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When modeling a time-evolving process, we obtain its approximate realizations.
This proximity is due to several reasons. First, we never exactly know the description
of the process itself, and second, the presence of various kinds of errors from purely
random to rounding errors when implemented on a computer are inevitable. The
question of the adequacy of the simulation results is primarily associated with the
presence of a real trajectory of the process under study in the vicinity of the obtained
realization over the longest possible time interval. This question is especially nontriv-
ial in the case of a chaotic system, since for such systems close trajectories diverge
very quickly (often exponentially fast).

At the level of connections between individual trajectories of a hyperbolic system
and the corresponding pseudo-trajectories1, this problem was �rst posed by D.V.
Anosov [1] as a key step of the analysis of structural stability of di�eomorphisms.
A similar but much less intuitive approach called �speci�cation� in the same setting
was proposed by R. Bowen [2]. Informally, both approaches ensure that errors do not
accumulate during the process of modeling: in the systems with shadowing property
each approximate trajectory can be uniformly traced by a true trajectory on the
arbitrary long period of time. Naturally, this is of great importance in chaotic systems,
where even an arbitrary small error in the starting position lead to (exponentially in
time) large divergence of trajectories.

Further development demonstrated that for a di�eomorphism the shadowing prop-
erty implies the uniform hyperbolicity. To some extent, this limits the theory of
uniform shadowing to an important but very special class of hyperbolic dynamical
systems. The concept of average shadowing introduced in [3] about 30 years ago gave
a possibility to extend signi�cantly the range of perturbations under consideration in
the theory of shadowing, in particular to be able to deal with perturbations which
are small only on average but not uniformly.

The most notorious in the variety of obstacles in the analysis of the shadowing
property is that one needs to take into account an in�nite number of independent
perturbations of the original system. This makes the problem highly nonlocal. It
is therefore very desirable to reduce the shadowing problem to the situation with a
single perturbation, albeit with tighter control of the approximation accuracy.

To realize this idea in our recent paper [4] we developed a fundamentally new
�gluing� construction, consisting in the e�ective approximation of a pair of consecutive
segments of true trajectories.

We restrict ourselves to discrete time dynamical systems, leaving the extension
of our approach to continuous time systems (�ows) for future research. A discrete
time dynamical system is completely de�ned by a non-necessarily invertible map
T : X → X from a metric space (X, ρ) into itself.

A trajectory of the map T starting at a point x ∈ X is a sequence of points
~x := {. . . , x−2, x−1, x0, x1, x2, . . . } ⊂ X, for which x0 = x and Txi = xi+1 for all
available indices i.

1Approximate trajectories of a system under small perturbations.
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A pseudo-trajectory of the map T is a sequence of points ~y := {. . . , y−2, y−1, y0, y1, y2, . . . } ⊂
X, for which the sequence of distances {ρ(Tyi, yi+1)} for all available indices i satis�es
a certain �smallness� condition.

For a given ε > 0 we say that a pseudo-trajectory ~y is of

(U) uniform type, if ρ(Tyi, yi+1) 6 ε for all available indices i.

(A) small on average type, if lim sup
n→∞

1
2n+1

n∑
i=−n

ρ(Tyi, yi+1) 6 ε.

The idea of shadowing in the dynamical systems theory boils down to the question
is it possible to approximate pseudo-trajectories of a given dynamical system by true
trajectories? Naturally, the answer depends on the type of the approximation.

We say that a true trajectory ~x shadows a pseudo-trajectory ~y with accuracy δ
(notation δ-shadows):

(U) uniformly, if ρ(xi, yi) 6 δ for all available indices i.

(A) on average, if lim sup
n→∞

1
2n+1

n∑
i=−n

ρ(xi, yi) 6 δ.

We say that a DS (T,X, ρ) satis�es the (α + β)-shadowing property (notation
T ∈ S(α, β)) with α ∈ {U,A,A′, R}, β ∈ {U,A} if ∀δ > 0 ∃ε > 0 such that each
ε-pseudo-trajectory of α-type can be shadowed in the β sense with the corresponding
accuracy δ.

We say that a trajectory ~z glues together semi-trajectories ~x, ~y with accuracy rate
ϕ : Z→ R+ strongly if

ρ(xk, zk) 6 ϕ(k)ρ(x0, y0) ∀k < 0, ρ(yk, zk) 6 ϕ(k)ρ(x0, y0) ∀k > 0

In other words ~z approximates both the backward part of ~x and the forward part of
~y with accuracy controlled by the rate function ϕ.

We say that the DS (T,X, ρ) satis�es the gluing property with the rate-function
ϕ : Z→ R (notation T ∈ G(ϕ)) if for any pair of trajectories ~x, ~y there is a trajectory
~z, which glues them at time t = 0 with accuracy ϕ in the strong/weak sense.

Our main result is the following statement.

Theorem 1. Let T : X → X be a map from a metric space (X, ρ) into itself, and let

T ∈ G(ϕ) with
∑
k ϕ(k) <∞. Then T ∈ S(U,U) ∪ S(A,A).

Now we are going to demonstrate our approach for some important classes of
dynamical systems (in particular, for non-invertible and discontinuous ones).

Example 1. (A�ne mapping) Let X := Rd with d > 1 with the euclidean metric ρ,
A be a d×d matrix, and a ∈ Rd. Then Tx := Ax+a ∈ S(U,U)∪S(A,A) if and only
if En = ∅ and either Es = ∅ or Eu = ∅.

Here E0, Es, Eu, En are linear subspaces of Rd, corresponding to the zero eigen-
value of A, remaining contracting part of A, expanding part of A, and the neutral
part (corresponding to eigenvalues of modulys 1).

Example 2. (Anosov di�eomorphism) Let X := T2 be a unit 2-dimensional torus
and let T : X → X be a uniformly hyperbolic di�eomorphism. Then T ∈ S(U,U) ∪
S(A,A).
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Example 3. (Nonuniform hyperbolicity) X := [0, 1], α, β > 0, 0 < c < 1

Tx :=

{
x(1 + axα) if x 6 c
1− (1− x)(1 + b(1− x)β) if x > c

.

Then T ∈ S(U,U) ∪ S(A,A) i� 0 6 α, β < 1 and c(1 + acα) = (1− c)(1 + b)β = 1.

References

[1] D.V. Anosov, On a class of invariant sets of smooth dynamical systems, Proc. Fifth
Internat. Conf. on Nonlinear Oscillations, vol. 2, Math. Inst. Ukranian Acad. Sci.,
Kiev. 1970, 39�45.

[2] R. Bowen, Equilibrium States and the Ergodic Theory of Anosov Di�eomorphisms,
Lecture Notes Math., vol. 470, Springer, Berlin, 1975.

[3] M. Blank, Metric properties of ε-trajectories of dynamical systems with stochastic

behaviour, Erg. Theory & Dyn. Sys. 8:3 (1988), 365�378.
[4] M. Blank, Average shadowing and gluing property, arXiv:2202.13407 [math.DS]

(19 KB, 17pp, 27 Feb 2022) https://doi.org/10.48550/arXiv.2202.13407

3


