnma ¢, oas Komopot

cM(z) > Q(x)
ona ecex x.

Joxaszameavcmeo. JlokazarebCTBO AHAJOTUYIHO JOKA3ATE b~
cTBy TeopeMbl H.2. IIpenBapuTenbHO MOKayKeM, UTO BCe IEPETNC-
JINMBIE CHU3Y IOJYMEPBI MOYXKHO IIEPEUYUCITh CHU3Y PABHOMEPHO
OTHUM aJTOPUTMOM.

Jlemma 6.1. Cywecmeyem makas nocAedos8amesvbHOCMb NOAYMED
Q;, wmo

o wmmnoocecmso {(i,7,z) 1 r < Qi(x)} nepevucaumo (r — payuo-
HANLHOE) ;

® Jasa Moot nepevucisumot chudy noaymepvs QQ natidemes ma-
xoe 1, umo Q = Q;.
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Lloxazameavcmeo. st MOCTpOEHNsT TAKON TOCIEI0BATEILHOCTH
HOJIYMEpP HCIOJIb3yeM yHHBEPCAJIBbHYIO (QpyHKIMIO. PaccMoTpuM me-
PeYHCIUMbIE MHOXKECTBA, COCTOsIIEe U3 1ap (7, ), rje T — Palo-
HAJILHOE 49UCJIO, T — ABOMYHAA IIOCJIEIOBATEIbHOCTD.

[Iycrs Ui, 7, ) — yuuBepcasabHas dyHnkims. Kaxoe nepednc-
JIIMOE MHOKeCTBO Tap (7, ), ecTh 001acTh onpe/iesieHnst (byHKIIHI
U(i,r,x) upn dbukcupoBannoM i. Takoe MHOXKeCTBO 0003HAUAETCsI
Wi (cm. paszern 3.1).

BalycTuM Iporece BbIYUC/ICHUS BCEX 3HAYCHWH yHUBEPCATbHOI
dyukmun U(i,7,x) B BUme IUKIA, HA KaXKIOH HUTEPAIH KOTOPO-
ro IPOCMATPHUBAETCs TOJBKO OJIHA TPOHKa (4,7, ) U MOAEJIUPYETCs
ofmH 1mar MarmuHabl Thlopunra, Bbrancisoneil suaderne U (i, r, x).
[Tpu sTom Kaxkjast Tpoiika (i,7,x) IpocMaTpuBaercss Ha GECKOHEY-
HOM UHCJIe uTepannii nukiaa. Ecin Ha ouepeqHON uTepanun S KA
suavenne U (i, 7, ) BIEpBbIE ONPEJEJICHO, TO ONPEJIETNM MHOXKECTBO
Ws = Wf_l U{(r, z)}; monaraem W = Wis_l, B IPOTUBHOM CJIydae.
Ilycts T/Vi0 = 0.

Takum obpazom, W obosnadaeT KoHedHOE IIOJIMHOXKECTBO Hap,
nepednciaeHabx B W; 3a s maros mukiaa. Onpenenum

R} (z) = max({r: (r,z) € W’} U{0}).

Oyuxrus RY(x) > 0 ais ze 6ostee 4eM KOHEIHOIO HHCIIA T

[Tycrs jyist 06bIX @ 1 s uucso t(i, ) paBHO MaKCUMAJIbHOMY ¢
TakoMy, uTo t < s u bynkuusa R!(z) ynosnersopsier csoiicteam 1) un
2) u3 oupejesienus moaymepbl. Onpeennm

Qi(x) = sup Rz(i’s) ().

Jlerko BujeTh, 910 (); SIBJISIETCS PABHOMEDPHO MEPEUUCTUMON CHUBY
II0CJIEJIOBATEIBHOCTBIO TOTyMep: MHOXkecTBO {(i,7,x) : r < Qi(z)}
[IePEYNCTIMO.

st 110001t TTepedncIMMOil CHI3Y TOJIyMephl () mMeeM

W, ={(r,z) :r < Q(x)}

Jtst HekoToporo i. Jlerko Buzners, uro Q(z) = Q;(x) st Beex z. O
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oxazameavemeo meopemu. Oupeaesum

M(z) = Z Z.(Z.L)Qm:).

Oyukrus M nepeunciuma causy. HeTpyaHo mpoBepuTh, 4TO OHA,
KaK CMECh TIOJIyMEp, TaK:Ke sIBJISIeTCs TI0JIyMEPOIA.

Kpowme aToro, s g1000ii mepeducanMoil CHI3Y 1moJiyMepsr () Oy-
ger Q = @ st Hekoroporo 4. ITosromy (i + 1) M (x) > Q(x) st
BCex x. O

QukcupyeM onny u3 dyuknuit M, yI0BJIETBOPSIONINX 3aKJIIOUe-
HUIO TeopeMbl 6.1, HazoBeM ee yHusepcarvrots (anpuopnot) noiyme-
POt Ha JiepeBe BCeX JIBOMIHBIX MOC/IEOBATEILHOCTEI.

B uacrroctu, cM (z) > Q(x) st 06oii BeIYUCIUMON Mepbl (),
rze ¢ — koncranta. Hanpumep, cM (x) > 2-1@)  orkyna

KA(z) < I(z) + O(1),

rie KA(x) = —log M (x).

Oyuxusa KA(z) = —log M (x) urpaer posib aJropuTMUYIECKON
caioxkHOCTH. JIOKa3aHO, YTO OHA HE COBIAJACT C MOHOTOHHOI CJIOXK-
nocrbio KM(z), xorst 1 6iiu3Ka K Heil.

Ilpennoxkenue 6.1. Hmerom mecmo cAedyOUUE COOMHOULEHUS:
KA(z) < KM(z) + O(1);
KM(z) < KA(z) + 2logl(x) + O(1).

Jokazamenvemso. Ilyers KM(z) = KM 4(x), tae A — Beraucin-
Masi oneparysi. Onpe/esIiM epedncauMyio CHu3y (hyHKIHO

Qx) = L(Uy{l'y : 2 € A(y)})- (6.1)

Herpynuo mokasark, uro dyHKIWMs () siBjisiercs mojiyMepoit. Jleit-
creuresbio, Q(A) < 1. Kpowme sroro, ecian mmeer mecro 0 C A(p)
win 1 C A(p), o x C A(p). [losromy mast rakoro p unrepsas Iy
nomnajier B obobenuuenue Beex [, takux, uro x C A(z). Ilosromy

Q(z) = Q(z0) + Q(x1).
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Cpen uHTEpBaJIOB Y U3 00beuHenus (6.1) numeercs u TotT, st
koroporo I(y) = KM(z). Hosromy Q(x) > 27 K¥M®) o spaunr, u
KA(z) < KM(z) + O(1).

JokazaTebeTBO BTOPOro yTBEPKICHUsT OCTABJISIEM YUTATEIIO B
Ka4yecTBe ylpazkHeHns. U

B Tepmunax yHUBEPCAJIBHOIT TOIyMepbI HA JI€PEBE IBOUIHBIX IO~
CJIEJTIOBATEILHOCTEN MOXKHO COOPMYJIMPOBATL KPUTEPUN CJIydaiiHO-
ctu o Maprun-Jledy.

Kaxk y2ke 6b110 0OTMeU€eHO, Jijist JIF0DOU BRIMUCIUMOI MePHI () Haii-
Jlercst KoncranTa ¢ > 0 rakas, aro cM (z) > Q(z) mia Beex x. Unbr-
mu ciaosamu, M(x)/Q(x) > 1/¢ > 0 nna Becex x. OxaspiBaercs, 06-
pPaTHOE HEPABEHCTBO BBITIOJIHEHO JIJIsi BCEX HAYATBHBIX (DparMeHTOB
CJLydallHBIX TOCJIEI0BATETLHOCTE.

Teopema 6.2. Beckorneunas nocAed08aMEABHOCMb W CAYHATHA NO
sviuucAuMot mepe Q moada u moavko moeda, Kozda
M(w™) <
sup ——— < 00
n Qw")

Jlokasamenvemeo. Ilycrs {Uy,, : m = 1,2, ...} — Tect ciayuaii-
noctu o Maptun-Jledy oTHOCHTEHLHO BBIYUCIUMON Mephbl (:

QUp) <27 u Upy1 C Uy, aist Beex m.

OripejiesiuM MOCJIEI0OBATETBHOCTD (PYHKITUIA:

2"Q(x), ecrm I'y C Uy,
0 B IpOTUBHOM CJIydae.

Q. (x) =2"Q(T, NU,) = {

Kaxast pyHkius @), yI0BIETBOPSIET CBOHCTBY 2) OIpE/IeIeHUs 110
JIYMePBI Ha BCEX IPOJIOJIKEHUAX mocjeaoBareabaocreit u3 U,,. Mbl
COXPaHUM 3TO CBOMCTBO Ha BCEX IIOCJIEIOBATEIBLHOCTAX, €CJIN OlIpe-
JeJIUM JIJI1s1 BCeX T

Qm(@) = sup > Q).

zCz,l(z)=n

Umeem Qp,(z) = Q) () mi1s Beex x, IpuyeM Ha BCeX IPOJIOJIKEHUSX
nocsegoBaresnbocreii u3 Uy, UMeeT MeCTO paBeHCTBO.
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Nmeem @, () < 2™Q(Uy,) < 1 juist Becex m. Kaxkast dbyHkimst
Q. SIBIIIETCS TTOJIy MEPOIA.

MbI MOXKEM YTBEPXKIATH, 9TO PYHKIME (), PABHOMEDPHO IIEpe-
qucmMbl cHI3Y. OTpenesimM cMech oIy Mep:

1

R(z) = Z QO(iﬂ)

m=1

[Monymepa R(x) nepednciinma CHU3Y, IOITOMY HaiiJIeTCsl KOHCTAHTA
¢ Taxas1, ato cM () > R(x) 11 Bcex x.

JomycTuM, 9TO IOCTIEIOBATENBHOCTE W € Ny, U,,. Torma mmst
KazKJIOrO 1M CYIIECTBYET N TAKOE, ITO

Fw" C Uma
nosromy Q' (w") = 2™Q(w™). Orcroma mosydaem

M(w") _ R(w") Qrn(w™) _
QW) ~ @) = em(m + DQ@")
em(m+1)Qw™)  em(m+1)

CremoBaTebHO,

M(w™)
su =
W Qwn)
Jlokarkem obpaTtHoe yrBep:kaenue. Jlomycrum, 4To
M (w™)
su =
. Qwn)

Onpenenum Tect Maprun-Jleda:

Um:U{Fx:E((Z))<2‘m}.

[TpencraBum
U, = Ui{Fm : Q({L‘l) < 2_mM(l'i)},
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rJe BCe ITOCJIeI0BaTC/JIbHOCTU I; IIOIIaPpHO HECPpaBHUMBI. Tor,zga
QUn) = Q(z:) <27 M(w;) <2 "M(N) <27
7 A

JUTST BCEX M.

Eciin 11ocsie1oBaTeibHOCTb W yA0BIeTBOpsIeT yejoBuio (6.2), To
JUT KayKJIOTO M CyIIeCTByeT n Takoe, 9ro Q(w™) < 27™M(w").
Torma I'yn C Uy, u, 3uauut, w € U,,. CirenoBareybho, w € MNyUpn,
T.e. W HE SABJISIETCS CIyJailHOM 1Mo Mepe ().

Teopema nokazana. O

Hazsosem dynkrmio dg(x) = —log Q(z) — KA(z) medexrom ciy-
YAHOCTA KOHEYHOW I0CJIeI0BATEbHOCTA & OTHOCUTEIBHO BBIYUC-
JINMOI MephI Q.

ITo Teopeme 6.2 BeckoHewyHasT MOCIIEIOBATEIHFHOCTD W CIIyvaiiHa
10 BBIYUCJIUMOI Mepe () TOrJa U TOJIBKO TOTJA, KOIIa

sup dg(w") < oo.
n

BeposaTaocTHbIe ManminHbI. [0/ BEpOSATHOCTHO# MAINHO 110~
numaeM napy (@, F'), rie @ — BeraucauMasi Mepa, a F' — Bprauncinmast
omeparusi. B naspHeiiemM Mpl cauTaeM, 9To () = L — paBHOMepHasI
Mepa. C KaxKJ0il BEPOSITHOCTHON MAITUHON CBA3bIBAEM (DYHKIIUIO

P(z)=L{w:z C F(w)}. (6.3)

Jlerko BuzieTh, uro dyukuusa P(x) saBiagercs nepeducanMoii cHU3Y
HOJIyMEPOH.

Bepno u obpatHoe: jijis j11000#i 11€PEYUCTUMOI CHUIY 11Oy MePbI
P MOXKHO ITOCTPOUTD TAKyIO BLIYUCIUMYIO Olepalyio F', 910 1151 Hee
BBIIOJIHEHO (6.3) (10Ka3aTEILCTBO B BUJIE 3a/1a4N).

BoraucinreibHON MOJIEIBIO BEPOSITHOCTHOM MAINMHBI SIBJISIETCST
MammuHa ThIOpUHTA ¢ JIOMOJHUTEILHON JIEHTOM, Ha KOTOPOH HEKOTO-
poe aHaJoroBOe YCTPOHCTBO IOCAEIOBATENBHO MEIATACT JTBOMIHDLIE
OUTBI, COCTABJISIIOIIIE TTOTEHIIMAIBHO OECKOHEUHYIO TOC/IEI0BATE b
HOCTh w. Hampumep, OUTHI w MOTYT MOJTyIaThCs B PE3Y/IbTaTe 3aIuCh
Pe3yJIbTaTOB MOAOPACKIBAHUSI CUMMETPUIHON MOHETHI.
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Mamwna Thiopunra B mpoIrecce BBLIYUCJIEHUS MTOCTIEI0BATEIHHO
YUTAET W U TaKXKe II0CIe0BaTE/IbHO IedaTaeT OUT 3a OUTOM HEKO-
TOPYIO BBIXOJIHYIO IOCJIEI0BATEIbHOCTE. [I0CKOIbKY Ha MHOXKECTBE
BCEX W MMEETCsT BEPOATHOCTHOE paclpeie/leHrne, MOXKHO PacCMaTpH-
BaTh BEPOSTHOCTH (6.3) COOBITHS, COCTOSMIIErO0 B TOM, YTO MAIlNHA
HalevaTaeT Ha BBIXOJE HEKOTOPYIO IIOCJIEI0BATEILHOCTD, HATAIOM
KOTOPO#1 sIBJISIETCsT KOHEUHAST TIOCIEIOBATEIHHOCTD .

MoxkHO paccMaTpUBaTh BEPOSITHOCTH O0JIee CIOXKHBIX COOBITHIA.
Hamnpumep, ajs nponsBoJibHOTO GopesieBCKOro moamMuoxkecrsa A C
) MOXKHO PacCMOTPETH BEPOSITHOCTH BBIAATH IOCJIEI0BATEILHOCTD

ns3 A:
P(A) = L{w: F(w) € A}.

Cootrrorenne (6.3) ycraHaBiamBaeT B3aHMHO OJJHO3HAYHOE COOT-
BETCTBUE MEXKJY BEPOSATHOCTHBIMU MAIIMHAMU U IHEPEYUCIUMBIMU
CHHU3Y I[TOJIyMEePaMU.

B wacrnocTn, yHumBepcasibHas mosrymepa M Takike JIOIycKaeT
npescrasienue (6.3):

M(z) = L{w:x C Fy(w)}

71 HEKOTOpo#l Berumcanmoit onepanuu Fhs. 1lo cBoiicTBY yHUBEp-
caJIbHOI TI0JIyMepbl BeposiTHOCTHast MamuHa (L, Fyy) Bblaer KoHed-
HBIE ITOCJIEJIOBATEILHOCTU & C CaMOil OOJIBINOI BEPOSTHOCTHIO: JIJIst
IIPOU3BOJILHON BEPOSATHOCTHOU MAIIIUHBI (L, F) naiijercs Takasi KOH-
CTaHTa C, 9TO

cl{iw: 2 C Fy(w)} > L{w: 2z C F(w)}

J71st JTI000i BhIAuCIUMON oneparuu F.

HamomumM, 9TO MOCTIETOBATENIBHOCTD (F = (V{2 ... SIBJISIETCS
BBIUUC/IUMOI, €CJIN BBIYUCIUMOI siByisiercst bynkumst f(i) = «.

B kauecTBe mpmMepa MCIOTH30BAHUST BEPOSITHOCTHON MAITHHBI
OTBETUM Ha BOIIPOC: MOXKET JIM BEPOSITHOCTHAST MAIUHA C ITOJIOXKU-
TEJILHON BEPOSATHOCTHIO BBIIATH OECKOHEUHYIO HEBBIYUCIUMYIO TIO-
CJIeZIOBATEJIBHOCTD |
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Teopema [le Jley, Mypa, Illennona, [Ilanmupo yTBepxkKmgaer, 910
910 HEBO3MOXKHO. [ly1st s11060it BeposirnHocTHO# Marmub! (L, F') u 6ec-
KOHEYHO# nocsenosareabnoctu «, ecan L{w : F(w) = a} > 0, 10
[IOCJIEJIOBATEIbHOCTD (v ABJISIETCH BBIUYUCIUMOII.

Mpbr chopmyupyeM 3TO yTBEPK/IEHNE HA sA3bIKe MOIyMep. SIcHO,
9TO MOYXKHO (POPMYJIMPOBATH 9TO yTBEPKJIEHNUE TOJIBKO JIJIs YHUBED-
CaJILHOM I10JIyMEpBbI.

Teopema 6.3. I[ycmov dasa nexomopot noaosHcUMesbHol KOHCMAH-
mo, ¢ > 0 nepaserncmeo M(a™) > ¢ ewnoaneno das ecex n. Tozda
noCAed0BAMENPHOCTND (& BLHUCAUMAG.

Joxasamenvcmeo. Ilycrs M () > ¢ BBIIOJIHEHO JIs1 BCEX N, TJIE
¢ > 0 — paruonaibHoe. Moxker cymecrBoBaTh He GoJiee uem 1/¢ 1o-
apHO HECPABHUMBIX KOHEYHBIX IOCJIEIOBATEIBHOCTEH T1, ..., Ty
takux, 9ro M (x;) > ¢ JyIist Bcex 4. DTO ciiejiyeT U3 HEPpABEHCTBA

m
cm < ZM(I’Z) < 1.
i=1

Bribepem Taxoit HAOOp T1, ..., Ty, JJIs KOTOPOTO M MAKCUMAJILHOE.
Torma mtst M060TO 7 HE MOXKET CYIIECTBOBATDH JBYX HECPABHUMBIX
upojoskennit r; C y u x; C y rakux, uro sbmosueno M(y) > ¢
u M(y') > ¢. Kpome storo, x; C « jyist ogaoro u3 tux i. Orcrona
CJIeJTyeT, YTO MOYKHO BBIYHCJISITH HadaJbHbIE (PPArMEHTHI (v, Mepe-
ancsisisi Bee y Takue, uyro M(y) > ¢ u x; C y. Bee Takue y Oymyr
MOTIAPHO CPABHUMBI U OYIYT SIBJISITHCS HAYATBHBIMU (PparMeHTAMU
«. O

Cynepmaprunraisl. [[oHsgTHE TOTYMEPDI CBI3aHO C MOHITAEM
cynepmaprunraia. Mer chopMmyIupyeM MOHATHE CylIepMapTHHTAIa,
aTaTITUPOBAHHOE JIJIsT IBOMYHBIX MOCIEI0BATETHLHOCTE.

[Mycrs () — BBIYMC/IMMaAs Mepa Ha MPOCTPAHCTBE BCEX OECKOHEY-
HBIX JIBOMYHBIX 11ocseoBaTenbuocreil. @ynkius P : = — R4 HA3bI-
BaeTcs (Q-CynepMapTHHTAIOM, €CJIU OHA YJIOBJIETBOPSIET YCIOBUIM

o« P(N) < 1
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e P(z)Q(z) = P(20)Q(x0) + P(x1)Q(x1) nust Beex .

Jlerko BusieThb, uro B TOM Citydae, Korga Q(x) > 0 s Beex z, BTOpoe
YCJIOBUE YKBUBAJIEHTHO YCJIOBHUIO

P(z) = P(20)Q(0]z) + P(z1)Q(1])

Jutst Beex x, raie Q(i)z) = Q(xi)/Q(x) — ycsioBHas BEPOSITHOCTD TOTO,
gro i € {0,1} npu usBecTHOM Z. 3/1€CH CIIpaBa HAIIUCAHO MATEMATHU-
YECKOE OXKMJAHNE CyIIepMapPTUHTAJIA [0 YCIOBHOMY PACIPEIETICHUIO
Qf2)

Ecnu saMeHuTh HEpaBeHCTBA Ha PABEHCTBA, IOJIYYUM OIPeJIe/Ie-
Hre (Q-MapTUHTAJIA.

OnpesiesieHnst MApTUHTAJIA U CylIepMapTUHTAJA JIOMYCKAIOT UI-
pPOBYyIO mHTepHpeTarnuio. MoKHO paccMOTperb Urpy, KOTopas HJeT
1o paysjam (mmaram) MeKLy UTPDOKOM M KasuHo. HauajbHbIi Karm-
Tas urpoka P(A) He nmpeBocxoauT 1 (mim paBen 1 B ciydae MapTHH-
raja).

[TycTh Ha payHje n Ka3sMHO y»Ke BBIJAJO IOCJIEI0BATEIbHOCTD
cily9aiffHbIX OUTOB & = X7 ...T,. TeKymmuil Kamuraj Urpoka paseH
P(x). Ha mare n + 1 urpok craBuT BeCh CBOI TEKyIIUil KalUTa
P(x) wa 0 u 1. On moroBapuBaeTcst ¢ Ka3MHO, YTO €r0 BBIUIPBIII
6yzer paser P(x0), eciu HCTOYHUK CJIydaiiHbiX 61ToB BbigacT 0, win
paser P(x1), eciiu HCTOYHUK CIydaifHbx 6uToB BbtacT 1. Mcrounuk
CIIyJIaflHBIX MCXOJIOB OIUCHIBAETCS Mepoil ().

Kasuno orpanmumBaer Oymymune Bburpsimm urpoka P(z0) un
P(x1) urpoka tak, 9robbl €r0 CPeIHUN BBHIUTPHIII HE TPEBOCXO/IUII
BJIOYKEHHBIN KAITUTA:

P(20)Q(0]z) + P(z1)Q(1]x) < P(x).

MpI roBopuM, UTO TaKas UI'pa ABJIAeTCs cupaBenauBoit. Ecou P —
CyllepMapTUHTAJ, TO HAJIMYNE HEPABEHCTBA < MOXKHO MHTEPIPETH-
poBaTh KakK TO, YTO YaCTh BBINTPLINIA Ka3WHO 3a0MpPaeT B KAaIeCTBE
KOMHCCUOHHBIX.

Hampumep, ecin nctognuk ciaydailubix 6mToB Bbimaer 0 m 1 ¢
PaBHBIMU BEPOATHOCTAMU, TO IPUEMJIEMBIM Oy/IeT COTJIAIIeHUEe, ITO
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B ciydae BbllajeHus: 1 urpok noiayaur 2P(z), a B ciydae Bbla/ie-
uust 0 OH He MOJIYYUT HUYEro, T.€. OTEPieT BECh CBOI HAKOIJICHHBII
kamuTasa. JIpyroe BOZMOYKHOE COTJIAINICHUE: B CIydae BbIIaaeHusa |
urpok mosydaer 1.5P(x), a B ciaydae Bbinajenust 0 OH IOJydaeT
0.5P(x).

B HekoTOpBIX ciydasix UTPOK MOMKET TaK YJAAYHO JIEIATh CTAB-
KU, 9TO ero Tekyuii karmuraa P(w™) cTaHOBUTCsI HEOIPAHUIEHHDIM,
TIe W = WiWws ... — MOCTEI0BATEIBHOCTE UCXO/IOB B CJIyUIae HeOTpa-
HUYEHHOTO TPOJoJIKeHus urpbl. Teopema /[lyba 06 orpaHmvueHHBIX
CHHU3Y MapTHHIaJaX (CylHepMapTHHIAJIAX) yTBEPIKIAET, YTO BEPOsIT-
HOCTB 9TOT'0 COOBITHS paBHa HYJIIO (cM. [23]). Dra Teopema M03BOJISIET
KA3WHO C BEPOATHOCTBHIO €INHUIA He PA30PUTHCS.

Jlerko Buzers, uro dyukuus P(z) = P(x)Q(z) yaoBrerBopsier
YCJIOBUSIM OIIpE/Ie/IeHNs 1o IyMephbl. BepHo oOpaTHOe yTBEpKICHUE:
st 1I060i mmosrymepbl P yHKIs

P(z) = P(x)/O(x)

SIBJISIETCsT (Q-CYTIEpMapPTUHTAJIOM.
CynepmapruHray P sIBIsSIeTCsT EPEINCIUMBIM CHA3Y, €CJIN MHO-
2KECTBO

{(ryz) :r <Px)}

EPEUYUCTUMO.

Kak u fj1g nepeuncjimmMbIx CHU3Y MTOJIyMEP UMEEeT MECTO TeOpeMa
O CyHIECTBOBAHUM MAKCHUMAJIBHOI'O C TOYHOCTBIO JI0 MYJIbTUILIAKA-
TUBHON KOHCTAHTBI IIEPEYUC/IMMOIO CHU3Y CyllepMapTUHIAJIA.

Teopema 6.4. Ilycmov 3adana eviwucauman mepe Q. Cywecmsy-
em nepevuciumul chudy Q-cynepmapmuneas M maxot, wmo daz
M06020 nepesuciuMozo cHudy Q-cynepmapmunzana P cyuiecmaeyem
KOHCMAHMA ¢, 0AA KOMOPOL

cM(z) = P(x)

ona ecex x.
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JlokazaTeabCTBO 3TOH TEOPEMbI AHAJOIUYHO JIOKA3ATEIbCTBY
TeopeMbl 6.1.
Jlerko BUAETH, ITO JJIsT JIFOOOU BBITHCIMMON MePHI () BBIIIOJTHEHO

rjie M — MakCUMAJIBHBIA IEPEIUCTUMBII CHU3Y (Q-CyIIepMapTHHIAI,
M — yHuBepcaJibHAS MOJIyMepa.
VaupepcajbHast moayMepa M uMeeT MPEenMyInecTBO IepeJ Cy-
repMapTuHrajioM M, Tak Kak OHa He 3aBUCUT OT KAKOH-1M00 MephI.
Nmeer MecTo anaJior Teopemsbl 6.2.

Teopema 6.5. Beckoneunas nocacdosamesvHoCmsd W CAYHatinaG no
suiucAuMot mepe Q moada u moavko moeda, Kozda

sup M(w") < 0.

6.2. YauBepcaJbHBIN ITpeaunKTop CosioMOoHOBA

B sTom pazmesie Mbl paccmorpum Teopuio P. CosioMoHOBa 06 yHU-
BEpCAIbHBIX TIpeJicKazanusx (cM. ero padorsr [50], [51]).

Byner nokazano, 9uTo yHUBepcaJbHAS MOJYMEpPa B CPETHEM MIPO-
rHO3UPYET OUTHI HECKOHEYHO IOCJIE/IOBATEILHOCTH HE XYyXKe deM
[IPOU3BOJIbHAST BBITUC/IMMAsi Mepa, KOTOpasi TeHEPUPYeT 3Ty HOC/Ie-
JIOBATEJIbHOCTb.

PaccmoTpuM 3a1ady pOrHO3UPOBAHUS CJIELYIONIETO OUTa TOCTIe-
JIOBATEJIbHOCTH, IIOCTYIIAIOIIEH B pexKUMe OHJIAMH.

JoryctuM, 9TO yKe U3BECTHBI IepBbie N — 1 OUTOB

Wiy «-vy Wp—1

HOCJAEeJ0BATEJIbHOCTU, T'€HEPUPYEMON HEKOTOPOU HEW3BECTHON HaM
BeIUHCINMOM Mepoit P. Heobxomnmo mpenckasarsh BEPOSITHOCTE TOTO,
49TO CAeIyIOmuii 6uT w, pased 0 win 1.
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[IycTh HEKOTOPBIN NCTOYHUK TeHepupyeT out w, = 0 ¢ Heu3BeCT-

HOII HaM BEPOATHOCTBIO 1 .

P(w"10)
POjw" ™) = —F——2.
(O]w™™%) Pl )
COOTBGTCTBGHHO BEPOATHOCTD CcOOBITUA Wnp = 1 paBHa
P(w" 1)
Pl = ———L.
(Lw™™) Pl )

[IpenckazaTesio 3Tu BepodTHOCTH He u3BecTHHI. Harra 3amada — mo-
CTPOUTH HEKOTOPBII YHUBEPCAJIbHBII METO/ IIPEACKa3aHNU, KOTOPBII
BBIYHCJISIT OBl 9T BEPOSTHOCTU UJIM HEKOTOPBIE IPUOJIMKEHUS K HIM
HA OCHOBE TOJIBKO II0CJIEJIOBATEIBHOCTH W1 . . . Wy—1 0€3 UCIIOJIb30Ba-
HUs pacupeesennss P ncroanmka.

YHuBepcaJIbHBIN IIPejcKa3aTeb Oy/J1eT CTPOUTHCHA C HMOMOIIBIO
yHUBepcaJIbHON nosryMepsl. IIycts M — yHUBepcaabHA EPETNCIIN-
Mag CHU3Yy IIOJIyMepa Ha JepeBe JBOUYHBIX I10CJIeI0BATE/IBHOCTEN.
Omnpenenum «yciaoBHyIo mosymepy» outa b € {0,1} npu msBecrHoi
KOHEYHO! IOCIE€N0BATEILHOCTA I:

M (xb)

M(ble) = 705

(6.4)
Dynknus (6.4) me aBagercs Mepoii (cM. yup. 7 u3 pasfena 6.3). Dra
(yHKIWS JHUIIb YI0BIETBOPSIET COOTHOIICHUIO

M(O|z) + M(1]z) < 1

it Bcex x. Kpome Toro, oHa He MepedncinMa CBEpXY W CHUIY
KaK OTHOIIEHUE JBYX EPEUNCTUMBIX (HO HE BBIYUCIUMbIX) (DYHKIIHiT
(cm. ymp. 8 us pazzena 6.3). ITosromy sra dyHknus cama 1o cebe
MMeeT YHCTO TEOPEeTUUeCKOe 3HaueHue.

Crnenytommas TeopeMa MOKA3BIBAECT CHJIY TPOTHOCTUYECKUX BO3-
MozkHOCTel pynknun (6.4).

! st mpocToTsr MBI mpeamonaraenM, aro P(z) > 0 mis Beex .
2MoKHO pacCMATPUBATH PA3/IMYHbIE BBLIYUCAUMBIE MPUOINKEHNS K Heil 9B-
PHCTIYECKOTO THIIA.
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Teopema 6.6. Jasa 11060t evivuciumoti mepv P u das aobozo bu-
ma b € {0,1} evnoanero

Y. Y P)(M(la) — P(blx)? < co. (6.5)

n=1[(z)=n

Breipazkenue (6.5) npecrapiisier coboit CyMMy MaTeMaTHIeCKUX
oxKujianuii 1o Mepe P (paccMaTpuBaeMoil Ha [0CJIe[0BATeIbHOCTSIX
JUTHBL 1) KBAJIPATOB PA3HOCTEN MEKJLy YCJIOBHBIMU BEPOSITHOCTSIMU
n -+ 1 6I/ITa7 BbI/JTaBa€MbIX HEU3BECTHBIM HaM HUCTOYHUKOM, U IIPOT'HO-
3aMH HAIEro yHuBepcaabHoro npesukropa (6.4). 13 Toro, uro sra
CyMMa OIrpaHUY€Ha, B 9aCTHOCTU, CJICJIYET, YTO 3TU MaT€eMaTUICCKNE
OXKHJIAHUS CTPEMSTCH K HYJIIO.

Joxaszameavcmeo. Mul nokaxkem Teopemy mjist b = 0. na b =1
JIOKA3aTeIHCTBO aHAJIOTUIHOE.

[Iycts P u () — ;iBe Mepbl Ha JBOMIHBIX [TOC/IEI0BATEIBHOCTSIX.
Ham 6ymer ynobHo 0603HavaTh mocpencrsoMm P, u O, ux orpaHude-
nust va Muoxkectse {0, 1}". Paccrosnuem Kynbbaka—/Ieiibiepa mex-
ny P, u Q, Ha3bIBaeTCS BEJIMYINHA

P, ()
D(Po|Qn) = Y Pa(z)ln "=
I(x)=n Qn(x)

U3 Beinyksoctu jorapudma ciaepyer, aro seerga D(P,|Qn) = 0 u
D(P,|Qy) = 0 Torma u TosbKO Torma, Korma P, = Q.

Beipaxkenune D(P,|Q,) uMeeT CMbICI TaKKe B ciydae, Korja P,
wm ,, SBIISIOTCA HostyMepamu. JIjist 9Toro ciydast HaM morpedyer-
Csl CBOWCTBO 2) ciefyromieil Texuntdeckoii semmbl. Cpoiictso 1) cBsi-
3BIBACT HEPABEHCTBOM [[BA CIIOCOOA M3MEPEHUs PACCTOSHUS MEXKLY
Mepamu Ha Ha MHOkectBe {0, 1}.

Jlemma 6.2. 1) (Hepasencmeo ITunckepa) [asa mep Py u Q1 ma
deyranemenmmuom muootcecmse {0,1} evinoaneno nepasercmeo

D(P1|Q1) = 2(P1(0) — Q1(0))*, (6.6)
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2) Ilycmo ¢pynryus Q1 ydosaemeopaem bosee caabomy mepascer-
emay Q1(0)+Q1(1) < 1w nyeme Q4(0) = Q1(0), Q4(1) = 1-Q1(0)
— «pacwuparowany ee mepa. Tozda das a0bot mepor Py na {0,1}
BHINOAHEHO HEPABEHCTNEO

D(P1|Q1) > D(P1|Q}). (6.7)

JlokazaTeabCTBO 9TOH JIEMMBI IPEJIJIAraeTCs B BUJE 3aJa4u 9 u3
paznaena 6.3.

B nasipHefiiieM MbI IPpUMEHUM 3Ty JieMMy K Mepe P u ampu-
opuoit mosymepe M. VckyccTBeHHBIM 00pa30M yBEJIUIHM 3HATE-
nusg M Tak, 9To6ObI OHa cTasia Mepoil M’ npudeM BBINOIHAIOCH ObI
M'(0|z) = M (0]z) mis xaxgoro x. Torma jyist Hee GyIeT BBIIIOJHEHO
HEPABEHCTBO

D(Py|M1) > D(Py|My).
Host x € {0,1}" u b € {0, 1} obozHaunm

Py (ab)

[Tycrb Pp41(¢|x) — cooTBeTCTBYIOIIEE BEPOSITHOCTHOE PACIPE/IEJIEHUE
Ha JiByXdjeMeHTHOM MHOXkectBe {0,1}. J/lokasaTeabCTBO TEOpEMBbI
Oy/1eT OCHOBBIBATLCS Ha CJICILYIOMICH JIeMMe.

Jlemma 6.3. Ilycmv P — wmepa, (Q — noaymepa. Toeda das aiobozo
N GbINOAHEHO

D(Po41|Qn+1) = D(Pul@n) + D Pu(2)D(Pay1(12)|Qura(-]2))-
l(x)=n
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Jlokasamenvcmeo. Packpoem semuauny D(Py,41|Qni1):

D n n Pn n+1( ) =
(Prt1|Qnt1) (Z)Z;H IO sy

= > Pa(ad) 1nP"+1(xl;) =
I(x)=nbe{0,1} Cne1 (@)

P ()P,
= Y B@Payn Ol
I(x)=n,be{0,1}

P,(x)
= P,(z)In Pi1(blx) +
l(%: @n(2) be{0,1} ’

+ g E Poi1(blz) In ————= Po1 (b =
+1 () Qn+1(b|z)
I(x)=n be{01}

D(Pa|Qn) + Y Pu(@)D(Pori(-|2)|Qu1 (-|2)).

I(z)=n

3zech MBI ncnonb3oBatn paseHcrea  » . Ppyi(blz) =1wm
be{0,1}

l(z)=n

JlemMa goKasaHa.
PackprpiBasg cymMmy B jemMe 6.2, moydaeM cjemylolee Ciel-
CTBUE.

CaenctBue 6.1. Jlas 41006020 N 66iNOAHEHO
D(PalQn) = Z Py(+]2)[Qi(-|)). (6.8)
1=1(z)=1i

ITepexomum K JI0Ka3aTeIbCTBY TeopeMbl. IlycTh Teneps P — BBI-
qHc/auMas Mepa U3 YCJIoBHd TeopeMbl, M’ — JonoJHeHHas J10 Mepbl
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yHuUBepcabHas noymepa. [Ipumensiem emmy 6.3 K KaxKIOMy CJia-
raeMomy cymMmbl (6.8), rie Q@ = M, nosrydaem

n

D(PalMn) =3 Y Fi(2)D(Bi(:|x)|Mi(-|z)) >

=1

8
N
Il

i

\Y
M=

Pi(z)D(P;(:|2)[M;(|x)) >
i=1[(z)=1i

n

>2)" P(z)(M(0]z) — P(0]2))2. (6.9)

=1 [(z)=1i

ITo ocnoBHOMY CBOWCTBY anpuopHoii noaymepst cM (z) > P(z) nius
BCEX ¥, TJIe ¢ — KOHCTAHTa, 3aBHUCAIIas 0T Mepbl P. OTciofa mostydaem

D(Po|My) = Y Pz )) Inc Y Plz)<Inc

l(z)=n l(z)=n

qutst Beex n. CoepuHsieM 9T0 HepaBeHCTBO ¢ (6.9) 1 mostydaeM HeoO-
XOAUMYIO HaM oleHKy (6.5):

Z Z M(0|z) — P(0|z))? < %supD(P |M,) < ! lnc.
1=1(z)=1

Teopema jokazana. O

6.3. 3agaum u ynmpa kKHeHUd

1. Iokazarh, aTO
(a) KM(z) < KA(z) + 2logl(z) + O(1);
(b) KP(x) < KA(z) + 2logl(z) + O(1).

2. MokeM Jii MBI yTBEp:KJaTh, 9T0 (byHKIUU (), W3 JTOKa3a-
TEJILCTBA TeOPEMBI 6.2 BbIYUCIUMBbIE?

3. 3ajana BeposirHocTHas MamuHa (L, F'). Onpenesnm

P(z)=L{w:z C F(w)}.
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Hokazare, uro dbyakius P(z) siBisiercsi nepeducnMoii CHU3y Io-
JIyMepOil.

4. Jloxazarh, 9TO JJis1 JTIOOOM MepednucanMoil CHIU3y HoJyMepsl P
MOXKHO MOCTPOUTH TaKyI0 BBIUUCIUMYIO omnepanuio F', 9To jjis Hee
BbIIOJIHEHO (6.3).

5. Hokazarsk, 94To jijist JI0060i BBIYUCIUMON 110CIIEI0BATEIHbHOCTH
W CyIIecTByeT Takas KoHcraHTa ¢ > 0, uro M(w™) > ¢ ajisi Beex n.

6. Jlokazars Teopembr 6.4 u 6.5.

7. JlokazaTb, YTO HE CYIIECTBYET MAKCUMAJILHOMN C TOYHOCTDHIO 110
MYJIBTUIIUKATHBHON KOHCTAHTHI BEIYUCIMMON Mepbl U, TAKUM 00pa-
30M, anpuopHast nmojgymepa M He ABJSIeTCs MEPOii.

8. okasarp, uro dyukiusa (6.4) He sBIsACTCS MEPETUCTIMON
CBEPXY WJIU CHH3Y.

9. Mokazars yreepxxaenus 1) — (6.6) u 2) — (6.7) memmbl 6.2.

Pewenue. Ymeeporcdernue 1). Jnua mep Py m Q1 Ha JaBYXdJIe-
mentHoM MuOxkectBe {0, 1} Bbimosmeno nepasercrso D(Pp|Q1) >
2(P1(0) — Q1(0))?.

O6osuaunym p = P1(0) u ¢ = Q1(0). Torma D(P1[|@Q1) = pln 2 +
(1-p)ln };_Z.

QukcupyeM p U U3yIUM HOBeeHNe PYHKIINN

fla) = D(P1]|Q1) — 2(p — q)*.

Ipn g = p, f(q) = 0.

Ilpu ¢ < p, f(q) ybuBaer, rak kaxk f'(q¢) < 0, a upu ¢ > p
dbyukuus f(q) Bospacraer, Tak kak f'(¢) > 0. eiicTBuTenbHo,
f(@) =plp—pg+(1-p)In(l—p)—(1-p)In(l-q) - 2(p—q)?
ee IIPOU3BO/IHAS 110 ¢ PaBHA

;v P 1—p _q-p+4q(l-p)p—q)
f(Q)——§+17_(1+4(p—Q)2— d1=q) =
(p—q)(4q(1 —q) — 1)

q(1 —q) '

Tak xak q(1 —q) < , f'(¢) <0 npu g < p, n f'(q) >0 upu ¢ > p.
Buauur f(gq) > 0 ayist Beex p u q.
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Ymeeporcdenue 2). Ilycts P — mepa, a dyHKIusa ()1 y/IoBie-
TBOpsieT Gostee ciabomy mepasenctBy QQ1(0) + Q1(1) < 1 u mycrs
Q1(0) = @1(0), Q1(1) = 1 — Q1(0) — «pacmmpsromas» ee Me-
pa. Torga mis mo6oit mepsr P; va {0, 1} BbIIOIHEHO HEPABEHCTBO
D(P1|Q1) = D(P1[QY).

O6osnaunm p = Pi(0), 1 —p = Pi(1),
1—¢=Q)(1). Torma Q1(1) < 1 —Q1(0) =

BBIIIOJTHEHO HEPABEHCTBO

q = @:1(0) = Q(0),
Q( ) = 1—gq. Torna

_ D R -
D(P1HQ1)*P1115+(1 P)Q1(1)>

P 1—p /
pln=+ (1 —p)—— = D(P[|Q}).
q 1—g¢q
10 ,HOKaBaTb, 9710 CyHleCTByeT TaKad KOHCTaHTa ¢, 9YTO OJisd JIXO-
0oil IepevncJInMOil CHI3Y HOoJIyMepbl P BBIIIOJIHEHO

cM(z) = 27 KPP p(g)

qst Beex x, rje KP(P) — npedukcHast CI0KHOCTD IIPOrPAMMBI, Tie-
peducsionieil CHu3y 3HadeHus noJyMepnl P.

11. JokazaTb, 9TO yHHBepCaabHAs IEPEUIUCIUMAs CHU3Y IOJIY-
Mepa Ha JiepeBe JBOUYHBIX rocJieioBaresibHocreil M (x) He siBiisteTcst
Berancanmoit dyukmmeit n 0 < inf, > M(z) < 1.

l(z)=n
12. Jlokazarb, 9T0 PYyHKIUSI

M(z)= inf > M(y)

>l
n>l(e) zCy,l(y)=n

apngercst mepoit. st mee 0 < M()\) < 1.

JlokazaThb, uTo Mepa M He sIBjisleTcsl HI BBIYMCIIUMOI, HU TIepe-
YUCJINMON CHU3Y WJIH CBEPXY.

Kpome storo, mepa M siBJsieTcst MaKCHMAJIbHOM MepOU TaKOM,
aro M(z) < M(x) s Beex .

13. MoxKHO JII IOCTPOUTH YHUBEPCAIbHBIN IPEJUKTOD HA OCHOBE
MoHOoTOHHO# cytokaocTn KM (z) Tak, 9To6bl /11 HEro Oblia BepHa
Teopema 6.67
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14. Hokaszarb, 4yTo s Ji060il Mepbl () 1yt (Q-mouTu Bcex Oec-
o . M(w™
KOHEYHBIX IOCJIEI0BaTeILHCTEH w cylecTByeT npeaea lim ﬁ
n—oo

Cy1ecTByer Jin 9TOT Tpejest Jist JII00oi 6eCKOHETHON MOCJIe 10~
BaTEJIbHOCTH W CJIYIARHON OTHOCUTEIHHO BBIYUCIUME Mephl (7
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Yacte 111

AjaroputMumiecKnii aHAJIN3
YTBEP2KJAEHUI Teopun
BEPOATHOCTEN
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I/I,ZLeI/I a.HI‘OpI/ITl\H/ILIGCKOI‘/JI BbIYUCJINMOCTU MOI‘yT 6bITb N CIIOJIB30-
BaHBI JjIsI aJITOPUTMUYECKOIO aHAJM3a Teopuu BepodTHocTeil. Ha-
MHOT'0 paHee MOJOOHBIN aHan3 ObLT HPOBEJEH B APYTHUX 00J1acTIX
KJIACCHYIECKON MaTeMaTHUKH — B TOIOJIOTUNA U TEOPUU METPHIECKUX
[POCTPAHCTB, B MATEMATHIECKOM aHAI3e. AJINOPUTMUIECKUI aHa-
JIN3 3aKJII09aeTCsI B IPOBEPKE JTOKA3aTEIbCTB Ha WX KOHCTPYKTHUB-
HOCTBb. IIpu 3TOM OOBIYHO MPOUCXOIUT PACCIOEHHE KJIACCUIECKUX
VTBEPKIEHUH MO UX CTEIEeHN KOHCTPYKTUBHOCTH, IOSIBJISTIOTCS HO-
BbI€ YTBEPKJICHHUSI O HEBO3MOXKHOCTHU ITOCTPOEHUS] KOHCTPYKTHUBHBIX
aHAJIOTOB HEKOTOPBIX YTBEDKJIEHUI, JaKe B TOM CJIydae, KOrJaa B
KJIACCUYECKOM CJIydae OHM BEPHBI.

Kak okazajgoch, BepOSITHOCTHBIE YTBEPXKICHUsI TAKXKE MOLYT
OLITh B Pa3HOil CTEIeHM KOHCTPYKTHBHBIMH. BOJIBITHHCTBO yTBEP-
}KILGHI/IfI Teopun BepOﬂTHOCTeﬁ ABJIAIOTCA KOHCprKTI/IBHbIMI/I B Ca-
MOM CHJIBHOM CMBICJIE, TOCKOJIbKY [IJIsT 9TUX YTBEPXKIEHUil Cylie-
CTByIOT BBITUCJINMBIE OIIEHKN CKOPOCTHU CXOJNUMOCTH. 9TI/I OIICHKM
[TO3BOJISIIOT JIOKA3bIBATH, ITO aCUMITOTUYECKHE 3aKOHBI TEOPUU Be-
POSITHOCTH, TAKUE KAK YCUJICHHBIN 3aKOH OOJIBINNX YUCEST UJIN 3aKOH
ITIOBTOPHOTO JIOTapudMa, BBIIIOJTHEHBI IOTPACKTOPHO — I AJITOPUT-
MHUYECKH CJIyYailHbIX IOCJIEI0BaATEILHOCTEH NCXon0B. st ycrnieHHo-
0 3aKOHa, OOJIBININX IHUCE 3TO OBLIO TOKAa3aHO B ritase 4. [1j1st 3aKoHa,
IIOBTOPHOIO JioraprudmMa gazke yIaJI0Ch HAATH abCOIIOTHO HOBOE J0-
Ka3aTe/IbCTBO, OCHOBAHHOE Ha, MJEE OINTHUMAJILHOIO KOJIMPOBAHUS B
JyXe KOJIMOIOPOBCKOI'O MHOIXOa. DTO JI0KA3aTe/JLCTBO IIPUBEIEHO B
paszese 7.

Kak MbI ToKazkeM B pazzese 8, ¢ 9proaudecKoil Teopemoit Bupk-
roda 1esio 06CTOUT CJIOXKHee. Dprojudeckast Teopema bupkroda e
SABJISIETCST AJITOPUTMUIECKN 3(PHEKTUBHON IPU KJIACCUIECKOM TIOHM-
MaHUU IIpolecCa KOHCTPYKTUBU3AIIUN. MbI ITIOKazKeM, 9YTO He Cylie-
CTBYET BBIYHUC/IIMOI OIEHKN CKOPOCTH CXOJIMMOCTH B 9TO# Teopeme.
TeMm He MeHee Mbl MOKAXKEM, UTO POCTO CXOAUMOCTD (6€3 BbIUUC/IU-
MO OIIEHKH €€ CKOpOCTI/I) nMeeT MeCTO Ha KazKJI0M NHIUBUAYaJIbHOI
AJITOPUTMHUYECKH CJIydaifHOl mocenoBarebHocT. Takum ob6pa3om,
MOHATHE AAZOPUMMUYECKU CAYUGUHOT NOCACI0BAMEALHOCTU TIO3BO-
JISIET TIOCTPOUTH KOHCTPYKTUBHYIO 3PTOAUIECKYIO TEOPHUIO.
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I'maBa 7

CJ102KHOCTHOE
JI0Ka3aTeJIbCTBO 3aKOHA
IIOBTOPHOI'O Jiorapudma

B srom pazzesie MBI IpUBeJIEM JOKa3aTe/IbCTBO IIEPBOil YaCTH 3aKO-
Ha MTOBTOPHOTO Jiorapudma s CIyIaifiHbIX TOCIeI0BATEILHOCTEH.
XoTs KJIaCCHIECKOe JI0Ka3aTeIbCTBO 9TOH TeopeMbl (cM. [23]) mps-
MO TPAHCJHUPYeTCs B KOHCTPYKTHBHYIO (DOpPMY, IIOJIE3HO PAaCcCMOT-
peThb HOBOE JI0Ka3aTeIbCTBO 3TOI TeOpeMBl B JyXe HJeil KOJIMOIO-
POBCKOI'0 &JIFOPUTMHUYECKOIO I10/IX0/1a K TEOPUHU BEPOSTHOCTEN. DTO
JIOKa3aTeIbCTBO ObLIo Tpeiozkerno BoskoM [2]. ITepsast gacTb sT0r0
JIOKa3aTe/bCTBa (HepaBeHCTBa <) TaKKe HPEeJICTaB/IeHa B MOHOIDa-
un [25]. MbI ciefryeM 9TOMY U3JI0XKEHUIO.

[TpuBoxguMOe HUIKE JIOKA3aTEIbCTBO OTIMYAETCS OT KJIacCHde-
CKHX BEPOSITHOCTHBIX JIOKA3aTeJIbCTB M OCHOBAHO Ha HJEsX OITH-
MAaJIbHOT'O KOJMPOBAHHS.

JJtst TpU3BOJIBHON JTBOMYHOMN MOCTIEI0BATEILHOCTH W 0O03HATUM
Sp(w) = > | wi. MBI JoKazkeM IepBYIO YaCTh 3aKOHA IIOBTOPHOIO
Jiorapudma.

Teopema 7.1. Jlaa 40601 beckoneunoti deouwnoti nocaedosamenn-
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HOCMU W BbINOAHEHA UMNAUKGUUA!

Sn(w) — %
KM(w") 2 n —O(1) = limsup 1Sn(w) ~ 51

n—o0 \/%nlnlnn

JlokazaTeIbCTBO TEOPEMBI OYIeT OCHOBAHO Ha, JIOCTATOYHO TOU-

<1 (7.1)

HOIT BepxHeii onenke st ciaoxkuocrn KM (w™).

[IpemBapuTesbHO MBI TPUBEIEM JIOKA3aTEILCTBO Oojiee Caaboi
onenkn. Ilo cymecTtBy, 910 Oy/IeT HOBOE JIOKA3ATEIHLCTBO TEOpE-
MBI 3.2.

ITo nemme 5.8 mtst 11000# BBIYUCIUMOM MepPhI () BBITIOJTHEHO
KM(w™) < —logQ(w") + O(1).

Haiinem ynobuyio mepy Q. Ilycrs p, = %, k = Sp(w™) — aucio enu-
HUI[ B HadaJIbHOM (pparMente w jyuHbl n. Paccmorpum misa duk-
CUPOBAHHOTO 711 OEPHYJLJINEBCKYIO MEPY € BEPOATHOCTHIO €JIUHUIIBI Py,
Ha II0CJIeI0BATEILHOCTIX JyIuHbI n. [losryaaem

—log By, (w") = —log(py (1 — pp)" %) =
= —nlog(ph" (1 —pn)' ") =
= n(—=pnlogp, — (1 — pn)log(1 — pn)) = nH (pn), (7.2)

rie H(py) — surponus [lennona.

Onnako dyukiws By, (w™) He pacnpocTpaHseTcs: Ha Bce KOHEU-
HbIE I10C/IeJOBATE/JIbHOCTH, TaK KaK ITapaMeTp MepPbl 3aBUCUT OT ap-
rymenTa. Iyt Toro 9To66r n30aBUTHCS OT 9TON 3aBUCUMOCTH, BBEIEM
cMech BEPHYJITMEBCKUX MEp — TMEPEYUCIUMYIO CHU3Y TIOJyMepY:

Q)= Y Br(2)P(r),

reQy

rae Q4 — MHOYXKECTBO BCEX IOJIOKUTEBHBIX PAIMOHAJIBHBIX UUCET
(KOTOpBIE OTOXK/IECTBIIEHBI CO BCEMH HATYPAIbHBIMU Yucjiamu), P —
alpuopHas MOJIyMepa Ha MHOYKECTBE BCEX HATYPAJbHBIX UUCEJT.
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ITo nemme 5.8
KM(z) < —log Q(z) + O(1) <
< —log By(x) —log P(r) + O(1)
Hyist ioboro r. Ipu r = py,
KM(w") < —log By, (w") + KP(p,) + O(1).
Jliist mpom3BOSIbHOTO € > () IMeeT MecTO OIleHKa
KP(p,) < KP(n) + KP(k)+ O(1) < (2+€)logn + O(1),

TakK Kak k < n.
CpaBHUBaeM HUKHIOIO M BEPXHHE OIEHKN I CJIOXKHOCTH:

n—0(1) < KM(w") <nH(p,) + (2+€)logn+ O(1).  (7.3)

Hanumenm dopmysy Taitopa s dynknuu H(p) B OKpecTHOCTH
TOYKA P = % [IpenacraBum p,, = % + vp. Umeem H’(%) = 0, a TakxKe
H"(1) = —&5. Orcrona

.2 4 2
H(p,) =1 ln2V” +o(vy). (7.4)

U3 nmepasencrsa (7.3) nosydaem

v = ovd) = (1= H(pa))

Orcrona n u3 (7.4), 1uist IpousBosIbHOIO € > 0, MoJyvIaeM OleHKY

il Rec 0 (). s

Jlokazamenvcmeo meopemol. Tlepexoaum rerepb K J0Ka3aTeb-
cTBY TOYHOrO pesyibrara (7.1).

Ouenky (7.5) MOXKHO YJIyUIIUTh 3a CUET yMEHBIIEHUs YJICHA
KP(py), ecan ucnomp3oBaTh 60jiee IPOCTOE MO CJIOKHOCTH TPUOJIU-
JKEHHEe K Vp U3 HNPEICTABJICHUS P, = % + v,. Paccmorpum coyudaii
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vp > 0. B kagecTBe TAKOTO HMPUOINKEHUST BO3BMEM PaIllOHAJIHLHOE
ancio v, = (1 — €)™, rue m Takoe, 4ro

1—e)" << (1—e™

Orcrioma m = |log;_. vp .
OnennBaeM mpedUKCHYIO CJIOKHOCTD 9TOTO IapaMeTpa:

KP(m) < (1+¢€)logm+ O(1) =

= (1+¢€)log <IO;O(§;V_”€)> +0(1) =
= (14 ¢€)log(—logvy,) + O(1). (7.6)

U3 npenasapurenbHoii onenku (7.5) ciemyer, 9TO MOYKHO CUNUTATD,

4o v, = O < lofl ). Torga onenka (7.6) mpespamaercs: B OIEHKY

KP(m) < (1+¢€)loglogn + O(1)

1yt HeKoToporo € > 0.
Yrounnm ouenxy (7.2) upu pl, = 3 + v;:
—log By, (w") = n(—pnlog p;, — (1 — pn) log(1 — pfy)) <
< n(=pylogp, — (1 —py,)log(1 = py,)) = nH(p,). (7.7)

JJtsT mosTydeHnus 3TUX HEePaBEHCTB MBI HCIIOJIbL30BAJIN HEPABEHCTBA
! 1 / / ! 1
Pn = Py > 5 u —logp, < —log(l —p),) npu p;, > 5. Ilepexon
oT BepxHero HepaBeHCTBa B (7.7) K HIZKHEMY O0bSCHSIETCS TEM, 9TO
MbI YBEJIUYIUJIA BEC BTOPOI CKOOKH 3a CUET TOU 2Ke JIOJIU OT MEHbITeH
CKOOKH, T.e. MbI HCIIOJIb30BAJU HepaBeHcTBO 1 — pl, > 1 — py,.
/

[ToBTopstem npe/pLaype onenky tuna (7.3) Tenepb yKe Jyist pl,.

s Becex JIOCTaTOYHO MaJIbiX € > () BBIIIOJIHEHBI CJIE/LYIONTUE OIEHKH.

Ka}Kﬂa}I OIl€HKa, IIpuBEeJCHHad HUZKE, CJIeAYyeT U3 BbIlHeCTO}IHIeﬁ
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OIlEHKMH:

n—0(1) < KM(w") < —log By (w") + KP(p;,) + O(1),
n—0(1) < KM(w") < —log By (w") + KP(1,) + O(1),
n < nH(p,) + (1 + ¢€)loglogn + O(1),
2 /N2
£ < log1 1),
2 (h)n < (1 + ) oglogn + O(1)
In2 1
v, < (1 +e)\/nloglogn+0 (),
2n n
1 1
vp < (1 +36)\/nloglogn+0 (),
2 n
Inlnn 1
n < (143 Of(—1,
vp < (1+ e)\/ oy T (n)
1 Inlnn 1
n - S < 1 K
p 2‘ ( —1-36)\/ o™ —|—O<n>
n 1
Sn(w) — 5’ <(1 +4e)\/2nlnlnn+ O(n).
BJ1ech MBI HCTIOML30Ba HepaBeHcTro vy, < (1—¢e) 71w/, < (1+426)v)
ast € < 4.
Orcrona

/1
——‘ (1 + 5e) inlnlnn

JJIS BCEX JTOCTATOYHO OOJIBIIUX M.
[Hockosbky € > 0 — HPOU3BOILHOE JIOCTATOYHO MAJIOe, U3 3TOr0
HEPABEHCTBA CJIEJIyeT YTBEPKJIeHNe TeopeMbl — oneHka (7.1). O

IlepByio 4acTh 3aKOHA IIOBTOPHOI'O JiorapudmMa MOXKHO 3allUCATD
B TepMUHAX PABEHCTBA JJII MOHOTOHHON CJIO?KHOCTH.

CaencrBue 7.1. /Jlasa awboil beckoneunotl dsouunotl nociedosa-
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MEADBHOCTNU W BDNOANHEHA UMNAUKAUUA:

: |Sh
KM(w") =n+ O(1) = limsup

n—oo 1/%nlnlnn

B pabore [2]| Tak:Ke MpHUBEIEHO J0KA3ATEIbCTBO BTOPOIl YacTH
3aKOHA OBTOPHOIO Jjiorapudma (HepaBeHCTBa 2) B aJIrOpUTMUYe-
CKO# Teopuu CJIy4aiiHOCTH.
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I'maBa 8

dproamdeckasi TeopeMa
bupkroda

JlokazaTrebcTBa OOJIBIIIMHCTBA 3aKOHOB TEOPUH BEPOSITHOCTEH IIpsi-
MO TPaHCIUPYIOTCS B KOHCTPYKTHUBHYIO dopmy. IlepBoe 3arpymame-
HHE C IOJIYyY€HUEM KOHCTPYKTUBHOI'O aHaJIOT'a BO3HUKJIO B CBA3U C
sprogumyeckoir Teopemoit bupkroda. 3BecTHble n3 yIeO0HUKOB 0-
Ka3aTeJIbCTBA 3TOI TEOPEMBI IIPAMO HE TPAHCIUPYIOTCA B KOHCTPYK-
TuBHYIO Gopmy. Ilo-Bugmmomy, 9TO CBSI3aHO C OTCYTCTBHEM aJjiro-
purMudeckKu 3 MEKTUBHBIX OIEHOK CKOPOCTH CXOJIUMOCTH IO BEPO-
SATHOCTHU, & TaKyKe MOYTU BCIOAY B 3TOH Teopeme. HeBO3MOKHOCTH
ITIOCTPOEHUsT TAKUX OIEHOK OyIeT nokazaHa B pazzeie 8.3.

Tem He MeHnee KOHCTPYKTHBHBIN aHAJM3 9TOW TEOPEMBI, ITPUBE-
JeHHblil B MoHorpaduu Burona [34], mo3Bosisier 10Ka3aTh Sproju-
TeCKyI0 TeopeMy s caydaitabeix mo Maprun-Jledy nocienosareisb-
HocTeit. MbI JOKaKeM 3TOT KOHCTPYKTUBHBIN BapUAHT SProInIeCcKOi
TeopeMbl B pazese 8.5. s 3Toro HaM IpUIETCS BBECTH HOBBIHM THII
TECTOB CJIYYalHOCTH — MHTErpajbHbIE TECTHI, ¢ ITOMOIIBIO KOTOPBIX
MOXKHO JIaTh HOBYIO dKBUBAJCHTHYIO (DOPMYJIUPOBKY CJIyUIatHOCTU
o Maprun-Jledy.
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8.1. dproaumvieckas Teopus

Mpb1 paccMarpuBaeM BeposiTHOCTHOE 1ipocTpancTso (2, F, P)), rie €
— MHOXKECTBO BCEX OECKOHEYHBIX JBOMYHBLIX IIOC/IEI0BATE/ILHOCTENH,
F — 6opesieBCKoe 110jIe, KOTOPOE MOPOXKIAETCI MHTEPBAIAMU

'y ={we:zCuw},

rJe T — IPOU3BOJIbHASL KOHEUHAs MOCJIEI0BATEIbHOCTh, P — BBIYNC-
JIUMasT BEPOSITHOCTHAsT Mepa Ha ().

[TpousBosbHOE U3MepuMoe orobpazkernne T : ) — ) Ha3bIBaeTCS
npeobpasosaruem nupocrpancrsa ). Ilpeobpazosanue T corpansem
mepy, ecm P(T~1(A)) = P(A) nis Beex M3MepuMBbIX TTOMHOMKECTB
A C Q. lzmepumoe MHOXKECTBO A HA3BIBAETCST UHBAPUAHMHbLM OT-
HOCHTEILHO mpeobpaszosanust 1), eciu T 1A = A ¢ TOYHOCTBIO 110
muozkecTBa Mepbl 0. ! IIpeoGpasoBanne T HasbIBAaETCS 9p20dute-
CKUM, €CITH KayKJI0€ WHBAPUAHTHOE OTHOCUTEILHO HETO MHOXKECTBO
umeet Mepy 0 minm 1.

SamaeM k-10 nurepanuio mpeobpasoBanus I peKypCUBHO: OIpee-
mum TFw = T(TF W), te T0w = w.

[IpeobpaszoBanne T’ TOpoKIaeT OECKOHETHYIO TPACKTOPUIO

w,Tw,T2w, ey Tkw,

[IPOU3BOJILHON TOUKH w € (2.
[Tpumep mpeobpazoBaHust TPOCTPAHCTBA {2, COXPAHSIIOINIETO PAB-
nomepHyto Mepy L — cusur T, onpejiesieHHbIH ycJI0BUEeM

T(wiwows ...) = wows . ..

Ecmu casur coxpansier Mmepy P, To Takasd Mepa HA3LIBAETCI CMAUU-
onaproti. JIerko nokazarh, 9TO Mepa ABJISI€TCS CTAIIMOHAPHON TOraa
1 TOJIBKO TOIJIa, KOrJla

Plw:wi=x1,... ,wiyp1 =2k} = P{lw:w; =x1,... ,wp =z}

'To ecth P((Tﬁl(A) \A)U (A\ Tﬁl(A))) =0.
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IS 11000 KOHEYHOM IIOCJIENOBATELHOCTH & = X1 ... L) U JIJId JIIO-
6oro 1.

Ecnu cosur coxpausier Mepy P u K TOMY 2Ke SABJISIETCST SPTOIHU-
JeCcKUM IIpeoOpa30BaHreM, TO U caMa Mepa P Ha3bIBaeTCs ap2odurie-
cxot.

Dprogudeckas TeopeMa Bupkroda bopMyIupyeTcs cieayonum
00pa3oM.

Teopema 8.1. [Iycmv P — npou3goavHas 6epoamHocmuas Mepa Ha
Q u f — npoussosvnaa unmezpupyemas dynryus muna @ — R
(komopasa nazwveaemcesa nabarodaemot). Toeda das 06020 coxpara-
ouge2o mepy P npeobpasosanua T oas P-noumu écex w 6uinoamnero

|
lim —
n—oo N

n—1 ~

D f(TRw) = f(w),

k=0

2de f — unmezpupyemasn unsapuarmman ommocumenvno T Pyrryus
maxas, wmo [ f(w)dP = [ f(w)dP ? . Kpome mozo, ecau npeot-
pazosanue T aeasemesn spzoduueckum, mo f(w) = [ f(w)dP dan
P-noumu scex w.

Oproauyueckasi TEOpeMa yTBEPKIAeT, 4TO CpejlHee M0 BPeMeHH
3HAYCHNE HEKOTOPOI HaOIIONaeMOil BEIMYNHEL [ BIOIb TPACKTOPHUN
HOYTH JII0O0H TOYKHM W PaBHO CPeJIHEMY 3HAYeHHIO 3TOi HabJromae-
MOIi IO BCEMY IIPOCTPAHCTBY.

Ecnu mepa P saBisercda cTalMOHApHOM, T.e. MHBAPUAHTHON OT-
HOCHUTEJIBHO CJBHTA, a HabiomaeMas uMeer B f(w) = wi, TO 9p-
roguyeckas TeopeMa Bupkroda npespamaercs B yCUICHHDBIA 3aKOH
OOIBIINX YNCEJT:

rie [ f(w)dP = P(Ty) = P{w:w; = 1}.

2Qynkuus f MHBapUAHTHAs OTHOCUTEJbHO T, ecin f(Tw) = f(w)
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8.2. Teopema Ilyankape o Bo3BpallieHnu"

[IpuBenem mnpumep KOHCTPYKTHBHOTO aHAJIONa MIUPOKO U3BECTHOIO
VTBEPKICHUS IProandeckoil Teopuu — teopembl Ilyamnkape o BO3-
BpAIEHIH, KOTOPast yTBEPK/IAeT CJIE/LYIOIIee.

[Iycts T — npeobpaszoBanue, coxpansiomiee mepy P, u F — u3-
MepuMoe MHOXKecTBO. Torja MHOXKECTBO BceX w € FE Takux, 4TO
T &€ E juist Bcex n > 0, umeer mepy 0. DKBUBAJIEHTHO, JIJIsT TIOUTH
Bcex w € F T"w € FE mnsa mexkoroporo n > 0, T.e. TpaeKTOpUs W
BHOBBb moceTuT F. Bojiee TOro, 310 mIpoucxoiuT OECKOHEYHO MHOTO
pas.

JlaHHOE yTBEpXKJIEHUE SIBJISIETCS HETPUBUAJBHBIM, KOT/Ia Mepa
MHOXKECTBa E IIOJIOZKUTEJIbHAA.

Mbr chopmysupyem  aaropurTMudecku IGOEKTUBHBIN  aHAJIOT
9TOr0 YTBEPXKIEHUS JjIsi PABHOMEDPHOI Mepbl Ha IpocTpaHcTBe {2
BCcex OECKOHEYHBIX JIBOMYHBIX OC/IEI0BATEILHOCTEH U ciBura 1’ Ha
HEM:

T(wiws...) = wows . ..

MuoxkectBo F naspiBaercsa 3@PEKTUBHO 3aMKHYTBIM, €CJIM OHO SIB-
JISIETCS JIOMOJTHEHUEM J1JIsi HEKOTOPOTro 3P HEKTUBHO OTKPBHITONO MHO-
JKEeCTBa.

[Toroueunsrit BapuanT TeopeMbl Ilyankape o Bo3Bpalennn mpe-
CTaBJICH B BUJE CJEIYIOIIEH TEOPEMbI.

Teopema 8.2. [lycmv T — cdsue na 2 u E — apdexmusno 3a-
MEHYMOE MHOHCECTNBO NOAOAHCUMEALHOT Mepvl. To2da das 410601
caywatinot no Mapmun-Jledpy nocaedosamesvrocmu w € E oydem
T'w € E das nexomopozo n > 0. Boaee mozo, amo eepro das bec-
KOHEWHO MHOZUL M.

Teopema 8.2 OyeT IPSMbBIM CJIEICTBHEM CJIEIYIOIErO YTBEPIK/Ie-
HUsI, KOTOpOe ObLIO BIEepBble JoKazano Kyuepoii [42].

IIpennoxxenue 8.1. I[fycmv U — afipexmusrno omrpumoe mrooice-
emeo pasromepnoti mepv, L(U) < 1. Toeda das a10601 Geckoneu-
HOT NOCAeJOBAMEALHOCTNU W, CAYHaHOT No mepe L, u npoussosn-
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H020 HAMYPaAvHo2o wucaa N Hatidemes wucao n = N makoe, wmo
T'w e U.

Zloxazameavcmeo. Ilyctb N — mpou3BoJIbHOE HATYpPaJIbHOE YUC-
J10. O6ozHaunmM nocpesictBoM U™ MHOXKECTBO Beex w € () TaKuX, 9TO
BoimostHeHo T"w € U myist Bcex n > N.

[Iycrs L(U) < r jajst HeKOTOPOro paronaibHoro r < 1. Ipes-
craBUM 3(PPEKTUBHO OTKPHITOE MHOXKeCTBO U B BHjie 00beINHEHUST
BBIYUC/IAMOM IOCJIEI0BATEILHOCTH IOIIAPHO HEIIEPECEKAIOIINXC ST MH-
TEPBAJIOB

U=uUly,,

rJie KOHEYHEIE ITOCTIe0BATEIbHOCTH T ¥ j TIOMAPHO He IIPOJIOJIKAIOT
apyr apyra. Obozunaunm Uy = U. Oupejesnm

Uz = Ui jl's0;,
U3 = Ui,j,srxixjxs

u T.J. 3jech T;T; — KOHKATeHAIUsd CTPOK T; M ;. AHAJOTHYHBIM
00pa30M HOHUMACTCS T;iT;Ts.
Nnmeem

LWs) =Y L(Ty,) = 3 2701w —
%7 i
= Z 9—1(z:) Z o—l(z;) < 2
i j

u T.21. Anasornuso umeem L(U,) < r™ mis Beex n.

[Tycts w € U*. O6osnaunm w' = Wy 1WN12 ...

Torna ' = TNw € U, 3naunr, w' = z;w” s HEKOTOPOro i n
W' € Q. Tak xax w’ = TNT@)y € U, maeer mecto W’ = xj0"
qutst Hekoroporo j u w”' € Q. Teneps MbI 3HaeM, 410 W' = Tz ;wW",
a sHaunT, w' € Us. AnasornunniM obpazoM umeeM w’ € Us u T.11.

PaBHOMEPHO Iepeyunc/InMas CHCTeMa, MHOYKECTB

{Upn:m=1,2,...}
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omnpesesisier HeKOoTOpbiii Tect Maprtun-Jleda. Panee mbr mokaszasm,
aro W € NypUp, Te. w' He ciayvaiinas. JIerko BUIeThb, 9TO B 3TOM
cTydae MCXOIHAs MOC/Ie0BATEILHOCTD W TaKsKe He ciydaiinas o . B
qactaoctu, U* C N,,U,,. Teopema mokazana. O

Jlnst mokazaTesbCTBa TeOpeMbl 8.2 Hal0 B3ATh B IIPEIJIONKE-
umn 8.1 U = Q \ E. Tak xak L(E) > 0, BBIIIOJIHEHO HEPABEHCTBO
L(U) < 1. Tlo npegioxkennto 8.1 T"w & U njist 6ECKOHEIHO MHOTUX
n. O

8.3. OTcyTcTBUE BBIYNCJIUMOI OIEHKH CKOPO-
cTH
CXOAVMMOCTH B 3ProJANYECKOIl TeopeMme

B sTOM pas/ene Mbl MOKayKeM, YTO B HEKOTOPBIX CJIydasX He CyIIe-
CTBYET BBIYHCINMOM OIIEHKU CKOPOCTHU CXOAUMOCTU CPEAHUX B 3PIO-
JIMYECKON TeopeMe.

Crauasa Mbl JIaJuM HeOOXO/[MBIE OlIpe/ieieHus. B nanpHeiinem
HAM HOTPEOYIOTCS MOHATHS PA3JIMYHON CTEIEHU aJrOPHUTMIYECKOl
sbderruBHOCTH bYHKIMIA, ONPE/IeICHHBIX Ha OECKOHEUHBIX MOCJIe-
JIOBATEJIbHOCTSIX.

Oyukmust f: Q — R U {—o00,+00} HasbBaercs nepevuciumots
CHU3Y, €CJIN CYIECTBYIOT BbrancauMble byskmuu r = r(i) u x = x(i)
TaKue, IT0 HepaBeHCTBO T < f(w) BBINOJIHEHO TOT A U TOJILKO TOL/A,
korya r = 7(i) u (i) C w I HEKOTOPOIO 7.

MozKHO TaKzKe CKa3aThb, YTO JIst JIIOOOI0 PAIMOHAIBHOIO 7' MHO-
JKECTBO

U ={w:r < f(w}

siBjisieTcst 9(MEKTUBHO OTKPBITBIM 1 cemeiictBo {U,,r € Q} srux
MHOXKECTB SIBJISETCS PABHOMEPHO IE€PEYNCIUMBIM ceMefcTBOM -
(PEKTUBHO OTKPBITHIX MHOYKECTB.

JlpyruMmu cjioBamu, CyIeCTBYeT aJrOPUTM, HA BXOJ KOTOPOMY
[IO/IAIOTCS PAIMOHAJIBHOE T U HavYaJIbHbIE (pparMeHTbl OECKOHEUHOIT

3310 yrBepxmenne 6b110 mpeamerom 3amadu 3(d) w3 pasmena 4.3.
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MOCTIEIOBATEIFHOCTH w. JlaHHBIN aqroput™ obIagaeT CJIeIyIoNniuM
coiicrBoM: eciu r < f(w), TO 3TOT (baKT PAHO WM MO3IHO OY-
J1eT OOHAPYKEH STUM AJTOPUTMOM, IIPU STOM aJITOPUTM UCIIOJIB3yeT
TOJILKO HEKOTOPBIN HAYaILHBIH (PparMeHT TMOCTIEeI0BATETHHOCTH W;
eciim r > f(w), TOo Takoil agropur™m Moxker paborarb GECKOHETHO
JIOJITO U HE BBIJACT HUKAKOTO OTBETA.

BamMeTnMm, 4TO NepeuncauMast CHu3y (pyHKIHUs MOXKET TPUHUMATD
OeCKOHEYHbIE 3HAYEHMUS.

Oyuxnusa f nepevucauma ceepry, ecau GyHKIHS — f nepednc-
JINMa CHU3Y.

Oyukiust f, TPpUHAMAIOIIAs PaIMOHAIbHbIE 3HAYEHUs, a TaK-
JKe 3HAUCHUsT —00 M +00, HA3BIBACTCS NPocmoli, €CI MHOXKECTBO
) MOYKHO MPEJICTABUTH B BUJE OOBEJINHEHMS KOHEYHOIO YHC/Ia WH-
TEPBAJIOB TakK, YTO f(w) MOCTOsIHHA HAa KaxkKJOM u3 HuX. IIpocras
QYHKIMS OMUCHIBAETCST KOHETHBIM HAOGOPOM KOHCTPYKTUBHBIX O0D-
€KTOB, ITO3TOMY CaMa sIBJISIETCA KOHCTPYKTUBHBIM OOBEKTOM.

[IpocTeie (OYHKINN TO3BOJISIIOT TaTh YI0OHYIO XapaKTepU3aIuio
NEPEUYNCIUMBIX CHUZY (DYHKITHAHA.

Ipennoxenune 8.2. /Jlas 110600 nepevuciumoti CHudy GyHKuuL
f(w) cywecmeyem eviuucaumas nocaedo8aMENLHOCTND  NPOCTIOLT
dyrkyut fr(w) maxas, wmo

o fr(w) < fuyi(w) daa scexn uw;
o (W)= lm fuw).

Aoxasamenvemeo. Ilycrs x(i) u (i) — BerancanmMble GyHKIAN 13
orpejiesieHns repeancauMoil cansdy dyuknnn. [lomoxkum

folw) =sup{r:r=r(i),z(i) Cw,i < n}.
ITycrs sup ) = —oco. Torna
F) = lim_ f ().

[Ipemnoxxenne mokazano. O
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Qyuxius f(w) HABBIBACTCS GLYUCAUMOT, €CITH OHA TEPETUCTIIMA
CHU3Y U cBepXY. B 3TOM cilydae CylecTBYeT aJIOPUTM, KOTOPLI, 1C-
[OJIb3ys B CBOEH paboTe paruoHaJbHoe € > 0 U IOCIeI0BATEIbHOCTD
w € ), BBIIAET paroHaJbHOe Npubskenne K f(w) ¢ TOYHOCTHIO
510 €. [Ipu aTOM It TIOJIyYeHHs] PE3yIbTaTa aJrOPUTM HCIOJb3yeT
TOJIBKO HEKOTOPO# HaYabHBIA (pparMeHT IOCIeI0BATEebHOCTH W.

CdopmynupyeM HEKOTOPbIE IMOHSTHS KOHCTPYKTHUBHONI TEOpHUU
BeposITHOCTEH. 3a/1aH0 BeposATHOCTHOE mpocTpancTso (2, F, P), rae
P — BuuncanMast BeposiTHocTHasA Mepa. Oyukius tuna f : Q — R
OyIeT HAa3BIBAETCS CAYUAUHOU PyHKyUer.

[TocsienoBaresbHOCTD Caydaiitabix dyHkumit fp,(w) crodumes no
seposamHocmu K ciaydaiinoii dyuximn f(w), ecan st Beex € > 0 u
6 > 0 BBIIOJIHEHO

Plw: |[fa(w) — fw)] > 6} < e (8.1)

IpHU BCEX JOCTATOYHO GOJIBIIUX 7.

CX0MMOCTD IO BEPOSITHOCTH HA3BIBACTCS AALOPUMMUYECKY I(P-
pexmuenotl, ecau cymecTByer Beraucanmas dyHknus m(e, d), upu-
HUMAIOINAsi HEOTPUIATETLHBIE TIEJIbIe SHAYEHUS, TaKasl, 9TO JIJIsA BCEX
pannoHaabHbIX € > 0 1 d > 0 Boimosneno (8.1) mpu Bcex n = m(e, d).
DD DEKTUBHOCTE 3aKII0OYAETCST B TOM, 9TO CYIIECTBYET aJTOPUTM,
KOTOpBIH 10 € > 0 1 § > 0 BBIYKC/ISIET TOT HOMEp CJIydailHol (hyHK-
1M, HAYMHAsI ¢ KOTOPOT'O BBIIIOJHEHO HepaBeHCTBO (8.1).

Qyuxius m(e,d) HazpIBACTCA pe2yaamopom crodumocmu. Ilo-
CJIEJIOBATENILHOCTD CIydailHbIX byHKIuUi fn,(w) cxoaurcs 1o Bepo-
SITHOCTH K CirydaitHoil dyHkimn f(w) anropurmudecku 3G dekTis-
HO, €CJIN JJISt TOI CXOIMMOCTH CYIIECTBYET BLIYHCIUMBIA PEryasaTop
CXOUMOCTH.

Herpyano nposeputs, uro onpezaesenne 3ppEeKTUBHON CXOIUMO-
cTH nocsieioBaTesibHOCTH (ByHKIHi [, (w) 110 BEPOSTHOCTH IKBUBA-
JIEHTHO TOMY, 9TO JIJIAA JIIOOBIX palMOHAILHBIX € > 0 u § > 0 BBIIOJI-
HEHO

Plw: |fu(w) = frr(w)| >0} <€ (8.2)

upu Beex n,n’ = m(e, ).
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[TocnenoBarenbHoCcTh corydaitabix dbyHkuuii f,(w) cxoaures K
HekoTopoit dyukun f(w) nowmu ecrody, eciau nh_)n(f)lo fanlw) = f(w)
it P-rioutn Beex w. DTO OnpeiesieHre SKBUBAJIEHTHO TOMY, YTO
cymiecTByer yHKIWs m(€, §), IPUHUMAIOIIAsI HEOTPUIIATEIbHBIE T1e-
JIble 3HAUEHWs, TaKasl, 4TO JIJIsi BCEX PaIMOHAJbHBIX € > 0 1 § > 0
BBITIOJTHEHO

Plw: Sup |fe(w) = f(w)| > 6} <e

upu Bcex n = m(e, d) (em. [23]).

Jlerko BUIeTH, 9TO U3 CXOAUMOCTHU IMOUYTH BCIOILY CJEIYET CXOIIU-
MOCTB II0 BEPOATHOCTH.

ECTeCTBeHHO Ha3bIBaThb CXOAUMOCTD IIOYTH BCIO/LY aJITOPUTMUYE-
cku 3 HEKTUBHOI, ecjim peryasarop cxoauMocTu m(e,d) sBisieTcs
BBIIUCIUMON dyHKIMEH. JIerko BUIETb, UTO €C/IU IOCJ/IeI0BATE/ b
HOCTB fp(w) cXOmuTCs K HEKOTOPOW (DYHKIUM MOYTH BCIOJY AJro-
purMuIecKu 3(PPEKTUBHO, TO OHA CXOJIUTCS K HEl U 110 BEPOSITHOCTH
AITOPUTMIIECKH 3(DHEKTUBHO.

Boeraucsimmbtit perysisiTop [jist CXOJUMOCTH 110 BEPOSITHOCTH B 3a-
KOHE OOJIBIIINUX YUCeN JjIs PABHOMEPHOU Mepbl P CTPOUTCs ¢ IOMO-
IbI0 HEpaBeHCTBa XedIMHTA:

P{w: M—l >e} <26_2”€2,
n 2

n
riae Sp(w) = > w;. B janHOM ciiyuae MOXKHO OIIpeJIeJIUTh
i=1

1 2

N3 sT0T0 HEpaBEHCTBA TAKXKE JIETKO HOJIYIUTh COOTBETCTBYIOIIEE
HEPABEHCTBO I MIOCTPOCHUS PEryaaTopa 3pOEeKTUBHON CXOIUMO-
CTU TIOYTHU BCIOMY.

MpbI npuBeseM TpUMeEp BBIYUCIUMON CTAIMOHAPHON MepbI, JJId
KOTOPO#l CXOMMOCTD CPEJIHUX 110 BEPOATHOCTH U TIOYTH BCIOJY B T€O-
peme Bupkroda He sBisieTcs aaropurMudecku 3(pPeKTUBHOIA.
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Teopema 8.3. Cywecmeyem 6uuuCAUMaA CMAUUOHApHas mepa P,
05 KOMOPOTi HE CYULLCTNEYEM BIUUCAUMORO PE2YAATNOPA ONA CTO-
dumocmu cpednux no 6EPOAMHOCTIU

P{w:|Sp(w) — f(w)] >} — 0

npun — 00, 2de Sp(w) = 2 3 wy u f(w) = le Sp(w) (amom npe-
=1 n—00

dea cyuwecmsyem P-noumu ectody no apeoduveckoti meopeme Bupk-

eogpa).

Zloxazameavcmeo. Mbl TTOCTpOUM HEOOXOJUMYIO BBIYUCIIMYIO
CTaIMOHAPHYIO Mepy P B BuIe cMeCH OJHOPOJHBIX CTAIIMOHAPHDBIX
MapkoBckux Mmep P;. Kaxnas mepa P; Oyuer BeraucauMoit u 0yzier
co/lepKaTh B cebe mH(OPMAIIIIO O TPODIeMe OCTAHOBKY YHUBEPCA -
HOT'O aJICOPUTMA.

ITycrs U (i, d,€) — Boramcanmast GyHKIWs, YHIBEPCAJTbHAS TS
BCEX BBIUUCJUMBIX (DYHKIH 0T JABYX aprymeHToB m(d,€). Hamom-
HUM, 9TO B JIAHHOM CJIy9ae MbI HCIOJIB3YEM HEKOTOPOE OTOXK IECTBJIE-
HHe BCEX IMOJIOKHUTEIbHBIX PAIIMOHAIBHBIX UHNCET U BCEX HATYpPaslb-
HBIX IHCEJT.

Mot mo6oit Bbraucaumoit dyukmm m(d, €) cymecTByeT 9ucio i
takoe, uro m(d,e) = U(i,d, €) quist Becex § u €. Ilycrb Takxke

U(i,0,€), eciti 9170 3HAUEHUE OBbLIO BBIYUCIECHO 32
U?(i,d,€) = ¢ < s maros,
HEOIIPEJIEJIEHO B IPOTHUBHOM CJLyYae.

JJ1st TpOM3BOILHOTO ¢ ONPEJIEUM JeHCTBUTEIbHOE YUCIO (v TIyTEM
3aIaHNs OUTOB €ro JBOMTHOTO Pa3JIOXKEHUST:

o = O.aﬂaig ey
riae

o — 1, ecu u = U* (4, i, 2-(+1) onpenerneno u s > u,
' 0 B IpOTWBHOM ciTydae.
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Jlerko BUIeTh, UTO 3HAUYEHNE KaXKJIOTO0 OUTA (s AJTOPUTMUTIECKHU
BBIYUCIUMO 110 ¢ U S. Kpome Toro, «; > 0 Toriga M TOJBKO TOIJA,
korya snadenne U (1, %, 2*(”1)) omnpeneneno. TakuMm obpazoM, Jeii-
CTBUTEJILHOE YUCIIO (v; SIBJISIETCS HHIUKATOPOM IIPOOJIEMBI OCTAHOBKI
Ha BXOJax § = i u =20+,

ITo onpenenenuio eciu «; > 0, TO JIBOMYHOE pA3JIOKEHUE YUCJIA
Q; coCTOUT M3 BJIOKa HyJIEH, I0C/Ie KOTOPOIo MIYT €JIUMHUILI. B 3Tom
cayaae o = 270 pre k(i) — nymmHa HaYaIbHOTO OJIOKA U3 HyJIEid.

OmnpenenumM j1jisi TPOU3BOJILHOIO i OXHOPOIHYIO MapPKOBCKYIO
[IEMb IIyTeM 3aJIaHUsI Ha9aJbHBIX BEPOSITHOCTEN:

1
Pi{wl = 0} = Pi{wl = 1} = 5

1 Iepexo/HbIX BepOﬂTHOCTefI:
R{ws—i—l = 0|ws = 1} = B{ws-i—l = 1|ws = O} = Q5

JJ1sl IPOU3BOJIBHOTO S = 1,2, ...

C nomorpio 3aa4u 6 u3 paszena 8.6 JIerko mokasarb, 94To BEpo-
SATHOCTHasT Mepa P, mopoxKjieHHast 3a/[aHHBIMU HAYAJbHBIMUA U 1€~
PEXOIHBIMU BEPOATHOCTSAMU, ABJISETCsT CTalmoHapHoit. Kpome Toro,
OHA SIBJISIETCS BBIYUCJIUMOIA.

Corutacio Teopun u3 monorpadun [23] npu «; > 0 sra Me-
pa TakxXKe sBJIgeTcd sprommieckoit. Bemm o; = 0, mepa P; co-
CPEeIOTOYEHA TOJILKO HAa JIBYX OECKOHEUYHBIX IIOCJIE/I0BATEILHOCTIX:
P;(0°°) = P,(1°) = 1. Muozxecrsa {0°} u {1°°} apnsorcs unpa-
PUAHTHBIME OTHOCHUTEIbHO ciasura. IlosTomy B ciydae o; = 0 Mepa
P, He aBiseTcst 3proanvecKoi.

Kaxasi mepa P; siBJIsieTCsl BBIYUCIUMOIlL, U, Oojiee TOro, cyire-
CTBYET aJITOPUTM, KOTOPBIII PABHOMEDPHO IO ¢ W T BBIYHUCJISIET 3HAYE-
uue Pj(x). Onpenennm mepy

P(z) =) _27'Pi(x).
=1

Herpynao mokasars, aro mepa P sBisiercs Bbrancammoit. Tak kak
KaxKJas Mepa P siBjisieTcsl cralmoHapHOii, Mepa P Tak»Ke sIBJIsIeTCst
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crarumoHapHoii. 13 ompeaesiennst BUIHO, ITO 9Ta Mepa HE sIBJISICTCSI
3ProguvecKoil.
ITo sproauveckoit Teopeme bupkroda, mpuMeHeHHON /T CIABUTA,
st P-miourn Beex w cytectByer npedena lim S, (w) npu n — oo,
n—oo

n
riae Sp(w) = % > w;.
s=1

[Tycts m(d, €) — npousBoOIbHAS BCIOJY ONPEJIeIeHHAs] BHIUUCIIU-
Masi PYHKIUS — KAHIUIAT HA PEryJIsiTOpP CXOIUMOCTU CPEIHHUX II0
BepositHOCTH Jyist Mepbl P. Torma cyimecrsyer i Takoe, aro m(J, €) =
U(i, 9, €) mis Beex 6, €. B arom coayuae a; > 0.

ITo sprommyeckoit Teopeme Jjisi MAPKOBCKHAX IIPOIIECCOB CTAIINO-
HapHOEe pacipeeieHre JJIsT MAPKOBCKOTO ITPOIECCa, TOPOKIEHHOTO
Mepoit P; ipu a; > 0, ecTb Ty = % um = % s aToro pacmpe/ie-
JIEHUsT BBITIOJIHEH 3aKOH OOJIBINNX vncesa. B gacTHOCTH,

BﬂuﬂSﬂw)—%|<Oﬂﬂlﬁl (8.3)

npu n — 0o.

[Tycrs uncsio k(i) paBHO HOMEPY NO3MIMMU IIOCJIEIHErO HYJIsl B
JIBOMIHOM IPEJCTABJIEHAN YUCIa (v, TIOCTE KOTOPOTO B 9TOM IIPE/I-
craBjieHnn cTosaT eauHunsl. Toraa a; = 27k,

OrneHuM BEpOATHOCTH

i U 1 1)— 2
Pi(0*) = R(1*Y) = (1 —ap)" 071 > =

JUISL BCEX I0CTATOYHO Gosbimx 3nadenuit k(i) 4 . Crenosarensmo,
4
Pi{w : Spuy(w) = 0 mmm 1} > 5

Ilo oupenenennio k(i) > m(3, 2=+ Orcioma u u3 (8.3) cemyer,
1T0 Haiizercs nocraTodno Gosbmoe n > m(3, 27V, g koroporo
1

Pl 18k (@) — Sal@)| > 1) > 3.

4Be3 norepu oBIIHOCTH MOXKHO IIPEJIOJIONKUTE, YTO BCE IITAIU S, Ha KOTOPHIX
BIIEPBBIE OIIPEJIEIIMIIOCH KAKOe-TNO0 3HAYMEHIE YHIUBEPCAIbHOM DYHKINHT, GoJIbIe
HEKOTOPOTro (PUKCUPOBAHHOTO 3HAYEHUST S0 .
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[TosTomy P-Mepa 5Toro MHOMKeCTBa 6osibie 27 % =270+ — ¢ re.
qucsa k(i) U n He yHOBJIETBOPSIOT yCJIoBHIO (8.2) st peryssitopa
CXOJIUMOCTH.

[Tonydennoe npoTuBopetvne JIOKa3bIBACT TeopeMy. O

[Tockosibky u3 ajropuTMudecKu 3POEKTUBHON CXOIUMOCTH I10-
9TH BCIOJLY CJIEJLYET aJropuTMudeckKu 3hdEKTUBHAS CXOIUMOCTH 110

BEPOSITHOCTH, TOJIy4aeM CJEJIYIONIee CAeJICTBIE U3 TeoOpeMbI 8.3.

Caencreue 8.1. Cywecmseyem SbuucAUMAs CAUUOHAPHAA ME-
pa P, das xomopoti ne cywecmeyem 6buucAuUMO20 PE2YAANOPA OAA
CTOOUMOCTIU CPEOHUT NOUMU 6CI0dY

P{w : sup|Sk(w) — f(w)] >} =0
k>n

npu n — 00.

8.4. NInTerpaJjibHble TECTbI CJIy4YaiiHOCTH

g nasibHeIero u3JIoXKeHus: HaM oTpedyeTrcs elle OJIMH BUJI Te-
cToB ciay4aitnoctu o Maprun-Jledy — nnrerpasibHbie TECTHI.

[Tycts P — Beruncsumast Mepa Ha ). [lepeuncinmast cauzy yHK-
masg f @ Q — R4 U {400} Ha3BIBACTCS UNMEZPAALHOIM MECTNOM
CAYHATHOCTIU OTHOCUTEIBHO MePhI P miin nHTerpajbHbiM P-TecToM,
ecau

Be(f) = [ fwyip <1,

31ech Ep — cUMBOJT MATEMATHIECKOTO OXKHUJIAHUSI.

U3 onpenenenus ciempyer, uro f(w) < 0o st P-1ouTn Beex w.

Nurerpanbubie TeCThI OBLIN BIEPBBIE BBEJACHBI JIeBUHBIM; B CO-
BpeMeHHOH (hopMe OHU BIepBbIe u3ydajuch B pabore [aua [40].

W3 ompenenennst 1jist JIFOOOr0 MHTEIPAJIBHOIO TECTA BBIIIOJIHEHO
HepaseHcTBO Mapkosa:

1
Plw: f(w)>r} < .
Jutst jiroboro r. B wactHocTH, f(Ww) < 00 Juist P-ouTn Beex w.
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Nnmeer mecTo TeopeMa O CynieCTBOBaHUU MaKCUMaJIBHOI'O C TOY-
HOCTBIO 0 MYJII)TI/IHJII/IKaTI/IBHOfI KOHCTaHTBI UHTET'PaJIbHOT'O TeCTa.

Teopema 8.4. [Tycmv P — svvucauman mepa. Cywecmsyem unme-
epanvioii P-mecm p(w) makot, wmo das 4106020 urnmezpasvrozo P-
mecma f(w) cywecmeyem xoncmanma ¢ makaa, wmo cp(w) = f(w)
oas 6cer w.

Jloka3aTeIbCTBO ITOH TeOPEMBI HUCIOJIB3YeT JIEMMY O BO3MOXKHO-
CTH ITOCTPOUTH PABHOMEPHO 3PHEKTUBHO MMEPEUUCTUMYIO TOC/ICT0-
BaTEJIbHOCTDb BCEX IEPEYUCIUMBIX CHU3Y MHTErPAJIbHBIX TECTOB.

Jlemma 8.1. Cywecmsyem maxas nocaedogamesvhocms Gyrruud
pi(w), wmo

o wmmnoocecmeo {w € Q :r < p;(w)} asasemea pasromepro (om-
HOCUMENBHO T U T") NEPEUUCAUMbIM CEMETCTNEOM IPPEKMUEHO
OMKEPLUMBLIT MHOIHCECTNS;

e Jdaa amobozo unmezpanvrozo mecma f(w) cywecmeyem i ma-
koe, wmo f(w) = p;(w) das ecer w.

JlokazaTeabCTBO 3TOH JIEMMbI AHAJIOIMYHO JOKA3ATEJILCTBY IIO-
,I[O6HI)IX yTBep}K,[LeHI/H.;I n IIpeaoCTaBJIdACTCA YUTaTE/JII0 B KadeCTBE
yIIpazKHEHUs.

[TocnenoBarenbrocTh DYHKIMA p;(w), ISt KOTOPOil BBIIIOJIHEHO
HepBoe U3 yCJIOBUil, IPUBEICHHBIX BLIINIE, HA3LIBACTCH PAGHOMEDHO
NEPeNUCAUMOT CHUSY.

Hoxazameavcmeo meopemo.. Oupenennm

Znn—l—l Pn(w)-

n=1

Jlerko BuseTH, 9TO 110 Teopeme Jlebera

/ w)dP = Znn—l—l /pn Znn—i—l

n=1 n=1
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Dyuxrus p(w) nepedncanma cHusy. 0

DuxcupyeM OJUH U3 UHTEIPAJIBHLIX TECTOB, YJOBJIETBOPSIOINX
Teopeme 8.4, 0603HAINM €r0 P(w) 1 HABOBEM YHUBEPCANLHBIM UHIME-
epanvrvm P-mecmonm.

C HOMOIIBIO HHTErPAJIBHBIX TECTOB MOXKHO JaTh SKBUBAJICHTHOE
ompe/iesienne ciydaiinoit mo Maprun-Jledy mocienosarenbHOCTH.

Teopema 8.5. [lycmv P — evwuuciuman mepa u p(w) — ynusep-
canrvhvill urmezpasvtoili P-mecm. Beckoneunasn dsouunas nocaedo-
BAMEABHOCTID W ABAACNCA cAYHatnot no Mapmun-Jledy ommocu-
meavro mepvl P mozda u moavko moeda, xoeda p(w) < 0o.

Jloxasamenwvcmso. Tlonaraem
Un = {w 2]5(&)) > 2m}

qutst sioboro m. o mepasencrBy Mapkosa P(U,,) < 27™ s Beex
m. Kpome Toro, m3 mepednc/jimMOCTA MHTEIPAJBHOIO TECTA CHUBY
cesryeT, 9To MHOXKeCTBO Uy, saBasgercs 3pEdHEeKTUBHO OTKPBITHIM.
Ecin p(w) = oo, To w € NRU,.
Hokazkem obparnoe yreepxjenusi. [lycrs {U,,} — npousBosb-
woiit Tect Maprun-Jleda. PaccmorpuM 1ociieoBaTeilbHOCTh Xapak-
TEePUCTUICCKUX (PYHKIIHN

1, ecmn w € Uy,

Pm(w) = 0 B IPOTUBHOM CJIydae.

Tak kak {U,} — 9T0 pPaBHOMEPHO I[IE€PEUUCIUMAs IIOCJIE/I0BA~

TeJILHOCTD 3P HEKTUBHO OTKPBITHIX MHOYKECTB, [10CJIEI0BATENHHOCTD
dbyukuumit p,, (w) gBisiercss paBHOMEPHO Hepedncanmoii causy. Onpe-

TTeJTIM
[eS)
=2 pmlw).
m=1

Oyukiys p(w) mepedncanMa CHU3Y 1

/ Z/pm )dP = ip

=1 m=

o0

27 =1.
1
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Buaunt, GyHKIWs p(w) sBJISIETCST HHTErPAJIbHBIM P-TecToM.
Eciu w € Ny Uy, T0 10 onpegiesienuio p(w) = co. Orciona ciie-
ayer, uro p(w) = co. Teopema jokaszana. O

8.5. 9ddekTuBHAA IprogudecKas TeopeMa

DdbdexTuBHasT Sprojgudeckas TeopemMa OyIeT pacCMaTPUBATHCS JIJIst
BBITUCIUMOM MEPbI, BLIYUCIIMOTO ITPe0OPA3OBAHUS U JIJIsT BHIYUCIIN-
MO HabJIIOIAeMOi.

ITpeobpazoBanme T’ Ha3BIBAETCST BBIUUCIUMBIM, €CJIU OHO COBIIA-
JaeT ¢ HEKOTOPO# BBIMUCIUMOI orepalyeil.

DopMyIUPOBKA IProinIecKoil Teopembl bupkroda i ciy4aii-
HBIX ITOCJIEIOBATEIHHOCTEN Oy IaeTCs U3 OPUTHHAIBHON (hopMyJIH-
POBKU 3aMEHOW BBIPAXKEHUSA <« P-1mouru Bcex» Ha «JJjid CJIydaii-
HBIX IO Mepe P».

Teopema 8.6. Ilycmv P — npousgoavhas viuuciumas mepa wa )
u f — npoussosvbHAs BLINUCAIUMAA UHMELPUPYEMAA PYHKUUSL TMUNG
Q — R (komopas nazweaemcs nabaodaemot). Tozda das 06020
coxpansarowez2o mepy P eviuucaumozo npeobpasosarus T das a10601
caywatinot no Mapmun-Jledhy nocaedosamenvHocmu w 8vINOAHEHO

1
lim —
n—oo N

n—1
> F(TMw) = fw), (8.4)
k=0

2de [ — unmezpupyeman uneapuanmnas ommuocumeavno T dyrryus
makas, wmo [ f(w)dP = [ f(w)dP.
Kpome mozo, ecau npeobpazosanue T sacasemca sp200uneckum,

mo f(w) = [ f(a)dP das makoi w.

Lloxazamenvcmeo. st Tpon3BoIbHON OECKOHETHON OCIeI0Ba-
TEJILHOCTH W ODO3HAYNM CpeIHee 3HAUCHUE

Sm(w) = mi—l Zf(Tkw).

k=0
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Jtst yiobCcTBa B MAJIBHERININX PACCYXKICHUSIX CIUTAEM, UTO BBIIOJI-
HeHO s_1(w) = 0.
Iycrs [ |f(w)|dP < M, rae M — mOJI0KUTEIBHOE 1IEI0e THCIIO.
Ecmu npenen nlgnoo Sm(w) He cymiecTByer, TO HaiiyTCs J1BA pa-
IMMUOHAJIBLHBIX dncia « <  takne, 90 —M < a < < M n

liminf s, (w) < @ < B < limsup sy, (w).

m—o0 m—00

Ob6parHOe yTBEPXKIEHNE TAKXKe BEPHO.
[Iycths o u 8 — panuoHaJIbHbIE YUCTA TAKHE, ITO

—-M<a<f<M.

Oupenennm GYHKIUIO IEpecedenus Ipatull oy, (w|a, 8) caemyomum
00pa3oM.

Buauenue oy, (w|a, f) paBHO Yuciy nepecevdeHuii CHU3Y BBEPX WH-
repBasia (v, () 1mocsen0BaTeIbHOCTBIO So(w), s1(w), ..., Sp(w).
Tounee, onpenenum

Uy = 0,
up = min{m : m = ug, s;m(w) < a},

vy = min{m : m > uy, $;m(w) > B},

wi =min{m : m > v;_1, sy (w) < a},

v; = min{m : m > u;, s;(w) > B},

up =min{m : m > vp_1, s;m(w) < a},
v = min{m : m > ug, sy (w) > B}.
Omnpenenum pyHKITHIO

0, ecou v1 > n,
max{k : vy < n}, ecim v < n.

atela ) = {

Buauenne dynkmun o, (w|a, ) paBHO MAKCHMAJILHOMY YHCIY II€-
peceveHuii cHU3y BBepX uHTepBasa (o, 3) cpeiHuMu S, (w) npu
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m=0,1,...n. Oyukuus o, (w|a, §) sABISETCS IEPEUUCTUMON CHUZY
PABHOMEPHO OTHOCUTEILHO MAPAMeTPOB N, o U [3.

Jlerko BUaeThH, UTO Tpemes W%gnoo Sm(w) He cymecTByer Torua u
TOJIBKO TOIJI&, KOTJA sup,, oy, (wla, B) = oo st HekoTopbix o < f3.

Bpemenno dbukcupyeM 6eCKOHEUHYIO IOCJIEI0BATEILHOCTD W, &
TaKyKe HATypaJbHOE YHCI0 N ¥ PAlMOHAIbLHBIC YHCIa v U 3 TaKue,
qro a < .

Baenem 6e3oTHOCHTEIBHBIE OTKJIOHEHMS

u

a(u,w) =Y (f(Tw) - a),

s=0

b(v,w) = Y (f(T°w) = B).

s=0

Hawm 6yzer ynobuo cunrars, uro a(—1,w) = 0.
B paspHeiieM 6yaeT nCIOIb30BaThCS CJIEAYIONIEE CBOMCTBO:
u3 sy (w) < au sy(w) > B caeayer, uro a(u,w) < b(v,w).
[oBOpUM, YTO OCHMJLIANUSA OTHOCHTEILHBIX YACTOT BJIEYET OC-
HUJLIAIII0 6€30THOCUTEILHLIX BeJIMYUH OTKJIOHEHUI.
[Mocnenosarensrocts d = {uy, vy, ..., Ug, Uk} HEJBIX YHUCET Ha-
3bIBaeTCs JOIYCTUMOIL, eciu

—1<uy < <us<v<...<u <vp <n.

Yucno map B JomycTuMO#l mocjenoBaTesbHOCTH d 0DO3HATaEM Mg
(mg = k) u Ha30BEM ee JIHHOIA.
JUtst KasK 10 MOIMyCTUMOM TOC/IeI0BaTeIbHOCTH

d= {Slatla' "7Skatk}

pPaccMOTpUM KyMYJISITUBHYIO CYMMY PAa3HOCTEH 0e30THOCUTE/IBbHBIX
OTKJIOHEHUI:

k
S(d,w) = Z(b(tj?w) - a(sjvw))-

Jj=1
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KitoueByto posib B JI0Ka3aTeIbCTBE TEOPEMBI UI'DAET CJIeIYOMast
KOMOHMHATOpHAs JIeMMa 00 YJJIMHEHUU JOIYCTUMOI HOCTIeI0BATE b
HOCTHU 0€3 yMEHBIIIEHNN KYMYJISATUBHON CYMMBI.

Jlemma 8.2. /s xaorcdoti donycmumoti nocaedosamesvHoCcmu q cy-
wecmsyem Jonycmumas noCAI08AMEALHOCTIS d OAUHDL HE MEHDULE,
YeM MAKCUMAADHOE “ucao nepecevenut unmepeana (o, ), unovimu
crosamu mg = on(wla, ), u maxas, wmo S(d,w) = S(q,w).

Aoxazamenvemeo. Obosnaaum N = o, (w|a, f) — MarcumaabHoe
9UCIIO Hepecedenuii nnTepsaia (v, ) MOCIEI0BATEILHOCTBIO CPEJi-
HUX So(w), ... ,Sp(w). IlycTn

p={-1<u<vy<ug<ve<---<uy<vy<n}

ecTh Ta JIONYCTHMasl HOCJIE[0BATELHOCTh JUIMHBL [V, 110 KOTOPOIi

6110 omnpeienieHo 3Havenne GyHkpu N = o, (w|a, ).
JocraTouHo J0Ka3aTh, 9TO Jisl IIPOM3BOJILHON JIOIyCTUMOMN M0~

CJIeI0BATEILHOCTH ¢ C JATNHOI my < N CyIIecTByeT HOIyCTHMAst 10-

CIIEJIOBATEILHOCTD d, [yist KOTOpoit mgq = my+1 un S(d,w) > S(q,w).
I[Tycre jromycrumast mocsie/loBaTesIbHOCTb ¢ MMeeT BUJY

—1<81<t1<82<t2<...<8m<tm<n,

Tae m = my.

Pacmupum ee na oy napy sjneMeHTOB. BBejiem Bcriomoraresin-
HBII 3JEMEHT Spp41 = N. Tak Kak m + 1 < N, Uy, 41 OPUCYTCTBYET
B TIOCJIETOBATETLHOCTH p. KpoMe TOro, Vi1 < 1 = Spm41. CiteoBa-
TeJbHO, CYIECTBYeT HAMMEHbINIee ¢ TaKoe, 9To v; < §;. Bemm ¢ = 1,
TO MOJIOYKIM

dZ{ul,Ul,Sl,tl, ey Sm,tm}. (8.5)

JmHa 10mycTUMO TTIOCIeI0BaTeIbHOCTH YBEJIUYINIACh Ha e TUHUILY.
Paccmorpum ciyyait ¢ > 1. Torma v;—1 > S;—1, 1 MBI UMeeM
HEePaBEHCTBO

Si1 < Vi1 < U < v <S5
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Ecan u; < t;_1, TO moIOXKUM

d= {Sl,tl, ey Si—1,Vi—1, ui,ti_l, ey Sm,tm}. (8.6)
Ecnn w; > t;—1, TO noJyioxkum npu ¢ < m

d= {81, tl, SN ,si_l,ti_l,ui, Uy, Si,ti, cee ,Sm,tm}, (87)
" roJjiaraem npu ¢ = m + 1

d = {Sl,tl, ceey Sm,tm, Sm+1,tm+1}. (8.8)

ITocTpoeHHast OCIIEIOBATENBLHOCTD d JIOIYCTUMA, U €€ JINHA YBeJI-
YHJIACh Ha €IUHUILY: Mg = My + 1. OcTaercs NpoBepuTh, Kak U3Me-
HIJINCH KyMYJISITUBHBIE CYMMBI JJIsl DA3JINYHBIX BADHAHTOB OIPE/Ie-
JIEHUS! TI0CJIE0BATEIBHOCTH d.

[Tpu oupenenennsix (8.5), (8.7) u (8.8)

S(w,d) = 5(w,q) + b(vi,w) — a(u, w).
IIpu onpenenenun (8.6)
S(w,d) = S(w,q) + b(vi—1,w) — a(u;,w).

[To oupejeseHnIo OCIEA0BATENBHOCTH {U1, V1, ..., UN,VUN} [PH-
GaBJICHHBIC YJICHBI IIOJI0KATEIbHEL. SHAYUT, B 0DOUX CJIydasX KyMy-
JISITUBHBIE CyMMbI yBe.HI/ILII/IBaIOTCﬂ:

S(w,d) > S(w,q).

Jlemma pokazana. O

IIycrs d = {s1,t1, ..., Sm,tm} — JOIyCTHMAasl IIOCJIEI0BATEb-
HOCTB JIHON Mg = m 1 S(w, d) — COOTBETCTBYIOMAs KyMYJ/IATUBHAST
CyMMa.

ITpumennm mpeobpasopanme T K MOCIEIOBATEIBHOCTH W U IIO-
CMOTPHUM, KaK IIPH 5TOM WM3MEHHTCHS KyMyJIdTHBHas cyMma. Bo-
MIEPBBIX, IPHU §; = 0 MPOUCXOAAT CJIeAYIONNe N3MEHEHUST:

a(si,w) = a(s; —1,Tw) + f(w) — a,
b(ti,w) = b(tz — l,Tw) + f(w) — B.
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OTciofa u n3 ONpeieIeHnsT KyMYISTHBHOM CYMMBI TIOJTyTaeM
S(w,d) = S(Tw,d') +a— (8- a)mg, (8.9)

rae
d={s1—1,t1 =1, ..., sy — L, t;y — 1},

eci 51 2 0, n

d={-1,t1 —1,s9—1,to—1, ..., Sy — Lty — 1},
ecn s1 = —1wut; > 0. Ecam xxe s1 = —-1uty =0, T0
d={ss—1,to—1, ..., sy — Lty —1}.
B cymme (8.9) a =0, eciim 51 > 0, m a = f(w) — o, ecom 57 = —1.

BeejieM nepedncianMyio cHU3Yy (QyHKIHO:
An(w) = sup{S(w,d) : d — momycrumasi 1m0C/IEI0BATEILHOCTD } .
Torma u3 (8.9) caenyer, aTo
S(w,d) < M(Tw) + (f(w) — )t — (B — a)mg, (8.10)

rJie ucnosb3oBano obosnadenne ht = max{h,0}.

ITo stemme 8.2 i KazKI0# JTOIyCTUMON ITOCIEIOBATE/IHLHOCTU ¢
CyIIECTBYET TaKasd JOIYyCTUMAasl IOC/IEI0BATEIbHOCTD d, ITO BBIIOJI-
HeHO My = op(w|a, ) u S(w,q) < S(w,d). Orcrona u u3 (8.10)
nMeeM

S(w,q) < S(w,d) <
< M(Tw) + (f(w) — o)t = (B — a)on(w|a, B), (8.11)

Bepem B (8.11) MaKCHMYyM 110 ¢ I TOTyd9aeM

An(w) < Ap(Tw) + (f(w) = @)™ = (8 = a)on(wla, B).
CieoBaTenso,

(B = a)on(wla, B) < (f(w) = )t + Ap(Tw) = Ap(w).  (8.12)
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Unrerpupyst HepaBeHcTBo (8.12), nosryunm

/ (8 — a)om(wla, B)dP < / (f(w) — o) dP. (3.13)

31ech MBI BIIEPBBIE HCIOJIB3YEM IIPEIIOI0KEHNE O TOM, UTO Ipeob-
pasoBanme T coxpaHsieT Mepy. I3 3TOro mpeaooKeHus CIeIyeT,

4TO
/ (Tw)dP = /

[MockonbKy unTerpas ot dyukiun |f(w)| orpanuyaen aunciom M,

/(f(w) —a)tdP < 2M.

ITomaraem
o(wla, B) = sup o (wla, B).
n

Jlerko BusieTh, 9TO 9TA PYHKIWS MEpeIrcanMa cuusy. Kpome storo,
13 TOTO, UTO
O'n(LL)|Oé7 ﬁ) < 0n+1(w|a7 B)

JUIst BCeX M, dTa (DYHKIUS sIBJISIETCsI UHTerpupyemoit, u 1o (8.13)
TIOJTy1aeM

/(QM)I(B —a)o(wla, B)dP < 1

JUIsT Beex o < 3.

[TyTem ycpennenust Besqumaunbl o (w|a, () MBI MOXKEM OIIPEJIE/IUTh
UHTErpajbHbIil TecT ciydaiiHocTu. llycTh BbramciinMble QyHKIAN
a(i) u f(1) nepedncsiioT MHOXKECTBO BCEX AP PAIMOHAJIBHBIX THCEJT

{(a,B): =M < a< < M}.

Onpenenum

o0

Z gy (B0) = ali))owla(i). 8().
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I[To cBoemy ompeienennio GyHKIWs p(w) MepedncanMa CHU3y U

/p(w)dP <1

T.e. OHA ABJSETCS MHTEIPAILHBIM TECTOM CIyYaliHOCTH, KOPPEKT-

HBIM OTHOCUTEILHO Mephl P. Kpome Toro, Kak panee ObLIO 3aMede-

HO, €CJIM Tpefea cpefaHnx lim s,(w) He cylecTByeT, TO HaiiLyTcs
n—oo

paronajgbHble o < 3 Takue, 1ro o(w|a, f) = oo.
Orcrona ciemyer, 9To st o060t GeCKOHETHON JIBOMYHOMN TOCIe-
JIOBATEILHOCTH W BEPHA, MMILTHKAIIAS:

‘ 1 n—1 i
p(w) < oo = nlggl@ - kZ:Of(T W) CyIIEeCTBYeT.
OcHOBHAasT YaCTh TEOPEMBI JOKA3aHA.

Iycrs f(w) obosuauaer mpemen cpemunx (8.4). Jlerko Bujers,
9TO f (Tw) = f (w) mist Becex w. Ecim npeobpaszosanue T — 3pro-
mmeckoe, 1o f(w) = ¢ st P-noutn Beex w, tie ¢ = [ f(w)dP —
KOHCTAHTA.

Hawm HaJ10 J10Ka3aTh ciejiyoniee yTBepKIeHHe.

Jemma 8.3. f(w) = [ f(w)dP das a060i nocaedosamenvrocmu w
cayuatinot no mepe P.

Zoxasameavcmeo. 1ommycTumM, 9TO 9TO HE TaK — CyIIECTBYET CJIy-
4Jaiinast 110 Mepe P 1ocjie10BaTe IbHOCTD W, JIJIS KOTOPOil BBIIIOJIHEHO
f (w) = d # c. Boibepem panuoHajbHbIE YUCJIA 7] U Ty TaKUe, 4TO
ri<d<rouc<ri WHC > Ty, U OUPEIeTUM

Sp={a:r < sp(a) <rel,

Sp ={a:rm <spla) <}

Tax kak upezen (8.4) paBen ¢ mo4ITH BCoAy, BbinosaHeno P(S,) — 0

upu n — oo. Pyukius P(S,) nepedncinma cepxy (Kak yHKIUsT
0T M), Tak Kak

r>P(S,) e 1—r<Pla:r; > s,(w) wm r < sp(w)}.
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[TosTOMYy MBI MOMKEM IO HMPOU3BOJILHOMY 11 AJITOPUTMUYECKH -
dexTuBHO HafiTH N > M, Takoe, uto P(S,) < 27™.

ITo ompemeneHno MHOKECTBO Sy, 9(bdeKTuBHO OTKphITOE. [lJIsT
nero P(S,) < P(S,) < 2~™. Ilonaraem U,, = S,, aaa taxoro n. Ce-
meiicrBo MHOXKecTB {U,, } npejcrasisier coboit rect Maprun-Jleda,
KOPPEKTHBIN OTHOCUTEILHO Mepbl P.

[Tocnenosarenbuocts W € MU, T.€. HE SIBJIAETCA CJIyYANHON.

[Tonydennoe yTBepKIeHNE JOKA3BIBAET JeMMy U Teopemy 8.6. O

8.6. 3ajlaum m ynpakHeHUs

1. IIpuBecTu 1OJIHOE JOKA3aTEILCTBO JIEMMBI 8.1.

2. ITpuBecTn HUMKHUE OIEHKH JJIsl YHUBEPCAJILHOTO TecTa p(w).

3. JJokazarh, 9T0 MHOXKECTBO §) sBJISIETCsI KOMIIAKTOM B TOIOJIO-
I'Md, TTOPOXKJIEHHON naTepsaaamu I

4. JlokazaTh, 9T0 BCsKas BbrancanMas dyHkius f(w) sBisiercs
HEIPEPBIBHON B TOIOJIOIHMH, TOPOXKICHHON nuTepsagamu I,

5. Hokazarh, uTo ecsm nepedncianMas causdy byHkims f(w) saB-
JISIeTCsT MHTErpupyeMoii, 1o f(w) < 0o s 1060l cirydaiiHoil moce-
JIOBATEJIBHOCTH W.

6. /lokazaTh, 9TO BEPOATHOCTHAsI Mepa P Ha JIBOMIHBIX HOCJIE0-
BATEJIbHOCTSIX SIBJISIETCSI CTAIIMOHAPHON TOTJIa U TOJIBKO TOTJIA, KOTIa
BoinosHensl yeiaosust P(0x) + P(lx) = P(x) auist Beex .

7. JJokazaThb, YTO CMeCh CTAIlMOHAPHBIX Mep Pj:

1
P(x) = ———Pix)
i+ 1)
TaKKe SIBJISIeTCSI CTAIMOHAPHOI Mepoii.

8. MHorue 3aKOHBI TEOPUU BEPOATHOCTEN BBITIOJIHEHBI HE TOJIBKO
JUUIST aJITOPUTMUYECKU CJIy9IaiiHbIX [OCJIeI0BATEIbHOCTEH, HO U MU
bosiee OOIUX MTPEIITOTOKEHUSIX.

[IpoBepuTh, 4TO yCUIEHHBIH 3aKOH OOJIBIINX YHCEJ BBITOJHEH
I 110001 OECKOHEYHON IOC/IeIOBATEILHOCTH W TAKOH, UTO BbI-
nomeno K(w”™) > n — a(n), toe a(n) = o(n) mpu n — oo. 3a-
KOH 10BTOpHOTrO Jiorapudma Bepen npu KM(w™) > n — a(n), tiae
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a(n) = o(loglogn) nupu n — oco. IIpoBecTu anaau3 j10Ka3aTEILCTBA
9TUX 3aKOHOB.
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I'maBa 9

Cay4gaiiHbie 110
KoamMoropoBy KoHe4yHbIe
110CJIeI0BATEIbHOCTHU

Oupe/ie/inM NOHATHE CJIy9ailHO KOHEUHON TOC/Ie[0BATEIbHOCTH OT-
HOCHUTEJIHHO IIPOU3BOJILHOIO pa30bueHnss MHOXKeCTBa =, = {z : [(x) =
n} BCeX KOHEYHBIX JBOMYHBIX IOC/IE0BaTeIbHOCTEN jtnHbl 1. [Tog
pa,36I/IeHI/IeM MHOZKECTBa En IIOHUMaETCs IIpeacTaB/IeHrue 3TOI'0 MHO-
JKecTBa B Buje obobenunenus D, = {Di,...,D,} momapuo Here-
PeceKaroInxXCcsT HEIyCThIX MHOXKECTB: =, = nglDu rjie ¢ — YUCJ0
sseMenToB pasbuennust, D; C =, u D; N D; # () upu i # j.

Pasz6uenue D,, MOXKHO IPEJICTABUTH B BUjie Habopa nap (x, 1), rie
x € D;. Ilosromy Oyznem paccMaTpuBaTh €ro KakK KOHCTPYKTUBHBIH
00BEKT.

ITpumep pasbuenust — nMpeacTaBiIeHne =, = UZZOEfL, rie =
{eez,: Y joi=kluz=x1...2,

9to paszbuenne wucnonszosan A.H.Kommoropos [12] B cBoem

k _
n

OIIPE/IeIEHN KOHEIHOH OEPHYJIMEBCKOIl IT0CIIe0BATEILHOCTH.
Kosmoropos [12] HaselBasl HOCIEIOBATENBHOCTH T € =, M-
o n
6epuymesckoii, ecan K(zlk,n) > log (k) — m. %D;ECI) :1 — 1po-
M3BOJIbHOE HATypasbHoe uncio. Hamomumny, uro |25 = (7). B pas-
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aente 3.3 6bu10 noKazano, aro K(z|k,n) <log (}) + O(1).

Mpu1 6y1eM paccMaTpuBaTh AHAJOTMIHOE OIPEIEIeHUE ¢ UCIO b
30BaHUEM TIPeOUKCHON MOANMDUKAIINT KOJIMOTOPOBCKOM C/TOXKHOCTH:
[OCJIEIOBATELHOCTE T € =y, Ha3bIBACTCS M-OepHYJIMEBCKOMN, eCIIH
KP(z|k,n) > log (}}) — m. 3xecb m — npom3BoJIbHOE HATypAJIbHOE
quciao. Tak kak yukus F(p|n, k) = p npu [(p) = n u He onpee-
JIGHHAsI, JJIsi OCTAJILHBIX P, SBJIAETCA NPeUKCHO-KOPPEKTHON, BbI-
nosueno nepasenctso KP(z|k, n) < log (7) + O(1).

B obmem cirydae, dpyHKImo

k(x[n, Dy)) = log |D(x)| — KP(aln, D,)

Ha3biBaeM JedexkroM ciaydaiinoctu (1o Kosmoroposy) KoHeqHOI 110-
CJIeIOBATEJIbHOCTH & € =, OTHOCUTEJIbHO pasdbumenusi D,. Hazoem
MIOCJIEOBATEILHOCTD & € =, M-CaydaiiHoil oTHOCUTEIbHO pa3bue-
uust D = {Dy,..., Dy}, ecin k(z|n,D,) < m, rae D(x) — snemenr
pasouenus Dy, comepKaIiuii x.

[TokaxkeMm, 9TO TOHATHE CAYIAHHOCTH OTHOCUTE/JILHO pa3due-
HUsI SKBUBAJIEHTHO TIOHSITHIO CJIYIaflHOCTH OTHOCUTEIFHO HEKOTOPO-
I'0 KJIACCa BBIYMCJIMMBIX BEPOSITHOCTHBIX Mep.

BepositHocTHasT Mepa Ha MHOXKECTBE =, 3T0 dyHKIus P : =, —
R4 Takast, 9TO Zx:l(m):n P(x) = 1.} Takum obpaszom, Takas mepa
3ajiaeTcs HAOOpoM 2" BEIECTBEHHBIX YUCEJ, & €CJIU Mepa BbIUUC-
JIMMagd, TO 3TN YUCJIa BBIYUCJIUMbIE, T.€. CYIIIECTBYET aJI'OPUTM, KO-
TOPBIIl BBIJAET PAIMOHAJIbHBIE MPUOJIMAKEHUsI ITUX UUCET C JEODOi
HaIepe1, 33JAHHON CTEIEHBIO TOTHOCTH.

Mepa P wa =, Ha3bIBaeTCs WHBAPUAHTHON OTHOCHTEHLHO pas-
6uenust D, = {D,...,Dy}, eciu P(z) = P(y) niast mobbx ¢ u
Y JIeXKaluX B OJHOM 3jieMeHTe pa3buenus. B srom ciydae, s
3aJIaHUs] UHBAPUAHTHONW Mephbl P J10CcTaTOvHO 33/IaTh BEPOSITHOCT-
uyio mepy R, = {rn(D1),...rn(Dg)} Ba Dy >0 rp(D;) = 1 m
rn(D;) = 0 npu 1 < i < g. VaBapuanTHAsT Mepa MpeJICTaBIsieTCsT
B Bugie P(z) = %. Hazosem 7, (D) Becom sementa D pasbu-
enust D,,. CyIecTByeT B3anMHO-OJIHOZHAUHOE COOTBETCTBUE MEXK LY

1R+ — MHO2KECTBO BCE€X HEOTPHUIaTEJIbHBIX BEHIECCTBEHHbIX YUCEJI.
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BBITUCJIMMBIMI MUHBapUaHTHBIMU MepaMMW W BbIYMCJ/JIMMBIMH BeCaMH
pa3buenusi 1 AJrOPUTM, KOTOPbIi EPEBOUT Beca B 3HAYEHHsT MEPbI
1 Ha0OOPOT.

B uacrHocTH, Mepa P MHBapuaHTHA OTHOCUTEIBHO DasOUEHUs
Cn = {ZF : k = 0,...,n}, ecim P(z) 3aBUCHT TOJBKO OT umCIIa
enuHUIl k B IOCIEJI0BATEJBLHOCTH x. B 9TOM cilydae, MHBADUAHT-

Hasl Mepa pejicTaB/siercs: B Buje P(xr) = TZ,SI;), e k=Y i
k

rn(k) = Tn(EfL) n ZZ:O (k) = 1.

Kaxknast Berauciumasi mepa P Ha =, 3amaercsa HAOOPOM BBIIUC-

JIMMBIX BEIECTBEHHBIX YHCEJT, KOTOPBIil 3a/1a€TCsT TIPOrpaMMOil (KOH-
CTPYKTHUBHBIM 00bekTOM). DuKCHpyeM HEKOTODBIil criocob 3a1aHst
TakKuX HaOOPOB BBIYUCIUMBIX BEIIECTBEHHBIX umces. PaccMmorpum
ycaoBHy0 npedukcayio ciaoxkuocrs KP(x|n, P), riue P — Bbrauciiu-
Masl BEPOSITHOCTHAsI Mepa Ha =,,. [Tonumaem yeiosue P 8 KP(z|n, P)
KaK yCJIOBUE OTHOCHUTEJIBHO IIPOI'PAMMBI JIJIsi BBIYUCJICHUS] 3HAUCHUIT
P.

HedekT caydaailHOCTH TOCJIEIOBATEIBHOCTH T € 2y OTHOCHTEb-
HO pacripejiesienus P onpejesnsercs

d(z|n, P) = —log P(xz) — KP(x|n, P).

IIycts P, — KJlacC BCeX BBIYMCJIUMBIX MED WHBAPUAHTHBIX OT-
HocuTebHO pasbuenus D,,. Oupenenmum jedeKT UHBAPUAHTHOCTH
(medexr ciryuaitHOCTH OTHOCHTEIBHO Kiacca Pp)

d(x|Pr) = Plél};n d(x|n, P).

Teopema 9.1. Jepexm unsapuaHmmocmu ¢ mowHocmsro do addu-
mueHol Konemanmaos cosnadaem ¢ depexmom caysatinocmu no Koa-
M020P08Y

d(x|Pp) = log|D(x)| — KP(z|n, D(x)) + O(1),

ede D(x) — anemenm pazbuenus D, codeporcauwud x.
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Zoxasamesvcmaso. JIerko BumeTh, 9YToO gepeKT NHBAPUAHTHOCTH
MOKHO TaKKe TPEJICTABUTH B BUJIE

d(z|Py) = log |D(x)| + Riemén(— logr,(D(z)) — KP(x|n, R)). (9.1)

st mpousBosibHOIO = € E,, pacCMOTPUM BBIYHUCJIUMYIO HHBAPUAHT-
Hyio Mepy P(z) = m upn z € D(z) n P(z) = 0 s Bcex ocraib-
HBIX Z, T.e. 9jleMeHTy pasbuenusi D(x) mpumucan Bec 1, ocrasib-
HBIM 9JIeMeHTaM pa30ueHusl IPHUIICaHbl Hy/eBble Beca. O6o3HAUNM
R’ coorsercrBytomee pacnpenenenne secos. Torma KP(z|n, R') =
KP(z|n,D(x)) + O(1). Jannas TpuBnaiblas WHBADHAHTHAS Mepa

olpeiessieT BepXHIO oreHky (9.1)
d(z|Pn) < log|D(z)] — KP(z|n, D(z))) + O(1).

Jlokaxkem obparHoe HepaBeHCTBO. Ilycts P — mpousBosibHast
BBIYNC/INMAasl WHBApPUAHTHAsI BEPOSITHOCTHAasl Mepa Ha =, U R =
{rn(D1),...m7n(Dq)} — cooTBercTByIOmNME BeCa SJIEMEHTOB pa3bue-
HUS.

Paccmorpum nepeducinMyto CHU3y (pyHKITUIO

Q(zln, R) = Y rp(D)2 KPEmD),
DeD,,

Ota DYHKIMS SBJISETCS TOJyMEPOW, TaK KakK Jjis JIo0bIx n u D
> es 2-KP(n.D) < 1 Gyner

TEZN
> Q@n,R)= > Y ra(D)2 KPED <N (D) < 1L
TEZ, DeD,, x€=, DeD,,

Oynkuus Q(z|n, R) nepedncianma CHU3Y IPU 3aaHHBIX KOHCTPYK-
TUBHBIX 00bekTax n u P (nmm R).

[To cBoiicTBY anpupHoOii nepeuncaumoii noaymepst P(z|n, R) u3
paszgena 5.1.4 (cM. Takxke paszzgen 5.1.5) Gyuer

cP(z|n, R) > Q(z|n, R) > ry (D)2 KPEnD)
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IJIsT JII0O0ro  dJeMeHTa pas3OmeHmsi, rae ¢ -KOHCTaHTa. B wact-
HOCTH, 3TO HepaBeHCTBO mMeeT Mecto n st D = D(x). Ile-
pexoiuM K upeduKCHOi ciaokHOoCTH (J1orapudmMupyem obe da-
CTH 9TOr0 HepaBeHCTBa) W moJsydaem npu D = D(z) nHepaBeH-
creo —KP(z|n,R) > logr,(D(z)) — KP(z|n,D(z)) — O(1) numm
—logr,(D(x)) — KP(z|n,R) > —KP(x|n,D(z)) — O(1). Tak kax
B TIOCJIETHEM HEPABEHCTBE BECOBOE pacipesesienne R — Mpou3BOJIb-
Hoe, nostydaeM B (9.1) d(z|Py,) = log |D(z)| —KP(z|n, D(x)) —O(1).
O

s Tpon3BOJIBHOIO HATYPAJIBHOrO 4ucjia m OyleM I'OBOPHUTH,
YTO KOHETHAS [TOCJIEJ0BATEILHOCTD & € E,, SABJSIETCS M-CJIyIailHON
OTHOCUTEJILHO BEPOSITHOCTHOTO pacipejesenust P ecin d(z|n, P) <
m. AHAJIOTUYHBIM 06PA30M, T SIBJISIETCST M-CJIYIARHON OTHOCUTEb-
HO KJIAcCa MHBAPHAHTHBLIX Mep Py, eciu d(z|n, Pp) < m. U3 ompe-
JICJIEHUS CJIEJIyeT, UTO IOCJIE/IOBATEIbHOCTD & € =, SBJISETCS M-
CJIy4aiHOI OTHOCUTEJILHO KJlacCa BEPOATHOCTHBIX MEP TOIJIa U TOJIb-
KO TOTI'JIa, KOI'JIa OHA ABJIAETCH 1M-CJLyYaliHOW OTHOCUTEJILHO OHON U3
Mep U3 ITOTO KJIACCA.

N3 Teopemsr 9.1 ciiemyer

Caencteue 9.1. [locaedosameavhocms T ABAAEMCA M -CAYUATHOU
no Koamoz0posy mozda u mosvko moada oHa mM-CAYHATHAL OMHOCU-
MeALHO KaAKOU-AUOO SBNUCAUMOTE UHBAPUAGHMHOT, BEPOATNVHOCTHOU
MEPDL.

Sk o) CJIIEACTBUE YCTaHABJINBAECT CBA3b MEXKIY KOJIMOT'OPOBCKUM
OIIpeeJIC HUEM 6epHyJIJII/IeBOCTI/I 1 BEPOATHOCTHBIM OIIpEJICJICHUEM.
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Yactes 1V

IlpeackazyemocThb
KOHEYHBIX I OECKOHEYHBIX
IIOCJIEIOBATEJIbHOCTEN
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I'maBa 10

IIpenckazareabHast
CJI02KHOCTD

10.1. 3amaya mocJjeaoBaTeJIbHOI'0 IIPOTHO3UPO-
BaHUS

Paccmorpum mpocreiinnyio 3amady mporuosupoBanus. Ilycrs Heko-
TOPBI MPOIECC TOCIEIOBATEBFHO TTOPOXKIAET MMOC/Ie0BATETbHOCTD
6uToB W1, w2, . ... g mpocrorsl Gyaem caurtarh, uro w; € {0,1}
JJIsT BCeX ¢. PacecMoTpuM CIIeIy oIy o 3a1a4dy: JJIs JIFoboro n > 1 1mo
M3BECTHBIM MCXOJIAM W1, W2, . . . ,Wp—1 BBLIATH IMPOTHO3 Py, OYIYIIEro
n-ro ucxoza. Ilpeanonaraem, aro p, € [0, 1].

MoKHO MHTEPIPETUPOBATL UUCJIO P, KaK OIEHKY BEPOSTHOCTH
cobbITusI W, = 1, B 9TOM ciiydae 1 — p, €CThb BEPOSITHOCTH COOBI-
T wy, = 0. Yucsio p, Tak:ke paBHO MaTEMaTHIECKOMY OXKUIAHITIO
OMHAPHOIO UCXOIa Wy,.

[Toce Toro Kak MCXOI wy, OyIeT NMpeabsaBJIEH, BLIYUC/ISIEM pPac-
XOKJIEHHE MEXKIy ITPOTHO30M Py, M HCXOJOM Wy, C TIOMOIIBIO PYHKITUN
norepb A(Wy, pn). Mbl Gyziem npejmosnarars, 4To (DyHKIWMs HOTEPh
IPUHUMAET HEOTPUIIATE/IbHbIE 3HAUEHNS U €€ 3HAUEHUsT MOTYT ObITh
BBIYUCJIEHB! C IOMOIIbI0 HEKOTOPOI'O AJI'OPUTMA.

[TousTue Boraucaumoit dpyukmun tuma ) — R uan R — R ompe-
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nensercs B pasgene 11.1. Beraucaumas GyHKIN sSBISIETCST HEpe-
PBIBHOYA.

[Tpumepnr pyHKIMI TOTEPD — KBaApaTUIHast (DYHKIINAS IOTEPD U
JiorapudmMudeckas (GyHKIHSA [T0TEPD.

Ksamgparuunasa dyHkims morepb

Aw,p) = (w—p)>,

Gyaer paccmarpuBarhest npu w € {0,1} (a Takxke npu w € R) u
pER.
Jlorapudmuueckass byHKIUS TOTEPh ONPEIEIIeTC Kak

loggp ecotm w =1
A =1 = d
(w,p) = logs p(w) { logg(1 — p) B mpoTuBHOM CrTyTae,
e f = e — mapamerp, n > 0. 3gecy w € {0,1} u p € [0,1].
MpbI TakKe paccMaTpuBaeM pacpejiesenne BeposTHocTell p(w) Ha
nByxasemeHTHOM MHOXKecTBe {0, 1}, rme p = p(1).

B nmanbmeitmem s jorapudMudeckoil (pyHKIUH TOTEPh IT0-

Jlaraem 3 = %, B roM ciaydae A(w,p) = —logp npu w = 1 u
Aw,p) = —log(1l — p) mpu w = 0.

KyMmysisTuBHbIE TIOTEpH B PE3y/IbTaTe MPEICKAZAHUT D1, ..., Pn
HCXOJIOB W1, . . . , Wy, U3MEPAIOTCS CYMMOMN

n

Loss(wy . ..wp) = Z Mwi, pi).

i=1
Iist iorapudpMudeckoit byHKINN KyMYJISITUBHBIC TIOTEPH MPE/ICTaB-

JISTIOT coboit JoraprudM IpaBIomoao0ms

Loss(wi - .. wn) = logg(p1(w1)pa(w2) - - - pn(wn))-
Jist kBaipaTugIHOM (DYHKIIUU [TOTEPH KYMYJISITUBHBIC [TOTEPU IIPE]I-
CTaBJIAIOT CODOM KBaIPATUIHYIO OIIHMOKY perpeccuu

n

Loss(wy . ..wp) = Z(wl — i)

=1
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eab IpOrHO3UPYIOMIEro aJropuTMa — MOCTPOUTD TAKYIO MOC/IE-
JIOBATEJILHOCTD IPEICKA3AHUIA P1, . . . , Pp, 9TOODI IJI IPOU3BOJILHOTO
N MUHUMHU3UPOBATDH KyMyJIHTI/IBHbIe IIOTEPpH KaKOBbI 6]:)1 Hn 6I)I.HI/I HC-
XOOBL W1, . . ., Wp.

[Iporaosupytorasi crparerusi — 3T0 BbrAucjuMasi QyHKIUs [ :
= — [0, 1], xoTopast 1o 060 TOCIEAO0BATEIHLHOCTH ONHAPHBIX HC-
XOJIOB WiW?3 . . . Wi—1 BbIJAaeT IPOruHos3 p; = f(wiws .. .w;_1) Oymaymero
ucxofa wi, rae i = 1,2, ... (3mech wy = ).

B ToMm ciyuae, Korma UCXOILI W1, . . . , Wy TEHEPUPYIOTCSI HEKOTO-
poit Mepoit P, MOXKHO pacCMOTPETDH ITPOTHO3UPYIOILYIO CHCTEMY

P(w1 ...,wi_ll)
P(wl...,wi_l) ’

f(U.)1 "'wifl) = P(1|W1 . "awifl) =

3aech MbI mpefmonaraeM, 9to P(wy ... ,w;) # 0 1 Beex i.

B nmanbreitiem Mbl He OylIeM JeaaTh HUKAKUX IIPEIIOIOXKEHMI
0 NpUpOJie UCTOYHUKA, MeHEePUPYIOIIero ncxonbl. OH MOKET UMETb
OIIMCAHUE B BUJE aJIOPUTMa MM CTOXaCTHIECKOro Imporecca. Mc-
TOYHUK MCXOJIOB MOYKET OBITH “aTallTUBHO BPaXKICOHBIM ', T.€. MCXOIbI
MOI'YT BBIJABATHCA MEXaHU3MOM TaK, IYTOOBI MAaKCHMAJIbHO 3aTpPy/I-
HSITh WX IIPOTHO3MpOBaHUe. B 1eJIoM, TOBOPUM, YTO MBI IIOJIyYaeM
HCXOMbI U3 “9epHOIO SIuKa .

B sroii riiaBe MBI pacCMOTPHM 3aJady ITPOTHO3UPOBAHUS KO-
HEYHBIX ITOCjeIoBaTeIbHOCTel. B 9TOM ciiydyae MBI OymeM CTpOUTH
TaKyi0 [IPOTHO3UPYIONLYIO cucTeMy f, JiJIsi KOTOPOIl KyMYJISITUBHAST
cyMMa

Lossf(wy ...wp) = Z)\(wi,f(wle Cewie1)) (10.1)
i=1

ABJIIETCI MUHUMAJIBHO BO3MOXKHOI ITPU BCEX BO3MOXKHBIX HMCXOJaX
W1, ..., Wn JJIT BCEX N.

10.2. IlepemermuBaeMble (PyHKIIUU TIOTEPH

s HeKoTOPBhIX (DYHKIUH MOTEPh 3ajiada MUHUMHU3AIUN KyMYJIsi-
tuBHOt cymmbl (10.1) perraercst mocraTrouno 3¢bdEeKTHBHO.
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PaccmoTpum kjtace Tak Ha3bIBEMBIX IIEPEMEITNBAEMbBIX (DyHKITHI
notepb. Ilycrs 3amano aucio n > 0 — mapamerp obyuenus, 8 = e~ .
Dynknus morepb A(x, p) Ha3BIBAETCs 1)-TIEPEMEIIUBAEMOIl, €CJI JIJIsT
KaK/JI0# TOCIe0BATE/ILHOCTH MIPEJICKA3AHUI P = P1, P2, ... U KaXK-
O TI0C/IeIOBATE/IbHOCTA HEOTPHUIATE/bHBIX BECOB I' = 711,79, ...,
CyMMa KOTODPBIX He IPEBOCXOIUT 1, CyIECTBYET MPEJICKA3AHUE Y Ta-
KOe, 9TO

[ee)
Aw,7) <logg »_mprer) (10.2)
1=1
Jutst Bcex w. Hepasencrso (10.2) 9KBUBaJIEHTHO
o0
i=1

QuKcHpyeM HEKOTOPBIN CHOCOO BBIYUCJIECHUS Y, VIAOBIETBOPSIO-
mero (10.2), u nmmem v = Subst(p,r). HasbiBaem a1y byHKImO
dyHKIHEN TT0ICTAHOBKH.

OyHKIMS 1I0TEpb HA3LIBACTCS IIEPEMENINBACMON, eC/u OHa 1)-
nepemernuBaemMa Jijisg Hekoroporo 1 > 0. Mbr Oymem mpesmosaraThb
AJrOPUTMHUYECKYIO 3(DDEKTUBHOCTH CBORCTBA 1)-TI€PEMENINBAEMOCTH.
DTO O3HAYAET, YTO MPEJICKAZAHUE Y MOXKET ObITh BBIYUCJIEHO C JIHO-
6oii Halepe 1 3a/JaHHOM CTENEHbIO TOYHOCTH 10 JIOCTATOYHO TOUHBIM
IPUOJIMZKEHUSIM BCEX MTapaMeTpPOB, BXOJSIIUX B 3TO ONPEJIETIeHNE.

Hajiee MbI TOKazkeM, 9TO JorapudMudeckass U KBaJpaTUIHAS
dbyHKIIMM nmoreps ABAAIOTCA HepeMemmuBaeMbiMu. DyHKIUU 1mocTa-
HOBKHU JIJIsI KBaJPATUIHON 1 JiorapudMudeckoii (byHKIMHA moTephb
Oy/lyT NpUBEICHBLI HUZKE.

CBOICTBO HIEPEMENTUBAEMOCTH HUCIIOJIb3YETCsl [PH IOCTPOEHUH
AJITOPUTMOB, ONTUMAJIBHO YCPEIHSIIONMX HAOOPBI MPEICKA3ATE b
HBIX ajiropuT™MoB. OJIMH U3 TAKUX aJrOPUTMOB OBLI IIpe IoyKeH Bo-
BKOM [53, 55].

IIpennoxxenune 10.1. ITycmob 3adana evivucaumasn (Konewnas uiu
beckoneunan) nocaedosamesvHocms nNpPoeHo3UPYIOUUT CMpameul
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S1,52, ... U BLMUCAUMAA NOCALIOBAMEABHOCTD HEOMPUUATMEALHOLT
BEULECMBEHHBIT HUCEN (6ECO8) T1,T2, ..., CYMMA KOMOPLIT He Npe-
socxodum 1. Tozda cywecmsyem GviHUCAUMAEA TPOZHOZUPYIOULLA
cmpamezus S maxas, wmo dan a1060z0 © = 1,2, ...

Losss(r) < Lossg, (7) + logg 7;
Ons 6cer Konewnur nocaedosamervrocmed T.

Joxasamenvcmeo. TlocTpoenne yepeaHAIONME IpOrHO3upyOIeit
crpareruu S IPOUCXOIJUT II0 cxeMe OalleCOBCKOrO METOIIA.

[Momaraem ro(i) = 7i, @ = 1,2, . ... [locse nosiBieHus: ouepeHOroO
HCXOJa T BECA IIEPECTPAuBAIOTCA 110 (POPMYJIE

re(i) = ﬁA(:fct,Si(m-.mtq))rt_l(i)‘
Jlerko BUAETH, UTO MPHU TAKOM OIPEIETICHIH
Tt(i) _ BLOSSSi(II"'It)To(i).

OmpejiesnM “SKCIIOHEHIINAIBHYIO cMech” g (w), w € {0, 1} noreps 1o
BCEM CTpaTErusIM

9i(w) = logy ) | 3Dy i),

e
. ri—1()
Ti1(4)

> Tt-1(5)
HOPMHUPOBAHHBIE BeCa.

Tak kak GYHKINS IOTEPh 7)-TIepeMeInBaeMas, JJjist JI00oro ¢ =
1,...,n cymecrByer (1 MOXKeT OBITH 3bMEKTHBHO BBIYHUCIEHO C JIIO-
6oii HaTepe/ 33IJAHHOl CTENEeHbI0 TOYHOCTHU ) BEIECTBEHHOE YUCIIO Dy
Takoe, 9To

AMw, pr) < gt(w) (10.4)
Jutst Beex w € {0,1}). Onpegennm

S(IL‘l NN :L‘tfl) = Pt.
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U3 (10.4) 6yer cirenoBaTh, 9T0

T

Lossg(x1...x7) = Z Az, pr) <
=1

E

gt($t)~

-
I

T ;
[TisToMy BazKHO HCCIIEIOBATE CyMMYy » ., g¢(2¢). MaTemarndeckoit

wHIyKIued mo t = 1,2, ... n JIoKaXXeM, 9TO
T
D _gilwr) = logg Y | fLs ==y ). (10.5)
t=1 i

IIpu T' = 1 umeem

91(371) _ logﬂ Zﬁk(m,&()\))ro(i)'

IIpn T > 1 3amewas, uro Lossg, (1 ...x7) = Lossg, (1 ...x7-1) +
Mz, Si(x1 ... o7p_1)), HPEJACTABUM B BUJIE CYMMbI BEJIUIUHY

10g5 Z BLOSSSZ. (xl...xT)TO(,L-) —

10g5 ZBLOSSSi(wlA..IET,I)TO(i) +
i

Zi ﬁLOSSSi (:”1“‘:”T—l)+>‘(ZT’S7Z<II"'IT—I))TO(i)

> gL 1T )
logg 37 BHoss: (#1071 (i)
)
logg 3 pAmSilerar=)p, (i) =
%

logg 3 Alos #1201y (i) + g (wr).

logg

[TpomozKasisi pacKpbIBaTh COOTBETCTBYIONLYIO CyMMY, HOJYYHM pa-
sercrso (10.5).

Cymmvupyem uepaserncTBo (10.4), ob6beauHsieM €ro ¢ HepaBeH-
crBoM (10.5) u mosyvaem

Losss(z) < logg Z 73310555 (@) (10.6)
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18t Beex .t

Tak Kak cymMMa GoJIbIIe nim paBHa Jiroboro ciaaraemoro, u3 (10.6)
HoJIydaeM

Lossg(7) < logg Z 1850555 ) < Lossg, () + loggz r;
i

st oboro 1. Ipenyoxkenune 10.1 mokazamo. O
[Iporecc mocTpoeHUst OUNTUMAJIBLHON YCPEMHSIONEH CcTpaTeruu
MOXKHO TIPEJICTABUTH B BHUJIE OHJIANH MPOTOKOJIA.

FORt=1,2,...
e Habmonaem mporuosst p;p = Si(x1,...xi—1) upui=1,2,....

e BrsbiBaeM (OyHKITHIO

gt(w) = logg Z ﬁ)‘(w’si(m'"xt_l))rf—l(i)

T (i)

* N _ o
,rner;_q(i) = S rioi(s) ~ MODPMHDOBAHIIbIC BeCa, a Beca I
ObLIM BBLIMHUCICHBI Ha IIPEIBLIYIIEM IIare.

e Boruncssiem nporuos S(xy...x4—1) = pi, TAe p; — DPellleHue
HepaBeHCTBa A(w, pr) < gi(w).

e [lonyuaeM mcxoJr x;.
e Anamrupyem Beca 74 (i) = gANEHSi(@1T1))p, L (4).,

ENDFOR

CwMmernmmBaeMoCTh JiorapudmMudeckoii pyHKIUU MOTEPD.
[Tposepum BbIOIHEeHNE HepaseHcTBa (10.3) — onpesiesienne CMHININI-
BAEMOCTH. I JiorapudMudeckoir pyHKIuE morepb. B sToM ciy-
Yae MPOTHO3 — 3TO pACIpejie/ieHne BEPOsTHOCTeN p(w) HA MHOMKE-
cree {0,1}. B arom ciyuae A(w,p) = loggp(w) n pAwWP) = p(w).

1HaHOMHI/IM, 97O To (z) = r; UCXOJIHbIE Beca.
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Hepagsencreo (10.3) npespamiaercst B pasencrso (10.7), a dyHkIust
HOJICTAHOBKH Y = Subst(p, r) nmeer Bu 6aileCOBCKOIT cMecH

Yw) =) ripi(w). (10.7)

7

3ameTnM, 4TO JorapudMudecKas (PYHKIUN IOTEPDb ABJISIETCs Iepe-
MeImuBaMoii 1pu JitoboM [, Tak KakK 3TOT IapaMeTp BXOJIUT B ee
oIIpeIe/IeHHE.

CMelinBaeMoOCTh KBaJIPAaTUIHOM (PYHKIIUU moTepb. [1po-
BEPHUM CBOMCTBO IEePEMEITNBAEMOCTH U OCTPOUM (PYHKITUIO TTO/ICTa-
HOBKM JIJTs KBaIpaTHIHOil (byHKIMI noteph A\(w,p) = (w — p)? npu
we{0,1} upe[0,1].

[IpesiBapuresibHO paccMoTpuM o0l ciaydait mpu 3 = e~
st mpousBosibHO# DyHKINE oTeph A(w,7y) PACCMOTPHUM HapaMeT-
PUYECKYIO KPUBYIO HA ILJIOCKOCTU

(e—nx(o,w)’ e—nA(l,v)) : (10.8)

eta

rjae v — napamerp, w € {0,1}. V3yunm, npu KakoMm 1 9Ta KpuBasi
SIBJISIETCsI BOTHYTOM 110 Y. YCJIOBHE BOI'HYTOCTH UMEET BU]L

' (7)y" (v) = 2" (7)Y’ (v) = 0 (10.9)

nutst Beex 7y, tae x(y) = e MO g () = eI,

B wacrroctn, mias kBagpaTwdHoil yHKIUE m0TEPh A(Ww,y) =
(w— )2 6yzer z(y) = e u y(v) = e 11=? Tlocie smementap-
HBIX IpeobpazoBanuii HepaseHcTBo (10.9) SKBUBAJIEHTHO HEPABEH-
CTBY

1
ny(1—7) < 5

Jlerko BusieTh, 4To Tak Kak (1 —+) upuHEMaeT MaKCUMaJbHOE 3Ha-
JeHHue %, YCJIOBHE BOTHYTOCTH BBITIOJIHEHO Tt Beex v ipu 0 < n < 2.

VeoBue 7)-CMEIUBAEMOCTH O3HAYAET, UTO JJId JIIOOOTO pacipe-
nesiernst W = (wq, . . ., Wg) HA MHOYKECTBE k IIPOIHO3UPYIOIIUX CTPa-
reruit u 06bIX ux nporuozos f = (f1,..., fx) Haiigercs v Takoe,
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121 B

nar 3 i 1
h— N:(BMU.?‘ ) .510 i J)
0B 1
04r 1
02t 1
D 1 1 1 1 1
0 0z 0.4 06 0.8 1 1.2 1.4

Puc. 10.1: Ilpamas, npoxogsmasi 4yepe3 Touky M, oTMedaeT TOUKY
(BA(O”Y), B’\(l*'y)) Ha KpuBoii, rae f = e, 10 KOTOPOIl BBIUUCJISIETCS TP
ckaszanne y = Subst(f, w).

YTO BBLIIIOJIHEHBI JIBa HEpaBEHCTBaA

k
eI 5 3 e (10.10)
=1

mpu w = 0,1. Touknu (e_")‘(ovfi),e_’ﬂ(lvfi)), i = 1,...,N ne-
»ar Ha kpuboil (10.8), a ux BblIyKJIass KoMOuHanus — Touka M,
JIEZKUT BHYTPH BBIIYKJIOW OOJIACTU, OIPAHUYEHHON STOH KPHUBOIL.
Yeaosue (10.10) osHauaer, uro abcuucca u opauHara Toukn N =
(e‘”)‘(O’V),e_”A(lﬁ)) HE MEHbIIle YeM abCIUCCa W OpJANHATa TOYKH
M. Ilpamas, npoxoxasginas uepe3 Touky M, ormedaer Touky N =
(e 0 [e=nA17)) na xpusoii (10.8) (em. puc. 10.1). Hpemckasa-
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HHUE 7y BBIYUCJ/IAETCA U3 YCJIOBUA

k
Z wie_nk(lvfi)
==l (10.11)

N .
Z fwie_nx(oafi)
=1

e~ A1)
e~ (0,7)

B wacraOCTH, 1J1g KBaJApaTuIHON PYHKIMN IOTEPh JieBas JacThb Pa-
enctia (10.11) mveer B e "7~ Orcioma mostywaem Berpaskeme

I y:

k 2
.o~ NJ;
L1 Z; w;e
v = Subst(f,w) = 5~ 2—111
K Z wie*n(fz 1)2

VeaoBue cMenmBaeMoCTH KBaAPATUIHON (DYHKIINH ITOTEPD TIO3BOJIS-
€T B34Tb 1) = 2.
CBOICTBO CMENINBAEMOCTH sIBJISIeTCs 0O0DOIIEHNEM CBOMCTBA, 9KC-
HOHEHIUAILHON BOrHyToCTH. HEeTpyiHO IPOBEPUTDH, 9TO st JII06O-
— o nw—)? s
ro w € [0,1] dyuxmua f(y) = e SIBJISIETCSL BOIHYTOM 110
v € [0,1] mpu 0 < n < % B srom ciayuae BenmamHa Y = Y w; f;

K3
yaoBraerBopsier HepasercTBy (10.10) mpu mobom 0 < 7 < % 110 OIlpe-

JeJIEHUIO BOI'HYTOCTH.

10.3. KoHcTpyKIiusl IIpejicka3aTeJbHON CJI0XK-
HOCTU

Cymma (10.1) upejcrasisier coboii HEKOTOPYIO Mepy CJIOKHOCTH
IIOCJIEIOBATEIBHOTO IIPEJICKa3aHNs 3JIeMEHTOB II0C/IeJOBATEIbHOCTH
W = wiwa...w,. OCHOBHAS 3ajiava MPEJICKA3aHUs 3aKIIOYACTCA B
HaXOXK/IEHUU TAKOW IIPOrHO3UPYIOIIel cTpareruu f, KOTopas MUHU-
musupyer obmume norepu (10.1) st Bcex w B TOM Ke CMBICTIE, Kak
B CJIydae KOJIMOTOPOBCKO# CJIOKHOCTHU. Perrerne 910l 3a/1a49u BO3-
MOXKHO B paMKax WJEH ‘CMeNUBaHUs , KOTOpas ObLIa U3JI0KEHA B
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upeioxkeraun 10.1. ra ujgess B ONPEIETICHHOM CMBICIE TAKXKE UC-
MTOJIb3YETCsI JIJIst TOCTPOEHUST KOJIMOTOPOBCKO# CJIO?KHOCTH.

Pazbscaum a1y nzero Ha npumMepe npeduKCHON KOJIMOTOPOBCKOIT
cioxkHocT. PaccmaTpuBaioTcs mpeUuKCHO-KOPPEKTHBIE METO/IbI JIe-
KOJINPOBAHUS U COOTBETCTBYIOIIUI UM NMPEeMUKCHBIN BapUaHT KOJI-
MOT'OBCKOM CJ0XKHOCTH. KaKapIit Takoit MmeTor F' onpenesnsieT Mepy
caoxuoctn KPp(x) = min{l(p) : F(p) = x} koHe4HBIX mOCIIEI0-
BarenpHOCTEll. Jlerko Bumetrs, uro dyuknns KPp(x) nepeuncamva
cBepxy. “CmernuBanue 1o KomMoropoBy” 3ak/Ir049aeTcsi B IOCTPOSHUN
BBIYHUCJIMMON [T0CJI€I0BATENBHOCTA F; BCEX METOMOB JEKOIMPOBAHUST
CpeJICTBaAMU TEOPUH AJITOPUTMOB U TOCJIEYIOIEM OObeIUHEHIT UX B
OJIMH YHHUBepCAIbHBIN Merog aekopuposanus U ((i,p)) = F;(p), rue
i — nporpamma Bbramcsisiioniast Fy, a (i,p) — HEKOTOPBIN KOJ Maphbl
IIporpaMM ¢ U p, HAIIpUMep, ITIOCTPOEHHbIN B pa3iese 3.1.1.

ITo cBoiicTBY HyMepaluu mnap Jjis JioOOro BBIYUCIUMOTO METOA
nexonuposanusi F' seimosneno KPy(z) < KPp(z) + O(1) mius Beex
x, rie koucranTa O(1) 3aBucut or F. OjHa 13 BO3MOXKHBIX (DbYHKITHI
KPy(x) durcupyercst u obosnauaercss KP(z).

[IpedukcHyo KOJIMOTOPOBCKYIO CJIOXKHOCTb MOYKHO TAKXKe OIIpe-
NEJIATD “aHaJIITUICCKIM CIIOCOOOM

o0
KP(z) = —log » 2 KPrile), (10.12)
i=1
The 11,72, ... — IPON3BOJIbHAS IIePETNCINMAasl CHU3Y II0CJIeI0BATE b-
HOCTh PaIMOHAJIBHBIX uncea ¢ cymmoii 1. 13 onpenesenust (10.12)
HEIIOCPEJICTBEHHO CJIENIYET, UTO JIJIS IIPOMU3BOJIBHOTO % MMeEET MECTO
HEPABEHCTBO

1
KP(z) < KPp,(z) + log —

i
JJIsI BCEX .

Nness aHauTUYIECKOrO METOJa, IO BHUIUMOMY, BOCXOIUT K
P.Cosomonosy [50]. Takoit ke MerTox 661 npumener Jlesuubiv [15]
[IpU IOCTPOEHUN YHUBEPCAIbHON MePEeInCINMOI CHUBY MOy MePhl HA
JINCKPETHOM MHOZKeCTBe (CM. pazzes 5.1.3) U anpuopHOii moJryMephb
HA JIepeBe BCeX JBOMYHBIX MOC/egI0BaTe/ibHocTel (eM. paszes 6.1).
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IIpenckazarenbHast CIOKHOCTH ObLIa BBeleHa BoBkoMm B pabo-
tax [56] u [57|. IIpeckasarenbHast CI0XKHOCTD Oy/I€T CTPOUTHCS BTO-
PBIM U3 TIPUBEIEHHBIX BBIIIE CIIOCOOOB. BymeT mocrpoena mepednc-
JIIMAast CBEPXY IOC/IEI0BATEILHOCTL Mep “IPeJICKa3aTeIbHON CJI0K-
wocrn” KG;(z) u, B ciyuae n-nepementuaemoii (byHKIUN IOTEPb,
MOXKHO OyJ1eT onpeae/nTh g 3 = e "

KG(z) = logg Y  r; K (10.13)
i=1

st Bcex & € =. CBOHCTBO 7)-IepEMEITUBAEMOCTH TO3BOJIAT JTOKa-
3aTh, uro dyuknusg KG(z) takxke siBisieTcss Mepoil pe/icKa3aTesIb-
HO# CJIO?KHOCTH.

Oyuximsa KG(z) HasbBaeTcst Mepoil mpe1cKa3aTesIbHON CII0KHO-
CTU, €CJIU BBIIOJIHEHBI CJIEJIYIOIIHE yYCJIOBUSI:

o (i) K(\) = 0 u Jyist KayKJIOrO T CYIIECTBYET IIPEJICKA3AHIe D
takoe, uto KG(zo) — KG(z) = (o, p) mua Beex o € {0,1}.2

e (ii) KG mepeuncinma cBepxy, T.e. CyIIECTBYET BbIUUCIUMAST
HEYOBIBAIOIIAST TIOCIEIOBATEIBHOCTh HEOTPUIATENHHBIX TTPO-
crerx dynkriumit KG! tuna £ — R Takas, 4TO A1 BCEX T
somosieno KG(z) = inf; KG'(x) (mox mpocroit monmmaer-
cs1 PYHKIMST, TPUHUMATOIIAS TOJHBKO PaIMOHAIbLHBIE 3HAUCHUS
U 00, KOTOPasi paBHA OO JJIsl IOUTHU BCeX 3HAUEHUI apTryMeH-
Ta).

U3 ycaosus (i) caemyer, aro cymecTByeT (He 0053aTEIbHO BHIYUCIIU-
Mast) TIporHosupytomias crparerusi p = S(x) rakas, uro Lossg(x) <
KG(z) st Bcex KOHEUHBIX MOC/IEA0BaTEIbHOCTER . B ToM corydae,
korja B (i) BBINOJIHSIETCSI PABEHCTBO, MBI IIOJIyYaeM OIPEJIe/IeHUe
dbyuxipu noreps (10.1). Venosue (ii) osnauaer, uro KG(x) Bbrunc-
JINMa, JTUIIG ‘B mipejene’”.

2310 HEpaBEHCTBO sAB/IsIETCs 0606IEeHIeM pasercTsa Losss(zo) — Losss(z) =
Ao, p) M KyMyJISITUBHBIX IIOTEPD, re S — NPOrHO3UPYIOMAsA CTPATETU U P =

S(x).
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Ilpennoxkenue 10.2. Jlaa sozapupmuueckots Gyrruuy nomepv
npu B = 3 (n = In2), yeaosus (i)-(ii) sxeusarenmun mpebosa-

HuAm, wmobv, pynruyus P(x) L) ABAANAC NEPEVUCAUMOT

CHUBY NOAYMEPOT.

Jloxasameavcmeo. st torapudbmvudeckoii pyHknuu norepn Oy-
ner Ao,p) = —logp, eciiu 0 = 1 u A(o,p) = —log(1l — p), econ
o=0.

[Tycrs dynkuusa KG(z) yaosiersopsier ycsosuto (i). Torma, Tak
kak KG(zl) — KG(z) > —logp n KG(z0) — KG(z) > —log(1 — p)
a5t 7HexoToporo p € [0, 1], Gymer 27 KGED < pa—KG(@) i 9-KG(20) ¢
(1 — p)2~KG@) Orciona dynkmus P(z) = 27XG@) yropnerspser
yenosuio P(z1) 4+ P(x0) = 27 KG@E1) 4 9-KG(20)  9-KG(z) — p(z),
T.e. SIBJISIETCsI [IOJIyMepoii. [IpedncanMocTsb CHU3Y ClIeyer u3 ycyo-
Bus (ii).

B obparnyto cropony, mycrts P(x) > P(x0) + P(xz1) miasa Beex

—_ Pzl) Pz0)
z € E. Torna 5y + ) S 1 M CYIECTBYET BEMIECTBEHHOE THC/I0

P Takoe, 9TO % <pmu 1;3(”2)) < 1 — p. Takum o6pasom, (i) BBITOJ-

neno jyis dysknnn KG(z) = —log P(x). Yenosue (ii) ciemyer us
nepedncanmoctu cau3y dyuknun P(x). O.

[TocTpoenue onTUMasbHON IIpeJICKA3aTeNIbHOM CII0KHOCTH Oy-
JIeT aHAJOTMYHO MOCTPOEHUIO YHUBEPCATIBHON EPEINCINMOl CHU3Y
(arpropHOii) OJIyMepHI.

Teopema 10.1. [Tycmo dyrryus nomepo A(w,p) saeasemcs nepe-
MeWUBaemot u Henpepwvenot no p. Toeda cywecmeyem mepa npeod-
cxasamenvnot caoorcnocmu KG(x) makan, wmo das ao0bol me-
povi npedexazamenvrioti caosicnocmu KG(z) natidemesa xonemarnma
c max, 4mo

KG(z) < KG(z) +c (10.14)
ona ecex x
[IpeaBapuTeIbHO JOKAXKEM CJIELYIONLYIO JIEMMY.

Jlemma 10.1. Moowcho nocmpoumsv pasHOMEPHO MEPEHUCAUMYIO
ceepxy nocaedosamervrocmv KG;i(x) ecex mep npedckazamenrvnot
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CAOIICHOCTNU. DMO 03HAMAEM, 4MO CYUWECMEYEM GHIMUCAUMAA TO-
caedosamenvrocmy neompuyamesvrus npocmur dynxyut KGL(x),
ons Komopoti

o KG!(z) < KGi(2) dan scex i, t,a;
e KG;(z) = inf; KGl(x) dna ecex i, t,x;

o das Kaocdol mepor npedckazamenvroti croorcnocmu KG(x) cy-
wecmeyem i maxoe, wmo KG(z) = KG;(x) das scex x.

Joxasamenvemeo. IlocnenoBarensaocts KG;(x) moxer 6biTh
IocTpoeHa, ciaeayomuM obpa3oM. Mber OyaeM paccMaTpuBaTh Iepe-
YHCIMMbIE MHOXKECTBa nap (x, 1), TJe & — KOHeYHAasl JTBOUIHASI [IOCJIe-
JIOBaTEIbHOCTD U 1" — HEOTPHUIATEIFHOE PAIlOHAIBHOE Yncio0. Ilycrs
W; — paBHOMEDHO IIepevdrc/inMasi MOC/IeI0OBATEIbHOCTh BCEX IEepe-
YHUCJIUMBIX MHOXKECTB, COCTOSIMX u3 nap (r,x), rue ¢ € =, r € Q,
Takas, 9To JIIo0oe MepedncanMoe MHOXKECTBO IIap PaBHO OJHOMY U3
W; .3 To onpeeteHII0 paBHOMEPHAST IIEPEIHCINMOCTD O3HAYAET, UTO
muozxkectso W = {(i,r,z) : (r,x) € W;} nepeuncimmoe.

U3 serancaumoctu dbyHkimuu A(o,p) Caepyer, 9To Jijis HEKOTO-
pOit BBIYMCIUMON TOCJIE€I0BATEILHOCTA MTPOCTHIX (DYHKITU )\t(a, D)
somosneno A (o,p) < M(o,p) mia seex t, o, p u Ao,p) =
inf; \t(o, p).

[Iycts W' — komeunas uacts W, mepeuncienHas 3a t IIAros.
Oupenenum

W= {(z,")|((i,z,7) € W)} U (E x {+0o0}).

C moMOIMIBIO MaTeMATHIECKOH MHIYKIUA 110 ¢ OIPEJIEeNM BBITIC-
JIIMYIO TI0CJIE/I0BATEIbHOCTh HEOTPUIATEIBHBIX IPOCTHIX (DyHKIUIL
KG!(z) raxymo, ato KG?(z) = co u KG!™ (2) < KG!(x) s Beex z,
nutst robbix i u t st bynkimm KGE () soimosmeno yeosue (i) ompe-
JIeJICHHsT MEpBI IPEJICKAa3aTeIbHO CII0KHOCTH 1 rpaduk GyHKIHI
KGl(x) sBastercs nomvuoxkectsom WY

3TTocrenoBarensuocTs W; 6blma mocTpoena B pasgere 3.1.2.
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st mocTpoeHust TaKoil M0CJIeI0BATEIbHOCTHI JJIst KaXK/I0T0 © 1C-
nosb3yst napel (z,7) € W} nmem MakcumaabHOE DacIupeHue Ipa-
duka GyHKIUEI KGE_I(.Q;) 1o rpaduka byrkimmu KG! (), ama xoro-
poit KG!(z) < KG!™(2) st Beex o m s smooro a cymectsyer

paIMOHAIBLHOE P TAKOE, YTO
KG{(z0) — KGi(z) > N'(0,p) (10.15)

st Beex o = 0,1.4

Onpenermv KG;(z) = inf, KGi(x) mna seex ¢ m x. Us (10.15)
U HelpepbBHOCTH A(0,p) MO P CJEyeT, 9To Jyist JIIoboro ¢ dyHK-
st KG;(x) ynosiersopsier ycsoBuio (i) onpejesieHusi Mepbl 1pe/i-
CKa3aTEeJIbHOI CJIO0XKHOCTHU , T.€. ABJIAETCA MEPOU IIpeCKa3aTeJIbHON
CJIOZKHOCTH.

Homycrum, uto dbynxnus KG(z) ymosrersopser yeaosusam (i),
(ii) ompejiesieHnst MepPbI IPEJICKA3ATETHHOl CJIOXKHOCTH 1

Wi ={(z,r)lr > KG(x)},

rjge r — panuoHajbHOoe. llpw yKas3aHHOI BBIIIE IIPOIEILyPE I0-
CTPOEHUsT TMPOCTHIX (PYHKIUN BCerga OymayT MOaydaTbess (DyHKIMH
KGi(z) > KG(x), xotopble GygyT HMeTh TPEIeTOM DYHKITIIO
KG(z), r.e. KG(z) = KG;(x) ausa Beex z. O

Joxaszameavcmeo meopemu 10.1. IlycThb r; — mepevdncjmmast CHA-
oo

3y HOCJIE/IOBATEJILHOCTD JICHCTBUTE/ILHBIX YUCEN TaKasl, 9T0 » | Iy <
i=1
1. Hanpumep, mMoxuo B3stb 75 = 27 KP0) | pye KP(i) — npedurcuast
CJIOZKHOCTD 1.
[TycTb DyHKIMS TOTEPD SIBJISETCS 7)-II€PEMENTHBAEMOI JJIsT HEKO-

Toporo 1 > 0. Onpemenum pu 5 = e~

KG(z) =logz » ARG @, (10.16)
=1

‘Eciu HeTpHBHAILHOE DPACIIHPEHHE OTCYTCTBYET, TO IIOJIAracM KGi(z) =
t—1 .
KG;™ " (z), ecim uMeeTCsl HECKOJIBKO TAKUX PACIIMPEHHUIt, TO BHIOHpaeM [epBoe B
NopsA/IKe Nepednc/IeHNs].
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= 27KP() 5 Ham meobxomumo nokasars, uro KG(z) sBisercs

rae r;
Mepoii npejickazaTesbHoil caoxkuoctu. Ilo onpenenennio KG(x) me-
peunciuMa cBepxy, T.e. (il) onpejesieHnst Mepbl IpecKa3aTeIbHOI
cJI0)KHOCTH BbInosiHeHo. OcTraercst IpoBepuTh yesosue (i).
HeiicTBuresibHo, Tak Kak Kaxjas dyukims KG;(x) ynosierso-
psieT ycaoBuio (1) ompeesieHusi MEPhI IIPEICKA3ATeIbHON CJIOXKHO-

CTH, JIJIS JII00Or0 ¢ CYIIECTBYET IIPEACKA3aHUE P;, YIOBJIETBOPSIOIIEE
KG%(ZCO—) - KGI('ZU) = )\(U7pi)7
upu Beex o € {0,1}. Orciona 11st Becex & U o

KG(zo) — KG(z) = logg Z quKGi(QJU)—KGi(z) >

logs > a:BN7P) = Ao, p),

JJIST HEKOTOPOTO P, TIe
i 5KGz‘ (=)

S pRe

[Ipesckaszanue p, yuosiersopsiomee (10.17), cymecrByer Tak Kak
dbyukuus A(o, p) sBisiercs n-nepemMenmBaeMoii.

Il moboit Mephbl TipejcKasaTesbHoi ciosknoctn KG(r) maii-
neres i taxoe, uro KG(z) = KG;(z) anst seex z. Torga uz (10.16)
ToJIyaeM, 4To s Joboro ¢ 6yaer

— In2 )
KG(z) < KG(z) + TKP(Z) (10.17)
IJid Beex x. O

DukcupyeM ojHy U3 Mep IpejckasaresbHoil ciaoxuoctn KG(x),
yaoBierBopsioreii reopeme 10.1, HazoBeM ee (ONTUMAJBHOIN) Mpei-
CKa3aTeJIbHON CJIOXKHOCTBIO KOHEYHON II0CJIE10BATEILHOCTH I .

Boinesmmm nepasercrso (10.17) B Buge ciencTBus.

5Kaxk m3BecTHO 13 pasgena 5.1.3 > 27KPG) <1,
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Caencteue 10.1. ITycmo svinoaneno ycaosue meopemuv, 10.1. To-

2da
In2
KG(z) < KGi(2) + —KP(3) (10.18)
n
das ecex i u x, 20e KP(i) — npedurcnasn caoocnocmov wucaa i.
B wacmmuocmu, das 10607 (sviuucaumots) npoenodupyrowet

cmpamezuu S u 1106020 T
In2
KG(z) < Lossg(z) + T(KP(S) +¢), (10.19)

ede ¢ — koncmanma, KP(S) — npedurcran caoorcnocms svvuciumots
Ppynxyuu S.

Jlokasameavcmeo. Yreepxkjenune (10.18) mnpsimo creayer u3s
oupenesnenns (10.16).

ITycThb S — BBIYMCINMAST TPOTHO3UPYIONIAS CTPATETUsT U P — IIPO-
IrpaMMa, BBIYHCIISIONIast 3Hadenus S(x) ¢ aroboii Halepe 1 3a/I[aHHOT
cTerneHbio TouHOCTH. Torma cymecTByeT BuMuUCIUMAs QyHKIust f,
[epeBOJIsAIAst P B IPOrpamMMy Iiepedncyenus S(x) cBepxy Tak, 9To

Lossg(z) = KG(p)(z). (10.20)

B wactHOCTH, 1151 TI06OTO T

KG(z) < Lossg(z) + h:f(KP(S) +0),

rje ¢ — noJjoxkuresabHast KoHcranta u KP(S) — ciaoxuocrs S. O

ITo npemgoxkenuto 10.2 B ciyuae jorapudmMudeckoit GpyHKInN
nmoTephp u 5 = % J06ast Mepa MPeICcKa3aTe/bHOM CII0KHOCTUA COB-
maJlaeT ¢ MUHYC JIOTapruMOM HEKOTOPO# MEePeTNCINMONM CHU3Y T0-
JIyMEPBI Ha JlepeBe BCeX JIBOMYHBIX TOcjefoBareabHocTeil. Tak Kak
onTUMAaJIbHAs TpeJcKazaTesnbias ciokaoctb KG(z) mMunnmasbaa
C TOYHOCTBIO JI0 KOHCTAHTBI, OHA JIOJIKHA COBHAJIATH (C TOYHO-

CTBIO JI0 KOHCTAHTBI) C MUHYC JIOrapudMOM alpUOPHON HOJIyMepbI

KA(z) = —log M(x):
KG(z) = —log M (z) + O(1),
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riae M (x) — yHuBepcasibHas (allpuopHasi) MOJyMepa Ha JIepeBe BCex
JIBOMYIHBIX MOCJIE0BATEILHOCTEI, onpenesieHnas B pasaene 6.1 ria-
Bl 6. Oyukmus KA(z) = —log M (x) 6bl1a onpeienena B pasje-
ae 6.1.

B cireyronieM yTBep K IeHUH IIPeICTaBICHO HEPABEHCTBO MEXK Ly
[IpeICcKa3aTeIbHON 1 MPeUKCHOMN CIOXKHOCTSIMU.

IIpennoxxenune 10.3. [lycmo dynkuyua nomepo A\w,p) Acasemca
n-nepemewusaemoti u ydosaemsopsem ycaosuro A(0,0) = \(1,1) =
0. Toeda cywecmeyem KOHCMAHMA ¢ MAKAA, YMO OAA BCET T

KG(z) < lnTZQKP(x) +c.

Zoxasameavcmeo. Ilycts x = x1 ... x,. PaccmoTpum mporuosn-
PYIOILYIO cTpaTeruto S, KoTopast JJis KaxKJI0i MoC/Ie10BaTeIbHOCTI
z mmanel ¢ — 1, ¢ = 1,...,l(x) — 1, Belgaer i-biif ssement z;. Ta-
KyI0 CTpaTeruio MOXKHO 3aJaThb II0 CaMOil KOPOTKOI IporpaMMe p
nocsesoBarTeabHOCTH & (camraeM, uro S(z) = 0 s Bcex z JUIMHBI
> [(z)). l(p) = KP(x), mosromy KP(S) < KP(z) + ¢ mia nekoro-
poii koHcrauTsl ¢. [To onpenenennio Lossg(z) = 0. YrBepxieHue
caenyer u3 (10.18). O

10.4. ITpocTo u c/I02KHO NpeacKazyeMble KOHe-
Hbl€ IOCJIeJ0BATEJIbHOCTHI

B stom paszerne Oyiaem nsydars Bomnpoc o ciaoxuoctn K(S) npesn-
CKa3aTesIbHOI cTpaTernu S, KOTopasi HeceT Imorepn OJM3KHe K MH-
HuMasbHbIM: Lossg(x) ~ KG(z). st KaKux & 9T0 BBIIIOIHEHO KOT/Ia
K(S) mocrarouno mama? CymmecTByIOT Jin TaKHE KOHETHBIE ITOCIIE/I0-
BaTEJILHOCTH T, JiIst KOTOPBIX Lossg(z) ~ KG(x) Tonbko s tex S,
nst koropeix K(S) ~ K(z)?7°

SPasencrso K(S) = K(x) + O(1) BbInosHeHo Ajis pe/ICKa3aTeIbHOM cTpaTe-
runt Sz (21 ...%i—1) = x; upu 1 < i < n, KOTOpas UCIOAbL3yeT HHMOPMAIHIO 00
T=2T1...Tn.
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B janbueitniiem Mbl OyjeM OIEHMBATH AIPHOPHYIO IOJYyMEDPY
M (D) muOox)ecTB D, cOCTOSIIIIX X KOHEUHBIX [TOCJIJ0BATEIbHOCTEH
OJIHOI1 U To#1 2Ke JyinHbL. [IpuBeseM cooTBETCTBYIOIINE OIIPEJIEICHMSI.

Ilonymepbl Ha MHOXKECTBAX KOHEYHBIX I10CJIEJOBATEIb-
Hocreit. Hamomunm, uro I'; = {w € Q : ¢ C w} — unrepsan
(map) B mpocTpancTse ). st 060it nepedncammoii CHU3Y oy Me-
pbl P MOXKHO OnpeiesinTh BeposiTHOCTHY0 MamnnHy Twhropunra (MT)
(L, F') Takyo, 9To

Plz)=L{weN:zC F(w)}.

Bemmaunna P(z) pasna sBepositHocTH TOro, 9to 51a MT Haneuaraer
[IOCJIE/IOBATEIbHOCTD, IPEPUKCOM KOTOPOil siBjsteTcs x. [ist jioboro
MHOX)KecTBa D C =, COCTOSIEro N3 KOHEUHBIX MTOCIEI0BATEILHOCTEH,
OIIPEJICJIUM TTOJIyMEPY STOTO MHOXKECTBA

P(D)=L{we Q: (3x € D)(z C F(w))}.

Jlerko BuzeTs, 9T0 ecu D COCTOUT U3 MOIAPHO HECPABHUMBIX IIOCIE-
nosarenpnocreil, o P(D) = ) _p P(x). Bonee roro, ans moboro
MHOKeCTBa D, COCTOSIINErO N3 KOHEYHBIX MOCIEI0BATEIHLHOCTER, Cy-
LIECTBYIOT IOIIAPHO HECPABHUMBIE IOCIEIOBATEIBLHOCTH X1, Ly, €
D rakue, uro P(D) = ) . P(x;). Moxno BbIOpaTh 21,22, -+ € D
Tak, ITOOBI Jj1s1 JiIoboro x € D cyIecTByeT ¢ Takoe, 910 x; C .

(a, v)-mpesckazyeMocTb. [JomycTuM, 9To 3a/1aHa HEKOTOpasi 1)-
nepemermBaemas GyHKIms morepb A(w, ), rae n > 0 — mapamerp
00y JeHus.

CoorsercrByomast npejckasaresabias ciaoxuoctb KG(zy ... zy,)
ompene/seT ACUMITOTUYECKYIO HUXKHIOIO TI'DAHUILY KyMYJISTHBHLIX

IOTePh
n

S(ry...zy) = Z Mzi, S(z1 ... xim1))
i=1
JJIsI JTI0D0H KaK yTOJHO CJIOYKHON BBIYMCIUMOI ITPOTrHO3UPYIONIEH
crparerun S.
[Tpedurcnas croxxuocts KP(S) Beraucammoii crparernu S pas-
Ha JJIMHE CaMOW KOPOTKON JIBOMYHON CTPOKH, IIPEJACTABJIAONIEH
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IPOrPaMMy Jiisl BBIYMCJIeHUsT 3HaYeHuii S(x), IIpu yHUBEPCAIbHOM
NMpedUKCHO-KOPPEKTHBIM CIIOCODE TTPOrPaMMUPOBAHMS.

Cormnacuo HepapernctrBy 10.19 ciemcreust 10.1, mpemckasaresib-
Hast caokHOCTh KG(Z) KOHEYHOI MOC/Ie0BATEILHOCTH T OIIpeJie-
JISIET HUZKHIOI MPAHUILy CYyMMapPHbBIX MOoTeph Lossg(x) npu mocieno-
BaTEILHOM TIPEICKA3AHUE BCEX OUTOB X C TIOMOIIBIO MPOU3BOIHLHOTO
BBIYUCIAMOIO METOJIA IPEICKa3aHust S.

B srom pazzgene MBI TIpEBEeEM METOJ, MMOCTPOCHUS TOCTIEI0BA~
TeJIbHOCTEl T = 1 ... Ty, JJIsd KOTOPBIX Jitobast “npocras’ (T.e. “Ma-
JIOI” CJIOKHOCTH (v) BBIYUCJUMAs [TPOrHO3UPYIOIAs CTpaTerus S
HECET KYMYJISTUBHBIE TIOTEPH OJIU3KIE K ITPEICKA3ATETbHON CJI02KHO-
cru. Takue mocsemoBaTesbHOCTH & OyzeM HedOPMAJILHO Ha3bIBATh
“Q-CJIOXKHO TIPEJICKa3yeMbIMU’ .

MpbI oreHUM CBEpXy U CHHU3Y AIPUOPHYIO MOJIyMEPY MHOXKECTBA
BCeX “Q-CJI0KHO IPEJICKA3yeMbBIX IOCJIEI0BATEIbHOCTEH 3a1aHHOM
JJIUHBL ¥ [TOKAXKEM, UTO alpuopHas mnojymepa M MHOXKeCTBa, BCeX
“Q-CJIOZKHO TPEICKA3yeMbIX  IIOCJIEI0BATEILHOCTEN 3aaHHON JIJIH-
HBI 1 uMeeT nopsitok 2~ t00ogn)

Taxzke OyzeT MOKa3aHO, ITO CYIIECTBYET MPOCTAS BHITUCIUMAST
IPOTHO3UPYIOIIAs CTPATET s .S, KOTOpasi JIJist “IOJIABJISIFOIIEro 60J1b-
mmacTBa” (110 mostyMepe M) nocsieioBaTesIbHOCTeH T HEeCeT moTepu
O6/IM3KUE K aCHMIITOTHYECKY HIYKHEH TDaHUIE — IPeICKa3aTeIbHOM
caoxuoctn KG(z). Dro 3HauuT, 4ro “nojasisitoniee 60JIbIIMHCTBO’
KOHEYHBIX TIOCJIEIOBATENILHOCTENH MPEJICKA3YEMBI C TIOMOIIBIO “IIPO-
cTOi” MPOHO3UPYIOIIEH CTPAaTeruu, KOTOpas HeceT MOTepHu OJIu3Kue
K MUHUMAJTEHO BO3MOXKHBIM.

[Tepexonum K TouHbIM OmpesenenusamM. [lycTs o u v — HeoTpuIa-
TeJIbHBIE TIe/Tble Incia. KoHednas mocie0BaTeTbHOCTD T Ha3bIBaeT-
cst (@, y)-TIpeJicKa3yeMoil, eyl CYIIeCTBYET -IIPOCTasi IPOrHO3UPY-
fomast crparerust S takasi, uro KP(S) < a n

Lossg(z) — KG(z) < 7.

CroiicTBO (@, 7)-IIPECKA3yeMOCTH KOHEUHO [OC/Ie0BATEIbHOCTH &
03HAYAET, UTO CYIIECTBYET (-TIPOCTas TPOTHO3UPYIONIAs CTpaTer s,
[IOTepPH KOTOPOW IPHU IIOCJIEI0BATEIHLHOM IIPOrHO3UPOBAHUN OUTOB
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[IOCJIETIOBATEIBHOCTH & C TOYHOCTBIO JI0 Y OJIN3KN K HUKHEH MpaHu-
e TaKUX 1I0TE€Ph, & UMEHHO, K IpejcK3areabHoil cioxuoctn KG(z)
ITOH IIOCJIETOBATEIBHOCTH.
o _ 1
B ciyuae jorapudmuueckoit pyuknun noreps u 3 = 5

Loss(wy . ..wp) = —logp(wy) ... pn(wy),
rie p(w;) — npejickasanue (yCJIOBHAs BEPOSITHOCTb COObITHS w—1) 1
KG(wy .. .wp) = —log M(w;...wp) = KA(wy ...wpy).
Benuuuna
dp(wi...wp) = —log P(w; ...wp) — KA(w;...wy)  (10.21)

Ha3bIBAETCs JeMEKTOM CJIYyIallHOCTH MOCTIEI0BATEIBHOCTH W . . . Wn
oTHOCUTENBHO Mepbl P(wy ... wy) = p(wi) ... pn(wn).

Crenytommee Huzke npejioxkenne 10.4 MOKa3bIBAET, ITO JJIsT IITH-
pOKOro Kjacca (pyHKIUH TOTEPh “‘CJI0XKHO MpeJCcKa3yeMblie’ IOC/e-
JIOBATEJbHOCTU CYIIECTBYIOT.

[IycTb yHKIMS TOTEPH SIBJISETCsT BBIYUCUMOI U YI0BJIETBOPSIET
YCJIOBHSM:

1) A(0,0) = A(1,1) =0,

2) cyImiecTByeT BBIUHCINMOE BelecTBeHHOe [ncyio b > 0 Takoe,
aro st Kaxkaoro p oyaer A(0,p) > b uwau A(1,p) > b,

3) dyukius norepb A(w, p) ABJISIETCS 1)-IEPEMENTUBAEMOIi.

Jlorapudmutieckas: pyHKIUS TOTEPD YIOBJIETBOPSIOT 3TUM yCJIO-
BUSM IIpH b = 10g5% = lnT2 u tpu Jjobom 1 > 0, tne § = e~ ". Ilpn
8= % oymer b = 1. Jlna kBajgpaTudHoi OYyHKIINNA TOTEPh TOIXOIAT
b= u0<n<2 (nogpobuee cm. [55]).

Onenka 1moJryMepbl MHO2KECTBA BCEX CJIO2KHO MPeJICKa3y-
eMBbIX IocJjiefoBaTeJabHOCTel. B ciemyromem mpeaio:keHnn 1aeT-
Cs1 HU2KHSIST OT[EHKa, BEPOSITHOCTU TOTO, UTO HEKOTOPAsi BEPOSITHOCT-
Hasi MaIlTnHa THIOPUHTA BBIIACT CJIOYKHO MTPEJICKA3YEMYIO KOHETHYIO

I10CJICJOBATE/IbHOCTDb.
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Ilpennoxkenue 10.4. /las 41060t Gynruuy nomepo, ydosaemeops-
rowet yeaosusm (1)—(3), cyuecmsyem noaosHcumesvras KOHCmar-
ma ¢ maxas, wmo oas mobuix n u o = logn 4+ 2loglogn + ¢ cywe-
cmeyem nocaedosamesvbHOCmb T 0AUuNbL N, 0Ad KOmMopot

1) Lossg(z) — KG(z) > bn — (2In2/n)a — (In2/n)(logn +
2loglogn) — ¢ dan Kkasrcdoti npoenozupyrowets cmpamezuy S
maxoti, wmo KP(S) < a,”

2) M(z) > g-o-loen-2hglogn—c

JloKkazaTeqbCcTBO 3TOrO IPEJJIOXKEHHs IIPUBEIEHO B pasje-
ae 10.4.1.

Hamoxxum orpaHmyeHne Ha CJIOKHOCTH ITPOIHO3UPYIONIUX CH-
crem: KP(S) < «, re o oTpakaeT orpaHndeHne Ha BEJHIUHY J0-
IyCTUMBIX BBIMHCIUTEJIBHBIX pecypcoB. MBI IIOKazKeM, 4To JlazKe B
TOM CJlydae, KOrja (v Majo 10 CPaBHEHHIO C JIIMHON n (HampuMmep,
a = O(logn) ), GOIbIIYIO0 YaCTh HOCJIEI0BATEIBHOCTE JJIMHBL 7
MOZKHO IIPOrHO3UPOBaThH C IIOYTHU MHWHUMAJIBHO BO3MOXKHBIMH IIOTE-
PAMH.

Iycre Dy, — MHOXKECTBO BCEX JIBOMYIHBIX II0C/IEI0BATEIBHOCTEH
JUIMHBL 7, KOTOPbIE He sABJIstioTcs (o, y)-mpecKasyeMpim. Jlist jiro-
boro x € D ., umeem

Lossg(z) — KG(z) > v

JUIST KaxK 101l mporuo3upyiormeii crparernu S takoit, aro KP(S) < a.
B criepyromniem mpeJjiozKeHI MbI [IOJIY UM BEPXHIOK OIEHKY BEJIU-
aunel M(Dy, ) = erDgﬁ M (x), tae M — anpuopuas nosymepa.
Hanomuum, [uro cornacHo HepaseHcTBy (6.4) u3 pasgena 6.1
JIUIST TPOM3BOJILHOTO MHOYKeCTBa 1), COCTOSINEro 13 MOMapHO HECPAB-
HUMBIX KOHEYHBIX IOCjeoBareibHocTei, Besmuuna M (D) =

"B cayuae sorapudMudecKoil (DYHKIMH IIOTEPh COINIACHO OIIPEIE/IEHHIO
(10.21) sTO HEpPaBEHCTBO NpEBPALIACTCS B HEPABEHCTBO Ul JedeKTa Cirydaii-
noctu dp(x) = bn — (2In2/n)a — (In2/n)(logn + 2loglogn) — c.
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Y zep M(x) onpenesser aCHMITOTHYECKN MAKCUMAJIBHYIO BEPOSIT-
HOCTh DeHepaliy TOCIeI0BATEILHOCTH U3 [ Ha BEpOSITHOCTHON Ma-
mune Tbiopunra.

Crnenytormee TpeJijIoXKeHNE YTBEPIKIAET, UTO BEPOSITHOCTH Te-
Hepauu “-CJI0YXKHO IIPEICKA3yeMOil’ KOHEYHOHN I0C/Ie10BATEIbHO-
cTH Ha JI060 BEpOSITHOCTHON MarimHe ThIOpHHTa SKCTIOHEHITNATIBHO

yOBIBAET C POCTOM (.

IIpennoxxkenne 10.5. o /Jlaa 0600 nepemewsusaemots @Oyrk-
yuu nomepv, ydosaemeoparowels yciosuto 1), cywecmeyem
NOAOAHCUMENDHAA KOHCTMAHMG C MAKAA, YMO OAA BCET N,
ul<y<n

M(DZ,V) — Z M(ﬂ?) < 2—a+2logn+2log10gn—log'y+c;
zeDE
(10.22)

e B cayuae snozapupmuneckol Pdynrkuuu nomepv A w,p) =
—logp(w) (npu B = 3) ewnoaneno

n _ —a+log n+2log log n—log v+c¢
M(DL )= > M(x) 2 otlosnt2loglogn—logyre,
z€Dy

(10.23)

JlokazaTeIbCTBO 3TOTO IPEJIOXKEHUsI IPUBEIEHO B pasjie-
ge 10.4.2.

Dro yrBepxK/IeHre 06001aeT Teopemy 3 u3 paborsl [5| Ha Gosee
IIAPOKUIA KJIacC (PyHKIIHHA MOTEPD.

Hepasencrsa (10.22) u (10.23) npecraBisiioT BEPXHIOK OIEHKY
Ha BEPOSITHOCTH T'€HEPAId TPYIHO IPeICKa3yeMbIX IOCIeI0BATE b
HOCTEN ¢ IIOMOIIIBIO ITPOU3BOJILHOI'O BEPOATHOCTHOI'O aJI'OpUTMa.

ITo mpenmoxennto 10.5 mjss 1060TO M BEPOATHOCTH TeHEpa-
1 (v, 7y)-IpeIcKa3yeMbIX OC/IeI0BaTe/IbHOCTEl Oy1eT 6oJIbIe nitn
pasua 1 — 27 mpn

a+logy > 2logn + 2loglogn + ¢ +m.
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[Tocteinee ycioBue 3aBegoMO MMeeT MeCTO i Bcex 1 < v < n,
ecan
a = 2logn + 2loglogn + ¢ + m. (10.24)

[Tpemioxkenune 10.5 OKA3bIBAET, YTO €CJIM BEPXHSASA IPAHUIA CIIOXK-
HOCTH MPOrHOZUPYIOIUX cTpareruit o yiaosiaersopsier (10.24); To
6osibIUHCTBO (10 TosTyMepe M) mocsieJ0BATeIbHOCTEl T SBJISIIOTCS
IIPOCTO IIPEJICKA3yEMbIMU C TIOMONIBIO HEKOTOPOI BBIYUCIMMOMI TTPO-
raosupyfomieit crparernn S Takoit, uro KP(S) < a. [Jna rakux z
CyMMapHbIe [OTepU MPOrHo3upoBanus Lossg(x) 6au3Ku K HUXKHEI
rpanuie KG(x).

Takum 0b6pazoM, 110 npeokennto 10.4 TpyaHO IpeacKasyeMble
HOCJIEIOBATEILHOCTH CYIECTBYIOT, OJHAKO IO mpeioxkennio 10.5
Jo6asi BEPOATHOCTHAsI MAIIMHA MOYKET BbIJABATH TAKUE IIOCJIEI0-
BaTEJIbHOCTU TOJILKO C AaCUMITOTHYECCKHN MaJIoi BEPOATHOCTBIO.

MpbI cyMMUpyeM OCHOBHBIE Pe3yJIbTaThl 3TOTO pasjiesia B BHJIE
CJIETYIOIIEH TeOpEeMBI.

Teopema 10.2. /lrsa npoudgosvroti Gyrkuul nomeps, yo06AmME0-
parowets ycaosuam 1)-3), cyuecmeyem Koncmanma ¢ maxas, 4mo

—a—logn—2loglogn—c n —a+2logn+2loglog n—logv+c
2 <M(DE) <2

das ecex n, o = logn + 2loglogn+cu0 <~y <bn—(2In2/n)a —
(In2/n)(logn + 2loglogn) — c.

10.4.1. /TokazaTeabcTBO npepaJsoxkenus 10.4

PukcupyeM HEKOTOPYIO JOCTATOYHO BBICOKYIO TOYHOCTH BBIUHCJIE-
HUS BeeX DYHKIUNA, IPUHUMAIONIUX JAeficTBUTE/IbHbIE 3HaYeHns. J1 st
[IPOU3BOJIBHOIO (¢ IIYCTb Pi1,P2,...,Pk — BCE NPOrPAMMbl IIHHBI
< @, KOTOpbIE€ IIPHU JAHHON TOYHOCTU BBIYUCJICHUS] OCTAHABINBAIOT-
Csl ¥ BBIJAIOT PE3YJIbTaT s Beex z,l(z) < n. [as nponsBoabHOTO
j=1,...k uycre S;(2) — pesyabrar, BblIaBaeMblil pj Ha 2.

NUmeem k < 2971 Ucnomssys npemioxkenne 10.1, mocTponm
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YCPEJIHSIIOILY IO CTPATETUIO S, TaKyIO, UTO
k
Lossg, (z) < logg Z f1 glosss; (@), (10.25)
i=1

[Tycth p — mporpamma, UMeEIOIas MaKCUMAaJIbHOE BpeMsi pabo-
7ol (Ha 2z, [(2) < n) cpeam Bcex mpOTpamMM Pi, P2, ..., Pk. Vcmoanb-
3ysl P, Mbl MOYKEM BOCCTAHOBUTH BCe 3HadeHus S, (z), [(z) < n,
C 3aJIAaHHON CTeneHbIo TOYHOCTH. [locse 3TOro, OonpeenuM moce-
JIOBATEJIbHOCTh & = T1X2 . ..T, CIEAYIONKUM 0OpazoM. Boraucisem
PAIMOHAJILHBIE TPUOJINKEHUS It JeHCTBUTEILHBIX IUCes b CBep-
Xy U panuoHajbHble npubankennst K aucaam A(1, So(z1...25-1)) u
A0, So (1 ... 25-1)) CHU3Y 70 TEX HOP, IIOKA Jisi OJHOIO U3 HUX He
OyJIeT BBIIOJTHEHO

A1, Sa(xy .. 26_1)) = b—2706FD (10.26)
nJjm
MO, So(z1 ... e_1)) = b—2" 6D (10.27)

(MBI TIpeoIaraeM, u4To Iy . .. £s—1 = A nupu s = 1). Io cBoiicrBy 2)
dbyuknun noreps xoTs 661 0/1HO U3 HepaseHcTs, (10.26) wm (10.27),
obsi3aTesibHO Oyser uMerh Mecto. Ecsm (10.26) 6110 BBIMECIEHO
IIePBBIM, OlpesennM g = 1, u onpenenum rg = 0, B TPOTUBHOM
cayudae. ITo onpenenennio Lossg, () > bn — 1. ITo (10.25)

Lossg,(z) > bn — (In2/n)a — 1

Juts Beex 1 <4 < k (me. g Beex P rakux, uro KP(S) < a).

ITo cmocoby ompefeneHns: I[OCJAEJOBATEILHOCTH &  OyZeT
KP(z|n) < o + ¢ Jyist HEKOTOPOii MOJIOKHUTEILHOH KOHCTAHTHI C.
Mnmeer MeCTO HEPABEHCTBO, CBSI3BIBAIOIIEE OE3YCIIOBHYIO U YCJIOBHYIO
IPePUKCHYIO CIIOXKHOCTH

KP(z) < KP(z|n) 4 logn + 2loglogn + ¢ (10.28)

JUIsl HEKOTOPOii KOHCTAaHTHI ¢. YuurbiBas HepaBeHcTBO (10.28) n
npepyoxkenne 10.3, momyanm

KG(z) < (In2/n)KP(z) < (In2/n)(a + logn + 2loglogn) + ¢
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JUIst HEKOTOPOil KoHCTaHThI ¢. CiresoBaTesbHo, [yl Beex S TakuXx,
aro KP(S) < a, nmeem

Lossg(z) —KG(z) = bn—(2In2/n)a— (In2/n)(logn+2loglogn) —c

JUIsl HEKOTOPOI KOHCTAHTBI C.
Tax xkak KA(z) < KP(x)+c¢ s HeKOTOPOit KOHCTAHTHI €, IMeeM
no (10.28)
M($) > 2faflog n—2loglog n—c (1029)

0.

BameTnm, 9T0 HUKHIOK OLIEHKY 2) alpuopHoii osymepst (10.29)
u3 npeyioxkenust 10.4 MOKHO yiry4nmTh. Eciin B onpejiesiennn MHO-
wecrsa Dy, . samennts KP(S) < a ma KP(S|n) < «, To Bmecto
uepasercrsa (10.28) 6yzner Bemonneno KP(x) < o + ¢, Torma mepa-
BercrBo (10.29) samensiercs va M (z) > 277 Onenka 1) raxxe
yupomtaercst 10 Lossp(z) — KG(z) > bn — (2In2/n)a — ¢. Coor-
BETCTBEHHO, U3MEHSIFOTCsI OIeHKH TIpeiiozxkerns 10.4. AHaIOrnaHbIM
06pa3oM m3MEeHSIOTCA OlleHKn npepioxkerus 10.5. Teopemsbr 10.2.

10.4.2. /TokazaTeabcTBO npeajoxKenaus 10.5

MpbI IOCTPOUM Q-TIPOCTYIO ITPOTHO3UPYIONLYIO CTPATETHIO B BHJIE
HEKOTOPOI allPOKCUMAIINN YHUBEPCAJIBLHON “IPOIHO3UPYIOIIEH oJIy-
crparernu’, 3amaomeit KG(z).

[IpeaBapurebHO JOKaKeM yTBEPXKIEHUE IIPEIJIOXKEHUs JJIsd
caydas JorapudMudeckoil yHKINNT TOTEPDb, & 3aTeM 00ODIIUM st
IPOU3BOJILHOTO citydasi. Pacemorpum onpesenenue (10.16) npescka-

3aTeJIbHOM CJIOKHOCTH TIpH [§ = %

KG(z) = —log » 2 KG:@gKPO), (10.30)
=1

ITycrs KG(z) = KA(x) = —log M (x), rne M — anpuopnast 1o-
aymepa. B arom ciygae § = % B onpegesennu (10.16) win (10.30)
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peJICKa3aTe/IbHOI coKHOCTH. 1[I0 onpereieHn0 anpuopHOi mMOJTy-
Mepbl M umeeMm

Y BK@@) = Y M) < 1. (10.31)

I(z)=n l(x)=n

IIycTb p — KOHEeUHAsT JIBOUYHAS IIOCJIEI0BATEILHOCTD, IIPEICTABIISIO-
ast TBOMIHO-PAIMOHAIBLHOE IPUOINKEHNE TeHCTBUTEIHLHOIO YNCIIA,

> M(z) cuusy ¢ TounocThIO J10 27 %, Vcnonb3yst p U m, MOXKHO
l(z)=n
3¢ddeKTuBHO HaliTH HaTypasabHbIe Yucaa t u k Takue, 9TO

1) l(; BKGt,k(x) > l()z BKG(z) _ 2—047 e

k .
KG'(z) = logg > BKGi(=)2=i g KG!(x) ects mexkoTopoe pa-
i=1

uoHaJIbHOE npubsmkenne ceepxy uncia KG;(x), Berancien-
HOE 3a T IIaros.

2) I KaxKJ0ro T JUIMHBL < N U JUIs KaxkIoro ¢ < k cymecrBy-
er panmonambHoe v Taxoe, uto KGi(xj) — KGi(x) > M(j,7)
st Beex j = 0,1, tme A(j,7) — meBospacraromiast 10 ¢ 110-
CJIEZIOBATENILHOCTD MPOCTHIX (DYHKIHUIA, 11t KOTopoit A(j,y) =
inf; AX(j,v) s Beex j u t.

Cmech DYHKIWMIA, y/I0BIETBOPSIONINX 2), TAKXKE y/IOBIETBOPSIET ITO-
My yCJIOBUIO (MBI IPOBEPSUIM 3TO B JIOKA3aTEIbCTBE IPEIJIOKe-
nust 10.1). Torna pasnocrs KGH¥(25) — KG¥ () ynosnersopsier 2)
JUIst BCeX T JUMHBL < n. JIerko BHJETH, YTO B 9TOM CJIydae Cylle-
CTBYeT IIPOTHO3MPYIOIast cTpaTerus () Takast, 9To

Lossg(z) < KGH*(x) (10.32)

JJIsI BCeX T JUIMHBL < 1. Tak Kak 9Ta KOHCTPYKIIAS aJrOPUTMUIECKN
s dexTruBHAA, OYyIET

KP(Q|n) < a+c¢, (10.33)

e ¢ — IIOJIO2KHUTeJIbHasd KOHCTaHTa.
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n
Bpemenno, B onpezenennun Dy, , Mbl Oy/ieM paccMaTpUBaTh IIpO-
THO3UPYIOIIUE CTPATEruu S, KOTOPhIE SBJISIIOTCS (-IIPOCTBIMU OTHO-
curesibHO M, T.e. Takue, uto KP(S|n) < a.
Ilo onpenenenuto, s joboro x € DI ~ IMeeM
9

Lossg(z) — KG(z) > v

JUTs KazK 101 Iporuosupyioreii crparernu S takoii, uro KP(S|n) <
a.
CrnenoBarensno, mo (10.32) u mo myHKTY 1) BBIIIE IS Ka¥KI0T0

T € Dg+c’,y MBI TTOJTY IUJIN
B'y Z BKG(:):) > Z BLOSSQ(Z‘) >
weDn, . weDl,
k.t _
Z BKG () > Z ﬁKG(az) —2
2E€DG ey 2€DG ey

rze ¢ Takast, 9to (10.33) Bbmosneno. Orciona ciemyer

1= > prE <o (10.34)

ZEGDE_'_C’,Y

B ciygae jmorapudmudeckoit pyHknn mnorepb 3 = % u fKGE) —
M (z), Torga mo (10.34) Mbl mMeeM

M (D},

—a+1
a+c,'y) <2 ot

JUIST KasKIoTo vy = 1. 3aMeHsst o Ha @ — ¢, MTOJIyIaeM
n —a+c+1
M(DP) <2

npu o = c.
Uit Ipyrux BHJIOB IPEJICKA3aTEJILHOW CJO0XKHOCTH CYyMMa

S BKGE) voker GpiTh Gombine 1. Hampunep, MOXKHO HPOBEPHTS,
l(z)=n
9TO JIJIst KB IPATHIHON (DYHKIIUE TOTEPh 9Ta CYMMa UMeeT MOPsIIOK
9KCIOHEHTHI OT N.
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B ofmem ciygae 3amennm nepasercTso (10.31) na

> B EIM () <1,

l(z)=n

_1
rae B, = e n. Ilycrb p — KoHe4YHasl IBOMYHAS IIOC/IEI0BATEILHOCTD,
[IPEICTABJISIIONIAS TBOMIHO-PAIINOHAIBHOE TPUOIHNKEHNE CHU3Y THC-

KG( _

aa Yy, Bn @ pr (x) ¢ TounocThio 10 27, [Tocse 9TOrO, TAKIKE KAK

l(z)=n
U BBIIIE, UCIONIB3YS P U N, 9OGIEKTHBHO HAXOIUM HATYDAJIbHBIE { 1
k rakwue, aTo BI)IHOJIHeHbI yeqousi 1) u 2), rue

KG _
v 2 e @ > 8 aOME) -2
(z)=n I(z)=n

HCIOJIb3YETCsl BMECTO yesioBus 1) Bblmte. 3ech

k
KGH (z) = logg y_ pRG@a~1)

re S = e m 17 Takoe, 4UTO Hama QYHKIUS I[OTEPb 1)-
nepemensaemast, KGi(x) — panmmonamsnoe npubmmxenne k KG;(z)
ceepxy u M'(x) — paruonanbhoe npubmzxkenne Kk M(z) cHusy, Bbl-
YHCJICHHLIEC 3a ¢ [Iaros.

CymecTByeT HpPOrHOBUpYIONasi —crparerus () Takas, d9TO
Lossg(r) < KGY(z) mis seex z et < nou KP(Q|n) < a + ¢,
rje ¢ — mojioKuTeIbHag Koncranta. Torma o 17) u M (z) > M (z)
IIOJLY YUM

Z M (@) > 3 O (@) >

l(x)=n
> BROEIM(z) — 27 (10.35)
I(z)=n

ITo onpenenennto i Kaxjporo x € DI nMeeM

a+tc,y

Lossg(z) — KG(z) >
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Crenosaresnbno, o (10.35) mosytaem

g > BCOM@) > Y ™M) >

reD? reD™”

ate,y a+c,y
S BRC@M(z) — 277
CEEDZ{»C,’Y
Orcioma momyaaem
=57 > BKCENM(z) <27 (10.36)
meDg-!—c,’v

ITo mpemtoxkernuio 10.3 cyIecTByeT MOJOKUTENIbHAS KOHCTAHTA C >
0 Takasi, 9TO

KG(z) < (In2/n)KP(x) + c.

Taxxke BoinosneHo KP(z) < n + 2logn + ¢ jyis Bcex x JUIMHBL 1,
rJie ¢ — HOJIOXKUTEIbHas KOHCTaHTa (cM. npejioxkenue 5.1 u3 pasie-
aa 5.1.1). Orpy6usis, noxyunm KG(z) < en agist mHekoroporo ¢ > 0,

<
<

T7e N — JJINHA .
1
Tak kak (3, = e n, umeeM

57IL(G(x) _ e—%KG(a:) >e ¢
v
-1 > L
st Beex 0 < v < n. Caenosaresbho, 110 (10.36) mosryuaem OleHKY

_0‘2—nec _ 2—o¢+logn—10g’y+010g€+1_ (1037)

Y M) <2

xEDZvLc,“/

st roro, urobsl yerpauuts ycsiosue n 8 KP(Q|n), ucrnonbsyem
CJIeIyIoIe ONEeHKH JIJI MPpedUKCHO KOJIMOIOPOBCKOM CJIO?KHOCTH:

KP(Q) < KP(Q|n) + K(n) + ¢ < a+logn + 2loglogn + ¢
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JIUTT HEKOTOPBIX TIOJIOXKUTETBHBIX KoHcTanT ¢ and c. 3amenss o B
(10.37) ma o — logn — 2loglogn — ¢ u Bo3BpaIasich K mpeIblIyIie-
My (6esycropromy) onpesesiennio Dy, ., MBI Oy HM HEOOXOTUMYTO
OTIEHKY

Z M(x) < 2—a+2logn+210glogn—10g7+c (10.38)
zeDy

I HGKOTOpOﬁ OJIOYKUTEJIbHOE KOHCTaHTHI ¢. U
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I'maBa 11

CToxacTUYHOCTH KOHEYHBIX
I10CJIeI0OBATEJIbHOCTEN

B sTo0it rmaBe OynemM m3ydarh CTOXACTUUECKHUE CBOMCTBA KOHETHBIX
OCJIEI0BATEIHLHOCTENH. DTO O3HAUAET, UTO € TOUKH 3peHust ryiasbl 10
MBI PaCCMaTPUBAEM TOJILKO JIOrapuMUIECKyI0 (PYHKIMIO TOTEPD.
B srom cayuae KG(z) = —log M (x) + O(1), rne KG(z) — npexncka-
3aTesibHAsl CJIOXKHOCTh KOHEYHOl nocsenoBaresibuoct &, a M (x) —
alpUOPHAasl TI0JIyMepa Ha JIepeBe BCeX JBOMYHBIX II0CJIEI0BATEIHHO-
CTel.

B pazmesre 11.2 MbI BBesieM MOHSATHE PABHOMEPHOTO CyIepMap-
tunrana. [Ipeasapuresbio B paszgene 11.1 Mbl paccMOTpUM TIOHSI-
TUSI TIePeUncanMOil cHusy (cBepxy) dbyHKuu ¢ 6osee obreil ToUKH
3peHUsI.

11.1. Beraucsmmblie BellleCTBEHHbIE (DYHKIIUN

B sToMm paszmenie MBI HAITOMHUM 1 000OOIINM paHee PACCMOTPEHHBIE B
pazzenax 3.1.2 u 5.1.3 noHATHS, CBsA3aHHBIE C AJITOPUTMAMU U BBI-
THUCIUMBIME OIEPAITHSIMUA.

Koneutbie 00bEKTHI €CTECTBEHHBIM 00PA30M OTOXKJIECTBIISIOTCS
CO CBOMMU KOHCTPYKTHBHBIMU IIpejicTaBieHusMu. [losTomy B maib-
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HefineM Mbl GyjleM TOBOPUTH O KOHCTPYKTHBHBIX o0bekTax. B [24]
OBLIO BBEJEHO IMOHSATHE aHCAMOJIsT KOHCTPYKTUBHBIX 00beKTOB. Tu-
UYHBbIE IIPUMEpPhl TaKWX aHcam0OJjeil: Bce c/ioBa B KOHEYHOM aJl-
dbasuTe, Bce KOHEUHBIE MHOXKECTBa CJIOB (B 3aJaHHOM ajiaBure)
T.71. Panee B paszaene 3.1.2 ycranoBjeHo 3h@eKTUBHOE B3aUMHO-
OJIHO3HAYHOE COOTBETCTBHE MEXKJIY €ro 3JIEMEHTAMHU TaKUX AHCAM-
OJiefl ¥ KOHEUHLIMM JBOWMYHBIMU IOCJEIOBATEIbHOCTAMU. [Ipumep
TAKOI'O0 COOTBETCTBUSI MEXKJy BCEMH yIOPSIOYEHHBIMU HAapaMu KO-
HEYHBIX JIBOUYHBLIX IOC/TIEIOBATEILHOCTSAMU U BCEMHU KOHEUYHBIMU
JBOMYHBIMH TIOCJIEI0BATEILHOCTSIMI OBLT IPUBEIeH B pasaere 3.1.2.

Hanomuum, uto N, Z, Q u R — MHOKeCTBa BCEX HATYpasbHbBIX
(BKJIIOYAsT HOJIb ), HIEJIBIX, PAIIMOHAIBHBIX U BEIECTBEHHbIX YHCeJI, CO-
OTBETCTBEHHO, R4 — MHOXKECTBO BCEX HEOTPUIATEIbHBIX BEIECTBEH-
HbIX arcesl. CUMBOJIBI +00 U —00 MOHUMAIOTCsT OOBITHBIM 00pa30M,
B YaCTHOCTH, ¢ < +00 M @ > —00 11 Beex a € R. Muoxkecrsa N,
Zu Q (Ho He R u R4 ), a Tak:Ke MHXKECTBO = BCEX KOHEUYHBIX JIBO-
NYHBIX (OMHAPHBIX) MOCJIEOBATEILHOCTEH, SIBISIOTCS AHCAMOJISIME
KOHCTPYKTUBHBIX 00bHEKTOB.

DJIeMEHTBI TEOPUH AJTOPUTMOB (PEKYPCUBHBIX (DYHKIHiT) ObLIH
paccMmoTrpensl B pazzese 3.1.2. AropuTMbl peasiu3yoTcs B BUJIE Ma-
mind ThiopuHra, 09TOMY HOHSITHS IIPOIPAMMBI U IIIara BLIYUCICHUS
TOYHO OIIPEJICJIEHBL.

IIycte A — HekoTOpBIt aHCAMOJIb KOHCTPYKTHBHBIX OOBEKTOB.
Bemecrsennosnaunast dynknust f : A — R U {+0o0} nasbiBaercs
[IEPEYUCTUMOI CHU3Y, €C/I MHOYKECTBO

{(r,x) :re Q,r < f(x)}

nepeanciaumo. Pynkrms f: A — R U {—oo} nasbiBaercs mepednc-
JIMMOI CBEPXY, €CJIH MHOXKECTBO

{(r,x) :re€ Q,r> f(x)}
HePevHCINMO.

Ilpennoxkenue 11.1. Ilycmo A — ancambav KOHCMPYKMUGHHLT
obsexmos. Cywecmeyem nepevuciumas cuusy (ceepxy) eewe-
cmeennoznavwnas gynkyua f(i,a), 2de i — Hamypasvroe YUCAO U
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a € A, maxaa, wmo nocaedosamenvrocmo dynkuyud fi(a) = f(i,a)
COCTROUM U3 6CET NEPEHUCAUMBDT CHU3Y (ceepry) dynryut, onpede-
NENHDLT Ha MHodcecmee A (na3oeem makyo PYHKUUIO YHUBEPCAND-
HotL).

Zoxaszameavcmeo. JlokaxkeMm yTBEpKIEHUE IJIsi TEPEIUCTUMBIX
cunzy dyukmuit f : A — R U {+oc0}. B pazzaene 3.1.2 6pu1a onpese-
JIeHa [I0CJIE/[0BATEJILHOCTD BCEX [IEPEYNCINMBIX MHOXKeCTB nap (1, a),
e r € Q u a € A, takoe, yro muHOo)kecrBo W = {(i,r a)
(r,a) € W;} sBusiercst nepeuncinmbiM. [lycrs W# obosnadaer Ko-
HEYHOE MOJIMHOXKECTBO MHOXKecTBa W, cocTosiiee u3 3JIEMEHTOB I1e-
pedncieHHbIX 3a § maroB. Oupenennm byaknuo f*(i,a) = max{r :
(i,r,a) € W} U {—o0}. Hdusa moboro s dynkius f*(i,a) = —oo
Jist Beex nap (r,a), KpoMe MOXKeT ObITh KOHEYHOIO UX YHUC/Ia, TaK-
xe f5(i,a) < f5T1(i,a). Onpenemmm f(i,a) = sup, f*(i,a). Tak Kakx
r < f(i,a) Torga u ToabKo Torja, korga Is(r < f*(i,a)), dyHKuus
f(i,a) nepeuncianma cHusy.

Hutst smo6oit nepednciumoii cauzy dyukiun f(a) cyrecrByer Ta-
koe i, uro W; = {(r,a) : v < f(a)}. Torna f(i,a) = f(a) musa Bcex
a€ A O

Bysiem HasbiBaTh (byHKIUM, paBHbIE —00 (WM +00) JIsi TIOUTH
BCEX @, TPOCTHIMU. [IpocThie (DYHKIMK SIBJISIFOTCST KOHCTPYKTUBHbI-
Mu oObekTamu (1 06pas3yoT aHcambJib). AHAJIOMMYHBIE TOCTPOECHUS
MOYKHO TIPOBECTH JIJIsi IEPEUNCUMBIX CBEPXY (DyHKIIHUIA.

Bcerony onpesenennas pyukius f : A — R Ha3bIBAeTCS BHIYHC-
JIUMOIA, €CJTi OHa TIePeUncIMMa CHU3Y U cBepxy. Kak 6b110 J0Ka3aHo
B pazzesne 5.1.3, ecu dyuknus f tuna A — R BbIYUCIUMA, TO CY-
IECTBYET AJrOPUTM, KOTOPBII 110 JIF060My a TakoMy, uro f(a) € R, u
panuoHaabHOMY € > () BbIJaeT paloHajbHoe npubanxkenue K f(a)
¢ ToyHoCTBIO J10 €. Ecom f(a) € R juist Bcex a € A, To BepHO U
obpaTHOe yTBEPXKICHNE.

[ycrs f~(i,a) u f1(i,a) — dbynkuu, ynusepcaibHble i BCEX
[EPEYUCTUMbBIX CHU3Y U BCEX IEPEYUCTMMbIX CBEpXY (yHKIUH OT
@, COOTBETCTBEHHO. JIJIsi IIPOM3BOJILHON BCIO/Y ONPEIEJICHHON BbI-
qucanmoit dyrkmmn f 1 A — R nazosem mapy (i,j) (a Tounee, ee
JIBOMYHOE TIpejicTaBienue) Takyto, uro f(a) = f~(i,a) = f1(j,a)
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JUIsL BCEX (1, IPOrpaMMOil st Bbraucyenus f. Ilpm sTom, dmcio 4
Ha3bIBAETCS IIPOrPaMMOIl repeuncaeHus GYHKIUKA [ CHU3Y, a YHUCJIO
j — mporpaMMoil IMepedncaeHnsl CBEPXY. 3aMEeTUM, 4TO He KarKasl
napa (i, j) 3a7aeT BBIYUCIUMYIO (DYHKIIUIO.

[Tapy Bbramcaumbix dynxuumii II = (f~, fT) mazosem criocobom
OIMCAHNA BLIMUCIUMBIX pyHKImi Tuna A — R.

[Iycts & — mekoropblit criocob omucanus. s npoun3BOJILHOM
BeruncanMoil pyaknun f tuna A — R ompesennM ee CI0XKHOCTb
Ko (f) kak miumHy caMoii KOPOTKON JIBOMYHOl 3amucu mapbl (i, ),
3ajaomeil 9Ty GYHKIWMIO IpH JaHHOM crocobe ommcanns ¢ (t.e.

fla) = f~(i,a) = f*(j,a)).

Ilpennoxkenue 11.2. Jlas a106020 ancambas A cyuecmeyem on-
mumarvhoili cnocob onucanua I 6cex svrvuciumnr Gynryud muna
A — R co caedyrouum ceoticmseom. Jlas 106020 cnocoba onuca-
nus @ cywecmeyem koncmanma maxas ¢ makas, wmo Ky(f) <
Ko (f) + ¢ svinoanero wmo dasa 060t sviiucaumots gynwkyuu f mu-

na A —R.

Jlokazamenvemso. Ilyers f~(n,i,a) — dyHKIms, yHUBEpCAIb-
Hasl JUIsl BCeX MepeducanMbix cuusy dbynkmuii ot (i,a), fT(n,i,a)
— (byHKIWSA, yHUBEPCAIbHAs JIJIsl BCEX ePEeIUCIUMbBIX CBEpXY (DYHK-
muit ot (i,a). Onpenemnm crnocob ommcanns byHKIW OT @
f_(<n’i>7 CL) = f_(n’ i, a)v f+(<nv7;>’a) = f+(n7i’a)‘

s moboro criocoba omucanust (f~(i,a), fT(i,a)) cymecrsyior
m u n Takue, uaro [ (i,a) = f(n,i,a), fT(i,a) = fT(m,i,a).
VTBepxKIeHne CJIe/yeT U3 CBOMCTBA MPHUHSTOrO CIHOCOba KOJAMPOBa-
Hug nap. O

BameTnM, UTO IOCTPOEHHBI B JIOKA3aTEILCTBE IPEJJIOKe-
Hust 11.2 onTUMaJIbHBIN CIIOCOD OMMCAHUST OIpPeessieT TaKKe OITH-
MaJIbHbIE CHOCOOLI ONMUCAHUsT i (DYHKIMN MEePEeIUCTUMBIX CBEPXY
u s pyHIUR IepedncJInMbIX CHU3Y.

QukcupyeM HEKOTOPBIH ONTUMAILHBINA crioco6 onucanus I1 BbI-
qucauMbIX pyHKIumi Tuna A — R. B coorBercTBUM € 00IE# CXEMOIT
orpeJie/ieHnsi KOJIMOTOPOBCKON CJIOXKHOCTU OIIPEIE/IUM  CJIOXKHOCTD
POU3BOJILHON Bhraucaumoil dynknun f tuna A — R Kak Jm-
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Hy HaUMeHBIIell ITporpaMMbl, 3ajaromieil f mpu crocobe ONUCAHUST
I1, re. K(f) = Kn(f).

Brorunciumble dysakiun tumna ! — R. Oyuxnus [ Tuma
) — R Ha3BIBaETCH MPOCTON, €CJIU MPOCTPAHCTBO () mpeJicTaBe-
HO B BUJe 00beIMHeHIsI KOHEIHOro MHOXKecTBa mapos 'y, ..., 'z, ,
Ha KaXKJIOM U3 KOTOPBIX (DYHKIUS [ MOCTOSHHA U IPUHUMAET Palli-
OHAJIbHOE 3HaveHue Win +00 (—00). B aroM ciiyuae MOXKHO MUCATH
f(w) = f(zi) mma Beex w € I'y,, @ = 1,...k, tne f(z;) obo3Hataer
9TO IIOCTOsIHHOE 3HadeHune dyukiyuu f Ha mape I'y,.

MmuoxkecTBO BCeX MPOCTHIX (hyHKIMII 00pa3yoT ancaMO/b KOH-
CTPpYKTUBHBIX 00beKTOB. OyHKIus f : () — R Ha3BIBAETCS BHITUCIH-
MOIf, €CJTU CYIIECTBYIOT JIBE BBIYUCIMMBIE TTOCTEI0BATETHLHOCTH TTPO-
creix Gyukuuit f; (w) u f (w) rakue, uro

f;(w) < fs_—i-l(w)?
fw) = fiaw)

HJId BCeX S U

£() = sup £ (@) = inf (@)

Oyukrus f: {2 — R Ha3bIBaeTCHd PEKYPCUBHO MEPEIUCTUMON CHU-
3y, €CJIn MHOXKECTBO

{(rw):r<fw),reQ} (11.1)

ABJIsIeTCsT 3PHEKTUBHO OTKPBITHIM, T.€ MOXKET OBITh ITPEICTABJIEHO
B BHJIe O0bEIMHEHNs] PEKYPCUBHO IIEPEUUCIUMOI 1T0C/Ie10BATETbHO-
cru muOKecTB THna {r} x I'y, rae r — panuonasnsno u x € =. Ana-
JIOTHYHBIM 00Pa30M OIpeJesisdeTcsd MoHATHe (PYHKIUUA PEKYPCUBHO
HEePEUYUCIUMONA CBEPXY.

IIpennoxenune 11.3. Pynrxyusa f(w) muna @ — R ewuvuciuma
mo2da u Moavko mozda, k0200 0HG NEPEVUCAUMAE CHU3Y U CBEPTY.

Jlokazamenvemso. leiicrBurenbio, myctb f(w) BBIYUCIHMAS.
Tora

r< flw)<=3s:r< f; (w) <= 3Is,xz:r < f; (x), 2 Cw.
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AHasoruaHbIM 00pa30M JIOKA3BIBAETCS [IEPEIUCIUMOCTD f(w) cBep-
Xy.

[Tycrs Teneps, f(w) — nepedncianmMa cHU3y u cBepxy. Torua MHO-
xecTro (11.1) moxkeT 6bITH TpecTaBIeHo B BUIC Uy pyea ({7} X T'z),
rje A — HEKOTOpOe PEKYPCUBHO II€PEUUCIUMOe MHOXKecTBO. [lycTh
A’ — gacTh MHOXKeCTBa A, mepedmciieHHasi 3a § IIArOB IePednce-
Hust. OnpeiesinM HeyObIBAOILY IO 110 S HOC/IE[0BATEIBLHOCTD IPOCTHIX

byHKITIT
fs (w) = max{r : 3zx((r,z) € A%&x Cw)}

(mpeamosaraem, 1ro max({) = —oo). U3 ompenenenust f(w) =
sup, f; (@)

AnasorudupiM 06pa3zsoM MOYKHO OIPEJETUTh HEBO3PACTAIOILY IO
0 § IOCJIEI0BATEIBHOCTL TPOCThIX dynKmit fi(w) Takyto, uro
f(w) = inf, fH(w). O

Ecin f(w) Borauciuma u f(w) € R, T0o TOro 4robbl HaliTh panu-
oHasIbHOE IpHOsKenue K f(w) ¢ TodroCTHIO 110 € > 0 (paruonan-
HOE), JI0CTaTOuHO Haiitn  C w u § Takue, uto |fi (z) — 7 (z)] <€,
u BbIATh f; () B KadecTBe pe3ysbrara.

Kak Jierko cjejryer us onpejieaenus, BolaucjanMas hyHKIMs Th-
na ) — R HenpepbiBHA B KaxKJ0il TOUKE w.

Boranciimmbie dyaknmn tuna R — R ONpepessiioTcst AaHATIOT Y-
HbIM obpazoM. Oyuknus f Tuma R — R HA3BIBAETCSI IPOCTOM, €CJIn
MHOKECTBO R TIPEJICTaBIEHO B BHJIE 00bEJINHEHUsI KOHEYHOTO MHO-
»KecTBa HHTEepBaJIOB I'1, ..., ', Ha KaxKI0M U3 KOTOPBbIX pyHKIHUs [
[IOCTOSTHHA ¥ IPUHUMAET PAIMOHAJIbHOE 3HAYEeHUe, +00 Wil —o00. B
9TOM cjiydae MOKHO nucarh f(x) = f; must Becex x € Ty, i =1,.. . k,
e f; obo3HAYAET ITO MOCTOSTHHOE 3HadeHne QYHKIUN [ Ha mape
| I

11.2. PaBHOMepHbIE TECThI CJaydYaiiHOCTHU

Cdopmynupyem orpejiesieHre paBHOMEPHOIO CylepMapTHHIaa B
dopme, IPUCIIOCOOJIEHHON I TPOTHOSUPYIOMINX CTPATET .
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3ajiaHa cucTeMa MPOrPaMMUPOBAHUS, IPU KOTOPO KarKasi BbI-
qucaumast Gyukius f(x) tuna = — R4 uMeer nporpammy Jjisi Bbl-
YUCJIEHUSI ee 3HAYEHU. DTa IporpaMMa, B 3aBUCHMOCTH OT KOHTEK-
CTa, 3aKO/INPOBAHA B BHJIC KOHEYHO JIBOUYHOM 110C/IE10BATE/IbHOCTH
p (B BUze HaTypasbHOro unciaa). OMHAKO He KaKjas JBOUYHAS T10-
CJIEJIOBATENILHOCTD 3a/1aeT HEKOTOpYyto dyHKuio f(x).

Heorpunarenbuast dbyuxims 1(p, ) Ha3bIBAETCS PABHOMEDHBIM
[IEPEYUCTUMBIM CHU3Y CYIHEePMapTHHIAJIOM, €CJIU BBIIIOJHEHO CJIEJLY-
Ionmee:

1) Muoxecrso {(r,p,z) : r < ¥(p,z),r € Q} sBisieTcsi peKyp-
CHBHO IEPEYUC/IAMBIM,

2) ¥(p, ) < 1 mua moboro p,

3) ecsu p ABJIAETCS NPOrPAMMOIl JIJIsl BLIYUC/ICHUS 3HAYEHUs TIPO-
ruosupyiomieit crpareruu f, To ¥(p, x) = ¥(p, z0)(1 — f(x)) +
Y(p,z1) f(x) nst Beex x.

IIpennoxkenne 11.4. Cywecmeyem yHucepcarvrvlll pasHomepHvlt
cynepmapmunzan 1 maxotd, wmo Oan 106020 PAGHOMEPHO2O CYnep-
MAPMUNZA.AG ) CYWECEYEM MAKAA KoHcmanma ¢, wmo cb(p, z) =
Y(p,x) das ecex x,p € Z.

Loxasameavcmeo. 1o npemioxenunio 11.1 cymecTByeT QyHKITAS
f(n,p, ) yHuBepcasibHasl JJIsl BCEX MEPEUUCTUMBIX CHU3Y (DyHKITHI
tina f : N X 2 = R U {+o0}. Ilo onpenenennio mnepeancianmo-
CTU CHU3Y CYIIECTBYET BBIYUC/IUMAsl TOC/IEI0BATEILHOCTD MTPOCTHIX
dbyuxiwmit fs(n,p, ) rakas, aro fs(n,p,z) < fer1(n,p,x) misa Beex
su f(n,p,z) =sup, fs(n,p,x) = lims_, fs(n,p, ) 1uist TOOBIX P U
z. Ilonaraem fn(pa .%') = f(n,p,a:) H fn,s(p7 .’L‘) = fs(n7p7 :C)

JI/1sT TPOM3BOIBHBIX 7, S ONPEIEJUM pPaBHOMEPHBIN CylepMap-
rTuHras (i, ) cieayomum 06pa3om:

[Mycrs {(f~(i,2), fT(j,z)) — crnocob omucanust BHLIYUCIUMBIX
byukmuit nz = B Ry. Obosnaunm f; (v) = f~(i,z), fi(z) =
foGoz) m ff(z) = f*(j,2), fi(2) = fF(,2). Oyers 7 u 7 —
dbyukuun vymepanuu nap rakue, aro w((i,7)) = i u 7({i,j)) = j
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JUIST BCEX HATYPAJIbHBIX YUCET 1 M j. ByjieM Tak»Ke rOBOPHUTbH, UTO
ancsio k 3anaer crnocod ommcanus (f~(w(k), z), fT(7(k),z)).

Jst mo6oit npoctoit dbyHKIME f onpemeaum f(x) = 0, eciu
f(x) <0, fz) =1, ecn f(z) > 1, u f(z) = f(z), B mpoTHBHOM
ciydae.

Bpemenno gukcupyem HHIEKCHL 1 U S, & TakxkKe GYHKIHIO fr, .
JIj1si TIPOM3BOJIBHOTO HATYPAJILHOTO HHCTa t TycTh ) u 7 — Mu-
HIMaIbHbIe HeoTpUIaTeTbHble (ByHKIuM Takme, uto U (i,r) >
frs(isz), ¥2(i,2) = fos(i,z) a1 Beex i m 2, a TaKIKe BHITIOJHE-
HO

Ui ) > 0,200 (1~ FY (@) + 0l (,a) o (o) (112)
W30 2) = 930, 20)(1 — fryy (0) + 03, al) f ) (). (113)

Tak Kax f,s(i,2) = —o0 myisa nourn Beex nap (i, ), Takue ¥p u 1}
JIETKO MOT'YT OBITH OIPEIeIeHbl. 3aMETHM, 9TO 3TU (PYHKIIUU IIPUHH-
MalOT B KQUeCTBE 3HAYEHUI TOJBKO PaIMOHAIbHbBIE YUC/Ia 1 PABHbI ()

JUIst HouTH Beex map (i, z). 113 f:(i)’tﬂ(m) < f:(i)’t(x) u fT_(i)7t+1(a:) >
fT_(i)’t(x) CJIEIyeT, UTO z/JtlH(z’,a;) > Yi(i,x) n wfﬂ(i,x) < Yi(i,x)
nuist Beex t, 4, x. Kpome storo, 1} (i, ) < ¥2(i,x) ana seex t. Ioma-
raem

i) = sup gy (is2) = lim 4y (i, 2).

ITo onpenesennto sra HYHKIWS IEPETUCTUMA CHUBY. YCTPEMIIsis B
(11.2) m (11.3) t x 0o, MOy IUM

i) > 91 (0, 20)(1 — FE (@) + v (i,21) o ()
W20, ) 2 (1, 20)(1 - g, () + v (6,21) 7 (2)

Z
Z

1 Beex 4, . Onpemesnm Takxe ¥2(i, z) = tlim V2 (i, x).
—00
[IycTs 4 — 3ajaHue BBIYUCIUMON MTPOTHOUPYIONIEH CTpaTeruu.
— 1 . 2 .
Torna f(z) = fw(i)(:c) = fj(l.) (x). Orcroma ¥ (i, x) = ¥*(i, x).
Tosbko uTO onpesesennas bynkmsa (i, ) 3aBucuT oT N U S.
B cBs3u ¢ 3THM, nepeobo3HATNM 1/’111,3 =l n T/’%,,s,t = 1)}, a TakKe
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wr%,s = 1/}2 n 1/}721,5,1‘, = %2 Tax xax fms—i—l > fn,s nmeeM w711,s+1 Z w}z,s
HJIsL BCEX S. OHpe,HeJII/IM

Ui, z) = sgp{wi,su,m) L3ty (6 w) < 2))

Mer nonaraem ¢} (i, ) = 0 ans Beex x, ecam ¢ (i, ) > 2 qrs
BCeX s, t.
Oupenenum

S |
¢(%$) = Z %(Zax)
nn+1
n=1 ( + )
Jlerko BUETH, 9TO % — PABHOMEPHBIN CyIIepMapPTUHTAL.

ITycTh v — NPOM3BOJILHBII PaBHOMEPHBIH cynepMapTHHIaa. To-
rJja cyiecTsyer n rakoe, 910 ¥(i, ) = f, (i, ). Ilycrs i — nporpam-
Ma, BLIMHCJIMMOIT IporHosupylomeii crparernu. Torma mist ar060ro s
yner 7 (i,2) < 2 st Beex gocrarodno Gobumx ¢ Cregosa-

~

resibHO, (1, x) = Yn(i,z) u n(n + 1)Y(i,z) > ¥(i,x) masa Beex .
[Ipennoxxenue mokazamo. O

st epexoia K JIOrapuMHUIECKON IKaJIe OIpPeIe MM paBHO-
MEePHBIH J1eEeKT CIIYIatHOCTH CJIEIYIONIM 00pa30M:

d(p,z) = log¥(p, z).

Oyukuus ¥ (p,r) mepedncauMa CHU3Y U OLpejesieHa Jisi BCeX
JBOWYHBIX CTPOK P, JarKe €CJIM P He ABJIAETCS IPOrpaMMOil Njid BbI-
YUCJICHUS 3HAYEHUIM BBIMUCIUMON Mepbl. Eciiu p aBiisercs mporpam-
MO JIjIsI BEIYUCJIEHU S 3HAYEHU M BEITUCIUMOMN Mephl P, TO 13 pe3y/ib-
TaTa pasgena 6.1 ciaenyer, 94To d(p,x) = log Aﬁg} + O(1), tie M —
allpuoOpHadA IOJyMepa Ha JAepeBe BCeX ABOUYHBIX IIOCJIEI0BATEIbHO-
creit. 31ech koucranta O(1) mMoxker 3aBucers or P. 3amernm, 4To

(byHKHI/IH P(z) HE fABJIACTCA IIEPEIUCIUMON 110 T.
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11.3. (a, f)-cToxacTu4ecKkne KOHEYHbIE IIOCJIe-
JI0BaTEJIbHOCTHI

IIycte @ m B — marypasbHble unciaa. [lo onpenenerunio a-mpocToit
HA3bIBACTC (PYHKITUSA, SHAYCHUSA KOTOPOH MOTYT OBITH BBLIYUC/ICHBI
¢ MOMOIIBIO MpOrpaMMbl JUIHHBI < «. KoHeuHast mocjemoBaTe/ib-
HOCTh & Ha3blBaeTcs (v, [3)-CTOXaCTHYECKOll, ecyiu Jijisi HEKOTOPOii
Q-TIPOCTOM TPOTHO3UPYIOIIE cTpaTeruu f BBIIOJTHEHO cZ(p, ) < B
st Beex 7, 1 < j < I(x), rue p — HeKoTOpast mporpaMma, JyInHbl < o
JITST BEIUHUCTCHUS 3HAYCeHUi f.

IIpuBoguMoe olpene/ieHne CTOXACTUIHOCTH IPEICTABJISET CO-
6ot HeKOTOpOe 0000IIEHIe COOTBETCTBYIONIErO onpe/enenus (o, 3)-
croxacTudHOCTH 110 Komoroposy. !

[TocsieoBaresibHOCTh @ HasbiBaeTcs (a, )-HECTOXACTHUIECKOI,
ecau OHa He sBisieTcs (q, §)-CTOXaCTHIECKOil. DTO SKBUBAJIECHTHO
TOMY, YTO Jjist JitoOoit mporpaMmbl p jymuHbL [(p) <, BBIYHC-
JIAIONIEel 3HAYEHUsT (-IIPOCTOH TPOTHO3UPYIONIEH cTpaTeruu, Oyaer
cz(p, ™) > [ xorsa 6b1 g ogHoro m < l(x). Mbl Oymem Takike
TOBOPUTH B 9TOM CJIydae, uTo JIobast MPOrHO3UPYIOIIasi IPOrpamMMa
JUTMHBI < (v OTBEPTAETCSI HA & TIPU YPOBHE JOBepuUst [3.

Ilycrs Dy, 5 — MHOXKecTBO Beex («, f)-HECTOXaCTHYECKUX HOC/Ie-
JoBareabHOCTel AyuHb 1. Cleayrolee IIPOCTOe yTBEPIK IEHNE BhIPa-
JKaeT TOT eCTEeCTBEHHBIN (bakT, UTO BEPOSTHOCTH reHeparuu (o, (3)-
HECTOXACTUIECKO IOCIEI0BATEBHOCTH B Q-IIPOCTOM BEPOSITHOCT-
HOM IIPOIECCE MAJIA.

Ilpennoxenue 11.5. Jlasa amobvix o, B, n u a-npocmoti mepo, P
svmonnero P(Dy 5) < 275,

Joxaszameavcmeo. 1lyctb p — mporpamMma JJIMHBL < ¢ JIJI BbI-
JUCIeHUs] 3HAYEHUN Mporrosupyiomieit crparerun f. st soboro
n %) / o
T € Da,ﬁ cyIiecTByeT HadaJbHbIN dparment x' C x Takoi, 4To

Y(p,a’) > 28, Mycrs o1, ..., T — Bee Takue HauaabHEE (DPATMEHTHI
nocstesioBaTebHocTel 13 DY) 5, MMeronue MakcnMasbayto aumy. Ilo
b

!Omnpesrenenme Kosmvoroposa usioxkerno B paborax [22] u [5].
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OIIPEJIEJIEHNIO, BCE OHU IMMONAPHO HecpaBHUMBI. [losTomy u3 orpese-
JIEHUs CyllepMapTHUHTaJIa CJEeyeT, YTO

12 4(p,z)P(x;) >2° ) P(xy).
j=1 Jj=1

S
Orciona nonyuaem P(Dy, ) < 3 P(zj) < 278, 0O
bl j—l

Ecnmu mbr 6yaem 106aBUM K BBITUCIUMBIM MepaM P BbI{uC/IH-
MbI€ OIMEPATOPBI, TO COIVIACHO NIpelyioKenwuio 10.5, mpuMeHeHHOMY
K JiorapudMuaeckoil pyHKIUN TOTEPb, MOYKHO IOJIYIUTh BEPXHIOIO
OIIEHKY

M(Dgﬁ) < 2—a+1ogn+2log logn—log,B-i—c, (11.4)

riae ¢ — KOHCTaHTa.2

Bamerum, yro jiorapudmbl or n B onedke (11.4) MoxkHO ycTpa-
HUTb, €CJIN UCIOJIb30BaTh JJTMHY IIOCJIEI0BATEILHOCTEH N B Kade-
CTBE MapaMeTrpa HPOTHO3UPYIOMINX CTPATEruii. DTO COOTBETCTBYET
CJIy9alo, KOrJaa 33/ aH KOHEIHBIH ‘TOPU30HT ITPOTHO3UPOBAHUSI.

Byjem onenuBarh BEpOSITHOCTH MEHEPAIH ¢ HOMOIIBIO BEPOsIT-
nocraoit MT (v, 3)-HeCcTOXaCTUYIECKON TOCIIE/IOBATEILHOCTH JIOCTa-
TOYHO OOJIBIION JIJIMHBI.

[Tycrs a(n) m B(n) — e BeIYUCIUMBIE HEYOBIBAIOIINE HEOIDAHY-
yeHHble (DYHKIMHI, IPUHUMAIOIINE HATYpaJIbHble 3HadeHus. Onpe/ie-
JINM

o
Ias = U Dasior
1=n
ITo onpenenennio, MHOXKECTBO Ig" ;3 COCTOUT U3 BCEX IOCIIEI0BATEb-
Hocreil, sipistionuxcst (a(m), B(m))-HecTOXacTHIeCKUMH, JIJIs HEKO-
TOPOTO M = N.

Benmmauna P(I;‘ﬂ) paBHA BEPOSATHOCTH T€HEPAIUA HAa BEPOAT-
HOCTHOW MalluHe, cooTBercTByomeii noimymepe P, (a(m), 5(m))-
HECTOXaCTHYECKON TTOC/IeI0BATEIbHOCTH JJTAHBL M > N.

TTonsiTrie BBIYMCIIMON ONEpAIy ObLJIO BBEIEHO B paszese 5.2.1 mpu ompe-
JleJIEHNW MOHOTOHHOM CJIO?KHOCTH.
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Teopema 11.1. ITyemo a(n) u 5(n) — dee svruucaumovie Heyovearo-
wjue Heo2PanUMEHHbe PYRKUUL, NPUHUMAIOULUE HAMYPAALOHIE 3HA-
wernus. Jas moboti pexypcusto nepenucaumots crhudy noaymeps, P
lim P(I} ) =0.
n—00 ( a,ﬁ)

Zoxasamesvcmeo. it TpoOM3BOIBHOIO palmonaabHoro € > 0
BBIOEPEM BBIYMCIAMYIO IIOCJIEI0BATEILHOCTh HATYPAJIbHBIX THUCE

O=np<ni <...

TaKyIO, YTO
L1 =e)a(ni)] < [(1 = e)a(nit)]

u f(n;) < B(niy1) ans Beex i.
Eciin P — peKypCUBHO HEPEYUCINMAa CHU3Y, TO ONPE/IEIIIM

Pé(z) = max{r: (r,z) € A%},

rie A = {(r,z) : r € Q,r < P(x)} m A® — KoHe4Hasl 4aCTb MHO-
KecrBa A, nepedncieHnasi 3a § 1aros paboThl COOTBETCTBYIOIIEIO
AJITOPUTMA.

J1y1s1 IPOM3BOJILHOM KOHEUHOI [10C/IEJ0BATEILHOCTH ¢ OILPEIE/IAM
mepy P, cienyrommm obpasom. Eciu Hajigyres ¢ u $ Takue, 4ro

lg) = [(1 = e)a(ni)| m

l(q)
S P =Y g2, (11.5)
j=1

I(z)=nit1

nosaraeM FPy(z) = P*(x) upu I(z) = nijq1 1 x # 0™+, rue s — Mu-
HUMaJIbHOe, yiaosiersopsitomiee (11.5). oonpegenum Py Ha ocraib-
HBIX T KaKUM JIHOO eCTECTBEHHBIM 0OPa30M TaK, 9TOOBI COXPaHUINCH
ycsoBust Mepbl. Mbl OyeM HCIOIb30BATh TOILKO 3Hadenust Py(z)
upu (z) < nip1. Ecam takume i m s He cymecTByeT, TO Mepa Py
neonpegiesiena. 1lycTn

Ty = Z P(x).

I(z)=n

223



Tax kak P sBjsgeTcs 1mojgymMepoit, Oyjier ryp1 < rp 41 Bcex n. Ec-
au lim r, = 0, To yTBepKJieHue TeopeMbl BbIoyHeHo. [lomycTim
poTHBHOeE.

[onaraem a; = ry, . IlycTb p; — IBOMIHAS HOC/IEIOBATEIBLHOCTD,
[IPEJICTABJISIONIAsT JIBOMIHO-PAIMOHAIBHOE MPUOJIKEHIE YUCIa O
CHH3Y C TOYHOCTBIO 2~ (=)a(ni)] Torna P,, — mepa. Ilonaraem P; =
P,,.

[To omnpejieneHnio, MPOrHO3UPYIOIAasi CTPATErust, COOTBETCTBYIO-
mast Mepe P;, sissiercst (| (1—e€)a(n;)] 4 ¢)-nupocroii, uist HeKoTopoit
koHcTaHTeI ¢. Vimeem | (1—€)a(n;) | +c < a(n;) auist Becex JoCTaTOMHO
Gosibiux 7. B nasbHeiinieM Mbl 6yJIeM pacCMaTPUBATH TOJBKO TaKue
Q.

[TycTb MHOXKECTBO X COCTOUT U3 MONAPHO HECPABHUMBIX U HE CO-
CTOAIIINX TOJIBKO U3 Hyﬂeﬁ KOHEYHBIX HOCHeILOBaTe.HbHOCTefI JJINMHDBI
< njy1. Oupegennm

R; = Z{P(m) l(z)=nj41 2Cx ze X}

Nmeem Ry < Ry upn s > t. Tak kak Pj(X) = Rj —¢j upu j = i, s,
rje € < 2~ l(A=9a(ni)] yyveen npu s > ¢

Py(X) < P(X) + 27 L1=9a(m)],

ITycTs KOHEUHOE MHOXKECTBO ) COCTOUT U3 HOMAPHO HECPABHHMBIX
KOHEYHBIX II0CJIEI0BATEIBLHOCTEl, KaxK jas u3 KoTopsix (a(n), B(n))-
HECTOXACTHYHA, [Jle 7 — ee JUINHA, U He COCTOUT U3 OJHHUX HyJIEil.
Mer 6yzem nasbiBarh Takoe D («, 3)-HECTOXACTHIECKUM CEYEHUEM.
[Iycrs D — mexoropoe (a, f)-necroxacrudeckoe cedenne. Ompe-
JIeJIIM
Ai={x e D:n; <l(x) <njt1}.
IIycts s = s(D) — MakcHMaJIbHOE Takoe S, 9To ng < (z) Jyist Bcex
z € D, a r — MuHEMaJIbHOE Takoe, 9T0 [(2) < nyyq st Beex z € D.
Bamernm, 9TO JJIs IIPOU3BOJIBHOIO i Mepa P; (1 COOTBETCTBYIO-
11as eif MPOTHOBUPYIONTAs CTPATerust) ApjsgeTcs «(n)-pocToit Ipu
n; < n < niy1, Tak Kak a(n;) < a(n) Juist Takux n.

3MIpoussonbHOit Mepe P COOTBECTBYeT HPOIHO3WUPYIOIIAS —CTDATEIHs

f(él}l .. .:L‘i_l) = P(:L‘l .. .ZL‘i_ll)/P(l’l .. -mi—l)-
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IIycts ¢ — mpomsBosibHOe. U3 ompesesieHns HECTOXaCTUIHOCTH
caeqyer, 9ro Juid moboro x € A; cymecrsyer npedukc ' C x Mak-
CUMAJIBHON JUHBL Takoif, ato ¢h(p;, ') > 250 Iyers @1,. .., 2,
— Bce Takue IpedUuKChbl. YICHO, YTO BCE OHU MONAPHO HECPABHUMBI.
Takxke, U3 olpejiesieHNs CyllEpMapTUHIAJIA CJIEJYeT, YTO

O (pi, ;) Pi(xj) < 1.
1

t
Jj=

Orcroma cieyer, 910

Pi(Ai) < Pilay) <2770

J=1

Orcioma momydaem

P(D) =" Po(A) <Y P(A) + Y 2 Lm9alm) ¢
9 Ana)+1 4 o=l(=Jalma)l+1 (11.6)

[Iycts D — MHOYXKECTBO BCEX TIOCJIEIOBATEILHOCTEH JJIMHBL N4 1, IIPO-
JTOJKAIOMUX Tocaegoareabaoctn u3 D. U3 (11.6) caemyer

P(D) < Po(D) 4 27 L-9atm] ¢
g Ana)t1 4 9=l-gala)l+l 4 9=l(=ga(n)], (11.7)

Homyctum, 910
lim P(IZ,B) > 0.

n—oo

Torpa cymecrsyer h > 0 Takoe, 4To s JIOOOrO M CYIIECTBY-
er (o, )-HecroxacTudeckoe cedenue D, mis koroporo s(D) > n,
P(D) > h u, kpome sroro, juist goboro x € D oymer © € 0°°. Cy-
OIeCTBOBaHNE TAaKOI'O CE€YCHU fAABJIACTCsA IIPOTUBOPEINEM, TaK KaK I10

(11.7) mepa P(D) momxHa OBITH KaK yIOJHO MaJja BCEX JJIS JT0CTa-
To4HO 60JbIHX 71. Teopema jgokazaHa. O
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It Tpon3BOIBHOTO PAaIlMOHAIBHOTO € > () Ha30BEM BBIUNCIIN-
MYIO IIOCJIE/IOBATEILHOCTD HATypasbHbIx dnces 0 = kg < k1 < ...
rakyto, 9T0 | (1 —e)a(k;)| < | (1 —€)a(kiy1)]| u B(ki) < B(kiy1) aust
BCcex 1, e-ocToBoM mapbl Gyukimit a(n) u S(n). Torna u3 onenku
(11.6) mosyuaem

Caencreue 11.1. /[laa 210000 pexypcucHo nepeducaumots CHu3y
noaymepv. P, e-ocmosa 0 = ko < k1 < ... u napw gynrkyud a(n) u
B(n) umeem

(D sy) < 27O | 9= (1=0alkim) 2
dan ecex docmamouno bosvwux n, 2de k(n) = max{k; : k; < n}.

Ilorymeps! Ha zepeBe BceX JBOUYHBIX IIOCJIE€IOBATEJIb-
HOCTell m cBA3aHHbIe ¢ HUMU Mepbl. [lycts P — nosiymepa Ha
JlepeBe BCeX JIBOMUHBIX Toc/IenoBareabrocTeit.? Oupenenmnm dyHk-
111200)

P(z)= inf Y P(a). (11.8)

<l
n<l(z) zCz,l(z)=n

Jlerxo Bujetnb, uro P(z) = P(x0) + P(z1) aus seex z u P(\) < 1.
Kpome sToro, P sBisieTcst MAKCHMAJIHHOI MEpPOH HE TPEBOCXOIAIIECH
P, t.e. Taxoit, uto P(z) < P(x) s Beex .

MBI He MOXKEM YTBEPKJIATh, 4T0 P — BeramcamMast (DyHKIHS, a
TaKsKe, 9TO OHA BEPOATHOCTHAS Mepa, TaK KaK MoxKeT 6bITh P()\) <
1.

Onpenemmv P(I'y) = P(z) ana secex € =, e [y, = {w €
Q: 2z C w} — unrepsas (map) B upocrpancrse ). ITonb3ysics Teo-
pemoii Kosmoroposa o pacnpocrpanennn mepbl (eM. [23]), MoxHO
onpesemuth Mepy P(A) ana moboro 6opeseBckoro (M3MepuMoro)
noamuoxkecTsa A C .

4Onpemenenne mepednCIIMON CHU3Y TOIyMEpHI Ha JEpPEBE BCEX IBOMYHBIX
TIOCJIeIOBATEIbHOCTEN MpuBeaeHo B pa3mese 6.1.
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Orenku OJisi 0eCKOHEYHBIX IocJiegoBaTesibHOCTe. s
JIFO60I0 MHOXKECTBa [) KOHEYHBIX ITOC/IEI0BATE/IbHOCTEN OIIpe e uM

D={weQ:3z(z € D&z C w)}.

MmuozkecTBo
Ia:ﬁ =5 ﬂnfg’ﬁ

cocrouT u3 (GECKOHEYHBIX) MOCJIEI0BATEILHOCTEN w € ), MMEIOIIX
(a(n), B(n))-necroxacruvyeckue bparMeHTbI JJIUHBL 1 J1Jisi GECKOHEU-
HO MHOTHX 7.

N3 teopemsr 11.1 jerko ciemyer

CaencrBue 11.2. ITycmo a(n) u B(n) — dse sunucaumovie neyoboi-
BAIOULUE HEOZPAHUMEHHBIE HYNKUUU, NPUHUMAGIOULUE HAMYPANLHDLE
snavenua. Tozda M (I, 5) = 0.

Ecnu orkazarbest oT TpebOBAHUS BBITUCIUMOCTH (DYHKITIU a(n),
TO TIOJIyYUM TPOTHUBOIIOJIOXKHBIN yTBEPXKAeHWI0 Teopembl 11.1 pe-
3yJbTaT, KOTOPBII IIPUBOJUATCS B CJIEJYIOIIEH TeopeMe.

Teopema 11.2. [Tycms B(n) — neoeparuiennas 6uHUCAUMaR Gyrk-
YUA MAKAA, Mo 0aa Hnexomopozo v > 0 6binoaneno Hepasencmaso
B(n) < (1 —~v)n das ecex n. Toeda dasn awbozo € > 0 cywecmeyem
NEPEYUCAUMAA CEEPTY HeOPAHUMEHHAA PyHKyua a(n) makas, “wmo

P(lap)>1—¢

0As HEKOMOPOT nepenucisumoti chudy nosymepv, P. B wacmuocmu,
M(I,) > 0.

JlokazaTeabCcTBO 3TON TeOpeMbl ITPOBOINTCS HA OCHOBE OOIIei
cxXeMblI pa3ferna 12.2 m mpuBoguTcs B paszgene 12.3.

JL1st TpOU3BOJIBHBIX HATYPAJIBHBIX YUCET (¢ U 3 MHOXKECTBO DZ’ 3
COCTOUT M3 TAKUX KOHEYHBIX II0CJIEI0BATE/HLHOCTEN JVINHBI 1, HA KO-
TOPBIX J1I06as TPOrHO3MUPYIOIIAsl IporpaMMa JIMHBI < o OyJeT OT-
BepruyTa Ha yposHe goBepust 3. Teopema 11.1 moka3nIBaeT, B TOM
ciaydae, korjga « = a(n) u f = [(n) BBIYUCINMO 3aBUCAT OT N U
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HEOTPaHUIEHBI, BEPOSITHOCTD T€HEPAIINH TAKOM MOCIEI0BATEILHOCTH
JJIMHBI N Ha ITPOU3BOJILHON BEPOSITHOCTHOM MalliHe cTpeMuTces K 0.
Coriacto Teopeme 11.2 111 Ipou3BOJILHO MaJIoro € > 0 Ha HEKO-
TOPOIT BEPOATHOCTHOI MAIIMHE MOYKHO C BEPOSITHOCTBIO 1 — € creHe-
pUpOBaTh HEOIDAHUYEHHYIO II0CJIEIOBATE/IBHOCTD, HA KOTOPOW IIpU
[IPOU3BOJILHOM 3aJJaHHOM ypPOBHE H0Bepusi [ Ji0basi TPOrHO3UPYIO-
mast mporpaMma KorJaa-jindo 0y/ieT OTBEpruyTa Ha 3TOM yPOBHE.
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YHactp V

Tunbs nadopManOHHBIX
MaCCUBOB
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I'maBa 12

AJropuTMIYECKN-
NHBApUAHTHbIE CBOICTBA
OEeCKOHEYHbIX
I10CJIEJIOBATEJIbHOCTEN

12.1. Anrebpa mHBapuUaHTHBIX CBOICTB

B sr1o0it rnaBe mpobisiema CTOXAaCTUUECKUX U HECTOXACTUIECKUX I10-
CJIe/I0BATENILHOCTEN pAacCMATPUBAETCH B NH(MOPMAIIMOHHOM ACIIEKTE.
Msr OyjieM m3ydaTb CBOHCTBA OECKOHEUHBIX JBOMYHBIX ITOC/IEI0BA-
TeJIbHOCTEH, KaK HOCUTE e OnpeneeHHONR NH(MOPMAIIUT, T.e. TAKIe
CBOHICTBa, JIOJI2KHBI COXPAHSTHCS IIPU TIEPEKOINPOBAHUN UX HOCHUTE-
Jsieit. Mt Oys1emM paccMaTpuBaTh CIIOCOOBI KOJHUPOBAHUS CAMOTO O0IIIe-
ro BUJIa — aJrOPUTMHUYECKHUE OMEPATOPHI, OIPEIC/ICHHBIE B Pa3Iesie
11.1.

Beckoneunas mociieioBaTeIbHOCTD (¢ € {) AJITOPUTMUIECKU CBO-
nuTcst K GecKoHeuHoi nocsenosaresbroctn S € Q) ecom o = F(3)
JJISE HEKOTOPOT'O aJrOpUTMUYECKOro oneparopa F. JIBe Geckoned-
HbIe IIOCJIeJOBAaTE/JIbHOCTU @ U /8 AJITCOPUTMHUYIECKU SIKBUBAJICHTHDI,
obo3HaYaeTCd TO KaK & = 3, ec/id KaxKJas M3 HUX CBOJUTCA K
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Jipyroit. MHOXKeCTBO (CBOHCTBO) GECKOHEUHBIX OC/IE0BATEILHOCTEN
A Ha3bIBaeTCs AJrOPUTMUYECKH MHBAPUAHTHBIM, €CJIM OHO BMECTe
C KaxKJIOW I10CJIe/IOBATEILHOCTBIO COJIEPYKUT U BCE AJITOPUTMHUYECKU
9KBUBAJIEHTHBIE €il II0CJIeI0BATeILHOCTU. VHBIME cJI0BaMU, MHOXKe-
CTBO A TIPENCTABISETCS B BUJE OOBEIWHEHUSI THIOTMHTOBBIX CTe-
neneit [30]. Hduas npomssosprOoro muoxkecrsa A C € obosnaunm
A={w:Jala € Aka = w)} aITOPETMIIECKOE 3aMbIKAHIE MHOKE-
crBa A.

JILA.JTesun [15, 16| 3ameTmi1, 9TO MHOXKECTBO BCEX CJIydYalHBIX
o Maprun-/ledy nocsenosaresnbocreii (OTHOCUTENBHO PA3IUIHBIX
BBIUUC/IUMBIX MEP) MOXKET ObITh Pa3JIeJIEHO TOJBKO HA JIBA AJITOPUT-
MUYECKN MHBAPUAHTHBIX IIOJMHOYKECTBA ITOJIOXKUTEJILHON alpuop-
Hoit Mepsol. [lepBoe U3 HUX COCTOUT U3 BCEX HEBBIMUCIUMBIX CJIydaii-
HBIX II0CJIE0BATEILHOCTEN, BTOPOE — 9TO BCE BBIUYUCIUMBIE TTOCJIE/IO-
BaTesbHOCTU. Karkiast BEIMUCINMAs [T0C/IE0BATEILHOCTD SIBJISIETCS
CJIy4ailHON OTHOCUTEJBHO BBIYUCIUMON Mepbl, COCPEJOTOYECHHON Ha
ITOH IIOCJIEAOBATEIBHOCTH.

B cBa3m ¢ 3TUM BO3HHMKAET CJIE/IyIOIIasl MaTeMaTH4ecKasl CTPYK-
Typa, KoTopas Oblia BBeJeHa n usydanack B [44] u [3]. ITycrs I —
OysneBa ayredpa BceX aJrOPUTMUYECKN MHBAPUAHTHBIX OOPEIEBCKUX
nogmuozkecTB (2. MbI He pazinyaeM /iBa MHOXKeCTBa U3 I, KOTOpbIE
OTJIMYAIOTCs] HA MHOXKECTBE anpPHOPHON mosaymepsl 0, TodHee, pac-
CMATPHUBAETCS OTHOINIEHNE SKBUBAJIEHTHOCTH

A~B<<= M((A\B)U(B\ A)) =0.

[Tycts T — dakrop anrebpa aarebpbl I 10 OTHOIIECHUIO SKBUBAJIEHT-
HOCTH ~. V3yumm cTpykTypy sroit dpakrop-aarebpor 1. Kiracc k-
BUBAJIEHTHOCTH AJTOPUTMUYIECKI HHBAPUAHTHOTO MHOXKECTBa A 060-
sHavaercst a = [A]. dust m060ii nepedncanmMoii mosyMepsl P MOXKHO
KOPPEKTHBLIM 06pazoM onpenennts P(a) = P(A).

B jasbHeiineM 1mocie10BaTeIbHOCTH, aJITOPUTMIIECKH SKBUBA-
JIEHTHBIE TTOCTE0BATETLHOCTSIM, CIYIANHBIM OTHOCUTETHLHO BBIUNC-
JIUMBIX Mep, OyIyT Ha3blBaThCsl CTaHIApTHbIME. 110 ompesesieHnio
J06asT BEITUCINMAsT MEPa MHOXKECTBA BCEX CTAHIAPTHBIX TOCTIEI0-
BaTesibHOCTEl paBHa 1.
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B (]|10], Teopema 3.1) mokazano, 9To Jr0basi IOCIIEI0BATEIBHOCTD
w, ciydaiiHasg OTHOCHUTEJHLHO HEKOTOPOH BBIYUCIUMON Mepbl, JU6O
BLIYHCIAMA, JTHOO AJITOPUTMUIECKN SKBUBAJICHTHA OCIEI0BATE b
HOCTH, CJIydaiiHOil oTHOCHTEeIbHO paBHOMepHOiT Mepsl [10]. [TosTomy
€CTECTBeHHBIM 06PA30M BOZHHKAIOT 3jeMeHTHl r = [R] u ¢ = [C]
aarebper Y, rme R — MHOXKECTBO BCEX ITOC/IEI0BATEIbHOCTEH, aaro-
PUTMHUYECKH CJIydallHbIX 10 paBHOMepHOil Mepe (mepe Jlebera), C
— MHOKECTBO BCEX BBIUUCJIMMBIX [OC/IEI0BaTEIbHOCTEN. VI3 CBOICTB
aIIPHOPHOI MepHI Jierko ciesyet, uro M (r) > 0 u M(c) > 0.

Hynepoit smement 0 anrebpol Y omnpemensieTcst Kak KJIacC 9KBU-
BaJIEHTHOCTH MyCTOr0 MHOXKecTBa. OH COCTOUT M3 BCEX AJIMOPUTMHU-
YeCKU MHBAPUAHTHBIX ITOJMHOXKeCTB §) arpuopHoit Mepshl 0, O3 TOMY
M(0) = 0.} Eqununa anre6per Y onpenenserca 1 = [()].

Hanomuanm, uro sement d siByisitercst aromoM 1, ecim d # 0 u
He cymecrByer pasnoxenns d = aUb, rneanb =0, a# 0ub # 0.

Teopema 12.1. Saemenm r asasemca amomom Y.

Lloxazameavcmeo. donyctum, ato r = aUb, tme anb = 0,
a#0ub#0 Torna R=AUB, e a = [Al ub = [B], re
A n B — aJropuTMUYeCK WHBAPUAHTHBIE MHOYKECTBA GECKOHEUHBIX
nocJieoBaTesibHoCTell. Bes morepu oOMIHOCTH MOYKHO CYUTATDH, YTO
AN B = (). Hanomuum, 9ro R — MHOXKECTBO BCeX CJIyYailHBIX 110 Me-
pe Jlebera nocnenosarenbaocreii. Ilyecrb A’ = ANRu B’ = BN R.
Tak Kak Jobasg o € A aJropuTMUYECKN SKBUBAJEHTHA HEKOTOPON
nocieosarenbroct u3 A, us M(A) > 0 ciexyer M(A') > 0. Ana-
normano M(B') > 0.

[Iycts P — npousBoJibHasI BEPOSITHOCTHAsT Mepa Ha §2. Paccmor-

P

puM npoussoanyio Pamona — Hukonuma j—M(w) Mepsel P 110 Mepe M

lycrs nekoTopoe cpoiicrso onpeensier muoxectso A € 0, Te., M(A) =
0. Torma s mo6oi BepoaTHOCTHON Mammubl Thoopunra (L, F') BepoaTHOCTH
P(A) = L{w : F(w) € A} renepanuu ¢ IOMOIIBIO STO} MAIINHBI [IOCJIE[0BATEIb
HocTH W3 MHOXKecTBa A papHa 0. Takue MHOXKECTBA TakyKe HA3BIBAIOTCS IIpPe-
HebpekuMbIMu. Bo3aMoXKHA Takas WHTEpIpeTanus CBOMCTBA TPEeHEOPEXKUMOCTH:
GECKOHEYHBIE TI0CJIeI0BATEILHOCTH, IIPUHAJJIEXKAIIUE TPEHEOPEKUMOMY MHOYXKe-
CTBY, HEJIb3s1 MOJIyYUTh HU B KaKUX KOMOWHAIMSAX BEPOSITHOCTHBIX M AJTOPHUT-
MMYECKUX MPOIECCOB.
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(ca. [9]).

Jlemma 12.1. Hycmb A g Q v daa woboti w & A BBINOAHEHO
(}%(W) # 0. Tozda uz P(A) =0 caedyem M(A) = 0.

Zloxazameavcmeo. VI3 cooTHOIIIEHU ST

0=P(X)= /Z\Z(w)dM
X

1 Toro, uto 4L (W) # 0 mpu Beex w € A, erxo cueyer, uto M(A) =

dM
0.0

Caencteue 12.1. I[lycms P — swuucaumasn mepa u A cocmoum u3
cayuatinor no mepe P nocaedosamenvrocmeti. Toeda us P(A) = 0
caedyem M(A) = 0.

Loxasameavcmeo. st 060it ciaydaifHON w BBITIOJHEHO
Pw")/M(W") = P(w")/Mw") = ¢>0

JIJ11 BCEX M, TJIe ¢ — KOHCTaHTa, 3aBucdinas oT w. Orcroa %(w) #0
st w € A. TTo memme 12.1 M(A) =0. O

[IpomozKuM 10Ka3aTeILCTBO TEOPEMBI. Kak ObLIO 3aMedYeHo pa-
Hee, ecyim OECKOHEUYHasl II0CJIEeI0BATE/IbHOCTh W AaJTOPUTMUIECKH
caydaiina mo mepe P, To mo6as II0c/IeI0BaTeIbHOCTD W', OTIMIar0-
mAsicsl OT Hee B KOHEYHOM YHCJIE YJIEHOB, TAKYKE SIBJISIETCST aJITOPUT-
MHUYecKH ciIydaiinoit mo mepe P. ITosromy w,w’ € R. Kpome aroro,
w = w'. MoXHO BLIOPATH AJIrOPUTMUYECKA MHBAPUAHTHBLIC MHOYKE-
crBa A u B Tak, 4TO HUKAKHe JIBe I0CJIeJI0BATEILHOCTH @ € A u
B € B alropuTMUYecKH He SKBUBaJIeHTHBL. Ilosromy w,w’ € A’ mwim
w,w' € B.

Io cnepersuto 12.1 uz M(A’) > 0 cuemyer L(A') > 0. Amaio-
ruano umeeM L(B’) > 0. ITosromy MBI MOXKEM IIPEMEHUTDH 3aKOH 0
win 1 A.H.Koamoroposa K mocienoBarebHOCTH f1, fa,... caydaii-
HBIX BeimvunH f;(w) = w; HA BEPOATHOCTHOM IpocTpancTse 2. U3
cBoiicTBa MHBapuaHTHOCTH MHOXKecTB A’ m B’ oTHOCHTE/NIbHO M3Me-
HEHUS TIOCJIEI0OBATEBHOCTH B KOHEYHOM YHUCJIE YJIEHOB CJIEIyeT, YTO
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KayKJl0e U3 HUX JIEXKAT B OCTATOYHON o-ajrebpe IOC/Ie10BaTe IbHO-
cru f1, fo,.... [Tosromy Mepa L KaxKJIOro U3 3THX MHOYKECTB PaBHA
0 wm 1. Dro nporusopeunt tomy, uro A’ N B’ = 0 u L(A") > 0,
L(B’) > 0. Takum 06pa3oMm r siBjsiercst aToMoM. O

TpusmanbabpiM 00pa3oM, € TakxKe siBjsieTcst aromoMm Y. Jlerko
BUJIETH, U4TO I' — €JIMHCTBEHHbII aroMm, Mepa Jlebera KoToporo paBHa
1.

ATOMBI € U T TIOPOXKJIAIOTCSA CTAHJIAPTHBIME OCJIEI0BATEHHO-
crsiMu. BO3HUKAET eCTeCTBEHHBINH BOIPOC, MCYEPIBIBACTCS JIM AJl-
rebpa MHBAPUAHTHBIX CBOHCTB Y STUMM djIeMEHTaMu, T.e. OyJIeT Jiu
1 = rUc? DTor BONPOC 3KBUBAJIEHTEH BOIPOCY O HE3aBUCUMOCTH
akcroMbl 4.2 u3 [16].

Crpykrypa anredpbl Y IOJHOCTHIO ONUCHIBAETCH CJIELYIOIIUME
JIByMsl TEOPEMAMHU.

Teopema 12.2. Mnoowcecmeo secex amomos arzebpv, I cuemmo.

JlokazaTebCTBO T€OpEMBI IIPUBEJIEHO B pasiese 12.4.
IIycts aj,a9,as,... — Bce aTOMBI ajIiredOpsl 1, IpUYEM a; = C U
ay =1T.

Teopema 12.3. Hmeem mecmo 1\ 2, a; # 0.

JlokazaTeabCcTBO TeOpeMbl IPUBEIEHO B pasaene 12.5.

Bamernm, uro 1o onpenesnenmo snement d = 1\ [J;2, a; sBis-
ercst 6ECKOHETHO JIJIUMBIM, T.€. JIjIsI JII0OOTO HEHYJIEBOIO IJIEMEHTA
x C d cymecrByer pasioxkenne X = x1 UXg, re X1 Nxg = 0, x7 # 0
n Xo 7é 0.

Teopembr 12.2 u 12.3 orpeiesisiioT pa3JjioKeHne eJuHUIbI aareo-
per Y.

CaencrBue 12.2. Hmeem mecmo pasnoorcenue 1 = U a; Ud,
2de aj,as,... — OECKOHEMHAA NOCACIOBAMEAOHOCTIG GCEL AMOMOG
anzebpu T (amom ay = r nopootcdaemces cayuatinvimu no mepe Jle-
be2a nocaAedo6aAMEAOHOCNAMU, GIMOM 83 = C NOPOHCOAENCHA GCEMU
BHUUCAUMBMU TOCAED0SaMesbHOCTAMY), d — beckorewno deaumviil
2ACMEHM.
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Bce mocienoBaTebHOCTH JIEKAIINE B MHOXKECTBAX, OIIPEIEIISIO-
IIAX &TOMBI a3, a4, . . . ¥ OECKOHEYHO JEJIUMbIA 31eMeHT d, TIOpOoXK Ia-
FOTCSI TIOCJIE/IOBATEJIbHOCTSIMU, KOTOPbIE HE SIBJISTIOTCS CTaHIapPTHbI-
MM, T.€. OHH He TOJIbKO He SIBJISIIOTCA CJAYyYaHBIMU 0 KaKHM-JTU00
BBIYUCIUMBIM MepaM, HO U HE MOTYT OBITH aJrOPUTMUYECKU SKBU-
BAJICHTHBI HUKAKUM CJIyIaiHBIM ITOCIEI0BATE/ILHOCTSIM. JI100as BbI-
YHUC/IMMas Mepa MHOXKECTBa BCEX HECTAaH/IAPTHBIX ITOCJIE/I0BATEIHLHO-
creit paBaa (. Tak Kak ampuopHas Mepa MHOXKECTBa TaKHUX IIOC/IE-
JOBATEJILHOCTEN TOJIOXKUTEIbHA, TO ITO O3HAYAET, UTO UX MOXKHO
[eHEPUPOBATDH € MOMOIIBIO BEPOSITHOCTHBIX AJTOPUTMOB (C BEPOSIT-
HOCTBIO KaK yroJHO 6Jn3KOil K 1).

12.2. CeTu n noToKu

Jlyist mocrpoenust s11eMeHTOB Y, IOPOXKIAEMBIX HECTAHIAPTHBIMHE 0~
CJIEJIOBATEILHOCTSIME, MBI OY/IEM OIPEIE/ATh HePEeIUCIUMbIE CHUZY
nomymepsr P, s kotopeix P(Q\ R) > 0. Kaxknas u3 Takux mosry-
Mep OyJIeT ONpeiesaThCsl KaK MOTOK 110 HeKOTOpoii cern. Mbr Oyiem
paccMaTpuBaTh MHOXKECTBO = BCEX KOHEUYHBIX JIBOMYHBIX ITOCJIEI0-
BarejbHOCTEl Kak rpad (IepeBo) BepIIMHAMU KOTOPOTO sIBJISIIOT-
csl TIOCJIEIOBATEILHOCTH, COCIMHEHHBIC PEOPAMU eIMHUIHON JIJITHBI
(x,20), (x,z1), tae x € E. B nporiecce KOHCTPYKIUH MbI Oyj1eM J10-
6aBJIsITH JIONOJIHUTEIbHbIE pebpa (z,y), rue x,y € E, x C y, JJIuHbI
> 1. s moboro pebpa o = (x,y) mycTh 0] = & — €ro HavaJo,
a 09 = y — ero konen. Oyuknus q(o), onpejeseHHas Ha BCeX ped-
pax eJMHUYIHON JIJTMHDI, & TAK¥Ke Ha BCeX JIONOJHUTEIbHBIX pedpax,
HA3BIBAECTCSI CETHIO, €CJIM OHA BBLIYUCIUMA U JJIst JII0O0ro - € =

> qlo) <1 (12.1)

B nanbueiimem GY9 0bo3HaYaeT MHOXKECTBO BCEX JIOIOJHHUTEIHHBIX
pebep cetu q. [Iycrsb ¢ — cerh. Bynem cunrarh, uTo MyHKINS ¢ OIIpe-
nessier MHOXKecTBO (GY BceX JIONMOJHUTEILHBIX pebep, Ha KOTOPBIX
OHA OIlpeJiejieHa. ¢-IOTOKOM Ha3bIBAETCsl HAMMEHBIAs oJiyMepa P,
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yIoBJAeTBOpsomas Hepaseucrsy P > R, rne dyuknusa R orpee-
JISITCS

R(\) = 1; (12.2)
R(y)= Y q(o)R(o1) (12.3)

o:02=Y

upu y # A. [lomymepa P MoKeT OBITH BBITMUCIECHA IO R CJIe Ty IONTnM
obpazoMm. MuoxkecTBo D Ha3bIBAECTCsI CEUCHUEM HAJL T, €CJIU OHO He3-
npedukcuoe u x C y g jgwbdboro y € D. Ilycts 7, — MHOXKECTBO
BCeX Takmx cedenuii. Torma

P(x) = sup > R(x). (12.4)
€Tz r:x€D

CeTb ¢ Ha3BIBAETCSI 3JIEMEHTAPHON, €CIM MHOXKECTBO JONOJTHATE b
HBIX pebep KoHewHo u ¢(0) = 1/2 jist mouTH Beex Bcex pebep JInHbI
1. DyleMeHTapHAs CETD SABJSIETCST KOHCTPYKTUBHBIM OO'HEKTOM.

C npousBOJILHOMN CeThIO CBA3BIBaeM (DYHKIIMIO 3aCPKKH TOTOKA
s(z) =1—q(z,20) — g(x, x1).

OO6miast yacTb KOHCTPYKImu. Mbl yKa)keM KOHCTPYKITHIO
CeTH, 3aBUCAILYI0 OT MPOU3BOJBHOIO PEKYPCUBHOIO OTHOIIEHHS
B(i,q,0), e i — HaTypaabHOe YuCI0 (HOMEp 3aJIaHus), ¢ — SJIeMEH-
TapHasl ceTh, 0 — JonoJaHuTesbHOe pebpo. [lyers p((i, 7)) = i st
Beex 4. Kaxkioe JonoHuTensnoe pebpo o 6y1eT OTHOCUTCS K HEKO-
Topomy 3ajanuio i Tak, 910 p(l(o1)) = p(l(02)) = i. Lenbio 3amanust
1 OyzleT IpoBejeHne JONOTHUTENbHBIX pedep o TakK, 4To0bl KarK1as
GeCKOHETHAs MOCIEI0BATEILHOCTD W IIPOXOINIIA 9epe3 OJIHO U3 Ta-
KX pebep wian PpyHKIMS 3a1ep:KKK ObLi1a Obl paBHa 1 Ha OIHOM U3
HaYaJbHBIX (pparMeHToB w. Pebpo ¢ M0IKHO yIOBIETBOPATH OTHO-
mennio B(i,q,0). [Tycrs GY9(i) — MHOXKeCTBO BCEX JIOMOTHUTEIHHBIX
pebep, MpoBeIeHHBIX 3aaHUEM 4.

C ornommenneMm B cBsi3biBaeTcsi (PYHKIMST YCTAHOBKU JIOTIOJTHU-
TeJbHOro pebpa

Blg,z) = min{y : p(Ii(y)) = p(i(z)), B(p(l(x)), ¢, (x, )} (12.5)
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Cuunraem, 4uro 3Hadenne min() wHe onpenesneno. 3jech mnapa
(x, (g, x)) ABIISETCS TOMOTHATEIBHBIM PEOGPOM.

Wupykimeit 10 n ONpeseuM MoC/IeJI0BaTeIbHOCTL ¢ 3/1eMeH-
tapubix cereit. Iomaraem ¢°(0) = 1/2 nna Beex myrTeit gymmbr 1.
IIyctb n > 1 u cerb ¢" ' yxe onpesnenena, s"~ ! — dbynxus 3a-
nepxkki. G"1 — MHOMKeCTBO BCex ee JIONOJHUTEIBHBIX pebep, HpH-
wem (09) < n 1pu o € G 1.

Ompenennm cetb ¢" n MmHOXKecTBO G". Onpenenenne paciagaeT-
sl HA JIBA CJIydast.

[TycTb g — s1emenTapHas cerb. [IpegBapure/ibHO BBEJEM BCIIOMO-
rarejbHy0 GyHKIWO w(i, q). 3HaveHue w(i, ¢) pABHO HAMMEHbIIIEMY
n Takomy, 9To p(n) = i u n > l(o2) s JII0O0r0 JAOMOJTHUTEIHHO-
ro pebpa ¢, yCTaHOBJIEHHOrO IIPU 00pabOTKe KAaKOro-anbo 3a/iaHust
j < i. Ha marax s > w(i,q) 3aganus j < ¢ He 06pabaThIBAJINC.
Usmenenne snadenus w(i, ¢") # w(i,¢" ') MoxeT mponcxomuTs u3-
3a TOTO, YTO HEKOTOPOE 3aJjaHue j < ¢ YCTAHABJIUBAET CBOE JIOMOJI-
HUTeTbHOe PeGpo BLIIIe YPOBHS CTaporo 3Hadenns w(i, ¢" 1), u Tem
caMBIM, HApyIIaeT yciosue onpeenenns w(i, ¢" 1), Jlemma 12.2 1o-
KaKeT, YTO ITO HapylleHue OyJIeT MPOMCXOIUTh He 0ojiee YeM Ha
KOHEYHOM YHUCJIO TAr0B KOHCTPYKITHH.

[Tapamerpom KoHCTPYKIWHN Oy1eT GyHKIWs p(n), IPUHIMAOIA
HaTypaJibHble 3HadeHus. B paznenax 12.3 u 12.5 nocTtaTovHO B3ITH
p(n) = (n+ 2)2, B paznene 12.4 6ymer p(n) = 227+2,

Cayuati 1. w(p(n),¢" ') = n (Wmar nepeycranosKu 3a1anus i =
p(n)). B arom ciyuae nosaraem s™(y) = 1/p(n) npu I(y) = n, oupe-
nemm 5" (y) = s"L(y) s ocrambabix y. [omaraem G = G 1.

Cayuati 2. w(p(n), ¢ ') < n (mar o6paboTku 3ajanus i =
p(n)). lycrs C),, obo3HauaeT MHOXKECTBO BCEX T, TpeOyomux 00-
pabotku, T.e. Takux, aro w(i,q" 1) < I(x) < n, 0 < s""L(x) < 1,
1(B(g"',x)) = n (B wacrroctu p(I(z)) = i u 3HAYeHWe DyHKIMH (3
OIIPeJIe/ICHO ) M He CyIIecTBYeT IOMOJHUTEeILHOro pebpa m3 G 1,
UCXOJISITIETO U3 .

B srom ciaywae guisi kaxkgoro x € (), oupemesaum
s"(B(g" Y, x)) = 0 m onpemenm s™(y) = s (z)/(1 — s"L(x))
JIUIsE OCTAJIbHBIX Yy TakuX, 94t0 © C y u [(y) = n. [onaraem s™(y) =
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s"1(y) mst Beex ocrambHbIx Y. Kpome sToro, ompeiemmm
Gr=aG""1u {(z, B(q"il,x)) cx € Cpl.

OrmpeiesinM 3HaUeHNE CeTH Ha pebpax ¢ eIUHIIHON AanHbI ¢ (0) =
(1/2)(1 — s™(01)) u q"(0) = s™(01) g JONOJHUTENBHBIX pebep
oecG".

B pesymbrare onpegenum ¢ = lim ¢", s = lim s" u G = U,G".

n—o0 n—0o0

Jlerko BuzieTh, 9TO ¢ U § — BBIYNCIHMBIE (DYHKIINH, & MHOKeCTBO G —
paspemmmoe. Cieyiomast ieMMa [OKa3bIBAET, ITO KayK/I0e 3a[aHue
MPUBOJIUT K YCTAHOBKE HOBBIX JOIOJHUTE/JIBHBIX pebep TOJbKO Ha

KOHEYHOM YHUCJIe IIArOB.
JIemma 12.2. G(i) woneuno u w(i,q) < 0o daa A106020 i.

Jlokazamenvemeso. 3amerum, uro eciau G(j) KOHEUHO JIJIsT KaXK-
moro j < i, To w(i,q) < oco. [TosTomy mocTaTodHO JOKA3aTh, UTO
G (i) xoneuano mis joboro i. domycrum nporusnoe. Ilycts ¢ — mau-
MeHbliee, jist Koroporo G(i) Geckoneuno. Tak kak G(j) KOHEUHO
Jutst moboro j < i, o w(i,q) < oo. Ecmm I(z) > w(i,q), T0 BO3Db-
MeM MAaKCHUMAaJbHOE 11 TaKOoe, YTO U3 HEKOTOPOIr'o HAYaILHOTO (hpar-
MEHTa T MCXOIUT JOIOJHATENIbHOE PeOPO -ro TUIA JJIMHBL m. Ecam
HU OJIHOT'O TaKOro pebpa He CyIecTByeT, To mojaraeM m = w(i, q).
Ornpeenum

1/s(z™) ecm s(x™) # 0,1(x) > w(i,q)
K(z) =14 p(w(i,q)) eciu l(x) < w(i,q)

0 B IPOTHUBHOM CJIydae

ITo xoucrpykimu nenodnciaentas (ynkuus K (z) yaoBiaerBopsier
yeaosuto: K(z) > K(y) upu x C y, Ipuuem, eciin K (z) > K(y),
ro K(x) > K(z) s mroboro z takoro, uro z C z u l(z) = l(y).
Orcroia JIETKO CJIeIyeT, YTo (DyHKITHST

K(w) =min{n: K(w') = K(W") i>n}

ompesiesiena Jiyist BeeX w € () u HenpepbiBHa. OHa OrpaHUYeHa HEKO-
TOPBIM YHUCJIOM M, Tak Kak ) — komnakt. Toryma npu [(z) > m Gyaer
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K(xz) = K(2™). Ecau Ha mare n 6610 IPOBEJIEHO XOTsI ObI OIHO peb-
po i-ro THna, To 3Havdenue K (y) yMeHbIaercs Ha 1 jisi HEKOTOPBIX
y. Torma cymecrBoBanne Takoro m HIPOTHBOPEYUT GECKOHEYHOCTH
G(i). Jlemma mokazana. O

[TocnenoBaresbHOCTE v € §) HA3BIBAETCS i-TIPOJIOJIZKEHIEM KO-
HedHOi TIocIeIoBaTebHOCTH T, ecm © C o u B(i,¢" L, (x,a™))
BBIIOJIHEHO JijIst odTh Beex n. IlociemoBarenbHocTh o € §) HA3bI-
BaeTcs i-oToporreHHoi, ecan s(a™) = 1 y1s1 HEKOTOPOTO N TAKOro,
aro p(n) = i. Bamernm, 4o ecsin o € G(i) — gonoaHNTEIBEHOE PEGPO
i-ro Tuma, To B(i,q" !, o) Bemonmeno, rae n = [(03).

Jlemma 12.3. [lycmos 0as 2106020 HauaAbHO20 dpazmenma w™ bec-
KoHeuHOoU nocaedosamervHocmu w Hatidemcs t-npodossicenue. Tozda
w aubo bydem i-ombpowena, aubo w npotidem wepes JonosHUMENb-
Hoe pebpo i-20 muna (m.e. 03 C w daa nexkomopoeo o € G(i)).

Zoxasameavcmeo. Ilycts w me apistercst i-orbpormennoit. [lo
jgemMme 12.2 cylecTByeT MaKCHMAJIbHOE 1M Takoe, 9ro p(m) = i u
s(w™) > 0. Tak kak W™
CIYyYal0 2 KOHCTPYKIUU OyJ1eT MOCTPOEHO JIOTOJHUTEIHLHOE Pedpo -
ro tuna (w™,y). ITo koncrpykuuu 6ygaer s(y) = 0 u s(z) # 0 upwm
w™ C z, l(z) =l(y), z # y. Ilo BEIGOPY M Oymer y C w. O

[IpuBeneM TUNMYHBINA IpPUMEDP ITPUMEHEHUsI BBIEIPUBEIEHHON
koHCTPYKIm#. OCHOBHO# Pe3y/IbTAT IIOCTPOEHUS IIPEJCTABIEH B JIEM-
Mme 12.7.

[IycTp F; — BBIYUCINMAS [TOC/IE0OBATEIBHOCTD BCEX BHIUUCIMMBbIX
onepaTopoB. MuI mepecTpouM HyMeparuio F; cienyiomum obpa3om.
st mroboro ¢ ompemeanm F(/z’,j> = F; ma Bcex j. HoByto mocitemo-
BATEJIBHOCTh OIEPATOPOB MO-IIpexkHeMy obo3HauuM Fj. Takum 006-
pazom, 1o JiroboMy HOMEPY ¢ BBIYHUCJIMMOTO omeparopa F; MOKHO
[IEPEIUCTUTh HECKOHEUHYIO [TOCJIEI0BATEIBHOCTD APYTUX €r0 HOMEe-
pOB.

Mpbr onipeieium

umeer i-tpojokenne u s(w™) < 1, no

B(i,q,a) <~ Q(O‘g) % O&Z(Fi(ag)) > o1 + 1,
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IJle KOHEYHAsI [I0C/Ie/[0BaTeJIbHOCTD 01 (Havdaso pebpa o) 0TOXKI1eCTB-
JISIETCA ¢ €6 HOMEPOM B €CTECTBEHHOH HyMepalil MHOMKeCTBa =, )
00603HAYALT ¢-TIOTOK.

[Tycrs p((i, 7)) = i nas Beex i. Kaxioe ponosaureabsHoe pebpo
o OyJer OTHOCHTCSI K HEKOTOpOMY 3ajaHuto i Tak, 4ro p(l(o1)) =
p(l(o2)) = i. Lenbio 3amanus ¢ OymeT TpOBEJICHUE JIOMOTHUTEb-
HBIX pedep o Tak, YTOOBI KazK/1as OECKOHEUHAS TI0C/IeI0BATEILHOCTh
W TIPOXOJMJIA Yepe3 OJHO U3 TaKuX pebep mim (DyHKIUS 3a71epPrKKH
ObL1a Obl paBHa 1 Ha OJIHOM U3 HAYAJIBHBIX (DparMeHToB w. VHbIME
CJIOBAMU, TIETh 33JIaHUs — HAfTH TAKOe MPOJIOJIZKEHNe 0y KOHETHO
[OCJIEIOBATE/IBHOCTH & = 071, JJisi KOTOporo 3uadenue Fj(og) umeer
JIOCTATOYHO OOJIBIIYIO JIJTHHY.

Hastee, 1o 001I1eli KOHCTPYKIMU 3TOIO pas3jiesia OlpPeIeuM CETh ¢
(monaraem B aToit Koncrpykimu p(n) = (n+2)?). lycts s — bynxius
3a/1epyKKH OTOKA ¢, G — MHOXKECTBO BCEX JIONOJHUTEILHBIX pebep
Q — g-norok. Pyukuust w(i, q) 6pL1a onpeenena Boie. O6O3HATIM
w(i) = w(i, q).

[Tonrymepa P HazbIBaeTCs HENPEPLIBHOMN, €C/in nh_)rgo Pw") =0
s siioboit beckoneunoit w. IIpuBemeM OfHO TOCTATOYHOE YCJIOBUE
HEIPEPBIBHOCTU MOTOKA MO CeTU. TUC/I0 n pasjiessier MHOXKECTBO
yTeit D, ecsin mst smo6oro nytu o € D 6yzaer [(o1) = n i l(o2) <
n.

Jlemma 12.4. IIpou3sosvhuili r-nomokx HENPEePbLeEH, €CAU MHOMHCE-
CcmME0 JONOAHUMENLHBLL PebeP Pa30eAAemcs DECKOHEMHBIM MHOHCE-
cmeom wucen, u r(x,z0) = r(x,zl) daa mobozo x € =.

Lloxazameavcmeo. Ilycts P — r-TIOTOK U UHCJIO N Pa3/IesisieT MHO-
JKEeCTBO JIOMOJHUTEILHBIX pebep. Torma

P(z) = R(z) = T(m"il,x)R(xnfl) < T(xnfl,x)P(xnfl)

as Jjiroboro x gauHbl n. V3 yemoBus 12.1 u u3 yCaOBUST JI€MMBbI
crexyer, aro r(z" 1, x) < 1/2 maa seex x u n. Orciona P(w™) <
(1/2)P(w™ 1) myist Beex n, pasessTionuX MHOKECTBO TOTOTHITE Th-
HBIX pebep. Tak Kak Takux n OECKOHETHO MHOTO, nh_)rgo Pw™) =0,

T.€. P — HenpepniBua. O
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Caencteue 12.3. Iloaymepa (Q HeENpepvieHa.

JList mpuMeHeHUsT 3TOH JIeMMBbI K TIoJiyMepe () JIOCTATOYHO 3aMe-
TUTB, 9TO JIst JIFOOOTO 4 uncyio w(i) pasgenser Q.

JIemma 12.5. Q(y) = 0 mozda u moavko mozda, xoeda q(o) = 0
O0AA HEKOMOP020 PEOPA 0 eJUHUNHOT OAUHDL, ACHCAWE20 HA Y, TM.€.
maxozo, wmo oy C y.

Lloxazameavcmeo. JlokazaTeqbCTBO HEOOXOTUMOCTH OYEBUJI-
Ho. Jlng JjokazaTesibeTBa  JIOCTATOYHOCTH  IIPEJIIOJNIOXKKM, YTO
q(y™, y" 1) = 0 s mexoroporo n < I(y) u, Tem ne menee, Q(y) # 0.
ITo onpenenennio s(y") = 1. U3 Q(y) # 0 ciemyer, 910 JOIKHO Cy-
[IECTBOBATD JIONOJIHUTEIBbHOE pebpo (x, z) € G Ttakoe, uro © C y" u
y" 1 C 2. Byzem cumnrtath, uTo (2, 2) — caMoe KOPOTKOe TaKoe pebpo.
T[109TOMY B MHOKECTBE JONOIHATENBHBIX pebep cetn ¢H¥)~1 mer pe6-
pa ¢ Taknm cgoiictBoM. Otciona n u3 Toro, uto ¢((2)", (2)"1) =0
cuenyer, uto Q(z) = 0, tae Q ecrsb ¢'*) 1 -norok. dro pasencrso
nporusBopednt (z,z) € G, Tak Kak Jis TOro, 4Tobbl 310 pebpo 1mo-
najio B G HeoOX0IUMO, ITOObI Q(z) = (. [omydyennoe mpoTHBOpEYHE
JOKa3bIBaeT jeMMy. U
Hocuresem nosymepnr P OyjeM Ha3bIBATH MHOKECTBO

E={weQ:Vn(PWw")#0)}.

Jlerxo Bujiers, uto E zamkuyto B8 Q u P(E) = P(Q).
U3 nemmbr 12.5 coepyer, uro orHomenne Q(y) = 0 paspermumo
u HocuTeseM () saBystercs MEOKeCTBO F = O\ Ugpy=1 1.

Jlemma 12.6. Hmeem Q(1) > 0

Joxasameavemso. Onennm cruzy emauny Q(Q). Ilycrn

Sa= Y. Rw- Y qlo)R(o1).

w:l(u)=n 0:0€G,l(o2)=n
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U3 onpenenennss GyHKINN 3 IEPKKI TMEEM

> Ruw= > (1-s(u)R(u)+ (12.6)

w:l(u)=n+1 w:l(u)

n

q(o)R(01). (12.7)

0:0€G,l(o2)=n+1

—~

[peapapurenbao pacemorpuM cirydait w(p(n), ¢~ 1) < n. Ecmu me
cymecTByer HU onHoro nyrtu o € G, jmias koroporo l(o2) = n, TO
Sn+1 = Sp. IlycTs Teneps Takoit myTh cyrectByeT. Onpeneanm

P(o,u) <= l(02) = l(u)&o1 C u&u # 03&0 € G.
N3 onpenenenus GyHKINN 33IEPKKIT TMEEM

Y sRw = Y s(o2) Y Ru)=

wl(u)=n 0:0€G,l(o2)=n u:P(o,u)
3 % S Rw< Y s(e)Ron) =
0:0€G,l(o2)=n ! w:P(o,u) 0:0€G,l(o2)=n

S ao)R().

0:0€G,l(02)=n
Bﬂ‘er MBI UCITIOJIb30BaJIM HEPaBEHCTBO
Y R(w) < R(o1) = s(01)R(on)
u:P(o,u)

nst jioboro o € G takoro, uro [(og) = n. O0beanHss TOTy YeHHYIO
onenky ¢ (12.6)—(12.7), momayuanm Sp4+1 = Sp.
PaccmoTpun Terephb caydait w(p(n), ¢ 1)

S s(w)R(w) < p(n) = 1/(n+2)>

w:l(u)=n

= n. Torma

O6beauisas 510 HepaBeHCTBO ¢ (12.6)—(12.7), momy M

Spi1 > Sp —1/(n+2)% Orciona u uz So = 1 moyuum
oo

Sp=1-) 1/(i+1)°>

=1

DO | =
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st Beex n. Tak xak QQ > R, moaydum

n

N =

Q) =inf Y Q(u) >infS, >
l(u)=n

Jlemma gokazana. O

Jlemma 12.7. s ao0boti 6eckorneurnoti nocaedosamesbHocmy w us
Hocumens noaymepvt Q u 2106020 svuucaumozo onepamopa F, ecau
F(w) 6eckoneuro, mo F(w) ne A6AAEMCA 4A20pUMMUYECKY CAY AT
1ot No pasromeproti mepe L.

Jlokazamenvemeso. 3amernm, aro ecan F'(w) 6eckonedna u F; =
F, 1o s moboro HavasbHOro (parMeHTa [10CJIeI0BATEIbHOCTH W
Haiimercs i-npogosnkenue. [loatomy s r060r0 TaKoro ¢ HaaeTCs
pebpo o € G(i), nexaiee Ha w. [lj1st 1106010 ¢ OLIPEETINM OTKPBITOE
MHOKECTBO
Ui = Yoec@l'Fi(on):
Beuuy Toro, uro npu o € G(i) umeem [(F;(o2)) > o1 + 1,

LUy < Y 2772l
oeG(i)

Orcroma JIErKO YBUJIETD, 9TO JJIst JIIOOOTO PAIMOHAIBLHOTO € > () 3db-
dbekTuBHO cymecryer i takoe, uro L(U;) < e u F(w) = Fj(w) € U;.
Takum 06pazom, mocseroBaTeIbHOCTb F'(w) He siBiIsleTcst CIIy YaitHoi
OTHOCUTEIbHO Mepbl L. O

Corytacno [10] (reopema 3.1) sobasi ciydaiiHast OTHOCHTEIHHO
KaKOIU/I—JII/I6O BBIYHCJINMON MeEpHbI I10CJIe10BaTe/JIbHOCTDL aJI'OPUTMHUYIC-
CKHU SKBHUBAJIEHTHA, [TOCJIE/IOBATEILHOCTH, CJIyYallHON OTHOCUTEJIHHO
paBHOMepHOIT Mepbl. IToaToMy Jrrobas 1mocses0BaTe/IbHOCTD W U3 HO-
cuTesIs MOJyMephl () He ciiydaiina 1o Jiio00# BBIYUCINMON Mepe.

12.3. /loka3areqbCcTBO TeopeMbl 11.2

DopMyITMPOBKA TEOPEMbI U HEOOXOINMbBIE OIPEICICHNsT NMEIOTCS B
pasnese 11.3.

243



[Iycrs B(n) — HeorpaHuueHHasi BblUucaUMasi (byHKIUS Takas,
aro f(n) < (1—€)n mis Beex n, rae 0 < € < 1. Bes norepu obiHocTH
MOYKHO CIUTATH, ITO € PAIMOHATLHO. MBI TOCTPONM TIEPETNCTUMY IO
ceepxy dyHKIMO an) TaKyo, aro M (Ia,8) > 0. IlocTpoenne Gymer
OCYIIIECTBJIATHCS HA OCHOBE O0IIell KOHCTPYKIuu pasnuesa 12.2.

PaccMmorpuM Ha = 9aCTHYHBIN MOPSAJIOK :

v <A = U(y) =1(7)&Vi(y < ),

a TaKzKe JIMHEHHBIH MOPsZIOK <, IPU KOTOPOM BCE KOPTEXKU MEHbIIIeH
JUTHHBI [IPEJIIIECTBYIOT BCEM KOpTeXKaM OOJIbINeii JJTMHBL, yIIOpsI0-
YeHne KOPTeXKell PABHOI JIMHBI SIBJISIETCsE OOPATHBIM K CTaHIApT-
HOMY JIeKCUKorpaduieckoMy mopsaaky. Ham Baxkuo, aro uz v < 7/
caenyer v = v O6ozHaunm mocpeacTBoM (i) KOpTexK ¢ HOMEPOM i
Ipy JMHERHOM yropsijiodennu <, T.e. y(i) =< y(j) upu i < j.

[Iycrs P; — mepedncinmasi CHU3Y TIOCTIEI0BATEILHOCTD BCEX ITe-
peuncinMbIx cHu3y nosymep. Ilycrs Pj(x) = kl;r{:o PF(z), tne PF(z)
— BBIYUCJUMAs [TOCIIE0BATEIHHOCTD MIPOCTHIX TOJyMep, HeyObiBato-
mast 1o k.

Omnpenennm pekypcuBHoe orHotenue B(i, g, o), rie i — mopsiiKo-
BBIil HOMep KopTeka (i) (OTHOCHTENLHO JIMHEHHOrO Hopsijika <), ¢
— ceTh, 0 — JonoiHuTebHOe pebpo. lanHoe oTHOIIEHNE OlIpeiessieT
JIOLOJIHUTEJIbHOE PeBpo 0, KOTOPOE IOMOIHAT HAILY CETh JIJIsl TOTO,
9TOOBI BBIOJHUTH 9aCTh i-0ro 3aganus. Koprex (i) coorBeTcTByeT
i-omy sajanuio. Ecin (y(7)); = 1, To MBI OyjieM 02KHIaTh, ITO IIOJTY-
Mepa Pj siBisiercst Mepoii (Min JOCTaTOuHO OJIN3Ka K Heil ¢ 3a1aHHOM
CTENEHBI0 TOYHOCTH).

[Iycts 3amana HEKOTOpPas MpPOCTasi CETh ¢, S — ee (PYHKIUSA 3a-
JIEPKKH, MoayMepa () ecTb ¢-IOTOK.

Howmep 3asanust i Gy/ieT oupejiessiTh KOHEIHAsI 10CJIEI0BATE b
HOCTb &, U3 KOTOPOii Gy/IeT IPOBOAUTECS JIONOTHUTEIbHOE PeOpo, a
umenHo, i = p(l(x)).

IIycrs m(x,q) paBHO HaMMEHbBIIEMY M TakoMy, 4To p(m) = i,
m > [(x) u 1yist 3a/1epKAHHON YaCTU TIOTOKA BBINOJIHSIETCS HEPABEH-
CTBO

s(2)Q(x) = U(y(3))2°m/ (= e/Bmm i)+, (12.8)
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Takoe m Bcerja cyecrsyer, 1o coiictBy 3(n) < (1 — €)n s Beex
n.

Pebpo o Gyzer yuoBiaerBopsTh i-oMy 3ajanuto, T.e. B(i,q,0) BbI-
nosiHeHo, ecyin Q(o2) # 0 U OHO UMEeT JOCTATOYHO GOJIBILYIO JJIUHY
k = l(o2) (upaBoro KoHna) Tak, 4yro npu m = m(oi,q) aJs BCex j,
Jutst Kotopbix ((2)); = 1, BepHO citestyioriee:

- BBIUHCJICHHAS 9acTh (Ha ypOBHE M) HOJIyMepsl Pj j1ocTaTodHo
BEJIMKA TaK, ITO BBIIOJIHEHO HEPABEHCTBO

ST PE(2) 31— I(y(i))2 o0+, (12.9)
I(z)=m

- BBIYHCJIEHHAS BEJIMYIUHA j-Oi [OJIyMepbl Ha IPABOM KOHIIE Peb-
pa o JIOCTATOYHO MaJjla TaK, UTO BBIIIOJHEHO HEPABEHCTBO

P((03") < Uy (i))2-m T, (12.10)

Jasee, 1o obImeit KOHCTPYKIUU pas/iesia 12.2 onpeiesinM CeThb q.
[IycTb s — dyHKIUS 3a1epKKU TOTOKa ¢, (G — MHOXKECTBO BCEX J10-
HOJTHUTEIBHBIX pebep u @ — g-norok. Pyuknust w(i,q) GbLia onpe-
JiesieHa B paszese 12.2. O6oznaunm w(i) = w(i, q).

CaencrBue 12.4. (Usz aemmovr 12.4). Ilosymepa Q rnenpepvisha.

st mpuMmeHeHust teMMbl 12.4 K morymepe () 1oCTaToOIHO 3aMe-
TUTh, YTO Jisi JIFOOOTO i uncyio w(i, q) pasuenser Q.

U3 sgemmpr 12.5 caenyer, aro otHomenne Q(y) = 0 paspermmmo
u Hocuresem @ spistercst MuokecTBO B = Q\ Ug(zy—1 1z

HAcuo, aro semma 12.6 numeeT MecTO U B JJaHHOM ciry4ae. 1o aToix
emme umeeM Q(1) > 0.

Omupenemnm a(n) = |logl(v(i)], rme i Takoe, miss KOTOPOro
w(i) < n < w(i+1). Ilo koncrpyknnu a(n) — nepedncanma CBepXy
1 HeoI'paHUYvIeHa.

Jlemma 12.8. Hmeem B C 1, 3.

Zoxasamesvcmeo. Jlomyctum, 9TO I HEKOTOPLIX w € E m
qHUCaa Ny IPU BCEX N > Ny IOCTEI0BATEBHOCTh W sIBJISIETCS
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(a(n), B(n))-croxacrudeckoii. Ilycts d — HauMeHbIllee Takoe, YTO
qutst Beex @ u3 [(y(7)) = d cmenyer, aro w(i) > mo U LIycTb ig —
HaMMeHbIIlee TaKoe 7. 3aMeTuM, YTO [0 OIIPEJIEJICHUIO JIMHEHHOTrO 110~
pagka < Gymner v(ig) = 1%.

J17151 IPOM3BOJIBHOIO M IIYCTh II0CJIEI0BATEIBHOCTD 0" UMeeT JIjIn-
Hy d u Takas, 9TO

=1« > Piz)=1,

z:l(z)=m

e m = m(w", ¢" ). Torma 0" <« 6" nma Beex n. Ilyers [ —
MaKCHMAJIBHOE THCI0 Takoe, 1to (ig + 1) > 60+ Taxoe I cyrme-
CTBYeT, TaK Kak u3 vy < 7 ciaemyer v = 7.

HortycTumM, 9T0 st HEKOTOPOTO j TAKOT'O, 4TO

w(i0+l)<j<w(io+l+1)

oyner y(lp + 1) # 67. st sToro j 6ymer y(lg +1) > &/. Torma, Tak
kak 67 3> W00+ " eymecrsyer I > | Takoe, uro y(ig +1') = 67 >
swlioH+1) 5, swlio ") yro nporusopeanT BBIOODY [. CItetoBaTEILHO,
Y(io + 1) = 67 mpn w(ip +1) < j < wlip + 1+ 1).

Bosbmem i = ig + [. Jokaxkewm, aro cymecrByer pebpo o € G(i)
Takoe, uTo 09 C w u B(i,q" "1, o) Bemonneno npu n = [(09). Homy-
cruMm nporusHoe. [Tycts n — Hanbosibiiee Yucyio Takoe, 9ro p(n) = i
1 s(w™) > 0. Ilyers m = m(w", ¢"~1). Kak Tompko 9T0 6BLIO TOKA-
zano, u3 w(i) < n < w(i+ 1) creayer 6" = (7). Orcrona ciexyer,
9TO IS BCEX JOCTATOTHO OOJBIMNX k OyIeT BBHITOJTHEHO

(7(2))3 =1« Z ij(z) >1-— d2—m+n+1'

z:l(z)=m

Kpome 3Toro, [yt Bcex J0CTaTouHO GOIbIuX k CyNIeCTByeT T Ta-
Koe, uro I(z) = m, w" C x u Pf(z) < d27™" T pa seex j < d.
Heiicreurensno, pn j < d umeercs me 6osee 2™ "~ !/d takux x
amHel m, aro Pj(z) > d27™ T Beero takux x no seem j < d

2m—n—1

He GoJtee , IO9TOMY TaKOe T HaHIeTCs N3 COOOParKEeHWH MOTII-

HOCTH. TOF,H,& IO KOHCTPYKIIMN HEKOTOPOE MOIIOJIHUTEJIbHOE pe6po g
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¢ HagasioM B w" Gyzxer pobasieno B G(i). 113 Toro, uro s(w™) # 1,
CJIeJIyeT, UTO JIOJZKHO ObITh 0y C w.

N3 cymecrBoBanusi Takoro pebpa ¢ CIeIyeT, YTO i KaXKJI0ro
j < d, ecm > Pf(z) = 1, o (v(i)); = 67 = 1. IlosTomy

z:l(z)=m

Pj(w™) < Pf(wm) +d2—mtntl C@2mmAn 2 pne ko= I(0g), n =
I(o1), m = m(w™,¢"1). To onpenenernmio d = a(m). Kpome 3toro,
no (12.8) u (12.10) mveem

Qw™) > 28/ (1=¢/2) py((;m), (12.11)

rie @ — g-norok. Tak kak jyist jio60it Meper P dbyukius Q(x)/P(x)
siBJIsieTcsl P-cyliepMapTHHIAaIoOM, CyIIecTBYeT Takasli KOHCTAHTa C,
aro cp(j,z) > Q(z)/Pj(x) must Beex x u st Beex j < d Taxux,
uTo P; ABjserca Mepoii.

N3 (12.11) caemyer, 9TO ecm MBI BBIOEPEM JIOCTATOYHO OOJIBITIOE
HaYaJIbHOE 3HAYEeHUe Mg, TO s JiIoboil Mepbl P ¢ mporpaMmMoi p
JuHBL < a(m) OyJIeT BBIIOIHEHO

d(p,w™) > B(m)/(1 —€/2) —loge > B(m),

re. w" He sBisercs (a(m), S(m))-croxactuaeckoil. [lomydaennoe
[POTHBOPEYHE JIOKA3BIBACT JIeMMy. [

Kak 3ameueno soiue Q(E) > 0. Iostomy M (I, g) > 0. Teopema
JIOKa3aHa.

12.4. /loka3zaTejbCTBO TeopeMbl 12.2

DopMyIUPOBKA TEOPEMBI M HEOOXOMMbIE OIPEJICJICHNs] NMEIOTCS B
pasznese 12.1.

Herpy o 10Ka3aTh, YT0 MHOXKECTBO BCEX aTOMOB ajrebpbl T He
Goutee uem cueTHo. [Iyist 9T0r0 BHIGEPEM U1 KAasKJI0r0 aToMa a = [A]
00beIMHeHre KOHETHOTO Jrcia mapos D, Takoe, 9ro

M((A\ Do) U (Dqg \ A)) < (1/4)M (a).
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Torna pu a # b 6yuner D, # Dy. MHOXKeCTBO TOI00HBIX 00beIHHE-
Huit He GoJiee YeM CUETHO.

Moandukamusa obiieii yacTu KOHCTpyKinuu. [IpuBenennas
HIKe MoKl He 3aTparuBaeT NPHUBEJIEHHDIX BBINIE CBONCTB
o01eil 4acTu KOHCTPYKITUH.

[ToBropuM orpeseeHust U3 o0INEil YacTU KOHCTPYKIIMU U3 Pas-
qesa 12.2. ITycrs p(n) u p(n) — BeluncanmMble DYHKIMA TAKHe, 9TO
JIUIST KazKI0M TIapbl HATYPAIbHBIX duces (i, k) BbIIOIHEHO p(n) = i U
p(n) = k njist 6eCKOHEYHO MHOTHUX 7.

Kaxxnoe momostauTe/IbHOE PEOPO 0 COOTBETCTBYET HEKOTOPOMY
saganuio i, vae p(l(o1)) = p(l(o2)) = i. OHO TaK)Ke COOTBETCTBYET
HekoTopoMy mojzajanuio (i, k), vae p(l(o1)) = p(l(o2)) = k.

[Tesibio 3a/1aHKs § SBJISETCS YCTAHOBKA HEKOTOPDBIX JOIOTHATE b
HBIX pebep o TaKux, UTO KaxKIas OeCKOHEeTHas TBOUUHAS ITOC/ICI0-
BATEJLHOCTD W IPOJIOJIZKAET OJIHO U3 3TUX pebep uiau byHKIUs 3a-
JIEpP’KKU paBHa 1 Ha OJ0M U3 HaYaJbHBIX CETMEHTOB w. MbI OyaeM
B IIPOIECCE KOHCTPYKIUHU BBITIOJIHIATD 33JIAHUE 4, BBIIOJIHSA M0/[3a-
nanus (i, k) B nopsizike ux npuopurera. FEcaum pebpo yCTaHOBJIEHO
nonzagaaueM (i, k), TO TOBOPUM, 9TO OHO TAKXKe YCTAHOBJICHO 33,1~
HHUEM 1.

Omnpeie/inM 1oC/Ie/10BaTeIbHOCTD ¢ 3JIEeMEHTAapHBIX ceTeil MaTe-
MaTmueckoil maaykupei o n. Omnpexennm ¢°(0) = 1/2 nua Beex
pebep jmubt 1. Ilycts n > 1 u cets ¢" ! yike onpeenena, s~ 1 —
COOTBETCTBYIOIIAs (DYHKIMS 3a1epKKi 1 G 1 — MHOMKECTBO [010/I-
HUTETLHBIX pebep, KpoMe aToro, ycTh (o) < n st Beex o0 € G L.

[Tycts q — s/emMeHTapHblii TOTOK U (G — MHOXKECTBO JIOTIOJIHU-
TesIbHBIX pebep. Obo3HATaEM IMOJMHOYKECTBO JIOTIOJHUTEBHBIX pe-
6ep, COOTBETCTBYIOIIUX 3aaHUIO 7,

G(i) = {o € G:p(l(01)) = p(i(o2)) = i}

Pacecmorpum Benomorarenbayio dyukimo w(i, q). 3uadenne w(i, q)
PaBHO HAMMEHBIIIEMY N TaKOMY, 9TO p(n) =i un > l(o2) mis Jo6o-
'O JIONOJTHATEIBHOTO pebpa o, KOTOpPoe ObLIO YCTAHOBJICHO 3aJaHUEeM
j < i. B wacTHOCTH OTCIONIA CjIejyeT, 9TO Ha Imarax n' Takmux, 9To
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w(i,q) < n' < n HuKakoe 3ananue j < i HE 06pabaThBaIOCL. Onpe-
JIeTM

w(i,q) = min{n : p(n) = i&VjVo(j < i&o € G(j) = n > 1(02))}

n=1) ecTh HAMAMBHBI AT ceccnn IO 06paboTKe

. ToBopum, uro w(i, q
3aJIaHUS 1.
Hapymenue pasencrsa w(i, ¢") # w(i, q MOKET TIPOM30HTH,
TOJIKO €CJTH HEKOTOPOE 3aJIaHue j < i YCTAHOBUJIO JOTIOJHUTETHLHOE
pebpo, pacrooxennoe Boime yposus w(i,¢" 1), u Takum obpasom,
HApPYTITIIIO ycioBue onpeenenns w(i, ¢" 1), Jlemma 12.2 yTeepxia-

n—l)

€T, 9TO 3TO MOMKET CJYUIUTHCS TOJHKO HA KOHEYHOM YHCJIE IIaroB
KOHCTPYKIIUU.

Heckonbko moguduimpyem obILyio YacTb u3 pasgena 12.2. [Ipu-
BeZeM HedOpMaJIbHbIE TTOSICHEHNUSI.

Iycrs 21,95 - - -5 2 gw(ig) , — BCE KOHEHBIE MOCIIEI0BATEIBLHOCTH
z jyuHbl w(4, ¢), BBIIIUCAHHBIE B JIEKCUKOIPAMDUIECKOM TOPSIJIKE.

I[Toka B mporecce KOHCTPYKIMA BBIIOTHEHO paBeHCTBO W (i, ¢") =
w(i,q" 1), MBI ByaeM TaxkyKe BBINOIHATH Kazkioe nopzatanue (i, k),
rme k < 2“’(i’qn_l), B Ipelenax IMOaepeBa, MPOIOIKAIONIErO II0-
CJIeJIOBATEILHOCTD 2; f, on—1. 1IpH 3TOM, ycTaHOBKa HOBOTO pebpa B
KazKJIOM TAKOM II0jijiepeBe OyJieT paspylarsb Bee nojasaganus (i, s),
COOTBETCTBYIOIIHE TO/JIEPEBbIM, MMEIONUM MEHBITUI MPUOPUTET, a
TOYHee, JIJIsI KOTOPBIX S > k.

Onpenemnum pu 1 < k < 2w(09)

G(i, k) ={o € G(i) : p(l(01)) = p(l(02)) = k&2zj g C 01}

Honaraem G (i, k) = () upm k > 29, Hazosem G(i, k) MHOMECTBOM
JIOIIOJIHUTEJIBHBIX pebep, yCTaHOBIEHHbIX noja3ajanueM (i, k).

ITo onpenenenuto, suadenue w(i, k, ¢) Gyger paBHO HANMEHBIIEMY
7 TAKOMY, YTO BBIIIOJIHEHBI CJIe/IyIolue ycioBust. Bo-niepsbix, p(n) =
iun > 1(0y) I KaXK 1010 JIONOJIHATEIHHOrO pebpa o, KOTOpoe GbLIo
YCTAHOBJIEHO 3ajiaHueM j < i. Bo-Bropeix, n > [(02) JuIsi KayK10ro
JIOTIOJTHATEILHOTO pebpa ¢, KOTOPOEe OBLIO YCTAHOBJIEHO KAKUM-TH00
nojEaanneM (i, s), rjue s < k.
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DTo o3Havaer, uyTO Ha Beex marax n' Takux, 9ro w(i,k,q) <
n' < n, moboe nopzaganue (j,s), vne j < iwm j =ius <k, ue
obpabaTreiBaoch. [IpuBegeM ToUIHOE OIpeaeeHe

w(i,k,q) = min{n : p(n) = i&p(n) < 2°0D&p(n) = k&
ViVo((j < i&o € G(j) = n > l(02))&
VsVo(l < s < k&o € G(i,8) — n > l(02))}.

Hosmaraem w(i, k, q) = oo mpu k > 2w0a),

n=1) - HawaIBHBIH AT TIOJICECCHHU TIO 06-

Toopum, uro w(i, k,q
paborke nojzaganus (i, k). Ilo onpenenenuto w(i, k, q) > w(i,q).

Hapymrenue pasencrsa w(i, k,q") # w(i,k,q" ) Moxer 1mpo-
usoiiti m3-3a Toro, uro w(i,q") # w(i,q" ) wm mpu w(i,q") =
w(i,q" 1) m3-3a TOro, uTo HekoTOpOe moxzasanue (i,s), rae s < k,
YCTAaHOBJIMBAET JOMOJHATEbHOe pebpo Bhimre yposs w(i, k, q" 1)
U, TakuM 06pa3oM, HapymaeT yciosue ompesenenus w(i,k,q? ).
Jajee OymeT mMOKa3aHO, UTO TAKOE HAPYIIEHUE OyIeT MPOUCXOINTH
Ha He GoJiee YeM KOHEYHOM YHCJIe MIArOB N Takux, 4to w(i,q") =

:on—1
w(i,q" ).

[Tycrs G(i) — MHOXKECTBO BCEX JIOTMOJHUTEIbHBIX pebep, YCTaHOB-
JICHHBIX 3a/laHueM Z PeKprI/IBHOMy OTHOIIECHUIO B COOTBeTCTByeT
pYHKIUS yCTAHOBKY JOHNOJTHATEILHOIO pebpa

B(q, ) = min{y : p(l(y)) = p(l(x)), B(p(l(x)), ¢, (z,y))}. (12.12)

Cunraem, 9To min () HeonpeeIeHoO.

Honaraem p(n) = 22"+2. Onpemenum cets ¢" n MHOMecTBO G"
JIOIIOJIHUTEJIbHBIX pebep. DTo olpe/ieieHre pacialaercs Ha TPH CJIy-
qasi.

Cayuat 1. w(i, k,q
ycTaHOBKa mnoa3ananus (i, k), tae i = p(n) u k = p(n)).

Oupenemnm s"(y) = 1/p(n) pus Beex y rakux, 4ro l[(y) = n u
Zi kgt © Y. Onpenesnm takexke s"(y) = " 1(y) mus Beex ocTanb-
HeIX y. [lonaraem G = G™ 1.

Cayuati 2. w(i, k,q" 1) < n (mar o6paborkn noazanamms (i, k),
e i =p(n) u k = p(n)).

"~1) = n (mepBuYHas ycTaHOBKa WJIH Tiepe-
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ITycts C), 0603HaAYAET MHOKECTBO BCEX ITOCJIEIOBATEILHOCTEN &,
KOTOPBI® JIOJIKHBI ObITH 06paboTaHbl, T.e. TaKkue, uTo z; j -1 C T,
w(i,k,q" 1) <l(z) <n, 0<s"L(z) <1, 1(B(¢" L, z)) =n (Takuxe
B srom ciydae, p(l(x)) = i u p(l(x)) = k, 3nauenue bysxiym
OTIpeJIe/IeH0) W He CyIIeCTBYeT JOTOJHATebHOro pebpa uz G 1,
UCXOJISAIIEro U3 .

B stom cirygae onpegemum s (3(¢" 1, z)) = 0 ana xaxkioro © €
Cp, Taxxke onpenemnm s"(y) = s 1(z)/(1 — s""L(x)) ams ocramn-
HBIX Yy Takux, uto  C y u [(y) = n. Honaraem s"(y) = s"1(y) mua
BCeX ocTabHBIX Y. Onpesennm

G"=G" U {(z,B(¢" 1 ,2)) : x € Oy}

OmupesesnMm 3HavYeHNE CeTH HA pedpax o eIMHUIHON JIUHEL ¢ (0) =
(1/2)(1 — s™(01)) u ¢"(0) = s™(01) AUist KAXKJIOTO JOMOTHATETHHOTO
pebpa o € G™.

Cayuati 8. Ciygau 1 u 2 He uMmeror Mecra. B aToM ciiydae ompe-
nemnm ¢" = ¢V u G = G

Ha sTom onmcanue mara WHIIyKITUA 3aKAHIABAETCS.

Omnpenenum ¢ = lim ¢", s = lim s" u G = U,G". U3 onpene-

n—0o0 n—oo

JICHUSICJICIYET, 9YTO ¢ U S — BBLIYUCJINMBIE (DYHKIUHU, 8 MHOXKECTBO G
paspermmMoe.

Caenyrormasi leMMa yTBEpXKIaeT, 9To Jioboe nopzaganue (i, k)
06pabaThIBaETCAd TOJIBKO KOHEUHOE UHC/IO Pa3.

JIemma 12.9. G(i, k) woneurno u w(i,k,q) < oo dasa aobwx i u
k< oulika),

Jlokazamenvemso. Tlo jmemme 12.2 w(i,q) < 00, TO3TOMY
w(i,q" ') = w(i,q) mna Beex n > n; Ama mekoroporo n;. Ja-
Jiee, TaKXKe KaK B JIOKa3aTeJbCTBE JIEMMbI 12.2, MOKa3bIBaeM, 4TO
w(i, k,q") # w(i,k,q" ') TOTbKO 11 KOHETHOTO YHCIA PASTHTHBIX
n>n;. O

MpbI ocTpouM GECKOHEYHYIO TOC/IE0OBATEILHOCTD P.II. TIOJIyMep
Py, Ps, ..., 10 KOTOpO# OyjieT olpejeneHa mocyeI0BaTeJIbHOCTh M10-
[apHO Pa3JUYIHBIX aTOMOB dj,ds,. ...
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[Iycrs (x1,x9,23) — HOMED TPONKM HATYDAJbHBIX YHCEJ, IIPU
HEKOTOPOM (PUKCHPOBAHHOM BBLIYUCJIAMOM B3aUMHO-OIHOZHAMHOM
COOTBETCTBUU MEXKJly BCEMU TpoOiikamu (xi,T2,T3) TaKUMHU, UTO
To # T3, U BCEMH HATYDPaJbHBIMU YUCJAMU. 3aJaHbl TaK:Ke oOpar-
uble dynkuuu [(x1,z2,23)]; = x;, ¢ = 1,2,3. Homep (x1,x2,x3)
KaXKJI0# Takoil TPOMKHM OyJAeT KOIZOM HEKOTOPOI'O 3aaHusl, TIe X1
— HOMEp BBIYHCJIMMOI'O OIlepaTopa, To — 0a3a 3aJaHus, T3 — MU-
menb 3ananusd. Lleab 3amanns — 06eCednTh yCIOBUS, TP KOTOPBIX
oneparop Fy, He MOXKET IIePeBECTH HUKAKYIO OECKOHEIHYIO IOCJIe-
JIOBATEJILHOCTD U3 HOCUTEJISI [OJTyMepbl Py, B HOCHUTEb MOJyMeph
P,,. Koukypupyomum TpeGoBaHUEM SIBJISETCS TO, UTO STU TIO0JLyMe-
PBI JIOJKHBI OBITH HETPUBHATBLHBIMHE, T.€. JOJKHO ObITh Py, () > 0
u P, (Q) > 0.

BBeAel\J ceMeliCTBO OTHOINIEHNI 3KBUBAJIEHTHOCTU Me)K/:Ly KOHEY-
HBIMU II0CJIEI0BATEILHOCTAME, 3ABUCAIIAX OT HapaMeTpa 1

x ropy <= l(x) =1(y)&Y(n <i <l(z) = x; = yi);

JUIsE JIOOBIX IIyTeil 0 U 0/ 10 OIPEJEeNICHIIO 0 ~y, 0’ TOTIa U TOJBKO
TOTJIA, KOTJIA 01 ~y O U 09 ~p Oh.

Mpbr Oymem mmcaTb & ~ 2z BMECTO X n~vy, 2, TOe W =
w(p(l(z)),¢"®), npuuem Beerma Gymer sCHO, O KAKOH CeTH ¢ HIET
peYb.

OcnoBHas npuumHa MOZUMUIUKALINKA OOIIEll KOHCTPYKIMH 3a-
KJIIOUAeTCS B TOM, 9TO Telepb KOHCTPYKIMS O0JIaJaeT CJIeLyIOInuM
CBOICTBOM.

JIemma 12.10. Jlas ar06020 i u a06020 pebpa o € G(i) ne cyue-
cmeyem pebpa o' € G(i) maxozo, wmo o' # 0 uo' ~o.

Jokazamenvcmeo. JJononnnresnbhble pedpa yCTaHABINBAIOTCH B
nporecce obpaborku nojzaganuii. s kaxoro pebpa o € G(i),
YCTaHOBJIEHHOTO HKOTOPBIM TIo/3afanmeM (i, k), Oyner 2; j .n-1 C o1,
IIpU 9TOM, BCe OCTajbHble Hoj3ajanus (i,s) upu s > k mepeycra-
HABJIMBAIOTCS U oOpabaThlBaioTCs Ha Imarax, oosbimux [(og). s
pebep o', yCTaHOBJIGHHBIX MOAZAMAHUAME (7, S) TIpU § < k BBIOJIHE-
Ho [(04,) < l(o1). ITosromy jronosauTeIbHBIE pEOpa, YCTAHOBICHHBIC
nojzasanuaMu (i, s), s # k, He MOryT ObITh SKBHBAJIEHTHBIME . [
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[Iycts p.m. muOXKecTBO F' 3aj/1aeT HEKOTOPBI omepaTop F. Mbr
npeobpasyeM ero Tak, 9Tobbl JinHa pesyiabrata F'(x) Ha KOHEYHOI
MIOCJIEIOBATEILHOCTU X HE MPEBBIIAIa JJIUHBI apryMeHTa!

F'(x) = max{u : 3z(z C z&(z,u) € F&l(u) < I(x))}.

BameruM, uro Ha GecKoHeuHBIX w Oyuer F(w) = F'(w).

B pazmene 11.1 6bL1a mocTpoeHa BBIYUCIMMAS [TOCTIEI0BATE b
HOCTh BCEX BBIUUCJIUMBIX orneparopos F;. Byuem cuurarh, 9To Bee
oHU IpeoOpa30BaHbl, KAK YKA3aHO BBIIIIE.

Byaem roeopuTh, YTO IOC/IEIOBATENILHOCTH I SIBJISETCS -
3aKPBITOI 1I0C/IE0BATENBLHOCTBIO Y (M pebpoM o, Jjisi KOTOPOro
o2 = y), eciu l(y) = l(x) n maitayres j < ¢ U u, JJis KOTOPOTO
T () W A F[z]1(y) € u, rze w(]) = ’lU(j, ql(az)).

Mpsr ompenenum ¢ dekTuBayo onepanuio V,,, 3aBUCSIIIYIO0 OT
napaMeTpa m, KOTopasl BBIJEISeT U3 IIPOM3BOJIBHON ceTn ¢ u J0-
[OJTHUTEIBHOTO MHOXKeCTBa pebep G CeThb ¢y, U MHOYKECTBO JOTIOJI-
HUTEIbHBIX pebep G, st kKoropoit [p(l(o1))]a = m (B aToM cayuae
IOBOPHUM, YTO CETb (,, WM Yucyo m — Oa3a 3ananus ¢ = p(l(o1)))
wn [p(l(o1))]s = m (roBopuM, 4TO CeThb Gy, — MUIIEHb 33JIAHAS 1), a
upu 0 € G 1 gy (0) = 1/2, ecain [p(l(01))]2 # m u [p(l(01))]3 # m.
[To cBoiicTBY HyMepaluu TPOEK YHCIO 1M HE MOXKET OBbITb OJ[HOBpE-
MEHHO MUIIEHBIO 1 6a30i OJJHOIO U TOIO Ke 33 [aHuUsI.

[Tonymepa P, Oymer onpeaesaThcst KaK MOTOK IO CETH (¢, M =
1,2,....

Ilycts g — ceTb, s — ee dyHKIUA 3ajepKku 1 G — MHOXKECTBO
JIOLOJTHUTENIbHBIX pebep. IlycTh o — npousBosibHAST KOHEUHAST [10CJIe-
JoBaTeabHOCTh, © = p(I(x)) — HOMED COOTBETCTBYIONIETO 33 IAHMS.
HaJiee Ipon3BOIUM CJIe/IyTOIIEe OIIPEIe/ICHNUE.

1) Ecim m sBisiercst 6a30ii 3aganust i (1.e. m = [i]2), T0O onpee-

M Sy, () = min{ Y s(z),1}.

zZT

2) Eciu m sBisercss MuineHbo 3aganus i (r.e. m = [i]3) u x
SIBJISICTCS 1-3aKPBITOI HEKOTOPBIM pebpoM u3 Gy, (i), TO ompe-
JIeIM Sy () = 1.
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3) OmupenesuM S, () = 0 Jyist BceX OCTAJIbHBIX .

MHOKeCTBO JOIOJTHUTEbHBIX pedbep G, ceTu ¢, OyIeT coCTOsATH
u3 pebep o, IKBUBAJEHTHBIX JONOJHUTEILHBIM pebpam cetu ¢ (T.e.
o ~ ¢ nas mekoroporo o' € G), st KOTOPBIX M ABJsieTcst 6a30i
saganus ¢ = p(l(o1)) (re. [p(l(o1))]2 = m) 1 11 KOTOPBIX Sy, (071) <
1.

Orpeiesium

(1/2)(1 — sp(01)) ecam pebpo o UMeeT eMHUYHYIO JUINHY
q(0’) ecn o € Gy,

o) =
Qm( ) o':0’'e€G,o0'~o
0 B IpOTUBHOM CJIydae.
Tax xak
> a(0) < s(a),
o:0€G,01=1
nMeeM

ST Gnl0) < Y s(2) = smla).

0:0€Gm,01=2 ziz~T

Orcroza ciepryer, 9ro (DYHKIUS ¢y, yIOBIETBOpsieT yciosuio (12.1).
Tenepb MBI B COCTOSIHUU OIPEJIEIUTh PEKYyPCHUBHOE OTHOIIECHHE,
HeoOXOoAMMOe /IS IpUMEHEeHNs o0Ieil cxeMbl pasgena 12.2

B(i,q,0) <= Q,(02) # 0& Y Qp,(2) <2772, (12.13)

rJie JIIsl IPOM3BOJILHOTO M ByKBOit @, 0bo3Hauaercs W, (q)-110ToK,
a cymma Gepercsi o BceM z JUMHbBL [(02), KOTOPbIE SIBJISIIOTCS i-
3aKPBITHIMU [TOCIEI0BATEIHHOCTBIO 0. 3J€Ch B IIOKA3aTe 1€ CTEIeH!
MBI OTOXKJIECTBJISIEM KOHEUHYIO ITOC/IEI0BATEIbHOCTD 09 U €€ HOMED.

Jlajiee B ipesesiax 3Toro paszuesna g Oyaer 0003HaYaTh CETh, Olpe-
JeJIeHHYIO 110 MOAu(UIINPOBAHHON 00IIIeil cxemMe M3 9TOro pasiesa
Jutst orHotenust (12.13), G — MHOXKeCTBO BCeX JIOIIOJIHUTEJIbHBIX Pe-
6ep, s — cooTBeTCTBYIOMAs (DYHKIMSA 38 PIKK.

Oupenemum G, = Via(q), G = Vi (G). Tlycrs 8, — cooTBet-
CTBYIOMAS ¢y, DyHKIMA 3a71€pKKU, R, OmpereseHa 1mo ¢, COOTHO-
mennsivu (12.2) u (12.3), P,;, 0603HAYAET @y, -1TOTOK.
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[To KOHCTPYKIIUK JIETKO BUJIETD, ITO ¢ (0) = g (o) moist 0,0’ €
G,n TaKuX, 9TO 0 ~ 0.

[TousiTue HEMPEPBLIBHOCTH IOJIyMepbl ObLIO BBEJACHO B pa3e-
ge 12.3. meeT MecTo ciejiyroniee caeJicTBUE U3 JeMMbl 12.4.

Canencrsue 12.5. Iloaymepa P, nenpepviena dasn awb6ozo m.

st mpuMeneHust 3TO# JieMMBI K mojiymepe Py, mocrarodno 3a-
METUTD, YTO Jisi JIIOOOro i uncyio w(i,q) pasmpensier G,.

JIemma 12.11. P, (y) = 0 moeda u moavko mozda, £020a gy, (0) =0
0ns nexomopozo pebpa o eOUHUWHOT OAUNHDL NEXHCAULE20 HA Y, M.E.
maxoezo, ¥mo oo C y.

Lloxazameavcmeo. JlokazaTembCTBO HEOOXOTUMOCTH OYEBU]I-
Ho. Jlns  JoKasaresbeTBa  JJOCTATOYHOCTH  IPEJNOJIOKUM, UTO
am(y™,y" ) = 0 ana mexoroporo n < I(y) m Tem He MeHee
P, (y) # 0. Ilo ompenenenuio sy, (y") = 1. U3 Py(y) # 0 cuexy-
€T, YTO JIOJZKHO CYIIeCTBOBATH JONOIHUTENbHOE pebpo (z,2) € Gy,
n+l C 2. Byzsem cumrars, uro (w,z) — ca-
Moe KoporTkoe Takoe pebpo. Ilo omnpenenenunio Gy, HOJXKHO Cylile-
croBarh pebpo (2, 2') € G rakoe, uro (x,z) ~ (2, 7). Buauenne
Sm(y™) = 1 6buI0 onpeseneno 1o 1) uau 2) onpejeseHus Sp,. Io
KOHCTPYKIIMH B 9TOM CJIydae cyliecTByer pebpo (u,v) € G Takoe,
aro [(v) = n (B nporuBHOM ciydae Obl10 ObI S(2) = 0 st Beex
z ~ y"). U3 cymecrsoBanus B G pebpa (2/,2') crnemyer, aro mus
moboro pebpa (u',v') € G, UPOBEIEHHOrO BhIIIE YPOBHSI YCTAHOB-
ku 3aganus p(l(z)), Ho panee wem pebpo (2, 2') (T.e. mas KOTOPOro
w < (V) < U(2), e w = w(p(l(z)),d")), ero samanue mmeer
GoJIbIlIee 3HAUEHNE U yCTAHOBJIEHO OHO moszke, T.e. p(l(v')) = p(l(x))
uw(p(l(v")), ¢“)) > w. B wacrnocrn, w(p(n), ¢*) > w. [osromy u3
2!~y 2 cenyer, aro (2')" ~ 2. Orciona, ecn 8, (2") = 1 onpese-
JeHO 110 1), 10 8, ((2')™) = 1 Takxke Gyuer onpesesneno 1o 1). [ycrs
Sm(z™) = 1 6bu10 onpegeneno no 2). Tak kak i = p(n) = p(l(x)) u
[i]s = m (1.e. m — mumens 3anauus i), To [p(l(z))]2 = m (r.e. m —
6asa 3aganus p(l(z))) u i > p(l(x)). Hosromy uz (2/)" ~y, 2™ u us

Takoe, 9to * C y" u y
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KOHCTPYKIMH CJEYET, 9TO Sy, ((2)"") = 1 Taxzxke Gyger ompemeneno
1o 2).

Pe6po (2/,2') — camoe xkoporkoe cpean Beex pebep n3 G Taknx,
aro (2/,2') ~ (x,2) ana wekoroporo (z,2) € G, I KOTOPOTO
x C y" ny"t C 2. IlosroMy B MHOMKeCTBE JOHOJHHTEILHBIX pe-
6ep cern ¢'*)~! ner pebpa ¢ rakum csoiicrsom. OTciona U U3 TO-
ro, uro g, ((2)", (2/)"*1) = 0 crexyer, uro Q. (2") = 0, tie Qum,
ectb W, (¢"*)~1)-morok. D10 PABEHCTBO MPOTHBOPEUNT TOMY, UTO
(2',2") € G, Tak kak g1 TOro, 4To6LI 3TO pedpo nomnano B G neosd-
XOIUMO, 9TOOBI Q1 (2) # 0. Tlosy4ennoe mpoTUBOpEUNe NOKAZBIBAET
JgeMMmy. O

Hocurenem nosymepsr P 6bLI0 HA3BAHO MHOXKECTBO

E={weQ:Vn(PWw")#0)}.

Kax 66110 3ameueno, E zamkayto B8 Q u P(E) = P(Q). Uz em-
Mol 12.11 cnemnyer, aro oraomenue P, (y) = 0 paspenmMo u HOCHTe-

nem P, spnsercs Maoxkectso Ey = Q\ U (o)=11z-

JIemma 12.12. P, (1) > 0 das mobozo m.

Joxazameavemeo. Onennm causy seamaumny P, (). ITycrs
Sp= Y Rn(u)- > Gm(0) Ry (01).
u:l(u)=n 0:0€Gm,l(o2)=n
U3 onpenenennsa GYHKINN 3IEPKKH TMEEM
> Ru(u)= ) (1= sm(w)Rm(u) + (12.14)
I(u)=n+1 (u)=n

> Gm(0) Rim(01)- (12.15)

0:0€Gm,l(o2)=n+1

Ecim m me siBngercst Hn 6a30ii HU MUIIEHBIO HA IIare N 3a/aHus
p(n) (re. [p(n)]2 # m u [p(n)]s # m), 10 Spm(u) = 0 auist aH0GOTO U
JUIMHBL 1 U HE CYIIECTBYET HU OJHOIO IyTH 0 € Gy, JJIs KOTOPOIO
l(og) = n. Iloaromy Sp+1 = Sy.
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[Tycts m — 6aza 3amanus p(n). Ilpexsapuresnbno paccMoTpum
caysait w(p(n), ¢" 1) < n. O6oznaumm

P(o,u) <= l(02) = l(u)&(o1 ~ u! ) &u o+ os.

U3 ompenienienus byHKINE 3a/1epKKU TMEEM

> sm(u)BRm(u) < Y (Zs(z)) Rp(u) =

l(u)=n l(u)=n

N

0:0€G,l(02)= u:P(ou)
(8(01) ) Rm<z>> -
0:0€G,l(02)=n ziz~0]

> Ru(o)) > slo) | =
0:0€Gm,l(o2)= o':0'~o,0'€eG

Z Gm (o) R (o).

0:0€Gm,l(02)=n

3zeck MbI ucnosb3oBan jgemmy 12.10: (s moboro pebpa o € G(7)
He cymecrsyer o' € G(i) takoro, uro o' ~ o u o’ # o), a Takxe,
HEPABEHCTBO

> R (u) < Rin(2) = s(01) Bin(2)

zCu,l(u)=n,u#o3

J1st i0boro o € G Takoro, uro [(oy) = n, n 106010 2 ~ 01, a TaK¥Ke

PABEHCTBO G, (0) = > s(0}), KoTopoe cieyeT u3 TOro, UTo
ol:0'€G,0'~o

q(o) = s(o1) mpu 0 € G. O6bennHsAsS HOIYyIeHHYIO OIleHKY ¢ (12.14),

moJtyauM Sp41 = Sp.
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nfl)

Paccmorpum reneps ciy4vait w(p(n), g = n. Torma

> sm(w)Rin(u) < 2%/p(n),

l(u)=n

TaK Kak Sy, (u) = 2"p(n) upu [(u) = n. OObenHsIsS 9TO HEPABEHCTBO
¢ (12.14), monyuum Sp41 = Sp — 2"/ p(n).
[Iycte m — muiens 3ananust p(n). Torpa

Z Sm(u)Rm<U) = Z Rm(“’) < Z 27(01+3)7 (12'16>

l(u):n ueD O'EG,I(CTz):TL

e D — MHOXKeCTBO Beex u JymHbI [(03), KOTOpBIe saBisiores p(n)-
3aKPBLITBHIMHU [OCIEA0BATEILHOCTSAMI 09 IS IPOU3BOJIBHLIX 0 € G.
HamomunM, 9T0 B IOKa3arese CTEINEHN MBI OTOXKJIECTBIIsIEM KOHEU-
HYIO [OCJIEI0BATEIBHOCT 0y U ee HoMep. O6benHsist 9T0 HepaBeH-
crBo ¢ (12.14), nosyunm

Sn+1 > Sn - Z 2_(02—"_3)-
c€G,l(o2)=n

N3 nostyueHHBbIX OTEHOK U Sg = 1 mosryanm

oo
; 1
_ 7 N —(02+3) -
S, >1 ZQ/p(z) > 2l > 3
i=1 oceG
1yst Bcex n. Tak kak P, > R,,, nogyanmM
= . . 1
P,(Q) = 1%fl(z): Py (u) > 11;1Lf Sp = 3
uU)=n

Jlemma gokazana. O

JIemma 12.13. IIpu k # m dasn mobozo t ewnoaneno Fy(Ex)NE,, =
0.
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Joxasamesvcmeo. domyctum, uto cymectByerT w € Ey, s ko-
ropoit Fy(w) € E,,. Paccmorpum 3ananue i = (t,k,m). s sro-
6oro n myctb D, — MHOXKECTBO BCEX 2 JIMHBI 7, KOTOPBIE SIBJISIOT-
sl 1-3aKPBITBIME TIOCJIEOBATEILHOCTBIO W™, JIerko BUIETH, YTO U3
HernpepbiBHOCTU P, ciemyer, 1To

Jim Pon(2) < lim vt p_(Fy(w™)) = 0.
2Dy,
Kpowme storo, Pi(w™) # 0 s Bcex n. OTcioga JIerKO BHJIETD,
9TO IS JIIO0Or0 M KOHEYHasl I0CJIeI0BaTe/JIbHOCTh w' nMeer i-
IPOJIoJIKeHNe (B KaYeCTBe TAKOIO IPOJIOJIXKEHUS TIOJIXO/UT CaMa W).
ITo memme 12.3 cymecryer pedbpo o € G(i) Takoe, uto 0y C w. To-
raa (Fy(w))™ Gymer i-3aKpbITO HOCIIEI0BATEILHOCTBIO 0. [losromy
G ((Fy ()™, (Fy(w))"*1) = 0, te n = I(02). OTciona creyer, 9To
Fi(w) € E,,. Tloiy4ennoe npoTuBopevne J10Ka3bBaeT jgeMmy. O

Cuestyrorasi jjeMMa JacT HaM BO3MOYKHOCTH IPUMEHUTH 3aKOH
0 wm 1 A.H.Konmoroposa K mMepe Py,. 3aMeTuM, 4To 3Ta Mepa He
SIBJISIETCS. HOPMUPOBAHHON. DTO HE BeJeT K HOTepe ODIIHOCTH, Tak
KakK TIOCJIEIYIOIINE YTBEPYKAEHNUsT HEe 3aBUCAT OT MYJIBTUILTAKATHE-
HOI'O MHOYKUTEJIsI.

ITycrs w(i) = w(i,q) n fi(w) = w; Jist 1006010 7.

JIemma 12.14. ITycmv m npouseoavroe u [ila = m. Tozda npu
n > w(i) cayuwatinas eeauvuna f, ne 3a6ucum om coBOKYNHOCMU
caywatnox seauwun {fj 1 j < w(i)} 6 sepoammnocmmom npocmpar-
cmee (2, Py,).

Hokazameavemso. 1lycts y ~y ) 2. V3 memmbr 12.2 crenyer,
qro npu [(z) > w(i) B OUpeIeTeHny 3HAYECHUS Sy, () MOTYT JIMIIH
paccMmarpuBarhbest 3ajauust p(l(x)) > 4, ycraHOBJIGHHBIE Ha IIarax
w(p(l(z)),¢"*®) > w(i). B rom cayuae, korma m = [p(i(z))]s, T.e. m
— mumniens 3agauus p(l(z)), 6yner maxe p(l(x)) > i. Orcroga u 110
OIIPEJIEJIEHUIO MHOYKECTBA, JIOTIOJHUTEIBHBIX pedbep Gy, st J11000T0
pebpa o Takoro, aro 4y C o C y C oy, HallIETCSI SKBUBAICHTHOE
eMy pebpo o’ ¢ TeM JKe CBOHCTBOM TSt 2 (T.e. 0~y om0y € 2 C
oh) u Takoe, UT0 G, (0) = gm(0’).
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ITo cpoiicrBy w(i) mpu l(v) > w(i) dbopmymy (12.2) MoKHO mepe-
nucaTh B BUJE

Ry (v) = > gm(0)Rim(0).

l(01)>w(i),02:v

Orcrona 1 U3 IPeabIAYIIEro PacCyKIeHUs JIETKO MOy IUTh COOTHO-
IIeHne

Rm(”)/Rm(yw(i)) = Rm(”/va('zw(i)) (12.17)
-

st obbix v u v Takux, uro y*() v Cuy 2@ C v Czu
l(v) =1(v"). U3 coornomennii (12.4) n (12.17) nosyuaem

Pu(0)/Pn(y"?) = Pra(v')/ P (27) (12.18)

JUTST JTIOOBIX Y M 2 TAKHUX, UTO Y ~yp(;) 2. OTCIOA U U3 COOTHONTEHMST
(11.8), cBs3biBatotero P, u Py, mosydaem

Pm(v)/Pm(yw(i)) = Pm(vl)/Pm(Zw(i))

JUISL JHOOBIX Y M 2 TAKHX, UTO Y ~uy(j) 2. losTOoMy ycioBHas Bepo-
ATHOCTD Py, (y|z) He 3aBucuT OT BBHIOOpa HAYATBLHOTO (parMeHTa T
nocsegoBaresibuoct y upu [(x) = w(i) u l(y) > w(i). Nabmum cio-
BaMH,

Py (zz|z) = Pp(2'z|2")

Jutst obbIX 2, ', 2z Takux, aro [(z) = I(z') = w(i) u I(z) > 0.
B wacrHOCTH, CTyvaiiHble BendauHbl fj(Ww) = w; HE 3aBUCAT OT
COBOKYTIHOCTH CJIyuaiiHbIX BeqmunH fs(w) = ws npu s < w(i) < j. O

CaencrBue 12.6. /las npoussosvrozo m das awbozo A C §2, co-
deporcawezo smecme ¢ KanrcAotl nocaedos8amesbHOCTbIO 6CE NOCAedO-
BAMEALHOCTIU, OTMAUNAIOULUECA O HEE K KOHEUHOM “ucse Gumos,
6ydem P, (A) = 0 uau Pp(A) = Pp(Q), 6 wacmmocmu, daa 06020
ac Y 6ydem Py (a) =0 uiu Pp(a) = Pp(1).

Jlokasamenavemeo. Ilycrb ny,ng, ... — Bce i Takue, 910 [i]o = m,
B34TBIE B BO3pacTamomeM nopgaake. g npumenenus 3akona 0 mim
1 paccMoTpuM HE3aBUCUMBIE CITyJalHbIE BETMINHBI fm , fm, ..., TJe

fni (UJ) = fni+1 (w) R fm+1 (w) = Wn+1---Wn,iq-
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MmuoxkecTBO A, YAOBIETBOPSAIONIEE YCAOBUIO CJIE/ICTBUS, JEXKUT B O-
ajirebpe, MOPOXKJIEHHON MHOXKECTBOM HE3aBUCUMBIX CJIyUYAlHBIX Be-
JIMIVH fnk, fnk t15 -+ AT JTIOOOTO K, a MO3TOMY JIEZKHUT B OCTATOHO
o-ajrebpe Bcell OCIeI0BATEIbHOCTH fnl , fn2, .... Ilo 3akony 0 waun
1 6yner Pp(a) =0 wm Py, (a) = P,(1). O

I[Iycte a € T u P — p.in. noaymepa. 1o onpenenenuto sjmemeHT
ip(a) OpOXKIATCSI MHOKECTBOM

{wGA:j—]\g(w)#O},

e % — npoussoanas Pajona — Huxomuma mepst P 1o mepe M, A
— IPOM3BOJIbHOE MHOYKECTBO, MOPOXKIatoliee a. JIerko BujIeThb, 9To
ip(a) He 3aBucuT or BeIGOpA MHOXKecTBa A. Ljist sioboro A obozHaua-
em A = {w: Ja(a € A&ka = w)}. lycts s, = [Eyy). o menve 12.12
P, (sy) > 0, mosromy s, # 0. ITo smemme 12.13 npu k # m o6bie
a € Ep u B € E,, He cBOIATCST APYT K JAPYTY, HOITOMY Sk M Sy, = 0.
Ornpeenum

ITo onpenenenuio P(ip(a)) = P(a) ana moboit p.im. momymepnb P.
[Mostomy d,, # 0. U3 d,, C s;, ciieayer dp Nd,, = 0 upu k # m.
Homnycrum, aro d,, =aUb, tmea# 0, b#0uanb = 0. Torna
1o ciejgctBuio 12.1 (Koropoe BEpHO TakzKe Jijisi HEBBIUUCIUMBIX P)
Pn(a) > 0u Py(b) > 0, aro mporusopeunt ciaeactemio 12.6. Tlomy-
YEeHHOEe MPOTUBOPEYHE JIOKA3bIBaeT, 9YTO d,, SIBISETCS aTOMOM JIJIst
qmroboro m. Teopema mokazama. O

12.5. /lokazaTejabcTBO TeopeMbl 12.3

DopMyIUPOBKa TEOPEMbI U HEOOXOMMbIE OIPEJIEJICHUST UMEIOTCsT B
pasnene 12.1.
IIycts aj,a2,... — Bce aTtombl ajrebpol Y. B arom pasieie Oy-
— [ee]
Jer nokazano, uto d = 1\ U2 a; # 0. [Ij1s 9T0ro Mel mocrponm
HEHYJIEBOI 3JIEMEHT €, B KOTOPOM HE COIEPXKUTCs HU OJTHOT'O aTOMA.
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Omneparuss @ OyaeT 10 MPOU3BOJIBHON CETU ¢ U MHOMXKECTBY J10-
HOJTHATEIbHBIX pebep G onpee/saTh HOBYIO CeTh ¢ ¢ TeM 2Ke MHO-
2KECTBOM JOTOJHUTEIBHBIX pebep.

[Tycts x — NpPOM3BOJIbHASI TIOCJEIOBATELHOCTD JIMHBL N,
i = p(n) — coorsercrrytomee 3amanue. Oupenernm ¢ (x,20) =
¢ (x,x1) = 0, ecan Haiinercs Takoe pebpo o, st Koroporo l(o2) = n,
o € G(i) u Fi(o3) C x. Oupenennm ¢' (o) = q(o) ansa moboro pebpa
0 eJIMHUYHON JIJINHBI, B IIPOTUBHOM CJIyYae.

st mpuMenenust o0Ieil cXeMbl pas3jiesia ONpeIeTuM

B(i,q,0) <= Q(02) # 0&F(02) £ o2&
> Qz) <279,

Fi(02)Cz,l(2)=l(02)

rze 6ykBoii () obo3HaueH P(q)-110TOK.

IIycts cernh ¢ ompemesiena 1mo obiieit cxeme pasaena 12.2, G —
MHOYKECTBO JIONTOJIHUTENILHBIX pebep, § — pyHKIus 3a1ep:kku. Onpe-
nemum ¢ = ®(q), s’ — byukuns sagepxku 1 cern ¢, P obosHavaer
¢’-1oTOK.

AHaJIoruvIHO TOMY, KaK 9TO JeJiajoch B pasieie 12.4, HeTpy-
HO IOKa3aTh, uTO P — HempepbiBHAadA p.II. momymepa, P(1) > 0
npu p(n) = (n + 2)%, u Hocurenem P sBistercs MHOXKecTBO F =
Q\ Ug(zy=11z. Tlokazkem, uro sobbie /pe pasmmanble (Geckonet-
HbIE) TIOCJIEIOBATEIbHOCTH W 1 W' U3 F ajropurMudecku He CBOJAT-
cst apyr K gpyry. Honyeruwm, uro w = F;(w') mus wekoroporo i. Ilo
nemme 12.3 cymecrsyer pebpo o € G(i) Takoe, aro oy C w'. ITo kon-
crpykmn Fi(o9) € o9. Tostomy 1o onpeaenenmo ¢’ (w",w™ 1) =0,
rie n = l(o2). Orciona w ¢ E. TlosydyenHoe nporuBopedne jg0Ka3bi-
BaeT, YTO W He CBOJUTCH K w'.

Onpeyieninm e = [E] u £ = ip(e). domycrum, uto x C fux Z 0.
Boibepem X € x u nonoxum X' = X N E. Jlerko BuaeTb, 4ToO
M(X") > 0. Tlo temme 12.1 P(X’) > 0. Tak xak X' C E, jobble 1Be
nocJiejiopaTebHocT u3 X' He cBoAMMBI IpyT K jpyry. IIpencrasum
KakmM-60 obpazom X' = X1 U Xo, rie X1 N Xy =0 u P(X;) > 0,
u P(Xs) > 0. Ilycts x1 = [X1] 1 x2 = [X3]. Torma x = x1 U X,
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x1 # 0, X3 # 0 1 x1Nxy = 0. CiemoparenbHo, f He BKITOUaeT B cebst
mn ozxmoro aroma. [Tosromy d =1\ U2, d; # 0. Teopema rokazama.
Od

12.6. CBoauMMOCTH aTOMOB

MpbI BBEJIEM OTHOIIIEHNE CBOJIMMOCTH aTOMOB Y, aHAJIOTHIHOE CBOJIH-
moctu 1o FO. T.Mezgezeny (cm. [19]), KoTOpoe MO3BOJIUT pa3nvaTh
OTIpeJIe/IEHHBbIE YKe aTOMbBI M BBIJIEJUTH U3 MHOYKECTBA BCEX aTOMOB
€CTECTBEHHBIE ATOMBI C U T.

st sii00bIX JIByX aTroMoB a u b asirebpbr T OyjieM cauTaTh, 9To a
CBOJUTCA K b, ecyin 111 HEKOTOPOI'0 MHOXKECTBA B, IOPOXK IAIOIIET0
aroM b U HEKOTOPOTo BBIYHCIMMOrO oneparopa F' muoxkectso F(B)
MOPOKJIAET a. DTO IKBUBAJEHTHO TOMY, UTO JJIsA JIOOBIX JBYX MHO-
sectB A n B, nopoz naiomux a u b, coorsercrsenno, M-1ouTy KazK-
Jlasl TOCJIEeI0OBATEILHOCTD U3 A aJTOPUTMUYECKN CBOJMTCS K HEKO-
TOpO# mocyegoBaTebHOCTH U3 B, a kK M-modTn Karkoi mocieno-
BaTEILHOCTH U3 B aJropuTMUYECKN CBOJIUTCS HEKOTOPAs TOCTIEI0-
BaTEIHLHOCTD U3 A.

Beumy Toro, uro npu k # m HHUKaKue JBE TOCIEJIOBATETHHO-
ctt « € Ep u f € E,, aJrOpUTMUYECKU HE CBOJIUMBI JIPYT K JPY-
ry, Bce atombl di,do, ..., MOCTpOEHHBIE B pasjene 12.4, momapHO
HECPABHUMBI OTHOCUTEILHO BBEJIEHHON CBOJUMOCTH. JIErKO BUIETD,
YTO aTOM C, TIOPOXKIEHHBI BCEMU BBIYUCIUMBIMU TOCTETOBATEb-
HOCTSIMU, SIBJISIETCSI HAMMEHBIITUM, & aTOM T, TIOPOXKICHHBIH CiTyJaii-
HBIMHU HEBBLITUCIUMBIMH TTOCIEIOBATETLHOCTIIMU, SIBJISIETCST HANOOIb-
UM JIEMEHTOM.

Otciofia, B YACTHOCTH, CJEAYET, UTO KAXKIBIM U3 aTOMOB
di,ds, ... mopoxkIaeTcs HeCTAHAAPTHBIMU MOCJIEI0BATETLHOCTIMU.
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