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BBenenue

B magame 60-x rr. XX B. A. H. KosMOropos mpeiytosKui mpo-
rpaMMy IOCTPOEHUsI TeOPUU WHMOPMAIUU W TEOPUH BEPOSATHOCTEH
Ha TPUHIANIAJILHO HOBOI aJIrOpuTMUYIecKoil ocHoBe. IlepBoit my6-
JINKAIMEH [0 aJTOPUTMUIECKON Teopuu WHMOPMAIIUN SIBJISIETCST €10
crarbst [12], Te ykaszaH €1ocob U3MEpeHUsl CJIOKHOCTH KOHETHO-
ro obbekra (ciosa). jsi aroro KosiMoropoe BBes TOHsSITHE a.-
eopummuneckol caodicnocmu K(z) Korednoro obbekTa T, paBHOI
JJIMHE CAMOI'0 KOPOTKOI'O JIBOMYHOIO KOJA, 110 KOTOPOMY HEKOTO-
PBIil YHUBEpCaJbHBINA aJrOpUTM — CHOCOO JTEKOJUPOBAHUST — MOYKET
BOCCTAHOBUTH JIAHHBIN KOHEYHBI 00beKT . OCHOBHBIM pE3yJibTa-
ToMm KosimoropoBa ObLTa «TeopeMa HHBAPpUAHTHOCTH», OJ1aroaapst Ko-
TOPOIl MOXKHO OIIPEJICJIUTD CJI0KHOCTHh K() HE3aBHCHMO OT CIIOCO-
Oa mexkomumpoBaHus. TakuMm 00pa30M, AJITOPUTMUYUECKAS CJI0KHOCTH
KOHEYHOI'O O0BEKTa SIBJIAETCS BHYTPEHHEH XapaKTEPUCTHKON 3TO-
ro obbekTa, He 3aBHUCSINENl 0T crocoba ee m3Mmepenusi. Ha ocHope
HMOHATHUS CAOHCHOCTIU, BBOJIUTCS MOHSATUE KOAUMECNEE UHPOPMAUUL
I(y : ) = K(z) — K(z|]y) B omHOM KOHEYHOM 0OBEKTE Y O JAPYroM
KOHEYHOM OObEKTE .

KonmoropoBckast CJI02KHOCTb KOHEYHOTO OObEKTA paBHA JIJIMHE
€aMoro KOpOTKOI'O JBOMYHOI'O CJIOBA IO KOTOPOMY HEKOTOPBIN YHU-
BepCabHBII CII0CO0 JIEKOJUPOBAHUST MOXKET BOCCTAHOBUTD 3TOT 00b-
exT. B pamkax kjaccudeckoit reopun nrdopmaruu surponus [len-
HOHA, paBHA MUHUMAJILHOMY KOJIUYIECTBY OUTOB, C IOMOIIBIO KOTO-



PBIX MOXKHO OIHUCATDH CJIyIailHbIll 0OBLEKT B CPEJIHEM, a TOUHEee, Pac-
pejieieHne BepOsATHOCTE, OPOXKIAIOIIee TaKue 00bEKTHI.

Nrnen KOIMOTOPOBCKO# C/IOXKHOCTH UM CO3/IAHHON Ha ee OCHOBE
AJTOPUTMHUYECKON TeOprK WHMOPMAIME BO3HUKIM Ha (doHe OypHO-
ro pa3BuTus Teopuu HHMOPMAIUU U KOIUPOBAHUs, KOTOpas ObLia
ocrnoBara 3HaMeHnTHIME paboramu Kiona lennona |32].

B.HI/ISKO K njaedm KOHI\lOFOpOBCKOﬁ CJIO2KHOCTHU HaXOIATCA HMIAeHu
YHHUBEPCATIBHOTO CxKaThsi WHMOPMAIME U YHUBEPCATHLHOIO MTPOIHO-
3MPOBaHUs, KOTOPbIE BOZHUKJIM B TOT ¥Ke Mepuoji BpeMenu — B 60-
70rr. 20-ro cromerust. IIpu 3ToM moaxome, paccMaTpUBAETCST STATIOH-
HBII KJIace croxacTudeckux Mmojeseii (reference class) u crpourcs
METO/I, KOAUPOBaHUA UJIN IIPOTHO3UPOBAHUA, KOTOprﬁ C2ZKMaeT NH-
hbopMaIuIo nIM MPOrHO3UpPYET OYAYIIHIE UCXObI HE Xy2Ke 9eM JIiobast
MOJIEJTb TOTO KJIACCa, IPABJA, ¢ TOYHOCTHIO JI0 HEKOTOPOIi MOorper-
HOCTH — perpera (u30BITOYHOCTH Kojia). B aroM ciydae, Kpurepuem
3 PEKTUBHOCTU YHUBEPCAJTBLHOI'O METOIA SBJIAETCA MUHUMUBAIUS
perpera. K Kjiaccy yHEBEPCATBHBIX METOIOB MOKHO OTHECTH METOJIbI
yHHuBepcaiabHoro cxkarust nadopmanun B.D. Badbkuna [1], B.M. ®u-
turroda [30], P.E. Kpuuesckoro [14], FO.M. HIrapekosa [34], [35],
B.4.Pa6ko (23], [24], . Puccanena [36] u ap.

[ITenHOHOBCKAsT Teopust UHMOPMAIIUH CYIIECTBEHHO OCHOBBIBAET-
Csl Ha BEPOSTHOCTHBIX IPEJNOJIOKEHUSAX, UTO CyKaeT 0DJAaCTb ee
IIPUMEHNMOCTH. AHFOpI/ITMI/ILIeCKaH Teopusd I/IHCbOpM&LLI/H/I ABJIAETCA
HOIBITKOW PACIPOCTPAHUTDL MJIEU U MOHSITUSI TEOPUH UHMOPMAIH
Ha HECTOXACTUYECKUl cirydaii.

Psit Cosmomonos [55], |[56] Biepsble cTas paccMarpuBaTh B Ka-
YeCTBE 3TaJIOHHOI'O KJIaCC BCE€X aJITOPUTMHUYECCKU BBIYHUCJ/IMMBIX MO-
nesteii (pacrpe/ieleHnit BEpOSITHOCTEH) M OCTPOUJT YHUBEPCATBHBII
peJIcKa3aTe b, KOTOPBIH JIOKA3yeMO IIPEJICKA3bIBAJl ACHMITOTUIE-
CKHU He XyzKe 9eM JII000e BBIYUCIUMOE PaCpejie/IeHne BePOSITHOCTEN.
HemocraTkoM Takoro yHUBEPCAJIBHOIO MIPeJICKA3aTe sl SIBJISIeTCS OT-
CYTCTBUE aJI'OPUTMA BBIYUCJIEHUS €r0 TPeJICKA3aHHMIA.

[Mousitue A OPUTMHUYIECKOI CJIOKHOCTH, BBEJICHHOE
A.H.KosmoroposeiM B [12|, Tak»Ke OCHOBAHO Ha IIOCTPOECHUU
YHHUBEPCAIBHOIO MeTOJ/a JIEKOJAUPOBAHUsS JIJIs 9TAJOHHOIO KJlacca,



COCTOSAIIEr0 U3 BCEX BBIYMCIUMBIX METOJIOB JIEKOIMpoBaHus. Bce
9TU AJTOPUTMbI UHTEIPUPYIOTCS B OJMH YHUBEPCAJBHBIA ajaropuTm
C TIOMOIIBIO YHUBEPCAIbHON pyHKIun (Mamuabl ThiopuHra).

[TonsiTHE KOJMOTOPOBCKON CJIO?KHOCTH PAa3BHBAET MOHATHE SH-
rponuu [IlenHOHA U MMeeT aHAJIOIMYHBIE CBOMCTEA.

CiiefiyeT OTMETHTB, 9TO B KJIACCHYECKON Teopuu UHMOpMAIUN
UMeeT CMBICI paCCMaTPUBATh KOJUIECTBO NH(MOPMAIUT TOJBKO JIJIs
CJIyYaiiHBIX BeJTMYIUH & U 1), IPUHAMAIONMX 3HaYeHus j € J U3 HeKO-
TOPOTO MHOYKECTBA

I(n: &) = H(&) — H(E|n),

rine H — sarponus [llennona:

H() = —Zp(f = j)log p(¢ = j),

H (&|n) — ycaosnast surponus [lenHona.

Kaxk BUIHO U3 3TOr0 OIpeeseHnst, 15 3aaHnsl SHTPOIUU HE00-
XOJIUMO 3HATH PACIIPEJIe/IEHAE BEPOSITHOCTEN UCTOTHUKA, T€HEPUPY-
FOIIEr0 CUMBOJIBI j, U3 KOTOPBIX COCTABJIEHBI KOHEUHBIE OOBEKTHI L.
Takum 06pa3oM, MOHSATHS IHMPONUY (AHANOLA CAOHCHOCTIU) U KOAU-
YeCMea UHPOPMaUUY, STBIISIIOTCST BHYTPEHHUME TIOHSITUSIMA TEOPUU
BEPOSITHOCTEH U TPEOYIOT [JIsi CBOErO BBIYUCJCHUS IPEXKIE BCErO
OIIPEIeJINTh BEPOSITHOCTHOE IIPOCTPAHCTBO, OIMUCHIBAIOIIEE UCTOTHIK
JIAHHBIX.

Kak n3BecTHO, BEPOSITHOCTHBIE YTBEPXKJIEHUsT HHTEPIPETUPYIOT-
cs Jepe3 CTaTUCTUYEeCKNe BbICKasbIBaHusl. I1losToMy mpakTudecKu
onpejiesierne 3uTporu H (§) U COOTBETCTBYIOMIErO HOHATUST KOAU-
Yeemea UHPOPMaUUuL MOYKET OBITH HCIOJIb30BAHO TOJBKO JIKIIL B
[IPUMEHEHNN K ODIMUPHBIM COBOKYITHOCTSIM OObEKTOB.

Hamnpumep, Tpyamo npeactaBuThb cebe ero mpuMeHeHne T OIpe-
JIeJIEHUST KOJIMIECTBA WHMOPMAIINU, COMIEPKAIIEHCsi B TEHOME 1eJI0-
Beka (IIpeJICTaBJIEHHOM B BH/JIE YeThIPeXOYKBEHHOIO CJIOBA) O TeHOME
muMitanse. Jjisg 3Toro HaJ0 NMpeCcTaBUTh cebe ITU UHIUBUILYAJb-
HbIE TEeHOMBI KaK 3JIEMEHTBI OOINMMPHBIX COBOKYITHOCTEH MOTOOHBIX



M I'€HOMOB, B KOTOPBIX IIOABJICHHNE KazKJI0I'O HyKJIeOTI/IILa Ha OIIpe-
JIeJIEHHOM MeCTe T'€HOMa, OIIMCHIBAETCST HEKOTOPBIMU BEPOATHOCTSIMI.
Kaxum 06pasoM MOXKHO OIEHUTH 9TU BEPOSITHOCTH HEM3BECTHO.

[TorpebHOCTh UCIOIBL30BATD IMOHITHE CAONHCHOCTU U OIIPeIesie-
MO€e Yepe3 Hero IMOHSITHE KOAUYHECEa UHPOPMAUUL B CIyIae WHIIH-
BUJIyaJIbHBIX 00BEKTOB, HE PACCMATPUBAEMBIX KAaK PeaU3aIun CJIy-
YalHbIX BEJUYUH C OIIpeIeJICHHBIM 3aKOHOM pacCIIpe/ie/iIieHud, BbI3bI-
BaeT HEOOXOAWMOCTH IO KpailHeill Mepe TeOPeTHIECKOrO U3y UCHUsT
COOTBETCTBYIOIIErO MOHATHUS CJAOKHOCTH.

Kommoroposckuii moaxom 0OCHOBaH Ha 0OOpPATHOMN MTOCTIEN0BATEhb-
Hoctu geitcrBuii. CHavasIa OIpemessieTcsl MOHITHE CAONCHOCTIU KO-
HewH020 06Bexma n OIpeIeIsseMoe UYepe3 HEero MOHSITHE KOAUNECTNEA
ungopmayuy, a 3aTeM Ha STOM OCHOBAHHM Pa3BUBAETCA TEOPU
CTATUCTUYIECKUX CBOMCTB KOHEUHBIX 00bekToB. Maest Kosmmoroposa,
orybsinKoBaHHast B crarhe [12|, 3aKiovansack B TOM, YTOObI IIPU3HA-
KOM CJIy4afHOCTH KOHEYHOH MOCJIeOBATEJILHOCTA CUMBOJIOB & CYU-
TaTh OTCYTCTBHUE B HEil 3aKOHOMEPHOCTE, ITO BBIPAYKAECTCA B HEBO3-
MOKHOCTH 00Jiee KOPOTKOI'O OIMCAHUsl 3TOH II0CJIeI0BATEILHOCTH,
4yeM ee jymmHA: B 9ToM caydae K(x) & [(z), rue I(z) — nimHa sToit
[IOCJIEIOBATE/IbHOCTH.

A. H. Kosmoropos npugaBaJ 00JIbIIOe 3HAYEHNE U3YIEHHUIO 110~
HATUsT AJCOPUTMUYECKON CiIydaiiHOCTH Komeunozo obsexma. 1lpu
9TOM IIOHATHE MEPbl HE JOJI2KHO BXOJIUTH B 9TO OIIpE/Ie/IeHue. OC-
HOBHasl ujesi KojaMoroposa 3ak/odajiach B TOM, YTOOLI BBLIBOIUTH
CTOXaCTUYECKHME CBONCTBA KOHEYHOM II0C/IEIOBATE/ILHOCTH U3 IIPE/I-
MTOJIO’KEHHUST O TOM, 9TO €€ CJIOKHOCTD, IIPU 33 JaHHBIX OIPAHNIEHUSIX,
6.7[1/131(& K MaKCI/H\/[aJIbHOI\Jy S3HAYEHUIO.

AurropurMuUecKasi CJI0:KHOCTD, BB€JIeHHasT KOJIMOrOpoBbIM, BIIO-
CJIEICTBUN OBLIa HA3BaHA KOAMO20POBCKOU CAOHCHOCMDBIO, 8 CIIOCOD
dopMyIupoOBaHNs BEPOATHOCTHBIX YTBEP:KJIEHUI Ha OCHOBE IIOHSI-
TUIl aJITOPUTMUAYECKON CJIOKHOCTH U KOJIMYECTBA MH(MOPMAIIMH ObLIT
Ha3BaH KOAMO20POGCKUM NOOTOJOM K ODOCHOBAHUIO TEOPUU BEPOSIT-
Hocreit. OCHOBHBIE TIOHSITHSA U UJEH KOJIMOI'OPOBCKOI'O IIOIXO0/a, JJIsT
KOHEYHBIX O0BEKTOB U3JIaraloTCsd B IJlaBe 3.

Heszasucumo or KosiMoropoBa monsTue ajropuTMUIecKOR CJIOXK-



HocTH ObLI0 Takxke BBegeHo I Yeiitunbiv [38], [39].

B nmanbHeiiiem pa3BuTue ajJropuTMUYIECKOIO HOJX01a K TEOPUN
BEPOSITHOCTEH IIOINLJIO WHBIM IyTeM. B KadecTBe CJIydailHbIX 00b-
€KTOB CTaJIl PACCMATPUBATLCS OECKOHEUHBIE MOC/EI0BATEILHOCTH
ncxonoB (06brano 310 0 m 1). Ilpu TakoMm mojixojie MCUE3aI0T TeX-
HAYECKUE TPYJHOCTH, XapaKTepHbIE IIPU PeaUu3alliid KOJIMOIOPOB-
CKOTO TIO/IXO/a JJIsi KOHEIHBIX 00beKTOB. [lapaienbHo ¢ KOJIMOTo-
POBCKHM CJIO?KHOCTHBIM ToaxooM Maprun-Jled mpemroxua aaro-
PUTMUYIECKO — BEPOSITHOCTHBIN TOJXOJM K IIOCTPOEHUIO «KOHCTPYK-
TUBHOI Teopun BeposiTHOCTel». Maprun-Jled BBenr moHsiTre H6€CKO-
HEYHOM TOC/IEIOBATEILHOCTH, CJIYIailHOW OTHOCUTEIBHO 33JIAHHOTO
BEPOSITHOCTHOI'O pacipejiesienns. becKoHeuHast [0CJ/Ie10BATEIbHOCTD
Ha3bIBAETCS AAZOPUMMUNECKY CAYHAUHOT, €CJIU OHA, BBILIECPKUBAET
Jioboit BeraucuMbIii Tect Maprun-Jleda. Oupenesienne u cBoiicTBa
caydaitubix 1o Maprun-Jledy mociieioBaTesbHOCTEl U3/1ara0TCs B
riase 4.

Kak BoIsicHMIIOCH 11032Ke, TIoHsITHE ciry4aiinoit mo Maprun-Jledy
TOCJ/IeIOBATEJIBHOCTHU JIOMYCKAET SKBUBAJIEHTHOE OIUCAHUE B TEPMU-
HaX MOJAUMUIIMPOBAHHBIX BADUAHTOB aJrOPUTMHUYECKON CIIOXKHOCTH.
JI.A.Jlepun u K.IL.IITaopp BBesn B paborax [16], [19], [17], [20] u [54]
HOBBIE BEPCHHM KOJIMOT'OPOBCKOW CJIOKHOCTH — MOHOTOHHYIO U IIpe-
pUKCHBIE BEpCUU KOJIMOTOPOBCKO# CJIOXKHOCTH, KOTOPBIE OTITHIAIOT-
¢S OT KOJIMOT'OPOBCKOI CJIOYKHOCTH HCITOJIb30BAHUEM CIEITUAJBHBIX
METOJIOB JIEKOJUPOBAHUST KOHETHBIX O0bEKTOB.

JlaHHBIE BUJIBI CJIOXKHOCTH TIO3BOJISIFOT JATh OlpeesieHne OecKo-
HEYHOU CJIyYailHOM IMOCJIEIOBATEILHOCTH, KOTOPOE OIPEIEISeT TOT
2Ke KJIacC MMOC/Ie/I0BaTe/IbHOCTEl, uTo U onpeaenenne Maprun-Jleda.
Takum 06pa3oM, KOHCTPYKTUBHBIA U CJI0XKHOCTHOHN TOJXO/BI K TEO-
pUU BEPOSITHOCTEH COBIAJIAIOT. BCe 3TU MOHSTHSI U TEOPEMBbI IIPUBe-
IEeHbI B IJIaBe 5.

Hezapucumo or Kosimoroposa, n jlazke HECKOJIBKO PaHee, WJen
IIOCTPOEHUS «YHUBEPCATBHOTO IPECKA3ATENA> ObLIN PEJJIOKEHDI
P. Conomonoseim. CostoMOHOB X0Tes nmoctpouTb Mepy M ¢ adpder-
THUBHO BBIYHCIUMBIMU CBOWCTBAME, KOTOpasi ObI IpeCcKa3biBaia He
xyKe J060#1 Beraucaumoit mepol P. IlepBonadasnbubie uneun Costo-
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MOHOB& OBLJIN He sICHBI, OH YTOYHMJI UX [032Ke B cTarbsx [55] u [56].
Ero yrounenusi npuBesin K IOCTPOSHUIO YHIUBEPCAJIBHON MIPEICKA3BI-
BalOIIeil Mepbl, KOTOpas Ipasia He 00J1a/1a71a JJOCTATOYHBIMU BBIYHC-
JINMBIME CBO¥icTBamMu. Kak BBISICHIIOCH, IIOCTPOUTD IIPE/ICKA3ATE b,
KOTOPBIH ABJIsL/ICA Obl OJHOBPEMEHHO BBIYUCIUMBIM U YHUBEPCAIb-
HBIM, HEBO3MOXKHO; 11032Ke JIeBUH HOCTPOUJI IOy BBIYUCTUMBII yHU-
BEPCAJILHBII IPe/ICKa3aTe b, 3/1eCh HANOOIee IEHHON ABJISETCS Uest
CostomonoBa 06 yHUBEPCAJIHLHOCTH MIPEJICKA3ATEIA, KOTOPasi C CAMOT0
HadaJja IIPUCYTCTBOBAJIA B ero paborax. Tak ke, KaK M KOJIMOI'OPOB-
CKas CJIO2KHOCTD, YHUBEPCAJIBHBIN IIPEJICKA3ATENb OIPEIEIISAIICS C UC-
MTOJIb30BAHUEM YHUBEPCAJIbHON MAIMUHBI TBIOPUHTA, KOTOPasi CTPO-
UTCS B TEOPHUHU PEKYPCUBHBIX (DyHKIM. B 9TOM 3aK/Ii09aeTcs cxo/I-
ctBO 1osix0/10B Kosmoroposa u CostomonoBa. 3amerum, uro CoJio-
MOHOB HE PacCMaTpHUBAaJI IOHATUE AJITOPUTMUYECKON CJIOXKHOCTU KO-
HEYHOTO 00beKTa, a KoMoropos HuKora He paccMaTpUBas 3a/1a9y
[IOCTPOEHUsI YHUBEPCAJBHOTO IpejicKa3anus. [lo3xke ujges yHuBep-
CAJILHOTO IIPEJICKA3ATEIIS [T0JIy 9118 CBOE YTOUHEHNE B BU/IE TIOHSITHSA
yHusepcarvrol noaymeps, BeeaeHuoi Jlesuneim B 1970 1. [11]. D10
[IOHSATHE U3y4aeTcsd B riase 6.

B.I"Bosk [61] npemroxkuir 06001eHne MOHSATHS YHIBEPCATIBHOMN
MOJIYMEPBI — TOHSATHE TTPEJCKAZATENIHHON CIOKHOCTH. JTO TOHSITHE
usydaercs B pazzene 10.

Nrnen yHuBepCAJLHOIO TPEICKA3aHUS WHINBUIYyAJBHON ITOCTIe-
JOBaTEJIbHOCTU IPEJIBOCXUTUIIN IOsABUBIIYIOCs 11032ke B 1990-x ro-
JlaX «TeopuIo ManmHHoro obyuenust» (Machine Learning), koropast
uMeeT 6oJiee IPUKJAIHYIO0 HAIIPABJIEHHOCTb, Y€M AJIOPUTMIIECKAsT
caydaiinocts (em. [51] u [8]).

Bruskue onpesnenenus ciiydaiiHOCTA C MCIIOJIB30BAHUEM TEOPUN
MapTHHIAJIOB TI037Ke IIPUBEJIM K HOBOMY TE€OPETUKO-UI'POBOMY 060C-
HOBAHWIO TEOPUU BEPOSATHOCTEN U (DUHAHCOBOIM MATEMATHKH, HIPEJI-
noxxennomy Boskowm u [leiidepom [53].

DJIeMEHTBI BEPOSTHOCTHON TEOPUH WH(MOPMAINN U3JIATAIOTCS B
vactu | kauru. B 9T0# yacTu paccMaTpuBaOTCsT OCHOBHBIE TIOHSITHS
U CBOWCTBA KJIACCHUIECKON Teopun WHQOPMAIUN, TaKUe KaK, SHTPO-
Usi, KOJTMIECTBO B3aUMHOM HH(MOPMAIINH, KOJUPOBAHUIE BEPOSTHOCT-
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HBIX UCTOYHUKOB. B raBe 2 06CyK1aI10TCsT METO/bI Y HUBEPCATHHOTO
cxarus uadopmaru. Asropurm Jlemnens—3uBa U3y4aeTcs B pas-
nene 2.1.

B uactu Il kHurm npescraBjieHbl OCHOBHBIE TIOHSITHS U yTBEP-
JKJIEHUsT AJITOPUTMUIECKON TeOpUr HH(MPOPMAIIHH.

Yactp Il mocBdameHa pasauaHbIM TPUIOKEHUAM aJITOPUTMU-
qeckoil Teopun uHMOPMAIUU K TeOpUHU BepodTHOcTeil. B wacrHOo-
cTd, B pazjese 7 UPUBOJUTCH <«CJOXKHOCTHOE» JIOKA3ATEHCTBO 3a-
KOHa TIOBTOPHOTO aJIrOPUTMa, IIPEJJIOKEHHOe B pabore 2|, B pasje-
Jie 8.1 mpoBOAUTCHA AJITOPUTMUYECKUN aHAJM3 SPrOJUIECKON Teope-
Mbl Bupkroda mis caydaitabix mo Maprtus-Jledy nociemoBaresb-
HOCTel, IPeJUIOXKeH bl B crarbe [7).

B gactu IV usy4aiorcs npobiieMbl IpeIcKa3yeMOCTH KOHEUHBIX
1 OECKOHEUYHBIX IocjeaoBaTebuocTeit. B rimase 10 paccmarpuBaeT-
¢ 3aJ1ava TOCIEOBATEILHOIO ITPOTHO3UPOBAHNUS KOHEUHBIX ITOCJTIE-
JIOBaTEIbHOCTEH, BBOJIUTCS U M3ydaeTCsl MpeJcKa3aTe/bHasl CJI0XK-
HocTh. B rmase 11 usyqatores (o, 5)-croxactudaeckue mo Koamoropo-
BY KOHEUHbBIE TIocsieioBaTebHocT. B wactu V BBomuTCs Kiaccudu-
Kalisd ¥ U3y4daloTcs CBOMCTBa OECKOHEYHBIX IOCJIEI0BATEIHLHOCTEIH,
KaK HocuTesell mHMOPMAIUNO, KOTOPble MOI'YT ObITh IOJIyYeHBI B
KOMOMHAIMSAX CTOXACTUYECKUX U AJTOPUTMUYECKUX IPoIeccoB. B
YACTHOCTH, B TVIaBe 12 M3ydaroTcss aJrOPUTMUIECKA-UHBAPUAHTHBIE
cBOCTBa OGECKOHETHBIX OC/IEIOBATEILHOCTEN.

B nacrositiiee BpeMsi Teopusi KOJIMOTOPOBCKOMN CJIOYKHOCTH TIPEJI-
cTaBjsieT coOOl OMWH W3 PA3/Ie/IOB MATEMATHKH, 110 KOTOPOMY H3-
JIAIOTCsT MOHOTPAMUH U TPOBOJISITCS MK Ty HAPO/IHbIE KOH(MDEPEHITHH.
[TepBas ob30pHAasi cTaThs IO KOJMOIOPOBCKOW CJIOXKHOCTHU U CJIy4aii-
Hoctn Oblta omybsukoBana B 1971 r. 3Bonkuneim u Jlesnubiv [11].
N3znoxkeHne KOJIMOTOPOBCKON KOHIIEIIINK CIYyIaifiHOCTH U HOBBIE pe-
3yJIBTATBI B O0JIACTH aJTOPUTMUIECKON TEOPUU WHMOPMAIUN OBbLIN
upescrasiensl B 1981 1. B 0630pe Brroruna [4]. 3ech Briepsbie 66110
[IPUBEJIEHBI JIOKA3aTE]bCTBA HOBBIX Pe3yJIbTaToB JleBuna, omyomko-
BaHHBIX (6e3 mokasaresnbcrBa) B 1970-x rogax B crarbax [16], [17],
[19]. B 1990 r. 6611 ony6imkoBan 0630p YcreHckoro u ap. [28].

3a pyOeKkoM OOIIETPUHATHIM UCTOYHUKOM B ODJIACTH KOJIMOTO-
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POBCKOIi cyioxKHOCTH siBJisteTcst MoHorpadusi Jlu u Buransu [50]. B
HACTOsAIIee BpeMsi HanboJiee MOJIHOE M3JIOYKEHUE TEOPUU KOJMOTO-
POBCKO# CJI0XKHOCTH MPEICTaBIeHO B MOHOTpacdum Ycrnerckoro, Be-
pemaruna, [lens [28|. ist 6osee ryboKOro m3ydeHust mpeMera
pekomen rytorcst siekin 11, Taqa [45].

Yactr I u II cocraBnensl Ha ocHOBe Kypca «KoamMoroposckast
CJIOKHOCTD U €€ IPUJIOKEHUST», TPOUUTAHHOIO aBTOPOM Ha (haKyIhb-
TeTe MPUKJIATHON MaTeMATUKHN U yIIpaBieHnst MOCKOBCKOTO (hpU3UKO-
Texaudeckoro mucruryra B 2011-2021 rr. Bee mraBwl sToit yacTu
cHabOxKeHbI 3amadamu. Jacts 111 comeprkuT Gostee CIIOYKHBIE BOIIPOCHI
U MOKeT OBITH MCIOJB30BaHA JJIs UCIOJIb30BaHus B 60Jiee TPOIBH-
HYTBIX CHEIMaJIbHBIX KypcCaX.

Yacre | kaurn ocnoBana Ha monorpadun [41] u Gbuia mgobas-
siena mpu obuosjeHun 2021r. Yacrte II nanmoro ywuedbHOro mocobust
(rmaBbl 3—6) mpejicTaBiisier cobOil PACITUPEHHOE U3JI0XKEeHNEe 0030p-
HOII paboTsl 4], KoTOpasi ObliIa JIONOJHEHA DSIJIOM DPE3yJIbTaTOB U
JIOKa3aTeabcTB U3 pabore! [63] u monorpadun [28]. IIpu sTom co-
JlepkaHne pasjiena 6.2 oCHOBaHO Ha MaTepuaJie U3 crarbu [56| u ee
uznoxkennn B MoHorpadun [50]. Hacrs 111 ocHoBana Ha Marepuasie
crareii |2], |7] u [63]. Hacrs IV ocHoBana Ha marepuasie crareii [3],
[5] u [64].
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Yacte 1

DJIeMeHTbl BePOATHOCTHOIA
Teopun nHMOpMaIn
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I'maBa 1

KoaupoBanume

Bagan andasur A = {ay,...,a;}. Ilog ucrouankoM moHMMaeM Me-
XaHU3M TeHepalluu CJI0B, COCTOSIX u3 Oyks ajpapura A. Mbr Oy-
JIEM PAcCMaTpUBATH JIBa THUIIA UCTOYHUKOB: BEPOATHOCTHBIE MCTOY-
HUKWM W UCTOYHUKHU TUIA ‘“YePHBIN SIIIK .

BeposiTHOCTHBIIT UCTOYHUK IIPEJICTABIIEH PACIIPE/IETIEHUEM BEPO-
SITHOCTENl HAa MHOXKeCTBe Bcex OYKB asipaura A. BeposTHOCTHBIIM
WCTOYHUK BBITACT OYKBY a; andaButa A ¢ 3aJaHHON BEPOSITHOCTHIO
pi- 3nech p; = 0 a5 Beex © u Zle p; = 1. MeToabl KoaupoBaHuUst
Oy/yT y4YUTBHIBATb paclpejesieHne BEPOATHOCTEN COOTBETCTBYIOIIE-
ro ucrounuka. CBOWCTBA BEPOSTHOCTHBIX HCTOUYHUKOB OITUCHIBAIOTCS
IIEHHOBCKO# Teopueil nHdopMaIun u OyIyT U3ydaTbCsi B TiaBe 1.

ITox “gepHbIM SIUKOM’ TOHMMAEM MEXAaHH3M IeHepalun OyKB
HEU3BECTHON HAM MPUPOIBI. DTO 3HAYUT, ITO MbI JIOJPKHBI UCIIOJIb-
30BaTh METOJbI KOJMPOBaHUs, KOTOPbIE HE OCHOBBIBAIOTCs HA KAKOM-
JinbO MOJIeJTU TeHepaIluu JIAHHBIX. DT METO/bI Oy/IyT U3ydaTbCs B
qactu Il nocBsIeHHoit aaropuTMudeckoii Teopun HHGOPMAIIHH.

[TpoMmerkyTOIHOE MECTO 3AHUMAIOT YHUBEPCAJIbHBIE METOJIBI CXKa-
Tus nadopmaruu. COOTBETCTBYIONUN aJrOPUTM CXKATUS HE UCIOJIb-
3yeT HUKAKUX IAHHBIX O HpUpojie UCToYHuKa OykB. OgHAKO aJ-
ropuT™ 3hhEKTUBEH TOJIBKO Jisl ONPe/IeJIeHHbIX KJIACCOB (BeposiT-
HOCTHBIX) UCTOYHUKOB. AJIFOPUTM yHUBEPCAIBLHOTO C2KaTusi HHGMOD-
Malliy, IpeJIoyKeHHblli 3uBoM u Jlemmesem, Gymger paccMOTPEH B
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pazmerne 2.1. JJokazaHo, ONTUMAIBLHOCTh AJTOPUTMA B CIyYae CTa-
[MOHAPHOT'O 9PrOJANIECKOI0 UCTOYHUKA.

1.1. Koapr

Bynem koauposarh cioBa B KoHeunoMm ajidasure A = {ay,...,ar}.
[Tosr c;1OBOM MOHMMAETCs TIPOU3BOJIbHAS TTOCJIEI0BATEILHOCTE OYKB
T =2x1T2...%p, e x; € A npu 1 < i < n, gymna ciaosa [(z) = n.
Ob6o3naunm A* — MHOXKECTBO Bcex CoB B ajidasure A. s ymnob-
cTBa BBOAUM TrycToe cioBo A. ObozHadaem A" — MHOYXKECTBO BCEX
CJIOB JIJIMHBI 7, COCTABJIEHHBIX U3 OYKB ayjdrusuTa A, TOCPEICTBOM
A* 0603HAYMM MHOXKECTBO BCEX CJIOB, COCTABJIEHHBIX U3 OYKB aJjida-
BuTa A.

CnoBa T = Z1%2...Tn U Y = Y142 ..Ym MOXKHO 3alUCHIBATD
OJTHO TIOCJIE JPYTOTO: TY = T1T2...TpY1Y2 - - - Ym — KOHKATEHATIHS
cioB x u y. CJ0OBO y NPOMOJIZKAET CJOBO T, & CJIOBO X SIBJISIETCS
HAYAJIOM WM TPEMUKCOM CJIOBA Y, €CIU Y = Xz JJIsT HEKOTOPOTO
cioBa z, oboznadaem x C y. Eciu z # A, To umem = C y. [IBa ciiosa
T W Yy HECPABHUMBI, €CJIM OHU HE MPOJIOIKAIOT ApyT apyra. Croso y
HA3bIBAETCS TIOJCTOBOM CJIOBA X, €CJIA T = UYV JIJIsT HEKOTOPBIX CJIOB
unw.

[Tycrs I = {0, 1} — 6Gunapusrit andasur. Bygem koauposars cio-
Ba u3 A* nonunsivu ciaosamu. Kog —sro dyuknus C : A — {0,1}*,
C(A) — muO)ecTBO KOJOBBIX cj10B. DPyHkimsa C' Kaxoii Oykse u3
A conocrasiisier cjioBo u3 0 u 1. Cioso = x1x2 ... T, KOIUPyEM
nobyksenno ciosom p = C(z) = C(x1)C(x2)...C(xy,). Kog C —
onaosHaunbi, eciu C(x) # C(y), upu x # y mjis Beex z,y € A*.
Kon C — omgHO3HAYHO MEKOIUPYEMBIi, €CTM CYIIECTBYET (QOyHKITHS
D : {0,1}* — A* (mexkomep) rakast, uro D(C(z)) = x mua Bcex
x e A"

MuoxkecTBo cjioB X Ha3bIBAeTCs 6e3MPePUKCHBIM, €CJIH JTIOObIE
JIBa Pa3/INIHBIX CJIoBa U3 X He MPOJOJIKAIT JIPYT JApyra (Hecpas-
HUMBI): & € y st J106bIX -,y € X Takux, 9To T # Y.

Kon C nasbiaercst 6e31pedUuKCHbIM, €CJIM MHOXKECTBO BCEX KO-
qoBeix cioB C(A) sBisiercs 6esnpedurcHbiM. JIerko BumeThb, 9TO
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UMeEET MECTO CJIEIyIONee yTBEPKIEHUE.

Ilpennoxxkenue 1.1. Beakxutl 6eanpedurcnuili xkod asasemcs 00Ho-
3HAYHO JEKOOUPYEMBIM.

Jlerko mocTpouts mpocTeiimuit 6e3npedUKCHBII KOJI.

IIpennoxkenue 1.2. Jlas a06020 argasuma A modcHo nocmpoumos
besnpepurcroi kod C(x) makot, wmo [(C(x)) < log|A|+1 das ecex
recAl

Jloxasameavcmeo. Buibepem k Tak, utobnr 28 < |A| < 281, O6-
IIee 9NCyI0 BeeX JBOMYHBIX MOCIeI0BATeIbHOCTEH IyIMHLL k+ 1 paBHo
2F+1 Bce oHn He HPOO/IKAIOT APYT JIPYTa, MOITOMY UX JOCTATOU-
HO, 9TOOBI YCTAHOBUTDH B3aMMHO-OJTHOZHAYHOE COOTBETCTBUE MEKILY
HEKOTOPBIM IIOMHOXKECTBOM BCeX JABOMYHBIX CTPOK JIUHBI k + 1 u
oykBamu u3 A. O

Onucanne Bcex GecrpeduKCHBIX KOIOB TaeTCs B CIeIyIOIIel Hil-
Ke TeopeMe Kpadra.

Teopema 1.1. Becnpedpurcnoili x0d ¢ daunamu K0doGuT CA08
li,...,lk (k= |A]|) moocem 6wms nocmpoen mozda v MoAvKo Mo-

k
2da, Ko2da Y. 27% < 1. Omo mepacencmeo Ha3vIEaEMCA HepPaGeH-
i=1

cmeom Kpagma.
Zloxazameavcmeo. Ilycts 3amannl uncia l] < lo < ... < g, Juid

k
KOTODPBIX BBINOJIHEHO HepasercTBo Kpadra 2=l < 1. TTocrpoum
COOTBETCTBYIOIMII Ko/ BhibepeM momapHo HleclpaBHI/IMbIe JTBOUIHEIE
1Iocjie10BaTeJIbHOCTH C 9TUMMU JIJIMHAMM. HYCTb IIepBasd U3 HUX COCTO-
UT U3 OXHUX HyJel u umeer faiauny 1. [locse sToro, BBy TpeboBa-
Hus GesnpedurcHocTH, nMeercss 2271 nmocsenoBaTenpHOCTEH 17IH-
HBI [ (IIpOIOIKEHMIT BBIOPAHHOTO KOJIOBOTO CJIOBA JIIMHEL 1), KO-
TOPbI€ HEJ/Ib34d HCIIOJIBb30BaThb B KadeCTBe€ KOJOBBIX CJIOB JIJIMHBI l2.

13 1ech n manee log 06o3nauaeT orapudM Mo OCHOBAHMIO 2, In — HATYpaIBHEII
sorapudwm, |A| — 9uCI0 37EMEHTOB MHOKECTBA A.
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Ojmako, Tak kKak 2/2 > 22~0 yajinercsa cioBo bl Iy, KOTOpoe
MOXKHO HCIIOJIb30BaTh B KadecTBe BTOPOI'O KOJIOBOIo cjoBa. llocie
sroro, mmeercs: 21371 4 2Bl “sappenenHBIX” K HCIIONTB30BANIO KO-
JOBBIX CJIOB JUnHBI [3. Tak Kak m3 HepaseHcTBa Kpadra ciemyer,
aro 28 > 2B=h 4 9=l i pHOCH HalieM Kakoe-HEGY/b HeCpABHI-
MO€ C paHee BBIOPAHHBIMHU KOIOBOE CJIOBO IIHHBI 3. IIpomokaem
3TOT IIPOIECC BBIOOPaA KOMOBBIX ¢JI0B k pa3. Ko Oymer mocTpoeH.

JomyctuM, 9T0 CyIecTByeT 6e3mpedUKCHbBIM KO C JINHAMA KO-
JIOBBIX CJIOB 1,12, ..., 1. Ilycts I* = max;<;<x l;. VI3 cBoiicTBa Ges-
IPePUKCHOCTH CJIEJIYeT, YTO MHOYKECTBO BCEX JIBOUYHBIX ITOCJIEI0-
BaTeJIbHOCTEH [JIMHBI [* MOXKHO IIPEICTABUTH B BUIE OObEIMHEHUSI
IIONIAPHO HEIIEPECEKAIOIIIXC sl MHOYKECTB [10CJIe/I0BATeIbHOCTEl (Ipo-
JIOJIZKAIOIINX KOJIOBBIE CJIOBA), COCTOSIIIIX 13 ol*=h , 2l*_l2, R o —lk
3JIEMEHTOB cooTBercTBeHHO. Tak kak 207 > 20—l 4 ol" =l 4 .. 4
2l*_lk, noydaeM HepapeHcTBO Kpadra. O

ITpuBomumast Hu>Ke Teopema MaxkMwuiaHa ITOKa3bIBAET, YTO
HepaBeHCTBO KpadTa siBIsieTcs XapaKTepUCTUIECKIX CBOMCTBOM OJI-
HOBHAYHO JIEKOTUPYEMBIX KOJIOB.

Teopema 1.2. 1) Jlaunvl K00066T CA08 NPOU3BOALHO20 00HOZHAY-
HO dexodupyemozo xoda ydosaemeopsrom Hepasencmsy Kpagma

k
S 27l < 1, 2de Uy, la, ..., lx — daunor kodoswiw caos. 2) Jlas npo-
i=1

U3B0ALHO20 HAOOPA OAUH KOJOBBT CA08, YOOBAEMEOPAIOWUL HEPa-
eencmey Kpagpma, moorcro nocmpoumsv 00Ho3HawHo dekodupyemuviti
K00 ¢ IMUMU OAUHGMYU KOJOBBIT CAO8.

Jlokazamenvemeo. Hactb 2) yTBEPXKIEHUSI TEOPEMBI CJIEILYET U3
TeopeMbr 1.1.

Hokaxkem Tenepb 4actb 1) yTBepKienust TeopeMbl. [lycre A =
{a1,...,ax} n 3aman omHO3HAa4YHO xekojupyemblii kox C, l, =
[(C(a)) mpu a € A. Jljst mpou3BOJBLHOIO HATYpaJabHOrO wmcsa M
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paccMoTpuM

ZQ*la — Z Z Z 2*111’%2*“'1% =

a€A r1€A T2€A zp EA
MI*

=Y N2t (L
L=1

e [* = maxgeale, N(L) = |X(L)| u X(L) = {z1,...,2nm
M

> ly; = L}. Bee cooBa z ... 2y € X (L) pasmudnble, HOITOMY X
i=1

KOJIbI TAKIKe Pa3jnvHble (TaK KaK KOJ[ OJIHO3HAYHO JEKOAUPYEMBIii).

Bee ot Kojpl uMeroT JunHy L, HO9TOMY BCero ux He GoJible deMm
2l Tax kax B (1.1) N(L)2~% < 1, nonyuaem

> 27l < (M1*)™™ = 1 npu M — o (1.2)
a€A

[TockonbKy JeBasi 4actb (1.2) we 3aBucur or M, noaydaem

Y27l < 1.0
acA

1.2. DuTponus IllenHnoHa n KoabI

B sToMm pasmene mbl OymeM um3ydaTb BEPOATHOCTHLIE MCTOYHUKU U
CBsI3aHHBbIE C HUMM KOnbl. 3ajaH andasur A = {aq,...,ax}. Be-
POSITHOCTHBIN MCTOYHUK IIPEJICTABJIEH PACIPEIEIEHUEM BEPOSITHO-
creil Ha MHOXeCTBe Bcex OykB aJidasura A. BeposTHOCTHBIN HC-
TouHuK X BbLIaeT OYKBY a; andapura A ¢ 33 1aHHON BEPOSITHOCTHIO
pi = P{X = a;}. Bnecy p; > 0 qyist Beex i u Zlepi = 1. Me-
TOJIbI KOAUPOBAHUsI OY/IyT YIUTHIBATH PACIpEeIeHIe BEPOSITHOCTEN
COOTBETCTBYIOIIETO UCTOYHUKA.
DHTpOIUS. JHTPOIUS UCTOUHUKA X OIpPEesIseTcst

k
H(X) ==Y pilogp:.
i=1
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[Tosraraem 0log0 = 0. Taxxke mumem H(X) = — > p(a)logp(a) =
acA
— > P(X =a)logP(X = a) = Eqp|—logp(a)]. [lousrue surpo-
acA
MU OTHOCHTCS K PACIPEJIEJICHHIO BEPOSTHOCTEH P U HE 3aBHCUT OT

TOrO, KAK1e 3HAYEHUs IPUHUMaeT caydaitinas Besuanna X . [Tosromy
uHora 0603HaYaeM SHTponuio Kak H(p).

B nasbheiiniem Oyem npenosarats, 9to p(a) > 0 ays ao6oro
a € A, tak Kak ecau p(a) = 0, TO Mbl MOXKEM HUCKJIIOYUTH OYKBY @
u3 ajdasura A.

ﬂaﬂee MBI ITOKa2KeM, 9TO SHTPOIINYA NCTOYHUKA paBHa MUHUMAJIb-
HO HEOOXOIMMOMY KOJUYIECTBY OUTOB, B CpeaHeM HEOOXOMUMBIX JIJIst
KOJIUpOBaHUs OYKBBI aJipaBuTa.

[Tpocreiitue cBOiiCTBa SHTPOIKMK IPEJICTABIEHBI B 3a/1a9aX Pas3-
neia 1.4.

IIpumep. Iycrs A = {aj,a2} u X — GepHysunesckas ciydaii-
nast Besmunaa: P{X = a;} = pu P{X = a2} = 1 — p. Torma
H(X) = H(p) = —plogp — (1 —p)log(l —p), 0 < H(p) < 1 nia
BCEX P.

DHuTpoIus napbl, ycjioBHas suTponud. [lycte A u B — npa
andasura, (X,Y) — napa ciaydaitHbIX BeJIMINH, IPUHIMAIONIAX 3HA~
genust B A u B coorBercTBeHHO. 3aJ[aHO PACIIPE/IEJIEHUE BEPOSIT-
HocTeit aroit mapel p(z,y) = P{X = z,Y = y}, tne ¢ € A,
y € B. CoorBeTcTByIOIe MapruHaJbHBIE pacipejeserus p(r) =
> yepb(z,y) na Aup(y) =3, p(z,y) Ha B. Bajana yciosHas
BepositHocTh p(y|z) = p{Y = y|X =2} = pl()(x:f’)’).

[To ompeiesieHIIO SHTPOIIUSI APl CIYYARHBIX BEJIMUUH pABHA

HX,Y)=- Y plx,y)logp(z,y).
(z,y)EAXB

BBe,Z[‘eM QHTPOIINIO OTHOCUTEJ/IbHO YCJIOBHOI'O paClIpeIe/ICHUsA

HY|X =x)=-> plylz)logp(y|z).
yeB

20



VemoBHAST SHTPOIUST OMIPEIEIISETCST
H(Y|X)=> p)H(Y|X =z).
TEA
Mo>KHO TIepernucars 3Ty BeJIMIUHY 0 IpoOHee

HY|X) ==Y p(x) ) plylz)logp(ylz) =

€A yeB

== > pla,y)logp(ylz).

(z,y)€eAxB

Ecom A=Bu X =Y, 10 p(z,x) = p(x) u p(x|z) = 1. Orciona
H(X,X)=H(X) n HX|X) = 0.

Crenyromast TeopeMa yCTAHABIUBAET PA3JIOKEHHE JJIsl SHTPOIUU
aphbl.

Teopema 1.3. H(X,Y) = H(X) + H(Y|X).

Zloxazameavcmeo. Ilo onpenenenuro

H(X,Y) ==Y pla,y)logp(z,y) =
7y

=—> > vlay)logp()p(ylz) =
:-Z(Z (z, )logp ZZPQTZU )logp(ylz) =
Y

T

— H(X)+ H(Y|X).

N3 teopemsr 1.3 HETOCPEICTBEHHO CJIETYET

CaencrBue 1.1. H(X) - H(X|Y)=H(Y) - H(Y|X).
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ITpaBuno menu. Teopemy 1.3 MOXKHO OGOOIIUTEL CJIETYIOTTIM
obpazom.

H(Xq, X2, X3) = H(X5|X2, X1) + H(X1, X2) =
= H(X3|X2,X1) + H(X2|X1) + H(Xl)
B obmiem ciiyuae mmeer mMecTo
CJIe,IICTBI/Ie 1.2. H(Xl,XQ, ey Xn) = Z?:l H(Xi’Xifl, . ,Xl).

OTHOcHUTEJIbHAs SHTPOIINS, KOJIUIECTBO NH(OPMAIIUH.

[Tycrs p(x) m g(x) — pacupenesnenusi BeposiTHOCTE Ha asda-
Bute A. OTHOCUTe/IBHAsT SHTpOIUsST WU pacxoxjaeHne Kympbaka—
Jleitbsiepa orpeiessieTcs

"L'
D(pllg) = 3 p(a)log 22 e
€A

ITpengoxkenne 1.3. D(p||q) > 0 u pasencmeso nyato umeem mecmo
mozda u Moavko moeda, Ko2da p = q.

Zoxaszamenavcmeo. I3 Boruyroctu norapn(bMa nMeeM

D(pllq) = Zp )
< log Zp@:)]% = logzqo:) -o. (1.3)

q(z)

Pasencrso B (1.3) TosbKO 1pn plz) = L awist Beex z. O

ITycrs (X,Y) ~ pxxy(x,y) — coBMecTHOe pacipe/iesieHIe Haphl
cIyvIafiHbIX BemdIuH U X ~ Dx, Y ~ py — COTTBETCTBYSIINE Map-
TMHAJILHBIE pacipejiesienns. B3anMuoe KOauiecTBO MHMOOPMAIUN B
caydaitHoi Bemuanne X 0 CIydaiiHoil BenaunHe Y ONpeJiesiseTcs Kak

I(X :Y) = D(pxxyllpx x py) = D(p(z,y)|p(z)p(y)

) =
p(z,y)
- Zp (@ 9)log oty p(x)p(y)”
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Cureyrormuye CBOICTBA HEIOCPEICTBEHHO CJIEIYIOT U3 OIIPE/ICIICHNUS:
I(X:Y)=1(Y: X),
I(X:Y) >0,
I(X :Y) = 0 Torga u Tosbko Traa, korga p(z,y) = p(x)p(y),
T.e. Korjia ciydaiiable Besmdaudbl X 1 Y He3aBUCHMBIE.
Boiparkenne kosmmdectBa nHdopManuy Jyepe3 SHTPOIUIO.
VnobHo KOMMUIeCTBO NHMOPMAIUN 3AIIUCHIBATD U€PE3 SHTPOIIHIO.

Teopema 1.4. I(X :Y) = H(X) — H(X|Y) = HY) — HY|X).

Zloxazameavcmeo. Ilo onpenenenuro

Zp:cylog prylog (’))

==Y plx,y)logp(x +Zp z,y) log p(xly) =
z,y z,Y

= H(X) — HX|Y).

Uz pasencrea H(X,Y)=H(X)+H(Y|X)=HY)+H(X|Y)n
TeopeMbl 1.4 moyIaeM CHMMETPUIHOE BBIPasKeHUe JIJTsi KOJTNIECTBA
urdopMaIuu

CaencrBue 1.3. I(X:Y)=HX)+ HY)-H(X:Y).

Cpenusisi anuHa Koga. 3ajganbl andasur A = {ay,...,ar} n
ko C' na HeM. Ilycrs |; = [(C(a;)) — JyMHA i-T0 KOJOBOIO CJIOBA.
Bajiano pacipeiesenne Bepositocteit p; = p(a;) va A, 1 <i < k, H
— ero saTponust. CpeHeil JJIMHOM KOJ[a HA3BIBAETCS MATEMATHIECKOE
OKUJIAHUE JIJTMHBI KOJIOBOTrO cjioBa L = Zle Dil;.

Teopema 1.5. Ilycmov 3adano pacnpedenerue 8ePOAMHOCTEN HA Q-
pasume A. Tozda

1) JIas mobozo 00nosnawno dexodupyemozo xoda L > H.

2) Cywecmsyem beanpedurcnud xod, das komopozo L < H + 1.
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Zoxasameavcmeo. Ilycts I; — mpuHa i-ro KomoBoro cijosa. [lo
Teopeme 1.2 umeer mecTo HepaBeHcTBo Kpadra ¢ = Zle 27l < 1.
Torma uncna ¢; = 274 /e, 1 < @ < k, obpasyror pacupejeiie-
Hue BepoarHocTeil Ha A. meem L — H = Zle pi(l; + logp;) =
Sk pilog B —loge = D(pllq) —logc > 0. Yrpepxzaenne 1) joxa-
3aHO.

[Tosaraem I; = [—logp;]. Torma %pi < 27h < p; s Beex
1 < i < k. Orciona Zle 27l < 1. Tlo Teopeme 1.1 MOXKHO IO
CTPOUTDH Oe31pedUKCHBIN KO/, IJIUHBI KOJOBBIX CJIOB KOTOPOT'O PaB-
HBIL l1,...,lp. U3 %pi < 27 cnenyer, uro I; < —logp; + 1 u Torya
L=Y% pli <5 pi(—logpi+1) < H+ Y5 pi=H+ 1
YrBepxkienue 2) jgokaszaHo. O

Koa Illennona. Ko, mocTpoeHHBIN B YTBEPXKIEHUN 2, HA3DI-
Baerca KogoM Hlennona. Oaun u3 cnocoboB nocrpoenust koaa Hlen-
HOHA yKa3aH B CJIEAYIONIEM TPUMepE.

IIpumep. Ilycrs A = {a,b,c,d} u ux Beposirnoctu p(a) = %,
p(b) = 1, p(c) = 3, p(d) = }. Pasbusaenm 311 GyKBbI Ha J1BA TOIMHO-
JKeCTBa, [IPUMEPHO PABHOMN BepositHOCTH, moJydaem {a} u {b,c,d}.
Konosble cioBa 6yKB U3 1EPBOIO MHOXKECTBA OyJIyT HAYMHATHCHA HA
0, a Broporo ua 1. To ke camoe TPOJEBIBAEM C KaXKIbIM U3 TIOJI-
MHOKECTB (ecii OHO JienTest), nosuydaeM {b} u {c¢,d}. Bropoii 6ur
KOJIOBBIX CJTOB OYKB M3 MEPBOTO MHOXKECTBa ecTh 0, a m3 Broporo 1. U
TaK Jiasiee, IMpoJIoJIzKaeM, 1oKa He JONIeM JI0 OJIHOJIEMEHTHBIX O/
MHOXKeCTB. B pesysbrare mosyaaem 6esnpedukcusiii kox C(a) = 0,
C(b) = 10, C(c) = 110, C(d) = 111. ObbsicauTe, MOYEMY ITUM
crtocoboMm Bcera mostydaercst Kog Ilennona.

IIpumep. Kop llennona — onTuMaJbHBINA B CPEJIHEM, HO HE TIO-
TOYEYHO.

Iycrs A = {a,b} u p(a) = 2719 p(b) = 1 — 2719, Torma xomom
Mlennona sisnstercst ko C'(a) = 0000000000 u C'(b) = 1. Cpeusis
nymaa sroro koga L = 10-271041-2"10=1-9.2710 £ 0.99. B 10
ke Bpems, ko1 C(a) = 0 u C(b) = 1 umeer 6Gojtee KOPOTKHUE KOJIOBBIE
CJI0BA M HECKOJIBKO GOJIbINYIO cpemiofo amay L = 2710412710 =
1.
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CBoiiCTBO CpaBHUTENLHOM onTuMabHOCTH Koja [lennona mpe-
CTaBJIEHO B CJIEIYIONIEM IIPEIJIOKEHUN.

IIpennoxenue 1.4. I[Tycmv C' — %00 [lennona u C' — nexomopoii
00nosnauro dexodupyemuili koo, l(a) = I(C(a)) = [—logp(a)] u
U'(a) =1(C"(a)) — daunve coomeemcemeyrowuz kodoswr caos, a € A.
Tozda P{l(a) > l'(a) + c} < 27°F1.

ﬂO’K}CLSCLme./LbC’ITLSO.
P{l(a) = '(a) + ¢} = P{[—logp(a)] = !'(a) + ¢} <
< P{——>1(0)+c~1} = P{p(a) < z—l'<a>—c+1} _

p(a)
- Y @eXrteic
a:p(a<27l/(a)fc+1 acA
g 27C+1 Z 27[’((1) < 2*04’1.
acA

[Tocseree HepaBeHCTBO UCIONIB3YyeT HepaBeHCTBO KpadTa, kKoTopoe
UMeeT MeCTO BBUJLY OJHO3HAYHOI JekomupyemocTu Koja C’. O

CBoOIICTBO acCMMOTOTUYECKOI paBHOPACIPEIeJIEHHOCTH.
Paccmorpum BaxkubIit vacTHBIM ciay4ait. /lana mocsienoBaTebHOCTD
X1, Xs,... HE3ABUCUMBIX CJIyUIAHBIX BEJIMYUH CO 3HAUCHUSIMU B aJl-
dasure A. Ilo crabomy 3aKOHY OOJIBITNX THCET

<X1n Zlog p(X;) = Exyoplp(X1)] = H,

rae CXOJAUMOCTD — IIO BEPOATHOCTH, T.e.

p(X1... X,

n

P{|- —H|>e} >0

upu n — oo, rue H = H(X7).
st mpousBosibHOTrO € > () pAacCMOTPHM MHOXKECTBO

A? = {(1‘1 .. .CUn) : 2*“(H+e) < p(xl . xn) < 2fn(er)'

CpoiictBa MHOXKecTBa A]' IpecTaBIeHbl B ClIeLyIOlIeil TeopeMe.
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Teopema 1.6. 1) /laa a106020 € > 0 u das 8cex N 6bNONHEHO
1
H—-—e< ——logp(xy...xp) < H+e
n

npu (1 ...z,) € A?
2) P(A?) > 1 — € daa 6cex docmamouno 60abuus n.
3) |A7| < 2nH+),
4) 1A% = (1 — €)2"H =9 gan 6cex docmamouno Gosvuwus n.

Jlokasamenvcmeo. CpoiicrBa 1) u 2) CIeAyIOT U3 OLPeJIesIeHusT
muoxkectBa AP, Jljist jokasaTesbeTBa CBOMCTBA 3) PACCMOTPUM

1= px)> ) pla)=
TEAn TCAD
> Z 2—n(H+e) _ ‘A?‘z—n(H-i-s)'
TEAD

Orcioma |A?| < 27H+e),
st nokasaresnbcrsa 4) 3ameruM, aro P(A) > 1 — e mus Beex
JgocTaTovHO OobIux N. [losTomy

1—e< P(AY) < Z g—n(H—e) _ |A'Z’2—7Z(H—e)‘
TEAD

Orcroma [A?| > (1 — )2 =9 g Beex gocrarouno Gombmmx n. O

[TpuMeHnM 3TH CBONWCTBA I ONTUMAJILHOTO cxKaTus nHdOopMa-
nuu. ByjeM IpUIUCHIBATL KOJOBLIE JIBOMYHLIC CJIOBA He OyKBaM U3
asdapura A, a 10CIE0BATEIBHOCTSM THX OYKB (6JI0KaM) JJIMHbI
n. [punuimem Kaxaoil nocaenoBareabHocT (27 ... xy,) € AP 1Bo-
MYHOE CJI0BO (X1 . .. ) simsbl [(H(xy . .. 2)) < log |A?|+1 u noba-
BUM K KaxKJIOif Takoii mocienoparenbroct npeduke 0. Iimna ta-
KOI'O KOJIOBOIO cjioBa t(z1...x,) He upeBocxomut [(t(zy...x,)) <
log |[A?| +2 < n(H +¢€) + 2.

OcranbHble 6J0KH JJIMHBI 7 KOAUPYEM JBOMYHLIME CTPOKAa-
vu JymHabl < log|A™| ¢ mobasiennoii 1 B nauase crpoku. Torma
I(t(x1...2y)) < nlog|A|+ 2 aas Takoro 6ioka.
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O6osznauaem ™ = 1 ... T,. CpejHss JIJIMHA 3TOIO KOJIA,

L= Y plai(t=") =

N EAT
= > pEMitE") + Y pla™)i(ta") <
znEAnN T EAT\ AP
< ) pE™)(H+e)+2)+ Y pla)nlog|A|+2 =
T C AR e AT\ AP

= P(AY)(n(H +¢€)+2)+ P(A" \ AY)(nlog |A| + 2) <
<n(H +¢€)+2+eclog|A| +2en(H + €).

Takum obpazom, st 106010 € > 0 A1 BeeX JOCTATOIHO OOJIBIITNX
n cymiecTByer 6e3npedukcHbiii Ko t(z") mias 610K0oB GYKB JJIMHBI

B[] <

N TaKOit, 9TO

n

1.3. DHTpONMUS CTAIIMOHAPHOIO IIPOIIEcca

IIyctb A xomeunslii ajdaBuT. BeckoHeyHasl OC/IEIOBATEILHOCTD
caydaitubix BesmanH X1, Xo,... CO 3HaUeHUsIMA B A Ha3bIBaeTCs
CTALMOHAPHOM, eciu IJjisd JIOOBIX N U § U JIOOBIX Z1,...,Tn, € A
BBIIIOJITHEHO CBOIICTBO NHBApUaHTHOCTU OTHOCUTEJ/IbHO CABUI'Q
P{Xl :$1,X2 :$2,...,Xn = xn} =
= P{X1+S = .’El,X2+s = L2455y -- ,Xn+s = l’n}

VaenbHast SHTPOIINS CTAIMOHAPHOTO IIPOIECCA OIPEIEISIeTCs

H(X1,Xa,...,X
Hoo = lim X0 X200 Xn)

n—oo n

MbI qoKaxKeM, 9To 9TOT Ipeles cyiecTsyer. 11o cBoiicTBy sHTpOINK
H(X17X27 cee Xn) < nlOg ‘A’
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Teopema 1.7. Jlas 2106020 cMayuoHaPHO20 CNOTACNUNECKO20 NPO-
uecca
Hy = lim H(X,|Xp-1,...X1),
n—o0

npuvem npedes Cywecmeyem.

Joxasameavemso.  Ilo  cBOICTBY — yCJOBHOH — SHTpONWH:
H(X|Y,Z) < HX|Y) (cm. 3amaay u3 pasiena 1.4),

H(Xps1| X+ X1) < H(Xps1| X, - - . X2).
HO CBOfICTBy NMHBApPpUaHTHOCTU OTHOCHUTEJIbHO CABUI'a NMeEeM
H(X,| Xn-1,...X1) = H(Xp+1| X0, ... X2).
Orcrona
H(Xpi1| X, ... X1) < H(Xp| X1, ... X1).

Taknm obpaszoM, YUCIIOBAA IOCJICIOBATETLHOCTD
H(X,|Xn-1,...X1) ne yb6oBaer. Tak Kak OHa OrpaHHUYeHA,
cymectByer ee npees limy, oo H(Xp|Xp-1,...X1).

Bynem ucrnonpzoBars jtemmy Hezapo.

Jlemma 1.1. Jlaa 060t  wucaogott  mocaedosameabHocmuy
1 n
a1,a2,. .., €CAU Gp — G NPU N, —> 00, MO + 1L 1 i — Q.

ITo npaBuity 1enu

n

H(X17 SRR XTL) = ZH(XZ‘XZ—M s 7X1)‘
i=1

ITo ntemme HYezapo mpeien
H(X,,...,X
Ho = tim B0 Xn) H(Xp|Xn-1,...,X1)
n—oo n n—oo

cymecrByet. O
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IIpumep. Ilpu usyveHnn 9acTOTHBIX XapPAKTEPUCTUK JIATEPa-
TYPHBIX TEKCTOB UCIOJIb3YETCS MOJIEJIb CTAIMOHAPHLIX ITPOIECCOB.
IIycts a1, @, . . . — CTAIIMOHAPHDIH IPOIECC, KOTOPDLIN OIUCHIBACT
MIPOITECC TTOPOKIEHNUS JTUTEPATYPHOro mpousBeeHus. V3amepsriorcs
OCHOBHBIE XaPaKTEPUCTUKHN TAKOI'O IIPOIECCA:
H1 = H(al),
Hg = H(a2]a1) = H(alag) — H(Oél),
Hs = H(ag|lag, 1) = H(a, ag,a3) — H(ag, ) — H(aq),

H, = H(ap|ap-1,...,01) = H(an,...,an) — H(ag,...,a1) — - —
H(al)a

ITo Teopeme 1.7 H, \, Hoo 1ipu 1 — 00.

K.IIlenuoH [32] mpoBo/ i1 ONBITHI 110 U3MEPEHUIO SHTPOIIUH eCTe-
CTBEHHOI'O AHTJIMICKOIO sI3bIKA W IOJIYYHJI CJASIYIONINe 3HATCHUA:

Hy ~4.76, Hy =~ 4.03, H3 =~ 3.32, Hy = 3.1, ... , Hg = 1.9 +—
Hy ~ 1.3.

Boraunciaenne gacToT Beex OJIOKOB JOCTATOYHO OOJIBITON JJTMHBI
3aTpyAHUTEbHO. [109TOMY It OIEHKHW SHTPOIHUHU KCIIOJIb30BAJNCH
UTPOBBIE U IICUXOJIOTUYECKHIE METOJIbI.

1.4. 3ayauu u yrpa>kHeHUsI

1. /TokazaTe npemnoxxenue 1.1.

2. Mokazars, uro He cymecrByeT Koja C rakoro, uro ((C(x)) <
llog [A]]

3. llycre A = {ay,...,ar} — andasur, p; = P{X = a;}. Joka-
3aTh, uto a) H(X) < log|A|, paBencTBo jocTHraeTcs Korja p; = 1
npu 1 < ¢ < k.

6) H(X) = 0 Torjga u TOJBKO TOIJa, KOIJA CyIIeCTBYeT a € A
rakoe, 4ro p(a) = 1.

B) H(P) — Boruyras o P.

r) D(pl||q) — BeiykIIast no p u q.

2| ] obo3HAYACT HETYIO YACTD BEMIECTBEHHOIO HCIIA 7.
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4. Mokazars, uro H(X,X) = H(X), HY|X) < HY), I(X :
X)=H(X).

5. Hokazars, uro H(Y|X) = 0 rorma u Tosbko Torjga Y ecThb
dbyuknus or X: Y = g(X).

6. Ilycts g : A — A — mpoussosbraas dyuknus. Jlokazars, 9To

a) H(X) < H(g(X). Jnsa Kakux g uMeeT MecTo PaBEHCTBO.

6) H(X|g(V)) > H(X|y).

B) I(X:Y)>I(X:g9())

7. Hokazare, uro H(X) = log |A| — D(p||n), tie X ~ p — pac-
peJieieHa 1o p, (L — paBHOMepHoe pacupeseienne Ha A: pu(x) = ﬁ.

8. Hokaxure, uro H(X|Y) < H(X)u H(X|Y,Z) < HX|Y).
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I's1aBa 2

YHuBepcaJjibHOE CXKaTue
nHMopMann

PaccmoTpennbie BBINIE aJrOPUTMbBI KOJAUPOBAHUS HCIOJIB3YIOT IJIsT
IIOCTPOEHUsT KOJIa paclipeie/IeHNe BepPOsITHOCTEeH mcTouHuKka. B oToit
[JIaBe Mbl PACCMOTPHUM AJITOPUTM YHUBEPCAJIBLHOIO CXKATUST HHQOP-
Mallil, KOTOPBI He MCIIOJb3yeT B CBoell paboTe HUKAKHUX ITPEJIIIO-
JIO>KeHn# 00 MCTOYHUKE JaHHBIX. 1eM He MeHee, JJIsi J0Ka3aTellb-
CTBa ONTUMAJIBHOCTH 3TOTO AJITOPUTMa HEOOXOIMMO MIPUHSITH IPE/I-
IIOJIOYXKEHUE O TOM, UTO JIaHHBbIE T€HEPUPYIOTCSI HEKOTOPBIM CTaIllo-
HapHBIM ProndecKuM mporeccoM. [Ipn aTom, 3HaHNE KOHKPETHOTO
pacipee/IeHIsI BEPOsITHOCTEH 3TOro mporecca He TpedyeTcs.

CranuoHapHbIe 3PTrOAUYECKUE IIPOIECCHl — MAKCUMAJILHO IIUPO-
KU KJIacC IPOIECCOB, JIJIT KOTOPBIX BBINTOJIHEHBI BEPOATHOCTHBIE 3a-
KOHBI.

2.1. AnropurMm 3uBa—Jlemiies

B sTom pasgesie Mbl u3ydnmM ajiroputM 3uBa—/lemuesis yHUBEpCAJIb-
Horo cxkarusi uadopmanuu [65], [66], [41].

Ha Bx0/1 KOMUPYoOIEMY ajJrOpUTMY MTOJIAETCS CJIOBO, COCTABJICH-
HOe U3 OYKB KOHeTIHOro ajipapura. Ajaropurm LZ auraer 310 CJI0BO
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cjeBa HaIpaBo. B mpoliecce UTeHMsT aJITOPUTM IPOU3BOIUT Pa3du-
€HUe BXOJHOI'O CJIOBA Ha IIOJICJIOBA, Pa3JeJIeHHbIe 3alsaThIMU (T1ap-
CHHT), U OJIHOBPEMEHHO II0 3TUM IOJICJI0BaM (DOPMUPYET KOAUPYIO-
YO TTOCJIEI0BATEIbHOCTD.

Jlekoupyomuii aJiIrOpuT™M BOCCTAHABIMBAET UCXOIHYIO TIOCIIEI0-
BATEJIbHOCTH OYKB IIPOXO/sl WM YUTAs CJIEBA HAIPABO KOIUPYIOILYIO
TOCJIe/I0BATEJIBHOCTb.

Mpr mpuBeneM onuwH m3 BapuaHToB ajropurma LZ. Ilapamerp
ajroputma: W — jyinHa okHa. Bxon ajnropurMma: ¢Tpoka OYKB & =
T1X2...Tp

LZ-anropurM.

WHILE i < n

[ycrs nogcerpoka 87!

=1Ii...T;_1 yKe oObpaboraHa Ha IIPEIbI-
JIYIIUX [Iarax u IpeJcTaB/ieHa B BUe Habopa IMOJACTPOK, pas3JiesieH-
HbIX 3al4TOMH.

Haxomum waunGoubinee k takoe, uro 3j(i — 1 — W < j <i—1)
U TIOJICTPOKA JUIMHEI k, HAYHHAIOMALCA C Tj, T.€. TjTj41 .- Tjtk—1
COBIIaJIAET C HOJACTPOKOU T;Tit1 ... Tith—1 (l‘j+s =2iys Ipu 0 < 5 <
kE—1).

BoinessieM TOACTPOKY X3 Tiy] ... Titk—1 3AMATHIMA U KOJIUPYEM
ee tpoiikoit (F, P,L), tme F' = 1 — uHIUKATOp THIA KOIUPOBAHUSI,
P =i — j — xoop/iuHaTa Havajaa OT ¢ BJIEBO, TJie j — MAKCUMAJIbLHOE
U3 cyliecTByonmx, L = k — JjuHa IOICTPOKH.

Eciin takoe k He maiijgercs, o kogupyem x; napoit (F,C), rue
F=0ucC= ZTi.

END

Takum 06pazoM, KOAUPYIOIIAs TOCIEI0BATEIHLHOCTL COCTOUT W3
nap u tpoek (F,C) u (F,P,L). Jlerko mocTpouTh JEKOAUPY IOt
AJITOPUTM.

JL71sT TPOCTOTHI MBI HE YIUTHIBAEM KOHEIT BXOIHOTO CJIOBA — CUM-
TaeM, ITO BXOJIHOI MOTOK OYKB HUKOTIa He 3aKaHIUBAETCH. 1TOOBI
y9IeCTh KOHETI, CJIOBA, MOYKHO JTOTIOJTHUTETHLHO MTPOBEPSTDH MMPU TTOUCKE
k ycimoBue i + k —1 < n.

IIpumep. Bxomnoe ciioo ABBABBABBBAABABA — cioso

B andasure {A, B}, mmuna okaa W = 4. Ajgropurm mpousBOuT
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MMApPCUHT U KOJTUPYET:
ABBABBABBBAABABA
ABBABBABBBAABABA
(0.A),(0,B),(1,1,1),(1,3,6),(1,4,2),(1,1,1),(1,3,2),(1,2,2)

Hanpuwmep, nepsoie jiBe OykBbl A u B panee He BCTpedasuchk, mo-
stomy Kogmpyem ux mapamu (0.A) u (0,B). Tperbsa 6yksa B BeTpe-
vyaercss panblne (cocennsisi 6yksa B ciiea), a ee npojoskenne BA
paHbIIle He BCTPEYaIOCh, O3TOMY KoaupyeM 31y B rpoiikoii (1,1,1).
JlBurasicb BIIPABO 110 BXOIHOMY CJIOBY OOHAPY2KUBAEM, UTO ITOJICTPO-
ky A B B A B B M0XKHO OTJIOKUTH OT TpeTbeil cjieBa OYKBBI CJIOBA
(a ee TPOJOIKEHNE y¥Ke HEJIb3s1), TOITOMY KOJIUPYEM ee TPOUKOi
(1,3,6) u ..

OntumanbuocTb LZ-coxaTus. [logubrit ananns agropurma LZ
TEXHUIECKU CJI02KeH. MBI pacCMOTPUM HEKOTOPYIO YIIPOIEHHYIO CXe-
My: BXOJIHOE CJIOBO OECKOHEYHO BJIEBO U BIPaBO. TouHee, 3a/aH CTa-
IIMOHAPHBIN PTOAMIECKUN TTPOIIECC

.- '7X—27X—17X07X15X27 s

Asroput™m HaumHaeT cxkartue ¢ OYKBbI Xg, IpU 3TOM, ..., X o, X 1
— M3BECTHAsI UCTOPUS, JJINHA OKHA HEe OTPaHUYICHA.

[Ton cTarmoHapHOCTHIO MbI IIOHUMAEM WHBAPUAHTHOCTH OTHOCH-
TEJILHO CJIBUTA,

P{Xz = ai. X2+k = ak} = P{Xi+s = ai. -'X'i+k+s = ak}

JJIsI JTIOOBIX 2, k, a1,...a 1 —00 < § < 00.

[Tost, 9proIMIHOCTHIO TOHUMAEM CJIEJIYIOoIlee CBOMCTBO: YacToTa
JII00OH KOMOMHAIUU a1, ...d, HA OTPE3Ke MJIMHLI 7 IIOYTH BCIOLY
CXOZIUTCSI K BEPOSITHOCTH STOH KOMOHHAIIMK IIPU 1 — 00.1

MBI Tak»Ke IMpeIIONaraeM, 9TO BEPOSTHOCTD JIFOGOH KOMOUHAIM G, . . . A,
k > 1, mosoxkuTenbHa
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Paccmorpum yrporeHHbiii BapuaHT ajaropurMa. Tak Kax JIro-
60e TOJICJIOBO CTAIIMOHAPHON U 3PTOJMIECKON TOCIEI0BATEIbHOCTH
BCTPeYaeTCs paHee, I1PU 3aJlaHHOM 1 OYIEeM II0CJIEIOBATEIEHO KOIH-
poBaTh OJIOKH BXOJIHOT'O CJIOBA JIJIMHBIL 7.

N3yaum acuMITOTUYIECKOE IIOBEJICHUE IJINHBI KOJIOBOI'O CJIOBA
6JI0Ka JJINHBI N IPU 1. — 00. BBeseM ciiydaiinyio BeJnIuHy

R,(Xo, X1,...,Xp1) =
= I;l;ig({X_jX_]’_H . X—j+n—1 = X()Xl . Xn—l}-
W3 cBoiicTBa 9proIuIHOCTH 3Ta BEJIUMINHA KOHEUHAS [TOUYTU BCIOY.
Corytacno anropurmy LZ mpr 6ynem kKomumposaThb ciloBo X[ =
XoX1 ... X,—1 Tpoiikoii (1, j, n). 3akoaupyem 3Ty TPOHKY JIBOUIHOI
II0CJIeI0BaTeIbHOCTBIO JnHbl Ly, (X)) = log R, + 2loglog R, + 3,
e R, = Rn(Xo,X1,...,Xpn—1) = j. IIpo crocobsl KojupoBanust
HaTypaJbHBIX dmcesa cM. pa3feisl 3.1.1 u 5.1 nmamee.
B manbHeRIIX paccyKIeHUsIX PEITarolyio poJb UTPAET JIEMMA
Karma. Haanm HEOOXOAUMBIE OIPEIeIEHNSI.
[ycrs A — cuernsiit ajcdasur u ..., Ur, Uy, Uy, ... — cranmonap-
HBI 1porecc ¢ 3Hadenusmu B A. Torma npu v € A paccMoTrpum
BEJIMIUHY

Qu(i) =P{U_;=u, Uj#uupn —i<j<0|Uy=u}.

OTa BeJUYUHA IPECTaB/IseT CODOH YCJIOBHYIO BEPOSITHOCTH TOTO,
910 HabJI0aeMas B HyJIeBOIl MOMEHT BpeMeHU OyKBa U B OJIMKaii-
IeM TIPOIILJIOM HaOJII0IAIach ¢ IMIArOB TOMY HA3aJ.

Buriire 6buta onpestesiena cayvaiinasa sesmauHa R,,, B acTHOCTH,
Ri(u) = minjsoU_; = u. Torma E[R1(U)|Uy = u] = > 72, iQu(4)
— cpejHee BpeMsi OJIMKAMIIero mosBIeHnsT Ha0J 1i0/1aeMoil OyKBbBI U B
upormuiom. O6o3uadum Takke p(u) = P{Uy = u}. MbI npe/monoxu-
s, aro p(u) > 0 mis Beex u € A2

Jlemma 2.1. E[Ry(U)|Up = u] = ;5

2B nporuBHOM CiIyuae GyKBY MOMKHO YIAIATH U3 A.
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Hoxazameavemeso. Ilycrs u € A. OupenenuM ciydaiiHOe COOBI-
THE

Ajp={U_j=u, Uy#uvupn —j <i<k,Uy=u}.

s onpenenenmst Ajr (A = 0 mpn (j,k) # (k) =n
P (U]k Aj,k> = 1. IlpeacraBuM BepOATHOCTH ITOTO OOBLEINHEHUS

B BHUJE CyMMBbI BEPOSITHOCTEN ITONAPHO HECOBMECTUMBIX COOBITHI

Udin | =2 > P4,
7,k

7=1k=0

=> > PUk=uwP{U_j=u, Ui#unpn —j <i<klUs=u}=
7j=1k=0

=D PUk =w)Qu(j + k) = P{Up =u} } | iQu(i)

j=1 k=0 i=1

B,ZLer MBI UCIIOJIb30BaJIN CTAIlMOHAPHOCTDL IIPOIEecCa, TakKzKe TO, ITO

umeercst 4 pazimaabix nap (j, k) rakux, uro j + k = i. Orciona
E[Rl(u)|U0 = u] = ﬁ O

— 1 — _
U3 nemmer E[Ri(u)] = > ,ca Wp(u) = |A] — cpexnee Bpemsi
BTOPUYHOIO MOSIBJICHUS] KAKOH-TM00 OYKBBI.
MozKHO pPaCIpOCTPAHUTh 3Ty JIEMMY Ha IIOCJIEI0BATEIBHOCTH
OyKB.

Caenctsue 2.1. Ilycmo ..., X 1, Xo, X1,... — cmayuonaphuid 9p-
200UMECKUTE NPOUECC, 3HAMEHUS KOMOPO2O NPUHAOAEHCAM, KOHEUHO-
My asgasumy. Toeda das dan 06T To, L1, ..., Tn_1 € A bydem

E[Rn(XQ,Xl, ceny Xn_l)’XOX1 .. -Xn—l = o1 --. xn_l] =
1

p(T0T1 .. Tp—1)

35



Joxasameavcmeo. OupeneuM  CTAIUOHAPHBIA 3ProgudecKuii
nporecce U; = (X, Xiy1,. .., Xign—1), —00 < i < 00, U IPUMEHUM
gemMy 2.1. O

Ob6o3HaYnM

Hy=-= > plag "logp(zj "),

mg_leA"

rie :cg_l = ZOX1...Tp—1. DHTPOIMS CTAIMOHAPHOIO IpoIecca (1c-
TOYHHKA) PABHA
. H
Hy, = lim —=.
n—oo n
O6o3Ha9UM Xg_l = XoX1...X,_1. Takxke Ln(Xg_l) —JJINHA IBO-
UYHOMN MOCJIEJI0BATEIBHOCTH, KOTOpasi Kojupyer Tpoiiky (1, 7,n).
[IpuBenem Tenepb TeopeMy 06 ONTUMAIBLHOCTH CXKATHSA AJTOPHT-
MoMm LZ.

BlLn (X5 "]

Teopema 2.1. lim,,_, =Hy.3

Zloxazameavcmeo. Tak Kak L,, 0OTHO3HAYHO JIEKOJUPYEMBINA KOJI,
1o teopeme 1.5

E[L,(XJ™ Y] = nH, (2.1)

171 Bcex n. Panee ObIJI0 OTMEYEHO, ITO MOXKHO KOJUPOBATH TPOUKN
Tax, 4To

Lo(X07Y) =log Ry(X)1) + 2loglog Ry (X3~ +3. (2.2

E[log Rn (X5 )]

- < Hy. HeiictBuTe b

Hoxazkem, aTo lim sup,,_, .,

3I(O,ZI7 y,ﬂOBJIeTBOpH}OHLefI 9TOMY YCJIOBUIO, Ha3bIBaE€TCA YHUBEPCAJBbHBIM JIJId
KJjIacCa BCEX CTallMOHAPHBIX 3ProAUIECKNUX NCTOIHUKOB.
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HO,

E[log Rq (X5 ™")]

n
Z p(ag ) Ellog Ry (X5 HIXg ! =ag7l] < (23)
1 n— n— n—
ﬁ Z plag ) log B[R, (Xg [ Xg !t =ag 7= (24)
1
Z pa Nlog ——— = L (xr 1y Sy, (25)
1 p(mo 1) n n 0 o0 .

npu n — 00. 3zaech mepexof or (2.3) K (2.4) mpoUCXOAUT 10 Hepa-
BerncrBy lencena, mepexon or (2.4) k (2.5) mpomcxomuT 1o ciieji-
crBuio 2.1 Kk gemme Kara.

s Broporo ciraraemoro u3 (2.2) umeem

Elloglog Rn(Xg_l)]
n

1 1
< log Bllog R (X3 )] < ~ log Ha(X5 ™).
n

U3 cymecrBoBanust npejena (2.5) ciaeiyer, 9To sl JIEOOOrO € >
0 Oyzmer Hn(Xg”_l) < n(He + €) Juist Bcex J0CTATOYHO 6GOJIb-
mux n. Orcioga limsupnﬁm%logloan(Xg_l) = 0 u no (2.1)

n—1
n(2.5) limyeo 2L08 (s ]
n—1
lim,, o % —H,. O

H,,. Orcioga ciemyer, 9TO
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Yacte 11

AaropurMunyeckas Teopus
nHMopManun
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I'maBa 3

IIpocTas KoiMoropoBcKasi
CJI02KHOCTD

B sT0i1 rimaBe maeTcst onpeaeIeHIo IPOCTOH KOJIMOTOPOBCKOM CITOXK-
HOCTH M JIOKA3BIBAIOTCS €6 OCHOBHBIE CBoiicTBa. M3maraercs dpunu-
rapHbiii moaxon A. H. KoamoropoBa K omnpesesieHuio CjIydaiiHOro
WHINBHUIYAJIbHOIO KOHEYHOro o0bekTa. IlokazaHo, 9TO croxacTu-
YecKHe CBOHCTBA KOHEYHOI'O O6”beKTa ABJIAIOTCA CJACJCTBUAMMU €I'0
CJIO?KHOCTHBIX XapaKTEPUCTHUK.

3.1. OcHOBHBIE OHSATHUS TEOPUMN AJITOPUTMOB

OrnpetesieHnst KOJIMOTOPOBCKOM CJIOXKHOCTH U aJITOPUTMUIECKOM CITy-
JailHOCTH OCHOBBLIBAIOTCSI HA MCIIOJIB30BAHUU OOILIEH TeOpUU ajro-
PUTMOB, KOTOPas HA3BIBACTCSH TAKXKe TeOpHUeil PeKypPCUBHBIX (PYHK-
LIMii, & TAKKe ee OCHOBHOI'O PE3YJIbTaTa — TeOPEMbI O CYIIECTBOBAHIN
YHUBEPCAJILHON (DyHKIIH.

B sToMm pasmesie Mbl 0OCYIMM OCHOBHBIE ITOHSATHSI TEOPUH AJINO-
PUTMOB U IIPUBEIEM HJEI0 IIOCTPOECHMSI yHUBEPCAJIbHON (PYyHKIUN.
Knaccuueckoe mocobue mo Teopum aJaropuTMoB — MoHorpadust Po-
xKepea [22].
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3.1.1. KoHCTPYKTUBHBIE OOBEKTHI

AﬂFOpI/ITM])I NPUMEHAIOTCA K KOHCTPYKTUBHBIM O6'beKTal\l 1 B Ka4de-
CTBe 3HAYEHUH TaKKe BBIIAIOT KOHCTPYKTHBHBIE UM KOHEIHBIE 00b-
extbl. [ToHsiTHE KOHCMPYKMUGHO20 06BEKNA ABJISIETCST NCXOAHBIM B
JIAHHOM W3JI0KEHUM U He OyJIeT MMeTb TOYHOTO MATEMATHIECKOIO
onpejienenns. CBOHCTBA KOHCTPYKTUBHBIX OOBEKTOB MOJPOOHO 06-
cyKJatorces B Kaure [27].

THUNUIHBIMU PUMEPAME KOHCTPYKTHUBHBIX OOBEKTOB B HAIIEM
IIOHMMAaHHNU SIBJIAIOTCA CJIOBa B HEKOTOPOM KOHEYHOM aﬂd)aBI/ITe

A:{al, ey ak},

rae k > 1. Andasur cocrour us 6ykKB ai, ..., ar. BykBa a; — 9T0
HEJIEJIUMBIIl CUMBOJI, KOTOPbIN HEe Oy/eT UMeTh TOYHOIO OIpejie/ie-
aust. [Ipu 3amarnnm amdaBuTa OOBITHO 3a1a€TCsI HEKOTOPBIA JTMHEI-
HBIIl TIOPSIJIOK HA ero OyKBax — y HAC OH 3aJIaeTCs MIPOCTOI HyMe-
pammeit 3tux OykB: a1 < --- < ap. B gajpHeiliieM 3TOT HOPsIOK
UCIIOJTB3YETCsl IIPU OIPEJIEJIEHUN JIEKCUKOIPADUIECKOTO MOPSIJIKA HA
cinoBax aJipasura A. Cinoso B andasure A — 970 KOHEUHas MOCIIE-
JIOBATEJILHOCTD OYKB T = X7 . .. X, 9TOr0 ajdaBuTa, T.e. T; € A pu
1 =1, ..., n. MHoxkecTBO Bcex cJioB B ajidasure A obozHadaeTCst
cuMBOJIOM A*.

Hmna ciosa x obosnavaercs [(x) = n u paBHa duciy OyKB B
9TOM CJIOBe. YJI0OHO pAacCMaTpPUBATHL IIYCTOE CJIOBO A, KOTOpOE HE
coJiepKuUT HU o/HO# O6ykBbI. Ero jymHa pasHa nHyso: [(A) = 0.

Konkarenarueit 1ByX CJIOB & = Z1...Znp U Y = Y] ... Ym HAZBI-
BAETCS CJIOBO LY = X1 ... TpYl - - - Ym, JJIMHA KOTOPOI'O PABHA CYyMME
anuH ciaoB x u y. Ilo onpenenennto A = Ax = x 15 J1iI0O60T0 CJI0BA
T.

CnoBo x sBisieTcst IpepuKcoM cioBa Yy, obozuadaerca x C vy,
ecau y = xz JJis HEKOTOPOro cjioBa z. Ecim cjioBo z HemycToe, TO
nutem ¢ C y. s ciioBa © = 21 ... Ty, €ro npeduxc JJIHBL m < N
obo3HayaeM ™ = 1 ... Tm,.

B teopuu nndopmanyu mmupoko UCHOIL3YeTCs IBOUYIHbIH axda-
Bur I = {0,1}. CumBossl 0 n 1 naspiBatorcst buramu. Boiiesemnne
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TaKoro ayipaBuTa CBI3aHO CO CIIOCOOOM XpaHEHWT WHQMOPMAIUUA B
nmaMaTu kommbiorepa. CiioBa B ajibaBuTe I HA3LIBAIOTCS JIBOUIHBI-
My (6MHAPHBIME) TOC/IE0BATEIBHOCTAME WK cTpokamu. O6o3Ha-
YaeM MHOKECTBO BCEX JBOMYHBIX cjioB = = {0, 1}*.

MuoxkecTBO Beex Harypasbhbix umcen N = {1, 2, ...} rak-
JKe ABJISIETCST MHOXKECTBOM KOHCTPYKTHUBHBIX OOBEKTOB. UacTo st
yI00CTBa MBI OYIeM TPUCOSTUHSITE YuC/I0 () K HATYpaIbHBIM YUCIAM.
KoncrpykTuBHas mpupoma HATYPAJIbHBIX TUCE CBSI3aHA C TEM, UTO
OHU TIPEJICTABJIAIOTCI B MIAMATU KOMITLIOTEPA B BUJE CJIOB B HEKOTO-
poMm asicbaBuTe. Hampumep, HATypabHBIE YUCIA MOXKHO IPEICTaB-
JSATHh B BUje cJIoB B yHapHoM ajidasure U = {1}: nocienoBaresib-
HocTb 11 .. .1 u3 n egunur npejacrasiaser unciao n € N. Taxkoe npej-
CTaBJIEHHE sIBJISIETCSI HESKOHOMHBIM — JIJINHA, YHAPHOI 3alliCh InC/Ia
n paBHA N.

DKCIOHEHITNAJIHLHOE YMEHbIIEHNE JJIMHBI 3AITUCH IHUCJIa, IIPONCXO-
JAT TIPU UCIOJIB30BAHUN HEOIHOIJIEMEHTHOTO ajidaBura. Mbl Oyaem
HCIIOJIb30BATh CTAHIAPTHOE IIPEJICTaBICHNE HATYPAJbHBIX YUCET C
IIOMOII[LIO JIBOUYHBIX CTPOK, KOTOPOE OIIPEJIE/ISIeTCS CICIYIONUM 00-
pazom. st ymobeTBa MBI BKJIFOYNM 9rcyio ) B 9TO COOTBETCTBUE.

[Tycts bin(n+1) = 1lyg_1 . . . vy npeacrapisier cob0i 3aUCh IHC-
Jga n + 1 B gBomunoii dpopme:

n4+1=2"+u_ 1281 42t 420

CormocraBiisieM HaTYpaJbHOMY YHCIY T CTPOKY Str(n) = vg_1...1p.
3aMeruM, YTO KaxK7asi CTPOKa COOTBETCTBYET HEKOTOPOMY HATY-
pPaJbHOMY YHCIIY, IIyCTas CTPOKa cooTBeTCTBYeT unciy 0.
Nmeer mecto mepasenctso 28 < n+ 1 < 281y nosromy 6yner
k = |logy(n + 1)|. Orcroma JuHA CTPOKH, COMOCTABIEHHON THCITY
n, pasna [(str(n)) = |log(n +1)] <logn+1npun>11.
[Ipumep comocraB/ienns yKa3aH B TabJIHIIE.

'3nech u nasee |r| ofosmavaeT MENYIO YACTD BEINECTBEHHOIO YHCIA T, 10gn
0603HAYAET ABOMYHBIN jorapudM n, Inn — HATYpaIbHBIH JIorapudM.
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Hucso n | Crpoxka str(n) | Yucao n+ 1 | [IB. 3am. bin(n + 1)
0 A 1 1

1 0 2 10

2 1 3 11

3 00 4 100

4 01 ) 101

5 10 6 110

6 11 7 111

7 000 8 1000

OTOoXJIeCTBIIIEM HATYyPAJBHOE UUCJIO 7. W €r0 3alliCh B BHJE
crpoku str(n). IIpenmyiiecTBoM TaKOro IpeJCTABIEHUs] [0 CPaB-
HEHUEM C JIBOMYHBIM IMPEJICTABIEHUEM HATYPAJbHBIX YHUCEJ SIBJIs-
€TCsl TO, YTO OHO SABJISIETCS B3AMMHO OIHO3HAYHBIM COOTBETCTBHUEM
MexK Ly MHO:KecTBOM N BCeX HATypabHBIX YHCET W MHOXKECTBOM
= = {0, 1}* Bcex KOHEUHBIX JBOUYHBIX II0CJIEA0BATEIHLHOCTEN, TOTIA
KaK He BCAKas TBOMYHAS ITOCJIEIOBATEILHOCTD SABISETCA TBOMIHOMN
3alllChI0 HEKOTOPOT'O HATYPAJJIbHOIO YUCJIA.

B nanbmeitmmem OyaeM MHUPOKO HUCIIOJIB30BATH TaKOE COOTBET-
creue. Korga Oyier ya006HO, He OyieM pas/indaTbh HATYpPaJbHOE YUC-
710 n 1 ero 3anuchk str(n). C BEIYUCINTENBbHOM TOYKN 3PEHUsI UCIIOTIb-
30BaHMe MHOXKeCcTBa = BMecTo N Gojiee eCTeCTBEHHO, TaK KaK ajro-
PUTMBI PAOOTAIOT CO CJIOBAPHBIMU IIPEJICTABICHUIMI HATYPAJIHHBIX
qHCe.

[Tapbl cTPOK MOTYyT KOZUPOBATHCHA CTPOKAME PA3JIUIHLIM 00-
pasoM. MBI He MOXKEM paccMaTpPUBAThL KOHKATEHAIWIO JIBYX CTPOK
T=121...Tp UY = Y1...Ymn KaK KOJ Tapbl (Z,y), TAK KaK 110 Heii
HEBO3MOXKHO OJIHOZHAYHBIM 00pa30M pa3ieuTh SJIEMEHTDHI ITaphl.
[TosToMy HEOOXOMMMO 3aTPATUTH JIOMOJHUTEIBHYI0 HHMOPMAIIIIO
JIJISI pas3/ieJIeHns mapbl Ha ee djeMeHTbl. Hampumep, 310 yao0HO f1e-
JIaThb CJIeyommmM 006pasoM. J1jist TpOU3BOIBHOM CTPOKU & = T . . . Tn
00603HAYNM T CTPOKY, B KOTOPOI BCe OUTHI IOBTOPEHBI 110 1B Pa3a:
T = X127 ... TpTy. Torma comocrapisieM nape crpok (T, y) mocaero-
BarenabHoCTh T01ly = 1271 . .. xpxp01yy . . . Y. JIerko BuseTh, 9TO B
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5TOM CJIydae CyHIeCTBYeT aJlOPUTM, KOTOPbIil BOCCTaHAB/IUBAET JJIe-
MEHTBI IIapbl T U ¥y 10 nocjaegosareasbnoctu £01y. Ilpu sTom jiuHa
koza pasra [(Z01y) = 2l(x) + I(y) + 2.

OcHOBBIBasICH Ha, TOIl »Ke Hjee, MOYKHO YCTPOUTH U Oojiee 3KO-
HOMHOe Kojuposanue nap (z,y). Conocrasum nape (z,y) CTPOKY

str(l(z))01zy,

KOTOpasl COCTOMT M3 YJBOEHHOI nBonuHoil 3amucu str(l(x)) aymHb
CTpOKHU X, pasnennTesid 01 u cTPOK & U Y, 3aIUCAHHLIX TOAPA. fcHo,
YTO IO 3TOMY KOJYy MOXKHO OJHO3HATHO BOCCTAHOBUTH T H Y, IPHU
9TOM JJIMHA KOJUPYIOIIE 0C/IeJ0BATEILHOCTH PaBHA

lz)+ Uy) + 2(str(l(z)) +2 <
<Uz) + U(y) + 2logl(x) + 3.

MOoKHO TPOJIOJIZKUTD UEI0 TAKON SKOHOMUHU U MOCTPOUTH KOJUPO-
BaHue NMapel (,Yy) ¢ HOMOIIBIO OC/IEI0BATEILHOCTH

str(l(str(l(z))))0Lstr(l(x))xy.
Jnmua Komupyromeii mocie/oBaTeIbHOCTH PABHA

l(z) 4+ U(y) + U(str(l(x))) + 20 (str(I(str(l(x)))) + 2 <
<Il(z) +U(y) +logl(x) +loglogl(x) + 4

u T.J. B oxnoit u3 3a1a1 u3 paszena 3.6 yTBEpKIAETCS, UTO BEJIH-
unHy logl(x) Hesb3sl yCTPAHUTD U3 9TUX BEPXHUX OIEHOK.

B nambueitniem 1o mapoii (x,y) ABOMYHBIX CTPOK Oy/IeT IIOHU-
MAaTbhCsl CTPOKa, KOJAUPYIOIas 3Ty Mapy OJIHUM U3 ITPUBEJIEHHBIX BbI-
IIe CrocoboB.

AnanornaseiM 06pa3oM MOXKHO KOAUPOBATH TPOHKH (z, Y, 2), ec-
JIM 3alliCBIBATh UX B BUje (, (v, 2)). U Tak masee.

Kpome MHOXKeCTBa =, OTOXKJIECTBIIEHHOTO ¢ MHOKeCTBOM N | Mbl
OyZeM HCIOJIB30BATH MHOXKECTBO Q BCEX PAIMOHAJBHBIX THCEN U
MHOZKECTBO R BCEX BEIECTBEHHBIX THCEJL.
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Parmonasipbible 9nciia MOYXKHO €CTECTBEHHBIM OOpa30M 3aHyMe-
pOBaTh apaMy HaTyPaJIbHBIX duces (1 OMTOM 3HAKA) U TEM CAMBIM
JBOUYIHBIME CTpoKaMu. He OyaeM ocTaHaBIMBATBLCA HA JIETAJISIX Ta-
KOl Hymepaluu.

BerectBentbie qucia He ABISIOTCA KOHCTPYKTUBHBIMU O0beKTa-
MU, XOTs ObI IOTOMY, 9TO UX MHO2KeCTBO HecueTHO. [loaromy asro-
puTMbI He OyayT paboTaTh HEIIOCPEICTBEHHO C BEIIIECTBEHHBIMU T C-
samu. BmecTo 3Toro onu OyayT IPUMEHATHCS K UX PAIMOHAIHHBIM
IPUOJIMKEHUSIM.

3.1.2. Aaropurmsbi

B katecTBe OCHOBHOI MOIE/I AJITOPUTMA OY/IeT UCIIOIb30BATHCS IO~
usrne Manmael Teiopuara (MT). Mawuna Teropunea upencrabis-
eTcs B BUIE JIEHTHI, HEOTPAHUYIEHHO PACIINPSIEMO B 00€ CTOPOHBI, 1
rojioBku. Jlenra pazjesieHa Ha sf9eHKH, B KayKJIYIO U3 KOTOPBIX I'O-
JIOBKa MOKET 3aIlMChIBATH CUMBOJI HEKOTOPOTO BXOIHOTO aJihaBuTa.
Ha sTomMm ke asihaBuTe 3ammcbiBaeTcs BeixoaHoe caoso MT. Marmuna
Trropunra 3anaercs vHabopom (A, T, Q, 0, qo, g ), re

e A — ocHOBHOI ajpaBUT, HA KOTOPOM 33JIA€TCsI BXOJHOE CJIOBO
MT u 3amucbiBaeTcst pe3yJibTaT;

o ' — nenrounnrit uim pabounii aapaBuT, KOTOPHINH UCIIOJIB3YETCSI
qutst Beraucaernit MT, mpu stom A C T

e () — MHOYKECTBO BHYTPEHHUX COCTOSTHUN WJIM MMAMSTEH TOJIOBKH;
B IIporecce pabOThl TOJIOBKA MOXKET 3allOMUHATH OTpaHUYEH-
HYIO 10 00beMy HWHQMOPMAIMIO C MOMOIIBIO0 CBOUX COCTOSHUMN
q € Q; roeopsT Takxke, aro MT HaxomuTcsi B COCTOSIHUA ¢

e 0(q,a) — dbyHurusa nepexonos, rae ¢ € Q u a € I'; ee 3Ha-
gyennst — tpoiiku 0(q,a) = (¢';a',M), tne ¢ € Q, € T n
M € {R, L, S), koropsie HazbiBatoTcst Komangamu MT; koman-
bl UHTEPIPETUPYIOTCA ciefytomumM obpazom: eciu MT naxo-
JIATCA B COCTOSHUM ¢ M YUTACT Ha JICHTE OYKBY @, TO KOMAHJA
5(q,a) = (¢',d’, M) naer ykazanue creperh OyKBY a, 3aIIUCATD
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BMecTo Hee OyKBY a', MI3MEHUTH TeKylllee COCTOSHIE ¢ TOJIOBKH
Ha ¢ W IIepeMecTuThb TOJIOBKY BJIEBO, eciin M = L, cABUHYThCS
BOpaBo, ecaiu M = R, unu ocraBaThCad HAJ TOU Ke sSIEeHKOIl,

eciu M = S,

® (0 — HaYaJIbHOE COCTOAHHNE TI'OJIOBKHU, IIPU 3TOM I'OJIOBKa YCTa-
HaBJINBa€TCsdA HaJl CaMbIM JIEBBIM CHUMBOJIOM BXO/IHOI'O CJIOBA;

® (K — BaKJIIOYHATEILHOE COCTOsIHHE; KaK TOJIbKO TojoBKa MT
HEePBBI pa3 nepensieT B COCTOAHNE (K, MAlllnHa IIPEKPAaIaeT
paboThI, IIPH 9TOM CJIOBO, KOTOPOE 3aIlUCAHO Ha JIEHTE, CIUTa~
eTcsI Pe3yJIbTaTOM ee pabOTHI.

Texymiee cocrostane paborsl MT onucbiBaercst kouduryparmeii (MH-
PHOBEHHBIM OIIMCAHUEM ) — CJIOBOM

T1...Tsqay1 ... Yk, (3.1)

IJle ¢ — TeKyIlee COCTOsIHME T'OJIOBKH, KOTOpas 0003peBaeT CHMBOJI
@ Ha JIEHTE; CIpPaBa U CJI€Ba OT ¢ HAXOJATCS BCE CUMBOJIBI, HAXO-
namuecs Ha JeaTe. Oaun mar paborst MT — 310 niepexojt ot oHO#
KOH(UTYpaInn K HEIIOCPEICTBEHHO e ayomei kouduryparun. Ha-
npumep, ecju Tekyiee cocrosinue MT onucbiBaeTcst KoHMUTryparu-
eit (3.1) u BemosHsieTcs komana 6(q,a) = (¢',a’, R), To mpoucxomur
[ePEXot K CJIEYIoNeil KOHMUryparuu:

T1...TQAY1 .. Y = T1...Ts@ QYL .. Yk (3.2)

B srom 3akitogaercst ojma 1mar paborsr MT.

MT Boraucisier HeKOTOpyIO dyHKImMIO 1) @ A* — A* cnenyromum
obpaszom. Ilepen zammyckom MT Ha jieHTe 3ammcan apryMeHT — BXOJI-
HOE CJIOBO ¥, HaJ IepBOil OYKBOII KOTOPOI'O YCTAHOBJIEHA I'OJIOBKA
MT, naxojsmasicad B Ha4aIbHOM COCTOSHUM qg. Kak mpaBuio, KOHeT]
BXOZHOTI'O CJIOBa OTMEY€EH CIIeIIMaJIbHBIM CUMBOJIOM — MapKepOM KOH-
Ia BXO/THOTO cjioBa. Ecm B miporiecce Berancienuss MT mepexoaut B
3aKJIIOUYUTETHLHOE COCTOSHUE (K, TO B KadeCcTBe 3HAUYCHUS (PYHKITUU
¥ (x) GepeTcst 9acTh COMEPIKIMOTO JIEHTBI — OT CUMBOJIA, OTMEIEHHO-
'O COCTOSIHUEM (¢, IO MapKepa KOHIIA BBIXOIHOIO cjaoBa. Ecym oo
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u3 3TuX npasu HapymeHo uin MT HuKorjga He IPUXOIUT B COCTO-
siHUE (F, TO 3HaUYeHre (DYHKIIUU ) HA apTYMEHTe & He OIpPeIesIeHO.

Oyukimst 1 : A* — A" HazbpIBaeTCsl BBIYUCIUMON, €CU CYIIe-
crByer MT, KoTOpasi BEIYUC/ISIET 3HAYEHUS TOM (DYHKIIUU.

XapaKTepHOI 0COOEHHOCTRIO TIpoItecca Beraucierust MT siBisier-
¢ TO, 9YTO HA HEKOTOPBLIX BXOJHBIX ciioBax MT mokeT HuUKOrja He
JIOCTAYb KOHETHOI'O COCTOsTHUSI. Ha Takux cjI0Bax cOOTBETCTBYIOIIAST
dyHKINI He onpeeneHa. B aTom ciydae BoraucamMast (pyHKIS STB-
JISIETCS] TaCTUIHO OIPEIeJIEHHOM.

Omicanuble BBIME MAIMUHBI T HIOPUHTA, SIBJISTIOTCS «CTIEITHATA3H-
poBaHHBIMEI». KaxKjiasi Takas MalinHa paboOTAeT TOJBKO C OJHOI
nporpammoii. Moxkuo moctpouth «yHuBepcasbnyio» MT, T.e. Ta-
KYyI0, KOTOpasi MOXKET MHTEPIPETUPOBATH paboTy Jio0oii mporpam-
Mbl. Touree, (bukcupyeM BXOIHON andaBuT A U paccMaTpUBaeM Bce
MT, koropble BhIUnCIsAOT (Gyukimun tuma A* — A*. B gacraocrn,
moxkHO paccmorperb A = {0,1} u cunrarh, YTO paccMaTpUBAIOT-
Csl BCE BBIYUCJIUMbIE (DYHKIUH, APTYMEHTHI U 3HAYEHUS KOTOPLIX —
HaTypaJIbHbIE YUC/IA.

IIycTs cumBO # He npuHamiekuT aadasury A. Kaxmyo mpo-
rpamMmy Juisi Beraucjenust gpyukinun ¢ @ A* — A* Mmoxk#HO 3aKO0-
JupoBaTh cyioBoM p B asidasure A. CJIOBO CONEPXKHUT 3aKOIUPO-
BAHHYIO OCJIEI0BATETLHOCTh KoMaH T porpamMbl M'T, BbIvucisio-
melt 3Havenus QYHKIUNA . MOKHO TakKe HAUCATh TPOrPAMMY—
WHTEPIPETATOP, Ha BXOJ[ KOTOPOHl MOMAIOTCS CJOBA pHx, TIe p —
KOJI HEKOTOPOIi IpOrpaMMbl, a & € A* — BXOIHOE CJIOBO IJIsl 9TOI
nporpaMMbl. VHTeprpeTaTop MOXKET HCIIOJIBb30BaTh H0jIee MUPOKUil
JleHTOUHBIN ajipasut. Cxema pabOThI MPOrpaMMbl HHTEPIIPETATOPA
caeayomast: Ha KaXKJIOM Iare paboThl MHTEPIPETATOPA Ha JIEHTE
zanucana Koudurypamnus mogeaupyemoit MT; uaTeprperaTop jieko-
JIIPYET KOMAaH/Ibl U3 CJIOBA P M BBIIOJHIAET HEOOXOUMBIE TIEPEXO/IbI
tuna (3.2) or oxHON KoHbUrypaluu K JAPyroi, KOTOpbIe MPEeIIn-
CBHIBAIOTCSI 9TUMM KOMAaH/IaMHU. TakuM 00pa30M, HHTEPIIPETATOD BbI-
qucssier HekoTopyto dyuknuio U(p, ), rae p, x € A*, obiagarorryo
CBOMCTBOM:

e Jyis 060 BuUmcauMoOn pyukmu P @ A* — A* naitnercs
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p € A* Taxoe, uro ¥(x) = U(p,z) nna seex x 2 .

Oyuknus U(p,x), obiaaormmast STUM CBOHCTBOM, HA3bIBAETCS YHU-
sepcanvhoti Gyrkyued s BCeX 9acTUIHO ONPEJIeIeHHBIX BHIYHC/II-
MbIX QyHKIMt Tuna A* — A*.

Y9uThiBas OTOXKIECTBIECHIE TPOU3BOILHON Mapbl KOHEYHBIX I10-
cJiejioBaresibHOCTel (2, Y) ¢ nociesoBaTeabHOCTHIO TO1Y (1, Gosee
SKOHOMHO, C IT0CJIe10BaTeIbHOCTHIO str(l(z))01zy), MOXKHO paccMmar-
pusath byskiwo U(p, z,y), yHUBEPCAIbHYIO JIJIsl BCEX BHIYUCIUMBIX
dbyuknumit B(x,y) or 1ByX apryMeHTOB: st JIIOOOIT TAKON BBIYUCIIA-
moit dyukuun B(x,y) cymecryer takoe p, uro B(x,y) = U(p, z,y)
JIJIST BCEX &, iy. AHAJIOTMIHBIM 00Pa30M MOXKHO PacCMAaTPUBaTh PYHK-
[[1H, YHUBEPCAJIbHBIE JJIsi BCEX BBIYMCIMMBIX (DYHKIMHA OT JIEOOOTO
3a/IA4HHOTO YHC/Ia APT'YMEHTOB.

B jasibHeiimeM Mbl 6yJ1eM UCIIOJIb30BaTh HEKOTOPbIE 3(hheKTUB-
Hble (AJIPOPUTMHUYECKIE) CBOHCTBA MHOXKECTB CJIOB 3a/IaHHOIO ajda-
BUTA.

MHO}KGCTBO KOHCTPYKTHUBHBIX O6'beKTOB Ha3bIBa€TCAd IIePEeInCIIN-
MBIM, €CJIA JIHOO OHO IIyCTO, JINOO SIBJISIETCST MHOYKECTBOM 3HAYEHUIN
HEKOTOPOI BBIYUCIUMON (DYHKITUU.

Ilpennoxenue 3.1. Ob6aacmd onpedeaerus 110000 SLHUCAUMOT
Pynryuu f(r) ABAAEMCA NEPEUUCIUMIM MHOHCECTNEOM.

Joxaszamesvcmeo. Homyctum, 9To 06/1acTh onpeeaeHust GpyHK-
nun f(x) — Hemycroe MEHOXKeCTBO. [TocTpOUM aJropuT™ Jijisi BHIYUC-
seHnst pyHKnuu g(n), nepedncsonieii 06,1acThb onpeesieHust dhyHK-
i f(z). Ilpeasapurensuo onpeaennm g(0) = a, rie a — Kakoii-im6o
3JIEMEHT U3 00JIacTu onpejieieHust QyHKmu f.

BaryckaeM POIECC OJIHOBPEMEHHOI'O BBIYHCJIEHUsI BCEX 3HAUe-
uuii f(x) HA BCeX BO3MOXKHBIX BXOJIAX X, Jlejlasi HA KaXKJOM Iare
HAIIIErO IPOIIECCca O/IMH 1Al BbIYUC/IeHNs 3HaueHust f(x) TOJbKO st
OJTHOTO U3 TakuX . Ec/im Ha mare n Halero MoJIeIMpOBaHUsl 3HAYE-
uue f(x) BHepBbIe OIIPEJIEINIOCh, osaraeM ¢g(n) = x. B nporusHoM
ciydae nosaraeM g(n) = g(n —1). O

23ILGCB umMmeercs B BUAYy, 9TO 00e 4acTu 3TOro paBEHCTBa OIIpeJe/ICHbl UJIU He
OoIpeJae/IeHbl OHOBPEMEHHO.
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3aMeTnM, 9TO TPUBUAJBHBIM 00pa30M BEPHO M yTBEPIKIEHUE, 00-
paTHOe K HpEeJJIoKEHHUIO 3.1, & MMEHHO: ITPOU3BOJIbHOE MEPEUUCTH-
Moe MHOXKeCTBO C' sIBJISIeTCsT 0DJIACTBIO OIPEIEIEHUST BHITUCIIMOM

byHKIINNT

£(a) = { 1,ecm a € C,

HEOIIPE/IETICHO B IIPOTHBHOM CJIydae.
[Iyctn
Wy, = {z : U(p, x) onpezesena}.
U3 oupenenenust u npejyiozkennst 3.1 ciemyer, 9To
e 1V, — HepedncImMOe MHOXKECTBO JIJIst JI000T0 P;

® JIJId JIF000TO IEepeInc/JIMMOro MHO2KECTBa C HafI,ZLGTCH TaKoe p,

aro C' = Wy;
e mHOkecTBO {(p,x) : € W)} nepedncimmo.

OTH CBONCTBA O03HAYAIOT, YTO UMEETCSI aJITOPUTM, KOTOPBIN «PaBHO-
MEPHO» IEePEUNC/IIET BCE MEPETUCTUMbIE MHOYXKECTBA.

MHO>KeCcTBO KOHCTPYKTHBHBIX 00beKTOB (' HA3BIBAETCST paspe-
IIAMBIM, €CJIM €r0 XapaKTepUCTuIecKas yHKIHsT

£la) = 1, ecim a € C,
= 0, ecn a & C

SIBJISIETCST BBITUCTUMOIA.

JIerko BHUIETH, UTO BCSIKOE pa3permMoe MHOMKECTBO, a TaKiKe
€ro JONOJTHEHNE SIBJISIIOTCs nepedncanMbiMu. ObpaTHOE yTBEpK/Ie-
Hue HeBepHO. COOTBETCTBYIONINE HMPUMEPHI CTPOSTCS C MOMOIIBIO
yHausepcasabHoii dyukuuu U(p, x). Obsactsb onpejesenus: dbyHKIHI
U(p, x) Ha3bIBAETCsI YHUBEPCATBHBIM MHOXKECTBOM.

IIpensoxxxkenue 3.2. VwnusepcaisvbHoe MHOHCECMEBO
{(p,x) : U(p,z) onpedenero} (3.3)

nepevucAuUMO, Ho He pa3pewumo.
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Jlokazamenvcmeo. Muoxkectso (3.3) mepedncimmo Kak 001acTh
OIIPE/IeJIeHNsT BBIYUCINMOl (DyHKIAH.

BTOpyIO JaCTb YTBEP2KJICHUA TEOPEMbI JOKazKeM METOJI0M OT
nporusroro. [omycrnm, 4To MHOXKeCTBO (3.3) paspermmo, T.e.

byHKITSA

1, ecin U(p, z) oupejiesieHo,
0 B IPOTUBHOM cCJlydae

£(py) = {
siBjistercst Bbraucanmoit. Torga dyHKIMs

o) — { 0 e o) =0
Heortpeiesiero, ecan &(p,p) = 1,

TaKzKe SBJIAETCA BBIYUCIUMOI. [109TOMy CyImecTByeT Takoe ¢, 9To
0(p) = U(g,p) nis Beex p.

Uszyuanm, aro npoucxomut npu p = q. Ecim U(q, q) oupezeneno,
10 £(q,q) = 1. B aToM ciyuae 3uavenue 0(q) He ompejeseno. Boi-
nosineno 0(q) = U(q, q), 3nauur, u U(q, q) He onpeeneno. [Toxyuaem
POTUBOPEYHE.

[Tycrs 3uauenne U(q,q) we oupeneneno. Torma &(q,q) = 0. B
stoM ciaydae 0(q) = 0, T.e. 310 3HAYeHue onpeesero. OmMHOBpeMeH-
Ho 0(q) = U(q, q), 1.e. 3nauenue U(q, q) Takxke oupesjesero. Ousrhb
HOJTy9aeM IIPOTUBOPEUne.

BHAUUT, UCXOHOE TIPEJIOJIOKEHne 0 TOM, 910 (pyHKus &(p, x)
BBIUUCIMMAsT, WM TO YKe caMoe, 9TOo MHOXKeCTBO (3.3) paspermnmoe,
HesepHo. U

3aMeTnM, UTO MpeIoXKeHne 3.2 3KBUBAJIEHTHO TOMY, 9TO He Cy-
IECTBYET aJrOpUTMa, KOTOPBII pertaeT BOIPOC O TOM, OCTAHOBUTCS
JIX TIPOU3BOJIBHAS IPOTPpAMMa P Ha BXOJIE & WX HET. 3aJ1a1a OCTPO-
€HUsI TAKOT'O aJITOPUTMAa HA3BIBAETCs <«IIPOOJIEMON OCTAHOBKUY.
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3.2. OnpeneseHne KOJIMOTOPOBCKOM CJIOXKHO-
CTHU

A. H. Konmoropos B crarbe [12| npeniokui u3MepsiTh CI0KHOCTD
KOHEUHOI0 O0bEKTa X IPU 33 JaHHOM KOHEUHOM OOBEKTE Y JIJIMHOM
caMoii KOPOTKOM II0CJIEIOBATEIHLHOCTH p (IPOrpaMMBbl ISt :z:), co-
crosmeil u3 0 u 1, 10 KOTOpoil HEKOTOPOii crrocod JekoaupoBanns B
MOZKET BOCCTaHOBUTDL X, UCITOJIbL3Yyd B Ka1€CTBE )10HOJIHI/IT€JIbHOI71 nH-
dopmanyu cI0Bo y. MareMaTnIecKn 3TO 3allChIBAETCS CJIELY IOIIIM
00pa3oM:

Kp(zly) = min{l(p) : B(p,y) = =},

rie [(p) — aumaa nocsenosareasuocru p € {0,1}*, a B(p,y) — HeKO-
Topas BbraucauMast pyukius. Mbl cauraem, uto min ) = oco. Haszbr-
BaeM yukuuo Kp(z|y) Mepoil c0KHOCTH OTHOCUTEIHHO CIIOCOba
nexogupoBanus B(p,y).

YUuThIBasg TO, UYTO MbI MOXKEM KOJMPOBATH JIIOObIE KOHCTPYK-
TUBHBIE OOBEKTHI JIBOMYHBIME CTPOKAME, MOYXKHO HPEIOIaraTh, YTo
z,y € {0.1}".

CdopMyIMpoBaHHOE BBIIIE ONPEE/IEHIE CJIOKHOCTU 3aBUCUT OT
BerancuMoiit pyukmu B(p, y) — criocoba JIeKoIMpOBaHUsT KOHETHBIX
06bexToB 3 . OIHAKO HCIOIBL30BAHAE OCHOBHOIO PE3Y/ILTATA TEOPUH
AJITOPUTMOB — TEOPEMBI O CYIIECTBOBAHUY YHUBEPCAILHOI (byHKIMN
— 11038010 KOJIMOrOpPOBY ONPEIE/INTD CJIOXKHOCTD HE3aBUCUMO OT
criocoba jiekouposanust B(p, y).

Mmeer MecTO OCHOBHAsi TeopeMa TeOPHH aJlrOPUTMUYIECKOIT
CJIOKHOCTH — TeOpeMa NHBAPUAHTHOCTH.

Teopema 3.1. Cywecmsyem maxas evuuciuman ynryus A(p,y),
wmo dasa Moot evvuciumot gyrkyuu B(p,y) umeem mecmo nepa-

3B ommmume or Teopum HHOOPMAINHM, IIPH OMPEIETICHHN KOJMOTOPOBCKOM
CJIO?KHOCTH PACCMATPHUBAIOTCS CIIOCOOBI JEKOAMPOBAHUSA, A1 KOTOPBIX MOTYT HE
CYIIIECTBOBATh COOTBETCTBYIOIINE CIOCOOBI KOMMpOBaHUsi. Kpome 3Toro, taxue
CITOCOOBI JIEKOIMPOBAHUST MOTYT OBITH HE BCIOJLYy OIPE/IEIEHHBIMU (DYHKITUSIMU.
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BEHCMBO
Ka(zly) < Kp(z|ly) + ¢, (3.4)
2(96 C — He'fCOmOpaﬂ KoHcmanma, He SQGUCﬂU,éaﬂ omx u y

Jlokasamenvcmeo. Ilycrs U(q, p,y) — dyHKIMsI, yHEBEpCaJIbHAsT
JUTIst BCeX BeraucmMbix dbyuknuit B(p, y) oT AByX apryMeHToB.
OrnpesiesiuM «yHUBEPCAJBHBINY CIIOCOD JEKOMMPOBAHUS:

A(q0lp,y) = U(q,p,y)

Jst Beex p, ¢,y € {0, 1}*. [Iins Bcex ocTaIbHBIX BXOJIOB, HE MMEIOIIIX
Buga (G01p,y), sHavenune dbyukiuu A He OIpeEJIEIEHO.

[Iycrs B(p,y) — mpousBosibHAsi BbuucanMasi (byHKIHS, TPET-
CTaBJISIONIAs] HEKOTOPBIH cr1ocod jiekompoBanusd. [lo ompenesrennio
YHUBEPCAILHOM DYHKITUH J1jIs HEKOTOPOT'O ¢ UMEET MECTO PABEHCTBO
B(p,y) =Ul(q,p,y) mis Beex p u y. Jlomycrum, 9410 p — CAMBbIil KOPOT-
KWt KOJ[ JIJIsT CTPOKU T IIpH criocobe onucanust B u IO THUTETbHON
urdopmarnu y. st vero Boimosneno B(p,y) = x. Torna

A(@O01p,y) = U(q,p,y) = B(p,y) = =.

CpaBHUBaeM JJIMHBI KPAaTUYaAIINX KOJOB Jjisl T IIPU CIOCODaX JIEKO-
nupoBanus A u B:

Ka(zly) < Kp(zly) + 2l(q) + 2.

CooTBercTByIOlIas KOHCTAHTa ¢ UMEET BUJ ¢ = 21 (q) + 2. Teopema
JokazaHa. O

B JIOKa3aTEJIbCTBE TECOPEMBI 3.1 HCIIOJIb3YETCA CJIEIYIONIasd CXeEMa
YHUBEPCAJIbHOI'O JIEKOJAUPOBAHUA:

q:p,Yy —x,
A :q0lp,y — =x.

3nech g01p — apxuB, KOTOPBIN COJIEPYKUT IPOIPAMMY ¢ JIEKOJINPOBa-
HUSI & TI0 P U JIONOJIHUTEIbHON nH(pOpMAaIu y.
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Oyukuus A(p,y), onpe/iejieHHas! B JJOKA3aTeIbCTBE TeopeMbl 3.1,
Ha3bIBAETCS ONIMUMGADHM CTLOCOO0M OeK0OUPOBAHUA.

ITo Teopeme 3.1 mjis J1IOOBIX ABYX ONTUMAJBLHBIX CIIOCOOOB JIEKO-
nupoBanus A u As ISt BCeX T U Y BLIIOJIHEHO

K, (zly) = Kay(zly)| < c, (3.5)

rJie ¢ — HeKoTopasl KOHCTaHTa (3aBucsias or A; u As).
Mg Takze samcbibaem (3.4) B Buye 4

Ka(zly) < Kp(zly) + O(1),

a (3.5) — B BUzE

Ka, (zly) = Ka,(z]y) + O(1).

Dukcupyem OjiHy Takyro ontuMaJbHyto dyHkuo A(p,y) u 06o3Ha-
UM

K(zly) = Ka(z|y).
Hazosem dbynkuuio K(z|y) ycaosnoti koamozoposckot caoocnocmovio

CJIOBa T TIPU U3BECTHOM Y.
OrpejiesiuM 6€3YycA06HYI0 KOAMOROPOBCKYIO CAOHCHOCTIVD

K(z) = K(z|\)

KOHEYHOTo 00beKTa . B 3TOM cilyyae onTHMAaJsIbHBINA CIIOCOO JIEKO-
JAAPOBaHUA [IJI1 BOCCTAHOBJICHUA T HE MCIOJIL3yeT HUKAKOU HOI0JI-
HUTETBHOM nH(MOPMAIUH.

OTMeTuM HEKOTOpBIE IIPOCTEHINNE CBOMCTBA KOJMOIOPOBCKOM
cioxkuoctu. IlepBoe M3 HUX — KOJIMOTOPOBCKAas CJOYKHOCTH CTPOKHU
HE IIPpeBOCXOAUT C TOYHOCTBIO JO KOHCTAHTLI €€ JIJINHBI:

K(zly) < i(z) + O(1).

‘B namsmeiimem mepasenctso f(r1, ..., Tn) < g(T1, ..., Tn) + O(1) o3ma-
YAET, YTO CYIECTBYET KOHCTAHTA C TaKasl, YTO HEPABEHCTBO f(Z1, ..., Tn) <
< g(x1,..., Tn) + C BLINOJHEHO IJIS BCEX T1, ..., Tn. 3J4ECh KOHCTAHTA C HE
3aBUCHUT OT T1, ..., Tn.

Pasencrso f(z1, ..., Tn) = g(x1, ..., Tn)+ O(1) 03HAYAET, UTO BBHIIOTHEHBI
HepaseHcTBa f(Z1, ..., Tn) < g(z1, ..., Tn) +O1) n g(z1, ..., Tp) <
< flm, -..y z) +O(1).
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DTO HEPABEHCTBO MMEET MECTO, TAK KaK MOXKHO PACCMOTPETh TPU-
BHAJIBHBI criocob nekoxuposanust B(p,y) = p mis Beex p, y. st
sToro crocoba Jekoauposanus seimosneno Kp(x|y) = [(x), u nosro-
My 110 Teopeme 3.1

K(zly) < Kp(zly) + O(1) = I(z) + O(1).

B wacTHOCTH, CJI0KHOCTH HATYPAJBHOIO YHCJIA 71 OTPAHUYEHA €ro
JorapmudMoM:
K(n) <logn+ O(1).

Hexkoropbie ducia uMeOT 3HAYATEILHO MEHBIIYIO CJIO2KHOCTH. Ha-
npumep, ciaoBo 0™ = 0...0 IJIUHBI N TMEET CI0KHOCTD

K(0™) <logl(0™) 4+ O(1) =logn + O(1).

U3 onpenenenns: K(z|y) < K(z) + O(1). Pasnocrs mexty mpa-
BOW ¥ JIEBOiT YaCTSIME 9TOI'0 HEPABEHCTBA MOYKET OBITH MAKCUMAJIBHO
6osbinoii. Hanpuwmep, K(z|z) = O(1). Jlerko Bujiers, 4To CyIiecTsy-
JOT KOHEYHBIE TIOC/IEI0BATETLHOCTH X, JIJIsT KOTOPBIX MMEET MECTO
K(z) =1l(z) + O(1).

HerpyHo /0Ka3aTh CleIyomiee yTBepKIeHue.

ITpengoxxenne 3.3. Besycaosran caooicnocmo K(x) caosa © cea-
3amna ¢ yeaosnol caroocnocmoio K(x|y) omuocumenvio dpyeozo caosa
y u caoorcrocmuvio K(y) amozo caosa caedyrowum obpaszom:

K(zly) — O(1) < K(z) <
K(z]y) + K(y) + 2 min{log K(z),log K(y)} + O(1).

Lloxazamenvcmeo. 1lycTsb 110 caMoMy KOPOTKOMY KO P M YCJIO-
BHIO iy MOKHO BOCCTAHOBHUTH &. KpoMe TOro, myCrhb ¢ — caMblii KOpOT-
KUil KOJI /ISt BOCCTAHOBJIeHUsI Y. MOKHO JOOABUTH KOJI YCJIOBUSA Y K
Koxy p u 1o caoxuomy Koy str(l(q))0lgp Boccranosuts x. limmna
rakoro koza pasHa K (x|y) + K(y) + 2log K(y) + O(1). Takxke Mox-

HO 110 ciozkHOMY Koay str(l(p))0lgp Boccranosurs @ lynna takoro
koja pasHa K (z|y) + K(y) + 2logK(z) + O(1). O
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IIpuBemeM erre HEKOTOPBIE CBOMCTBA KOJMOIOPOBCKOM CJIOYKHO-
cru. Ilycrs ¢(x) — Beraucimmas Gynknus tuma {0,1}* — {0,1}*.
Torna

K((z)ly) < K(zly) + O(1), (3.6)

rae koucranta O(1) 3aBucur ot ).

Jlist JoKazaTeIbeTBa 9TOr0 HEPABEHCTBA PACCMOTPHUM CIIOCO0 Jie-
koxuposanust B(p,y) = ¥ (A(p,y)), rue A(p,y) — oNTUMAJBHBIN CIIO-
cob mexommuposanusi. st 3Toro cnocoba geKOINPOBAHNS BBIIIOTHEHO
Kp(¥(x)|y) = l(p), rtne A(p,y) = x. Orcroga nosyuaem (3.6).

BepHo Tak:ke cooTHOIIEHME

K(zly) < K(z[¢(y)) + O(1). (3.7)

Pacemorpum crioco6 sexopupoBanust B(p,y) = A(p,v(y)), rue
A(p,y) — onTUMaJIbHBIN CII0COO JIeKOAUPOBaHus. st 9TOro croco-
6a nexoquposanust Kp(zly) = U(p), rue A(p,¥(y)) = z. Orcriona
nosryaaeM (3.7).

Jlerko BUsIETH, YTO KOJMOIOPOBCKasi Ca0xkHOCTh K(7) Heorpanu-
geHa. B ciydae ee OrpaHMY9EHHOCTH IPOCTO HE XBATUJIO ObI KOIOB
JUIsT BCeX CJIOB = (MX GECKOHEYHO MHOIO).

Kpowme Toro, oHa He sIBIsIeTCsST BRITUCIUMOR. JTO CBOWCTBO CJjie-
Jyer u3 Gosiee cubHOrO cBojicTBa — dyHkuust K(x) He TobKO He
BBIYUC/IMMAagd, HO U HE UMeeT HCOIPDAHUYECHHON BbIUYMCINMON HU2KHEN
OILICHKHU.

IIpennoxenune 3.4. He cywecmeyem svvucaumots gyrnxyuu (x),
KOMOPAA NPUHUMAEM, KAK Y200HO OOAbULUE 3HAUEHUS U MAKOT, 4MO
Y(x) < K(z) dan ecex x, das komopwx 1 (x) onpedenena.

Jlokasamenvemeo. Jomycrum, uro dbyHKImst ¢ () sBJIsleTCst BCIO-
ny onpenesennoit n Y (z) < K(x) ams Becex x. Oupemenum JIpyryio
dyHKIUIO

p(x) = min{y : Y(y) > z}. (3.8)

ITo oupenenennto ¥ (u(z)) > x st Beex .
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Tak kak t(z) meorpanmdena, GyHkuus () ABISETCT BCIOLY
oupeesenHoil u Beraucanmoii. Ilo ceoiicry (3.6)

K(u(x)) < K(z) + O(1).
C Apyroil CTOpPOHBI, 110 OIPEAeIeHII0 PYHKIUU 1
z < p(p(z)) < K(p(z)) <K(z) +0(1) < i(z) +O(1).

[Tosyuaem nporuBopeune, tak Kak jymua [(z) = O(log x).

B ciyuae, xorga dyukius ¢)(x) He sIBISIETCA BCIOJLY OLPEIETIeH-
HOIA, jyist Bbrauciaenusi Gyuxun p(z) mo dopmyse (3.8) moxer He
cymecTBoBaThH ajropurMma. OHAKO COBCeM He 00s3aTeIbHO UCKATDH
MUHUMYM B (3.8), JI0CTATOYHO HaliTH XOTsi Obl Kakoe-HUOY/Ib Y Ta-
koe, 910 ¥ (y) > x. OupenesumM IPoOece 0JJHOBPEMEHHOTO BbIUYUC/Ie-
HUs BCeX 3HaUeHuit ¥ (y) /10 Tex 1op, oKa He HAJIEeTCs i TaKoe, 4To
¥(y) > x. Oupegennm 3uadenne p(xr) paBHBIM IIEPBOMY TAKOMY Y.
Takoe y Haligercs, Tak kKak GyHKIWs 1)(y) TpuHEMAET GECKOHEYHO
MHOI'0O 3HaueHun. U

Oynknns f: {0,1}* — {0,1}* HaspiBaeTcs mepedncanMoit cBep-
Xy, ecsim MHOXKecTBO {(x,y) : y > f(z)} (maarpaduk dbyukuuun f)
HEPEIUCITIMO.

Jlerko BHJIETD, 9TO KOJIMOIOPOBCKast CJI0KHOCTD K (2 |y) nepeunc-
JIAMA CBEPXY, TaK Kak

{(@,y,n) :n>K(zly)} = {(n,z,9) : Ip(A(p,y) = 2&l(p) < n)},

riae A(p,y) — ONTHUMAJIBHBIN CIIOCOO JAEKOIUPOBAHUS.

YrBepxkaeHue 3.4 CBA3aHO C ONHON WHTEPIPETAINEl TEOpPEeMbI
Iestestst 0 memosHOTE, KOTOpas Oblaa mpempiokena JeirunpiM |38].

Teopust xapakTepusyercsi 606CKOHEIHBIM HAOOPOM yYTBEP2KIEHMUIA,
IIpeICTaBIeHHbIX B Buae dopmyst. Kaxkmas ¢popmyiia ecTh CJI0OBO B
HEKOTOpPOM aJjichaBuTe. MOXKHO CUUTATH, YTO (POPMYJIBI 3aKOTUPOBa-
HBI JBOMYHBIMU CTPOKAMH.

3a1aH0 MHOXKECTBO «HCTUHHBIX» dopmya TRUTH.
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Nnmeercst TakzKe HEKOTOPBI aJrOpUTM, MEPEIUC/ISTFONTIIT MHOYKE-
crBo PROOF «uokazyeMbix» (hopMyiL.

[TpenmosiaraeM Takzke, 9TO TEOPHsl HEIPOTHBOPEYNBA, T.€. BCE
JiokazyemMbie hopmyiibl siBiisitores uctuaabiMu: PROOF C TRUTH.

Hotmycrum, 9TO BCe MCTUHHBIE B OOBIYHOM MATEMATHIECKOM
cmblcte yTeepKaenns suga K(z) > n, rne z € {0,1}* un € N,
MOIYT OBITh 3aIlMCAHBI HA SI3bIKE HAIEHl TeOPUH ¥ IPUHAJIEIKUT

muoxkectsy TRUTH.

IIpennoxkenne 3.5. He boaee uem KoneuwHoe 4ucao ymeeparcoenudl
muna K(x) > n ¢ pasavunvmu n mo2ym npunadiencams mHotce-
cmey PROOF, m.e. moeym 6vimsb doxaszyemvimu.

Hoxazamenvemeo. donycrum nporusnoe. Torma cyriecrByer aji-
TOPUTM, KOTODBI Iepedncisier (JoKa3biBaeT) 6ECKOHETHYO HOC/Ie-
JoBarebHOCTh yTBepKaenuit K(z;) > n;, i = 1, 2, ..., cpean Ko-
TOPBIX UMeeTCsi OECKOHETHO MHOTO Pa3IUIHBIX N;.

Homyckaem Takzke, 9TO BCE X; Pa3JIUIHbIe (JJIs1 9TOTO He Iepe-
YHUCJIAEM YTBEPXKJIEHUS C TIOBTOPSIIOIIUMUCS T; ).

Omnpenennm 9acTHIHYIO BhAucauMyto dyuknuio ¥ (x;) = n; 1js
BCeX 4. DTa (PYHKIIUST TPUHUMAET KaK YTOJTHO OOJIBIINNE 3HATEHUSI.

Torna K(x) > ¢(x) ast Bcex x, ajist KOTOPBIX 9 (x) OIpeiesena.
[Tonygaem mporuBopeune ¢ yrBepxKjenueM 3.4.

Tak Kak CIOXKHOCTH HEOTPAHUYIEHA, UMEETCsT HECKOHETHO MHOTO
ucTuHHBIX yTBepKaenuii Bujga K(x) > n ¢ pasnmuanbivu n. He 6ostee
YeM KOHEUHOE UHCJIO0 TAKUX YTBEPXKJEHUI MOXKEeT OBITH JI0Ka3aHO,

mosromy PROOF # TRUTH. O

3.3. HeckuMmaemble 1mocJie1oBaTeJIbHOCTI

Nmeercsa Bcero 2™ ABOMYHBIX CTPOK AAUHBI n. s joboro k < n
YUCJIO BCEX JIBOUYHBIX CTPOK & JUIMHBI 7, JIJI KOTOPBIX BBIIIOJIHEHO
HepasercTBo K(x) < m — k, He IPeBOCXOUT YHC/Ia BCEX JIBOMYHBIX
KOJIOB P, JIisi KOTOPBIX [(p) < n — k. Yucsio Takux p paBHO

20 42t 4. ponthol cognk
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Takum obpasom, Josst ¢ TakuX, uro K(z) < n — k, oneHnuBaercs
CBEPXY:

{z:l(z) = n%}f(fﬂ) <n—K _ 5
Benuuunny

d(x) =n—K(z)

Ha3bIBaeM JedEeKTOM CJIydaitHOCTH ToceaoBaresbHocT . Ona 00-
JaJdaeT CBOMCTBOM

{z : 1(z) = n&d(z) < k}| = 2"*.

3aMeTHUM, YTO BCE 3TU PACCYKJIECHUS OCTAHYTCS BEPHBLIMU, €CJIH
mer 3amennm K(z) ma K(z|l(z)). Chopmymmpyem sT0 CBOHCTBO B
Bujie yrBepKienus. [Tycrs | D] 0603HaAUAET YUCIIO 9JIEMEHTOB KOHEU-
HOT'O MHOXKecTBa D.

ITpensioxxenue 3.6. [Tycmo
By ={x: l(z) = n&K(z|l(x)) > n — k}

— MHOIAHCECTNBO 6CET CHCUMAEMBLT He boaee yem na k-6umos nocae-
dosamenvrocmeti oauns, n. Toeda

2"(1 = 27%) < |Bngl < 2.

MozKHO TaK»Ke pacCMaTpUBaTh B KadecTBe fedeKkTa CIydaiiHOCTH
sesnanny d(z|n) = n—K(z|n). dns nHee BepHBI Bee Te 2Ke CBOICTBA,
qro u s d(x).

Takum obpazom, Ui BCeX MOCJIeI0BATEIbHOCTER JJIMHBI 1, KPO-
Me MaJIo uX J0JH, jJedeKT CAydaitHOCTH orpanuded. VHBIME c10-
BaMU, OOJIBIIIMHCTBO IOCJIE0BATEIbHOCTEN HecKuMaeMble. MbI 110-
KaykKeM, 9YTO BCJIEJICTBHE 3TOI HEC:KUMAEMOCTH JJjIsd OOJBITMHCTBA
[IOCJ/IeIOBATEJIBHOCTEN UMEET MECTO CBOUCTBO yCTOWUMBOCTUA UACTOT
CJIMHUI] U HYJIEH.

[Tepeitiem Teneps K 60jiee TOYHBIM OIEHKAM KOJMOTOPOBCKOM
cimokHOCTH. JJomycTuM, 9TO HEKOTOPOE IIOIMHOKECTBO

D ={x1,z9,... 2}
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MHOKECTBA CTPOK JIJIMHBI M 3aJIaHO B BHJIE CIUCKA (L1, T2, ...Tm)
CBOHUX 3JIEMEHTOB. Panee ObLIO yKa3aHO, KAK KOJUPOBATL 3TOT CIIH-
COK B BHJIE OJHOM CTPOKHU. [IJIs1 MPOCTOTEI 0603HAYAEM 3TY MOCIICI0-
BaTEILHOCTh TaK ¥Ke, KaK camMo MHoxkectso D). Torya juis 3ajanust
saeMeHTa x € D 1pu nu3BecTHOM criucke D J0CTaTOYHO 3a/aTh HOMED
9TOro 3jeMenTa B cnucke. OTCIona IOIydaeM OLEHKY

K(z|D) < log |D| + O(1). (3.9
Kpowme sToro, mmeer MecTo oreHKa
(1-27)|D| < |{z € D : K(z|D) > log|D| — k}| < |D|. (3.10)
MoxkHO ompeeiuTh J1eeKT CaydaifHOCTH djieMenTa x € DD B Buje
d(z|D) =log |D| — K(z|D).
Jl71s1 HEero BepHO HEPaBEHCTBO

{z e D:dz|D) = k)|
|D|

<27k

Bosiee Tounasi BepxHsisi OIEHKA KOJMOTOPOBCKOM CJIOKHOCTH
CTPOKH IJIMHBI 7. MOXKET OBITH IIOJIyYeHa, €CAU IIPeIBapUTEeILHO
IIPEJICTABUTH MHOYKECTBO BCEX JIBOMYHBLIX CTPOK JIJIMHBI 1. B BUJE
00 beIMHEHNST TTOIAPHO HEIIEPECEKAIOIINXCsI OIMHOMXKECTB CTPOK €
3aJIAaHHBIM YHUCJIOM €JIMHUIL:

{07 1}n = UZ:o:k

Cult
e
n
=k — :U:l(:v):n&z:ci:k ,
i=1
a 3areM npuMeHHUTH oreHky (3.10) u dopmyiry
K(z) < K(z|D) + K(D) + 2log K(D) + O(1).
Ecmu k =0 wm k = n, ro K(z) = O(1). Ilycrs nanee 0 < k < n.
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— |
Hanomunm, uro [2F| = (}) = T+ |IpuMensis 9T oueHKi,

IIOJIy4YUM JJIsI CTPOKU X € Eﬁ
K(z) < K(z|2F) + K(2F) 4+ 210g K(EF) + 0(1). (3.11)
Hasee, mpumensis dpopmyiny CtupJinHara
n n
n! =+v2mn (—) (14+0(1/n))
e

JJIsT Kaxka0ro pakTopuaa n3 OMHOMHUAIBHOTO KO3(MUIeHTa, mo-
JIy UM

|

K(z|=2F) = K(z|n, k) + O(1) < log Min k)l +0(1) =

o (ErE (1Y (1 5)) -
11og (i(l - f)) - %logn +0(1). (3.12)

JIJIst 3a/1aHsT CTPOKH, HPE/ICTABISIONIEH MHOXKECTBO ZF | mocTa-
TOYHO 3HATH dncaa n u k. [Tlosromy

K(ZF) <logn + logk + 2loglogk + O(1). (3.13)
Hanmomuum onpenenenune suTponun IllennoHa:
H(p) = —plogp — (1 —p)log(1 - p),

rie 0 < p < 1 (momaraem 0log 0 = 0).
YuureiBast 310 npejcrapienue u onenku (3.12) u (3.13), nepe-
numeM oreHky (3.11) B ynporieHHOM BH/Ie:

k 1
K(zx) < nH <> + ilogn+logk‘+210glogk+0(1) <

n

nH <z> +O(logn). (3.14)
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BepxHusist onierka (3.14) 103BoJIsSIET BBIBECTH HEKOTOPbIE CTATUCTHYe-
CKHe 3aKOHOMEPHOCTH JJI HeCZKMMaEMBbIX I10CJIeI0BaTe/ILHOCTEN.

HomycrumMm, uto ajivHa x paBHa n. PaccMoTpum pazsioxkeHnue SH-

rponuu H (p) mo dopmyse Taitiopa B OKPeCTHOCTH TOUKH P = %

Jlerko nposeputs, uro H(1/2) =1, H'(3) =0u H"(1/2) <0, rae

1

H"(p) = p(1—p)In2°

Nnmeem
H(p):1—2loge< —1>2+0 < —1>2 . (3.15)

HamomuuM, 9T0 BemdnHa
d(z) =n—K(z)

Ha3bIBAETCsl JeDEKTOM CJIyIaifHOCTH NOC/IEI0BATEIbHOCTH .
U3 umepasencrs (3.14), (3.15) u pasencra K(x) = n — d(z) no-

JIy9UM
ko1 2_0 logn + d(x)
n 2) n '

Takum 06pa3oM, MBI JTOKA3AJH CJIEYIONLYIO TEOPEMY — 3aKOH 0OJIb-
MUX 9UCEST JIJIS HECKUMAEMBIX ITOCJIE/I0BATETHHOCTEN.

Teopema 3.2. Cywecmsyem xoncmarma C maxas, 4mo 0is 110600
KOHEUHOUT 080UMHOT NOCAECIOBAMEALHOCTIU T OAUHDL T, COdepaHCaULetl
k edunuy, 6vinoanero

ko1 logn + d(z)
<Oy —.
n 2 n
B crarbe [12] A. H. KosMoropos npeijiozKui1 cauTaTh IpU3HAKOM
CJIYy4aiHOCTUA KOHEYHOH I10CJIeJ0BATEJbHOCTA L OTCYTCTBUE B Hell 3a-
KOHOMEPHOCTEHN, UTO BBIPAXKAETCI B HEBO3MOYXKHOCTHU 00Jiee KOHETHO-

'O OIMMCaHudA T, 9eM ee€ JAJnHa. Mu1 HasbIBaeM Takme IIocJje10BaTeJIb-
HOCTH HECXKHUMaeMbIMHU. ,HJIH HECKUMaEMOM II0CJIeJ0BATE/JIbHOCTU X
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sesanna d(z) = n — K(z) mana. Teopema 3.2 nokassisaet, 4To Jijs
HECKUMAEMbIX [OC/IeI0BATEIHHOCTEH JacTOTa €IUHKI OJIN3Ka K %
OL[eHKa OTKJIOHEHUA YaCTOTHI OT % 3aBUCUT OT CTEIICHU HEeCXKNMae-
MOCTH IIOCJI€/IOBATEIbHOCTH .

A. H. Kosmoropos mpujaBaj 00JibIlIoe 3HAYEHNE U3YIEHHUO 110~
HSITUSL aJITOPUTMUYECKOl cirydaiiHocTn Kkoneunozo obsexma. Ilpu
9TOM ITOHATHE MEPbI HE JTOJI2KHO BXOJIUTH B 9TO OIIpe/ie/IeHue. HpI/IBe—
JIeM MHTepIpeTanuio uaen Kosimoroposa B ciejyomeM Buje. Buve-
CTO Mepbl TPAHUYHBIE YCJIOBHS Ha CJIyYailHOCTH 3aJIal0TCs B BUJIE
pa3bueHnst MHOYKECTBA BCEX KOHEUHBIX MOC/IeI0BATEIbHOCTEN JI/INHBI
n Ha KOHEYHBIE [IONIaPHO HellepeceKaroImuecst moAMHoxkecTBa. Koned-
Hasg II0CJIE0BATEJIbHOCTL L ABJIACTCH CJLy4alHO#, €C/Ii BBIIIOJIHEHO
K(z|D) =~ log|D|, rme D — toT ssileMeHT pa30ueHusi, KOTOPOMY IIPH-
Ha 1eKuT =, x € D, |D| — qucio ero ssementos. 13 Teopun komupo-
Banus cieayer, uro K (x|D) < log |D| + ¢ ps moboro x € D, tae ¢
— KoHcTaHTa. [lj19 XapakTepu3aluu «CTeleHu CJIyIaiiHOCThy KOHEY-
HOII TT0C/Ie10BaTeIbHOCTH KOIMOrOpoB BBOAUT JedeKT cirydaiiHoCTn
KOHEYHOH MOC/IeI0BATEILHOCTH & OTHOCUTEILHO KOHETHOTO MHOYKE-
ctBa D:

d(z|D) =log|D| — K(z|D), (3.16)

e K(z|D) — ycioBHAs CI0KHOCTD KOHETHOMN MOCJIEI0BATEILHOCTH
T OTHOCUTEJIbHO MHOXKeCTBa [, 33 JTaHHOTO CIIMCKOM €r0 3JIEMEHTOB.

Ocnosnas unest Kojimoroposa 3ak/odaJiach B TOM, 4TOOLI HAXO-
JUTh MOAXOIAIINE Pa3dueHns] MHOXKECTBA BCEX KOHEYHBIX ITOCTIEI0-
BATEJIbHOCTEN M BBIBOJUTH CTOXACTUYECKHE CBOMCTBA KOHEYHON I10-
CJI€JI0BATEJILHOCTU U3 IPEJIIOJN0KEHUA O TOM, YTO €€ CJIOZKHOCTb OT-
HOCHTEJIbHO COOTBETCTBYIOIIETO dJieMeHTa pa3dueHus [ (;mﬂ KOTO-
poro x € D) 6/IM3Ka K CBOEMY MaKCHMAaJIbHOMY 3HAYEHUIO, 8 MMEHHO,
K(z|D) =~ log|D|.

MbI TpOmOIKIM OOCY2KIAEHINE CTOXACTUIECKUX CBONCTB HECXKU-
MaeMBbIX TI0CJIeI0BaTE/ILHOCTEN B pa3jesie 9
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3.4. Ci102KHOCTH TTapbl

B srom pasnene jgokaxkem Tteopemy Kosmoroposa-Jlesuna o je-
KOMIIO3UIINY CJIOXKHOCTH Tapbl. BliepBblie 9T0 JI0KAa3aTebCTBO OBLIO
omybsimkoBano B 063ope |[11].

Teopema 3.3.
K(z,y) = K(z) + K(y|z) + O(log K(z, y)). (3.17)

Jloxazamenvcmeo. IlycTb 110 caMoMy KOPOTKOMY KOJY P U YCJIO-
BUIO & MOYKHO BOCCTaHOBUTBL Y. Kpome Toro, mycrb ¢ — caMblii Ko-
POTKHIi KOJI, JJIsi BOCCTAHOBJIEHUS . MOXKHO J06aBUTH KOJI YCJIOBUS
2 K Koy p u 1o ciaoxuomy kouy str(l(q))0lgp BoccranoBuTh mapy
(x,y). Jnauna Takoro KoJa paBHa IIpaBoil YacTu HepaBeHcTBa (3.17).
Hepagencrso < jokaszano.

JokazaTeabCcTBO 0OpaTHOTO HEPABEHCTBA > HAMHOIO CJIOXKHEE.
®ukcupyem napy (z,y). Oboznaunm a = K(z,y). MuoxkecTBO

A={(y)  K@.y) <a}

apjisieTcs nepeanciauMbiM. Kpome storo, |A| < 2971 JTna xas ot
CTPOKH ' pacCMOTPUM CeYeHHe

Ay =1{y : (2/,y) € A}.

O60znaunm m = |log |A.||. Torma 2™ < |A,| < 2™+

1) Onennm ceepxy Besmauny K(y|z). Jist sroro mo 4uciy a me-
peuncisieM Bee mapbl (2',y') € A u OoTKJajabIBaeM Te Taphbl, Jisl
KOTOpbIX ' = x. Takum o6pa3oM, MbI IIepeunc/isieM MHOXKECTBO Ag.
st sananus y € A, UpHU U3BECTHOM & MOYKHO HCIIOJIB30BATH YUCJIO
@ ¥ TIOPSAJIKOBBI HOMEpP TEePEeYncyaeHus y € A,, T.e. 9UCIO0, HE TIpe-
Bocxomamee | A, | < 2™, Takum o6pazom, yanTHIBas HEPABEHCTBO
m < a, IoJIydyaeM

K(y|z) < log|AL| + 2I(str(a)) + O(1) <
<m+ 2logK(z,y) + O(1) < m+ 3logK(z,y) + O(1). (3.18)
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2) Ounenum cepxy Beanunny K(z). ITycrs
B={a':|Ay| =2}
W3 nepaBencTsa

2™B| < ) |Ax| < |A] <20
z’'eB
crenyer |B| < 2¢-mFL

DJIeMEHTBI MHOXKECTBa B MOXKHO IepedncIsaTh 3Has a U M.

ITo ompenenenuto x € B. Jlnga 3aganust x 10 a TMEPEIUCTIEM
napsl u3 MHOXKecTBa A. IIpn 3TOM, Kak TOJIBLKO HabepeTcsa He MeHee
2™ nap (2, y') ¢ oauHAKOBOI TIEpPBOIT KoopaMHATOl 2/, nepeuncisem
7' B B.

Tak kak |Az| > 2™, cpenn Bcex ', nepeuncienubix B B, Gyzer
u x. g 3amanms © HaJI0, KpOMe BBIINIE IepedrCIeHHoNl nHdopMa-
MU, 3HATH MOPAJKOBLII HOMED €ro HepedrC/IeHHs, T.e. YUCJIO, He
npesocxozgamee |B| < 2¢~™FL JIpowunbiit Ko 9TOro umcIa mMeer
nHy He 6ostee a —m + 1. Mol ucniosibzoBaiu Takxke a = K(z,y) u
m < a+ 1. Ux aBonvnble Kojpl uMetoT jyiuny He 6osiee 3log K(x, ).
Orcrona

K(z) <a—m+ O(logK(z,y)). (3.19)

Curoxkum HepaserncTsa (3.18) u (3.19) u nosryunmM HEOOXOMMOE Hepa-
BEHCTBO
K(ylz) + K(z) < K(z,y) + O(log K(z, y)).

Teopema moxkazama. O
Bagaua 10 u3 pasmena (3.6) yrsepxiaer, uro oienka (3.17) ne
yirydIaeMasi.

3.5. KonmyecTtBOo mH(pOpMaIium

Ha ocuoBe monsitusi ciaoxkaoctu A. H. KosMoropos mnpeioskuit
B [12] onpenesienne kosmdecTBa HHMOPMAIIUE B CJIOBE Y O CJIOBE I:

I(y : x) = K(z) — K(z[y).
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Benuunny K(a:) MOXKHO UHTEPIPETUPOBaTh KaK MUHUMaJIbHOE KOJIU-
9eCcTBO MH(OPMAIINK, HEOOXOAMMOE JIJjIsi BOCIPOU3BEIEHNS CJIOBa T;
K(x\y) MHTEPIPETUPYETCH KAK MUHUMAJIHLHOE KOJINIeCTBO nHMpOpMa-
1N, KOTOPOEe HEeOOXOIMMO J00ABUTH K MH(OPMAIINH, COAEpKAIIeii-
Cdad B Y, LITO6I:>I BOCCTaHOBUTDH XT. PHBHOCTB MeXKJ/1ly HUMU €CTECTBEHHO
MHTEPIPETUPOBATH KaK KOJHIECTBO MH(MOPMAIINN, COIEPKAIIEHCsT B
CJIOBE Y O CJIOBE Z.

DT0 ompejeeHne aHAJOTUIHO BEPOATHOCTHOMY OIPEIETEHUIO
nHOPMAINN, coJep:Kalleiica B caydailHON BeJMYuHE 1) O Caydail-
Hoit Besimaume &:

TH(¢ 2 €) = H(§) — H(E[Y),

rine H — sarponus [llennona.

B omsmame o1 BEpOSTHOCTHOTO OIPEIeICHUsT KOJINIeCTBa HHMOP-
mvaruu TH (v : £), senmauna I(y : ) He kommyraruBHa. [Tokazxkem
9TO Ha MPHMeEpe.

st moboro m naiigercss x jmmHbL M Takoe, yro K(z|lm) = m.
HeficTBUTEIBHO, ec/ii ObI TAKOTO & HE CYIIECTBOBAJIO, JJIsI JII0O0TO ¥
JUIMHBL M CYIIECTBYeT p JuimHbl < m — 1 Takoe, uro A(p,m) = y.
3aecy A — onTuMasbHBIA MeToJl JieKojaupoBanust. Bee Takue p pas-
JgugHble. Yucsio Takux p, a 3HAYHUT, TUCJI0 U TAKUX Y, HE IPEBOCXOIUT
YUCTIA BCEX JBOMIHBIX CTPOK JJTHHBI < 170, DTO Uncjio papHo 2 — 1.
Tak Kak 9KCII0 BCeX JBOMYHBIX CTPOK JJTMHBL M paBHO 2™, Haiiaercs
x rakoe, uro K(z|m) > m.

AnasornaupiM 00pa30M HANYTCA CKOJIb YIOJHO OOJIBIIHE M,
Jutst koropbix K(m) = I(m).

Ouesnno, K(I(m)|m) = O(1). Jasa Kazkmgoro Takoro m u Jjist
COOTBETCTBYIOIIETO & JIJIUHBI 171 [TOJIydaeM

[z :m) = (m) (mlw) l(m) o),
< l(:r) m+O(1) =0(1).

Buaunt, [(x : m) —I(m : ) > I(m)—O0(1). dnuna gBontHoit 3amuc
qucsIa M yJI0BJIeTBOpsieT HepaBeHCTBY [(m) > logm — 1.
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Hanbueiintee pacxox genne mexkry sesmansamu I(z : y) ul(y : x)
B O0IIEM CILydae Heslb3st yBeanInTh. Bennuanna I(x @ y) kKoMmMyTraTus-
Ha ¢ Tounocrbio 10 O(log K(z,y)). ITo Teopeme 3.3

K(z,y) = K(z) + K(ylz) + O(log K(x,y)),
K(z,y) = K(y) + K(z|y) + O(log K(z,y)).

Orcrona moydyaemM

Iy : 2) = I(z : y)| = O(log K(z, y)),
Iy : z) — (K(z) + K(y) — K(z,y))| =
= O(logK(z,y)).

3.6. 3agaum u ynmpa kKHeHUd

1. Jokazarh, uro yHusepcaabHas Gyuknus U(x,y) He sBisgeTcs
BCIOJIy OIPEJIETIEHHOIA.

2. O6bsicaure, noyemy dyHkuus ciaoxkuoctu K(z) onpejenena
ISt JIIO0OTO X, & TakKe, IIoYeMy OHa HeOrDaHUIeHA.

3. Hokazatph 4TO

(a) K(0™n) =0(1), K(0") <logn +0(1), K(0") = K(n) +
+0(1), e 0™ — coBo, cocrosiee u3 n Hyseit; K(2") < logn +0(1)
u K(22") < logn + 0(1), rae 2" — HaTypagbHOe YHCIO — CTEIeHb
JIBOMKM, IOHUMAEMOe B OOBIYHOM CMBICJIE.

(b) Cymecryer koucranTa ¢ > 0 takas, aro K(0") > logn — ¢
J71s1 GECKOHEYHO MHOTHUX 7.

(c) K(z|l(z)) < K(z)+0(1) < K(z|l(x))+logl(z)+loglog l(x) +
+ 2logloglogl(x) + 0(1).

(d) K(z,z) = K(x) + 0(1); K(z,K(x)) = K(x) + 0(1).

(e) K(20) = K(z1) +0(1) = K(0x) + 0(1) = K(1z) + 0(1) =
= K(z) +0(1).

(F) K(zly0) = K(ely1) + 0(1) = K(z]0y) + 0(1) = K(z[1y) +
+0(1) = K(z|y) + 0(1).

4. JTokazarb, 9T0 ONTUMAJILHBILI c110c06 onncanust A(p) He siBJIsI-
eTCs BCIOJLY OIIpeJIeJIeHHOl (hyHKImell u 11t Hero He CymecTByeT Co-
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OTBETCTBYIOIIETO AJITOPUTMa KOJUPOBAHUSI, KOTOPBII 110 TPOU3BOJIb-
HOIl KOHEYHOil MOC/Ie0BATEIbHOCTU T BbLAABAJI Obl KaKOH-HUOYIb
caMblil KOPOTKUI KOJ[ p, 1715t KoToporo A(p) = x.

5. Mokazarh, uro dhyukius caoxuocru K(x) He sisiercs nepe-
YUCJIMMON CHU3Y, HO ABJAETCA IIEePEYNCINMON CBepXy.

6. JlokazaTb, 9TO CyIIECTBYET KOHCTAHTA ¢ TaKas, 9TO JJIsI JIIO-
6oro N Haiizercst napa mnocjejoBaresibHoCTel (,y), 1Jisi KOTOPOii
soirosaeno [(z) + [(y) = N n K(z,y) > N +1log N —c.

7. Hokazarb, 4r0 Jyisi JIEOOOTO N CYIIECTBYET IIOCJIEI0BATE b
HOCTh T JUTMHBI < 7 Takasi, 9TO 3aMeHa HEKOTOPOro OmTa B Heill Ha
IPOTHBOIIOJIOKHBII IIPUBOJUT K IIOCIEI0BATEIBHOCTH T, TIe

K(z') > K(z) + logn — O(1).

Kax ma/10 ncnpaBuTh 9T0 HEPABEHCTBO, €CJIN MTOTPEOOBATD CYIIECTBO-
BaHUe TaKoOW TOCIeIOBATETLHOCTH & JJTHHBI PABHOM N.
[Tpu 10601t Takoit 3amMeHe

K(z") < K(z) + logn + O(loglogn).

8. Iycrs K(x) 2n—c¢,¢>0,ux=yz rue l(y) =1(z) =n/2.
Torna K(y) > n/2 — O(logn) u K(z) > n/2 — O(logn).

9. Ilpoecru gokasaresnbcTBo HepaseHcTsa (3.10).

10. Hokazars, uro mepasencrsa K(z,y) < K(z) + K(y|z) + O(1)
u K(z,y) < K(z) + K(y|z) + O(loglog K(z,y)), a Tak:ke nepasen-
crBo K(z,y) < K(z) + K(y|x) +log K(z,y) + O(1) B obmiem ciryqae
HEBEPHBL.

[IpuBecTn HETPUBHAJIBHbIE IIPUMEPBI TOCJIEIOBATEILHOCTEN], JJTst
KOTODPBIX [IEPBOE U3 HEPABEHCTB BBIIIOJHEHO.

11. Ilycte A — mepednc/imMoe MHOXKECTBO U W = WiWg ... — €0
XapaKTePUCTUIECKAsl TI0CJIeI0BATEIBHOCTD, [J1e

{ 1, eciin i € A,
W; =

0 B IpOTUBHOM CJIy4ae.

O6o3HayaeM w” = wjq . ..wy, — HOCJIEI0BATEILHOCTD IIEPBLIX 7 OUTOB
GECKOHEYHOM TOC/IeN0BATEILHOCTHI W.
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Hokazarb, uro K(w™|n) <logn + O(1), rae w" = wiws . . . wy.

Ouenurs cBepxy K(w™). Kak uaMensiTcst 9Tu ONEHKH, €CJId MHO-
xecTtBo A paspemumo?

12. Jlauwl aBa CioBa T W Yy — JABa CJI0Ba ofHON JmuHbl 1. Otie-
HuTh 1(2 @ y) cBepXy M 110 BO3MOYKHOCTH IIPUBECTH OIEHKU CHHU3Y B
HAUXY/IIEM CITy9ae:

(a) 2 =0101...01 uw y = 1010...10 jgymus 2n;

(b) z=0"ny= 1n/20n/2

(C) T = 0n/21n/2 Hy= 1n/20n/2

(d)z=a1...2pu 2 =221 ... TpTp;

() * = wvw n y = usw, cJIOBa U, V, W, S — JJIUHBL N;

(f) x = www u y = svt, cioBa u, v, w, $,t — JLIAHBL N;

13. /Toka3arh HEpaBEHCTBA!

(a) K(z) < K(zy) + 2logi(z) + O(1);

(b) K(z) < K(zy) + 2log (y) + O(1);

(c) mpuBecTH IpPHMEPbI KOHEUHBIX I0CJIEI0BATEJILHOCTE T 1 Y,
quts koropeix HepasercTso K(z) < K(zy) + O(1) n gaxe K(z) <
K(zy) 4+ 2log K(x) + O(1) neBepno. ITpusectn npumMeps! mocsieioBa-
TEJILHOCTEH X JIJTNHBL 1, Y KOTOPBIX CYIIECTBYIOT MO IIOCTIETOBATE b
HOCTHU Ha TOPSIJIOK 0oJIee CII0XKHBIE, 9eM BCsI [IOCJIEI0BATEIBHOCTD.

14. JokazaThb, 9TO [JIS MOYTH JIFOOOM OECKOHEYTHOM IOCIeI0Ba-
TEJIBHOCTU W CYIeCTByeT Takoe uucyo m, uro K(w™) > n —m mis
OEeCKOHEYHO MHOIUX 7.

15. Jlokazarhb, 94T0 cpe/in HATypaabHBIX IUCe OT 1 10 1 HaiimeTcst
quco ciaokuoctu > logn — 1. Omenurs o0 guces or 1 g0 n
CJIOYKHOCTB KOTOPBIX > logn — ¢, tie ¢ > 1.

16. /Tokazarb, 4TO Jjisi JIIOOOTO Y YUCJIO BCEX T JJUHBI N TAKUX,
gro K(z|y) < K(z) — m me npesocxomur 2"~ "% e KoHCTaHTa ¢
HE 3aBUCHT OT M H Y.

17. JlokazaTb, 9TO JJjisi JI0OBIX CTPOK ¥, Z, U JJIWHBI N HAHIeTCS
crpoka x JymHbl 1 Takas, aro K(z|y) > n — 2, K(z|z) > n—2u
K(zlu) > n—2.

18. Jlokazarh, 4To JiIst JTI0H0i HECKOHEYHOM TIOCIETI0BATETHHOCTH
w Gyzer sup,, K(w"|n) < oo Torja u ToabKo TOrjia, KOrja w siBJIsleTcsl
BBLIYUCJIUMOM.
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19. CymecTByeT Takas KOHCTAHTA €, ITO JJIs JIIOOOH OGEeCKOHed-
HOIT mocsiesioBaTesIbHOCTH W BbIOAHEHO K(w™) < n — logn + ¢ mis
OECKOHEYHO MHOTUX 7.

20. CymiecTByIoT OeCKOHEUHAsI W ¥ KOHCTAHTA ¢ TAKWe, 9TO

Kw") >2n—2logn —c¢

JITST BCEX M.

21. lokazaTb, 9TO CyIECTByeT Takas KOHCTAHTa C, ITO s JIIO-
6bIx z, n u k, ecim mmeerca > 2F makux p, uro A(p) = x u l(p) < n,
o K(z|k) < n—k+c (3necy A(p) — onrumasibHbLii C11ocob onucanust).

22. Jlokazarh, 94TO JJIsI JI060T0 6€3YCJIOBHOTO CIIOCO6A OMUCAHUS
A(p) cymiecTByer Takasi KOHCTAHTa €, YTO JIsi JIEOOOTO T YHUCJIO €ro
KpaTdafiimx omucanuil He TPEBOCXOIUT C. Y Ka3aHUe: MCIOJIb30BATh
NPEeJIBIIYILYIO 3a/1a4y.
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I'1aBa 4

Cay4gaifHOCTH TIO
Maprun-Jledy

B 370i1 T/1aBe MBI paccMOTPUM KOHCTPYKTHBHBIE BAPUAHTHI KIACCHU-
YeCKUX IMOHATHUI U3 TOIOJIOTUN W Teopun Mepbl. B dacrHOCTH, Oy1eT
OIIpeJIeJIeHO IToHATHE OeCKOHeUHOI ciyvalinoit mo Maprun-Jledy mo-
CJIEIOBATEILHOCTU. MBI TTOKaXKeM, 9TO U3BECTHBIE ACUMITTOTHIECKIE
3aKOHBbI TEOPUU BEPOATHOCTEN BBINOJIHEHBI JJISI KaXKJIOW TaKON CJIy-
JalfHON MOCJIeI0BATEIbHOCTH.

Byner chopmynupoBaHa HOBas JIOTUKA TEOPUU BEPOSITHOCTEI.
CorytacHO 3TOI JIOTMKE 3aKOHBI TEOPUU BEPOSITHOCTEH BBIIOJHEHDI
HE TOJIBKO JIJIsl IIOYTHU BCIOJY, — KaK 3TO MMeeT MeCTO B KJlacCude-
CKOII TEOPpUM BEPOATHOCTEN, — HO U JUId KazKJIO¥ WHJIUBUIYAJIBHONI
HOCJAE0BATEJIbHOCTU, KOTOPas BbIAEPXKUBAECT YHUBEPCAJBLHBIA TECT
Maprun-Jleda.

4.1. Tectet MapTun-Jleda

[Tycrs ) — MHOXKeCTBO BCeX OECKOHEYHBIX (JBOMYHBIX WM OMHAD-
HBIX) TOCsIeoBarebHocTell, cocrosamux n3 0 n 1. Tomosorus na
9TOM MHOXKECTBE 33JaeTCsd NHTEPBaJIaMHI BUIA

I, ={we:zCcuw}
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rIe & — KOHeYHasl IBONTHASI TOCIeI0BATEIbHOCT.

MmuoxkecTBo ) MOXKHO HM300parkaTb B BUIE OECKOHEYHOI'O IBO-
UYHOTO JIepeBa, BEPIIUHON KOTOPOT'O SIBJISETCH IIyCTas IIOCJIeI0Ba-
TeabHOCTH A. OcTajbHbIE €r0 BEPIINHBI IIPEICTABIEHBI BCEMU KOHEY-
HBIMU JTBOMTHBIME [TOCJIEI0BATETLHOCTAME. [[OPSIIOK MEXK Ty 3TUMU
BEPIITHAMU 33,Ia€TCsI OTHOITEHNEM ITPOIOJI2KEHUST ITOCIIeI0BATEIHHO-
creit. Kaxknast 6eckoHeUHasT TOCIEI0BATEILHOCTD, cocTosdAIasd n3 ()
u 1, m3o6parkaeTcss 6ECKOHEIHBIM IIyTEM Ha J€peBe, CTAPTYIONIEM U3
KOPHSI.

Nurepsan I'; cocronTr m3 Bcex OECKOHEUHBIX MPOIOIKEHII KO-
HEYHOl 1ociefoBaTesibHocT 2. JI1obble n1Ba naTepsana 'y u I'y 6o
He nepecekatorcs: I'; N Ty = (), ecam mocsie[0BaTe/IbHOCTH & U Y He
[IPOJOJIKAIOT JIPYT APYyTa, JUOO OJWH U3 HUX ABJISIETCS ITOAMHOXKE-
crsom apyroro: I'y € T'y wim I'y € I'; B IpOTHBOIIOIOKHOM CIydae.

OTKpBITBIE MHOXKECTBA, IPEJICTABSIOT CODOM OObeIMHEHUs Ta-
KX HWHTEPBAJIOB. Kakmoe OTKPBHITOE MHOXKECTBO MOXKHO IIPeCTa-
BUTBH B BHJIe 00bEINHEHUSI IIOITAPHO HEIIEPECEKAIOINXC ST HHTEPBAJIOB.
3aMKHyTble MHOXKECTBA, — 9TO JOIOJHEHUS OTKPBLITHIX MHOXKECTB.

Cuadasa Mbl Oy/ieM paccMaTpHUBaTh PaBHOMEPHYIO Mepy L Ha
MHOKecTBe (). OHa 3a/1aeTCsl CBOUMH 3HAYEHUSIMU Ha, MHTEPBAJIAX

L(T,) =27'@®

st Beex € {0,1}*. asee sra Mepa MOxKeT ObITH IIPOJIOJIZKEHA
€CTeCTBEHHBIM 00pa30M Ha BCe OTKPLIThIE U 3aMKHYThIE MHOXKECTBA,
a 3aTeM M Ha Bce OOpesIeBCKIe MOIMHOXKeCTBa (2.

MpbI paccMOTpHUM KOHCTPYKTHBHBIE aHAJIOIH 9TUX HOHATHIA. KOH-
CTPYKTUBHU3AIMS O3HAYAET, ITO BCe (DYHKIIMHU U OIEPAINH JOJI2KHBI
OBITh B KAKOM-HUOYIb CMBICJIE BBIYUCIUMBIMU.

Nurepsan ', oaHO3HAYHO 3a7aeTCs KOHETHOH ITOCIEI0BATE b
HOCTBIO X W ITO3TOMY SIBJISIETCSI KOHCTPYKTHUBHBIM 00beKTOM. PaBHO-
MepHasi Mepa WHTEPBAJIOB 110 OIPEJIeJIeHNI0 — BBIYUCINMAsT PYyHK-
[¥sI, TIePEeBOJIAIIAsI KOHEYHbBIE MTOCIEI0BATEIHHOCTH £ B PAIMOHA b=
Hble ncia 274,

HaszoBeM oTkpbiToe MHOKECTBO U aipekmuero omxpoimoim, ec-
JIK €r0 MOKHO IIPEJICTABUTh B BHIE O0ObEeIUHEHUs] BHIYUCIMMONA I10-
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CJIeJOBATEJIbHOCTHU NHTEPBaJIOB
__ | |90

e dyukus f(i) = x; aBaserca Bbraucaumoii. Jomonnenne ad-
(EKTUBHO OTKPBITOTO MHOYKECTBA HA3BIBACTCS IPPHEXMUEHO 3aMKHY-
MbiM MHOXKECTBOM.

B Teopuu BeposiTHOCTEl 0COOOE 3HAUEHUE UMEIOT MHOYKECTBA Me-
pot 0. B wacrHOCTH, acMMITOTHYECKHE 3aKOHBI TEOPUH BEPOSITHO-
cTeil, TaKue KaK YCUJICHHU 3aKOH OOJIBIMUX YUCE]T WA 3aKOH I10-
BTOPHOTO Jiorapudma, UMEIOT MECTO JJisi BCEX IOC/IeI0BATEILHO-
creit, kpome MHOX)KecTBa Mepbl (). [OBOPAT, YTO OHU UMEIOT MECTO
MMOYTH BCIOIY.

Namepumoe moamuokectBo A C € umeer mepy 0, ecau [jist JIio-
6oro € > ( cymecrByeT Takoe OTKpbITOe MHOXKecTBO U = Ul aTo
ACUu LU) <e.

OrpejiesiuM KOHCTPYKTHUBHBIN aHajor MHOXKecTBa Mepbr (. W3-
MepuMoe MHOKecTBO A C §) siByistercst 3(ppEeKTUBHO HYJIEBBIM, €CJIH
Takas MOCJeJOBATEILHOCTD UHTEPBAJIOB 33Ia€TCs 10 PAIMOHAJILHO-
MYy UHCJIy € HEKOTOPOW BBIYUCIUMON (PYyHKIUEH.

Bosee Touno, muokecTBO A C Q saBisiercst ahexmusho nyae-
6VLM, €CJIM CYIIECTBYeT Takasi BbuucauMast byHKIms (i, €), rie i —
HATypPAJIbHOE, & € — TOJIOXKUTEILHOE PAIMOHAJIBHOE TUCJIO, ITO

o L(Uil'yi0) <em
o ACU;l'y( e Muis Beex panmoHasbHBIX € > 0.

OcCHOBBIBasICh Ha 9THX COODPasKeHUsIX, HepeiijeM K olpejese-
Huto tecra Maprtun-Jleda. Paccmorpum yObIBaroIyo mocienoBa-
TeJIbHOCTh PAIMOHAJBHBIX YHCeN €, = 2° 7, m = 1,2, ... Muo-
2KECTBO

T={(m,x(i,27™)) :i,m=1,2,...}

SIBJISIETCSl TIEPEYNCTUMBIM. DTOMY MHOYKECTBY COOTBETCTBYET TOCJIE-
JI0BATEIHLHOCTD 9(DMEKTUBHO OTKPBITHIX MHOKeCTB { U, } Takasi, 9ro
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e Uy, =U{l,:(mzx) T}t
o L(Upy) < 2™ must BCex m,
e ACnN,Un.

Mo>kHO B34Tb 3THU CBO¥CTBa B KavuecTBe ompejeserns 3hdHeKTuBHO
HYJIEBOTO MHO»@kecTBa. MHO»kecTBO mmap 1’ Ha3bIBAETCS BBIMHCIUMON
OCHOBOIT 15t crcTeMbl 9(hHEKTUBHO OTKPBITHIX MHOXKECTB { Uy, }.

MmuoxkectBo T’ ornipenie/isieT PaBHOMEPHBIHM CIIOCO0 TTEPEUNCIICHUST
MHTEPBAJIOB, cocrasisionux cemeiictBo {Up, }. HazoBem takoe ce-
MeCTBO 3(PPEKTUBHO OTKPBLITHIX MHOYXKECTB PAGHOMEPHO MEPEUUC-
AUMDBIM.

MoxxHO TIOTpedoBaTh, YTOOBI BBIIOJHSIOCH €Ie OJHO CBOHCTBO
cucremsr {Up, }:

e Upi1 C Uy, a1 Bcex m.

CewmeiictBo MHOXKeCTB {Up, }, yIOBIIETBODSIIOIIEE TIEPBBIM TPEM CBOIi-
CTBaM, JIEIKO IIEPECTPOUTH B JIPYIyIo mocienoBaresbHocts {U) },
YJIOBJIETBOPSIIONLYIO Y€TBEPTOMY CBOHCTBY, T.€. TAKYyIO, UTO

U/ == Un>mUn

m

Torna L(U),) < Yopsm 2T <27

Cucrema 3 dEKTUBHO OTKPLITHIX MHOXKECTB {U,, }, yI0BIeTBO-
psIfOITasi MEPBBIM TPEM YCJIOBUSIM, HA3BIBAETCST TMECMOM NPOSEPKU
Ha cayuatinocms 1o Maprun-Jledy. Kaxypiit recr Maprun-Jleda
ompeessier 3pGHEKTUBHO HYJIEBOE MHOXKECTBO My, Uy, KOTOpOE Tak-
2Ke OyJIeT HA3BIBATHCH HYAEEbLM MHONCECTIBOM TMECTNG.

Beckoneunast JIBoUvHAST MOCJIEIOBATETLHOCTD 0OMBEP2ALMNCA Ta-
KHAM TEeCTOM, €CJIM OHA JIEKUT B €ro HyJIEeBOM MHOXKecTBe. MbI T0-
BOPUM TaK»Ke, UTO TaKas IIOC/IEJIOBATEBHOCTD HE CJAydailHAs I10
Maptun-Jledy. IocnenoBarensHocTs 6videporcusaem tect Maprus-
Jleda, ecim oHa He PUHAJJICKUT €r0 HYJICBOMY MHOXKECTBY.

ToBopum Takske, aT0 MHOKECTBA Uy, PAGHOMEPHO IPHERMUSHO OMKDBITIDLE.
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Mpbr 6yaeM Ha3bIBaATH OECKOHEUHYIO JTBOMYHYIO ITOC/IEI0BATE b
HOCTBb cAy4atinot no Mapmun-Jledy, eciim oHa He TPUHAIJIEXKUAT HU-
KakoMy 3 DEKTUBHO HYJIEBOMY MHOXKeCTBY. JIpyrumu cjioBaMu, CiIy-
vaifHas I10CJIe/IOBATEILHOCTD BBIIEPXKUBAET Ji000it Tect Maprun-
Jleda.

ITo cyrmecTBy, 3¢bdeKTUBHO Hy/I€BbIe MHOYKECTBA — 9TO BCE IO-
MHOKECTBa HyJIeBbIX MHOxKecTB TecroB Maprun-Jleda {Up,}. Tlo-
CKOJIbKY MHOXKECTBO Bcex TectoB Maptun-Jleda caerHo, mepa 06b-
€JINHEHNUS X HYJIEBLIX MHOYKECTB paBHA HYJII0. TakuM o0pa3oM, Mepa
MHOXKECTBA BCEX CJIyYalHbIX [10CJIeI0BATEbHOCTEN PABHA €IMHUIIE.

[Ipueenem HekoTopbie npumepbl TecToB Maprun-Jleda u coor-
BETCTBYIONNX (PHEKTUBHO HYJIEBBIX MHOXKECTB.

MHokecTBO, COCTOsIIIee U3 OJTHON DECKOHEUHOM MOCTIe0BaTE /b
moctu 0% = 00..., aBasgercsa 3pPHEeKTUBHO HYJIEBBIM, TaK KakK
0° € Nplgn u L(Tgn) = 27" mas Bcex n. Kpome Toro, mocsieso-
BATEJIbHOCTh MHTEPBAJIOB ['gn sBJISIETCS TEPEUUCTUMON.

MmuozxkectBo U, cocrosiiee u3 Bcex JIBOUYHBIX [TOCJIEI0BATETHHO-
creit Buga w = wy0w20 . .., Takxke gBjsieTcs 3PpHEKTUBHO HYIECBBIM,
TaK KaK COJIEPYKUTCH B IIEPECEUEHUUN MEPEUUCTUMON CUCTEMBI -
(EKTUBHO OTKPBITHIX MHOYKECTB:

Um = U{FcplonO‘..me 1T € {07 ]-}7i = la s m}a
riae L(Uy,,) = 27™ nias Bcex m.
[Tpusenem 6osiee caoxKubBIH TpuMep — 3P PEKTUBHO HYJIEBOE MHO-
JKECTBO, CBSI3AHHOE C YCUJIEHHBIM 3aKOHOM OOJIBINNAX YMNCEJT, KOTOPBIi
copmyupyem ciaeayionum obpazom. Obo3HATIM

E—{w: th”(“)—l},

n—>00 n 2

n

rie Sp(w) = > wj. YeuiieHHbI 32KOH GOJIBIIIX YHCET YTBEPK/IACT,
i=1

qT0

L(L)=1.
Onpenennm Tect Maprun-Jleda, KoTopsiii oTBepraer Ja00yi0 6eCKo-
HEYHYIO JBOMYHYIO [TOCJIEI0BATEILHOCTD W, JJIsi KOTOPOI YCUIEHHBII
3aKOH OOJIBINIUX YUCES] HAPYIIAeTcs, T.e. w & L.
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ITocTponM paBHOMEPHO MEPEUUCTUMOE CEMENCTBO 3(hHEKTUBHO
OTKPBITBIX MHOXKECTB U,,, m = 1,2..., takoe, uro Q\ L C Ny, Upy,.

JList TocTpoeHus: 3TOH CUCTEMBI MHOXKECTB MbI Oy/IeM HCIIOJIb30-
BaTh HEPABEHCTBO XedauHra

L{w: Sn(w)_; >5}<26_2”52

n

TSI BCEX 1, 0.
JlaJtee cunmraem, 9T0 § — IOJIOKUTEIFHOE PAI[HOHAIBHOE UHCJIO.
Ompenenium cemeiticTBO 3MOEKTUBHO OTKPBHITHIX MHOXKECTB

Sp(w) 1
s — . W) 2
n—{wigg I 2>6}.

Herpynuo mposeputh, 4T0

U,f:UU{Fx:l(x):k& o) >5}

k>n x

— 3 dEKTUBHO OTKPBHITOE MHOXKECTBO, a €r0 Mepa TaKKe yObIBaeT
SKCIIOHEHIMAJILHO 110 7

sy L —ons® _ _ons2-2ms
L(Un) < 5726 =e .
[Iycts U = Q \ L — MHOXKeCTBO BCeX OECKOHETHBIX OCJIE/[OBATE b
HOCTEl W, JjIsT KOTOPBIX YCUJICHHBIN 3aKOH OOJIBIINX YHUCEs HAPYIIa-
eTcsl.
ITo ompesesiennto w € U Torja u TOJBKO TOT/A, KOT/A CYIIEeCTBY-
er § Takoe, UTO W € ang. Wabivu ciioBamu,
U C usn, US.

n

Bamerum, aro L(N,U2S) = 0 ms moboro § > 0.

Ham HeoOX0omuMO MMOCTPOUTH PABHOMEPHO MTEPEUUCTIMYIO TTOCTIe-
JIOBATEILHOCTD 9P (HEKTUBHO OTKPLITHIX MHOXKECTB, [T€pecevdeHne Ko-
TOPBIX BKJOYaeT U.
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PaCCMOTpI/IM CYETHYIO BBIYUCIMMYIO ITOCJIEJOBATE/IbHOCTDH y6b1—
BAIONIUX PAIMOHAIBHBIX vucest §; = 27°. Jljusa KaxabIX @ u m 3d-
(beKTUBHO HAXOIUM 7, TAKOE, ITO

L(Uéz ) < G_Qni’m(S?_anéi < 2—m—i'
Mi,m
Jljis Kask10r0 M BRIGEpEM 13 Kaxk0ro cemeiictsa {U%} MuoMKeCTBO
Ui 1 BO3bMeM 0ObEJMHEHNE BCEX TAaKHX MHOKECTB:

U, = U;U%

Ni,m
Torna
e .
LU <Y 27 i=2"
i=1
st Bcex m. Kpome sToro,
U CNpUn-

Takum 00pa3oM, MbI ONPEJEJUIN PABHOMEPHO IIEPEUUCTUMYIO 10~
cJ1e/10BaTesIbHOCTD 9bdeKTuBHO OTKPBITHIX MHOXKecTB {Uy, }, nepe-
cedenne KOTOPBIX COIEPIKUT BCe GECKOHETHBIE TOC/IEI0BATEILHOCTH,
Ha KOTOPBIX HAPYIIAETCS YCUJIEHHBIN 3aKOH OOMbIINX dnces. B gact-
HOCTH, MCTUHHA MMILIAKAIIUS:

S
wel= lim 2r&@)
n—soo N 2

4.2. YauBepcaJabHblii Tect MapTuna-Jleda

B sTtoM pazmeiste MBI JO0KaykeM OCHOBHOM pPe3yJbTaT KOHCTPYKTHUB-
HOT'O TI0JIX0/Ia K TEOPUU BEPOATHOCTEN — TEOPEMY O CYIIECTBOBAHUU
MaKCAMAJIbHOI'O 110 BKJIIOYEHUIO 3D (MEKTUBHO HYJIEBOI'O MHOXKECTBA.

Teopema 4.1. Cyuwecmeayem Makcumarbhoe no exAouenuto apger-
MUBHO HYAEBOE MHOAHCECTNGO.
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Lloxazameavcmeo. VMmeercst cueTHOE WHCIO PABHOMEPHO IIepe-
YUCJIUMBIX CeMefcTB 3(PPEKTUBHO OTKPBITHIX MHOXKECTB

(U}, n=1,2,...,

HyseBble MHOMKecTBa M, U! KOTOPBIX 3a/1a10T Bee 3hhEKTHBHO HYy-
JIeBble MHO)KecTBa. HaMm HeoOXOIMMO T0Ka3aTh, UTO OO0beINHEHHE
BCcex 3P HEKTUBHO HYJIEBBIX MHOXKECTB CaMO COJIEpKUTCs B 3dhek-
THBHO HYJIEBOM MHOXKECTBE M3 9TOTO Ke cemelicTBa. Mmest Takoro
MMOCTPOEHUST aHAJOTUYIHA CIIOCOOY, KOTOPBIH 6B MCIOJB30BAH TIPU
aHaJIM3e YCUJIEHHOIO 3aKOHAa O0JIbIuX duces. st KaXKaoro m Mbl
oTbepeM M3 KaxKJIOTO PaBHOMEPHO TMEPEYHCTUMOTO ceMefcTBa 3¢h-
dbexrusno orkporreix Muoxkecrs {Uf} ommo muoxectso U Takoe,
910 L(UfLi) <2 m7iy OmpeJe/IM CeMefCTBO 9P PEKTUBHO OTKPBI-
ThIx MHONKECTB Uy, = UiUy, . Torma L(Up,) < 27™ g Becex m n
repecedenne 3Tux MHOXKeCTB Ny, Uy, Oyzer copepxkarh Bce 3ddek-
THUBHO HYJIEBbI€ MHO2KECTBA.

[Ipobaema 3akIOUaeTcss B TOM, 9YTO BCE YKa3aHHBIE OIEPaIldn
JIOJIKHBI OBITh 3¢ hekTuBHbIMU. [ljIsT 3TOr0, AHAJOTUIHO TOMY KakK
9TO JIeJIAIOCh B YACTHOM TMpUMEpe — MPU aHAJN3e YCUIECHHOTO 3a-
KOH& OOJIBITUX YHCEsI, MBI JIOJYKHBI OIPEJIETUTH PABHOMEDHO IMepe-
qHCIAMYIO TocTeoBaTensHocTs {Ul m = 1,2,...} i = 1,2,...,
ceMeicTB 9(hPEKTUBHO OTKPBITHIX MHOXKECTB, CPEJIN KOTOPBIX COTEp-
2KaTCe BCe IepevIucjimmMbIe ceMelcTBa.

3/1ech MBI TaK¥Ke PACCMOTPUM BBIYUCTUMYIO YHUBEPCATHHYIO OC-
HOBY — IIepEUIUCIUMOe MHOKeCTBO Tpoek T = { (i, m,z)}, e i,m —
HATYpaJbHBIE YNCTIA, T — KOHETHAS TBOMTHAST TIOCTIEIOBATETHHOCTD.

Jlemma 4.1. Cywecmsyem ynHu8epcasvas SuUUCAUMAL 0CHOB8A T
MaAKas, 4mo

® 0as 2100020 1 cucmema IPPHexmueHo OMKEPLIMBLT MHONHCECTNE
Up =Ug{ly : (i,m,z) € T} (4.1)

asaaemea mecmom Mapmun-Jleda;
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e das mobozo mecma Mapmun-Jlegpa {Up,, m = 1,2,...} nat-
demcsa i maxoe, wmo 6vinoaneno pacencmeo (4.1).

Zoxasameavcmeo. st mocTpoeHnst BEIYUCIUMONA OCHOBBI T, 00-
Jrajatoneil HeOOXOMMBIMU CBOMCTBAME, MbI UCIIOJIB3YEM TEOPEMY O
CyIIecTBOBaHUN yHUBEpcaabHol dbyukimu. [Iycrs U (i, m, 2) — dyHK-
IUisl yHUBEpCcasbHasi JUisi BCEX BBIYMCIUMBIX DyHKIuii ¢(m,x) or
JIByX apryMeHTOB. 3J1eChb yJI00HO CUUTATh, 9TO ¢ U M — HATYpPaJIb-
Hble YHCIIa, a X — JIBOUYHAS CTPOKA.

Kak 6buto 3amedeno B pazzmerne 3.1.2, yHuBepcasbHas (DyHK-
st U (i, m, x) onpenessieT yHUBEPCAIBHYIO CHCTEMY [EPEINCIUMBIX
MHOKECTB:

Wi = {(m,x) : U(i,m, z) onpeaenena}.
DTa CUCTEMA YIOBIETBOPSET YCIOBUSIM:
o W; — nepevucammoe MHOXKECTBO Iap JiJIst JII0O0ro ¢;

e J1yIs1 JF000TO TEePevunCcaInMOro MHOXKecTBa ttap W Haiimercs Ta-
Koe 4, aro W = W;;

e mHoxkecTBO {(i,m,x) : (m,z) € W;} nepeunciaumo.

Mg repectponM cemeiicTBo MHOXKecTB W; B mepeduncanmoe cemeii-
ctBO 1} Tak, 4TO

1) T; C W; st Beex i

2) T; — BbrauciamMast ocHOBa HekoToporo tecta Maprun-Jleda jst
JI0bOro 1]

3) 1utst mr000#t BBIYMCIMMON OCHOBBI HEKOTOPOTO Tecta MapTuH-
Jledba T naiimercs rakoe i, uro 1T = T; = W;;

4) muoxkecrso T = {(i,m,x) : (m,z) € T;} nepeuancimmo.

[Tpouseenem mepectpoiiky cuctembl W; ciaemyionum obpaszoMm. Pas-
BepHEM IIPOIECC IepevncaeHns MHokecTB W;: Ha KaxKJIOM Iila-
re § TOTO IPOIECCa JIEJAeTCsl OJIMH Al BBIYUCJICHUs] 3HAUCHUS
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U(i,m,x) nus ogHoro u3 Habopos (i, m,x). st 95T0ro Mbl KaKuM-
b0 06pa3oM IpocMaTpuBaeM KaKjiblii Habop (i, m,x) Ha Oecko-
HEYHOM YHCJIE IaroB IPOIECCa.

FOR s=1,2,...

ITycrs Tis_1 — Bce napsbl (M, T), HepevdrcIeHHble B MHOXKECTBO T
za marn < s. Homaraem T2 = ).

[Iycth Ha mare s Mbl IpocMaTpuBaeM HAOOD (i, M, T).

Ecin snavenue U (i, m,x) paHee He OBLIO ONPEETICHO, TO BbI-
HOJTHsIEM OYepeJIHOl mar Bbraucsenust 3uaderust U (i, m, ) jyist 1po-
cMarpuBaemoro mabopa (i, m, ).

Eciin suauenne U (i, m, ) BIEpPBbIE ONPEIEIEHO, TO MPOBEPEM
yCJI0BHE

L(UAD, : (my2) e TP UT,) <27™ (4.2)
Ecau sTo ycJjoBHE BBIIIOJIHEHO, TO OIIpeae/ideM
TP =T U {(m,2)},

B IIPOTUBHOM CJIy4ae onpesenum 17 = Tisfl.
Honaraem T = T]‘?_l JUIsT BCEX j - 1.
ENDFOR
Omnpenemum T; = U} niist KazKa0ro ¢ u

T ={(i,m,z): (m,z) € T;}.

Jlerko BujieTh, ycaoBusi 1) — 2) BBINOJHEHBI, TAK KaK OHH IPOBEPSi-
JICh B IIPOIECCe KOHCTPYKIUK. YCJI0BUE 4) BBIIOJHEHO 110 IIPUPOJIE
camoii KoHcTpyKiun. [lokazkeM, 9To ycaoBue 3) TakyKe BBIIOJIHEHO.
[Iycre T — Beruuciaumasi ocHoBa st Tecta Maprun-Jleda. Kak me-
peuncaumoe MHOXKecTBO, T = W; njsa Hekoroporo i. [jis Takoro
i yciosue (4.2) Bcerja Oyuer BbIIOJHEHO U Bee mapbl uz W, Gymyr
nepeunciensl B 1;. Takum obpazom, T = W, = T;.
JlemMma pokaszana. O

3aBepIuM JI0Ka3aTeIbCcTBO TeopeMbl 4.1. Oupeesum cepuio Te-
croB Maprun-Jleda:

Ul = Up{ly : (i,m,z) € T}
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[To nemme 4.1 s xkaxgoro recra Maprun-Jleda {U,,} naiigercs i
Ttakoe, 9ro Uy, = U}, nna Bcex m.
Oupenennm mMakcuMadbhblii Tect {U,,} ciaeayronmm o6pasoM:

Un =U; :

+m

upu m = 1,2, ... Torma mjs jg06oro m
i . i .
LUn) <> LU, <Y 27 m=2"m
i=1 i=1

ITo cBoiicTBy 4) MHOZKECTBO
T=U{(m+i,z):(i,mzx)eT}

nepedncauMoe. JIerko BUAETH, UYTO OHO SBJSIETCS BBIYHCIMMON OC-
uosoit Tecra {Up, }.
s mo6oro Tecta Maprun-Jleda {U),} 6ymer BbimosHeno

i CUn

m-1

Jutst oboro m. ITosromy HyseBoe muoxkecTBO Tecta {U} } siBisiercst
HOJMHOYKECTBOM HyJIeBOro MHOXKecTBa Tecta {Uy, }:

NnUL C NopUnp.
Teopema 4.1 nokazana. O

ITocTpoennsrit B TeopeMe 4.1 TeCcT HA3BIBACTCHA YHUBEPCANLHBIM
mecmom Maprun-Jleda.

Ha camowm mese MbI fokasaan gazke 60j1ee CHIbHOE YTBEPIKICHHE
IIPO YHUBEPCAJIbHBIN TECT.

CaencrBue 4.1. Ywuusepcarvnoiti mecm Mapmun-Jlega {U,,} 06-
aadaem caedyrouum ceoticmeom: 0as npouseosvrozo mecma {Vi,}
Hatidemea “UucAo © maKoe, Ymo 6viNONHEHO

Veri g Um

ona ecex m.
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W3 onpeiesieHust ciielyer, 9T0 GECKOHETHAST [TOCJIEI0BATEIEHOCTD
w dABJseTcH ciydaitnoit o Maprtun-Jledy Torga m ToJBKO TOTJA,
KOIJ[a OHA HE COJEPXKHUTCS B HYJIEBOM MHOXKECTBE yHUBEPCAJBHOIO
Tecra.?

3amernM, 9TO B omnpejeneHun tecra Maprun-Jleda MOXKHO 110-
tpebosars L(Uy,) < p(m) mas Bcex m, rjae p(m) — IpOM3BOIbHAS
BolunCanMast pyHKIWs Takas, 9ro p(m) — 0 npu m — o0o. D10
OIIpeJieJIEHNE TECTa IIPUBOJIUT K TOMY 2Ke KJIACCY CJIydailHbIX HOC/Ie-
noBarenbHOCTEl (eM. 3amady 10 u3 pasnena 4.3).

AropuTMuTecKuit MOIX0, K TEOPUU BEPOSITHOCTEN MpeITaraet
HOBYIO JIOTUKY JIJIsi HHTEPIPETAIINH BEPOSTHOCTHBIX 3aKOHOB.

[Tycrs ®(w) — HEKOTOPOE YyTBEPKIEHUE O HECKOHEUHOI OCTIE10-
BATEJIBHOCTH W, KOTOPOE MOXKET OBbITh UCTUHHBIM UJIU JIOKHBIM JIJIst
Ka2KJ0i1 KOHKPETHO# 1OC/IeJ0BaTeIbHOCTH W.

[Tos, 3akOHOM TEOpHM BEPOSITHOCTEH MBI IMOHUMAEM YTBEPIKIE-
ne ®(w), KOTOpoe MCTHHHO Jylf HOYTH BCeX w. © IIpumep Takoro
3aKOHA — YCHJIEHHBIH 3aKOH OOJIbINUX 4uces. B Moc/enyonemM Mbl
TaK»Ke PACCMOTPUM 3aKOH ITOBTOPHOTO JIOTApUMMa U SPrOIUIECKY O
Teopemy bupkroda.

Hanomuanm, aro £ obo3HAYaeT MHOXKECTBO BCEX OECKOHEUHBIX
JBOMYHBIX ITOCEI0BAaTEIbHOCTEH, ciaydaiiupix mo Maprun-Jledy.
DKBUBAJICHTHO, 9TO MHOYKECTBO BCEX TOCJEIOBATEILHOCTEH, KOTO-
pbIe BBIIEPXKUBAIOT yHUBepcabHblilt Tect Maprtun-Jleda.

AnrropuTMuYecKuii MoIxXo)N, K TEOPUU BEPOSITHOCTEN Tpe iaraer
boJiee TOTHYI0 (POPMYIMPOBKY BEPOSITHOCTHBIX 3aKOHOB. 3aKOH MO-
KeT ObITH chopMypoBaH B popMe, CBOOOIHON OT HOHATHST BEPO-
SITHOCTHOT'O PACIIpeJIeIeHIS:

we L= dw)

JIJISI BCEX W.

2HamoMHnM, 9To TIOHATHE cirydaiioi mo Maprun-Jledy mocsenoBaTe sHOCTI
OBLTIO ompeesieHo 6e3 UCIOB30BaAHNST YHUBEPCAIBHOIO TECTA.

3B sroM pasjiesie MbI JiJIsI IPOCTOTH PACCMATPHBAEM PABHOMEDHYIO MEDY Ha
MHOX)KecTBe {) Bcex 6ECKOHEUHBIX JBOMYHBIX MTOCTIEI0BaTEeIbHOCTEN. BhiparkeHue
«TOYTH BCIOAY» O3HAYAET «3a MCKIIOUYEHHEM MHOXKECTBA MEPBI HYJIb>.
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4.3. 3agaum u yrpakHeHus

1. JlokazaThb, 9TO CJIeyIONINE MHOXKECTBA GECKOHEUHBIX TOCTIe-
JOBaTEIbHOCTEH ABJSIOTCA S (MEKTUBHO HYJIEBLIMU:

(a) {0&)20&)30 el € {0, 1}};

(b) {07, 1%}

(c) MHOYXKECTBO, COCTOsAIIEE U3 OTHOM BBIYUCIUMOI MOCTIE0BA-
TEJIbHOCTH;

(d) MHO»XKECTBO BCEX BBIUYUCIUMBIX IIOCIEIOBATEIHLHOCTEI;

(e) MHOKECTBO, COCTOSIIEE U3 BCEX OECKOHEUHBIX MOC/IE/I0BATE b
Hocreli w Takux, 9ro K(w™) < logn + O(1) aus Beex n;

(f) MHOXKECTBO, CcOCTOsIIIEE U3 BCEX DECKOHEUHBIX MOC/IEI0BATE b
Hocreil w Takux, uro K(w™) < f(n) mis Beex n. dnsa kakux dyHK-
muit f 9170 BEpHO?

2. Jlokazkute, ITO O0beIUHEHNE U IIepecedeHne KOHETHOrO IUC-
J1a, 5 PEKTUBHO HYJIEBBIX MHOXKECTB TaK:Ke sIBJISIETCsT 9P HEKTUBHO
HYJIEBBIM MHOKECTBOM.

3. Hokaxkute, 9TO eC/IM HEKOTOPast 6ECKOHETHAST TTOCTIETOBATE b
HOCTb W = WiW?2 ... SBJIIETCS CJAYyYalHON, TO

(a) Ow, lw, Tw — TakxKe ciydaiiHbIE MOCIEIOBATEIBHOCTH, /1€
T =x1...Tp — KOHEYHAs [10CJIe0BaTE/IbHOCTD;

(b) W' =wi...Wp—1T1 ... TfWy ... — TAKIKE CIIyIalHASA OCITEI0-
BaTEILHOCT;

(¢) TakKe SIBJISETCS CIIyUaiiHOM MOCIEI0BATENILHOCTHIO W', y KO-
TOPOI KaxKJIblit OUT TPOTUBOMOJIOKEH COOTBETCTBYIOIIEMY OUTY TO-
CJIeI0BATE/IbHOCTH W

(d) mocse1oBaTEIbHOCTD WyWp 41 - - - SBJISAETCS CIIy9IaiiHON J1Jist
JIFOOOTO 1; BEPHO U 00paTHOE: JIsi JTI0OOTO 1, €CJIU MOCIEI0BATE b
HOCTb WpWp41 ... CIIy4daiiHad, TO wiwsg ... — TaK¥XKe ciydaiHad II0-
CJIEIOBATEILHOCTD.

(e) sBasleTcss s CAyYaiiHOW — IIOCJIEOBATEIHHOCTD — BHUJA
WiWiWowy ... 7

4. Ilycte A — paspemmmoe MHOXKECTBO U @ = Q{(2... — €r0
XapaKTEePUCTHIECKasl TOCJIEI0BATEIbHOCT. JloKa3aTh, UYTO (v He sIB-
JdeTcsd CIIy4ailHON I10C/Ie10BaTe/IbHOCTBIO.
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5. Ilycts mocienoBaTe IbHOCTD W = WiW3 ... SBJISETCH CIydaii-

HOU U N1 < N2 < ... — BbIYUCJUMAa II0CJIeJI0OBATEIbHOCTh HOMEPOB.
Torma 1oc/1eJ0BATENBHOCTD Wy, W, - . . CIIydaiiHasl.

6. ITycTh w = wiws ... clIydaitHas MOC/JIeI0BATEIbHOCTD, & IOCTIe-
JOBATEIbHOCTD (v = (¥{(2 ... BBIUHCINMAs. TOraa MmocjeaoBaTeIb-
HOCTh w @ « caydaitHast. 31ech w P a = w1 D ajws B ag... 1 O —
caroxkenue 1o mojyimo 2 (000=0,001=1,101=0).

7. Ilycts A — mepevncauMoe MHOXKECTBO M W = WiWsg ... — €0

XapaKTEepUCTUICCKasl IMOCJIe0BaTC/IbHOCTL, I'//1€

l,ecmni€ A,

w; =
‘ 0 B IPOTHBHOM CJIydae.

JlokazaThb, ITO MMOCIEI0BATE/ILHOCTD W HE ABjIsieTcs ciydainoit. [1o-
crpouthb TecT Maprun-Jleda, KoTopbIil OTBEpraeT Takue IoC/Ie10Ba-
TEJIbHOCTH.
8. Tect CosoBest — 9TO BBIYHUCIUMAs ITOCIEI0BATEIHHOCTD CTPOK
o0
T1,Tg, ... Takas, uro Y 27H@n) L1,

n=1
BeCKOHe‘IHaﬂ II0CJIEJOBATEJIbHOCTD W BBLJIEP2KUBAET TECT COJIO-

Besl, eCJIN T,, C W JJIsT He 6oJiee 1eM KOHETHOIO HNC/Ia PA3INIHBIX 7.
B nporusaoM ciaydae Tect CosioBest OTBEPraeT HOCJIEI0BATEILHOCTD
w.

JlokazaTh, 9TO OECKOHEYHAsI IIOCIEI0BATEIHLHOCTD W SBJISIETCS
caygaitnoit mo Maprun-Jledy Torma m TOIBKO TOTIa, KOTIA BBIIED-
KuBaeT J060it Tect CosoBest.

JlokazaTh, uro g jaoboro Tecra CoJioBes 1, T, ... CEMEHCTBO
MHOYKECTB

Unp ={w:z, Cw mig > 2" pas3audubix n}

apjsiercst rectomM Maprua-Jleda, KOTOpBIit OTBEpPraeT TO K€ MHOXKEe-
CTBO TIOCJIEJIOBATEILHOCTEIA.
[Tokarkure, kak u3 tecra Maprun-Jleda mocrpours Tect Coiio-
Bes, KOTOPBII OTBEpTaeT TO YKe MHOXKECTBO TOC/IEIOBATEILHOCTEI.
9. CchopMympoBaTh CBOMCTBO yHUBEPCAJIHHOCTH it TecTOB Co-
JIOBEsI M MIPUBECTHU HE3ABUCUMYIO KOHCTPYKIIMIO TAKOI'O TECTA.
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10. /Ioxkazark, ¥T0o B ompenenennn Ttecta Mapruu-Jleda mMoxKHO
norpebosars L(Uy,,) < p(m) s Bcex m, e p(m) — IpoU3BOIIb-
Hasl BblYmMcsnMas yHKIUs Takas, 4o p(m) — 0 upy m — oo.
DTO ompejieleHue TeCTa MPUBOJIUT K TOMY Ke KJIACCY CIydaiiHbIX
10CJIe/I0BATEIbHOCTEM.

11. st moboro recra Maprun-Jleda {U,, } MokHO onpenenuTsb
€ro YUCJIEHHOE TIpeJICTaBjieHne — (DYHKIMIO

d(w) =sup{m : w € Up,}. (4.3)

D1y QYHKIMIO TaKkyKe HasbiBaeM TecToM. JlokasaTb, 4To

(a) Up, = {w : d(w) = m}, tae recr d onpezenen no (4.3).

(b) L{w : d(w) = o0} = 0 st srroboro m.

(c) Beckoneunasi 1OC/I€I0BATEIBHOCTD W OTBEPraeTCs TECTOM
{Um} rorpma u rosbko Torma, xorga d(w) = oo.

12. OGosHaduM mocpeacTBoM d(w) UHCIEHHOE HPeICTABICHHE
yuuBepcajbuoro recta Maprun-Jleda. Torna mjis qucieHHoOro npei-
crasienust d(w) moboro Tecta Maprun-Jleda cymecrByer Takas
KoHcTanTa ¢ 410 cd(w) > d(w) mrs Beex w.
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I'maBa 5

CrnenuaJjibHbIe BUIBI
AJITOPUTMUYECKOMN
CJIO?KHOCTH

B sroil ryiaBe MBI JaJUM SKBHBAJIEHTHOE OIMCAHUE CJIyYailHBIX IO
Maprun-Jledy mociaemoBaTebHOCTEH ¢ TOMOIIBIO AJITOPUTMUATECKON
cioxkHocTH. Tem caMbIM epBoHavaIbHAA ITporpaMMa Kosmnvoroposa
110 CJIO?KHOCTHOMY OIIPEJIEJICHUIO CIy4ailHOCTU Oy/IeT BBIIIOJIHEHA.

EcTecTBeHHBIN Iy TH /171 CJIO?KHOCTHOTO OIIPeJIeIeHUs CIIy YaitHO-
CTH 3aKJ/II0O9aeTCd B II€ePpEHECEHUUN IMOHATHA HECXKIMAEMOI KOHEYHOMI
IIOCTIEeIOBATEIBHOCTH Ha OECKOHEIHBIE TTOC/Ie0BaTeIbHOCTH. B aToM
cilydae CJIeI0BaJIO Obl CHUTATH CJIydailHON OECKOHEUHYIO II0C/Ie0Ba-
TeJIbHOCTD W, JJisi KOTOPOii 661710 66 BeiosHeHo K(w™) = n+ O(1),
rae w" = wj...wy — IOCJIEIOBATEIBLHOCTD LEPBBIX N OUTOB OECKO-
HEYHOH 110C/Ie/I0BATEIbHOCTH W.

ITpocrast KosMoOropoBckasi cjokHoCTh K(z) He momxomut Jjist
TAKOT'O OIIPEJIeJIeHNsI, TaK KakK JJisi JII000N OEeCKOHEUIHOH ITOCIeI0-
BaresbHOCTH W BbimosiHeHo K (w") < n — logn + O(1) mis 6ecko-
HeYHO MHOrux n (cM. 3azady 16 u3 pasuesna 3.6). B cBsasu ¢ srum
MBI PaCCMOTPHM [1Ba MOANQUIMPOBAHHBIX BapHaHTa KOJIMOT'OPOB-
CKOIl CJIOKHOCTU — MPe(PUKCHYI0 U MOHOTOHHYIO CjIoxKHOCTH. C 110-
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MOTITBIO KaXKI0M M3 9TUX CIOKHOCTEH MOKHO OyIeT JaTh Ompeiese-
HUE CJIydailHOW TOC/IeI0OBATEIbHOCTH, SKBUBAJIEHTHOE OIPEJICTICHIIO
Maprun-Jleda.

5.1. IIpedukcHoe geKoampoBaHUE

Kiaccuaeckasi Teopust nHMOpMAIIUT PEIIaeT 3a/1a9y TOCTPOEHUST KO-
JIOBBIX CJIOB JIJIsI CHMBOJIOB KOHEYHOTO aJi(paBuTa, HA KOTOPOM (POp-
MYJIUPYIOTCS IiepeaBaeMblie coobInerus. [Ipu 9ToM MCIIOIb3yIOTCS
KO/IbI, KOTOPBIE JIOMYCKAIOT BO3MOXKHOCTD JiekoaupoBanus. [Ipocreii-
ree JIOCTATOYHOE yCJIOBHUE JJIsi CYIIECTBOBAHUS aJTOPUTMA, JIEKO/IM-
PoOBaHUsd 3aKJ/JII0OYaeTCd B TOM, 9TO KOJOBBLIE CJIOBa HE JOJI2KHBI IIPO-
JOJIZKATh APYT ApyTra — He JOJIKHBI ObITh mpeduKcaMu ApYyT JAPY-
ra. B saToM ciiygae Mbl MOXKEM 3aKOIMPOBATH COOOINEHUE MPOCTOM
IOCJIEIOBATE/THHOCTHIO CJIOB, KOJAUPYIOIINX IIepeIaBaeMble CUMBOJIDI.
Baronapst 6e3mnpeduKCcHOCTH KOJOBBIX CJIOB IIPOCTEHIITNI aIrOPUTM
MOXKET JIeKONPOBATH 3aKOIMPOBAHHOE COODIIEHNE ITPOCTO YNUTAsI €TI0
MIOJIPsiJT U TIPOBEpsisi HA COBIAJIEHUE C BO3MOXKHBIMU KOJOBBIMHU CJIO-
BaMU.

B srom pasgene Mbl  paccmorpum  GesnpedukcHbie  (wiin
11pebUKCHO-KOPPEKTHBIE) METOIbI JIEKOIMPOBAHNsI KOHEUHBIX 00beK-
TOB M COOTBETCTBYIONIYIO NMPEPUKCHYIO CJIOKHOCTH, KOTOPAas SIBJIS-
ercst MouduKaIueil KOJIMOTOPOBCKOH CJIOYKHOCTH.

5.1.1. IlpedukcHasi CJI02KHOCTH

MmuozxkecTBo cTpok C' HasbiBaeTCs 6e3PeUKCHBIM, €CIIU JJIs JIIOOBIX
p,q € Coynerp Zq.

Mzr 6ymeM paccMaTpUBaTh CIOCOOBI JEKOAMPOBAHUSI, IJIsI KOTO-
PBIX MHOYKECTBA KOJIOB SIBJISIIOTCA 6e31PehUKCHBIMI.

Oyuxkius B(p,y) HassiBaeTcs npedukcno-koppekmuot (o mep-
BOMY apryMeHTY), eCJIi JJIsl JIOOOro 3§ MHOXKECTBO BCEX P, JIJIsl KO-
Topeix B(p,y) onpenesnena, sBisiercst 6e3npeduKCHBIM. 371eCh apry-
MEHT ¥ PACcCMATPHUBAETCH B KAaUeCTBE IIapaMETPA.
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DTO yc/I0BUE 3KBUBAJICHTHO TOMY, UTO JIst JIIOOBIX p U P, ecyn
B(p,y) u B(p',y) oupenenenst, 1o p Z p' u p’ € p.

[Iycre B(p,y) — UpOM3BOJIbHAsI BBIYUCIUMAS HPEDUKCHO-
KoppekTHast dynkiwsi. Onpeesnm Mepy (yCIOBHOI) CII0KHOCTH OT-
HOCUTEIBHO PYHKIUU B:

KPp(zly) = min{l(p) : B(p,y) = =}.

31ech canraeM, 9To min () = oco.
JIns Mep CJI0KHOCTH OTHOCHTEJBHO IIPEPUKCHO-KOPPEKTHBIX
dyHKIMIT TaK>Ke UMEET MECTO TEOPEMa WHBAPUAHTHOCTH.

Teopema 5.1. Cywecmsyem SoiuUCAUMAA NPEPUKCHO-KOPPEKMHAA
dyrnxuyua A(p,y) maxasn, wmo s A10600 6oUCAUMOT NPePUKCHO-
koppexmnoti gynryuu B(p,y) evinoaneno

KPa(zly) < KPp(zly) + ¢

oas 6cex  u vy, 20e ¢ — Koncmanma, 3asucauias om B (ho ne sasu-
CAULAR OM T U Y).

Hoxazameavemeo. Cxema J10Ka3aTeIbCTBA Ta XKe, 9TO U y JO-
Ka3aTeJIbCTBa TEOPEMbl MHBAPUAHTHOCTH JIJIsI IIPOCTOI KOJIMOTOPOB-
ckoit cioxknoctu. IIpegBapuTesbHO HY»KHO II0Ka3aTh, YTO CYIIE-
CTByeT YHUBepCaJbHash (QYHKIUs I KJIACCA BCEX BBITUCTUMBIX
pePUKCHO-KOPPEKTHBIX (DYHKITHH.

JIemma 5.1. Cywecmeyem 6viuuciumas npehurcho-Koppexmma
no nepeomy apzymenmy p gyrxyua U(q, p,y) makas, wmo s awo-
601 6vrvucaumoti npedurcro-koppexmmuot no p gynkuuu B(p,y) cy-
weemeyem q maxoe, wmo B(p,y) = Ulq, p,y) 0ra écex p u y.

Jlokasamenvemeo. Ilycrs Ul(q,p,y) — BolaucinMas OyHKIHS,
YHUBEpCAJIbHAs JIJISI BCEX BBIYMCIUMBIX (DYHKIMI OT ABYX apryMeH-
TOB p U Y.

3ameTnuM, 9T0 PYHKIUS BBIYUCIUMA TOT/a U TOJBKO TOIJA, KO-
I'la ee I‘pa,(bI/IK ABJIFAETCA IePeInCJINMbIM MHOZKECTBOM.
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Passepuem mnpomnecc nepedncienns rpaduka  yHUBEPCAILHOM
dbyukuun U(q, p,y). OgaoBpemento nepednciisieM rpadpuk dbyHKIT
U(q,p,9)-

Ha kazk10M 1mare s mpocMaTpuBaeM TOJBKO OJiH HAabop (¢, p, y)
U JlelaeM JIONIOJHUTEbHBI 1ar Beraucsennst sHadenus U(q,p,y),
€CJIM TO 3HAYEHUE eIle He ONPEJIEJIMIOCH Ha TPEbIIYIIX Harax.
[Tpocmorp HAGOPOB (¢, p,Yy) OCYIIECTBIIAEM KAKUM-JIUOO BBIYUC/IA-
TeIbHO 3 deKTuBHBIM 06pazoM. [Ipu sTom, Kaxk bt Habop (g, P, Y)
pOCMATPUBAEM Ha GECKOHETHOM YHCJIE IIAroB MPOIECCa.

FOR s=1,2,...

[Tycrs Ha mare s npocmarpusaercst Habop (¢, p, y).

Ecsn 3Hauenne U (¢, p, y) BBLIO OIIPeJIEJIEHO HA TIPEJILILY IIUX 1A~
rax, TO Ha IIare S HUYEro He JeJIaeM.

Eciu 3nauenne yuusepcasbnoii dbyuknun U(q,p,y) BliepBbie
OIIPE/IC/INIIOCH Ha IHare § 1 MHOYXKECTBO, COCTOSIIEe U3 p U Beex p’ Ta-
Kux, 4To 3Hauenusi U(q,p', y) onpesesieHbl Ha MpeIbLIyIIUX Marax,
sBIsieTCs GesnpedurcHbM, To onpeaerum U(q, p,y) = U(q, p,y).! B
IPOTUBHOM CJIydae, 3HadeHue U (¢,p,y) HaBCera OCTAETCS HEOLPE-
JI€JIEHHBIM.

ENDFOR

Io nocrpoennto dbyukuus U (¢, p,y) obmamaer cBoiicTBaMMU:

o Juist moGbIx ¢ u y byuxius U (q,p,y) siBAsiercst npeduKCHO-
KOPPEKTHOH 110 p;

e jyin gobeix ¢ u y, ecan dyuknua U(g,p,y) ssigercs
upedukcuo-KoppekTHoii 110 p, 1o U(q,p,y) = U(q, p,y)-

e ccom byukuus B(p,y) siBisiercss npedUKCHO-KOPPEKTHOM 110

p, TO Haiinercs Takoe ¢, uro B(p,y) = U(q,p,y) BbIIOIHEHO
JUISE BCEX P U Y

Jlemma fgokasana. O

ITepexomum K JI0Ka3aTETBCTBY TEOPEMBI 5. 1.

'"Ha kaskmom mare s mporiecca 3uadenus U(q, p,y) ONPeIeTeHbI TOIBKO IS
KOHEIHOTO 9HCJIA TPOeK (¢, D,Yy).
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[Iycre  U(q,p,y) — dyHKuusg yHUBepcasjbHasi JUIsi  BCEX
peUKCHO-KOppeKTHhIX  dyHkmmit. Oupenesum  cnocod  JIeKo-
JIMPOBaHUSI

A(q01p,y) = U(q,p,y)

Jis Beex p, q,y € {0, 1}*.2

st Bcex ocTaIbHBIX BXOJIOB, He MMeroImuX Buja ¢01p, y, 3HaqTe-
nust A(G01p,y) He onpejeseHb.

Jlerko Bumers, aro sra dyukmsa A(p,y) saBiagercs npeduKCHO-
KOPPEKTHOI 110 p.

[Iycre B(p,y) — UpOM3BOJIbHAsI BbIYUCIUMAs HPEDUKCHO-
KOppeKkTHast 110 p dyHKImsg. Torma mo jgemme 5.1 i HEKOTOPOTO

q

B(p,y) =U(q,p,y)
Jtst Beex p u y. OTCro/ia BBITEKAET, 9TO €CJIN JIJIsT HEKOTOPOil CTPOKU
x Boinosieero B(p,y) = x, ro A(q01p,y) = x. Orcrona

KP4 (z|y) < KPp(z|y) + 21(q) + 2.
CoorBercrByIolnas KOHCTaHTa ¢ nMmeeT BU: ¢ = 2l(q) 4+ 2. O

[TpedpUKCHO-KOPPEKTHBIN METOJ JEKOAUPOBAHUSA, YIOBJIETBOPS-
OINUi 3aKJII0OYEHUIO TeOPEMbI 5.1, HA3bIBAETCs ONTUMAJBHBIM (UK
yHUBEpCAIbHbIM). DUKCUPYEM OJIMH U3 ONTUMAJBHBIX IPEHUKCHO-
KOPPEKTHBIX METOJIOB JEeKOIUPOBaHus A U Ha30BEM COOTBETCTBYIO-
niyto Mepy ciaoxkuoctu KP4 (z|y) yemoBro# 1npedUKCHOR C/I02KHO-
cThio. B masibHelineM HUXKHUN UHIEKC OITYCKAEM.

Onpeiesinm 6e3yCaoBHYI0 TPEPUKCHYIO CJIOKHOCTH

KP(z) = KP(z|\).

B paszese 3.2 6b110 mostydeHo npocreiiiiee HepasencTBo K(z) <
[(x)+0O(1) pyst mpocTOoit KOJIMOTOPOBCKOI CIIOYKHOCTH. B citytae mpe-
(bUKCHOI CTIOKHOCTH, JIOKA3aTeLCTBO U3 pasfena 3.2 He TOAUTCH,

231echb MMeeTCs BBHJLY, UTO 00€ YaCTH PABEHCTBA OIIPEJENICHbI MM HEOIpe-
JeJIeHbl OTHOBPEMEHHO.
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Tak Kak crocob jekouposanust B(p) = p He saBisiercst mpeduKCHO-
KOppeKTHbIM. MoxkHo ero mogudurmposars: B(str(l(p)0lp) = p.
Jlerko mposepurb, uro Koubl Buga str(l(p)0lp obpasyior Gesmpe-
dbuxcnoe muoxkecrso. Torpa KP(x) < I(z)+2logl(x)+O(1). Moxuo
rakzke ostyantb oreHky KP(z) < I(z)+logl(x)+2loglogl(x)+O(1)
n tak jganee. 3 nmanbHeiimero OyZeT cegoBaTh, UTO CIAraeMoe
log l(x) meBo3MOXKHO ycTpanuTh (cM. paszen 5.1.3).

[TpuBeseM COOTHOUIEHUS, CBA3BIBAIOMME NPeUKCHYIO M IIPO-
CTYIO YCJIOBHBIE KOJIMOTOPOBCKUE CJIOXKHOCTH:

IIpennoxkenue 5.1.
K(zly) — O(1) < KP(z|y) < K(z|y) + 2log K(z|y) + O(1).

Hoxazamenvcmeo. IlepBoe HEpaBEeHCTBO BBIITOJTHEHO, TAK KAK JIJIsT
3aTAHNST TIPOCTON KOJIMOTOPOBCKOMW CJI0XKHOCTH HCIIOJIb3yeTCs Oosiee
MIUPOKHIA KJIACC METOJIOB JIEKOIMPOBAHUS.

st mokazaTesbeTBa BTOPOrO HEPABEHCTBA HAM HEOOXOIUMO TIO
YHUBEPCATBLHOMY CIIoco0y JekonupoBanust A(p, y) Ui POCTON KOJI-
MOTOPOBCKO# CJIOXKHOCTH ITOCTPOUTH MTPEePUKCHO-KOPPEKTHBIN CITO-
cob jiekompoBanus. OnpejienM 1peduKCHO-KOPPEKTHBIN METO/T Je-
KOJIUPOBAHUS CJIEYIONINM 0OPA30M:

B(str(l(p))0lp,y) = A(p,y).

YTBep:KaeHue Jiokazano. O

OTMmeTuM TakzKe CJIeJyIollee HEPABEHCTBO JIJIs YCJIOBHOM IIpe-
bUKCHON CJIO2KHOCTH.

IIpennoxxkenue 5.2.
KP(z|l(x)) < l(z) + O(1).

Hoxazamensvemeo. Oupenennm npeduKCHO-KOPPEKTHYIO IO Iep-
BOMY apryMeHTy (pyHKITHIO

p, ccn I(p) = n,
HEOIIPeJIeJIEHO, B IPOTUBHOM CJIydvae,

B(p,n) :{
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Torna KP(z|l(z) < KPp(z|l(x)) + O(1) = l(z) + O(1). O

BoJiee HerpuBHabHbIE COOTHOIIEHHS J1JIsI IIPE(PUKCHON CI0KHO-
¢t OyIyT JOKA3aHbI B CJACIYIONIAX PA3JIe/Iax.

5.1.2. Moaejb BBIYUCJJICHUSA

CymiecTByeT nHTEpIIpeTanust npepuKCHO-KOPPEKTHBIX CIIOCOOOB Jie-
KoJpoBaHus B Tepmunax MammH Twiopunra (MT). st nmpoctoTsr
paccMoTpuM 6e3yCJI0BHBIE METOJIBI JEKOTUPOBAHUSI.

Buauenus byukiuu B(p), 3amaromieil HEKOTOPbIi METOM JEKO-
JIMPOBaHUsl, MOYXKHO Bbrauc/isith Ha MT ¢ ofHOI BXOaHON U OIHOI
paboueit yerTol. BXoaHoe CII0BO p MOMEIaeTcst Ha BXOIHON JIEHTE,
BBIYMCJIEHUs] TTPOUBBOISATCSA Ha pabodeil JeHTe, pe3yJsibTaT BhIUnC/Ie-
HUS TTOMEIAETCS TaM 2Ke.

[Ipu 0OBIIHON MHTEPIPETAINN IPAHUITHI BXOIHOIO CJI0BA KAKIM-
Jibo obpa3omM 0bo3HaUEHBI HA JieHTe: B Havdaje pabors romoka MT
0003peBaeT epByIo OYKBY BXOJHOTO CJI0BA P; BXOIHOE CJIOBO OTPaHU-
YEHO CIIpaBa MapKepoM KOHIIa Bxoja. [1o 9roil npuanHe HAM TIPUXO-
JTATCSI UCIIOJIb30BATh PA3Ie/IUTEIb sl aphl BXOIHBIX cj10B — MT He
CMOZKET pa3Je/INTh JBa BXOJHBIX CJIOBa, €CJIM OHU 3allMCAHDBI ITOJPAT
0e3 pasje/leHus.

OxasbiBaercsi, uro  Gyukuun  B(p), npeiacrapisioniue
pePUKCHO-KOPPEKTHBIE METOIbI  JICKOIUPOBAHUS, MOXKHO BbI-
qucyiaTh Ha MT 6e3 Mapkepa KOHIIA BXOZA.

YToqHUM, 9TO 3TO 3HAYNUT. B mporecce BLIYUC/IEHUS HA TAKOM
MT roJioBKa 9uTaeT BXOJHOE CJIOBO U MPOU3BOJUT BBIUYUC/IEHUS HA
paboueii jenre. [Ipu sTom B TOM citydae, korma M'T ocranasinBaeTcst
U TeYATaeT PE3YJIbTAT, BHIIIOJHEHBI YCIOBUS:

® B IIPpOIleCcCe BbIYUCJICHNA I'OJIOBKA BXO,ZLHOIZ JICHTbI HUKOTI'la HE
BBIXOOUT 3a IIPeaesibl BXOJHOI'O CJIOBA,

® B MOMEHT OCTAHOBKU TI'OJIOBKa 00D03peBaeT MOCIEIHIO OYKBY
BXOJIHOT'O CJIOBA.

Hannast uarepuperanus 6bLia npeioxena Yeiruabiv [39].
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Mpsi chopMmysnpyeM COOTBETCTBYIOIIEE yTBEPK/IEHNUE.

IIpenmoxxenne 5.3. Jlobasa npedurcro-Koppexmmuan GoHUCA/UMAA
dynryua eviuciuma wa MT 6es mapkrepa konuya 6xoda.

Zoxasameavcmeo. Ilycrs mnpedukcHO-KOppeKkTHasT (DYHKITHAS
B(p) Beranciauva va MT M1, KoTopast ucrosib3yer Mapkep KOHIA
BXO/1a.

Muzr mHedopMmasbHo onuiieMm pabory MT Mo, KoTopas Mogeaupy-
er pabory MT M u ripu 3TOM He HCIOJIB3yeT MapKep KOHIIA BXOJIA.
MogenupoBanne IPOUCXOAUT B BUIE CJIEIYIOIIEro HUKJIA.

[Tycts Mo yake pounTasa gacth Bxoga p’ C p. Samyckaem My
Ha BCEX BO3MOKHBIX BXOJaX T Takux, 4To p’ C T, mapaJliesIbHo.

Eciin Ha HEKOTOpPOM BXOJEe X MamnmHa M1 OCTAaHOBUJIACH U BBI-
Jlajia CJIOBO Y, JeaeM CJIedyrolee:

(a) Ecomm p’ C x, To Mmammua Moy quraer ciemyromuii 6ur b Bxoja,
[TepexoIUT Ha HAYaJI0 [UKJIA U B JajbHeileM o6pabaTbiBaeT CJIOBO
p" = p'b. Hapymenus ycjioBust He IIPOUCXOIUT, TaK KaK U3 IpeduKc-
HOI KOppeKTHOCTH (byHKIUN B cjemayer, 9To MaiuHa M1 He MOXKeT
ObITL OIpeJiesIeHa Ha ¢I0Be P’ U MBI MOXKEM YUTATh CJIeLyIomuil 6uT
BXOJla 06e3 HapyIleHns TpeboBaHuil K Marmae Mo.

(b) Ecsin p' = x, To mamuna My BBIIAET Y U OCTAHABJIUBAETCSL.
Ecnu npu arom p/ = p, TO BBIMUC/IEHHE TPOBEJIEHO KOPPEKTHO, TaK
KaK B 9TOM CJIy4ae FOJIOBKA MaIInHbl Mo CTOUT Ha MOCJIeIHel OYKBe
BXOJIHOT'O CJIOBa M MallMHa Bbljaja pesyabrar. Eciu p’ C p, To uz-3a
npedUKCHOM KOoppeKTHOCTH PyHKIMKU B MamuHa M1, a TeM caMbIM
u mamuHa Mo, He MOXKeT OBITh OlpejiesieHa Ha p U ycjioBue Ha Mo
[TO-IIPE’KHEMY BBIIIOJIHEHO.

ITo xoHcTpyKiuu MammnHa My 3aKaHuuBaeT paboTy U BBLLIAET
pPEe3y/IbTAT He BBIXOJA 3a IPEIe/Ibl BXOJTHOTO CJIOBA. Y TBEPXKICHUE
nokazano. O

[IpuBenem npumep IpPUMEHEHUST PACCMOTPEHHON MOJIE/IN BBIYUC-

JIEHUsT JJTsT TOKA3aTeIbCTBA OHOTO M3 HEPABEHCTB JJIsI IPePUKCHOI
CJIOXKHOCTU TIapHhl.
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st mpedpUKCHOM CITO2KHOCTU UMEET MECTO HEPaBEHCTBO
KP(z,y) < KP(z) + KP(y) + O(1). (5.1)

st oKa3aTe/ibcTBa PACCMOTPUM ITPEDUKCHO-KOPPEKTHBIN MeTO.
JiekoimpoBanus nap. 1lycTs 1o mporpaMme p MOXKHO BOCCTAHOBUTH
CJIOBO X, a TI0 TIPOrPaAMMe ¢ MOXKHO BOCCTAHOBHUTB CJIOBO Y.

ITo mpemyioxkeHnio 5.3 MOXKHO CIATATH, ITO CJIOBO I BOCCTAHAB-
JINBAETCS 110 CJIOBY P € MOMOIIbI0 Maruwabl M a ¢JIoBO y BOCCTa-
HABJIMBAETCS MO CJIOBY ¢ C TOMOIILI0 MaImuHbl Ma. Obe MAITHHBL
HE UCIIO/IB3YIOT MapKep KOHIA BXO/a. 1Toraa B KauecTBe IPOrPaMMbL
JIJIST BOCCTAHOBJIEHUS TIAPhl MOYKHO PACCMOTPETH CJI0BO pq. CHavasra
Marmmaa M npuMeHsieTcss K CJI0BY pg U Bblmaer x. llpu sTtom ee
roJIOBKa 00603peBaeT HOCJIEHIO OyKBY CJIOBA P, U TEM CaMBbIM MBbI
3HAEM HAYAJIO CJIOBA ¢ U MOXKEM IPUMEHUTH Maruay Ma K CJIOBY ¢
u nostyuutsh y. Orciona ciemyer vepasencTso (5.1).

5.1.3. AnpuopHas mojiymepa Ha AUCKPETHOM MHOXKe-
CTBe

[IpedukcHO# CJI0KHOCTH COOTBETCTBYET JIBOMCTBEHHOE IOHATHE —
HOHATHUE MEPEUNCTUMOTO PACIPEIEJIEHUsT BEPOATHOCTEN HA MHOXKe-
CTBe BCEX HATYPAJbHBIX UHUCEJI.

Hamomuum, aro R 0o603HATaeT MHOXKECTBO BCEX JIEHCTBUTE/Ib-
HBIX gnces, N — MHOMKECTBO BCeX HaTypasbHbIX uncest. O6o3Ha M
R+ MHOKECTBO BCEX HEOTPUIATEIBHBIX JeHCTBUTEILHBIX Tncest, N
— MHOXKECTBO BCE€X HATYPaJbHBIX duces BMecTe ¢ (), KOTOpOe OTOXK-
JECTBJICHO C MHOXKECTBOM BCEX JIBOUYHBIX CJIOB Z=.

Pacripejiesienue BeposiTHOCTENl Ha MHOXKECTBE HATYPAJIBHBIX 9H-
cen — aro dynkuusa f: Ni — R, yIOBIeTBOPSIONIAs YCIOBUIO

> fm)=1.
n=0

W3 rexuangecknx C006pa}K€HI/II71 HaM IIpUJIETCHA 0CJIAOUTDH KaK HOHSITHE
pacipeeaennd Ha MHOXKECTBE HaTYyPaJIbHBIX YHCEJI, TaK U IIOHATHUE
€I'0 BbI9YUCJIMMOCTH.
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DddekTuBHAs BbIYUCIUMOCTL dyHKIUMi Tuna [ : N, —
R. Msi BBejieM cTPYKTYDPY 3D DEKTUBHON BRIMUCIUMOCTHY J1JIsi (DyHK-
Uit ¢ BelecTBeHHbIMU 3HadeHusiMu. O0JIacTh ompeesieHnst (DYHK-
npn Tuna f o ANy — R cOCTOUT U3 KOHCTPYKTUBHBIX OOLEKTOB. °
SHaveHus TaKOl (PYHKIUN HE SBJISTFOTCS KOHCTPYKTUBHBIMEI OOBEK-
Tamu. KOHCTPYKTHBHBIME SIBJISIIOTCST €CTECTBEHHBIE TIPUOTMKEHIS K
BeIeCTBeHHBIM JUC/IaM — PallnoHaJIbHbIe dnciia. CyIecTByOT pas-
JINIHBIE YPOBHU (P (DEKTUBHON BBIYUCIUMOCTHU /s PYHKINAN THTIA
f : N+ —R.

Oynakmusa f : Ny — R HasbIBaeTcs MEpedrcaIuMOil CHU3Y, €C/In
mHO)ectBo {(r,z) : r < f(x)}, rme r obosHAUaET pAIIOHATILHOE
YUCJI0, SIBJISIETCSI TIEPEUNCTAMBIM.

Jlpyroe SKBUBAJIEHTHOE OIpEJIEJICHUE IEPEIUCTUMON CHU3Y
byHKIUN Ccreyiomnee.

[TocenoBarenbuocTbio byHKIMA [, () Ha3bIBAETCS BBIYUCIIU-
moit, ecin dyukiust f(n, z) = fp(z) Beraucinmasi.

Ilpeniioxkenne 5.4. Qyukyua [ nepeuuciuma cnudy, moz20a u
moavko mozda, K02da cywecmsyem HeybLBaIoULas GbINUCAUMAA NO-
caedosamenvrocmo Gyrkyul fr(T) ¢ PAGUOHAALHOMU SHAMEHUAMU,
m.e. fnir1(x) = fn(x) das scex n ux makas, wmo f(x) = nlggo fn(2)

ona ecex x.

Aoxasamenvemeo. Ilycts A = {(r,z) : r < f(z)} m A™ — Koneu-
HOE IOJIMHOXKECTBO A, IepevncyieHHOe 3a M MIAr0B [ePeYNCIeHHsL.
Omnpenennm fp,(z) = max({r : (r,z) € A"}U{0}). Jlerko npoBeputsn,
9TO [OCJIEIOBATEIILHOCTD [y () YOBJIETBOPSIET YCJIOBHUIO HPEJIOKe-
HUSL.

st jiokasaresibecTBa 0OPATHOrO yTBEpXKJeHus, nycrb f(x) =
limy, 00 frn(z) n fru(x) < fos1(x) mua Becex x u n. Torma u3 BbI-
IUCIUMOCTH fr, (T) O M U X cireiyer, 9To

{(rz):r < f(2)} = {(r,2) : 3n(r < fulz))}

SHamoMHEM yCTAHOBJICHHOE B paszene 3.1 COOTBETCTBHE MEXKIY HATYPATb-
HBIMU YMCJIAMU U JBOMYHBIMU CTPOKaMH.
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— IIepevYucanMoe MHOXKECTBO.

Ananornano dyukmusa f : Ny — R Ha3bIBaeTCA IEPEIUCTUMON
cBepxy, ecan MHOXKecTBO {(r, x) : r > f(z)}, rae r obosHauaeT pary-
OHAJILHOE YHUCJIO, ABJSETCS MePEINCIUMBIM. /[pyroe sKBUBaJIeHTHOE
OIIpeJieJIeHne TEePEIUCIUMOi cBepxy GyHKIUU cienyiomiee. DyHK-
s [ mepevdncmMa CBepXy, eCJIM CyIIeCTBYET HEBO3PACTAIONIAS Bbl-
qUCIUMast TIOCIEI0BATEIbHOCTD (byHKIMi [, () ¢ parnuoHaIbHBIME
saadenusamu (r.e. fpp1(x) < fu(x) mas Becex m u x) Takast, 9TO
f(z) = lim f,(x) aus Beex .

n—oo

Oyuknusa f : Ny — R Ha3bIBaeTCs BLIYUCINMOI, €CIM OHA OJI-
HOBPEMEHHO HepeInc/InMa CHU3Y U cBepxy. s Takoit dhyHKmun cy-
IIECTBYET aJrOPUTM, KOTOPBIA 10 BXOAY T U IIPOU3BOJIBHOMY IIO-
JIOYKUTEJILHOMY PAIMOHATBHOMY YUC/IY € BBIYHCIAET PAIMOHAILHOE
npubsmkenue K f(z) ¢ TogHoCTBIO 110 €. [leficTBUTEIbHO, 10CTATOY-
HO [IePeYnC/IsATh panuoHanbible ucia r; < f(z) ury > f(x) mo tex
1Op, MOKa He HAMJIyTCs TaKue JBa YUCIIa, JJIsd KOTOPBIX T — 11 < €.
JIto6oe M3 HUX MOXKHO B3SITh B KadeCTBe HEOOXOINMOTO PAIlOHAJIb-
HOrO Npub/IMzKeHns K 3Hadenuio f(xr).

Ilepeunciumbie mosymepbl. Oyukmua Q : Ny — Ry Ha-
3BIBACTCH NMEPEINCINMOI CHU3Y MOJIyMEPOil, €CJIM OHA IIePEUUCIIMA
CHU3Y U

> Qn) <L
n=0

B MmuOXKecTBe Beex nepeIuC/JIMMbIX CHU3Y ITIOJIyMED CyIIeCTBYET yHU-
BepC&J’IbeIﬁ 00BEKT — MaKCHUMaJbHas ¢ TOYHOCTHIO 0 MYJIbTUILIN-
KATHUBHOI KOHCTAHTLI nepeduc/jimMasd CHU3Y IIoJIyMepa.

Teopema 5.2. Cywecmsyem maxas NEPeEMUCAIUMAL CHUSY NOAYME-
pa P, wmo dasa 410600 nepenucaumoti chudy nosymeps, QQ Hatidemcs
KOHCTNANMA C TAKAA, “4INO

cP(z) > Q(x)

oas ecex x. 3decv KoHcmanma ¢ 3asucum om nosymepss Q.
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N3 cBoitctB 3bdekTUBHOCTH CIeIyeT, YTO MHOXKECTBO BCEX IIe-
PEYUCINMBIX CHU3Y MOJIyMep cYeTHO. MBI MmokazkeM, YTO Bce Iepe-
YUCJIUMBIE CHI3Y MTOJIyMEPBI MOXKHO IIEPEUNCIATH CHA3Y PABHOMEPHO
OJIHIM aJITOPUTMOM.

Jlemma 5.2. Cywecmsyem makas nocaedosamesbHOCMb NOAYMED
P;, umo

o wmmnoocecmso {(i,r,z) : v < Pi(x)} nepewucaumo (r — payuo-
naavroe);t

o Jdas Mmobotl nepevuciumoti crusy noaymepvt (Q natidemes ma-
xoe i, wmo Q = P;.

Lloxazameavcmeo. Kak u mpeskie, Ui MOCTPOEHUST TAKON IT0-
CJIEI0BATEJILHOCTH [IOJIyMEP UCIOJIb3yeM YHUBEPCAJIBbHYIO (DYHKIINIO.
PaccMoTpuM niepedncimMble MHOXKECTBaA, COCTOsAIIUe u3 map (r,x),
rJie 7 — PAIMOHAJIBHOE YHCJI0, & — HATYPAJIbHOE YUC/IO0 (TOYHEe, OTOK-
JIECTBJIEHHAsI ¢ HUM CTPOKA). MBI TakzKe UCIOJIb3yeM KaKoe-HUOYIb
OTOXKIECTBJICHAE PAIMOHAJLHBIX YMCEI W JBOMYHBIX CTPOK. Ilaper
JABOUYHBIX CTPOK TaKzKe OTO2KJ/IECTBJIEHbI CO CTPpOKaMM.

[Iycrs U(i,7,x) — yuuBepcanbhas dynknus. Kaxmnoe mepednc-
JIIMO€E MHOKecTBO 1ap (7, x) umeer Buj W;, KoTopoe ectb 006/1acThb
onpesenennst Gyakmun U (i, r, ) upn buKCHpoBaHHOM i (CM. pas-
zeit 3.1).

3alyCcTUM IPOIECC BBIYUCJIEHUsT BCEX 3HAYEHUN yHUBEPCAJBHOM
dyukuun U(i,7,x) B BUje UK, Ha KAXKJIOH UTEpAIH KOTOPO-
ro [IPOCMATPUBAETCS TOJBKO OJIHA TPOWKA (i,7,X) M MOJIEIUPYETCsI
OJIMH IIar MaIluHbl ThIOpuHTra, Bhraucisioneil suadenne U (i, 7, ).
[Tpu sToMm KaxKjast Tpoiika (i, 7,x) IPOCMATPUBAETCA HA GECKOHEY-
HOM 49HCJIe uTepanuii mukia. Ecau Ha odepeaHoil nrepanuu s MUKJIA
suavenue U (i, 7, ) BIEPBbIE ONPEJIEJIEHO, TO OIPEJIETUM MHOXKECTBO
W =W u{(r,x)}; momaraem W = W7, B mpormerOM corywae.
[Iyctn WiO = (). Takum o6paszom, W7 0603Ha"aET KOHEUHOE [IOJMHO-
JKECTBO Tap, IEPEYUCICHHBIX B W; 3a $ IIaros mponecca BhIYUCICHIS

4ToBopuM, 4TO TIOIYMEPBI P; pu6HOMEPHO NEPEMUCAUMbLE CHUBY.
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(rpaduka) yrusepcanbaoit dynkuuu. Onpesennm

fi () = max({r: (r,x) € W’} U{0}).

Tak kax W — koHedHOE MHOXKECTBO JyIst JIIOObIX ¢ U 8, ff(z) > 0
TOJILKO JIJIst He 60J1ee KOHEIHOIO YHC/Ia Pa3IudHbIX x. 110 onpeee-
nmo ff(z) < fi (@) ans seex 4, s, @

Jns xaxgoro i onpejenum P2 (x) = 0 st Beex x, npu 8 > 0

oupenennm PP (z) = ff(x) aus Beex x, ecan
d Fy <, (5.2)
y

onpegieum PP (z) = PS71(z) B nporusHoM ciryuyae. 3amMeTM, 4TO
ecau ycsosue (5.2) Hapymiaercsi JUIsl KAKONO-HUOYIb S, TO OHO HE
BBIIOJIHEHO U Jyisd Gosbimx s, nostomy Pf(z) = P*71(x) nust Beex
TAKUX S.

S+I;IB ONPEIETICHIS CIIEJLYCT, {T0 JIst JIIO6OF(? x Bbinonneno PP (z) <
P> (x) mst Beex 4, s. [1y1st IpON3BOJIBHOTO 4 OIIPEJIENINM

P(x) = sup P} (x) = lim P!(x)

qutst Beex . Torma ) | Pi(y) < 1, rak kak »_ P?(y) < 1 mus siio6oro s.
y y
Kpowme sroro, r < P;(zx) Torma u TobKo Torga, Korga r < Pf(z) mpas

Hekoroporo s. Ilo ompenesnenuto, nocie0BaTeIbHOCTD PAIHOHAIb-
HBIX uncest P?(x) Bbramcimma kax dyHKIms or 4, s u z. Ilosromy
muOKecTBO { (7,7, ) : v < P;(x)} nepeduncinmo.

st mroboit iepetncaimMoit CHU3y TOIyMepsl () nMeeM

Wi ={(r,z):r <Q(x)}

Jutst HekoToporo i. Torja yesosue (5.2) Beeryia BBIIOJIHEHO U TIOITOMY
Q(x) = Pi(z) s Beex z. O

Hoxazamesvcmeo meopemui. Ouipeesum

Zzz+l i(@)-

=1
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Oyukiusg P repedncinMa CHU3Y KaK JIBOWHOM IIpejiesl HeyObIBAIO-
el BBIYUCIUMOIT TI0CJI€I0BATEILHOCTH (DYHKIIUN ¢ PAIMOHAIbHBIMUI
3HAYEHUSIMA. 3J1eCh MBI UCIIOJIb3yeM HEKOTOpPOe 0DODINEHNE TIPeJIIo-
skenus 5.4, cornmacuo koropomy Pj(x) = limy, o0 fn (i, ), e frn(i, )
— BBIYUCIUMASI 110 &, ¢, N 1 HEYyObIBAIOIIAsI IO 1 TIOCIEOBATEIFHOCTh
GYHKIUN ¢ palMoOHAILHBIMU 3HATECHUSIMHA.

Omna, sIBJIsIETCS MIOJIyMEPO, TaK Kak

=1
Zp(x):;;mmpz(w):

T

— 1 — 1
= YN P («T) < — = 1.
2 2" S
Ljis1 J1r000# TIepevncIMMOil CHABY TTOJIyMephI () IMeeT MeCTO PaBeH-
crBo Q = P; jia mekoroporo i. [losromy

i(i+1)P(x) > Q(z)
nyst Becex x. Teopema mokasana. O

B nanbueitiem Mbl 3apesepBupyeMm obosHatdeHnune P s Makcu-
MaJIbHOU IepeYnc/anMOi CHU3Y HoIyMepbl. Mbl OyaeMm Has3bBaTh P
anpuopHol noAYmepoti Ha MHOXKECTBe BCEX HaTypaJIbHBIX UHCe] U
HyJsie (MHOXKECTBE OTOXKJIECTBJIEHHBIX C HUMHU JIBOUIHBIX CTPOK ), O~
CKOJIbKY OHa HIPHUIINCBIBAET CaMYIO 60.J'H)H_IyIO IIOJTyBBIIHUCJIUMYIO BE-
POSTHOCTH HATYPAJBLHOMY YHCITY.

YieHnl J1I000r0 MIEPEUUCIUMOTO CHU3Y CXOMSAIIEroCs Psia Olpe-
JIeJISTIOT OIEHKH CHU3Y TS allpUOPHON mosyMepbl. Hampumep, Moxk-
HO yTBEPXKJIATh, UTO JIjIsI HEKOTOPON KOHCTAHTHI ¢ > 0

1
enlogn(loglogn)?

P(n) >

JJIs BceX n > 3, TaK Kak

o0

1
Z nlogn(loglogn)? < oo

n=3

W3 sroit OIIEHKHU II0JIydaeM CJIeACTBHE.
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CaencrBue 5.1. P(z) > 0 dan scex x.

5.1.4. /IBOiiICTBEHHOCTH

Cremytomiast TeopeMa O JIBORCTBEHHOM IIPEJICTABIEHUN TPEDUKCHOMN
CJIOKHOCTH YKA3BIBAET HA CBA3b MEXKIY NMPeMOUKCHON CI02KHOCTHIO
U allpUOPHONA ITOJIyMepOi.

Teopema 5.3. KP(z) = —log P(x) + O(1).

Jokazamenvcmeo. Ecim © # y, 1o mo oupenenennio KP(x) u
KP(y) — ayimHbl IBYX MONAPHO HECPDABHUMBIX MOCJIE0BATEIBHOCTE
Dz U py. IlosTomy

D 2R = i L(Ty,) <1,

TEE

IJIe BCE JIBOMYHDIE CTPOKH Py, & € =, MONAPHO HECPABHUMBI, II03TOMY
uHTepBasbl ['), HomapHo HE ImepecekaloTe.

Oyukuus Q(z) = 2~ KP@) nepeuncimva camzy. CremoBaresso,
dbyuxims Q(x) ecTh mepedncauMasi CHU3Y II0JyMepa Ha HATypaJib-
HbIX uncsax. OTcooja ciemyer, 9To

cP(z) > 27 KP@)
JUIsl BCEX X, TJIe ¢ — KOHCTaHTa. TakuM o6pa3oM, Mbl JIOKA3aJIH, 9TO
—log P(z) < KP(x) + O(1).

JLnst mokazaTebCTBa IMPOTHUBOIIOJIOKHOTO HEPABEHCTBA, HAM IIO-
TpebyeTrcst BCIIOMOraTeIbHOe yTBEpXKAeHne. 3BecTHOEe B Teopuu UH-
dopmarnu HepaBeHCTBO KpadTa 3ak10uaeTcst B TOM, 9TO JJIs JIIO-
001 KOHEIHOI TT0C/IeJ0BATEILHOCTH HATYPAJILHBIX unces ki, ..., ky

TaKOM, 4TO
n
> 27k,
=1
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CYIIECTBYIOT ITOMAPHO HECPABHUMBIE JIBOMIHBIE CTPOKU P1, ..., Pn
rakue, 9to [(p;) = k; upu i = 1, ..., n. JlaHHOe HEpaBEHCTBO WC-
MOJIb3YyeTCs B Teopur nHdoOpMaIuu 111 3(PHEKTUBHOIO ITOCTPOCHUST
IpeUKCHBIX KO/10B ° . ITOCKOIBKY MBI CTPOMM KOJIBI JJIsi GECKOHEY-
HOT'O MHOKECTBA BCEX JIBOMYHBLIX CJIOB, HaM morpebyercs 00oOIeH-
Hoe HepaBeHCTBO Kpadra.

Jlemma 5.3. /[ 410600 8bi4ucAumoti nocaedosamessbHoCmu Hamy-
pasvHux qucen ki, ke ... maxotd, 4mo

o
> kg,
=1

MOHCHO NOCMPOUMD  GHUUCAUMYIO TOCACIOBAMEABHOCTIL TLONAPHO
HECPABHUMBLE 0BOUNHBLE CMPOK DP1,D2, ... maxyto, wmo l(p;) = k;
nput=1,2, ...

Zoxasamesvcmeo. TlocTpouM HyKHYIO IIOC/IEOBATEILHOCTD 10
uHayKnuu. Iycrs py, ..., p, y2Ke opeJiesieHbl TaK, YTO BBITIOJTHEHO
l(p;)) =k; upu i =1, ..., n. Haiinem p,41. Vcnonssyem erre oxHO
ITPEJITOJIOKEHNE UHIYKIIUN: CYIIECTBYIOT KOHEUHBIE ITOCIIEI0BATE b
HOCTH t1, ..., ty Takue, aro [(t;) # I(t;) npu i # j u

Q\ UL Dy, = U Ty,

Cpean cios t1, ..., tp, obg3aTe/IbLHO Halijercd CJIOBO t;, JIJIsI
koToporo [(t;) < kp41, TaK Kak uHaUe

LUZT,) < Y 2 f=2Fn
s>kni1

W TOTJa JIJIsT WX JIOTIOJTHEHUS

L(UL,Tp) > 1 —27Fns,

5STO HEPaBEHCTBO Ha JAJHNHBI KOJOBBLIX CJIOB ABJIACTCHA HeO6XOLLI/IMBH\4 nu 1a0-
CTATOYHBIM YCJIOBUEM CYIIECTBOBAaHUSA OJHO3HAYHO JIEKOAUPYEMOI'O Koda.
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n+1
orkyma . 27% > 1. Tloyuaem npoTHBOpEUHE C YCIOBHEM JIEMMBbL.
Jj=1
[Tycrs ¢ — camoe myuaHOE €10BO € [(t1) < Kpy1.
Ecau [(t1) = kpy1, TO onpeaenum p,4+1 = t1. B arom ciayuae,

Q \ Uzﬂjllrpi = U:'ZQFH’

T.€. TIPEJITOJIOKEHNE WHTYKITHU BBITOJTHEHO.

Ecmu [(t1) < kp1, TOo npejpcraBum unTepBas Iy, B Buje o0be u-
HEeHUsI [IONIAPHO HEeCPABHUMBIX HHTepBasoB ['g,, ..., I'y, Tak, urto
l(as) = knpy1. HeTpyiHO IPOBEPUTH, UTO 9TO BCErIa MOXKHO CIE/IATh.
Ompenennm pp4+1 = as. Umeem

Q\ UMD, = Ul Ty, USZ Ty,

JlInHBI BCeX a; pa3jndHble U OoJbIe JAIuHbI t1. JuHbl Beex t; npu
1 > 1 MenbIe yem jayuHa tq. [lostomy Bce a; u t; mpu ¢ > 1 a; uMeroT
pasyimynble JauHBL. [Ipeanonorkenne WHIYKIIMU BBHITIOJIHEHO JlemMa
JlokazaHa. [

[Tepexonum K j10Ka3aTe bCTBY TeopeMmbl. [locTrponm npedukcHo-
KoppekTHyo byHKImo B(p) Takyto, 4ro

KP () < —log P(z) + O(1).

st aToro mepevncisieM 6€3 MOBTOPEHUsI BCe mapbl (m, ) Takue,

9TO 1
27" < SP(a).

Tax kak P(z) > 0 pys Beex x, Takux nap 6eCKoHeIHO MHOro. IlycThb
(mg, x)) — k-s1 mapa npu TaKOM mepeducaeHnn. Torma

ZQW—ZZMM

T TRp=T

22 gZP(a:
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rae s(z) = min{my : xx = x}. dysi 9T0il BeJUYIUHBI BBIIOJHEHO
—s(x 1 —s(x)+1 1
2 ()<§P(x)m2 (@) > 5P(x).
Tak kak P(x) > 0 mist Bcex x, Jyisl KQXKJOro & CyIecTByeT k
TaKoe, 9TO T = T.
ITo stemme 5.3 cylecTByeT BBIYUCIUMAS MIOCJIEIOBATEILHOCTD

pP1,p02, --.

[OIIAPHO HECPABHUMBIX CJIOB, JIsi KOTOPBIX [(py) = my, 17 Beex k.
Omupenenum dyukiuo B(p):

B(pr) = xy, nuist Beex k. JList ocTasibHBIX BXOJIOB 3HaUYeHUE (DyHK-
IMH He ompejeseHo. Torma

KPg(z) = min{my, : zx = =} = s(x).

meenm 275(%) > 1P(x). DKBHBAJEHTHO, 2-KPp(z) > 1P(z) wm
KPp(z) < —log P(z)+2. Orciona nojydaeM yTBEPK I€HAE TEOPEMBI
KP(z) < —log P(z) + O(1). O

MOKHO PACCMOTPETD YCIOBHBIE TIEPEIUCTUMbBIE CHI3Y MOJIyMephI
Q(x|y), M1t KOTOPBIX BBIIOJHEHbI YCJIOBHSI:

e mHOkecTBO { (7, 2,9y) : 7 < Q(z|y)} nepeuncinmo;

e > Q(z|y) <1 mst KaxI0TO Y.
xT

AHaHOFHquIM O6pa.3OM JOKa3bIBa€TCAd, 9TO CYIIIECTBYET MaKCUMaJIb-
Hasi C TOYHOCTBIO JO MYyJLTUIUIMKATHBHONH KOHCTAHTBI yCJIOBHASI
nosymepa P(x|y) Takas, 49To JyIisi JIEOOOH IepedncauMoil CHU3Y
YCJIOBHOI mosryMepbl Q(z|y) cymiecTByer KOHCTAHTa ¢ Takasl, 9TO
cP(z|y) = Q(x|y) mist Bcex x u .

HemnocpeacTBeHHbIM 00pa30M MPOBEPSIETCsI, ITO TEOpEMa JIBOIi-
CTBEHHOCTH MMEET MECTO JIJIsl YCJIOBHBIX NPebUKCHO CI0KHOCTU 1
aIlPUOPHON IOJIyMepHhl.

Teopema 5.4. KP(z|y) = —log P(z|y) + O(1).
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V106HO UCIOJIB30BATL PE3Y/ILTAT TEOPEMBI 5.3 I JTOKA3aTE/ b
crBa HepaBeHCTB st npedurcHoit ciaoxuoctu. Cdopmyaupyem
HEOOXOIMMOE CJIEJICTBIE U3 TEOPEMBI H.3.

Caenctsue 5.2. /[ 410600 nepesuciumoti cCHudy nociecdosamens-
HOCTU BEWECTNBEHHDIT YUCEA Gn, W = 1,2, ..., maxol wmo

%)
E ap < 00,
n=1

UMEE, MECTNO HEPABENCTNEO
KP(n) < —logay, + O(1).

B xauecTBe mepBOro MPUMEHEHUSI TOTO CJIEICTBHUS TOKAXKEM
HEPaBEHCTBO

KP(n) <logn + 2loglogn + O(1). (5.3)

, 1
JeiicrBurbHO, psig y 2, TTogTn
TIOJTyYIaeTCsI IO CAEICTBUIO O.2.
MoxkHo ycunurh HepaBeHCTBO (5.3):

< 00 — cxoauresi. Hepasencrso (5.3)

KP(n) < logn + loglogn + 2logloglogn + O(1). (5.4)

00 1
n=4 plognloglog®n
MoxkHO moKa3aTh OoJiee TOUYHOE HEPABEHCTBO

OHo cJiejyer U3 CXOAUMOCTH psijia » | < 0.

KP(z) < l(z) + KP(l(x)) + O(1).

JleficTBUTEIBHO, CXOMUTCS P,

szl(x)fKP(l(a:)) _ Z Z 9—l(z)—KP(l(z)) _

m [(z)=m

= omomm KR = "KM < o, (5.5)

m

s moka3aresibCTBa IIPOTUBOIIOIOXKHBIX HEPABEHCTB UCIOJIB3Y-
€M JIpyroe CJeJICTBUE U3 TeOPeMbI 5.3.
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Caenctsue 5.3. /s 410601 nepenuciumoti CHU3Y Nocaedosamens-
HOCU BEWECNBEHHBIL YUCEA Gpn, N = 1,2, ..., maxot, 4mo

E Gp = 00,
n

UMEETN, MECTNO HEPABEHCTNEO
KP(n) > —logay,
0aA 6ECKONEUHO MHOZUT M.

Zloxazameavcmeo. JeiicTBUTENBHO, 1O TeopeMe 5.3, ecin
KP(n) < —loga, + O(1), To nmeer mecro oo > ¢y P(n) >
>, Gn = 00. IlosydyenHoe mpoTuBOpedne JI0Ka3bIBaeT ciejacTaue. O

Tak Kak psi

1
Z nlogn -

n=2

PaCXOJUTCs, J1Jisi GECKOHEYHO MHOIMX 7 BBIIIOJHEHO

KP(n) > logn + loglogn.
Takum obpazom, HepaBeHCTBO (5.4) siBisieTcsl OYTH HE yJIydiiae-
MBIM.

5.1.5. IIpedukcHasi CJIO>)KHOCTh MapbI

st mpeduKCHOM CITOXKHOCTH IMEET MECTO TOTHOE COOTHOIITEHUE JJIsT
JIEKOMITO3UIINH CJIOXKHOCTH Tapbl. DTO COOTHOIIEHNE BIIEPBBIE OIyD-
JIMKOBAHO B [9].

Teopema 5.5. KP(z,y) = KP(x) + KP(y|z, KP(x)) + O(1).
[IpenpapuTebHO HOKasKeM JIBE IIPOCTHIE JIEMMBI.
JIemma 5.4. KP(z,y) < KP(z) + KP(y|z) + O(1).

JlokazaTeabCcTBO 3TOM JIEMMBI MIPEIOCTABIISIETCST TNTATENIO B Ka-
JecTBe 331249 9 u3 pasmena 5.4.
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JIemma 5.5. KP(z,KP(z)) = KP(x) + O(1).
Zloxazameavcmeo. HepaBencTBO
KP(z) < KP(z,KP(x)) + O(1)

OYEBH/THO.
ITycrs p — camblii Koporkuil KoJ Jyist . Torma HeKoTOpbIii auro-
puT™M MoxKer 110 p Beruucauth ¢ 1 KP(x) = I(p). Orcrona

KP(z,KP(z)) < KP(z) + O(1).
Jlemma pokazana. O

ITonp3ysach memmamu 5.4 1 5.5, TOJIyINM HEPABEHCTBO < :

KP(z,y) < KP(y,z,KP(z)) + O(1) <
< KP(z,KP(z)) + KP(y|z, KP(z)) + O(1) =
= KP(z) + KP(y|z, KP(z)) + O(1).
st mokazaTebcTBa 00PaTHOIO HEPABEHCTBO MBI BOCIIOJIb3YEM-
cs1 JBOMCTBEHHBIM IIPeCTaBJIeHIeM IPEeMUKCHON CJIOXKHOCTH Yepes
AIIPUOPHYIO IIOJIyMEPY.
YuureiBasg TeopeMy 5.3, HaM HEOOXOAMMO T0Ka3aTh HEPABEHCTBO

c1P(yla, KP()) > 25" P(a, y),

rJie €] — MOJIOKUTEIbHAS KOHCTAHTA.
Oyukuust Q(z) = Y P(z,y) ABIseTCs IEPEUINCIUMON CHU3Y II0-
y

JIyMepOoil, Tak Kak
D Q@) =) Plz,y) <1
Z z,y

[Mosromy coP(x) = > P(x,y) Jyisi HEKOTOPOIH TIOJIOXKUTETHHON KOH-
y
cTaHTh co. B wacrmocrn, ¢32-KP(®) > S P(2,y), ans mexoropoit

Y
KOHCTaHTBI C3 HUJIN

Zc§12KP(x)P(a:,y) <1 (5.6)
y
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IS JII000r0 .

Eciin 661 dyukius Q(y|z, m) = c§12mP(x, y) GbLIa TIePEeYNCIH-
MOl CHU3Y IMOJIyMepOil, Mbl Cpa3y MOIyIuaIn Obl HeOOXOIUMOe Hepa-
BEHCTBO

cP(ylz, KP(x)) > QKP(x)P(m,y)

JIUIST HEKOTOPO# KoHCTaHThI ¢. OHako ganHast (QyHKIMs yI0BIE€TBO-
psier ycaosuio (5.6) Tosibko npu m = KP(x). Mer npeosiosieem sror
HEJIOCTATOK ¢ TIOMOIIBIO JIOTOJHATETLHBIX MOCTPOCHHI.

Muoxecrso W = {(r,z,z) : r < P(z,z)} nepeanciumo. Ilycrs
W? 0603HaUAET KOHEUHOE IOIMHOMKECTBO €r0 3JIEMEHTOB, Hepedrc-
JICHHBIX 3a t maros. Ilycrb

P'(z,2) = max({r : (r,z,y) € W} u{0}).

Oupeenum nosymepy Q(y|z, m) ciegyronmm o6pasoM: 110 T, m U S
HallJleM MaKcuMaJbHOe t < § TaKoe, 4YTO

cgtom Z P'(z,2) <1,

z<t

u 11oJiaraemM

c§12mPt(a:,y), ecm y < t,
0, ecmun y > t.

@ (ol = {

Ilo ompenenenmo Q°(y|z,m) < Q¥ (y|z,m) ana Becex x, m u s.
[Iyctn
Q(y|a, m) = sup Q*(ylz,m).
S

Torya HeTpymHO BUAETD, 4TO (DyHKIUS () IepedncjinMa CHU3Y U

3 Qyla,m) < 1
)

st 00X x 1 m. VMeeM my1st anpuopHOil moJiyMephl

cP(ylz,m) = Q(y|z,m)
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JIJIsT HEKOTOPOI KOHCTAHTEI C.
[Toraraem B sTom Hepasencrse m = KP(z). Tak kak coriacuo

CI32KP($) Z Pt(l‘, Z) <

z<t

< 03_12KP(9”) ZP(J:‘,Z) <1
z

JUUIsT KaxKJIOro t, BBITIOJIHEHO
Q(ylw KP(x)) = 5 2P P(z,y).
Orcroma momydaem
cP(ylz, KP(x)) > QKP(I)P(m,y)

JIJIsT HEKOTOPOM TTOJIOXKUATE/IBHON KOHCTAHTHI ¢. Teopema JoKa3aHa.
O

5.2. MoHOTOHHBIE CIIOCOOBI JIEKOJIUPOBAHUSLA

B coBpemennoii npakTuke u TeOpuu UHGOPMAIMH IMUPOKO UCIIOJIb-
3YIOTCSI AJITOPUTMBbI, KOAUPYIOIe NH(MOPMAIMOHHBIE MACCUBBI, 110~
JlydaeMble TIOTOKOM B pexkume omstaitu. IIporeccsl kogupoBanus u
JEKOIUPOBAHUS TAK¥Ke MNOJIZKHBI IIPOUCXOAUTL B PEXKUME OHJIAH, a
KOJIOBag MOCJIEJIOBATEIBHOCTDE TaKXKe JIOJIZKHA CTPOUTHCA ITOTOKOM.

B cBs3u ¢ aruM MBI OysieM paccMaTpUBATh TaK Ha3bIBaeMbIe
MOHOTOHHBIE METOBI KOJTUPOBAHMSI U JeKOAUpOBaHUs. MOHOTOH-
HBIM METOJIaM JIEKOJUPOBaHUs OY/IET COOTBETCTBOBATH MOHOTOHHAS
CJIOXKHOCTB, KOTOpasl ABJIIETCsT MOTU(UKAIAEH TPOCTON KOJMOTO-
POBCKOI CJIO?KHOCTH.

5.2.1. MonoToHHas CJIO?KHOCTL

Oyuxrus f: {0,1}* — {0,1}* HaspiBaeTcst MOHOTOHHOI, ecin st
BCex x U y Takux, 9ro & C y, Bbmosneno f(z) C f(y). Kiacc rakux
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byHKINNE MOYXKET OBITh UCITOJIb30BAH I OIIPEJIC/ICHUSI COOTBETCTBY-
foIeil MOHOTOHHOIT ciozkHOCTH km(x) (cM. 3aga4du paszerna 5.4).
JLis1 otipesie/ieHne MOHOTOHHBIX CIIOCOOOB JIEKOINPOBAHUS MbI OY-
JIEM KCIOJIL30BaTh onpejesienne Hojee o0IIEero BUIA.
3aaHneM BBITHCIUMOM OMEPAIUN HA3BIBAETCS IIEPETUCTUMOE
MHOZKECTBO IIap KOHCUHBIX I0C/IeI0BaTebHocTeil F, KoTopoe obiia-
JIaeT CBOMCTBaAMMU:

A

1) s mo6eix map (p,x), (p'z’) € F, ecrm p C p/, To  C 2’ wim
/
z C x;

2) ecmu (p,z) € ', 10 (p,2') € F, T0 1151 m06bIxX 2 TAKMX, 9TO
2’ C x; Takue BmoHeno (p, A) € F s Beex p € =.

ITpu TakoMm ompemeseHnn st 000 KOHETHOM NI OECKOHETHOI
nocseoBaTenbocT «, ecau (p,x), (p,a2') € Fup C a, p C a,
TO OJIHa U3 HOCJIeJ0BATeLHOCTE & Wi T’ IIpojoJKaeT JIPYrylo.
DTO CBOWCTBO 00ECIIEUNBAET KOPPEKTHOCTH CJIEIYIOIIEr0 OMpeIesie-
HUsT BBITUCUMON OIlepaIiuu.

JLj1st IPOM3BOJILHON KOHEYHOM Mt OECKOHETHON TI0CJIEI0BATE b
HOCTHU (v OIIPECIUM 3HAUCHUE BBIUUCIUMON OIIePaIlN:

F(a) =sup{z : Ip(p C a&(p,z) € F)}. (5.7)

3/1ech 101 sup IOHUMAaeTCs: 00beINHEHIe MHOXKECTBA IIONIAPHO COTIa-
COBAHHBIX IIOCJIE/IOBATE/IBHOCTEN B OHY IOCJIEI0BATEIbHOCTD. JK-
BUBaJIeHTHAas 3auch Jyist (5.7) B ciydae GeCKOHEUHOl (v

F(«a) = sup{z : existsn(a™,x) € F}.
n

PaccmoTpum mpuMepbl BEIYUCIUMBIX OTEPAITHA.

JItobast MmonorouHast dyHKIUA f @ = — = 3a/1aeT BBIYUCIUMYIO
onepargrio: miozkectso F' = {(p,z) : 3p € Dy(x C f(p))}, tie Dr
— obsacTh onpejesienns GYHKIUN f, yIOBIETBOPSET YCJAOBUSM 1) U
2).

8 CpoitcTBO 2) moGaBIEHO Il TEXHUIECKOTO yI00CTBA.
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Muozxkecrso F' = {(p,p) : p/ C p} 3a18eT TOXKIECTBEHHYIO Olle-
pamuio: F(p) = p mis Beex p. B wacruocrn, F(a) = a st ar0060ii
BGECKOHETHOH MOCIIe0BATEILHOCTH (.

3HaveHneM BBIYUC/IMMOI Ollepanuy Ha KOHEYHOM MOC/IeJ0BATEb-
HOCTHU MOXKeT OBITh OECKOHeUHAasl MOoCJIed0oBaTeIbHOCTh. Hampumep,
14 JII000i OECKOHEYHOM BBIYMCIMMON IMOC/Ie10BATEILHOCTI (¢ MOXK-
HO PACCMOTPETD 3a/1aH1e BBIUUCIUMOfl olepaiuy F = {(\a™):ne
N}, e A — nycrag nocaenosarensnocts. Torma F'(\) = a. Bame-
THM, YTO BEPHO M oOpaTHOE: Jijis JI0O0H BBIYUCJANMOi oneparun F
ecim F(p) = o, tie p € E @ € (), TO MOCIIEJOBATEIBHOCTD (¢ —
BbIUnC/IMMast (CM. 3a7ady u3 paszeia 5.4).

Jlst mroboit BeIMuC/IMMOM onepartuu F'onpemennM Mepy MOHO-
TOHHOI CJIO?KHOCTH

KMp(z) = min{l(p) : « C F(p)}. (5.8)

ITo oupenenennto Beamanaa KMp(x) paBaa jymmHe caMoii KOPOTKOIt
CTPOKH P TaKoii, 9T0 JJIsi HEKOTOPOil mapsl (p,x’) € F 6yner z C
a’. Tlo cBoiicTBy 2) 3a/1aH1sT BBIYUCIUMOll OIIEPAIUE B 9TOM CJIydae
raxxe u (p, ) € F. losromy Bemmanaa KM F(z) paBaa JmuHe camoit

KOPOTKOI CTPOKH p Takoil, uro napa (p,z) € F, r.e., onpejeieHne
(5.8) sKBUBAJIEHTHO

KMp(z) = min{l(p) : (p,z) € F}.

,ZLJIH MOHOTOHHBIX CIIOCODOB JEeKOANPOBaHNA TaK2Ke nMeeT MeCTO TeO-
pPeMa MHBapuaHTHOCTHA.

Teopema 5.6. Cywecmsyem GuluUCAUMAL MOHOMOHHAA ONEPAUUA
A maxaa, wmo daa 410607 GHHUCAUMOT MOHOMOHHOT onepayuy F
cyusecmeyem KOHCMAHMG C MAKAA, YN0

KMj(z) < KMp(z) + ¢
ona ecex x.

[IpeaBapuTeIbHO MBI IOCTPOUM PABHOMEPHO IEPEUUCIUMYIO 110~
CJIEOBATEILHOCTD BeeX 3P (DEKTUBHBIX CITIOCOOOB 3aIaHMS BHIUIC/IU-
MBIX Ollepaluil.
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Jlemma 5.6. Cywecmeyem nepevuciumoe muodcecmao mpoex F,
xomopoe obaadaem c8OUCTNEAMU:

o Jdas 1100020 T MHONHCECTNEO

~

Fi={(p,y): (i,p,y) € F} (5.9)

obaadaem ceoticmeamu 1) u 2), m.e. Asasemca 3adanuem
HEKOMOPOT 8LIMUCAUMOTL ONEPAUUL;

e Jdasa A106020 3adanus GvvucAuMot onepauuy ' matidemes 1
maxoe, wmo F = F; (dasa xomopozo ewinoanero c6otcmeo

(5.9)).

Jlokazamenvemso. Ilycrs U (i, p,y) — yHuBepcajibHasi QyHKIHsI
u MHOKecTBO W; cocrouT u3 Beex map (p,y) TakKux, 4TO 3HAUEHUE
U(i,p,y) omnpejeseHo.

[Iycts W cocrour u3 Bcex map (p,y) TaKUX, YTO 3HAYCHHE
U(i,p,y) ompeseseHo 3a S MIAros.

ITycTs Z*:'Z-O = 0.

[Tomaraem Ff = W/, ecim muoxectso W7 ynosnersopsger yciio-
Buio 1) onpesenenust 3ananus 3¢bdexkTuBHON oneparuu. B nporus-
HOM CJIyae, Olpeiesnm NFZ-S = Ff_l.

Omnpenemm F; = U F. Ilocse sTOro Jjs Kazk10ro ¢ paciupuM
MHOKECTBO F cire/1yromun 06pasoM: Jiisl KazK ol mapsl (p,y) € F;
nobasumM K Hemy Bee mapel (p,y'), tae ¥’ C y, a Takzke napslt (p, A)
JJISI BCEX P.

Ob6o3HAYNM TOJTyY€HHBIE MHOXKECTBA, Fi, 1 =1,2, ... Ilo mocrpo-
€HUIO KaKJI0€ TAKOe MHOXKECTBO SIBJISIETCS 3aJaHUEM BBIYHCIUMON
onepanuu. IlycTb

~

F={(i,p,y) : (p,y) € Fi}.

ITo ompenenenuio F — mepeducanMoe MHO2KecTBO. KpoMme Toro, s
JITOOOTO 33 IaHUsT BBIMUCIUMON OlepaIun F HalIeTCs ¢ TaKoe, UTO
F =W, Ilo crioco0y oIpeie/ieHnst F, =W, [IpUYeM paclIupeHue
MHOXKecTBa F) 10 MHOkectBa Fj He HapyIIUT 3TO PABEHCTBO, TakK
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Kak MHOxkecTBO W; obsiaiaer coiicrBoM 2). 3uaunt, F' = F;. Jlemma
nokaszaHa. O

Zloxazameavcmeo meopemor. 1lycTh mepedmcinmMoe MHOXKECTBO
TpoeK JF yJIOBJIETBOPSET YCJIOBUIO JIEMMBI H.06.

Omnpe e/ ONTHMAIbLHBI MOHOTOHHBI CI0co6 3a1anus A cie-
JIYIOIIIM 00pa30M:

A = {(str(i)01p,y) : (i,p,y) € F}.

YesioBre 1) MOHOTOHHOTO €riocoba 3a/1aHust OYEBUTHBIM 00PA30M Bbi-
nostHeHo. JIjist Toro 9To6bl 6bLIO BBIIIOJHEHO YCJIOBUE 2), PACIIAPUM
MHOXKECTBO A: 111 KazKI0H mapsbl (z,y) € A 1106aBUM K MHOXKECTBY
A Bee napsr (z,y’) Takue, aro y' C y. Ilycts A — cooTBeTCTBYIOMAS
MOHOTOHHAasT onteparns. Jlokaykem, 9To A ompeiesnisieT ONTUMATLHBIH
MOHOTOHHBIN CIIOCOD JIEKOIUPOBAHMSI.

HyCTIS F - 3a/laHe HEKOTOPOUW BBIYUCJIMMOI OIlepaliii, TaKXKe
(p,z) € F nl(p) = KMp ().

Torga mo nemme 5.6 F = Fj, (i,p,z) € F u uosromy
(str(i)01lp, x) € A s mekoroporo i. Takum o6pasom,

KM4(x) < U(p) +20(i) + O(1) = KMp(x) + 21(z) + O(1).
Teopema nokazana. O

@HKCpreM OJIHYy u3 OITUMAaAJBbHBIX BbIYUCJIUMBIX OHepaLLI/II?'I
A, ynoBierBopsifolux Teopeme 5.6, M Ha30BEM Mepy CJIOXKHOCTH
KMy (x) monomonnoti caoostcrocmoto cioba x. Hukuuil uHjekc B
JlaJIbHENIIEeM OILyCKaeM.

Nmeer mecro mepasencTo KM(x) < I(z) + O(1). HeiicrBuress-
1o, MHOzecTBo nap F' = {(p,p/) : p,p’ € Z,p' C p} yaosuersopsier
yCJIOBHsIM 1) 1 2) onpesiesieHusl 33/ JaHUsI BEITUCIUMOIT OTlepaIiH.

MOHOTOHHAST CIIOXKHOCTB CBSI3aHA CO CJIOKHOCTSIME JIPYTUX BH-
JIOB CJIEJIYIOIIUM 00pa30M:

KM(z) < KP(2) + O(1) < K(z) + 2log K(z) + O(1).

110



HeficTBUTEIbHO, Ui JTIOOOH BBITUCIUMON MPEeDUKCHO-KOPPEKTHON
dbyuxiun F(p) muoxecrso {(p, F(p)) : p € Dr}, tae D — obiactsb
oupeesenust GyHkuuu F| ynoBiaerBopsieT ycaoBuio 1) onpeeseHust
3a/IaHUs] BBIYUCIUMOI OIepalIuu.

MoHoTOHHAsI CJIOKHOCTB $IBJIETCS MOHOTOHHOI yHKIMeH, a
nmenno, KM(z) < KM(y) npu = C y.

5.2.2. Teopema JleBuna—IITHoppa

Teopema Jlesuna—Illnoppa o xXapakrTepusanuu CcaydailHoil 1o
Maptun-Jledy nocnenosarenbaoctu 3asepinaet nporpammy Kosmo-
rOPOBA M0 CJIO?KHOCTHOMY OIMUCAHUIO CJIYyIANHBIX ITOCIEI0BATEIHLHO-
CTell.

Hamomunm, 9ro w” = wy . .. wy, 0603HAYAET [IOCIEI0BATEIHHOCTD
MIePBBIX N OUTOB OECKOHETHON MOCIeI0BATEILHOCTH W.

Teopema 5.7. Beckoneunas dsouumnan nocaedosamervbhocms W CAY-
yatina no Mapmun-Jlepy mozda u moavko moezda, xozda

KM(w") = n + O(1).
ﬂo%asame/bbcmso. ,HOKa}KeM, 9TO MHOZKECTBO

{weQ: KMW") 2n+0(1)} =
{w e Q:YmIn(KM(w") <n—m)} (5.10)
ABJigeTcs 3POEKTUBHO HYJIEBBIM.
[IpemBapuTeIbHO TOKAXKEM JIEMMY.

Jlemma 5.7. Jlas 210601 nocaedo8amesbHOCmU NONAPHO HECO2Aa-

o0
COBAMMBLT 08 T1,Ta, ... evnoaneno S 2 KM@En) 1.
n=1

Joxasamenvemeo. Ilycrs x; C A(p;) u l(p;) = KM(x;) st Beex
i. Torma 13 MOHOTOHHOCTH CJIOXKHOCTH CJIOBa P1, P2, ... TaK¥Ke I0O-
IIAPHO HE COIIACOBAHBI U HOITOMY » . 2-1r) < 1. O
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[Tepexomum K J1oKa3aTebCcTBY TeopeMbl. Orpeenmnm
Unn =U{l'y : l(z) < n&l(z) — KM(x) > m}

n U, = U,Upy. Ilo onpenenennio U, — 3ddeKTuBHO OTKPBI-
TOE MHOXKECTBO, 60J1ee Toro, mocjeoBareibHocThb { Uy, } paBHOMEPHO
3dPEKTUBHO OTKPBITAs, T.€., CYIIECTBYET BBIYUCIUMA OCHOBA, 3a-
Jarolasi MHOXKECTBA, M3 9TON MOCJIeI0BATEILHOCTH.

Jlokaxkem BTOpOEe cBoiicTBO Tecta Maprun-Jleda. IlpeacraBum
MHOKeCTBO Uy, ,, B BUAE 0ObeAWHEHNs KOHEYHOI'O HUHCJa HMOIapHO
HerepeceKalomuxcs narepsason: Up, , = Ulef‘xj, rje r; — HoIapHO
necormacoanbl u [(x;) — KM(x;) > m u l(z;) < n ma sBeex 5.7
Torma 1o jiemme 5.7

k k
L(Ungy) =Y _ 2710 < g7m o= KM(@;) o g=m
j=1 j=1

Juist Beex m u . Ilo onpesesenuto
Un = UpUnp = U{T; : l(z) — KM(z) > m}.

Unn C Unnt1 ang Becex m u n. Hostomy L(Uy,) < 27 s Bcex
m.

Ecim w npunagyiexxur muoxkectBy (5.10), To st Kaxkjaoro m
cymecrByer n takoe, uro KM(w™) > n —m, 1e. w € Upyp C Up,.
3HAUNT, W ABJIAETCA 371eMEHTOM 3P (MEKTUBHO HYJIEBOIO MHOXKECTBA,
NimUm.

Hoxkaxkem obparnoe yreepxkienue. Ilycrs {U,,} — npousBosib-
weiit Tect Maprun-Jleda. Mbl nokakem 6oJiee CHIbHOE yTBEPXKIe-
HEe: ecim w orBepraercss tectoM {Up,}, To Besmunua n — KP(w™)
HeorpaHnieHa. o

[Iycrs U = Ny Up, tiie L(Uyy,) < 27 i1t Bcex m u

Up =U{T;: (m,z) € T},

TO IIpeJacTaBJIEeHUE MOXKET ObIThH HEd CKTHUBHBIM.
™ 6

8Hamomumm, uto n — KM(w™) = n — KP(w™) — O(1).
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riae T — BuIMUCIMMas OCHOBa TecTa. IIyCcTh TaKyKe BBIIOJIHEHO YCJIO-
Bue: eciim (m,x), (m,2') € T, To cioBa x u x' mecpasuumbl. Toka-
3aTEILCTBO CYIIECTBOBAHUS OCHOBBI C TAKUM CBOHCTBOM IIPEIOCTAB-
JISIETCST YUTaTeN0 B KadeCTBe 3aJIa9u U3 pasjena b.4.

OnpeenM ceMeiicTBO paBHOMEPHO TI€PEINCIUMbBIX CHU3Y TIOJTy-
Mep Ha MHOXKECTBE BCEX HATYPAJbHBIX UUCET:

2m27 1) e (m,z) € T,
0 B IpOTUBHOM CJIydae.

Pp(z) = {
,ZLJIH K&)K,ZLOIZ N3 9TUX HOIIyl\/lep BBITIOJTHEHO HEPABEHCTBO
S Pu@)y=2m Y 27® =2mLU,) < 1.

T (m,x)eT

PaccmoTpum cmech 3TuX moJIyMep — MepedrcIuMyI0 CHU3Y ITOJTyMe-

py:
1

m(m + 1)

WE

R(x) = P (x).

=1

3

N

3 onpenenenns ), R(x) < 1. Tak kak cP(x) > R(x) s HekoTo-
pOii KOHCTAHTHI ¢, BBIIIOJHEHBI HEDABEHCTBA

KP(z) < —log R(z) + O(1) < —log P, (x) + 2logm + O(1).
Kpowme sroro, npu (m,z) € T
—log Pp(z) = l(z) — m.

Ecmn w € NU,,, To Ui KazKJIOro M CYIIECTBYET N TAKOE, UTO BbI-
nosueso (m,w™) € T' u, 3naqur,

n—KP(w") = m —2logm — O(1).

CaemoBaTebHO,
sup(n — KP(w")) = oo.
n

Teopema nokazana. O
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Ha camowm jieste, Teopema 5.7 jgaeT XapaKTePU3AIIIO CJIY YA HBIX
[IOCJ/IEIOBATEJIBHOCTEN HE TOJIBKO B TEPMUHAX MOHOTOHHON CJIO2KHO-
CTH, HO U B TepMHUHAX mpedurcHoii ciokuoctu. llepsas gacthb mo-
Ka3aTeIbCTBa COBIAJACT C JOKA3ATEIbCTBOM HEOOXO/IMMOCTU B TEO-
peme 5.7. Bropas gacTb 9TOH TeopeMbl U ObLIa JOKA3aHA IJIsl IIPe-
GUKCHON CITOXKHOCTH.

Beuay BakxHOCTH 3TOr0 pe3yabTraTa, chOpMyJIHpyeM ero B BHIE
TEOpPEMBI.

Teopema 5.8. Beckoneunas d60uunan nocaedosamesbhocms W CAY-
yatina no Mapmun-Jlepy mozda u moavko moezda, xozda

KP(w") = n—0().

Ob6paTHOE HEPABEHCTBO HE MMEET MECTO Jist MPeMUKCHOI CII0K-
HOCTH (CM. 3ajatdy u3 paszerna 5.4).

5.3. Beruuciimmbie Mepbl

Ilo 3TOro MecTa MbI JJisi ITPOCTOTHI PACCMATPUBAJIN TOJHKO PABHO-
MepHyIo Mepy. Ha camowm jiesie Bce OCHOBHBIE PE3YIIHTATHI AJTOPUT-
MHIYeCKOIt TeOpUn BEPOATHOCTHU BBLIIIOJIHEHBI WU JIJIs ITPOU3BOJIBHBIX
BBIYHCIHMBIX Mep.?

[Iycte P — mpousBojibHast Mepa Ha MHOXKecTBe () Bcex OecKo-
HEYHBIX JIBOMYHBIX IOCJEI0BaTeIbHOCTE . PaccmorpuMm dyHKIMIO,
[IPUHUMAIOIIY IO BEIECTBCHHbIC 3HAYMEHUS:

P('T) = P(Fx)y

9B Teopuu BeposITHOCTE! Mepa HHTEPIPETUPYETCS KAK MOJIENb UCTOUHHIKA, Te-
HEPHUPYIOLIETO OCJeI0BaTeIbHOCTA. B ajropurMuydeckoil Teopun mHMOPMAIIH
MBI HHTEPIPETUPYEM MEPHI KAK IPAHUYHBIE YCJIOBUS HA AJITOPUTMUIECKYIO CJIy-
JaffHOCTb. MO2KHO paccMaTpUBaTh MEPY B KadecTBe 0000IIeHN HA OECKOHEIHBII
cilydail MOHATUs Pa3bUeHns] MHOXKECTBA BCEX KOHEYHBIX II0CJIEI0BATEILHOCTEMN
3aJaHHOMN JIJTUHBI.
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rje T — NPOM3BOJbHAS KOHEYHAS IMOCIEI0BATEIBHOCTD. DyHKIMA
P(x) ynoBiaerBopsieT yCJIOBUSIM:

P(\) =1;
P(z) = P(x0) 4+ P(z1). (5.11)

Bepuo u obparnoe. st 3amanus Mmepbl P Ha Bcex HOPETEBCKUX MO/
MHOXKeCTBax ) JIOCTATOYHO 3aJ1aTh JIJIsT BCEX KOHEUHBIX ITOCJIEI0BA~
resibHOCTEH X 3HavYeHuss GyHkuuun P(r), yIoBIeTBODSIONHE YCJIO0-
susim (5.11). Ilocse sTOTO ONpEsIEsieTcs Mepa UHTEPBAJIOB B BHJIE
P(I'y) = P(x) ays Bcex x, KOTOpasi MOXKET OBITH CTAHIAPTHBIM
00pa3oM pacrpocTpaHeHa Ha JIF00oe oObeInHeHne CUYETHON Iocye-
JIOBATEILHOCTH IOMAPHO HEIIEPECEKAIOIINXCsI NHTEPBAJIOB — JIi00oe
OTKPBITOE MHOXKECTBO, & TEeM CaAMBbIM U Ha JII000e 3aMKHYTOE MHOYXKE-
cTBO. ajaee MOXKHO pacupocTpaHuTh Mepy P Ha j1i0060e 60pesieBCcKoe
IIOJIMHOZKECTBO ().

ITpocreitmuit mpuMep HepaBHOMEPHON Mepbl — IIPOM3BOJIbHAST
OepHYJLINEBCKAs MEPa C BEPOSITHOCTHIO €IMHUIILI, PABHON p:

By(x) =pF(1—p)"*,

rae n — JJINHA T0CJIeIOBATEILHOCTH T, a k — YUCJI0 eIUHUI B HEll.

Ecmm p = 0, To Mepa P cocpenoTodena TOILKO Ha OFHOU ITOCIe-
nosaresbHoctn 0°°: P(0") = 1 agist Bcex n u P(z) = 0 musa Beex
OCTAJILHBIX .

Mepa P nasbiBaercst BBIYUCIUMOI, ecu dbyHkius P(x) sBiser-
cs1 BerancmMoit. Ompeiesierue BEIauCInMOi (OyHKITUN C BEIECTBEH-
HBIMH 3HaYEHUsIME OBLIO JIaHO B paszuesie 5.1.3.

I/ISBGCTHO7 q9To d)yHKH‘I/IH BbIIUC/JINMa TOr'Zla U TOJIBKO TOI'/Zla, KO-
r/1a OHA MEPEUUCTUMA CHU3Y U CBepxy. Ecin OyHKIMs SABIsSeTcs Me-
pOit, TO JIOCTATOYHO TPEOOBATH TOJIBKO MIEPEUUCTUMOCTD CHU3Y WU
[IEPEIUCTUMOCTD CBEPXY.

Hanpuwmep, eciu dbyukinus P(z) nepeducjinMa CHU3Y, TO OHA T1e-
pedncanMa U cBepxy (a TeM CaMbIM U BBIYHCINMA), TAK KaK

r>Plx)el-r< Z P(z).
zZ£x,l(z)=l(z)
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Bepuysnesckast By(x) Mepa BBIMHCIIMA TOTJIA H TOJIBKO TOTJIA, KO-
Ia BEIIECTBEHHOE YUCJIO P BLIYUCIAMO.

AHayIornuHbIM 06pPa30M ONPEIENAETCA OHATUE TOCIEI0BATE b
HOCTH Ciydaiinoii mo Maprun-Jledy OTHOCHUTENLHO BLIYHCIMMOM
Mepbl P. Oupegnessiercss moHsitue P-Tecra: 3TO EPEUUCTUMAS 110-
CJIeIOBATENIBHOCTD 3P MEKTUBHO OTKPBITHIX MHOXKECTB {Up, },m =
1,2, ... makas, uro P(Up,,) < 27 ™.

MuozkectBo A — acbdexkrusno P-uyiesoe, ecaiu A C Ny U, mis
Hekoroporo P-recra {Up,},m=1,2,....

Toumo Tax ke, Kak TeopeMa 4.1, TOKa3bIBAETCS CJIELYIONIAs TeO-
pema. Hazmo Toabko B gokasaTeabCTBe 3aMeHUTL Mepy L ma P, a
suagenme 2°1%) wa P(z).

Teopema 5.9. /[aa 210601 evivucaumots mepv P cywecmesyem mak-
CUMAABHOE MO 8KA0MEHUI0 afdexmueHo P-nyaesoe mroocecmeo.

Teopema Jlesuna—IlInoppa Takzke nMeeT MECTO JJIsI TTPOU3BOJIb-
HOI BBIYUCJIMMON MEPDI.

Teopema 5.10. Beckoneunas 060uMHaA N0CACIOBAMEALBHOCTIL W
caywatna no Mapmun-Jledy omnocumenvro svuucaumot mepor P
mozda U MoAvko mozda, Koz2da

KM(w") = —log P(w") + O(1).

YTBepK/IeHHE O TOM, HUTO MOCJIEJOBATEIBHOCTD W CIIydaiiHa 1o
Maptun-Jledpy oTHOCHTENIHHO BHIYUCIUMOI MePBI PP TOTIa U TOJIBKO
torja, Korga KM(w™) > —log P(w™) + O(1), mokasbiBaeTcst TOYHO
TaK »Ke, KaK U TeopeMa, d.7.

TpuBnaabHasi 49acTh JIOKA3aTEJbCTBA TEOPEMBI 5.7 0 TOM, 4YTO
KM(z) < I(z) + O(1), cranoBATCS HETPUBHAJIBLHON B CiIydae IPO-
M3BOJIBHON BhIMUCIMMOIT Mepbl P. Mbr ccopmynupyem u jrokazkem
aHAJOTUIHOE yTBEPXKJEHNE B BUJE JIEMMHBI.

Jlemma 5.8. Jlas 410601 evivucsumoti mepv, P natidemes xoneman-
ma ¢ maxas, wmo KM(x) < —log P(z) + ¢ dasa ecex . *°

0B epsbie hopMyIMPOBKA 3TO# JTEMMBI OITyGIMKOBAHA, B [16]. HauGosree Tou-
HOE U3JIOKEHHE J0Ka3aTeIbCTBa uMeercst B [28]. B KoHCTpyKuun 5TOM JIeMMBI
COEPKUTCA UJIeA MeTOJa apudMeTnaecKoro koguposanus, cm. [11], [35].
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Zoxasamenavcmao. IlocTponM nepapxuieckyio CUCTEMY OTPE3KOB
¢ BeruncauMbIME KoHIamu 7, C [0, 1] rakyio, 1ro

e JumHA T, pasHa P(z);
® T\ = [07 1]7
® T, = Typo U Ty IJIA BCEX Z.

Takast cucreMa OTPE3KOB CYIIECTBYET, U KOHIIBI 3TUX OTPE3KOB MOK-
HO BBIUHCJSITE C JI000H CTEIeHbI0 TOUHOCTH.

PaccmorpuMm  TakykKe OTpe3KH C JIBOMYHO-PAIIMOHAJIBHBIMUI
KOHITAMH. IIpousBonbHOI JBOUIHO TIOCJIETOBATETHLHOCTH
r = X1...T, COINOCTAaBUM WHTEPBAaJ BEIIECTBEHHBLIX YNCET C
IBOMTHO-PAITMIOHAILHBIMYI KOHIIAME JJIMHON 27"

n n
—1 —1 -n
I, = E ;277 E ;27" 4+ 2
=1 =1
DTOT MHTEPBAJ MOXKHO TAK¥Ke 3alucaTh B BUje (a1, ag], Tje

a;=0.x1...2,0...0...

as=0.x1...2,1...1...,

TaK KakK oo — v = 27",
MuoxkecTBO

F={(z,y): L, Cm,}. (5.12)

SABJISIETCS] TMEPEUNCIUMBIM. TaK KaK KOHITBI OTPE3KOB [, SIBJISIOTCS
KOHEYHBIMU O0bEeKTaMU — PAIMOHAJILHBIMU YUC/IAME, & JJIsT KOHIIOB
OTPE3KOB Ty MOXKHO BBIUNCJIATEH UX NPUOINKEHNAA CBEPXY W CHHU3Y C
JIIOO0H CTENEHBIO TOYHOCTU, MOYXKHO IMOCTPOUTDH AJTOPUTM, KOTOPBIH
OIIpeJICJIUT CTporoe BKJodenne I, C Ty, €CIM OHO UMeeT MeCTO, U
HUKOTJIa HE OCTAHOBUTCS B IIPOTUBHOM CJIydae.

Kpome storo, mu3 ompejiesienusi BBIITOJTHEHBI CJIEYIOINIAE CBO¥-
cTBa!

117



1) (z,\) € F st Beex ;

2) ecu (z,y) € Fuxz Ca', 1o (a,y) € F;

3) ecu (x,y), (z,y) € F, 1o my N my # 0 u, crenoBarebHo,
yCy' mmy Cuy.

OTcioia MOXKHO BBIBECTH TIEPBOE YCJIOBUE U3 OIPEJIE/ICHUsT 3a,1a-
ust sddexTusHol onepamyi: ecan (,y), (z',y') € Fuxz C 2/, 1o
1o ceoiictBy 1) nmeer mecro (z',y) € F' u no ceoiictsy 2) mocseo-
BATEJILHOCTH ¥ U Y CPABHUMBIL.

Bropoe yciiosue onpesenenust 3aaanus 3bheKTUBHOl oneparun
—ecin (z,y) € F, 1o (z,y) € F s Beex yf C y — IpsamMo ciieyer
U3 oIpeJie/IeHIs CHCTEMbl OTPE3KOB .

Takum 06pasoM, 3aganne F' omnpeesser BBIYUCTAMYIO OIEPAIUIO
F ¥ cOOTBETCTBYIOLLYIO MEPY CJIOYKHOCTH:

KMp(z) = min{l(p) : (p,x) € F} = min{i(p) : I, C m,}.

Orcrona cieayer, uro KMp(z) pasao munyc jiorapudmy OT JJIMHBI
caMoro GOJIBIIOTO JBOMYHOTO OTPe3Ka I, CTPOro COAEPIKAIIErocd B
Ty

B mr0boMm oTpeske 7, CTPOTO COMEPXKUTCS OTPE30K C IBOUTHBI-
MU KOHIIAMHU JITHHBI HE MeHee %‘ﬂ'ﬂ. Orcrozia jij1st caMoro GoJTbIIo-
ro JBOMYHOIO OTPe3Ka [j,, CTPOTO COMEPIKAIIETOCH B Ty, BBIIOJIHEHO
1P(z) < 271P)

KMp(z) =1l(p) < —log P(x) + 2.
Orcrioma KM(z) < —log P(z) + O(1). O

I3 nokasaresbcrBa TeopeMbl 5.7 cieyer, uro Tak kak km(x) <
KP(z)+0(1), MOHOTOHHYIO CJIOXKHOCTD K1n(Z) MOKHO HCIIOJIb30BATh
I ompejeienus ciaydaiinoit mo Maprun-Jledy mocsemoBareibHo-
CTH OTHOCHUTEJHHO PABHOMEDHOW Mepbl: GECKOHEYHAsl MOCJIeI0Ba~
TEJBHOCTD W SABJIsIeTCA cydaiinoit mo Maprun-Jledy orHocuTebHo
paBHOMepHO# Mepbl L Torja u tojabko torga km(w™) = n+ O(1).
Onnako Hepaserctso km(w™) < —log P(w™) + O(1) HeBepHO yiKe
ec/IM w sIBJISIETCsI aTOMOM P, Hanpumep, ecu Bblaucanmas Mepa P
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CKOHIIEHTPHUPOBAHA Ha BBIIHCIIMON OCJIETOBATEILHOCTH W (CM. 3a-
Jagn u3 paszena 5.4).

OnpenenuMm edeKT CIyIaifHOCTH KOHEUHON IOCJIEI0BATETBHO-
CTU & OTHOCHUTEJILHO BBIYUCIUMON Mephl P

dp(z) = —log P(x) — KM(x). (5.13)

s 1r060T0  HATYPAJBbHOTO YHCJA 1 BBIIOJHEHO HEPABEHCTBO
P(U{T', : dp(z) > m}) = P(U{T, : P(z) < 27 KM@)-m1) L 9-m,
JlokazaTebCTBO 3TOI0 HEPABEHCTBA AHAJOTUYHO JOKA3ATEIbCTBY
HEOOXOIUMOCTH U3 TEOPEMBI H.7.

Teopema 5.10 Bireuer

Caencrsue 5.4. Beckoneunas nocaedo8amesbnocms W AGAACTNCA
cayuatinotl 6 emuieae Mapmun-Jledpa ommocumesvro GviuucAuUMOT
mepve P-moezda u moavko mozda, kozda sup,, dp(w") < oo.

MoKHO OIpeneuTh IMOHITHE AJTOPUTMHUYECKON CIIyIallHOCTH
HEIIOCPEJICTBEHHO B TepMuHax TectoB Tuia (5.13). Ilycrs @ — BbI-
quncanMasg Mepa. Oyakmua F' @ = — R4 HA3LIBAaeTCsI TECTOM CIIy-
JAWHOCTH OTHOCHUTEJIHLHO MePBI (), €CJIM BBIIOJHEHBI CBOWCTBA!

e (i) Oynknus F' mosyBbrancimmast CHU3Y;
o (ii) Q(U{Ty : F(z) > m}) < 27™ mst Bcex m.

st GeckoHEYHON MOC/Ie0BATEIbHOCTH w onpenennM F(w) =
sup,, F'(w™). U3 oupenesnennst BUIHO, 9TO ceMeicTBO 3hDhEKTUBHO
OTKPBITHIX MHOXKecTB Uy, = U{I'; : F(x) > m} obpasyer Tect
Maprun-Jleda, KoppexTHbiii oTHOCHTeabHO Mephl Q.11 C mpyroit
croponsl, 1o Jjobomy tecry Maprun-Jleda {U,,} moxHO onpese-
muth Gyakiuo F(x) = max,, (I, C U,). Jlerko Bujers, aro sra
dbyuxims yposnersopsier yesousM (i) u (ii).

B 3akioueHne 3aMeTUM, UTO CJOKHOCTHBIE OIPEIeIeHUsT CIIy-
qaiiHocTn U ompeieseHue ciaydaitHocru no Maprun-Jledy ornocu-
TeJILHO BBIYUCUMON Mepbl P IIPUBOJAT K OJHOMY M TOMY K€ KJIACCY

N yoTopsiit pamee GLIT OmpeeTeH B pasese 4.
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OeckoHeuHBIX ToceioBaTenbuocTeil. [locaenoparesnbHocT U3 3TOrO
KJ1acca OyJIeM Ha3bIBATDH IIPOCTO CAYYATHBMU NOCACOOBAMEALHOCTA-
MU OTHOCHUTE/IbHO BBIYUCIUMON Mepbl P.

5.4. 3amaumy U ynpa>kKHeHUs

1. Jokazare, uro KP(z) < K(z)+log K(x)+2loglog K(z)+O(1).
Hokazars, aro ciaraemoe log K(z) nesb3st ycrpanuTs u3 npaBoit ga-
CTU HEPABEHCTBA.

2. dokasars, uro KP(x,y) < KP(z) + K(y) + O(1), roe K(y) —
IpocTasi KOJIMOTOPOBCKAs CJIOXKHOCTb.

3. Hokazare, uro KP(¢(z,y)) < KP(z) + KP(y) + O(1), rue
¢(x,y) — npousBOJIbHAS BBIYUCIUMAsT (DYHKIIUS.

4. Hokazars, uro KP(z,y) < KP(x) + KP(y|z) + O(1).

5. Hokazarn, uro KP(z,y,2) < KP(z|y) + KP(y|z) + KP(z) +
o(1).

6. Jokazars, aro KP(z)+KP(y|r)—log KP(x)—2loglog KP(x)—
O(1) < KP(z,y) << KP(x) + KP(y|z) + O(1).

7. Hokazars, uro KM(z) < KP(x) +O(1) < K(z) +2log K(z) +
o(1).

8. okazarh HepaBeHCTBO (5.1), ucnosib3yst Teopemy 5.3 0 JIBOIi-
CTBEHHOCTH.

9. okazarh HepaBeHCTBO (5.4).

10. Jokazarh, 9T0 yHUBEPCATIbHAS IEPEIUCIUMAsT CHU3Y TIOJLYMe-
pa Ha HATypaJbHbIX Yncjaax P(n) He siBIseTCS BHIYUCIUMON DyHK-

mueit u Y, P(n) < 1.
n
11. HokazaTb, YTO JBOUIHOE PA3JIOKEHUE JIEHCTBUTE/IHLHOTO TUC-
na Y P(n) aisierca ciyqaitnoit no Maprun-Jledy mocirenosaress-
n
HOCTBIO.

12. JTokasarh, 9T0 TAKOE YK€ YTBEPIKIEHIE BEPHO JIJIsl BEIIeCTBEeH-
Horo uncia Y 2~ KP(m),

n
13. Ilycres F' — onTtumasibHas npedUuKCHO-KOPPEKTHAA (DYHKITUSI.
15 IpOM3BOJIBHO CTPOKH & MOYKHO PACCMOTPETH BEPOSATHOCTH TO-
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ro, 9To Maruna F Ha c/iydaiiHOM BXO/I€ BBIIACT &

Plx) = L{3p(F(p)=2)} = »_ 271,
F(p)==

a) Jlokazarh, 4To

TakuM obpasoM, BeauunHa P(z) u anpuopHast nosymepa P(z) cos-
HaJAI0T ¢ TOYHOCTBIO JI0 MYyJIBTUILINKATUBHON KOHCTAHTHI.
b) Jokazarb, 94T0 YUCIO

ZP(;U) = Z 2-lp)

F(p) ompeJiesieHO

SIBJISIETCS HEBBIYMCIUMBIM U, 60JI€e TOrO, CJIyYallHBIM OTHOCUTEIBHO
PABHOMEPHOI MepbI. DTO YHCI0 HA3BIBETCS YUCIOM JefiThHA.

14. Jloka3arb, 9TO JIsi TOYTH JII0OO# OECKOHEYHOM IOC/Ie10Ba-
TeJILHOCTH W Hafiercs anciao m rakoe, 410 KP(w™) > n+KP(n)—m
1J1s1 OECKOHEYHO MHOTHX 7.

15. CymecrByer Jpyroe ornpejeieHne npeduKCHO-KOPPEKTHOIO
criocoba jiekojmpoBanus. Berancinmast dyukuust B(p, y) Ha3bBaer-
cst IpebUKCHO-KOPPEKTHOM, ecsm it jii06bix map (p,y) u (p',y) us
ee objiactu onpejesenus Takux, 9ro p C p/, Bomosmeno B(p,y) =
B(p',y). Takum ob6pa3oM, KOJbI MOIYT IIPOJIOJIZKATH APYT JAPYyTa, HO
TOTJIA OHU SABJIAIOTCA KOJAME OJHOI'O M TOIO YK€ KOHEYHOI'O 0O'bEeKTa.
Ha ocnoBe kaxKk/10ro Takoro crocoba jexoauposanus B(p,y) ompe-
JIEJISIETCA Mepa CJIOKHOCTH

KP(zly) = min{l(p) : B(p,y) = z}.

JlokazaTb, YTO CYIIECTBYET COOTBETCTBYIOIIAs IPEPUKCHAS CJIOXK-
noctb KP/(z|y). TokazaTh, 4To oHa COBIIaJaeT ¢ paHee ONpe/IesIeH-
HOI MTPePUKCHON CJI0?KHOCTHIO C TOYHOCTHIO 10 KOHCTAHTHI:

KP'(z|y) = KP(z|y) + O(1).
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16. JokazaThb, 9T0 npeduKCcHAST 1 MOHOTOHHAS CJIOYKHOCTHU HE sIB-
JISTIOTCST BEIYUCTUMBIME (PYHKIMsIMU. Jl0oKa3aTh, 9TO I ONTHMAJIb-
HBIX CIIOCODOB JEKOIUPOBAHUS JIJIsl 3TUX CJIOKHOCTEH HE CYIECTBYET
COOTBETCTBYIOIIUX BBIYUCTUMBIX CIIOCOOOB KOUPOBAHUS.

17. Hokaszarb, uro KM(z) < KM(y) upu z C y.

18. Hoxkaszars, uro K(z) £ KM(x) + O(1). Ilpusectn npnmep,
r7le HapyIaeTcst COOTBETCTRYIONEE HEPABEHCTRO.

19. JlokazaTh, 4TO [JIs JIIOOOrO TECTa CIIYYaiHOCTH CyIIECTBYeT
OCHOBA, JIJIsl KOTOPOIi BBIOJIHEHO yesoBue: ecan (m,x), (m,x’) € T,
TO CJIOBA T U & HeCpaBHUMEBI.

20. Jlaunl BeucIuMast Mepa ) u 6€CKOHEUHAsT TOCIEI0BATE b=
HOCTh w. Jlokazars, aro ecim Q(w™) = 0 g Bcex n, TO MOCIIE0-
BaTEJILHOCTD W He ciaydaiinas o Mepe (. I[Toctpouts Tect Maprun-
Jleda, orBepraformmit w.

21. ITpusecTn puMep, KOrja Jjis HEKOTOPOi BBIYUCIUMOI Orre-
pammu F(x) = w, rjge & — KOHEYHAsl HOCJIEI0BATEJILHOCTD, & W —
beckoHedHas. UTO MOXKHO CKa3aTh O MOC/IEJI0BATETLHOCTH W.

22. JlokazaTh, ITO BBIYUCIUMAST TTOCIEIOBATEILHOCTD CJIyUaiiHa
IO HEKOTOPOW BBIYUCJIUMON Mepe.

23. Bepnyiuesckasi Mepa B, sIBJISI€TCs BBIYHC/INMOIL, €CJIU BbI-
YUCJIUMO 9HCTI0 p. JloKazaTh, 9TO BEPHO U OOPATHOE YTBEPXKICHUE.

24. Ilycrp R, — MHOKECTBO BCeX OECKOHEUHBIX II0C/IEJ0BATE/ILHO-
cTeit, caydaifHbIX OTHOCHTEIbHO Mepbl B),. JlokasaTs, uto R, N Ry =
(), ecim p # q.

25. Ilycts P — npousBoJibHas BhIaucauMas Mepa. Jlokasars, 9To
CYIIECTBYeT Hec/ydaiiHas 110 9TOH Mepe OeCKOHeYHasl IOC/Ie0Ba-
TEJLHOCTD. JIoKa3aTh, 9TO MHOXKECTBO BCEX HECJIyYaHHBIX HOCTIEI0-
BaTeIbHOCTEll 6ECKOHETHO (M MMEET MOIIHOCTH KOHTHHYYMA.).

26. Jlokazarh, uro sup, KM(w") < oo Torjga u TOJIBKO TOIJIA,
Korjia 6eCKOHeYHasl [0CJIeI0BATEIbHOCTD W SABJISIETCsI BBITUCIUMOIA.

27. Oyuknua f : {0,1}* — {0,1}* nasbiBaeTcss MOHOTOHHOI,
ecin f(z) C f(y) upu  C y jyist Becex U y U3 001aCTU OIpeiese-
uust pyukiun f. s a060it BeraucganMoit MOHOTOHHON DyHKIUH f
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MOXKHO TaKKe OIIpeIeJIMTb MOHOTOHHYIO MEPY CJIO2KHOCTH:

kmy(z) = min{l(p) : z = f(p)}.

a) Jlokasarb, 9TO JJIsi TAKUX MEp CJIOKHOCTHU TaKyKe MMEEeT Me-
CTO TeopeMa MHBApUAHTHOCTU: CylLleCTByeT TaKas BbIYUC/IUMas MO-
HoToHHAsT GyHKIUsA f, ITO JJIs JIIOOOH BBIYUCIUMON MOHOTOHHOI
dyHKIINK g CyIIecTByeT KOHCTAHTa ¢ TaKas, 9YTO HEPABEHCTBO

kmyg(x) < kmg(z) + ¢

BBIIIOJIHEHO s BeeX ©. PukcupyeMm ofHy u3 Takux byHKmil f u
PacCMOTPUM MOHOTOHHYIO Mepy cioxuocTH km(x) = kmg(x).

b) Hokazars, uro km(x) < I(z) + O(1).

¢) Hokazars, uro K(z) — O(1) < km(x) < KP(x) + O(1).

d) Hoxaszars, aro KM(z) < km(z) + O(1). Hokazars, aro 00-
paTHOE HEPaBEHCTBO HEBEPHO.

e) Jokasars, arto sup,, km(w™) = oo st 060t GeCKOHETHOI
HOCJIEIOBATEIHOCTH W.

f) Hokazarn, aro Teopema Jleuna—IIlnoppa st paBHOMEPHOI
MepBbI BepHa 1 I cyioxkHocTn km(x). Byner sm sTa Teopema BepHa
B CJy4ae IPOU3BOJIbHON BbIYUCIUMOM Mepbl! [ljist Kakux Mep oHa
MOZKeT ObITH BepHa (¥ IS KAKHX Mep OHa MOXKeT ObITh HeBepHa)?!

28. HMokazars, uro KP(w™) < n + KP(n) + O(1).

29. Jokazars, aro KP(w™) = KP(n) + O(1) mas mo6oii BbItmc-
JIIMOI TIOCJIe/I0BATEILHOCTH W.

30. IIpoBepuTh yTBep:KIeHWE U3 TOKA3aTEILCTBA JIEMMBI .8:
B J1I060M OTpE3Ke 7, CTPOro COJEPXKUTCS OTPE30K C J[BOMYIHO-
PAIMOHAJILHBIME KOHIIAMH JUTHHDL He MeHee 1 |Ty|.

31. [dokaxkure, uro cpeau Bcex TectoB F'(z), ymoBierBopsito-
mux ycaousiM (i) u (il), KOPPEKTHBIX OTHOCHTEIBHO BBIUYUCIUMOIL
MepBI (), CYIIECTBYET MaKCHMAJIBHBIH ¢ TOYHOCTBIO JIO MYJIBTHILIH-
KQTUBHOW KOHCTAHTHI, T.e. cymiecTByer TecT U(x), yIOBIETBODSIIO-
muit yciosusim (1) um (ii), Takoii, uro ms Jsoboro tecra F', Kop-
PEKTHOIO OTHOCUTEIBHO Mepbl (), Hall1eTCsl KOHCTAHTa ¢ TAKast, YTO
cU(x) > F(x) ana Beex x. Ilpumymaiite qoka3aTeabcTBO, HE3aBUCH-
MO€ OT WCIIOJIb30BAaHUSI YHUBEPCAJIBLHOTO TeCTa U3 pasjena 4.
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I'maBa 6

YHuusepcaJjJabHOE
IIPOTHO3UPOBAHNE

6.1. YHuUBepcaJibHas MoJiyMepa Ha JepeBe Bcex
JBOMYHBIX ITOCJIeJOBaTEeJIbHOCTE

B sroMm pasjernie Mbl OIpeenM AIPUOPHYIO HEPEUNCTUMYIO CHU3Y
noymepy M Ha MHOXKECTBe BCEX JBOUYHBIX IMTOC/IEI0BATEILHOCTEH.
DTa mosyMepa OLPEIeNsieTcsl aHAJOIUTIHO AlPUOPHON mosymepe P
Ha MHOXKeCTBE€ BCE€X HaTypPaJIbHBIX YHCEJI. HOCKOﬂbe MBI OTOXKJI€E-
CTBUJIM HATYPAJIbHbIE YUCIAa U KOHEUHBIE JBOUIHBIC [IOCIIEI0BATE b
HoCcTH, POpPMAJILHO HOcHTEdb y moiaymep P u M omun m TOT Ke.
Pasnnane onpeiesieHuit 3aKII09a€TCs B TOM, YTO IIPH ONPEIEJICHIN
nostyMepbl P MBI He yUIUTHIBAJIN CTPYKTYPY HOCHTENst (M IIO9TOMY
Ha3bIBaJIM €I'0 MHOXKECTBOM HaTyPaJIbHBIX LH/ICGJI). OHpe;LeJIeHI/Ie I10-
ayMepbl M 6Gyzer CyIecTBEHHO HCIIOJIB30BATH CTPYKTYDPY MHOKe-
CTBa BCEX KOHECYHBLIX JBOMYIHBIX HOCHeﬂOBaTeHBHOCTeﬁ, a IMEHHO 3Ta
noJiyMepa Oy/IeT CoryiacoBaHa ¢ OTHOIIEHHEM MPOJoJKeHust: T C y.

Hanomunm,aro = = {0, 1}* — MHOXKeCTBO BCEX KOHEUHBIX JIBOUY-
HBIX II0CJIe/foBaTesIbHOCTel (cstoB mm crpok), 2 = {0,1}°° — mmuo-
2KeCTBO BCeX 6eCKOHe‘—IHbIX JABONYIHBIX HOCHeﬂOBaTeJIbHOCTeﬁ. KOHeLI—
HbIe JIBOMYHbIE [OCIEI0BATEIBHOCTH € OTHONICHUEM IIPOIOJIKEHUST
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x C y obpa3yoT OeCKOHEYHOe JIEPEeBO, BEPIIUHON KOTOPOTO SABJISIE€T-
cs IyCTasl MOCIeI0BaTEeIbHOCTD A.

[Tostymepoit (Ha epeBe JBOMYHBIX [OCJIE0BATEILHOCTEl) HA3bI-
BaeTCs BCIOJLY olpejiesieHHast QyHKINS () 1 = — R4, YIOBIECTBOPSI-
foIlasi CBoMcCTBaM

QW <1
2) Q(x) = Q(x0) + Q(x1) nyst Beex .

[Tosrymepa () HA3BIBAETCS EPETUCIMOIT CHI3Y, €CIIU MHOYKECTBO
{(r,z) : » < Q(z)} nepeuncimmo, rue r 0603HATAET PAIHOHAILHOE
THCIIO.

Cpeir BCex MEPEunC/INMBIX CHHU3Y HMOJIyMeD TaKKe CYIIeCTBYET
YHUBEPCAIBHBIH 00beKT. MBI JIOKazKeM, 4TO CyIIECTBYeT MaKCHMAaJIb-
Hasi ¢ TOYHOCTBIO JI0 MYJIBTUIUINKATHBHON KOHCTAHTBI IEPEIHCIINMAST
CHH3Y IIOJIyMepa.

Teopema 6.1. Cywecmsyem nepeuuciumas crudy nosymepa M
maKas, 4mo oas 100017 NEPENUCAUMOT CHU3Y noaymepv, @ cyuie-
CMBYem Koncmamnma ¢, oas Komopot

cM(z) > Q(x)
ona ecex x.

Joxaszameavcmeo. JlokazarebCTBO AHAJOTUYIHO JOKA3ATE b~
cTBy TeopeMbl H.2. IIpenBapuTenbHO MOKayKeM, UTO BCe IEPETNC-
JINMBIE CHU3Y IOJYMEPBI MOYXKHO IIEPEUYUCITh CHU3Y PABHOMEPHO
OTHUM aJTOPUTMOM.

Jlemma 6.1. Cywecmeyem makas nocAedos8amesvbHOCMb NOAYMED
Q;, wmo

o wmmnoocecmso {(i,7,z) 1 r < Qi(x)} nepevucaumo (r — payuo-
HANLHOE) ;

® Jasa Moot nepevucisumot chudy noaymepvs QQ natidemes ma-
xoe 1, umo Q = Q;.
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Lloxazameavcmeo. st MOCTpOEHNsT TAKON TOCIEI0BATEILHOCTH
HOJIYMEpP HCIOJIb3yeM yHHBEPCAJIBbHYIO (QpyHKIMIO. PaccMoTpuM me-
PeYHCIUMbIE MHOXKECTBA, COCTOsIIEe U3 1ap (7, ), rje T — Palo-
HAJILHOE 49UCJIO, T — ABOMYHAA IIOCJIEIOBATEIbHOCTD.

[Iycrs Ui, 7, ) — yuuBepcasabHas dyHnkims. Kaxoe nepednc-
JIIMOE MHOKeCTBO Tap (7, ), ecTh 001acTh onpe/iesieHnst (byHKIIHI
U(i,r,x) upn dbukcupoBannoM i. Takoe MHOXKeCTBO 0003HAUAETCsI
Wi (cm. paszern 3.1).

BalycTuM Iporece BbIYUC/ICHUS BCEX 3HAYCHWH yHUBEPCATbHOI
dyukmun U(i,7,x) B BUme IUKIA, HA KaXKIOH HUTEPAIH KOTOPO-
ro IPOCMATPHUBAETCs TOJBKO OJIHA TPOHKa (4,7, ) U MOAEJIUPYETCs
ofmH 1mar MarmuHabl Thlopunra, Bbrancisoneil suaderne U (i, r, x).
[Tpu sTom Kaxkjast Tpoiika (i,7,x) IpocMaTpuBaercss Ha GECKOHEY-
HOM UHCJIe uTepannii nukiaa. Ecin Ha ouepeqHON uTepanun S KA
suavenne U (i, 7, ) BIEpBbIE ONPEJEJICHO, TO ONPEJIETNM MHOXKECTBO
Ws = Wf_l U{(r, z)}; monaraem W = Wis_l, B IPOTUBHOM CJIydae.
[Iycrs Wio = 0.

Takum obpasom, W) oboznauaeT KoHedHOE IOJMHOXKECTBO Iap
(pAIOHAJILHBIX 9HCEJT M KOHEYHBIX JBOMYHBIX IOCJIEI0BATEIBHO-
creit), nepeuncyienubix B Wi 3a s maros mukia. Onpezesnm

R} (z) = max({r : (r,z) € W} U{0}).

Pyuxrus RS (x) > 0 ais ne 6ostee yeM KoHedHoro uuncia x. [Iycrs R
— MUHUMAJIbHAs (DYHKIMsI, yJIOBIETBOPSIIONIAs YCJIOBHUIO 2) OIpejie-
s s 1
JleHus ToJTyMepsl, Takas, uto I} (z) > R} (z) nna seex z.° Oynknus
R; (z) npunnmaer panuoHabHbIe 3HAMCHUS U TIOYTH Beiofly pasHa 0.
Jst Toro, aTobbI ObLTO BBIIIOJIHEHO yciioBHe 1), B ciaydae R (A) > 1,
HOPMHEDPYEM €€ — OIPeIeTIM KOHEUHYIO HOIyMepy
Ds
_ R; (v)

Qi (x) = %

' Takyio (byHKIMIO MOYKHO OIPEIETHTE SBHBIM 0OPA3OM:

Ri(@) =swp{Ri(), Y. R}

l(z)=n,xCzneN
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Ecmn R (\) < 1, To nomaraem Qf(z) = R$(x).

Oxonvarensio, onpegenm Q;(x) = sup, QF(x) s Beex ¢ u .
Jlerko BuzieTh, UTO (); PABHOMEDHO NEPEUNCINMAasi CHU3Y II0CIIeI0-
BATEJIBHOCTD TI0JYMED: YCJAO0BUs 1) 1 2) BBIIOJHEHBI U B [IPEJICILHOM
caydae, MHOXKecTBO { (4,7, ) : 7 < Q;(x)} nepeunciamumo.

st 110001t ITepedncImMOil CHI3Y TOJIyMephl () mMeeM

Wi ={(r,z):r <Q(x)}

TS HeKOToporo i. Jlerko Busets, uto Q(r) = Q;(w) nna seex x.2 O

Hoxazamesvcmeo meopemui. Ouipegesum

o
1
M(z) = ; G+ 2@

Oyuknusa M nepeuncianma caHuly. HerpyaHno mpoBepuTb, 4TO OHA,
KaK CMECh IIOJIyMED, TaKKe sIBJISIeTCSI TIOJIYMEPOIi.

Kpowme aToro, jiist 11000 epeducauMoil CHU3Y [oJiyMepbl () Oy-
ner QQ = @Q; st Hekoroporo 4. [losromy (i + 1)M(x) > Q(x) mia
BCcex x. U

QurcupyeMm oany u3 dyuknuit M, yI0BIETBOPSIONINX 3aKIIOUE-
HUIO TeopeMbl 6.1, HazoBeM ee yHusepcasvrols (anpuopnot) noiyme-
PoTi Ha JIepeBe BCEX JBOUYHBIX MOCJIEI0BATEIHHOCTEH.

B wacrrocru, cM(x) > Q(z) ams moboit Borancanmoii Mepsl @,
e ¢ — koncranra. Hanpumep, eM (z) > 2717 orxyna

KA(x) < I(z) + O(1),

e KA(z) = —log M (x).

Oynkus KA(x) = —log M (z) urpaer posb aaropuTMAYECKOil
caoxkaocTu. JlokazaHo, 4TO OHA HE COBIAJAET C MOHOTOHHOMN CJIOXK-
Hocreio KM(x), xorst u 6unska K Heii (cm. [44]).

2 Iyt Takoro 4 HOPMUPOBKa He moTpebyercs, Tak Kak Ri(\) < 1 mis Beex s.
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Ilpengmoxkenne 6.1. Hmerom mecmo caedyrowsue coomHoueHus:

KA(z) < KM(x) 4+ O(1);
KM(z) < KA(z) 4 2logl(x) + O(1).

Jokazamenvcmeso. Ilyers KM(z) = KM 4(x), e A — Beraucin-
Mast oneparusi. Opees M IePeIucIuMYy 0 CHI3Y (DyHKIIUIO

Q) = L(Up{ly : = € A(p)})- (6.1)

Herpynuo mokasark, uro dyHKIWMs () siBjisiercs: mojiyMepoii. Jleii-
creuresbio, Q(A) < 1. Kpowme sroro, ecian umeer mecro 0 C A(p)
win z1 C A(p), To & C A(p). IosTomy mtst Takoro p muTepBas I'y
nomnajer B oobenuHenue Beex [, takux, uro x C A(z). Ilosromy
Q(z) 2 Q(20) + Q(x1).

Cpeu unTEepBasoB y u3 obbeaunenus (6.1) umeercs u Totr, Jyist
koroporo I(y) = KM(z). Hostomy Q(z) > 27 KME) a spauur, u
KA(z) < KM(z) 4+ O(1).

JloKazareaLecTBO BTOPOIO YTBEPYKICHUsT OCTABJISIEM YUTATENIO B
Ka4yecTBe ylpazkHeHns. U

B TepMuHax yHHBepCaJIbHOIL IIOJIyMepBI Ha JepeBe [IBOMIHBIX II0-
CJIEJTIOBATEILHOCTEN MOXKHO COOPMYJIMPOBATL KPUTEPUN CJTydaiiHO-
ctu o Maprun-Jledy.

Kax yzke Ob1I10 OTMEU€EHO, 7151 J1I000ii BBIMHCINMOiT Mepbl () Haifi-
Jiercst KoucranTa ¢ > 0 rakas, aro cM (z) > Q(z) mis Beex x. Unbl-
mu ciaoBamu, M (z)/Q(x) = 1/c¢ > 0 mns Beex z. OkasbiBaercsi, 06-
paTHOE HEPaBEHCTBO BBLITIOJIHEHO JIJId BCEX HaYaJIbHBIX (bpaI‘MeHTOB
CJIyJaifHBIX OCTIEJ0BATEILHOCTEN.

Teopema 6.2. Beckoneunas nocaedosamesvbHoCms W CAYHATHG 1O
sviuUcAuUMot mepe () moada u moavko moeda, Kozda

sup ——— < 00.
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Jlokasamenvemeo. Ilycrs {U,, : m = 1,2, ...} — Tect ciayuaii-
noctu o Maprun-Jledy, KOPpeKTHBIN OTHOCUTENILHO BLIYUCIUMOI
MephI Q:

QUp) <27 u Upy1 C Uy, 115t Beex m.

OnpeeinM 110C/IeI0BATEILHOCTD (DY HKITHIA:

2"Q(x), ecrm I'y, C Uy,
0 B IpOTUBHOM CJIydae.

Q. (x) =2"Q(T, NU,) = {

Kaxast byHkus @), yI0BIETBOPSIET CBOHCTBY 2) OIPEIeIeHUS 110
JIYMepPBI Ha BCEX TPOJIOIKEHNX mocjaeaoBaTeabaocreit u3 U,,. Mbr
IepeHeceM 3TO CBOMCTBO Ha BCe KOHEUHBIE ITOC/IEI0BATETHLHOCTH, €C-
JIW OTIPeNEe UM JJII BCEX T

Qu(z) =sup > Q(2).

" zCz,l(z)=n

Uneem Q. (x) = Q) () miust Beex @, IprdeM Ha BCEX TIPOJIOJIZKEHUSIX
nocjenoBaTesbuocreit us Uy, UMeeT MecTo paBeHCTBO.

Nmeem @, () < 2™Q(Uy,) < 1 juist Bcex m. Kaxkast dbyHkimst
Q) ABJIIETCS TOJIyMEPOil.

N3 ompeniesienust ciaeayer, 910 MYHKIUH (), PABHOMEPHO 110 1M
nepedrcauMbl cauzy. OIpeaenuM cMech IOIyMep:

o0

Rw)= 3 m<ml+1>@m<m>-

[Momymepa R(x) nepednciumMa CHU3Y, O9TOMY HANIETCsi KOHCTAHTA
¢ Taxasi, ato cM () > R(x) 1y1s Beex x.

Honycrnm, aro mocsenoBarenbHocTb w € Ny Up,. Torma s
KaKJ[OT0 M CYIIECTBYET N TAKOE, YTO

Fw" - Uma
nosromy @, (w™) = 2mQ(w"). Orcroa nosydaem
M) | R | Q)
Q™) 7 Qwm) T em(m +1)Q(w")

em(m +1)Qw")  em(m+1)
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CretoBaTe/ibHO,

M(w™)
su =00
QW)
JokazkeMm obparTHoe yTBepxKaeHue. Jlomycrum, 4To
M (w™)
su = 0. 6.2
oy (6.2)

Omnpenenum Tect Maprun-Jleda:

Uy = U {rz : ﬁ((?) < 2—m} .

[TpencraBum
U = Ui{ls, : Q(zi) <27 M (x;)},
IJie BCe TIOCTIEIOBATEILHOCTH T; TOTIAPHO HeCPABHUMBL. ToTaa

QU = Z Q) <27™ Z M(z;) <27"M(A) <27™

JIJIsI BCEX M.
Eciin mocsie1oBareibHOCTD W y0BIeTBOpsieT yeyoBuio (6.2), To
JUIsl KayKJI0ro m cylecTByer n takoe, 4ro Q(w™) < 27™M (w").
Torma I'yn C Uy, n, 3uauut, w € U,,. CrexoBarenbho, w € Ny, U,
T.€. W HE ABJISIeTCs CJIydaiiHoii 1o Mepe ().
Teopema gokazana. O

Hazosem dyHKIMIO

Q(x)
J1ebeKTOM CIIy9aiiHOCTH KOHEYHOI HOC/IeI0BaTeIbHOCTH & OTHOCH-

TEJIbHO BBIYUC/IUMON Mepbl (). JIerko BujeTh, 94T0 918 DYHKIUS 116~
pedncanMa CHU3Y U YJ/IOBJIETBOPSIET YCJIOBHIO

dg(z) = —logQ(x) — KA(x) = log (6.3)

Q(U{T; s dg(z) >m}) <27™
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TS Beex m.>

ITo Teopeme 6.2 Beckonewnast mocjie/IoBaTeILHOCTD W CIIydaiiHa
10 BBIYHUCJIUMOI Mepe () TOrJa U TOJIBKO TOTJA, KOTIa

sup dg(w") < 0.
n

BepositHocTHBIE MammHbI. 1o/ BeposTHOCTHOM MAIIIMHOI 110~
anmaeM napy (Q, F'), rae @ — BeraucanmMast Mepa, a F' — Borancinmast
oneparusi. B nasnpHeitmem Mbl cautaeM, 1To () = L — paBHOMepHast
Mepa. C KarxKJI0if BEPOSITHOCTHOIN MAaIlIMHON CBsI3bIBaeM (DYHKIIUIO

P(z)=L{w:z C F(w)}. (6.4)

Jlerko BuzmeTh, uTo dynkuus P(z) ABisgeTcs NepedncanMoil CHU3Y
HOJIyMEPOH.

Bepno u obpatHoe: jijis J11000#i 11€PEYUCTUMOI CHUIY IOy MePbI
P MOXXHO IOCTPOUTH TAKYIO BBIYUCJIUMYIO omepariuio F', aro 1jist Hee
BBIIOJIHEHO (6.4).

[Tokarkem, 9TO JTI0DAst TIEpEUIUCIUMAs CHU3Y MePAa sIBJISETCS MIPO-
00pa3soM pPaBHOMEDPHOIl Mepbl OTHOCHTEIBHO HEKOTOPOTO BBIUUC/IU-
MOTO OIEPATOPA.

Ilpennoxkenue 6.2. /laa 210600 nepevuciumoti chudy noAYMepsl
P cywecmeyem evnucauman onepayus F maxas, wmo

Plz)=L{weN:zC F(w)}
ona ecex x.

Joxaszameavcmeo. loka3aTeabCTBO AHAJIOTUYIHO JOKA3aTEb-
CTBY npeJiyioykeHns 12.2 ¢ HeCKOJIbKO MOJIEPHU3UPOBAHHON CUCTEMOI
OTPE3KOB Ty IlocTponM cucTeMy OTPE3KOB 7y, TAKYIO UTO

e jymnHa 7, paBua P(x);

e T\ = [07 1]7

3Cm. Takske anasormaHoe onpezenenue (5.13).
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o o Uy €y A9 BCEX T.

B ornuume oT cmcTeMbl OTPE3KOB U3 JOKA3ATEIbCTBA JIEMMBI 5.8,
KOHIIbI 3THX OTPE3KOB OyJIyT IMMOJIyBBIYUCIUMBIMU BeIIEeCTBEHHBIMHI
YUCJIAMU: JIEBbIE KOHITHI IEPEUUC/TUMbI CBEPXY, & IIPaBble — IEPEUNC-
UMbl cHE3Y. B aToM ciaydae ornomenne I, C my, 110 IpeKHEMY IIe-
PEeUUCINMO.

Ncnonbszyem onieparop F'; HOCTPOEHHBIH B J0KA3aTETHCTBE JIEM-
MBI 5.8:

F=A{(zy): I, Cmy}

ITo onpenenenuio
F(a) =sup{y : (z,y) € F&z C a}

s JiI060i KOHEeYHO! mn OeCKOHEWHOM mocjaeaoBaTeIbHoCTH . [lo
OITpe/IeIEHNTO

L{aeQ:xQF(a)}:L<U{Fz : (z,7) eF}) =
L(UT, : I, Cmy}) = |ma| = P(x).

YTBep:K aeHue nokazano.* O

BoraucantenbHON MOJIETBIO BEPOATHOCTHON MAIWHBI ABJISIETCS
MammHa ThIOpUHTA ¢ TOMOJHUTEILHON JIEHTOM, Ha KOTOPOH HEKOTO-
poe aHaJIOTOBOE YCTPOMCTBO MHOCJIEIOBATEJBHO I€YaTAET IBOUYHBIE
OUTBI, COCTABJIAIONINE TOTEHIINAILHO OECKOHETHYIO MTOC/IeI0BATE b=
HOCTh w. Hampumep, 6UTHI w MOTYT MOJIyYaThCs B PE3YJIbTaTe 3aIuCh
PEe3y/IbTaTOB MOAOPACKIBAHUST CHMMETPUIHON MOHETHI.

Marmmuuaa ThlopuHra B Ipollecce BBIYUCICHUS ITOCTIEI0BATEHEHO
YUTAET W U TaKKe IMOCJIeI0BATEFHO mevdaTaeT OuT 3a OUTOM HEKO-
TOPYIO BBIXOJAHYIO ITOCJIEIOBATEILHOCTD. [[0CKOIbKY Ha MHOXKECTBE
BCEX W HUMeEETCd BEPOATHOCTHOE pacIIpelleJIeHue, MOXKHO pacCcMaTpu-
BaTh BEpOATHOCTD (6.4) COOBITHS, COCTOSINEr0 B TOM, 9TO MAIIHHA

*VrBeprx/enne Buepsbie copmytHpoBano u jokasano B [11]. Ilpusesennoe
JIOKA3aTeJILCTBO 3aUMCTBOBAHO 13 [28].
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HaIIeJaTaeT Ha BBIXOJE HEKOTOPYIO MOC/IEI0BATEILHOCTD, HATAIOM
KOTOPOU sIBJIsIETCS KOHEYHas I0C/IeI0BaATEIbHOCTD X.

MoxkHO paccMaTpuBaTh BEPOSITHOCTH DOJIee CIOXKHBIX COOBITHIA.
Hanpumep, a1 mpousBobHOro GopeseBckoro moaMuoxkecrsa A C
) MOXKHO PaCCMOTPETH BEPOSITHOCTH BBLLIATH IIOCJIEI0BATEILHOCTD

u3 A:
P(A) = L{w: F(w) € A}.

Coornomenwue (6.4) n npeiokenne 12.3 ycTaHABIMBAIOT B3anNM-
HO OJIHO3HATHOE COOTBETCTBUE MEXKIY BEPOATHOCTHBIMH MAIIHHAMA
U IepevYuC/IUMBIMU CHUA3Y HOJIyMePaMu.

B wacTtHOCTH, yHUBepcajbHas mnosyMepa M TakxKe JOIyCKaeT
npescrasienue (6.4):

M(x) = L{w:x C Fjy(w)}

JJIs HEKOTOpOit BerumcguMoit oneparnuu Fyr. Ilo cBoiicTBy yHUBEp-
CcaJILHOI ToJTyMepBI BeposiTHocTHAst Marnnia (L, M) BbIJJaeT KOHEY-
HbIE II0CJIeIOBATEIbHOCTH T C CaMOi OOJIBIIONH BEPOATHOCTHIO: JIJIsT
IPOU3BOJILHOI BEPOATHOCTHON MaIIAHBI (L7 F ) HaiieTcda Takasd KOH-
CTaHTa C, YTO

cl{w: 2 CFy(w)} 2 L{w:z C F(w)}

JUIsL BCEX .

HamoMHEM, 9TO IIOC/IEOBATENBHOCTD (F = (O3 ... SIBJISIETCS
BBIYHCIMMOIi, €CJii BBIMUCINMOiL siisiercst byukus f(i) = «;.

B kauecTBe npuMepa UCCIIeJI0BaHUS BO3MOXKHOCTEN BEPOSTHOCT-
HBIX MAIIIH OTBETHM Ha BOIIPOC: MOXKET JIM BEPOSITHOCTHAS MAITHHA
C IIOJIO?KUTEJIbHON BEPOATHOCTBIO BbIJIaTh 6eCKOHe‘{HyIO HEeBbIYUCJIN-
MYIO II0CJIE0BATEIHHOCTD !

Teopema /le Jley, Mypa, [llennona, Ilanupo [21] yrBepxaer,
9TO 9TO HEBO3MOXKHO. 151 1106011 BepositHocTHON Marmuubl (L, F) u
HeckoneuHoii mocseoBaresbHoctn o, ecan L{w : F(w) = a} > 0,
TO TIOCJIEIOBATEILHOCTD (¢ SIBJISETCST BHITUCIIMOI.
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Mpbr chopmysupyeM 3TO yTBEpKIeHNE Ha sA3bIKe moJjiymep. fc-
HO, 9TO JOCTATOYHO (POPMYJIUPOBATEH ITO YTBEPKIEHUE TOJIBKO JIJIst
YHUBEPCaJIbHONI I1OJIyMepHI.

Teopema 6.3. I[ycmb daa nexomopoti noaosHcumesvroti KoLCman-
mo. ¢ > 0 nepasencmeo M(a™) > ¢ ewnoaneno das ecex n. Tozda
nocaedo6aMEALHOCTID (¢ GOIMUCAUMG.

Jlokazamenvecmso. Ilyers M (a™) > ¢ BBIOJTHEHO JIJIsl BCEX M, TJI€
¢ > 0 — parmonanbHoe. Moxket cymmecTBoBaTh He 6oiee geM 1/c¢ mo-
[IapHO HECPABHMMBIX KOHEYHBIX ITOCIEI0BATEIbHOCTEH T1, ..., Tm,
rakux, uro M (x;) > ¢ st Bcex 4. DTO ciiejlyeT U3 HEPABEeHCTBA

m
cm < ZM(%) < 1.
i=1

Bribepem Takoit HaboOp T1, ..., Ty, IUCTIO SJIEMEHTOB M B KOTOPOM
MakcuMasibHoe. Torma jijist JIIo6oro 4 He MOYKeT CyIIeCTBOBATH JBYX
HECPaBHUMBIX HPOINOJIKeHUd x; C y u x; C y’ TaKH1X, 9YTO BbIIIOJHEHO
M(y) > cu M(y') > c¢. Kpome sroro, x; C o Jyist OJJHOIO U3 ITHX 1.
OTcrofia ciie/ryeT, 9To MOYKHO BBIUUC/ISATH HadaJIbHbIe (DPArMEHTHI (v,
nepeuncisist Bee y Takue, 9o M (y) > ¢ n x; C y. Bee takue y 6yayT
HOIAPHO CPABHUMBI U OYJIyT SIBJISITHCS HAYAJIBHBIMEU (bparMeHTaMu
a. d

C apyroii cTOpoHBI, COOTBETCTBYIOIIAsl MallrHa ThIOpUHIa MO-
JKET MOCJIEJ0BATEILHO BbIIaBATH OUTHI BEIYUCIUMOI IIOCIEI0BATE b=
HOCTH J1azke 0e3 MCIIOJIb30BaHMUA JaTdMKa CIyJaiHbIX 6uToB. py-
rue BUABI II0CJIe0BATEILHOCTEN, KOTOPhIE MOXKHO C IIOJIOYKUTEIHLHOM
aepOSITHOCTBIO MEHEPUPOBATEL Ha BEPOSATHOCTHBIX MAIIUHAX, H3Yda-
IOTCsI B Iy1aBe 12.

CynepMmapruHraJbl. [loHsaTHe OJIyMePHI CBA3AHO ¢ IOHATUEM
cynepMapruaraja. Mol cdopMyInpyeM MOHSTHE CylepMapTHHIaIa,
aJIalITUPOBAHHOE JJIs1 JBOMYIHBIX [TOCJIEI0BATEILHOCTEN.

IIycrs (Q — BuIYHCIMMAsi Mepa Ha IPOCTPAHCTBE BCEX OECKOHEY-
HBIX JIBOMYHBIX 11ocsieoBaTenbuocreil. Oyukius P : = — R4 Ha3bI-
Baercd (J-CylnepMapTUHIAIOM, €CJIM OHA YIOBJIETBOPSIET YCIOBUSIM
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e PN <1
e P(z)Q(x) = P(x0)Q(x0) + P(x1)Q(xl) mius Beex x.

Jlerko BuieTh, 4TO B TOM Ciydae, korya Q () > 0 st Bcex &, BTopoe
YCJIOBHE SKBHBAJICHTHO YCJIOBUIO

P(z) = P(20)Q(0]z) + P(z1)Q(1]x)

Jutst Beex x, riie Q(i)z) = Q(xi)/Q(x) — ycioBHAsSI BEPOSITHOCTD TOTO,
qro i € {0,1} upu ussectHOM x. 371€CH CIIpaBa HAIIMCAHO MaTEMaTH-
JecKoe OXKWJIaHNe CylepMapTHHTa A 10 YCIOBHOMY PaCIIPEIeTICHIIO
Q-Jx).

Cymepmaprunraa P siBJISIETCS TIEPEUUCTUMBIM CHU3Y, €CJTU MHO-
xkectBo {(r,x) : v < P(z)} nepeuncimmo.

Ecnu 3aMeHnTh HepaBeHCTBA Ha PABEHCTBA, TTOJIYIUM OIPeIesIe-
Hue QQ-MapTUHTAJA.

Ompefiesiennst MAPTUHTAIA U CyTEpPMapTUHTAIA JTOMYCKAIOT WT-
poByio umHTepIperanuio. MoKHO paccMOTPeTh Urpy, KOTOpasi WJeT
0 payHgaM (Immaram) MeK1y UTPOKOM M KasuHo. HadaubHbIil Kamnm-
raj urpoka P(A) He npeBocxogut 1 (mim pasen 1 B ciiydae MapTHH-
raja).

[Tycts Ha payHze m Ka3WHO y¥Ke BBIIAIO0 MOCIET0BATEIHHOCTD
CIyIafiHbIX OUTOB T = X7 ...%,. LeKyIIuil KamuTajJ UCPOKa PAaBEH
P(z). Ha mare n + 1 Urpok CTaBUT BeCb CBOH TEKYIIUil KAIHTA
P(xz) na 0 u 1. Ou goroBapuBaeTcsi ¢ Ka3MHO, YTO €r0 BBIMIPBIII
6yaer paser P(z0), eciiu HCTOYHUK CIIyYaifHbIX 6MTOB BbgacT 0, nim
paser P(x1), ecii nCTOUHUK CirydaitHbix 6uToB BbytacT 1. Mcrounuk
CIIyIaifHBIX MCXOJIOB OMHUCHIBAETCS MEpoit ().

Kasuno orpanuumsaer Oymymue Bbiurpbimm urpoka P(z0) u
P(x1) urpoka Tak, 9To0BI €r0 CPEIHUI BBIUTPBHIII HE TPEBOCXO/TIIT
BJIOXKEHHBIN KaIHTaJ:

P(20)Q(0]z) + P(z1)Q(1]x) < P(x).

MpI roBopuM, 9TO TaKas WI'pa ABJIAeTCs cupaBenauBoit. Ecoum P —
CyllepMapTUHTAJ, TO HAJINYNE HEPABEHCTBA < MOXKHO MHTEPIPETH-
poBaTh KaK TO, YTO YaCTh BBIUTPLIIIA KA3WHO MOXKET 3abuparhb cebe
B KauyeCTBe KOMUCCUOHHBIX.
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Hanpumep, ecim UCTOYHHUK CJIydaiiHbIX OuToB Bblgaer O u 1 ¢
PABHBIMU BEPOSITHOCTSIMU, TO IIPUEMJIEMbIM OYJIET COTJIAIIIEHUE, ITO
B Ciydae BbllajeHus: 1 urpok noiayaut 2P(z), a B ciydae Bblla/ie-
Husi ) OH HE MTOJIy9IUT HUYETO, T.€. IOTEePsieT BECh CBOI HAKOIJICHHBIN
kanuTasa. JIpyroe BOZMOYKHOE COTJIAINIEHME: B CIydae BbIIaJeHus 1
urpok nosydaer 1.5P(z), a B ciaydae Bbinajenus 0 OH HOJIydaer
0.5P(z).

B HekoTOpBIX ciydasix UTPOK MOMKET TaK YIAAYHO JEIaTh CTAB-
KU, 9TO ero TeKymuii karmuraia P(w™) cTaHOBUTCsI HEOIPAHUIEHHDIM,
TIe W = WiWwy ... — MOCTEI0BATEIBHOCTE UCXOMOB B CIyUIae HeOTpa-
HUYEHHOTO TPOJIOJIKeHUsT Urpbl. Teopema [lyba 06 orpaHUIeHHBIX
CHHU3Y MapTHHIaJaX (CylHepMapTHHIAJIAaX) yTBEPIKIAET, YTO BEPOsIT-
HOCTB 9TOT'0 COObITHS paBHa HYJIIO (CM. [26]). Dra Teopema mo3BOJISIET
KA3WHO C BEPOATHOCTBHIO €IUHUIA HE PA30PUTHCS.

[Iycts @ — mepa u P — Q-cynepmaprunras. JIerko BujeTh, 9To
dbyuxius P(x) = P(z)Q(x) sBusiercst nosymepoit. Ecin () — BbI-
qucjiuMas Mepa U P — [MepeunucjuMblil cHu3y (Q-CylnepMapTHHIAI,
10 P — mepeunciumas cuuzy nojiymepa. Bepuo u obparHoe: Ijist
JIIOOBIX TIEPEUNCIUMON CHUBY HOJI(YMepI:I mosiyMepsl P 1 BBIYuC/In-
Moit Mepbl Q dyukius P(x) = g(g SIBJISIETCST TIEPETUCTUMBIM CHU-
3y @Q-cynepmaprunrajgoMm. Orcroma caemayer, 9To (Q-cyrnepMapTHHIAT
Mo(z) = %, riae M — anpuopHasi TOJyMepa, SBJISIETCS MaKCH-
MaJIbHBIM C TOYHOCTBIO O MYJIBTHUIIMKATUBHON KOHCTAHTBHI IEpe-
YUCJUMBIM CHU3Y (Q-CylepMapTHHIAIOM.

3ameTnM, UTO YHUBEpCcaTbHas moayMepa M B oTimtne oT cymep-
MapTHHTaJI0M Mg He 3aBUCHT OT KaKOi-1mbo Mephl.

Nmeer mecTo anasior Teopemsbl 6.2.

Teopema 6.4. Beckoneuhan nocacdosamesbHOCms W CAYHaliHa no
sviuucAuMmoti mepe Q moada u moavko moeada, xKoada

sup Mg (w") < oo.
n
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6.2. YHUBepCaJbHBII IIPEINKTOP

Paccmorpum 3a1ady mpOrHO3UpoOBaHUs MTOCTAEAYIONIEr0 OUTa HEKO-
TOPOH ITOCHENOBATEIBHOCTH W1W?g . .., IOCTYHAIOIIEH B pexKUME OH-
sgaita. IIpu 3TOM, TPM MOCTPOEHUU NPEJIMKTOPA MBI XOTUM HUCIIOJIb-
30BaTh KaK MOYKHO MEHBIIE IIPEIOI0KEHNY 00 ICTOYHUKE, TeHEePU-
PYyIOLIEM IIOCJIEI0BATE/IBHOCTD.

[Ipemmnoaraem, YTO UCTOYHUK OIIPEILTIEIISIETCS HEKOTOPOl HEeU3-
BECTHON HaM BBIYHCIUMOI Mepoii. [lomycTum, 9TO yrKe HU3BECTHBI
repBbie N — 1 6GUTOB

W1y «vvy Wnp—1

nocjienoBaTeIbHOCTH. HeobxoauMo mpenckasaTh BEPOSSTHOCTH TOIO,
9TO cieayromuil out wy, pasen 0 uwmm 1.

[IycTps mcrounuk remepupyer 6ut w, = ( ¢ HEU3BECTHOIl HAM
BepOHTHOCTbIO 5
P(w™ 10
POw™ 1) = P 0)
P(wnfl)
CoOTBETCTBEHHO, BEPOSITHOCTD COOBITUSA W, = 1 paBHA
Plwr 11
P(ljw™ ™) = Plw™1) ).
P(wn—l)

[IpenckazaTesro 3T BEPOSITHOCTY He M3BECTHBI. Dajgada IIpeIcKa3a-
TeJist COCTOUT B TOM, UTOOBI IIOCTPOUTH HEKOTOPbIN YHUBEPCAJBHBII
METO/I IpeJCKa3aHnd, KOTOprfI BbIYUCJIAJT 6BI 9T BEPOATHOCTU HUJIN
HEKOTOPbIE IPUOIMKEHUsI K HIM Ha OCHOBE TOJIBKO ITOCJIEI0BATE b=
HOCTHU W] . . . Wp—1 0€3 UCIIOJIb30BaHUS pacipeeieHus P ncrounuka.

BynyT npejicTaB/ieHbl JiBa YHUBEPCAJIBHBIX METO/a IpeIcKa3a-
uusi. B pasgese 6.2.1 6yger paccmorpeno npasuso Jlamraca. 9ror
MeTO/], TIpeICKa3aHus UCIIOIB3YET JIOMOJTHUTEIbHOE PEJINOIOKEHNE
0 TOM, ITO OUTHI ITOCJIETOBATETBHOCTH W1 . . . Wy 1 HE3ABUCUMO U O~
HaKOBO PAaCIIPE/IEJIEHBI, OJHAKO BEPOSATHOCTH KaXKIOro OWTa w, He
U3BECTHA Ipejckas3aTeso. B pazneie 6.2.2 OyaeT npecTaBieH YHHA-
BepcaabHbIl npeankTop COJIOMOHOBA, KOTOPBINA IMeeT 0oJiee ODIuil

5 Iljist IpoCTOTHI MBI Ipenoaaraen, uro P(z) > 0 mis Beex .
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XapakKTep W HE HCIIOJIb3YeT IPEIIIOJIOKEHN O HE3ABUCUMOCTH, WC-
MOJIL3YEeTCsl TOABLKO TO, UTO PACIpeeIeHne HCTOTHUKA ITPEeJICTaBIIS-
eT cob0il BBIYUCIUMYIO MEpY. 3aMeTHM, UTO 00a MeToJa MPOrHO3U-
pPOBaHUs MTOCTPOEHBI HA OCHOBE CXOJHOHN WM — MOCTPOUTH METOJ
IIPOTHO3UPOBAHUS, KOTOPbI paboTaeT He XyzKe UeM JIIoOOH MeTo
U3 MIUPOKOTO KJIACCA.

6.2.1. ITpaBuao Jlanaaca

Ucroputecku 1mepBoit mporemaypoit yHHBEPCAILHOIO MTPOIHO3UPOBa-
Hus gBiserca npasuio Jlamraca. 8 Dra nporeypa ncnoabsyer ru-
II0TE3y O TOM, YTO HUCXO/bl W; IIOPOXKJIarOTCA HEKOTOPBIM HMCTOYHU-
KOM, KOTOPBI!l TeHEPUPYeT UX He3aBUCHUMO JPYT OT Apyra ¢ OMHOU U
TOU K€ BEPOATHOCTDLIO €IUHUIIBI, PABHON P.

[Tycrs ucxonpl w; npunagyexkar muoxkectsy {0,1}. Mbr Takzke
IpeJiosiaraeM, 4To B KaKJIbIii MOMEHT BpeMeHH ¢ = 1,2, ... uc-
XOJT w; TIOPOXKIAETCsSI HE3aBUCUMO OT IPEIBIAYIINX HCXO/I0B C HEM3-
BECTHBIMU HAM TOCTOSTHHBIMU BepositHocTsimu p = P{w; = 1} u
¢q=P{w;=0}=1—-p.

[TycTh Mbl HAOIIOAaEM UCXOJIBI W' = W1, . . . Wy, B KOTOPBIX MMe-
eTCd N eAWHUIl U Mo HYJEH, N1 + No = n. BepodaTHOCTb MOIYyIUTH
TaKyIo MOCJIeI0BATEILHOCTD UCXOI0B paBHa p™ (1 —p)"2, ecau Bepo-
ATHOCTDb €JUHUIIBI PaBHaA P. TaK KaK HUCTHUHHasd BEPOATHOCTD P HEU3-
BeCTHA, PACCMOTPUM 0alleCOBCKYIO CMECh BEPOSATHOCTEH IOCse10Ba-

8 Marac paccMaTpUBAJI 3329y BBIYIC/ICHIS BEPOATHOCTH COOBITHS, KOTOPOE
3aKJII0YaEeTCs B TOM, UTO COJIHIIE B30OHIET 3aBTpa, €CJIM U3BECTHO, YTO OHO BCXO-
amo Kaxkapii genb nocregaaue 5000 mer (1826251 menn). DTa 3a1a9a HAXOIATCS
Ha TpaHuIle NPUMEHUMOCTU YaCTOTHOU WMHTEPIIPETAIMU BEPOATHOCTU, TaK KaK
HE BBINIOJIHEHO yCJIOBHE TIOBTOPSIEMOCTH JIAHHOTO OIbITa. KpoMe TOro, n3BecTHAs
M0CJIEJOBATEILHOCTh COCTOUT M3 OJHUX BOCXOMOB. TeM He MeHee, [Jjist TOro, YTO-
OBbI BBIPA3UTDH CTEIIEHb HAIleil CyObEeKTHUBHON HEOIPEIEIEHHOCTA O 3HAYEHUU P
3TOW BEPOSITHOCTH, Mbl CUMTAEM BCE 3HAYEHHs P PABHOBO3MOKHBIMH. CorsiacHo
dopmyste, IPUBEIEHHON majiee, BEPOSITHOCTh PaCCMATPUBAEMOTO COOBITHUsT Oy1eT

1826252
PaBHa 1556553 -
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TEJIbHOCTHU JIJIMHBI 77 110 BCEM BO3MOXKHBIM D
1
P(w") = /pm(l —p)"dp.
0

DTOT WHTErpaJj paBeH . /loKa3aTeJIbcTBO CM. B BUJIE 33/1a91

1
(n+1)(n”1)
u3 paznena 6.3.

Ycii0BHAST BEPOATHOCTD COOBITHS Wy 41 = 1 IPU U3BECTHBIX MCXO-

Jax w" = wi, ..., Wy paBHA
1
P(w"l)  +2(75L)  mg+1
P{wp+1 = 1w} = = L = .
P(wn 1 n+2
( ) (n+1)(:1)

Takum obpazom, mosydaeM mpasuio Jlamnaca:

ni+1
P =1w"} = ——
{wnJrl |(,<J} ’I’L+2’
ng + 1
P =0} = ——+.
fomr = O}y = "2

KagecTBo Taxoil mporemypbl IPOIHO3MPOBAHMS MOXKHO OICHH-
BaTh C ITOMOIIBIO OIEHKU H30BITOYHOCTH COOTBETCTBYIOIIErO KOJIA.
Besnuuauna

Ly(w") = —log(p" (1 —p)™),
C TOYHOCTBIO 70 1, COBITAIaeT ¢ KOJINIECTBOM ABONIHBIX OMTOB, HEOO-
XOJMMBIX sl KOJMPOBAHUs OCIe10BaTeIbHOCTEH W™ (¢ IOMOIIBIO
kojia [llennoHa 15t GJI0KOB JIJTMHBL M), COCTOSIIUX U3 N €JIUHUIL U
T HyJell U MOPOXKIAEMBIX UCTOYHUKOM C BEPOATHOCTBIO €IMHUIILI,
paBHoit p. HerpyHo npoBeputh, 910

ni\™ /ng\ "2
sup p™ (1 —p)"2 = (—1) (—2) .
0<p<1 n n

st mpasuia Jlamraca
1
L(w") = —log P(w") = —log/p”1(1 —p)"dp.
0
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JomycTuM, 9TO TOCJIEI0BATEILHOCTD W™ MOPOXK/IEHA UCTOYHUKOM C
BEPOSITHOCTBIO W, = 1, paBHOil pg. Torma Jiist MPOU3BOJILHOI TTOCTIE-
JOBATEILHOCTH Ww" BBITOTHEHO

L") = Ln(w") < L@") = inf | Lyw") =

sup p" (1 —p)"?
0<p<1
log i =

f p™ (1 — p)nzdp
0

< log(n + 1).

Takum 00pa30M, UCIIOIB3YSI JIJIsi KOJUPOBAHUS BEPOSITHOCTHU, BBITIC-
JieHHbIe 110 npasuity Jlarmaca, bl ucrparum log(n+1) monosHuresb-
HBIX OMTOB IO CPABHEHUIO C JJIMHON ONTHMAJILHOIO KOJa, T.€. KOJIa,
MOCTPOEHHOTO HA OCHOBE MCTHHHOM BEPOSITHOCTH Py MCTOTHUKA, ITO-
POYKIAIOIIET0 UCXOMBI W .

Jpyroii, 6ojiee TOUHBIN, METOJI IIPOTHO3UPOBAHUS ObLIT MIPEJIIO-
ket Kpraesckum n Tpodumosei (em.[14], [15], [46]). Pacemarpusa-
ercst 6aifecoBCKasi CMeCh BEPOSITHOCTEH TTOCTIEIOBATEILHOCTH JIJTHHBI

N 10 BCEM BO3MOXKHBIM p C INIOTHOCTBIO 1/(m4/p(1 —p)) :

1
TL11_ no
:/p( 2" .
s
0

p(1—p)

B srom CJIydae yCJIOBHad BEPOATHOCTD ITOABJIEHUA €IMHUILBI IIOCJIE T

HabaOIeHN W" = w1, ..., Wy PaBHA
1/2
Pl = M2
n+1

NnmeeT MecTO HEPABEHCTBO

1
[ s () ()"
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DT0 yTBep:KIeHNE IIPejIaraeTcs jgajee B pasjeie 6.3 B BUIE 3a1atH.
OTCIO,Z[a IIOJIy49a€eM OIIEHKY Ha JOIIOJIHUTEJIbHOE YUCJIO 6I/ITOB apu
KO,ZLI/IpOBaHI/II/I C UCIIOJIB30OBaAHUEM HpOFHOSI/IpOBaHI/IH I10 MeTOILy KpI/I—
geBckoro u Tpodumosa:
sup p™ (1 —p)"?
. 0<p<l
0<p<l & fOl pri(l-p"2
7/p(1-p)

1
= < log(2y/n) = 3 logn + 1.

B sr0ii orerke ommbKka aCHMITOTUYIECKH B JBa pa3a MEHbIIE, 9eM B
COOTBETCTBYIOIIEH oreHke st MmeToma Jlarraca.

6.2.2. YuuBepcasbHbIil ipeaukTop CosloMoHOBA

B srom pasnene Mbl pacemorpus Teopuio P. CostomonoBa 06 yHUBEP-
caJIbHBIX IpejicKazaHusix (cM. ero paborst |55], [56]). Bymer mokasza-
HO, YTO YHHMBEpCaJbHas MOJyMepa B CPEIHEM HMPOTHO3UPYET OUTLI
GECKOHEUHOIH TI0C/IeI0BATEIBHOCTH HE Xy Ke €M IIPOU3BOJIbHAS BbI-
YUCIUMas MEPa, KOTOPasi TeHEPUPYET 3TY MOCIEI0BATENBHOCTD.

Yuupepcaabublii npegckazarenb ColoMOHOBa OyIeT CTPOMTHCS
C TIOMOIIBIO YHUBEPCAIbHOM nosyMepsl. Ilyers M — yHuBepcaibHast
HepevncuMas CHU3y IOJyMepa Ha JIepeBe JBOMYHBIX IOCIEI0Ba-
resibHOCTEf. OnpeiesnM «ycIoBHYIO ostymepy» 6ura b € {0, 1} upu
M3BECTHOI KOHEUHOI MOC/IeI0BATEILHOCTH T

M(blz) = MH=b). (6.5)
M ()

Oyukius (6.5) He siBjIsieTcst Mepoit (cM. 3aja4dy u3 pasjena 6.3). Dra
dbyHKIMS MUME y0BIETBOPSET COOTHOIEHUIO

M(0]z) + M(1]z) < 1

a7 Beex . Kpome Toro, oHa He mepevdnc/imMa HU CBEPXY HU CHU3Y
KaK OTHOIIEHUE JBYX ePEUUCIUMbBIX (HO He BBIUYUCIUMbIX) (DyHKIHiT
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(em. ymp. 8 us paszena 6.3). ITosromy sra dbyHkus cama 110 cebe
HMeeT YUCTO TeOPETHUECKOe 3HAUCHHE. |

Iycrs P u Q — nBe Mepbl Ha JBOMYHBIX [TOCJIEI0BATEILHOCTSX.
Hawm 6yaer ymobno obozHadaTh nocpejacrsoMm P, u (), nx orpaHnde-
uust Ha muoKectse {0,1}".

Paccmopum  pacxoxzenne (paccrosinme) Kynnbaka—/leitbiaepa
Mexty Mepamu P, u @, na {0,1}"

P,(z)
Qn(z)

D (Pr||Qn) = Z Py (z)log (6.6)

I(z)=n

Panee 6b110 ormeueno, uro Dy, (P,[|@y) = 0 u Dy, (P,|Qy) = 0 Torma
U TOJIBKO TOrna, Korjua P, = Q.

B Teopun nagopmarun Mepa () Ha3bIBaeTCsT YHUBEPCAIBHOM JIJIsT
KJIacCa NCTOYHHUKOB (Mep) P, ecsn Jyist 1060it Mepsl P € P BbIOJ-
HEHO

n—oo N

1
lim — Y Dp(PlQn) =0
l(z)=n

Paccrosirue (6.6) umeer cMbIca u jyist 1osyMepbl M:

Do(PlIM) = ¥ Pla)log 375
I(z)=n

IIpenmoxkenne 6.3. Anpuopras nosymepa M asasemcs ynueep-

CANOHOU ONA KAQCCA BCET BHIUUCIUMDIT MEP 6 CMBICAE MEOPUL UH-
Ppopmanu:

ons A1060% BLMUCAUMOT Mepol P.

71\/[O)KHO pacCcMaTpuBaTh pa3/IMYHbIC BbIYNCJ/IMMbIC HpI/I6JII/I)KeHI/IH K HEH 3B-
PUCTHUIECKOI'O THUIIA.
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Joxasamesvcmeo. 1o ocHOBHOMY CBOWCTBY allpHOPHOI TIOJTyMe-
pot cM(x) > P(x) ayst Bcex x, rjie ¢ — KOHCTaHTa, 3aBUCSIIAS OT
Mepbl P. Orcroma jitst 0601 BEITUCIIMON Mephbl P 1oy yaemM

P
DAPM) = Y Pla)log s <loge 3 Plo) < loge
l(z)=n I(z)=n

anst Beex n. OTciona i Jiro00il BeIaucgamMoit Mepol P

n—oo

1
lim —D,(P,|M,) = 0.
n

Cuietyioniasi TeopeMa MOKa3bIBAET CHUJIY MPOIHOCTHYECKUX BO3-
MOXKHOCTEll yHUBEPCATBHOTO TpeaukTopa (6.5).

Teopema 6.5. i 410601 sviuuciumoti mepv, P u das arobozo bu-
ma b € {0,1} ewnoaneno

> Pla)(M(blz) — P(blz))? < oo. (6.7)

n=1[(z)=n

Bripazkenue (6.7) npejcrapiisier coboil CyMMy MaTeMaTHIeCKUX
oxKuzanuii 1o Mepe P (paccMaTpuBaeMoil Ha [10CJIeI0BATeIbHOCTSIX
JUTHHBL 1) KBAIPATOB PA3HOCTEN MEKJLy YCJIOBHBIMU BEPOSTHOCTSMHU
n + 1 6ura, BEIABAEMBIX HEN3BECTHBIM HAM UCTOYHUKOM, M ITPOTHO-
3aMH HAIEro yHuBepcaJabHoro npeaukropa (6.5). 13 Toro, uro sra
CyMMa OI'DAHUYEHA, B YACTHOCTHU, CJIEJYeT, YTO 3TU MATEMATHICCKIE
OXKHJIAHUS CTPEMSTCS K HYJIIO.

Hoxazameavemeo. Mer okaxkem teopemy it b= 0. nga b =1
JIOKA3aTe/IbCTBO aHAJOTUTIHOE.

[Iycts P u () — ;iBe Mepbl Ha JBOUMIHBIX [TOCJIEI0BATEIBHOCTSX,
P, u Q,, — ux orpanuyenusi Ha mHoxkectse {0, 1}".

Paccrosinne Kynnbaka—Jleitbnepa mexiay P, u @, paBHO

P, (x)

Dp(Pal|Qn) = > Pul(x)log PRESE

I(z)=n

(6.8)
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Beipaxkenune Dy, (P,||Qy) umeer cmbics Takxke B ciydae, korga P,
wm @, sABiIsIoTcs nosrymepamu. Jljist sToro cirydast HaM morpebyer-
CsI CBOMCTBO 2) caeayoleit TexHnIecKoi iemmbl. CBORCTBO 1) CB4-
3BIBAET HEPABEHCTBOM J[Ba CIOCODA M3MEPEHUs] PACCTOSHUS MEZKLY
Mepamu Ha Ha MHOXKectBe {0, 1}.

Jlemma 6.2. 1) (Hepasencmeo ITunckepa) [as mep Py u Q1 wa
deyranemenmmom muoocecmse {0,1} evinoanerno nepaserncmeo

D1 (Py]|Q1) > 2loge(P1(0) — Q1(0))%. (6.9)

2) Ilyecmo gynruus Q1 ydosaemeopsaem 6Gosee caabomy Hmepaser-
emoy Q1(0)+Qu(1) < 1w nyemv Q4(0) = Q1(0), Q4(1) = 1- Q1 (0)
— «pacwuparowans ee mepa. Tozda dasn aobot mepv, Py na {0,1}
BHINONHEHO HEPAGEHCTNBO

D1(P1|Q1) = D1(P1]|Q))- (6.10)

JlokazaTeIbCTBO 9TOH JIeMMBI IIpeJjIaraeTcs B BUIE 3aa4d U3
pazjena 6.3.

B nasipHeiiieM MbI PUMEHUM 3Ty JIeMMy K Mepe P u ampu-
opuoii nosymepe M. UckyccTBeHHBIM 00pa3oM yBEJIUYUM 3HAUE-
nusg M Tak, 94ToGbI OHa cTasia Mepoil M’ npudyeM BBIIOJIHAIOCH ObI
M'(0|x) = M (0|x) post kaxkoro x. Torya myist Hee GyIeT BBIIIOJIHEHO
HEPABEHCTBO

D1 (P1||M1) = D1 (Pr||M7).
Hnsa € {0,1}" u b € {0,1} oboznaunm

Py (ab)

[Tycrs Pp41(¢|x) — cooTBeTCTBYIOIIEE BEPOATHOCTHOE PACIPEJIEIIEHUE
Ha JByx37aeMeHTHOM MHOXecTBe {0,1}. JlokasaTeabcTBO TEOpeMbI
OyJIeT OCHOBBIBATLCA Ha CJIEJLYTOMIEH JIeMMe.
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Jlemma 6.3. Ilycmv P — mepa, Q — noaymepa. Tozda oas aobozo
N 6bINOAHEHO

D1 (Pas1|@n41) = Du(Pall@n) + Y Pu(@)Di(Pi(-]2) | Qa1 (-|2))-

l(z)=n

Zoxazamenavcmeo. PackpoeM Betmaumy

D1 (Poy1|Qni1) = Z Py i1(2) log 220 Poiii(z)

1(2)=n+1 Qni1(z)
Poy1(xb)

- Ppy1(zb)log ———+ +1AT
l(w)nz,b:e{m} ’ Qnia1(zb)
Po(z) Py (blz)

- Py () Pyy1(blx)]
z(x>:;be{o,1} ()bl log Qn(a:)QnH(b\x)
l(z)=n be{o,l}
Pn—i—l(b’ )
P, q(blz)log =210 —

: wzn )be%l} i(ble)os Qny1(blz)

I(z)=n
3/ech MBI UCIOIB30BAIN paBeHcTBO  » . Pph11(bjx) = 1 un onpeje-

be{0,1}
nenue (6.8). Jlemma gokazana. O

PackpriBas cymmy B jiemMe 6.2, IojiydaeMm CJeIyIoOIee Cjel-
CTBHE.

CaenctBue 6.1. /[ra 2106020 N 8bINOAHEHO

n(Pnl@n) = Z Z Bi(-2)]|Qi(-[x))- (6.11)

i=1 i(a)=i
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[Tepexomum K J10Ka3aTeIbCTBY TeopeMbl. IlycTh Teneps P — BbI-
qUCIMMasi Mepa U3 yCJIOBHs TeopeMbl, M’ — nonosHeHHas 10 Mephbl
yHuBepcabHas noaymepa. [Ipumensem semmy 6.3 K KaxKIOMYy CJia-
raemomy cymmbl (6.11), rie Q = M, mosydaem

WPl M) =57 N Pia)Di(Pi(J2) | My () >
=1 [(z)=1t
>3 N Pi(a)Di(P(|n) | M) >
=1 l(z)=t
>2loge Y Y P(a)(M(0]z) — P(0]x)%.  (6.12)

=1 [(z)=1

ITo ocnoBHOMY CBOWCTBY anpuopHoii noaymepst cM (z) > P(z) nius
BCEX &, TJIe ¢ — KOHCTAHTA, 3aBHCsIIast OT Mepbl P. Orcrona mosydaem

P(x
DuPM) = 3 Plo)log 1) <loge 3 Pla) < loge

l(z)=n I(z)=n

Jutst Beex n. CoenmmsieM 910 HepaBeHCTBO ¢ (6.12) 1 mosryaaem neob-
XOZMMYIO HaM oreHky (6.7):

In2 In2
Z M(0]z) = P(0]2))* < == sup Dn(Po|| M) < =~ loge.
i=1 l(x):z "

Teopema jokazana. O

6.3. 3agaum u ynmpa kKHeHUd

1. okazaTtnb, 9TO
(a) KM(z) < KA(z) + 2logl(z) + O(1);
(b) KP(z) < KA(z) + 2logl(z) + O(1).

2. Bajgana BepositHocTHast Mammua (L, F). Onpenennm

P(z)=L{w:x C F(w)}.
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Hokazare, uro dbyakius P(z) siBisiercsi nepeducnMoii CHU3y Io-
JIyMepOil.

3. Jokaszarb, uro dbyHkiusa (6.5) He SBIAETCS MEPEIUCTUMON
CBEpXY WJIU CHH3Y.

4. JTokazaTb, 9TO CyIIECTBYET TaKas KOHCTAHTA C, UTO JJId JII00Oi
MePEINCIUMON CHU3Y TOJyMephbl PP BBITOJTHEHO

cM(z) = 27 KPP p(g)

nst Beex x, rjie KP(P) — npedukcHast CJI0KHOCTD IIPOrPAMMBI, Tie-
peUuCIsIONeil CHU3y 3HaYeHus HOJIyMephl P.

5. [lokazarsb, ITO

a) He CyIIeCTBYeT MAKCHMAJIbHON ¢ TOYHOCTHIO JI0 MYJIBTHILIAKA-
TUBHON KOHCTAHTBI BLIYUCIUMOM Mephl P, T.e. TaKkoii, 910 1115 JII060i
BbIUUCIUMOl Mepbl () BbinosieHo cP(x) > Q(x) mis Beex x, rje ¢
— KOHCTaHTa, 3aBHUcAIIas or (.

b) yHuBepcajibHasi NepedncjmMasi CHU3Yy IOJlyMepa Ha JiepeBe
JIBOMYHBIX mocsenoBaTeabaocreit M (x) He gBIsieTCsS BBIYUCIAMOL

dyuximeit u 0 < inf, > M(z) < 1.
I(z)=n
6. st mro60it morymepsl P onpenenum (hyHKITAIO

P(z)= inf > Py (6.13)
nzl(z) _
y:xCyl(y)=n

Oynxnuio P MOXKHO PaclpoCTPaHUTh Ha IIPOM3BOJIbHbIE GOpeses-
CKWe TIOMHOKecTBa MHOKecTBa (2, onaras P([,) = P(x).

Jokazarb, 9T0

a) P — mepa;

b) ecm P mepa, To P(x) = P(x) aas Beex x, a Takwe P(A) =
P(A) nns Beex 6openesckux A C Q;

¢) Jutst Jio00ii BBIMHCINMOlT Mepbl P CyIiecTByeT KOHCTAHTa C
takas, uto cM(x) > P(x) nns seex x u cM(A) > P(A) s Beex
n3mepuMbix A C €

d) M cosmajgaer ¢ MakcHMaJILHOI Mepoit  Taxoif, uto Q(x) <
M(x) nns Beex x;
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e) 0 < M()\) < 1, tme M — ynmBepcasibHas TIOJyMepa;
f) Mepa M He sABAgeTCA HE BLIMUCIUMOIT, HI TI€PEYHCIIMOI CHIE-
3y WA CBEPXY.
g) Hokazarb, uro Jyisi 060ro 6opesesckoro Mmuoxkecrsa A C )
Oymer
PA)=L{weQ:Fw)e A} =F1(A).

7. Ilycth o — GeCKOHEIHAs MOCIEI0BATEIBHOCTD. JloKazaTh, 910
Jutst Jiroboit ostymepst P, P(a) > 0 jyist Bcex m TOrja U TOJBKO
torma, korma P({a}) > 0.

8. Jlokazarhb, 1T0 Jijist JIFOOO MepPBI (), st (Q-1109ITH BCeX DECKO-
HEYHBIX TOCJIEI0BATELHCTEN W CYIIECTBYET IPees hm Q(( n)) 8

1

9. Mokazars, aro [ p™ (1 —p)"2dp =
0

1
(n+1)(n"1) ’
Vxasanue. TIpoBepum 3TO paBeHCTBO OOpaTHON WHIYKIHEH IIO
1
ny. IIpu ny = n umeem [ p"dp = ﬁ
0
[Tpearmoioxkum, 9TO

1
P (1 —p)eldp = —_—
0/ (n + 1)(n1+1)

WaTerpupys mo d9acTsaM, MOy TAM

1 1
—nm
/p nzdp_ +1 /pn1+1 )nz 1dp_
0 0

n—ni 1

Tt (n+ 1)(7”11) (n+ 1)(m)

p"1(1—p)"2

10. /Toka3aTh HEPACHCTBO f =
m/p(1-p

ng )77»2

P> g ()" (%

SCyIIJ;ECTByeT JIM 3TOT TIPEJIeJI JIjisl JTI00OM GECKOHEYHOH 1MOC/Ie[0BATEIbHOCTH
W, CIIy9IaifHON OTHOCUTEIHHO BBIUUCIUMI MePHI (), SIBJISIETCS OTKPBITOM IpobJIe-
MOW.
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11. JTokazarn

1) yrBepxaenue (6.9) memmsr 6.2.

2) yreepxaenue (6.10) memmbr 6.2.

Pewenue. Ymeeporcdernue 1). Jua mep Py n Q1 Ha JABYXdJIe-
mentHOM MuOxkectse {0, 1} Bbmosnneno mepasencrso Di(Pr]|Qq) >
2Py (0) - Q1(0))2

O6osuaunm p = P1(0) u ¢ = Q1(0). Torna D1 (P1[|Q1) = plog B+
(1—p)log 1=2.

DukcupyeM p U U3YUIUM HOBeJIEHIE QYHKIINH

f(@) = Di(P1]|Q1) — 2(p — )*.

ITpu g = p, f(q) = 0. Bpemenno 3amenum B onpejesnenun D(P||Q)
log ma In.

Ilpu ¢ < p, f(q) ybwBaer, rak kak f'(q) < 0, a mpu ¢ > p
dbyuxuus f(q) Bospacraer, Tak kak f'(¢) > 0. leiicTBuTeNbHO,
fl@)=plnp—png+(1—p)in(l—p)—(1—-p)In(l—q) —2(p—q)%
ee IIpOU3BOJIHAL 110 ¢ paBHA

/ p, 11— _q-p+4q(l-p)p—q)
(p—q)(4q(1 —q) — 1)
q(1 —q) '

Tak xak q(1 —q) < 1, f'(¢) <0 npu ¢ < p, u f'(q) > 0 upu ¢ > p.
Buauur f(gq) > 0 qyist Beex p u q.

Ymeeporcdenue 2). Ilycrs P — mepa, a dyHKIusa ()1 y/IoBie-
TBopsieT Gostee ciabomy mepasencTBy (QQ1(0) + Q1(1) < 1 u mycrs
Q1(0) = Q1(0), Q1(1) = 1 — Q1(0) — «pacumpsiomasi» ee Me-
pa. Torma mist r060it Mepbr Py na {0, 1} BBIIOTHEHO HEPABEHCTBO
D(P1|Q1) = D(P1[QY).

O6osnaunm p = Pi(0), 1 —p = Pi(1),
1—¢=Q(1). Torma Q1(1) < 1 —Q1(0) =

¢ = @Q1(0) = Q(0),
Q()—l—q Torsa
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BBLITIOJTHEHO HEPaBEHCTBO

_ D 1—p
1-— /
pin+(1=p)y—, = D(PIQ)).
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Yacte 111

AjaroputMumiecKnii aHAJIN3
YTBEP2KJAEHUI Teopun
BEPOATHOCTEN
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I/I,ZLeI/I a.HI‘OpI/ITl\H/ILIGCKOI‘/JI BbIYUCJINMOCTU MOI‘yT 6bITb N CIIOJIB30-
BaHBI JjIsI aJITOPUTMUYECKOIO aHAJM3a Teopuu BepodTHocTeil. Ha-
MHOT'0 paHee MOJOOHBIN aHan3 ObLT HPOBEJEH B APYTHUX 00J1acTIX
KJIACCHYIECKON MaTeMaTHUKH — B TOIOJIOTUNA U TEOPUU METPHIECKUX
[POCTPAHCTB, B MATEMATHIECKOM aHAI3e. AJINOPUTMUIECKUI aHa-
JIN3 3aKJII09aeTCsI B IPOBEPKE JTOKA3aTEIbCTB Ha WX KOHCTPYKTHUB-
HOCTBb. IIpu 3TOM OOBIYHO MPOUCXOIUT PACCIOEHHE KJIACCUIECKUX
VTBEPKIEHUH MO UX CTEIEeHN KOHCTPYKTUBHOCTH, IOSIBJISTIOTCS HO-
BbI€ YTBEPKJICHHUSI O HEBO3MOXKHOCTHU ITOCTPOEHUS] KOHCTPYKTHUBHBIX
aHAJIOTOB HEKOTOPBIX YTBEDKJIEHUI, JaKe B TOM CJIydae, KOrJaa B
KJIACCUYECKOM CJIydae OHM BEPHBI.

Kak okazajgoch, BepOSITHOCTHBIE YTBEPXKICHUsI TAKXKE MOLYT
OLITh B Pa3HOil CTEIeHM KOHCTPYKTHBHBIMH. BOJIBITHHCTBO yTBEP-
}KILGHI/IfI Teopun BepOﬂTHOCTeﬁ ABJIAIOTCA KOHCprKTI/IBHbIMI/I B Ca-
MOM CHJIBHOM CMBICJIE, TOCKOJIbKY [IJIsT 9TUX YTBEPXKIEHUil Cylie-
CTByIOT BBITUCJINMBIE OIIEHKN CKOPOCTHU CXOJNUMOCTH. 9TI/I OIICHKM
[TO3BOJISIIOT JIOKA3bIBATH, ITO aCUMITOTUYECKHE 3aKOHBI TEOPUU Be-
POSITHOCTH, TAKUE KAK YCUJICHHBIN 3aKOH OOJIBINNX YUCEST UJIN 3aKOH
ITIOBTOPHOTO JIOTapudMa, BBIIIOJTHEHBI IOTPACKTOPHO — I AJITOPUT-
MHUYECKH CJIyYailHbIX IOCJIEI0BaATEILHOCTEH NCXon0B. st ycrnieHHo-
0 3aKOHa, OOJIBININX IHUCE 3TO OBLIO TOKAa3aHO B ritase 4. [1j1st 3aKoHa,
IIOBTOPHOIO JioraprudmMa gazke yIaJI0Ch HAATH abCOIIOTHO HOBOE J0-
Ka3aTe/IbCTBO, OCHOBAHHOE Ha, MJEE OINTHUMAJILHOIO KOJIMPOBAHUS B
JyXe KOJIMOIOPOBCKOI'O MHOIXOa. DTO JI0KA3aTe/JLCTBO IIPUBEIEHO B
paszese 7.

Kak MbI ToKazkeM B pazzese 8, ¢ 9proaudecKoil Teopemoit Bupk-
roda 1esio 06CTOUT CJIOXKHee. Dprojudeckast Teopema bupkroda e
SABJISIETCST AJITOPUTMUIECKN 3(PHEKTUBHON IPU KJIACCUIECKOM TIOHM-
MaHUU IIpolecCa KOHCTPYKTUBU3AIIUN. MbI ITIOKazKeM, 9YTO He Cylie-
CTBYET BBIYHUC/IIMOI OIEHKN CKOPOCTH CXOJIMMOCTH B 9TO# Teopeme.
Tem He MeHee, Mbl TIOKAXKEM, 4TO POCTO CXOAUMOCTH (6€3 BhIUUC/IU-
MO OIIEHKH €€ CKOpOCTI/I) nMeeT MeCTO Ha KazKJI0M NHIUBUAYaJIbHOI
AJITOPUTMHUYECKH CJIydaifHOl mocenoBarebHocT. Takum ob6pa3om,
MOHATHE AAZOPUMMUYECKU CAYUGUHOT NOCACI0BAMEALHOCTU TIO3BO-
JISIET TIOCTPOUTH KOHCTPYKTUBHYIO 3PTOAUIECKYIO TEOPHUIO.
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I'maBa 7

CJ102KHOCTHOE
JI0Ka3aTeJIbCTBO 3aKOHA
IIOBTOPHOI'O Jiorapudma

B srom pazzesie MBI IpUBeJIEM JOKa3aTe/IbCTBO IIEPBOil YaCTH 3aKO-
Ha MTOBTOPHOTO Jiorapudma s CIyIaifiHbIX TOCIeI0BATEILHOCTEH.
XoTs KJIaCCHIeCKOe J0Ka3aTeIbCTBO 9TOH TeopeMbl (cM. [26]) mps-
MO TPAHCJHUPYeTCs B KOHCTPYKTHBHYIO (DOpPMY, IIOJIE3HO PAaCcCMOT-
peThb HOBOE JI0Ka3aTeIbCTBO 3TOI TeOpeMBl B JyXe HJeil KOJIMOIO-
POBCKOI'0 &JIFOPUTMHUYECKOIO I10/IX0/1a K TEOPUHU BEPOSTHOCTEN. DTO
JIOKa3aTeIbCTBO ObLIo Tpeiozkerno BoskoM [2]. ITepsast gacTb sT0r0
JIOKa3aTe/bCTBa (HepaBeHCTBa <) TaKKe HPEeJICTaB/IeHa B MOHOIDa-
un [28]. MbI ciefryeM 9TOMY U3JI0XKEHUIO.

[TpuBoxguMOe HUIKE JIOKA3aTEIbCTBO OTIMYAETCS OT KJIacCHde-
CKHX BEPOSITHOCTHBIX JIOKA3aTeJIbCTB M OCHOBAHO Ha HJEsX OITH-
MAaJIbHOT'O KOJMPOBAHHS.

JJtst TpU3BOJIBHON JTBOMYHOMN MOCTIEI0BATEILHOCTH W 0O03HATUM
Sp(w) = > | wi. MBI JoKazkeM IepBYIO YaCTh 3aKOHA IIOBTOPHOIO
Jiorapudma.

Teopema 7.1. Jlaa 40601 beckoneunoti deouwnoti nocaedosamenn-
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HOCMU W BbINOAHEHA UMNAUKGUUA!

: |Sh,
KM(w") 2 n —O(1) = limsup

n—o0 \/%nlnlnn

JlokazaTeIbCTBO TEOPEMBI OYIeT OCHOBAHO Ha, JIOCTATOYHO TOU-
HOIT BepxHeii onenke st ciaoxkuocrn KM (w™).

[IpemBapuTesbHO MBI TPUBEIEM JIOKA3aTEILCTBO Oojiee Caaboi
ornenkn. [lo cyrmecTBy, 9TO0 OyIeT HOBOE [HOKA3aTEIHLCTBO TEOPEe-
MBI 3.2.

ITo nemme 5.8 mtst 11000# BBIYUCIUMOM MepPhI () BBITIOJTHEHO

<1 (7.1)

KM(w") < —log Q(w™) + O(1).

Haiinem ynobuyio mepy Q. Ilycrs p, = %, k = Sp(w™) — aucio enu-
HUI[ B HadaJIbHOM (pparMente w jyuHbl n. Paccmorpum misa duk-
CUPOBAHHOTO 711 OEPHYJLJINEBCKYIO MEPY € BEPOATHOCTHIO €JIUHUIIBI Py,
Ha II0CJIeI0BATEILHOCTIX JyIuHbI n. [losryaaem

—log By, (w") = —log(py (1 — pp)" %) =
= —nlog(ph" (1 —pn)' ") =
= n(—=pnlogp, — (1 — pn)log(1 — pn)) = nH (pn), (7.2)

rie H(py) — surponus [lennona.

Onnako dyukiws By, (w™) He pacnpocTpaHseTcs: Ha Bce KOHEU-
HbIE I10C/IeJOBATE/JIbHOCTH, TaK KaK ITapaMeTp MepPbl 3aBUCUT OT ap-
rymenTa. Iyt Toro 9To66r n30aBUTHCS OT 9TON 3aBUCUMOCTH, BBEIEM
cMech BEPHYJITMEBCKUX MEp — TMEPEYUCIUMYIO CHU3Y TIOJyMepY:

Q)= Y Bi(2)P(r),

T€Q+([071])

rie Q4 ([0, 1]) — MHOXKECTBO BCEX PAIMOHAIBHBIX THCET, HAXO ISIIHX-
ca mexxay 0 u 1, P — anpuopHas mojiyMepa Ha MHOYKECTBE BCEX Ha-
TYPAIbHDIX IHCEII.
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ITo nemme 5.8

KM(x) < —log Q(x) + O(1) <
< —log B(z) —log P(r) + O(1)

anst oboro r, 0 < r < 1. llpu x =w™ ur =p,
KM(w") < —log By, (w") + KP(py) + O(1).
1 mpousBoyibHOTO € > () mMeeT MeCTO OLeHKa
KP(pn) < KP(n) + KP(k) + O(1) < (24 €)logn + O(1),

Tak Kak k < n.
CpaBHUBaEeM HUXKHIOIO M BEPXHUE OIEHKU JJI CJIOXKHOCTH:

n—0(1) < KM(w") <nH(p,) + (2+¢€)logn+ O(1).  (7.3)

Hanumem dhopmyny Toitnopa mast dyukmun H(p) B oKpecTHOCTH
TOYKH P = % [Ipencrasum p, = % + vp. Nmeem H’(%) =0, a Takxke
H"(1) = —&. Orcrona

2
H(py,) =1- El/ﬁ + 0(1/,%). (7.4)

U3 nepasencrsa (7.3) momydaem

v = ov) = Z=(1 = H(pa))

Orcrona u u3 (7.4), 1yist TPOM3BOJILHOTO € > (), MOJIyYaeM OIEeHKY

ol e 0(t) s

Nmenno Taxkas oreHka ObLIa MOJIydYeHa B pasiere 3.3.

Jloxazamenvcmeo meopemol. Tlepexoaum Tenepb K J0Ka3aTeIb-
cTBy TOYHOrO pesyibrara (7.1).

155



Ouenky (7.5) MOXKHO yJIydIINTH 3& CYeT yMEHbBIIEHHUs UJIeHa
KP(py,), ecim ucnosb3oBarh 6osiee IpOCTOe MO CJI0KHOCTH NPUBIIU-
JKEeHNe K UV, U3 NPeICTABICHUS P, = % + v,,. PaccmorpuMm cirydair
vp, > 0. B kauecTBe Takoro npub/InzKeHns BO3bMEM DAIMOHAJIBLHOE
ancio v, = (1 — €)™, rue m Takoe, 4ro

1I—em << (1—e™m

Orcrioma m = |log;_. vy |-
OnenuBaeM MpeUKCHYIO CJI0KHOCTD 9TOTO HapaMeTpa:

KP(m) < (1+e¢€)logm+O(1) =

= (1+¢)log (10?(?%) +O(1) =
= (1 + ¢€)log(—logvy,) + O(1). (7.6)

U3 npensapurenbHoii onenku (7.5) ciejyer, 9TO MOYKHO CUUTATb,

yro v, = O ( IOEL ). Torma onenka (7.6) nmpeBpamaercsi B ONEHKY

KP(m) < (1 +¢)loglogn + O(1)

JJTs1 TIPOU3BOJILHOTO € > (.
Yrounum onenky (7.2) upu p), = % +u):
—log By, (w") = n(—pylogp,, — (1 = pn) log(1 —py,)) <
< n(=pjlogpl, — (1 —py,) log(1 — py)) = nH(p,).  (7.7)

,ZLHE{ IIOJIy4deHUd ITUX HEPABEHCTB MbI HCIIOJIB30BaJId HEPpaBEHCTBa
Pn 2 Pl > 5 u —logp, < —log(1 —p},) upu pj, > 3. Tlepexox
oT BepxHero HepaseHCTBa B (7.7) K HIZKHEMY O0bSICHSIETCSI TEM, UTO
MBI YBEJIUYIMJIA BEC BTOPOI CKOOKH 3a CUeT TOU YK€ JIOJIU OT MEHbIIEeH
CKOOKH, T.e. MBI HCIIOJIb30BAJIM HEpaBeHCTBO 1 — pl > 1 — py,.
IToBTOpsiem OpeJablLIyInue OIEeHKN TUIa (7.3) Tenepb y2Ke JJIst p;L.

,ZLJIH IIPOU3BOJIBHOI'O € > 0 BBIIIOJTHEHBI CJIeAYIOIe OIEHKHU.
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Kazxmast orenka, npuBeieHHas HUZXKE, CIEIyeT U3 BBIMIECTOSIIEH
OILIEHKU:

n—0(1) < KM(w") < —log By, (w") + KP(pi,) + O(1),
n—O0(1) <KM(w") < —log By (w") + KP(v,) + O(1),
n < nH(p),) + (14 ¢€)loglogn + O(1),
%(y;)% < (14 e)loglogn + O(1),

n

1 Inlnn 1
n - S < 1 -
D 2‘ ( +36)\/ o +O(n

Sp(w) — g) < (1 +4e)\/;nlnlnn+0(n).

B1ech MBI HCTIOML30BAH HepaBeHcTBo vy, < (1—¢) 71w/, < (1+42€)v),

/
1 n
And € < 5.
n 1
Sp(w) — 5’ <(1 +5e)\/§nlnlnn

Orcrona
JUJIsSI BCEX JIOCTATOYHO GOJIBIIUX 7.

[TockosibKy € > 0 — IPOU3BOJILHOE JOCTATOYHO MAJIOE, U3 ITOTO
HEPaBEeHCTBA CJIeJlyeT yTBepXKjeHne TeopeMbl — orenka (7.1). O

[TepByio 9acTh 3aKOHA TIOBTOPHOIO JiorapudMa MOXKHO 3aIllUCATDH
B TepPMUHAX PABEHCTBA JJISI MOHOTOHHOHN CJIOYKHOCTH.
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Cnencreue 7.1. Jlas moboti beckoneunoli deouunoti nocaedosa-
MEALYHOCTNU W GHINOAHEHA UMNAUKAYUA:

S
KM(w") =n+ O(1) = limsup |

n
=00 \/%nlnlnn

B pabore [2]| Tak:ke MpHUBEIEHO JIOKA3ATEIBLCTBO BTOPOIl YacTu
3aKOHA OBTOPHOrO Jjiorapudma (HEpaBeHCTBA ) METOJaMU aJIro-
PATMUYECKON TeOpuy CiIy4ailHOCTH.
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I'maBa 8

dproamdeckasi TeopeMa
bupkroda

JlokazaTrebcTBa OOJIBIIIMHCTBA 3aKOHOB TEOPUH BEPOSITHOCTEH IIpsi-
MO TPAHCJIUPYIOTCS B KOHCTPYKTUBHYIO dopmy. [lepBoe 3arpyaae-
HHE C IOJIYyY€HUEM KOHCTPYKTUBHOI'O aHaJIOT'a BO3HUKJIO B CBA3U C
sprojuyeckoil Teopemoit Bupkroda. Vzsecrabie n3 yuebHUKOB J10-
Ka3aTeJIbCTBA 3TOI TEOPEMBI IIPAMO HE TPAHCIUPYIOTCA B KOHCTPYK-
TuBHyio dopmy. [lo-Bugumomy, 3T0 CBSI3aHO C OTCYTCTBUEM aJIO-
purMudeckKu 3 MEKTUBHBIX OIEHOK CKOPOCTH CXOJIUMOCTH IO BEPO-
SATHOCTH, & TaKXKe MIOYTU BCIOJY, B 3T0# Teopeme. HeBo3aMoKHOCTD
ITIOCTPOEHUsT TAKUX OIEHOK OyIeT moka3aHa B pazzeie 8.3.

Tem He MeHee, KOHCTPYKTUBHBIN aHAIN3 9TOU TEOPEMbI, IIPUBe-
JleHHbIi B MoHOrpaduu Buiona [37], mossossier oka3ars sprojude-
CKYIO TeopeMy Hjis ciaydaiinbix 1o Maprun-Jledy mocienoBarenbHo-
creif. Mbl JOKaxKeM 3TOT KOHCTPYKTHBHBI BApUAHT 3PrOJMIECKON
TeopeMbl B pazese 8.5. s 3Toro HaM IpUIETCS BBECTH HOBBIHM THII
TECTOB CJIyYaffHOCTH — MHTErpajbHbIE TECTHI, C TIOMOIIBIO KOTOPBIX
MOXKHO JIaTh HOBYIO dKBUBAJCHTHYIO (DOPMYJIUPOBKY CJIyUIatHOCTU
o Maprun-Jledy.
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8.1. dproaumvieckas Teopus

Mpb1 paccMarpuBaeM BeposiTHOCTHOE 1ipocTpancTso (2, F, P)), rie €
— MHOXKECTBO BCEX OECKOHEYHBIX JBOMYHBLIX IIOC/IEI0BATE/ILHOCTENH,
F — 6opesieBCKoe 110jIe, KOTOPOE MOPOXKIAETCI MHTEPBAIAMU

'y ={we:zCuw},

rJe T — IPOU3BOJIbHASL KOHEUHAs MOCJIEI0BATEIbHOCTh, P — BBIYNC-
JIUMasT BEPOSITHOCTHAsT Mepa Ha ().

[TpousBosbHOE U3MepuMoe orobpazkernne T : ) — ) Ha3bIBaeTCS
npeobpasosaruem nupocrpancrsa ). Ilpeobpazosanue T corpansem
mepy, ecm P(T~1(A)) = P(A) nis Beex M3MepuMBbIX TTOMHOMKECTB
A C Q. lzmepumoe MHOXKECTBO A HA3BIBAETCST UHBAPUAHMHbLM OT-
HOCHTEILHO mpeobpaszosanust 1), eciu T 1A = A ¢ TOYHOCTBIO 110
muozkecTBa Mepbl 0. ! IIpeoGpasoBanne T HasbIBAaETCS 9p20dute-
CKUM, €CITH KayKJI0€ WHBAPUAHTHOE OTHOCUTEILHO HETO MHOXKECTBO
umeet Mepy 0 minm 1.

SamaeM k-10 nurepanuio mpeobpasoBanus I peKypCUBHO: OIpee-
v Tw = w u TFw = T(TF'w) npu k > 1, rae w € Q.

[IpeobpaszoBanne 1’ TOpoKIaET OECKOHETHYIO TPACKTOPUIO

w,Tw,T2w, ey Tkw,

[IPOU3BOJILHON TOUKH w € (2.
[Tpumep npeobpazoBaHust TPOCTPAHCTBA {2, COXPAHSIIOINIETO PAB-
nomepHyto Mepy L — cusur T, onpejiesieHHbIH ycJI0BUEeM

T(wiwows ...) = wows . ..

Ecmu casur coxpansier Mmepy P, To Takasd Mepa HA3LIBAETCI CMAUU-
onaproti. JIerko nokazarh, 9TO Mepa ABJISIETCS CTAIIMOHAPHON TOrIa
1 TOJIBKO TOIJIa, KOrJla

Plw:wi=x1,... ,wiyp1 =2k} = P{lw:w; =x1,... ,wp =z}

'To ecth P((Tﬁl(A) \A)U (A\ Tﬁl(A))) =0.
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IS 11000 KOHEYHOM IIOCJIENOBATELHOCTH & = X1 ... L) U JIJId JIIO-
6oro 1.

Ecnu cosur coxpausier Mepy P u K TOMY 2Ke SABJISIETCST SPTOIHU-
JeCcKUM IIpeoOpa30BaHreM, TO U caMa Mepa P Ha3bIBaeTCs ap2odurie-
cxot.

Dprogudeckas TeopeMa Bupkroda bopMyIupyeTcs cieayonum
00pa3oM.

Teopema 8.1. [Iycmv P — npou3goavHas 6epoamHocmuas Mepa Ha
Q u f — npoussosvnaa unmezpupyemas dynryus muna @ — R
(komopasa nazwveaemcesa nabarodaemot). Toeda das 06020 coxpara-
ouge2o mepy P npeobpasosanua T oas P-noumu écex w 6uinoamnero

|
lim —
n—oo N

n—1 ~

D f(TRw) = f(w),

k=0

2de [ — unmezpupyemasn uneapuanmuas omuocumenvio T @yr-
wus maxas, wmo [ f(w)dP = [ f(w)dP. Kpome mozo, ecau npe-
obpaszosanue T sasasemes speoduneckum, mo f(w) = [ f(w)dP dasn
P-noumu scex w.

Oproauyueckasi TEOpeMa yTBEPKIAeT, 4TO CpejlHee M0 BPeMeHH
3HAYCHHNE HEKOTOPOI HaOIIONaeMOil BEIMYNHEL f BIOJIb TPACKTOPHN
HOYTH JII0O0H TOYKHM W PaBHO CPeJIHEMY 3HAYeHHIO 3TOi HabJromae-
MOIi TI0 BCEMY IIPOCTPAHCTBY.

Ecnu mepa P saBisercda cTalMOHApHOM, T.e. MHBAPUAHTHON OT-
HOCHUTEJIBHO CJBHTA, a HabiomaeMas uMeer Buj f(w) = wi, TO 9p-
roguyeckas TeopeMma Bupkroda npespamaercs B yCUICHHDBLA 3aKOH
OOJBIINX YNCEJT:

rie [ f(w)dP = P(Ty) = P{w:w; = 1}.

2Qynkuus f MHBapUAHTHAs OTHOCUTEJbHO T, ecin f(Tw) = f(w)
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8.2. Teopema Ilyankape o Bo3BpallieHnu"

[IpuBenem mnpumep KOHCTPYKTHBHOTO aHAJIONa MIUPOKO U3BECTHOIO
YTBEPXKJIEHUsT 3ProIndecKoil Teopun — Teopembl Ilyankape o Bo3-
BpAIEHIH, KOTOPast yTBEPK/IAeT CJIE/LYIOIIee.

[Iycts T — npeobpaszoBanue, coxpansiomiee mepy P, u F — u3-
MepuMoe MHOXKecTBO. Torja MHOXKECTBO BceX w € FE Takux, 4TO
T &€ E juist Bcex n > 0, umeer mepy 0. DKBUBAJIEHTHO, JIJIsT TIOUTH
Bcex w € F oyner T"w € E s #ekoroporo n > 0, T.e. TpaeKTOpuUst
w BHOBB 1toceTuT F. Bojiee Toro, 910 poncxoauT 6ECKOHETHO MHOTO
pas.

JlaHHOE yTBEpXKJIEHUE SIBJISIETCS HETPUBUAJBHBIM, KOT/Ia Mepa
MHOXKECTBa E IIOJIOZKUTEJIbHAA.

Mbr chopmysupyem  aaropurTMudecku IGOEKTUBHBIN  aHAJIOT
9TOr0 YTBEPXKIEHUS JJjIsi PABHOMEDPHOI Mepbl Ha IpocTpaHcTBe {2
BCcex OECKOHEYHBIX JIBOMYHBIX OC/IEI0BATEILHOCTEH U ciBura 1’ Ha
HEM:

T(wiws...) = wows . ..

MuoxkectBo F nazpiBaercsa 3b@PEKTUBHO 3aMKHYTBIM, €CJIM OHO SIB-
JISIETCS JIOMOJTHEHUEM J1JIsi HEKOTOPOTro 3P HEKTUBHO OTKPBHITONO MHO-
JKEeCTBa.

[Toroueunsrit BapuanT TeopeMbl Ilyankape o Bo3Bpalennn mpe-
CTaBJICH B BUJE CJEIYIOIIEH TEOPEMbI.

Teopema 8.2. [lycmv T — cdsue na 2 u E — apdexmusno 3a-
MEHYMOE MHOHCECTNBO NOAOAHCUMEALHOT Mepvl. To2da das 410601
caywatinot no Mapmun-Jledpy nocaedosamesvrocmu w € E oydem
T'w € E das nexomopozo n > 0. Boaee mozo, amo eepro das bec-
KOHEWHO MHOZUL M.

Teopema 8.2 OyeT IPSMbBIM CJIEICTBHEM CJIETYIOIEr0 YTBEPK/Ie-
HUsI, KOTOpOe ObLIO BIepBble JoKazano Kyuepoii [47].

IlIpennoxenue 8.1. Ifycmv U — afhpexmusrno omrpumoe mrooice-
emeo pasromepnoti mepv, L(U) < 1. Toeda das a0601 Geckoneu-
HOT NOCAeJOBAMEALHOCTNU W, CAY4AHOT No mepe L, u npoussosn-
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H020 HAMYPaAvHo2o wucaa N Hatidemes wucao n = N makoe, wmo
T'w e U.

Zloxazameavcmeo. Ilyctb N — mpou3BoJIbHOE HATYpPaJIbHOE YUC-
J10. O6ozHaunmM nocpesictBoM U™ MHOXKECTBO Beex w € () TaKuX, 9TO
BoimostHeHo T"w € U myist Bcex n > N.

[Iycrs L(U) < r jajst HeKOTOPOro paronaibHoro r < 1. Ipes-
craBUM 3(PPEKTUBHO OTKPHITOE MHOXKeCTBO U B BHjie 00beINHEHUST
BBIYUC/IAMOM IOCJIEI0BATEILHOCTH IOIIAPHO HEIIEPECEKAIOIINXC ST MH-
TEPBAJIOB

U=uUly,,

rJie KOHEYHEIE ITOCTIe0BATEIbHOCTH T ¥ j TIOMAPHO He IIPOJIOJIKAIOT
apyr apyra. Obozunaunm Uy = U. Oupejesnm

Uz = Ui jl's0;,
U3 = Ui,j,srxixjxs

u T.J. 3jech T;T; — KOHKATeHAIUsd CTPOK T; M ;. AHAJOTHYHBIM
00pa30M HOHUMACTCS T;iT;Ts.
Nnmeem

LWs) =Y L(Ty,) = 3 2701w —
%7 i
= Z 9—1(z:) Z o—l(z;) < 2
i j

u T.21. Anasornuso umeem L(U,) < r™ mis Beex n.

[Tycts w € U*. O6osnaunm w' = Wy 1WN12 ...

Torna ' = TNw € U, 3naunr, w' = z;w” s HEKOTOPOro i n
W' € Q. Tak xax w’ = TNT@)y € U, maeer mecto W’ = xj0"
qutst Hekoroporo j u w”' € Q. Teneps MbI 3HaeM, 410 W' = Tz ;wW",
a sHaunT, w' € Us. AnasornunniM obpazoM umeeM w’ € Us u T.11.

PaBHOMEPHO Iepeyunc/InMas CHCTeMa, MHOYKECTB

{Upn:m=1,2,...}
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ompeensieT HeKoTopblii Tect Maprun-Jleda. Paree mbr moxkazasm,
uto W' € NyUpnm, T.e. w' He ciydaiinag. JIerko BUIETh, YTO B 3TOM
cJIyHuae HCXOJHAS TI0C/IeI0BATEIBHOCTD W TaKyKe He ciydaiinas ° . B
qactaoctu, U* C N,,U,,. Teopema mokazana. O

st nokazaresibcTBa TeopeMbl 8.2 HaAJO B34Tb B IIPEJJIOXKe-
ann 8.1 U = Q\ E. Tak kak L(E) > 0, BbIIOJHEHO HEPABCHCTBO
L(U) < 1. Ilo upemnoxennto 8.1 T"w ¢ U njist GECKOHEYTHO MHOTHX
n. O

8.3. OTcyTcTBUE BBIYMCJIUMOI OIEHKHN CKOPO-
CTU CXOJIMMOCTU B 3ProAnMYeCcKOil TeopeMe

B stoMm pasmesie MbI IOKayKeM, 9TO B HEKOTOPBIX CJIyUasX HE CYIIe-
CTBYET BBIYUCIMMON OIEHKN CKOPOCTU CXOIMMOCTH CPEIHUX B 3PTO-
JITIECKOIl TeopeMme.

CuadaJjia MbI J1aJIMM HeoOXOMUMBbIe OIpe/ie/ieHns. B najbHeiinem
HAM IIOTPEOYIOTCs TOHSITHS PA3JIMIHON CTEIeHW AJITOPUTMHUIECKON
addexTuBHOCTH DYHKIIN, OIPEIETEHHBIX HA OECKOHEUHBIX IIOC/Ie-
JIOBATEJbHOCTSX.

Oyukupst f: Q — R U {—o00, +00} HazbIBACTCH NEpevucisumoms
CHU3Y, €CITH CYIIECTBYIOT BeIaucanMble byakuuu r = 7 (i) n z = x(i)
Takue, 9To HepaBeHCTBO 7' < f(w) BBIIOJIHEHO TOTJIA ¥ TOJBKO TOTJIA,
korpa = 7(i) n (i) C w A1 HEKOTOPOTO i.

MorkHO TaKzKe CKa3aTh, ITO JJIsI JIIOOOro PAIMOHAIBHOIO I MHO-
JKECTBO

U ={w:r < f(w}

siBjisieTcst 9(EKTUBHO OTKPBITBIM 1 cemeiicTBo {U,,r € Q} srux
MHOKECTB SIBJISIETCA PABHOMEPHO HEPEUUC/TUMBIM CeMeNCTBOM -
(PEKTUBHO OTKPBITBIX MHOYKECTB.

Jlpyrumu cjoBamu, CyIIECTBYEeT aJrOPUTM, HA BXOI KOTOPOMY
[OJIAIOTCS PAIMOHAJIBHOE 7' U HAYAJIbHBIE (DPArMEHTHI OECKOHETHON
[IOCJIEIOBATEILHOCTU Ww. JlaHHBI aJropuT™M 00/IaIaeT CJIELYIOIIIM

3310 yTBepIKIEHIE BBLIO TIPEAMETOM 3aIa4n U3 paszea 4.3.
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coiicrBoM: ecim T < f(w), To aTOT hAKT PAHO WU TO3JHO Oy-
JieT 0OHAPY?KEH STUM AJITOPUTMOM, [IPUA 3TOM AJITOPUTM HCIIOJIb3yeT
TOJILKO HEKOTODPBIN HAYaJbHBIN (DPArMEHT IOCIeI0BATEILHOCTU W;
ecim r > f(w), TO Takoil asropurT™m MoxkeT paborarb GECKOHETHO
JOJITO ¥ HE BBIJIACT HUKAKOTO OTBETA.

3aMeTHnM, 9TO epedncjinMas CHu3y (OyHKIUA MOXKET TPUHUMATD
OECKOHEYHbIE 3HAYCHMUSI.

Oyuxknusa [ nepevuciuma ceepry, ecan GyHKIus —f mepeduc-
JINMA CHU3Y.

Oyukius f, IPUHUMAIONAS PAIMOHAJILHbIE 3HAYEHUs, & TaK-
JKe 3HaUYeHWsT —00 U 00, HA3BIBACTCS NPOcmotl, €CJU MHOYXKECTBO
) MOXKHO INPEJICTABUTH B BUJIE OObEIUHEHUSI KOHEYHOINO UUC/Ia, WH-
TepBaJIOB Tak, 4To f(w) mMOCTOsIHHA HA KaxKJIOM u3 Hux. IIpocras
bYHKINS ONMUCHIBAETCA KOHEYHBIM HADOPOM KOHCTPYKTUBHBIX 00b-
€KTOB, [IOITOMY CaMa siBJISETCsI KOHCTPYKTUBHBIM OOBHEKTOM.

[Tpocthie DyHKIIMM TO3BOJILAIOT JATh YAOOHYIO XapaKTePU3aIIUIO
[IEPEIUCTUMBIX CHUZY (DYHKIIHIA.

Ilpennoxkenue 8.2. Jlaa 410600 nepequciumots crudy @GyHKUUY
f(w) cywecmsyem 6viuucsumas nocaedosamesvbHOCmMb  NPOCTNBLL
dynxuyut fr(w) maxaa, wmo

o fn(w) < fuyi(w) daa scexn uw;
o f(w)= lim fulw).

Jokazamenvcmeo. Ilycrs (i) u (i) — BeraucanMblie OyHKINT 13
ompeseseHnst nepedncanMoit cansy dyukiwn. [Tomoxkum

fa(w) =sup{r:r=r(),z(i) Cw,i <n}.
ITycts sup ) = —oco. Torna
Fw) = lim_fo(w).

[Tpennoxenne mokazano. O

165



Qyuxius f(w) HABBIBACTCS GLYUCAUMOT, €CITH OHA TEPETUCTIIMA
CHU3Y U cBepXY. B 3TOM cilydae CylecTBYeT aJIOPUTM, KOTOPLI, 1C-
[OJIb3ys B CBOEH paboTe paruoHaJbHoe € > 0 U IOCIeI0BATEIbHOCTD
w € ), BBIIAET paroHaJbHOe Npubskenne K f(w) ¢ TOYHOCTHIO
510 €. [Ipu aTOM It TIOJIyYeHHs] PE3yIbTaTa aJrOPUTM HCIOJb3yeT
TOJIBKO HEKOTOPO# HaYabHBIA (pparMeHT IOCIeI0BATEebHOCTH W.

CdopmynupyeM HEKOTOPbIE IMOHSTHS KOHCTPYKTHUBHONI TEOpHUU
BeposITHOCTEH. 3a/1aH0 BeposATHOCTHOE mpocTpancTso (2, F, P), rae
P — BuuncanMast BeposiTHocTHasA Mepa. Oyukius tuna f : Q — R
OyIeT HAa3BIBAETCS CAYUAUHOU PyHKyUer.

[TocsienoBaresbHOCTD Caydaiitabix dyHkumit fp,(w) crodumes no
seposamHocmu K ciaydaiinoii dyuximn f(w), ecan st Beex € > 0 u
6 > 0 BBIIOJIHEHO

Plw: |[fa(w) — fw)] > 6} < e (8.1)

IpHU BCEX JOCTATOYHO GOJIBIIUX 7.

CX0MMOCTD IO BEPOSITHOCTH HA3BIBACTCS AALOPUMMUYECKY I(P-
pexmuenotl, ecau cymecTByer Beraucanmas dyHknus m(e, d), upu-
HUMAIOINAsi HEOTPUIATETLHBIE TIEJIbIe SHAYEHUS, TaKasl, 9TO JIJIsA BCEX
pannoHaabHbIX € > 0 1 d > 0 Boimosneno (8.1) mpu Bcex n = m(e, d).
DD DEKTUBHOCTE 3aKII0OYAETCST B TOM, 9TO CYIIECTBYET aJTOPUTM,
KOTOpBIH 10 € > 0 1 § > 0 BBIYKC/ISIET TOT HOMEp CJIydailHol (hyHK-
1M, HAYMHAsI ¢ KOTOPOT'O BBIIIOJHEHO HepaBeHCTBO (8.1).

Qyuxius m(e,d) HazpIBACTCA pe2yaamopom crodumocmu. Ilo-
CJIEJIOBATENILHOCTD CIydailHbIX byHKIuUi fn,(w) cxoaurcs 1o Bepo-
SITHOCTH K CirydaitHoil dyHkimn f(w) anropurmudecku 3G dekTis-
HO, €CJIN JJISt TOI CXOIMMOCTH CYIIECTBYET BLIYHCIUMBIA PEryasaTop
CXOUMOCTH.

Herpyano nposeputs, uro onpezaesenne 3ppEeKTUBHON CXOIUMO-
cTH nocsieioBaTesibHOCTH (ByHKIHi [, (w) 110 BEPOSTHOCTH IKBUBA-
JIEHTHO TOMY, 9TO JIJIAA JIIOOBIX palMOHAILHBIX € > 0 u § > 0 BBIIOJI-
HEHO

Plw: |fu(w) = frr(w)| >0} <€ (8.2)

upu Beex n,n’ = m(e, ).
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[TocnenoBarenbHoCcTh corydaitabix dbyHkuuii f,(w) cxoaures K
HekoTopoit dyukun f(w) nowmu ecrody, eciau nh_)n(f)lo fanlw) = f(w)
it P-rioutn Beex w. DTO OnpeiesieHre SKBUBAJIEHTHO TOMY, YTO
cymiecTByer yHKIWs m(€, §), IPUHUMAIOIIAsI HEOTPUIIATEIbHBIE T1e-
JIble 3HAUEHWs, TaKasl, 4TO JIJIsi BCEX PaIMOHAJbHBIX € > 0 1 § > 0
BBITIOJTHEHO

Plw: Sup |fe(w) = f(w)| > 6} <e

upu Bcex n = m(e, ) (em. [26]).

Jlerko BUIeTH, 9TO U3 CXOAUMOCTHU IMOUYTH BCIOILY CJEIYET CXOIIU-
MOCTB II0 BEPOATHOCTH.

ECTeCTBeHHO Ha3bIBaThb CXOAUMOCTD IIOYTH BCIO/LY aJITOPUTMUYE-
cku 3 HEKTUBHOI, ecjim peryasarop cxoauMocTu m(e,d) sBisieTcs
BBIIUCIUMON dyHKIMEH. JIerko BUIETb, UTO €C/IU IOCJ/IeI0BATE/ b
HOCTB fp(w) cXOmuTCs K HEKOTOPOW (DYHKIUM MOYTH BCIOJY AJro-
purMuIecKu 3(PPEKTUBHO, TO OHA CXOJIUTCS K HEl U 110 BEPOSITHOCTH
AITOPUTMIIECKH 3(DHEKTUBHO.

Boeraucsimmbtit perysisiTop [jist CXOJUMOCTH 110 BEPOSITHOCTH B 3a-
KOHE OOJIBIIINUX YUCeN JjIs PABHOMEPHOU Mepbl P CTPOUTCs ¢ IOMO-
IbI0 HEpaBeHCTBa XedIMHTA:

n 1 _
P{wzs(w)—>5}<26 2”52,
n 2

n
riae Sp(w) = > w;. B janHOM ciiyuae MOXKHO OIIpeJIeJIUTh
=1
1
262
N3 sT0T0 HEpaBEHCTBA TAKKE JIETKO HOJIYIUTh COOTBETCTBYIOIIEE
HEPABEHCTBO I MMOCTPOCHUsS PEryaaTopa 3pOeKTUBHON CXOIUMO-
CTU TIOYTHU BCIOMY.
MpsI npuBesieM IpUMep BBIYUCIUMON CTAIIMOHAPHOUW MepPBI, JIJIs
KOTOPO#l CXOMMOCTD CPEJIHUX 110 BEPOATHOCTH U TIOYTH BCIOJY B T€O-
peme Bupkroda He sBisieTcs aaropurMudecku 3(pdeKTUBHOIA.

me, ) = | ln§J+1.
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Teopema 8.3. Cywecmeyem 6uuuCAUMaA CMAUUOHApHas mepa P,
05 KOMOPOTi HE CYULLCTNEYEM BIUUCAUMORO PE2YAATNOPA ONA CTO-
dumocmu cpednux no 6EPOAMHOCTIU

Pl{w : |Sp(w) — f(w)| >} =0

npun — 00, 2de Sp(w) = 2 3wy u f(w) = li_)m Sn(w) (amom npe-
k=1 e

dea cywecmesyem P-noumu ectody no apeoduneckoti meopeme Bupk-

eogpa).

Zoxaszameavcmeo. Mpl mocTpouM HEOOXOAUMYIO BBIMHCIUMYIO
CTAIMOHAPHYIO Mepy P B BUIe cMeCH OJHOPOJHBIX CTAIIMOHAPHBIX
MapkoBckux mep P;, ¢ =1,2,.... Kaxnas mepa P; Oy1eT BbIYuc/iu-
Mol 1 OyZIeT cojiepKaTh B cebe nHMOPMAITNIO O TPOOIEMe OCTAHOBKI
YHUBEPCAJIBHOTO aJrOPUTMA.

[Iycrs U(i,d,€) — Boramcammas byHKIWs, YHIBEPCAJTbHAS JIJIs1
BCeX BBIMHCIMMBIX (DYHKIHMIA OT AByX aprymentos m/(d, €).4

Honst mo6oit Beraucianmoii pyskimn m(d, €) cymnecTByer 9ucio i
takoe, aro m(d,e) = U(i, 9, €) st Bcex 6 u €. Ilycrs Takxke

U(i, 0, €), eciu 910 3HaUEHUE OBLIO BBIYUCIIEHO 32
U?(i,d,e) = ¢ < s maros,
HeOoIIpe/IeJIeHO B IIPOTUBHOM CJIydae.

J1J1s1 IPOM3BOJILHOTO ¢ ONPEIEIUM JIEHCTBUTEILHOE YUCJIO (v ITYyTEM
3a/aHusI OUTOB €ro JBOMIHOTO PA3JIOKEHUSI:

a; = O.ailaig ey
rie

wn — 1, ecm u = U(i, 1, 2+ onpeneneno u s > u,
' 0 B IpOTUBHOM CJTydae.

Jlerko BuIeTb, 9TO 3HAUYEHHE KAXKJOrO OUTa (g AJITOPUTMUYECKHU
BBITUCIUMO 110 ¢ u S. Kpome Toro, a; > 0 Torma m TOJIBKO TOTrIa,

4HaHOl\4HI/IM, 9TO B JaHHOM CJjIy4dae Mbl OTOXKJIECTBJIAEM BCE ITOJIO2KHUTEJ/IbHbIX
panoHaJIbHbIC YHUCJ/Ia U BCEe HATypPaJbHbIC YUCJIA.
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korya snadenne U (1, %, 2*(”1)) omnpeneneno. TakuMm obpasoM, Jeii-
CTBUTEJILHOE YUCJIO (v ABJISETCS MHIMKATOPOM IIPOOJIEMbI OCTAHOBKHI
Ha BXOJax § = % ue=2"0+1,

ITo onpenenennio ecan c; > 0, TO ABOMYHOE PA3JIOKEHUE HUHCIIA
@ cocTouT U3 GJI0Ka HyJIeii, Toc/Ie KOTOPOro Uy T €IUHAILL. B 9T0oM
cayaae o = 2780 pre k(i) — nymmHa Ha9aIbHOTO OJIOKA U3 HyJIEid.

OnpenesuM Jjisl IPOU3BOJILHOIO ¢ OJHOPOJIHYIO MAPKOBCKYIO
IEenb IIyTEeM 3aJaHUs HAYAJIBHBIX BEPOATHOCTEI:

1

B{wl = 0} = Pi{wl = 1} = 5

1 TIePEXO/IHBIX BEpOSATHOCTEI:
-Pi{ws—i—l = 0|Ws = 1} = B{Ws—i—l = 1|ws = O} = Qs

JJIsl TIPOU3BOJIbHOTO § = 1,2, ...

C nomoripio 3aa9u 6 n3 paszgena 8.6 JIerko mokasarb, 9T0 BEpo-
ATHOCTHaAsI Mepa P;, mopoKIeHHasT 3aJJaHHBIMIA HAJaJIbHBIMUA U IIe-
PEXOJIHBIMU BEPOSITHOCTSIMHU, ABJIsieTCs cTarmonapuoii. Kpome Toro,
OHA SIBJISIETCSI BHIYUCTUMOIA.

Corytacao Teopuu u3 moHorpacduu [26] mpu «; > 0 s1a Me-
pa TakxKe siBastercs sproamdeckoit. Ecmm a; = 0, mepa P; co-
CpeIoTOYEHA TOJIBKO Ha JIBYX OECKOHEYHBIX IIOCJIEI0BATEILHOCTSIX:
P;(0%°) = P;(1°) = 4. Muoxkecrsa {0} u {1°°} apnsorcs nupa-
PUaHTHBIMIA OTHOCUTENIBHO caBura. Ilostomy B cirydae «; = 0 mepa
P; e siBsieTcst Sproguieckoi.

Kazxnmas mepa P, aBiisiercss BeIAUCIUMOI, 1, 60j€e TOro, cyie-
CTBYET aJICOPUTM, KOTOPBIHI PABHOMEPHO TI0 ¢ U T BBIYUC/ISIET 3HAYE-
uue Pj(x). Onpenennm mepy

P(z) = Z 27 Pi(z).
i=1

Herpynao nokazars, uTo Mepa P sBjseTcs BbIYHCIUMON. TaK Kak
Kaxkjiasi Mepa P; siBsieTcst cTallmoHapHO, Mmepa P Takxke dBJisgeTcst
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crarumoHapHoii. 13 ompeaesiennst BUIHO, ITO 9Ta Mepa HE sIBJISICTCSI
3ProguvecKoil.
ITo sproauveckoit Teopeme bupkroda, mpuMeHeHHON /T CIABUTA,
st P-miourn Beex w cytectByer npedena lim S, (w) npu n — oo,
n—oo

n
riae Sp(w) = % > w;.
s=1

[Tycts m(d, €) — npousBoOIbHAS BCIOJY ONPEJIeIeHHAs] BHIUUCIIU-
Masi PYHKIUS — KAHIUIAT HA PEryJIsiTOpP CXOIUMOCTU CPEIHHUX II0
BepositHOCTH Jyist Mepbl P. Torma cyimecrsyer i Takoe, aro m(J, €) =
U(i, 9, €) mis Beex 6, €. B arom coayuae a; > 0.

ITo sprommyeckoit Teopeme Jjisi MAPKOBCKHAX IIPOIIECCOB CTAIINO-
HapHOEe pacipeeieHre JJIsT MAPKOBCKOTO ITPOIECCa, TOPOKIEHHOTO
Mepoit P; ipu a; > 0, ecTb Ty = % um = % s aToro pacmpe/ie-
JIEHUsT BBITIOJIHEH 3aKOH OOJIBINNX vncesa. B gacTHOCTH,

BﬂuﬂSﬂw)—%|<Oﬂﬂlﬁl (8.3)

opu n — 0o.

ITo onpesienennto 1ucio k(i) paBHO HOMEPY MO3UIMHU [IOCJIETHETO
HyJIsI B JIBOMYHOM IIPEICTABICHIN YUCJIA (v, OCTIEe KOTOPOTO B 9TOM
MIPeJCTaBIEHNN CTOAT €INHUIBL. JIerko BUAETH, UTO oy = 2 k(@)

OrnenuM BEpOATHOCTH:

i U 1 1)— 2
Pi(0*) = R(1*Y) = (1 —ap)" 071 > =

JUIST BCeX JIocTaTouno Gombmmx suadennii k(i) ° . CiegosaTenbno,
4
Pi{w : Spuy(w) = 0 mmm 1} > 5

Ilo oupenenennio k(i) > m(3, 2=+ Orcioma u u3 (8.3) cemyer,
1T0 Haiizercs nocraTodno Gosbmoe n > m(3, 27V, g koroporo
1

Pl 18k (@) — Sal@)| > 1) > 3.

-

°Be3 norepu 0GIIHOCTH MOXKHO IIPEJIIIOJIOKUTD, ITO BCE IIAru S, HA KOTOPBIX
BIIEPBBIE OIIPEJIEIIMIIOCH KAKOe-TNO0 3HAYMEHIE YHIUBEPCAIbHOM DYHKINHT, GoJIbIe
HEKOTOPOTro (PUKCUPOBAHHOTO 3HAYEHUST S0 .
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[TosTomy P-Mepa 5Toro MHOMKeCTBa 6osibie 27 % =270+ — ¢ re.
qucsa k(i) U n He yHOBJIETBOPSIOT yCJIoBHIO (8.2) st peryssitopa
CXOJIMMOCTH.

[Tomy4uennoe mpoTuBopedne JI0Ka3LIBaeT Teopemy. O

HOCKOJH)Ky n3 aJIrOpuUTMHUIECCKHU SCb(i)eKTI/IBHOfI CXOOUMOCTH I10-
9TU BCIOAY CJIEAYET aJITOPUTMUICCKU SCbeeKTI/IBHaH CXOOUMOCTHU IIO
BEPOATHOCTH, IMOJIydaeM CJIeAYIoIee CJICJICTBUE U3 TE€OPEMbI 8.3.

CaencrBue 8.1. Cywecmsyem BuMUCAUMEL CMAUUOHAPHAA ME-
pa P, daa xomopoti ne cyuecmeyem 8uiuucAuUMO20 PELYAAMOPG OAA
CTOUMOCTIU CPEOHUT NOUMY 6Cr0dY

Plw: 21ip|8k(w) — fW)] >0} =0

npu n — 0o.

8.4. NIHuTerpaJjibHble TECTbI CJIY4YaltHOCTHU

Jist masibHEHRIero n3JIoKeHns: HaM OTpe0yeTcs elne OIUH BHUJ Te-
cToB ciay4aitHoctu o Maprun-Jledy — nHTErpasibHBIE TECTHI.

IIycts P — Beruucaumast Mepa Ha €. [lepeuncinmast cHuzy OyHK-
mast f @ Q — Ry U {400} HasbIBaeTcs umnmezpaivhoim mMecmom
CAYUATHOCMU OTHOCUTEILHO MePbl P mjin MHTerpaabHbIM P-TecToM,
ecan

Be(f) = [ fwiip <1,

B,ZLer EP — CHUMBOJI MaTeMaTHUYICCKOI'O OXKUJJIaHMsI.

U3 onpenenenus caemyer, uro f(w) < 0o st P-mourn Beex w.

NuTterpanabable TeCTHI ObLIN BIEPBBIE BBEJEHBI JIEBUHBIM; B CO-
BpeMenHoli hopMe OHU BlepBble U3ydasuch B pabore Laua [43].

3 onpejenenus st JIIOOONO0 HHTETPAIBLHOIO TECTa BBINTOJIHEHO
HepaBeHCTBO MapKoBa:

P{w:f(w)>r}<%
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Jutst Jioboro r. B wactHoCTH, f(Ww) < 00 Jyuisi P-ovTn Beex w.
Mmeer mecTo TeopeMa O CyIIECTBOBAHUH MAKCUMAJIBHOI'O C TOY-
HOCTBIO J0O MyHbTI/IHHI/IKaTI/IBHOﬁ KOHCTAHTBI NHTET'PpaJIbHOT'O TeCTa.

Teopema 8.4. ITycmv P — sviuucauman mepa. Cywecmeyem urme-
epasvhoili P-meem p(w) makoti, wmo das arwboeo unmezparvhozo P-
mecma f(w) cywecmeyem xonemanma ¢ maxas, wmo cp(w) > f(w)
0Ad 8cex w.

JlokazaTeIbCTBO ITOH TEOPEMBI UCIOJIB3YET JIEMMY O BO3MOXKHO-
CTH MTOCTPOUTH PABHOMEPHO 3(PMHEKTUBHO MMEPEIUCTUMYIO TTOCIIET0-
BaTEJILHOCTh BCEX MEPEYUCTUMBIX CHU3Y MHTErPAJIbHBIX TECTOB.

Jlemma 8.1. Cywecmsyem makxas nocaedogamesvhocms Gyrruud
pi(w), wmo

o wmmnoocecmeo {w € Q :r < p;(w)} asasemea pasrnomepro (om-
HOCUMENLHO & U T") NEPEUUCAUMbIM CEMETCTNEOM IPPEKMUEHO
OMKEPLUIMDLT MHOIHCECTNG;

o Jdas mobozo unmezpanrvrozo mecma f(w) cywecmeyem i ma-
koe, wmo f(w) = p;j(w) das ecexr w.

JlokazaTeabCTBO 9TOH JIEMMbI AHAJIOTUYHO JIOKA3ATEHCTBY II0-
JOOHBIX YTBEPXKIEHUNU U TPEIOCTABIISIETCS] YUTATEIIO B KadeCTBe
VIIpaKHEHUS.

[TocsienoBarenbHocTh DyHKIWMI p;(w), Jjisi KOTOPOH BBITOJHEHO
IIepBOE U3 YCJIOBUI, NPUBEIEHHBIX BBINIE, HA3BIBAECTCH PAEHOMEPHO
NePedUCAUMOT, CHUIY.

Zoxazamenvemaso meopemor. Oupenennm

p) = 3 e )

n=1
Jlerko BuzeTh, UTO 110 TeopeMme Jlebera

o0

1 1
WdP =Y — [ po(w)dP <Y ——— =1.
[ renr =32ty [awar <3 Sty

n=1
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Dyuxrus p(w) nepedncanma cHusy. 0

QuKcHUpyeM OIWH U3 WHTErPAJILHLIX TECTOB, YIOBJIETBOPSIONINX
Teopeme 8.4, 06o3HATNM €ro P(w) U HA30BEM YHUBEPCANLHBIM UHIME-
epasvroim P-mecmonm.

C 1OMOIIbIO WHTErPAJbHBIX TECTOB MOXKHO JAaTh SKBUBAJIEHTHOE
ompeesienne ciaydaitaoir no Maprun-Jledy mocienoBarenrbHOCTH.

Teopema 8.5. [lycmv P — evuucauman mepa u p(w) — ynusep-
canvHull unmeepasvotul P-mecm. Beckoneunas deouuwnas nocaedo-
BAMENBHOCTNL W ABAAEMCA CAYHatinotl no Mapmun-Jlegy omnocu-
meavho mepo, P mozda u moavko moeda, xozda p(w) < 0o.

Zloxazameavcmeo. Tlomaraem
m = {w:plw) > 2"}

qutst sioboro m. o nepasencrBy Mapkosa P(U,,) < 27™ s Beex
m. Kpome Toro, m3 mepedmuc/jiMMOCTA WHTEIPAJBHOIO TECTa CHUBY
ceryeT, 9To MHOXKeCTBO Uy, saBsgercs 3pdHeKTUBHO OTKPBITHIM.
Ecin p(w) = oo, To w € NLU,.
Hokazkem obparnoe yreepxjenus. [lycrs {U,,} — npoussosib-
woiit Tect Maprun-Jleda. Paccmorpum mociieoBaTeibHOCTh Xapak-
TEePUCTUIECKUX (DYHKITHH

pm(w) = {

1, ecmn w € Uy,
0 B IPOTUBHOM CJIydae.

Tak kak {U,} — 9TO0 paBHOMEpHO MepedncJuMast MOCTeI0Ba~
TEJIbHOCTb 3Cb(beKTI/IBHO OTKPBITBIX MHOXKECTB, I10CJIe10BaTe/JIbHOCTH
dbyukumit py, (w) aBasgercs paBHOMEPHO nepedncanmoii cansy. Ompe-

JIeJIIM
00

=2 ().
m=1

DOyukiys p(w) MEepedncanMa CHU3Y 1

/ Z/pm )dP = ip

=1 m=

o0

27 =1.
1
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Buaunt, GyHKIWs p(w) sBJISIETCST HHTErPAJIbHBIM P-TecToM.
Eciu w € Ny Uy, T0 10 onpegiesienuio p(w) = co. Orciona ciie-
ayer, uro p(w) = co. Teopema jokaszana. O

8.5. 9ddekTuBHAA IprogudecKas TeopeMa

DdbdexTuBHasT Sprojgudeckas TeopemMa OyIeT pacCMaTPUBATHCS JIJIst
BBITUCIUMOM MEPbI, BLIYUCIIMOTO ITPe0OPA3OBAHUS U JIJIsT BHIYUCIIN-
MO HabJIIOIAeMOi.

ITpeobpazoBanme T’ Ha3BIBAETCST BBIUUCIUMBIM, €CJIU OHO COBIIA-
JaeT ¢ HEKOTOPO# BBIMUCIUMOI orepalyeil.

DopMyIUPOBKA IProinIecKoil Teopembl bupkroda i ciy4aii-
HBIX ITOCJIEIOBATEIHHOCTEN Oy IaeTCs U3 OPUTHHAIBHON (hopMyJIH-
POBKU 3aMEHOW BBIPAXKEHUSA <« P-1mouru Bcex» Ha «JJjid CJIydaii-
HBIX IO Mepe P».

Teopema 8.6. Ilycmv P — npousgoavhas viuuciumas mepa wa )
u f — npoussosvbHAs BLINUCAIUMAA UHMELPUPYEMAA PYHKUUSL TMUNG
Q — R. Tozda daa awbozo corpansawezo mepy P eviuuciumozo
npeobpazosarus T u das 410600 caywatinot no Mapmun-Jledy no-
€ed08AMEALHOCTNUY W BBINOAHEHO

n—o0o N

n—1
lim =5 F(Thw) = f(w), (8.4)
k=0

2de f — unmeepupyemasn uneapuanmmasn ommocumenvio T dynryus
maxas, 4mo ff(w)dP: J f(w)dP.

Kpome mozo, ecau npeobpazosarue T asasemca spzooudeckum,
mo f(w) = | f(@)dP dan maxot w.

Lloxazameavcmeo. st Ipon3BoIbHON OECKOHETHOM OCIeI0Ba-
TEJILHOCTH W 0D03HAYNM CpegHee SHAUCHUE

Sm(w) = mi—l Zf(Tkw).

k=0
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Jtst yiobCcTBa B MAJIBHERININX PACCYXKICHUSIX CIUTAEM, UTO BBIIOJI-
HeHO s_1(w) = 0.
Iycrs [ |f(w)|dP < M, rae M — mOJI0KUTEIBHOE 1IEI0e THCIIO.
Ecmu npenen nlgnoo Sm(w) He cymiecTByer, TO HaiiyTCs J1BA pa-
IMMUOHAJIBLHBIX dncia « <  takne, 90 —M < a < < M n

liminf s, (w) < @ < B < limsup sy, (w).

m—o0 m—00

Ob6parHOe yTBEPXKIEHNE TAKXKe BEPHO.
[Iycths o u 8 — panuoHaJIbHbIE YUCTA TAKHE, ITO

—-M<a<f<M.

Oupenennm GYHKIUIO IEpecedenus Ipatull oy, (w|a, 8) caemyomum
00pa3oM.

Buauenue oy, (w|a, f) paBHO Yuciy nepecevdeHuii CHU3Y BBEPX WH-
repBasia (v, () 1mocsen0BaTeIbHOCTBIO So(w), s1(w), ..., Sp(w).
Tounee, onpenenum

Uy = 0,
up = min{m : m = ug, s;m(w) < a},

vy = min{m : m > uy, $;m(w) > B},

wi =min{m : m > v;_1, sy (w) < a},

v; = min{m : m > u;, s;(w) > B},

up =min{m : m > vp_1, s;m(w) < a},
v = min{m : m > ug, sy (w) > B}.
Omnpenenum pyHKITHIO

0, ecou v1 > n,
max{k : vy < n}, ecim v < n.

atela ) = {

Buauenne dynkmun o, (w|a, ) paBHO MAKCHMAJILHOMY YHCIY II€-
peceveHuii cHU3y BBepX uHTepBasa (o, 3) cpeiHuMu S, (w) npu
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m=0,1,...n. Oyukuus o, (w|a, §) sABISETCS IEPEUUCTUMON CHUZY
PABHOMEPHO OTHOCUTEILHO MAPAMeTPOB N, o U [3.

Jlerko BUaeThH, UTO Tpemes W%gnoo Sm(w) He cymecTByer Torua u
TOJIBKO TOIJI&, KOTJA sup,, oy, (wla, B) = oo st HekoTopbix o < f3.

Bpemenno dbukcupyeM 6eCKOHEUHYIO IOCJIEI0BATEILHOCTD W, &
TaKyKe HATypaJbHOE YHCI0 N ¥ PAlMOHAIbLHBIC YHCIa v U 3 TaKue,
qro a < .

Baenem 6e3oTHOCHTEIBHBIE OTKJIOHEHMS

u

a(u,w) =Y (f(Tw) - a),

s=0

b(v,w) = Y (f(T°w) = B).

s=0

Hawm 6yzer ynobuo cunrars, uro a(—1,w) = 0.
B paspHeiieM 6yaeT nCIOIb30BaThCS CJIEAYIONIEE CBOMCTBO:
u3 sy (w) < au sy(w) > B caeayer, uro a(u,w) < b(v,w).
Ocnuinsanms OTHOCHTEIBHBIX YaCTOT BJI€YeT OCIMLIAINI0 Oes3-
OTHOCUTEILHBIX BEJIMYUH OTKJIOHECHUIA.
[Mocnenosarensrocts d = {uy, vy, ..., Ug, Uk} HEJBIX YHUCET Ha-
3bIBaeTCs JOIYCTUMOIL, eciu

—1<uy < <us<v<...<u <vp <n.

Yucno map B JomycTuMO#l mocjenoBaTesbHOCTH d 0DO3HATaEM Mg
(mg = k) u Ha30BEM ee JIHHOIA.
JUtst KasK 10 MOIMyCTUMOM TOC/IeI0BaTeIbHOCTH

d= {Slatla' "7Skatk}

pPaccMOTpUM KyMYJISITUBHYIO CYMMY PAa3HOCTEH 0e30THOCUTE/IBbHBIX
OTKJIOHEHUI:

k
S(d,w) = Z(b(tj?w) - a(sjvw))-

Jj=1
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KitoueByto posib B JI0Ka3aTeIbCTBE TEOPEMBI UI'DAET CJIeIYOMast
KOMOHMHATOpHAs JIeMMa 00 YJJIMHEHUU JOIYCTUMOI HOCTIeI0BATE b
HOCTHU 0€3 yMEHBIIIEHNN KYMYJISATUBHON CYMMBI.

Jlemma 8.2. /s xaorcdoti donycmumoti nocaedosamesvHoCcmu q cy-
wecmsyem Jonycmumas noCAI08AMEALHOCTIS d OAUHDL HE MEHDULE,
YeM MAKCUMAADHOE “ucao nepecevenut unmepeana (o, ), unovimu
crosamu mg = on(wla, ), u maxas, wmo S(d,w) = S(q,w).

Aoxazamenvemeo. Obosnaaum N = o, (w|a, f) — MarcumaabHoe
9UCIIO Hepecedenuii nnTepsaia (v, ) MOCIEI0BATEILHOCTBIO CPEJi-
HUX So(w), ... ,Sp(w). IlycTn

p={-1<u<vy<ug<ve<---<uy<vy<n}

ecTh Ta JIONYCTHMasl HOCJIE[0BATELHOCTh JUIMHBL [V, 110 KOTOPOIi

6110 omnpeienieHo 3Havenne GyHkpu N = o, (w|a, ).
JocraTouHo J0Ka3aTh, 9TO Jisl IIPOM3BOJILHON JIOIyCTUMOMN M0~

CJIeI0BATEILHOCTH ¢ C JATNHOI my < N CyIIecTByeT HOIyCTHMAst 10-

CIIEJIOBATEILHOCTD d, [yist KOTOpoit mgq = my+1 un S(d,w) > S(q,w).
I[Tycre jromycrumast mocsie/loBaTesIbHOCTb ¢ MMeeT BUJY

—1<81<t1<82<t2<...<8m<tm<n,

Tae m = my.

Pacmupum ee na oy napy sjneMeHTOB. BBejiem Bcriomoraresin-
HBII 3JEMEHT Spp41 = N. Tak Kak m + 1 < N, Uy, 41 OPUCYTCTBYET
B TIOCJIETOBATETLHOCTH p. KpoMe TOro, Vi1 < 1 = Spm41. CiteoBa-
TeJbHO, CYIECTBYeT HAMMEHbINIee ¢ TaKoe, 9To v; < §;. Bemm ¢ = 1,
TO MOJIOYKIM

dZ{ul,Ul,Sl,tl, ey Sm,tm}. (8.5)

JmHa 10mycTUMO TTIOCIeI0BaTeIbHOCTH YBEJIUYINIACh Ha e TUHUILY.
Paccmorpum ciyyait ¢ > 1. Torma v;—1 > S;—1, 1 MBI UMeeM
HEePaBEHCTBO

Si1 < Vi1 < U < v <S5
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Ecan u; < t;_1, TO moIOXKUM
d= {81,251, ey Si—1,Vi—1, ui,tifl, ceey Sm,tm}. (8.6)
Ecan u; > t;_1, To mosoxxum mpu i < m
d = {81, tl, e 5 Si—1, ti—l, Uiy Uiy Siy ti, e 9 Smy tm}, (87)
" mojlaraeM 1mpu ¢ = m + 1
d= {Sl,tl, ey Sm,tm, Sm+1,tm+1}. (8.8)

[TocTpoennast mocae0BATEILHOCTD d IOIyCTUMA, U €€ JIJTNHA YBeJIU-
9nIach Ha eAUHHIYY: Mg = My + 1. OcTaeTcs IpoBepuTh, KaK H3Me-
HUJIACHh KYMYJISTUBHBIE CYMMBI JJI PA3JIMYHBIX BApUAHTOB OIpele-
JIGHUSI TIOCJIEIOBATEILHOCTHU d.

IIpn onpenenennsx (8.5), (8.7) u (8.8)
S(w,d) = S(w, q) + b(vi,w) — aus, w).
IIpu onpenenennn (8.6)
S(w,d) = S(w, q) + bvi-1,w) — a(ui,w).

[To ompenenenuto nocsenoBaresbHocT {U1,v1, ..., UN,VN} IIPHU-
OaBJIEHHBIE WIEHBI [TOJIOYKUTE/IbHBI. SHAYHUT, B 000UX CJIyUIasix KyMy-
JIATABHBIE CYMMbI YBEJIMYUBAIOTCS:

S(w,d) > S(w,q).
JlemMma gokazana. O

[Iycrs d = {s1,t1, ..., Sm,tm} — JOIyCTUMAasI IIOCJIEIOBATEb-
HOCTB JIUHON Mg = m 1 S(w, d) — COOTBETCTBYIOMAs KyMYJIATUBHAST
cyMMa.

ITpumennm mpeobpasopanme 1T K MOCIEIOBATEIBHOCTA W U IIO-
CMOTPUM, KaK IIPU ITOM HU3MEHUTCS KyMVJsITUBHAs cyMwma. Bo-
MEePBBIX, TpA §; = 0 TPOUCXOJAT CaAeYIONINE NU3MEHEHNS:

a(si,w) = a(s; — 1,Tw) + f(w) — a,
b(ti,w) = b(tz — I,TUJ) + f(w) — B.

178



OTciofa u n3 ONpeieIeHnsT KyMYISTHBHOM CYMMBI TIOJTyTaeM
S(w,d) = S(Tw,d') +a— (8- a)mg, (8.9)

rae
d={s1—1,t1 =1, ..., sy — L, t;y — 1},

eci 51 2 0, n

d={-1,t1 —1,s9—1,to—1, ..., Sy — Lty — 1},
ecn s1 = —1wut; > 0. Ecam xxe s1 = —-1uty =0, T0
d={ss—1,to—1, ..., sy — Lty —1}.
B cymme (8.9) a =0, eciim 51 > 0, m a = f(w) — o, ecom 57 = —1.

BeejieM nepedncianMyio cHU3Yy (QyHKIHO:
An(w) = sup{S(w,d) : d — momycrumasi 1m0C/IEI0BATEILHOCTD } .
Torma u3 (8.9) caenyer, aTo
S(w,d) < M(Tw) + (f(w) — )t — (B — a)mg, (8.10)

rJie ucnosb3oBano obosnadenne ht = max{h,0}.

ITo stemme 8.2 i KazKI0# JTOIyCTUMON ITOCIEIOBATE/IHLHOCTU ¢
CyIIECTBYET TaKasd JOIYyCTUMAasl IOC/IEI0BATEIbHOCTD d, ITO BBIIOJI-
HeHO My = op(w|a, ) u S(w,q) < S(w,d). Orcrona u u3 (8.10)
nMeeM

S(w,q) < S(w,d) <
< M(Tw) + (f(w) — o)t = (B — a)on(w|a, B), (8.11)

Bepem B (8.11) MaKCHMYyM 110 ¢ I TOTyd9aeM

An(w) < Ap(Tw) + (f(w) = @)™ = (8 = a)on(wla, B).
CieoBaTenso,

(B = a)on(wla, B) < (f(w) = )t + Ap(Tw) = Ap(w).  (8.12)
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Unrerpupyst HepaBeHcTBo (8.12), nosryunm

/ (8 — a)om(wla, B)dP < / (f(w) — o) dP. (3.13)

31ech MBI BIIEPBBIE HCIOJIB3YEM IIPEIIOI0KEHNE O TOM, UTO Ipeob-
pasoBanme T coxpaHsieT Mepy. I3 3TOro mpeaooKeHus CIeIyeT,

4TO
/ (Tw)dP = /

[MockonbKy unTerpas ot dyukiun |f(w)| orpanuyaen aunciom M,

/(f(w) —a)tdP < 2M.

ITomaraem
o(wla, B) = sup o (wla, B).
n

Jlerko BusieTh, 9TO 9TA PYHKIWS MEpeIrcanMa cuusy. Kpome storo,
13 TOTO, UTO
O'n(LL)|Oé7 ﬁ) < 0n+1(w|a7 B)

JUIst BCeX M, dTa (DYHKIUS sIBJISIETCsI UHTerpupyemoit, u 1o (8.13)
TIOJTy1aeM

/(QM)I(B —a)o(wla, B)dP < 1

JUIsT Beex o < 3.

[TyTem ycpennenust Besqumaunbl o (w|a, () MBI MOXKEM OIIPEJIE/IUTh
UHTErpajbHbIil TecT ciydaiiHocTu. llycTh BbramciinMble QyHKIAN
a(i) u f(1) nepedncsiioT MHOXKECTBO BCEX AP PAIMOHAJIBHBIX THCEJT

{(a,B): =M < a< < M}.

Onpenenum

o0

Z gy (B0) = ali))owla(i). 8().
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I[To cBoemy ompeienennio GyHKIWs p(w) MepedncanMa CHU3y U

/p(w)dP <1

T.e. OHA ABJSETCS MHTEIPAILHBIM TECTOM CIyYaliHOCTH, KOPPEKT-

HBIM OTHOCUTEILHO Mephl P. Kpome Toro, Kak panee ObLIO 3aMede-

HO, €CJIM Tpefea cpefaHnx lim s,(w) He cylecTByeT, TO HaiiLyTcs
n—oo

paronajgbHble o < 3 Takue, 1ro o(w|a, f) = oo.
Orcrona ciemyer, 9To st o060t GeCKOHETHON JIBOMYHOMN TOCIe-
JIOBATEILHOCTH W BEPHA, MMILTHKAIIAS:

‘ 1 n—1 i
p(w) < oo = nlggl@ - kZ:Of(T W) CyIIEeCTBYeT.
OcHOBHAasT YaCTh TEOPEMBI JOKA3aHA.

Iycrs f(w) obosuauaer mpemen cpemunx (8.4). Jlerko Bujers,
9TO f (Tw) = f (w) mist Becex w. Ecim npeobpaszosanue T — 3pro-
mmeckoe, 1o f(w) = ¢ st P-noutn Beex w, tie ¢ = [ f(w)dP —
KOHCTAHTA.

Hawm HaJ10 J10Ka3aTh ciejiyoniee yTBepKIeHHe.

Jemma 8.3. f(w) = [ f(w)dP das a060i nocaedosamenvrocmu w
cayuatinot no mepe P.

Zoxasameavcmeo. 1ommycTumM, 9TO 9TO HE TaK — CyIIECTBYET CJIy-
4Jaiinast 110 Mepe P 1ocjie10BaTe IbHOCTD W, JIJIS KOTOPOil BBIIIOJIHEHO
f (w) = d # c. Boibepem panuoHajbHbIE YUCJIA 7] U Ty TaKUe, 4TO
ri<d<rouc<ri WHC > Ty, U OUPEIeTUM

Sp={a:r < sp(a) <rel,

Sp ={a:rm <spla) <}

Tax kak upezen (8.4) paBen ¢ mo4ITH BCoAy, BbinosaHeno P(S,) — 0

upu n — oo. Pyukius P(S,) nepedncinma cepxy (Kak yHKIUsT
0T M), Tak Kak

r>P(S,) e 1—r<Pla:r; > s,(w) wm r < sp(w)}.
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[TosTOMYy MBI MOMKEM IO HMPOU3BOJILHOMY 11 AJITOPUTMUYECKH -
dexTuBHO HafiTH N > M, Takoe, uto P(S,) < 27™.

ITo ompemeneHno MHOKECTBO Sy, 9(bdeKTuBHO OTKphITOE. [lJIsT
nero P(S,) < P(S,) < 2~™. Ilonaraem U,, = S,, aaa taxoro n. Ce-
meiicrBo MHOXKecTB {U,, } npejcrasisier coboit rect Maprun-Jleda,
KOPPEKTHBIN OTHOCUTEILHO Mepbl P.

[Tocnenosarenbuocts W € MU, T.€. HE SIBJIAETCA CJIyYANHON.

[Tonydennoe yTBepKIeHNE JOKA3BIBAET JeMMy U Teopemy 8.6. O

8.6. 3ajlaum m ynpakHeHUs

1. IIpuBecTu 1OJIHOE JOKA3aTEILCTBO JIEMMBI 8.1.

2. ITpuBecTn HUMKHUE OIEHKH JJIsl YHUBEPCAJILHOTO TecTa p(w).

3. JJokazarh, 9T0 MHOXKECTBO §) sBJISIETCsI KOMIIAKTOM B TOIOJIO-
I'Md, TTOPOXKJIEHHON naTepsaaamu I

4. JlokazaTh, 9T0 BCsKas BbrancanMas dyHkius f(w) sBisiercs
HEIPEPBIBHON B TOIOJIOIHMH, TOPOXKICHHON nuTepsagamu I,

5. Hokazarh, uTo ecsm nepedncianMas causdy byHkims f(w) saB-
JISIeTCsT MHTErpupyeMoii, 1o f(w) < 0o s 1060l cirydaiiHoil moce-
JIOBATEJIBHOCTH W.

6. /lokazaTh, 9TO BEPOATHOCTHAsI Mepa P Ha JIBOMIHBIX HOCJIE0-
BATEJIbHOCTSIX SIBJISIETCSI CTAIIMOHAPHON TOTJIa U TOJIBKO TOTJIA, KOTIa
BoinosHensl yeiaosust P(0x) + P(lx) = P(x) auist Beex .

7. okazaThb, YTO CMeCh CTAIIMOHAPHBIX Mep P

1
P(x) = ———Pix)
i+ 1)
TaKKe SIBJISIeTCSI CTAIMOHAPHOI Mepoii.

8. MHorue 3aKOHBI TEOPUU BEPOATHOCTEN BBITIOJIHEHBI HE TOJIBKO
JUUIST aJITOPUTMUYECKU CJIy9IaiiHbIX [OCJIeI0BATEIbHOCTEH, HO U MU
bosiee OOIUX MTPEIITOTOKEHUSIX.

[IpoBepuTh, 4TO yCUIEHHBIH 3aKOH OOJIBIINX YHCEJ BBITOJHEH
I 110001 OECKOHEYHON IOC/IeIOBATEILHOCTH W TAKOH, UTO BbI-
nomeno K(w”™) > n — a(n), toe a(n) = o(n) mpu n — oo. 3a-
KOH 10BTOpHOTrO Jiorapudma Bepen npu KM(w™) > n — a(n), tiae
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a(n) = o(loglogn) nupu n — oco. IIpoBecTu anaau3 j10Ka3aTEILCTBA
9TUX 3aKOHOB.
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I'maBa 9

Cay4gaiiHbie 110
KoamMoropoBy KoHe4yHbIe
110CJIeI0BATEIbHOCTHU

A H.Kosmmoropos mpusasaj 00oJibilioe 3HAUECHUE U3YyUIEHUIO CBONCTB
KOHEYHBIX ITOCIeI0BaTE/IbHOCTEN. B 9T0it Ty1aBe Mbl pACCMOTPUM CTO-
XacCTUYEeCKHe CBOMCTBa KOHEYHBIX I10CJIE/I0BATE/ILHOCTEI].

9.1. (o, f)-Hecroxactuueckue o Kosamoroposy
KOHEeYHbI€e I10CJIeIOBATEJIbHOCTA

[TousaTtue nedexra CaydaitHOCTH KOHEYHON IIOCJIEIOBATEIHLHOCTUA T
OTHOCHUTEILHO KOHEYHOro MHOXKecTBa D, rjie © € D, 6bu10 oripe/ie-
JIEHO B pasjesie 3.3:

d(«|D) = log |D| - K(z|D),

riae K(z) — mpocrasi KOJIMOrOpOBCKast CJI0XKHOCTh KOHETHOR MOCTe-
JIOBATETLHOCTH .

[TocnenoBarebHOCTD & HasbIBaeTCs (v, )-CTOXaCTUIECKOi, eciu
d(z|D) < 8 (mmm K(z|D) > log |D| — 8) mis HEKOTOPOro KOHEIHOTO
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muO)KecTBa D takoro, uro x € D u K(D) < a. CoorsercrBeHHO,
HOC/E/I0BATEIbHOCTh & HasbiBaeTcs (v, )-HeCTOXaCTUIeCcKoil, ecin
d(x|D) > B st ir0boro KoHedHOro MHOXKecTBa D Takoro, uro x € D
u K(D) < a.

OTH HOHATHUS ObLIN IIPEIJIOXKEHB KoJIMOropoBbIM, OIIpeie/IeHne
Kommoroposa nzioxeno B padore [25].

st Ipou3BOJILHOrO KOHEYHOro MHOXKecTBa D u uwmcia 3 > 1
qmncsio Beex x € D, ga xoropeix d(z|D) > f (wm K(z|D) <
log|D| — B) ne npesocxomur 27 |D|; mna me memee wem (1 —
278+ D| nocnenosarensrocreit x € D 6yner d(x|D) < 3. Taxnm
o6pasom, npu K(D) < a ne menee uem (1 — 277+ | D| nocenosa-
TeJILHOCTEf SBIAIOTCS (1, [3)-CTOXaCTHIECKIMIL.

[Tokazkem, 4uro (v, 3)-HECTOXACTHUIECKHE MOC/IEI0BATEILHOCTH
CYTIECTBYIOT.

Ilpennoxkenue 9.1. Jlasa xaoicdozo n u 0Af M00LIT HEOMPUYA-
MEALHOIL HAMYPAAOHBT wuces « u [ maxux, wmo 2a + f <
n —4logn — ¢, 2de ¢ — NOAOHCUMENOHAA KOHCMAHMA. CYULLCTNEY-
em (o, B)-necmozracmuueckas nocaedosamesbHOCL OAUHYL 1.

Hoxazameavemeso. Ilycrs 2a+ f < n —4logn — ¢, tie ¢ — 1o-
JIOXKHUTEeJIbHAas KoHCTaHTa. [lycrs Takxke Dy, ..., DE — Bce KOHEUHBIE
MHOXKECTBA, KOJIMOIOPOBCKAsl CJIOKHOCTb KOTOPBIX HE MIPEBOCXOUT
a. Torna k < 2%t Jlns Toro, 4ro6bl 3a4aTh BCEe STH MHOXKECTBA
JOCTaTOYHO 3HATh YMCJIO (v U IOPSJIKOBBIA HOMEDP ¢ MHOXKeCTBa [;
B 9TOM CIIHCKE, I 3aJaHUA KOTOPOTO ONTHUMAJIBLHOMY AJITOPUTMY
Tpebyercst 6OJIbINEe BCero BpeMenn. I'pybast oleHKa JIIUHBI COOTBET-
CTBYIONIIO KoJa He npesocxout a + 2loga + O(1).

[Tycts x ecTh HanMeHbINast (B JEKCUrPahUIECKOM HOPSIIKE) TO-
CJI6/IOBATEILHOCTD JUTMHBL N Takas, uto © & U{ Dy : |Ds| < 27971},
st 3a1aHIS TAKOTO & JOCTATOYHO UCIIOJIB30BATDh YUCIA O, T < oo+l
(ompejiesieHne TAKOrO 4§ JIAHO BBIIIE) U 7, IOITOMY

K(z) < a+2loga+ 2logn + O(1). (9.1

Homnycrum, uro x € D misa mekoroporo D rakoro, uro K(D) < a.
Torna D = D; nna mekotoporo 1 < j < k. Taxk kak x € D, Oyzer
ID| = |Dy| > 201,
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Hokazxkem, uro K(z|D) < log|D| — 8. Houycrum, uro K(z|D) >
log |D| — B, rorma K(z|D) > n —a — 1 — . Orcioga, yaursiBas
nepasenctso (9.1) u mepasencrso K(z|D) < K(x) + O(1), momy4anm

a+2loga+2logn+0(1) >2n—a—p5—0(1).
B wacrrOCTH,
2+ =2n—2loga —2logn — O(1).

U3 yesoBus npejyioxkenus ciaepyer, 9to < n. CrenosaresbHo, Ipu
204+ <n—4logn—0(1) 6yner K(z|D) < log|D|—f mist Kaxmoro
D takoro, uro x € D u K(D) < «, Te., nocienoBaTeabHOCTh T
siBsisiercst (v, f)-HecroxacTuaeckoii. O

Takue Ke IOHSATUST U OIEHKU MMEIOT MeCTO, €CJIM 3aMEeHUTD [IPO-
CTYI0 KOJIMOropoBcKyto cioxkuocTs K(z) na KP(z).

B nociieyonmx pas3jenax Mbl PACCMOPHM pa3JInuHble MOAudU-
Karuu u 0606menns nousaTus («, 3)-HeCcToXacTHIECKOl OC/Ie10Ba-
TeJIbHOCTH.

9.2. MuHuMaJbHas JOCTATOYHAsI CTATHUCTUKA,

Bynem paccmarpuBaTh NpedUKCHYIO CJIO2KHOCTb KOHEUHBIX OOBEK-
ToB. [Ipu ucnonb3oBannu mpedUKCHON CI02KHOCTU OCHOBHBIE HEPa-
BEHCTBa HMEIOT MECTO € TOYHOCTBIO JI0 &JINTHBHON KOHCTAHTHI.
[IpocTy o KOJIMOTOPOBCKYIO CJIOKHOCTD TAKKE MOXKHO HCIIOJIb30BATH
B JAJIbHEHINNX OIPEJIEIEHUsIX, HO B 9TOM CJIyUuae HEPABEHCTBA OYIyT
BBITIOJIHEHBI C JIOTaPUPMUIECKOH TOTHOCTHIO.

IIycte D — KOHEYHOE MHOYXKECTBO OMHAPHBIX IOCJIEIOBATETHHO-
creit u x € D. IlpenacraBuM onucanue T B BUJE KOjia, COCTOSIIIErO U3
JBYX 4YacTeil:

KP(z) < KP(z|D) + KP(D) + O(1). (9.2)

Hepagencrso (9.2) cieayer u3 mepasencrsa 5.1
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Ucnonb3yst MHOXKeCTBO D, 3a/1aHHOE B BHJIC CIIICKA €0 JIEMEH-
TOB, MO’KHO K KadecTBe IIPOrPaMMBbl J|jist IIPOM3BOJILHOIO & € D uc-
I10JIb30BATH OUHAPHYIO 3aIIUCh IIOPSIIKOBOIO HOMEPA ITOrO SJIEMEHTa
B crcke. Orciona KP(z|D) < log|D| + O(1).} B pesymbrare moity-
qaeM oreHKy (9.2) CJI0KHOCTH HOC/IeJ0BATEILHOCTH .

KP(z) < log|D| + KP(D) + O(1). (9.3)

Bemumauna log |D| + KP(D) + O(1) paBra BepxHeii rpaHuiie JJIMHBI
HEKOTOPOTO KOJI& JIJIsI T, COCTOSIIEro U3 JBYX YacTell — MOpsiIKOBO-
0 HOMepa II0CJIeJI0BATEIbHOCTH & BHYTpU MHOXKecTBa D (Momesn),
COCTOSIITIETO U3 “PaBHOBO3ZMOYKHBIX JIEMEHTOB, ¥ KOJIA JIJIsT 38 TAHUST
CITCKA 3JIEMEHTOB 3TOH MHOKECTEA.

[Tporpamma, 3ajatommas MHOXKECTBO 1), Ha3bIBAETCS JIOCTATOIHOMN
CTATUCTUKOM.

Cornacno npunmuny “Gpursa OKkama’2, IIpeIOuTHTEILHBIME
SIBJISIFOTCSI IPOCTBIE MOJIEJIHN, I09TOMY cioxkHOCTh KP (D) Moenn na-
10 BBIOUpATH KaK MOXKHO MeHbIre, Harpumep, nopsaka O(logl(x)).

MoXKHO M3MEHSITh GalaHC MEXKLy JIByMsI JacTsIMU JIBYXJIacTUY-
Horo koja. Ba ciaydas:

e Ilpu D = {xz}, log|D| =0 u KP(D) = KP(z) + O(1).
e [Ipuxz e D=E,, log|D| =nuKP(D)=0(ogn);
Tounoctsb onenku (9.2) U3MepsieTcsi BeJIMIUHOM

5(z|D) = log |D| + KP(D) — KP(x), (9.4)

Myers D = {z1,...,21} C Z,. Yncra 1 < 4 < k MOryT GBITH 3aKOUPOBAHEI
B BH/Ie JBOMYHBIX [I0CJIEI0BATEIbHOCTEN OnuHAaKOBOH jumHb! [log | D||. @yrkuus

B(i,D):{ xi, ecmn 1 <3< k
HEOIIPEeIeIEHO, B IPOTUBHOM CJLydae
ompezessier (yCI0BHbIL) npedUKCHO-KOPPEKTHBIH CII0CO6 3a1a s KOHEUHBIX 110-
crenosaresnbHocTeii, npu Koropom KPg(z|D) < log|D|+ 1 upu = € D.

2370T NpUHNUI KPATKO (DOPMYJIMDPYETCsl KaK “CYIHOCTH HE CJIEIYeT YMHO-
KaTh 0e3 HeoOXOAUMOCTH .
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KOTOpasi Ha3bIBATCs JIePEKTOM ONTHMAIbHOCTH (CM. [28]).

Panee, B paszese 3.3 no dopmyie (3.16) ObLIO ONpeIeIeHo 1o-
HaTue jiedeKTa CIydailHOCTH KOHEYHON II0CJIeI0BATE]bHOCTA T OT-
HOCHTEILHO KOHEYHOTO MHOXKecTBa, D, cojepxKaiiero x. Chopmyinu-
pyeM aHaJIOrMYHOE IOHSITUE C MCIIOJIb30BAHMEM IIPEMUKCHON CJI0XK-
HOCTH:

d(x|D) =log |D| — KP(z|D). (9.5)

IIpenmaoxkenue 9.2. Jepexm cayuatinocmu npousdeosvHotll Korey-
1Ot MOCACIOBAMENBHOCTNY T OMHOCUMENDHO KOHEUHO20 MHONHCE-
cmea D ne npesocrodum deexm onmumasvsHOCTU € TOYHOCTIIDIO
do Koncmanmoi:

d(z|D) < é(z|D) + O(1).

Aoxasamenvcmeo. Cormacno oupenerennsM (9.5) u (9.4) mam
HY?KHO JIOKa3aTh, ITO

log |D| — KP(z|D) < log |D| + KP(D) — KP(x) + O(1).
DTO HEPABEHCTBO YKBUBAJCHTHO HEPABCHCTBY
KP(z) < KP(z|D) + KP(D) 4+ O(1),
KOTOpOe cJie/yeT U3 HepaBeHCcTBa 5.1. O

Kak 6bu10 3aMedeno Bbime, seauunna o(x|D) xapakrepusyer
rTouHoCTh olleHKH (9.3). Bxojsmas B Hee esmuunna KP(z) — mocro-
SIHHAsL, IO3TOMY /IS TIOBBIIIEHUs] TOYHOCTH 3TOM OIEHKN HEOOXOIH-
Mo MuHHMu3HpoBaTh 110 D Besmunny log |D| + KP(D) upu = € D.
B cBsizu ¢ aTMM, paccmarpuBaercs crpykrypHas dyakmusa Kommo-
roposa

dz(a) = min{log |D| : € D&KP(D) < a}, (9.6)

rme a — HarypaJbHoe ducio. [Iporpamma, 3anaromas MHOKeCTBO [
(a Takzke caMo MHOXKeCTBO 1)), Ha KOTOPOM JIOCTUTAETCSI MUHUMYM B
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(9.6), Ha3BIBATCSI KOJIMOIOPOBCKON JIOCTATOUHOIN CTATHUCTUKOf (M
MUHAMAJIBHON HOCTATOUHON CT&TI/ICTI/IKOfI).g

Jnst KazK0ro & mMeer CMbICI paccMarpuBarh (MYHKIHUIO Oy ()
Ipu « > ¢, TJe ¢] — HOJIOKUTEIbHAs KOHCTAHTa (3aBUCSINAs OT )
Takas, 4TO MHOXKECTBO M3 IpaBoil dactu onpesenerus (9.6) siBis-
IOTCSI HEILYCThIM.

Co craTucTHYecKoil TOYKKM 3peHust yI00HO paccMaTpuBaTh aHa-
JIOPHYHYIO (DYHKITMIO, OCHOBAHHYIO HA MUHUMH3AIUHN J1eeKTa CIIy-
JaiHoCTu:

Bz(a) = min{d(z|D) : x € D&KP(D) < a}, (9.7)

e o — marypambnoe uncio.? Ouesmmno B,(a) = —c, rae ¢ — KoH-
CTAHTA.
N3 omnpenenenus ciaemyerT, ITO

Dynkimn O, («) 1 Bz () XapakTepu3yer BOSMOKHOCTD OLHUCAHS
CJIOBA & C HOMOIIBIO CTATHCTUYIECKON MOJE/IH, COCTOSAMIEl U3 MHO-
KecTB caokHOCTH < . gist siro6oro x dyrkuuu 0, () u By () He
BO3pACTAIOT 10 &  0z(a) > 0 mpu « > ¢1 u By(a) > —c st Beex
@, TJIe €1, €2 U ¢ — HEOTPHUIATEJILHBIE KOHCTAHTBL.

Huxkusist n BepxHssl TPaHUYHbIE IIPsAMbIe st (DYHKIUH Oy (o)
yKa3aHbl B CJIEAYIOMIEM yTBEP2K/ICHUML.

Ilpennoxkenue 9.3. Cywecmeyem makue NoAOAHCUTEALHBLE KOH-
CAHMBL C1 U C2, 4MO 0 M060T KOHEeUHOT NOCACO0BAMENDHOCTIU X

3B [40] 65110 or™medeno, uro A.H.Komvoropos mpemioxmun B 1973 na Tammn-
CKO# KOH(EePeHIH 10 TeOpUH NHGPOPMAIINU BAPUAHT 3TOH (DYHKIUN U TIOCTABILI
npobseMy m3ydeHnst BO3MOXKHBIX (popM Kpubbix (9.6). Cm. Takxke [28].

4 ®yukuus B, () BrIepBLIC ObLTa BBEIEHA U H3ydagach B pabore [6]. COm. Tak-

ke [40] u [28].
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u das 6cex a = ¢1 u k < 0x(a) svimoanero 5
0z(a) 2 KP(z) —a — ¢y, (9.9)
Or(a+ k) < 0z() — k + ca. (9.10)

Jlokazamenvcmeso. Jokarxkem (9.9). s 1106010 KOHEIHOTO MHO-
xkecrBa D takoro, uyro x € D, umeer mecro HepasencTso KP(x) <
log |D| + K(D) + O(1). Ilycrs 64(a) = log |D| u KP(D) < o mst
nekoroporo D. Orciona 6, (a) > KP(x) — a — O(1).

Hokazxewm (9.10). ITycrs §,(a) = log|D| u KP(D) < « myist Heko-
roporo D. Ilpu k < log|D| sddekTuBHbIM 00pa30M MpEICTABIM
MHOKeCTBO D B BHjie o6beunenust 2F monmuozkects D; Tak, 4T06bI
KazKj10e moMuoKecTBo D; coneprxaro 27| D| sinementos.% [Is sTo-
ro, UCIOJIb3ys IPorpamMmy s DD pacrosiokKuM Bce 3JIEMEHTHI MHO-
JKeCTBA B COOTBETCTBYIOIIEM TTOPSIIIKE U TTOCIE0BATETHHO OTKIIA b~
BaeMm 110 27%|D| semenToB B KauecTse Takux mogaMHOKecTB. CI10K-
HOCTH KazKJIOT0 TAKOTO TIOIMHOXKECTBa He IpeBocxomuT a+k+ O(1).
Cymectyer ¢ Takoe, ato x € D;. Orcroona

Orcrona nostydaem (9.10). O

Nnmeer mecro Bepxusist onieHka [y (o) < [(x)+0(1). Bosee Tounas
OIICHKA [IPE/ICTaBJICHA B CJIEYIOIIEM IIPEITIOKEHHN.

IIpennoxxkenune 9.4. /lns 4106020 T umeem MeCmo HePaseHCMEo
Bz(a+ k) < Be(a) — k+cq, (9.11)

2de ¢ — Koncmanma.

"Hepasencrpa (9.9)—(9.10) yxaswiBaior, uro rpabuk dyuxmuu J,(q) n306-
pazkaercsi KPUBOH, KOTOpas HAIMHAETCS CJIEBA NPUOJU3UTENBHO (C TOYHOCTHIO
JI0 KOHCTAHT) B TOUKe (C1,C2) M PACIONIOXKEHA MEXKIY ABYMs OpaMbiME y(a) =
KP(z) —any(a) =c —a.

6 171t IpOCTOTHI M3TOKEHMSI CIMTAEM, UTO 9TO YHCIIO Teoe. 1Ipu Gosree cTpo-
TOM PaCCy JIEHUN HaJ0 OpaTh €ro 1ejioe MpUINyKeHne.
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Jlokasamenvcmeo. Hepasernctso (9.11) nokasbiBaercs: Takzxke Kak
HepaseHcTBo (9.10) U3 HpebLIyIIero npeiozkenus. 0

IIpumepbl BEpXHUX OLIEHOK:
Tak kak npu D = {x} 6yzer log|D| = 0 u KP(D) = KP(z) +
o),

0 (KP(z) + O(1)) = 0,
Be(KP(z) + O(1)) < —KP(z|D).

Tak kak npu x € D = =, log|D| = n u KP(D) = KP(n) =
O(logn),

6z(KP(n) + O(1)) < n,
Bo(KP(n) + O(1)) < n — KP(z|n) + O(1).

9.3. Ciay4aitHOCTh OTHOCHUTEJbHO pa30ueHms

Pa3buenusi KOHe4YHOTO MHOXKecTBa. Opese M HOHATHE CIIy-
YaiHOM KOHEYHON MOCJIeJOBATEILHOCTH OTHOCUTEJILHO IIPOU3BOJIb-
HOrO pasbueHust MHOXKecTBa =, = {x : () = n} Bcex KoHeY-
HBIX JBOMYHBIX IOC/IEI0BaTeIbHOCTEH AymmHbl n. Ilox pastuenuem
MHOKECTBA =y, TIOHUMAETCS MPEJICTaBIEHNEe 9TON0 MHOXKECTBA B BH-
je oovenunenust D, = {D,...,D,} nomnapHo HelepeceKaloNIXCst
HEILyCTBIX MHOXKECTB: =, = UJ_, D;, rae ¢ — 9uCII0 9/1eMeHTOB pas-
6uenust, D; C Z, u D; N D;j # () upu i # j.

Pasz6uenne D,, MOXKHO IpeICTABUTH B BUJe HAbopa map (x, 1), rie
x € D;. Tlostomy OyneM paccMaTpUBaTh €ro KakK KOHCTPYKTUBHBIN

00bexT.”

[Ipumep pasbuenust — npeJCTABICHUE =) = ’,;LZOEZ, rie

n
EZ:{xGEn:Z:Ui:/@}.
i=1

"3aMeTHM, YTO UHCIIO 7, MOXKHO BBIUHUC/INTE IO 9TOMY KOHCTPYKTHBHOMY 00b-
EKTYy.
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Dro pasbuenne ucnoabzosaia A.H.Kommvoropos [13] B cBoem ompe-
JleJIeHUI KOHEUHOH GepHysumeBCKoil nocsenoBarebaoctu. Corac-
HO KosIMOropoBy mocsieoBareslbHOCTh & € =, HA3BIBACTCA M-~
6epuysmesckoii, ecaun K(z|n, k) > log (Z) — m. 3mecks m — Tpo-
U3BOJIbHOE HaTypasbHoe uncio. Hamomunm, uro |ZF| = (7). B pas-
gaete 3.3 6pu10 moKasano, uto K(z|n, k) < log (}) + O(1).

Mpur OyzieM paccMaTpUBaTh AHAJIOTHUIHOE ONPEICICHUE C UCIIOJIb-
30BaHueM IPehUKCHON MOTIMUKAINN KOJIMOIOPOBCKON CJIOKHOCTH:
HOCJIE/IOBATEJILHOCTD T € E, Ha3bIBACTCH M-OEPHYJIIIMEBCKOMN, eCJIn
KP(z|k,n) > log (}) — m. Baech m — npou3BoOIbHOE HATYDPAIBLHOE
anciso. Tak kak KP(x|D) < log |D| + O(1) upu = € D (cMm. npume-
JaHue B Hadase paszena 9.2), BHIIOIHEHO HEPABEHCTBO

KP(z|k,n) < log (Z) +0(1),

rae n = l(z) — mna u k=Y | ¥; — YUCJIO €IUHHUI B IIOCIIE0BA-
TEJLHOCTH .

[Iycts D(z) — ToT snement pazbuenus D,,, KOTOPBIi COIEPKAT
. Bemmauna

d(2|Dp) = log | D(x)| — KP(2|D(x))

HasbiBaeTcst Jedekrom ciydaiinoctu (1o KosmoropoBy) KoHedHOI
IIOCJIEOBATEILHOCTH T € Z, OTHOCHTENbHO pasbuenust D,. Hazo-
BEM IIOCJIEJI0OBATELHOCTD T € =, M-CIy4YallHON! OTHOCUTEIHLHO Pa3-
6uenust D, = {D1,..., Dy}, eciu d(z|Dy,) < m.

Ciry4alilHOCTb OTHOCHUTEJbHO KJIACCA BEPOSITHOCTHBIX
Bep. [lokazkem, 9T0 MOHSATHE CJIYUAHOCTH OTHOCHUTEJHLHO pasdue-
HUsI SKBUBAJIEHTHO TOHSITHIO CJIYIafHOCTH OTHOCUTEILHO HEKOTOPO-
'O KJlaCCa BBIYMCJ/IMMBIX BEPOATHOCTHBLIX MeEP.

BepositHOCTHAsT Mepa Ha MHOXKeCTBe =, 9T0 dyuknua P : =, —
R4+ Takasi, 9TO Zx:l(:c):n
3aj1aeTcsd HAOOpPOM 2" BEIECTBEHHBIX YUCE], & €CJIU Mepa BbIYUC-
JINMasi, TO 3TU YUCJIa BBIYUCIUMBIE, T.€. CYIIECTBYET aJlOPUTM, KO-
TOPBIN BBIJAET PAIMOHAJbHBIE MPUOIMKEHUS ITUX YUCE C JH000it
HaIepe] 3 IaHHON CTENEeHBI0 TOYHOCTH.

P(z) = 1. Takum obpasom, Takasi Mepa
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Mepa P wa =, Ha3bIBaeTCsl WHBAPUAHTHON OTHOCUTEIHHO pas-
6uennst D, = {D,..., Dy}, ecim P(z) = P(y) mas mobbx 1 y
JIEKAIUX B OHOM 3jieMeHTe pa3buenus. B sToMm ciydae, ajs 3a1a-
HUsI THBAPUAHTHON Mepbl P H0CTATOYHO 3aaTh BEPOSTHOCTHYIO Me-

_ .\ _
py Ry = {rn(D1),...rn(Dg)} Ha Dy Y1 1p(Ds) =11 rp(D;) >0
npu 1 < i < q. Habop R,, BBIYUCIUMBIX BEIIECTBEHHBIX UUCE] 3a1a-
eTCsl IIPOrPAMMOI, T.€. KOHCTPYKTUBHLIM OOBLEKTOM.

WuBapuanTtHast Mmepa P mpejcrasisiercs B Buge P(x) = rn(D())

D(x
Haszosem 1,(D) Becom ssementa D pasbuenusi D, CyLLLe|CT(B;/|eT
B3aUMHO-O/IHOZHAYHOE COOTBETCTBUE MEXK/LY BHIUUCTMMBIMU HHBAPH-
AHTHBIMH MEPAMU U BLIYHCIUMBIMU BeCaMU Pa30MEHUsT U aJrOPUTM,
KOTODBIH TIEPEBOJIUT Beca B 3HAYEHUs] MEPbI 1 HA0OOPOT.

B wactHocT, Mepa P wHBapuaHTHa OTHOCUTE/IHLHO pa3OueHMsI
Cn=1{ZF:k=0,...,n}, ectn P(x) 3aBUCHT TOJHKO OT JUTUHBI 1 U
qucsIa eJIMHNI K B OC/IeI0BATE/IbHOCTH T. B 9TOM Ciiyvae, MHBapU-

aHTHAs Mepa IpecTaBisercs B Buge P(z) = “(zﬁ’)ﬁ), rae k= >0 @i,
k

(k) =n(ER) 1 Y5 ra(k) = 1.

Kaxknast BeraucanMast Mepa P Ha =, 3a1aeTcss HAOOPOM BBIUHC-
JIMMBIX BEIIECTBEHHBIX YHCeJI, KOTOPBIi 3a/1a€TCsl IIPOrpaMMOi (KOH-
CTPYKTHUBHBIM 00bekTOM). DuKCHpyeM HEKOTODBIi Criocob 3a/1aHs
TaKUX HabOOPOB BBIYMCAMMBIX BEIIECTBEHHBIX dYucel. PaccMorpum

ycsioBHy0 ipedukcuyio ciokuocrs KP(z|P), riae P — BbranciauMast
BEPOSITHOCTHAsI Mepa Ha =,. [lonumaem yciosue P B KP(z|P) kak
yCJIOBHE OTHOCHTEJIFHO IIPOIPAMMBI [IJIsl BBIUUC/IEHNs 3HaUeHuH P.

HedexT cayuaitHoCTH HOCIE0BATEIBHOCTU T € =) OTHOCUTEb-
HO pacupenenenns P Ha Z, ompeeasercs

d(z|P) = —log P(x) — KP(z|P).

IIycts P, — KJlacC BCeX BBIYMCJIUMBIX MED WHBAPUAHTHBIX OT-
HocuTebHO pasbuenus D,,. Oupemenum j1edeKT UHBAPUAHTHOCTH
(medexT ciryuailHOCTH OTHOCHTEIBHO Kilacca Mep Pp):

d(z|Pp) = Pié%n d(x|P). (9.12)
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BoJiee To4HO, ONITUMAJIBHBII QJITOPUTM, 33JIAIOIIHI YCIOBHYIO CJIOXK-
Hoctb KP(z|P), ucnosnb3yer B cBoeii pabore MpoU3BOJIbHBIE CTPO-
ku p. Hekoropbie CTpOKN KOAUPYIOT MPOrPAMMGbI JIJIsT BHIMHCICHUST
BorancauMbIX Mep. Uudunym B (9.12) Gepercst o TemM cTpokam p,
KOTOPBIE OIPEesIOT BelaucauMbie Mepbl P. Bojee Bhraucanreib-
HO MHBAPUAHTHOE OonpejiesieHne JedeKTa CJIyIaiiHOCTH OTHOCUTE b
HO BBIYMCJIMMOI MephI CM. B pasjese 11.2.

Teopema 9.1. /Jledpexm unsapuarmmocmu ¢ mourocmsvro do addu-
MusHot Konemanmo, cosnadaem ¢ depexmom caysatinocmu no Koa-
MO20POBY:

d(x|Pp) = log |D(x)| — KP(z|D(x)) + O(1),
ede D(x) — anemenm pasbuenus D, codeporcauwud x.

Hoxazamenvcmeo. Jlerko BujeTb, 910 J1epeKT MHBAPUAHTHOCTU
MOYKHO TaK2Ke IPeJICTaBUTh B BU/JIE

d(x|Py) = log |D(z)| + Rienén(_ logr,(D(z)) — KP(z|R)). (9.13)

J1J1sT TpOM3BOILHOTO T € =, PACCMOTPUM BBIYHUCIUMYIO HHBAPUAHT-
HYIO Mepy

m, ecmn z € D(z),

P ={
0, B IpOTUBHOM CJIyUae,

T.e. jeMenTy pasbuennsi D(x) mpunmcan cymMMapHblii Bec 1, mpu
9TOM STOT BEC PABHO PACIPENETCH MEXKIY TOCTIEIOBATEIHHOCTIMA
u3 D(x). OcrajbHbIM 3j1eMeHTaM pa30HeHNs PUIUCAHBI HYJIEBBIE
Beca. O6ozHaunM 1ocpecTsoM R’ annoe pacnpeesenne Becos. To-
raa KP(z|R') = KP(x|D(x))+O(1). CoorBercTByIolast HHBADUAHT-
Hasl Mepa OIIpeJiesisieT BePXHIO oreHKy (9.13)

d(x|Pp) <log|D(x)| — KP(z|D(x))) + O(1).

Jlokaxkem obparHoe HepaBeHCTBO. [lycts P — mpousBojbHast
BBIYUCINMAasT WHBAPUAHTHAA BEPOATHOCTHAsI Mepa Ha =, u R =
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{rn(D1),...mn(Dq)} — Beca s/1eMEHTOB COOTBETCTBYIOIIErO pa3bue-
HUS.
PaccmoTpum nepeducimMyio cHU3y (pyHKITHIO

S (D)2 KPEID) ecnm o € F,,
0, B IpOTUBHOM CJIydae.

aim - {

Dra dyHKIWs siBiIsieTcs] HoyMepoil Ha =. [leficTBuTesIbHO, TaK Kak
J1st mobbix nou D Oyzer ) o= 2~ KP(ID) 1,

ST Q@IR) = Y r(D) 3 27KPEID < 37 (D) = 1.

TEE, DeD, TEZ, DeD,

Oynkuus Q(z|n, R) nepeuncinma cHu3y (Kak yCJIOBHasi OTHOCH-
TebHO M U R mostymepa).

[To croiicTBy anpuopHoii nepedncanMoil nogxymepsl P(z|y) u3
pasgena 5.1.4 (cm. takxke pasgen 5.1.5) 6yxer cP(x|R) > Q(z|R),
Orciona 6ymer

¢P(z|R) = Q(z|R) > rp(D)2 KP@ID)

JJIs JTI000T0 3/IeMeHTa pasdueHust U £ € =,, e ¢ -KOHCTaHTa. B
YaCTHOCTH, 9TO HEPABEHCTBO umeeT Mecto u jyisi D = D(z). Ilepe-
XOIMM K 1pedUKCHOI cI0KHOCTH (JTorapudMupyeM 0be JacTu 9TOro
HepaBeHcTBa) 1 nosrydaeM npu D = D(x) nepasencrso —KP(z|R) >
log rp,(D(x)) —KP(z|D(z)) — O(1) wiu — log rp(D(z)) — KP(z|R) >
—KP(z|D(x)) — O(1). Tak Kak B HOCJE/HEM HEPABEHCTBE BECOBOE
pacupeesenne R — npoussosibHoe, noiaydaem B (9.13) d(z|n, P,) >
log |D(z)| — KP(z|D(x)) — O(1). O

JI1s1 TIpOMBBOJIBHOrO HATYPAJILHOTO IHCJIA M OyJIeM TOBOPHTD,
9YTO KOHEYHAsl MIOCJIEJIOBATEIbHOCTD & € =, ABJAETCS M-CJIydaiiHOl
OTHOCHTEJILHO BEPOSITHOCTHOTO pacupesesenns: P ecim d(x|P) < m.
AHaJIOru9HBIM 06Pa30M, T ABIAETCA M-CIy9aliHOl OTHOCHTEIHLHO
KJIacca MHBAPUAHTHBIX Mep Py, ecau d(x|Py) < m. U3 onpesenenus
CJIEJIYET, UTO MOCJIEOBATEIBHOCTD T € =, ABJSETCA M-CIydaiiHOlM
OTHOCUTEJILHO KJIACCA BEPOSITHOCTHBIX MEp TOTJIA M TOJILKO TOI/IA,
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KOI'Jla OHa ABJIAETCHA M-CAy4YaiiHOIl OTHOCUTEJIbHO OJHOU U3 Mep U3
39TOro KJjacca.
N3 teopemnr 9.1 ciemyer

Caencrsue 9.1. [locaedosamesvHocms T ABAAEMCA M-CAYHATHOU
no Koamozoposy mozda u mosvko moada oHa mM-CAYHauHaL OMHOCU-
MENDHO KAKOT-AUOO GHIMUCAUMOT, UHBAPUAHIMHOT, GEPOATIHOCTIVHOT
MEPDL.

1o CJIIEACTBUE YCTaHABJIMBAECT CBA3b MEZK/Yy KOJIMOI'OPOBCKUM
OIIpeIeJICHUEM 6epHYHHI/IeBOCTI/I u onupeaejgaeHmnemMm CJIy‘IafIHOCTH oT-
HOCHUTEJIbHO KJlaCCa BEPOATHOCTHBLIX MeEP.
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YHactes 1V

IlociaenoBarenbHBIE
mpeJicKa3aHnus
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I'maBa 10

IIpenckazareabHast
CJI02KHOCTD

10.1. Beranciaumblie PyHKOINN C BEMIECTBEHHDBI-
MW 3HaAYEHUSAMU

B pmasnbreiiniem Mbl OyjieM paccMaTPUBATH BBIYUCJIUMbBIE (DYHKIIAN
Tuna 2 — R u R — R. B aroMm paszese Mbl JaJM COOTBETCTBYIO-
1ue onpee/IeHus.

Berauciumbie dyskiuun tumna ) — R. Oywknust f Tuna
) — R Ha3bIBaeTCs MPOCTON, €CJIM HMPOCTPAHCTBO ) mpeacTaBiie-
HO B BHJIe OObeIMHEHNS KOHEYHOI'O MHOXKeCTBa, mapoB 'y, ..., Ty,
Ha KayKJIOM U3 KOTOPBIX DYHKIWS f [MOCTOSHHA ¥ IPUHUMAET Palli-
OHAJIbHOE 3HaveHue Win +00 (—00). B aroM ciiyuae MOXKHO mHCATDH
f(w) = f(z;) ans Becex w € Ty, i = 1,... k, tne f(x;) obo3nagaer
9TO IOCTOsIHHOE 3HadeHune dynkiyun f Ha mape I'y,.

MmuoxkecTBO BCex MPOCTHIX (hyHKIMI 00pa3yioT ancaMOjb KOH-
CcTPpYKTUBHBIX 00beKTOB. PyHKIus f : () — R Ha3BIBAETCS BHITUC/IH-
MOi1, €CJTH CYIIECTBYIOT JIBe BBIYUCIUMBIE [TOCJIEI0BATETEHOCTH IIPO-
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[ (w) rakme, aTo

fs (W) < fop(w),
fEw) 2 £l W)

crbix Gynknuii f; (w)

JJId BCeX S U

Fl@) = sup f5 () = inf £ ().

Oyukrus f: ) — R HA3BBAETCS MEPEIUCTUMOIN CHU3Y, €CJIM MHO-
2KECTBO

{(r,w) :r < f(w),r € Q} (10.1)

sABJITeTCsT 3(PPEKTUBHO OTKPBITHIM, T.6 MOXKET OBITh IIPEJICTABJIEHO
B BHJIe O0beIMHEHNs PEKYPCUBHO IIEPEYUCIUMOIl 110CIIe10BATENIBHO-
ctu MHOXKeCTB Tuna {1} X I'y, r1e r — paruonainbio u x € =. AHaso-
TUYHBIM 00PA30M OIPEIesIsieTCs: MOHATHE (DYHKIIUNA [TePEIUCTUMON
CBEPXY.

ITpennoxkenne 10.1. Pynxuyua f(w) muna Q@ — R swuuciuma
mozda u Mmoavko moz2da, K020a OHA NEPEUUCAUMA CHUSY U CEEPTY.

Jlokazamenvemeso. eiicrBurenbio, myctb f(w) BBIYUCTHMAS.
Torna

r< flw)<=3ds:r< f; (w) <= 3s,x:r < f; (x), z Cw.

AnajiorudHbiM 06pa30M JIOKA3BIBAETCsI [IEPEIUCIUMOCTh f(w) cBep-
XY.

[Tycrs Teneps, f(w) — nepedncianMa CHU3Y U CBEpXy. Toraa MHO-
aectro (10.1) MokeT 6BITH pescTaBieno B BUe U e ({7} X T'z),
e A — HEKOTOpOe PEKYPCHUBHO MEPEUnCInMoe MHOXKecTBO. [lycTh
A® — yacTh MHOXKeCTBa A, Iepedunc/ieHHasl 38 S IIAroB IIePevIncie-
Hus. OnupeienM HeyOBIBAIOILYIO 110 S IIOCJIEI0BATEIHHOCTD IPOCTHIX

dyHKII
fs (w) = max{r: Jz((r,z) € A&z Cw)}

(upemmosaraem, uro max() = —oo). U3 onpenenenus f(w) =
sup; fg (w).
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AHATOTUYIHBIM 00PA30M MOXKHO OIPEE/INTh HEBO3PACTAIOINTLYTO
[0 § HOCJIEJIOBATEILHOCTL HPOCThIX dynKkimil fi (w) Takywo, uro

f(w) = inf, £ (w). O

Ecmm f(w) Berancinma u f(w) € R, To TOro 4T00bI HAITH Paly-
oHaJIbHOe TIpubsmKenne K f(w) ¢ TOYHOCTBIO 110 € > 0 (paruoHa/b-
HOE), JI0CTATOuHO HaliTn & C w u s Takue, aro |f(z) — fi (z)| <,
u BelaTh f; () B KadecTBE pe3ysbrara.

Kak jierko ciemyer us onpeesieHusi, BEIYUCIAMAsT (DYHKITHS TH-
na §) — R HenpepbiBHA B KaXKJI0# TOUKE W.

Beraucaumbie pyukmun tuna R — R. Oyanust f Tumna
R — R Ha3bIBaeTCsl MPOCTOil, €CIM MHOYKECTBO R IMPEJICTABIEHO B
BUJe 0O0beIMHEHNSI KOHETHOTO MHOXKEeCTBa MHTepBasioB Iq,...,Ip ¢
palMHAILHBIMU KOHIIAMU, HA KaXKJIOM M3 KOTOPBIX (DyHKIWUs f 110-
CTOSIHHA U NIPUHUMAET PAI[OHAJBHOE 3HadeHue, +00 mwin —oo.! B
9TOM ciIydae MOXKHO nucathb f(z) = f; mug Beex x € I;, i =1,.. . k,
rae f; obosHavaeT 3TO IMOCTOAHHOE 3HadYeHne (pyHKIuH f Ha HHTEP-
BaJjie I;.

10.2. 3aga4ya mocJjieoBaTeJIbHOI'0 IIPOTHO3UPO-
BaHUS

3ajilada yHUBEPCAJIBLHOIO BEPOSITHOCTHOTO [TPOTHO3UPOBAHUS B AJIN0-
pUTMHIYECKOit Teopuu HHMOPMAITIN pacCMaTpUBAJIACh B pasjesie 6.
B srom pazgesie Mbl pacCMOTPUM 3319y OHJIANH IPOrHO3UPOBAHUS
B 00IIIEM CJTydae.

[TycTb HEKOTOPBIIT ITPOIIECC MOCJIEIOBATETHHO TTOPOXKTAET IIOCTIE-
JOBATEILHOCTE OUTOB W1, W2, . . . . st IpocTOTHI Oy/ieM CIUTATD, YTO
w; € {0,1} ns Beex i. PacemorpuM crreyrontyio 3amady: JJist Jio-
6oro n > 1 1O W3BECTHBIM HMCXOIAM W1, W2, . ..,Wn_1 BBIJIATH IIPO-
THO3 P, Gymymero n-ro mcxoma. IIpenmonaraem, uto p, € [0,1].2

"Mmerorca BBy unTepsassl uga (—oo, 7], [r1, 2], (r1,72], [r1,72), [, +00),
The 7, r1 U T3 — PArHOHAILHEIC THCTA.
MOKHO HMHTEpIIPETHPOBATD UHCIO Pp KAK OLEHKY BEPOSTHOCTH COOLITHS
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[Tocte TOro KaK MCXO Wy, OYIET MPEIbSIBIIEH, BLIYUCIAEM PACXOXK-
JIGHUE MEXK]Iy IPOTHO30M P U UCXOJOM Wy C IIOMOIIBIO (DyHKIUU
norepb A(Wy, pp). Mbl Gyziem mpejosnararb, 9To (DyHKIMs HOTEPh
[MPUHUMAET HEOTPUIIATEIbHBIE 3HAYCHUS U €€ 3HAUECHUS MOI'YT OBbIThH
BBIUUCJIEHBI C TIOMOIIBIO HEKOTOPOI'O AJITOPUTMA.

[Iporuosupyioriasi crparerusi — 3T0 BblYucIuMasg QyHKIUSA S :
= — [0, 1], koropast 110 JIF0OOIi 110CIIeI0BATEIBHOCTH OMHAPHBIX UCXO-
JIOB WiWwg ...w;—1 BBIJAET mporuo3d p; = S(wiwsy...w;—1) 6yaymero
ucxoja w;, rae i = 1,2, ... (3mech wy = )\).3

[Tpumepsr pyHKIUiI TOTEPDL — JIorapudMudecKass (QyHKIHASA 10~
Tepb ¥ KBaJ[PATUIHAS (PYHKIIUS TIOTEPD.

Jlorapudmuieckas: QyHKIIASA MOTEPh MPUMEHSIETCST B TOM CJIy-
1yae, KOTJIa B KAUECTBE IIPOrHO3a BBIJAETCS PACIIPEJIEIEHUE BEPOSIT-
nocreit p(w) ma Muozkectse {0, 1}.4 Jlorapudmuaeckast bynkmus mo-
Tepb OPEJIETISIeTCH KaK

_ _J loggpecimw =1
Aw,p) = logg p(w) = { logs(1 — p) B mpoTuBHOM Cityyae,
rae = e~ — mapamerp, n > 0. 3mecs w € {0,1} mp = p(1) € [0, 1].
B nanbHeiimem st gorapudmMmudeckoil pyHKINE HOTEPh YacTo

mosjaraeM 3 = %, B 9TOM ciydae A(w,p) = —logp upu w = 1 u
AMw, p) = —log(1 — p) upu w = 0.

KywmynsaruBnabie morepu B pe3yabrare MPeaCKa3aHuil pi,. .., Pn
UCXOJIOB W1, . . . , W, U3MEPAIOTCA CyMMOil

n

Loss(wy . ..wp) = Z Mwi, pi).

i=1

wn = 1, B aTOM caydae 1 — p,, eCTb BEPOSTHOCTH COOBITUA w, = 0. B 3aTom
cJiydae, YuCJIO P, TaKyKe PABHO MaTeMATHYECKOMY OXKHUIAHWIO 3HAUYEHUs OMHAD-
HOTO UCXOMIa Wy,. JTa WHTEPIIPeTAIus ObLIa UCIOIb30BaHa B pasmaee 6.
3Tousitie Borancaumoit dbyukimy Tuna  — R mwin R — R onpejessiercs B
pasznese 11.1.
4 AHaTOrmIHEIM 0GPA30M MOXKHO PACCMATPHBATH pacIpeeaenue p(w) Ha KO-
HEYHOM MHOXKECTBE HCXOJIOB.
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B Tom ciyuae, Korga MCXOMBI W1, . . . , Wy, TEHEPUPYIOTCA HEKOTO-
poit Mepoit P, MO2KHO PaccMOTPETH IIPOTHO3UPYIONIYIO CUCTEMY

P(wy...,wi—10)

S(w1 .. .wi_l) = P(a]wl ce ,wi_l) =
P(w1 e ,wi_l)

npu o € {0,1}. 3mech MbI peanonaraem, aro P(wy ... ,ws) # 0 mis
BCEX .

B sTOM ciiydae ecTeCTBEHHO pacCMaTpUBATh JIOTapU(PMIICCKYIO
dynkuo norepb. Torna KyMy/ISTUBHbIE IIOTEPH Ha, II0CJIE10BATE/Ib-
HOCTH UCXOLOB W1, . . . , Wy PABHBI JorapudMy GyHKIMNA IPaBIOIOI0-
Oust

Lossg(wi . ..wp) = Z logg P(wilwy ... ,wi—1) = logg P(w1 ..., wn).
i=1

Keajparuunas dyHkius norepb

Aw,p) = (w—p)>,

6yaer paccmarpusarbest npn w € {0,1} (a Takxke npn w € R) u
pER.

s kBagparudHONl (DYHKIME HOTEPh KyMYJISITHBHBIE OTEPH
MIPEJICTABJSIOT OO0 KBaIPATUIHYIO OIUOKY Perpeccuu

n

Lossg(wy ... wp) = Z(Wz _pi)27
i=1

e p; = S(wy...wi—1).

B 3Toii raBe MBI pacCMOTPUM 3a4ady IIPOIHO3UPOBAHUS KOHEY-
HBIX TIOCJIe0BaTeabHOCTE. 1leIb TpOrHO3upYIONero ajaropuTMa —
IOCTPOUThL TAKYI0 IPOIHOZUPYIOLIYIO cucTeMy S, 1jisl KOTOPOM Ky-
MYJISITHBHAS CyMMa,

n

Lossg(wr ... wn) = > Awi, S(wiws ... w; 1)) (10.2)
=1
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SABJISIETCS] MUHAMAJIBHO BO3MOXKHOMN TTPU ITPOU3BOJIbHBIX BO3MOYKHBIX
HUCXOMAX Wi, . . . , Wy JJIs BeeX n. B ciaydae siorapudmvudeckoit pyHK-
MU TIOTEPD 9Ta 33248 SKBUBAJCHTHA 33/a1€ MaKCUMU3AINN (DyHK-
1uu npasgononodus. s kBagparudHoil GYHKIUKA IOTEPH 3TO 3a-
Jada MUHUMU3AIUA CyMMapHON KBaJIPATHIHON OIMUOKU PErpeccui.

10.3. IlepemenmmBaemble (pyHKIINHU MOTEPH

Hausee npesonaraem, 4ro GyHKIWs 10Tephb A(w, p) HEIPEpbIBHAST U
BbramcuMast 1o p. CBOHCTBO BBIYUCIMMOCTH O3HAYAET, YTO CYIIE-
CTBYET aJrOPUTM, KOTOPBII MPHU 3aJIaHHONU TOYHOCTU € > () BBIYUC-
JISIET palioHaIbHOe pubsrkenne K duciay A(w,p) npu w = 0 wim
w = 1 ¢ TOYHOCTHIO JI0 €, UCHOJL3Ysl B CBoell paboTe I10CTATOUHO
TOYHBIE PAIMOHAJILHBIE TPUOJIMKEHIA K BEIMIECTBEHHOMY YHUCIY P.

st HeKOTOPBbIX (DYHKINN TOTEPDh 33/1a9a MUHUMU3AINT KyMYy-
agruBHOi cymmbl (10.2) permaercs moctaTodHO 3hDHEKTHBHO.

PaccMoTpuM KJ1ace Tak Ha3bIBEMbIX [IEPEMEINBACMbIX (DyHKIUT
morepsb. IlycTs 3amgano yncyo n > 0 — mapamerp oby4denus:, 5 = e~ .
Oyukiyst morepb A(z, p) HA3BIBAETCS 7)-lIEPEMEIINBAEMOIl, ecJiu st
KaXKJI0H II0CIeI0BATEIbHOCTH MIPEJACKA3AHUNE P = P1, P2, ... U KaxK-
JIOH TIOCJIEI0BATEIbBHOCTH HEOTPHUIATE/IbHBIX BECOB I' = T1,T2,.. .,
CyMMa KOTOPBIX HE MPEBOCXOUT 1, CYNIECTBYET PEICKA3AHHIE Y Ta-
KOE, 4TO

AMw,7) < g(w) (10.3)

U BCEX W, TIIe

g(w) = logs S o).

Hepagsencrso (10.3) sxBuBasIeHTHO
[e.@]
i=1

U3 HEPEpBIBHOCTH U BBIYUCJUMOCTH (DYHKIUU H0TEPb A(w, p) ciie-
JIYET, 9TO WCIIOJIb3ys BCe DOJiee TOYHBIE PAIMOHAJIbHbBIE TPUOIIKE-
HUS K Pj, MOXKHO BBIYHUCJIATH PAIMOHAIbHBIE TPUOINKEHUS K TUCITY
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Aw,y) cHE3Y U panuoHaJbHbIE IPUOJINZKeHHs] K anuciay g(w) cBepxy
TaK, YTOObI JIJIsi HUX BBIOJIHAIOCH HepaBeHCTBO aHajiorndnoe (10.3).
W3 mHempepbIBHOCTH TIO P CIEYET, ITO B MPEIEse TTOIYIUM HEPABEH-
crso (10.3).

QPurcupyeM HEKOTOPbIH CIIOCO0 BLIYUC/ICHUS 7Y, YAOBIETBOPSIO-
mero (10.3), u mumem v = Subst(p,r). HaseiBaem sty dynkimo
yHKIIIEH O ICTAHOBKU.

OyHKIUSA TOTEph HA3BIBAETCHA IEPEMEITNBAEMON, €CJIU OHa 1)-
repeMeniuBaeMa it Hekoroporo 77 > 0. Mer 6yiem npejosararh
AJITOPUTMUIECKYIO 3D PEKTUBHOCTE CBOWCTBA 7)-1IEPEMEITUBAEMOCTH.
DTO O3HAYAET, UYTO IPEICKA3AHUE 7Y MOXKET ObITh BBIUUCJIEHO C JIFO-
Ooii Hamepe 3aJaHHON CTEMeHbI0 TOYHOCTHU II0 JOCTATOYHO TOUHBIM
PUOJIMKEHUSIM BCEX IIAPAMETPOB, BXOJMAIIUX B 3TO OLPEJIEICHHE.

Jlajtee MBI TIOKaXKeM, 9TO JiorapuMUIecKasl U KBaJIpaTUIHASI
GyHKIINK OTEPD SIBJIAIOTCH nepemernBaeMbivu. OyHKIMN mojicra-
HOBKH JIJI KBIPATUIHON 1 jiorapudMudeckoil pyHKImit moreps Oy-
JIyT NPUBEICHBI HUXKE.

CBOHICTBO TTEPEMEITUBAEMOCTH HCIIOJIb3YeTCsT IPU TOCTPOSHUN
AJITOPUTMOB, OITUMAJILHO YCPEJHAOMNX HAOOPbI IPeICcKa3aTe b
HBIX aJiropuT™MOB. OIUH U3 HMEePBbIX TAKUX AJITOPUTMOB OBLIT TIPEJIIO-

kel B [58, 60].

IIpengioxkenue 10.2. I[Tycmo 3a0ana 6bucauMasn (KOHEWHAA UL
beckonewnas) nocaedosamesvyHoCmsG NPoeHOUPYIOWUT CMpameul
S1,52,. .. u evvUCAUMAA NOCAEIOEAMEALHOCTVD HEOMPUUATNENDHBIT
BEULECTNBENHDIT “UCEN (6€C08) T1,T2,. .., CYMMA KOMOPHLLT He Npe-
soczodum 1.° Tozda cywecmeyem GuUUCAUMAA NPOZHOSUPYIOULA,
cmpamezus S maxas, 4mo das awbozo 1 = 1,2, ...

Losss(z) < Lossg, () + logg 7;

0nA 6CeT KOHEUHBLL nocaedosamenvhocmerts x.

SCyuecTByer aaropuT™, KOTOPBIi [0 HOMEDY 4 ¥ BXOLY & MOYKET BBHIUHC/INTE
PaMHAJILHOE TPUO/IMKEHNE K BEMECTBEHHOMY Iucy S;(Z) ¢ IpOu3BOJIbHON Ha~
repe;; 3a/[aHHOI CTEIEeHbIO TOYHOCTH. AHAJOIMYHBIM 00Pa30M ITOHUMAETCs BbI-
YHUCJIUMOCTD IIOCJIEJOBATEJILHOCTH 71,72, . . . .
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Zoxasamesvcmaso. IlocTpoenne ycpeaHsioniei mporHo3upy e
crparerud S IMPOUCXOIUT II0 cXeMe 0alieCOBCKOIO METOIA.

[Momaraem ro(i) = 1i, @ = 1,2, . ... ITocse nosiBenus ogepeaHoro
UCXOJa Ty BECA IePeCTPauBaIOTCs 10 (POPMYyJIe

rt(i) — 6)\(zt,si(z‘1...ajt_1)),rt_1(i)'
Jlerko BUAETH, UTO MIPU TAKOM OIPEIeIeHNN
Tt(i) _ BLOSSSi(ml“‘mt)’I“o(i).

OupejiesM “SKCIIOHEHIIMAIBHYIO cMech” g (w), w € {0, 1} noreps 1o
BCEM CTpaTerusIM

gu(w) =logg p_ Aot (i),

rie
* . rt—l(z)
il =)
sTt—1S
HOpMHpOBaHHbIe BecCa.
Tak xkak GyHKIUS TOTEPDH 7)-IIEPEMENTUBACMAsl U HEIPEPhIBHAS

II0 BTOPOMY apryMeHTy, HJId 06010 t = 1, ...,N CyIIeCTBYET BbI-
YUCJINMOE BEHIECCTBCHHOE YHCJIO Pty TaKOE€, 9TO
)\(w,pt) S gt(W) (105)

Jutst Beex w € {0, 1}). Onpegenmnm
S(xl ce xt_1> = PDt.

U3 (10.5) Oymer ciie10BaTh, ITO

T

Lossg(xy ...x7) = Z Ay, pt) < th(:ct).

t=1 =1

~

T .
[TisToMy BazKHO HCCIIEIOBATH CyMMY » ., g¢(2¢). MaTemarndeckoit

nHAyKInei mo t = 1,2,...n 10KaxKeM, 9TO
T
D gilwe) =logy 3 romsin-wrng ). (10.6)
t=1 7
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[Tpu T' = 1 umeem

g1(z1) = logs Z/B)\(Il,Si()\))TO(i)'

IIpu T > 1 3ameuas, uro Lossg,(z1...z7) = Lossg,(z1...27-1) +
Mz, Si(x1 ... xp_1)), IPEJICTABUM B BUJIE CYMMbI BEJUIUHY

10g5 Z BLOSSSz‘ (xl"'xT)To(i) —

10g6 E 6LOSSSi (xl---mT—l)/,aO(i) 4
(2

Lossg. (xq...xp_ Maxp,Si(xq...xp_ .
3.8 s; @1 wp_1)+A (e, S;(z1 e 1))T0(l)

Z BLOSSSZ' <w1mxT71)7‘0(i)

logg
10g5 ZﬁLosssi(xl...:cT,l)TO(i) +
logﬁ Z /BA(IT’Si(xl'"wT_l))T;ﬂil(i) —

logg 3 Ahossi #1201y (i) + g (wr).

IIpomoskast pacKpbIBAThL COOTBETCTBYIOILYIO CYMMY, HOJIyIHM pa-
sercrso (10.6).

Cymmupyem nepasercTso (10.5), obbenumnsieM ero ¢ HepaBeH-
creoM (10.6) u nosyuaem

Losss(z) < logg Z r; BLosss; (%) (10.7)

tst Beex .5

Tak kak cymma GoJIbIle Wik pasHa Jiroboro ciaraemoro, us (10.7)
[OJIy 9aeM

Lossg(7) < logg Z 18055 () < Lossg, (z) + loggr;
i

st oboro 1. Ipenoxkenne 10.2 mokazamo. O

SHamommmm, uto 70(i) = r; MCXOIHBIE BeCa.
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[Ipomecc mocTpoeHUst ONTUMAJIBLHON YCPEIHSIONEH CTpaTernu
MOKHO IIPEJCTaBUTh B BUJI€ OHJANH IIPOTOKOJIA.

FORt=1,2,...
e Habmonaem mporuosst p;p = Si(x1,...xi—1) upui=1,2,....

e BrisbiBaeM OYHKIIIO

gt(w) = logg Z ﬁ/\(w’si(m"'xt_l))ﬁ—l(i)

craery (1) = % — HOPMUPOBaHHBIE Beca, a Beca 11 (1)

OBLIN BBIYKUCJIEHBI HA MPEIbIIYINEM IIare.

e Broruncisiem npornos S(xy...x4—1) = p¢, e py — pellleHue
CHCTEeMbl HepaBeHCTB

e Ilonyuaem ouepeHO GUT T4
o Ananrupyem Beca 14(i) = fMNEES @1z ))p, ) (4),

ENDFOR

CmMernnBaeMoCTb JiorapudMUUIecKoii (PyHKIUU I10TEPD.
[Tposepum Boimosnenne HepasercTsa (10.4) — onpesenenue cMern-
BaeMOCTH Jjisd jorapudmudeckoit pyHKIUA 10Tephb. B aTOM citydae
POTHO3 — 9TO pachpejiesieHne BeposaTHOCcTell p(w) Ha MHOKECTBE
{0,1}. B srom ciaywae A(w,p) = loggp(w) u pANwP) = p(w). Hepa-
BercTBo (10.4) npespamaercs B paserctso (10.8), a dyHKIWs 1107
CTAHOBKH WMMeeT BHJI 6alleCOBCKOI CMecH NpejcKasaHuil p;(w) mpo-
IHO3UPYIOIUX CTpaTeruit

pw) = ripiw),. (10.8)
i
e Ziri =1wur >0 ojg Bcex i.
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3amMeTnM, 9To JiorapudmMuaeckast GYHKIIANA TOTEPD SIBJISETCS TIe-
pemernuBaMoii mpu Jiobom (3, Tak Kak ITOT MapaMeTp BXOIWUT B ee
OIIpe iesIeH e,

CwMenmmBaeMoOCTh KBaApPaTUIHON (PYHKIUU MTOTEPh. [Ipo-
BEPHUM CBOMCTBO IIEPEMEITUBAEMOCTH U OCTPOUM (DYHKITAIO MIOICTA~
HOBKH [T KBaIPATHIHON byHKIME moTeph A(w, p) = (w — p)? mpu
we{0,1} upe0,1].

[IpenBapurenbao paccmoTpum obuit ciaydait npu S = e~ . Hia
IPOM3BOJILHOI (byHKIMK oTeph A(w,y) PACCMOTPHUM MapaMeTpude-
CKYIO KPHUBYIO HA TIOCKOCTH

(e_n,\(o,v)7 e—m(m)) ’ (10.9)

re v — mapamerp, w € {0,1}. V3y4uum, npu Kakom 7) 9Ta KpuBast
ABJIdeTCd BOFHyTOI;‘I Io 7y. yCJIOBI/Ie BOTIHYTOCTH UMeEET BUT

' (V)y" () = 2" (V)Y (v) = 0 (10.10)

nutst Beex 7y, tae x(y) = e MO g () = e ),

B wacrrocTH, mist kBagpaTudHON (byHKIUE M0TEPh A(Ww,7y) =
(w— )2 6yzer z(y) = e u y(y) = e "M1=? Tlocie smementap-
HBIX npeobpasoBanuii HepaseHcTBO (10.10) SKBUBATIEHTHO HEpaBEH-

CTBY
1
(=) <5

2
Jlerko BuzeTh, uro Tak Kak (1 —-y) npuHIMaeT MAaKCUMAJIbHOE 3Ha-
qeHme i, YCJIOBUE BOTHYTOCTH BBITIOJTHEHO J1iJTsT Beex v ipu 0 < 1 < 2.
YeoBue 7-CMEIMBAEMOCTH O3HAYAET, YTO JjIsd JF0O0ro pacripe-
nestenst W = (wq, . . ., Wg) HA MHOYKECTBE k IIPOTHO3UPYIOIINX CTPa-
reruil u Jr0ObIX ux nporuozos f = (fi,..., fr) Haiizercs v Takoe,

YTO BBIIOJIHEHDI J[BA HEPABEHCTBA
k
e MA@) > Zwie_")‘(w’fi) (10.11)
1=1

npu w = 0,1. Touknm (e_")‘(o’fi),e_m(l’fi)), i = 1,...,N ne-
»kar Ha kpuboil (10.9), a ux BblIIyKJIas KoMOuHanus — touka M,
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nar 3 i 1
h— N:(BMU.?‘ ) .510 i J)
0B 1
04r 1
02t 1
D 1 1 1 1 1
0 0z 0.4 06 0.8 1 1.2 1.4

Puc. 10.1: Ilpamas, npoxogsmasi 4yepe3 Touky M, oTMedaeT TOUKY
(BA(O”Y), B’\(l*'y)) Ha KpuBoii, rae f = e, 10 KOTOPOIl BBIUUCJISIETCS TP
ckaszanne y = Subst(f, w).

JIEZKUT BHYTPH BBIIYKJIOW O0JIACTU, OIPAHUIEHHON STON KPHUBOIL.
Yeaosue (10.11) osnadaer, ¥ro abcnmcca n opamHara ToYkH N =
(e*"A(O’V),e*"’\(l’W)) HE MEHbIEe YeM abCIUCCA U OPAUHATA TOUKH
M. Ilpsimasi, mpoxofsias depe3 Touky M, ormedaer Touky N =
(e 0 [e=nA17)) na xpusoii (10.9) (em. puc. 10.1). Hpeckasa-
HUe€ 7y BBITHUCIISIETCS U3 YCIIOBUS

k
Z wiefn/\(lvfi)
==l : (10.12)

N
Z wie—n/\(OJi)
=1

e—1\0,7)

B wacTtHOCTH, 117151 KBaAPATUIHON (DYHKIINH IIOTEPE JIeBasl 9acThb pa-
sencrsa (10.12) mveer Bug e~ 1271 Orcroma nosmyuaem BeIpazkenme
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IS Y-

k 2

1 1 §wie_77fz’

= Subst(f,w) = = — — In =1
v = Subst(f, w) 5 2?711

~ .
Z wie_ﬂ(fi_l)Q
=1
VeoBue cMenmBaeMOCTH KBaJAPATHIHON (DYHKIUHU TOTEPDb MO3BOJIsI-
€T B34Th 1) = 2.

CBOICTBO CMENINBAEMOCTH SIBJIAETCS OOOOIMIEHIEM CBOMCTBA 9KC-
HNOHEHIAILHON BorayTocTu. HeTpyaHo npoBepuTh, 94To st JII000-

— e w=)? "

row € [0,1] byukmus f(y) = e SIBJISIETCST BOTCHYTOHN 1O
v € 10,1 upu 0 < n < % B stom ciyuae BemmuuHa Y = Y w;f;

7
yaoBerBopsier HepasercTBy (10.11) mpu smobom 0 < 7 < % 1o oTIpe-

JEJIEHNIO BOIHYTOCTH.

10.4. KoHcTpyKIus IpeJicKa3aTeJbHOI CJI0XK-
HOCTU

Cymma (10.2) unpegcrasisier coboii HEKOTOPYIO Mepy CJIOKHOCTH
[I0CJIEIOBATEILHOIO TIPEJICKA3AHNS JIEMEHTOB I0CJIEI0BATEIbHOCTH
W = Wijws...wy. OcHOBHAA 3ajlada TPEJCKA3aHUs 3aKJII0YAETCA B
HAXOKJIEHUU TaKOil IPOTHO3UPYOMIEeil cTparernn f, KOTOpasl MUHE-
musupyer obrmume morepu (10.2) it Bcex w B TOM Ke CMBICTE, Kak
B CJIy4ae KOJIMOI'OPOBCKOI cJioKHOCTH. Perienue sToit 3ama4m BO3-
MOXKHO B paMKaxX HJeH ‘CMEIINBAHUST , KOTOpas ObLia M3JI0XKEHa, B
npeioxkeranu 10.2. dra ujgess B ONPEIEICHHOM CMBICIE TAaKXKe HC-
[IOJIB3YETCs JIJIst IOCTPOEHUST KOJIMOTOPOBCKO# CJIO?KHOCTH.
Pazbsacuum a1y nziero Ha nmpumMepe mpedUuKCHON KOJIMOTOPOBCKOIT
cnoxkuocTu. PaccmarpuBaiorcs mpedUKCHO-KOPPEKTHBIE METO/IbI Jie-
KOJIMPOBAHMUS U COOTBETCTBYIOIIUI UM TPEMOUKCHBIN BAPUAHT KOJI-
MOTOBCKOMW CJIO?KHOCTHU. KaxKaprii Takoit MeTom F' ompeessier Mepy
cioxxuoctn KPp(x) = min{l(p) : F(p) = =} KOoHeUHBIX mOCIIE/10-
BaresbHOCTeli. Jlerko Bugers, uro dyukuus KPp(x) nepedncinma
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cBepxy. “CmemnuBanue 1o KoaMoropoBy” 3aK/Ir049aeTcsi B TIOCTPOEHUN
BBIYHCIUMOIL TTI0C/Ie0BaTEeILHOCTH F; BCex METOIOB JeKOAMPOBaHKS
CPEJICTBAMU TEOPUH AJITOPUTMOB U TIOC/IELYIOIEM 00be IMHEHUN UX B
ofH yHIBepcaJabHblil Meroj nekonuposanus U((i,p)) = F;(p), rue
i — uporpamma Belaucssiiomas Fj, a (i,p) — HEKOTODBIH KOJ[ Hapbl
IPOrpaMM i U p, HAIPUMEp, IOCTPOeHHbIH B pasaese 3.1.1.

[To cBoitcTBY HyMepaIluu map Jjis JI000r0 BRITUCIUMOIO METOIA
nexkonuposanust F' seimosneno KPy(z) < KPp(z) + O(1) mus Beex
x, ryie koucranTa O(1) 3apucur or F. OjHa 13 BO3MOXKHBIX (byHKIIHI
KPy(z) durcupyercsa u obosnagaercs KP(x).

[TpedukcHy 0 KOJIMOTOPOBCKYIO CJIOKHOCTH MOXKHO TAKKe OIpe-
JEJIUTD “aHaJUTUIECKIM CIIOCODOM

KP/(x) = —longi2_KPFi(w), (10.13)

1=1

rjie r1,72, ... — IPOU3BOJIbHAS IIEPEYNCINMAsT CHU3Y I1OCJIe0BATE b=
HOCTBb PaIlMOHAJBbHBIX YHCE/ CyMMa KOTOpbIX paBHa 1. Bojee Toro,
110 Teopeme 5.3 u3 pazgena 5.1.3 KP'(z) = KPy(z)+O(1) mist nexo-
TOPOTO BBIYUCIUMOTO MTPebUKCHO-KOPPEKTHOIO METOA JEKOTMPOBa-
Hust U.

U3 onpenenenus (10.13) HemocpeICTBEHHO CJIEYET, UTO JJIst IIPO-
M3BOJIBHOI'O § UMEeT MECTO HEPABEHCTBO

1
KP'(z) < KPp, (z) + log —

LK
JUIsT BCEX .

W nest aHAIMTIIECKOTO METOJIA, 110 BuAuMOMY, BocxoauT K P. Co-
nomonoBy [55]. Takoit xxe meroy 611 tpumvenen JILA. JleBunpivm [17]
[IPU TIOCTPOEHUN YHUBEPCAJIHHOM MePEIUCTUMON CHUIY MTOJIyMephl Ha,
JIICKPETHOM MHOXKecTBe (cM. pazfen 5.1.3) 1 aupuopHOi 1oJLyMepbl
Ha JiepeBe BCeX JBOUYHBIX [OC/IeqoBaTeIbHOCTER (eM. paszer 6.1).

[IpenckazarenbHas cJI0XKHOCTD ObLiTa BBeseHa B.I'. BoskoMm B pa-
Gorax [61] m [62]. IIpenckasaresbHast CI0KHOCTH OyIeT CTPOUTH-
sl BTOPBIM U3 IIPUBEJICHHBIX BbIIIE C1ocoboB. Byjer mocrpoena me-
pednciauMasi CBEepXy IOCIEJI0BATEILHOCTh Mep “IpejcKa3aTebHOIl
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caoxuoctn” KG;(x) u, B ciyuae n-nepemerninBaeMoil (byHKIUA 110-
Tepb, MOXKHO OyIeT onpeIesinTh st [ = e~

KG(z) =logg » iK™ (10.14)
=1

st Bcex & € =. CBOHCTBO 7)-IepEMEITUBAEMOCTH TO3BOJIAT JOKa-
3aTh, uro dyHknusg KG(z) Takxke siBisieTcss Mepoil IpeJicKa3aTelib-
HOIl CJI0XKHOCTH.

Oyuxisa KG(z) HaszbBaeTcst Mepoil mpe1cKa3aTesIbHON CII0KHO-
CTU OTHOCHUTEIbHO (DYHKIINH ITOTEPH )\(w, p), €CJIN BBIIIOJIHEHBI CJle-
IYIONINE YCJIOBUS:

e (i) K(\) = 0 u Jyist KaXKJI0ro T CYIIECTBYeT IIpeJICKa3aHue P
takoe, uto KG(xo) — KG(z) = A(o,p) ana seex o € {0,1}.7

e (ii) KG mepeunciamma cBepxy, T.e. CyIIECTBYET BbIUUCIUMAST
HEYOBIBAIOIIAS TTOCJIEIOBATEIBHOCTD HEOTPUIATEILHBIX TPO-
crerx dynkmuit KG! tuna £ — R, Takas, 4To AT BCEX T
somosneno KG(z) = inf, KGY(x) (mox mpocroii monmMaer-
cs1 DYHKINS, TPUHUMAIOIIAST TOJLKO PAIMOHATbHbIE 3HATEHST
WJIH 00, KOTOPAasi paBHA 0O JIJIs MOYTH BCEX 3HAUEHUN apryMeH-
Ta).

U3 ycnosus (i) ciaemyer, aro cymectByer (He 06s13aTEIbHO BHIUUC/IA-
Masi) IIPOTHO3UpYyIommast crparerus p = S(z) Taxas, 110 Lossg(x) <
KG(x) myist Bcex KOHEUHBIX IOC/Ie0BaTeIbHOCTER . B ToM cirydae,
Korga B (i) BBIMOJIHSIETCST PABEHCTBO, MBI IIOJIy9aeM OILPEJCICHUE
KynysisitusHO# (ynkiun moreps (10.2). Yeaosue (ii) ozauaer, 4ro
KG(z) Bbranciauma sinnib “B peesie” (Lepequcimma CBepxy ).
Ilpennoxkenue 10.3. /Jlasa sozapudmuyeckoti dynkyuu nomepo
npu B = 3 (n = In2), yeaosun (i)-(ii) sneusarenmmv, mpebosa-
Huam, wmobv, pynryus P(x) = 2-KG(@) gepmmact nepevuciumot
CHU3Y NOAYMEPOT.

"BT0 HepaBeHCTBO ABJIsETCs 060bIIeHneM pasercTsa Losss (o) — Losss(z) =
A(o,p) Auist KyMyJISITUBHBIX IIOTEPb, Ije S — IPOTHO3UPYIOIAsl CTPATEr sl 1 P =

S(x).
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Joxasamensvcmeo. st morapudmvudeckoit pyHKIuu morepb 6y-
ner No,p) = —logp, eciim 0 = 1 u A(o,p) = —log(1l — p), ecin
o=0.

[Tycrs dyukuus KG(z) ynosiersopsier yesosuio (i). Torma, rak
kak KG(zl) — KG(z) > —logp u KG(20) — KG(z) > —log(1 — p)
7151 zHexoToporo p € [0, 1], 6yger 27KGED < pa—KG(@) i 9-KG(20) ¢
(1 — p)27KG@) Orcroona dysknus P(x) = 2-KG@) yropnerspser
yeosmo P(z1) 4+ P(20) = 27KG(@1) 4 9-KG(@0) ¢ 9=KG(2) — p(z),
T.€. SIBJISIETCsI TIOJIyMepoii. [IpedncimMocTs CHU3Y CliejlyeT u3 ycJio-
Bus (ii).

B obparnyto cropony, nycts P(x) > P(x0) + P(zl) musa Bcex

— Pzl) Pz0)
z € E. Torna pry + gy S 1 U CyIIECTBYET BEIIECTBEHHOE MHC/IO

P Takoe, 4TO I;C(C—i)) <pu 1;:2:2)) < 1 — p. Takum obpasom, (i) BbITOJ-

ueno st dyuxmun KG(z) = —log P(z). Yemnosue (ii) ciaemyer us
nepeunciaumoctu canzy dyuxipn P(x). O

[TocTpoenne onTUMaIbHON IMpPeACKa3aTeNbHON CIOXKHOCTH Oy-
JeT aHAJIOTMYHO IIOCTPOCHUIO YHUBEPCAJIBLHON HepevYncjanMoi CHU3Y
(apuOpHOIi) 1OJIyMepHI.

Teopema 10.1. ITycmo ¢ynruus nomepv Nw,p) Asaiemcs nepe-
Mewusaemot (a maxsice eunucAuMmot u Henpepverol no p). Tozda
cywecmeyem mepa npedckazamesvnots caoocnocmu KG(z) maxas,
wmo das moboti mepvt npedckazamenvnoti caoorcnocmu KG(z) nat-
demcsa KOHCMAHMA ¢ MaK, 4mo

KG(r) < KG(z) +c (10.15)
ona 6cex x
[IpeaBapuTe/IbHO JOKAXKEM CJIEAYIOLLYIO JIEMMY.

Jlemma 10.1. Mooicro nocmpoumsd pPABHOMEPHO NEPEHUCAUMYIO
ceepzry nocaedosamenvrocms KG;(z) ecex mep npedckazamenvrots
CAOACHOCTU, . C., CYWECTNBYEM, GHUUCAUMAA NOCAEI0BATNEALHOCTND
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neompuyamenvruir npocmux & dynrxyut KGL(x), das xomopoti
o KG!M(2) < KGY(2) dan scex i, t,a;
e KG;(z) = inf; KGi(x) dna ecex i,t,x;

o das Kadcdol mepol npedckazamenvroti croorcnocmu KG(x) cy-
wecmeyem i makoe, wmo KG(z) = KG;(x) das scex x.

Joxasamenvemeo. IlocnenoBarensaocts KG;(x) moxer 6biTh
IIOCTpoeHa, caeayomuM obpa3omM. Mber OymeM paccMaTpuBaTh Iepe-
YHUCIMMbIE MHOXKECTBa nap (x, 1), TJe & — KOHeUHAasl JTBOUIHASI [IOCJIe-
JIOBATEJILHOCTD U T — HEOTPUIATEIHHOE paIMOHAIbHOE Iucyo. IlycTn
W; — paBHOMEPHO TEepeYnCIMMast TTOC/IEI0BATEIBHOCTh BCEX TEpe-
YHUCJIUMBIX MHOXKECTB, COCTOSIMX u3 nap (r,x), rue ¢ € =, r € Q,
Takas, 4To JI0Hoe MEPEUNCTIMOE MHOXKECTBO TIap PABHO OJIHOMY W3
W;.2 To onpeeleHIIO0 paBHOMEPHAST IIEPEIHCINMOCTD O3HAYAET, ITO
muoxkectso W = {(i,r,z) : (r,x) € W;} nepeanciumoe.

U3 Beranciumvoctu byHKmuu A(o,p) ciemyer, 9To Jjisi HEKOTO-
POt BBIYMCIUMON TOCJIEI0BATEILHOCTA MTPOCTHIX (DYHKITAI )\t(a, P)
semoseno A (o, p) < M(o,p) mna seex t, o, p u Ao,p) =
inf; A (o, p).

[Iycts W' — komeunas uacts W, mepeunciennas 3a t IIAros.
Oupenenum

W = {(z,")|((i,z,7) € W)} U (E x {4+00}).

C moMOIIbIO MaTeMAaTHYIECKOH MHIYKIMU 110 ¢ OIPEJeNM BBITIC-
JIIMYIO TI0CJIEJI0BATEIbHOCTh HEOTPUIATEIBHBIX IPOCTHIX (DyHKIMIA
KG!(x) Takyto, ato KG)(z) = oo u KG!!(z) < KG!(x) s eex z,
nutst robbIx i m t s bymximm KGY () soimosmeno yeosue (i) ompe-
JIeJIEHUs] MepBI IIPeJICKa3aTeIbHON CJI0KHOCTH U Tpaduk yHKImN
KGl(x) sBastercs nomvuoxkectsom WY

8TIox IIPOCTOH OHUMAETCs (DYHKIWA, KOTOPas IPUHUMAET HEOTPUIATE/IbHbIE
panmuoOHaJIbHbIE 3HAYCHUA UJIN +OO U paBHa +OO JJId IIOYTHU BCEX 3HaQYEHUA CBOEro
apryMeHTa.

locaenoBarensHocTs Wi 6bLIa OCTpOeHA B pasaere 3.1.2.

214



st mocTpoeHust TaKoil M0CJIeI0BATEIbHOCTHI JJIst KaXK/I0T0 © 1C-
nosb3yst napel (z,7) € W} nmem MakcumaabHOE DacIupeHue Ipa-
duka GyHKIUEI KGE_I(.Q;) 1o rpaduka byrkimmu KG! (), ama xoro-
poit KG!(z) < KG!™(2) st Beex o m s smooro a cymectsyer

paIMOHaIbHOE P TaKOe, 9TO
KGi(zo) — KGj(z) > A'(0,p) (10.16)

st Beex o = 0, 1.10

Omnpenermv KG;(z) = inf, KGi(x) mna Beex ¢ m x. Us (10.16)
U HelpepbIBHOCTH A(0,p) HO P CIeIyer, 4To s Jioboro i (yHK-
st KG;(z) ymosiersopsier ycioBuio (i) omnpejiesieHusi Mepbl MPe/I-
CKa3aTeIbHON CJIO’KHOCTH , T.€. ABJISIETCS MEPOil IpeIcKa3aTeIbHOM
CJIOZKHOCTH.

Homycrum, uro dbynxuus KG(z) ymosaersopsier yeiaosusam (i),
(ii) ompe/iesteHnst MepbI IPECKA3ATETHHO CJI0KHOCTH 1

W; = {(va)|T > m(x)}’

rae r — parumonasbHoe. llpw ykaszaHHOI BBIIIE HPOIEAYypE IIO-
CTpoeHusl TPOCThIX (PYHKIMN Bcerga OyayT mosydarbesa (PpyHKITUU
KG!(z) > KG(z), koTopble 6yayT HMeTh IIpeesoM (yHKIIIO
KG(z), r.e. KG(z) = KG;(x) ana Beex x. O

Joxazameavcmeo meopemui 10.1. IlycThb r; — mepedncanmast CHUA-
o0

3y MOCJIEJIOBATEIBHOCTD JIEfICTBUTE/IBHBIX YHCEN TaKast, 9T0 » | 7 <
i=1
1. Haupumep, moxkuo s3stb 7, = 27 KPP0 pre KP(i) — npedurchast
CJIOZKHOCTD 1.
[IycTb dyHKIMS TOTEPD SIBJIAETCS 7)-II€PEMENTHBAEMON IS HEKO-

Toporo 1 > 0. Onpemenum tipu 5 = e~

KG(z) = logg Z pRGi@)y, (10.17)
i=1

Eciu merpuBHAIbLHOE PACIINPEHHE OTCYTCTBYET, TO IIOJIAracM KGi(z) =
t—1 .
KG;™ " (z), ecim uMeeTCsl HECKOJIBKO TAKUX PACIIMPEHHUIt, TO BHIOHpaeM [epBoe B
NopsA/IKe Nepednc/IeHNs].
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= 27KP(O) 11 Han meobxommmo jokazars, aro KG(x) seiser-

rae r;
csi Mepoil npejickazarenbHoii ciaoxuocru. [lo onpenenenuio KG(x)
Iepevnc/nMa CBepxy, T.e. (ii) orpejiesieHnsi Mephbl IIpeICKa3aTe bHOI
CJIOKHOCTH BbInosiHeHO. OcTaercst IpoBepuTh yesosue (i).
HeiicTBuresibHo, Tak Kak Kaxjas dyukims KG;(x) yaoBierso-
psieT ycaoBuio (1) ompenesieHusi MEPBI IIPEICKA3ATeIbHON CJIOXKHO-

CTH, JJId JIIOOOro i CyIIecTBYeT IpeJCKasaHue p;, yIOBJIeTBOPSIoIee
KG;(zo) — KG;(z) = o, pi),

npu Beex o € {0,1}. Orciona s Bcex x u o

KG(z0) — KG(z) = logg ) _ iS4 —logy Y rigt@®) =

Z TzﬁKGZ (CEO’ . B
e s, o

BKG i(z0)—KG(z) _

logg » _ i BKGF)TKGD) > 105N " ;82 P0) > Ao, p),

JIsE HEKOTOPOI'O P, TAE HOBBIE HOPMUPOBAHHBIE BECA UMEIOT BUI,
r; BKGi (z)

LTS
S
[Tpenckasanue p cyiiecTByer, Tak Kak (yHkiust \(o,p) sBJsieTCst
N-TIePEMEITUBAEMOI, a TOC/Ie/IHee HEPABEHCTBO U €CTh YCIOBUE Tepe-
METNBAEMOCTH.

st ro6oit Mepbl 1ipejickasaresbHoil ciaoxkuoctn KG(x) Haii-
nercst i takoe, 4t0 KG(x) = KG;(x) mus Bcex x. Torga uz (10.17)
oIy IaeM, 9To Jijisd Jitoboro ¢ Oyer

— In2

KG(z) < KG(x) + = =KP() (10.18)

I Bcex . O

NKak ussecrno u3 paszmena 5.1.3 > 27KPG) 1,
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DukcupyeM ojiHy U3 Mep IpejckasaresbHoii ciaoxuoctn KG(x),
yaossieTBopstomeii Teopeme 10.1, HazoseM ee (ONTHUMAJIBLHOMN) MPEJ-
CKa3aTeJIbHON CJIO?KHOCTBHIO KOHEYHON II0C/IeJ0BATeIbHOCTHA I.

MO2KHO TI0Ka3aTh, 4TO B OOIIEM CJIydae He CyIIeCTBYeT BbIUUCIIU-
Moii 1pejickasaresibHOil crparerun S rtakoii, uro KG(z) = Lossg(x)
JUIS BCEX .

Boiesium vepaserctso (10.18) B Bujie ciencrsus.

CaenctBue 10.1. ITycmov swnoanero ycaosue meopemos 10.1. To-

2da
In2
KG(z) < KGi(z) + HTKP(Z') (10.19)

oas ecex i u x, 20e KP(i) — npedukchas crodcnocms wucaa i.
B wacmmuocmu, das 10600 (6viuucaumots) npoenosupyrouets
cmpamezuy S u 2100020 T

KG(z) < Lossg(z) + lnnz(KP(S) + ¢), (10.20)

2de ¢ — konemanma, KP(S) — npedurcran caoorcrnocmsv evuucaumot
pyrxuuu S.

Jlokasamenvemeo. Yreepxkienne (10.19) mpsimo cieiyer us
oupenernenns (10.17).

ITyctsb S — BbIUMC/IUMAs TPOTHOZUPYIONIAA CTPATEra U P — IPO-
rpaMma, BblUnCIsiomast 3adenns S(x) ¢ oboii Harepe/ 3a1aHHOI
cTenenblo TouHocTH. Torma cymecTByeT BhMUCIMMas (PYHKIUS f,
[IepeBO/IAIIAsl P B IIPOrPaMMy Ilepedncyenust S() cBepxy Tak, 9To

Lossg(7) = KG (). (10.21)

B wacrrOCTH, m71s1 TI060TO T
In2
KG(z) < Lossg(z) + — (KP(S) + ¢),
n

I7e ¢ — moyioKuTeabHas Koucranta u KP(S) — cmoxmnocrs S. O
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ITo mpenmoxenuro 10.3 B ciiydae JiorapudmMudeckoil QyHKIANT
norepp u f§ = % Jiobasi Mepa IMpeJICKa3aTeIbHON CJIO2KHOCTH COB-
majaeT ¢ MUHYC JorapudmMoM HEKOTOPOI MepeducaInMONl CHU3Y IIO-
JIYMepBI Ha JIepeBe BCeX MBOMYHBIX IMOcaenoBaTeabHOCcTel. Tak Kak
ouTHMasbHas HpejcKazaTenbHas ciokHocrb KG(x) MuHHMAasbHA
C TOYHOCTBIO JI0 KOHCTAHTBHI, OHA JOJIZKHA COBHNAJIATH (C TOYHO-
CTBIO JIO KOHCTAHTBI) ¢ MUHYC JIOrapuMOM AIPUOPHON Oy MephbI

KA(z) = —log M(x):
KG(z) = —log M (z) + O(1),

rje M (z) — yHuBepcasibHast (alnpropHasi) HOJlyMepa Ha JiepeBe BCeX
JIBOMIHBIX MOCJIE0BATEIBHOCTEN, ONpeiesieHnas B paszene 6.1 ria-
Bol 6. Oyukiusa KA(z) = —log M(x) Gbuta onpenesena B pasjie-
ae 6.1.

B cirepytomemM yTBep K IeHUN TIPEICTABICHO HEPABEHCTBO MEXK LY
peJICKa3aTeIbHOl 1 IPedUKCHOM CI0MKHOCTSIMU.

IIpennoxxenune 10.4. [lycmo dynkuyua nomepo Nw,p) A6AAEMCA
n-nepemewusaemoti u ydosaemsopsem ycaosuro A(0,0) = \(1,1) =
0. Tozda cywecmeyem KOHCMANMA ¢ MAKAA, YMO ONA GCET T

KG(x) < h:fKP(x) b

Zloxazameavcmeo. Ilyctb x = 7 ... xy,. PaccMoTpuM mporao3u-
PYIOILYIO cTpaTeruio S, KoTopas JJist KayKI0i M0C/Ie10BaTeIbHOCTH
zmmmabl i—1,1 = 1,...,l(x)—1, Boimaer ;. Takyto cTpaTeruo MoxK-
HO 3aJ1aThb 110 CAMO KOPOTKOIi ITporpamMmMe p MocC/Ie/10BaTeJIbHOCTH I,
re., I(p) = KP(z). Hosromy KP(S) < KP(z) + ¢ st HeKoTOpoOii
koHCTaHThI ¢. [To onpeenennto Lossg(z) = 0. YrBep:KieHue ciely-
er u3 (10.19). O

10.5. IIpocTo u cJI02kKHO IIpesicKa3zyeMble KOHEeY-
Hble M0CJIeJOBATEJIbHOCTU

B srom pasznene 6ymsem msydars Bompoc o ciaokaoctan KP(S) BbI-
YHUCJIUMON IPEJICKA3aTeIbHON crpaTerun S, KOTopasl HeceT HOTepH
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6rmskne K MuaEMaIbHBIM: Lossg(r) ~ KG(x).'2 Ilna kakux x 310
Boinosineno korga KP(S) nocrarouno mana? CyiiecTByioT jin Takue
KOHEUHbIE [10CJIeJI0BATEIBHOCTH T, JiJIsi KOTOpbIX Lossg(x) ~ KG(x)
TOMbKO 11t Tex S, st koropeix KP(S) ~ KP(x)?713

ITosmymepsl Ha MHOXKECTBaX KOHEYHBIX IOCJIEJ0BATE b
Hocreil. B nasnbueiinem Mbl GyjieM OlEHUBATH AIIPHOPHYIO TIOJLYMe-
py M (D) muo)ecTB D, COCTOSIIIMX UX KOHEUHBIX [OC/IE[0BATEIHHO-
cTeit oMHOW U TO# ke AnuHbl. I[IpuBemeM COOTBETCTBYIOIINE OIIpe/Ie-
JICHUSI.

Hanomuum, aro I'y = {w € Q: & C w} — unrepsan (map) B upo-
crparcrse 2. st 110601 IIepeuncInMoit CHI3Y oJyMepsl P MOXKHO
onpeJie/uTh BeposiTHOCTHYIO Manmuy Twopuara (MT) (L, F') ta-
KYyIO, 9TO

Pz)=L{weQ:x2C F(w)}.

Besimunua P(z) pasaa BepositHOocTH TOrO, uro 312 MT Hameuaraer
[OCJIEI0BATE/ILHOCT, IPeUKCOM KOTOPOil siBiistercs x. st moboro
muOKecTBa D C Z, COCTOSIINEro 13 KOHEUHBIX I10CJIEI0BATEIbHOCTEI],
OIPEJICJMM TIOJIyMEPY 9TOI0 MHOXKECTBA

P(D)=L{weQ: (3z € D)(x C F(w))}.

Jlerko BueTh, 9T0 et DD COCTOUT U3 IOIAPHO HECPABHUMBIX HOCTIE-
nosarenbuocreit, ro P(D) = ) - P(z). Bonee Toro, as moboro
MHOXKeCTBa [, COCTOSIIIEro U3 KOHEUHBIX [10CJIeI0BATEIbHOCTE, Cy-
IIECTBYIOT HOIIAPHO HECPABHUMBIE [TOCJIEIOBATEILHOCTH X, T2, - €
D rakue, uro P(D) = ) . P(x;). Moxkno BbIOpaTh 21,22, -+ € D
Tak, 9TOOBI J1j1s1 JiIoboro x € D cylecTByeT i Takoe, 9T0o x; C .

(cr, v)-tipeackasyemocTs. JlomycTuM, 94T0 3a1aHa HEKOTOPasi 7)-
nepemernBaeMasi GyHKus moreps A(w,7y), rae 7 > 0 — mapamerp
00y JeHus.

12Kak 6bl10 3aMedeno Beime B pasiene 10.4, caMa IIpe/ICKA3ATENbHAST CIIOK-
HOCTb MOYKET HE MOPOXKJIATHCA HUKAKOW BBIYMCJIUMON IIPEICKA3aTebHON cTpa-
TeTUe.

B3Pagpercrso KP(S) = KP(x)+O(1) BbITOMHEHO Jis TPEJICKA3ATETLHOMN CTpa-
rerun Sz (21 ...2Ti—1) = x; upu 1 < i < n, KoTOpast ucnoab3yeT nHboOpMAaIUIo 06
T=1XT1...Tn.
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CoorsercrByomast npejckasaresabtas ciaoxuoctb KG(zy ... zy,)
olpeleIseT aCUMITOTHYIECKYI0 HUXKHIOIO TI'DAHMILYY KyMY/ISTHBHBIX

IOTEPh
n

S(ry...my) = Z Mzi, S(z1 ... xiz1))
i=1
JJIs0 JTI0D0M KaK yTOJHO CJIOYKHON BBIYHCIUMOI ITPOTHO3UPYIONIEH
crpareruu S.

IIpedurcnas ciaoxkuocrs KP(S) Beraucinmoit crparernn S pas-
Ha JJIMHE CaMOW KOPOTKON JIBOMYHOI CTPOKH, IIPEACTABJIAIONICH
IPOrpaMMy Jisi BBIYMCJIeHNsT 3Ha4YeHuii S(x), Ipu yHUBEPCAIbHOM
peUKCHO-KOPPEKTHBIM CII0CO0e ITPOTrpaMMUPOBaHUSI.

Cornacao mepaserncrBy 10.20 caencrBust 10.1, mpeackasareiib-
Has ciaoxkuocTh KG(z) KOHEUHO MOCse[0BaTeIbHOCTH & OIpee-
JISIET HUZKHIOI MPAHMUILy CYMMApPHbBIX n0oTeph Lossg(x) npu mocieo-
BaTEILHOM IPEICKA3AHNN BCEX OUTOB T C MOMOIIBIO TPOU3BOJIHLHOTO
BBIYUC/IAMOIO METOJIA IPEICKa3aHust S.

B sTroMm pazmesie Mbl puBeieM METOJ ITOCTPOEHWUs IOC/IeI0Ba~
TeJILHOCTEl & = ] ... Ty, JJIsd KOTOPBIX Jiiobast “npocras’” (T.e. “Ma-
JIOI” CJIOKHOCTH (v) BBIYUC/IMMAasi MMPOIHO3UPYOIIas crparerus S
HeceT KyMyJ/IsITUBHBIE ITOTepH OJIN3KHUE K IIPEICKA3aTe/IbHOM CI0XKHO-
cru. Takue nocsenoBaTesbHOCTH X OyzieM HedOPMAJILHO Ha3LIBATh
“Q-CJI0ZKHO TPEICKA3YEMbIME .

Mp&I oleHUM CBEpXY U CHU3Y AIPUOPHYIO MOJIYMEDPY MHOXKECTBA
BCeX “Q-CJIOXKHO IIPEJICKa3yeMbIX  ITOCIEI0BATEILHOCTEH 3a1aHHOM
JJIMHBL ¥ IIOKaKeM, 4YTO alpropHasl rmojyMepa M MHOXKeCTBa, BCeX
“Q-CITOKHO TIPEICKA3yeMbIX  IIOCJIEI0BATELHOCTEN 3aaHHON TN~
HBI 1 uMeeT nopsitok 2~ t00ogn)

Takzke OymeT q0Ka3aHO, ITO CYIIECTBYET MPOCTAs BBITHCIUMAST
[IPOrHOBUPYIOIIAs CTpaTerus S, KoTopast I “TIOAABJISIIONIEr0 60JIb-
muHcTBa” (10 mostymepe M) mocsie/oBaTeIbHOCTEH & HECeT MOTepH
O/IM3KMe K aCUMITOTHYECKH HUXKHEH IpaHulle — IpeIcKa3arebHON
caoxuoctn KG(z). Dro 3HauuT, 4ro “nojasisioriee 60JIbIIMHCTBO’
KOHEYHBIX TI0CJIEI0BATEIbHOCTEN MIPEICKa3yeMbl C IIOMOIIBIO “IIPO-

)

cTOi” MPOHO3UPYIOIIEH cTpaTeruu, KOTopas HeceT moTepu OJIM3Kue
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K MUHMMAJIbHO BO3MOXKHBIM.
[Tepexosum K TOYHBIM ompejieneHusiM. Ilycts oo m v — Heorpu-
naresbHble Iesble dnciaa. Konednast mocie/[oBaTeIbHOCTD & Ha3bl-
Baercst (v, 7)-IpeJICKa3yeMoil, eC/ii CyIIecTBYeT HPOrHO3UPYIONIAs
crparerusi S rakasi, 4ro KP(S) < o (a-mpocrast crparerusi) u

Lossg(z) — KG(z) < 7.

CoiicTBO (@, 7)-IPeACKa3yeMOCTH KOHETHOI [TOCIe0BATEIBHOCTH &
O3HAYAET, YTO CYIIECTBYET Q-IIPOCTast IPOTHO3UPYIOIIAsA CTPATEr s,
[OTEPU KOTOPOH HPH MOC/IEI0BATEIHHOM POTHO3UPOBAHUN OUTOB
[IOCJIEIOBATEIBHOCTH ' ¢ TOYHOCTBIO JI0 7y OJIM3KE K HUXKHEH IpaHu-
1le TAKKUX 1I0TePb, & UMEHHO, K IPeJcK3aTesbHoll caokuocTn KG(x)
3TOH IIOCJIEA0BATEIBHOCTH.

B cinyuae jorapudmudeckoit pyHKIUM M0TEPDL U § = %

Loss(w .. wp) = —log (p(w1) . - - pn(wn)),

rie p(w;) — npejckasanue (yCJIoBHAsI BEPOSITHOCTL COObITUST w; = 1)
u
KG(wy ...wp) = —logM(wy ... wp) = KA(w;...wp).

Benuuanna
dp(wi...wy) = —log P(w; .. .wp) — KA(w; ...wyp)  (10.22)

Ha3bIBAETCS JeMEKTOM CJIyIailHOCTH MOCIEI0BATEIBbHOCTH W - . . Wy
oTHOCHTETBHO MepBl P(wy ... wy) = p(wi) . .. pp(wy). 1

Cnenytoree Huzke mpejioykerne 10.5 MOKA3bIBAET, UTO JIJIsT TITH-
pOKOro Kjacca (pyHKIHUH mOTEph “‘CJI0XKHO IpelCcKa3yeMblie” II0C/Ie-
JIOBATEJILHOCTH CYIECTBYIOT. ByIeT Takske mosiydeHa BepXHsIsT OIEH-
Ka allpHOPHOI MOJIyMepbl MHOXKECTBA BCEX TAKUX TOCJIEI0BATETBHO-
creil.

[Tycrs dbysknus norepb A(w,p) sBIISIETCs] BBIYUCIUMON U YII0-
BJIETBOPSIET YCJIOBUSIM:

Y Cm. ananmoruunsie onpenesenus (5.13) u (6.3).
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1) Ob6uacrbio onpejesnennss GyHKIMN A(w,p) sBISETCS MHOXKe-
crso {0,1} x [0,1],

2) A(0,0) = A(1,1) =0,

3) cymuiecTByeT BBIYHCJIUMOE BeIeCTBeHHOe unciao b > 0 Takoe,
aro st Kaxkaoro p 6yaer A(0,p) > b uwau A(1,p) > b,

4) dyuxiws norepb A\(w, p) ABIAETCS 7)-lIEPEMEITIBAEMOI.

Jlorapudmudeckast pyHKIHS IOTEPD YAOBJIETBOPSIOT STUM YCJIO-
BUSIM IIpu b = log[g% = 1’“72 u mpu Jiobom 1) > 0, e = e~ . Ilpm
8= % oyner b = 1. [list kBaapaTuIHOi (PYHKIIUN TOTEPH TOIXOIAT
b= u0<n<2 (noxpobuee cm. [60]).

O1ieHKa MOJIyMepbl MHOXKECTBA BCEX CJI0XKHO MPeICKa3y-
€MBIX MOCJIeI0BATEJIbHOCTE. B ciieayonem mpeioKeHnn 1aeT-
Cs1 HUYKHSST OIEHKA BEPOSITHOCTH TOTO, UTO HEKOTOPAsT BEPOSITHOCT-
Hast MamuHa ThIOPUHTA BRIIACT CJI0KHO MPEICKA3YEMYI0 KOHETHYIO
TOC/IE/IOBATETHHOCTD.

Ilpennoxkenue 10.5. Jlas 410600 Gynruuy nomepo, ydosaemeops-
rowet yeaosuam (1)—(4), cyuecmsyem nososHcumesvras KOHCmar-
ma ¢ maxas, wmo oas mobuxr n u o = logn + 2loglogn + ¢ cywe-
cmeyem nocaedosamesvHOCmb T OAUHbL N, 0Ad KOMOopot

1) Lossg(z) — KG(z) > bn — (2In2/n)a — (In2/n)(logn +
2loglogn) — ¢ daa Kkasrcdott npoenosupyrowets cmpamezuy S
maxoti, wmo KP(S) < a,®

2) M(z) > 2-o~logn—2loglogn—c,

JlokazaTeIbCTBO 3TOTO IIPEJIJIOKEHUS IIPUBEJIEHO B pasjie-
ge 10.5.1.

HamoxxuMm orpanmyenue Ha CJI0XKHOCTH ITPOTHO3UPYIONIUX CH-
crem: KP(S) < a, rjge o oTpazkaer orpaHnveHne Ha BeJUUUHY JI0-
IIYCTUMBIX BBIYUCJIUTEIbHBIX PECYyPCcOB. MBI MOKayKeM, UTO JazKe B

5B ciyuae sorapudMuueckoit (pyHKIHH IOTEPh COMVIACHO OIPEIEIICHHIO
(10.22) 310 HEpABEHCTBO ILPEBPAIIAETCS B HEPABEHCTBO sl AedeKTa Cirydaifi-
socru dp(z) 2 bn — (2In2/n)a — (In2/n)(log n + 2loglogn) — c.
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TOM CJIydae, KOIJIa (¢ MAaJIo O CPaBHEHUIO C JUIMHON n (HampuMmep,
a = O(logn) ), GOIbIIYI0 YaCTb HOCIIEI0BATEIBHOCTE JJIMHBL 7
MOZKHO IIPOTHO3HPOBATH C MOYTUH MUHUMAJIBHO BO3MOXKHBIMH IIOTe-
PAMH.

Ilycre Dy, — MHOXKECTBO BCEX JIBOMYHBIX II0C/IEI0BATEIBHOCTElH
JUIMHBL 7, KOTOPbIE He sABJIsoTcs (o, y)-mpeacKasyeMpimi. Jljs jiro-
boro x € D, ., numeem

Lossg(z) — KG(z) > v

JUIST KaxK 101l mporuo3upyiormeii crparernu S takoit, aro KP(S) < a.
B crieyroniem mpeJjiozKeH Mbl [OJIY UM BEPXHIOK OIEHKY BEJIU-
aunel M (Dy, ) = erDgﬁ M (x), tae M — anpuopmas mosymepa.

Hanomuum, [uro cornacHo HepaseHcTBy (6.5) u3 pasgena 6.1
JIUIST TPOM3BOJILHOTO MHOKeCTBa 1), COCTOSINEro 13 MOMapHO HECPAB-
HUMBIX KOHEYHBIX IOCJeoBareibHocTeli, Besmuuna M (D) =
> zep M(x) onpenesser aCHMITOTHYECKH MAKCUMAJIBHYIO BEPOSIT-
HOCTh TeHEpAIUH TI0CIeI0BATEILHOCTU u3 [ Ha BEpOSITHOCTHON Ma-
mune Tbiopunra.

Cientyrorree  TIpeJIJIOXKEHNE YTBEPKJIAET, UTO BEPOSITHOCTH Te-
HepaIuu “Qq-CJI0YXKHO IPEICKA3yeMOi’ KOHEYHOHN IOC/Ie10BaATEIbHO-
cTH Ha J1I060 BEpOSTHOCTHON MatiHe ThIopUHTra SKCIOHEHITHATIBHO
yOBIBaET C POCTOM (.

Ilpennoxkxenue 10.6. Hmerom mecmo caedyrousue 6EPTHUE OUEHKU:

o Jlas 210001 nepemewusaemoti Gynryuu nomeps, Ydosiemeo-
parwel ycaosuto 2), cyuecmsyem noAOHCUMENOHAA KOH-
Cmanma ¢ maxas, ¥mo oas ecexn, a ul <y <n

M(Dy ) = Z M(z) < 9—a-+2logn+2loglogn—logy+e.,
zeDy
(10.23)

e B cayuae nozapupmuneckol Pynruuu nomepv A w,p) =

223



—log p(w)

n _ —a+logn+2loglog n—logvy+c
M(Daﬂ) = E M(z) <2 e,
z€Dy

(10.24)

JloKa3aTeabLCTBO 3TOrO  IMPEJIOKEeHUsT IIPUBEICHO B pasjie-
ge 10.5.2.

Dro yrBepxKaeHne 06001aeT reopemy 3 u3 paborsl [5| Ha Gosee
IMIAPOKUI KJIacC (PYHKIHHA TOTEPb.

Hepasencrsa (10.23) u (10.24) npe/icTaBiasiioT BEPXHIOK OIEHKY
Ha BEPOATHOCTH TeHEPAINU TPYIHO IPEICKA3YEMbIX MOCIEI0BATE b
HOCTEH ¢ MOMOIIBIO TPOU3BOJIBLHOIO BEPOATHOCTHOTO AJTOPUTMA.

ITo mpenmoxenuro 10.6 mjst 11060TO M BEPOATHOCTH Te€HEpa-
1 (v, 7y )-IpecKa3yeMbIX HOC/IeI0BaTeIbHOCTElN Oy 1eT GOJIbIIe UK
paBaa 1 — 2™ mpu

a+logy > 2logn + 2loglogn + ¢ +m.

[Tocnennee yciioBue 3aBeIOMO MMeeT MeCTO Jid Bcex 1 < v < n,
ecJtn
a = 2logn + 2loglogn + ¢ + m. (10.25)

[Tpemoxxenne 10.6 MOKa3bIBAET, UTO €CJIN BEPXHSIS IPAHUIA CJIOXK-
HOCTH IIPOTHO3UPYIONMX cTpaTeruii « yaosiaersopsier (10.25), To
6oJibIMHCTBO (10 mostymepe M) 1oc/ie10BaTeIbHOCTEH & sIBJISIOT-
Cd (-IIPOCTO IIPEJICKA3yEeMbIMU C IIOMOIIBIO HEKOTOPOI BBIYUCIIMMOI
nporuosupyiorieii crparerun S rakoii, uro KP(S) < a. st Takux
I CyMMapHbIe IIOTE€PU IIPOIHO3UPOBAHUSL Losss(x) OIM3KU K HUKHEH
rpamnie KG(x).

Takum obpaszom, o mpemtoxkennio 10.5 TpysHO mpecKa3yeMble
MOCJIETOBATETLHOCTH CYIIECTBYIOT, OJIHAKO 1O mpejyioxkennio 10.6
JIF0Dasi BEpPOSITHOCTHAS MAaIllMHA MOYKET BBIJIAaBATh TaKUe ITOCTIEI0-
BATEJIbHOCTH TOJBKO C ACUMITOTHIECKU MAJION BEPOSTHOCTBHIO.

MpbI cyMMUpPYeM OCHOBHBIE PE3yJIbTaThl 3TOTO pa3jeia B BHIE
CJeAyIoNell TeopeMBbl.
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Teopema 10.2. Jlas npousdeosvHotll GyHKUUL NOMEPL, YIOBAEMEO-
parowets yeaosuam 1)—4), cyuecmeyem KoHCManma ¢ maxas, 4mo

—a—logn—2loglogn—c n —a+2logn+2loglog n—logy+c
2 < M(DE) <2

dns ecex n, a = logn +2loglogn+cu0 <y <bn—(2In2/n)a —
(In2/n)(logn 4 2loglogn) — c.

10.5.1. /TokazaTeabcTBO npeasoxKenaus 10.5

QukcupyeM HEKOTOPYIO JIOCTATOYHO BBLICOKYIO TOYHOCTH BBITHUCTIE-
Hust BeceX MYHKINI, IPUHUMAIONIUX JIeRCTBUTEIbHbIe 3HadeHus. s
MIPOU3BOJIBHOTO ¢ MYCTh P1,P2,...,Pr — BCE TPOTPAMMBI JIJTUHBI
< @, KOTOpbIE IIPHU JAHHOW TOYHOCTU BBIYUCJICHUsT OCTAHABINBAIOT-
Csl M BBIJIAIOT Pe3yJbrar s Beex z,l(z) < n. g npousBoabHOTO
j=1,...k uycrs S;(z) - pesyabrar, BblIaBaeMblil pj Ha 2.

NUmeem k < 20T Ucnombsys npemioxkenne 10.2, mocTponm
YCPETHSIIONTYIO CTPATETHIO Sy TAKYIO, UTO

k
Lossg, (7) < logg Z |1 glosss; (@) (10.26)
i=1

[Iycts p — mporpamma, mMerOas MaKCHMAaJJIbHOE BpeMsi pabo-
ol (Ha z, [(2) < n) cpeau Bcex HPOTPaMM Pi, P2, .- ., Pk Vcmoinb-
3ysl P, Mbl MOXKEM BOCCTAHOBUTH Bce 3HadeHUst Sqo(z), I(z) < n,
C 3aJaHHOil CTEIeHbIO TOYHOCTH. Ilociie 3TOro, OIpemeauM IIOCIe-
JOBATEIbHOCTh & = T1T3...T, CIeIyOmMUM obpazoMm. Beraucisem
palMOHAJIBHBIC NPUOJIMKEHN I AeHCTBUTEILHOIO Yucia b cBep-
Xy ¥ paruoHaJjibHble npubikennst K quciaaM A(1, Sy (xy ... 25-1)) u
A0, S (1 ... 25—1)) CHU3Y 10 TeX MOP, HOKA JJIsi OJJHOTO M3 HUX He
Oy/1eT BBITTOJIHEHO

M1, Sa(zy .. 2e_1)) = b—2"06FD (10.27)

nJjim

MO, Sa(x1 .. e_1)) = b—2"6FD (10.28)



(MBI IpejoaraeM, 9ro Iy . .. £s—1 = A upu s = 1). ITo cBoiictsy 3)
dbyukun norepsb xotst 661 0/1HO U3 HepaseHcTs, (10.27) win (10.28),
obsi3arenbHO Oyger mmMerh Mecto. Ecmm (10.27) 6bLI0 BBIYHCICHO
[EePBLIM, ONpEeNETM Ts = 1, m onpegenuM s = 0, B IPOTUBHOM
cayuae. ITo onpenenennto Lossg, (z) = bn — 1. ITo (10.26)

Lossg,(z) = bn — (In2/n)a — 1

qutst Beex 1 < i@ < k (me. s Beex P rakux, uro KP(S) < «).

[To cmocobGy omnpenesieHusl  IIOCAEI0OBATEILHOCTH X  Oyzer
KP(z|n) < « 4+ ¢ mis HEeKOTOPOH MOJIOKUTEJNBHON KOHCTAHTBI C.
MeeT MeCcTO HEPABEHCTBO, CBA3BIBAIONIEE GE3yCTIOBHYIO U YCJIOBHYIO
peUKCHYIO CJI0KHOCTH

KP(z) < KP(z|n) 4+ logn + 2loglogn + ¢ (10.29)

JUIsl HEKOTOPOii KOHCTAHTBI ¢. YuurbiBasg HepaBeHcTBO (10.29) n
npepnoxkenne 10.4, momyaum

KG(z) < (In2/n)KP(z) < (In2/n)(a + logn + 2loglogn) + ¢

JJIsI HeKOTOpOoil KoHcTaHThl ¢. CiiesoBaTebHo, st BceX S TaKHX,
aro KP(S5) < a, nmeem

Lossg(z) —KG(z) =2 bn—(2In2/n)a— (In2/n)(logn+2loglogn) —c

sl HEKOTOPOI KOHCTAHTEL C.
Tak kax KA(z) < KP(x)4 ¢ /1151 HEKOTOPOIi KOHCTAHTBI ¢, IMeEM
o (10.29)
M(x) > 2—a—log n—2loglog n—c (10.30)

a

BaMeTrM, 9TO HIZKHIOK OIEHKY 2) anpuopHoii mosrymeps (10.30)
u3 npejyiozkenus 10.5 MoxkHO yiydmunuTs. Ecu B onpejiesieHnn MHO-
wecrsa Dy o samennts KP(S) < o na KP(S|n) < «, To BMecTo
uepasercrsa (10.29) 6yuer soimosnneno KP(z) < a + ¢, rorna Hepa-
serctso (10.30) zamensiercss ma M(x) > 27°T¢. Onenka 1) Takxke
ynpomtaercst 10 Lossp(z) — KG(z) > bn — (2In2/n)a — ¢. Coor-
BETCTBEHHO, H3MEHSIFOTCS OIIeHKH ITpe itoxkeHus 10.5. AHaIOrmIHbBIM
obpazom u3MeHsI0Tcs oreHku tnpeioxkenus 10.6. Teopembr 10.2.
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10.5.2. /TokazaTeabcTBO npeasioxkenus 10.6

MpbI TOCTPOUM (-IIPOCTYIO MTPOTHOZUPYIONLYIO CTPATETUIO B BH/JIE
HEKOTOPOI allpOKCUMAIINN YHUBEPCAJIBHON “IIPOrHO3UPYIOIIEH 0Ty~
crparernn’, 3agamomeit KG(x).

[IpensapuresbHO JOKaXKeM yTBEPXKJIEHUE IIPEIJIOKEHUs JIJIsd
caydas JorapudMuIeckoit QYHKIUN IOTEPD, & 3aTeM 0DOOIIIM 115
IPOM3BOJILHOTO cityvasi. Pacemorpum onpegesenne (10.17) npejcka-

3aTeJIbHOM CJIOKHOCTH TIpH 5 = %

KG(z) = —log y 2 KG:@g=KP(), (10.31)
=1

Takxe KG(z) = —log M (z)+O(1), rne M — anpuopHasi 11oyMepa.
Tak kak 110 nperoxkenuto (10.3) dyHkmst 5KG(9”) ABJAETCS T10-
JIyMepoit, Jiuts Jiroboro n Oyer

> pReW <1, (10.32)

l(z)=n

IIycTb p — KOHEeUHAsT JIBOUYHAS IOCJIEI0BATEILHOCTD, IIPEICTABIISIO-
ast TBOMIHO-PAIMOHAIBLHOE IPUOINIKEHNE TeHCTBUTEIHLHOIO YNCIIA,

> BEG(®) crpzy ¢ TounocTbio 10 27, VCHonb3yst p u n, MOKHO
l(z)=n
3¢ddeKTUBHO HaliTH HATypasbHbIe Yucia t u k Takue, 9TO

1) l(z): 5KGfa’“(x) > Z(X): BKG(x) _ 2704’ re

k .
KGU*(2) = logg > BKGi(@)=i ¢ KG!(x) ects parmonambmoe
i=1
npubsmkenne ceepxy unciaa KG;(x), Berauciennoe 3a t maros.

2) I KaxKJIoro T JUIMHBL < N U JIs KaxkJIoro ¢ < k cymecrBy-
eT parmuonasbHoe ; Takoe, uto KG!(xj) — KGE(z) = A'(4,v:)
s Beex j = 0,1, tae M(j,7;) — HeBospacraromas 1o t Io-
CJIEZIOBATEJILHOCTD MPOCTHIX (DYHKINIL, 1151 KOTOpoit A(j,y) =
inf; X(4,v) s Beex j u t.
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Cmech QyHKIWIL, yAOBIETBOPSIONIUX 2), TAKKE Y/IOBIETBOPSET ITO-
My yCJIOBHIO (MBI IPOBEPSUIM 3TO B JIOKA3aTEIbCTBE IPEIJIOKe-
st 10.1). Torma pasmocts KGHF (25) — KGHE(2) ynosmersopsier 2):
KG'(zj) — KG'(x) > M (j,q,) npu j = 0,1, 111 KasKI0TO T JUTHHDI
< M ¥ JJIst HEKOTOPOI'O IPOrHO3a (. JIerKo BUAETH, YTO B 9TOM CJIy-
Yae MOKHO OIPEIEINTD MPOrHO3UPYIONLYIO CTPATernio () Tak, 9ITo
Q(z) =q: m

Lossg(z) < KG'*(x) (10.33)

JJId BCEeX X AJIMHDBI < n. Tak kak 3Ta KOHCTPYKIIUA CTPOUTCA Ha
HCIIOJIE30BAHIN JIBOUTHON MOCJIEI0BATEILHOCTH P TaKOM, ITO [(p) =
a’

KP(QIn) < a+¢, (10.34)

TJe ¢ — MOJIOKUTE/IbHAsT KOHCTAHTA.
n
Bpemenno, B oupezenennn Df, , Mbl Oy/ieM paccMaTpUBaTh IIPO-
THO3UPYIOIIUE CTpATeruu S, KOTOPbIe SBJSIOTCH (-IIPOCTBIMU OTHO-
curesibHO M, T.e. Takue, uto KP(S|n) < a.
Ilo onpenenenuto, ms odoro x € DI ~ IMeeM
b

Lossg(z) — KG(z) > v

JUTs Kazk 101 IporHosupyioreii crparernu S takoii, uro KP(S|n) <
o.
CrnenoBarensno, mo (10.33) u mo myHKTY 1) BBIIIE /IS KA¥KI0T0

z € D, MBI HOJIyIMIA
ﬁ'y Z BKG(:):) > Z BLOSSQ(x) >
weDl . weD .
kot _
Z BKG (z) > Z 5KG(9:) -9 a7
zeDL . T€DG ey

rze ¢ takasi, 4to (10.34) Bbmosneno. Orciona ciemyer

1= > pr@ <o (10.35)

n
ZeDa+c,—y

228



. _ 1 KG(z
B ciy4ae norapudmmyeckoit dynknum noreps = 5 u 3 () co-
nagaer ¢ M(x) ¢ TOYHOCTBIO JIO MYJIBTUIIMKATHBHON KOHCTAHTHI.
Torga no (10.35) MBI nMeeM

n lo—a+1
M( oa—&-c,v) < c2
ISt Kazkaoro v > 1, rae ¢ — mosoxknrenbHas kKoncranTa. OTcrona
n —a+c+1
M (Daﬁ) <2 ,
e ¢ — IIOJIOKHUTeJIbHasd KOHCTaHTa.

Hns npyrux yHKImit morepb cymma,  » BKGE) nokeT BBITE
l(x)=n
GosbIre emuHuIb. o

B obmem ciyuae 3amenum nepasencTso (10.32) ma

> B IM(@) <1,

l(z)=n

_1
rme B8, = e n. Ilyctb p — KoHeUHas IBOMYHAS IIOC/IEI0BATEILHOCTD,
IIPEJICTABJISIIONIA JIBONTHO-PAIMOHAIBHOE TTPUOJIMKEHEe CHIU3Y IUC-

KG _

aa Y. Bn @ g () ¢ TounocThIo 110 27, TTocse 3TOr0, TaKkKe Kak

I(z)=n
U BBIIIE, UCTIONIB3Yst P U 1, 3DIEKTUBHO HAXOMM HATYDAJbHBIE ¢ 1
k Takwue, 9TO BbINOIHEHBI yesoBus 17) u 2), Tae

KGh*(z KG(z -
1) ¥ aY M @) > S s M) 20
l(z)=n I(z)=n

UCIHOJIB3YeTCsl BMECTO yCJIoBUsl 1) Bblie. 31ech

k
KG*(z) = logg Y gKCI@21,
=1

e S = e 7 m 17 Takoe, UYTO Hama QYHKIUS [TOTEPH 1)
t
nepememnmBaeMasi, KG;(x) — panuonansaoe npudimxenue Kk KG;(x)

1 Hanpumep, MOXKHO TPOBEPHTS, UTO 151 KBAAPATHIHO#H (DYHKIIN OTEPE 9T,
CyMMa UMeeT IOPAHOK 3KCIIOHEHTBI OT 7.
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ceepxy u M'(x) — panmonasnbroe npubiuzxenue K M(z) cuusy, Bbl-
YHCJICHHBIE 3  I1aroB.

CyiecrByeT IpOrHO3WpYyIOIasi crparerust () Takasi, 4YTO
Lossg(z) < KGH(z) mst Beex z mmnnt < nu KP(Qn) < o+«
rjie ¢ — mosiozKuTeNIbHas Konctanta. Torga o 17) u M (z) > Mt(z)

IIOJIYIUM
Z ﬁ%ossQ(w)M@,) > Z 5§Gt’k(x)Mt(x) N
l(z)=n l(xz)=n
> BRI M(z) — 27, (10.36)
I(z)=n

ITo onpenenennto miist Kaxkmoro x € DI nMeeM

a+tc,y
Lossg(z) — KG(z) > v

Crenosaresnnho, mo (10.36) mosytaem

TN BCOM@) > Y g0 () >

‘TEDDH»C ¥ $€Da+c v
> BRI M (2) - 27
ze€Dy .
Orcrona moydyaemM
=80 > BrOIM(@) <27 (10.37)
zeDy, .

ITo mpeutoxkennto 10.4 cyIrecTByeT HOJOKUTETbHAST KOHCTAHTA C Ta-
Kas, 9TO

KG(z) < (In2/n)KP(z) +¢

Takxe Beinosreno KP(z) < n + 2logn + ¢ 11 Bcex & IyIMHBL n,
rJie ¢ — [MOJIOXKUTEeIbHAs KOHCTaHTa (CM. npejioxkenue 5.1 u3 pasje-
aa 5.1.1). Orpy6usst, nonyunm KG(z) < en st nekoroporo ¢ > 0,
rje n — JUIMHA .
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_1
Tak kak (B, = e =, umeeM

57IL(G($) _ e—%KG(m) >e ¢

~y
-3 ok
qutst Beex 0 < v < n. CaenosaresbHo, 110 (10.37) mosrydaeM OIEHKY

Z M(l’) < 27(127”80 — 27a+lognflog'y+cloge+1' (1038)

Y
xeDZ_FCW

st Toro, arobsr yerpauuts yeaosue n B KP(Q|n), ncnonbsyem
CJIeIyIOIIMEe OUEHKH A5 IpeUKCHONR KOJIMOIOPOBCKOM CJIOZKHOCTH:

KP(Q) < KP(Q|n) + K(n) + ¢ < a+logn+ 2loglogn + ¢

JJIel HEKOTOPBIX ITOJIO2KUTEJ/IbHBIX KOHCTaHT CI a.nd C. SaMeHHﬂ a B
(10.38) Ha v — logn — 2loglogn — ¢ u Bo3BpaImasich K mpeIblIyIie-
My (6e3yciioBHOMY) onpesesieHnto D

tt,y+ MBI LOJIy 1M HEOOXO/[UMY IO
OTIEHKY

Z M(l‘) < 2—a+210gn+210g10gn—10g7+c (10'39)
zeDyg

JJIL HEKOTOpOﬁ HOJIO?KUTEJILHOE KOHCTAHTHI c. U
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I'maBa 11

CToxacTUYHOCTH KOHEYHBIX
I10CJIeI0OBATEJIbHOCTEN

B sTo0it rmaBe OynemM m3ydarh CTOXACTUUECKHUE CBOMCTBA KOHETHBIX
OCJIEI0BATEIHLHOCTENH. DTO O3HAUAET, UTO € TOUKH 3peHust ryiasbl 10
MBI PaCCMaTPUBAEM TOJILKO JIOrapuMUIECKyI0 (PYHKIMIO TOTEPD.
B srom cayuae KG(z) = —log M (x) + O(1), rne KG(z) — npexncka-
3aTesibHAsl CJIOXKHOCTh KOHEYHOl nocsenoBaresibuoct &, a M (x) —
alpUOPHAasl TI0JIyMepa Ha JIepeBe BCeX JBOMYHBIX II0CJIEI0BATEIHHO-
CTel.

B pazmesre 11.2 MbI BBesieM MOHSATHE PABHOMEPHOTO CyIepMap-
tunrana. [Ipeasapuresbio B paszgene 11.1 Mbl paccMOTpUM TIOHSI-
TUSI TIePeUncanMOil cHusy (cBepxy) dbyHKuu ¢ 6osee obreil ToUKH
3peHUsI.

11.1. Beraucsmmblie BellleCTBEHHbIE (DYHKIIUN

B sToMm paszmenie MBI HAITOMHUM 1 000OOIINM paHee PACCMOTPEHHBIE B
pazzenax 3.1.2 u 5.1.3 noHATHS, CBsA3aHHBIE C AJITOPUTMAMU U BBI-
THUCIUMBIME OIEPAITHSIMUA.

Koneutbie 00bEKTHI €CTECTBEHHBIM 00PA30M OTOXKJIECTBIISIOTCS
CO CBOMMU KOHCTPYKTHBHBIMU IIpejicTaBieHusMu. [losTomy B maib-
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HefineM Mbl GyjieM TOBOPUTH O KOHCTPYKTHBHBIX o0bekTax. B [27]
OBLIO BBEJEHO IMOHSATHE aHCAMOJIsT KOHCTPYKTUBHBIX 00beKTOB. Tu-
UYHBbIE IIPUMEpPhl TaKWX aHcam0OJjeil: Bce c/ioBa B KOHEYHOM aJl-
dbasuTe, Bce KOHEUHBIE MHOXKECTBa CJIOB (B 3aJaHHOM ajiaBure)
T.71. Panee B paszaene 3.1.2 ycranoBjeHo 3h@eKTUBHOE B3aUMHO-
OJIHO3HAYHOE COOTBETCTBHE MEXKJIY €ro 3JIEMEHTAMHU TaKUX AHCAM-
OJiefl ¥ KOHEUHLIMM JBOWMYHBIMU IOCJEIOBATEIbHOCTAMU. [Ipumep
TAKOI'O0 COOTBETCTBUSI MEXKJy BCEMH yIOPSIOYEHHBIMU HAapaMu KO-
HEYHBIX JIBOUYHBLIX IOC/TIEIOBATEILHOCTSAMU U BCEMHU KOHEUYHBIMU
JBOMYHBIMH TIOCJIEI0BATEILHOCTSIMI OBLT IPUBEIeH B pasaere 3.1.2.

Hanomuum, uto N, Z, Q u R — MHOKeCTBa BCEX HATYpasbHbBIX
(BKJIIOYAsT HOJIb ), HIEJIBIX, PAIIMOHAIBHBIX U BEIECTBEHHbIX YHCeJI, CO-
OTBETCTBEHHO, R4 — MHOXKECTBO BCEX HEOTPUIATEIbHBIX BEIECTBEH-
HbIX arcesl. CUMBOJIBI +00 U —00 MOHUMAIOTCsT OOBITHBIM 00pa30M,
B YaCTHOCTH, ¢ < +00 M @ > —00 11 Beex a € R. Muoxkecrsa N,
Zu Q (Ho He R u R4 ), a Tak:Ke MHXKECTBO = BCEX KOHEUYHBIX JIBO-
NYHBIX (OMHAPHBIX) MOCJIEOBATEILHOCTEH, SIBISIOTCS AHCAMOJISIME
KOHCTPYKTUBHBIX 00bHEKTOB.

DJIeMEHTBI TEOPUH AJTOPUTMOB (PEKYPCUBHBIX (DYHKIHiT) ObLIH
paccMmoTrpensl B pazzese 3.1.2. AropuTMbl peasiu3yoTcs B BUJIE Ma-
mind ThiopuHra, 09TOMY HOHSITHS IIPOIPAMMBI U IIIara BLIYUCICHUS
TOYHO OIIPEJICJIEHBL.

IIycte A — HekoTOpBIt aHCAMOJIb KOHCTPYKTHBHBIX OOBEKTOB.
Bemecrsennosnaunast dynknust f : A — R U {+0o0} nasbiBaercs
[IEPEYUCTUMOI CHU3Y, €C/I MHOYKECTBO

{(r,x) :re Q,r < f(x)}

nepeanciaumo. Pynkrms f: A — R U {—oo} nasbiBaercs mepednc-
JIMMOI CBEPXY, €CJIH MHOXKECTBO

{(r,x) :re€ Q,r> f(x)}
HePevHCINMO.

Ilpennoxkenue 11.1. Ilycmo A — ancambav KOHCMPYKMUGHHLT
obsexmos. Cywecmeyem nepevuciumas cuusy (ceepxy) eewe-
cmeennoznavwnas gynkyua f(i,a), 2de i — Hamypasvroe YUCAO U
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a € A, maxaa, wmo nocaedosamenvrocmo dynkuyud fi(a) = f(i,a)
COCTROUM U3 6CET NEPEHUCAUMBDT CHU3Y (ceepry) dynryut, onpede-
NENHDLT Ha MHodcecmee A (na3oeem makyo PYHKUUIO YHUBEPCAND-
HotL).

Zoxaszameavcmeo. JlokaxkeMm yTBEpPKIEHUE IJIsi TEPEIUCTUMBIX
cunzy yukmuit f : A — R U {+oc0}. B pazzgene 3.1.2 6pu1a onpee-
JIEHA TI0C/IEI0BATETHHOCTD BCEX MIEPEUNC/IUMbBIX MHOKECTB nap (7, a),
e r € Q u a € A, takoe, yro muoxkecrBo W = {(i,r a)
(r,a) € W;} aBusiercst nepeuncinmbiM. [lycrs W# obosnadaer Ko-
HEYHOE MOJIMHOXKECTBO MHOXKecTBa W, cocrosiinee u3 3JIEMEHTOB I1e-
pPeUnCIeHHbIX 3a § maros. OupeneauM QyHKIUIO

f2(i,a) = max{r : (i,r,a) € W} U {—o0}.

Hutst moboro s dyukus f*(i,a) = —oo s Beex map (7, a), Kpome
MOKeT BBITH KOHEHOro uX 4ncia, taxxke f5(i,a) < f*T1(i,a). Onpe-
e f(i,a) = sup, f°(i,a). Tak kak r < f(i,a) TOrNa U TOJIBKO
roryia, korga 3s(r < f*(i,a)), dbyukuus f(i,a) nepeducamMa CHU3Y.

st moboit nepeunciamnmoii canzy dynknuu f(a) cymecrsyer ta-
koe i, uro W; = {(r,a) : r < f(a)}. Torna f(i,a) = f(a) mua Bcex
a € A.

Ananorudno, B ciiydae NMepeduc/UMbIX CBepXy (DbYyHKIHMIA, ompe-
JIeJIAM

f2(i,a) = min{r : (i,7,a) € W*} U {+00}.

Huist moboro s dyukius f*(i,a) = 400 st Beex map (r,a), Kpome
MOZKeT OBITH KOHEWHOTO WX "uc/Ia, Takke f5(i,a) = f5+1(i,a). Onpe-
jgemnM f(i,a) = infg f%(i,a). Tak kak r > f(i,a) Torma n TOILKO TO-
ria, korga 3s(r > f*(i,a)), dyukuus f(i,a) nepedncinma cBepxy.

Mo moboit nepednciumoii cepxy dyukiun f(a) cymecrByer
takoe i, aro W; = {(r,a) : r > f(a)}. Torma f(i,a) = f(a) musa Bcex
a€ A O

Bynem HazbBaTh QYHKINM, IPUHUMAIOIINE PAIMOHAILHBIE 3HA-
YeHUsl U paBHble —0O (UM +00) JJIsl IOYTH BCEX 3HAYEHUil apry-
MeHTa, IPOCThIMU. [IpocThie (PYHKIMN SABISIOTCS KOHCTPYKTUBHBIMI
00'BLEKTAMH.
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AHaJIOFI/ILIHBIe IIOCTPOCHUA MO2KHO ITPOBECTU JIJIdA IIE€PEIUCTINMbBIX
cBepxy (byHKIIMIA.

Bcerony onpenenennast dyukmnust f : A — R HA3BIBAETCS BBIYTNC-
JIUMOIA, €CJi OHa TIepeuncIMMa CHU3Y U cBepxy. Kak 610 JJ0Ka3aHo
B pazzuese 5.1.3, ecoin pynkius f tuma A — R BbIMUCIAMAST, TO CY-
[IECTBYET aJIrOPUTM, KOTODBIii 110 JTI000My @ Takomy, uTo f(a) € R, u
paronaibHoMy € > () BblIaeT panuoHajbHoe npubsmkenue K f(a)
¢ TouHOCTBIO 110 €. Ecm f(a) € R ansa Bcex a € A, TO BepHO 1
0OpaTHOE yTBEPKIEHNUE.

[Mycrs f~(i,a) u f1(i,a) — dbynknuu, ynusepcaibHble I BCeX
[EPEYUCTUMBIX CHU3Y U BCEX IEPEUUCIMMBIX CBEpXy (GyHKIUi oT
@, COOTBETCTBEHHO. JIj1s MPOM3BOJILHON BCIO/LY OIPEJIEJIEHHON BbI-
qucaumoit dyuknun f 1 A — R HazoBem napy (i,j) (a rounee, ee
JIBOMYHOE TIpejicTaByienue) takyio, uro f(a) = f~(i,a) = f1(j,a)
JUISL BCEX @, Iporpammoii jist Bbrauciaenust f. IIpu srom, gucio i
HA3BIBAETCSI IIPOrpaMMOil mepedncienns (pyHKIuu f CHUZY, & IUCTIO
j — HIporpaMMoil MepedYuc/ieHrsl CBEPXy. 3aMeTHM, 9TO He KarKjas
napa (i, j) 3aJ1aeT BBIYUCIUMYIO (DYHKITHIO.

[Mapy Bbramcaumbx gynxuumit 1T = (f~, fT) mazosem criocobom
OIUCAHKSA BBIYUCIUMBIX (byHKIMHA Tuima A — R.

[Iycte & — mekoroOpbIit crtocob ommcanus. s mMpon3BOJILHOM
Boraucaumoilt dyuknun f tuna A — R oupenenuM ee CI0XKHOCTb
Ko (f) xak mammy camoif KOPOTKOi JIBOMYHON 3armucu napst (i, j),
sajaomieil 9Ty (GYHKIMIO 0pH JaHHOM crocobe onucanus P (T.e.

fla) = f~(i,a) = f7(4,a)).

Ilpennoxkenue 11.2. /Jlasn a0boz0 ancamban A cyuecmeyem on-
mumaavhoil cnocod onucarus Il scex svivuciumvir Gyrryul muna
A — R co caedyrouwum ceoticmeom. Jas aobozo cnocoba onuca-
nua ® cywecmeyem xoncmanma maxas ¢ makas, wmo Ki(f) <
Ko (f) + ¢ sunoarerno wmo das 4060t svuucaumots gynrkyuu f mu-

na A— R.

Jlokasamenvemeo. Ilycrs f~(n,i,a) — dyHKIMs, yHUBEpCAJIb-
Hast JII BCeX MepeducuMbIX cHU3y dynkimit or (i,a), fT(n,i,a)
— (byHKIMs, YHUBEPCAIbHAS /IS BCEX IIEPEUNCUMbIX CBEPXY (DYHK-
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nuit - or (i,a). OHpGJﬁLG.HHB/I crrocob ommcaHus QYHKIUHA OT a:
f7({n,d),a) = [~ (n,1,a), f+(<n?i>7a) = f+(nai7a)'

s moboro criocoba omucanust (f~(i,a), fT(i,a)) cymecrsyior
m u n Takue, uaro [ (i,a) = f(n,i,a), fT(i,a) = fT(m,i,a).
YTBep:KeHue ciejyeT U3 CBOJCTBa IIPUHSITOTO Crocoba Kojuposa-
HUd map. O

3aMeTUM, YTO IIOCTPOEHHBI B JOKA3aTE/JILCTBE IIPEJI0XKe-
g 11.2 onTuMaJILHBIHA CIIOCOD OINKMCAHUS OLPEIEIAeT TAKXKE OITH-
MaJIbHbIE CIIOCOOBLI OIMUCAHMS I (PYHKIUI IEePEeYNCIUMBIX CBEPXY
1 11t (DYHIUA TepeInCcaAUMbBIX CHUABY.

PuKCcHpyeM HEKOTOPBIN ONTUMAaJIbHBIN criocob onucanust 11 BbI-
qucauMbIX GyHKuA Tuna A — R. B coorBercTBUE € 00IEH CXEMOIT
OIpeJIeJIEHNs KOJIMOTOPOBCKOM CJIOXKHOCTHU OIPEJIEIUM CJI0KHOCTH
POU3BOJILHON Bhrancaumoit dyuknun f tnna A — Ry Kak au-
Hy HauMeHbIIEeH IIporpaMMbl, 3ajaiomeil f mpu crocobe ONUCAHMS

I, me. K(f) = Kn(f).

11.2. PaBHOMEepHbIE TECTHI CJOydaifHOCTHI

CcdopmynupyeM orpejiesieHrHe PaBHOMEPHOT'O CylepMapTHHIaja B
dopme, TPUCTOCOOTIEHHOM 1T TPOTHO3UPYIONINX CTPATEriA.

3alaHa cucTeMa IpOrpaMMUPOBAaHU, IIPU KOTOPOI KazK 1asl BbI-
yncsumast Gyskius f(x) tuna = — Ry uMeeT porpaMmy Jisi Bbl-
YUCJIEHUS ee 3HaYeHU. DTa IporpaMMa, B 3aBUCHMOCTU OT KOHTEK-
CTa, 3aKOINPOBaHAa B BHAJIC KOHCYHOU JIBOUYHON IIOCICI0BATCIIBHOCTI
p (B Buze HarypasbHoro yncia). OIHAKO He KayKjasi JIBOUYIHAs I10-
CJIEJIOBATE/ILHOCTD 3a/1aeT HEKOTOPYIo pyHKIuio f(x).

Heorpunarensnas dbyukius 1(p, ) Ha3bIBaeTCS PABHOMEPHBIM
[IEPEUUCTUMBIM CHU3Y CYIePMapTUHIAJIOM, €CJIU BBIIIOJIHEHO CJIE]Ty-
o1ree:

1) Muoxectso {(r,p,z) : r < Y(p,z),r € Q} aBisieTcst PEKyp-
CHBHO HEPEYHCIINMBIM,

2) ¥(p,A\) < 1 aua moboro p,
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3) ecsu p ABJIAETCS NPOrPAMMOIL JIJIs1 BLIYUC/ICHUS 3HAYEHUS TIPO-
ruosupyiomeit crparerun f, To ¥ (p,x) = ¥ (p, x0)(1 — f(z)) +
Y(p,z1) f(x) nst Beex x.

IIpennoxxkenue 11.3. Cyuecmseyem yHUGEPCAALHBLT PAGHOMEPH LT
CYNEPMAPMUH2AN 1& maxot, ¥mo 0as A100020 PAGHOMEPHO20 CYnep-
MAPMUHAAG Y CYULECMBYEM MAKAA KOHCMAHIMA C, YMO cg@(p, x) =
Y(p,x) das ecex x,p € =.

Hoxazamenavcmeso. 1o npenyoxkenunro 11.1 cyrmecrByer dyHKIMSA
f(n,p, ) ynuBepcasbHast Jjisi BCEX ME€PEUUCIUMbBIX CHU3Y (DyHKIIUi
rina f @ N X E — R U {+oo}. Ilo oupejenennio mnepedncinmo-
CTH CHM3Y CYIIECTBYET BBIYHMCJIAMAsK MOCIE0BATEIBHOCTD MPOCTHIX
byukuuit fs(n,p,x) rakas, aro fs(n,p,x) < fsr1(n,p,x) mis Beex
su f(n,p,z) =sup, fs(n,p,x) = im0 fs(n, p, ) A1s1 TOOBIX P U
x. ITomaraem fn(pa 33‘) = f(n,p,l') n fn,s(p7 l’) = fs(n7p> l‘)

JI/1s1 TPOM3BOIBHBIX 7, S ONPEJEJUM PABHOMEDHBIN CymepMap-
TuHran (i, ) caemyommuM 06pa3oM:

Hycrs (f~(i,2), fT(j,z)) — cmocob onmcaHWst BBIMUCIAMBIX
bynkimit u3 = B Ry. O6osnaunm f; (x) = f~(i,z), f (x) =

1,8
frlia) u £ @) = frGa) @) = fFG.a). Myers 77 -
dbyuknun mymepanun nap takue, 9ro w((i,7)) = i u 7({,j)) = j
JUIST BCEX HATYPaJIbHLIX 4YUCeNT ¢ U j. ByaeM Takke rOBOPHTDH, 9TO
qucno k zamaer cnocob onucanust (f~(w(k),z), fT(7(k), z)).

st moboit mpocToit pyHKIMKM f ompeaeaumM f(:L‘) = 0, ecim
f(@) <0, flz) =1, ecn f(z) > 1, u f(z) = f(z), B mpoTHBHOM
ciydae.

BpemenHo gukcupyem MHJIEKCBHI 1 U S, & TakxkKe (GYHKIHIO fr o.
JIIst TPOM3BOJIBHOTO HATYPAJILHOTO YHCTa ¢ TMycTh ) u 7 — mMu-
HUMaJTbHble HeOoTpHUIaTebHble ByHKIun Takme, uto i (i,r) >
frs(isz), Y2(i,2) = fos(i,x) a1 Beex i u x, a TaKIKe BLITIOJIHE-
HO

(i) > 0 (0, 00) (1= Fly (@) + 9t Goa1) iy (2) (111)
Vi (i, x) = P (6, 20) (1 = [ (@) + 9P al) [l (@), (11.2)
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Tak Kax f,s(i,2) = —o0 jyisa nourn seex nap (i, ), Takue ¥ u 7
JIEPKO MOT'YT OBITB OIIpE/IeJIeHbl. 3aMeTUM, ITO 9TH (DYHKI[UN IPHH-
MalOT B Ka4eCTBE 3HAUCHUI TOJIBKO PAI[OHAJIBHbIE YUCIa U paBHBL 0
JUIst TIouTH Beex nap (i, z). U3 ;F(Z.M_H(az) < f;r(i)i(x) u f;(i)ﬁ_l(x) >
Iy (@) cnenyer, wro (i, 2) > ¥ (i,2) m U4 (i,2) < ¥7(i o)
nst Beex t, 4, x. Kpome aroro, 1t (i, z) < ¥2(i,x) nna seex t. Ioma-
raem

! (i, x) = sup ey (i, x) = lim ; (i, x).
t —00

ITo onpenesnennto sra HYHKIWS IEPEIUCTUMA CHUBY. YCTPEMIIsis B
(11.1) u (11.2) t x oo, moITYIUM

i) > N6, 20)(1 oy (@) + 0t (6 a)) frpy (@)

V3 i2) > 62,00)(1 - - (@) + 0200, 21) 2 (2)
nuist Beex 4, x. Onpenennm Takske 2 (i, z) = tlim V2(i, ).
—00
[TycTh @ — 3aJaHUe BBLIYUCIMMON MPOrHO3UPYIOMIEH CTpAaTEeru.
Torna f(x) = fﬂ_(z.) (z) = fj(i) (). Orciona wl(i,m) = wz(i,x).
TospKo uTO ompesesennas bynkma (i, ) 3aBucuT oT N W 8.

1 _ ol 1T 1
B cBasu ¢ stum, nepeoboznatum ¥, o = P M P, o4 = Yy, a Takxe

1/’721,3 — % u 1/172178,75 = 2. Tak Kax fp 41 = fn.s UMeeM w}l,sﬂ > w}l,s
quist Beex s. Onpeeum

Ui, x) = sgp{wi,su,m) L 3t(y (6 w) < 2))

Mer nonaraem ¢} (i, ) = 0 pns Beex x, ecom ¢ (i, ) > 2 qus
BCEX 8, t.
Oupenenum

n

1
Y(i,x) = E ——— (i, x).
n=1
Jlerko BUIeTH, YTO 1) — PABHOMEPHBI CylepMapTHHIA.
ITycThb 1) — NPOM3BOJIBHBII paBHOMEPHBIH cynepmapruarasa. To-
[J1a CYIIeCTByeT n Takoe, 9to (i, x) = fn(i, ). IlycTs i — mporpam-
Ma BBIYUCJIMMOl IIpOorHo3upytomeii crparernu. Torma jiist o6oro s

238



Oyzer 1/1,2%37t(i,x) < 2 jig Beex jocrarovHo Gosbmux t. CreroBa-

renbo, (i, x) = ¥n(i,2) u n(n + 1), 2) > (i, 2) nus seex .
[Tpenoxenne mokazano. O

st mepexoia K JIOrapuMHUIECKON ITKaJIe OIpPEIe UM paBHO-
MEepHBI# 1edeKT CIyIallHOCTH CJIEIYIONNM 00Pa30oM:

d(p,z) = log ¥(p, z).

Oyukuus Y (p,r) mepedncauMa CHU3Y U OLpejesieHa Jisi BCeX
JBOWYHBIX CTPOK P, Jlaxke eCJId p He ABJIAETCA IPOrpaMMONl Jjid
BBIYUCJICHUST 3HAYEHUI BBIYUCIUMON Mepbl. Kciam p sBisieTcs mpo-
rpaMMOil I BBIYHMCJIEHUS 3HAYEHUN BBIYACIUMOU Mepbl P, To u3
pe3yabraTa pazjena 6.1 ciemayer, aTo

- M
d(p,z) =log P((:U)) +0(1) = —-log P(z) — KA(z) + O(1),
x
rjae M — anpuopHast II0JyMepa Ha JIepeBe BCeX JBOMYHBIX II0CJIE[0-
BaresbHOCTel. 311eck kKoucTanTel O(1) mMoryr 3aBucers or P.

11.3. (a, f)-croxacTuvdeckue KOHEYHBIE IIOCJIE-
J0BATEJIbHOCTH

[Tycts o m 3 — marypasibHble dncia. [1o onpenesenuio qa-npocToi
Ha3bIBaeTCs (DYHKIWS, 3HAYEHUST KOTOPOil MOTYT OBITbH BBIYUC/IEHBI
C TOMOIIBIO TPOrpaMMbl JUTMHBI < «. KoHeuHasi mocjeoBaTe lb-
HOCTb T Ha3bBaeTCst (v, 3)-CTOXACTUYECKON, eCIH Jyis HEKOTOPOW
a-1pocToii nporuosupyiomeii crparerun f suimosmeno d(p,z?) < 8
Jutst Beex 7, 1 < j < I(x), rje p — HEKOTOpast IporpaMMa JIINHbL < (v
JIUIsl BBIYHC/IEHUs] 3HaYeHuii f.

[TpuBoUMOE  OIIPEJIE/IEHNE CTOXACTUIHOCTH IIPEJICTABJISET CO-
60ii HEKOTOpOe 0OOBITIEHIE COOTBETCTBYIOIIErO onpeesenus («, [3)-
CTOXaCTUIHOCTH 110 KOJIMOropoBy.

[TocenoBarenbnocTs ¢ HasbBaercst (a, )-HECTOXaCTHIECKOI,
ecjm oHa He siBjisieTcs (v, 3)-CTOXaCTUYeCKO. DTO SKBUBAJIEHTHO
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TOMy, 9TO I J1t060i mporpamMmbl p JyumHbL [(p) <, BBIYHC-
JISIONIEN 3HAYeHUsI -TIPOCTON MPOTHO3UPYIOIIel crparerun, Gyjuer
d(p,2™) > B xors 6e1 mst ommoro m < I(z). Ml Gyzem TaKsxe
IOBOPHUTDH B 3TOM CJIydae, ITO JIobast MPOrHO3UPYIONIas IMPOrpaMMa
JUTHHBL < (v OTBEPraeTcsi Ha & IIPHU yPOBHE J10Bepusi [.

Ilycte DY) 5 — MHOXKeCTBO Beex (a, 3)-HECTOXaCTUIECKHX HOCIIe-
JIOBaTeJIbHOCTEN JIJIMHBI n.t

Cuieyroiiee IpoCTOe yTBEPXKIEHNE BBIPAXKAET TOT €CTeCTBEHHbII
daxr, 9ro BeposTHOCTH reHepaiu (v, 3)-HeCTOXaCTUIECKO mocIe-

J0OBaTCJIbHOCTU B (-ITPOCTOM BEPOATHOCTHOM IIPOIlEeCCEe MaJia.

Ilpennoxenue 11.4. Jlasa mobvix o, B, n u a-npocmoti mepor P
svmonneno P(Dy 5) < 278,

Hoxazameavemeo. Ilycrs p — nporpaMma fIjuHbl < ¢ JJIS BbI-
YUCJIEHUsI 3HAUEHUN NMporHosupyomei crparerun f. s jroboro
n e} ! o
z € Dy 5 cymecrByer HavasbHBIA parmentT ' C x Takoii, 4TO

@@(p, z') > 2°. Tlycrs 21, ..., 2, — BCe TaKkue HauaIbHbIC (DPArMEHTHI
IIOCJIETOBATEILHOCTEN U3 DZ’ 3> IMEIOIIIEe MAKCUMAJIbHYIO JITHHY. ITo
OIIPeIeJIEHNIO, BCe OHU IIONAapHO HecpaBHUMEI. IlosToMy u3 ompeme-
JIEHUsI CYTIEPMapPTUHTAJIA CJIEJYeT, 9TO

12 4(p,z)P(x;) >2° Y P(xy).
j=1 Jj=1

S
Orciona nonyuaem P(Dy, ) < 3 P(zj) < 278, 0O
3’ j:l

Teopema 10.2 (u mpesyroxkenne 10.6) TakKe HMeeT MeCTO IS
MO UIMPOBAHHOIO ompe/ieieHust (v, )-HeCTOXaCTHIeCKO! HoCIe-
JI0BaTEILHOCTH B CIydae JiorapudmmaecKoit dyHKnun morepb. Hmx-

HsIsI OICHKA,
n —a—logn—2loglogn—c
M (Daﬁ) =2

'910 ompesenenne oTIMUACTCA OT ONpeeTeHHs MHOXKecTBa DJY 5, KOTOpoe
6b110 HaHO B paszeste 10.5. Jlerko BueTh, 9TO OHO IPUBOIUT K HOJIEe IIUPOKOMY
MHOXKeCTBY (v, 3)-HECTOXACTHIECKUX [IOCJIEI0BATEIHOCTEH.
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MPsIMO CJIeyeT u3 HrKHel ornenku Teopembl 10.2. Bepxuss orenka

n —a+logn+2loglogn—log B+c
M( a,ﬁ) <2 )

IJie ¢ — KOHCTAHTA, MOKET OBbITh IOJIyYeHa aHAJOTHYHBIM 0OPa30M
Kak jjid npejioxenus: 10.5.2.

Bamernm, 9T0 JIorapudMbl OT 7 B 9THX OIEHKAX MOXKHO yCTpa-
HHUTb, €CJIM HCIOJIb30BATH JIIHHY IIOCTIE0BATEIBHOCTE N B Kade-
CTBe IapaMeTpa IPOrHO3UPYIONMX CTPATEruii. DTO COOTBETCTBYET
CJIyvalo, KOrJa 3a/aH KOHEYHBIH ‘TOPU30HT IIPOTHO3UPOBAHUSI.

ITycrs a(n) u B(n) — BeIMHCINMbIE HeyOBIBAIOIIE HEOTDAHNIEH-
Hble QYHKIUK, IPUHUMAIOIIUE HATypasbHble 3HaueHus . Oupeennm

of = L_J Diyi), (-

o ompezenennio, MHOXKeCTBO Ij 5 COCTOMT U3 BCEX IOCIIE0BA-
TeJILHOCTEl, MMEIONX JUIMHYy m u sBigomuxes (a(m), S(m))-
HECTOXAaCTHYECKUMH, JIJIs HEKOTOPOrO M 2> M.

Bemmanna P( gﬂ) paBHA BCPOATHOCTH TeHEpaIlid Ha COOT-
BeTcTBYyOIIell noaymepe P BepositHocTHOI Maruae (a(m), S(m))-
HECTOXaCTUYECKOIl I0CIIe/I0BATEIbHOCTH JITHHBL 1M = M.

Teopema 11.1. ITycmov a(n) u B(n) — dse sviuucaumvie HeyovLEaIO-
wue HeozpaHuMernbe GYHKYUL, NPUHUMAIOUUE HAMYPLALHBIE 3HA-
wenus. s 110000 PERYPCUSHO NEPEYUCAUMOT, CHUZY NoAYyMepb. P

lim P(I7 ;) = 0.

n—oo

Zloxazameavcmeo. st Ipon3BOJIBHOTO paIdoOHAJIBHOTO € > ()
BBIOEPEM BLIYHC/IMMYIO [TOCJIEI0BATEILHOCTD HATYPAJbHBIX UHCET

O=ngp<ny <...

TaKyI0, YTO
LA =e)a(n)] < [ = e)a(nit)]

u B(n;) < B(niy1) s Beex 1.
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Ecimu P — peKypCHUBHO IT€PEUHNCINMa, CHU3Y, TO OIPEICTIUM
Pé(z) = max{r: (r,z) € A%},

rie A = {(r,z) :r € Q,r < P(x)} u A® — KoHeUHasl YaCTh MHO-
)kecTBa A, TiepevyncieHHas 3a § MaroB paboThbl COOTBETCTBYIOIIETO
AJTOPUTMA.

JL1st mpon3BOSIbHOM KOHETHO MOCIeI0BATEILHOCTH ¢ OTIPETEITIM
mepy Py ciemnyromum obpasoM. Ecim maiinyTes ¢ m s Takue, 4TO

l(g) = [(T = €)a(ni)| u

l(q)
O s (11.3)
j=1

l(z)=nit1

nosaraeM FPy(z) = P*(x) upu I(z) = niq1 1 # 0™+, rue s — Mu-
HUMaJIbHOE, yaoBsersBopsiomee (11.3). dooupenemnm P, Ha ocraib-
HBIX & KAKUM JII0O0 eCTeCTBEHHBIM 00pa30M TaK, YTOOLI COXPAHIINCH
ycsoBust Mepbl. Mbl OyeM HCIOIb30BaTh TOILKO 3Hadenust Py(z)
upu [(z) < niq1. Ecan Taxkue i u s He cymecrByer, To Mepa P, He
onpegenena. Ilycrs

Ty = Z P(x).

I(z)=n

Tak kak P sgBJigeTcs MOJIyMepoit, OYIeT 41 < Tpn JJIs Beex n. Ec-
mu lim 7, = 0, To yTBepKJieHne TeopeMbl BbIIIOJHEeHO. JlomycTimM
npoTHBHoe.

Ilyctb p; — JBOMYHAs HOCJIEIOBATEIBHOCTD, HPEJCTABIISIONIA
JBOMYHO-PAIMOHAILHOE HPUOIMKEHAE YUC/IA Ty, , | CHU3Y C TOYHO-
crpio 27 L=92()] Torna P, — mepa. O6osnataenm P; = P,

ITo onpesenenuio, IPOrHO3UPYIOMIAsT CTPATETNSI, COOTBETCTBYIO-
mast Mepe P;, asisercs (| (1—e€)a(n;)] 4 ¢)-mpoctoit, m1st HeKoTopoit
koHcTanTe! ¢. meeM | (1—€)a(n;)|+c < a(n;) s Bcex 10cTaTodHO
bosibIux ¢. B manbHeiiem Mbl OyaeM paccMaTPpUBATDL TOJIBKO TaKue
i

ITycts MHOXKecTBO X COCTOHUT U3 NMONAPHO HECPDABHUMBIX H HE CO-
CTOAIINX TOJBKO U3 HyJeil KOHEYHBIX [10CJIE0BATEIHLHOCTE JJINHbI
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< njt1. Ompenennm
R; = Z{P(m) () =nj&3z(z C &z e X))

Nneem Ry < R; mpu s > 4. Tak kak Pj(X) = Rj — €j upu j = 1, s,

1—e¢)

riue €; < 2~ L=)a(m))] yveem npu s > i

Py(X) < Py(X) + 2~ L1-9a(m)]

[TycTh KOHETHOE MHOXKECTBO [) COCTOUT M3 MOMAPHO HECPABHUMBIX
KOHEUHBIX 110CJIeI0BATEIbHOCTEN, KaxK[ast u3 KoTopbiX (a(n), B(n))-
HECTOXaCTUYHA, TJIe N — ee JJINHA, U He COCTOUT W3 OJHUX HYyJel.
Mpu1 Gyiem HasbiBaTh Takoe D (a, )-HECTOXaCTUYECKUM CEUEHUEM.
[Tycrs D — meroropoe (a, f)-aecroxactudeckoe cedenue. Ompe-
JIEJTM
A; = {.T eD:n; < l(:l)) < ni+1}.

IIycrs s = s(D) — MakcuMabHOE Takoe s, 9To ng < [(z) mis Beex
z € D, a r — muanMasbHOE Takoe, 910 [(2) < npyq Jyuist Beex z € D.

Bamerum, 9TO JJIs IIPOU3BOJIBLHOIO i Mepa P (1 cOOTBETCTBYIO-
Iast eif TPOTHOBUPYIOMIAs CTPATErusi?) ABjisercs o (n)-TpocToit Ipu
n; <n < nit1, Tak Kak a(n;) < a(n) mig Takux n.

[Iycts 4 — mpousBosibHOE. U3 omnpejiesieHnsi HECTOXACTUIHOCTU
ciemyer, 9To s oboro ¥ € A; cymectByer npedukc ' C x Ta-
Koit, uto 1 (p;, a') > 25()_ Tlyers 2 — rakoit npeduke @, nveronuit
MaKCUMAaJIbHYIO JiyinHy. [IycTh TaksKe 1, . . . , T4 — Bee Takue npeduk-
cBl y Beex x € A;. flcHo, uTo BCe OHM TOIapHO HecpaBHUMBL Takke,
U3 OIpEJIEIEHNs CYyTIEPMAPTUHTAA CJIEJIYeT, UTO

O (pi, ;) Pi(xj) < 1.
1

t
j:
Orciona ciiemyer, 9To

¢

Pi(Ai) <) Pilwy) <2700,
j=1

’IIpousonbHOil Mepe P  COOTBECTBYeT HPOIHO3WUPYIOIIAS —CTDATErHs

f(él}l .. .:L‘i_l) = P(:L‘l .. .ZL‘i_ll)/P(l’l .. -mi—l)-
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Orcioma momydaem

r

P(D) = Z Pr(A) < 3 Pi(A) + Z o-1(1-9a(n)] ¢

1=Ss

2-Bns)+1 4 g=l(1-dalna)l+1 (17 4)

[Iycts D — MHOYXKECTBO BCEX TIOCJIEIOBATEILHOCTEH JIJIUHBL N4 1, IIPO-
JTOJKAIOMUX mocaegoareabaoctn u3 D. U3 (11.4) ciaemyer

P(D) < Po(D) 4 27 L-9atm] ¢
2P )+1 | 9=l(1=9a(n) )+l g-l(1-ealn)], (11.5)

HomycTum, 910
lim P( 25) > 0.

n—oo

Torpa cymecrsyer h > 0 Takoe, 4To s JIIOOOrO M CyIIECTBY-
er (o, )-HecroxacTudeckoe cedenue D, mis koroporo s(D) > n,
P(D) > h u, kpome sroro, jyisi goboro x € D oymer © € 0°°. Cy-
OIeCTBOBaHNE TAaKOI'O CE€YCHU fABJIACTCA IIPOTUBOPEYINEM, TaK KaK I10

(11.5) mepa P(D) momxHa OBITH KaK yIOJHO MaJja BCEX JJIS JI0CTa-
To4HO 60JbIHX 71. Teopema jgokazaHa. O

U1t TpOn3BOIBHOIO pAIlMOHAIBHOIO € > () Ha30BEM BBIUNC/IN-
MYIO IIOCJIeOBATEIbHOCTh HATYpPaJbHbIX dnces 0 = ky < k1 < ...

rakyto, 9T0 | (1 —e)a(k;)] < |(1 —€)a(kiyr1)]| u B(ki) < B(kiy1) aust
BCex i, e-octoBoM mapbl dyukimit a(n) n [S(n). Torna u3 onenkn
(11.4) noyaaem

Caencrue 11.1. /Jlaa a10600 pexypcusHo MEPEUUCAUMOT CHUSY
noaymepv, P, e-ocmosa 0 = ko < k1 < ... u napv gynxuyui a(n) u
B(n) umeem

n —B(k(n))+1 —(1—e)a(k(n))+2
(D 50) < 27 PEOIHL 4 9=(1=9alk(n)

daa ecex docmamouno bosvwux n, 2de k(n) = max{k; : k; < n}.
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Ilomymepnl Ha JiepeBe BceX JIBOMYHBLIX ITOCJIEIOBATEIb-
HOCTell M cBs3aHHBbIe ¢ HUMU Mephbl. [lycts P — momxymepa na
JlepeBe BCeX JIBOMYUHBIX I0c/eoBaTe bHocTeil.? Onpenennm dyHK-
U0

P(z)= inf > P(2) (11.6)

>l
n2l(z) zCz,l(z)=n

Jlerxo Bujiets, uro P(z) = P(x0) + P(z1) aus seex z u P(\) < 1.
Kpome 3Toro, P sBisieTcst MAKCHMAJIBHOI MEpPOH HE NPEBOCXOIAIIECH
P, T.e. Taxoit, uto P(z) < P(x) s Beex .

MBI He MOXKEM YTBEPKIATh, 4T0 P — BeramcamMast (OyHKIHS, a
TaKsKe, 9TO OHA BEPOATHOCTHAS Mepa, TaK KaK MoxKeT 6bITh P()\) <
1.

Onpenemmv P(I'y) = P(z) ana sBecex € =, e [y, = {w €
Q: 2z C w} — unarepsas (map) B upocrpancrse ). ITonb3ysics Teo-
pemoii Kosmoroposa o pacnpocrpanennn mepbl (eM. [26]), MoxHO
onpesemth Mepy P(A) ana mo6oro 6opesreBckoro (M3MepuMoro)
noamuoxkecrsa A C .

OneHkn i G€CKOHEYHBIX MocJeaoBareibHOCTEn. s
J060ro MHOKeCTBa [ KOHEUHBIX IIOCIEI0BATEILHOCTE OIPeIe M

D={weQ:3z(z € D&z C w)}.

MuoxkecTBO
_ ™m
IDQB - mn OZ,B
cocTontT u3 (6eCKOHEUHBIX) T10C/Ie0BaTeIbHOCTEN w € (), nMeroIux
(a(n), B(n))-necroxacTudeckue bparMeHTHI JJIUHBL 10 1J1si OECKOHEY-

HO MHOT'UX N.
N3 Teopemnr 11.1 nerko ciemyer

CaencrBue 11.2. ITycmo a(n) u f(n) — dee suvuciumvie Heyvi-
6aIOULUE HEOZDAHUMEHHBIE PYHKUUL, NPUHUMAIOULUE HATNYDAALHBLE
snavenua. Tozda M (1, ) = 0.

30mnpenenenne nmepedncauMoOil CHU3Y IOJTyMephI Ha J€PEBE BCEX JTBOMYHBIX
TOCJIeIOBATEJIbHOCTEN MpuBeaeHo B pa3miese 6.1.
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Eciu orkazarbest oT TpeboBanus BeraucaumMoctu dbyHkmmu a(n),
TO IOJIYYUM I[IPOTUBOIOJIOXKHBIN yTBEepKJIeHUI0 Teopembl 11.1 pe-
3yJIbTaT, KOTOPBIIl IPUBOJUTCS B CJIEAYIONIENl TeopeMe.

Teopema 11.2. ITycms B(n) — Heo2paHuMEHHAA BUHUCAUMAH HYHK-
YUA MAKas, 4mo 0as Hexomopozo vy > 0 6uinosHeHO HEPABEHCMEO
B(n) < (1 —~)n das ecex n. Toeda dasn awbozo € > 0 cywecmeyem
NEPEUUCAUMAS CEEPTY HEOPAHUNEHHAA PyHKyuA o (n) makas, 4mo

P(Ip)>1—e¢

s HEKOMOpot nepeducaumoti crudy noaymeps, P. B wacmuocmu,
M(1,) > 0.

JlokazaTeIbCcTBO 3TO# TeOpeMbl IPOBOJUTCS HA OCHOBe OOIIeit
cxeMbl pazzena 12.2 u npuBoauTcs B pazjene 12.4.

JL1st TpOU3BOJIBHBIX HATYPAJBHBIX 9UCET (¢ U [3 MHOXKECTBO Dy 5
COCTOHUT M3 TaKNX KOHEYHBIX IIOC/IeJOBATEJIbHOCTEN JAJIMHBI 17, Ha KO-
TOPBIX JTI0Dast ITPOTHO3UPYIOIIAs IPpOrpaMMa, JJIHHBI < « OyIeT OT-
BeprHyTa Ha ypoBHe joeepust (3. Teopema 11.1 mokaswiBaer, B TOM
ciydae, korja o = a(n) u B = [(n) BBIYUCIUMO 3aBUCAT OT N W
HEOTPAHUICHBI, BEPOSATHOCTH I'€HEPAIMHN TAKOM ITOCIeI0BATETHLHOCTI
JUIMHBL 1 HA TTPOU3BOJILHON BEPOSTHOCTHON MallinHe crpemuTcst K 0.

CoritacHo Teopeme 11.2 111 Ipou3BOJILHO MaJIoro € > () Ha HEKOo-
TOPO# BEPOATHOCTHON MAIlIMHE MOXKHO C BEPOSITHOCTHIO 1 — € creme-
PUPOBATL HEOI'PAHMYEHHYIO MOC/IEI0BATEILHOCTD, Ha KOTOPO#l mpu
MPOU3BOILHOM 33JIAHHOM yPOBHE J0Bepust [ i06ast MpOTHO3UPYIO-
masi IporpamMMa Korjaa-anbo OyJeT OTBEPrHyTa Ha 9TOM YPOBHE.
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YHacts V

Crenenn
PaHJIOMU3NPOBAHHOMI
BBIYCJINMOCTH
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I'maBa 12

AJropuTMIYECKN-
NHBApUAHTHbIE CBOICTBA
OEeCKOHEYHbIX
I10CJIEJIOBATEJIbHOCTEN

B s7oit rmaBe mpobeMa CTOXaCTHIECKUX U HECTOXACTUIECKNX HOCHU-
TeJieit HMOPMAIUU PACCMATPUBAETCS B MH(OPMAITMOHHOM ACIIEKTE.
Ms1 OyjieM u3ydaThb CBOHCTBa OECKOHEYHBIX JIBOMYHBIX I1OCJIE/IOBA-
TeJILbHOCTEl, KaK HOCUTEJIEN onpesie/ieHHON nHdopMaIuu, T.e. TaKue
CBOWCTBA, JTOJZKHBI COXPAHATHCS TIPU MTEPEKONPOBAHIY X HOCUTE-
Jsieir. Mb1 Oy1eM paccMaTpuBaTh CIIOCOOBI KOJHPOBAHUS CAMOTO O0IIIe-
ro BUJIa — aJrOPpUTMHUYECKHE OIEPATOPHI, OIPEJeJIEHHbIE B Pa3/lesie
11.1.

12.1. Anrebpa mHBapuaHTHBIX CBOICTB

Beckoneunasi 1mocjieioBaTeIbHOCTD (¢ € §) AJITOPUTMHUIECKU CBOJINAT-
cs K GeckoHewHON mocsefoBaTenbHocT S € (), ecom o = F(f3)
JJIsT HEKOTOPOT'O aJropuTMudeckoro omneparopa F. /Ipe Geckomed-
HBIE IIOCJIEIOBATEILHOCTH (@ U [3 AJIPOPUTMUYECKH SKBHBAJIEHTHBI,
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0603HAYAETCI 3TO KaK ¢ = (3, eciid KaxkKJas U3 HUX CBOJIUTCA K
npyroit. MHOKeCTBO (CBOHCTBO) GECKOHEUHBIX TIOC/IEI0BATEILHOCTE
A HA3BIBAETCS AJTOPUTMHUYECKU MWHBAPUAHTHDLIM, €CJIU OHO BMECTE
€ KaXKJIOW ITOCJIE/IOBATEIBHOCTBIO COJIEPYKUT U BCE AJTOPUTMUIECKU
9KBUBAJICHTHBIE €l TIOCIeI0BATEILHOCTH. NHBIMI CTIOBAME, MHOXKE-
CTBO A TIPeJICTABIAETCS B BUJE OOBLEIWHEHUS THIOTMHIOBBIX CTe-
neneit [33|. dust npoumssosbHOro MuoxkecrBa A C Q) obosHaunm
A={w:Jala € A&a = w)} anTopuTMITIECKOe 3aMbIKaHHIEe MHOKE-
cTBa A.

Crygaiinble mOCIeI0BATETLHOCTH JOKHBI CIYYKUTH B KATECTBE
MaTeMaTUIeCKUX aHAJIOTOB TOCIEI0BATEILHOCTEl, KOTOPBIE ITOJTY Ta-
I0TCSI B CTOXACTUYIeCKUX mporieccax. C Ipyro#t CTOPOHBI, HEKOTOPBIE
OGeckoneunble ciydaitabie 10 Maprun-Jledy nocienoBaresbHOCTH
MOKHO OTIPEJIETTUTD C TTOMOTIBIO TOYHBIX MATEMATHIECKUX KOHCTPYK-
nnit. Hampumep, nBowvnas 3amuch o uuciaa Yeitruna ), 2~KP(n)
SBJISIETCSI TI0CJIEIOBATEILHOCTBIO CaydaitHoit mo Mapruu-Jledy or-
HOCHUTEJILHO PABHOMEPHOI Mepbl (CM. 3ajady u3 paszena 5.4).

Dror n apyrue npumepbl (cM. Takke npumep u3 [11]) mokasbi-
BAIOT, 9TO HEOOXOIMMa HEKOTOPas KOPPEKTUPOBKA MHTEPIIPETAIIHI
HOHATHUA CIIy4alHON 10C/IeI0BATEILHOCTH.

Kpome BeposiTHOCTHBIX IIPOIECCOB PACCMATPUBAIOTCS AJTOPUT-
MHUYECKHEe TPeobpa30BaHUs CTOXACTUIECKUX TOCIEI0BATEILHOCTEIH,
KOTOPBIE MOTYT OCYIIECTBJISITHCS C TIOMOIIBIO BEPOSITHOCTHBIX Ma-
mun Triopunra. Cornacho Teopenme 6.3, M ({a}) = 0, tye o — mobast
HEBBITHUCINMAS TIOCTIEI0BATEILHOCTD. B 1acTHOCTH, Uncio Yeittuna,
a TOYHee, ero JIBOMYHOE IPEJICTABJICHUE (v, HE MOXKET OBITh BbIJIa-
HO (C HOJIOXKUTEJILHO BEPOSTHOCTBIO) HUKAKOH BEPOSTHOCTHON Ma-
muHoi Thiopunra. AHaIOTHIHO, CIydaifHast TOc/Ie0BaATeTLHOCTD (X,
OIIpeJie/IeHHAsT MATEMATUICCKON KOHCTPYKITUEH, He MOYXKET ObITh I10-
JIydeHa HM B KaKUX KOMOWHAIUAX CJIyYailHBIX U aJIlOPUTMUYECKUX
IIPOTIECCOB.

B obmiem ciaydae, mycTh HeKOTOpoe cpoiicTBo A omnpenensier 60-
penerckoe mMuoxkectso A = {w € Q : A(w)} raxoe, uro M(A) = 0.
Torpma jyist y1060it BeposiTHOCTHON Mammubl Trhiopunra (L, F') Be-
posttiocts P(A) = L{w : F(w) € A} renepanun ¢ HOMOIIBIO 3TOM
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MAIIIMHBI [I0cJIe10BaTesibHOCTH n3 MHOXKecTBa A paBHa 0. Takue MHO-
JKECTBa HA3BIBAIOTCs IPpeHeOperkMMbIMU. Kak ciesryer u3 3a1a4 pas3-
nena 6.3, MHOXKeCTBO A IIpeHeOPEXKUMO TOIJIA M TOJIBKO TOT/Ia, KO-
rma L(F~1(A)) = 0 mna moboro sbramcsmmoro oneparopa F, rie
Fl1A)={weN: Flwe A}.

BosmozkHa Takas MHTEpIpeTanus CBOHCTBA HPEHEOGPEKUMOCTH:
GeCKOHEUHBIE 110CJIe/I0BATEIbHOCTH, [IPUHAJJIEKAIINE IIPEHEOPEerK -
MOMY MHOYKECTBY, HeJIb3s1 (C MOJIOKHUTEIBLHON BEPOATHOCTBIO) TIOJLY-
9aTh HU B KAKIX KOMOMHAIMSIX BEPOSITHOCTHBIX M AJITOPUTMUYECKHIX
LPOIIECCOB.

Kax 3ameveHo Bblie, Jyist 060 HEBBIMHCINMO GECKOHETHOM
0CJIe/I0BATELHOCTH (¢ MHOXKECTBO

{fweQ:IF(F(lw)=a)} ={w e Q:Up(F(w) =a)}

ABJIdETCA HpeHe6pe)KI/IMbIM.

PaccMOTpUM CJIeIy 0Ny IO MATEMATHIECKYIO CTPYKTYPY, KOTOpast
Oblta BBeJleHa u usydasach B [49] u [3]. Ilycrs I — Gysea ajrebpa
BCEX AJITOPUTMUIECKH MHBAPUAHTHBIX OOPETEBCKHUX IMOJMHOMKECTB
Q. Mbl He pasauyaeM JBa MHOXKECTBa u3 I, KOTOPBIE OTJIMYAIOTCS
Ha MHOKECTBE alpruopHOil mosymepsl 0, TOUHee, pacCMaTpUBAETCST
OTHOIIIEHUE SKBUBAJIEHTHOCTH

A~B<<= M((A\B)U(B\ A)) =0.

[TIycrs T — baxTop anrebpa aaredbpsl I 110 OTHOIIEHUIO SKBUBAJIEHT-
Hoctu ~. Uzyuum cTpykTypy 3Toit dpaxTop-anrebpsr 1. Kiace sk-
BUBAJEHTHOCTH AJTOPUTMUICCKN HHBAPUAHTHOTO MHOXKECTBa A 060-
snavdaercs a = [A]. st jr060i nepedncumoii mosrymepsl P MOXKHO
KOPPEKTHBIM 06pazoM onpesesnts P(a) = P(A). Onpememmm orre-
pammn aUb = [A]JU[Bluanb =[A]N[B],rne a= [A] u b = [B].
MozkHO Tak»Ke PacCMOTPETh YaCTUIHBIN MOPsIIOK Ha Y :

a<b<«= M(A\B)=0.

B ,ZLaﬂbHeﬁHleM II0CJIEJOBATEJIbHOCTHU, aJITOPUTMUYICCKU dKBUBA-
JICHTHBIC ITIOCJICIOBATCIbHOCTAM, CﬂyqaﬁHbIM OTHOCHUTECJIbHO BBLIYMC-
JIMMBIX MEDp, 6y,ILyT Ha3bIBaTbCdA CTaHIapTHBIMU. ITo OIIpeJeJICHUIO
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J00ast BLIYUCIUMAsA MEPa MHOXKECTBA BCEX CTAHIAPTHBIX IOCJIEI0-
BaTesibHOCTEll pasHa 1.

B pazzaene 12.9 (cum. Takxke ([11], Teopema 3.1)) mokaszano, 4To
Jobasi TOC/IeOBATE/IbHOCTD W, CAydYailHas OTHOCHUTEJbHO KaKOii-
JinOO BBIYUCIUMON Mepbl, JINOO caMa BBIYUCIUMA, JIUOO AJITOPUTMU-
YECKU SKBUBAJEHTHA TOCJIE0BATEILHOCTH, CIIYYaHON OTHOCUTE b~
HO paBHOMepHO# Mephl. [loaTOMy ecTecTBeHHBIM 00pa30M BO3HUKA-
10T 31eMerTH T = [R] n ¢ = [C] anre6pnr T, rae R — MHOXKeCTBO
BCEX TIOCJIEIOBATENLHOCTEN, aJITOPUTMUIECKHU CIYYAHHBIX 110 PABHO-
MepHOiT Mepe (Mmepe Jlebera), C' — MHOMKECTBO BCEX BBIYHCIIMBIX
IOC/IeI0BATE/IBHOCTEIH. |

U3 cBOiCTB alpHOpHOIT MephI Jlerko cieayet, uto M(r) > 0 u
M(c) > 0.

Hynepoii smement 0 anrebpol Y omnpesensieTcst Kak KJIacC 9KBU-
BaJIEHTHOCTH IIyCTOr0 MHOXKecTBa. OH COCTOMT U3 BCEX AJIOPUTMHU-
YECKU MHBAPUAHTHBIX IMOJAMHOXKeCTB ) arpuopHoit Mepshl 0, Mo3TOMY
M(0) = 0. Eqminma asnre6per Y onpenenserca 1 = [()].

JILA.JleBun [17, 18] 3amerns, 4To MHOXKECTBO BCEX CJIydailHBIX
no Maprun-/ledy nocienoBaresnbHOCTE (OTHOCHTEIBHO PA3IHIHBIX
BBIUUC/IUMBIX MEP) MOXKET ObITh Pa3JIeJIEHO TOJBKO HA J[BA AJITOPUT-
MUYECKH WHBAPUAHTHBIX IIOJMHOYKECTBA IIOJIOKUTEJIBHO arprop-
Hoit Mepbl. [lepBoe U3 HUX COCTOUT U3 BCEX HEBBIYUCIUMBIX CJIyJaii-
HBIX MOCJIEA0BATEIHLHOCTER, BTOPOE — 3TO BCE BHIYUCINMBIE TTOCJIE0-
BaTeJbHOCTH. KarK/iast BhIYUCIuMAast MOC/Ie0BATEIbHOCTD SIBJISETCS
CJIy4aiiHOII OTHOCUTEJIBHO BBIYUCIIMMON Mepbl, COCPEAOTOYCHHON Ha
9TOM TOC/IeI0BATETLHOCTH.

Hanomuanm, uro sement d siByisiercst aromoM 1, ecim d # 0 u
He cymectByer paznoxkenus d = aUb, tneanb =0, a# 0ub # 0.

Teopema 12.1. Gaemenm r asasemcsa amomom Y.

Zoxasameavcmeo. Homyctum, ato r = aUb, tne anNnb = 0,
a#0ub#0 Torma R=AUB, e a=[A ub = [B], e

AuB - AJITOPUTMHUYICCK MHBaPpUaHTHBIE MHO2KECTBa OECKOHECUYHBIX

"MuoxecTBo R COJZIEP?KAT BCE HEBBIYHUCIMMBIC TIOCJEIOBATEIbHOCTH, AJIrO-
PUTMUYECKH CIyJIaifHbIe 10 KAKOH-Iu00 BBIYUCIUMON Mepe.
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nocJse/ioBaTebHOCTeN. Bes morepu o6IHOCTH MOYKHO CUUTATH, YTO
AN B = (). HatomauMm, 910 R — MHOYKECTBO BCEX CJIyYaiiHBIX 110 Me-
pe Jlebera mocienosarensuocteil. Ilyers A’ = ANRu B’ = BN R.
Tak Kak jobasg @ € A aJropuTMUYECKH SKBUBAJIEHTHA HEKOTOPOI
nocyieosareboct u3 A, us M(A) > 0 caemyer M(A') > 0. Ana-
sormano M (B') > 0.

[Tycts P — npousBoJibHasI BEPOSITHOCTHasT Mepa Ha {2. Paccmor-
puM npoussoanyio Pajona — Hukonnma j—]g(w) Mephl P o mepe M
(em. [10]).

Jlemma 12.1. Ilyemv A C Q u 0dasa awboti w € A 66NOAHEHO

gT];[(W) > 0. Tozda us P(A) =0 caedyem M(A) = 0.

Zloxazamenvcmeo. I3 cooTHOIIEHU ST

0=P(X)= /Z\g(w)dM
X

1 Toro, uto 4 (w) > 0 upm Beex w € A, nerko ciemyer, aro M(A) =

dM
0. O

CaencrBue 12.1. [lycms P — swuucaumas mepa u A cocmoum u3
cayuatinoir no mepe P nocaedosamenvrocmeti. Toeda us P(A) = 0
caedyem M(A) = 0.

Zoxasameavcmeo. st 060t caydaitHoOl W BBITIOJHEHO
Pw")/M(w") > P(w")/MW") >¢>0

JIJ1 BCEX M, TJIe ¢ — KOHCTaHTa, 3aBucdinas oT w. Orcroa %(w) #0
st w € A. o memme 12.1 M(A) =0. O

ITpomoymkuM 10Ka3aTEIBCTBO TeOPeMbl. KakK OBLIO 3aMedYeHo pa-
Hee, ecjn OeCKOHEYHAasl IIOC/IEIOBATEILHOCTh W AJTOPUTMUIECKU
caydaiina o Mepe P, To mobast ocie10BaTebHOCTD W', OTIMIaio-
IasiCst OT Hee B KOHEYHOM YHUCJIe 9JIeHOB, TAKKE ABJISIETCS AJITOPUT-
MUYecKH ciaydaiinoii mo mepe P. ITostomy w,w’ € R. Kpome sToro,
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w = w'. MoxXHo BBIOpATH AJITOPUTMHYECKN MHBAPUAHTHBIC MHOKE-
crBa A u B Tak, 94TO HUKAKHe JiBe IMOCJIEJ0BATEIbHOCTH @ € A u
(B € B anropuTMmu4ecKn He SKBUBaJeHTHBL 1loaTomy w,w’ € A’ nm
w,w e B.

Mo crencrsmo 12.1 uz M (A’) > 0 cnexyer L(A’) > 0. Anamornd-
Ho umeeM L(B') > 0. [Tosromy MBI MOXKEM IPUMEHHUTH 3aK0H 0 wiIu
1 A.H.KosimoropoBa K IOC/IeI0BATEILHOCTH f1, fo, ... CIydallHBIX
BesmunH fi(w) = w; Ha BepoATHOCTHOM mpocrpancrse (L, (). U3
cBoiicTBa nuBapuantnocru mMuoxects A’ u B’ orHocuTEIBHO U3Me-
HEHUST [TOCJIEJI0BATEILHOCTH B KOHETHOM YHCJIe UJI€HOB CJIEYET, 9TO
KazKJIoe U3 HHUX JIEXKUT B OCTATOYHOI o-ajirebpe MoC/ie/10BaTe IbHO-
ctu fi, fa,.... llosTomy Mepa L KaxKJI0ro U3 9TUX MHOYKECTB paBHA
0 wm 1. Dro nporusopeunr tomy, uro A’ N B’ = 0 u L(A") > 0,
L(B') > 0. Takum o6paszoM, I sIB/siercst aToMoM. O

TpusnanbHbIM 00pa30M, € TakxKe sBjsercs aroMoM Y. Jlerko
BUJIETDH, YTO I' — €IMHCTBEHHBIN aToM, Mepa, Jlebera KoToporo papHa
1.

ATOMBI C U I IIOPOXKIAAITCA CTaHAAPTHBIMHA IIOCJ/I€JOBATE/IbHO-
cTsiMi. BO3HHKAaeT eCTeCTBEHHBIH BOIIPOC, HCUEPIIBIBAETCS JIM AJl-
rebpa MHBapPUAHTHBIX CBOMCTB Y STHUMHU 3JieMEHTaMU, T.e. OyIer Jiu
1 =ruc?

Cremyrommasl TeopeMa J1aeT OTBET Ha 9TOT BOIIPOC.

Teopema 12.2. 1\rUc # 0.

JlokazaTeabCTBO 3TOI TeOpeMbl TIPUBEIEHO B pasaeie 12.3.
CrpykTypa anredpbl T ONUCHIBAETCA CJIEAYIOMMMI TEOPEMaMIT.

Teopema 12.3. Mnoowcecmeo ecex amomos arzebpv, I cuemmo.

JlokazaTeabCcTBO TeOpeMbI IPUBEIEHO B pasmerne 12.5.
IIycrs ap,a0,as,... — Bce aToMbl aaredpsl Y, MpUYeM a; = C U
ajy =17T.

Teopema 12.4. Hmeem mecmo 1\ |J;2, a; # 0.

2T0T BOMPOC SKBUBAJICHTEH BOIIPOCY O HE3ABUCHMOCTH aKcHOMbI 4.2 u3 [18].
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JlokazaTeabCcTBO TeOpeMbI IPUBEIEHO B pasaerne 12.6.

Bamerum, uro 1o onpegenenmo smement d = 1\ [J;2, a; sBis-
ercst 6ECKOHETHO JeJIUMBIM, T.€. JIjisI JII0OOTO HEHYJIEBOIO IJIEMEHTA
x C d cymectByer pasioxkenne X = X1 UXg, re X1 Nxg = 0, x7 # 0
n Xo ?é 0.

Teopembr 12.3 u 12.4 orpeiesiioT pa3JjioKenue eIuHUIbI aareo-
por Y.

Caencreue 12.2. Hmeem mecmo pasnosrcenue 1 = U2 a; Ud,
ede ay,ag,... — beckoHnewnas Mocaedo8amenbHOCMb 6CET AMOMOS
anzebpo, T (amom ag = r nopooswcdaemcesa cayatinsimu no mepe Jle-
beza nocaedo6amesvHOCMAMU, GMOM Az = C NOPOAHCIAENCA 6CEMU
BHUUCAUMBMU TOCAEDOSamesvHocmAMY), d — beckornewno deaumvii
INEMENM.

Bee nocsieioBaTeIbHOCTH JIeKAIe B MHOKECTBAX, OIPE/IeIsI0-
X aTOMBI a3, a4, . . . U OECKOHETHO JIeINMBILiT 3j1eMenT d, TopozK 1a-
I0TCsT TIOCJIE/IOBATEILHOCTSIME, KOTOPbIE HE SIBJISIIOTCSI CTAHIAPTHBI-
MH, T.€. OHU HE TOJIbKO HE SIBJISIIOTCSI CJIy9IailHBIME 110 KaKHM-JIH0O0
BBIYUCIMMBIM MepaM, HO U He MOI'YT OBITh aJlOPHTMIYCCKU SKBHU-
BaJICHTHBI HUKAKIM CJIy9ailHbIM [10CJIEI0BATEILHOCTSIM. JI100as BbI-
qUCIIIMas MEPa MHOYKECTBA BCEX HECTAH/IAPTHBIX II0CIIEI0BATEIbHO-
creit pasua 0. Tak Kak anpuopHasi Mepa MHOXKeCTBa TaKUX HOC/Ie-
JIOBATEJILHOCTE} [OJIOKUTE/IbHA, TO 9TO O3HAYAET, YTO MX MOYKHO
[EHEPUPOBATH C MOMOIIBIO BEPOSTHOCTHBIX AJIlOPUTMOB (C BEpOsIT-
HOCTBIO KaK yrojiHO GJIM3KOIM K 1).

12.2. CeTu 1 noToOK"

lj1st mocTpoeHust 971eMeHTOB Y, IOPOXK JA€MbIX HECTAHIAPTHBIMU I10-
CJIEJIOBATE/ILHOCTMHU, OyJIeM ONpeIeIsTh IePeUncMMble CHI3Y I10-
gymepsr P, aist kotopbix P(2\ R) > 0. Kaxkias u3 Takux 1mory-
Mep Oy/IeT ONpeJIesIaThCsl KaK MOTOK 10 HEKOTOpoil cetu. Mbl Oyiem
paccMaTpuBaTh MHOYXKECTBO = BCEX KOHEUHBIX JIBOMYHBIX IIOCJIEI0-
BaTeabHOCTEll Kak rpad (IepeBo) BepHIMHAMU KOTOPOTO SIBJISIOT-
sl TIOCJIEJIOBATEILHOCTH, COSIMHEHHBIE PEOPAMU eMHUIHON JIJINHBI
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(x,20), (z,z1), tne x € E. B nporecce KOHCTPYKIMHA MbI OY/I€M J10-
GaBJIATD JIONOJHATEbHbIE pebpa (z,Yy), rae ¢,y € =, x C Y, JJIUHDI
l(y) — l(z) > 1. dus moboro pebpa o = (z,y) LycTb 01 = T — €ro
HavaJI0, a o0y = y — ero Kouer,. Oyuxims q(o), onpeieeHHas Ha BCeX
pebpax eIMHUYIHON JJIUHBI, & TaKXKe Ha BCEX JIOMOJTHUTEIbLHBIX PeD-
pax, Ha3LIBAETCS CETBIO, €CJIM OHA BBIUUCIMMA U JJId JH000ro x € =

> alo) <1 (12.1)

o:01=T

B nanbueiimem GY9 0bo3HaYaeT MHOXKECTBO BCEX JOIOJHUTEILHBIX
pebep cern q. IlycThb g — cerb. Bynem cauraTh, 9T0 QYHKIMUS ¢ OIIpe-
nesster MHOXKecTBO (GY BCeX JIONOJHUTEILHBIX pebep, Ha KOTOPLIX
OHAa OIpeJeseHa. ¢-IIOTOKOM Ha3bIBaeTCs HAUMEHbIas mojyMepa P,
yIoBJeTBOpsoNias Hepaseucrsy P > R, rne dyuknusa R orpene-
JISITCST

RO\ = 1; (12.2)
R(y)= > q(o)R(o1) (12.3)

o:02=y

npu y # A. lonymepa P MoxkeT ObITH BBIUUCIEHA 10 R CJIe Iy FOIM
obpazom. MuozkecTBO [ HA3BIBAETCST CEUEHNEM HAI &, €CJIN OHO Oe3-
npedukcuoe u r C y jist joboro y € D. Ilycts 7, — MHOXKeCTBO
Bcex Takux cedennii. Torma

P(z) = sup Z R(z). (12.4)

CeTb ¢ Ha3BIBAETCS 3JEMEHTAPHON, €CIM MHOXKECTBO JOHMOJTHATE b
HbIX pebep KoHeuHo u (o) = 1/2 mis moutn Beex Beex pebep JJIMHbI
1. 9ﬂeMeHTapHaﬂ CETh ABJIAETCA KOHCprKTI/IBHbHVI O6'])€KTOM.

C npousBOJILHOI CeThIO CBA3bIBaeM (DYHKIIMIO 3aJePKKH TOTOKA
s(x) =1—q(x,20) — q(x, z1).

OObOiag 4YacTh KOHCTPYKIMU. Mbl yKaykeM KOHCTPYKITHIO
CeTH, B3aBHUCAILYI0 OT MPOU3BOJIBHOIO PEKYPCUBHOIO OTHOIIEHUSI
B(i,q,0), tae i — HATypaJabHOE 9UCI0 (HOMEp 3a/IaHusd), ¢ — JIeMEH-
TapHas CeTh, 0 — JONOJHUTEIbHOe pebpo. Ilycrs p((i,j)) = i mis
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Bcex ¢. Kaxkoe nmomouHnTesbaoe pedbpo o OyIeT OTHOCUTCS K HEKO-
TopoMy 3aJanuio i Tak, 1o p(l(o1)) = p(I(o2)) = i. Lenbro 3ananus
¢ OyIeT IpoBe/ieHUe JIOMOJTHUTEILHBIX pedbep o Tak, ITOOBI KazKIast
OecKOHeYHas TOCIEI0BATEILbHOCTD W ITPOXOJIAJIA UePe3 OJHO U3 Ta-
KX pebep wian PpyHKIUS 33/1epKKu ObLia Obl paBHa 1 Ha OIHOM U3
HavaJbHBIX (PpArMeHToB w. Pedpo o JOJIKHO YIIOBJIETBOPIATH OTHO-
mernto B(i, q,0). Ilycrb G2(i) — MHOXKECTBO BCEX JIOTOJHUTETHHBIX
pebep, MPOBEIEHHBIX 3a[AHUEM 1.

C orHotmienneM B cBsi3biBaeTCs (DYHKIUS YCTAHOBKHU JOMOJTHY-
TeJILHOTO pebpa

B(g, ) = min{y : p(l(y)) = p(l(x)), B(p(l(2)), ¢, (x,y))}. (12.5)

Cunraem, 4uro 3Hadenume min() He omnpeneseno. 3gech mnapa
(x,8(g,x)) ABIISIETCSI TONOTHATEIBHBIM PEGPOM.

Nugyknpeit mo n onpeesnM Moc/e0BaTeILHOCT ¢ 3JIeMeH-
tapubix cereit. [lomaraem ¢°(0) = 1/2 amsa Beex myTeit jmHb 1.
Iycrs n > 1 u cers ¢" ' ywxe ompenenena, s" ' — dynxnus 3a-
nepxkkn. G"1 — MHOXeCTBO BCeX ee JIONOJHUTEIbHBIX pebep, IIpu-
gem [(03) < n mpu 0 € G L.

Oupenenum cetb ¢" u MmHOKecTBO G". OnpeeneHue pacuaiaer-
cd Ha Ba CIIydas.

[Tycrs ¢ — amemenTapHast ceThb. [IpeBapuTebHO BBEIEM BCIIOMO-
raTeabHyio GyHKIWo w(i, q). 3uadenue w(i, ¢) pABHO HANMEHDBIIEMY
n takomy, 9to p(n) = i u n > l(o2) M JOOOrO JAOMOJIHUTETHEHO-
ro pebpa ¢, yCTAHOBJIEHHOTO IPHU 00PabOTKE KAKOTO-IU00 33 1aHus
j < i. Ha marax s > w(i,q) 3ananusi j < i He 06pabaTbIBAJINCE.
Usmenenne snadenus w(i, ¢") # w(i,¢" 1)

3a TOI'0, 9TO HEKOTOPOE 3aJlaHue ] < ) YCTaHaBJIXBAa€T CBOE IOIIOJI-
nfl)

MOZKeT IIPOUCXOIUTH U3-

HUTETHLHOE PeOPO BBIIE YPOBHS CTAPOro 3HaueHust w(i, q
caMBIM, HapyIITaeT ycaosre onpeaetenns w(i, ¢ 1). Jlemma 12.3 tio-
KaXkKeT, 4TO ITO HApPYIIeHHe OyJIeT HMPOUCXOAUTL He 0ojiee UeM Ha
KOHEYHOM YHCJIO IMAroB KOHCTPYKIIUU.

[Tapamerpom KoHCTPYKIHHU OyaeT dbyHKIwmst p(n), IPUHUMAOIIAs
HaTypaJsbHble 3HadeHus. B pazmenax 12.4 u 12.6 10cTaToOvHO B3SITH
p(n) = (n +2)2, B paszene 12.5 6yzer p(n) = 227+2,

, I TeM
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Cayuati 1. w(p(n), " 1)

p(n)). B arom ciyuae mosaraem s"(y) = 1/p(n) npu I(y) = n, oupe-
nemam s"(y) = s" Y

Cayuati 2. w(p(n),¢"') < n (mar obpaboTku zajamus i =
p(n)). Iycrs C), obo3HauaeT MHOXKECTBO BCeX &, TPeOyOIUX 06-
paborku, T.e. Takux, aro w(i,q" ') < l(xz) < n, 0 < s"7L(x) < 1,
1(B(g" Y, 7)) = n (B wacrnoctu p(I(r)) = i u 3HaueHne byHKIMN
/3 oTIpesiesieno) W He CYIIecTBYeT JOTIONHUTETLHOTO pebpa m3 G771,
HCXOJISIIEro U3 T.

B osrom ciyuae g kaxkgoro x 0 € Cp onpeienanm
s"(B(¢" 1 %)) = 0 u ompenemmy s"(y) = " (z)/(1 — 5" ()
JUIst OCTATIBHBIX Y Takux, uro ¢ C y u l(y) = n. [omaraem s™(y) =
s"1(y) mna Beex ocranbubix y. Kpome sroro, onpeesnm

= n (mmar mepeycTaHoBKHU 3aaHUs | =

y) aaa octanbubix y. [omaraem G™ = G L

G" =G U {(z,B(¢" L 2)) 1 € CY.

OmupenesnM 3HaYCHNE CETH HA pedpax o eIMHUIHON JIUHEL ¢ (0) =
(1/2)(1 — s™(01)) n ¢"(0) = s™(01) JUIst JONMOTHATENBHBIX pebep
oec G
B pesymbrare onpegenum ¢ = lim ¢", s = lim s" u G = U,G".
n—oo n—oo
Jlerko BUeTH, YTO ¢ U § — BBIYUC/IMMbIE (DYHKIMH, a MHOXKeCTBO (7
— paspernmumMoe.

Ormerum cBOiicTBO MHOXKecTBa (G JIONOJIHUTEIBHBIX pedep.

JIemma 12.2. He wmootcem cywecmsosamsy dsyx pebep (z,y) € G u
(@',y') € G maxuzx, wmo x C ' Cy ul(y) <I(y).

Joxaszameavcmeo. JomycTum, 9To Takas napa pedbep CyIiecTBy-
er. Tak kak [(y) < l(y'), pebpo (2',y’) ycranosiaeHo mosxe, dem
pebpo (z,y). o xoucrpykuuu p(l(x')) > p(l(x)) u l(z") > I(y). To-
JIy9€HHOE IPOTHBOPEYHeE JI0OKA3bIBaeT yTBepK ieHue. 0

Crenyrolas JieMMa [TOKa3bIBAET, ITO KaXK0€e 3alaHNe TPUBOIUT
K yCTAHOBKE HOBBIX JOIOJHHUTEIbHBIX pebep TOJIHKO Ha KOHEYHOM
YHCJIe IaroB.

JIemma 12.3. G(i) koneuno u w(i,q) < 0o das 2106020 i.
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Jlokasamenvcmeo. 3amernm, aro eciu G(j) KOHETHO Jisl KarK-
joro j < i, 1o w(i,q) < oo. IloaTOMYy JOCTATOYHO JIOKA3ATDH, UTO
G (i) xoneuno st soboro i. Jomycrum nporusHoe. Ilycrs ¢ — Han-
MeHbliee, st koroporo G(i) 6eckoneuno. Tak kak G(j) KoHedHO
Jutst iroboro j < i, o w(i,q) < oo. Ecim I(z) > w(i,q), T0 BO3b-
MeM MaKCHUMAJILHOE 111 TaKOe, 9TO U3 HEKOTOPOIro HAavaJIbHOTo (bpar-
MEHTa X JUTUHDBI 1M UCXOJUT JOHNOJHUTEIbHOE pebpo i-ro Tuna. Ecin
HE OJTHOTO TAKOTO pebpa He CYIIeCTBYeT, TO mojaraeM m = w(i, q).
Onpenenum

1/s(z™) ecim s(x™) # 0,1(x) > w(i,q)
p(w(i,q)) ecan l(x) < w(i,q)

K(z) = {

HBa ciayvas B onpenenennu K (x) uckmodaor apyr apyra. leiictsu-
TesIbHO, 11ycTh [(x) = w(i, q). Eciin m = w(i, ¢), T0 10 KOHCTPYKIUK
s(x™) =1/p(m) > 0. Ecim m > w(i, q¢) — MakcuMaJbHOe TAKOe, 9TO
U3 HAYAJIBHOTO (pparMeHTa & JJAUHBI 1M HUCXOIUT JOMOJHUTEIHHOE
pebpo i-ro tuna, To (™) > 0, Tak uHaUe 310 PebPO He OBLIO ObI
YCTAHOBJIEHO.

[To koncTpykImu nenouncientas dynkuus K (x) yinosierBopsier
yenosuto: K(x) > K(y) upu x C y, npuuem, ecsiu K (x) > K(y), To
K(x) > K(z) ans moboro z Taxkoro, ato x C z ul(z) = l(y). Orcroma
JIETKO CJIEJIYET, 9TO (PYHKIUS

K(w) =min{n : Vi > n(K (w') = K(w"))}

orpejiesiena s Bcex w € {2 u nenpepbiBHa. OHa orpaHndeHa HEKO-
TOPBIM YHUCJIOM M, Tak Kak ) — komnakt. Toryga npu [(z) = m Gyaer
K(z) = K(2™). Ecan na mrare n 65110 IIPOBEIEHO XOTs1 OBI OJTHO ped-
po i-ro tuna, To 3Hadenue K (y) ymenbinaercst Ha 1 jjisi HEKOTOPBIX
y. Torma cyrecTBOBaHME TAKOTO M MPOTHBOPEYUT OECKOHETHOCTHU
G(i). Jlemma mokazana. O

[TocnemoBaTelbHOCTE ¢ € ) HA3BIBAETCA i-IIPOJIOJIKEHUEM KO-
HewHofl TIocIeoBaTeIbHOCTH o, ecm ¢ C « u B(i,¢" !, (z,a™))
BBIIIOJTHEHO ISt TIOYTH Beex n. IlocienoBareabHOCTh o € §) Ha3bI-
BaeTcs -oTOporentoi, ecim s(a™) = 1 11 HEKOTOPOIrO N TAKOro,
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qr0 p(n) = i. 3amerum, uro ecsim o € G(i) — JoNOIHUTEIEHOE PEGPO
i-ro Tumna, To B(i,q" "1, o) Bemonneno, rue n = [(02).

Jlemma 12.4. [Tycmo das 2106020 HauasvHo20 dpasmenma w™ bec-
KoHeunotl nocaedosamenvrocmu w Hatidemcs i-npodossicenue. Tozda
w aubo bydem i-ombpowena, Aubo w npotidem wepes doNoOAHUMEND-
noe pebpo i-20 muna (m.e. oo C w das nexkomopoezo o € G(i)).

Zoxaszameavcmeo. Ilycts w me apistercs i-ordbpormennoii. [lo
jgemMme 12.3 cyiecTByeT MaKCHMAJbHOE M Takoe, 4ro p(m) = i u
s(w™) > 0. Tak kak w"™ umeer i-npomoimxkenue u s(w™) < 1, no
CyYalo 2 KOHCTPYKIUU OyJIeT MOCTPOEHO JIOTOJHUTEIHLHOE Pebpo -
ro tuna (w™,y). Ilo koncrpykuu 6yzer s(y) = 0 u s(z) # 0 upwu
w™ C z,U(z) =l(y), z # y. Ilo BEIGOPY M Oymer y C w. O

IIycTh s — byHKIWMS 3a1epKKU OTOKa ¢, G — MHOXKECTBO BCEX
JIONIOJTHUTEJIbHBIX pebep u @ — g-nioTok. Pyukims w(i, q) Oblia onpe-
nenena Boite. O6ozuaunm w(i) = w(i, q).

[Torymepa P Ha3bIiBaeTcs HENPEPBIBHOM, ecn nh_{r;o Pw") =0
nns Jyioboit beckoneunoit w. [IpuBenemM omHO TOCTATOUHOE YCJIOBUE
HEIPEPBIBHOCTHU IIOTOKA 110 CETH.

Yucjto n paziessieT MHOXKECTBO nyTeit D, ecym jijist Jitoboro myTu
o € D 6yzaer l(o1) = n wn l(03) < n.

JlemmMa 12.5. IIpoussoavruiti r-nomokx HENPEePbLeeEH, eCAU MHOMCE-
€cmBo JONOAHUMEALHBLT pebep paddessemcs 6eCKOHeUHBIM MHOMHCE-
cmeom wucen, u r(z,z0) = r(x,xl) daa amobozo x € E.

Joxasamesvcmeo. Ilycts P — r-10TOK U 9UCTIO 1 Pa3/e/IsieT MHO-
»KeCTBO JIONOJIHUTEILHBIX pedep. Torma

P(z) = R(z) = r(z" ! 2)R(z"Y) < r(a" L, 2) P(a™ 1)

As Jjiioboro x gauHbl n. V3 yemoBus 12.1 u u3 yCaoOBUsST JI€MMBbI
crenyer, uto r(z" 1t x) < 1/2 mua Beex x u n. Orciona P(w™) <
(1/2)P(w™ 1) myist Beex n, pasesIsTionuX MHOKECTBO OO THATE Th-
HBIX pebep. Tak Kak Takux n OECKOHETHO MHOTO, nh_{rolo Pw™) =0,

T.€. P — HenpepbiBHa. O
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Caencteue 12.3. Iloaymepa (Q HeENpepvieHa.

Jlokazamenvcmeo. Tak Kak st 100010 ¢ TuCa0 w(i) pa3messer
G, MOXKHO TTPUMEHUTH Jiemmy 12.3. O

JIemma 12.6. Q(y) = 0 moeda u moavko mozda, xoeda q(c) = 0
O0NA HEKOTMOP020 Pebpa o eQUHUNHOT DAUHDL, AEAHCAULE20 HA Y, M.C.
maxoz0, ¥mo oy C y.

Lloxazameavcmeo. JlokazaTembCTBO HEOOXOTUMOCTH OYEBU]I-
mo. Jlng moKasaTeNbCTBa JIOCTATOYHOCTH —IPEIIOIOMKUM, 9TO
q(y™, y"1) = 0 s nexoroporo n < I(y) u, Tem He Menee, Q(y) # 0.
[To onpenenenuio s(y™) = 1. 3 Q(y) # 0 caemyer, 9T0 JOJIKHO CY-
IIECTBOBATD JIOLOJIHUTEIbHOE pebpo (x, z) € G Takoe, uro x C y™ u
y" 1 C 2. Byzmem cuurars, uto (z, 2) — caMoe KOPOTKOe Takoe pebpo.
[To9TOMY B MHOKECTBE JOIOJIHUTEILHBIX pebep cern ¢3! et pe6-
pa ¢ TakuM cgoiicteom. OTciona 1 w3 Toro, uto ¢((2)", (2)"1) =0
cuenyer, uro Q(z) = 0, te Q ecrs ¢"*)~lnorok. dro pasencrso
npoTuBopednT (x,2) € (G, Tak Kak JJjIsi TOro, 9To0bI 3TO pebpo Io-

naso B G Heobxoumo, uTobbl Q(z) # 0. Ilosryuennoe nporusopedne
JOKa3bIBaeT jgeMMy. U

Hocurenem nosymepsr P Oy/ieM Ha3bIBaTh MHOXKECTBO
E={weQ:Vn(PWw")#0)}.

Jlerxo BujeTs, uto E szamkuyTo B Q u P(E) = P(Q).
U3 semmbr 12.6 ciemyer, aro orHomenne Q(y) = 0 paspermmo
u HocuTesieM () sByisieTcs MHOKECTBO B = O\ Ug(z)—11s.
Ucrnonb3yst 06111y 10 KOHCTPYKIHIO 9TOTO Pa3/iesia OIPEIE/IIM CeTh
q (momaraem B 3toit KoncTpykimn p(n) = (n+2)?). Ilycrs @ — m0oTOK
[0 CETH ¢.

Jlemma 12.7. Hmeem Q(1) > 0.

Joxasameavemeo. Onennm cauzy emmaunny Q(€). Ilycrn

Sa= Y. Rw- Y qlo)R(o1).

w:l(u)=n 0:0€G,l(o2)=n
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U3 onpenenennss GyHKINN 3 IEPKKI TMEEM
> Ruw= > (1-s(u)R(u)+ (12.6)
w:l(u)=n+1 w:l(u)=n

4(0)R(o). (12.7)
0:0€G,l(02)=n+1

[peapapurenbuo pacemorpuM ciydait w(p(n), ¢ 1) < n. Ecmu ne

cymecTByeT HH onHoro nytu o € G, st koroporo l(o2) = n, TO

Snt1 = Sp. llycrs Teneps Takoit myTh cyriecrByer. Oupeaeasum

P(o,u) <= l(o2) = l(u)&o1 C u&ku # o2&0o € G.

U3 onpenenennsa GyHKINNE 3 IPKKHT TMEEM

Yo sRw = Y slow) Y Ru)=

u'l(u)*n 0:0€G,l(o2)=n w:P(o,u)
2 1_501 2 RS 3 slenRen =
0:0€G,l(o2)=n U:O’GG,Z(O’Q):TL
q(o)R(o1).

0:0€G,l(02)=n

Bﬂ‘er MBI UCITOJIB30BaJIM HEPaBEHCTBO

> R(u) < (1 - s(01)R(01) (12.8)

u:P(o,u)

Jytst moboro o € G takoro, 4ro [(o2) = n. Hepasencrso (12.8) umeer
MECTO, TaK KaK CyMMa CJIeBa DABHA BEJIMYMHE [IOTOKA Yepe3 MHOXKe-
creo BepumH {u : P(o,u)}, a BesimunHa u3 npasoil 4acTu HepaBeH-
CTBA paBHA BEJIMYMHE UCXOJSIINEr0 U3 BEPIIMHBI 0] HOTOKA, 32 HC-
KJIIOYEHUEM ero 4acTH, HPOXOsIIIell Yepe3 JIONOJIHUTEIbHOE Pebpo
o. ITo semme 12.2 ne moxker GbITh pebpa o’ € G Takoro, urto o) C 01
u (o)) < l(02). [Tosromy HUKaKas JOMOJTHUTEIbHASL TIOPIIUST TIOTOKA
U3 Kakoi-mbo BepuIuHbl 0] C 0] HE MOXKET yBEJUYUTH BEJINUNHY
HOTOKA W3 07.
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O6beaunsst 1osydenHyto oienky ¢ (12.6)—(12.7), mnosyunm
SnJrl = Sn
Paccmorpum reneps ciydait w(p(n), g

S s(w)R(w) < p(n) = 1/(n+2)>

w:l(u)=n

=1 = n. Torma

O6bequnsist 5170 HepaBeHCTBO ¢ (12.6)—(12.7), mosyunm
Spi1 > Sn —1/(n+2)% Orciona n uz So = 1 monyuum

[e.e]

Sp=1-) 1/(i+1)°>

=1

DO | =

Jyist Beex n. Tak Kak @ > R, mojgyaum

DN

Q) =inf Y  Q(u)>infS, >
" l(w)=n "
Jlemma gokazana. O

12.3. /loka3aTeabCTBO TeopeMbl 12.2

[IpuBenem TUIUYHBIN TPUMED IPUMEHEHUS BBIIIEIIPUBEICHHON KOH-
crpykmuu. Jokaxem, aro 1\ (rUc) # 0.

OcHOBHOIT pe3yJIbTaT HMOCTPOEHUS IIPEJICTaB/IeH B Teopeme 12.5
HU>KeE.

[IycTp F; — BeIYUCAUMAS [TOC/IE0BATEIBHOCTD BCEX BHIYUCIIMBIX
oreparopoB. MbI iepectponM Hymeparuio F; ciempyronmm o6pa3oM.
st mroboro ¢ ompemeanm F(/i,j> = F; ma Bcex j. HoByto mocitemo-
BATEJILHOCTH OIEPATOPOB MO-TpexkHeMy obo3nadnm F;. Takum obpa-
30M, IO JII0OOMY HOMEPY ¢ BBIUHC/IUMOrO omeparopa F; MOXKHO 1e-
PEUUCTUTH OECKOHEUHYIO TTOCJIEI0BATEILHOCTD IPYTUX €I'0 HOMEPOB.
Oupenenum

B(i,q,0) <= Q(02) # 0&I(F;(02)) > o1 + i,
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IJle KOHEYHAsI [I0C/Ie/[0BaTeJIbHOCTD 01 (Havdaso pebpa o) 0TOXKI1eCTB-
JISIETCA ¢ €6 HOMEPOM B €CTECTBEHHOH HyMepalil MHOMKeCTBa =, )
00603HAYALT ¢-TIOTOK.

[Tycrs p((i, 7)) = i nas Beex i. Kaxioe ponosaureabsHoe pebpo
o OyJer OTHOCHTCSI K HEKOTOpOMY 3ajaHuto i Tak, 4ro p(l(o1)) =
p(l(o2)) = i. Lenbio 3amanus ¢ OymeT TpOBEJICHUE JIOMOTHUTEb-
HBIX pedep o Tak, YTOOBI KazK/1as OECKOHEUHAS TI0C/IeI0BATEILHOCTh
W TIPOXOJMJIA Yepe3 OJHO U3 TaKuX pebep mim (DyHKIUS 3a71epPrKKH
ObL1a Obl paBHa 1 Ha OJIHOM U3 HAYAJIBHBIX (DparMeHToB w. VHbIME
CJIOBAMU, TIETh 33JIaHUs — HAfTH TAKOe MPOJIOJIZKEHNe 0y KOHETHO
[OCJIEIOBATE/IBHOCTH & = 071, JJisi KOTOporo 3uadenue Fj(og) umeer
JIOCTATOYHO OOJIBIIYIO JIJTHHY.

Teopema 12.5. Jlas mobotl beckoreunoti nocaedosamesbHocmu w
u3 Hocumens nosymepvt QQ u 106020 svuucaumozo onepamopa F, ec-
au F(w) 6eckoneuno, mo F(w) He AGAAEMCA AN20OPUMMUYECKYU CAY-
YaiHol No PasHoOMePHol Mepe.

Jlokasamenvcmeo. 3amerum, aro ecian F(w) 6eckoneuna u F; =
F, To nyis j1060ro HaYaJbHOIO (DparMeHTa MOCJIEI0BATETLHOCTH W
Haiimercs i-npogosnkenue. [loaTomy mjs r060ro Takoro ¢ HaiiaeTCst
pebpo o € G(i), nexamee Ha w. st 1106010 7 OMIPEICTUM OTKPBITOE
MHOXKECTBO
Ui = Yoec @l Fi(on):

Beuuy Toro, uro npu o € G(i) umeem [(Fj(o2)) > o1 + 1,

L)< Y 277 <2,
oeG(i)

rae L — paBHOMEpHAs Mepa.

Orciosia JIerko yBHZETD, 9TO JIst JTI0O0r0 PAaIlMoOHAJIBHOTO € >
0 moxkno addexrusHo Haiitu Takoe i, yro L(U;) < e u F(w) =
Fi(w) € U;. Takum ob6pazoM, mociie1oBaTeIbHOCTD F'(w) He SIBIIsSeTCs
CJIy9aifHOM OTHOCUTEIHLHO paBHOMEPHOH Mephl L. O
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CanencrBue 12.4. Q-noumu 106as 6eckoHewHas Nociedosamen-
HOCMD W HE ABAAEMCA GA2OPUMMUMECKU CAYHATHOT 10 A10060T 6bi-
wucaumoti mepe. Takum obpazom, anpuopras mepa M mmoscecmea
6cex nocaedosamesbhocmeti, HECAYUATHDIT OMHOCUMENDHO BbYUC-
AUMDBIT MED, TOAOAHCUMENDHA.

Joxaszameavcmeo. MHOXKECTBO BCEX BBIMHCIUMBIX ITOCTIEIOBA-
TeJIbHOCTel cueTHO. VI3 HelnpepbIBHOCTH MOJIyMephl () CIeayer, 9To
Q-HOHTH Jobasi IOCJIeIOBATEILHOCTh U3 €€ HOCUTENIS HEBBLIYMCJIN-
Mad.

CortacHo Teopema 12.4 jrobast HEBBIYUCIUMAsI CJIydaiiHast OTHO-
CHATEJIbHO KaKOH-I1M00 BBIUMCIUMON MephI IMOCJIeI0BATEILHOCTD aJl-
FOPUTMUYECKHN 3KBUBAJICHTHA I10CJIE0BATEJIbHOCTH, CIAyYalHON OT-
HOCUTEJIbHO PABHOMEPHOU MeEpBhI.

Mpbr mokazasn, 9To Jiobast MOC/IeI0BaATEIbHOCT (v, KOTOPas aJl-
TOPUTMUYICCKHN CBOJUTCA K IIOCJIEeI0BATC/JIbHOCTU W U3 HOCHUTEJIA I10-
JIyMephI () He SIBJIAEeTCA CIydaiiHol 110 paBHOMEpHOIT Mepe. [TosTomy
Q-HOHTI/I JI06ast MOCJIeI0BATEILbHOCTD He CJIyYaiiHa 10 JII000M BhIYUC-
JUMOI Mepe.

Tak kax moaymepa () nepeunciauma causy, cM > () 11 HeKOTOo-
poit koncranTst ¢. Orcioma M(Q\ R) > Q(Q\ R) > 0, rae Q\ R —
MHOXKECTBO BCEX I10CJIE/IOBATEJIbHOCTEN, KOTOPbIE HE ABJIAIOTCA CJIY-
JaffHBIMHU TI0 JII000M BBIUUCINMON Mepe. O

12.4. /TokazaTejabCcTBO TeopeMbl 11.2

@opMyIMpOBKa TEOPEMBbI U HEOOXOIUMbIE ONpE/IeICHIS UMEIOTCS B
pasnese 11.3.

[Tycrs B(n) — meorpanuveHHas BbruucauMasi (byHKIUS Takas,
aro f(n) < (1—€)n mis Beex n, rye 0 < € < 1. Bes norepu obiHoCcTH
MOYKHO CUUTATD, 9TO € PAIMOHAIBLHO. MBI IIOCTPOUM TIE€PEIUCTIMYTO
ceepxy dynkiumio a(n) rakyio, uro M (I, g) > 0. Ilocrpoenue Gyier
OCYIIECTBJIATLCS HA OCHOBE OOINeil KOHCTPYKIUHU pasnesa 12.2.

PaccMoTpuM Ha Z 9acTHYHBI HOPSIOK:

v <A = 1(y) = 1(y)&Vily; <),
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a TaKKe JJUHEHHBIA TOPATOK <, IIPU KOTOPOM BCe KOPTEXKN MEHbIICH
JUIMHBI [IPEJIIIIECTBYIOT BCEM KOPTEXKaM OOJIbINEH JJIMHBI, YIOPSI0-
YeHne KOpTeyKell pABHOMN JIMHBI SIBJISIETCA OOPATHBIM K CTaHIAPT-
HOMY JIeKCUKOTrpadbnaeckoMy mopsaiaKy. Ham BaskHo, uTo u3 7 < 7/
crenyer v = v O6oznaunm mocpeacTBoM (i) KOpTexk ¢ HOMEPOM i
npu JIMHeRHOM yropsinodennn <, T.e. (i) < v(j) npu i < j.

[Iycts P; — nepeducianMasi CHA3Y MOCJIEI0BATEILHOCTD BCEX IIe-
PEeUnCIUMBbIX cHI3Y mosymep. Ilyers Pj(x) = klggo PF(x), tne PF(x)
~ BBIUUC/IUMAs TIOCJIE0BATEIBHOCTD IIPOCTHIX TOJIyMep, HeyObiBato-
mad 1o k.

Oupesenmum pekypcusHoe otHotenue B(i, q, o), rie i — mopsiiKo-
BbIiT HOMep KopTeka (i) (OTHOCHTENbHO JIMHEHHOTO TopsiIKa <), ¢
— CeThb, 0 — JIONOJHUTEIbHOE Pebpo. [lanHoe OTHOIIEHNE OIpeIesIsieT
JIOTIOJTHUTEJIbHOE PeOPO 0, KOTOPOEe TOMOTHUT HAIIY CeTh JIJIsl TOTO,
YTOOBI BBIIOJHUTD 9aCTh 4-0ro 3ajanust. Koprex (i) coorBercTByeT
i-omy sajannio. Ecim (y(7)); = 1, To MBI Oy1eM 0KHIATH, ITO IIOJIY-
Mepa, Pj siBjisiercst Mepoii (nin JOCTaToO4HO OJIn3Ka K Heil ¢ 3a/1aHHOlM
CTEIIeHbI0 TOYHOCTH ).

[TycTsb 3ajaHa HEKOTOpasi IpocTas ceTh ¢, § — ee (OYHKIMs 3a-
JIEPKKH, 1oJIyMepa () eCTh ¢-IOTOK.

Howmep 3asanust i Oyjer onpejensTh KOHeYHAsl TTOCIeI0BATE b
HOCTh I, U3 KOTOPOI OyJIeT MPOBOJAUTHCS JIONOJHUTETHLHOE PEGPO, a
nmenso, i = p(l(z)).

[Tycts m(x,q) paBHO HaMMEHbBIIEMY M TaKoMy, 4To p(m) = i,
m > [(x) u 11 3a/1epKaHHOIl 9aCTh OTOKA BBIIOIHICTCS HEPABEH-
CTBO

s(2)Q(x) > U(y(d))2°m/ =/}, (12.9)

Taxoe m Bcerja cymecrsyer, 1o coiictBy 3(n) < (1 — €)n s Beex
n.

Pebpo o Gy/er yaoBIeTBopsaTh i-0My 3ajaHuio, T.e. B(i, ¢, o) Bbl-
noJtHeHo, ecyin Q(02) # 0 1 OHO MMeeT JIOCTATOYHO GOJIBILYIO JJIUHY
k = l(o2) (mpaBoro Konmna) Tax, 9ro npu m = m(oi,q) 1jasd Bcex j,
Juist KoTopbix (Y(4)); = 1, BepHO ciremyroree:

- BBIUHUCJICHHAS. 9acTh (Ha ypOBHE M) HOIyMepsl Pj 1ocTtaTotdHo
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BeJINKa TaK, 9YTO BBIIIOJIHEHO HEPaBEHCTBO

> PR(z) 21— 1(y(i)2 ™D (12.10)

I(z)=m

- BBIYUC/ICEHHAS BEJUUNHA, j-0ff MOJyMephbl Ha IIPaBOM KOHIIE Peb-
pa o IIOCTATOYHO MaJla TaK, 9TO BBIIIOJHEHO HEPABEHCTBO

P((08") < Uy (i))27m T, (12.11)

Hanee, mo obimeit KOHCTPYKIMK pasiena 12.2 ompegenanM ceTh q.
[Iyctb s — dyHKIMs 3a/1epKKU TOTOKa ¢, (G — MHOXKECTBO BCEX J10-
HOJTHUTEIbHBIX pebep u ) — g-norok. Pyuknust w(i,q) Obia onpe-
JesieHa B pazzene 12.2. O6oznaunm w(i) = w(i, q).

CaencrBue 12.5. (U3 aemmove 12.3). Hoaymepa Q nenpepvisha.

g nupumenenns jieMMbl 12.3 K niosiymepe () JI0CTATOYHO 3aMe-
TUTh, 9TO Jist JIEOOOTO 7 ancyio w(i, q) pasuenser Q.

U3 jgemmbr 12.6 caemyer, aro otHomenne Q(y) = 0 paspermmmo
u HocureseM @ sByigerca MHOKeCTBO F = O\ Ug(y)—1 1z

HAcno, uro nemma 12.7 umeer mMecto u B gannom ciay4ae. Lo sroit
emme mmeem Q(1) > 0.

Oupenemnm a(n) = |logl(v(i)], rue i Takoe, mis KOTOPOro
w(i) < n < w(i+ 1). Ilo koHcTpyKImu «(n) — nepedncanma cBepxy
n HeorpaHU4veHa.

JIlemma 12.8. Hmeem E C 1, 3.

Zoxaszameavcmeo. lomyctum, 4UTO I HEKOTOPLIX w € FE u
qucsia Mg NPH BCEX N > M IOCJE0BATEJBHOCT W' SIBJISIETCSI
(a(n), B(n))-croxacruueckoii. Ilycrs d — HamMeHblllee Takoe, 4TO
st Beex @ u3 U(y(i)) > d caeayer, uro w(i) > mo U ILyCTb ig —
HaMMeHbIIee TaKoe 7. 3aMeTHM, ITO 110 OIIPE/IEJICHUIO JIMHEHHOTO 110~
psyika =< Gyzer v (ip) = 19.

J17151 IPOM3BOILHOIO M IYCTh IIOCIIEI0BATEIBHOCTE 0™ IMeeT J-
Hy d u Takas, 9ToO

=1l > Piz)=1,

z:l(z)=m
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e m = m(w", ¢" ). Torma §"*! < 6" ana Beex n. Iyers | —
MAKCHMAJIBHOE YHCIO TaKoe, 910 (ig + 1) > 6@+ Takoe [ cyrme-
CTBYeT, TaK Kak u3 vy < 7 ciaemxyer v = 7.

JlomycTuM, 9To JJIs HEeKOTOPOTO j TAKOTO, UTO

w(i0+l)<j<w(i0+l+1)

oyner y(lp + 1) # 67. st sroro j 6yner y(lg + 1) > &/. Torma, Tak
Kak 67 > §wloH+1) cyiecrsyer I > | takoe, uro y(ig +1') = 67 >
swliot+1) 5, gwlio ") yro nporusopeant BBIOODY [. ClietoBaTEILHO,
v(ig +1) = 67 mpm w(ip +1) < j < w(ip +1+1).

Bosbmewm i = ig + [. Jokaxkem, uro cymecrByer pebpo o € G(i)
Takoe, 9T0 09 C w n B(i,¢" !, o) Bomomeno pu n = I(09). Jormy-
cruMm nporusnoe. [Tycrs n — Hanboibiee Yucyio Takoe, 9ro p(n) = i
u s(w™) > 0. Ilyers m = m(w", ¢"1). Kak Tombko 90 6BLIO TOKA-
zano, u3 w(i) < n < w(i+ 1) caexyer 0" = (i). Orcroga cremnyer,
9TO JIJIsT BCEX JOCTATOYHO OOJIbIMX Kk OYyIeT BBITIOJTHEHO

(v(1)); =1 = Z pjk(z) > 1 gamintl,

z:l(z)=m

Kpowme aToro, mjist Bcex mocTaTodno 60X Kk CYIECTBYET T Ta-
koe, uro l(x) = m, w" C z u Pf(x) < d27™F L qng Beex § < d.
Jeitcreurensro, pu j < d mmeercss He 6osee 2™ "~ !/d taxkmx x
JuEL m, uto Pj(x) > d27™ L Beero takux x 1o Beem j < d
e Gostee 2™ "1 osTOMY TakKOe T HalieTCs U3 COOOpAIKEHUH MOIII-
noctu. Torma Mo KOHCTPYKITHE HEKOTOPOE JIOTIOJTHUTETbHOE pebpo o
¢ HadajaoM B w" Oyuer jgobasieno B G(i). 13 Toro, uro s(w™) # 1,
CJIe/TyeT, 9TO JIOJXKHO OBITh 09 C W.

N3 cymecrBoBanusi TaKOro pebpa ¢ CJIEIYeT, YTO JJis KaXKJI0ro
j < d, ecrm D P]k(z) = 1, o (y(i)); = 67 = 1. Ilosromy

z:l(z)=m

Pj(w™) < Pf(wm) +d27mtr L @2t pne ko= I(09), n =
I(o1), m = m(w™,¢"1). To onpenenenuto d = a(m). Kpome 3toro,
o (12.9) u (12.11) mveem

Q(w™) > 28m)/(1=¢/2) py((;m), (12.12)
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rae @ — g-morok. Tak Kax Jyist jiro6oit Meper P dbyukius Q(x)/P(x)
sIBJIIeTC  P-CyllepMapTUHIAIOM, CYIIECTBYeT TaKas KOHCTAHTa C,
aro ep(j,z) > Q(x)/Pj(x) mnst Beex z m st Beex j < d Taxmx,
aro Pj siBisteTcst Mepoil.

U3 (12.12) caemyer, 4To ecim Mbl BBIGEPEM JIOCTATOYHO OOJIBIIOE
HaJYaJIbHOE 3HAUEHHUE Ng, TO JJIs JII0O0H Mepbl P ¢ mporpaMmoii p
JumHBL < a(m) GyJIeT BBIIOJIHEHO

d(p,w™) > p(m)/(1 - €/2) —logc > B(m),

re. w™ He sBusiercst (a(m), B(m))-croxacruaeckoii. Ilosydennoe
IPOTHBOPEYHE JTOKA3BIBAET JIeMMy. U

Kak 3ameueno soime Q(E) > 0. Iostomy M (I, ) > 0. Teopema
JIOKa3aHa.

12.5. /lokazaTejabCcTBO TeopeMbl 12.3

DopMyIUPOBKA TEOPEMbI M HEOOXOINMBIC OMPEICTCHUST UMEIOTCS B
paznene 12.1.

HerpyHo nmoka3arh, 9TO MHOXKECTBO BCEX ATOMOB ajiredpbl Y He
Gostee uem cueTHo. 7151 9TOr0 BRIGEPEM U1 KAasKI0r0 aToMa a = [A]
o0be/IMHeHre KOHEYHOT0 JUCIIa MmapoB D, Takoe, ITO

M((A\ Do) U (Do \ A)) < (1/4)M (a).

Torna pu a # b 6yuner D, # Dy. MHOXeCTBO TOT00HBIX 00beHHE-
Huif He OoJiee YeM CUETHO.

Moaudunkariusi odIIeii YacTu KOHCTpyKIuu. [IpuBenentas
HIXKe MOIUQUKAIYS HE 3aTparuBaeT MPHUBEIEHHBIX BBIIIE CBONCTB
00I1Iell YaCTU KOHCTPYKITHH.

IToBTOpUM OmIpeseeHnsT U3 ODOIIEll YaCTH KOHCTPYKIIMKA U3 pas3-
nesia 12.2. ITycrs p(n) u p(n) — BoraucuMbie (DYHKIUE TAKUe, 9TO
TSl KaKJIOM T1apbl HATYPaJIbHBIX unces (i, k) BbIoJaHeHo p(n) =i u
p(n) = k st GECKOHETHO MHOIHX 7.
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Kaxxsoe jronosinnresibHoe pebpPo 0 COOTBETCTBYET HEKOTOPOMY
saganmio i, vae p(l(o1)) = p(l(o2)) = i. OHO TaKKe COOTBETCTBYET
HeKkoTopoMy mojzazanuio (i, k), tae p(l(o1)) = p(l(o2)) = k.

Henwio 3a1aHus ¢ SIBJISIETCST YCTAHOBKA, HEKOTOPHIX JTOTIOTHUTE b~
HBIX pebep o TakKux, UTO KaxKIas OeCKOHEJIHas JTBOUTHASI IIOC/IEIO-
BaTEILHOCTD W TIPOJIOIZKAET OJTHO W3 ITUX pedep WIu (DYHKIUS 3a-
JIEP’KKH paBHA 1 Ha OJJHOM U3 HAYAJBHBIX CEIMEHTOB W.

OmpeeimM MoC/IeI0BATEILHOCTD ¢ 9JIEMEHTAPHBIX CeTelt MaTe-
MaTuueckoit mmaykunumei o n. Omnpexennm ¢°(0) = 1/2 nus Beex
pebep mmunt 1. Ilycrs n > 1 u cers ¢" ! yike onpenenena, s~ 1 —
COOTBeTCTBYIOIasA (DYHKIMA 3a1epKKi 1 G™ 1 — MHOMKECTBO IOM0/I-
HUTETLHBIX pebep, KpoMe 3Toro, mycTh [(09) < n jjist Beex o0 € G L.

[Mycts g — ssieMeHTapHbIi OTOK U G — MHOXKECTBO JIOTIOJTHU-
TeJIbHBIX pebep. Obo3HATaEM IMOJMHOYKECTBO JIOTIOJHUTEIBHBIX pe-
6€ep, COOTBETCTBYIONMINX 3aTAHUIO 7,

G(i) = {o € G:p(l(01)) = p(i(o2)) = i}

Paccmorpum Benomorarenbayio dyukimo w(i, q). 3uadenne w(i, q)
PaBHO HAMMEHBIIEMY 1 TaKOMY, 9T0 p(n) =i un > [(og) s m0bo-
'O JIOIIOJTHATEHLHOrO pebpa o, KOTOPOoe OBLIO YCTAHOBJIEHO 3a/[aHueM
j < i. B wacTHOCTH OTCIONA ClIeyeT, 9TO Ha Imarax n' TaKmux, 4To
w(i,q) < n' < n HuKakoe 3ajanue j < i He obpabarbiBaiock. Oupe-
JIeJTM

w(i,q) = min{n : p(n) = i&VjVo(j < i&o € G(j) = n > l(02))}

n=1) ecTh HAYATBHBII TTAT CecCHU TIO 06paboTKe

. ToBopum, aro w(i, q
3a0aHUS ©.
Hapymienue pasencrsa w(i,q") = w(i,q MOXKET ITPOM30MTH,
TOJILKO €CJIM HEKOTOPOE 3aJIaHKe j < 1 YyCTAHOBHJIO JOIOJIHATEILHOE
pe6po, pacroioykerHoe Bhime yposHs w (i, g% 1)

HADYIIUJIO YCIOBHE Onpejenenus w(z, q”_l). JlemMma 12.3 yTBepK1a-

n—l)

, 1 TaKuM 00pa3oM,

€T, 9TO 3TO MOXKET CJIYyYUTHCSA TOJHKO Ha KOHEYHOM YHCJIE IaroB
KOHCTPYKIIUH.
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BBGILGM CeMENCTBO OTHOIIEHNI SKBUBAJEHTHOCTHA MeXK/J1y KOHEY-
HBIMHU IIOCJICOBATE/IbHOCTAMMU, 3aBUCAIIIUX OT IIapaMeTpa 7i:

o~y = l(z) = 1(y)&V(n < i <l(z) = 2 = yi);

st J0bBIX 1y Teit o u o’ . [To onpegenennio o ~,, ¢’ TOrja n TOJLKO
TOrJIA, KOTJIA 0] ~y, 0 U 09 ~p Oh.

Mbr 6yjieM mucaTb T o~ Z BMECTO X vy, 2, TIe W =
w(p(l(zx)), ¢"*)), npuaen Beerma Gymer sicHO, 0 Kakoil CeTH ¢ HueT
pedb.

Heckonbko momudunmpyem o0IIy0 9acTh KOHCTPYKIINA U3 pa3-
nena 12.2. Tlpusenem HedpopMabHBIE MOACHEHNs. 1 TOTO, YTOOLI
COOTBETCTBYIOIIUIT TIOTOK OITPEIESISII ATOM aJirebobl 1) B MOIUQUITH-
POBaHHOI KOHCTPYKINHU BEIMYMHA IOTOKA 4epes Juobble nBa pebpa
o u o Takux, uro ¢’ ~ o J0/MKHa OBITHL OJMHAKOBOIL. IloaToMy mpu
ycTaHoBke pebpa o Bce pebpa o' ~ o u o/ # 0 cTaHOBATCS 3aBHUCH-
MbBIMHM OT HET'O U HE MOI'YT TaKzKe yCTaHaB/INBaTbLCA 3aJaHUEM Z

st Toro, 9T0OBI N30EXKATH KOJIJIN3UIO IIPU YCTAHOBKE pebep 3a-
JIaHUs 1, pa3oObeM IPOIECC BBLIMOJIHEHHs! 3a/IaHUsT ¢ Ha 11013/ [aHusT
(i,k). Msbr Gyzmem B mporiecce KOHCTPYKIIUN BBITOJIHSATH 3ajaHue i,
BBINIOJIHSISI TI03a1anust (i, k) B mopsiike ux npuopurera. Ecim peb-
PO ycTaHOBJIEHO Toi3aaHueM (i, k), TO TOBOPUM, YTO OHO TaKIKe
YCTAHOBJICHO 3aJaHUEM 4.

IIycTs 2i1,q; - - - 5 2; qu(ig) , — BCE KOHEUHBIE MOCJIEOBATEILHOCTH
z mymHbl W(i, q), BBIIUCAHHBIE B JIEKCUKOIPAMUIECKOM HOPSIJIKE.

[Toka B mporecce KOHCTPYKIIUK BBIIIOJIHEHO paBeHCTBO w (i, ¢") =
w(i,q" '), MBI GymeM BBIIONHATH Kazkjoe momsamamne (i, k), Tae
k< 2w(i’qn71), B IIpejiesiax IoJIJIepeBa, IPOJIOJIZKAIONIETO TOCTIe10Ba-
TEJLHOCTD Z; j, gn—1. LIpH 3TOM, ycTaHOBKa HOBOTO pebpa B KazKOM
TAKOM TIOJiIepeBe OyieT paspylarh Bee nojzaianusi (i, ), cOoTBeT-
CTBYIOIIME MOIIEPEBbAM, UMEIOIINM MEHBIIHUI IIPUOPUTET, a TOYHEE,
JIJIT KOTOPBIX S > k.

Oupenemnm mpu 1 < k < 2009

G(i, k) ={o € G(i) : p(l(01)) = p(l(02)) = k&ziq C 01}
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osnaraem G(i, k) = 0 mpu k > 29 Hazosem G(i, k) MuoxecTBOM
JIOIIOJIHUTEJIbHBIX pebep, yCTaHOBIeHHbIX nojazajanueM (i, k).

ITo onpenenenuto, 3uavdenue w(i, k, q) Gyger paBHO HANMEHBIIIEMY
7 TAKOMY, YTO BBIIOJIHEHBI CJIeJIYIOIIHe yCaoBust. Bo-nepsoix, p(n) =
iun > (o) st KazK0T0 JIONOJTHUTETHBHOTO pebpa o, KOTOpoe ObLIO
YCTaHOBJIEHO 33JaHueM j < i. Bo-Bropbix, n > [(02) JuIst KazK1I0ro
JIOTIOJTHUTEJIBHOTO Pedpa ¢, KOTOpOe OBLIO YCTAHOBIEHO KAKUM-JTH00
nomzagaaueM (i, s), rae s < k.

Dro ozHavaer, 4ro Ha Beex marax n' takux, aro w(i, k,q) <
n’ < n, moboe mogzananme (4,5), tne j < iwm j =in s < k, He
obpabarbiBaiock. Ilpuseem TouHoe onpejeaeHne

w(i, k,q) = min{n : p(n) = i&p(n) < 2°CD&p(n) = k&
ViVo((j < i&o € G(j) — n > l(02))&
VsVo(l < s < k&o € G(i,s) = n > 1(02))}.

Honaraem w(i, k, q) = oo mpu k > 2w(4),

Tosopum, aro w(i, k,¢" ') — magambHLIH mar mojceccHu Mo o6-
paborke nojzayanus (i, k). Ilo onpenenennto w(i, k, q) = w(i, q).

Hapymrenue pasencrsa w(i, k,q") = w(i,k,¢" ') Moxer mpo-
usoiiTn m3-3a Toro, uro w(i,q") # w(i,q" ') mwmm mpu w(i,q") =
w(i,q" ') m3-3a Toro, uTO HekoTOpOe ToABaTanue (i,s), rae s < k,
YCTaHOBJIMBAET JONOJHUTEIbHOe pebpo Bhime yposrsa w(i, k,q" 1)
W, TAKIM 00Opa3oM, HapymaeT yciosue ompesenenus w(i,k,q" ).
Ianee GymeT mokKazaHo, 94TO TaKoe HapylleHue OyIeT MPOUCXOIUTD
Ha He 6oJlee UeM KOHEYHOM YHCJIE IAroB n Takux, 41o w(i,q") =
w(i, "),

[Tycts G(i) — MHOXKECTBO BCEX JIOTIOJHUTETBHBIX PeOep, yCTaHOB-
JICHHBIX 3aJIaHueM i. PeKypCHBHOMY OTHOIIEHHIO B COOTBETCTBYET
GYHKIUST YCTAHOBKHY JIOTIOJIHUTEILHOTO pebpa

B(g,z) = min{y : p(I(y)) = p(l(x)), B(p(i(z)), ¢, (z,y))}. (12.13)

Cunraem, uro min () He onpeseeno.
)
[onaraem p(n) = 22"+2. Onpenemum ceTb ¢" u MHOXKecTBO G™
JIOTIOJTHATETHHBIX PEGEP. DTO ONpE/Ie/IeHNe PACTIAIACTCS HA TP CJIy-
qast.
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Cayuati 1. w(i,k,q"b)

ycraHoBKa nojzajaanus (i, k), tae i = p(n) u k = p(n)).

Omnpenennm s™(y) = 1/p(n) mus Beex y takux, 9ro [(y) = n u
Zi k-t C Y. Onpenesnm takexke s"(y) = " 1(y) musa Beex ocTanb-
upix y. [omaraem G™ = G~ 1,

Coaynati 2. w(i, k,q" 1) < n (mar obpaborkn nomzananus (i, k),
bie i = p(n) m k = p(n).

[Iycrs C), 0bo3HATaET MHOXKECTBO BCEX IIOC/IEI0BATEILHOCTEH X,
KOTOpBIE JIOJIZKHBI ObITh 00pabOTaHbl, T.€. TaKue, UTO Z;j n—1 C T,
w(i,k,q" 1) <l(z) <n, 0<s"L(z) <1, 1(B(¢" L, 2)) =n (Takmxe
B sroM ciay4uae, p(l(z)) = i u p(l(x)) = k, 3navenne dbysxun [
OTIpeJie/IeHo) W He CYTIeCTBYeT JOTOJHATeTbHOro pebpa uz G 1,

= n (mepBUYHAS YyCTAHOBKA W/ Iepe-

UCXOJISIIIEro U3 .

B stom crywae onpegennm s (B(¢" L, z)) = 0 s kaxkaoro x €
Cp, Taxxke onpenemnm s"(y) = s 1(z)/(1 — s"~1(x)) A ocrams-
HBIX Y Takux, 9to  C y u [(y) = n. Homaraem s"(y) = s" 1(y) nna
BCeX OCTANbHBIX Y. Onpemesnnm

G"=G" U {(z,B(¢" 1, x)) : x € Oy}

OmupenennM 3HaYMEHNE CeTH HA pedpax o €IUHUIHON JInHEL ¢ (0) =
(1/2)(1 — s™(01)) n ¢"(0) = s™(01) /Uit KAXKJIOrO JIOMOTHATEIHHOTO
pebpa o € G™.

Cayuat 3. Cioyuyan 1 u 2 He umeroT MecTa. B aTom ciiydae ompe-
nemnm ¢" = ¢ u G = G

Ha sroMm omnucanue mara WHIYKITHH 3aKAHIUBACTCS.

Omnpenenum ¢ = lim ¢", s = lim s" u G = U,G". U3 onpene-

n—oo n—oo

JIEHUST CJIETYeT, ITO ¢ U § — BBIYUCTUMBIE (DYHKITNHU, & MHOXKeCTBO (7
paspernmoe.

Caeayromas jileMMa yTBEPXKJIaeT, 9To Jiroboe nojuszajianue (i, k)
00pabaThIBACTCsT TOBKO KOHETHOE THCJIO Pas3.

JIemma 12.9. G(i,k) wonewno u w(i,k,q) < oo daa mobwx i u
k < 2wlika)

Jokazamenvemeo. Ilo memme 12.3 w(i,q) < 00, HOITOMY

w(i, " 1) = w(i,q) ana Becex n > n; aua Hekoroporo n;. Ja-
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Jiee, TaKXKe KaK B JIOKa3aTeJbCTBE JIeMMbI 12.3, MOKa3bIBaeM, 4TO
w(i, k,q") # w(i,k,q" ") TOAbKO /1JIs KOHEYHOrO YHC/IA PASIHIHBIX
n 2= n;. O

MpbI TocTponM GECKOHEUHYIO MTOCAEI0BATEIHHOCTD P.II. TOJyMep
P, Py, ..., 10 KOTOpPOIt OyzieT omnpeseseHa MOCaeI0BATEIbHOCTD 110~
IMapHO pa3JnmdHbIX aTroMoB dq,ds,.. ..

[Iycrs (x1,x9,x3) — HOMED TPOIKU HATYDPAJILHBIX YHUCE, DU
HEKOTOPOM (PUKCHUPOBAHHOM BBIYHUCIMMOM B3aUMHO-OTHOSHATHOM
COOTBETCTBUU MEXKJy BCeMH Tpoiikamu (T1,T2,T3) TAKAMHU, UYTO
To # T3, M BCEMU HATYpPaJbHBIMHI YHCJIAMU. 33 aHbl TaKxKe o0paT-
uble byHrnuu [(r1,22,23)]; = x;, ¢ = 1,2,3. Homep (z1, 9, x3)
KaXKJ0il TaKOH TPOWKHM OyHeT KOJOM HEKOTOPOI'o 3aJaHusd, LIe X1
— HOMEp BBIYHCIUMOIO OIepaTropa, To — 0asa 3aJaHusl, Tz — MH-
menb 3aganus. [lenp 3amanus — 06eceduTh yCI0BUsl, TPU KOTOPBIX
omeparop F,, He MOXKeT IepeBeCTH HUKAKyI0 OECKOHEUHYIO IOCIe-
JIOBATEIbHOCTh U3 HOCUTEJIs HOJIyMephl P, B HOCUTEJIb IOJIyMephI
P,.,. Konkypupyiomum TpeboBaHIeM fBJISETCA TO, YTO STH IOJIyMe-
PBI JIOJIPKHBI OBITH HETPUBHAJILHBIMHE, T.€. JOJKHO ObITh Py, () > 0
u P, (Q) > 0.

BBesiem ceMelicTBO OTHOIIEHNI SKBUBAJEHTHOCTH MEXKIY KOHEU-
HBIMHU II0CJIEJOBATEJIbHOCTAMU, 3aBUCAIIIUX OT IIapaMeTpa 7:

Ty = U(r) = 1(y)&V(n <i <I(z) = 2 = y3);

JUIst JOOBIX MyTell 0 1 0 10 OLPEJEJICHHUIO 0 ~p, 0/ TOIJIA U TOJIBKO
TOTJIA, KOTJIA 01 ~y O U 09 ~p Oh.

Mpbr Oymem mmcaTb & ~ Z BMECTO X ~vy, 2, DO W =
w(p(l(z)),¢"™)), npidem Beerma Gymer sicHO, 0 Kakoii ceTH  HueT
pedb.

OcuoBHas npuanHa MojguduKanu ooeil KOHCTPYKIMH 3aKJIO-
4aeTcst B TOM, YTO TellePb KOHCTPYKIsT 06J1a/1aeT CJIe/Ly FOIIUM CBOTi-
CTBOM.

JIemma 12.10. Jlas ar06020 i u 06020 pebpa o € G(i) ne cyue-
cmeyem pebpa o' € G(i) maxozo, wmo o' # 0 uo' ~ 0.
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Zoxasamesvcmeo. lononuurenbabie peOpa yCTaHABIUBAIOTCS B
nporiecce obpaborku nojzasanuii. st kaxmoro pebpa o € G(i),
YCTaHOBJIEHHOI'O HKOTODBIM Ioj13a1anueM (i, k), 6yjer Zi g qn-1 C 01,
[IPU 9TOM, BCe OCTaJIbHbIE Moj3ajanus (i,s) upu s > k mepeycra-
HaBJIMBAIOTCs 1 0OpabaTblBalOTCsl Ha ImaraX, oosbiux [(og). st
pebep o', yeTaHOBJIEHHBIX MOA3aAaHUAMY (4, S) TIPU S < k BBIIOJIHE-
Ho [(0}) < l(01). ToaTomy monosHUTEIBHBIE pEOpa, YCTAHOBJIEHHBIE
nomzagaHuaMu (i, s), s # k, He MOTYT OBITH SKBUBAJICHTHBIME 0. O

A

IIyctb p.n. MHOXKecTBO F' 3ajiaeT HeKoTOphIit onepaTop F. Mubr
npeobpasyeMm ero B zpyroit oneparop F’(x) Tak, 4ToObl qymHA pe-
syabrara F'(r) Ha KOHEUHOIl MOC/IeI0BATEIbHOCTH X He [PEBBIIIAJIA
JJTUHBL apTYMEHTA:

F'(x) = max{u : 3z(z C z&(z,u) € F&l(u) < I(x))}.

Bamerum, uro Ha GecKoHeUHBIX w Oyner F(w) = F'(w).

B paszmenie 11.1 6pL1a mocTpoeHa BBIYUCIUMAST MTOCIEI0BATE b
HOCTb BCEX BBIYHCIMMBIX onepaTopos Fj. Bymem cumrarn, uro Bee
OHU TIPeOOPa30BaHbI, KAK yKAa3aHO BBIIIE.

Bymem roBopuTb, 9UTO IOCIEIOBATEIBHOCTH I SABJIACTCA i-
3aKPBITOI I0C/IEI0BATEILHOCTBIO Y (M pebpoM o, Jijisi KOTOPOTO
o2 = y), ecrm I(y) = I(z) u HaiigeTca u, IIsT KOTOPOTO T ~yy(j) U |
Fip, (y) C u, tae w(i) = w(i, ¢'@).

Mpbr onpenenum s dexkTusayio onepanuio W, 3aBUCSIILYI0 OT
napamMeTpa M, KOTopas IpeobpI3yeT MPOu3BOILHYIO CETh ¢ U MHO-
kecTBo (G IONOJIHUTEILHBIX pebep B CeTb ¢y, U MHOXKECTBO JIOIIOJI-
HUTEIbHBIX pebep Gpy,.

Eciau [p(I(01))]2 = m, TO roBOpuM, U9TO CETb G, WM YUCIO M
— 6a3a 3azanust ¢ = p(l(01)). Ecam [p(I(01))]2 = m, To roBopumM,
9TO CeTh @, — MUIIEHb 33JaHusd i. 0 € Gy, u ¢ (o) = 1/2, ecom
[p(l(c1))]2 # m u [p(l(o1))]s # m. Io cBoiicTBy Hymepaiun TPoek
YUCJIO M HEe MOXKET OBITH OJHOBPEMEHHO MUINEHBIO U 6a30if OJHOrO
U TOT'O K€ 3aJIaHUsl.

[Tonymepa P, Oymer onpeae/isiTbCst KaK MOTOK IO CETH (¢, M =
1,2,....
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IIycth q — ceThb, s — ee dynknusa 3ajepKku 1 G — MHOXKECTBO
JIONOJIHUTE/ILHBIX pebep. IIycTh T — Ipou3Bo/IbHAA KOHEUHAs HOCIe-
JoBaTesibHOCTb, ¢ = p(l(x)) — HOMEpP COOTBETCTBYIOIIETO 33 AHUSI.
JlaJiee IPUBOIUM CJIeJIyIOIIee OllpejiesIeHIe.

1) Ecsim m smisiercst 6a30ii 3aganus i (T.e. m = [i]), TO onpee-

M Sy () = min{ Y s(z),1}.

zZ~T

2) Ecim m sBisiercss MuIeHbIO 3adanus i (T.e. m = [i|3) u x
SIBJISIETCS 1-3aKPBITOH HEKOTOPBIM pebpoM u3 Gy, (i), To onpe-
menum Sy (z) = 1.

3) OupenesnM S, () = 0 B OCTAJIbHBIX CJIyYasiX.

st skt stk stk ko ok R ok sk ok sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sksk stk skesk sk sk sk sk skttt stk sk sk ok sk ok skok skok sk ok

[Iycth = — NPOM3BOJIbHAS KOHEYHAS IIOCJIE0OBATEIHHOCTD, IyCTh
n = I(z), i = p(n) and k = p(n) — HOMEpa COOTBETCTBYIOIIUX
samanng n noazananus. Onpegennm

1) Ecim m sBasiercst 6a3oit 3ajiauust @ (T.e. m = [i]2), TO onpe-
nennM sy () = s(a’), one 2’ takoe, aro x ~ &’ u 2z, C 2
(T.e. 2/ ecTh €UHCTBEHHAST MTOC/IEIOBATEILHOCTD, JIEKAIIAST B
nojepese noazananus (i, k) u sksuBasenTHas x. Oupeeanm

Gm ={0:30' (0 ~d'&o’ € G)},
qm(c) = q(0’), tne o' ectb enuuCTBeHNHDI dMeMenT U3 G, s
KOTOPOTO 0 ~ o',

2) Ecim m sBisiercst MuieHblo 3afdanus i (T.e. m = [i|3) u x
ABJISICTCH i-3aKPBITON HEKOTOPBIM pebpomM u3 G, (i), TO ompe-
Jgenum Sy (z) = 1.

3) OupenennM S, (2) = 0 B OCTAJIbHBIX CJIydasiX.

SR AAA A A AR

MHuo2keCcTBO HOMOTHUTEIBHBIX pebep Gy, CeTH ¢y, OyIeT COCTOATD
u3 pebep o, IKBUBAJIEHTHBIX JIONOJHUTEIbHBIM pebpam ceru ¢ (T.e.
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o ~ ¢ nnas mekoroporo ¢’ € G), st KOTOPBIX M ABJsieTcst 6a30i
saganud i = p(l(o1)) (re. [p(l(o1))]2 = m) 1 118 KOTOPBIX 5 (01) <
1.

Orpeiesium

(1/2)(1 — s (01)) ecm pebpo ¢ uMeeT eMHUIHYIO JJINHY,
g () = > q(o’) ecrm o € Gy,

ol:0'€G,0'~o
0 B IPOTUBHOM CJIydae.

Tak kak

nmMmeemM

Z gm(0) < Z s(z) = sm(x).

0:0€Gm,01=2 Ziz~T

Orcrona cieyer, 9To DYHKIUSA ¢y, YIAOBIETBOPsieT ycuoBuio (12.1).

TeHepb MbI B COCTOdAHUU OIIPEIC/INTH PEKYPCUBHOE OTHOIIIEHUE,
HeoOXOoAMMOe [JIsT IPUMEHEHNsT MOANMDUIMPOBAHHON O0IIeil cxeMbl
pasnena 12.2

B(i,q,0) <= Q[ (02) # 0& Y Qp,(2) <2778, (12.14)

rJie JUIsi TPOM3BOJILHOTO M OYKBOit @y, 0bo3Hadaercst V., (q)-m0TOK,
a cymma Gepercsi 1o BceM z JyiuHbL [(02), KOTOPbIE SIBJISIIOTCS i-
3aKPBITBIMU TIOCIEI0BATEILHOCTBIO 09, 3/16Ch B IIOKA3aTe/e CTCIeHN
MBI OTOKJIECTBJIsIeM KOHEYHYIO MOC/IEI0BATEIbHOCTL 0y U ee HOMep.

Jlajee, B mpemesiax 3TOro pasiesa, OykBa ¢ OyaerT obo3HATATH
CeTb, OIpPeJIeICHHYIO 110 MOAU(MUINPOBAHHON 00IIeil cXeMe U3 3TOro
pazzena jis orHomenus (12.14), G — MHOXKeCTBO BCEX JOIOJIHU-
TeJILHBLIX pebep, § — COOTBETCTBYIOMAA (DYHKIUA 3a1ePIKKH.

OupenennM ¢ = Vi (q), Gm = Y0 (G). Ilyers s, — coorser-
CTBYIOMASA ¢, PYHKINS 331ep:KKH, 1R, olpeeleHa 1o ¢, COOTHO-
mernsivu (12.2) u (12.3), P,;, 0603HAYAET @y, -ITOTOK.

[To KOHCTPYKIUK JIETKO BUJIETD, UTO G (0) = qm(0’) mis 0,0’ €
G,n TaKuX, 9TO 0 ~ 0.
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[TousiTne HEMPEPBLIBHOCTH IOJyMepPhl ObLIO BBEJICHO B pa3je-
gie 12.4. ImeeT MecTo ciejyroniee caejicTBue u3 jJeMmbl 12.3.

Caencrsue 12.6. Iloaymepa P, nenpepviena dasn aob6ozo m.

st mpuMenenus 3TO# JieMMBI K mosiymepe P, mocrarodno 3a-
METHTb, 9TO Jjis1 JI060ro i auciao w(i, q) pasgenser Gpy,.

JIemma 12.11. P, (y) = 0 mozda u moavko mozda, £020a g, () =0
0ns nexomopozo pebpa o eOUHUWHOT OAUHDL NEXHCAULE20 HA Y, M.€.
maxozo, ¥mo oo C y.

Lloxazameavcmeo. loKazaTeqbCTBO HEOOXOTUMOCTH OYEBU]I-
Ho. Jlng JoKasaresqbeTBa  JJOCTATOYHOCTH — IPEJANOJIOKUM, UTO
G (y",y" ) =
P, (y) # 0. Ilo ompenenenuio s, (y") = 1. U3 Py(y) # 0 caexy-
eT, YTO JIOJZKHO CYIIeCTBOBATH JIONOJIHUTENbHOE pebpo (z,2) € Gy,
takoe, uro z C y" u y"t! C z. Byaem cumrarn, uro (x,z) — ca-
MoOe KOpoTKoe Takoe pebpo. Ilo ompernenenuto G, JOJXKHO CyIIe-
croBarh pebpo (2, 2') € G rakoe, uro (x,z) ~ (2, z'). Buauenne
sm(y™) = 1 6bL10 oupemesneno no 1) mim 2) oupejesieHus: Sp,. 1o
KOHCTDPYKIIUU B 9TOM CJiydae cyinecrByer pebpo (u,v) € G rtakoe,
aro [(v) = n (B nporuBHOM ciydae Obl10 661 S(2) = 0 Jyist Beex
z ~ y"). U3 cymecrsoBanus B G pebpa (2/,2') cnemyer, aro mis
moboro pebpa (u',v") € G, IPOBEIEHHOrO BBIIIE YPOBHSI YCTAHOB-
ku 3aganus p(l(z)), Ho panee wem pebpo (2, 2') (T.e. mas KOTOpOro
w < 1) < U(2), tme w = w(p(l(z)),¢"®)), ero 3amanne nmeer
GoJIbIIIee 3HAUEHNE U yCTAHOBJIEHO OHO mo3zke, T.e. p(l(v')) = p(l(x))
u w(p(l(v)), ¢ @) > w. B wacrroctu, w(p(n), ¢") > w. Hosromy u3
2!~y z cenyer, ato (2')" ~ 2", Otcroma, eciau S, (2") = 1 onpese-
JeHOo 110 1), 10 8, ((2')™) = 1 Takxke Gyuer onpesesneno 1o 1). [ycrs
Sm(z™) = 1 6bu10 onpegeneno no 2). Tak kak i = p(n) = p(l(x)) u
[i]s = m (T.e. m — mumens 3anauus i), To [p(l(z))]2 = m (r.e. m —
6aza saganus p(l(x))) u i > p(l(z)). Hosromy uz (/)" ~y 2™ u us
KOHCTPYKITHHU CJIEILYeT, uTO S, ((2')™) = 1 Taxxke Oymer onpeneneHo
1o 2).

0 mast mekoroporo n < I(y) um TeM He MeHee
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Pe6po (2/,2') — camoe xkoporkoe cpein Beex pebep n3 G Taknx,
aro (2/,2') ~ (x,2) ans wekoroporo (z,2) € G, I KOTOPOTO
x C y" ny"t C 2. IlosroMy B MHOMXKECTBE JOHOJHHTEILHBIX pe-
6ep cern ¢'*)~1 mer pebpa ¢ rakum csoiicrBom. OTciona U U3 TO-
ro, ato ¢ ((2")"%, (2/)"T1) = 0, cienyer, aro Q. (z') = 0, e Qum,
ectb W, (¢"*)~1)-morok. D10 PABEHCTBO IPOTHBOPEUNT TOMY, UTO
(2',2") € G, Taxk kaK g1t TOro, 9TO6LI 3TO pedpo nomnano B G Heosd-
X0AuMO, 9T00bI @, (2') # 0. TlosryuenHoe IPOTUBOpEYNE JTOKA3bIBAET
Jemmy. O

Hocurenem nonymepsr P 6bL10 HA3BAHO MHOXKECTBO
E={weQ:Vn(PW")#0)}.

Kax 66110 3ameueno, E zamkmnyto B Q nu P(E) = P(Q). Uz mem-
Mbl 12.11 coenyer, aro orHorenne P, (y) = 0 paspemumo u HocuTe-
neMm P, siBisiercss MHOXKecTBO E,p, = Q' Uspn (@) =112

Jlemma 12.12. P, (1) > 0 dasa ao6ozo m.

Jokazamenvemeso. Onenum cansy semanny P, (Q). Iycrs

Sp= Y Rm(u)- > gm(0) R (01).

w:l(u)=n 0:0€Gm,l(o2)=n

U3 onpenenenns GyHKINN 3IEPKKH TMEEM

Y Ru(u) = ) (1= sm(w)Rm(u) + (12.15)

I(u)=n+1 I(u)=n

> 4m (o) B (01). (12.16)

0:0€Gm,l(o2)=n+1

Ecin m se siBnstercst Hu 6a30il HU MUIIEHBIO Ha IIare 1 3a/aHus
p(n) (re. [p(n)]2 # m u [p(n)]z # m), To sy (u) = 0 mas GOro U
JUIMHBL N ¥ HE CYLIECTBYET HU OJHOTO IyTH 0 € Gy, sl KOTOPOIO
l(o2) = n. Ilosromy Sp4+1 = Sp.
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[Tycts m — 6aza 3amanus p(n). Ilpexsapuresnbno paccMoTpum
caysait w(p(n), ¢" 1) < n. O6oznaumm

P(o,u) <= l(02) = l(u)&(o1 ~ u! ) &u o+ os.

U3 ompenienienus byHKINE 3a/1epKKU TMEEM

> sm(u)BRm(u) < Y (Zs(z)) Rp(u) =

l(u)=n l(u)=n

N

0:0€G,l(02)= u:P(ou)
(8(01) ) Rm<z>> -
0:0€G,l(02)=n ziz~0]

> Ru(o)) > slo) | =
0:0€Gm,l(o2)= o':0'~o,0'€eG

Z Gm (o) R (o).

0:0€Gm,l(02)=n

3zeck MbI ucnosb3oBan jgemmy 12.10: (s moboro pebpa o € G(7)
He cymecrsyer o' € G(i) takoro, uro o' ~ o u o’ # o), a Takxe,
HEPABEHCTBO

> R (u) < Rin(2) = s(01) Bin(2)

zCu,l(u)=n,u#o3

J1st i0boro o € G Takoro, uro [(oy) = n, n 106010 2 ~ 01, a TaK¥Ke

PABEHCTBO G, (0) = > s(0}), KoTopoe cieyeT u3 TOro, UTo
ol:0'€G,0'~o

q(o) = s(o1) mpu 0 € G. ObbennHssT HOITYyIeHHYIO OIleHKY ¢ (12.15),

moJtyauM Sp41 = Sp.

279



nfl)

Paccmorpum reneps ciy4vait w(p(n), g = n. Torma

> sm(w)Rin(u) < 2%/p(n),

l(u)=n

TaK Kak Sy, (u) = 2"p(n) upu [(u) = n. OObenHsIsS 9TO HEPABEHCTBO
¢ (12.15), moayuum Sp41 = Sp — 2"/ p(n).
[Iycte m — muiens 3ananust p(n). Torpa

Z Sm(u)Rm<U) = Z Rm(“’) < Z 27(01+3)7 (12'17>

l(u):n ueD O'EG,I(CTz):TL

e D — MHOXKeCTBO Beex u JymHbI [(03), KOTOpBIe saBisiores p(n)-
3aKPBLITBHIMHU [OCIEA0BATEILHOCTSAMI 09 IS IPOU3BOJIBHLIX 0 € G.
HamomunM, 9T0 B IOKa3arese CTEINEHN MBI OTOXKJIECTBIIsIEM KOHEU-
HYIO [OCJIEI0BATEIBHOCT 0y U ee HoMep. O6benHsist 9T0 HepaBeH-
crso ¢ (12.15), nosy4aum

Sn+1 > Sn - Z 2_(02—"_3)-
c€G,l(o2)=n

N3 nostyueHHBbIX OTEHOK U Sg = 1 mosryanm

oo
; 1
_ 7 N —(02+3) -
S, >1 ZQ/p(z) > 2l > 3
i=1 oceG
1yst Bcex n. Tak kak P, > R,,, nogyanmM
= . . 1
P,(Q) = 1%fl(z): Py (u) > 11;1Lf Sp = 3
uU)=n

Jlemma gokazana. O

JIemma 12.13. IIpu k # m das mobozo t evnoanerno Fy(Ey)NEy, =
0.
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Joxasamesvcmeo. domyctum, uto cymectByerT w € Ey, s ko-
ropoit Fy(w) € E,,. Paccmorpum 3ananue i = (t,k,m). s sro-
6oro n myctb D, — MHOXKECTBO BCEX 2 JIMHBI 7, KOTOPBIE SIBJISIOT-
Cs 1-3aKPBITBIMHU IIOCJIEIOBATEILHOCTRIO W', Jlerko BuieTh, 9T0 U3
HelnpepbIBHOCTU P, ciemyeT, 4To Jist Jioboro j < 4

e ZD Pn(2) < lim 2"09 Py (F(w") = 0.
z€Dn

Kpome sroro, Py(w™) # 0 mus Bcex n. Orciona Jerko BUIETb,
9TO IS JIIO0Or0 M KOHEYHasi IOCJIeI0BaTeJIbHOCTh w' nMeer i-
POJI0JIKeHNe (B KaYeCTBe TAKOIO IIPOJIOJIXKEHUS! [IOJIXOJIUT CaMa W).
ITo memme 12.4 cymecryer pedbpo o € G(i) Takoe, uto 0y C w. To-
riaa (Fy(w))™ 6yzer i-3aKpbITO 1I0CJIEI0BATEIbHOCTBIO 0. [Toaromy
G ((Fy ()™, (Fy(w))"*1) = 0, tie n = I(02). OTciona cremyer, 4To
Fi(w) & Ey,. IonyuenHoe nmpoTuBopedne JOKa3bBaeT JeMMy.

Chenymomast JieMMa JAaCT HaM BO3MOYKHOCTH IPUMEHUTH 3aKOH
0 nm 1 A.H.Kommoroposa K Mepe P,. 3aMeTHM, 4TO 9Ta Mepa He
SABJISIETCs] HOPMUPOBAHHOM. JTO HE BEJET K IOTEPEe OOIIHOCTH, TaK
KaK IOCJIELYIONe YTBEPXKICHNS He 3aBUCAT OT MYJILTUILINKATHB-
HOTO MHOXKHUTEJISI.

[Tycrs w(i) = w(i,q) n fi(w) = w; Aist 110600 7.

JIemma 12.14. ITycmv m npouseoavroe u [ila = m. Toeda npu
n > w(i) cayuatnas eeauwuna f, ne 3a6UCUM OM COBOKYNHOCTIU
caywatnox seauwun {fj 1 j < w(i)} 6 sepoamnocmmom npocmpar-
emse (Q, Py).

Hoxasamenvemso. 1lyerb y ~y ;) 2. V3 nemmbr 12.3 caenyer,
aro npu [(z) > w(i) B OUpeieeHNN 3HAYCHUS Sy, (X) MOIYT JIUIIb
paccmarpuBaThes 3adanus p(l(x)) > 4, ycTaHOBJIEHHBIE Ha IIarax
w(p(l(x)), ¢"®) > w(i). B rom cayuae, korma m = [p(l(x))]3, T.e. m
— mumtens 3aganus p(l(z)), Oyner maxe p(l(x)) > i. Orcioga u 1m0
OIIPEJICJIEHUIO MHOXKECTBA JIONOJIHUTENIbHBIX pebep G, [is JIH000ro
pebpa o Takoro, UTo y“’(i) C 01 C y C 09, HalimeTCcst SKBUBAJIEHTHOE
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emy pebpo o’ ¢ Tem ke cBoiicTBoM Jiist 2 (T.e. 0~y ooy € 2 C
oh) u Takoe, UT0 G, (0) = gm(0’).

ITo cBoiicrBy w(i) npu l(v) > w(i) dbopmymy (12.2) MoxKHO mepe-
nmcaTh B BHJIE

R (v) = > am(0)Rin(0).

l(o1)>w(i),00=v

Orcrona 1 U3 IPeabIIAYIIEro PacCyKIeHUsT JIETKO MOy IUTh COOTHO-
IIeHne

Rm(”)/Rm(yw(i)) = Rm(”/)/Rm(Zw(i)) (12.18)
-

st mobbIx v 1 v Takux, uro yv() v Cuy 2*@ C v Czu
I(v) = 1(v"). U3 coornomennii (12.4) n (12.18) noyuaem

Pu(0)/ P (y"?) = Pa(v')/ P (217) (12.19)

JUTST MOOBIX Y M 2 TAKUX, UTO Y ~qy(;) 2. OTCIOMA 1 13 cooTHONTeHNs
(11.6), cssbiBatomiero P, u P, mosydaem

Pm(v)/Pm(yw(i)) = Pm(vl)/Pm(Zw(i))

JUTsE JOOBIX Y M 2 TAKUX, 9TO Y ~y(;) 2. [l09TOMY yciioBHas Bepo-
saTHOCTh P, (y|z) He 3aBucuT o1 BBHIOOpA HAYAIBHOrO (bparMeHra T
nocsegoBarensHoctn y upn () = w(i) u I(y) > w(i). Uabmm cito-
BaMH,

P(zz|x) = Pp(2'2|2))

JUtst JOObIX X, ) 2 Takux, uro () = I(2') = w(i) u I(2) > 0.
B uacrnocrn, ciydaiinble Bequaunbl fj(w) = w; He 3aBUCAT OT
COBOKYIIHOCTH CJIydaiiHbIX BesnmdanH fs(w) = ws npu s < w(i) < j. O

Caencreue 12.7. Jlas npousdsoavrozo m das awbozo A C £, co-
depotcawiezo emecme ¢ Kaatcdoti nocaedosamesbHocmvblo 8ce nocaedo-
BAMENBHOCTIU, OMAUNGIOWLUECA O, HEE K KOHEYHOM Hucse bumos,
6ydem Pp,(A) = 0 uau Pp(A) = Pp(Q), 6 wacmmocmu, daa aro6ozo

ac Y 6ydem Py (a) =0 uau Pp(a) = Pp,(1).
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Jlokasamenvcmeo. Ilycrb ny,ng, ... — Bece i Takue, 910 [i]a = m,
B34TBIE B BO3pacTamomeM nopgaake. g npumenenus 3akona 0 mim
1 paccMoTpuM He3aBHCUMBIE CIIydailHble BEJIUIUHBL fp,, fny, - - ., TJ€

fm‘ (w) = fni+1(w) ce fni+1 (w) = Wn;+1---Wn;yq-

MHuozkecTBO A, yIOBJIETBOPSIIOIIEE YCJIOBUIO CAEICTBUS, JIEKUT B O-
ajirebpe, MOPOXKJIEHHON MHOXKECTBOM HE3aBUCHUMBIX CJIyYAWHBIX Be-
JIMYUH fnk, fnk 415+ -+ JUIS JIOOOTO K, & MO3TOMY JIEKHUT B OCTATOMHOI
o-ajrebpe Bcell OC/IeI0BATEIbHOCTH fnl, fnz, .... Ilo 3axony 0 wim
1 6yner Pp(a) =0 wm Py, (a) = P,(1). O

IIycte a € T u P — p.n. noaymepa. 1lo onpenenenuio smemeHT
ip(a) MOpoXKIAeTCS MHOKECTBOM

dP
cA: — 0},
fwed: So(w) #0)
rme jT\IZ — npoussonHas Pagona — Hukonmva mepsr P 1o mepe M, A

~ IPOM3BOJILHOE MHOYKECTBO, MOPOXKIaiomee a. JIerko BujeThb, 9To
ip(a) ne 3aBucur or BeIGOpa MHOXKecTBa A. st mo6oro A obozHaua-
em A = {w: Ja(a € Aka = w)}. Ilycrs s, = [Ep]. TTo nemve 12.12
P, (sm) > 0, mostomy s, # 0. ITo semme 12.13 upu k # m sobbie
a € By u B € By, He cBOIATC APYT K JAPYTY, HOITOMY Sk M Sy, = 0.
Ornpemenum
dm = ipm(sm) = ipm(l).

ITo onpenenenuio P(ip(a)) = P(a) ana moboit p.m. momymepsb P.
[Mosromy d,, # 0. U3 d,;, C sy, cienyer di Nd,,, = 0 npu k # m.
Homnycrum, aro d,, =aUb, tmea # 0, b# 0uanb = 0. Torna
no cuejcTBuio 12.1 (KoTopoe BEepHO TakzKe Jiisi HEBBIYUCIUMBIX P)
P, (a) > 0 u Py,(b) > 0, uro mpotusopeunt ciaejicruio 12.7. Toy-
YEeHHOEe MPOTUBOPEYHE JIOKA3bIBaeT, YTO d,, SIBJISETCS aTOMOM JIJisi
sgroboro m. Teopema mokazana. O

12.6. /lokazarejibcTBO TeopeMbl 12.4

DopMySITMPOBKA TEOPEMbI U HEOOXOINMbBIE OIPEICICHNsT NMEIOTCS B
pasnese 12.1.
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Ilycts aj,a9,... — Bce atoMmbl ajarebpol Y. B sroMm pasmese Oy-
Jer nokasano, 9to d = 1\ U a; # 0. [y 9T0ro Mbl mocrpoum
HEHyJICBOIl 3JIEMEHT €, B KOTOPOM He COJIEPYKUTCA HU OIHOIO aToMA.

Onepanuss @ GyeT 10 TPOM3BOIBHON CETH ¢ M MHOXKECTBY JI0-
HOJIHUTE/ILHBIX pebep G olpeensaTh HOBYIO ceTh ¢’ ¢ TeM ¥Ke MHO-
JKECTBOM JIOTIOJIHATE/ILHBIX pebep.

IIycte & — mnpousBoJibHAsT TOCIEI0BATEILHOCTh JIJIUHBI N,
i = p(n) — coorsercrylomee 3amanne. Oupenemnm ¢ (x,20) =
¢ (xz,21) = 0, ecm naiinercs rakoe pebpo o, 1jist Koroporo [(o2) = n,
o € G(i) n Fj(o2) C x. Oupenennm ¢'(0) = q(o) ans moboro pebpa
0 eJIMHUYHON JIJINHBI, B IIPOTUBHOM CJIyYae.

st mpuMeHeHMsT OOIIEel CXeMbl pa3iesia OIpeIeTuM

B(i,q,0) <= Q(o3) # 0&F;(03) € o2&
S Q<@

F;(02)Cz,l(2)=l(02)

rie 6ykBoii () obosnauen P (q)-1OTOK.

[Iyctb cerhb ¢ orpejienieHa 1o obmieit cxeme pazjena 12.2, G —
MHOZKECTBO JOMOJHUTEILHBIX pebep, s — dyuknns 3agaepkku. Oupe-
nennm ¢ = ®(q), ' — byuxnus 3anepxkku s ceru ¢, P oboznagaer
¢’-10TOK.

Anajoruano ToMy, Kak 3TO JeJiajoch B pazjene 12.5, HeTpy/i-
HO HOKa3aTh, 4To P — HempepwBHAad p.II. moaymepa, P(1) > 0
mpu p(n) = (n + 2)2, u nocurenem P aBisercs MHOMKECTBO E =
Q\ Ugr(z)=11"z. 1lokazxem, 1aro srobble JiBe pasiuviHble (6eckoneu-
HbBIE) [I0CJIeI0BATEILHOCTU w U W' u3 E anropurMudecku He CBOJST-
cst apyr K gpyry. Honyeruwm, aro w = F;(w') ansa wekoroporo i. Ilo
aemme 12.4 cymecrByer pebpo o € G(i) Takoe, uro oy C w'. ITo KoH-
crpykumn Fi(o9) € o3. osromy o onpenenenmo ¢ (w",w™ 1) =0,
riae n = l(03). Orciona w ¢ E. TlosydenHoe poTUBOpeYne J10Ka3bl-
BAET, UTO W HE CBOJIUTCA K W' .

Omnpeyieninm e = [E] u £ = ip(e). Jomyerum, uto x C f ux Z 0.
Boibepem X € x m nonoxum X' = X N E. Jlerko Buaerb, 9To
M(X") > 0. Tlo temme 12.1 P(X') > 0. Tak xak X' C E, obble aBe
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nocJiejiopaTebHoCTH n3 X' He cBOAUMBI IpyT K Jpyry. IIpencrasum
KaknM-1160 obpazom X' = X1 U Xo, rie X1 N Xo =0 u P(X1) > 0,
u P(X3) > 0. Ilycts x1 = [X1] n x2 = [X3]. Torma x = x1 U Xo,
x1 # 0, X3 # 0 u x1Nx9 = 0. CremoBarennho, f He BKIOYaeT B cebst
Hu ozxporo aroma. ITosromy d = 1\ U2, d; # 0. Teopema jokaszana.
O

12.7. CBoAMMOCTL aTOMOB

MBpbI BBe/ieM OTHOIIIEHHE CBOAMMOCTI &TOMOB Y, aHAJIOTMYIHOE CBOIH-
moctu 1o FO.T.Mezsezeny (cm. [22]), KOTOpOe MO3BOIUT PA3/INIATH
ollpejie/IeHHbIe YK€ aTOMBI U BBIJIEJIUTH U3 MHOYKECTBA BCEX aTOMOB
€CTEeCTBEHHBIC ATOMBI C 1 T.

JLnst jiro0bIX JIByX aToMOB a u b ayirebpset T O6yjieM cIuTaTh, 9To a
cBOAMTCA K b, ecm 41 HEKOTOPOTo MHOXKECTBa, I3, TIOPOXK IAI0MIEro
aToM b 1 HEKOTOPOro BBIYMCIUMOrO oneparopa F' MHOXKecTBO F'(B)
HOPOXKJIaeT a. DTO SKBUBAJIEHTHO TOMY, YTO JJIsl JIIOOBIX JIBYX MHO-
wects A u B, nopoxiaomux a u b, coorsercrsenno, M-mouTn KaxK-
Jlasl 0CJIe/I0BATeIbHOCT U3 A aJropuTMHYECKH CBOJUTCS K HEKO-
TOPOil IOC/Ie0BATEIbHOCTH U3 B, a K M-1mourn Kak10il 1mocjieno-
BaTEeJIBPHOCTU U3 B alropuTMuiecKu CBOJUTCS HEKOTOPasl IIOCJIE0-
BaTEJILHOCTD U3 A.

Beuny toro, uto mpum k # m HEUKaKue IBE TOCTIEIOBATEIHLHO-
ctu o € B u f € Ep, aqropuTMHUYecKn He CBOIUMBI IPYT K JIPY-
ry, Bce atombl dj,do,..., MOCTpoeHHbIE B pazjese 12.5, momapHo
HECPaBHUMBI OTHOCHTEIBLHO BBEIEHHON CBOIUMOCTH. JIerko BHIETH,
YTO ATOM C, HNOPOKJIEHHBIN BCEMHU BBIMUCJIUMBIME IOC/IE€0BATE/Ib-
HOCTSIMH, ABJIeTCA HAaNMEHBIINM, a aTOM I', HOPOXK/ICHHBIH Corydaii-
HBIMU HEBBIYHCIMMBIMU [I0CTIEI0BATEIbHOCTAMHE, SIBJISETCS HANOOIb-
IIAM 3JIEMEHTOM.

Orcrona, B 4YaCTHOCTH, CJIEAyeT, UYTO KaKIbIl M3 aTOMOB
d;,ds, ... mopoxjaercs HeCTaHJAPTHBIMU II0C/IEI0BATEIBHOCTAMU.
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12.8. Sajjaun n ynpakHeHUS

1. Beckoneunoe MHOXKECTBO HATYPAJIbLHBIX YHCeJ A Ha3bIBAETCs IU-
MMEPpUMYHHHBIM, €CJIM HE CYHIECTBYET BCIO/LY OHpeILe.HeHHOf/’I BbIYUC-
aumoit dyukiuu f Ttakoif, uro f(i) > z;, vae z1 < 29 < ... — Bce
3JIEMEHTBI MHOXKECTBa A, pPacIioioXKeHHbIE B BO3PACTAOIIEM TIOPSII-
Ke.

Beckoneunast qBoMYHAsT [TOC/IEIOBATEILHOCTD HA3BIBAETCST pa3-
DPEXKEHHOM, eC/ii OHA COMEPXKUT OECKOHETHO MHOTO €IWHUI] U He CY-
HIECTBYET BCIOJLy OlpejiesieHHON BbraucmMmoil dpyukiuu f(k) Takoii,
qTO Jts J1o6oro k 3uadenwe f(k) paBHO JymmHe KaKOro-HHOYIb Ha-
JaJIbHOTO (DparMeHTa 3TOH MOCIEIOBATEILHOCTH, COMEPIKAIIETO HE
MeHee k eIMHMUIIL.

a) JJokazarb, 94T0 MHOYKECTBO HATYPAJIbHBIX UUCE]I SIBJISIETCS TU-
IIEPUMYHHBIM TOTJIA ¥ TOJIBKO TOT/A, KOIJIa €ro XapaKTEePUCTUICCKad
II0CJIEI0BATEIBHOCTD SIBJISIETCS PA3PEKEHHOI. S

b) s mo6oro § > 0 MOCTPOUTH BEPOSTHOCTHBIA AJIrOpUTM,
KOTOPBII ¢ BEPOSITHOCTHIO He MeHee 1 — § BblgaeT OECKOHEUHYIO pas-
PEKEHHYIO ITOCJIEI0BATEIBHOCTb.

2. bBeckoHeuyHast ABOMYHAsS IOCIEIOBATEIBHOCTD W HA3BIBAETCS
CUJIBHO PA3pEXKEHHOMN, €C/I OHA COJIEPYKUT OECKOHEUHO MHOTO €J1H-
HWI[ U HE CYIIECTBYET BCIOIY OIPeIeeHHON BBIIUCIUMON QyHKITUN
f(z, k) Takoit, uro misi HAYAJIBHOrO (bparMeHTa T ITON IOC/Ie10Ba-
TeJIbHOCTH U JII060r0 k 3Havenue f(xz, k) paBHO JIMHE KAKOIO-HUOY/Ib
HaYaJbHOIO (bparMeHTa MOCIeI0BaATEIbHOCTH W, ITPOJIOJIKAIOIIErO T
1 COMEPIKAIIero He MeHee k eIMHMUIIL.

st jr060ro § > 0 MOCTPOUTH BEPOSITHOCTHBINA AJIPOPUTM, KOTO-
PBIil ¢ BEpOSITHOCTBIO He MeHee 1 — § BbLIaeT OECKOHEUHYIO CUJIBHO
Pa3pekeHHyI0 MOCIeI0BATEIbHOCTD.

3. Borunciumas dyukiust f(x) gereKTupyer pejkue CoObITHs

3 X apaKTepHcTHIecKOl MOCIe0BATEILHOCTLIO MHOKeCTRa, A Ha3BIBaeTC s Gec-
KOHEeYHAas JBOMYHAS ITOCIEJOBATEILHOCTD W1W?2 . . . , TJE

l,ectmi € A,
Wi =
! 0 B IPOTUBHOM CIIydae.
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Ha OECKOHEUHON MOCTEIBATEILHOCTH W, €CJU OHA OMpesesieHa Ha
BCEX HAYAJIbHBIX pparMenTax w u Jyisi jgoboro x C w suadenue f(x)
PaBHO JJTHHE KAKOTO-THOO MPOTOJIKEHWUST T BIAOIb W, HA KOTOPOM
BCTPEYAETCS XOTs ObI OJHA, €TUHUTIA.

st iro6oro § > 0 moCTpOUTh BEPOSITHOCTHBIN AJITOPUTM, KOTO-
pBIif ¢ BepOSTHOCTBIO He MeHee 1 — § BBIIaeT GECKOHEUHYIO MOCTIe-
JIOBATEJILHOCTD W, COJEPKAINTYI0 OECKOHETHO MHOTO €JIMHUI] U JIJIsT
KOTOPO#l HE CyIecTBYeT (DYHKINU, JETEKTUPYIOIEH peKne cOObI-
THS.
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YHacts VI

IIpnaoxkenune
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12.9. Mepbl, NOpoKA€HHbIE PEryJISPHLIMUA BbI-
YUCJIMMBIMHU OTI€ePAIUAMU

Omneparop F' mpuMennM K 6€CKOHETHOM TIOCTIETOBATETBHOCTH W, €CITN
F(w)e 4

[pemmonoxum, 9T0 3ajaHa BHIMUCAUMAasT Mepa () Ha MPOCTPaH-
ctBe (). Oneparop F Ha3bIBaeTCst (J-PErysisipHBIM, €CJIM OH TPUMEHUM
K (Q-1I09TH BCceM OECKOHEUHBIM IOCJIEI0OBATETEHOCTSIM W.

B crenyrorem yTBepKIeHUN TTOKA3AHO, YTO BEIYUCIAMAST TTPOU3-
BOJIbHasT Mepa () 1 (Q-peryJisipHbIil OIlepaTop MOPOXKIAOT BBITUCIH-
MYIO Mepy — Impoobpa3 Mephl ().

IIpennoxkenune 12.1. Jlasa 41066ix 6biuucAumotst mepvl Q U 6bLuc-
Aaumoti Q-pezyaaproti onepayuu F dynruyus

Plz)=Q{weN:2C F(w)} (12.20)
ABAAEMNCA BBIYUCAUMOT MEPOTU.

Jlokasameavcmeo. Hepasencrso P(x) > P(x0) + P(x1) memno-
cpefcTBeHHO cirenyer u3 onpefenenns P(x). Ecm x € F(w) u
F(w) € 2, 10 20 C F(w) wmm z1 C F(w). Orcioga ciemyer pa-
sercrBo P(z) = P(z0) + P(z1).

st Toro, 4robbl BBMUCAUTH 3HadYeHne P() ¢ TOYHOCTBIO 110
27", JI0CTATOYHO HAITH TaKue M 1 8, 4To0b ), Q°(F(y)) > 1—

2=+ rre Q%(y) — pammonagpHOE MPUOTIZKEHNE K 3HAYCHIIO Q(y)
—(m+n+1 s

¢ TouHOCTEIO 710 2 ( ). Torza cymma ngy,l(y):m Q*(F(y)) oy-
JIeT paruoHaJIbHbIM HpubimkenueM K uuciay P(x) ¢ TouHoCTBIO 110
om 2—(n+m+1) + 2—(n+1) —9-n OO

Paccmorpum temnepns obpatmyio 3amady. [lokaxkem, urTo Jiobast
BBIYHC/IUMAsT Mepa () sABJsieTCs IIpooOpa30oM PaBHOMEPHOH Mepbl L
OTHOCHUTEILHO HEKOTOPOTO L-PEryJisipHOrO BBIUUCIUMOTO ONEPATOpa
F', ji1s1 KOTOpPOro CyIecTByeT o0paTHbI BBIYUCIUMBII orieparop G.

Ilpennoxkenue 12.2. [lycmov Q — svivucauman mepa, L — pasho-
MEPHASL MEPQ.

4Oupenencuns u YTBEPKJICHUSI U3 ITOTO PA3zesa 3auMCTBOBaHbI u3 [11].
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o Cywecmsyem svinucasumviti L-peeyaspuud onepamop F, no-
pootcdarowuti mepy @, m.e. maxot, 4mo

Q) =L{weQ: 2 C F(w)}
onsa 6cex x.

e Kpome amozo, cywecmeyem obpamuwlii uluucauMbit onepa-
mop G, npumenumolii K0 6cem GECKOHEUHBLM NOCACOOBAMEND-
HOCTNAM, KPOME MOHCEM ObIMb, GHMUCAUMBLE UAU NEHCAULUT
na ompesxar Q-mepor 0 u maxot, wmo G(F(w)) = w dan Q-
noOYMU 6CeT W.

Joxasamesvcmeo. Bymem paccmarpuBaTh OECKOHEUHBIE JTBOUY-
HBIE TOCJIEIOBATEIbHOCTH KAaK JBOMYHBIE IIPEICTABJIEHUs] COOTBET-
CTBYIOIIAX BENeCTBEHHBIX umcesT u3 oTpeska [0, 1].°

PaccmoTpuM dyHKINIO pacipeneaeHus Mepbl (Q:

9(t) = Q{a: a < t},

rie « € [0, 1] BemecrBerHOe Ynciio (G6eCKOHEUHAsT JIBOUTHAST TI0CTIEI0-
BaTeIbHOCTD). PyHKIWs ¢(t) HeyObIBAET U HEIIPEPBIBHA CJIEBA, MOTYT
cymiecTBaTh MHTEpBab nocrostacTBa [T/, 7], te g(7') = g(7") = p,
a TaKyKe CKauKu B obsacTu 3Havennii, rje limsup, », g(a) = o' un
liminf,\, g(@) = 0”), rae v — sHavenne byHkImu g~ ' Ha HHTEpBATE
[ 0/’ 0//].6

Omnepatop F 6yser spraucisatsh GyHKmmo g (a), a oneparop G
GyJIeT BBIYUCIATH QYHKINIO g(w).

[TocTtpoum omeparop F', KOTOpBIH MOpoXKIaeT Mepy () u3 pas-
nomepHoit Mepbl L. ITycTh Ha BXOJ mojaercss GECKOHEUHAs MOCTIe-
JoBatenbHocTh . Ilyers Takke o), = Yo ;27' — nBonmuHO-
paIuoHaIbHOe IPUBIMIKEHHe K THCIY (v CHU3Y, & o)) = Y o o270+

SKak M3BeCTHO, TaKIe ABOMYHDIE [IPEICTABICHIS BEIIECTBEHHBIX YHCET HEO-
HO3Ha4HBbI, Hampumep, 0.011--- = 0.100.... OgHako, Bce TaKue MOCEI0OBATETb-
HOCTH (TIPEICTABICHUS TBOWIHO PAIMOHAIBHBIX YUCEN) ABJISIIOTCA BBITUCIUMbI-
mu. IIpu Takom comocrabBiaeHun MHTEPBaa [, n3 () COOTBETCTBYET MHTEPBAJLY
> w27 3" 227 +27"] us orpeska [0, 1].

Bnecs 7' < 177" m o’ <o’
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27" — npubymKeHne CBEPXy C TOYHOCTHIO 110 27 . Beraucaum Bce
smavernna Q(y) upu [(y) = n ¢ TounocTbio g0 272", obGo3HAMEM
Kazkji0e takoe npubsmkenne Q°(y). Haxomum Bee csioBa z JyinHbI
N TaKue, 4To |

Y@y -2 21—

y=z

Bribepem namboJiee AIuHHBIN 00N parMeHT BCEX TAKUX Z U BbI-
JauM ero B Kadecrse 3Hadenust F'(a™). Jljist kaxKoro n kaxjoe
Takoe 2 ONpeJesIAloT WHTepBasl, cojepKamuii ¢~ (a), mosToMy ec-
s onepaTop F IpUMeHHM K (, TO €ro 3HadeHueM OyJeT JIBOMYHOE
npejicTaBienne gucaa g L (a).

[Tycrs orpesok [0/, 0] cooTBeTCTBYET HEKOTOPOMY CKAUKy hyHK-
muu g(«), TO eCTb MMeeTCs YHCIIO (M COOTBETCTBYIOINIEE JBOUTHOE
npejicTaBIenne) y Takoe, 9to upezen dynkimun g(q) ciaesa 1upu
a — vy paBeH o', a Ipejes IpU o — 7 clpasa paseH o”. B arom
cJlydae MoC/Ie0BATEIbHOCTD Y UMEET TOJIOKUTEILHYIO Mepy L.

Homyctum, aro « jiexxkur Ha TakoMm orpeske tuna [o’, 0], To-
rja, ecyu « JIeXKUT BHyTpu orpeska [o,0”], To ¢ Toro momenra,
Kak uHTEpBa (o, o] (nyHbL 27™) GyIeT MeJMKOM JIEZKATh BHY TPH
9TOTr0 OTPE3KA, MHOYKECTBO BBIJIEJIEHHBIX CJIOB 2 OyJeT COCTOATDH U3
OJTHOTO-€IMHCTBEHHOI'O CJIOBA, SBJISIOMErocst (bparMeHTOM II0C/Ie 10
BaTEILHOCTH 7Y, U CJIEJIOBATEIBHO, TIpotiece F' Oyer npuMennm K a.
K konumam orpeska [0/, ¢”| nporece F', BoobIie roBopsi, MOXKeT ObITh
HEIPUMEeHUM.

MoryT TakzKe CyHecTBOBATh OTPE3KH MOCTOSHCTBA (DYHKIUH g,
[7/,7"], rme g(7) = g(7") = p. Mepa @ Taxoro orpeska pasHa 0.

[Iycrs Tenepsh a He JexuT Ha orpeske tuna [o’,c”]. Torma us
oupezesenus z ciaempyer, uro Q(z) — 0 upu n — 0o, OTKy/a, eciu o

"Hpusesennas HiKe CymMMa CeBa ecth mpubmmkenne K Q(Uys,T'y) ¢ memo-
CTATKOM C TOYHOCTBIO J10 27 ™.

®TIpuBenennas HUKe CyMMa ciieBa ecTb npubmuxkenne K Q(Uy<.T'y) ¢ u36bir-
KOM C TOYHOCTBIO 70 27 ™.
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He sIBJISIETCS TOYKOW THUIIA P, COOTBETCTBYyIOIIEil orpe3ky L-mepsnr 0,
TO U caM¥ OTPE3KH, [, CTAruBaloTCst K 0J[HO TOUKe w (g-1ipoobpasy
«). ITosromy jymua HanbGosbiero obiiero pparMenTa BbIIeJIeHHbIX
CJIOB Zz CTPEMUTCS K GECKOHEYHOCTH 38 UCKJIIOYEHUEM, MOXKET OBbITh,
TeX CJIydaeB, KOrZla TOYKa W — JABOUYIHO-PallMOHaJIbHaA U UMEET HEO/I-
HO3HAYHOE JBOMYHOE MIPEICTABICHUE.

MHO02keCcTBO BCEX MOCIIEIOBATEIHLHOCTEM, K KOTOPBIM MOYKET OBITh
HenpuMeHnnM oreparop F', He 6osee yem cuerHO U nmeeT L-mepy 0.
[Tostomy oneparop F siByisieTcst L-perysisipHbIM.

Ob6parublit oneparop (G COOTBETCTBYET IIPOILECCY BHLIYUCJIEHMS
QYHKIMM ¢, TIPU 3TOM OH MOXKET OBITh HEIMPUMEHUM K TOCTIEI0Ba-
TEJIbHOCTAM THUIIA 7Y, UMEIOIIUM II0JIO2KUTEJIbHYIO Q—Mepy " II09TO-
My SIBJISIIOIIMMCS BLIYUCJIMMBIMU, & TaKKe K TOYKAM OTPE3KOB TH-
na [7/,7"], Q-mepa xoropeix pasra 0. Omeparop G TakxKe MOXKeT
OBITH HEIIPUMEHHM K IIOCIEJ0BATEJILHOCTIAM, Ha KOTOPBLIX (DYHKIIHSI
g IpUHUMAET JIBOUYIHO-PAIlMOHAJIbHbIC 3HAYECHUA. yTBep)KILeHI/Ie J0-
KazaHo. O

IIpeagoxxenue 12.3. o (i) JTas m060l evnuciumoti mepo, P
M0ob60ti P-pe2yraprolii onepamop npumenum Ko 6cem CAY4ati-
Hom no mepe P nocaedosamenvrocman.

o (i) ITycmv QQ — mepa, noposrcdaeman BbUCAUMDbLM ONEPAMO-
pom F' u3 eviwucaumoti mepv, P, w — cayuatinas no P nocae-
dosamenvrocms. Tozda nocaedosamenvrocmo F(w) asasemcs
cAywatinot no mepe Q.

Jlokazamenvemeso. Cravasa jnokaxkeMm yTBepKjenue (i) or mpo-
TuBHOro. Jlomyctum, 4aro omeparop F HEIPUMEHHM K ITOCEI0BA-
resbHOCTH W. Torga F'(w) — KOHeYHast MOC/Ie0BATEILHOCTD, IIyCTh
ee JJIMHA He IIPEBOCXO/IUT HEKOTOPOro 4Yncia k.

st mroboro m nepedncIeHneM HaXOJUM TAaKOe 1 > M, YTOOBI
obbeluHeHre BeeX T JUIMHBL N 1 TakuX, 4ro [(F(x)) < k, umeso P-
Mepy He boJtee 2~ (m+1) Takoe n Beera HaileTcst TAK KaK Mepa Bcex
w Taxux, uro [(F(w)) < k pasma 0. Pacemorpum Vi, = Uy(g)—p s
n Uy, = Upysm V. MuOXKeCTBO Uy, €CTh 00beIUHEHNEe TepednCIn-
Moro cemeiicrBa unTepBasioB nu P(Uy,) < 27™ g Bcex m. Takum
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ob6paszom, {U,,} — recr Maprun-Jleda. Tak kax [(F(w")) < k jus
BCEX N, MOCIE0BATETLHOCTD W JIEXKUT B HYJIEBOM MHOYKECTBE ITOTO
TECTA.

Hoxkaxkem yrBepxkaenue (ii). Homycrum, uro w — ciaydaiinas 1o
Mepe P, HO mpu 3TOM mocsenoBaresibHOCTh F(w) — HecsydaiiHast
mo Mepe (), T.e. JTEXKUT B HYJIEBOM MHOXKECTBE HEKOTOPOTro (J-TecTa
{Un}, tie Q(Up,) < 27™ nuist o6oro m.

Jns mpomssosbaoro m mpeactaBuM U, B BUIe OO0BHETMHEHUS
LOIIApHO HerepeceKaromuxcs uarepsajios Uy, = UI'y,. Ilo onpenere-
o Q(I'y,) = P{w : 2y C F(w)}) anst kaxgoro i. I[Tosromy cyre-
CTBYeT PABHOMEPHO IIEPEUHCIINMAs IIOCIIe/I0BATEIbHOCTD Z; j TaKasd,
9TO NI KasKJIoro 4, ecan o3 C F(w), T0o 2;; C w JJIst HEKOTOPOTO j,
a Tak:xke Oyger

Q(lz,) = P(Uj{rzi,j cry F(zm)})

O6osnaumm Vi, = Ui i{l., + @ C F(z;}. Torma P(Vi,) =
QUpm) < 27™ mua Bcex m. Takum obpasom, {V;,} sasiserss P-
tecrom Maprun-Jleda.

ITo mpexamosoxennto aast JEOOOTO m HaIeTcs ¢ Takoe, UTO
x; C F(w), a Torma naiigercsa j Takoe, 4to 2;; C w. OTciona cie-
JIYeT, 9TO W JIE2KUT B HyJIeBOM MHOXKecTBe Tecta { Vi, }. [Tosyuennoe
IPOTUBOPEYNE JIOKa3biBaeT yrBepxkiaenue (ii). O

Beckoneuynas 1ocie10BaTe/IbHOCTh HAa3bIBAETCS CTaHIapTHOI,
€CJIN OHa ABJIAETCA CJAYYaHONR OTHOCHATEJIbHO HEKOTOPOU BBIYUCIIN-
MOI MepBHI.

B wacTHOCTH, KasKaast BHIYUCIUIMAs [TOCJIEI0BATEILHOCTD SIBJISI-
eTCs CTaHJIAPTHON, TaK OHA SABJIAETCHA CJIyYallHOH OTHOCUTEIBHO BbI-
YUCJIMMOI MEPBhbI, COCPEJOTOYCHHOI Ha 3TON MOCJIEAOBATEILHOCTH.

JlBe GeckoHEYHbIE IIOCJIEI0BATEILHOCTH W U (¢ aJrOPUTMUYECKU
SKBUBAJIEHTHBI, ec/il w = F'(a) 1 o = G(w) 111 HEKOTOPBIX BBITHC-
JINMBIX OILIEPATOPOB.

B pabore [11] 6b110 s0Ka3aHO Cilejytoliee CBOMCTBO CTaHAPT-
HBIX II0CJIeI0BATELHOCTEH.
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Ilpennoxkenue 12.4. Beakas cmaHdapmmas nociAed08ameAsbHOCTD
AUOO BBIMUCAUME, AUOO AA2OPUMMULECKU IKGUBAAEHMMHA NOCAECI0BA-
MENDHOCTNU, CAYUGTHOT OMHOCUMEALHO PAEHOMEPHOT, MEPDL.

Zloxazamenvcmeo. JlomycTuM, 9TO TOCIEI0BATEIFHOCTD W HEBBI-
qUCIUMAasT W SIBJISIETCST CAYYIAHON MO BBIYUCIUMON Mepe (). 3ame-
TUM, 9TO W HE MOXKET JIeKaTh BHYTpH orpeska tuna [1/,7] (cm.
JIOKA3aTeIbCTBO npeyiozkennst 12.2). Takoit orpe3ok mmMeer Q-Mepy
0, TO3TOMY MOKHO TIOCTPOUTH TECT, OTOPACHIBIOIIIH BCE TIOCTIEI0BA-
TEJILHOCTU U3 3TOTO OTPE3KA.

PaccmorpuM Berauc/mMblii orieparop F', Opox jaiommii Mepy @
13 paBHOMePHOIT Mepbl L u o6paTHbIil K Hemy omeparop G. Ob6a oHn
ObLIN OIpesiesIeHbl B JOKa3aTeIbCTBE IIpeJIoKeHusT 12.2.

Tak Kak w HEBLIYUCIUMAS U HE JIEKUT BHYTPU OTPE3KA THIIA,
[/, 7"], cormacno cBoiicTBY 06paTHOro oneparopa G U3 J0Ka3aTeb-
cTBa npejiozkenus 12.2, on npumenunm K w. [ycrs G(w) = a.

Omneparop F' npuMeHHM K (v, TaK KaK OH MOXKET ObITb HEIpu-
MEHUM TOJIBKO K TIOCJIEIOBATENIBHOCTSAM, KOTOPBIE JIOJIXKHBI 0TOGpa-
JKAThCsI [IPH ¢ B JIBOMYHO-DAIMOHAJIBHBIE TOYKHU (& W HE COOTBET-
CTByeT JIBOMYHO-PAIMOHABHON TOUKE, TaK KAK OHA HEBBIYHUC/INMA)
U K [TOCJIEI0BATEILHOCTAM TUIIA, P, B KOTOPBIE (PYHKISA ¢ TEPEBOIUT
nesblii orpesok [/, 7] (em. npemoxkenne 12.2), tak kKak w & [17, 7"

Cre1oBaTeIbHO, TOCIEI0BATEIBHOCTH W U (¢ AJTOPATMUYECKH
skBuBasIeHTHE: G(w) = a n F(a) = w.

JlokarkeM, UTO IIOC/IEIOBATE/ILHOCTh (¢ SIBJISIETCS CJIydailHON
no Mepe L. Bocrnosb3yeMcsi SKBUBAJEHTHBIM OIIPEJIEJIEHUEM TeCTa
Maprun-Jleda: sro nepeunciumast cauzdy dyuknus U @ = — Ry
takasi, 910 L(a @ U(a) > m}) < 27™ maa Bcex m, tae U(a) =
sup,, U(a™).

Mepa @ 3anaerca B Buge Q(A) = L{a : F(«a) € A}. O6o3natdnm
A={w:U(G(w)) = m}.

[Tokaxkem, uro dyukims U(G(w)) sABIsETCS TECTOM, KOPPEKT-
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HBIM OTHOCHUTEJIbHO Mephl (). JleiicTBuTebHO,

Qw : U(G(w)) = m} = Q(A) =
L{a: F(a) € A} =

L{a: U(G(F(a))) =2m} =
L{ia:U(a) 2m} <27,

Baecs Mbl ucnonbzosann pasencrso U(G(F(«))) = U(w). Ilycrs
w= F(a) n a = G(w). U3 pasencrsa U(G(w)) = U(a) ciaeayer, 4To
ecm W — HOCJIEJI0BATE/IBHOCTD CIydaiinas mo Mepe (), TO a — Io-
CJIEJIOBATEJILHOCTD ClydaiiHas 110 Mepe L. YTBepK/eHne J0Ka3aHo.
a
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