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Abstract—This paper discusses some aspects of providing an
Internet-access for users on high-speed trains via aggregation
of available cellular network channels. Standard aggregation
schemes have limitations of bandwidth increase in areas with
unstable network coverage. The conditions and parameters of
data transmission are constantly changing and depend on a large
number of factors. In this paper a non-standard solution based on
models of multi-valued logic has been considered that will allow
to increase the time for analysis of these rapidly changing factors.
Aggregation schemes based on fuzzy sets or multi-valued logic
models potentially can help to decrease the latency and increase
of transmission reliability due the decrease in the number of
computational operations on an aggregation server. However,
the development of new aggregation protocols requires some
theoretical problems from multi-valued logic to be solved.

From a theoretical point of view, such a development means
that it is possible to construct a combination of predicates on
the set of values of k-valued logic functions. We solved the
completeness problem for a closure operator on the set of values
of k-valued logic functions and proved the existence of a finite
lattice for this set. The lattice construction is given explicitly.
Thus the electronic circuits and all possible functional diagrams
for a new aggregation protocol may be realized.

Index Terms—multi-valued logic, multi-valued models, traffic
aggregation, cellular networks, channels aggregation

I. INTRODUCTION

A ternary system is the most optimal from the point of
view of information density [9]. The generalization for multi-
valued logic is the ternary logic [2], [3]. Further, without loss
of generality instead of multivalued case a ternary logic model
may be considered. In ternary logic, a statement is assigned
one of three values: ”true”, ”false”, ”undefined” [2], [4], [9]; in
binary logic – two: either ”true” or ”false”. Symmetric form of
number representation based on three-valued logic simplifies
a processing of negative numbers, since it requires an extra
bit to store the sign [4].

Some features of the operation logic of a ternary computer,
for example, the representation of negative numbers, give
possibilities for design more reliable and high-performance
modern systems, that will be useful for many modern ap-
plications. Mathematically, ternary logic is more efficient
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than binary logic [2], [4], [9]. Research and development of
algorithms based on three-valued logic are very relevant [8],
for example, in telecommunications [7], [10], in the field of
artificial intelligence (AI) [6], quantum computing [7], [11]–
[13], medicine, physics [14]. This is confirmed by a significant
increase of the number of scientific publications in leading
scientific journals related to various applications of three-
valued logic over the past few years [17].

A. A brief overview of modern applications of multivalued
logic

Here are examples of several applications where the con-
struction of algorithms based on three-valued logic provides
greater efficiency and turns out to be preferable in comparison
with two-valued logic. For more detailed overview, you can
read references.

1) Availability analysis of technical systems and factors
sensitivity assessment : Multi-valued logic allows to consider
qualitative variables instead of quantitative ones. Quantitative
indicators (factors) are discretized by mapping into a cer-
tain m-interval scale. This approach allows you to combine
quantitative and qualitative indicators within the single model.
The reliability of the factors decreases minimally with such
discretisation. This allows to investigate the model as fully as
possible. This is especially effective in situations where there
is no way to quantify the impact of a particular factor on the
process. The use of qualitative variables provides additional
opportunities for assessing factors.

2) Simulation of processes and modern design languages:
Simulation is the only available way to check the quality and
reliability of complicated and expensive technical systems at
their design stage. Automated design tools allow you to assess
quality based on real-world operating conditions. Temporary
simulation of circuits in an automated simulation system is
often based on the principles of three-valued logic.

3) Design of data transmission and processing systems:
Ternary logic is effective in constructing computing units
for equipment of data transmission networks. Potentially, the
transmission of three states instead of two bits at a time
can increase the data transfer rate by 1.5 times. With an
increase of the number of trits (instead of bit) the speed



can grow exponentially [10], [18], [19]. Data aggregation and
transmission schemes may be released on multivalued logic
models. These solutions will provide a single high-dimensional
space for network addressing. There are applications not only
for for standard purposes of data transmission [15]. Also it will
be effective in new tasks for controlling and protecting robotic
devices, for the Internet Of Things [7]. Multi-valued logic is
also effective both for solving problems of image processing
[5], problems of cryptography for quantum computing, and
security of cloud web-services. That also uses multi-valued
logic models. With the rapid growth of quantum computers,
ternary computing has become relevant again [5], [12], [13].
The leading IT companies have introduced their quantum
computers operating on several dozen of qubits in the last
decade: IBM quantum processors consist of 65 qubits, Google
has 72 [20]. The developers plan to release a 1112-qubit
processor called ”Condor” by 2023, that should bring quantum
technologies to a new commercial level [20].

Also, at present, the multi-valued logic toolkit is widely
used in tasks related to data analysis and the construction
of AI models, for example, in the tasks of hierarchical data
clustering for arbitrary complicated data sets [6], [7]. Interpre-
tation models via 3-valued logic allows to overcome exiting
limitations on the ability to create fully automatic program-
analysis algorithms [1].

At the end of this short overview of multivalued logic mod-
els, the application in economic research should be mentioned:
models of collective behavior and the problem of collective
choice, where “cyclical logic” arises as a special case of k-
valued logic [21].

II. INTRODUCTION

A. Network channel aggregation technology

An aggregation is a way of bundling a bunch of individual
links (channels, frequencies) together so they act like a single
logical one in order to improved performance by transmitting
several packets simultaneously. Outside large cities the quality
of data transmission via cellular networks is very unstable.
There are many problems a single user may be faced with
in a static position such as a long distance to the mobile
phone tower, radio interference, congestion / not enough
capacity. So the Internet-access is much more unstable for
a moving group of users on high-speed trains. Additionally
to the static problems the high speed adds to this list the
problems with switching and rapidly changing the distance
to towers, when a train moves fast from one coverage zone to
another. The heavy load may appear for non-high capacity
towers within a small interval of time. So the quality of
internet-access is periodically changing from normal to very
low. The aggregation of cellular channels allows to organise
a stable Internet-connection for users located on high-speed
transport units outside the areas with good cellular network
coverage. Some operators provide better connection, some
very low, or become not available for a period of time.
By aggregation data packets are distributed among several
available operators and/or by between different frequencies of

the same operator at the same time. Thus the data transmission
process can be optimised: the latency decreases, the reliability
and transmission rate increases by packet distribution between
several parallel channels.

There are usually no several operators at once providing the
equal good quality of access to the network outside large cities,
especially for large groups of users with fast switching from
one cellular network tower to the another. An effective way
is to constantly monitor (at short intervals) the availability of
networks and parameters of the quality of data transmission,
and assign some weights to each operator (or channel) in ac-
cordance with their availability, and then to distribute the total
traffic generated by users in accordance with these weights. A
larger volume of traffic can be transmitted via more accessible
channels, the less part – via less reliable ones or via channels
with a greater delay rate. These functions of monitoring, traffic
distributions and collecting from distinct cellular channels are
done by an aggregation server (or aggregator). Such a scheme
of packets distribution is represented on Fig.1. The solution of
channel aggregation is well known. Many hardware vendors
support such schemes [26], [27]. The novelty of this work
is in a new algorithm of availability monitoring, channel (or
operator) selection, and aggregation. Instead of monitoring
two parameters we suggest monitoring more possible states
for data transmission hardware, links, operators, channels,
etc. Thus from the one hand it requires more complicated
equipment and software and algorithms have to be produced,
and some theoretical problems for data transmission protocols
should be solved. On the other hand it decreases the latency
and enhances the reliability of traffic transmission. Addition-
ally to the functions mentioned above an aggregation server
may perform many other functions such as load balancing,
faults monitoring, control redundancy, logging, buffering and
queues management, traffic segmentation, tariff and pricing
management, etc. In general, the aggregation server may be
an internal network comprising several servers that supports
databases, data processing and network management systems.
The Fig.2 below demonstrates the internal infrastructure on a
high-speed train. As it is shown here the most common way
to provide a stable access to the Internet on a high speed train
is to connect users to the internal Wi-Fi interface. Via this
interface the data are transmitted to an aggregation system,
that in general case may be a computer network with several
servers perform many functions mentioned above. This system
distribute traffic and transfer it to an LTE-modem that supports
interaction with various cellular operators. Thus, subscribers
of various operators, regardless of whether there is a stable
connection with their operator at a given time to transmit
mobile traffic, receive a guaranteed quality of service. This
process of traffic control is completely hide from the particular
user.

In general, the quality of communication service depends
on the availability of cellular operators’ networks. In situations
where no operator provides a stable connection, there may be
no service. However, in most cases, several mobile operators
(up to 4) are always available. And even at a low data



Fig. 1. The traffic distribution depending on the availability of channels.

transfer rate for all of them, aggregation allows you to provide
a total capacity acceptable for stable transmission of even
video traffic. The frequency of parameters updating for the
availability of cellular operators’ channels makes it possible to
quickly distribute the load, so that the loss of data transmission
packets is minimal. In the Fig.2 there are three operators. The
highest data speed rate is provided via the second cellular
tower in this example, therefore the most data are transmitted
via the Operator 2 (on the Fig.2 this is indicated by a bold
arrow). The Operator 1 provides the most unstable connection
and low transmission rate, so the minimal part of the traffic is
redirected through it (this is noted by thin dotted line on the
figure). The Operator 3 also provide an enough transmission
rate, but less than the Operator 2, so some data packages are
also transmitted via them.

Consider a LTE-modem that supports several cellular oper-
ators as a part of the aggregation system. Take as an example
the following modem states (states are taken arbitrarily):

• state ”0” – modem is disabled,
• state ”1” – allow roaming,
• state ”2” – maximum packet size exceeded,
• state ”3” – low transmission rate in the slot with SIM-

card 1,
• state ”4” – normal transmission rate in the slot with SIM-

card 2,
• state ”5” – connection lost,
• state ”6” – internal error,
• state ”7” – no response received from network,
• state ”8” – access failure, unknown source,
• state ”9” – LTE services not allowed,
• etc...

This approach may decrease the time for analysis of a system
state and the speed of transmission and enhance reliability.
In practice, such a system can be implemented in software,
or (that is more effective) in hardware by designing new
electronic circuits with more than two levels of electronic
signal. And then a new modem can be realised on these
circuits. Theoretically such an implementation means the we
can construct explicitly a predicates superposition on the k-

valued logic functions values set (see Fig.3). Then on these
predicates we can calculate logical functions (right scheme on
the Fig.3). In the case with modem example the final result
may be answer on this questions:

• ”0” – Are there working modems?
• ”1” – Is there enough coverage?
• ”2” – Is there enough total transmission rate?
Therefore a set of factors with more than two states should

be considered to optimise solve a traffic aggregation algo-
rithm. The operation of a modern modem is based on a
binary signal. By applying of a non-binary numerical system
to coding modem states we may decrease substantially the
complexity and the number of internal computation. Our task
is to consider a model on k-valued logic. Theoretically, the
transition from two-valued logic to multi-valued logic allows
you to decrease the amount of computation operations and
increase the speed of data processing: the increase in the
number of input parameters decreases the number of functions
(number of computational levels in logic schemes), the amount
of necessary calculations, the number of errors, and increases
availability.

In order to realise such a scheme it is necessary to solve the
classical mathematical problem of completeness and construct
a lattice of closed classes. It’s a theoretical problem. And in a
general case it has been proved that it hasn’t positive solution.
But this problem can be solved for the special case of a closure
operator. The lattice of closed classes for a closure operator
for three-valued logic has been constructed explicitly [16]. In
the next section we proved the existence of such a scheme for
closure operators for a four-valued case.

III. THE STRUCTURE OF CLOSED CLASS IN MULTI-VALUED
LOGIC

Thus, all problems associated with transitions to fuzzy
or k-valued sets of factors (parameters) can be reduced to
the problem of constructing predicates on the set {Pk} of
these parameters, where k ≥ 3. Fuzzy sets in this case are
approximated by finite discrete ones [23]: 0, 1, 2, ..., k. The
general state of the system will be determined by a complex



Fig. 2. The aggregation scheme on a high speed train.

Fig. 3. Example of a predicate for modem state.

predicate Y (·) as a superposition of other predicates on the
original set {Pk} [22]. In the future, these predicates can be
implemented both software and hardware from digital circuits
based on multi-valued logic.

A. The lattice structure and a completeness problem for
functions classes of multi-valued logic

In order to design such a computer program or hardware it is
necessary to solve the the problem of completeness of classes
of multi-valued logic functions and construct a lattice of closed
classes [22]. For applications, solving a completeness problem
and constructing a lattice means the ability to implement the
necessary microcircuits and assemble arbitrary chipsets based
on them. Also it means that we can solve an inverse task –
to assemble the necessary chipset from available microcircuits
for a specific task. There are well known Post’s results, where
five precomplete classes on the set of functions of two-valued

logic are explicitly constructed [24]. The rapid growth and
development of computer technology in the second half of the
20th century is due, among other things, to Post’s theorem
[24]. Later in 1958 S.V. Yablonsky proved the existence of 18
precomplete classes for a three-valued case. He considered the
closure of the set of functions with respect to the substitution
operator was considered [22], [23]. Also it has been proved
that there is no positive solution for a multi-valued case [23].

The lattice of closed classes is countable only for a binary
logic case, and it is continuous for other cases. Thus the
lattice construction is impossible for a three-valued logic case.
However, we can consider its closure operators on the set of
k-valued logic functions, which are a strength of the common
substitution operator. Solving the completeness problems for
this new closure operator and finding the structure of the lattice
of closed classes will help not only to restore the sublattice
of closed classes in the general case of closure of functions



with respect to the classical superposition operator, but also
will optimize the possible production of chips for functional
circuits for solving the problem of traffic aggregation described
above.

IV. THE STRUCTURE OF CLOSED CLASSES IN Pk , WHERE
k ≥ 4

Let M be a set a set of functions from Pk, k ≥ 4. Denote
R(M) the result of the closure of a set of functions M relative
to the operation of substitution and transition from the function
g to the equivalent function f ∼ g, where

f ∼ g ⇔ ∀~x [ (f(~x) = g(~x)) ∨ (f(~x), g(~x) ∈ {0, 1}) ].

Theorem 1. For all k(k ≥ 4) there is a R-closed in Pk

class with countable basis.
Proof: Consider the set of functions (1):

fi = fi(x1, . . . , xi) =


2, if x1 = . . . = xj−1 =
= xj+1 = . . . = xi == 0,
xj = 1,
3, otherwise,

where i = 2, 3, . . . .
Let fm ∈ R({f2, . . . , fm−1, fm+1, . . .}). Then from the

definition of the system (1) it follows that
fm ∈ [{f2, . . . , fm−1, fm+1, . . .}],
and hence there exists r and formulas U1, . . . ,Ur such that

fm(x1, . . . , xm) =

fr(U1[f2, . . . , fm−1, fm+1, . . .],

. . . ,Ur[f2, . . . , fm−1, fm+1, . . .]),

r 6= m.

Suppose that all formulas U1, . . . ,Ur are variables. Possible
cases:

If r < m, then fm(x1, . . . , xm) = fr(x1, . . . , xr), and
therefore a function fm depends essentially on the r variables,
but that contradicts the definition fm.

If r > m, then the formula contains at least twice some
variable xp. Then with a set of variables x1 = . . . = xp−1 =
xp+1 = . . . = xm = 0, xp = 1, fm takes the value two, and
fr takes the value 3, i.e. fm 6= fr.

There remains the case when there is at least one formula Uj
that differs from the variable symbol. But then on j-th input of
function fr for any input data, either 2 or 3 will be supplied.
And then we have fm ≡ 3 that contradicts the definition fm.

Therefore, this case is also impossible.
Thus, the set of functions (1) forms a countable basis of the

class M.
The theorem is proved.
Corollary 1. Due to the fact that if the class is R1-closed,

then it is also R2-closed, we have that that generalizations
of operators R1 and R2 on the set Pk, k ≥ 4 will have a
continuous lattice structure of closed classes.

V. CONCLUSION

As it was already mentioned, the general goal of the research
is to find the limit closure Rr, that satisfies the property

||Pk|| calRr <∞,

i.e. we would like to construct a strength of superposition
sufficient for countable Boolean of closed classes.

This problem has a trivial solution – to construct the
operator I()̇:

Pk → Pk,

and if f ∈ Pk, then
I(f) = Pk.

Our task is to construct a non-trivial operator that will
satisfy, in some sense, the extreme property: namely that the
strengthening of the operator of superposition be minimal. In
terms of three-valued logic, the expansion of the superposition
operator was minimal (original default identity matrix of
relations in the operator of superposition has been minimally
strengthened by adding only one additional transitive relation).
This result based on several Lemmas and Theorems, that was
proved earlier and described in a detail in [25].

We have shown that problems of completeness for a closure
operator and the lattice construction have a solution. For
application it means that if there are several different chipsets
producers, then we are able to assemble an electronic circuit
from them such that all possible states of our system (modem,
routers, etc.) may be described. Also the inverse problem
may be solved. Because the lattice may be constructed there
is possible to restore a functional diagram from available
functional circuits produced by different vendors.
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