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ABSTRACT. These lecture notes concentrate on some general facts and
ideas of the theory of stochastic processes. The main objects of study
are the Wiener process, the stationary processes, the infinitely divisible
processes, and the It6 stochastic equations.

Although it is not possible to cover even a noticeable portion of the
topics listed above in a short course, the author sincerely hopes that
after having followed the material presented here the reader acquires a
good understanding of what kind of results are available and what kind
of techniques are used to obtain them.

These notes are intended for graduate students and scientists in
mathematics, physics and engineering interested in the theory of Ran-
dom Processes and its applications.
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Preface

For about ten years between 1973 and 1986 the author was delivering a one-
year topics course “Random Processes” at the Department of Mechanics and
Mathematics of Moscow State University. This topics course was obligatory
for third-fourth year undergraduate students (about 20 years of age) with
major in probability theory and its applications. With great sympathy I
remember my first students in this course: M. Safonov, A. Veretennikov,
S. Anulova, and L. Mikhailovskaya. During these years the contents of the
course gradually evolved, simplifying and shortening to the shape which has
been presented in two 83 and 73 page long rotaprint lecture notes published
by Moscow State University in 1986 and 1987. In 1990 I emigrated to the
USA and in 1998 got the opportunity to present parts of the same course
as a one-quarter topics course in probability theory for graduate students at
the University of Minnesota. I thus had the opportunity to test the course
in the USA as well as on several generations of students in Russia. What
the reader finds below is a somewhat extended version of my lectures and
the recitations which went along with the lectures in Russia.

The theory of random processes is an extremely vast branch of math-
ematics which cannot be covered even in ten one-year topics courses with
minimal intersection of contents. Therefore, the intent of this book is to
get the reader acquainted only with some parts of the theory. The choice
of these parts was mainly defined by the duration of the course and the au-
thor’s taste and interests. However, there is no doubt that the ideas, facts,
and techniques presented here will be useful if the reader decides to move
on and study some other parts of the theory of random processes.

From the table of contents the reader can see that the main topics of
the book are the Wiener process, stationary processes, infinitely divisible
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xii Preface

processes, and [to integral and stochastic equations. Chapters 1 and 3 are
devoted to some techniques needed in other chapters. In Chapter 1 we
discuss some general facts from probability theory and stochastic processes
from the point of view of probability measures on Polish spaces. The re-
sults of this chapter help construct the Wiener process by using Donsker’s
invariance principle. They also play an important role in other issues, for
instance, in statistics of random processes. In Chapter 3 we present basics
of discrete time martingales, which then are used in one way or another in
all subsequent chapters. Another common feature of all chapters excluding
Chapter 1 is that we use stochastic integration with respect to random or-
thogonal measures. In particular, we use it for spectral representation of
trajectories of stationary processes and for proving that Gaussian station-
ary processes with rational spectral densities are components of solutions to
stochastic equations. In the case of infinitely divisible processes, stochas-
tic integration allows us to obtain a representation of trajectories through
jump measures. Apart from this and from the obvious connection between
the Wiener process and Ito’s calculus, all other chapters are independent
and can be read in any order.

The book is designed as a textbook. Therefore it does not contain any
new theoretical material but rather a new compilation of some known facts,
methods and ways of presenting the material. A relative novelty in Chapter
2 is viewing the Ito stochastic integral as a particular case of the integral of
nonrandom functions against random orthogonal measures. In Chapter 6 we
give two proofs of It6’s formula: one is more or less traditional and the other
is based on using stochastic intervals. There are about 128 exercises in the
book. About 41 of them are used in the main text and are marked with an
asterisk. The bibliography contains some references we use in the lectures
and which can also be recommended as a source of additional reading on
the subjects presented here, deeper results, and further references.

The author is sincerely grateful to Wonjae Chang, Kyeong-Hun Kim,
and Kijung Lee, who read parts of the book and pointed out many errors,
to Dan Stroock for his friendly critisizm of the first draft, and to Naresh
Jain for useful suggestions.

Nicolai Krylov
Minneapolis, January 2001



Chapter 1

(Generalities

This chapter is of an introductory nature. We start with recalling some basic
probabilistic notions and facts in Sec. 1. Actually, the reader is supposed to
be familiar with the material of this rather short section, which in no way is
intended to be a systematic introduction to probability theory. All missing
details can be found, for instance, in excellent books by R. Dudley [Dul]
and D. Stroock [St]. In Sec. 2 we discuss measures on Polish spaces. Quite
often this subject is also included in courses on probability theory. Sec. 3
is devoted to the notion of random process, and in Sec. 4 we discuss the
relation between continuous random processes and measures on the space of
continuous functions.

1. Some selected topics from probability theory

The purpose of this section is to remember some familiar tunes and get
warmed up. We just want to refresh our memory, recall some standard
notions and facts, and introduce the notation to be used in the future.

Let Q be a set and F a collection of its subsets.

1. Definition. We say that F is a o-field if
(i) Q e F,
(ii) for every Ay, ..., Ay, ... such that A, € F, we have |J, A, € F,
(iii) if A € F, then A°:=Q\ A e F.

In the case when F is a o-field the couple (2, F) is called a measurable
space, and elements of F are called events.

2. Example. Let © be a set. Then F := {(),Q} is a o-field which is called
the trivial o-field.

1



2 Chapter 1. Generalities, Sec 1

3. Example. Let 2 be a set. Then the family ¥ of all its subsets is a
o-field.

Example 3 shows, in particular, that if F is a family of subsets of {2, then
there always exists at least one o-field containing F: F C ¥. Furthermore,
it is easy to understand that, given a collection of o-fields F* of subsets of
Q, where a runs through a set of indices, the set of all subsets of 2 each
of which belongs to every o-field F¢ is again a o-field. In other words the
intersection of every nonempty collection of o-fields is a o-field. In view
of Example 3, it makes sense to consider the intersection of all o-fields
containing a given family F of subsets of {2, and this intersection is a o-
field. Hence the smallest o-field containing F exists. It is called the o-field
generated by F and is denoted by o(F).

If X is a closed subset of R%, the o-field of its subsets generated by the
collection of intersections of all closed balls in R? with X is called the Borel
o-field and is denoted by B(X). Elements of B(X) are called Borel subsets
of X.

Assume that F is a o-field (then of course o(F) = F). Suppose that to
every A € F there is assigned a number P(A).
4. Definition. We say that P(-) is a probability measure on (§2,F) or on
Fif

(i) P(A) >0 and P(Q) =1,

(ii) for every sequence of pairwise disjoint Ay, ..., Ay, ... € F, we have
P(lJAn) =D P4y

If on a measurable space (£, F) there is defined a probability measure P,
the triple (Q, F, P) is called a probability space.

5. Example. The triple, consisting of [0,1] (= ), the o-field B([0,1]) of
Borel subsets of [0,1] (taken as F) and Lebesgue measure ¢ (as P) is a
probability space.

Let (Q, F, P) be a probability space and A C € (not necessarily A € F).

6. Definition. We say that A has zero probability and write P(A) = 0 if
there exists a set B € F such that A C B and P(B) = 0. The family of
all subsets of ) of type C' U A, where C' € F and A has zero probability, is
denoted by F¥ and called the completion of F with respect to P. If G C F
is a sub-o-field of F, one completes G in the same way by using again events
of zero probability (from (€2, F, P) but not (2, G, P)).

7. Exercise*. Prove that F¥ is a o-field.
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The measure P extends to F© by the formula P(C U A) = P(C) if
C € F and P(A) = 0. It is easy to prove that this extension is well defined,
preserves the values of P on F and yields a probability measure on F¥.

8. Definition. The o-field F is said to be complete (with respect to P) if
FP = F. The probability space (€2, F, P) is said to be complete if F©' = F,
that is, if F contains all sets of zero probability. If G C F is a sub-o-field of
F containing all sets of zero probability, it is also called complete.

The above argument shows that every probability space (2, F, P) admits
a completion (2, FF, P). In general there are probability spaces which are
not complete. In particular, in Example 5 the completion of ®B([0,1]) with
respect to ¢ is the o-field of Lebesgue sets (or Lebesgue o-field), which does
not coincide with 9B([0,1]). In other words, there are sets of measure zero
which are not Borel.

9. Exercise. Let f be the Cantor function on [0, 1], and let C' be a non-
Borel subset of [0, 1]\ p, where p is the set of all rational numbers. Existence
of such C' is guaranteed, for instance, by Vitali’s example. Prove that {x :
f(z) € C} has Lebesgue measure zero and is not Borel.

By definition, for every B € FF| there exists C € F such that P(B\C) =
0. Therefore, the advantages of considering F¥ may look very slim. How-
ever, sometimes it turns out to be very convenient to pass to F¥, because
then more sets become measurable and tractable in the framework of mea-
sure theory. It is worth noting the following important result even though it
will not be used in the future. It turns out that the projection on the x-axis
of a Borel subset of R? is not necessarily Borel, but is always a Lebesgue
set (see, for instance, [Me]). Therefore, if f(x,y) is a Borel function on R?,
then for the function f(z) := sup{f(z,y): y € R} and every c € R we have

{z: f(x)>ct={x:3y suchthat f(z,y)>c} e BR).

It follows that f is Lebesgue measurable (but not necessarily Borel measur-
able) and it makes sense to consider its integral against dz. On the other
hand, one knows that for every F-measurable function there exists an F-
measurable one equal to the original almost surely, that is, such that the set
where they are different has zero probability. It follows that there exists a
Borel function equal to f(z) almost everywhere. However the last sentence
is just a long way of saying that f(z) is measurable, and it also calls for new
notation for the modification, which can make exposition quite cumbersome.

10. Lemma. Let ) and X be sets and let € be a function defined on Q with
values in X. For every B C X set £ 1(B) ={w € N:¢&(w) € X}. Then
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(i) €71 as a mapping between sets preserves all set-theoretic operations
(for instance, if we are given a family of subsets B* of X indexed by «, then

7 Ua B*) = Un €1(B?), and so on),
(ii) of F is a o-field of subsets of ), then

{B:Bc X, YB) € F}
is a o-field of subsets of X.

We leave the proof of these simple facts to the reader.

If £ : Q — X and there is a o-field B of subsets of X, we denote
o(€) = 71(B) := {¢1(B) : B € B}. By Lemma 10 (i) the family £1(B)
is a o-field. It is called the o-field generated by €. Observe that, by definition,
each element of o(&) is representable as {w : {(w) € B} for some B € B.

11. Definition. Let (2, F) and (X,B) be measurable spaces, and let £ :
Q — X be a function. We say that £ is a random variable if o(§) C F.

If, in addition, (£, F, P) is a probability space and ¢ is a random variable,
the function defined on B by the formula

P¢H(B) = P(¢7(B)) = P{w: {(w) € B}

is called the distribution of ¢&. By Lemma 10 (i) the function P¢7! is a
probability measure on 8. One also uses the notation

Fp=pr¢t.

It turns out that every probability measure is the distribution of a ran-
dom variable.

12. Theorem. Let i1 be a probability measure on a measurable space (X,*B).
Then there exist a probability space (Q, F, P) and an X -valued random vari-
able defined on this space such that Fy = p.

Proof. Let (Q,F,P) = (X,®B, ) and £(z) = z. Then {z : {(z) € B} =
B. Hence for every B € B we have F¢(B) = u(B), and the theorem is
proved.

Remember that if £ is a real-valued random variable defined on a prob-
ability space (2, F, P) and at least one of the integrals

/Q €4 (w) P(dw), /Q £ (w) P(dw)

(€x = (€| £ &)/2) is finite, then by the expectation of & we mean
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B¢ = [ €0) Plde) = [ €0() Plao) - [ &) Plaw)

The next theorem relates expectations to distributions.

13. Theorem. Let (2, F,P) be a probability space, (X,B) a measurable
space and £ : Q — X a random variable. Let f be a measurable mapping

from (X,B) to ([0,00),B[0,00)). Then f(&) is a random variable and
§ = [ 1@ F(an). (1

Proof. For ¢t > 0, let [t] be the integer part of ¢ and k,(t) = 27"[2"¢].
Drawing the graph of x,, makes it clear that 0 < t—k,(t) < 27", K, increases
when n increases, and k, are Borel functions. Furthermore, the variables
f(&), kn(f(&)), kn(f(x)) are appropriately measurable and, by the monotone
convergence theorem,

Ef(§) = lim Eky(f / f(x) F¢(dr) = lim n(f(x))Fg(d:L’)

n—oo n—~oo

It follows that it suffices to prove the theorem for functions x,(f). Each
of them is measurable and only takes countably many nonnegative values;

that is, it has the form
Z CkI By, (ac)
k
where By, € B and c¢; > 0. It only remains to notice that by definition

Elp, (€) = P{E € By} = Fe(By) = /X I, () Fe(d)

and by the monotone convergence theorem

EY elp, (§) =) aFElp () = / > erlp, (x) Fe(dx).
k k Xk

The theorem is proved.

Notice that (1) also holds for f taking values of different signs whenever
at least one side of (1) makes sense. This follows easily from the equality

f=f+— f- and from (1) applied to fx.
2. Some facts from measure theory on Polish spaces

In this book the only Polish spaces we will be dealing with are Euclidean
spaces and the space of continuous functions defined on [0, 1].
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2:1. Definitions and simple facts. A complete separable metric space
is called a Polish space. Let X be a Polish space with metric p(z,y). By
definition the closed ball of radius r centered at z is

B(x) = {y : p(z,y) <r}.

The smallest o-field of subsets of X containing all closed balls is called
the Borel o-field and is denoted B(X). Elements of B(X) are called Borel
sets.

The structure of an arbitrary Borel set, even in R, is extremely complex.
However, very often working with all Borel sets is rather convenient.
Observe that

{y:p(z,y) <r} =y :pla,y) <r—1/n}.

n

Therefore, open balls are Borel. Furthermore, since X is separable, each
open set can be represented as the countable union of certain open balls.
Therefore, open sets are Borel. Their complements, which are arbitrary
closed sets, are Borel sets as well. By the way, it follows from this discussion
that one could equivalently define the Borel o-field as the smallest o-field of
subsets of X containing all open balls.

If X and Y are Polish spaces, and f : X — Y, then the function f is
called a Borel function if

fYB):={z: f(x) e B} € B(X) VBecB(Y).

In other words f is a Borel function if f : X — Y is a random variable with
respect to the o-fields B(X) and B(Y). An example of Borel functions is
given in the following theorem.

1. Theorem. Let X and Y be Polish spaces, and let f : X — Y be a
continuous function. Then f is Borel.

Proof. Remember that by Lemma 1.10 the collection
Y:={BCY:f(B)eBX)}

is a o-field. Next, for every B,(y) C Y the set f~1(B,(y)) is closed because
of the continuity of f. Hence B,(z) € ¥. Since B(Y') is the smallest o-field
containing all B, (z), we have B(Y) C X, which is the same as saying that
f is Borel. The theorem is proved.

Let us emphasize a very important feature of the above proof. Instead
of taking a particular B € B(Y) and proving that f~1(B) € B(X), we took
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the collection of all sets possessing a desired property. This device will be
used quite often.

Next, we are going to treat measures on Polish spaces. We recall that a
measure is called finite if all its values belong to (—oo, 00). Actually, it is safe
to say that everywhere in the book we are always dealing with nonnegative
measures. The only exception is encountered in Remark 17, and even there
we could avoid using signed measures if we rely on - and A-systems, which
come somewhat later in Sec. 2.3.

2. Theorem. Let X be a Polish space and p a finite nonnegative measure
on (X,B(X)). Then p is reqular in the sense that for every B € B(X) and
€ > 0 there exist an open set G and a closed set I' satisfying

GDOBDOTI, puG\T)<e. (1)

Proof. Take a finite nonnegative measure p on (X,B(X)) and call a
set B € B(X) regular if for every € > 0 there exist open G and closed T’
satisfying (1).

Let 3 be the set of all “regular” sets. We are going to prove that

(i) ¥ is a o-field, and

(i) By(z) € X.

Then by the definition of B(X) we have B(X) C ¥, and this is exactly
what we need.

Statement (ii) is almost trivial since, for every n > 1,
I':=B,(z) C By(z) C{z: plz,y) <r+1/n} =Gy,

where I' is closed, the G,, are open and (G, \I') — 0 since the sets G, \ T’
are nested and their intersection is empty.

To prove (i), first notice that X € 3 as a set open and closed simulta-
neously. Furthermore, the complement of an open (closed) set is a closed
(respectively, open) set and if G D B D T, then I'* D B¢ D G¢ with

I\ G¢=G\T.

This shows that if B € X, then B¢ € Y. It only remains to check that
countable unions of elements of ¥ belong to 3.

Let B, €¥,n=1,2,3,..., ¢ >0, and let G,, be open and I';, be closed
and such that

G, D B,DTy, wG,\T,) <e27™.

Define
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B:UBn, G:UGn, D, = Or
=1

n n

Then G is open, D,, is closed, and obviously G \ D,, are nested, so that

lim (G \ Dp) = (G \ Doo) <> (G \T) <.

n—~oo

Hence, for appropriate n we have (G \ D,) < 2¢, and this brings the proof
to an end.

3. Corollary. If u1 and pe are finite nonnegative measures on (X, B(X))
and p1(T) = po(T) for all closed T, then py = po.

Indeed, then p;(X) = p2(X) (X is closed) and hence the p;’s also coin-
cide on all open subsets of X. But then they coincide on all Borel sets, as
seen from

pi(Gi) > pi(B) > pi(li),  wi(G\T) <e,
where G = G1 NG, ' =T7 Uy and G\ I is open.

4. Theorem. If 1 and pa are finite nonnegative measures on (X, B(X))
and

[ 1@ mtin) = [ #(a) ma(ao
X X
for every bounded continuous f, then p1 = us.

Proof. By the preceding corollary we only need to check that pu; = o
on closed sets. Take a closed set I' and let

p(z,I') = inf{p(z,y) 1 y € I'}.

Since the absolute value of a difference of inf’s is not greater than the
sup of the absolute values of the differences and since |p(x,y) — p(z,y)| <
p(x, z), we have that |p(z,T") — p(z,T')| < p(z, z), which implies that p(z,T")
is continuous. Furthermore,

p(x,T) >0z ¢T
since I' is closed. Hence, for the continuous function
fa(@) = (1 +np(z, 1))~

we have 1 > f,,(z) | Ir(x), so that by the dominated convergence theorem

() = [t (o) = i [ i) =l [ fupo(de) = pa(D).
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The theorem is proved.

2:2. Tightness and convergence of measures. As we have mentioned
in the Preface, the results of this chapter help construct the Wiener process
by using a version of the central limit theorem for random walks known as
Donsker’s invariance principle. Therefore we turn our attention to studying
convergence of measures on Polish spaces. An important property of a
measure on a Polish space is its tightness, which is expressed in the following
terms.

5. Theorem (Ulam). Let p be a finite nonnegative measure on (X, B(X)).
Then for every e > 0 there ezists a compact set K C X such that p(K°¢) < e.

Proof. Let {z; :i=1,2,3,...} be a dense subset of X. Observe that for
every n > 1

Therefore, there exists an 4, such that

Now define

K= () | Binl@). (3)

n>11<ip

Observe that K is totally bounded in the sense that, for every ¢ > 0,
there exists a finite set A = {z1,...,7;)}, called an e-net, such that every
point of K is in the e-neighborhood of at least one point in A. Indeed, it
suffices to take i(¢) = i,, with any n > 1/e.

In addition (J;; Bi/n(xi) is closed as a finite union of closed sets, and
then K is closed as the intersection of closed sets. It follows that K is a
compact set (see Exercise 6). Now it only remains to notice that

W) <3 u(( Bila)) < 32

1<ip

The theorem is proved.
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6. Exercise*. Prove that the following are equivalent:
(i) K is a totally bounded closed set.

(ii) For every sequence of points x,, € K, there is a subsequence x,
which converges to an element of K.

7. Corollary. For every Borel B and € > 0 there exists a compact set
I' C B such that u(B\T') <e.

Now we consider the issue of convergence of measures on X.

8. Definition. Let u and pu, be finite nonnegative measures on (X, B(X)).
We say that p, converge weakly to p and write pi,, — p if for every bounded
continuous function f

/X f f(dz) — /X () (4)

A family M of finite measures on (X, B (X)) is called relatively weakly (se-
quentially) compact if every sequence of elements of M has a weakly con-
vergent subsequence.

9. Exercise*. Let &, &, be random variables with values in X defined on
some probability spaces. Assume that the distributions of &, on (X, B(X))
converge weakly to the distribution of {. Let f(x) be a real-valued contin-
uous function on X. Prove that the distributions of f(&,) converge weakly
to the distribution of f(§).

10. Exercise*. Let M = {1, u2,...} be a sequence of nonnegative finite
measures on (X,B(X)) and let x4 be a nonnegative measure on (X, B(X)).
Prove that if every sequence of elements of M has a subsequence weakly
convergent to j, then i, — p.

11. Theorem. Let u, pn,n =1,2,3,..., be nonnegative finite measures on
(X,B(X)). Then the following conditions are equivalent:

(©) pn = 1,
(ii) w(T') > lim p,(T) for every closed T and u(X) = lim p,(X),

n—oo

(iii) u(G) < lim pn(G) for every open G and p(X) = lim p,(X),

n—~oo n—oo

(iv) u(B) = lim p,(B) for every Borel B such that u(0B) = 0,

(v) | f pn(dx) — [ f u(dx) for every Borel bounded f such that u(Ay) =
0, where Ay is the set of all points at which f is discontinuous.
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Proof. (i) =(ii). Take a closed set I" and define f,, as in the proof of
Theorem 4. Then for every m > 1

[ i) =t [ fopon(de) = F pa(0)

since fp, > Ir. In addition, the left hand sides converge to u(I') as m — oo,
so that u(I') > lim p,(I"). The second equality in (ii) is obvious since
n—oo
S 1 pn(dz) — [ 1pa(d).
Obviously (ii)<=(iii).
(ii) & (iii)==(iv). Indeed,

B> BD>B\JB,

where B is closed, B\ 0B is open, 9B C B, u(B\ (B \ dB)) = u(0B) = 0.
Hence

p(B) = u(B\ 0B) = u(B)
and

u(B) = u(B) > lim 41,(B) > lim pin(B) > lim p,(B)

n—oo n—00 n—00

> lim p,(B\ dB) > u(B\ dB) = pu(B).

n—oo

(iv)=>(v). First, since 0X = 0, u,(X) — p(X). It follows that we can
add any constant to f without altering (4), which allows us to concentrate
only on f > 0. For such a bounded f we have

[ rmian = [ ([ Y Ly dt) () = / Y e £() > 1y dt,

where M = sup f. It is seen now that, to prove (4), it suffices to show that

ol (@) > 6} — e fla) > 1) (5)

for almost all t. We will see that this convergence holds at every point ¢ at
which p{z : f(xz) = t} = 0; that is, one needs to exclude not more than a
countable set.

Take a t > 0 such that u{x : f(z) =t} =0 and let B = {z: f(z) > t}.
If y € OB and f is continuous at y, then f(y) = t. Hence 0B C {f(z) =
t} UAf, u(0B) =0, and (5) follows from the assumption.

Finally, since the implication (v)==(i) is obvious, the theorem is proved.
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Before stating the following corollary we remind the reader that we have
defined weak convergence (Definition 8) only for nonnegative finite measures.

12. Corollary. Let X be a closed subset in R and p, — ¢, where { is
Lebesgue measure. Then (4) holds for every Borel Riemann integrable func-
tion f, since for such a function £(Ay) = 0.

13. Exercise. If « is an irrational number in (0, 1), then, for every integer
m # 0 and every x € R,

noo. ] etm2m(nt+l)o _ q
1 ZezmQW(:tJrka) — pim2rz —0 as 7 — oo. (6)
n+1
k=0

(n + 1)(em2ma — 1)

Also, if m = 0, the limit is just 1. By using Fourier series, prove that

n 1
ar ) fletka)— [ fly)d (7)
+1kzo /0 y) dy

for every = € [0,1] and every l-periodic continuous function f. By writing
the sum in (7) as the integral against a measure u,, and applying Corollary
12 for indicators, prove that, for every 0 < a < b < 1, the asymptotic
frequency of fractional parts of numbers a, 2, 3c, ... in the interval (a,b) is
b—a.

14. Exercise. Take the sequence 2", n = 1,2, ..., and, for each n, let a,, be
the first digit in the decimal form of 2. Here is the sequence of the first 45
values of a,, obtained by using Matlab:

27 47 87 1737 67 ]'7 27 57 17 27 47 87 ]'737 67 ]'7 27 57 17 2747

8,1,3,6,1,2,5,1,2,4,8,1,3,6,1,2,5,1,2,4,8,1,3.

We see that there are no 7s or 9s in this sequence. Let Ny(n) denote the
number of appearances of digit b = 1,...,9 in the sequence aq,...,a,. By
using Exercise 13 find the limit of Ny(n)/n as n — oo and, in particular,
show that this limit is positive for every b =1, ..., 9.

15. Exercise. Prove that for every function f (measurable or not) the set
Ay is Borel.

We will use the following theorem, the proof of which can be found in
[Bi].
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16. Theorem (Prokhorov). A family M of probability measures on the
space (X, B(X)) is relatively weakly compact if and only if it is tight in the
sense that for every e > 0 there exists a compact set K such that p(K€) < e
for every p € M.

Let us give an outline of a proof of this theorem (a complete proof can
be found, for instance, in [Bi], [Du], [GS]). The necessity is proved in the
same way as Ulam’s theorem. Indeed, use the notation from its proof and
first prove that for every n > 1

inf{p( U Byjp(2i)) s pe M} — 1 (8)

i<m

as m — o0o. By way of getting a contradiction, assume that this is wrong.
Then, for an € > 0 and every m, there would exist a measure u,, € M such
that

(| Bijm(ai)) <1-e.

i<m

By assumption there exists a (probability) measure p which is a weak limit
point of {ym,}. By Ulam’s theorem there is a compact set K such that
1—¢/2 < pu(K). Since K admits a finite 1/(2n)-net, there exists k such that
K C U<k Bi’/n(:ci), where B?(z) is the open ball of radius r centered at x.

By Theorem 11 (iii)

1—¢/2 < u(|J BYjn(@) < Tim g (| BYj(22)

< Tim g ( U Byn(zi)) <1-e.
i<k

We have a contradiction which proves (8). Now it is clear how to choose i,
in order to have (2) satisfied for all © € M, and then the desired set K can
be given by (3).

Proof of sufficiency can be based on Riesz’s remarkable theorem on the
general form of continuous linear functionals defined on the set of continuous
functions on a compact set. Let K be a compact subset of X, C'(K) the
set of all continuous functions on K, and assume that on C(K) we have a
linear function ¢(f) such that

()] < Nsup{|f(z)] : x € K}
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for all f € C(K) with N independent of f. Then it turns out that there is
a measure p such that

()= [ futo).

Now fix € > 0 and take an appropriate K (). For every countable set of
fm € C(K(e)) and every sequence of measures p € M, by using Cantor’s
diagonalization method one can extract a subsequence u, such that

Jm pin(dz)
K(e)

would have limits as n — oo. One can choose such a sequence of f’s to
be dense in C(K(g)), and then lim,_ fK(E) f pn(dx) exists for every con-
tinuous f and defines a linear bounded functional on C(K(¢)), and hence
defines a measure on K (¢). It remains to paste these measures obtained for
different € and get a measure on X, and also arrange for one sequence i,
to be good for all K(¢) with € running through 1,1/2,1/3, ...

17. Remark. In the above explanation we used the fact that if u is a
finite measure on (X,B(X)) and [ f u(dz) > 0 for all nonnegative bounded
continuous functions f, then p > 0.

To prove that this is indeed true, remember that by Hahn’s theorem
there exist two measurable (Borel) sets By and By such that By U By = X,
BiN By =0, and p(B) = (=1)'u(BN B;) > 0 for i = 1,2 and every
B e B(X).

Then p = po—p, [ f po(dz) > [ f pi(dz) for all nonnegative continuous
f. One derives from here as in the proof of Theorem 4 that po(I') > p; (') for
all closed I', and by regularity ua(B) > pi(B) for all B € B(X). Plugging
in BN B in place of B, we get 0 = po(BN By) > ui(BNBy) = w1 (B) >0
and p1(B) = 0, as claimed.

3. The notion of random process

Let T be a set, (Q,F, P) a probability space, (X,2B) a measurable space,
and assume that, for every t € T, we are given an X-valued F-measurable
function & = & (w). Then we say that & is a random process on T with
values in X. For individual w the function & (w) as a function of ¢ is called
a path or a trajectory of the process.

The set T' may be different in different settings. If T'= {0, 1,2, ...}, then
& is called a random sequence. If T = (a,b), then & is a continuous-time
random process. If T = R?, then & is called a two-parameter random field.
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In the following lemma, for a measurable space (X,B) and integer n,
we denote by (X™,%B") the product of n copies of (X,9B), that is,

X" = {(:cl,...,:c") st a2t e X1,

and B" is the smallest o-field of subsets of X containing every B(™ of type

Bl X ... X Bn,
where B; € B(X).

1. Lemma. Let ty,....,t, € T. Then (&,,...,&, ) is a random variable with
values in (X", B").

Proof. The function n(w) := (&, (w), ..., &, (w)) maps 2 into X™. The
set ¥ of all subsets B(™ of X" for which ~(B™) € F is a o-field. In
addition, ¥ contains every B of type By X ... X By, where B; € B(X).
This is seen from the fact that

N By X ... x By) = {w:n(w) € By x ... x By}

= (w6 (@) € Biyn &, () € Bu} = [ Y{w: (@) € B € F.

Hence X contains the o-field generated by those B(™. Since the latter
is B" by definition, we have ¥ D B(X), ie. 7 {(BM™) € F for every
B™ ¢ 8" The lemma is proved.

2. Remark. In particular, we have proved that {w : £2(w) + n?(w) < 1} is
a random event if £ and 7 are random variables.

The random variable (&, ...,&;, ) has a distribution on (X", 8"). This
distribution is called the finite-dimensional distribution corresponding to
e tn.

So-called cylinder sets play an important role in the theory of random
processes.

Let (X,%(X)) be a Polish space and T a set. Denote by X the set of
all X-valued functions on 7T'. This notation is natural if one observes that if
T only consists of two points, T = {1,2}, then every X-valued function on
T is just a pair (x,y), where x is the value of the function at ¢ =1 and y is
the value of the function at t = 2. So the set of X-valued functions on T is
just the set of all pairs (z,y), and X7 = X x X = X2,

We denote by z. the points in X7 and by z; the value of z. at t. Every
set of type
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{.: (x4, ..., 21,) € B},

where t; € T and B e 8", is called the finite dimensional cylinder set
with base B(™ attached to ti,...,t,. The o-field generated by all finite
dimensional cylinder sets is called the cylinder o-field.

3. Exercise*. Prove that the family of all finite dimensional cylinder sets
is an algebra, that is, X7 is a cylinder set and complements and finite unions
and intersections of cylinder sets are cylinder sets.

4. Exercise. Let X denote the cylinder o-field of subsets of the set of all X-
valued functions on [0, 1]. Prove that for every A € ¥ there exists a countable
set t1,t9, ... € [0,1] such that if z. € A and y. is a function such that v, = x4,
for all n, then y. € A. In other words, elements of ¥ are defined by specifying
conditions on trajectories only at countably many points of [0, 1].

5. Exercise. Give an example of a Polish space (X,8(X)) such that the
set C'([0,1], X)) of all bounded and continuous X-valued functions on [0, 1]
is not an element of the o-field ¥ from the previous exercise. Thus you will
see that there exists a very important and quite natural set which is not
measurable.

4. Continuous random processes

For simplicity consider real-valued random processes on T' = [0,1]. Such a
process is called continuous if all its trajectories are continuous functions
on T'. In that case, for each w, we have a continuous trajectory or in other
words an element of the space C' = C([0, 1]) of continuous functions on [0, 1].
You know that this is a Polish space when provided with the metric

p(z.,y.) = sup |z; —yql.
t€[0,1]

Apart from the Borel o-field, which is convenient as far as convergence of
distributions is concerned, there is the cylinder o-field ¥(C'), defined as the
o-field of subsets of C' generated by the collection of all subsets of the form

{r. e C:x €T}, te]0,1],T € B(R).

Observe that X(C) is not the cylinder o-field in the space of all real-valued
functions on [0, 1] as defined before Exercise 3.3.

1. Lemma. X(C) = B(C).
Proof. For t fixed, denote by 7; the function on C defined by

m(x.) = 4.
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Obviously m; is a real-valued continuous function on C'. By Theorem 2.1 it
is Borel, i.e. for every B € B(R) we have 7, '(B) € B(C), i.e. {z. : x4 €
B} € B(C). It follows easily (for instance, as in the proof of Theorem 2.1)
that X(C) C B(C).

To prove the opposite inclusion it suffices to prove that all closed balls
are cylinder sets. Fix 2° € C' and ¢ > 0. Then obviously

B.(z") ={z. € C: p(z®,2.) < e} = ﬂ{:c €eC a2 —e,aY +¢]},

where the intersection is taken for all rational r € [0, 1]. This intersection
being countable, we have B.(z") € 3(C), and the lemma is proved.

The following theorem allows one to treat continuous random processes
just like C-valued random elements.

2. Theorem. If&(w) is a continuous process on [0, 1], then &. is a C-valued
random variable. Conversely, if . is a C-valued random variable, then & (w)
is a continuous process on [0, 1].

Proof. To prove the direct statement, it suffices to notice that, by defi-
nition, the o-field of all those B C C for which ¢~1(B) € F contains all sets
of the type

{z.:2, €T}, te]0,1,T € B(R),
and hence contains all cylinder subsets of C, that is, by Lemma 1, all Borel

subsets of C.

The converse follows at once from the fact that & = m(&.), which shows
that & is a superposition of two measurable functions. The lemma is proved.

By Ulam’s theorem the distribution of a process with continuous tra-
jectories is concentrated up to € on a compact set K. C C'. Remember the
following necessary and sufficient condition for a subset of C' to be compact
(the Arzela-Ascoli theorem).

3. Theorem. Let K be a closed subset of C'. It is compact if and only if
the family of functions x. € K is uniformly bounded and equicontinuous, i.e.

if and only if

(i) there is a constant N such that
sup|zy| < N Vz. € K
t

and

(ii) for each € > 0 there exists a 6 > 0 such that |x; — x5| < ¢ whenever
x. € K and |t —s| <6, t,s € [0,1].
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4. Lemma. Let z; be a real-valued function defined on [0,1] (independent
of w). Assume that there exist a constant a > 0 and an integer n > 0 such
that

(g 1)/2m — Tijgm| < 277

for allm > n and 0 < i < 2™ — 1. Then for all binary rational numbers
t,s € [0,1] satisfying |t — s| < 27" we have

|z — xs| < N(a)|t — s|%,
where N(a) = 22¢t1 (20 — 1)~1,

Proof. Let t,s € [0,1] be binary rational. Then

t=> e(i)27, s=) e(i)27, (1)
=0 1=0

where ¢ (i) = 0 or 1 and the series are actually finite sums. Let

k

k
te=Y ()27, sp=> ex(i)27. (2)
=0

1=0

Observe that if |t — s| < 27% then t;, = s; or |t — si| = 27%. This
follows easily from the following picture in which | shows numbers of type
r27% with integral 7, the short arrow shows the set of possible values for ¢
and the long one the set of possible values of s.

73
| | | | | |
! i ! i i !

Now let k& > n and |t — s| < 27%. Write
o0
xt = xtk + Z(xtm+l - xtm)?
m=k

write similar representation for x; and subtract these formulas to get

o9
@t — 2] < |z, = o |+ D ATtss = To |+ [Toss — T} (3)
m=k
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Here t;, = 2% for an integer r, and there are only three possibility for s:
sp = (r—1)27% or = r2=% or = (r+1)27%. In addition, |t 1 —t,| < 27-(mFD
since, for an integer p, we have t,,, = p2~™ = (2p)2~ "D and t,,, equals
either t,, or t,, + 2"+ Therefore, by the assumption,

o0
oy =z <2 27 =27hegetl(g0 — 1)~ (4)
m=k

We have proved this inequality if
E>n and |t—s| <27F

It is easy to prove that, for every ¢ and s satisfying [t — s| < 27", one
can take k = [logy(1/|t — s|)] and then one has k > n, |t — s| < 27% and
27ka < 24|t — 5|%. This proves the lemma.

For integers n > 0 and a > 0 denote
Ky(a) ={z. € C:|xg| <27, |xy —xs] < N(a)|t —s|* V|t —s] <27"}

5. Exercise*. Prove that K, (a) are compact sets in C.

6. Theorem. Let & be a continuous process and let « > 0,8 > 0, N €
(0,00) be constants such that

E|& — &|* < Nt —s|'*F vs,t € [0,1].
Then for 0 < a < fa~' and for every € > 0 there exists n such that
P{¢ e Ky(a)} > 1—e.
(observe that P{{. € Ky(a)} makes sense by Theorem 2).
Proof. Denote

Ap={w: |l >2"U{w:sup = max [§iq1)/om — §ijom 27 > 1.

m>n 4=0,...,2m—1

For w ¢ A,, we have £& € K,(a) by the previous lemma. Hence by
Chebyshev’s inequality

P{& ¢ Kn(a)} < P(A,) < P{I| = 2}
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+ S ma 1€(i41)/2m — &ijom]
We replace the sup and the max with sums of the random variables involved
and we find

P{¢ ¢ Kn(a)} < P(An) < P{l&0] = 2"} (5)
oo 2Mm—-1
E3 S 27 Bl — €y < Pl 2 27 4 N Y 27
m=n =0 m=n

It only remains to notice that the last expression tends to zero as n — oo.
The theorem is proved.

Remember that if £ is a C-valued random variable, then the measure
P{¢{ € B}, B € B(C), is called the distribution of £. From (5) and
Prokhorov’s theorem we immediately get the following.

7. Theorem. Let £F, k = 1,2,3,..., be continuous processes on [0,1] such
that, for some constants o > 0,3 > 0, N € (0,00), we have

Elgf — &b < NJt —s|'™ Vst e[0,1],k > 1.

Also assume that supy, P{|¢f| > ¢} — 0 as ¢ — oo. Then the sequence of
distributions of €& on C' is relatively compact.

Lemma 4 is the main tool in proving Theorems 6 and 7. It also allows
us to prove Kolmogorov’s theorem on existence of continuous modifications.

If T is a set on which we are given two processes £} and &2 such that
P& = €2) =1 for every t € T, then we call £} a modification of ¢ (and
vice versa).

8. Theorem (Kolmogorov). Let & be a process defined for t € [0,00) such
that, for some a > 0,08 > 0, N < oo, we have

Elg — &|* < Nt — s/ V5 >0.
Then the process & has a continuous modification.

Proof. Take a = 3/(2a) and define

n={w: sup max  2"E ) jom — &pam| <1}, Q' = ﬂ UQ/m

0,...,k2m—1
m>n 1= IARAS) k21 n

If w € @, then for every k > 1 there exists n such that for all m > n
and 1 =0, ..., k2™ — 1 we have
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1€(i+1)/2m (W) — & jom (w)| < 27™%

It follows by Lemma 4 that, for w € Q' and every k, the function & (w) is
uniformly continuous on the set {r/2™} of binary fractions intersected with
[0, k]. By using Cauchy’s criterion, it is easy to prove that, for w € ' and
every t € [0,00), there exists

lim &, om(w) =: ét(w),

r/2m—t

and in addition, & (w) is continuous and & (w) = & (w) for all binary rational
t. We have defined & (w) for w € . For w ¢ ' define &(w) = 0. The
process §~t is continuous, and it only remains to prove that it is a modification
of &.

First we claim that P(') = 1. To prove this it suffices to prove that
P(U,, Q) = 1. Since (U,, Qn) =, €25, and

k2™ —1

n = U U {w g1y om — &ijam| > 27™),

m>n  1=0
we have (cf. (5))

n—o00
m>n

1-P([ ) < Tm > kN2meeP) <,

Thus P(£) = 1. Furthermore, we noticed above that ET/Qm = &, jam on
Q. Therefore,

P{ér/Qm = fr/Qm} =1L

For other values of ¢, by Fatou’s theorem

Bl&g —&|* < lim Bl o —&|* <N lim |r/2" —¢['*7 =0,
r/2k—t r/2k—t
Hence P{& = &} =1 for every t € [0,00), and the theorem is proved.

For Gaussian processes the above results can be improved. Remember
that a random vector & = (&1, ..., &) with values in R” is called Gaussian or
normal if there exist a vector m € R¥ and a symmetric nonnegative k x k
matrix R = (R;;) such that

©(\) := Eexp(i(&,\) = exp(i(\,m) — (RA\,N)/2) VA € RE,

where
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k
i=1
is the scalar product in R* and

k
(RMA) = D Rijhi);.
ij=1

In this case one also writes £ ~ N(m, R). One knows that
m = E¢§,  Rij = E(& —mi) (& — my),

so that m is the mean value of £ and R is its covariance matrix. It is known
that linear transformations of Gaussian vectors are Gaussian. In particular,

(&2,61,&3, ..., &) is Gaussian.

9. Definition. A real-valued process & is called Gaussian if all its finite-
dimensional distributions are Gaussian. The function m; = E¢&; is called the
mean value function of & and R(t,s) = cov (&,&s) = E(& — my)(&s —ms) is
called the covariance function of &.

10. Remark. Very often it is useful to remember that (zy, ...,z ) is a k-
dimensional Gaussian vector if an only if, for arbitrary constants ¢y, ..., cx,
the random variable ), ¢;a4, is Gaussian.

11. Exercise. Let z; be a real-valued function defined on [0, 1] (indepen-
dent of w). Let g(z) be a nonnegative increasing function defined on (0, 1/2]
and such that

G(x) = /Ox v 'g(y) dy

is finite for every = € [0,1/2]. Assume that there exists an integer n > 3
such that

[T (1) /2m — Tiom| < g(27™)

for all m > n and 0 <4 < 2™ —1. By analyzing the proof of Lemma 4, show
that for all binary rational numbers t,s € [0, 1] satisfying |t — s| < 27" we
have

|z — zs| < NG(4]t —s]), N =2/In2.

12. Exercise. Let £ be a normal random variable with zero mean and
variance less than or equal to o2, where o > 0. Prove that, for every = > 0,

V2r P(|¢] > z) < 202 exp(—a?/(20%)).
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13. Exercise. Let & be a Gaussian process with zero mean given on [0, 1]
and satisfying E|¢& — &]? < R(|t — s|), where R is a continuous function

defined on (0, 1]. Denote g(z) = y/R(x)(—Inz) and suppose that g satisfies
the assumptions of Exercise 11. For a constant a > V2 and n > 3 define

Qp={w:sup max [§t1)2m(w) = &am(w)|/9(27™) < a},

m>n i=0,...,2m—1

Q' = U, >3 - Notice that

co 2M—1

Q= | U {w:1€ur1em @) = &am W) > ag(2™™)}

m=n =0

and, by using Exercise 12, prove that

R(2™™) a’g*(2™™)
(T N L ey (R
( ) 1 = g(Q—m) p ( 2R(2—m) )
1 2
= N, § _2m(1fa /2)’
m>n m

where the N; are independent of n. Conclude that P(2') = 1. By using
Exercise 11, derive from here that & has a continuous modification. In
particular, prove that, if

El& — &P < N(=Injt —s|)™P Vt,s € [0,1],]t —s| <1/2

with a constant N and p > 3, then & has a continuous modification.

14. Exercise. Let & be a process satisfying the assumptions in Exercise
13 and let & be its continuous modification. Prove that, for almost every
w, there exists n > 1 such that for all ¢, s € [0, 1] satisfying |t — s| < 27" we
have

& - &l <SGt —sl).  (Glx) = / "y gy) dy)

Sometimes one needs the following multidimensional version of Kol-
mogorov’s theorem. To prove it we first generalize Lemma 4. Denote
by Z& the lattice in [0,1]¢ consisting of all points (k127" ..., k42™") where
ki=0,1,2,...,2™. Also let

[t — s|| = max{|t' — s'|:i=1,...,d}.
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15. Lemma. Let d > 1 be an integer and x; a real-valued function defined
fort €[0,1)%. Assume that there exist a > 0 and an integer n > 0 such that

m>n, tseZd, |t—s|| <2 = |z, — x| <27
Then, for every t,s € \J,, 24, satisfying ||t — s|| < 27" we have

|t — x| < N(a)l[t - s]*.

Proof. Let t,s € Z4, t = (t},...,t), s = (s, ..., 5%). Represent t/ and s/
as (cf. (1))

t = 25{2_1, s) = Zz-:%2‘z,
=0 i=0
define ti. and si as these sums for i < k (cf. (2)), and let

tp = (t,ﬁ, ...,ti), Sp = (sk,...,si).

Then ||t — s|| < 27 implies |t§C - si| < 27% and as in Lemma 4 we get
t, s € Z4, |t — si| < 27F and ||ty — sp|| < 27%. We use (3) again and the
fact that, as before, tmi1,tm € Z%4 1, [[tms1 — tm|| < 27", Then we get
(4) again and finish the proof by the same argument as before. The lemma
is proved.

Now we prove a version of Theorem 6. For an integer n > 0 denote
I'n(a) ={x. : z; is a real-valued function given on [0,1]¢ such that

|2 — 25| < N(a)|[t —s||* for all t,s € | JZ{, with ||t —s|| <27},

m

16. Lemma. Let a random field & be defined on [0,1]%. Assume that there
exist constants a > 0,08 > 0, K < oo such that

Elg — & < K|t — || **7
provided t,s € [0,1]2. Then, for every 0 < a < 3/«,

P{& ¢ Tn(a)} <27 "P KN (d, , 53, a).



Ch 1 Section 5. Hints to exercises 25

Proof. Let

Ay = {w: sup sup{2™|& — & t,s € Ze ||t —s|| <27} > 1}.
m>n

For w ¢ A,, we get £&.(w) € I',,(a) by Lemma 15. Hence, P{{. € I'y,(a)} <
P(A,). The probability of A,, we again estimate by Chebyshev’s inequality
and estimate the a power of the sup through the sum of a powers of the
random variables involved. For each m the number of these random variables
is not greater than the number of couples ¢, s € Z%, for which ||t — s|| < 27™
(and the number of disjoint ones is less than half this number). This number
is not bigger than the number of points in Z% times 3%, the latter being the
number of neighbors of t. Hence

oo
) < Z (1+ 2m)43fegmacg=midth) < ¢f Z g~ m(=ac)

_ 2fn(ﬂfaa)K6d(1 o 27(57(101))71

The lemma is proved.

17. Theorem (Kolmogorov). Under the conditions of Lemma 16 the ran-
dom field & has a continuous modification.

Proof. By Lemma 16, with probability one, £ belongs to one of the sets
I'n(a). The elements of these sets are uniformly continuous on |J,, Z%, and
therefore can be redefined outside J,, Z%, to become continuous on [0, 1]%.
Hence, with probability one there exists a continuous function §~t coinciding
with & on |J,, Z& . To finish the proof it suffices to repeat the end of the
proof of Theorem 8. The theorem is proved.

5. Hints to exercises

1.7 It suffices to prove that A¢ € F¥ if P(A) = 0.

2.6 To prove (i)==-(ii), observe that, for every k£ > 1, in the 1/k-neighbor-
hood of a point from a 1/k-net there are infinitely many elements of z,,
which allows one to choose a Cauchy subsequence. To prove (ii)=(i),
assume that for an € > 0 there is no finite e-net, and find a sequence of
xn € K such that p(zy,x,,) > ¢/3 for all n,m.

2.10 Assume the contrary.

2.14 Observe that Ny(n) is the number of i = 1,...,n such that 10 < 2/ <
10%(b + 1) for some k = 0,1,2,..., and then take log;,.

2.15 Define
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fl@)=1lim sup f(y), f(z)=1lm inf f(y)
€l0 i |y—a|<e €l0 y:ly—z[<e

and prove that Ay = {f # f} and the sets {z : f(z) < ¢} and {z : f(z) > ¢}
are open.
3.3 Attached points tq, ..., t, and n may vary and ¢y, ..., t,, are not supposed
to be distinct.
3.4 Show that the set of all such A is a o-field.
4.12 Let o = E¢%. Observe that P(|¢| > x) = P(|¢/a| > x/a). Then in
the integral f;/oa exp(—y?/2) dy first replace a with o and after that divide
and multiply the integrand by y.



Chapter 2

The Wiener Process

1. Brownian motion and the Wiener process

Robert Brown, an English botanist, observed (1828) that pollen grains sus-
pended in water perform an unending chaotic motion. L. Bachelier (1900)
derived the law governing the position w; at time t of a single grain perform-
ing a one-dimensional Brownian motion starting at a € R at time ¢ = 0:

P{w; € dz} = p(t,a,x) dz, (1)

where

o~ (@—a)2/(2t)

1
p(t7a’7x) = \/ﬁ

is the fundamental solution of the heat equation

ou 1 0%u

ot 20a2’
Bachelier (1900) also pointed out the Markovian nature of the Brownian
path and used it to establish the law of maximum displacement

2
V2t

b
Pa{mgtx ws < b} = / e/ (21) der, t>0,b>0.
s< 0

Einstein (1905) also derived (1) from statistical mechanics considerations
and applied it to the determination of molecular diameters. Bachelier was
unable to obtain a clear picture of the Brownian motion, and his ideas were

27
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unappreciated at the time. This is not surprising, because the precise math-
ematical definition of the Brownian motion involves a measure on the path
space, and even after the ideas of Borel, Lebesgue, and Daniell appeared,
N. Wiener (1923) only constructed a Daniell integral on the path space
which later was revealed to be the Lebesgue integral against a measure, the
so-called Wiener measure.

The simplest model describing movement of a particle subject to hits by
much smaller particles is the following. Let ni, k = 1,2, ..., be independent
identically distributed random variables with Eny = 0 and En; = 1. Fix
an integer n, and at times 1/n,2/n,... let our particle experience instant
displacements by mn_l/ 2, ngn_l/ 2 .... At moment zero let our particle be
at zero. If

Sk i=m + ... + g,

then at moment k/n our particle will be at the point Si/v/n and will stay
there during the time interval [k/n, (k4 1)/n). Since real Brownian motion
has continuous paths, we replace our piecewise constant trajectory by a
continuous piecewise linear one preserving its positions at times k/n. Thus
we come to the process

57? = S[m&]/\/E + (nt - [nt])n[nt]+l/\/ﬁ' (2)

This process gives a very rough caricature of Brownian motion. Clearly,
to get a better model we have to let n — oo. By the way, precisely this
necessity dictates the intervals of time between collisions to be 1/n and the
displacements due to collisions to be nx/+/n, since then £ is asymptotically
normal with parameters (0,1).

It turns out that under a very special organization of randomness, which
generates different {ny; k > 1} for different n, one can get the situation where
the & converge for each w uniformly on each finite interval of time. This
is a consequence of a very general result due to Skorokhod. We do not use
this result, confining ourselves to the weak convergence of the distributions
of &".

1. Lemma. The sequence of distributions of £ in C' is relatively compact.

Proof. For simplicity we assume that my := En,‘i < 00, referring the
reader to [Bi] for the proof in the general situation. Since &} = 0, by
Theorem 1.4.7 it suffices to prove that

Blg — P < Nt —s|* Vs, te[0,1], (3)
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where N is independent of n,t, s.

Without loss of generality, assume that s < t. Denote a, = E(S,)*.
By virtue of the independence of the 7 and the conditions En; = 0 and
En,% =1, we have

i1 = B(Su + tln1)" = an + 4ES 0041 + GBS 4
+ 4ESnn2+1 + myg = ap + 6n 4+ my.

Hence (for instance, by induction),
an = 3n(n — 1) +nmy < 3n? + nmy.
Furthermore, if s and ¢ belong to the same interval [k/n, (k + 1)/n], then
& — &1 = vVl |t — sl
Ble — &' = n®malt — s[* < malt — s, (4)
Now, consider the following picture, where s and t belong to different

intervals of type [k/n,(k + 1)/n) and by crosses we denote points of type
k/n:

Clearly
s1—s<t—s, t—t1<t—s, t1—s1<t—s, (tl—sl)/ng(tl—sl)Q,
s1=([ns]+1)/n, t1=[nt]/n, [nt]— ([ns]+1)=n(t; — s1).

Hence and from (4) and the inequality (a+ b+ c)* < 81(a* +b* + ¢*) we
conclude that

Elgp — &l <BLE(&) — &' + &8 — €5 1M+ 1e8 — &0
< 162(t — 5)*ma + 81E| Sy /v/1 = Spg1/vVnl*

= 162(t — $)*ma + 810" Ay —(fns)+1)
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< 162(t — 5)%my + 243(t — 5)* 4 81(t1 — s1)ma/n < 243(my + 1)|t — 5|2
Thus for all positions of s and ¢ we have (3) with N = 243(my4 + 1). The
lemma is proved.

Remember yet another definition from probability theory. We say that a
sequence ", n > 1, of RF-valued random variables is asymptotically normal
with parameters (m, R) if F¢gn converges weakly to the Gaussian distribution
with parameters (m, R) (by F¢ we denote the distribution of a random vari-
able £). Below we use the fact that the weak convergence of distributions is
equivalent to the pointwise convergence of their characteristic functions.

2. Lemma. For every0 <t <ty < .. <ty <1 the vectors (., &L, ..., &)
are asymptotically normal with parameters (0, (t; At;)).

Proof. We only consider the case k = 2. Other k’s are treated similarly.
We have

&L 4 A&l = (A1 + X2)Sie 1/ VR + A2(Sinty) — Sinej+1) /v

F 1ty 411 (0t — [nt]) A /v + Ao/} + )41 (nte — [nta]) Aa/v/n.

On the right, we have a sum of independent terms. In addition, the coeffi-
cients of 74,141 and Ny, 41 g0 to zero and

Eexp(ianpg4+1) = Fexp(iaym) — 1 as ap — 0.

Finally, by the central limit theorem, for p(\) = E exp(iAn;),

lim p"(\/v/n) = e N/2,

Hence,
nhi%O Eei()\lf?lJr)\zf?Q) — nLH;O (SO()\l/\/ﬁ—l-)\Q/\/ﬁ))[ntﬂ (gp()\g/\/ﬁ))[ntﬂ_[ntl]_l

= exp{—((M\1 + \2)?t1 + \3(ta — t1))/2}

= exp{—()\%(tl A tl) + 2)\1)\2(151 A tg) + )\%(152 A tg))/?}.
The lemma is proved.

3. Theorem (Donsker). The sequence of distributions Fgn weakly converges
on C to a measure. This measure is called the Wiener measure.
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Proof. Owing to Lemma 1, there is a sequence n; — oo such that Ff,”i
converges weakly to a measure p. By Exercise 1.2.10 it only remains to
prove that the limit is independent of the choice of subsequences.

Let Ff.mi be another weakly convergent subsequence and v its limit. Fix
0 <t <ty <..<t <1 and define a continuous function on C' by the
formula 7(z.) = (x4,...,2¢,). By Lemma 2, considering 7 as a random
element on (C,B(C), ), for every bounded continuous f(x', ..., %), we get

f(:cl,...,:ck);m_l(dac):/ f@ey, ., xe,,) p(de.)
Rk (&

11— 00 C

where ({1, ...,(x) is a random vector normally distributed with parameters
(0,t; At;). One gets the same result considering m; instead of n;. By Theo-
rem 1.2.4, we conclude that pum~! = vr~—!. This means that for every Borel
B®) C RF the measures p and v coincide on the set {z. : (x4, ...,21,) €
B®)}. The collection of all such sets (with varying k, t1,...,) is an alge-
bra. By a result from measure theory, a measure on a o-field is uniquely
determined by its values on an algebra generating the o-field. Thus y = v
on B(C), and the theorem is proved.

Below we will need the conclusion of the last argument from the above
proof, showing that there can be only one measure on B(C) with given
values on finite dimensional cylinder subsets of C.

4. Remark. Since Gaussian distributions are uniquely determined by their
means and covariances, finite-dimensional distributions of Gaussian pro-
cesses are uniquely determined by mean value and covariance functions.
Hence, given a continuous Gaussian process &, its distribution on (C,B(C))
is uniquely determined by the functions m; and R(s,t).

5. Definition. By a Wiener process we mean a continuous Gaussian pro-
cess on [0, 1] with m; = 0 and R(s,t) = s A t.

As follows from above, the distributions of all Wiener processes on
(C,%B(C)) coincide if the processes exist at all.

6. Exercise*. Prove that if w; is a Wiener process on [0,1] and ¢ is a
constant with ¢ > 1, then cwy/.2 is also a Wiener process on [0,1]. This
property is called self-similarity of the Wiener process.

7. Theorem. There exists a Wiener process, and its distribution on
(C,B(C)) is the Wiener measure.
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Proof. Let u be the Wiener measure. On the probability space (C,B(C),
) define the process wy(z.) = x;. Then, for every 0 <t¢; < ... <t <1 and
continuous bounded f(z!,...,2%), as in the proof of Donsker’s theorem, we
have

Ef(wtl,...,wtk):/Cf(:ctl,...,xtk)u(dx.)

= lim Bf(&;,...&,) = Bf(C, .. ¢M),

where ( is a Gaussian vector with parameters (0, (t; A t;)). Since f is arbi-
trary, we see that the distribution of (wy,,...,wy, ) and (¢, ..., ¢¥) coincide,
and hence (wy,, ..., wy, ) is Gaussian with parameters (0, (t; A tj)). Thus, w;
is a Gaussian process, Fw;, = 0, and R(t;,t;) = Bwgwy; = EG( = t; At
The theorem is proved.

This theorem and the remark before it show that the limit in Donsker’s
theorem is independent of the distributions of the 7y as long as En, = 0
and En,% = 1. In this framework Donsker’s theorem is called the invariance
principle (although there is no more “invariance” in this theorem than in
the central limit theorem).

2. Some properties of the Wiener process

First we prove two criteria for a process to be a Wiener process.

1. Theorem. A continuous process on [0, 1] is a Wiener process if and only
if
(i) wo =0 (a.s.),

(i) wy —ws is normal with parameters (0, |t — s|) for every s,t € [0, 1],

(lll) wtl,th — wt17“'wt
0<ti <ty <...<t, < 1.

— wy, , are independent for every n > 2 and

n

Proof. First assume that w; is a Wiener process. We have wy ~ N(0,0),
hence wg = 0 (a.s.). Next take 0 <t; <ty <..<t, <1 and let

&1 = Wty , §o = Wty — wtnm,ﬁn = Wy, — Wt,_q-

The vector £ = (&1,...,&,) is a linear transform of (wy,,...,ws, ). There-
fore £ is Gaussian. In particular & and, generally, wy — ws are Gaussian.
Obviously, F¢; = 0 and, for i > 7,

Engj == E(’th - wtifl)(wtj - wtjfl) = Ewtiwtj - Ewtiflwtj - Ewtithl

+Ewti—1wt]'_1 = tj - tj - tj—l + tj_l =0.
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Similarly, the equality Ew,ws = s At implies that Elw; — ws|? = |t — s|.
Thus w; — ws ~ N(0,|t — s|), and we have proved (ii). In addition & ~
N(0,t; —ti—1), BE =t; —ti—1, and

Eexp{i Z e} = exp{—% Z AeArcov (Ex, &)}
k k,r

= exp{—3 3 M~ i)} = [] Bexplinéil.
k k

This proves (iii).

Conversely, let w; be a continuous process satisfying (i) through (iii).
Again take 0 < t; <ty < .. <, <1 and the same ’s. From (i) through
(iii), it follows that (&1, ...,&,) is a Gaussian vector. Since (wy,, ..., wy,) is a
linear function of (&1, ...,&,), (wy,,...,wy,) is also a Gaussian vector; hence
wy is a Gaussian process. Finally, for every ¢,y € [0,1] satisfying ¢; < to,
we have

my, = Eél - 07 R(tlatQ) = R(t27t1) - Ewt1wt2 = Efl(§1 + 52)
:Eéf =11 =11 Nts.
The theorem is proved.

2. Theorem. A continuous process on [0, 1] is a Wiener process if and only
if
(i) wo =0 (a.s.),

(i) wy — ws s normal with parameters (0, |t — s|) for every s,t € [0,1],

(iii) for everyn > 2 and 0 <ty <ty < ... <t, <1, the random variable
wy, — Wy, , s independent of wy,, Wy, .. Wy, -

Proof. It suffices to prove that properties (iii) of this and the previous
theorems are equivalent under the condition that (i) and (ii) hold. We are
going to use the notation from the previous proof. If (iii) of the present
theorem holds, then

n n—1
Eexp{i Y  M&x} = Eexp{idn&n} Eexp{i Y M},
k=1 k=1

since (&1, ...,&n—1) is a function of (wy,,...,w;, ,). By induction,

Eexp{i Y M&r} = [ [ Eexp{iréi}-
k=1 k
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This proves property (iii) of the previous theorem. Conversely if (iii) of the
previous theorem holds, then one can carry out the same computation in
the opposite direction and get that &, is independent of ({1, ...,&,—1) and of
(wyy s ...y wy, ), since the latter is a function of the former. The theorem is
proved.

3. Theorem (Bachelier). For every t € (0,1] we have maxs<tws ~ |wy,
which is to say that for every x > 0

2 z 2
Plmaxw, <z} = eV /(0 gy,
{ SS?( - } V27t /0 Y

Proof. Take independent identically distributed random variables 7 so
that P(np = 1) = P(nx = —1) = 1/2, and define £ by (1.2). First we want
to find the distribution of

(" =max§&l' = n~? max S.
[0,1] k<n

Observe that, for each n, the sequence (Si,...,Sy) takes its every par-
ticular value with the same probability 27". In addition, for each integer
i > 0, the number of sequences favorable for the events

. . S .
{I]?Sa;( Sk >1,5, <i} and {I]?Sa;( Sk >1,S, >} (1)

is the same. One proves this by using the reflection principle; that is, one
takes each sequence favorable for the first event, keeps it until the moment
when it reaches the level 7 and then refiects its remaining part about this
level. This implies equality of the probabilities of the events in (1). Further-
more, due to the fact that ¢ is an integer, we have

{¢"z ™12 <inH?) = {max Sy >0, S, < i}
and
{¢" > in V2 ) > in?) = {max S =4, 5 > i}.
Hence,
P = in V2, & <inTPy = P{CM = inT V2, € > inT 7Y
Moreover, obviously,

P{¢" > in7V2, €8 > in M2} = P{E) > in~ /2,
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P{C;n Z ’L.nil/Q} — P{C;n Z ,L'nfl/Q’ 5? > 'L.’I’Lil/Q}
+P{C" i <in VP 4 PL = in P
It follows that

P{¢" > in M2} = 2P{e] > in~ 2} 4 P{¢} = in" V%) (2)

for every integer ¢ > 0. The last equality also obviously holds for ¢ = 0. We
see that for numbers a of type in~1/2
have

, where ¢ is a nonnegative integer, we

P{C" = a} = 2P{&{' > a} + P{&{' = a}. 3)

Certainly, the last probability goes to zero as n — oo since &' is asymp-
totically normal with parameters (0,1). Also, keeping in mind Donsker’s
theorem, it is natural to think that

P{m<af( £ >al — P{m<af( ws > a}, 2P{& > a} — 2P{w; > a}.
s< S

Therefore, (3) naturally leads to the conclusion that

P{m<alxw5 >a} =2P{w; > a} = P{lwi| >a} Va >0,
<

and this is our statement for ¢t = 1.

To justify the above argument, notice that (2) implies that
P{¢" = in"V2} = P{C" > in" 2} — P{¢C" > (i + 1)n~ 2}
= 2P = (i + n 2} + PLE = in ™2} - P{&] = (i + Dn~'/?)
= P{r = (i + \)n V2 + PP =in™ V%), i >0

Now for every bounded continuous function f(x) which vanishes for z < 0
we get

Ef(¢") =Y f(in VA P{(" = in"' Py = Ef (& —n~'?) + EF(€]).

=0

By Donsker’s theorem and by the continuity of the function x. — maxg 1)
we have

Ef(r[réalxwt) =2Ff(w1) = Ef(Jw]).

)
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We have proved our statement for ¢ = 1. For smaller ¢ one uses Exercise 1.6,
saying that cw, .2 is a Wiener process for s € [0,1] if ¢ > 1. The theorem is
proved.

4. Theorem (on the modulus of continuity). Let w; be a Wiener process
on [0,1], 1/2 > & > 0. Then for almost every w there exists n > 0 such that
for each s,t € [0,1] satisfying |t — s| < 27", we have

lwy — wg| < Nt — s|M/?72,

where N depends only on e. In particular, |wi| = |w; — wo| < Nt'/2=¢ for
t <27,

Proof. Take a number a > 2 and denote § = /2 — 1. Let £ ~ N(0,1).
Since w; — ws ~ N(0, [t — s|), we have w; — wg ~ |t — s|'/2. Hence

Elwy — wy|® = |t — s|*/2B|¢|* = Ni(a)|t — 5|7,
Next, let
Kp(a) ={z. € C:|xg| <27, |xy —xs] < N(a)|t —s|* V|t —s] <27"}

By Theorem 1.4.6, for 0 < a < Ba~!, we have

P{w. € | J Kn(a)} =1.

n=1

Therefore, for almost every w there exists n > 0 such that for all s,t € [0, 1]
satisfying [t — s| < 27", we have |wi(w) — ws(w)| < N(a)|t — s|*. It only
remains to observe that we can take a = 1/2 — ¢ if from the very beginning
we take a > 1/e (for instance a = 2/¢). The theorem is proved.

5. Exercise. Prove that there exists a constant N such that for almost
every w there exists n > 0 such that for each s,t € [0, 1] satisfying |t — s| <
27", we have

e = ws| < Nv/Jt = s|(=Inft — s]),

The result of Exercise 5 is not far from the best possible. P. Lévy proved
that
T |wi — w|

0<s<t<1 \/2u(—Inu)
u=t—s—0

=1 (as.).
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6. Theorem (on quadratic variation). Let 0 = tg, < t1, < ... < tgn =1
be a sequence of partitions of [0,1] such that max;(tit1, — tin) — 0 as
n— 00. Also let 0 < s <t < 1. Then, in probability as n — oo,

Z (wti+1,n - wtm)Q —t—s. (4)

5<tin<tit1,n<t
Proof. Let
A 2
fn = E (wti+1,n - wtin)

s<tin<tir1,n<t

and observe that &, is a sum of independent random variables. Also use that
if n ~ N(0,02), then n = o, where ( ~ N(0,1), and Varn? = o*Var (2.
Then, for N := Var (, we obtain

Varé, = > Var[(w,,, —wi, )] =N D (tirin —tin)’

5<tin<tiy1,n<t 5<tin<tit1,n<t

< Nmiax(ti—‘rl,n — tin) Z (titin —tin) = leax(tz‘ﬂ,n — tin) — 0.
0<tin<tit1,n<1

In particular, &, — E£, — 0 in probability. In addition,

Efn = Z (ti-i—l,n — tm) — 1t —s.

5<tin<tit1,n<t

Hence &, — (t — s) = &, — E&, + E&, — (t — s) — 0 in probability, and the
theorem is proved.

7. Exercise. Prove that if ¢;, = ¢/2", then the convergence in (4) holds
almost surely.

8. Corollary. It is not true that there exist functions e(w) and N(w) such
that with positive probability e(w) > 0, N(w) < oo, and

lwi(w) — ws(w)] < N(w)|t — s]/25)
whenever t,s € [0,1] and |t — s| < e(w).

Indeed, if |w;(w) — ws(w)| < N(w)[t — s|'/275) for |t — s| sufficiently
small, then

Z(wti+l,n (w) — W, (w))2 < N2 Z(tHL" — tm)l""25 — 0.

% %

9. Corollary. P{Varw; = co} = 1.
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This follows from the fact that, owing to the continuity of wy,

Z(wti+1,n (w) — Wy, (w))2 < miax ’wti+l,n (w) — Wy, (w)lvar[O,l] wt(w) —0

if Varjy 1) wi(w) < o0.

10. Exercise. Let wy be a one-dimensional Wiener process. Find

P{maxw; > b,w; < a}.
s<1

The following exercise is a particular case of the Cameron-Martin the-
orem regarding the process w; — fg fsds with nonrandom f. Its extremely
powerful generalization for random f is known as Girsanov’s Theorem 6.8.8.

11. Exercise. Let wy be a one-dimensional Wiener process on a probability
space (2, F, P). Prove that

Eevt—t2 = 1,

Introduce a new measure by Q(dw) = ¢“*~'/2P(dw). Prove that (Q,F,Q)
is a probability space, and that w; — t, t € [0,1], is a Wiener process on

(Q,F,Q).

12. Exercise. By using the results in Exercise 11 and the fact that the
distributions on (C,B(C)) of Wiener processes coincide, show that

P{r?<alx[ws +s]<a} = Eewl*l/QImaxsgl we<a-

Then by using the result in Exercise 10, compute the last expectation.

Unboundedness of the variation of Wiener trajectories makes it hard to
justify the following argument. In real situations the variance of Brownian
motion of pollen grains should depend on the water temperature. If the
temperature is piecewise constant taking constant value on each interval of
a partition 0 < t; <ty < ... < t, = 1, then the trajectory can be modeled
by

Z (wti+1 - wti)fi + (wt - wtk)fk‘7

tir1<t

where k = max{i : ¢; < ¢t} and the factor f; reflects the dependence of the
variance on temperature for ¢t € [t;,t;41). The difficulty comes when one
tries to pass from piecewise constant temperatures to continuously changing
ones, because the sum should converge to an integral against w; as we make
partitions finer and finer. On the other hand, the integral against w; is not
defined since the variation of wy is infinite for almost each w. Yet there is a
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rather narrow class of functions f, namely functions of bounded variation,
for which one can define the Riemann integral against w; pathwise (see
Theorem 3.22). For more general functions one defines the integral against
wy in the mean-square sense.

3. Integration against random orthogonal measures

The reader certainly knows the basics of the theory of L, spaces, which can
be found, for instance, in [Du] and which we only need for p =1 and p = 2.
Our approach to integration against random orthogonal measures requires
a version of this theory which starts with introducing step functions using
not all measurable sets but rather some collection of them. Actually, the
version is quite parallel to the usual theory, and what follows below should
be considered as just a reminder of the general scheme of the theory of L,
spaces.

Let X be a set, IT some family of subsets of X, 2 a g-algebra of subsets
of X, and p a measure on (X,2). Suppose that II C 2 and Iy := {A €1l :
w(A) < oo} # 0. Let S(II) = S(IT, u) denote the set of all step functions,
that is, functions

Z CiIA(i) (x)v
=1

where ¢; are complex numbers, A(7) € Il (not II!), n < oo is an integer. For
p € [1,00), let L,(IL, ) denote the set of all A*-measurable complex-valued
functions f on X for each of which there exists a sequence f, € S(II) such
that

J15 = fup utd) —0 a5 0. 1)
X

A sequence f,, € S(II) that satisfies (1) will be called a defining sequence
for f. From the convexity of |t|P, we infer that |a+ bP < 2P~ 1|a|P + 2P~ 1|b|P,
|fIP < 2P~ f|P + 2P~ f — fn|P and therefore, if f € L,(IL, 1), then

\mue(/mmmwfm<w 2
X

~—

The expression || f||, is called the L, norm of f. For p = 2 it is also
useful to define the scalar product (f,g) of elements f,g € La(IL, p):
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(f.9) = / 19 uldz). (3)
X

This integral exists and is finite, since | fg| < |f|? + |g|?>. The expression
| f —gl|p defines a distance in L,(II, ;) between the elements f, g € Ly(II, p).
It is “almost” a metric on Ly (II, 1), in the sense that, although the equality
||f — gll, = 0 implies that f = g only almost everywhere with respect to p,
nevertheless || f — g||, = |lg — f|l, and the triangle inequality holds:

17+ gll, < lI£1l, + llgll,.

If fn, f € Lp(Il, ) and || f, — f|l, — 0 as n — oo, we will naturally say
that f,, converges to f in L,(IL, n). If || fr, — fimllp — 0 as n,m — oo, we will
call f,, a Cauchy sequence in Ly(II, iv). The following results are useful. For
their proofs we refer the reader to [Du].

1. Theorem. (i) If f, is a Cauchy sequence in Ly(II, 1), then there exists
a subsequence fy ) such that f,q) has a limit p-a.e. as k — oc.

(ii) Lp(II, ) is a linear space, that is, if a,b are complex numbers and
f.g€ Ly(IL, ), then af +bg € Ly(I1, p).

(iii) Ly(IL, 1) is a complete space, that is, for every Cauchy sequence
fn € Lp(IL, ), there exists an A-measurable function f for which (1) is
true; in addition, every A*-measurable function f that satisfies (1) for some
sequence fr, € Ly(I1, p) is an element of L,(II, p).

2. Exercise*. Prove that if II is a o-field, then L,(II, 1) is simply the set
of all IT#-measurable functions f that satisfy (2).

3. Exercise. Prove that if II) consists of only one set A, then L, (II, p1) is
the set of all functions p-almost everywhere equal to a constant times the
indicator of A.

4. Exercise. Prove that if (X,2, u) = ([0, 1],B[0,1],¢) and II = {(0,¢] :
t € (0,1)}, then Ly(IT, i) is the space of all Lebesgue measurable functions
summable to the pth power on [0, 1].

We now proceed to the main contents of this section. Let (2, F, P) be
a probability space and suppose that to every A € Ily there is assigned a
random variable ((A) = ((w, A).

5. Definition. We say that ¢ is a random orthogonal measure with reference
measure u if (a) E|C(A)]? < oo for every A € I, (b) EC(A1)((Ar) =
/L(Al N Ag) for all Aq, Ay € 1.
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6. Example. If (X, 2, ) = (Q,F,P) and II = A, then ((A) := Ia is a
random orthogonal measure with reference measure p. In this case, for each
w, C is just the Dirac measure concentrated at w.

Generally, random orthogonal measures are not measures for each w,
because they need not even be defined on a o-field. Actually, the situation
is even more interesting, as the reader will see from Exercise 21.

7. Example. Let w; be a Wiener process on [0, 1] and
(X, 2, p) = ([0,1],B([0, 1]), £).

Let IT = {[0,¢] : t € (0,1]} and, for each A = [0,t] € II, let ((A) = wy.
Then, for A; = [0,t;] € II, we have

EC(Al)C(AQ) = Ewtlth =t Nty = E(Al N AQ),

which shows that ¢ is a random orthogonal measure with reference mea-
sure /.

8. Exercise*. Let 7, be a sequence of independent random variables ex-
ponentially distributed with parameter 1. Define a sequence of random
variables o, = 71 + ... + 7, and the corresponding counting process

T =3 Jjg00)(t).
n=1

Observe that 7 is a function of locally bounded variation (at least for almost
all w), so that the usual integral against dm; is well defined: if f vanishes
outside a finite interval, then

/Oo [ty dm =Y f(ow).
0 n=1

Prove that, for every bounded continuous real-valued function f given on R
and having compact support and every s € R,

o(s) :== Eexp{i /000 f(s+t)dm} = exp(/oo(eif(SH) —1)dt).

0

Conclude from here that m — w5 has Poisson distribution with parameter
|t — s|. In particular, prove Em; =t and E(m —t)? = t. Also prove that 7y
is a process with independent increments, that is, m, — T, ..., Tt — Tt
are independent as long as the intervals (¢;,%;41] are disjoint. The process
m; is called a Poisson process with parameter 1.
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9. Example. Take the Poisson process m; from Exercise 8. Denote m; =
m—t. If 0 < s <t, then

Emgm; = Emz + Emg(my — ms) = Emg =s=sAt.

Therefore, if in Example 7 we replace w; with 7, we again have a random
orthogonal measure with reference measure /.

We will always assume that ( satisfies the assumptions of Definition 5.
Note that by Exercise 2 we have ((A) € Lo(F, P) for every A € IIy. The
word “orthogonal” in Definition 5 comes from the fact that if A; N Ay = (),
then ((A1) L ¢(A2) in the Hilbert space La(F, P). The word “measure” is
explained by the property that if A, A; € Iy, the A;’s are pairwise disjoint,
and A = |J; Ay, then ((A) = >, ((A;), where the series converges in the
mean-square sense. Indeed,

Tim B|¢(A )= > (A,

i<n
= hm [E|C(A ]2+ZEK _QRQZEG(A C
i<n i<n
= lim [u(A) + D u(Ai) —2)  p(A)] =
i<n i<n

Interestingly enough, our explanation of the word “measure” is void in
Examples 7 and 9, since there is no A € II which is representable as a
countable union of disjoint members of II.

10. Lemma. Let A;,I'; € Ilg, and let c;,d; be complex numbers, i =
Loon, j=1...m. Assume } ., ciIn, = 3 ;<,, djlr; (p-a.e.). Then

DA =) di¢(Ty)  (as.), (4)

i<n j<m
B1Y ed(an)P / IS il ulda). (5)
i<n i<n

Proof. First we prove (5). We have

E|ZCiC(Az’)|2 = Z i BC(A)C(A)) = Z ciCip(Ai N Ay)

i<n ,j<n 3,j<n

/ ZCZC]IA In; p(dr) = /|ZCZIA |2 (dz).

2,7<n i<n

Hence,
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B c(a) = Y dm)E = [ 13 als = 3 il P utdo) = 0.

i<n i<m i<n i<m
The lemma is proved.

11. Remark. The first statement of the lemma looks quite surprising in
the situation when p is concentrated at only one point xy. Then the equality
> i<n Gila, =D < dilr; holds p-almost everywhere if and only if

> eila,(wo) = Y djlr, (wp),

i<n j<m

and this may hold for very different ¢;, A;,d;,T'j. Yet each time (4) holds
true.

Next, on S(II) define an operator I by the formula

I: ZCiIAi — ZCZC(AZ)

i<n i<n

In the future we will always identify two elements of an L, space which
coincide almost everywhere. Under this stipulation, Lemma 10 shows that
I is a well defined linear unitary operator from a subset S(II) of Lo(II, )
into Lo(F, P). In addition, by definition S(II) is dense in Lo(I1, ) and every
isometric operator is uniquely extendible from a dense subspace to the whole
space. By this we mean the following result, which we suggest as an exercise.

12. Lemma. Let By and Bs be Banach spaces and By a linear subset of
Bi. Let a linear isometric operator I be defined on By with values in Bs
(|[1b| g, = |b|B, for everyb € By). Then there exists a unique linear isometric
operator I : By — B (By is the closure of By in By) such that Ib = Ib for
every b € By.

Combining the above arguments, we arrive at the following.

13. Theorem. There exists a unique linear operator I : Lo(Il,u) —
Lo(F, P) such that

(1) I i<nciln,) = Y icn ciC(As) (as.) for all finite n, A; € o and

complex ¢;;

(i) BILFP = [y |f? nldz) for all € Ly(I, ).

For f € Lo(Il, ) we write

If = /X f() ¢(dz)
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and we call If the stochastic integral of f with respect to (. Observe
that, by continuity of I, to find I f it suffices to construct step functions f,
converging to f in the Lo(II, 1) sense, and then

[ #@¢tn) =i [ f.(0)¢Cao)

The operator I preserves not only the norm but also the scalar product:

E/f /<><dx /fgﬂdx) f.9 € Lol pp).  (6)

This follows after comparing the coefficients of the complex parameter X\ in
the equal (by Theorem 13) polynomials E|I(f + A\g)|? and [ |f + Ag|* u(dz).

14. Exercise. Take m; from Example 9. Prove that for every Borel f €
L5(0,1) the stochastic integral of f against m — t equals the usual integral;
that is,

/f ds—l—Zfan

on <1

15. Remark. If E¢(A) = 0 for every A € Il, then for every f € Lo(Il, p),
we have

E/XfC(dx) = 0.

Indeed, for f € S(II), this equality is verified directly; for arbitrary f €
Lo (11, i) it follows from the fact that, by Cauchy’s inequality for f,, € S(II),

B [ fo@nf =B [ (¢ <o)

<E|/f fu) C(d) /|f Ful? u(de).

We now proceed to the question as to when L,(II, u) and L, (2, 1) co-
incide, which is important in applications. Remember the following defini-
tions.
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16. Definition. Let X be a set, B a family of subsets of X. Then B is
called a m-system if Ay N Ay € B for every A1, As € B. It is called a
A-system if

(i) X € B and Az \ A; € B for every Aj, Ay € B such that Ay C Ao;

(ii) for every Ay, Ag, ... € B such that A;NAj =0 when i # j, Ql A, €
B. -

A typical example of A-system is given by the collection of all subsets
on which two given probability measures coincide.

17. Exercise*. Prove that if ®8 is both a A-system and a 7w-system, then
it is a o-field.

A very important property of m- and A-systems is stated as follows.

18. Lemma. If A is a A-system and Il is a w-system and I C A, then
o(Il) C A.

Proof. Let A; denote the smallest A-system containing I (A; is the
intersection of all A-systems containing II). It suffices to prove that A; D
o(IT). To do this, it suffices to prove, by Exercise 17, that A; is a 7w-system,
that is, it contains the intersection of every two of its sets. For B € Ay let
A(B) denote the family of all A € A; such that AN B € A;. Obviously,
A(B) is a A-system. In addition, if B € II, then A(B) D II (since II is a
m-system). Consequently, if B € II, then by the definition of A;, we have
A(B) D Ay. But this means that A(A) D II for each A € Aj, so that as
before, A(A) D Ay for each A € Ay, that is, A; is a w-system. The lemma is
proved.

19. Theorem. Let A; = o(I). Assume that 11 is a w-system and that
there exists a sequence A(1),A(2),... € Iy such that A(n) C A(n + 1),
X =, A(n). Then L,(IT, u) = Lp(A1, ).

Proof. Let X denote the family of all subsets A of X such that
Talnmy € Lyp(IL, 1)

for every n. Observe that X is a A-system. Indeed for instance, if Ay, As, ... €
¥ are pairwise disjoint and A = J, A, then

IVING Z I INGY
k

where the series converges in L,(II, 1) since UkZm Ap | 0 as m — oo,
w(A(n)) < oo, and
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/X 1> Ta Iag P p(de) / > IaIag) p(dz) = N Ar) -

k>m k>m k>m
as m — Q.

Since ¥ D II, because II is a m-system, it follows by Lemma 18 that ¥ D
2. Consequently, it follows from the definition of L, (21, i) that Inm)f €
L,(I1, p) for f € Ly(Aq, ) and n > 1. Finally, a straightforward application
of the dominated convergence theorem shows that |[In¢,)f — fll, — 0 as
n — oo. Hence f € L,(IL,p) if f € L,(Aq,p) and Ly(Ar, 1) C Lp(I1, p).
Since the reverse inclusion is obvious, the theorem is proved.

It turns out that, under the conditions of Theorem 19, one can extend (
from Iy to the larger set Ay := o(II) N{I" : u(I") < co}. Indeed, for I' € Ay
we have It € La(II, ), so that the definition

&) = /X I ¢(dx)

makes sense. In addition, if I'1,T'y € 2, then by (6)

EE(T)i(Ty) = E /X Ip, ¢(dx) /X Iy, ¢(dx)

= [ r,dr, udn) = (s ()
X

Since obviously ((A) = ((A) (a.s.) for every A € IIj, we have an extension
indeed. In Sec. 7 we will see that sometimes one can extend ( even to a
larger set than .

20. Exercise. Let X € Il, and let II be a m-system. Show that if 61 and
(o are two extensions of ¢ to o(II), then

/X f(@) éa(dr) = /X f(2) Ea(de)

(a.s.) for every f € Lo(o(II), yr). In particular, ¢;(I') = ((T') (a.s.) for any
I' € o(II).

21. Exercise. Come back to Example 7. By what is said above there is an
extension of ¢ to B([0,1]). By using the independence of increments of wy,
prove that

Eexp(— Z [¢((an+1,an])]) =0,

where a, = 1/n. Derive from here that for almost every w the function
¢(I),I' € B([0,1]), has unbounded variation and hence cannot be a measure.
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Let us apply the above theory of stochastic integration to modeling
Brownian motion when the temperature varies in time.

Take the objects introduced in Example 7. By Theorem 19 (and by
Exercise 2), for every f € Ly(0,1) (where Ly(0,1) is the usual Lo space of
square integrable functions on (0,1)) the stochastic integral [y f(t)((dt) is
well defined. Usually, one writes this integral as

/0 " Ft) dun.

Observe that (by the continuity of the integral) if f™ — f in Ly(0,1), then

1 1
| frtyau— [ s du
0 0
in the mean-square sense. In addition, if

) =Y Ftim) <istin o = Y Fliin) T, — Ti<ty,]
7 7

with 0 <t;, <tiy1,, <1, then (by definition and linearity)

1 1
/O f(t) dwy = IHLI(?O /O fn(t) dwy = ITLLI(EIO ; f(ti+1,n)(wti+1,n - wtm)'
(7)

Naturally, the integral

¢ 1
/Of(s)dws :—/0 TIs<t f(s) dws

gives us a representation of Brownian motion in the environment with chang-
ing temperature. However, for each individual ¢ this integral is an element
of Ly(F, P) and thus is uniquely defined only up to sets of probability zero.
For describing individual trajectories of Brownian motion we should take an
appropriate representative of fg f(s)dws for each t € [0,1]. At this moment
it is absolutely not clear whether this choice can be performed so that we
will have continuous trajectories, which is crucial from the practical point
of view. Much later (see Theorem 6.1.10) we will prove that one can indeed
make the right choice even when f is a random function. The good news is
that this issue can be easily settled at least for some functions f.
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22. Theorem. Let t € [0,1], and let f be absolutely continuous on [0,t].
Then

/Ot F(s) dws = f(t)we — /Ot wsf'(s)ds (a.s.).

Proof. Define t;, = ti/n. Then the functions f™(s) := f(t;,) for s €
(tin, ti+1.n] converge to f(s) uniformly on [0,¢] so that (cf. (7)) we have

t 1
[ s av = [ 1ot dw, =tim 30w, o)

i<n—1

= f(t)w; —Lim. D Wiy, (f(tivin) = f(tm))

i<n—1

(summation by parts), where the last sum is written as

t
/Www@w (8)
0

with k(n,s) = tit1, for s € (tin,tit1,,]. By the continuity of w, we have
Wy(s,n) — Ws uniformly on [0,¢], and by the dominated convergence theorem
(f" is integrable) we see that (8) converges to fg ws f'(s) ds for every w. It
only remains to remember that the mean-square limit coincides (a.s.) with
the pointwise limit if both exist. The theorem is proved.

23. Exercise*. Prove that if a real-valued f € L2(0,1), then fg f(s) dws,
t € [0,1], is a Gaussian process with zero mean and covariance

MMFASPWM—%W%MwMAﬂwmy

The construction of the stochastic integral with respect to a random
orthogonal measure is not specific to probability theory. We have consid-
ered the case in which ((A) € Lyo(F, P), where P is a probability measure.
Our arguments could be repeated almost word for word for the case of an
arbitrary measure. It would then turn out that the Fourier integral of Lo
functions is a particular case of integrals with respect to random orthogonal
measure. In this connection we offer the reader the following exercise.

24. Exercise. Let II be the set of all intervals (a, b], where a,b € (—o0, 00),
a < b. For A = (a,b] € II, define a function ((A) = {(w,A) on (—o0,00) by
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1 . . ‘
A) = — wb _ jiwa) _ W 1.
C(A) o (e ) /A e x

Define L, = Ly(I1,¢) = L,(*B(R), ). Prove, using a change of variable,
that the number (C(Al), C(Ag)) equals its complex conjugate, that is, it is
real, and that HC(A)H; = cl(A) for A1, A9, A € II, where ¢ is a constant
independent of A. Use this and the observation that ((A; UAg) = ((A1) +
C(Ag) if Ay, Ag, A1 UAy €11, A; N Ay = ), to deduce that in that case
(C(Al),C(AQ)) = 0. Using the fact that A; = (Al \ AQ) U (Al N Ag)
and adding an interval between A, Ay if they do not intersect, prove that
(C(A1),¢(A2)) = cl(A1NAy) for every Ay, Ay € 1T and, consequently, that
we can construct an integral with respect to (, such that Parseval’s equality
holds for every f € Lo:
2
5

sl = | [ sctas)

Keeping in mind that for f € S(II), obviously,
[ setan = [ r@eds (e,

generalize this equality to all f € Ly N L;. Putting f = exp(—22) and using
the characteristic function of the normal distribution, prove that ¢ = 2.
Finally, use Fubini’s theorem to prove that for f € L1 and —co < a < b < o0,

we have
b 00 00
/ ( / f(w)e= dw> dx = / % (ei“b — ™) f(w) dw.

—0o0

In other words, if f € L1 N Lo, then (C(A), f) = c(Ia,g), where

§() = ¢! / F)C(, dw),

and (by definition) this leads to the inversion formula for the Fourier trans-
form:

f(w) = / 9(2)C (w, dz).

Generalize this formula from the case f € L1 N Lo to all f € Lo.
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4. The Wiener process on [0, c0)

The definition of the Wiener process on [0, 00) is the same as on [0, 1] (cf. Def-
inition 1.5). Clearly for the Wiener process on [0,00) one has the corre-
sponding counterparts of Theorems 2.1 and 2.2 about the independence of
increments and the independence of increments of previous values of the
process. Also as in Exercise 1.6, if w; is a Wiener process on [0, 00) and c is
a strictly positive constant, then cw, . is also a Wiener process on [0, c0).
This property is called self-similarity of the Wiener process.

1. Theorem. There exists a Wiener process defined on [0, 00).

Proof. Take any smooth function f(¢) > 0 on [0,1) such that

1
/ f2(t) dt = .
0

Let o(r) be the inverse function to fg f?(s)ds. For t < 1 define

y(t) = f(H)w, — /0 wsf'(s) ds.

Obviously y(t) is a continuous process. By Theorem 3.22 we have

t 1
Z/(t)—/o f(s) dws—/o Ii<if(s)dws (as.).

By Exercise 3.23, y; is a Gaussian process with zero mean and covariance
SAL s t
/ 2 (u) du = (/ F2(u) du) A (/ A (u) du), s,t<1.
0 0 0

Now, as is easy to see, z(r) := y(p(r)) is a continuous Gaussian process
defined for r € [0, 00) with zero mean and covariance r; A ra. The theorem
is proved.

Apart from the properties of the Wiener process on [0,00) stated in the
beginning of this section, which are similar to the properties on [0, 1], there
are some new ones, of which we will state and prove only two.

2. Theorem. Let w; be a Wiener process for t € [0,00) defined on a prob-
ability space (2, F, P). Then there exists a set Q' € F such that P(Q') =1
and, for each w € Q, we have

lim ¢ = 0.
im wy(w) =0

Furthermore, fort > 0 define
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Jtwop(w) if wed,
gt(w)_{o 'Lf ng/’

and let {o(w) = 0. Then & is a Wiener process.

Proof. Define ét = twy; for ¢ > 0 and éo = 0. As is easy to see, ét is a
Gaussian process with zero mean and covariance s A t. It is also continuous
on (0,00). It follows, in particular, that sup,c (g4 |€5(w)| equals the sup over
rational numbers on (0,¢]. Since this sup is an increasing function of ¢, its
limit as ¢t | 0 can also be calculated along rational numbers. Thus,

Q' = {w: lim sup |&(w)| =0} e F.
t10 5e(0,4]

Next, let C’ be the set of all (maybe unbounded) continuous functions
on (0,1], and X(C") the cylinder o-field of subsets of C’, that is, the smallest
o-field containing all sets {x. € C' : z; € T'} for all t € (0,1] and I' € B(R).
Then the distributions of £ and w. on (C’, 2(C")) coincide (cf. Remark 1.4).

Define

A={z. € C':lim sup |xs| =0}
t10 se(0,4]

Since xz. € C' are continuous in (0,1], it is easy to see that A € X(C").
Therefore,

P € A)=P(w. € A),
which is to say,

P(lim sup || =0) = P(lim sup |ws| = 0).
(tlo sE(O,t]’ ° t10 se(0,4] °

The last probability being 1, we conclude that P(2') = 1, and it only
remains to observe that &; is a continuous process and &; = é’t on € or almost
surely, so that & is a Gaussian process with zero mean and covariance s At.
The theorem is proved.

3. Corollary. Let 1/2 > ¢ > 0. By Theorem 2.4 for almost every w there
exists n(w) < oo such that |&(w)| < Nt/?7¢ for t < 27"« where N
depends only on €. Hence, for wy, for almost every w we have |wy| < Ntl/2+e
if t > 2nlw),
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4. Remark. Having the Wiener process on [0,00), we can repeat the con-
struction of the stochastic integral and define fooo f(t)dw, for every f €
Ls([0,00)) starting with the random orthogonal measure ((0,a] = w, de-
fined for all a > 0. Of course, this integral has properties similar to those
of fol f(t) dw;. In particular, the results of Theorem 3.22 on integrating by
parts and of Exercise 3.23 still hold.

5. Markov and strong Markov properties of the
Wiener process

Let (2, F, P) be a probability space carrying a Wiener process wy, t € [0, 00).
Also assume that for every t € [0,00) we are given a o-field F; C F such
that Fs C F; for t > s. We call such a collection of o-fields an (increasing)
filtration of o-fields.

A trivial example of filtration is given by F; = F.

1. Definition. Let X be a o-field, ¥ C F and £ a random variable taking
values in a measurable space (X, B). We say that £ and ¥ are independent
if P(A,{ € B) = P(A)P(¢ € B) for every A € ¥ and B € ‘B.

2. Exercise®. Prove that if £ and ¥ are independent, f(z) is a measurable
function, and 7 is ¥-measurable, then f(§) and 7 are independent as well.

3. Definition. We say that w; is a Wiener process relative to the filtration
Fy if wy is Fy-measurable for every ¢ and wyyp, — w; is independent of F; for
every t,h > 0. In that case the couple (wy, Fy) is called a Wiener process.

Below we assume that (wy, F;) is a Wiener process, explaining first that
there always exists a filtration with respect to which w; is a Wiener process.

4. Lemma. Let
F =oc{{w:ws(w) € B}, s <t,B e B(R)}.
Then (we, F¢*) is a Wiener process.

Proof. By definition F}* is the smallest o-field containing all sets {w :
ws(w) € B} for s <t and Borel B. Since each of them is (as an element) in
F, F¥ C F. The inclusion F C F for t > s is obvious, since {w : w,(w) €
B} belong to F for r < s and F. is the smallest o-field containing them.
Therefore F{* is a filtration.

Next, {w : w;(w) € B} € F* for B € B(R); hence w; is F}{’-measurable.
To prove the independence of w1, — w; and F, fix a B € B(R), t,h > 0,
and define

w(A) = P(A,weyp, —w € B), v(A) = P(A)P(wyyp, —wy € B).
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One knows that p and v are measures on (2, F). By Theorem 2.2 these
measures coincide on every A of type {w : (wy, (W), ..., wy, (w)) € B™} pro-
vided that t; < t and BM™ € B(R"). The collection of these sets is an
algebra (Exercise 1.3.3). Therefore o and v coincide on the smallest o-field,
say X, containing these sets. Observe that ;" C X, since the collection
generating ¥ contains {w : ws(w) € D} for s < ¢ and D € B(R). Hence
and v coincide on F;”. It only remains to remember that B is an arbitrary
element of B(R). The lemma is proved.

We see that one can always take F;* as F;. However, it turns out that
sometimes it is very inconvenient to restrict our choice of F; to F;*. For
instance, we can be given a multi-dimensional Wiener process (w;, ..., w{)
(see Definition 6.4.1) and study only its first coordinate. In particular, while
introducing stochastic integrals of random processes against dw; we may be
interested in integrating functions depending not only on w; but on all other

components as well.

5. Exercise*. Let F” be the completion of F/*. Prove that (w, F*) is a
Wiener process.

6. Theorem (Markov property). Let (w¢, F;) be a Wiener process. Fiz t,
hi,..,hn > 0. Then the vector (Witn, — Wi, ..., Wtn, — W) and the o-field
Fi are independent. Furthermore, wiyrs — wye, s > 0, is a Wiener process.

Proof. The last statement follows directly from the definitions. To
prove the first one, without losing generality we assume that h1 < ... < hy,
and notice that, since (wi1p, — W¢, ..., With, — wy) is obtained by a linear
transformation from 7, where ny, = (Wepn, —Withgs o) Wephy, — Weth, ) and
ho = 0, we need only show that 7, and F; are independent. We are going to
use the theory of characteristic functions. Take A € F; and a vector A € R".
Notice that

ETaexp(iX-n,) = Elaexp(ip - 1) exp(iN" (Wiyn, — With, 1))

where g = (A1, ..., \"71). Here I is F;-measurable and, since F; C Fyyp,
it is Fiyp, ,-measurable as well. It follows that I exp(ip-np—1) is Feyn, -
measurable. Furthermore, wy4p, —wi4p, , is independent of F;yp,, . Hence,
by Exercise 2

Elrexp(iX-nn) = Elaexp(ip - np—1)E exp(iN* (With, — With, 1)),

and by induction and independence of increments of w;

El exp(iin,) = Ely H Eexp(iN" (Wi h; —Wiin;_,)) = P(A)E exp(iA-ny).
j=1
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It follows from the theory of characteristic functions that for every Borel
bounded ¢

ElIxg(nn) = P(A)Eg(1n)-
It only remains to substitute here the indicator of a Borel set in place of g.

The theorem is proved.

Theorem 6 says that, for every fixed ¢ > 0, the process wy4s —wy, s > 0,
starts afresh as a Wiener process forgetting everything that happened to w;
before time ¢. This property is quite natural for Brownian motion. It also
has a natural extension when ¢ is replaced with a random time 7, provided
that 7 does not depend on the future in a certain sense. To describe exactly
what we mean by this, we need the following.

7. Definition. Let 7 be a random variable taking values in [0, 0o] (including
00). We say that 7 is a stopping time (relative to F3) if {w : 7(w) >t} € F
for every t € [0, 00).

The term “stopping time” is discussed after Exercise 3.3.3. Trivial ex-
amples of stopping times are given by nonrandom positive constants. A
much more useful example is the following.

8. Example. Fix a > 0 and define
T=T,=Inf{t > 0:w >a} (inf(:=00)

as the first hitting time of the point a by w;. It turns out that 7 is a stopping
time.

Indeed, one can easily see that
{w:T(w) >t} ={w: mgtst(w) < a}l, (1)

where, for p defined as the set of all rational points on [0, c0),

maxws = Sup Wy,
s<t rep,r<t

which shows that maxs<; ws is an Fi-measurable random variable.

9. Exercise*. Let a < 0 < b and let 7 be the first exit time of w; from
(a,b):
T=inf{t > 0:w; & (a,b)}.

Prove that 7 is a stopping time.
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10. Definition. Random processes 1}, ...,n7 defined for t > 0 are called
independent if for every t1, ..., tx > 0 the vectors (ntll, e ntlk), ey (M5 o5 1)
are independent.

In what follows we consider some processes at random times, and these
times occasionally can be infinite even though this happens with probability
zero. In such situations we use the notation

0 if 7(w)

Ty =1 (w) = {xT(W)(W) if 7(w) <oo,

11. Lemma. Let (w,F;) be a Wiener process and let T be an Fy-stopping
time. Assume P(T < c0) = 1. Then the processes wipnr and By := w4y —wy
are independent and the latter one is a Wiener process.

Proof. Take 0 < t; < ... <t. Asis easy to see, we need only prove that
for any Borel nonnegative functions f(z1,...,xx) and g(z1, ..., zx)

-[T = Ef(wtl/\Tu sy wtk/\T)g(BtN i Btk)

= Ef(wtl/\Ta'-'7wtk/\T)Eg(wt17"'7wtk)' (2)

Assume for a moment that the set of values of 7 is countable, say r <
re9 < .... By noticing that {7 =r,} = {7 > rp,_1} \ {7 >} € F,,, and
Fy = f(wtmn '-'7wtk/\T)IT:7‘n = f(wtmrn, -'-awtk/\rn)IT:Tna
we see that the first term is F, -measurable. Furthermore,
L=, 9(By, ---,Btk) = L, 9(Wr 14y — Wy, ooy Wrp 4y, — wy, ),
where, by Theorem 6, the last factor is independent of 7, , and
Eg(Wy,+4; — Wy s ooy, Wy 4, — W) = Eg(wy,, ..., wy, ).

Therefore,

I, = ZEan(an+t1 T Wryy eeey Wrp 4y, — wrn)

Tn
= Eg(wy,, ..., wy,) Z EF,.
Tn

The last sum equals the first term on the right in (2). This proves the
theorem for our particular 7.



56 Chapter 2. The Wiener process, Sec 5

In the general case we approximate 7 and first notice (see, for instance,
Theorem 1.2.4) that equation (2) holds for all Borel nonnegative f, g if and
only if it holds for all bounded continuous f,g. Therefore, we assume f,g
to be bounded and continuous.

Now, for n = 1,2, ..., define
To(w) = (k+1)27" for w such that k27" <7(w) < (k+1)27", (3)
k=-1,0,1,.... Itiseasily seen that 7 <7, <74+27" 7, | 7,and for t > 0

fwim >t} = {w: T(w) > 272} € Fyany C

so that 7,, are stopping times. Hence, by the above result,
I = lim I, = Eg(wy,, ..., wy,) im Ef(wear,, s Wegam )
n—oo n—oo

and this leads to (2). The lemma is proved.

The following theorem states that the Wiener process has the strong
Markov property.

12. Theorem. Let (wy, F;) be a Wiener process and T an Fi-stopping time.
Assume that P(T < 00) = 1. Let

Fe. =oc{{w :wspnr € B},s>0,B € B(R)},

Y =oc{{w:wrys —w, € B},s>0,B € B(R)}.

Then the o-fields FZ and F¥ are independent in the sense that for every
A€ FZ and B € FZ, we have P(AB) = P(A)P(B). Furthermore, w4t —
wy 18 a Wiener process.

Proof. The last assertion is proved in Lemma 11. To prove the first one
we follow the proof of Lemma 4 and first let B = {w : (Wr45, —Wr, ..., Wrs), —
w,) € T'}, where I' € B(R¥). Consider two measures u(A) = P(AB) and
v(A) = P(A)P(B) as measures on sets A. By Lemma 11 these measures
coincide on every A of type {w : (Wi ary .o, Wi, ar) € B(")} provided that
B(™ € B(R™). The collection of these sets is an algebra (Exercise 1.3.3).
Therefore ;1 and v coincide on the smallest o-field, which is 72 _, containing
these sets. Hence P(AB) = P(A)P(B) for all A € F¥_and our particular
B. It only remains to repeat this argument relative to B upon fixing A. The
theorem is proved.
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6. Examples of applying the strong Markov property

First, we want to apply Theorem 5.12 to 7, from Example 5.8. Notice that
Bachelier’s Theorem 2.3 holds not only for ¢ € (0,1] but for ¢ > 1 as well.
One proves this by using the self-similarity of the Wiener process (cw, /e 18
a Wiener process for every constant ¢ # 0). Then, owing to (5.1), for t > 0
we find that P(r, > t) = P(lw;| < a) = P(Jw1|vt < a), which tends to
zero as t — 0o, showing that P(7, < co) = 1. Now Theorem 5.12 allows us
to conclude that w;4+; — w; = wy4y — a is a Wiener process independent of
the trajectory on [0, 7]. This makes rigorous what is quite clear intuitively.
Namely, after reaching a, the Wiener process starts “afresh”, forgetting
everything which happened to it before. The same happens when it reaches
a higher level b > a after reaching a, and moreover, 7, — 7, has the same
distribution as 7_,. This is part of the following theorem, in which, as well
as above, we allow ourselves to consider random variables like 7, — 7, which
may not be defined on a set of probability zero. We set 7,(w) — 7,(w) = 0 if
b>a>0and 7(w) = 74 (w) = 00.

1. Theorem. (i) For every 0 < a; < as < ... < ap, < oo the random
variables To,, Tay — Tays -, Tan, — Ta,_, 0T€ tndependent.

(ii) For 0 < a < b, the law of 7, — 74 coincides with that of T,_q, and T,
has Wald’s distribution with density

p(t) = (2m) " 2at 32 exp(—a?/(2t)), t> 0.

Proof. (i) It suffices to prove that 7,, — 7, , is independent of 7, ...,
Ta,_, (cf. the proof of Theorem 2.2). To simplify notation, put 7(a) = 7.
Since a; < a,,—1 for i <n — 1, we can rewrite (5.1) as

{wir(a) > 1) ={w: S Wy 1) < aik,
sep,s<t

which implies that the 7(a;) are F<,(4,_,)-measurable. On the other hand,
for t > 0,

{w:7(ap) — T(an-1) >t}
={w:7(an) — 7(an-1) > t,7(an—1) < 0o}

= {w * Sup (wT(anfl)-i-S - wT(anfl)) <anp — anflpT(anfl) < OO}
sep,s<t

={w:0< sup (Wr(a,_1)ts = Wr(an_y)) < Gn — An-1}, (1)
sep,s<t

which shows that 7(an) — 7(an-1) i8 F>r(q,_,)-measurable. Referring to
Theorem 5.12 finishes the proof of (i).
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(ii) Let n = 2, a1 = a, and ag = b. Then in the above notation 7(a,) = 7
and 7(ap—1) = Ta- SINCe Wr(q, )4t — Wr(a,_;) = Wrytt — Wr, is a Wiener
process and the distributions of Wiener processes coincide, the probability
of the event on the right in (1) equals

P( sup ws < ap—an—1=b—a)=P(tp_q >1t).
sep,s<t

This proves the first assertion in (ii). To find the distribution of 7, remember
that

9 favt
Plr,>t)=P s<a)=P Vit < :—/ U2 gy,
(Ta > 1) (rgggw a) (w1 a) Nl e Yy

By differentiating this formula we immediately get our density. The theorem
is proved.

2. Exercise. We know that the Wiener process is self-similar in the sense
that cw, .2 is a Wiener process for every constant ¢ # 0. The process 74,
a > 0, also has this kind of property. Prove that, for every ¢ > 0, the process
CTas/er @ 2 0, has the same finite-dimensional distributions as 7,, a > 0.
Such processes are called stable. The Wiener process is a stable process of
order 2, and the process 7, is a stable process of order 1/2.

Our second application exhibits the importance of the operator v —

u” in computing various expectations related to the Wiener process. The

following results can be obtained quite easily on the basis of It6’s formula
from Chapter 6. However, the reader might find it instructive to see that
there is a different approach using the strong Markov property.

3. Lemma. Letu be a twice continuously differentiable function defined on
R such that u,u’, and u” are bounded. Then, for every X > 0,

u(0) = E/OOO e MOu(we) — (1/2)u” (wy)) dt. (2)

Proof. Since wy is a normal (0,¢) variable, the right-hand side of (2)
equals

= ooef)‘t u(we) — u”’ (wy
f.—/o E(u(wy) — (1/2)u" (wy) dt

_ / T / (ulz) — (120" (@))p(t, @) de) dt,
0 R
where

1
p(t,x) = \/?mfe_mg/(%), t>0.
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We continue our computation, integrating by parts. One can easily check
that

1 9%  op e Map — e M 9%p 9 Y

20022~ ot R A

Hence

I=tim [ e /R () — (120" (2))p(t, 2) de) dt

= —lim 9 (e)‘t/ u(x)p(t, z) dz) dt = lim e ¢ / u(z)p(e, x) dx
€ ot R €10 R

= lim Fu(w,) = .
lim u(we) = u(0)

The lemma is proved.

4. Theorem. Let —oco < a <0 < b < 00, and let u be a twice continuously
differentiable function given on [a,b]. Let T be the first exit time of wy from
the interval (a,b) (see Exercise 5.9). Then, for every A > 0,

E/ Oi(wn) — (1/2)0” (wp)) dt + Beu(w,).  (3)

Proof. If needed, one can continue u outside [a, b] and have a function,
for which we keep the same notation, satisfying the assumptions of Lemma
3. Denote f = Au — u”. Notice that obviously 7 < 7, and, as we have seen
above, P(1, < 00) = 1. Therefore by Lemma 3 we find that, for A > 0,

o9 T o
:E/ :E/ —l—E/
0 0 T

= E/ e M f(w,) dt + / e MEe™ f(wy 4+ By)dt =: T+ J,
0 0

where By = wr4¢ — w;. Now we want to use Theorem 5.12. The reader
who did Exercise 5.9 understands that 7 is F2_-measurable. Furthermore,
Wiprlr<oo — Wy ast — 00, so that w; is also ]—@T—measurable. Hence (7, w;)
and B; are independent, and B

J = / e MEe ™ f(w, 4+ By) dt = Ee *v(w,),
0

where

=B [N Byd =B [Nyt
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Upon applying Lemma 3 to u(x + y) in place of u(z), we immediately get
that v = u, and this proves the theorem if A > 0.

To prove (3) for A = 0 it suffices to pass to the limit, which is possible due
to the dominated convergence theorem if we know that £7 < co. However,
for the function ug(z) = (z — a)(b — z) and the result for A > 0, we get

la|b = up(0) E/ FOvu(wy —|—1)dt>E/ e M dt,

E/ e Mdt < |alb
0

and it only remains to apply the monotone convergence theorem to get
ET < |a|b < co. The theorem is proved.

In the following exercises we suggest the reader use Theorem 4.
5. Exercise. (i) Prove that ET = |a|b.
(ii) By noticing that
Eu(w;) =u(b)P(t = 1) + u(a)P(T < 13)
and taking an appropriate function u, show that the probability that the
Wiener process hits b before hitting a is |a|/(|a| 4+ b).

6. Exercise. Sometimes one is interested in knowing how much time the
Wiener process spends in a subinterval [c,d] C (a,b) before exiting from
(a,b). Of course, by this time we mean Lebesgue measure of the set {t <
T:w € [c,d]}.

(i) Prove that this time equals

'y::/o e q)(wy) dt.

(ii) Prove that for any Borel nonnegative f we have

T 0 b
E/o f(uwr) dt = (b/a f(y)(y—a)dy—a/o )b - y)dy).

and find E-.
7. Exercise. Define z; = w; + t, and find the probability that x; hits b
before hitting a.
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7. Ito stochastic integral

In Sec. 3 we introduced the stochastic integral of nonrandom functions on
[0,1] against dw;. It turns out that a slight modification of this procedure
allows one to define stochastic integrals of random functions as well. The
way we proceed is somewhat different from the traditional one, which will
be presented in Sec. 6.1. We decided to give this definition just in case
the reader decides to study stochastic integration with respect to arbitrary
square integrable martingales.

Let (wy, F;) be a Wiener process in the sense of Definition 5.3, given on a
probability space (£2, F, P). To proceed with defining It6 stochastic integral
in the framework of Sec. 3 we take

X=0x(0,00), A=F®B((0,00)), p=Pxt (1)

and define IT as the collection of all sets A x (s,t] where 0 < s <t < 0o and
A € F. Notice that, for A x (s,t] € I,

(A x (s,t]) = P(A)(t — s) < o0,
so that IIp = II. For A x (s,t] € II let
C(A X (Svt]) = (wt - ws)IA'

1. Definition. Denote P = o(II) and call P the o-field of predictable sets.
The functions on 2 x (0,00) which are P-measurable are called predictable
(relative to F%).

By the way, the name “predictable” comes from the observation that
the simplest P-measurable functions are indicators of elements of II which
have the form I4I(s ) and are left-continuous, thus predictable on the basis
of past observations, functions of time.

2. Exercise*. Prove that II is a w-system, and by relying on Theorem 3.19
conclude that Lo(IT, ) = La(P, p).

3. Theorem. The function { on Il is a random orthogonal measure with
reference measure p, and EC(A) =0 for every A € II.

Proof. We have to check the conditions of Definition 3.5. Let Ay =
Ay x (tl,tg], Ay = Ay x (81,82] € II. Define

ft(w) = Ia, (w,t) + IA2(wat)
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and introduce the points r; < ... < r4 by ordering t1, %9, s1, and so. Obvi-
ously, for every ¢t > 0, the functions I, (w,t+) are Fi-measurable and the
same holds for fiy(w). Furthermore, for each w, f;(w) is piecewise constant
and left continuous in ¢. Therefore,

3
ft(w) = Zgi(w)I(m,nJrl](t)v (2)
=1

where the g; = f,,+ are F, ,-measurable.

It turns out that for every w

3

C(AD) +¢(A2) = ) i) (wr,yy —wpy). 3)

i=1

One can prove (3) in the following way. Fix an w and define a continuous
function A, t € [r1,r4], so that A; is piecewise linear and equals w,, at
all 7;’s. Then by integrating through (2) against dA;, remembering the
definition of f; and the fact that the integral of a sum equals the sum of
integrals, we come to (3).

It follows from (3) that

3
E((A1) +((A2))* =) Egi (wy,,, — wy,)?
=1

+2 Z Egig; (wTi+1 - wTi)(wTjH - wTj)’
1<)

where all expectations make sense because 0 < f < 2 and Ew? =t < oo.
Remember that E(wy,,, —w;,) =0 and E(w,,,, — wy,)? = rit1 — ;. Also
notice that (wy,,, —wy,)? and g? are independent by Exercise 5.2 and, for i <
j, the g; are F,.,-measurable and Fr; -measurable, owing to F,, C Frjy 80 that
9igj(wr, ., — wy,) is F.,-measurable and hence independent of wy, , — w,.
Then we see that

3

B(C(A) +C(80)* = S Bf2 (risr — i) = F / Y2

=1

T4 T4 T4 T4
= E/ (In, + In,)? dt = E/ In, dt + 2E/ In A, dt +E/ I, dt
r1 71 T1

T1
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= (A1) + 2u(A1 N Az) + p(As). (4)

By plugging in A; = Ay = A, we find that E¢%(A) = p(A). Then, devel-
oping E(C(A1) + ¢(A2))? and coming back to (4), we get E((A1)¢(Ag) =
w(A1 N Ag). Thus by Definition 3.5 the function ( is a random orthogonal
measure with reference measure p.

The fact that E¢ = 0 follows at once from the independence of F¢ and
wy — wg for t > s. The theorem is proved.

Theorem 3 allows us to apply Theorem 3.13. By combining it with
Exercise 2 and Remark 3.15 we come to the following result.

4. Theorem. In notation (1) there exists a unique linear isometric opera-
tor I : Lo(P,p) — Lo(F, P) such that, for every n = 1,2, ..., constants c;,
si < tj, and A; € F, given fori=1,...,n, we have

IO eida i) = Y cila,(wy, —ws,) (a.s.). (5)
=1 i=1

In addition, EIf =0 for every f € La(P, ).

5. Exercise*. Formula (5) admits the following generalization. Prove that
for every n = 1,2,..., constants s; < t;, and F,,-measurable functions g;
given for i = 1,...,n and satisfying Fg? < oo, we have

I(Z 9il(s, 1) = Zgi(wti —ws,) (a.s.).
i=1 i—1

6. Definition. We call If, introduced in Theorem 4, the It6 stochastic
integral of f, and write

If=: /000 f(w,t) dwy.

The It6 integral between nonrandom a and b such that 0 < a < b < o0
is naturally defined by

b [e%S)
[t tydu = [ 0100 du
a 0

The comments in Sec. 3 before Theorem 3.22 are valid for It6 stochastic
integrals as well as for integrals of nonrandom functions against dwy. It is
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natural to notice that for nonrandom functions both integrals introduced in
this section and in Sec. 3 coincide (a.s.). This follows from formula (3.7),
valid for both integrals (and from the possibility of finding appropriate ", a
possibility which is either known to the reader or will be seen from Remark
8.6).

Generally it is safe to say that the properties of the It6 integral are ab-
solutely different from those of the integral of nonrandom functions. For
instance Exercise 3.23 implies that for nonrandom integrands the integral
is either zero or its distribution has density. About 1981 M. Safonov con-
structed an example of random f; satisfying 1 < f; < 2 and such that the
distribution of fol fir dw, is singular with respect to Lebesgue measure.

One may wonder why we took sets like A x (s,t] and not A x [s,t) as a
starting point for stochastic integration. Actually, for the It6 stochastic in-
tegral against the Wiener process this is irrelevant, and the second approach
even has some advantages, since then (cf. Exercise 5) almost by definition
we would have a very natural formula:

/Ooo Ft)dwy = flts)(wr,,, — wy,)
=1

provided that f(t) is F;-measurable and E|f(t)|*> < oo for every ¢, and
0 <t <..<tyy1 < oo are nonrandom and such that f(t) = f(¢;) for
t € [ti,tiv1) and f(t) = 0 for ¢ > t,+1. We show that this formula is indeed
true in Theorem 8.8.

However, there is a significant difference between the two approaches
if one tries to integrate with respect to discontinuous processes. Several
unusual things may happen, and we offer the reader the following exercises
showing one of them.

7. Exercise. In completely the same way as above one introduces a sto-
chastic integral against 7, := m; — ¢, where m; is the Poisson process with
parameter 1. Of course, one needs an appropriate filtration of o-fields F;
such that m; is Fi-measurable and myy; — m is independent of F; for all
t,h > 0. On the other hand, one can integrate against 7; as usual, since this
function has bounded variation on each interval [0,7]. In connection with
this, prove that

1
E(usual)/ 7 diry # 0,
0

so that either 7; is not stochastically integrable or the usual integral is
different from the stochastic one. (As follows from Theorem 8.2, the latter
is true.)
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8. Exercise. In the situation of Exercise 7, prove that for every predictable
nonnegative f; we have

1 1
E(usual)/ frdm = E/ fedt.
0 0
Conclude that 7y is not predictable, and is not P*-measurable either.

8. The structure of It6 integrable functions

Dealing with It stochastic integrals quite often requires much attention to
tiny details, since often what seems true turns out to be absolutely wrong.
For instance, we will see below that the function I(g ) (wt)l(o1)(t) is Itd
integrable and consequently its Ito integral has zero mean. This may look
strange due to the following.

Represent the open set {t : w; > 0} as the countable union of disjoint
intervals (o, 3;). Clearly wa, = wg, = 0, and

T(0,00) (W) I(0.1)(t) = > T(0,1)1(s,0) (1)- (1)
In addition it looks natural that

A I(O,l)ﬂ(ai,ﬁi) (t) dwt = Wina; — WIinB;» (2)

where the right-hand side is different from zero only if a; < 1, 5; > 1,
and w; > 0, i.e. if 1 € (g, 5;). In that case the right-hand side of (2)
equals (w1)4, and since the integral of a sum should be equal to the sum of
integrals, formula (1) shows that the It6 integral of I(o o) (w)I(o,1)(t) should
equal (w;)+. However, this is impossible since E(w)4 > 0.

The contradiction here comes from the fact that the terms in (1) are not
It6 integrable and (2) just does not make sense.

One more example of an integral with no sense gives fol wy dwy. Again
its mean value should be zero, but under every reasonable way of defining
this integral it should equal w fol dw; = w?.

All this leads us to the necessity of investigating the set of It6 inte-
grable functions. Due to Theorem 3.19 and Exercise 3.2 this is equivalent
to investigating which functions are P#-measurable.
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1. Definition. A function f;(w) given on Q x (0, c0) is called F;-adapted if
it is Fy-measurable for each t > 0. By H we denote the set of all real-valued
Fi-adapted functions f;(w) which are F ® B(0, oo)-measurable and satisfy

E/ fEdt < oo.
0

The following theorem says that all elements of H are Ito integrable.
The reader is sent to Sec. 7 for necessary notation.

2. Theorem. We have H C Lo(P, ).

Proof (Doob). It suffices only to prove that f € Lo(P, ) for f € H such
that fi(w) = 0 for t > T', where T is a constant. Indeed, by the dominated
convergence theorem

/X|ft—ft—7t<n|2dpdt=E/ fEdt —0

as n — o0, so that, if fil;<, € La(P,u), then fr € Lo(P,p) due to the
completeness of La(P, ).

Therefore we fix an f € H and T < oo and assume that f; = 0 for
t > T. It is convenient to assume that f; is defined for negative ¢ as well,
and f; = 0 for t < 0. Now we recall that it is known from integration theory
that every Lo-function is continuous in Lo. More precisely, if h € Lo([0, 7))
and h(t) = 0 outside [0, 7], then

T

lim [ |h(t+a) — h(t)|*dt = 0.
a—0 _T

This and the inequality

T T T T
[ o sipae<a( [ g [ gran<af g
-T -T -T 0
along with the dominated convergence theorem imply that
T
im E | |fira — fi|*dt = 0. (3)
a—0 -T

Now let
pn(t) =k27" for te (k27" (k+1)27"].

Changing variables ¢t + s = u,t = v shows that
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T+1
/ / ‘fpn(t—I—s -5 ft‘ dtdS—/O E/ ’fpn(u )—utv fv‘ dv)

The last expectation tends to zero owing to (3) uniformly with respect to
u, since 0 < u — pp(u) < 27", It follows that there is a sequence n(k) — oo
such that for almost every s € [0,1]

T
hm E |an(k)(t+3 —S ft| dt = O (4)

k—o0
Fix any s for which (4) holds, and denote fF = Soue (t+s)—s- Then (4)
and the inequality |a|?> < 2|b|2 + 2|a — b|? show that |fF|? is u-integrable at

least for all large k.
Furthermore, it turns out that the ff are predictable. Indeed,

fpn(t—l—s —s Zsz n_gl (42— ”*5,(i+1)2—”7s](t) = Z : (5)

3:127 " —s>0

In addition, f, I, 4,] is predictable if 0 <#; <3, since for any Borel B
{(wvt) : ftl (w)I(tl,tz}(t) € B}

= ({w: fy(w) € B} x (t1,t2]) U{(w,t) : L4, 4,)(t) =0 € B} € P.

Therefore (5) yields the predictability of fF, and the integrability of |fF|?
now implies that fF € Lo(P, ). The latter space is complete, and owing to
(4) we have f; € La(P,p). The theorem is proved.

3. Exercise*. By following the above proof, show that left continuous F;-
adapted processes are predictable.

4. Exercise. Go back to Exercise 7.7 and prove that if f; is left continuous,
Fi-adapted, and F fol f? dt < oo, then the usual integral fol ft dm; coincides
with the stochastic one (a.s.). In particular, prove that the usual integral
fol 7 d7; coincides with the stochastic integral fol 7 diy (a.s.).

5. Exercise. Prove that if f € Lo(P, 1), then there exists h € H such that
f =h p-a.e. and in this sense H = Ly(P, p).

6. Remark. If f; is independent of w, (4) implies that for almost any s €
[0,1]

T T
lim | oy (t5)—s — fil?dt =0, / Jedt = kli_{glo/o Songy (t+5)—s At

k—oo Jg
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This means that appropriate Riemann sums converge to the Lebesgue inte-
gral of f.

7. Remark. It is seen from the proof of Theorem 2 that, if f € H, then for
any integer n > 1 one can find a partition 0 = t,,0 < t1 < ... < bnk(n) =M
such that max;(t, i+1 — tpi) < 1/n and

o
lim E/ |fe — f2dt =0,
n—oo 0

where f" € H are defined by f* = f;,. for t € (tp;,tn,i+1], # < k(n) —1, and
fi* =0 for t > n. Furthermore, the f/* are predictable, and by Theorem 7.4

0 n—o Jo

One can apply the same construction to vector-valued functions f, and then
one sees that the above partitions can be taken the same for any finite
number of f’s.

Next we prove two properties of the It6 integral. The first one justifies
the notation fooo fr dwy, and the second one shows a kind of local property
of this integral.

8. Theorem. (i) If f € H, 0 =ty) < t1 < ... < t, < ..., fr = f, for
t € [ti,tiv1) and i > 0, then in the mean square sense

/ frdwy :thi(wtiJrl —w, ).
0 i=0

(ii) If g,h € H, A € F, and hy(w) = gi(w) for t > 0 and w € A, then
fooo g dwy = fooo hy dw; on A (a.s.).

Proof. (i) Define f} = ft:l(1,1,,,) and observe the simple fact that f =
>, f* p-a.e. Then the linearity and continuity of the Ito integral show that
to prove (i) it suffices to prove that

/0 " g (£) duy = (w0, — wy)g (7)

(a.s.) if g is F-measurable, Eg? < 0o, and 0 < r < s < oc.

If g is a step function (having the form ) ! | ¢;I4, with constant ¢; and
A; € F.), then (7) follows from Theorem 7.4. The general case is suggested
as Exercise 7.5.
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To prove (ii), take common partitions for g and h from Remark 7 and
on their basis construct the sequences g;' and h}’. Then by (i) the left-hand
sides of (6) for f* = g and f;* = h}' coincide on A (a.s.). Formula (6)
then says that the same is true for the integrals of g and h. The theorem is
proved.

Much later (see Sec. 6.1) we will come back to It stochastic integrals
with variable upper limit. We want these integrals to be continuous. For
this purpose we need some properties of martingales which we present in
the following chapter. The reader can skip it if he/she is only interested in
stationary processes.

9. Hints to exercises

2.5 Use Exercise 1.4.14, with R(z) = «, and estimate [} v/(—Iny)/ydy
through /z(—Inz) by using 'Hospital’s rule.

2.10 The cases a < b and a > b are different. At some moment you may
like to consult the proof of Theorem 2.3 taking there 22" in place of n.

2.12 If P(§ < a,n < b) = ffoo f(x)dx for every b, then Eg(n)le<q =
Jg 9(x) f(x) dz. The result of these computations is given in Sec. 6.8.

3.4 It suffices to prove that the indicators of sets (s, t] are in Ly(I1, u).

3.8 Observe that

p(s) = Eexp(i ¥ _ f(s+ on)),
n=1

and by using the independence of the 7,, and the fact that EF (11, 72,...) =
E®(11), where ®(t) = EF(t,19,...), show that

o(s) = / eif(s+t)_t<p(s +t)dt = es/ eif(t)(e_ttp(t)) dt.
0 s

Conclude first that ¢ is continuous, then that ¢(s)e™* is differentiable, and
solve the above equation. After that, approximate by continuous functions
the function which is constant on each interval (¢;, ;1] and vanishes outside

of the union of these intervals.

3.14 Prove that, for every Borel nonnegative f, we have
1
Y s = [ 1s)ds,
on<l 0

and use it to pass to the limit from step functions to arbitrary ones.

3.21 For b, > 0 with b, — 1, we have [[b, =0 if and only if ) (1 —b,) =
0.
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3.23 Use Remark 1.4.10 and (3.6).

5.9 Take any continuous function u(z) defined on [a,b] such that v < 0 in
(a,b) and u(a) = u(b) = 0, and use it to write a formula similar to (5.1).

6.7 Define 7 as the first exit time of z; from (a,b) and, similarly to (6.3),
prove that

E/ b)) — o () — (1/2)u" () dt + Ee ™ u(z,).

7.7 Observe that f(o PES drs = m(me + 1) /2.

7.8 First take f; = Ia.

8.4 Keep in mind the proof of Theorem 8.2, and redo Exercise 7.5 for m; in
place of w;.

8.5 Take a sequence of step functions converging to f p-a.e., and observe
that step functions are F;-adapted.



Chapter 3

Martingales

1. Conditional expectations

The notion of conditional expectation plays a tremendous role in probability
theory. In this book it appears in the first place in connection with the theory
of martingales, which we will use several times in the future, in particular,
to construct a continuous version of the It6 stochastic integral with variable
upper limit.

Let (2, F, P) be a probability space, G a o-field and G C F.

1. Definition. Let £ and n be random variables, and moreover let 1 be
G-measurable. Assume that F|{|, F|n| < co and for every A € G we have

E¢I4 = Enly.

Then we call n a conditional expectation of & given G and write E{{|G} = n.
If G is generated by a random element (, one also uses the notation n =
E{{|¢}. Finally, if £ = 14 with A € F, then we write P(A|G) = E(14]G).

The notation E{{|G} needs a justification.

2. Theorem. If m; and 12 are conditional expectations of € given G, then
m =2 (a.s.).

Proof. By definition, for any A € G,
E’I’]lfA = ET/QIA, E(771 — 772)]A = 0

Since 11 — 72 is G-measurable, one can take A = {w : n(w) — M2(w) > 0}.
Then one gets E(n —n2)+ = 0, (1 —n2)+ = 0, and 71 < 3 (a.s.). Similarly,
12 < m (a.s.). The theorem is proved.
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The definition of conditional expectation involves expectations. There-
fore, if n = E(|G), then any G-measurable function coinciding with 7 almost
surely also is a conditional expectation of £ given G. Theorem 2 says that
the converse is also true. To avoid misunderstanding, let us emphasize that
if ;m = E(|G) and 2 = E(£|G), then we cannot say that n(w) = n2(w) for
all w, although this equality does hold for almost every w.

3. Exercise. Let Q =J,, A, be a partition of €2 into disjoint sets A,, € F,
n=12,.. Let G =0(4,,n=1,2,...). Prove that

E&ly, (=:=0)

oo

B(E9) = 5o

almost surely on A,, for any n.

4. Exercise. Let (£,1) be an R%-valued random variable and p(z,y) a non-
negative Borel function on R?. Remember that p is called a density of (£,7)
if for any Borel B € B(R?) we have

P((&m) EB)Z/ij(fv,y)dwdy'

Denote ¢ = [ p(z,n) dz, assume E|{| < co, and prove that (a.s.)
1 0
E(¢n) == [ ap(z,n)dz ( =:=0).
¢ Jr 0

We need some properties of conditional expectations.

5. Theorem. Let E|§| < co. Then E(£|G) exists.

Proof. On the probability space (2,G, P) consider the set function
w(A) = BE{iIa, A € G. Obviously p > 0 and p(Q) = E{4 < oo. Fur-
thermore, from measure theory we know that p is a measure and pu(A) =0
if P(A) = 0. Thus p is absolutely continuous with respect to P, and by the
Radon-Nikodym theorem there is a G-measurable function Ny = 0 such
that

u(A) = [ nee) P(a) = By

for any A € G. Similarly, there is a G-measurable 7_) such that F§_ I, =
En_yI4 for any A € G. The random variable 1) — 1) is obviously a
conditional expectation of ¢ given G. The theorem is proved.

The next theorem characterizes computing conditional expectation as a
linear operation.
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6. Theorem. Let E|¢| < co. Then

(i) for any constant ¢ we have E(c€|G) = cE(&|G) (a.s.), in particular,
E(0|G) =0 (a.s.);

(ii) we have FE(§|G) = E¢;

(ili) if E|& |, B[] < 0o, then E(& +&61G) = E(&1G) £ E(&19) (a.s.);
(iv) if £ is G-measurable, then E(£|G) =& (a.s.);
(

v) if a o-field Gy C G, then
E{E(£|G1)|G} = E{E(£]G)|G1} = E(£]G1)

(a.s.), which can be expressed as the statement that the smallest o-field pre-
vails.

Proof. Assertions (i) through (iv) are immediate consequences of the
definitions and Theorem 2. To prove (v), let n = E(&|G), m = E(£|G1).
Since 11 is Gi-measurable and G; C G, we have that n; is G-measurable.
Hence E(n1|G) = m (a.s.) by (iv); that is,

E{E(£]G1)|G} = E(€|G1).

Furthermore, if A € Gy, then A € G and Enly = E{ly = Emla
by definition. The equality of the extreme terms by definition means that
E(n|G1) = n1. The theorem is proved.

Next we study the properties of conditional expectations related to in-
equalities and limits.

7. Theorem. (i) If E|&|, E|$:| < oo, and & = & (a.s.), then E(&|G) =
E(&119) (a.s.).

(ii) (The monotone convergence theorem) If E|&|, E|€] < oo, &i+1 > &
(a.s.) fori=1,2,... and £ = lim & (a.s.), then

lim E(&16) = B€9) (0.5,

(iii) (Fatou’s theorem) If & > 0, E&; < 0o, © = 1,2,..., and E lim & <
1—00
oo, then
B{lim &(6} < lm B{&|0} (0.5,
1—00 71— 00

(iv) (The dominated convergence theorem) If |&;| <n, En < oo, and the

limit lim & =: € exists, then
71— 00
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E(¢[G) = lim E(&lG) (a.5.)

(v) (Jensen’s inequality) If ¢(t) is finite and convex on R and E|&| +
E|¢(§)] < oo, then E($(£)|G) = ¢(E(£]9)) (a-s.).

Proof. (i) Let n; = E(&]9), A = {w : ma(w) — m(w) < 0}. Then
E(na —m)- = Emla — Enaly = E&Ty — EGIA <0.

Hence E(n2 —n1)— =0 and 3 > n; (a.s.).

(ii) Again let n; = E(&|G). Then the sequence 7; increases (a.s.) and
if  := lim; .o, 1; on the set where the limit exists, then by the monotone
convergence theorem

E¢Iy = lim E&I 0 = lim Enly = Enly
1—00 1—00

for every A € G. Hence by definition n = E(£|G).

(iii) Observe that if a,, b, are two sequences of numbers and the lim a,
exists and a,, < b, then lima,, < limb,. Since inf(§;,7 > n) increases with
n and is less than &, for each n, by the above we have

E( 1Lm inf(&,1 > n)|G) = le E(inf(&,i >n)|G) < lim E(&,|G) (as.).

(iv) Owing to (iii),
lim E(§]G) = lim E(G +n|9) — E(n|G) > E(€ +nl9) — E(|9) = E(£|9)

1—00 1—00

(a.s.). Upon replacing &; and £ with —¢; and —¢&, we also get
T B(§16) < B(EG)

(a.s.). The combination of these two inequalities proves (iv).

(v) It is well known that there exists a countable set of pairs (a;, b;) € R?
such that for all ¢

o(t) = sup(a;t + b;).
Hence, for any i, ¢(t) > a;t + b; and E(¢(£)|G) > a;E(&|G) + b; (a.s.). It

only remains to take the sup with respect to countably many i’s (preserving
(a.s.)). The theorem is proved.

8. Corollary. If £ > 0 and E¢ < oo, then E(&|G) >0 (a

.8.).
9. Corollary. If p > 1 and E|{]P < oo, then |E(&|G)|P < E(|£P|G) (a.s.).
In particular, |E(&|G)| < E(|€]|G) (a.s.).
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10. Corollary. If E|¢| < oo and E|§ —&| — 0 as i — oo, then
E|E(&|G) — E(&|G)| < ElE —&] — 0.

11. Remark. The monotone convergence theorem can be used to define
E(£]G) as the limit of the increasing sequence E(§ A n|G) as n — oo for
any ¢ satisfying F¢_ < oo. With this definition we would not need the
condition E|¢(£)| < oo in Theorem 7 (v), and some other results would hold
true under less restrictive assumptions. However, in this book the notation

E(£]G) is only used for € with E|¢| < oo.

The following theorem shows the relationship between conditional ex-
pectations and independence.

12. Theorem. (i) Let E|¢| < co and assume that & and G are independent
(see Definition 2.5.1). Then E(&|G) = E¢ (a.s.). In particular, E(c|G) = ¢
(a.s.) for any constant c.

(ii) Let E|{| < 0o and B € G. Then E(¢1B|G) = IgE(&|G) (a.s.).

(iii) Let El¢| < oo, let ¢ be G-measurable, and let E|£C| < oo. Then
E(&C19) = CE(£]G) (a-s.).

Proof. (i) Let k,(t) = 27"[2"¢t] and &, = k,(£). Take A € G and notice
that | — &, < 27". Then our assertion follows from

BEly = lim E(€,0a) = lim > Q%P(kQ_” <E<(k+1)27"A)

k=—o00

n—oo

—lm Y 2ﬁnp(m—” << (k+1)27)P(A)
k=—0c0

[e.o]

= P(4) lim " Q%P(kQ’" < ¢ < (k+1)27") = P(A)E¢ = E(I,E¢).

(ii) For n = E(£|G) and any A € G we have
E(¢Ip)Is = E€Lup = Enlap = E(nlp)la,

which yields the result by definition.

(iii) Denote ¢, = k,(¢) and observe that |(,&| < |(€|. Therefore, E(,¢
and F((,8|G) exist. Also let By = {w: k27" < < (k+1)27"}. Then

IBnkE(Cnﬂg) = E(IBnkCnag) = k2inIBnkE(§|g) = IBnkCnE(ﬂg)
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(a.s.). In other words, F((,£|G) = (E(£|G) on By (a.s.). Since U, Buk
(2, this equality holds almost surely. By letting n — oo and using |(, — (|
27" we get the result. The theorem is proved.

IA

Sometimes the following generalization of Theorem 12 (iii) is useful.

13. Theorem. Let f(z,y) be a Borel nonnegative function on R?, and let
¢ be G-measurable and & independent of G. Assume Ef(£,() < oco. Denote
O(y) := Ef(&,y). Then ®(y) is a Borel function of y and

E(f(£,016) = @) (as.). (1)

Proof. We just repeat part of the usual proof of Fubini’s theorem. Let
A be the collection of all Borel sets B C R? such that EIg(¢,y) is a Borel
function and

E(I5(£,019) = (BI(&:y))ly=¢ (as.). (2)

On the basis of the above results it is easy to check that A is a A-system.
In addition, A contains the m-system II of all sets A x B with A, B € B(R),
since Taxp(&,y) = Ip(y)Ia(§). Therefore, A contains the smallest o-field
generated by II. Since o(IT) = B(R?), Elg(¢,y) is a Borel function for all
Borel B € R?.

Now a standard approximation of nonnegative Borel functions by linear
combinations of indicators shows that ®(y) is indeed a Borel function and
leads from (2) to (1). The theorem is proved.

In some cases one can find conditional expectations by using Exercise 3
and the following result, the second assertion of which is called the normal
correlation theorem.

14. Theorem. (i) Let G be a o-field, G C F. Denote H = Lo(F,P),
Hy = Ls(G, P), and let mg be the orthogonal projection operator of H on
Hy. Then, for each random variable & with E€? < oo, we have E(£|G) = ngé
(a.s.). In particular,

EB(¢ — ng€)? = inf{E(¢ —n)? : n is G-measurable}.

(i) Let (&,&1,...,&n) be a Gaussian vector and G the o-field generated by
(&1, ..,&n). Then E(£|G) = a+b1&1 + ... + b€, (a.s.), where (a,by,...,by,) is
any solution of the system

E¢=a+bFE& + ... + by, FE,,
€6 —ali&; + bE&E + o 4 byEEG, i=1,.m.
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Furthermore, system (3) always has at least one solution.

Proof. (i) We have that mg{ is G-measurable, or at least has a G-
measurable modification for which we use the same notation. Furthermore,
& —mg€ L nfor any n € Hy, so that E(§ — wg&)n = 0. For n = I, with
A € G this yields F¢l4 — Elamg€é = 0, which by definition means that
E(£]G) = mg€.

(ii) The function E(£ —(a+b1&1 +...+b,&,))? is a nonnegative quadratic
function of (a, by, ...,by).

15. Exercise. Prove that any nonnegative quadratic function attains its
minimum at at least one point.

Now take a point (a, b, ...,b,) at which E(§ — (a + b1&1 + ... + bp&n))?
takes its minimum value, and write that all first derivatives with respect to
(a,b1,...,b,) vanish at this point. The most convenient way to do this is
to express E(¢ — (a + bi&1 + ... + b,&,))? by developing the second power
and factoring out all products of constants. Then we will see that system
(3) has a solution. Next, notice that for any solution of (3) and n = £ —
(a+b1& + ... + br&y) we have

Eng =0, En=0.

It follows that in the Gaussian vector (1,&1,...,&,) the first component is
uncorrelated with the others. The theory of characteristic functions implies
that in that case 7 is independent of ({1, ...,&,). Since any event A € G has
the form {w : (&1, ...,&,) € I'} with Borel I' C R, we conclude that n and
G are independent. Hence E(n|G) = En = 0 (a.s.), and, adding that &; are
G-measurable, we find that

0=E|G) = E(|G) — (a+ bi&1 + ... 4 bnkn)

(a.s.). The theorem is proved.

16. Remark. Theorem 14 (i) shows another way to introduce the condi-
tional expectations on the basis of Hilbert space theory without using the
Radon-Nikodym theorem.

17. Exercise. Let (§,&1,...,&,) be a Gaussian vector with mean zero, and
L the set of all linear combinations of & with constant coefficients. Prove
that F(£|G) coincides with the orthogonal projection in Lo(F, P) of £ on L.



78 Chapter 3. Martingales, Sec 2

2. Discrete time martingales

A notion close to martingale was used by S.N. Bernstein. According to
J. Doob [Do] the notion of martingale was introduced in 1939 by J. Ville,
who is not very well known in the theory of probability. At the present
time the theory of martingales is a very wide and well developed branch of
probability theory with many applications in other areas of mathematics.
Many mathematicians took part in developing this theory, J. Doob, P. Lévy,
P.-A. Meyer, H. Kunita, H. Watanabe, and D. Burkholder should be named
in any list of the main contributors to the theory.

Let (Q,F, P) be a complete probability space and let F,,, n =1,...,N,
be a sequence of o-fields satisfying 71 C Fo C ... C Fny C F.

1. Definition. A sequence of real-valued random variables £,, n = 1,..., N,
such that &, is Fy,-measurable and E|¢,,| < oo for every n is called

(i) @ martingale if, for each 1 <n <m < N,
E(&m|Fn) =& (as.);

(ii) a submartingale if, for each 1 <n <m < N,
E(Gm|Fn) 2 & (as.);

(iii) a supermartingale if, for each 1 <n <m < N,

E(emlFn) <& (as.).

In those cases in which the o-field F,, should be mentioned one says,
for instance, that &, is a martingale relative to F,, or that (§,,F,) is a
martingale.

Obviously, &, is a supermartingale if and only if —¢,, is a submartingale,
and &, is a martingale if and only if +£, are supermartingales. Because
of these simple facts we usually state the results only for submartingales
or supermartingales, whichever is more convenient. Also trivially, E&, is
constant for a martingale, increases with n for submartingales and decreases
for supermartingales.

2. Exercise*. By using properties of conditional expectations, prove that:
(i) If E|¢| < oo, then &, := E(&|F,) is a martingale.

(ii) If my,...,nn are independent, F,, = o(n1,...,n,), and En, = 0, then
&n =11+ ... + 1y is an F-martingale.

(iii) If wy is a Wiener process and F,, = o(wy, ..., wy,), then (w,, F,) and
(exp(wy,, — n/2),F,) are martingales.
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(iv) If &, is a martingale, ¢ is convex and F|¢(&,)| < oo for any n, then
(&) is a submartingale. In particular, |£,| is a submartingale.

(v) If &, is a submartingale and ¢ is a convex increasing function satis-
fying F|¢(&n)| < oo for any n, then ¢(&,) is a submartingale. In particular,
(&) + is a submartingale.

3. Exercise. By Definition 1 and properties of conditional expectations, a
sequence of real-valued random variables &,, n = 1, ..., N, such that &, is F,-
measurable and F|&,| < oo for every n, is a martingale if and only if, for each
1 <n<N,¢&, =E(n|F,) (as.). This describes all martingales defined
for a finite number of times. Prove that a sequence of real-valued random
variables &, > 0, n = 1,..., N, such that &, is F,,-measurable and F|&,| < oo
for every n, is a submartingale if and only if, for each 1 < n < N, we have
& = E(nu|Fn) (as.), where 7, is an increasing sequence of nonnegative
random variables such that ny = &n.

One also has a different characterization of submartingales.

4. Exercise. (i) (Doob’s decomposition) Prove that a sequence of real-
valued random variables &,, n = 1, ..., N, such that &, is F,,-measurable and
E|&,| < oo for every m, is a submartingale if and only if &, = A4,, + my,
where m,, is an F,,-martingale and A, is an increasing sequence such that
Ay =0 and A, is F,,_1-measurable for every n > 2.

(ii) (Multiplicative decomposition) Prove that a sequence of real-valued
random variables &, > 0, n = 1,..., N, such that &, is F,,-measurable and
E|¢,| < oo for every n, is a submartingale if and only if &, = A, m,, where
my, is a nonnegative F,-martingale and A, is an increasing sequence such
that A1 =1 and A,, is F,,_1-measurable for every n > 2.

5. Exercise. As a generalization of Exercise 2 (iii), prove that if (w, F) is
a Wiener process, 0 < tg <1 < ... <tn, and b, are F;, -measurable random
variables, then

n—1 n—1
(eXp {D bilwe, —wi) = (1/2) > 7 (tigr — ti)}aftn>a
i=0 i=0

n=1,..., N, is a martingale with expectation 1.

The above definition describes martingales with discrete time parameter.
Similarly one introduces martingales defined on any subset of R. A distin-
guished feature of discrete time martingales is described in the following
lemma.

6. Lemma. (&,, J—“n)szl is a martingale if and only if the &, are F,-measur-
able and
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El¢ <oo Vn< N, E(u41|Fn) =&, (as.) ¥Yn< N -—1.
Similar assertions are true for sub- and supermartingales.

Proof. The “only if” part is obvious. To prove the “if” part, notice that,
for m = n, &, is F,-measurable and E(&,|F,) = &, (as.). For m =n+1
this equality holds by the assumption. For m = n + 2, since F,, C Fp41 we
have

E(gm’j:n) = E(E(gn-k?‘fn-i-l)‘fn) = E(fn-ﬁ-l’j:n) =&n (a.s.).
In the same way one considers other m € {n,..., N}. The lemma is proved.

7. Definition. Let real-valued random variables &, and o-fields F,, C F
be defined for n = 1,2, ... and be such that &, is F,,-measurable and

E‘gn‘ <00, Fpy1 C Fn, E(gn’}—n-l—l) =&n+1
(a.s.) for all n. Then we say that (&,,F,) is a reverse martingale.

An important and somewhat unexpected example of a reverse martingale
is given in the following theorem.

8. Theorem. Let nq,...,nNy be independent identically distributed random
variables with E|n| < co. Define

Cn=m+..+m)/n, Fn=0n:m=n,...,N).
Then (&, Fn) is a reverse martingale.

Proof. Simple manipulations show that it suffices to prove that

forn=1,..,N and i = 1,...,n. In turn (1) will be proved if we prove that

E(mlén, . &n) = Emilén, ...&N) i=1,...n (2)
(a.s.). Indeed, then, upon letting ¢ = E(n1|&n, ..., €N ), we find that

n = B(Enlns - Ex) = — B((m + .+ 1)l ) = G

(a.s.), which implies (1).
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To prove (2), observe that any event A € (&, ...,&n) can be written as
{w: (&,....,&n) € B}, where B is a Borel subset of RV="*1  In addition,
the vectors (n1,m2,...,nn) and (n2, 71,73, ..., NN ) have the same distribution.
Therefore, the vectors

(M1 412 + oo Ty s L+ 12 4 o 4 1)
and
(m2yma+m+n3+ . + My ooy iz +m1 + 03 + ... +1N)

have the same distribution. In particular, for n > 2,

Englig,. exvyep = Eml,,  eyyep = ECl¢,, ey)eB-

Hence ¢ = E(n2|&n, ..., &n) (a.s.). Similarly one proves (2) for other values
of 7. The theorem is proved.

3. Properties of martingales

First we adapt the definition of filtration of o-fields from Sec. 2.7 to the case
of sequences.

1. Definition. Let F,, be o-fields defined for n = 0,1, 2, ... and such that
Fn C F and F, C Fny1. Then we say that we are given an (increasing)
filtration of o-fields F,.

2. Definition. Let 7 be a random variable with values in {0, 1, ...,00}. We
say that 7 is a stopping time (relative to F,,) if {w : 7(w) > n} € F, for all
n=0,1,2 ...

Observe that we do not assume 7 to be finite, on a subset of €2 it may be
equal to co. The simplest examples of stopping time are given by nonrandom
nonnegative integers.

3. Exercise*. Prove that a nonnegative integer-valued random variable 7
is a stopping time if and only if {w : 7 = n} € F, for all n > 0. Also prove
that Ao, 7V o, and T+ o are stopping times if 7 and o are stopping times.

In applications, quite often the o-field F,, is interpreted as the set of all
events observable or happening up to moment of time n when we conduct a
series of experiments. Assume that we decided to stop our experiments at a
random time 7 and then, of course, stop observing its future development.
Then, for every n, the event 7 = n definitely either occurs or does not occur
on the interval of time [0,n], which is transformed into the requirement
{r =n} € F,. This is the origin of the term “stopping time”.
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4. Example. Let &,, n = 0,1,2,..., be a sequence of F,-measurable ran-
dom variables, and let ¢ € R be a constant. Define

T=inf{n > 0:&,(w) > ¢} (infd:= o0)

as the first time when ¢, hits [¢,00) (making the definition inf() := oo
natural). It turns out that 7 is a stopping time.

Intuitively it is clear, since, for every w, knowing &g, ...,&, we know
whether one of them is higher than ¢ or not, that is, whether 7 > n or
not, which shows that {w : 7 > n} € 0(&,....,&) C F,. To get a rigorous
argument, observe that

{wir>nt={w:&% <c¢ ... n(w) < c}

and this set is in JF,, since, for ¢ = 0,1, ...,n, the & are F;-measurable, and
because F; C F,, they are F,-measurable as well.

5. Exercise. Let &, be integer valued and ¢ an integer. Assume that 7
from Example 4 is finite. Is it true that £, =c¢?

If&,,n=0,1,2, ..., is a sequence of random variables and 7 is an integer-
valued variable, then the sequence 1, = &,a+ coincides with &, for n < 7 and
equals &, after that. Therefore, we say that n, is the sequence &, stopped at
time T.

6. Theorem (Doob). Let (&,,Fn), n=0,1,2,..., be a submartingale, and
let T be an F,-stopping time. Then (anr,Fn), n = 0,1,2,..., is a sub-
martingale.

Proof. Observe that

57’1/\7’ = 5017':0 + ...+ gnIT:n + gnIT>n7 ITSngT = 5017':0 + ...+ gnIT:n'

It follows by Exercise 3 that &,,r and I;<,&, are Fj,-measurable. By fac-
toring out F,-measurable random variables, we find that

E(g(n+1)/\7—|fn) = E(If>n§n+1|fn)+E(IT§n§T|Fn) > IT>TL£TL+IT§TL§T = gn/\T

(a.s.). The theorem is proved.

7. Corollary. If 7 is a bounded stopping time, then on the set {w : 7 > n}
we have (a.s.)

E(&|Fn) 2 &n-
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Indeed, if 7(w) < N, then & = {(nyn)rr and

E(&T’fn) = E(g(N+n)/\T’f7’l) > Ennrs

where the last term equals &, if 7 > n.

8. Definition. Let 7 be a stopping time. Define F, as the family of all
events A € F such that

AN{w:7(w) <n}eF, Yn=0,1,2...

9. Exercise*. The notation F, needs a justification. Prove that, if for an
integer n we have 7 = n, then F, = F,,.

Clearly, if 7 = oo, then F,. = F. Also it is not hard to see that F; is
always a o-field and F, C F. This o-field is interpreted as the collection
of all events which happen during the time interval [0,7]. The simplest
properties of o-fields F, are collected in the following lemma.

10. Lemma. Let 7 and o be stopping times, let £,&,, n=20,1,2,...,00, be
random variables, let &, be Fp-measurable (Foo := F), and let E|§| < oo.
Then

(AeF,<—= An{w:T(w)=n}e€F, Yn=0,1,2,..,00;

(i) {w:T7 <o} e FrNF, and, if T < o, then F; C Fu;

(iii) 7, &, &nlr=pn are Fr-measurable for alln =0,1,2,...,00;

(iv) E(¢|Fr) = E(&|Fn) (a.s.) onthe set{T =n} for anyn =0,1,2,...,00.

Proof. We set the proof of (i) as an exercise. To prove (ii) notice that
{r<o}n{o=n}={r<n}n{oc=n}eF,

{r<o}n{r=n}={r=n,0 >n}ecF,.
Hence {w: 7 <o} € F,NF, by (i). In addition, if 7 < o and A € F,, then
ANn{oc=n}= OAH{T:i}ﬂ{Jzn}G}"n
i=1

because AN{r =i} € F; C F,. Therefore, A € F, for each A € F; that
is, Fr C Fy.

(iii) Since constants are stopping times, (ii) leads to {7 < n} € F;, so
that 7 is Fr-measurable. Furthermore, for A := {{; < ¢}, where ¢ is a
constant, we have

An{r=n}={ <c,T=n}eF,
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for any n =0,1,2,...,00. Hence A € F; and &, is F,-measurable. That the
same holds for &, 1—,, follows from &,1,—, = &1 —,.
(iv) Define n = I,—, E(¢|F;) and ( = I,.—, E(§|F,). Notice that by (i),

for any constant ¢
{n<et={r#n0<c}U ({T =n}N{EEF;) < c}) € Fn.

Hence n is F,-measurable. Also ( is F,-measurable due to Exercise 3.
Furthermore, for any A € F,, assertion (iii) (with &, = I4 and & = 0 for
k # n) implies that

EIan = EIAL—nE(€|F,) = EIgL € = EI4C.

Since both 7 and ¢ are F,-measurable, we conclude that n = E(n|F,) = ¢
(a.s.). The lemma is proved.

11. Theorem (Doob’s optional sampling theorem). Let (&,,F,), n > 0,
be a submartingale, and let 7;, 1 = 1,...,m, be bounded stopping times satis-
fying 71 < ... < 7. Then (&, Fr), i =1,...,m, is a submartingale.

Proof. The F;,-measurability of {;, follows from Lemma 10. This lemma
and Corollary 7 imply also that on the set {7; = n} we have

E(§T¢+1|fn) = E(57i+1|‘Fn) > fn = fﬂ' (a.s.)

since 7;+1 > n. Upon noticing that the union of {r; = n} is 2, we get the
result. The theorem is proved.

12. Corollary. If 7 and o are bounded stopping times and T < o, then
& < B(&|F,) and B, < E&,.

Surprisingly enough the inequality F¢; < E¢, in Corollary 12 can be
taken as a definition of submartingale. An advantage of this definition is
that it allows one to avoid using the theory of conditional expectations
altogether. In connection with this we set the reader the following exercise.

13. Exercise. Let £, be summable F,,-measurable random variables given
forn =0, 1,.... Assume that for any bounded stopping times 7 < ¢ we have
E¢: < E&,, and prove that (&,,F,) is a submartingale.

14. Theorem (Doob-Kolmogorov inequality). (i) If ({n,Fn), n = 0,1, ...,
s a submartingale, ¢ > 0 is a constant, and N is an integer, then

L 1
P{ana]%c &n >} < ~ BN,y gnze < E(EN)4, (1)
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P{Slipfn >cp < % sup E(&n)+- (2)

(ii) If (&ny Fn), n=0,1,..., is a supermartingale, £, > 0, and ¢ > 0 is a
constant, then

1
P{Sup fn > C} < - E§O~
n C

Proof. (i) First we prove (1). Since the second inequality in (1) obviously
follows from the first one, we only need to prove the latter. Define

T=inf(n >0:&, > c).

By applying Corollary 12 with N A 7 and N in place of 7 and ¢ and also
using Chebyshev’s inequality we find that

1 1
P{max§, > ¢} = P{&Ir<n 2 ¢} < — E&lran = — ESnarlr<nar
n<N C C

1 1 1
< z EITgN/\TE(fNLFN/\T) = E EITSN/\T&N = E EgNImaanN En>c
To prove (2) notice that, for any ¢ > 0,

{sup&n = c} € LNJ{%% o> c—c}

and the terms in the union expand as N grows. Hence, for € < ¢

> < 1i >c—
Pisup&y > cp < lim P{max{, > ¢ — e}

1
< i E <
< lm (En)+ = -

1

sup B(6n) +-
e
The arbitrariness of € proves (2).

(ii) Introduce 7 as above and fix an integer N. Then, as in the beginning
of the proof,

1 1 1 1
P{max¢, > c} < - E&Ir<n = — Eénarlr<n < = Eénar < = E&o.
n<N C C C C

Now one can let N — oo as above. The theorem is proved.
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15. Theorem (Doob’s inequality). If (&,,Fy), n = 0,1,..., is a nonnega-
tive submartingale and p > 1, then

E[sup&,]|” < ¢”sup E€L, (3)
n n

where ¢ = p/(p — 1). In particular,

E[sup £n]2 < 4sup E{%.
n n

Proof. Without losing generality we assume that the right-hand side of
(3) is finite. Then for any integer N

p p p
[sup &)< [ &P <N? Y e, E[sggfn] < 0.

n<N n<N n<N

Next, by the Doob-Kolmogorov inequality, for ¢ > 0,

1
P{sup fn Z C} S - Eé.NIsupn<N En>ce
n<N ¢ B

We multiply both sides by pcP~!, integrate with respect to ¢ € (0, 00), and
use

0
P(77 > C) = EIana 77p = p/ cp_IIHZC dC,
0

where 7 is any nonnegative random variable. We also use Holder’s inequality.
Then we find that

B[ sup &,]" < qBw [ sup )" < a(EE) 7 (E] swp &,]7)
= n<N n<N

Upon dividing through by the last factor (which is finite by the above) we
conclude that

E[sup &,]" < ¢”sup E€E.
n<N n

It only remains to use Fatou’s theorem and let N — oco. The theorem is
proved.
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4. Limit theorems for martingales

Let (&n,Fn), n = 0,1,..., N, be a submartingale, and let a and b be fixed
numbers such that a < b. Define consecutively the following:

mm=inf(n>0:&,<a)AN, op=inf(n>m:& >b)AN,

Tn=inf(n > o0p-1:§, <a)AN, o,=inf(n>71,:§, >b)AN.

Clearly 0 <711 <01 <1 <09 <..and TN4; = ony; = N for all i > 0. We
have seen before that 71 is a stopping time.

1. Exercise*. Prove that all 7, and o, are stopping times.

The points (n,&,) belong to R2. We join the points (n,&,) and (n +
1,&p41) for n = 0,..., N — 1 by straight segments. Then we obtain a piece-
wise linear function, say [. Let us say that if £, < a and &,,, > b, then
on [Ty, 0] the function | upcrosses (a,b). Denote (B(a,b) the number of
upcrossings of the interval (a,b) by l. It is seen that ((a,b) = m if and only
if &, <a, &, >bandeither &, ., >aoré,, , <b.

The following theorem is the basis for obtaining limit theorems for mar-
tingales.

2. Theorem (Doob’s upcrossing inequality). If (&, Fn), n =0,1,..., N, is
a submartingale and a < b, then

B(a,) < 7= B(ey — o).

Proof. Notice that ((a,b) is also the number of upcrossing of (0,b — a)
by the piecewise linear function constructed from (&, — a);. Furthermore,
&n—aand (&, —a)4 are submartingales along with &,. It follows that without
loss of generality we may assume that &, > 0 and a = 0. In that case notice
that any upcrossing of (0,b) can only occur on an interval of type [1;, 0y]
with &, — &, > b. Also in any case, &, — &, > 0. Hence,

bﬁ(aa b) < (5{71 - 57'1) + (5{72 - 57'2) +..+ (5{71\7 - 57'1\7)'
Furthermore, 7,41 > 0, and E¢,, ., > F&,, . It follows that

bEf(a,b)
< _Efﬂ + (Efdl - Esz) + (Efﬂz - EfTs) +.t (Eé—U'N—l - EfTN) + Eng
S Eé-O'N - E§T1 S EéUN = EéN?

thus proving the theorem.
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3. Exercise. For ¢, > 0 and a = 0 it seems that typically &, > b and
§rny1 = 0. Then why do we have F¢;, , > E¢;, ?

If we have a submartingale (&,,F,) defined for all n = 0,1,2, ..., then
we can construct our piecewise linear function on (0, c0) and define G (a, b)
as the number of upcrossing of (a,b) on [0, 00) by this function. Obviously
Boo(a, b) is the monotone limit of upcrossing numbers on [0, N]. By Fatou’s
theorem we obtain the following.

4. Corollary. If (&, Fn), n=0,1,2,..., is a submartingale, then

Bfe(a,0) <

sup B(g, — a)y < -—

(sup E(&n)+ + lal).
5. Theorem. Let one of the following conditions hold:
(1) (&n,Fn), n=0,1,2,..., is a submartingale and sup,, E(&,)+ < oo;

(i) (§nyFn), n=0,1,2,..., is a supermartingale and sup,, E(&,)- < oo;
(#i) (&n, Fn), n=0,1,2,..., is a martingale and sup,, E|&,| < oo.

Then the limit lim &, exists with probability one.
n—oo

Proof. Obviously we only need prove the assertion under condition (i).
Define p as the set of all rational numbers on R, and notice that almost
obviously

{w: Im &, (w) > lim &)} = U {w:Bs(a,b) = oo}

n—oo a,bep,a<b

Then it only remains to notice that the events on the right have probability
zero since

1
b—a

Bfe(a,b) £ = (sup B(.)- +a) < o,

so that (oo (a,b) < oo (a.s.). The theorem is proved.

6. Corollary. Any nonnegative supermartingale converges at infinity with
probability one.

7. Corollary (cf. Exercise 2.2). If (§,,Fn), n =0,1,2,..., is a martingale
and & is a random variable such that |&,| < £ for all n and E{ < oo, then
&n = E(Ex|Fn) (a.s.), where {s = lim &,.
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Indeed, by the dominated convergence theorem for martingales
§n = E(&n+ml|Fn) = n%gnmE(fn+m|fn) = E(&o0lFn)-

Corollary 7 describes all bounded martingales. The situation with un-
bounded, even nonnegative, martingales is much more subtle.

8. Exercise. Let &, = exp(w, — n/2), where w; is a Wiener process. By
using Corollary 2.4.3, show that £, = 0, so that &, > E({x|Fy). Conclude
that E'sup,, &, = oo and, moreover, that for every nonrandom sequence
n(k) — oo, no matter how sparse it is, £ supy &, ) = oo.

In the case of reverse martingales one does not need any additional
conditions for its limit to exist.

9. Theorem. Let ({,,Fn), n = 0,1,2,..., be a reverse martingale. Then
lim &, exists with probability one.
n—od

Proof. By definition (§_,,F_,), n = ...,—2,—1,0, is a martingale. De-
note by On(a,b) the number of upcrossing of (a,b) by the piecewise linear
function constructed from £_,, restricted to [—N,0]. By Doob’s theorem,
EpBn(a,b) < (E|&]| + |al)/(b — a). Hence Ej\}l_]r}noo Bn(a,b) < oo, and we get

the result as in the proof of Theorem 5.
10. Theorem (Lévy-Doob). Let & be a random variable such that E|£| <
00, and let F,, be o-fields defined for n =0,1,2,... and satisfying F, C F.

(i) Assume F, C Fpi1 for each n, and denote by Foo the smallest o-field
containing all F, (Foo = \,, Fn). Then

lim E(€|F,) = B¢|Fa) (a5, 1)
lim FIE(E|F,) — B(€|Fu0)| = 0. 2)

(i) Assume Fp, O Fpq1 for all n and denote Foo = (), Fn. Then (1)
and (2) hold again.

To prove the theorem we need the following remarkable result.

11. Lemma (Scheffé). Let £,&,, n = 1,2,..., be nonnegative random vari-
ables such that &, il ¢ and E¢,, — E£ asn — oo. Then E|§, —¢| — 0.
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This lemma follows immediately from the dominated convergence theo-
rem and from the relations

€= &l =26 =€)t — (E— &), (E—E)r <&y (E—E&u)s 20

Proof of Theorem 10. (i) Writing £ = & — £_ shows that we may
concentrate on £ > 0. Then Lemma 11 implies that we only need to prove
(1).

Denote n = E({|Fx) and observe that

M = E(&’fn) = E(E(g‘foo)‘fn) = E(m]:n)

Therefore it only remains to prove that if n is F,-measurable, n > 0, and
En < oo, then n, := E(n|F,) — n (as.).

Obviously (n,,F,) is a nonnegative martingale. By Theorem 5 it has a
limit at infinity, which we denote 7. Since the 7, are Fo,-measurable, 7o,
is Foo-measurable as well. Now for each £k = 0,1,2,... and A € F; we have
A € F, for all large n, and by Fatou’s theorem

Elgns < lim Elan, = lim EIAE(n|F,) = Elan. (3)

n—o0 n—oo

Hence ET4(n— o) is a nonnegative measure defined on the algebra | J,, Fy.
This measure uniquely extends to F, and yields a nonnegative measure on
Foo- Since ET4(n—ns) considered on F, is obviously one of the extensions,
we have ET4(n—ns) > 0forall A € F. Upon taking A = {w : n—1 < 0},
we see that E(n — ns)— = 0, that is, n > 1 (a.s.).

Furthermore, if 7 is bounded, then the inequality in (3) becomes an
equality, implying 7 = 7o (a.s.). Thus, in general n > 1 (a.s.) and, if
7 is bounded, then 1 = 7 (a.s.). It only remains to notice that, for any
constant a > 0,

N> N = lim E(n|F,) > lim EnAalF,)=nANa (as.),
n—oo n—oo

that is, 7 > o0 > n A a (a.s.), and let a — oco. This proves (i).

(ii) As in (i) we may and will assume that £ > 0. Denote &, = E(§|F,).
Then (&, F,) is a reverse martingale, and lim,, .~ &, exists with probability
one. We define £, to be this limit where it exists, and 0 otherwise. Ob-
viously £ is Fp-measurable for any n, and therefore F,-measurable. Let

€ := E(£|Fs) and for any A € Fo, write

EI.€ < lim FI4E, = EI.E = EL4E.

n—oo
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It follows that &o < € (a.s.). Again, if ¢ is bounded, then &o = £ (a.s.).
Next,

£ > b = lim E(E|F,) > lim E(EAalF,) = E(§ N a|Fx)

(a.s.). By letting a — oo and using the monotone convergence theorem we
conclude that

§ 2 6o 2 lim B(§AalFx) = B(¢|Fu) =€

(a.s.). The theorem is proved.

From the Lévy-Doob theorem one gets one more proof of the strong law
of large numbers.

12. Theorem (Kolmogorov). Let n1,n2,... be independent identically dis-
tributed random variables with E|n;| < co. Denote m = Eny. Then

1 1
lim —(m + ... +7,) =m  (a.s.), lim E‘—(m—i—...—l—nn)—m| =0.

Proof. Without losing generality we assume that m = 0. Define

En=(m+tm)/n, FY =0 .nbn), Fa= \ FY.
N>n

We know that (&,, FY), n = 1,2,..., N, is a reverse martingale (Theorem
2.8). In particular, &, = E(¢|FY) (a.s.), whence by Lévy’s theorem &, =
E(&|Fn) (as.). Again by Lévy’s theorem, ¢ := lim, . §, exists almost
surely and in L;(F, P). It only remains to prove that ( = 0 (a.s.).

Since E|n| < oo and En; = 0, the function ¢(t) = Ee'™™ is continuously
differentiable and ¢'(0) = 0. In particular, ¢(t) = 1+ o(t) as t — 0 and
Ee™ = lim (¢(t/n))" = lim (14 o(t/n))" =1

n—~oo

for any ¢. This implies ( = 0 (a.s.). The theorem is proved.

One application of martingales outside of probability theory is related
to differentiating.

13. Exercise. Prove the following version of Lebesgue’s differentiation the-
orem. Let f(¢) be a finite monotone function on [0,1]. For = € [0,1] and
integer n > 0 write x = k27" + £, where k is an integer and 0 < e < 277,
and define a,(x) = k27" and b, (z) = (k + 1)27". Prove that

i (@) = flan(@))

e bu(@) — an(2)
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exists for almost every = € [0, 1].

The following exercise bears on a version of Lebesgue’s differentiation
theorem for measures.

14. Exercise. Let (2, F) be a measurable space and (F,) an increasing
filtration of o-fields F, C F. Assume F = \/,, F,. Let p and v be two
probability measures on (€2, F). Denote by u, and v, the restrictions of
u and v respectively on (2, F,,), and show that for any n and nonnegative
Fn-measurable function f we have

thVMW%=A;ﬁmMW) (4)

Next, assume that v, is absolutely continuous with respect to w, and let
pn(w) be the Radon-Nikodym derivative v, (dw)/un(dw). Prove that:

(i) lim p,, exists p-almost everywhere and, if we denote
n—oo

n—~oo

lim p,(w) if p*:=sup, p, < oo,
plw) =

o) otherwise,

then

(ii) if v is absolutely continuous with respect to p, then p = v(dw)/p(dw)
and p, — p in L (F, u), while

(iii) in the general case v admits the following decomposition into the
sum of absolutely continuous and singular parts: v = v, + v, where

) = [ Tapitds), n(4) = (A0 {p = o0},

5. Hints to exercises

1.4 Notice that, for any Borel f(y) with E|f(n)| < oo, we have
Eftm = [, fwp(z,y) dzdy.

2.2 In (iii) notice that wy,, = wy, + (wy, —wy), where w,, —w, is independent
of F,.
2.3 In the proof of necessity start by writing (0-0~! := 0)
-1
&n="En (E(gn-i-l’}—n)) E(&n—l—l’}—n) - CnE(gn—i—l‘}—n) - E(ﬁn&n—i—l‘}—n)a
where ¢, := &, (E(&n11|F,)) " < 1, then iterate.
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2.4 (ii) If the decomposition exists, then E(&,|Fn—1) = Apmp_1.
2.5 Use Theorem 1.13.

3.3 Consider the event {T < n}.

3.5 In some cases the answer is “no”.

3.13 For A€ F,, definet =non Aand 7 =n -+ 1 on A“.

4.13 On the probability space ([0, 1],B([0,1]),¢) take the filtration of o-
fields F,, each of which is defined as the o-field generated by the sets

k27" (k+1)27"), k=0,1,...,2" — 1.
Then check that {f(b,(z)) — f(an(x))}2" is a martingale relative to F,.

4.14 (i) By using (4.4) prove that p,, is an F,,-martingale on (2, F, p). (iii)
For each a > 0 define 7, = inf{n > 0 : p, > a} and show that for every n,
AeF,,andm>n

v(A) =vp(A) = / L sm(pm A a) p(dw) +v(AN {1, < m}).
A
By letting m — oo, derive that
v(A) = / Ly <ap p(dw) + v(AN{p* > a}).
A

Next let a — oo and extend the formula from A € F, to all of F. (ii) Use
(iii), remember that v is a probability measure, and use Scheffé’s lemma.






Chapter 4

Stationary Processes

1. Simplest properties of second-order
stationary processes

1. Definition. Let 7' € [—o00,00). A complex-valued random process &;
defined on (7', 00) is called second-order stationary if E|&]? < oo, E& is
constant, and the function F¢.& depends only on the difference s — ¢ for
t,s>T.

The function R(s —t) = FE&,& is called the correlation function of &;.
We will always assume that £& = 0 and that R(t) is continuous in t.

2. Exercise*. Prove that R is continuous if and only if the function & is
continuous in ¢ in the mean-square sense, that is, as a function from (7, c0)

to Lo(F, P).

Notice some simple properties of R. Obviously, R(0) = E&i& = Bl&)?
is a real number. Also R(t) = E&&p if 0 € (T, 00), and generally

R(t) = Egr-i—téra R(_t) = Eé:s—tgs = Egsgs—t = R(t) (1)

provided r,7+t,s,s—t € (T,00). The most important property of R is that
it is positive definite.

3. Definition. A complex-valued function r(t) given on (—o0, 00) is called
positive definite if for every integer n > 1, t1,...,t, € R, and complex
Z1, ..., 2n, We have
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n

> ety —th)zZ > 0 (2)

J,k=1

(in particular, it is assumed that the sum in (2) is a real number).

That R is positive definite, one proves in the following way: take s large
enough and write

n

n n
SRt —t)zZ =E > ziZkbertSern, = Bl Y zi&iy P 2 0.
j=1

k=1 jk=1

Below we prove the Bochner-Khinchin theorem on the general form of
positive definite functions. We need the following.
4. Lemma. Let r(t) be a continuous positive definite function. Then

(4) 7(0) = 0,

(i) 7(t) = r(=t), |r(t)] < r(0) and, in particular, r(t) is a bounded
function,

(iii) of [Z_ |r(t)] dt < oo, then

/Oo r(t)dt > 0,

— 00

(iv) for every x € R, the function €"®r(t), as a function of t, is positive
definite.

Proof. Assertion (i) follows from (2) with n = 1, z = 1. Assertion (iv)
also trivially follows from (2) if one replaces z;, with zei*.

To prove (ii), take n = 2, t; =t,t5 =0, 21 = 2, 29 = A, where \ is a real
number. Then (2) becomes

r(0)(|2)% 4+ A2) + Ar(t)z + Ar(—t)z > 0. (3)

It follows immediately that r(¢)z+r(—t)Z is real for any complex z. Further-

more, since r(—t)z+7(—t)z = 2Rer(—t)z is real, the number (r(t) —7(—t))z

is real for any complex z, which is only possible when r(t) — #(—t) = 0.
Next, from (3) with z = 7(t) we get

7(0)|r(t)]? 4+ 7(0)A% + 2\|r(t)|> > 0
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for all real \. Tt follows that |r(¢)|* — 72(0)|r(t)|*> < 0. This proves asser-
tion (ii).

Turning to assertion (iii), remember that r is continuous and its integral
is the limit of appropriate sums. Viewing dt and ds as z; and Zzj, respectively,
from (2), we get

N N
/ / r(t—s)dtds ~ Y r(ti — t;) At At; > 0,
—NJ-N

i?j

1 [N N o0 ’
0< N/N/Nr(t—s) dtds—/ r(t)(2 = W) jy<on dt,

where the equality follows after the change of variables t —s =t/,t +s = 5.
By the Lebesgue dominated convergence theorem the last integral converges
to 2 [*_r(t)dt. This proves assertion (iii) and finishes the proof of the
lemma.

5. Theorem (Bochner-Khinchin). Let r(t) be a continuous positive definite
function. Then there exists a unique nonnegative measure F' on R such that

FR)=r(0) and
r(t) = / 1R (dz) V€ R. (@)
R
Proof. The uniqueness follows at once from the theory of characteristic

functions. In the proof of existence, without loss of generality, one may
assume that r(0) # 0 and even that r(0) = 1.

Assuming that 7(0) = 1, we first prove (4) in the particular case in which

/ |r(t)] dt < 0. (5)
R
Then by Lemma 4 (ii) we have

/ Ir(t)|* dt < oc.
R

Next, define f as the Fourier transform of r:
fla) = = / e (t) dt
2T R '

By Lemma 4 (iii), (iv) we have f(x) > 0. From the theory of the Fourier
transform we obtain that f € Ly(R) and
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r(t) = /R ¢t f(z) da (6)

for almost all ¢, where the last integral is understood in the sense of Ly (as
the limit in Ly of f\x\ <, € f(x) dz). To finish the proof of the theorem in
our particular case, we prove that f is integrable, so that the integral in (6)
exists in the usual sense and is a continuous function of ¢, which along with
the continuity of r implies that (6) holds for all ¢ rather than only almost
everywhere.

By Parseval’s identity, for s > 0,

—sz2/2 dr = 1 / —t2/(2s) 1) dt
/Re f@yde = —— [ /()

(knowing the characteristic function of the normal law, we know that the

function

s/ (2m)e 52
is the Fourier transform of et/ (25)). The last integral is rewritten as
Er(y/s€), where £ ~ N(0,1), and it is seen that, owing to boundedness
and continuity of r, this integral converges to r(0) as s | 0. Now the mono-
tone convergence theorem (f > 0) shows that

/ f(z)dx =r(0) < oo.
R

This proves the theorem under condition (5).

In the general case, for € > 0, define
re(t) = r(t)e <2 = Br(t)e’*.

The second equality and Lemma 4 (iv) show that 7. is positive definite. Since
7:(0) = 1 and [g |re|dt < oo, there exists a distribution for which 7. is the
characteristic function. Now remember that in probability theory one proves
that if a sequence of characteristic functions converges to a function which
is continuous at zero, then this function is also the characteristic function
of a distribution. Since obviously r. — r as € | 0, the above-mentioned fact
brings the proof of our theorem to an end.

6. Definition. The measure F', corresponding to R, is called the spectral
measure of R or of the corresponding second-order stationary process. If F’
is absolutely continuous, its density is called a spectral density of R.

From the first part of the proof of Theorem 5 we get the following.
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7. Corollary. If [, |R(t)|dt < oo, then R admits a bounded continuous
spectral density.

From the uniqueness of representation and from (1) one easily obtains
the following.

8. Corollary. If R is real valued (R = R) and the spectral density f exists,
then R is even and f is even (f(z) = f(—=z) (a.e.)). Conversely, if f is
even, then R is real valued and even.

Yet another description of positive definite functions is given in the fol-
lowing theorem.

9. Theorem. A function r(t) is continuous and positive definite if and only
if it is the correlation function of a second-order stationary process.

Proof. The sufficiency has been proved above. While proving the neces-
sity, without loss of generality, we may and will assume that 7(0) = 1. By the
Bochner-Khinchin theorem the spectral distribution F' exists. By Theorem
1.1.12 there exists a random variable ¢ with distribution F' and character-
istic function r. Finally, take a random variable ¢ uniformly distributed on
[—7, 7] and independent of &, and define

ft = ei(ft—i—cp)’ teR.
Then
E& =r(t)Ee =0, FE&& = Ee€t—1) = r(s—t),

which proves the theorem.

10. Remark. We have two representations for correlation functions of second-
order stationary processes:

R(s—t) = Ft& and R(s—t) = / eTeitr F(dx).
R
Hence, in some sense, the random variable & given on ) corresponds to the
function €* on R. We will see in the future that this correspondence turns
out to be very deep.

11. Exercise. In a natural way one gives the definition of a second-order
stationary sequence &, given only for integers n € (T',00). For a second-order
stationary sequence &, its correlation function R(n) is defined on integers
n € R. Prove that, for each such R(n), there exists a nonnegative measure
F on [—m, @] such that R(n) = [7_e"*F(dx) for all integers n € R.
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Various representation formulas play an important role in the theory of
second-order stationary processes. We are going to prove several of them,
starting with the following.

12. Theorem (Kotel'nikov-Shannon). Let the spectral measure F of a
second-order stationary process &, given on R, be concentrated on (—m, ),
so that F(—m,m) = F(R). Then for every t

- £ R (0-1)

n=—oo

which is understood as

sm7r
&=l Z ),

t—n

Proof. We have to prove that

Jim Ble— ) %))m = 0. (7)

n=—m

This equality can be expressed in terms of the correlation function alone.
It follows that we need only prove (7) for some second-order stationary
process with the same correlation function R. We choose the process from
Theorem 9. Then we see that the expression in (7) under the limit sign
equals

" sinw(t —n) 2
Ele™ — — " =0. 8
| Z m(t —n) c ‘ )
n=—m
Since the function e”® is continuously differentiable in z, its partial
Fourier sums are uniformly bounded and converge to €** on (—m, 7). The
random variable n takes values in (—m,7) by assumption, and the sum in
(8) is a partial Fourier sum of e* evaluated at x = 1. Now the assertion of

the theorem follows from the Lebesgue dominated convergence theorem.

13. Exercise. Let ¢ be a uniformly distributed random variable on (—m, )
and & := € ("19) 5o that the corresponding spectral measure is concen-
trated at 7. Prove that (for all w)

Z % &, = e cosmt £ &.

n=—oo
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14. Exercise*. Remember the way the one-dimensional Riemann integral
of continuous functions is defined. It turns out that this definition is easily
extendible to continuous functions with values in Banach spaces. We mean
the following definition.

Let f(t) be a continuous function defined on a finite interval [0, 1] with
values in a Banach space H. Then

2" —1

/1f(t) dt = lim Y f(i27")27",
0 n—oo o

where the limit is understood in the sense of convergence in H. Similarly one
defines the integrals over finite intervals [a,b]. Prove that the limit indeed
exists.

15. Exercise. The second-order stationary processes that we concentrate
on are assumed to be continuous as Lo(F, P)-valued functions. Therefore,
according to Exercise 14 for finite a and b, the integral fab & dt is well-defined
as the integral of an Lo(F, P)-valued continuous function &. We say that
this is the mean-square integral.

By using the same method as in the proof of Theorem 9, prove that if
& is a second-order stationary process defined for all ¢, then

always exists. Also prove that this limit equals zero if and only if F'{0} = 0.
Finally prove that F{0} =0 if R(t) — 0 as t — oo.

2. Spectral decomposition of trajectories

H. Cramér discovered a representation of trajectories of second-order sta-
tionary processes as “sums” of harmonics with random amplitudes. To prove
his result we need the following.

1. Lemma. Let F be a finite measure on B(R). Then the set of all func-
tions

f(z) =) cie?, (1)

j=1

where c;, t;, and n are arbitrary, is everywhere dense in Ly(B(R), F).
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Proof. If the assertion of the lemma is false, then there exists a nonzero
element g € Lo (B(R), F') such that

/ g(x)e™ F(dx) =0
R

for all £. Multiply this by a function f(t) € Li(B(R),#) and integrate with
respect to ¢ € R. Then by Fubini’s theorem and the inequality

Lo ) < ( [ lo)P Fa)? < oo
R R
we obtain

/ o(@)f (@) F(dz) =0, f(z) = / Ft)ei dt.
R R

One knows that every smooth function f with compact support can be
written in the above form. Therefore, g is orthogonal to all such functions.
The same obviously holds for its real and imaginary parts, which we denote
gr and g;, respectively. Now for the measures pi(dz) = g+ (z) F(dz) we
have

/ £(2) i () = / f(2) p_(da) @)
R R

for every smooth function f with compact support. Then, as in Theorem
1.2.4, we obtain that uy = p—, so that (2) holds for all f > 0. Substituting
f = gr+ and noticing that the right-hand side of (2) vanishes, we see that
gr+ = 0 F-almost everywhere. Similarly g, = 0 and g;» = 0 F-almost
everywhere, so that g = 0 F-almost everywhere, contradicting the choice of
g. The lemma is proved.

2. Theorem (Cramér). Let & be a (mean-square continuous) second-order
stationary process on R. Let F be the spectral measure of &. Then, on
the collection of all sets of type (—oo,al, there exists a random orthogonal
measure ¢ with reference measure F such that E¢(—oo,a] =0 and

ft:/Re”C(dx) (a.s.) Vt. 3)

If (1 is another random orthogonal measure having these properties, then,
for any a € R, we have (1(—0o0,a] = ((—00,a] (a.s.).
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Proof. Instead of finding ¢ in the first place, we will find the stochastic
integral against ¢. To do so, define an operator ® : La(B(R), F)) — Lo(F, P)
in the following way. For f given by (1), define (cf. (3) and Remark 1.10)

Of = iy,
j=1

It is easy to check that if f is asin (1), then
& 2
I amm.rm = BI Do = EIOf?, BEOf=0. (4)
j=1

It follows, in particular, that the operator ® is well defined on f of type (1)
(cf. the argument after Remark 2.3.11). By the way, the fact that it is well
defined does not follow from the fact that, if we are given some constants

Cirty Cotlhy =1, 0m, 1 <o <ty 8] < ..o <, and

n n
§ : itiT § : ) it

c;€e 1T = Cje J
j=1 j=1

for all x, then the families (c;,t;) and (c},t}) are the same.

We also see that the operator ® is a linear isometry defined on the
linear subspace of functions (1) as a subspace of La(B(R), F') and maps
it into Lo(F,P). By Lemma 2.3.12 it admits a unique extension to an
operator defined on the closure in Ly(B(R), F') of this subspace. We keep
the notation ® for this extension and remember that the closure in question
coincides with La(B(R), F') by Lemma 1. Thus, we have a linear isometric
operator ® : Ly(B(R), F) — Ly(F, P) such that e = & (a.s.).

Next, observe that I_ 4 € L2(B(R), F') and define

C(—OO,CL] = q)[(foo,a}' (5)

Since ® preserves scalar products, we have
EC(—OO, a]g(_ooa b] = F((—OO,CL] N (—OO, b])

Hence ( is a random orthogonal measure with reference measure F'. Fur-
thermore, it follows from (5) that
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of = /R f(x) ¢(da) (6)

if f is a step function. Since ® and the stochastic integral are continuous
operators, (6) holds (a.s.) for any f € Lo(B(R),F). For f = €' we
conclude that

&G&=9f = /Rem ((dz) (as.).

Finally, as has been noticed in (4), we have E®f = 0 if f is a function
of type (1). For any f € La(B(R), F'), take a sequence of functions f,, of
type (1) converging to f in La2(*B(R), F') and observe that

1/2
[E®f| = |B(@f - @f)| < (B|of — @),
where the last expression tends to zero by the isometry of ® and the choice
of f,. Thus, E®f =0 for any f € La(B(R), F). By taking f = [_o 4], We
conclude that E((—o0,a] = 0.

We have proved the “existence” part of our theorem. To prove the
uniqueness, define ®;f = [, f(i(dz). The isometric operators ® and @,
coincide on all functions of type (1), and hence on Lo(B(R), F'). In partic-
ular, ((—o00,a] = ®I_ g = P1l(_ q = (1(—00,a] (a.s.). The theorem is
proved.

3. Remark. We have seen in the proof that, for each f € La(B(R), F'),
E / Fe(da) = 0.
R

4. Remark. Let Lg be the smallest linear closed subspace of Lo (F, P) con-
taining all &,t € R. Obviously the operator @ in the proof of Theorem 2
is acting from Lo(B(R), F) into LS. Therefore, ((—o0,a] and each integral
o 9¢(dz) with g € Ly(B(R), F) belong to LS.

Furthermore, every element of Lg is representable as [, g ((dz) with g €
Ly(B(R), F), due to the equality § = [ exp(itz)((dz) and the isometric
property of stochastic integrals.

5. Definition. We say that a complex-valued random vector (£1...,€™) is
Gaussian if for any complex numbers Aq,..., A\, we have Zj EXNj =m +
in2, where n = (n1,m2) is a two-dimensional Gaussian vector (with real
coordinates). As usual, a complex-valued or a real-valued Gaussian process
is one whose finite-dimensional distributions are all Gaussian.
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6. Corollary. If & is a Gaussian process, then

( /R fi() C(da), . /R ful) C(da))

is a Gaussian vector for any f; € La(B(R), F).

This assertion follows from the facts that @ f is Gaussian for trigonomet-
ric polynomials and mean-square limits of Gaussian variables are Gaussian.

7. Corollary. If & is a real valued second-order stationary process, then
/ f(z)¢(dx) / f(— (a.s.) Vf e Ly(B(R), F).

This follows from the fact that the equality holds for f = e®*.

8. Exercise. Prove that if both & and ( are real valued, then & is inde-
pendent of ¢ in the sense that & = & (a.s.) for any s, t.

9. Exercise. Let ¢ be a random orthogonal measure, defined on all sets
(—o0,al, satisfying E((—o0,a] = 0 and having finite reference measure.

Prove that
/ eitx C(dm)
R

is a mean square continuous second-order stationary process.

10. Definition. The random orthogonal measure whose existence is as-
serted in Theorem 2 is called the random spectral measure of &, and formula
(3) is called the spectral representation of the process &.

For processes with spectral densities which are rational functions, one
can give yet another representation of their trajectories. In order to under-
stand how to do this, we start with an important example.

3. Ornstein-Uhlenbeck process

The Wiener process is not second-order stationary because Ew? = t is not
a constant and the distribution of w; spreads out when time is growing.
However, if we add to w; a drift which would keep the variance moderate,
then we can hope to construct a second-order stationary process on the basis
of w¢. The simplest way to do so is to consider the following equation:

t
ftZSO—Oé/O £ ds + Pwy, (1)
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where a and (§ are real numbers, a > 0, & is a real-valued random variable
independent of w., and w; is a one dimensional Wiener process. For each
w, equation (1) has a unique solution & defined for all ¢ > 0, which follows
after writing down the equation for 7; := & — Bw;. Indeed,

= —a(n: + Pwe), 1o = &o,

t
n = &oe” ' — aﬂ/ 5D, ds,
0

¢
& = Ege M — aﬂ/ e, ds + Buwy. (2)
0

By Theorem 2.3.22 bearing on integration by parts (cf. Remark 2.4.4), the
last formula reads

t
£ = Eoe ™ + ﬂ/ 5= dap, (a.s.). (3)
0

1. Theorem. Let & ~ N(0,3%/(2a)). Then the solution & of equation
(1) is a Gaussian second-order stationary process on [0, 00) with zero mean,
correlation function

_ 62 —alt|
R(t) = 50 ¢ ,
and spectral density
21
flw) = 21 22+ o?’

Proof. It follows from (3) that E& = 0 and E|&|? < co. The reader
who did Exercise 2.3.23 will understand that the fact that & is a Gaussian
process is proved as in this exercise with the additional observation that, by
assumption, &y is Gaussian and independent of w..

Next, for t; > t9 > 0, from (3) and the isometric property of stochastic
integrals, we get

52 to 52
E& &, = —emolattz) 4 ﬁQ/ e(2s—ti—t2) go — I o—alta—t1)
P 2a 0 2a
It follows that &; is second-order stationary with correlation function R. The
fact that f is indeed its spectral density is checked by simple computation.
The theorem is proved.
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2. Definition. A real-valued Gaussian second-order stationary process de-
fined on R is called an Ornstein-Uhlenbeck process if its correlation function
satisfies R(t) = R(0) exp(—«|t|), where « is a nonnegative constant.

3. Exercise. Prove that if & is a real-valued Gaussian second-order station-
ary Markov process defined on R, then it is an Ornstein-Uhlenbeck process.
Also prove the converse.

Here by the Markov property we mean that

E{f(&I&e, - &} = E{S(&)I& ) (as.)
for any t; < ... <t, <t and Borel f satisfying E|f(&)| < oo.

Theorem 1 makes it natural to conjecture that any Ornstein-Uhlenbeck
process & should satisfy equation (1) for ¢ > 0 with some Wiener process
wy. To prove the conjecture, for & satisfying (1), we find w; in terms of the
random spectral measure ¢ of & if @ > 0 and § > 0. We need a stochastic
version of Fubini’s theorem, the proof of which we suggest as an exercise.

4. Exercise*. Let II be a family of subsets of a set X. Let ¢ be a random
orthogonal measure defined on IT with reference measure p defined on o (II).
Take a finite interval [a,b] C R and assume that on [a,b] X X we are given
a bounded function g¢(¢,z) which is continuous in ¢ € [a,b] for any = € X,
belongs to Lo(II, u) for any ¢ € [a,b], and satisfies

[ sup laft ) td) < o
X t€la,b]

Prove that [ g(t, ) ((dz) is continuous in ¢ as an Ly(F, P)-valued func-
tion and

/ab(/Xg(t,x)C(dx)) dt—/X(/abg(t,x) dt) ¢(dx),

where the first integral against dt is the mean-square integral (see Exercise
1.14) and the second one is the Riemann integral of a continuous function.

By using this result, we find that

sui = =ota [ Gds= [ (=140 [ @) can)

:/ L+ ) ¢(do),
R

1x
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et — 1 iz +
w = /R T (). (4)

This representation of w; will look more natural and invariant if one
replaces /27 (iz+a) S~ ¢(dx) with a differential of a new random orthogonal
measure. To do this rigorously, let II = {(a,b] : —0o < a < b < oo} and for
(a,b] € II define

Ma,b] = Vor /R Lay (:c)ix;_ ¢ (da).

It turns out that A is a random orthogonal measure with reference measure
{. Indeed,

1T+ « 1T+ «

E /R T (@) () /R Fas (@) 5 ()

T+ o —1ix+ o

_/RI(al,bﬂ(x)I(ag,bg}(x) ﬁ 5 f(x)d:r

1 1

I(al,b1](x)l(a2,b2}(x) dr = %6((6“7 bl] N (a27 bQ])

(remember that f = #%(z? + a?)~!(27)~! and the product of indicators is
the indicator of the intersection). By the way, random orthogonal measures
with reference measure ¢ are called standard random orthogonal measures.
Next for any g € S(II, £), obviously,

1T+«
/ o(2) \(dz) = V2T / o) C(dz) (as.).
R R p
Actually, this equality holds for any g € Lo(B(R),¥), which is proved by
standard approximation after noticing that if g, € S(II,¢) and g, — g in
Ly (B(R),¢), then

1T+« 1T+ o2 7i ) — ()2 de —
@)™ @) 22 P @) do = 5 [ lan(o) — g(o) do — 0.

In terms of A formula (4) takes the form

! /em_l/\(d ), t>0 (5)
wy = ), > 0.
t V21 JR 1T

Also
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ft:—l /em b
Vor Jr 1T+«

Adz), teR. (6)

Now we want to prove that every Ornstein-Uhlenbeck process &; satisfies
(1) with the Wiener process w; defined by (5). First of all we need to
prove that w; is indeed a Wiener process. In the future we need a stronger
statement, which we prove in the following lemma.

5. Lemma. Let & be a real-valued Gaussian second-order stationary pro-
cess defined on R. Assume that it has a spectral density f(x) # 0 which
is represented as @(x)p(x), where @(x) is a rational function such that
o(z) = p(—x) and all poles of p(z) lie in the upper half plane Im z > 0. Let
¢ be the random spectral measure of &. For —oo < a < b < oo define

Mat) = [ Tan(@) s cdn) (S50 i (@) =0).

L /em_l)\(d ), t>0 (7)
wy = x), > 0.
¢ \/27‘1’ R 1T

Then wy has a continuous modification which is a Wiener process indepen-
dent of &, s < 0.

Proof. Notice that the number of points where ¢(x) = 0 is finite and has
zero Lebesgue measure. Therefore, in the same way as before the lemma,
it is proved that X\ is a standard random orthogonal measure, and since
(exp(itz) — 1)/(ixz) € La(B(R), ), the integral in (7) is well defined and

¢(da).

Wi

1 /em—1 1
Ve Jr i o(x)

By Corollary 2.6 the process w; is Gaussian. By virtue of ¢(—x) = ¢(x)
and Corollary 2.7 we get

1 et 1 1
Wy = - — dx) = wy,
V= /R o S ) =

so that wy is real valued. In addition, wy = 0, Fw; = 0, and
1 eita: -1 e—isac -1

FBuws = Bwiwg = o P P dx. (8)
R _
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One can compute the last integral in two ways. First, if we take & from
Theorem 1, then (4) holds with its left-hand side being a Wiener process by
construction. For this process (8) holds, with the first expression known to
be t A s.

On the other hand, the Fourier transform of Iy () is easily computed

and turns out to be proportional to (e?** —1)/(ix). Therefore, by Parseval’s
identity

1 eitx -1 efisx -1
o o iz v dx = /RI(OJ}(Z)I(QS}(Z) dz =tNs.
It follows in particular that E|w; — ws|? = |t — s| and E|lw; — w4|* =

c|t — s|?, where c is a constant. By Kolmogorov’s theorem, w; has a con-
tinuous modification. This modification, again denoted wy, is the Wiener
process we need.

It only remains to prove that wy, t > 0, and &, s < 0, are independent.
Since (wyy, ..., Wy, ,Esyy -5 s, ) 18 a Gaussian vector for any tq,...,t, > 0,
S1y ..y Sm < 0, we need only prove that Fw&s = 0 for all t > 0 > s. From

&= [ e c(dn) = [ (o) Ado)

and (7) we obtain

1 isT et —1 1 isx e " —1
Eéswt = \/—2_7r Re SO(Q:') ( iz ) dr = E Re (p(x) _7232 dr.

Remember that ¢(z) is square integrable over the real line and is a rational
function with poles in the upper half plane. Also the functions e’** and e~%?
are bounded in the lower half plane. It follows easily that

[e(2)| =0 (ﬁ) o) _7_1‘ - <ﬁ>

for |z| — oo with Im z < 0. By adding to this the fact that the function
—itz 1

—1z
has no poles in the lower half plane, so that by Jordan’s lemma its integral
over the real line is zero, we conclude that F{;w; = 0. The lemma is proved.

6. Remark. We know that the Wiener process is not differentiable in ¢.
However, especially in technical literature, its derivative, called the white
noise, is used quite often.
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Mathematically speaking, the white noise is a generalized function de-
pending on w. We want to discuss why it is called “white”. There is a
complete analogy with white light, which is a mixture of colors correspond-
ing to electromagnetic waves with different frequencies. If one differentiates

(7) formally, then
. 1 it
wy = — | ™ Adx),
= e

which shows that i, is a mixture of all harmonics e*® each taken with the
same mean amplitude (27)"!'E|\(dz)|? = (27) 'dx, and the amplitudes
corresponding to different frequencies are uncorrelated and moreover inde-
pendent.

7. Theorem. Let & be an Ornstein-Uhlenbeck process with
R(t) = 3*(2a) e M, a>0,8>0.

Then, fort > 0, the process & admits a continuous modification ét and there
exists a Wiener process wy such that

~ ~ t~
ft—fo—a/ofsdswwt Vi >0 (9)

and wg, t >0, and &, s <0, are independent.

Proof. Define w; by (4). Obviously Lemma 5 is applicable with ¢(z) =
B(2m)~1/2(ixz + a)~!. Therefore, the process w; has a continuous modifica-
tion, which is a Wiener process independent of &;, s < 0, and for which we
keep the same notation. Let

_ t
& = e — 045/ ey, ds + fwy.
0

By the stochastic Fubini theorem

~ t ST 134 itr 1
£ = / [e—at —af / ol Z 2y € T (it )| C(da)
R 0 1 ﬁ 1T

= [ e ctan) = &
R

(a.s.). In addition & is continuous and satisfies (9), which is shown by
reversing the arguments leading to (2). The theorem is proved.

8. Exercise. We assumed that a > 0. Prove that if a = 0, then & = &g
(a.s.) for any t¢.
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4. Gaussian stationary processes with rational
spectral densities

Let & be a real-valued Gaussian second-order stationary process. Assume
that it has a spectral density f(x) and f(z) = P,(x)/Py(x), where P,
and P, are polynomials of degree n and m respectively. Without loss of
generality we assume that P, and P,, do not have common roots and P,
has the form =™ + ....

(2)/ Py (), where P; and Py, do not

1. Exercise*. Assume tlgat f(z) = P e
= 2™ + ... Prove that Py (z) = Py(z) and

have common roots and Py, (z)

Pi(z) = P, (x).

Exercise 1 shows that n,m, P, and P, are determined uniquely. More-
over, since f = f, we get that P, = P, and P,, = P,,, so that P, and P,
are real valued. Furthermore, f is summable, so that the denominator P,
does not have real zeros, m is even, and certainly n < m. Next, f > 0 and
therefore each real zero of P, has even multiplicity. Since &; is real valued,
by Corollary 1.8, we have f(x) = f(—=z), which along with the uniqueness
of representation implies that

P, (z) = P,(—x), Pn(x)= Py(—x).

In turns it follows at once that if a is a root of P,,, then a, —a, and —a
are also roots of F,,,. Remember that m is even, and define

Qi(x) =2 [ (x—ay), Q-(x)=i""2 [] (z—ay),

Imaj>0 Im a]-<0

where {a;,j7 = 1,...,m} are the roots of P,. Notice that Qi (z)Q_(z) =
P,,(x) and that, as follows from the above analysis, for real z,

Q+(@) = Q-(x) =i "= [] (=2 —(~ay))

Ima;<0

_ i_m/2(—1)m/2 H (—3? _ CL]) = Q+(—x), Q-{-(x)Q-i—(x) = Pm(x)

Im a; >0

Similarly, if P, does not have real roots, then there exist polynomials
P, and P_ such that

P_(2) = Pr(@) = Pi(~a), Pi(@)Pr(@) = P(a).

Such polynomials exist in the general case as well. In order to prove this, it
suffices to notice that, for real a,
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(.’E . a)%(x +a)2k — (562 . a2)k(:c2 . a2)k’ .’L‘Qk — (ZCC)k(—ZCC)k

We have proved the following fact with ¢ = P, /Q+.

2. Lemma. Let the spectral density f(x) of a real-valued second-order sta-
tionary process & be rational, namely f(x) = P,(x)/Py(x), where P, and
P, are nonnegative polynomials of degree n and m respectively without com-
mon roots. Then m is even and f(x) = ¢(x)p(x), where the rational func-
tion ¢(z) has exactly m/2 poles all of which lie in the upper half plane and
o(z) = p(—x) for all z € R.

3. Exercise. From the equality ¢(z) = ¢(—=x), valid for all z € R, derive
that @(iz) is real valued for real .

4. Theorem. Let the spectral density f(x) of a real-valued Gaussian second-
order stationary process & be a rational function with simple poles. Then
there exist an integer k > 1, (complex) constants o and (j, and continuous

Gaussian processes 1] and wy defined for t € [0,00) and j = 1,....;k such
that

i) wy is a Wiener process, (n},...,n¥) is independent of w., and wy,

(

t > 0, is independent of &5, s < 0;
(ii) 77{ = 776 — o fg 'ng ds + Bjwy for any t > 0;
(iii) fort > 0 we have

G=n+..+n8 (as).

Proof. As in the case of Ornstein-Uhlenbeck processes, we replace the
spectral representation & = [, exp(itz) ((dx) with

&= /R o(2)ei™ A(dz),

where ¢ is taken from Lemma 2 and

Ma,b] = /R Lay ﬁ((d:c) <% - o>.

Such replacement is possible owing to the fact that cp% = 1 almost every-
where. It is also seen that A is a standard orthogonal measure.

Next let

B ++ﬂk

ir+ar i+ ooy
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be the decomposition of ¢ into partial fractions. Since the poles of ¢ lie
only in the upper half plane, we have Rea; > 0. For ¢ > 0 denote

Bi

Ad J =
(x), gt Ri:c-i—aj

e \(dx).

Wt

1 et —1
o \/27T/R 1T

Observe that fg are Gaussian processes by Corollary 2.6 and w; is a
Wiener process by Lemma 3.5. Furthermore, by following our treatment of
the Ornstein-Uhlenbeck process one proves existence of a continuous modi-
fication 7} of &/, the independence of 79 = (ng,...,nk) and w., and the fact
that

. . t
ni—né—aj/nédwﬁjwfa t=>0.
0

It only remains to notice that & = &} +...+&F = n} +...+nF (a.s.). The
theorem is proved.

Consider the following system of equations:

( t
n = —oa fy nsds + Brwy,

t
nf =g — o [y nF ds + Brw,
k t g k
& =& — Zj:l Qj fo "7§ ds + wy Zj:l Bj

and the system obtained from it for the real and imaginary parts of 77{ . Then
we get the following result.

5. Theorem. Under the conditions of Theorem 4, for t > 0 the process &
has a continuous modification which is represented as the last coordinate of
a multidimensional real-valued Gaussian continuous process (; satisfying

t
ctzco—/ ACods +wiB, t>0, @)
0

where A, B are nonrandom, A is a matriz, B is a vector, w; is a one-
dimenstonal Wiener process, and (g and w. are independent.

6. Remark. Theorem 5 is also true if the multiplicities of the poles are
greater than 1. To explain this, observe that then in (1) we also have terms
which are constants times higher negative powers of ix + o, so that we need
to understand what kind of equation holds for
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n L ﬂ eitx T
K2 () = /R T ), (3)

iz + o) tl

where n > 1, § and « are some complex numbers, and Rea > 0. Arguing
formally, one sees that

dn n n
k(@) = ()"l (),

and this is the clue. From above we know that there is a continuous modi-
fication x¥(a) of kY (a) satisfying the equation

t
(@) = w(a) —a / () ds + Bu.
0

If we are allowed to differentiate this equation with respect to «, then for
Xt (@) = (=17 (1) dx{ (@) /do,

after simple manipulations we get

Xi (@) = wh(@) — a [ xta)ds + [ x2(a) ds,
(4)
X)) = k() — a [ xMa)ds + [i x2 () ds.

After having produced (4), we forget the way we did it and derive the
result we need rigorously. Define

and solve the system

t
XP = X0 —a fy X3 ds + Puy,
t t
Xt = Xo— o Jyxsds+ [y xdds, (5)

t t
X?:XS—afngdS‘FfoX? Lds,

which is equivalent to a system of first-order linear ordinary differential
equations. It turns out that
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vi= /R SN (6)

(ix + a)i !

(a.s.) for each t > 0 and j = 0,...,n. One proves this by induction, noticing
that for j = 0 this fact is known and, for j > 1,

. . t .
X_g — Xée—at +/ ea(s—t)xg—l dS,
0

so that if (6) holds with j — 1 in place of j, then, owing to the stochastic
Fubini theorem,

. & : /t N 6] A
J_ oot LG S — N PA DX
X /R ((m ¢ T e ds) Ade)

= 7ﬁ e \(dx a.s
_/R(m;m)j Mdz) (as.).

This completes the induction. Furthermore, X{) and w. are independent,
which is proved in the same way as in Lemma 3.5.

Thus, we see that the processes (3) are also representable as the last
coordinates of solutions of linear systems of type (5), and the argument
proving Theorem 5 works again.

7. Remark. Equation (2) is a multidimensional version of (3.1). In the
same way in which we arrived at (3.3), one proves that the solution to (2)
is given by

t ¢
G =e M+ / A=Y B qw, = e Ao + eAt/ e B dws, (7)
0 0

where the vector (y is composed of

= /R (%dex (8)

ir + aj)

where £ = 1,...,nj, the ia;’s are the roots of Q1, and the n; are their
multiplicities.
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8. Remark. Similarly to the one-dimensional case, one gives the definition
of stationary vector-valued process and, as in Section 3, one proves that
the right-hand side of (7) is a Gaussian stationary process even if B is a
matrix and w; is a multidimensional Wiener process, provided that (y is
appropriately distributed and A only has eigenvalues with strictly positive
real parts.

9. Remark. We will see later (Sec. 6.11) that solutions of stochastic equa-
tions even more complex than (2) have the Markov property, and then we
will be able to say that real-valued Gaussian second-order stationary pro-
cesses with rational spectral density are just components of multidimensional
Gaussian Markov processes.

5. Remarks about predicting Gaussian stationary
processes with rational spectral densities

We follow the notation from Sec. 4 and again take a real-valued Gaussian
second-order stationary process & and assume that it has a spectral density
f(z) which is a rational function. In Sec. 4 we showed that there is a rep-
resentation of the form f = |¢|? and constructed ¢ satisfying ¢ = P, /Q..
Actually, all results of Sec. 4 also hold if we take ¢ = P_/Q4. It turns out
that the choice of ¢ = Py /@4 is crucial in applications, in particular, in
solving the problem of predicting & for ¢ > 0 given observations of &, for
s < 0. We explain this in the series of exercises and remarks below.

1. Exercise. Take ¢ = P, /Q4. Prove that for each g € Ly(B(R), ¢),

itx _ T 1 =
/Re g(x)p(x)dr =0 Vt<0:>/Rg( )( - dr =0,

ix + aj)
where & = 1,...,n;, the ia;’s are the roots of Q;, and the n; are their

multiplicities.

2. Exercise. Let Lg(a, b) be the smallest linear closed subspace of La(F, P)
containing all &,t € (a,b). By using Exercise 1 prove that (see (4.8))

v [ o Mae) € 15(=%.0) 1)

3. Remark. Now we can explain why we prefer to take Py/Q+ and not
P_/Q. Here it is convenient to assume that the space (£, F, P) is complete,
so that, if a complete o-field G C F and for some functions ¢ and 1 we have
¢ =n (a.s.) and ( is G-measurable, so is 7. Let ]—'g be the completion of the
o-field generated by the &,t < 0. Notice that in formula (4.7) the random
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vector (g is Fg—measurable by Exercise 2. Owing to the independence of
wy, t > 0, and &, s < 0, for any bounded Borel A({) (for instance, depending
only on the last coordinate of the vector (), we have (a.s.)

Elh(G)|FE] = [Bh(¢ + / A B d, )] _po-a.

We see that now the problem of prediction is reduced to the problem
of expressing (g or equivalently 77% in terms of &,t < 0. The following few
exercises are aimed at showing how this can be done.

4. Exercise. As a continuation of Exercise 2, prove that if all roots of
P, are real, then in (1) one can replace Lg(—oo,O) with Lg(O,oo) or with
Lg(—oo, 0) ﬂLg (0,00). By the way, this intersection can be much richer than
only multiples of &. Consider the case ¢(z) = ix/(iz + 1)* and prove that

1
= S Lg — LE 1 &.
n /]R EE Adz) € L3(—00,0) N L3(0,00) and n L&

5. Exercise®*. We say that a process ky, given in a neighborhood of a point
to, is differentiable in the mean-square sense at the point t = ty and its
derivative equals x if

im T Rt
t—to Tt — 1o
In an obvious way one gives the definition of higher order mean-square
derivatives. Prove that & has (m —n)/2 — 1 mean-square derivatives. Fur-
thermore, for j < (m —n)/2—1

d p L
ﬁft :zJ/Re”“"x]go(x))\(dx),

where by d’ /dt/ we mean the jth mean-square derivative.

6. Exercise*. As we have seen in the situation of Exercise 4, Lg(—oo, 0)N
Lg((), o0) is not a linear subspace generated by &y. Neither is this a linear
subspace generated by &y and the derivatives of & at zero, which is seen
from the same example given in Exercise 4. In this connection, prove that if
P, = const, then 7% from (4.8) and ¢y do admit representations as values
at zero of certain ordinary differential operators applied to &;.

7. Remark. In what concerns (y, the general situation is not too much
more complicated than the one described in Exercise 6. Observe that by
Exercise 5, the process
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& 1 itx

& /]R Q@) Mde)
satisfies the equation P+(—iDt)ét = &, t < 0, which is understood as an
equation for Le-valued functions with appropriate conditions at —oo (cf. the
hint to Exercise 1 and Exercise 8). The theory of ordinary differential equa-
tions for Banach-space-valued functions is quite parallel to that of real-
valued functions. In particular, well known formulas for solutions of linear
equations are available. Therefore, there are formulas expressing & through
&5, s < 0. Furthermore, as in Exercise 6 the random variables 77¥ from (4.8)
are representable as values at zero of certain ordinary differential operators
applied to §~t.

8. Exercise. For ¢ > 0, let P{(z) = Py(z —ic). Prove that there exists a
unique solution of P{(—iD;)&f = & on (—00,0) in the class of functions &
for which F|&]? is bounded. Also prove that Lim..|o & = &.

6. Stationary processes and the
Birkhoff-Khinchin theorem

For second-order stationary processes the covariance between & and &5 is
independent of the time shift. There are processes possessing stronger time
shift invariance properties.

1. Definition. A real-valued process &, given for integers n € (T, 00) is
said to be stationary if for any integers ki,....,k, € (T,00) and i > 0 the
distributions of the vectors (&k,, ..., &k, ) and (§ky 44y sk, +4) coincide.

Usually we assume that T' = —1, so that &, is given for n = 0,1,2, ....
Observe that, obviously, if &, is stationary, then f(&,) is stationary for any
Borel f.

2. Exercise*. Prove that &,, n = 0,1,2,..., is stationary if and only if
for each integer n, the vectors (&,...,&,) and (&1, ...,&n+1) have the same
distribution.

3. Example. The sequence ,, = 7 is stationary for any random variable 7.

4. Example. Any sequence of independent identically distributed random
variables is stationary.

5. Example. This example generalizes both Examples 3 and 4. Remember
that a random sequence &y,&q, ... is called exchangeable if for every n and
every permutation 7 of {0,1,2,...,n}, the distribution of (&) --s&r(n))
coincides with that of (&, ...,&,).

It turns out that if a sequence &y, &1, ... is exchangeable, then it is sta-
tionary. Indeed, for any Borel bounded f
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Ef(&o, s &nv1) = Ef (&1, &nt1,€0)-

By taking f independent of the last coordinate, we see that the laws of
the vectors (&1, ..., &nr1) and (&, ..., &) coincide, so that &, is stationary by
Exercise 2.

6. Example. Clearly, if &y, &, ... is stationary and E|¢|*> < oo for some
k, the same holds for any k > T and F¢,& does not change under the
translations n — n + 4, k — k + i. Therefore, F{,&; depends only on the
difference k — n, and &, is a mean-square stationary process (sequence).
The converse is also true if &, is a Gaussian sequence, since then the finite-
dimensional distributions of £., which are uniquely determined by the mean
value and the covariance function, do not change under translations of time.
In particular, the Ornstein-Uhlenbeck process (considered at integral times)
is stationary.

7. Example. Let € be a circle of length 1 centered at zero with Borel o-
field and linear Lebesgue measure. Fix a point zg € ) and think of any
other point x € Q as the length of the arc from zy to = in the clockwise
direction. Then the operation z1 + 2 is well defined. Fix a € € and define
&n(w) = w + na. Since the distribution of w + z is the same as that of w for
any x, we have that the distribution of ({p(w + ), ...,&n(w + x)) coincides
with that of (§y(w),...,&(w)) for any x. By taking x = «, we conclude that
&, is a stationary process.

For stationary processes we will prove only one theorem, namely the
Birkhoff-Khinchin theorem. This theorem was first proved by Birkhoff, then
generalized by Khinchin. Kolmogorov, F. Riesz, E. Hopf and many others
invented various proofs and generalizations of the theorem. All these proofs,
however, were quite involved. Only at the end of the sixties did Garsia
find an elementary proof of the key Hopf inequality which made it possible
to present the proof of the Birkhoff-Khinchin theorem in this introductory
book.

The proof, given below, consists of two parts, the first being the proof
of the Hopf maximal inequality, and the second being some more or less
general manipulations. In order to get acquainted with these manipulations,
we show them first not for stationary processes but for reverse martingales.
We will see again that they have (a.s.) limits as n — oo, this time without
using Doob’s upcrossing theorem.

Remember that a sequence (7, F,,) is called a reverse martingale if the
o-fields F,, C F decrease in n, 1, is F,-measurable, E|n,| < co and

E{nn’fn—kl} = Mn+1 (a.s.).
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Then n,, = E{ny|F,} and, as we know (Theorem 3.4.9), the limit of 7, exists
almost surely as n — oo.

Let us prove this fact starting with the Kolmogorov-Doob inequality:
for any p € R (and not only p > 0),

n—1

= § :Ennfifl‘[nn7---777n—i§p777n—i—1>p + E77n[%>p
i=0

n—1
>p <Z Py s i < Pyinic1 > p) + P(ny > p)) = pP(max; > p).
=0 -

From the above proof it is also seen that if A € Fo :=[),, Fn, then
Enol s max;, mi>p = PP(A, max; > p). (1)
Take here

A=BNC,, C,:={w: lim n,>p}, BE Fu.
n—oo

Clearly, for n > ng, the random variable supn; is F,- and F,,,-measurable.
>n

Hence, C), € F,, and C, € F. Furthermore, C, N {m<ax n; > pr 1 Cp as
i<n

n — o00. Therefore, employing also the dominated convergence theorem,

from (1), we get

EUOIBﬂCp,maxign 7 >p > pP(B N Cpa rzn<a7i( ni > p)a (2)

Enolpnc, > pP(BNCy). (3)
By replacing 7, with —n,, and p with —p, for any ¢ € R, we obtain
Enolpnp, < qP(BND;) with Dy :={w: lim 7, < ¢}. (4)
n—oo

Now take B = D, in (3) and B = C), in (4). Then
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pP(lim 7y < g, Tim 1, > p) < Enolp,nc, < qP(lim 0, < g, Tim 1, > p).

n—oo n—oo

For p > ¢, these inequalities are only possible if

P(h_m 77n<q,n@o77n>17):0-

n—oo

Therefore, the set

{w: lim n, < lim n,} = U {w: lim 7, < g, lim n, > p}
n—o0 n—oo . n—00 n—0oo
rational p,q

p>q

has probability zero, and this proves that lim,,_. ., 7, exists almost surely.

Coming back to stationary processes, we give the following definition.

8. Definition. An event A is called invariant if for each n > 0 and Borel
f(zg, ..., xy) such that E|f(&,...,&,)| < oo, we have

Ef(é-lu "'7§TL+1)IA = Ef(é-Ou 75”)-[14

Denote

- — S, Sh
Sn=&+...+& n>0, [=lm —, [= lim —.

n—oo N n—oo N
9. Lemma. For any Borel B C R?, the event {w : (I,1) € B} is invariant.

Proof. Fix n > 0 and without loss of generality only concentrate on
Borel bounded f > 0. Define

HZ(B) == Ef(gh °'°7€n+’i)‘[(l_,£)€B'

We need to prove that po(B) = pi(B). Since the pu;’s are finite measures
on Borel B’s, it suffices to prove that the integrals of bounded continuous
functions against u;’s coincide. Let g be such a function. Then

/RQ 9(z,y) pi(dedy) = Ef (&, ..., Ensi)g(l, 1)

Next, let S, = & + ... + 1. Then, by using the stationarity of & and
the dominated convergence theorem and denoting F; = f(&;, ..., &), We
find that

EFyg(l,1) = lim EFyg(l, inf [S,/(r + 1)])
TZR1

k1—o00

= lim lim EFyg(l, min [S,/(r+1)])

k1—00 ka—00 ko>r>kq
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= lim lim lim lim EFyg( max [S,/(r+1)], min [S,/(r +1)])

k1—00 kg—00 kz—00 kg—00 ka>r>ks ko>r>kq

= EFyg(lim [S,,/(n+ 1)), lim [S,,/(n +1)]) = EFig(L.1).

n—oo

The lemma is proved.

Now comes the key lemma.
10. Lemma (Hopf). Let A be an invariant event and E|{y| < oo. Then
forallp e R and n=1,2,..., we have

E&0L A maxgeicnlSi/(i+1)]>p = PP{A, Ofgﬂ);[si/(i +1)] > p}.

Proof (Garsia). First assume p = 0 and use the obvious equality

Orélzag)i_bsz §0—|—max{0, Slv"'asn} o + (121?3)?15@ )+7

where S} = & + ... + &,. Also notice that
B guise 151 < B(6o] + - + [6a)) = (n+ DEIgp| < oc.
Then, for any invariant A,
E€0I A maxo<;<n[Si/(i+1)]>0 = LE0LAmaxocicy >0

1
= E( max Si)IA,maXo<i<n S;>0 — E( max S, )+IA7maX0<i<n S;>0
0<i<n == 1<i<n ==

> E(max S;)+14 — E( max S})il4.
= (OSiSn i)+1a (1§i§n+1 i)+l
The last expression is zero by definition, since A is invariant.

This proves the lemma for p = 0. In the general case, it suffices to
consider & — p instead of & and notice that S;/(i + 1) > p if and only if
(o —p) + ... + (& — p) > 0. The lemma is proved.

11. Theorem (Birkhoff-Khinchin). Let &, be a stationary process and f(x)
a Borel function such that E|f(&)| < co. Then (i) the limit

f7im i [ (60) + o+ (6

n—oo N

exists almost surely, and (ii) we have

EIF < BIS@),  lim BIf = —1f(6) + - + S =0. ()
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Proof. (i) Since f(&,,) is a stationary process, without loss of generality
we may and will take f(&,) = &, and assume that E|{| < oco. In this
situation we just repeat almost word for word the above proof of convergence
for reverse martingales.

Denote 1, = S, /(n+1). Then Hopf’s lemma says that (2) holds provided
BN C, is invariant. By letting n — oo we obtain (3). Changing signs leads
to (4) provided B N D, is invariant. Lemma 9 allows us to take B = D, in
(3) and B = C), in (4). The rest is exactly the same as above, and assertion
(i) follows.

(ii) The first equation in (5) follows from (i), Fatou’s lemma, and the
fact that E|f (&) = E|f(%)|- The second one follows from (i) and the
dominated convergence theorem if f is bounded. In the general case, take
any € > 0 and find a bounded Borel ¢ such that E|f (&) —g(&)| < e. Then

1

Jim B[ = [F (&) + -+ f(&n)]]

T %H[{f(go) —9(&0)} + -+ {f(&) — 9(&)}]|

S E|(f —9)*| + Elf (&) — 9(&o)| < 2E[f(§0) — 9(&o)| < 2e.

Since € > 0 is arbitrary, we get the second equation in (5). The theorem is
proved.

12. Exercise. We concentrated on real-valued stationary processes only for
the sake of convenience of notation. One can consider stationary processes
with values in arbitrary measure spaces, and the Birkhoff-Khinchin theorem
with its proof carries over to them without any change. Moreover, obviously
instead of real-valued f one can take RZ-valued functions. In connection
with this, prove that if &, is a (real-valued) stationary process, f is a Borel
function satisfying E|f(£o)| < oo, and z is a complex number with |z| = 1,
then the limit

[2°f (&) + ... 4+ 2" F (&n)]

. 1
lim
n—oon + 1

exists almost surely.
The Birkhoff-Khinchin theorem looks like the strong law of large num-

bers, and its assertion is most valuable when the limit is nonrandom. In
that case (5) implies that f* = Ef(§). In other words,

[f (o) + . + f(&n)] = Ef(&0) (as.). (6)

im ——
n—oon + 1
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Let us give some conditions for the limit to be constant.

13. Definition. A stationary process &, is said to be ergodic if any invari-
ant event A belonging to o (&, &1, ...) has probability zero or one.

14. Theorem. If &, is a stationary ergodic process, then (6) holds for any
Borel function f satisfying E|f(&o)| < oo.

Proof. By Lemma 9, for any constant ¢, the event {f* < ¢} is invariant
and, obviously, belongs to o (&, &1, ...). Because of ergodicity, P(f* < c¢) =0
or 1. Since this holds for any constant ¢, f* = const (a.s.) and, as we have
seen before the theorem, (6) holds indeed. The theorem is proved.

The Birkhoff-Khinchin theorem for ergodic processes is important in
physics. For instance, take the problem of finding the average magnitude
of the speed of molecules of a gas in a given volume. Assume that the gas
is in a stationary regime, so that, in particular, this average is independent
of time. It is absolutely impossible to measure the speeds of all molecules
at a given time and then compute the average in question. The Birkhoff-
Khinchin theorem guarantees, on the intuitive level, that if we take “almost
any” particular molecule and measure its speed at moments 0, 1,2, ..., then
the arithmetic means of magnitudes of these measurements will converge
to the average magnitude of speed of all molecules. Physical intuition tells
us that in order for this to be true, the molecules of gas should intermix
“well” during their displacements. In mathematical terms this translates to
the requirement of ergodicity. We may say that if there is a good mixing or
ergodicity, then the individual average over time coincides with the average
over the ensemble of all molecules.

Generally, stationary processes need not be ergodic, as it is seen from
Example 3. For many of those that are ergodic, proving ergodicity turns out
to be very hard. On the other hand, there are some cases in which checking
ergodicity is rather simple.

15. Theorem. Any sequence of i.i.d. random variables is ergodic.
Proof. Let &, be a sequence of i.i.d. random variables and let A be an

invariant event belonging to o := 0 (o, &1, ...). Define Il = {J,, 7(&o, &1, ---&n)-
Then, for each n and Borel I', we have

{w:¢&, €T} € a(bo,&1,...8n) CII C o(1D),

so that o C o(II). On the other hand, I C ¢ and o(II) C o. Thus o(II) = o,
which by Theorem 2.3.19 implies that Lq(o, P) = L1(II, P). In particular,
for any £ € (0,1), there are an n and a o(&, &1, ...§,)-measurable random
variable f such that
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E|I4— f|<e.

Without loss of generality, we may assume that |f| < 2 and that f takes
only finitely many values.

Next, by using the fact that any element of o (&g, &1, ...&,) has the form
{w : (&, &1, ...6n) € B}, where B is an appropriate Borel set in Rt it is
easy to prove that f = f(&o,...,&n), where f(zo,...,z,) is a Borel function.
Therefore, the above assumptions imply that

P(A) = EIsls<e+ Ef(&,....6)1a
=¢c+ Ef(§n+1, °"7€2TL+1)IA S 3e + Ef(§n+1, °'°7€2n+l)f(£07 7§n)

=3+ [Ef (€0, &)]* < 3e + [P(A) +¢]”.

By letting € | 0, we conclude that P(A) < [P(A)]?, and our assertion follows.
The theorem is proved.

From this theorem and the Birkhoff-Khinchin theorem we get Kolmo-
gorov’s strong law of large numbers for i.i.d. random variables with E|¢| <
oo. This theorem also allows one to get stronger results even for the case
of &, which are i.i.d. As an example let n, = f(&{n,&n+1,-..), where f is
independent of n. Assume E|ng| < co. Then 7, is a stationary process and
the event

. 1
{w: lim n—+1(770 + .. +m) <c}

is invariant with respect to the process &,. Therefore, the limit is constant
with probability 1. As above, one proves that the limit equals Engy (a.s.).

In Example 7, for « irrational, one could also prove that &, is an ergodic
process (see Exercise 16), and this would lead to (1.2.7) for almost every z.
Notice that in Exercise 1.2.13 we have already seen that actually (1.2.7) holds
for any x provided that f is Borel and Riemann integrable. The application
of the Birkhoff-Khinchin theorem allows one to extend this result for any
Borel function that is integrable with convergence for almost all x.

16. Exercise. Prove that the process from Example 7 is ergodic if « is
irrational.

Finally, let us prove that if &, is a real-valued Gaussian second order
stationary process with correlation function tending to zero at infinity, then
f*=FEf(&) (a.s.) for any Borel f such that E|f(&)| < oco. By the way, f*
exists due to Example 6 and the Birkhoff-Khinchin theorem.

Furthermore, owing to the first relation in (5), to prove f* = Ef(&)
it suffices to concentrate on bounded and uniformly continuous f. In that
case, g(&,) := f(&,) — Ef(&) is a second order stationary process. As in
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Exercise 1.14 (actually easier because there is no need to use mean-square
integrals) one proves that

i, ——(g(€0) + ..+ 9(6n)) = 0 (7)
if
Jim Eg(£0)g(¢n) — 0. (®)

By the Birkhoff-Khinchin theorem, the limit in (7) exists pointwise (a.s.)
and it coincides, of course, with the mean-square limit. It follows that we
need only prove (8).

Without loss of generality assume R(0) = 1. Then n,, := &, — R(n)&y and
&o are uncorrelated and hence independent. By using this and the uniform
continuity of g we conclude that

Jlim Eg(§)g(6n) = lim Eg(§o)g(mn + R(n)éo)
= lim Eg(&)g(m) = lim Eg(&o)Eg(na) =0,
the last equality being true because Eg(§y) = 0.

7. Hints to exercises

1.11 Instead of Fourier integrals, consider Fourier series.
1.14 Use that continuous H-valued functions are uniformly continuous.

1.15 Observe that our assertions can be expressed in terms of R only, since,
for every continuous nonrandom f,

b b
Bl [Caniaif = £| [ mpoarf

whenever & and 7; have the same correlation function. Another useful
observation is that, if R(0) = 1, then R(t) = Ee'* = F{0} + Ee'I¢ 4, and

1 T .
= /O R(t)dt = F{0} + Elez[e'™® — 1)/ (iT¢).

3.3 In the proof of the converse, notice that, if R(0) = 1, then & and
&5 — e~ ¥, are uncorrelated, hence independent for r < ¢, s > 0.
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3.4 Write the left-hand side as the mean-square limit of integral sums, and
use the isometric property of the stochastic integral along with the domi-
nated convergence theorem to find the Lo-limit.

4.1 From P,,(z) Py () = Py, (x) Py (z) conclude that any root of P, is a root
of pﬁl, but not of P, since P,, and P, do not have common roots. Then
derive that Py (z) = Py ().

4.3 Observe that @(x)|z=> = @(—x)|z=- for all complex z and @(x)|p=—iy =
o(iy) for real y.

5.1 Define

_ itx 1
G(t) /Re g(x) 0. (@ dx

and prove that G is m/2 — 1 times continuously differentiable in ¢ and tends
to zero as |t| — oo as the Fourier transform of an L; function. Then prove
that G satisfies the equation Py (—iD;)G(t) = 0 for ¢ < 0, where D, = d/dt.
Solutions of this linear equation are linear combinations of some integral
powers of t times exponential functions. Owing to the choice of Py, its
roots lie in the closed upper half plane, which implies that the exponential
functions are of type exp(at) with Rea < 0, none of which goes to zero as
t — —oo. Since G(t) — 0 as t — —oo, we get that G(¢) = 0 for t < 0. Now
apply linear differential operators to G to get the conclusion.

5.2 Remember the definition of Lg from Remark 2.4. By this remark, if
YRS Lg, then n = [ g(x) M(dx) with g € La(B(R),£). If in addition n L
L5(—00,0), then Jg G(x)e™p(x) dz = 0 for ¢ < 0. Exercise 5.1 shows then
that 7 is orthogonal to the random variables in (5.1).

5.8 For the uniqueness see the hint to Exercise 5.1. Also notice that P{
does not have real roots, and

Fe _ P+(x) ot -
G- | e e

6.2 If the distributions of two vectors coincide, the distributions of their
respective subvectors coincide too. Therefore, for any ¢ < n, the vectors
(&, -y &n) and (&i41, -, Enr1) have the same distribution.

6.12 Notice that the process 7, := 2"e™, where w is Q = [0,27] with
Lebesgue measure, is stationary. Also notice that the product of two inde-
pendent stationary processes is stationary.

6.16 For an invariant set A and any integers m € R and k > 0 we have

/ e2m’meA(w) dw = 627rima/ 627rimeA(w) dw
Q Q
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— eQm’mka/ 627rimeA(w) dw,
Q

where dw is the differential of the linear Lebesgue measure and k is any
integer. By using (1.2.6), conclude that, for any square-integrable random
variable f, EfI4 = P(A)Ef. Then take f = I4.






Chapter 5

Infinitely Divisible
Processes

The Wiener process has independent increments and the distribution of each
increment depends only on the length of the time interval over which the
increment is taken. There are many other processes possessing this property;
for instance, the Poisson process or the process 74, a > 0, from Example 2.5.8
are examples of those (see Theorem 2.6.1).

In this chapter we study what can be said about general processes of
that kind. They are supposed to be given on a complete probability space
(Q, F, P) usually behind the scene. The assumption that this space is com-
plete will turn out to be convenient to use starting with Exercise 5.5. One
more stipulation is that unless explicitely stated otherwise, all the processes
under consideration are assumed to be real valued. Finally, after Theorem
1.5 we tacitly assume that all processes under consideration are stochasti-
cally continuous without specifying this each time.

1. Stochastically continuous processes with
independent increments

We start with processes having independent increments. The main goal of
this section is to show that these processes, or at least their modifications,
have rather regular trajectories (see Theorem 11).

1. Definition. A real- or vector-valued random process & given on [0, c0)
is said to be a process with independent increments if § = 0 (a.s.) and
&0ty — Etyyeeny &ty — &4, are independent provided 0 <t < ... < ¢, < o0.

131
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We will be only dealing with stochastically continuous processes.

2. Definition. A real- or vector-valued random process & given on [0, c0)

is said to be stochastically continuous at a point ty € [0,00) if & £ to
as t — tg. We say that & is stochastically continuous on a set if it is
stochastically continuous at each point of the set.

Clearly, & is stochastically continuous at ¢y if F|& — &,| — 0 as t — to.
Stochastic continuity is very weakly related to the continuity of trajectories.
For instance, for the Poisson process with parameter 1 (see Exercise 2.3.8)
we have E|& — &,| = |t — to|. However, all trajectories of & are discontin-
uous. By the way, this example shows also that the requirement 5 > 0 in
Kolmogorov’s Theorem 1.4.8 is essential. The trajectories of 7., a > 0, are
also discontinuous, but this process is stochastically continuous too since
(see Theorem 2.6.1 and (2.5.1))

P(| — 7o > €) = P(Tjp_q) > €) = P(I?gst <|b—al])—0 as b—a.
<e

3. Exercise. Prove that, for any w, the function 7., a > 0, is left continuous
in a.
4. Definition. A (real-valued) random process & given on [0, c0) is said to

be bounded in probability on a set I C [0, 00) if

lim sup P(|&] > ¢) =0.
el

CcC—00 t

As in usual analysis, one proves the following.
5. Theorem. If the process & is stochastically continuous on [0,T] (T <
00), then

(i) it is uniformly stochastically continuous on [0,T), that is, for any
v,€ > 0 there exists § > 0 such that

P — &l > €) <,
whenever t1,te € [0,T] and |t — ta| < 6;
(ii) it is bounded in probability on [0,T].

The proof of this theorem is left to the reader as an exercise.

From this point on we will only consider stochastically continuous pro-
cesses on [0,00), without specifying this each time.

To prove that processes with independent increments admit modifica-
tions without second-type discontinuities, we need the following lemma.
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6. Lemma (Ottaviani’s inequality). Let nx, k = 1,...,n, be independent
random variables, Sy =1 + ... + Mk, a >0, 0 < a < 1, and

P{|S, — Sk| > a} <a VE.
Then for all ¢ >0

1
P{r]glga;( ISkl > a+c} < mp{lsn’ > c}. (1)

Proof. The probability on the left in (1) equals

ZP{|SZ-| <a+ci<k,|Sk| >a+c}
k=1

R .
gmgp{w <a+ci<k|Skl>a+c|S, — Skl <a}

1 , 1
< HI;PUSA <atei <k |Sk| > ate, [Su > e} < 7= P{|S] > c}.

The lemma is proved.

7. Theorem. Let & be a process with independent increments on [0,00),
T € [0,00), and let p be the set of all rational points on [0,T]. Then

P{sup[& ] < oo} = 1.
rep

Proof. Obviously it suffices to prove that for some h > 0 and all ¢ € [0, 7]
we have

P{ sup [&|<oo}=1 (2)
r€(t,t+h]Np

Take h > 0 so that P{|§, — &u+s| > 1} < 1/2 for all s,u such that
0 <s<hand s+ u <T. Such a choice is possible owing to the uniform
stochastic continuity of & on [0,T]. Fix ¢t € [0, 7] and let

Tl €L E+RNp, 1 <o <.

Observe that &, = &, + (&, — &) + ...+ (&, — &), Where the summands
are independent. In addition, P{[¢,, — &, | > 1} < 1/2. Hence by Lemma 6
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P{sup &, | = 1+ ¢} <2 sup P{|&] > ¢} 3)
k<n t€[0,T)]

The last inequality is true for any arrangement of the points ry € [¢t,t+h]Np
which may not be necessarily ordered increasingly. Therefore, now we can
think of the set {rq,rs,...} as being the whole p N [t,¢ + h]. Then, passing
to the limit in (3) as n — oo and noticing that

sup{|&.| 1 k=1,2,...} Tsup{|& | : 7 € pN[t,t + hl},
we find that

P{ sup [&|>1+c} <2 sup P{|&]| = c}.
re(t,t+h]Np t€[0,T]

Finally, by letting ¢ — oo and using the uniform boundedness of &, in
probability, we come to (2). The theorem is proved.

Define D[0, c0) to be the set of all complex-valued right-continuous func-
tions on [0, oo) which have finite left limits at each point ¢ € (0, 00). Similarly
one defines D|[0,T]. We say that a function z. is a cadlag function on [0, 7]
if . € D[0,T], and just cadlag if z. € D[0, c0).

8. Exercise*. Prove that if 2" € D[0,00), n = 1,2, ..., and the z} converge
to x4 as n — oo uniformly on each finite time interval, then z. € D[0, c0).

9. Lemma. Let p={ry,r2,...} be the set of all rational points on [0,1], x;
a real-valued (nonrandom) function given on p. For a < b define By(x.,a,b)
to be the number of upcrossings of the interval (a,b) by the function x;
restricted to the set ri,ro,...,rn. Assume that

lim G, (z.,a,b) < 0o
n—oo
for any rational a and b. Then the function

Ty = lim z,
porlt

is well defined for any t € [0,1), is right continuous on [0,T), and has
(perhaps infinite) left limits on (0,T].

This lemma is set as an exercise on properties of lim and lim.
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10. Lemma. Let ¢(t,\) be a complex-valued function defined for X\ € R
and t € [0,1]. Assume that ¥ (t, \) is continuous in t and never takes the
zero value. Let & be a stochastically continuous process such that

(i) sup |&] < o0 (a.s.);
rep

i) lim EB,(n'(\),a,b) < oo for any —0o < a < b < o0, A € R,

(i
n—oo
i =1,2, where

7 (A) = Re [(t, A)e™™], m7(A) = Tm [ih(t, A)e™*!].
Then the process & admits a modification, all trajectories of which belong
to D[0,1].
Proof. Denote 7;(\) = ¥(t, \)e**¢t and

V=1 (] {im A (F)ab) <ooi=12}n{suplé] < oo}
m=1

a<b
a,b rational

Obviously, P(2') = 1. For w € Q' Lemma 9 allows us to let

~ 1\ _ 71: 1 ~ 1\ 1
m(a)—pgrgitm(a), t<1, mG;)=m(;)

For w ¢ € let f;() = 0. Observe that, since ¢ is continuous in ¢ and
P(Y) =1 and & is stochastically continuous, we have that

() = P- lim e () = m(z) (as) Ve <1,
g (4)

771(%) :771(%)~

Furthermore, |7 (-1 )y~ (t, )| < 1 for all w and ¢.
Now define p = pu(w) = [sup,¢, &[] + 1 and
& = paresin Tm i, (1/p)9 ™ (1, 1/ ) oy

By Lemma 9, 71.() € D[0,1] for any w. Hence, & € D[0,1] for any w.

It only remains to prove that P{& = &} =1 for any t € [0,1]. For ¢t € p
we have this equality from (4) and from the formula

& = paresin Tm gy (1/p)y ™ (¢, 1/ 1),

which holds for w € €. For other ¢, owing to the stochastic continuity of &
and the right continuity of &, we have
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& = P- lim & = P- lim &, = &
porlt porlt
(a.s.). The lemma is proved.

11. Theorem. Stochastically continuous processes with independent incre-
ments admit modifications which are right continuous and have finite left
limits for any w.

Proof. Let & be a process in question. It suffices to construct a modifi-
cation with the described properties on each interval [n,n+1],n =0,1,2,....
The reader can easily combine these modifications to get what we want on
[0,00). We will confine ourselves to the case n = 0. Let p be the set of all
rational points on [0, 1], and let

So(t, )\) = Ee’iét)\’ 90(7517 t2, )\) — Eei)\(étQ 7§t1).

Since the process & is stochastically continuous, the function ¢(t1,t2, \)
is continuous in (t1,t2) € [0,1] x [0,1] for any A. Therefore, this function
is uniformly continuous on [0, 1] x [0,1], and, because (t,t,A) = 1, there
exists d(A) > 0 such that |p(t1,t2,A)| > 1/2 whenever |t; — t2| < §(A) and
t1,ty € [0,1]. Furthermore, for any ¢t € [0,1] and A € R one can find n > 1
and 0 =t; <ty <..<t, =tsuch that |ty — tx_1| < 0(A\). Then, using the
independence of increments, we find that

(p(t, )‘) = @(tlat% )‘) Tt (P(tn—lvtnv )‘)v

which implies that ¢(t, ) # 0. In addition, ¢(¢,\) is continuous in ¢.

For fixed A consider the process
m=m(\) =@ ' (t, NP
Let s1, 89, ..., S, be rational numbers in [0, 1] such that s; < ... < s,,. Define
sz = 0-{5817532 - 5317 seey é-sk - é-skfl}'

Notice that (Rens,, Fi) and (Imns,, Fj) are martingales. Indeed, by virtue
of the independence of &, , — &, and Fj, we have

E{Re Nsk41 ‘}—k} = Re E{ei)\ésk @71(81&1, )‘)ew\(gsk“ o) ’}_k}

= Re eésk go_l(skH, N)(sk, Sk+1,A) = Rens,  (a.s.).

Hence by Doob’s upcrossing theorem, if 7; € p, {ri,...,rn} = {s1,...,Sn},
and 0 < 51 < ... < s, then

Efn(Ren., a,b) < (E[Rens,| +lal)/(b - a)
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< (sup ¢ (t,A) + laf)/(b — a) < oo,
te[0,1]

sup EB3,(Imn.,a,b) < co.
n

It only remains to apply Lemma 10. The theorem is proved.

12. Exercise™ (cf. Exercise 3). Take the stable process 7,, a > 0, from
Theorem 2.6.1. Observe that 7, increases in a and prove that its cadlag
modification, the existence of which is asserted in Theorem 11, is given by
Ta+, & > 0.

2. Lévy-Khinchin theorem

In this section we prove a remarkable Lévy-Khinchin theorem. It is worth
noting that this theorem was originally proved for so-called infinitely divisi-
ble laws and not for infinitely divisible processes. As usual we are only deal-
ing with one-dimensional processes (the multidimensional case is treated,
for instance, in [GS]).

1. Definition. A process & with independent increments is called time
homogeneous if, for every h > 0, the distribution of &, — & is independent
of t.

2. Definition. A stochastically continuous time-homogeneous process &;
with independent increments is called an infinitely divisible process.

3. Theorem (Lévy-Khinchin). Let & be an infinitely divisible process on
[0,00). Then there exist a finite nonnegative measure on (R,B(R)) and a
number b € R such that, for any t € [0,00) and A € R, we have

Bt — exp{t/Rf()\,:c) p(dx) + itbA}, (1)

where

f\z) = (€ —1—i)sina) 1—2:1:’ 2#0, f(A0):=—".

Proof. Denote ¢(t,\) = Fe*¢. In the proof of Theorem 1.11 we saw
that (¢, \) is continuous in ¢ and ¢(t, \) # 0. In addition ¢(¢, A) is contin-
uous with respect to the pair (¢, A). Define

a(t,\) = argo(t,\), U(t,\) =1In|p(t, \)|.

By using the continuity of ¢ and the fact that ¢ # 0, one can uniquely
define a(t, A) to be continuous in ¢ and in A and satisfy (0, A) = a(t,0) = 0.
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Clearly, I(t,\) is a finite function which is also continuous in ¢ and in A.
Furthermore,

o(t, \) = exp{l(t,\) +ia(t,\)}.

Next, it follows from the homogeneity and independence of increments
of ét that

ot +s,\) = pt, A\)p(s, A).

Hence, by definition of a, we get that, for each ), it satisfies the equation
flt+s)=f(t)+ f(s)+ 2mk(s, 1),

where k(s,t) is a continuous integer-valued function. Since k(¢,0) = 0, in
fact, k = 0, and a satisfies f(t+s) = f(¢t) + f(s). The same equation is also
valid for [. Any continuous solution of this equation has the form ct, where
c is a constant. Thus,

alt,\) = ta(N), 1(t,\) = ti(N),

where a(A) = a(1,A) and I[(A) = (1, \). By defining g(\) := I(\) + ia(N),

we write
o(t,\) = etg(’\),

where g is a continuous function of A and g(0) = 0. We have reduced our
problem to finding g.

Observe that

tg(N) 1 —1
g(A\) = lim T lim M
10 t t10 t

(2)
Moreover, from Taylor’s expansion of exp(tg(\)) with respect to ¢ one easily
sees that the convergence in (2) is uniform on each set of values of A on
which g(\) is bounded. In particular, this is true on each set [—h, h] with
0<h < oo.

By taking ¢ of type 1/n and denoting F} the distribution of &, we con-
clude that

n /R (¥ — 1) Fyn(de) — g(\) (3)

as n — oo uniformly in A on any finite interval. Integrate this against d\ to
get
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. sinzh 1 h
lim n/R <1 i ) Fyjp(dr) = o | g(N) dA. (4)

n—oo

Notice that the right-hand side of (4) can be made arbitrarily small by
choosing h small, since g is continuous and vanishes at zero. Furthermore,
as is easy to see, 1 —sinxh/xh > 1/2 for |zh| > 2. It follows that, for any
€ > 0, there exists h > 0 such that

lim (n/2)/ Fyjp(dr) <e.
n—oo |z|>2/h

In turn, it follows that, for all large n,

n/ Fyp(dr) < 4e. (5)
|z[>2/h

By reducing h one can accommodate any finite set of values of n and find
an h such that (5) holds for all n > 1 rather than only for large ones.

To derive yet another consequence of (4), notice that there exists a
constant v > 0 such that

sin x x?

1 Vo € R.

x _’Yl—i—xQ

Therefore, from (4) with h = 1, we obtain that there exists a finite constant
c¢ such that for all n

2
T

Finally, upon introducing measures pu, by the formula

xQ

1+ 22 Fl/n(dx)a

pin(dz) =7
and noticing that , < nF,,, from (5) and (6), we see that the family

{ttn,n = 1,2, ...} is weakly compact. Therefore, there exist a subsequence
n’ — oo and a finite measure p such that

[ 1@ mta) = [ s tas)
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for every bounded and continuous f. As is easy to check f(\,z) is bounded
and continuous in z. Hence,

g(A) = lim n/R(ei)‘x —1) Fy,(dz)

n—oo

= lim [/Rf()\,x)un(dx) —i—i)\n/ sinz F /,, (dx)]

n—oo R

= lim [/Rf()\,x)un/(dx) —|—i)\n//Rsian1/n/(dx)]

n/—o00

:/f()\,:c)y(dx)—ki)\b,
R

where

n/—oo0

b:= lim n'/sianl/n/(dx),
R

and the existence and finiteness of this limit follows from above computations
in which all limits exist and are finite. The theorem is proved.

Formula (1) is called Khinchin’s formula. The following Lévy’s formula
sheds more light on the structure of the process x;:

o(t,\) = exp t{/ (e — 1 — iXsinxz) A(dx) + ibA — 02\ /2},
R

where A is called the Lévy measure of &. This is a nonnegative, generally
speaking, infinite measure on B(R) such that

x2
/Rm A(dz) < o0, A({O}) = 0. (7)

Any such measure is called a Lévy measure. One obtains one formula from

the other by introducing the following relations between g and the pair
(A, 0?):

1+ 22
T

plo) =% Am) = [ )

4. Exercise*. Prove that if one introduces (A, ?) by the above formulas,
then one gets Lévy’s formula from Khinchin’s formula, and, in addition, A
satisfies (7).
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5. Exercise*. Let a measure A satisfy (7). Define

2
x
I = | —— A(dz) + Ir(0)o”.
n(r) = | i Mda) + In(0)0
Show that p is a finite measure for which Lévy’s formula transforms into
Khinchin’s formula.

6. Theorem (uniqueness). There can exist only one finite measure p and
one number b for which ¢(t, \) is representable by Khinchin’s formula. There
can exist only one measure A satisfying (7) and unique numbers b and o
for which o(t, \) is representable by Lévy’s formula.

Proof. Exercises 4 and 5 show that we may concentrate only on the first
part of the theorem. The exponent in Khinchin’s formula is continuous in A
and vanishes at A = 0. Therefore it is uniquely determined by ¢(t, A), and
we only need prove that p and b are uniquely determined by the function

g(A) = /Rf()\,x) p(dz) + ibA.

Clearly, it suffices only to show that u is uniquely determined by g.
For h > 0, we have

g(}\) . g()\—i—h)";g()\—h) _ /Rei’\xl_;%m(l—i-f)u(dx) (8)

with the agreement that (1 — coszh)/z? = h?/2 if x = 0. Define a new
measure

1 — coszxh
0 = [ o) ulde). pla,h) = 5 (14 02)
and use

/ J(@) va(de) = / f(@)p(a, h) p(d)
R R

for all bounded Borel f. Then we see from (8) that the characteristic func-
tion of vy, is uniquely determined by g. Therefore, v}, is uniquely determined
by g for any h > 0.

Now let I' be a bounded Borel set and h be such that I' C [-1/h, 1/h].
Take f(z) = p~'(x,h) for x € T and f(z) = 0 elsewhere. By the way,
observe that f is a bounded Borel function. For this f

/ F(2) va(de) = / F(@)p(a, h) p(de) = (D),
R R
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where the left-hand side is uniquely determined by g. The theorem is proved.
7. Corollary. Define

2

1
:c Fy(dx), b = —/siant(d:r).
) tJr

pe(dr) = Wi+ 22

Then p; — u weakly and by — b ast | 0.

Indeed, similarly to (3) we have

7 [ =1 Fida) - g,

tJr

which as in the proof of the Lévy-Khinchin theorem shows that the family
{ug;t < 1} is weakly compact. Next, if p , 2 v, then, again as in the proof
of the Lévy-Khinchin theorem, b; , converges, and if we denote its limit by c,
then Khinchin’s formula holds with ¢ = v and b = ¢. Finally, the uniqueness
implies that all weak limit points of u¢, ¢ | 0, coincide with p and hence
(cf. Exercise 1.2.10) u(t) = w as t | 0. This obviously implies that b; also
converges and its limit is b.

8. Corollary. In Lévy’s formula

= lim hm Eft I|§t|<€n

n—oo t|0

where €, is a sequence such that e, > 0 and e, | 0. Moreover, F;/t converges

weakly on R\ {0} ast | 0 to A, that is,

im 1 =1i 1 = T T
tim e [ fe) Fido) =lm Bf(@) = [ f@Md) @

tlo t

for each bounded continuous function f which vanishes in a neighborhood

of 0.

Proof. By the definition of A and Corollary 7, for each bounded contin-
uous function f which vanishes in a neighborhood of 0, we have

_ 1+ 22
[ 1@ ) = [ 1) )

1+ a2
=i
i Rf(ﬂc) =

we(dx) —hm /f ) Fy(dx).

This proves (9).
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Let us prove the first assertion. By the dominated convergence theorem,
for every sequence of nonnegative ¢, — 0 we have

o? = u({0}) = /R To() p(d)

n—oo

— [ Toq @)+ e ulde) = i [ T, e(@)(1+ ) p(da).
R R

By Theorem 1.2.11 (v), if u({en}) = p({—en}) =0, then

/ Iy ) (2) (1 + %) pu(der)
R

1 2 N R
=lm g | fenea ()07 Filde) = lim o B g <c,.
It only remains to notice that the set of = such that pu({z}) > 0 is count-
able, so that there exists a sequence ¢, such that ¢, | 0 and pu({e,}) =
w({—en}) = 0. The corollary is proved.

9. Exercise. Prove that, if & > 0 for all t > 0 and w, then A((—o0,0]) = 0.
One can say more in that case, as we will see in Exercise 3.15.

We know that the Wiener process has independent increments, and also
that it is homogeneous and stochastically continuous (even just continuous).
In Lévy’s formula, to get F exp(iAw;) one takes A =0, b =0, and o = 1.

If in Lévy’s formula we take o = 0, A(T') = Ir(1)u, and b = psinl,
where p is a nonnegative number, then the corresponding process is called
the Poisson process with parameter p.

If o = b =0 and A(dz) = az~?dz with a constant a > 0, the corre-
sponding process is called the Cauchy process.

Clearly, for the Poisson process m; with parameter p we have
FEeiAm — etu(eitl)’
so that m; has Poisson distribution with parameter tu. In particular,
Elmipn — m| = Emp = hp

for ¢, h > 0. The values of 7; are integers and 7; is not identically constant
(the expectation grows). Therefore m; does not have continuous modifica-
tion, which shows, in particular, that the requirement 3 > 0 in Theorem
1.4.8 is essential. For y = 1 we come to the Poisson process introduced in
Exercise 2.3.8.
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10. Exercise. Prove that for the Cauchy process we have ¢(t,\) =
exp(—ct|A|), with a constant ¢ > 0.

11. Exercise*. Prove that the Lévy measure of the process 7,4, a > 0 (see
Theorem 2.6.1, and Exercise 1.12) is concentrated on the positive half line
and is given by I,o(27)~"/2273/2 dz. This result will be used in Sec. 6.

You may also like to show that
p(t,\) = exp(—t|A|'/*(a — ibsign \)),
where

a= (27r)1/2/ 27321 —cosz)dz, b= (27r)1/2/ 2732 sin z d,
0 0

and, furthermore, that a = b = 1.

12. Exercise. Prove that if in Lévy’s formula we have A = 0 and ¢ = 0,
then & = bt (a.s.) for all ¢, where b is a constant.

3. Jump measures and their relation to Lévy measures

Let & be an infinitely divisible cadlag process on [0, 00). Define

A&y =& — &

For any set I' C Ry x R := [0,00) x R let p(I') be the number of points
(t, A&) € T'. It may happen that p(I') = co. Obviously p(I') is a o-additive
measure on the family of all subsets of Ry x R. The measure p(I") is called
the jump measure of &;.

For T,e € (0,00) define
Rr.=10,T] x {x: |z| > €}.

1. Remark. Notice that p(Rr.) < oo for any w, which is to say that on
[0, 7] there may be only finitely many ¢ such that |A&| > . This property
follows immediately from the fact that the trajectories of & do not have
discontinuities of the second kind. It is also worth noticing that p(I") is
concentrated at points (¢, A&) and each point of this type receives a unit
mass.

We will need yet another measure defined on subsets of R. For any
B C R define

pi(B) = p((0,t] x B).
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2. Remark. By Remark 1, if B is separated from zero, then p;(B) is finite.
Moreover, let f(z) be a Borel function (perhaps unbounded) vanishing for
|z| < e, where £ > 0. Then, the process

m = m(f) == /R £(2) pe(d)

is well defined and is just equal to the (finite) sum of f(A¢;) for all s <t
such that |A&| > €.

The structure of 7; is pretty simple. Indeed, fix an w and let 0 < 51 <
. < 8p < ... be all s for which |A&| > e (if there are only m < oo such s,
we let s, = oo for n > m + 1). Then, of course, s, — 00 as n — co. Also
s1 > 0, because &; is right continuous and &y = 0. With this notation

m=3" FA,). (1)

sp <t

We see that n; starts from zero, is constant on each interval [s,_1,Sp),
n=1,2,.. (with sg:=0), and

Ansn = f(Agsn) (2)

3. Lemma. Let f(z) be a function as in Remark 2. Assume that f is
continuous. Let 0 <t < oo and t}' be such that

__4n n _ n _4n
s =17 < ... <typ =1, j:H.l.a,}li(n)(thrl th) —0
as n — oo. Then for any w

n(f) = no(f) = /R a7 @) p(dudz) = Jim Z &, — €. (3)

Proof. We have noticed above that the set of all u € (s,t] for which
|AE,| > € is finite. Let {uq,...,un} be this set. Single out those intervals
(t?,t? 1] which contain at least one of the u;’s. For large n we will have
exactly N such intervals. First we prove that, for large n,

|§t?+1 - gt;l| < e, f(ft;.lH — ft;l) =0

if the interval (¢7,¢7 ;] does not contain any of the u;’s. Indeed, if this were

not true, then one could find a sequence sg,t; such that |&, — &, | > e,
Sk, tk € (s,t], s < tg, tx — sk — 0, and on (s, tx] there are no points w;.
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Without loss of generality, we may assume that sg,tr — u € (s,t] (actually,
one can obviously assume that u € [s, ], but since the trajectories are right
continuous, fsk’gtk — & if s, tr — s, so that u 7& 8).

Furthermore, there are infinitely many s;’s either to the right or to the
left of u. Therefore, using subsequences if needed, we may assume that the
sequence sj is monotone and then that ¢; is monotone as well. Then, since &
has finite right and left limits, we have that sg T u, sp < u, and ¢ | u, which
implies that |A&,| > . But then we would have a point u € {uy,...,un}
which belongs to (s, tx] for all k& (after passing to subsequences). This is a
contradiction, which proves that for all large n the sum on the right in (3)
contains at most N nonzero terms. These terms correspond to the intervals
(tj,tj+1) containing u;’s, and they converge to f(A&y,,).

It only remains to observe that the first equality in (3) is obvious and,
by Remark 2,

N

/R+><R I(s,t} (u)f(x) p(dUde') = Zf(Afuz)

i=1
The lemma is proved.

4. Definition. For 0 < s < t < oo define f{f,t as the completion of the
o-field generated by &, — &, r € [s,t]. Also set }"f = fg,r

5. Remark. Since the increments of & are independent, the o-fields fg,t L

fflytg,..., ffn—lytn are independent for any 0 < t1 < ... <tp.

Next remember Definition 2.5.10.

6. Definition. Random processes 1}, ...,n" defined for ¢ > 0 are called
independent if for any tq,...,t; > 0 the vectors (ntll, ...,ntlk), ey (M5 o5 1)
are independent.

7. Lemma. Let (; be an R%-valued process starting from zero and such that
G — (s s }'{fyt—measumble whenever 0 < s <t < co. Also assume that, for
all 0 < 5 < t < 00, the random variables ¢} —CL,..., ¢¢ — (2 are independent.
Then the process (; has independent increments and the processes C},..., (&
are independent.

Proof. That (; has independent increments follows from Remark 5. To
prove that the vectors

(SN RN (s N (4)
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are independent if 0 =ty < t1 < ..., < t,, it suffices to prove that

(Ctll - Ctl()?Ctlg - Ctllu 7<t1n - Ctln,l)w"u (Cgl - C%?ng - Cglu 7<gn - Ctln,l)
(5)

are independent. Indeed, the vectors in (4) can be obtained after applying a
linear transformation to the vectors in (5). Now take )\2? eRfork=1,..,d
and j = 1,..,n, and write

Eexp (i Z )\f(dgj - ij,l))
k,j

=Eexp(i Y MN(GE—¢f ) E{exp (0D M(CE = ¢ )IFS.

j<n—1,k k

=FEexp(i > MN(¢—¢ ) Eexp (i) A — ¢ )
k

j<n—1,k
~ k( k k N k
—Eexp (i Y, M(¢E=¢E ) [[Eexp (IN(CE —¢E))-
j<n—1k k
An obvious induction allows us to represent the characteristic function of
the family {Ctli — Ctk],_l,k: =1,...d,j =1,...,n} as the product of the char-
acteristic functions of its members, thus proving the independence of all
ij — Ctk],_ , and, in particular, of the vectors (5). The lemma is proved.

8. Lemma. Let f be as in Remark 2 and let f be continuous. Take o € R
and denote ¢ = ni(f) + a&. Then

(i) for every 0 < s < t < oo, the random variable (; — (s is nyt—
measurable;

(ii) the process (i is an infinitely divisible cadlag process and

Ee'St = exp t{ / (eUV@Fer) _ 1 _jqsinz) A(da) + iob — a*o?/2}.  (6)
R

Proof. Assertion (i) is a trivial consequence of (3). In addition, Remark
5 shows that (; has independent increments.

(ii) The homogeneity of ¢; follows immediately from (3) and the similar
property of &. Furthermore, Remark 2 shows that (; is cadlag. From the
homogeneity and right continuity of (; we get

lim Ee$6) = lim Fei¢—s = Feiro = 1, t>0.
st st
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Similar equations hold for s | ¢t with ¢ > 0. Therefore, (s il (; as s — t, and
(¢ is stochastically continuous.

To prove (6), take Khinchin’s measure p and take p; and b; from Corol-
lary 2.7. Also observe that

lim a” = lim ¢"°8% = Jim "1
n—oo n—oo n—oo

provided a,, — 1 and one of the limits exists. Then we have

Eei(nt+a§t) — hm (Eez(f(ft/n)+a§t/n))n

n—oo

= lim expn/(ei(f(xHax) = 1) Fyjp (de),
R

with
lim n/(e“ﬂxHam) — 1) Fy, (dz)
n—oo R

= lim t/(ei(f(x)““) —1—iasinz)(1 + 2?)/2? ptn(d) + dath
R

=t / (ef@+ar) _ 1 _jasing)(1 + 2?) /2% p(da) + iath.
R

Now to get (6) one only has to refer to Exercise 2.4. The lemma is proved.

9. Theorem. (i) For ab > 0 the process pi(a,b] is a Poisson process with
parameter A((a,b]), and, in particular,

Epi(a,b] = tA((a,b]); (7)

(ii) if am < bm, ambm >0, m = 1,...,n, and the intervals (an,,by] are
pairwise disjoint, then the processes pi(ai, b1], ..., pt(an,by] are independent.

Proof. To prove (i), take a sequence of bounded continuous functions
fx(w) such that fi(x) — M (gp)(z) as k — co and fi(x) = 0 for |z < e :=
(la] A |b])/2. Then, for each w,

/R fi(@) pr(dz) — Ape(a,b]. (8)

Moreover, |exp{ifx(x)} — 1| < 214>, and
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1+¢&? x?
1 Adx) < A(d . 9
[ Bz tn) < 55 [ g M) < o0 Q

Hence, by Lemma 8 and by the dominated convergence theorem,

Bl — oxpt / (eM@n(®@) _ 1) A(dz) = exp{tA((a,b])(e — 1)}.
R

The homogeneity of p;(a,b] and independence of its increments follow
from (8) and Lemma 8. Remark 2 shows that p.(a,b] is a cadlag process.
As in Lemma 8, this leads to the conclusion that p:(a,b] is stochastically
continuous. This proves (i).

(ii) Formula (8) and Lemma 8 imply that pi(a,b] — ps(a,b] is nyt-
measurable if s < t. By Lemma 7, to prove that the processes p;(a,b1],...,
pi(ay, by) are independent, it suffices to prove that, for any s < ¢, the random
variables

pt(alu bl] - ps(ah bl]a "'7pt(a’n7 bn] - ps(an7 bn] (10)

are independent.

Take A1,..., A\, € R and define f(z) = A\, for € (ap,,by] and f =0
outside the union of the (a,, by,]. Also take a sequence of bounded continu-
ous functions f,, vanishing in a neighborhood of zero such that f,,(z) — f(z)
for all z € R. Then

Me(fn) = ns(fn) = m(f) = ns(f) = Z A APt (@m, bn] — Ps(am, bm]}-
m=1

Hence and from Lemma 8 we get

Eexp(i Z Am{pt(@m, bim] — ps(am, b]}) = lim Bt (fn)=ns(fn))

n—00
m=1

= lim Ee" () = lim exp{(t — s)/(eif”(x) —1)A(dx)}
n—oo R

n—~o0

= exp{(t—s) /R (/) —1) A(dx)} = [ exp{(t— s)A((am, bm]) (€™ —1)}.
m=1

This and assertion (i) prove that the random variables in (5) are indepen-
dent. The theorem is proved.
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10. Corollary. Let f be a Borel nonnegative function. Then, for each t >

0,
/ £(2) pe(de)
R\{0}

1s a random variable and

Bl f)pde) =t / f(z) A(dz). (11)
R\{0} R

Notice that on the right in (11) we write the integral over R instead of
R\ {0} because A({0}) = 0 by definition. To prove the assertion, take € > 0
and let ¥ be the collection of all Borel I' such that p;(I'\ (—¢,)) is a random
variable and

V(D) := Epy(T\ (—¢,)) = tA(D) := tA(T \ (—¢,¢)).

It follows from (7) and from the finiteness of A(R \ (—¢,¢)) that R €
Y. By adding an obvious argument we conclude that ¥ is a A-system.
Furthermore, from Theorem 9 (i) we know that ¥ contains II := {(a,b] :
ab > 0}, which is a m-system. Therefore, ¥ = B(R). Now a standard
measure-theoretic argument shows that, for every Borel nonnegative f, we
have

B (@) pilda) = /R (@) v.(dz)

R\ (—¢,¢)

= t/Rf(:c) A (dz) = t/R - f(x) A(dx).

It only remains to let € | 0 and use the monotone convergence theorem.

11. Corollary. Fvery continuous infinitely divisible process has the form
bt + owy, where o and b are the constants from Lévy’s formula and w; is a
Wiener process if o # 0 and wy =0 if 0 = 0.

Indeed, for a continuous & we have py(a, 5] = 0 if af > 0. Hence
A((a, B]) = 0 and p(t,\) = exp{ibtA — 0?\?*t/2}. For o # 0, it follows
that n: := (§& — bt)/o is a continuous process with independent increments,
no = 0, and 7 — ns ~ N(0, |t — s|). As we know, 7, is a Wiener process. If
o =0, then & — bt =0 (a.s.) for any ¢ and, actually, { — bt = 0 for all ¢ at
once (a.s.) since & — bt is continuous.

12. Corollary. Let an open set G C R\ {0} be such that A(G) = 0. Then
there exists Q' € F such that P(Q') = 1 and, for each t > 0 and w € &,

A (w) € G.
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Indeed, represent G as a countable union (perhaps with intersections)
of intervals (am, by]. Since A((am,bn]) = 0, we have Epi(am,by,] = 0 and
pe(am,by] = 0 (a.s.). Adding to this that pi(am,by,] increases in ¢, we
conclude that pi(am,by,] = 0 for all ¢ (a.s.). Now let

O =(Ww: pe(am,bm] =0 Vt>0}.

Then P(€)) =1 and

p((0,1] x G) < Zpt(amabm] =0

for each w € Q' and t > 0, as asserted.
The following corollary will be used for deriving an integral representa-
tion of & through jump measures.

13. Corollary. Denote gi(a,b] = pi(a,b] — tA((a,b]). Let some numbers
satisfying a; < b; and a;b; > 0 be given for i = 1,2. Then, for all t,s > 0,

eq(al, bl]qs(ag, bg] = (S A\ t)A((CLl, bl] N (CLQ, bg]) (12)

Indeed, without loss of generality assume ¢t > s. Notice that both parts
of (12) are additive in the sense that if, say, (a1,b1] = (as, b3] U (a4, bs] and
(a3, b3] N (a4, b4] = (), then

qe(ar,b1] = qe(as, b3] + ge(aa, bal,

A((al, bl] N (CLQ, bQ]) = A((a3, bg] N (CLQ, bQ]) + A((a4, b4] N (CLQ, bQ])
It follows easily that to prove (12) it suffices to prove it only for two cases:
(i) (al,bl] N (CLQ,bQ] = () and (ii) a1 = ag, by = bs.
In the first case (12) follows from the independence of the processes
p.(a1,b1] and p.(az, bo] and from (7). In the second case, it suffices to remem-

ber that the variance of a random variable having the Poisson distribution
with parameter A is A and use the fact that

qt(av b] = QS(av b] + (qt(a7 b] - QS(av b])?

where the summands are independent.

We will also use the following theorem, which is closely related to The-
orem 9.
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14. Theorem. Take a > 0 and define

i —/[ )xpt(dx) —i—/( ]xpt(dx). (13)

Then:

(i) the process m; is infinitely divisible, cadlag, with c = b =0 and Lévy
measure A(T'\ (—a,a));

(ii) the process & — m; is infinitely divisible, cadlag, and does not have
Jumps larger in magnitude than a;

(iii) the processes n; and & — ny are independent.

Proof. Assertion (i) is proved like the similar assertion in Theorem 9
on the basis of Lemma 8. Indeed, take a sequence of continuous functions
fe(w) = 2(1 — (4 q)(x)) such that fi(z) = 0 for [z| < a/2. Then, for any
w?

/ fi(@) pe(d) — . (14)
R

This and Lemma 8 imply that 7, is a homogeneous process with independent
increments. That it is cadlag follows from Remark 2. The stochastic conti-
nuity of n; follows from its right continuity and homogeneity as in Lemma 8.
To find the Lévy measure of 7, observe that |exp{iAfi(z)} — 1| < 2[5 >q/2-
By using (9), Lemma 8, and the dominated convergence theorem, we con-
clude that

(ez’,\x(kl(,a,a)(x))_l)A(dx) — expt/ (ei)\x_l)A(dx)-

EeMmt — expt/
R\(—a,a)

R

In assertion (ii) the fact that & — 7 is an infinitely divisible cadlag
process is proved as above on the basis of Lemma 8. The assertion about
its jumps is obvious because of Remark 2. Another explanation of the same
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fact can be obtained from Lemma 8, which implies that

EetOnetad)
= exp t{ /(e"}‘x(ll(am(x))ﬂax — 1 —iasinz) A(dz) + iab — a?0?/2}
R

= exp t{ (e — 1 — jasinz) A(dr)
(70‘70')

—|—/ (AT 1 _jasinz) A(dx) + iob — a202/2}, (15)
R\(—a,a)

where, for A = —q, the expression in the last braces is
/ (e — 1 —iasinz) A(dz) + ia(b — / sinz A(dz)) — a?0?/2,
(—a,a) R\(—a,a)

which shows that the Lévy measure of & — 7, is concentrated on (—a,a).
To prove (iii), first take A =  — « in (15). Then we see that

EetBnetial§e—ne) — €tg,

where

g= / (9% — 1) A(da)
R\(—a,a)

+/ (e —1—ia sin:c)A(dx)+ia(b—/ sinz A(dz)) —a?0?/2,
(_a‘va) R\(_ava)

so that Eemtial&—m) — peifn peia&—m)  Hence, for any ¢, n; and & —
are independent.

Furthermore, for any constants A\, « € R, the process A\n; + «(&§ —m) =
(A — a)n + a&; is a homogeneous process, which is proved as above by
using Lemma 8. It follows that the two-dimensional process (n, & — m)
has homogeneous increments. In particular, if s < ¢, the distributions of
(Nt—s,&t—s — mi—s) and (n; —ns, & —n — (€s — 1)) coincide, and since the first
pair is independent, so is the second. Now the independence of the processes
1 and & — n; follows from Lemma 7 and from the fact that n, —ns, & — &,
and (n —ns, & —me — (&€ — 1ns)) are }"fyt-measurable (see (14) and Lemma
8). The theorem is proved.

The following exercise describes all nonnegative infinitely divisible cadlag
processes.
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15. Exercise. Let & be an infinitely divisible cadlag process satisfying & >
0 for all ¢ > 0 and w. Take n; = my(a) from Theorem 14.

(i) By using Exercise 2.9, show that all jumps of & are nonnegative.

(ii) Prove that for every ¢ > 0, we have P(n;(a) = 0) = exp(—tA([a, 00))).

(iii) From Theorem 14 and (ii), derive that £ —m:(a) > 0 (a.s.) for each
t > 0.

(iv) Since obviously 7;(a) increases as a decreases, conclude that 7,(04) <
& < oo (a.s.) for each t > 0. From (15) with @ = 0 find the characteristic
function of 7,(0+) and prove that £ — 1;(0+) has normal distribution. By
using that & — n:(0+) > 0 (a.s.), prove that & = n:(0+) (a.s.).

(v) Prove that

1
/ zA(dx) < 0o, & —/ xp(t,dr) (a.s.),
0 (0,00)

and, in particular, & is a pure jump process with nonnegative jumps.

4. Further comments on jump measures

1. Exercise. Let f(¢,x) be a Borel nonnegative function such that f(¢,0) =
0. Prove that fRerR f(s,x) p(dsdz) is a random variable and

E f(s,z) p(dsdz) = / f(s,z)dsA(dx). (1)

R+XR R+XR

2. Exercise. Let f(t,z) = f(w,t,x) be a bounded function such that f =0
for |z| < ¢ and for t > T, where the constants ¢,7" € (0,00). Also assume
that f(w,t, ) is left continuous in ¢ for any (w, x) and ff@‘B(R)-measurable
for any t. Prove that the following version of (1) holds:

E f(s,x) p(dsdz) = / Ef(s,x)dsA(dz).
R4 xR R4 xR

The following two exercises are aimed at generalizing Theorem 3.9.

3. Exercise. Let f(¢,z) be a bounded Borel function such that f = 0 for
|z| < e, where the constant € > 0. Prove that, for t € [0, c0),

o(t) = Eexp{i/ f(s,z) p(dsdz)} = exp{ (€7 1) dsA(dx)}.
(0,t]xR (0,t] xR
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4. Exercise. By taking f in Exercise 3 as linear combinations of the indica-
tors of Borel subsets I'y, ..., I';; of Ry x R, prove that, if the sets are disjoint,
then p(I'1),...,p(I'y,) are independent. Also prove that, if I'1 C Ry, then
p(T'1) is Poisson with parameter (¢ x A)(T';).

The following exercise shows that Poisson processes without common
jumps are independent.

5. Exercise. Let (2, F, P) be a probability space, and let F; be o-fields
defined for ¢ > 0 such that Fy C F; C F for s < ¢. Assume that & and 7,
are two Poisson processes with parameters p and v respectively defined on
2, and such that & and 7, are F-measurable for each ¢t and &5 — & and
Net+n — M are independent of F; for all ¢, h > 0. Finally, assume that & and
7 do not have common jumps, that is, (A& )An, = 0 for all ¢t and w. Prove
that the processes & and 7, are independent.

5. Representing infinitely divisible processes
through jump measures

We start with a simple result.

1. Theorem. Let&; be an infinitely divisible cadlag process with parameters
o, b, and Lévy measure concentrated at points x1,...,Tp.

(i) If o # 0, then there exist a Wiener process wy and Poisson pro-
cesses pt,..., pit with parameters A({x1}), ..., A({xn}), respectively, such that
Wi, f -, PP are mutually independent and

& =a1pp + o Ll F bt Fow VE>0 (a.s.). (1)

(ii) If o = 0, assertion (i) still holds if one does not mention w; and
drops the term owy in (1).

Proof. (i) Of course, we assume that x; # x; for ¢ # j. Notice that
A({0}) = 0. Therefore, x,, # 0. Also

AR\ {z1,...,z,}) = 0.

Hence, by Corollary 3.12, we may assume that all jumps of & belong to the
set {z1,...,xn }.

Now take a > 0 such that a < |z;| for all 7, and define i, by (3.13).
By Theorem 3.14 the process & — 1, does not have jumps and is infinitely
divisible. By Corollary 3.11 we conclude that

& —m = bt + ow.
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In addition, formula (3.1) shows also that

e = x1pe({x1}) + o+ zape({2n}) = 21pi(ar, bi] + .. + znpi(an, bn),

where a,,b,, are any numbers satisfying a0, > 0, apn < X < by,
and such that (am,by,] are mutually disjoint. This proves (1) with p{* =
pt(am, by ], which are Poisson processes with parameters A({z,}).

To prove that wy,p},..., pi* are mutually independent, introduce p" as
the jump measure of 7, and observe that by Theorem 3.14 the processes
& — m = bt + ow, and 1 (that is, w, and 7;) are independent. It follows
from Lemma 3.3 that, if we take any continuous functions fi, ..., f,, vanishing
in the neighborhood of the origin, then the process w; and the vector-valued
process

([ 7@ pio), e, [ gt tan)

are independent. By taking appropriate approximations we conclude that
the process w; and the vector-valued process

(p?(alv bl]a '-'7p?(ana bn])

are independent. Finally, by observing that, by Theorem 3.9, the processes
p}(a1,b1],..., pi(an,b,] are independent and, obviously (cf. (3.2)), p" = p,
we get that wy, py,..., pf are mutually independent. The theorem is proved.

The above proof is based on the formula

ft:gl‘H?ga (2)

where
77?:/ $pt(d$), C?:ft—nga CL>O,
R (70'704)

and the fact that for small a all processes nf are the same. In the general
case we want to let @ | 0 in (2). The only trouble is that generally there is
no limit of nf as a | 0. On the other hand, the left-hand side of (2) does
have a limit, just because it is independent of a. So there is a hope that if we
subtract an appropriate quantity from (' and add it to n¢, the results will
converge. This appropriate quantity turns out to be the stochastic integral
against the centered Poisson measure q introduced by

qi(a,b] = pi(a,b] — tA((a,b]) if ab>0.
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2. Lemma. Let IT = {(0,t] x (a,b] : ¢ > 0,a < b,ab > 0} and for A =
(0,t] x (a,b] € II let q(A) = qa,b]. Then II is a w-system and q is a
random orthogonal measure on 11 with reference measure £ x A.

Proof. Let A = (O,tl] X (al,bl],B = (O,tQ] X (ag,bg] € II. Then
AB = (O,tl A tQ] X (C, d], (C, d] = (al, bl] N (CLQ, bg],

which shows that II is a m-system. That ¢ is a random orthogonal measure
on II with reference measure ¢ x A is stated in Corollary 3.13. The lemma
is proved.

3. Remark. We may consider II as a system of subsets of Ry x R\ {0}.
Then as is easy to see, o(II) = B(R;) @ B(R \ {0}). By Theorem 2.3.19,
Lo(IT, A) = La(o(I1),£ x A). Therefore, Lemma 2 and Theorem 2.3.13 allow
us to define the stochastic integral

/ £(¢, ) q(dtda)
R4 x(R\{0})

for every Borel f satisfying

/ |f(t,2)|* dtA(dx) < oo
Ry xR

(we write this integral over Ry xR instead of Ry x (R\{0}) because A({0}) =
0 by definition). Furthermore,

Bl £(t2) q(dtda) > = / |F(t,2)[ dEA(da),
Ry x(R\{0}) Ry xR

E F(t.2) q(dtdz) = 0,
Ry x(R\{0})

the latter following from the fact that Fq(A) = 0 if A € II (see Remark
2.3.15).

4. Remark. Denote

/ £(2) qe(dz) = / L0, (w)£(2) q(dudz). (4)
R\{0} R4 x(R\{0})

Then (3) shows that, for each Borel f satisfying [, |f(z)|* A(dz) < oo and
every t,s € [0, 00),
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E| f@MM—/
R\{0} R\{0}

Bl [ f@a@oP =t [ 5P Ads),
R\ {0} R

2_t—s z)? T
f@%mN—HIAWHAWL

In the following exercise we use for the first time our assumption that
(Q,F,P) is a complete probability space. This assumption allowed us to
complete o(&s : s < t) and have this completion, denoted ]-—f , to be part
of F. This assumption implies that, if we are given two random variables
satisfying ( =7 (a.s) and ( is ]—'f—measulrable7 S0 is 7.

5. Exercise*. Prove that if f is a bounded Borel function vanishing in a
neighborhood of zero, then [ |f(z)[* A(dx) < oo and

/IR\{O} f(z) q(dz) = /Rf(tc)pt(dx) - t/Rf(:c)A(dx) (a.s.). (5)

By using Lemma 3.8, conclude that the left-hand side of (5) is ff-measur—
able for every f € La(B(R), A).

6. Exercise®*. As a continuation of Exercise 5, prove that (5) holds for
every Borel f satisfying f(0) =0 and [,(|f| + |f]*) A(dz) < oc.

7. Lemma. For every Borel f € La(B(R),A) the stochastic integral

mzémjmﬂw

is an infinitely divisible ]-—f -adapted process such that, if 0 < s < t < o0,
then ny —ns and ]—'§ are independent. By Theorem 1.11 the process 1, admits
a modification with trajectories in D[0,00). If we keep the same notation
for the modification, then for every T € [0, 00)

EmﬁSM/mmMmy (6)
t<T R

Proof. If f is a bounded continuous function vanishing in a neighborhood
of zero, the first statement follows from Exercise 5 and Lemma 3.8. An
obvious approximation argument and Remark 4 allow us to extend the result
to arbitrary f in question.

To prove (6) take 0 < ¢; < ... <t, < T and observe that, owing to the
independence of 7, ., — 1, and }",i, we have
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E(nthrl - ntk|ft§k) = E(ntk+1 - 77tk) = 0.

Therefore, (mk,]:fk) is a martingale. By Doob’s inequality
Esupf, < 4B =47 [ |f(@) Ado).
k R

Clearly the inequality between the extreme terms has nothing to do with
ordering t;. Therefore by ordering the set p of all rationals on [0,7] and
taking the first n rationals as tg, £k = 1,...,n, and then sending n to infinity,
by Fatou’s theorem we find that

E swp i <4T [ |f(@)P A(da),
rep,r<T R

Now equation (6) immediately follows from the right continuity and the
stochastic continuity (at point 7") of 7., since (a.s.)

2 _ 2 _ 2
Supf, =Ssupf?ny = Sup 1.
t<T t<T rep,r<T

The lemma is proved.

8. Theorem. Let & be an infinitely divisible cadlag process with parameters
o, b, and Lévy measure A.

(i) If o # 0, then there exist a constant b and a Wiener process wy, which
is independent of all processes pi(c,d], such that, for each t >0,

§t:bt—|—awt+/

(7171)

xqt(dx)—l—/ rp(dz) (a.s.). (7)

R\(-1,1)

(ii) If o = 0, assertion (i) still holds if one does not mention wy and
drops the term owy in (7).

Proof. For a € (0,1) write (2) as

& :(f—i—/ :cpt(dx)—F/ x py(dz).
(=L,1)\(-a,a) R\(-1,1)

Here, by Exercise 5,

/ xp(dx) = / x q(dx) + t/ x A(dz),
(_171)\(_0“70‘) (—1,1)\(—@,&) (_171)\(_0“70‘)

so that
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& = Ky +/ x qi(dx) +/ z py(dz), (8)
(_171)\(_0“70‘)

R\(-1,1)

where

/ﬁ?—(f—i—t/ x A(dz).
(7171)\(70‘7“)
By Lemma 7, for any T € (0, 00),

Esup| x q(dzr) — / z g (dz)* — 0
t<T  J(=1,1)\(~a,a) (=1,1)

as a | 0. Therefore, there exists a sequence a, | 0, along which with
probability one the first integral on the right in (8) converges uniformly on
each finite time interval to the first integral on the right in (7). It follows
from (8) that almost surely ;™ also converges uniformly on each finite time
interval to a process, say k:. Bearing in mind that the x{ are cadlag and
using Exercise 1.8, we see that x; is cadlag too. By Theorem 3.14, the
process ¢ is infinitely divisible cadlag. It follows that k¢ and x; are infinitely
divisible cadlag as well.

Furthermore, since (f* does not have jumps larger in magnitude than a,
the process k; does not have jumps at all and hence is continuous (the last
conclusion is easily proved by contradiction). Again by Theorem 3.14, the
process (f is independent of n{ and, in particular, is independent of the jump
measure of " (cf. Lemma 3.3). The latter being p;((c,d]\ (—a,a)) (cf. (3.2))
shows that ¢/ as well as k{ are independent of all processes p;((c, d]\(—a,a)).
By letting a | 0, we conclude that k; is independent of all processes p;(c, d].

To conclude the proof it only remains to use Corollary 3.11. The theorem
is proved.

9. Exercise. It may look as though assertion (i) of Theorem 8 holds even
if 0 = 0. Indeed, in this case cw; = 0 anyway. However, generally this
assertion is false if ¢ = 0. The reader is asked to give an example in which
this happens.

6. Constructing infinitely divisible processes

Here we want to show that for an arbitrary Lévy measure and constants b
and o there exists an infinitely divisible process &, defined on an appropriate
probability space, such that
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Eet = expt{/ (e —1 — ixsinx) A(dx) + ibX — 02\2/2}. (1)
R

By the way, this will show that generally there are no additional properties
of A apart from those listed in (2.7).

The idea is that if we have at least one process with “arbitrarily” small
jumps, then by “redirecting” the jumps we can get jump measures corre-
sponding to arbitrary infinitely divisible process. We know that at least one
such “test” process exists, the increasing 1/2-stable process 7,4, a > 0 (see
Theorem 2.6.1 and Exercises 1.12).

The following lemma shows how to redirect the jumps of 744

1. Lemma. Let A be a positive measure on B(R) such that A(R\(—a,a)) <
oo for any a > 0 and A({0}) = 0. Then there exists a finite Borel function
f(z) on R such that f(0) =0 and for any Borel T’

AT) = / |z|~%/2 du.
1)

Proof. For x > 0, define 2F (z) = A{(z,00)}. Notice that F(z) is right
continuous on (0,00) and F(co) = 0. For z > 0 let

f(z)=inf{y >0:1>2F*(y)}.

Since F(c0) =0, f is a finite function.

Next notice that, if ¢ > 0 and f(x) > ¢, then for any y > 0 satisfying
1 > 2F?(y), we have y > t, which implies that 1 < xF?(¢). Hence,

{x>0:f(x) >t} C{x>0:2F* () > 1}. (2)

On the other hand, if t > 0 and 2 F?(¢) > 1, then due to the right continuity
of F also xF?(t+¢€) > 1, where € > 0. In that case, f(z) >t +¢& > t. Thus
the sets in (2) coincide if ¢ > 0, and hence

A{(t,00)} = 2F(t) = / 732 dy = / 2732 dx = v{(t,00)},
1/F2(t) z:wF2(t)>1

where

v(l) = / 732 dx.
x>0:f(x)el

A standard measure-theoretic argument allows us to conclude that
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AT N (0,00)) = v(I)

not only for I" = (¢, 00), t > 0, but for all Borel I C (0, c0).

Similarly, one constructs a negative function g(x) on (—oo,0) such that

Al N (—o0,0)) :/ 2| 73/2 dx.

z<0:g(z)el

Finally, the function we need is given by f(x)I;~0 + g(z)I,<o. The lemma
is proved.

We also need the following version of Lemma 3.8.
2. Lemma. Let p; be the jump measure of an infinitely divisible cadlag

process with Lévy measure A, and let f be a finite Borel function such that

f(0) =0 and A({z : f(z) # 0}) < co. Then

(i) we have
[ @) < o
R\{0}
(a.s.), and
L= ) pe(dx
fom [ S

is well defined and is cadlag;

(i) & 1is an infinitely divisible process, and

B — expt / (/@) _ 1) A(da). (3)
R

Proof. (i) By Corollary 3.10

Ep(fa: f(z) #0}) = tA(fa : f(z) #0}) < .

Since the measure p; is integer valued, it follows that (a.s.) there are only
finitely many points in {z : f(x) # 0} to which p; assigns a nonzero mass.
This proves (i).

To prove (ii) we use approximations. The inequality |’/ — 1| < 2T F£0
and the dominated convergence theorem show that, if assertion (ii) holds

for some functions f,(z) such that f, A f, A{z : sup,, | fn(z)| > 0}) < o0,
and
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/ 1 = fulpelda) 20, (4)
R\{0}

then (ii) is also true for f. By taking f, = (—n) V f A n, we see that it
suffices to prove (ii) for bounded f. Then considering f, = fIi/n<|zj<n
reduces the general case further to bounded functions vanishing for small
and large |x|. Any such function can be approximated in L;(B(R),A) by
continuous functions f,,, for which (4) holds automatically due to Corollary
3.10 and (3) holds due to Lemma 3.8 (ii) with a = 0. The lemma is proved.

Now let A be a Lévy measure and b and o some constants. Take a
probability space carrying two independent copies nft of the process 74,
t > 0, and a Wiener process w; independent of (17,7, ). By Exercise 2.11,
the Lévy measure of nfc is given by cox*S/ 2~0dx, where ¢ is a constant.
Define

Ao(dz) = colz| ™32 da

and take the function f from Lemma 1 constructed from A/cy in place of
A, so that, for any T' € B(R),

AT) = AofTH(I) = Ao({z : f(x) € T}). ()
3. Remark. Equation (5) means that, for any I' € B(R) and h = I,

/ W) A(dz) = / B (2)) Ao(dz). (6)
R R

A standard measure-theoretic argument shows that (6) is true for each Borel
nonnegative h and also for each Borel h for which at least one of

[ @A) and [ as@)]| Aoda)
is finite. In particular, if h is a Borel function, then h € Ly(B(R), A) if and
only if h(f) € La(B(R), Ao).

4. Theorem. Let pT be the jump measures of nfc and q* the centered Pois-
son measures of 77;5. Define
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= | Dl ) + [ D )
R\{0} R\{0}
=: ozfc + ﬁti
Then, for a constant b, the process
& =0bt+ow + & + &
is an infinitely divisible process satisfying (1).

Proof. Observe that

/RfQ(:I:x)IV(ix)Kl Ao(dz) = /( . 2% A(dz) < oo

Therefore, the processes ati are well defined. In addition,
Ao({z > 0: [f(£2)] = 1}) < Ao({z - [f(2)] = 1}) = AJz| > 1) < oo

Hence, 555 is well defined due to Lemma 2.

Next, in order to find the characteristic function of fti, notice that
fLifj<a — 0 in La(B(R), Ag) as a | 0, so that upon remembering the prop-
erties of stochastic integrals, in particular, Exercise 5.6, we obtain

+ +
— lim. +2) L (i d
o =Lim. ( R\{O}f( T) o< | f(a)<1 D7 (dx)

— t/ f(ix)Iag\f(ix)Kl Ao(dx)) .
0

It follows that

&F = P-lim f(£x)1, xpidx
=P oy TED st pi(dD)

—tA f(i$)1a§|f(ix)|<1 AO(d.’E))
Now Lemma 2 implies that fti are infinitely divisible and
Fe

hmexpt/ { A 1) a<|f(£z)| ’L)\f(:l:.’E) a<|f(£x) |<1 }AO d.’E
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In the next few lines we use the fact that |e*
than A\2z? if |2| < 1 and less than 2 otherwise. Then, owing to Remark 3,

we find that

— 1 —idxl«q] is less

g(Xa) = /O {(e™M@ — D)L 5y — N (@) o< () <1 } Ao(dz)
+ /O {(€NCD D Ioqipay) = M (=) Tag p(—aj<1 } Nolde)
= /R {(eM@ — DI 5wy — I (@) o< ) <1 } Ao(de)

= / {eim — 1 —idzly < } A(dz).
R\(—a,a)

This along with the dominated convergence theorem implies that
g\ a) — /(ei)“” —1—idzl,<1) Aldz) = /(ei)‘x —1—iXsinz) A(dz)+iAb,
R R

where
b= /(sinx — xljy)<1) A(dz)
R

is a well-defined constant because |sinz — 21, <1 < 2 A 2.

Finally, upon remembering that the processes wy, p;r , p; are indepen-
dent, we conclude that & is infinitely divisible and

Eeet = hﬁ)l expt(iAb — 0?X*/2 + g(\,a)),

which equals the right-hand side of (1) if b+ b = b. The theorem is proved.

The theory in this chapter admits a very natural generalization for
vector-valued infinitely divisible processes, which are defined in the same
way as in Sec. 2. Also as above, having an infinitely divisible process with
jumps of all sizes in all directions allows one to construct all other infinitely
divisible processes. In connection with this we set the reader the following.

5. Exercise. Let wt,wtl,...,wf be independent Wiener processes. Define
7 = inf{s > 0:ws >t} and

e = (/wtlw"ulwg)) ft:777-t~

Prove that:
(i) The process &, is infinitely divisible.
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(ii) Eexp(iX-&) = exp(—ct|\|) for any A € RY, where ¢ > 0 is a constant,
so that & has a multidimensional Cauchy distribution.

(iii) It follows from (ii) that the components of & are not independent.
On the other hand, the components of 7; are independent random processes
and we do a change of time in 7;, random but yet independent of 7. Explain
why this makes the components of & = 7, depend on each other. What
kind of nontrivial information about the trajectory of £? can one get if one
knows the trajectory &,t > 07

7. Hints to exercises

1.8 Assume the contrary.

1.12 For any cadlag modification & of a process & we have & Ll & ast] s.

2.10 Use [p(Asin(z/A) — sinz)z~?da = 0, which is true since sinz is an
odd function.

2.11 To show that a = b =1, observe that

U(z) = /000 2732 (e7* — 1) da

is an analytic function for Rez > 0 which is continuous for Re z > 0. Fur-
thermore, for real z, changing variables, prove that ¥(z) = /2¥(1) and
express (1) through the gamma function by integrating by parts. Then
notice that \/%\Il(z) = —a —1b.

3.15 (ii) P(ni(a) = 0) = P(pla,00) = 0). (iii) Use that & — n(a) and n:(a)
are independent and their sum is positive. (iv)&(v) Put @ = 0 in (3.15) to
get the characteristic function of 7,(0+) and also the fact that

lim (e — 1) A(dx)
al0 [a,00)
exists.

4.1 Corollary 3.10 says that the finite measures

ver (D) := Ep{((0,T] x (R\ (—¢,¢))) NI}
and

(£ A{((0,T] x (R (=&,¢))) NI}

coincide on sets I' of the form (0,¢] x (a,b].

4.2 Assume f > 0, approximate f by the functions f([tn]/n,x), and prove
that
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e[ f(k/n, ) pldsdz)
(k/n,(k+1)/n] xR

- (Ef(k/n,2)) pldsdz).
(k/n,(k+1)/n]xR

To do this step, use 7- and A-systems in order to show that it suffices to
take f(k/n,z) equal to Iaxr(w, ), where A and p11)/n (L) — pr/n(L) are
independent.

4.3 First let there be an integer n such that f(¢t,z) = f((k + 1)27", z)
whenever k is an integer and ¢ € (k27" (k+1)27"], and let f((k+1)27", x)
be continuous in z. In that case use Lemma 3.8. Then derive the result for
any continuous function f(¢,x) vanishing for |z| < . Finally, pass to the
limit from continuous functions to arbitrary ones by using (4.1).

4.5 Take some constants o and  and define ¢; = a&; + B, @(t) = Ee't.
Notice that

eid =1+ / i {[e — 1) d& + [ — 1] dms},
(0,¢]

where on the right we just have a telescoping sum. By taking expectations
derive that

oty =1+ /0 () (e — 1+ [ — 1} ds.

This will prove the independence of & and 7; for any ¢t. To prove the inde-
pendence of the processes, repeat part of the proof of Lemma 3.7.

5.5 First check (5.5) for f = I,y with ab > 0, and then use Corollary
3.10, the equality Lo(II,A) = Lo(o(II),A), and (2.7), which shows that
AR\ (—a,a)) < oo for any a > 0.

5.6 The functions (n A f)Ijy>1/, converge to f in L1(B(R),A) and in
Ly (B(R), A).
6.5 (i) Use Theorem 2.6.1. (ii) Add that

Eexp(i\- &) = /OOO Eexp(iX-ns) P(1y € ds).

(iii) Think of jumps.






Chapter 6

Ito6 Stochastic Integral

The reader may have noticed that stochastic integrals or stochastic integral
equations appear in every chapter in this book. Here we present a systematic
study of the It6 stochastic integral against the Wiener process. This integral
has already been introduced in Sec. 2.7 by using an approach which is equally
good for defining stochastic integrals against martingales. This approach
also exhibits the importance of the o-field of predictable sets. Traditionally
the Ito stochastic integral against dw; is introduced in a different way, with
discussion of which we start the chapter.

1. The classical definition

Let (Q2,F,P) be a complete probability space, F;, t > 0, an increasing
filtration of o-fields F; C F, and wy,t > 0, a Wiener process relative to F;.

1. Definition. Let f; = fi(w) be a function defined on © x [0,00). We
write f € Hy if there exist nonrandom points 0 =t < t; < ... < ¢, < ©
such that the f;, are F;,-measurable, F2 ffi < oo, and fy = fi, for t € [t;, tit1)
if 1 <n, whereas f; =0 for t > t,.

2. Exercise. Why does it not make much sense to consider functions sat-
isfying f¢ = fy, for t € (t;,ti1] 7

For f € Hy we set
n—1
If = Z(wti+1 - wti)fti'
=0

169
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Obviously this definition is independent of the partition {t;} of [0, c0) pro-
vided that f € Hy. In particular, the notation If makes sense, and [ is a
linear operator on Hy.

3. Lemma. If f € Hy, then
E(If)? = E/ fidt, EIf=0.
0

Proof. We have (see Theorem 3.1.12)
EftQj(wtj+1 - wtj)2 = EfL?jE{(wtj+l - wtj)2|ftj} = Eft%-(thrl - tj)a

since wy;,, — wy; is independent of F;, and f;, is F;,-measurable. This and
Cauchy’s inequality imply that the first expression in the following relations
makes sense:

Efti (wti-t,-l - wti)ft]' (wt]'+1 - ’U)t].)
= Efti(wti+1 - wti)ftjE{(wtj+1 - wtj)‘ftj} =0

141 — W, ft, are Ji-measurable, whereas
— wy; s independent of Fi;. Hence

if ¢ < g, since t;41 < t; and fi,, w;
Wtja

n—1
E(If)2 = ZEft?j(wthr1 _wtj)2+2 Z Efti(wti+1 _wti)ftj(wtj+1 _wtj)
j=0

1<j<n-—1

n—1 00
=Y B -t =F [ fat
j=0 0

Similarly, Ef;. (w,,, —wy;) =0 and EIf = 0. The lemma is proved.

The next step was not done in Secs. 2.7 and 2.8 because we did not have
the necessary tools at that time. In the following lemma we use the notion
of continuous time martingale, which is introduced in the same way as in
Definition 3.2.1, just allowing m and n to be arbitrary numbers satisfying
0<n<m.

4. Lemma. For f € Hy, define Isf = I(I ) f). Then (Isf, Fs) is a mar-
tingale for s > 0.

Proof. Fix s and without loss of generality assume that s € {to,...,t,}.
If s = t;, then

k-1
Lo fr =Y frlitesny®),  Iof = fo(we,, —wy,).
=0 ;
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It follows that I f is Fs-measurable. Furthermore, if t < s, t,s € {tg,...,tn},
t =1t., and s = t, then

k—1
E{ISf - Itf‘ft} = ZE{ftiE{wti+1 - wtz"ﬁz}"ﬁ} =0.

i=r
The lemma is proved.

Next by using the theory of martingales we derive an inequality allowing
us to define stochastic integrals with variable upper limit as continuous
processes.

5. Lemma (Doob’s inequality). For f € Hy, we have

Esup(If)* <4E /0 T a (1)

s>0
Proof. First, notice that

n—1
Isf = Z fti (wt¢+1/\s - wti/\s)'
=0

Therefore, the process I f is continuous in s and the sup in (1) can be taken
over the set of rational s. In particular, the sup is a random variable, and
(1) makes sense.

Next, let 0 < sg < ... < sp, < 00. Since (I, f, Fs, ) is a martingale, by
Doob’s inequality

E sup(ly, )2 < AE(L,, f)? = AE / " 2t < 4E / f2dt.
0 0

k<m

Clearly the inequality between the extreme terms holds for any s, ..., S,
not necessarily ordered. In particular, one can number all rationals on [0, co)
and then take the first m + 1 rational numbers as s, ..., Sy, 1If after that
one lets m — oo, then one gets (1) by the monotone convergence theorem.
The lemma is proved.

Lemma 3 allows us to follow an already familiar pattern. Namely, con-
sider Hp as a subset of Ly(F ® B0, 00), u), where p(dwdt) = P(dw)dt. On
Hy we have defined the operator I which maps Hy isometrically to a subset
of Ly(F,P). By Lemma 2.3.12 the operator I admits a unique extension
to an isometric operator acting from Hy into Lo(F, P). We keep the same

notation I for the extension, and for a function f € Hy we define its [t
stochastic integral by the formula
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/Oooftdwt:.ff.

We have to explain that this integral coincides with the one introduced
in Sec. 2.7.

6. Remark. Obviously
Hy C H,

where H is introduced in Definition 2.8.1 as the set of all real-valued F;-
adapted functions f;(w) which are F ® 98(0, co)-measurable and belong to
Lo(F @ B0, 00), ).

7. Remark. Generally the processes from Hj are not predictable, since
they are right continuous in ¢. However, if one redefines them at points of
discontinuity by taking the left limits, then one gets left-continuous, hence
predictable, processes (see Exercise 2.8.3) coinciding with the initial ones
for almost all ¢. It follows that Hy C La(P, p).

Observe that Hy, which is the closure of Hy in La(F ® B0, 00), 1), coin-
cides with the closure of Hy in La(P, 1), since La(P, 1) C La(FRB[0,00), 1).
Furthermore, replacing the left continuous p,(t) in the proof of Theorem
2.8.2 with the right continuous 27"[2"t], we see that f € Hy if f; is an Fi-
adapted F ®B(0, co)-measurable function belonging to La(F ®@B(0, 00), ).
In other words,

HCFI().

8. Remark. It follows by Theorem 2.8.8 (i) that I f coincides with the Ito
stochastic integral introduced in Sec. 2.7 on functions f € Hy. Since Hy C H
and Hy is dense in H (Remarks 6 and 7) and H = Lo(P, 1) in the sense
described in Exercise 2.8.5, we have that Hy = Lo(P, ), implying that both
stochastic integrals are defined on the same set and coincide there.

9. Definition. For f € Hy and s > 0 define

S o0

/ Jrdwy = / I[O,s)(t)ft dwy.
0 0
This is the traditional way of introducing the stochastic It6 integral

against the Wiener process with variable upper limit. Notice that for many
other martingales such as m; := m; — t, where 7y is a Poisson process with
parameter one, it is much more natural to replace Ijp ) with Ijg 4, since
then f(f 1dm; = ms on each trajectory. In our situation the integral on each

particular trajectory makes no sense, and taking Ijy . leads to the same
result since Ifg g = I|g ) as elements of La(F ® B(0,00), i)
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Defining the stochastic integral as result of a mapping into Lo(F, P)
specifies the result only almost surely, so that for any s > 0 there are many
candidates for f(f ft dwy. If one chooses these candidates arbitrary for each s,
one can easily end up with a process which has nonmeasurable trajectories
for each w. It is very important for the theory of stochastic integration
that one can arrange the choosing in such a way that almost all trajectories
become continuous in s.

10. Theorem. Let f € Hy. Then the process f(f ft dwy admits a continuous
modification.

Proof. Take f" € Hy such that
[e.e]
B[ 1f-srpar<a
0

Then for each s > 0 in the sense of convergence in Ly(F ® B(0,00), 1) we
have

Iiosy () fr = Tjo. o) () f1 4 To.s) () (F2 = 1) + oo+ T, () (F7TH = £ + ..

Hence by continuity (or isometry), in the sense of the mean-square conver-
gence we have

S S S S
/ ftdwt_/ ftldwt—ir/ (ff—ftl)dwt+...+/ (fr — 1) dwy + ...
0 0 0 0
(2)
Here each term is continuous as the integral of an Hy-function, so that

to prove the theorem it suffices to prove that the series in (2) converges
uniformly for almost every w.

By Doob’s inequality

s 00
ESUP\/ ( F+1—f?)dwt|2§4E/ (frtt— f2dt < 16-27

By Chebyshev’s inequality

P{sup |/ (frtt — [ dwy| > n~?} < 16n'27",
s>0 0

and since the series Y n42™" converges, by the Borel-Cantelli lemma with

probability one for all large n we have



174 Chapter 6. It6 Stochastic Integral, Sec 1

S
sup‘/ (frrt — dwy| < n=2.
s>0 0
Finally, we remember that > n~2 < co. The theorem is proved.

2. Properties of the stochastic integral on H

The It6 integral is defined on the set Hy, which is a space of equivalence
classes. By Remarks 1.7 and 1.8, in each equivalence class there is a function
belonging to H. As usual we prefer to deal not with equivalence classes
but rather with their particular representatives, and now we concentrate on
integrating processes of class H. Furthermore, Theorem 1.10 allows us to
consider only continuous versions of stochastic integrals.

1. Theorem. Let f,g € H, a,b € R. Then:
(i) (linearity) for all t at once with probability one

t t t
/ (afs + bgs) dws = a/ fs dws + b/ gs dws; (1)
0 0 0

(i) B [ fi duy = 0;
(iii) the process fg fs dws is a martingale relative to Ff ;

(iv) Doob’s inequality holds:
t 9 o0
Esup (/ fs dws) < 4E/ ff dt;
t Jo 0

(v)if Ae F, T €[0,00], and fr(w) = gt(w) for allw € A and t € [0,T),
then

t t
IA/ fs dws = IA/ Js dws (2)
0 0

for all t € [0,T] at once with probability one.

Proof. (i) For each ¢t > 0 equation (1) (a.s.) follows by definition (see
Lemma 2.3.12). Furthermore, both sides of (1) are continuous in ¢, and
hence they coincide for all ¢ if they coincide for all rational t. Since for
each rational ¢, (1) holds almost surely and the set of rational numbers is
countable and the intersection of countably many events of full probability
has probability one, (1) indeed holds for all ¢ > 0 on a set of full probability.
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(ii) Take f™ € Hy such that f™ — f in La(F @ B(0,00), ). Then use
Cauchy’s inequality and Lemma 1.3 to find that

BIA = BI( ] < [B17 - ) = (B [ (- 2] =0,

(iii) Take the same sequence f™ as above and remember that Lemma 1.4
allows us to write

E{/Otfgdws|fr}:/orf§dws (as) YO<r<t. (3)

Furthermore, E( fg o dws — fg fs dws)2 = Efg(f;’ — fs)?ds — 0, and eval-
uating conditional expectation is a continuous operator in Ly(F, P) as a
projection operator in Lo(F, P) (Theorem 3.1.14). Hence upon passing to
the limit in (3) in the mean-square sense, we get an equality which shows
that

(a) [y fsdws is FF-measurable as a function almost surely equal to an
Fr-measurable E(-|F;);

(b) the martingale equality holds.
This proves (iii). Assertion (iv) is proved in the same way as Lemma 1.5.

(v) By the argument in (i) it suffices to prove that (2) holds with prob-
ability one for each particular ¢ € [0,T]. In addition, Iyf = I(Ijp)f), which
shows that it only remains to prove that

IA/ fsdws :IA/ gsdws
0 0

(a.s.) if fs(w) = gs(w) for all w € A and s > 0. But this is just statement
(ii) of Theorem 2.8.8. The theorem is proved.
Further properties of the stochastic integral are related to the notion of

stopping time (Definition 2.5.7), which, in particular, will allow us to extend
the domain of definition of the stochastic integral from H to a larger set.

2. Exercise*. Prove that if a random process & is right continuous for
each w (or left continuous for each w), then it is F ® B0, co)-measurable.

3. Exercise®. Let 7 be an F;-stopping time. Prove that I;, and Li<, are
Fi-adapted and F ® B[0, 00)-measurable, and that {w : t < 7} € F; for
every t > 0.
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4. Exercise*. Let & be an F;-adapted continuous real-valued process, and
take real numbers a < b. Define 7 = inf{t > 0: & & (a,b)} (inf := 00) so
that 7 is the first exit time of & from (a,b). Prove that 7 is an F;-stopping
time.

The major part of stopping times we are going to deal with will be
particular applications of Exercise 4 and the following.

5. Lemma. Let f = fi(w) be nonnegative, Fy-adapted, and F & B0, c0)-
measurable. Assume that the o-fields F; are complete, that is, F; = }"tP.
Then, for any t > 0, fg fsds is Fi-measurable.

Proof. If the assertion holds for f A n in place of f, then by letting
n — oo and using the monotone convergence theorem we get the result for
our f. It follows that without losing generality we may assume that f is
bounded. Furthermore, we can cut off the function f in ¢ by taking ¢ > 0
and setting f; = 0 for s > t. Then we see that it suffices to prove our
assertion for f € H.

In that case, as in the proof of Theorem 2.8.2 we conclude that there
exist f™ € Hy such that

t t t [e'e)
ds— | f7d — " d 24V o,
E!/Of s /Ofs s\SE/Ou £ ssﬂ(E/O o fr2ds) ' = 0

Furthermore, fg frds is obviously written as a sum in which all terms are
Fi-measurable. The mean-square limit of F;-measurable variables is at least
FF-measurable, and the lemma is proved.

6. Remark. Due to this lemma, everywhere below we assume that Ff =
Fi. This assumption does not restrict generality at all, since, as is easy to
see, (wy, F) is again a Wiener process and passing from F; to Ff only
enlarges the set H. Actually, the change of H is almost unnoticeable, since
the set Hy remains unchanged as well as the stochastic integral and the
inclusions Hy C H C Hy hold true as before. Also, as we have pointed out
before, we always take continuous versions of stochastic integrals, which is
possible due to Theorem 1.10.

Before starting to use stopping times we point out two standard ways of
approximating an arbitrary stopping time 7 with discrete ones 7,,. One can
use (2.5.3), or alternatively one lets

Ta(w) = (k+1)27" if (w) € k27", (k +1)27)

and 7, (w) = 00 if 7(w) = co. In other words,



Ch 6 Section 2. Properties of the stochastic integral on H 177

o= 27" (2] 427 (4)

Then 7 < 7,, 7 — 7 < 27", and
{wit <)} ={w:27"2"] < 7} € Fonpang C Fi,

so that 7,, are stopping times.

7. Theorem. Let f € H. Denote & = fg fsdws, t € [0,00], and let T be
an Fi-stopping time. Then

& = / Iser fs dws = / ISSTfS dws (5)
0 0

(a.s.) and (Wald’s identity)
’ sdw,)’ = E ’ 2 ds.
E(/o fs dwy) /0 fids (6)

Proof. To prove (5), first assume that 7 takes only countably many
values {t1,%2,...}. Ontheset Qj := {w : 7(w) =t} we have Iy, fs = Ls<r fs
for all s > 0. By definition, on € (a.s.) we have

57’ :gtk _/ Is<tkfsdw87
0

and by Theorem 1 (v) on Q (a.s.)

00 o0
/ Is<tkfs dws = / Is<7’fs dws.
0 0

Thus the first equality in (5) holds on any Qj, (a.s.). Since [J;, Q = Q, this
equality holds almost surely. To prove it in the general case it suffices to
define 7,, by (4) and notice that &, — &, because & is continuous, whereas

E(/ Isr fs dwy _/ Is<7'nfs dws)2 = E/ IT§s<Tnf52 ds — 0
0 0 0

by the dominated convergence theorem. The second equality in (5) is obvious
since the integrands coincide for almost all (w, s).

On the basis of (5) and the isometry of stochastic integration we conclude
that
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E{Z:E/ Is<Tf§ds:E/ f2ds.
0 0

The theorem is proved.

The following fundamental inequality can be extracted from the original
memoir of It6 [It].

8. Theorem. Let f € H, and let N,c > 0, and T < oo be constants. Then
t T 1 T
P{sup‘/fsdws‘ZC}gP{/ fSQdSZN}+—2E(N/\/ ffds).
t<T Jo 0 ¢ 0

Proof. We use the standard way of stopping stochastic integrals

ftz/otfsdws

by using their “brackets”, defined as

t
(€)1 1—/0 f2ds.

Let 7 = inf{t > 0: ({); > N}, so that 7 is the first exit time of (£); from
(=1, N). By Exercise 4 and Lemma 5 we have that 7 is a stopping time.
Furthermore,

{w:T<T} C{w: ()7 >N}

and on the set {w: 7 > T} we have I, fs = fs if s <T. Therefore, upon
denoting

A ={w:sup|&| > ¢},
t<T

by the Doob-Kolmogorov inequality for submartingales we get

t
P(A,TZT)—P{TZT,sup|/ IS<TdewS‘ Zc}
t<T  Jo

t 1 T
< P{ sup| Iser fs dws|2 > 02} < _QE(/ Iser fs dws)2
t<T Jo c 0

1 TAT 9 1 T 9 T 2
== E/ Is<rfids = 2 E(/ Is<r [ ds /\/ Isr f3 ds)
C 0 & 0 0

<iE(NA/Tf2d)
_02 0 S ‘97
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where in the last inequality we have used the fact that, if 7 < oo, then
obviously (£); = N, and if 7 = oo, then (£), < N. Hence

P(A)=P(A,r <T)+ P(A<7t>T)<P(r <T)+ P(A,1>T)

T 1 T
< P{/ flds> N} + C—QE(N/\/ f2ds).
0 0
The theorem is proved.

9. Exercise. Under the assumptions of Theorem 8, prove that

P((€)r > N) < < B(¢ Asupe?) + Plsupléi| > o)
t<T t<T

10. Exercise. Prove Davis’s inequality: If f € H, then

1
S B©F" < Esuplal < 3B,
t<T

3. Defining the It6 integral if fOT f2ds < oo

Denote by S the set of all F-adapted, F @ 9B(0, oo)-measurable processes
ft such that

T
/ f2ds <oo (as.) VT < oo.
0

Our task here is to define fg fedw; for f e S.
Define

t
T(n) =inf{t > 0: / f2ds >n}.
0

In Sec. 2 we have already seen that 7(n) are stopping times and

7(n)
/ ff ds < n.
0

Furthermore, obviously 7(n) T oo (a.s.) as n — oo. Finally, notice that
Irn)fs € H. Indeed, the fact that this process is Fi-adapted follows from
Exercise 2.3. Also

00 7(n)
E/ IS<T(n)fS2ds:E/ f3d8§n<oo.
0 0

It follows from the above that the stochastic integrals
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t
ft(n) ::A Is<7’(n)fs dws

are well defined. If fg fs dws were defined, it would certainly satisfy

t tAT(n)
/ Iicrn) fs dws = / fs dws.
0 0

This observation is a clue to defining fg fs dws.

1. Lemma. Let f € S. Then there exists a set Q' C Q such that P(Y') =1
and, for every w € ', m >n, and t € [0,7(n,w)], we have &(n) = &(m).

Proof. Fix t and n, and notice that on the set A = {w : ¢t < 7(n)} we
have

Is<t/\7’(n) fs = S<tAT(m) Is

for all s. By Theorem 2.1, almost surely on A

t 00 t
/0 Is<7’(n)fs dws = /0 Is<t/\7’(n)fs dws = /0 Is<7'(m)fs dws.

In other words, almost surely

t t
It<7(n)\/0 Is<7(n)fs dws :It<7'(n)/0 Is<T(m)fsdws (1)

for any ¢t and m > n. Clearly, the set ' of all w for each of which (1)
holds for all m > n and rational ¢ has full probability. If w € ', then (1) is
actually true for all ¢, since both sides are left continuous in ¢. This is just
a restatement of our assertion, so the lemma is proved.

2. Corollary. If f € S, then with probability one the sequence & (n) con-
verges uniformly on each finite time interval.

3. Definition. Let f € §. For those w for which the sequence & (n) con-
verges uniformly on each finite time interval we define

t t
/ fsdws = lim / L) fs dws.
0 n=ooJo

For all other w we define fg fsdws = 0.
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Of course, one has to check that Definition 3 does not lead to anything
new if f € H. Observe that if f € H, then by Fatou’s theorem and the
dominated convergence theorem

t t t
E| lim / Iser(n)fsdws — / fsdws|2 <lim E | (1= Iicrm)fids=0.
n=o0 Jo 0 0

n—oo

Therefore both definitions give the same result almost surely for any given
t. Since Definition 3 yields a continuous process, we see that, for f € H, the
new integral is also the integral in the previous sense.

Also notice that f =1 € S, 7(n) = n, and hence (a.s.)

t t o)
1-dws = lim Iscp dws = lim Tscnnt dws = lim wppe = wy.

Now come some properties of the stochastic integral on S.

4. Exercise. By using Fatou’s theorem and Exercise 2.10, prove Davis’s
inequality for f € S.

5. Theorem. Let f, f",g € S, and let 6, > 0, T € [0,00) be constants.
Then:

(i) the stochastic integral fg fsdws is continuous in t and Fi-adapted;

(ii) we have

t t T
P{sup|/0 dews_/o gsdws|25}§P{/0 |f5—gs|2d825}

t<T

1 T 2 r 2 0
t BN [ (fomg)ds <P{ [ [fi—alfds 28} + 5 ()
0 0

(iii) we have

T t t
/ rf:—fﬁdsﬂt):»sup!/ f?dws—/ fodwy| 2o,
0 0 0

t<T

Proof. (i) The continuity of fg fs ds follows from Definition 3, in which
t
/ Is<7(n)fs ds
0

are continuous and Fi-adapted (even Fi-martingales). Their limit is also
Fi-adapted.

To prove (ii), first notice that all expressions in (2) are monotone and
right continuous in € and §. Therefore, it suffices to prove (2) only at points
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of their continuity. Also notice that the second inequality in (2) is obvious
since § A - < 4.

Now fix appropriate €, and § and define
t t
7(n) =inf{t > 0: / f2ds>n}, o(n)=inf{t>0: / g>ds >n},
0 0

f&= S<T(n)f87 9gs :Is<0(n)98'

Since f™ and g" belong to H, inequality (2) holds with f™, ¢" in place of
f,g due to the linearity of the stochastic integral on H and Theorem 2.8.
Furthermore, almost surely, as n — oo,

t t t t
sup | / fidws — / gy dws‘ — sup ‘ / fsdws — / gs dws
t<T " Jo 0 t<T Jo 0

T 2 T 2
A\ﬁ—ﬂhkﬁﬁ\ﬁ—wd&

These convergences of random variables imply convergence of the corre-
sponding distribution functions at all points of their continuity. Adding to
this tool the dominated convergence theorem, we get (2) from its version for
frg"

To prove (iii) it suffices to take g = f™ in (2) and let first n — oo and
then § | 0. The theorem is proved.

)

6. Exercise. Prove that the converse implication in assertion (iii) of The-
orem 5 is also true.

Before discussing further properties of the stochastic integral we denote

Xn(2) = (=n) Va An,

so that x,(x) = x for |z| <n and x,(z) = nsignz otherwise. Observe that,
if feS, Tel0,00),and fI' := xn(fs)Is<T, then f* € H and (a.s.)

T
/\ﬁ—ﬁﬁwea
0

This way of approximating f € S along with Theorem 5 and known proper-
ties of the stochastic integral on H immediately yields assertions (i) through
(iii) of the following theorem.
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7. Theorem. (i) If f,g € S, a,b € R, then (a.s.)
t t t
/ (afs + bgs) dws = a/ fsdws—l—b/ gsdws ¥t € [0,00).
0 0 0

(ii) If fs = fr, for s € [ti,tig1), 0=ty <t1 < ..., t; = 00 as i — oo, and
the fi, are Fi,-measurable, then f € S and (a.s.) for everyt >0

t
/0 fsdws: Z fti(wtprl _wti)—’_ftk(wt_wtk)u

tip1<t

where k is such that ty, <t and tpy1 > t.

(i) If f,ge S, T < o0, A€ F, and fs(w) = gs(w) for all s € [0,T] and
w € A, then almost surely on A

t t
/ fsdws = / gsdws VYVt <T.
0 0

(iv) If fe S, T < oo, and T is a stopping time satisfying T < T, then

(a.s.)

/0 " foduw, = /0 " Ler fudu. (3)

Assertion (iv) is obtained from the fact that due to Theorem 2.7, if
f € H, then the left-hand side of (3) equals (a.s.)

TAT 00 00 T
/ fs dws = / Is<7'/\Tfs dws = / Is<TIs<7'fs dws = / Is<7’fs dws.
0 0 0 0

In the statement of the following theorem we use the fact that if f € S,
T is a stopping time, and

T o0
E/ ffds_E/ Iy f2ds < oo,
0 0

then Iy, fs € H and [ Is<r fs dws makes sense.

8. Theorem. Let f € S, T < oo, and let 7 be an almost surely finite
stopping time (that is, T(w) < 0o for almost every w).

(i) If E [y f2ds < oo, then
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/0 " fodw, = /0 Lo fudw, (as) (4)

and Wald’s identities hold:

B[ faw)=E [ fas B[ fdw-o )

In particular (for f = 1), if ET < oo, then Ew? = ET and Ew, = 0.
(ii) IfEfOT fAdt < oo, then fg fsdws is a martingale for t € [0,T] N
[0, 00).

Proof. To prove (4) it suffices to remember what has been said before
the theorem and use Theorems 7 and 2.7, which imply that (a.s.)

n—~oo 0

T TAN n
/ fsdwg = lim Jsdws = lim / Is<rpnfs dws
0 n=ooJo

0o 0o
= lim Is<nIs<T/\nfs dws = lim / Is<7/\nfs dws = / Is<7’fs dws,
n—oo Jq 0

n—oo 0

where the last equality holds (a.s.) because

00
E/ |Is<7'/\nfs - Is<7’fs|2 ds — 0.
0

Equation (5) follows from (4) and the properties of the stochastic integral
on H.

To prove (ii) it suffices to notice that

t t
/fsde:/IKTfsdws for t<T, Is7fs€H,
0 0

and that stochastic integrals of elements of H are martingales. The theorem
is proved.

9. Example. Sometimes Wald’s identities can be used for concrete com-
putations. To show an example, let a,b > 0, and let 7 be the first exit time
of wy from (—a,b). Then, for each ¢, we have |wir| < a + b and

t t
(a+b)? Zwa/\T:E(/ Is<7dws)2:E/ Iserds=FEtAT.
0 0
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Since this is true for any ¢, by the monotone convergence theorem E7T <
(a+b)? < oco.

It follows that Wald’s identities hold true for this 7, so that, in particular,
Fw; = 0, which is written as

—aP(w, = —a) + bP(w; =b) = 0.

Adding to this that P(w, = —a) + P(w, = b) = 1 since 7 < oo (a.s.), we
get

b a
= Pw,=b) = .
oy Twr=b=_——

P(w; = —a)
Furthermore, Ew? = E7. In other words,
E7 = a*P(w, = —a) + b*P(w, = b) = ab.

We thus rediscover the results of Exercise 2.6.5.

10. Remark. Generally Wald’s identities are wrong if F fOT f2ds = oco.
For instance, let 7 = inf{t > 0 : w; > 1}. We know that 7 has Wald’s
distribution, so that P(7 < oo) =1 and w, =1 (a.s.). Hence Ew, =1 # 0,
and one of identities is violated. It follows that ET = oo and Ew? = 1 # ET.

11. Exercise. In Remark 10 we have that E./7 = oo, which follows from
the explicit formula for Wald’s distribution. In connection with this, prove
that, if ([ f2ds)'/? < oo, then E [ f, dw, = 0.

Regarding assertion (ii) of Theorem 8, it is worth noting that generally
stochastic integrals are not martingales. We give two exercises to that effect:
Exercises 12 and 7.4.

12. Exercise. For ¢t < 1 consider the process 1+ fg(l —s)"tdws and let 7
be the first time it hits zero. Prove that 7 < 1 (a.s.) and

|
/ IS<7dws+1:O
0 1—s

(a.s.) for all ¢ > 1.

13. Exercise. Prove that if E( f(;f f2ds) 1/2

tingale for ¢t < T

< 00, then fg fs dwg is a mar-

In the future we also use the stochastic integral with variable lower
limit. If 0 < t; < t9 < oo, fi(w) is measurable with respect to (w,t) and
Fi-adapted, and

to

frdt < oo (as.),
t1
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then define

to

to
fsdws:/o Ty, 1) (8) fs dws. (6)

t1
We have I}y, 1,) = I[o4,) — ljo,t,)- Hence, if f € S, then (a.s.)

to to t1

fsdws = fsdws — fs dws. (7)
t1 0 0

14. Theorem. Let f € §, 0 < t; <ty < 00, and let g be Fi, -measurable.
Then (a.s.)

to t2
g [ fodw, = / of, duws, (8)
t1

t1

that is, one can factor out appropriately measurable random variables.

Proof. First of all, notice that the right-hand side of (8) is well defined
by virtue of definition (6) but not (7). Next, (8) is trivial for f € Hy, since

both sides are just simple sums. If f € H, one can approximate f with
f™ € Hy so that

/0 | f2 _ft‘th_)()a /0 lgfi —gft\th—>0.

Then one can pass to the limit on the basis of Theorem 5. After having
proved (8) for f € H, one easily gets (8) in the general case by noticing that
in the very Definition 3 we use f € H such that f(;f |ff — fi]?dt — 0 (as.)
for every T' < oo. The theorem is proved.

4. Ito6 integral with respect to a
multidimensional Wiener process

1. Definition. Let (£2, F, P) be a complete probability space, let F;,t > 0,
be a filtration of complete o-fields F; C F, and let w; = (w}, ..., w{) be a d-
dimensional process on 2. We say that w; is a d-dimensional Wiener process
relative to F;,t > 0, or that (w, ;) is a d-dimensional Wiener process, if

(i) wF are Wiener processes for each k = 1,...,d,

(ii) the processes wy, ..., w{ are independent,
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(iii) wy is Fi-adapted and wyyp — wy is independent of Fy if ¢, h > 0.

If £y = (f},..., f) is a d-dimensional process, we write f € S whenever
fieSforanyi. If f = (f}, ..., f1) € S, we define

t t t
/ﬂm-/ﬁ@+ﬁ/ﬁwi (1)
0 0 0

so that fsdw; is interpreted as the scalar product of fs; and dws.

The stochastic integral against multidimensional Wiener processes pos-
sesses properties quite similar to the ones in the one-dimensional case. We
neither list nor prove all of them, pointing out only that, if f,g € S, T < o0,
and E [/ (|fs|* + |gs|?) ds < oo, then

T T T
E/ fsdws/ gsdws:E/ fs'gsds-
0 0 0

This property is easily proved on the basis of (1) and the fact that, for

instance,
4 1.1 4 2 59
E/ fs dws/ gs dw; =0,
0 0

which in turn is almost obvious for f,g € Hy and extends to f,g € S by
standard passages to the limit.

We also need to integrate matrix-valued processes. If oy = (oiF),i =
1,..,d1i, k=1,...,d, and 0¥ € S, then we write ¢ € S and by

t
/ o5 dws
0

we naturally mean the di-dimensional process, the ith coordinate of which
is given by

d t
Z/%Wﬁ
k=170

In other terms we look at o, dw, as the product of the matrix o5 and the
column vector dws.

2. Exercise*. Prove that if £ [ tr 0% ds < oo, then

t t
E|/ asdws|2—E/ trogo? ds.
0 0
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3. Exercise. Let b; be a d-dimensional process, b; € S. Prove that

t t
(exp(/ btdwt—(l/Q)/ bo|? dt), F)
0 0
is a supermartingale.

5. Ito’s formula

In the usual calculus, after the notion of integral is introduced one discusses
the rules of integration and compiles the table of “elementary” integrals. The
most important tools of integration are change of variable and integration
by parts, which are proved on the basis of the formula for differentiating
superpositions. The formula for the stochastic differential of a superposition
is called It6’s formula. This formula was discovered in [It] as a curious fact
and then became the main tool of modern stochastic calculus.

1. Definition. Let (Q,F, P) be a complete probability space carrying a
dy-dimensional Wiener process (wy, F;) and a continuous d-dimensional F-
adapted process &. Assume that we are also given a d x dy matrix valued
process oy and a d-dimensional process b; such that ¢ € S and b is jointly
measurable in (w,t), Fi-adapted, and fOT |bs| ds < oo (a.s.) for any T' < oo.
Then we write

dft = 0t dwt + bt dt

if and only if (a.s.) for all ¢

t t
& =& + / 05 dws -l—/ b ds. (1)
0 0

In that case one says that & has stochastic differential equal to oy dw+ b dt.
From calculus we know that if f(x) and g(t) are differentiable, then
df (9(t)) = f'(g(t)) dg(?).

It turns out that stochastic differentials possess absolutely different proper-
ties. For instance, consider d(w?) for one-dimensional w;. If the usual rules
were true, we would have dw? = 2w; dwy, that is,

t
wf = 2/ W dW.
0

However, this is impossible since
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t t
Ew? =t, E/ w? ds < oo, E/ w, dwg = 0.
0 0

Still, there is a case in which the usual formula holds. This case was
found by Hitsuda. Let (wy,w}) be a two-dimensional Wiener process and
define the compler Wiener process by

/ -
Zy = wp +wy .

It turns out (see Exercise 5) that, for any analytic function f(z), we have
df(Zt) = f,(Zt) dZt, that iS,

f(z0) = 1(0) + /0 f(zs) dzs. )

We have what would be “the usual formula” if z; were piecewise differen-
tiable.

We have introduced formal di-dimensional expressions o; dw; + by dt.
Now we define rules of operating with them. We assume that while multi-
plying them by constants, adding up, and evaluating their scalar products
the usual algebraic rules of factoring out and combining similar terms are
enforced along with the following multiplication table (which, by the way,
keeps the products of stochastic differentials in the set of stochastic differ-
entials):

dwidw] = 67 dt, dwidt = (dt)* = 0. (3)

A crucial role in the proof of It6’s formula is played by the following.

2. Lemma. Let &, n; be real-valued processes having stochastic differentials.
Then &n; also has a stochastic differential, and

d(&me) = me d&s + & dne + (d€g)dny.

Proof. Let

t t t t
gt = 50 + / o5 dws + / bs ds, Ny ="no + / 05 dws + / bs ds,
0 0 0 0

where o, and 6, are vector-valued processes and b; and b, are real-valued
ones. By the above rules, assuming the summation convention, we can write
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ntdft = ’I’]t(O'){C dw,]f + bt dt) = ’I’]tO'){C d?UéC + ’I’]tbt dt = ’I’]tO't dwt + ntbt dt,
Edny = &6y dwy + &by dt,  (d&)dny = of dw!6F dwl = 0167 dt = oy - 64 dt.

Therefore our assertion means that, for all ¢ € [0,00) at once, with proba-
bility one,

t t 3
ftnt = 50770 + / (77505 + fsa-s) dws + / (nsbs + gsbs + 0o 5-5) ds. (4)
0 0

First, notice that the right-hand side of (4) makes sense because (a.s.)

¢ t
/ Insbs| ds < max |n;| / |bs| ds < o0,
0 st 0

t t
/ |1750§|2 ds < max || / |0§|2d8 < 00,
0 st 0

t t t
/\as.&sydsg/ \as\QdS—l—/ 6% ds < 0.
0 0 0

Next, notice that if d§, = o, dw; + b} dt and d¢;' = o} dw; + b} dt and
(4) holds with &' 0,0 and &”,0”,b"” in place of £, 0,b, then it also holds
for & +&", 0" + ",/ +b". It follows that we may concentrate only on two
possibilities for d&;: d& = oy dwy and d&; = b, dt. We have the absolutely
similar situation with n. Therefore, we have to deal only with four pairs of
d¢; and dn,. To finish our preparation, we also notice that both sides of (4)
are continuous in ¢, so that to prove that they coincide with probability one
for all ¢t at once, it suffices to prove that they are equal almost surely for
each particular .

Thus, fix ¢, and first let dé; = by dt and diy, = by dt. Then (4) follows
from the usual calculus (or is proved as in the following case).

The two cases, (i) d§; = oy dw; and dn, = by dt and (ii) d& = by dt and
dn; = 64 dwy, are similar, and we concentrate on (i).

Let 0 =ty < tm1 < ... < tymk,, = t be a sequence of partitions of [0, ¢]
such that max;(ty, i+1 — tmi) — 0 as m — oo. Define

K‘m(s) = tmia K‘m(s) = tm,i—i—l if se [tmiatm,i—l—l)'
Obviously K, (s), fm(s) — s uniformly on [0,¢]. In addition, the formula
ab—cd = (a—c)d+ (b—d)a

and Theorem 3.14 show that (a.s.)
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km—1
ft"?t - 50770 - E (gtmﬂ'_;_l ntm7i+1 - gtmi 77tmi)
=0
km—1 tm,it1 km—1 Uil
= E Mt / os dwg + E Etm.ist / bs ds

t t 5
_ / o (5)0s g + / €5 (o)bs d5. (5)
0 0
Furthermore, as m — oo, we have (a.s.)

¢ ~ t t
| / & (s)bs ds — / Esbs ds‘ <sup €z, (s) — 55\/ |bs|ds — 0,
0 0 s<t 0

/ sy — msl2(09)2 ds < sup 7, (o) — 1s]? / (03)ds — 0,
0 s<t 0

and the last relation by Theorem 3.5 (iii) implies that

t t
/ My (s)Ts AWs L / NsTs dws. (6)
0 0

Now by letting m — oo in (5) we get (4) (a.s.) in our particular case.

Thus it only remains to consider the case d§; = oy dw,, dny = 74 dwy, and
prove that

t t
§em = Eomo + / (NsTs + £505) dwg + / 05 - Osds. (7)
0 0

Notice that we may assume that £y = ng = 0, since in the initial reduction
to four cases we could absorb the initial values in the terms with dt.

Now we again use bilinearity and conclude that, since ¢ and 6 can
be represented as sums of vector-valued processes each of which has only
one nonidentically zero element, we only have to prove (7) for such simple
vector-valued processes. Furthermore, keeping in mind that each f € S can
be approximated by f™ € Hy (see, for instance, the proof of Theorem 3.14),
we see that we may assume that 07,57 € H.

In this way we conclude that to prove (7) in the general case, it suffices
to prove that, if f,g € Ho, & = [y fsdw?, and n, = [ gs dwi, then (a.s.)
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t t t
§t77t = / fsns dw; + / 95§S dwg + / fsgsdw ds. (8)
0 0 0

Remember that ¢ is fixed, and without losing generality assume that the
partitions corresponding to f and g coincide and t is one of the partition
points. Let {tg,t1,...} be the common partition with ¢ = ;. Next, as above
we take the sequence of partitions defined by t,,; of [0,¢] and again without
loss of generality assume that each ¢; lying in [0,t] belongs to {t,; : i =
0,1,...}. We use the formula

ab—cd=(a—c)d+ (b—d)c+ (a—c)(b—d) (9)

and Theorem 3.14. Fix a ¢ =0, ...,k — 1 and, by default summing up with
respect to those r for which t, < t,,, < t,41, write (a.s.)

é-tq.i,_lntq.i,_l - é-tq,r/tq = Z(é-tm,r-&-lntm,r-&-l - gtmrntmr)

tm,'r+1 3 tm,'r+1 .
- Z ntmr / fS dw; + Z gtmr / gS dwg
tmr tmr

t'm,r+1 i t'm,r+1 . tq+1 .
+ Z/t fs dw;/ Js d’wé - /t nnm(s)fs dw;""

tmr q

tq+1 , , A , .
[ gt frge, Y0, - ), ) (10)
t,

q

In the expression after the last equality sign the first two terms converge in

probability to
ta+1 ‘ ta+1 ,
/ Nsfs dw;, / §s9s dwé
t

q tq

respectively, which is proved in the same way as (6). If i = j, the last term
converges in probability to

tg+1
ftqgtq(tq+1 - tq) = / fsgs ds
tq
by Theorem 2.2.6. Consequently, by letting m — oo in (10) and then adding
up the results for ¢ = 0,....,k — 1, we come to (7) if i = j. For i # j one
uses the same argument complemented by the observation that the last
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sum in (10) tends to zero in probability, since its mean is zero due to the
independence of w' and w’, and

E[Z(wim,'r+l - wzmr)(wzm,r+1 - wimr)] ? = Var |::|

The lemma is proved.

3. Exercise. Explain why in the treatment of the fourth case one cannot
use a formula similar to (5) in place of (10).

4. Theorem (Itd’s formula). Let a dy-dimensional process & have stochas-
tic differential, and let u(z) = u(z',...,x%) be a real-valued twice continu-
ously differentiable function of x € R™. Then u(&) has a stochastic differ-

ential, and
du(&y) = i (&) dE] + (1/2) iy (&) dEjdE]. (11)

Proof. Let C? be the set of all real-valued twice continuously differen-
tiable function on R%. We are going to use the fact that for every u € C?

there is a sequence of polynomials u™ such that u™,u},u’; ; converge to

Uy Ugiy Ugiy; Uniformly on each ball. For such a sequence and any w,t, 1, j

sup [ug; (&) — ugi (&)] + sup |ugi i (§e) — Ugiga (§¢)] — 0,
<t s<t

S
since each trajectory of &, s < t, lies in a ball. It follows easily that, if (11)
is true for v, then it is also true for wu.

Thus, we only need to prove (11) for polynomials, and to do this it
obviously suffices to show that (11) holds for linear function and also for the
product of any two functions u and v for each of which (11) holds.

For linear u formula (11) is obvious. If (11) holds for v and v, then by
Lemma 2

d(u(&e)v(&)) = u(§e) dv(&r) + v(&e) du(§e) + (du(&e))dv(&)
= (u0) i (&) d&; + (1/2)(uv)igi (&) défdE;.

The theorem is proved.
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It6’s formula (11) looks very much like Taylor’s formula with two terms.
Usually one rewrites it in a different way. Namely, let d§; = oy dw; + by dt,
a = (1/2)otof. Simple manipulations show that (d¢})d¢é! = 2ay’ dt and
hence

du(§r) = Leu(&r) dt + opuq (&) dwy,

where u, = grad u is a column vector and L; is the second-order differential
operator given by

Liv(z) = a v, (2) + bivg (z).

In this notation (11) means that for all ¢ (a.s.)

t

ul(&r) = u(€o) + / Lou(€,) ds + / 011z (€5) duvy. (12)

5. Exercise. Prove that (2) holds for analytic functions f.

It6’s formula leads to extremely important formulas relating the theory
of stochastic integration with the theory of partial differential equations.
One of them is the following theorem.

6. Theorem. Let & be nonrandom, let Q be a domain in RY, let & € Q,
let T be the first exit time of & from Q, and let u be a function which
is continuous in Q and has continuous first and second derivatives in Q.
Assume that

P(r < o0) =1, E/T |Lsu(s)] ds < oo.
0

Then
u(go) = Bul) ~ E [ Lau(&)ds.
0

We give no proof to this theorem because it is just a particular result,
and usually when one needs such results it is easier and shorter to prove
what is needed directly instead of trying to find the corresponding result in
the literature. We will see examples of this in Sec. 7.

Roughly speaking, to prove Theorem 6 one plugs 7 in place of ¢ in (12)
and takes expectations. The main difficulties on the way are caused by
the fact that u is not even given in the whole R% and the expectation of
a stochastic integral does not necessarily exist, let alone equal zero. One
overcomes these difficulties by taking smaller domains @, T @, extending
u outside @, taking 7 even smaller that the first exit time from @Q,,, and
then passing to the limit.
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6. An alternative proof of Itd’s formula

The approach we have in mind is based on using stopping times and sto-
chastic intervals. It turns out that these tools could be used right from the
beginning, even for defining It6 integral. First we briefly outline how to do
this, to give the reader one more chance to go through the basics of the the-
ory and also to show a way which is valid for integrals against more general
martingales.

1. Definition. Let 7 = 7(w) be a [0, 00)-valued function on {2 taking only
finitely many values, say t1,...,t, > 0. We say that 7 is a simple stopping
time (relative to Fy) if {w : 7(w) =t} € Fy, for any k =1,...,n. The set of
all simple stopping times is denoted by M.

Below in this section we only use simple stopping times.

2. Exercise®. (i) Prove that simple stopping times are stopping times, and
that {w: 7(w) >t} € F; for any ¢.

(ii) Derive from (i) that if 71 and 7o are simple stopping times, then
71 A T2 and 71 V 7o are simple stopping times as well.

3. Lemma. For a real-valued function vy(w), define the stochastic interval
(0,~] as the set {(w,t) : w € Q2,0 <t < y(w)} and let II be the collection
of all stochastic intervals (0,7] with T running through the set of all simple
stopping times. Finally, for A = (0,7] € II, define ((A) = w,. Then ( is
a random orthogonal measure on 11 with reference measure u = P X { and
EC¢(A) =0 for any A € 11.

Proof. Let 7 be a simple stopping time and {t1,...,t,} the set of its
values. Then
Wr = Wy, ITItl + ...+ wtnIT:tn
and, since Fw? < oo, EC?((0,7]) = Ew? < co.

Next we will be using the simple fact that, if 7 is a simple stopping time
and the set {0 =ty < t; < ... < t,} contains all possible values of 7, then

—
—_
~—

n—1 n—1
Wr = thi(wtiJrl —wy), T= thi(tzdrl —ti),
1=0 1=0

where f; := I~ is Fi-measurable (Exercise 2). Since {w : 7(w) > t;} € F,
and wy,,, — wy, is independent of Fy,, we have

7

Efti(wti+1 - wti) - EftiE(wti+1 - wti) =0, EC(quT]]) = 0.
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Now, let 7 and o be simple stopping times, {¢1, ..., t,} the ordered set of
their values, and A = (0,7] and Ay = (0,0]. By using (1) we have

1
EC(Al)C(AQ) = Bw,w, = Z Eftigtj (wti+1 - wti)(wtj+l - wtj)?
i,j=0

which, in the same way as in the proofs of Theorem 2.7.3 or Lemma 1.3 used
in other approaches, is shown to be equal to

n—1 n—1
Z Efig,(tix1 —t;) = FE Z Ipost; (tig1 — t;) = ET N o.
i=0 i=0

Since
EtNo = /Q/o L0,7)n (0,01 (W, t) P(dw)dt = (A1 N Ag),

the lemma is proved.

From this lemma we derive the following version of Wald’s identities.

4. Corollary. Let 7 and 10 be stimple stopping times. Then szl = FEn
and E(w;, —w.,)? = E|1 — 7.

Indeed, we get the first equality from the proof of Lemma 3 by taking
o = 7. To prove the second one, define 7 = 71 V 79, 0 = 74 A 7o and notice
that

E(le - w7'2)2 - E(wT - w0)2 = sz —2Fw;w, + Ew?f

=FEtr— FEoc=E(tr —0)=E|r — 1.

5. Exercise. Carry over the result of Corollary 4 to all bounded stopping
times.

6. Remark. Lemma 3 and the general Theorem 2.3.13 imply that there
is a stochastic integral operator, say I, defined on Lo(II, 1) with values in
Lo(F, P). Since IT is a m-system of subsets of €2 x (0, 00), we have Lo(Il, u) =
Lo(o(IT), ) due to Theorem 2.3.19.

7. Remark. It turns out that o(II) = P. Indeed, on the one hand the
indicators of the sets (0,7] generating o(II) are left-continuous and F-
adapted, hence predictable (Exercise 2.8.3). In other words, (0,7] € P
and o(II) C P. On the other hand, if A € F,, s > 0, and for n > s we define
Tn =son Aand 7, =n on )\ A, then 7, are simple stopping times and

0,7] ={(w,t) : 0 <t < p(w)}
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={(w,t):0<t<s,we A}U{(w,t):O <t<n,we A,

LJ (0. 7] = (A x (0, 5]) U (A° x (0,00)) € o(II),

so that (J,, (0, 7,])¢ = A X (s,00) € o(II). It follows that the set generating
P is a subset of o(I) and P C o(II).

8. Remark. Remark 7 and the definition of La(Il, 1) imply the somewhat
unexpected result that for every f € Lo(P, p), in particular, f € H, there
are simple stopping times 7, and constants c]* defined for m = 1,2, ... and
i=1,...,k(m) < oo such that

00 k(m)
B[ 15 Y dom®F dt -0
0 i=1

as 1m — OQ.

9. Exercise. Find simple stopping times 7, and constants ¢]* such that,
for the one-dimensional Wiener process wy,

o k(m)
B[ e =Y M oam®F dt -0
0 i=1

as m — OoQ.

10. Remark. The operator I from Remark 6 coincides on Lo(II, ) with
the operator of stochastic integration introduced before Remark 1.6. This
follows easily from the uniqueness of continuation and Theorem 2.7, showing
that the old stochastic integral coincides with the new one on the indicators
of (0,7] and both are equal to w;.

After making sure that we deal with the same objects as in Sec. 5,
we start proving Itd’s formula, allowing ourselves to use everything proved
before Sec. 5. As in Sec. 5, we need only prove Lemma 5.2. Define k,,(t) =
2727,

Due to (5.9) we have

. t . . t . .
wjw] _/0 W (s) dwg—l—/o wy () A
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By sending n to infinity, from the theorem on quadratic variation of the
Wiener process we get that (a.s.)

t ¢
wiw! _/0 w;dwé—l—/o w!ldw! +0Yt, i,j=1,...,d. (3)

Furthermore, for 7,7 € M, v < 7, by using the fact that the sets of all
values of v, 7 are finite, we obtain that

o

/0 w! Iy cs<r dwy = wl(w) —w?) (as.).

Hence and from (3) for i,5 = 1,...,d, 7,0 € M, v =7 Ao we have (a.s.)
wrwy, = (wr — wi)w! + (w) — wl)w!, + wiw!,
= /0 W) Iy < s<r dwg + /0 wh Iy s<o dw)
+/ wl <, dwy, —I—/ wils<~ dwl 4 6"y
0 0
= / Wl o Ts<r dwl + / WyprLs<o dw! + / TIi<rIs<ods.
0 0 0

By replacing here 7,0 by 7 A t,o A t, we conclude that (a.s.)

t t

i i Jo_ j

Wipr = / li<r dwg,  wyp, = / li<o dwy,
0 0

t

. t . . . t
wintyy = [ wlpolicrdui+ [ i Lo dul+ [ Leicnds @)

Next, similarly to our argument about (2) and (3), by replacing wf with
t and then w! with t as well, instead of (4) we get

t t
t/\oz/ Is<s ds, t/\T:/ Is<r ds,
0 0



Ch 6 Section 6. An alternative proof of It6’s formula 199

(t A o)win, :/ (s No)ls<r dwy + / wiprLs<o ds,
0 B 0 a
. . ()
(EATYEA o) = / (s A o) Loer ds + / (5 A7) Loep ds.
0 0

To finish the preliminaries, we observe that for each Fyp-measurable ran-
dom variable &y, obviously

. t . t
SoWin, = / §ols<r dwy, (tAT)E = / §ols<r ds. (6)
0 0

Now we recall the notion of stochastic differential from before Lemma
5.2, and the multiplication table (5.3). Then we automatically have the
following.

11. Lemma. All the formulas (4), (5), and (6) can be written in one and
the same way: If &,n: are real-valued processes and

déy = opdwy + by dt,  dé; = of dwy + by dt, (7)
where all entries of oy, 0; and of by, b} are indicators of elements of I1, then

d(&my) = & dne + my &g + (d&g) (dmye). (8)

Also notice that since both sides of equality (8) are linear in ¢ and in
7, equality (8) immediately extends to all processes &, n; satisfying (7) with
functions o, 0’,b,b’ of class S(II).

Now we are ready to prove Lemma 5.2, saying that (8) holds true for all
scalar processes &, 1 possessing stochastic differentials. To this end, assume
first that o/, b’ € S(II) and take a sequence of processes o, by, of class S(II)
such that (a.s.)

T
/ (o0 — a2 + by — by} dt — 0 VT € [0, 00).
0

Define also processes &f', replacing o,b in (6) by o, b,. As is well known, in
probability
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t t
sup]| / (05 — Ons) dwsg| + | / (bs — bps) ds|] — 0,
t<T 0 0

sup|& — &' — 0 VT € [0,00). (9)
s<T

If necessary, we take a subsequence and we assume that the convergences
in (9) hold almost surely. Then by the dominated convergence theorem we
have (a.s.)

T
/0 & — €11t + 1B) d — 0,

T
/ nel(|ot — ont]® + [br — bpe|) dt — 0,
0
T
/ |0t 0 — Oy - 03] dt
0

T T
< / o — ouel2 )% / ol dt)/2 0 VT € [0,00).
0 0

This and an argument similar to the one which led us to (9) show that in
the integral form of (8), with &' instead of &, we can pass to the limit in
probability and get (8) for the limit process &. Of course, after this we fix
the process & and we carry out a similar limit passage in (8) affecting the
second factor. In this way we get Lemma 5.2 in a straightforward way from
the quite elementary Lemma 11.

7. Examples of applying It6’s formula

In this section w; is a d-dimensional Wiener process.

1. Example. Let 7 be the first exit time of w; from Br = {z : |z| < R},
where R > 0 is a number. As we know, 7 is a stopping time. Take

u(z) = (1/d)(R?* - |zf)

and apply It6’s formula to u(w;). Here & = wy, o is the identity matrix,
b = 0, and the corresponding differential operator L; = (1/2)A. We have

(a.s.)
u(wy) = —t — /t(2/d)ws dws + (1/d)R*  Vt.
0

Substitute ¢ A 7 in place of ¢, take expectations, and notice that, since
|w;| < R before 7, we have 0 < u(winr) < (1/d)R? and
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tAT
E/ lws|? ds < R*t < oo.
0

Then we obtain
Bu(wipn,) = —E(t A7)+ (1/d)R?*, E({t A7) = (1/d)R? — Eu(win,).
It follows in particular that
E(tAT)<(1/d)R*, Er <(1/d)R?), T7<oo (as.).

Furthermore, by letting ¢ — oo and noticing that on the set {7 < oo} we
obviously have u(win;) — w(w;) = 0, by the monotone convergence and
dominated convergence theorems we conclude that

Er = lim E(t A7) = (1/d)R? — Jim Bu(winr) = (1/d)R?.

Notice that, for d = 1, we have the result which we know already:
ET = R?. Also notice that if we wanted to use Theorem 5.6, then we would
have to find a function u such that Liu(w;) = —1 for s < 7 and u(w;) = 0.
In other words, we needed u such that (1/2)Au = —1 in B and v = 0 on
0BpRr. This is exactly the one we used above. Finally, notice that in order
to apply Theorem 5.6 we have to be sure in advance that P(7 < co) = 1.

2. Example. Fix ¢ > 0 and 29 € R? with |zg| > e. Let us find the
probability P that w; will ever reach B.(wg) = {x : |x — xo| < €}.

First find the probability Pr that w; reaches {|z — xo| = €} before
reaching {|z — z9| = R}, where R > |xo|. We want to apply Theorem 5.6
and therefore represent the desired probability Pr as E¢(w;), where 7 is
the first exit time of w; from {x : ¢ < |[xr —xo| < R}, ¢ = 1 on {|x —xo| = €}
and ¢ = 0 on {|z — z9| = R}. Notice that, owing to Example 1, we have
T < oo (as.).

Now it is natural to try to find a function u such that u = ¢ on {|z—z¢| =
et U{|lr —x9| = R} and Au=0in {x : e < |z — 29| < R}. This is natural,
since then Pr = u(0) by Theorem 5.6. It turns out that an appropriate
function w exists and is given by

A(|z — zo|~@=2) — R=(4=2)) if >3,
u(z) = ¢ A(ln|x — z9| — In R) if d=2,
A(|lx — x0| — R) it d=1,

where



202 Chapter 6. It6 Stochastic Integral, Sec 7

(e7=2 — R=W@=2)=1 if 4>3,

A={(lne—InR)™! if d=2,

(e—R)! it d=1.
Next, since the trajectories of w are continuous and for any T,w are
bounded on [0,7], the event that w; ever reaches B.(z() is the union of

nested events, say FE, that w; reaches {|r — xo| = e} before reaching
{|]z — xo| = n}. Hence P = lim,,_,o, P,, and

6d—2
|xo|d—2

1 if d<2.

if d>3,
P =

We see that one- and two-dimensional Wiener processes reach any neigh-
borhood of any point with probability one. For d > 3 this probability is
strictly less than one, and this leads to the conjecture that |wy| — oo as
t — oo for d > 3.

3. Example. Our last example is aimed at proving the conjecture from the
end of Example 2. Fix g # 0 and take £ > 0 such that ¢ < |zg|. Denote by
T the first time w; reaches {x : |x — xg| < €}.

First we prove that

& = |winr, — $0’2_d

is a bounded martingale. The boundedness of & is obvious: 0 < & < 274,
To prove that it is a martingale, construct a smooth function f(x) on RY
such that f(z) = |z — x|>~? for |z — 20| > &. Then & = f(winr. ), and by
It6’s formula

Flwr) = £(0) + /0 (1/2)Af (w,) ds + /0 Fo(wy) dwy.

Hence, owing to Af(z) = 0, which holds for |x — z¢| > ¢, we have

t
& = flwinr,) = |x0|27d +/ ISSTafx(WS) dws.
0

Here the second term and the right-hand side are martingales since |f| is
bounded. By the theorem on convergence of nonnegative (super)martingales,
lim;_, o & exists with probability one. We certainly have to remember that
this theorem was proved only for discrete time supermartingales. But its
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proof is based on Doob’s upcrossing inequality, and for continuous super-
martingales this inequality and the convergence theorem are extended with-
out any difficulty as in the case of Lemma 1.5.

Now use that & is bounded to conclude that
jwo|*~ = B = B& = E lim &
t—o0

1
=F I
limg o0 |wy — x0ld—2 "7

=00 + EITE<00527d-

By using the result of Example 2 we get that the last expectation is |zg|>~¢,

and therefore

1
: a—2 Ingoo = 07
limg o0 |wi — 20]4~

so that limy_, o |w¢| = 0o (a.s.) on the set {7. = oo} for each € > 0. Finally,

P{ U {r = ool = lim_ Plryjm = 50) = lim (1= 1/jmaol*"2) = 1
e=1/m

and limy_, o, |w| = oo (a.s.) indeed.

4. Exercise. Let d = 2 and take 7. from Example 3.

(i) Example 2 shows that 7. < oo (a.s.). Prove that 7. — oo (a.s.) as
e | 0, so that the probability that the two-dimensional Wiener process hits
a particular point is zero even though it hits any neigborhood of this point
with probability one.

(ii) Use the method in Example 3 to show that for d = 2 and 0 < & < |zg|

t
In |winr. — 20| = In |20 —l—/ Ts<r |ws — x0|_2(w5 — x0) dws.
0

Let € | 0 here, and by using (i) conclude that |w; — o] =2 (w; — x9) € S and

t
In |wy — zo| = In |z —I—/ lws — 0|2 (ws — o) dws. (1)
0

(iii) Prove that E'ln|w; — xo| > In|zg| for ¢ > 0, so that the stochastic
integral in (1) is not a martingale.
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8. Girsanov’s theorem

1t6’s formula allows one to obtain an extremely important theorem about
change of probability measure. We consider here a d-dimensional Wiener
process (wy, Fy) given on a complete probability space (2, F, P) and assume
that the F; are complete.

We need the following lemma in which, in particular, we show how one
can do Exercises 3.2.5 and 4.3 by using [t6’s formula.

1. Lemma. Let b € S be an R%-valued process. Denote

pt = pr(b) = exp (/0 bs dws — (1/2)/0 (bs)? ds)

Then
(i) dps = beps dwy;
(ii) p¢ is a supermartingale;

(iii) if the process by is bounded, then p; is a martingale and, in partic-
ular, Epy = 1;

(iv) if T € [0,00) and Epr = 1, then (py, Fy) is a martingale for t €
[0,T7], and also for any sequence of bounded b" € S such that fOT b7 —bg|? ds
— 0 (a.s.) we have

Elpr(0") — pr(b)| — 0. (2)

Proof. Assertion (i) follows at once from It6’s formula. To prove (ii)
define

t
T, = inf{t > 0: / |bs|?p ds > n}.
0

Then I, bipr € H (see the beginning of Sec. 3), and so fg Is<r, bsps dws is
a martingale. By adding that

tATn t
Ptar, =1 ‘|‘/ bsps dws = 1 +/ IS<TanIOS dws,
0 0

we see that piar, is a martingale. Consequently, for t; > t9 (a.s.)
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E(ptynr | Fir) = ptynr,-

As n — oo, we have 7, — oo and t; A 1, — t;, so that by Fatou’s theorem
(a.s.)
E(pt2|Ft1) < Pty -

This proves (ii) and implies that

Eexp(/o bsdws—(l/Q)/O bs[2ds) < 1. (3)

To prove (iii) let |bs|] < K, where K is a constant, and notice that by
virtue of (3)

t t
E/ b2 p% ds < K2E/ P2 ds
0 0

t t t
:K2/ Ep?(?b)exp(/ |bs|? ds) dngQ/ e’ *5 ds < oo.
0 0 0

Hence
t t
/ bsps dws and Pt = 1 +/ bsps dws
0 0

are martingales.

To prove (iv), first notice that Epp(b™) = 1 by (iii), Epr(b) = 1 by the
assumption, and pp(b"™) — pr(b) in probability by properties of stochastic
integrals. This implies (2) by Scheffé’s theorem. Furthermore, for ¢t < T

(a.s.)
pi(0") = E(pr (0")|F2).

Letting n — oo here and using Corollary 3.1.10 lead to a similar equality for
b in place of b", and the martingale property of p;(b) for ¢ < T now follows
from Exercise 3.2.2. The lemma is proved.

2. Remark. Notice again that p; is a solution of dp; = b;p; dw;. We know
that in the usual calculus solutions of df; = afydt (that is, exponential
functions) play a very big role. As big a role in stochastic calculus is played
by exponential martingales py(b).

Inequality (3) implies the following.

3. Corollary. If bs is a bounded process or fot |bs|? ds is bounded, then

t
Eexp/ bs dws < 00.
0
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4. Exercise. (i) By following the argument in the proof of Lemma 1 (ii),
prove that if £'sup,<r ps < 0o, then (pg, F¢) is a martingale for ¢ € [0, 7.

(ii) Use the result of (i) to prove that, if p > 1 and N < oo and Ep? < N
for every stopping time 7 < T', then (p;, F;) is a martingale for t € [0, T].

5. Exercise. Use Holder’s inequality and Exercise 4 (ii) to prove that if
T
Eexp/ clbe? dt < oo
0

for a constant ¢ > 1/2, then Epr(b) = 1.

6. Exercise. By using Exercise 5 and inspecting the inequality

B T
1= Bpr((1 =) < [Bpr®)]'[Pexp = [ Inat]"

improve the result of Exercise 5 and show that it holds if

. 1l—e [T 5
limeln E exp |b]“ dt =0, (4)
el0 2 0

which is true if, for instance, F exp(1/2) fOT b2 dt < oo (A. Novikov). Tt
turns out that condition (4) can be relaxed even further by replacing = 0
with < co on the right and lim with lim on the left.

The next lemma treats p;(b) for complex-valued d-dimensional b;. In
this situation we introduce p;(b) by the same formula (1) and for d-vectors

f = (f1,..., f2) with complex entries fy denote (f)? =", fZ.

7. Lemma. If by is a bounded d-dimensional complex-valued process of
class S, then pi(b) is a (complex-valued) martingale and, in particular,
Epi(b) =1 for any t.

Proof. Take ty > t; > 0 and A € F;,. To prove the lemma it suffices to
prove that, if f; and g; are bounded R%valued processes of class S, then for
all complex z

ET4exp (/0 2(fs + 295) dws — (1/2)/0 2(fs + 295)2 ds)

t1

_EIAexp(/Ol(fs—l—zgs)dws—(l/Q)/O (fs + 295)* ds). (5)
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Observe that (5) holds for real z by Lemma 1 (iii). Therefore we will prove
(5) if we prove that both sides are analytic functions of z. In turn to prove
this it suffices to show that both sides are continuous and their integrals
along closed bounded paths vanish. Finally, due to the analyticity of the ex-
pressions under expectation signs and Fubini’s theorem we only need to show
that, for every R € [0,00) and all |z| < R, these expressions are bounded
by a summable function independent of z. This boundedness follows easily
from Corollary 3, boundedness of f, g, and the fact that
t

t
‘exp/ (fs + 29s) dws| = exp/ (fs + gsRe 2) dw
0 0

tj tj
< exp/0 (fs + Rygs) dws + exp/0 (fs — Rygs) dws,

where we have used the inequality
< +e <l pe P
if |a| < |B|. The lemma is proved.

8. Theorem (Girsanov). Let T € [0,00), and let b be an R%-valued process
of class S satisfying

Epp(b) = 1.

On the measurable space (Q, F) introduce the measure P by
P(dw) = pr(B)(w) P(dw).

Then (2, F, ]5) is a probability space and wy is a d-dimensional Wiener
process on (2, F,P) fort <T.

Proof. That (Q, F, P) is a probability space follows from

P(Q) = [ pr0) Plde) = Bpr(y) = 1.

Next denote & = wy — fg bsds. Since & = 0 and & is continuous in
t, to prove that & is a Wiener process, it suffices to show that relative to
(Q,F, ]5) the joint distributions of the increments of the &, t < T, are the
same as for w; relative to (Q,F, P).

Let 0 <ty <t; <..<t,=T. Fix \; e R% j=0,..,n— 1, and define
the function As as iA; on [tj,tj41), j = 0,...,n — 1. Also denote by F the
expectation sign relative to P. By Lemma 7, if b is bounded, then
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n—1 T T
Eexpiz Aj(gtj-{—l - gt]-) = FEexp (/O As dws — /O As - bs ds)pT(b)
7=0

= Epr(\ + b)eW/2 Jg () ds — 1/ f§ (o) ds

It follows that

n—1 n—1
Eexpiy Nj(6y — &) =exp (= (1/2) Y NPt — 1)), (6)

Jj=0 J=0

This proves the theorem if b is bounded. In the general case take a sequence
of bounded " € S such that (a.s.) fOT b —bs|? ds — 0 (for instance, cutting
off large values of |bs|). Then

Epr(A+0b) = nhjr()l() Epr(A+0"),

since by Lemma 1 (iv) and the dominated convergence theorem (remember
As is imaginary)

Elpr(A+0") — pr(A + 1)

_ 6(1/2) fOT|)\S|2 dsE‘pT(bn)ef f(;‘r As:bds pT(b)Ci fOT As-bs ds|
< 2o PP (Blor (67) — pr(®)

_'_E‘e—f(;‘r)\s-bsds _ effOT)\s-des|pT(b)) 0.

This and (6) yield the result in the general case. The theorem is proved.

Girsanov’s theorem and the lemmas proved before it have numerous
applications. We discuss only few of them.

From the theory of ODE’s it is known that the equation dz; = b(t,z;) dt
need not have a solution for any bounded Borel b. In contrast with this it
turns out that, for almost any trajectory of the Wiener process, the equation
dxy = b(t, xs +wy) dt does have a solution whenever b is Borel and bounded.
This fact is obtained from the following theorem after replacing z; with

§t — wy.
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9. Theorem. Letb(t,z) be an R%-valued Borel bounded function on (0, 00)x
R®. Then there exist a probability space (Q,F,P), ad-dimensional continu-

ous process & and a d-dimensional Wiener process wy defined on that space
fort € [0,T] such that

¢
& = /0 b(s,&s)ds + wy (7)

for allt € [0,T] and w € Q.

Proof. Take any complete probability space (2, F,P) carrying a d-
dimensional Wiener process, say &. Define

t
wy =& — /O b(svfs) ds

and on (92, F) introduce a new measure P by the formula

T T
Pldw) —exp(/o b(s, €2 dés — (1/2)/0 Ib(s, £,)[2 ds) P(dw).

Then (2, F, P) is a probability space, w; is a Wiener process on (2, F, P)
for t € [0,T], and, by definition, & solves (7). The theorem is proved.

The proof of this theorem looks like a trick and usually leaves the reader
unsatisfied. Indeed firstly, no real method is given such as Picard’s method of
successive approximations or Euler’s method allowing one to find solutions.
Secondly, the question remains as to whether one can find solutions on a
given probability space without changing it, so that & would be defined
by the Wiener process w; and not conversely. Theorem 9 was proved by
I. Girsanov around 1965. Only in 1978 did A. Veretennikov prove that
indeed the solutions can be found on any probability space, and only in
1996 did it become clear that FKuler’s method allows one to construct the
solutions effectively.

Let us also show the application of Girsanov’s theorem to finding

P >1
(rglgf((wﬂrt) > 1),

where w; is a one-dimensional Wiener process. Let b = —1 and
P(dw) = e~ Y2 P(dw).

By Girsanov’s theorem w; := w; + t is a Wiener process for ¢ € [0, 1]. Since
the distributions of Wiener processes in the space of continuous functions
are all the same and are given by Wiener measure, we conclude
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t<1

P(max(w; +t) > 1) = / Imaxtqwtzlewlfl/Qefwlfl/QP(dw)
0 <

= / Imaxt<1u7tzlew1—1/2p(dw) - EImaXt<1wt21€w171/2.
Q = <
Now remember the result of Exercise 2.2.10, which is

P(w; >2—1x) if =<1,
Pmaxw; > l,w; < x) =
t=1 2P(w; > 1) — P(wy > x) if z>1.

Then by using the hint to Exercise 2.2.12, we get

&0 1 2
P(max(w; +t) > 1 —/ T2 o2 gy
(masc(w +¢) 2 1) . NGT

1 1 1 o)
—I—/ v 1/2 W e~ (202 4o = 5 / (e" + 6271)67902/2 dz.
oo V2 V2me J1

In the following exercise we suggest the reader derive a particular case
of the Burkholder-Davis-Gundy inequalities.

10. Exercise. Let 7 be a bounded stopping time. Then for any real A we
have

Ee)\w-,—f)\QT/Q - 1.

By using Corollary 3, prove that we can differentiate this equality with
respect to A as many times as we wish, bringing all derivatives inside the
expectation sign. Then, for any integer k > 1, prove that

E(aowzk + angk_QT + a4wzk_47'2 4+ angk) =0,

where ag, ..., agx, are certain absolute constants (depending on k) and ag # 0
and agy # 0. Finally, remembering Holder’s inequality, prove that

Ew* < NE7*, Er* < NEw?,

where the constant N depends only on k.
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9. Stochastic It6 equations

A very wide class of continuous stochastic processes can be obtained by
modeling various diffusion processes. They are generally characterized by
being Markov and having local drift and diffusion; that is, behaving near
a point x on the time interval At like o(x) Aw; 4+ b(z) At, where o(x) is
the local diffusion coefficient and b(z) is the local drift. A quite satisfactory
model of such processes is given by solutions of stochastic It6 equations.

Let (Q,F, P) be a complete probability space, (w;, F;) a d-dimensional
Wiener process given for ¢ > 0. Assume that the o-fields F; are complete
(which is needed, for instance, to define stochastic integrals as continuous
Fi-adapted processes). Let b(t,z) and o(t,z) be Borel functions defined on
(0,00) x RZ. We assume that b is R%-valued and o takes values in the set
of d; X d matrices. Finally, assume that there exists a constant K < oo such
that for all x,y,t

o (&, 2)[[+[b(t, 2)| < K(1+ |2]),

lo(t,z) — ot y)[[+[b(t, x) = bt y)| < K|z —y],

where by ||o|| for a matrix o we mean (ZL]-(U”')Q)I/Q.

Take an Fy-measurable R%-valued random variable &o and consider the
following It6 equation:

f=tt [ ob.eav,+ [Hscras 120 @

By a solution of this equation we mean a continuous F;-adapted process
given for ¢ > 0 and such that (2) holds for all ¢ > 0 at once with probability
one. Notice that, for any continuous Fi-adapted process & given for t > 0,
the function &(w,t) is jointly measurable in (w,t) and the functions o (¢, &;)
and b(t,&;) are jointly measurable in (w,t) and Fi-adapted. In addition,
o(t,&) and b(t,&;) are bounded for each w on [0,¢] for any ¢ < co. It follows
that for such processes §; the right-hand side of (2) makes sense.

In our investigation of solvability of (2) we use the following lemma, in
which 9 is the set of all finite stopping times.

1. Lemma. (i) Let & and n; be continuous nonnegative Fi-adapted pro-
cesses, f € S, and

t
Mt §£t+/ fsdws'
0
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Let & be nondecreasing in t and E&; < oo for every T € M. Then

En, < E( YT eM.

(ii) Let my be a continuous nonnegative Fy-adapted process and Eny < N
for all T € M, where N is a constant (independent of 7). Then, for every
e >0,

P(supn: >¢) < NJe.
t
Proof. (i) Denote

t
Tn = inf{t >0 :/ |fs|? ds > n}.
0

Then 7,, T oo as m — oo and I« fs € H. Hence, for every 7 € 9,

r
N ATn S §T +/ Is<7'nfs dwsa E"?mrn S EéT
0

After that, Fatou’s theorem proves (i).
(ii) Define
T=inf{t >0:n >e}.
Then
P(sgpm >¢e) < Pt < o) = tlirroloP(T <t)
< lim P(npr > €) < lim lEnt/\T < g

t—o00

8

The lemma is proved.

2. Theorem. Equation (2) has a solution.

Proof. We apply the usual Picard method of successive approximations.
For n > 0 define

En+1) =&+ /0 o(s,£4(n)) duvg + /0 b(s, () ds, 6(0) =0 (3)

Notice that all the processes &(n) are continuous and Fy-adapted, and our
definition makes sense for all n > 0. Define

— Not—
¢t:€ 0 |§0‘7
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where the constant Ny > 1 will be specified later. We want to show by
induction that

sup E (W16, (n)? + / " ulén (n)]? ds) < oo, (4)
TEM 0

For n = 0 estimate (4) is obvious, since a?e~1% is a bounded function
and fooo e Not gt < 0o. Next, by Ito’s formula we find that

d(l€e(n+ 1)*) = [€e(n + 1)Pdipy + ed|€e(n + 1)
= Ye[=Nol€(n + 1) + 26 (n + 1) - b(t,&(n)) + |lo(t, & (n))[[*] dt
+2¢0" (1, &(n)) e (n + 1) dwy.

Here to estimate the expression in the brackets we use 2ab < a®+b? and (1)
to find that

261 (n + 1) - b(t,&(n)) + |lo(t, & (n))[]?
<&+ D+ [bt, &(n) [ + llo(t, & (n)]?
< &(n+ )P+ 2K (1 + |&(n)])* < [&(n + DI + 4K (1 + [&(n) ).
Hence, for Ny > 2

t
0

t
wt|§t(n+1>|2+/0 ?/)s|§s(n+1)|2d8§¢0|§0|2+4K2/ (14 [€(n)[2) s ds

t
2 / 0™ (5, £a(n))Ea(n + 1) duo

Applying Lemma 1 leads to (4).
Further,

d(el€:(n + 1) = &(n)*) = e[~ Nol&(n + 1) = &(n)[?
+2(8e(n +1) = &(n)) - (b(4, & (n)) = b(t, &(n — 1))
Hlo(t,&(n)) — o(t, &(n —1)[?] dt
Lot €(n) — ot €n — V)] (E(n + 1) — &(n) du.
Due to (1) the expression in the brackets is less than
—(No = DI&(n +1) = &(n)]* + 2K7[€(n) — &(n — 1)

Now we make the final choice of Ny and take it equal to 4K? + 2, so that
Ny > 2 as we needed above and ¢:= Ny — 1 > ¢/2 > 2K?. Then we get
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d(yl&(n +1) = &(n)) + ewrléi(n + 1) — &(n)|* dt
< (¢/2)iel&(n) — &(n — 1)|? dt
+20[o(t, & (n)) — o(t, &(n — 1))]"(&(n + 1) — &(n)) duwy.
It follows by Lemma 1 that for any 7 € 9

Er|&r(n+1) = & (n) + cE /OT Pil€e(n+1) = &(n)|* dt

< (¢/2)E /0 " ulen(n) — & — 1P dr. (5)

By iterating (5) we get

E/ Y& (n+1) — &(n)|* dt < 2_”E/ Pe|&(1) — &(0)> dt =: N27™.
0 0
Coming back to (5), we now see that
B |&(n+1) = &(n)|? < eN277,
which by Lemma 1 yields

P{sup(¢y|&(n+1) — &(n)?) > n*4} < nteN27™.
>0
By the Borel-Cantelli lemma we conclude that the series
ZW!& (n+1) — &(n)|

converges uniformly on [0, 00) with probability one. Obviously this implies
that &(n) converges uniformly on each finite time interval with probability
one. Let & denote the limit. Then, by the dominated convergence theorem
(or just because of the uniform convergence to zero of the integrands),

[ liots,&sm) — ot €l ds + [ b5, 8() — bls, &)l ds — 0
0 0

(a.s.). Furthermore, & is continuous in ¢ and F;-adapted. Therefore, by
letting n — oo in (3) we obtain (a.s.)

t t
G = o+ /0 o(s,€,) duw, + /O b(s, &) ds
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The theorem is proved.

It is convenient to deduce the uniqueness of solutions to (2) from the
following theorem on continuous dependence of solutions on initial data.

3. Theorem. Let Fy-measurable d-vector valued random variables &) sat-
isfy £ — &o (a.s.) as n — oo. Let (a.s.) fort >0

t t
gt = 50 +/0 J(S,fs) dw, +/O b(svfs) ds,

¢ t
=+ [ oledu+ [ bses
0 0
Then
P{sup|&' —&[ >¢e} — 0
t<T
as n — oo for any e >0 and T € [0, 00).

Proof. Take Ny from the previous proof and denote
Yt = exp(—Not — sup |£5]).
n

Notice that || < sup, [£}] (a.s.). Also the last sup is finite, and hence

Pt > 0 (a.s.). By Itd’s formula
d(Welér — E717) = e[—Nolé — €717 +2(& — &) - (b(t, &) — b(t,€1))

Hlo(t,&) — ot &Pl dt +2[o(t,&) — o (t, )] (& — &) dw.

By following the proof of Theorem 2 we see that the expression in brackets
is nonpositive. Hence for any 7 € 9

Erl&r — &7 < Eyoléo — &1

Here the random variables 1g|¢y — £F|? are bounded by a constant indepen-

dent of n and tend to zero (a.s.). By the dominated convergence theorem
and Lemma 1,

1
P{suptule = &' > e} < — Bvolgo - &I° — 0.
>
Consequently, sup;>q ¥t |6 — 1|2 converges to zero in probability and, since

sup |& — &7 < oyt sup & — €13,
t<T t>0
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the random variables sup, < [& —&'[?

The theorem is proved.

converge to zero in probability as well.

4. Corollary (uniqueness). If & and 1, are two solutions of (2), then

P(sup | — n] > 0) = 0.
>0

The following corollary states the so-called Feller property of solutions
of (2).

5. Corollary. For x € R?, let &(x) be a solution of equation (2) with
& = x. Then, for every bounded continuous function f and t > 0, the
function Ef(&(x)) is a continuous function of x.

6. Corollary. In notation from the proof of Theorem 3,

1
P{yrsup|& — &1° > e} < = Eyoléo — 517
t<T 3

10. An example of a stochastic equation

In one-dimensional space we consider the following equation:

&—A%@W%+A%@MS (1)

with a one-dimensional Wiener process w; which is Wiener relative to a
filtration of complete o-fields F;. We assume that ¢ and b are bounded
functions satisfying a Lipschitz condition, so that there exists a unique so-
lution of (1).

Fix » <0 and let
T(r) =inf{t >0:& & (r,1)}.

By Exercise 2.4 we have that 7(r) is a stopping time relative to F;. We
want to find E7(r). By Ito’s formula, for twice continuously differentiable
functions u we have

t

u(ée) = u(0) + /0 Lué.) ds + /0 o(€ ) () dus, (2)

where the operator L, called the generator of the process &, is given by

Lu(z) = a(x)u” (z) + b(x)u'(z), a=(1/2)0>.
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If we can substitute 7(r) in place of ¢ in (2) and take the expectation
of both sides and be sure that the expectation of the stochastic integral
vanishes, then we find that

7(r)
u0) = Bulgy) =B [ Lu(é.)ds. Q
Upon noticing after this that

)
Br(r) = E / dt,
0

we arrive at the following way to find E7(r): Solve the equation Lu = —1 on
(a,1) with boundary conditions u(r) = u(1) = 0 (in order to have u(&(,)) =
0); then E7(r) should be equal to u(0).

1. Lemma. Let a(x) > J, where 0 is a constant, § > 0. For x,y € [r,1]
define

x 1
o) = exp (- / b(s)/a(s) ds), = / o(x) d,

1 1 A
9@Y) = GaIew) / otds [ o) ds

Then, for any continuous function f(x) given on [r,1], the function

1
u(z) := / g(z,y)f(y) dy (4)

is twice continuously differentiable on [r,1], vanishes at the end points of
this interval, and satisfies Lu = —f on [r,1].

The proof of this lemma is suggested as an exercise, which the reader
is supposed to do by solving the equation au” + bu’ = —f on [r,1] with
boundary condition u(r) = u(1) = 0 and then transforming the result to the
right-hand side of (4).

2. Theorem. Under the assumptions of Lemma 1, for any Borel nonneg-
ative function f we have

7(r) 1
E /0 f(&) dt = / 9(0.9)f () dy. (5)
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In particular,

1
Et(r) = / 9(0,y) dy.

Proof. A standard measure-theoretic argument shows that it suffices
to prove the theorem for nonnegative bounded continuous f. For such a
function, define u(z) in [r,1] as a solution to the equation au” + bu’ = —f
on [r, 1] with boundary condition u(r) = u(1) = 0. Then continue u outside
[r, 1] to get a twice continuously differentiable function on R, and keeping the
same notation for the continuation use (2) with ¢ A 7(r) in place of ¢. After
that take expectations, and notice that the expectation of the stochastic
integral vanishes since u/(€s) is bounded on [0, 7(r)]. Then we get

tAT(r)
Bu(upr) = u(0) — E / f(&.) ds. (6)

If we take f = 1 here, then we see that E(t A 7(r)) is bounded by a
constant independent of ¢. It follows by the monotone convergence theorem
that E7(r) < oo and 7(r) < oo (a.s.). Hence by letting t — oo in (6) and
noticing that u(&ary) — u(&r¢)) = 0 (as.) due to the boundary condi-
tions, by the dominated convergence theorem and the monotone convergence
theorem (f > 0) we get

7(r)
u(0) = E /0 £(&.) ds.

which is (5) owing to Lemma 1. The theorem is proved.

As a consequence of (5), as in Exercise 2.6.6, one finds that the average
time the process & spends in an interval [¢,d] C (r,1) before exiting from

(r,1) is given by
d
/ 9(0,y) dy.

The remaining part of this section is aimed at exhibiting a rather unex-
pected effect which happens when b = 1 and a is very close to zero for z < 0
and very large for x > 0. It turns out that in this situation E7(r) is close to
1, and the average time spent by the process in a very small neighborhood
of zero before exiting from (7, 1) is also close to 1. Hence the process spends
almost all time near the origin and then immediately “jumps” out of (r,1).
The unexpected here is that there is the unit drift pushing the particle to
the right, and the diffusion is usually expected to get the particle around
this deterministic motion but not to practically stop it. Furthermore, it
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turns out that the process spends almost all time in a small region where
the diffusion is small and, remember, b = 1.

The following exercise makes it natural that if the diffusion on (—o0,0) is
slow then E7(r) is close to 1. Assertion (i) in Exercise 3 looks quite natural
because neither diffusion vanishing for < ¢ nor positive drift can bring our
moving particle & starting at zero below ¢ < 0.

3. Exercise. Assume that o(xz) =0 for x < ¢, where ¢ is a constant, ¢ < 0
and b(x) > 0 for all z.

(i) Prove that §& > c for all t > 0 (a.s.).
(ii) Prove that, if ¢ > r and b > ¢, where 0 is a constant and § > 0, then

7(r)
E/ b(&)dt =1
0
and, in particular, if b = 1, then E7(r) = 1.
4. Exercise*. Let b= 1. Prove that E7(r) < 1.

We will be dealing with ¢ depending on r € (—1,0), which will be sent
to zero. Let

b=1, a(x)=r" if <0, a(z)=|r|7t if z>|r]

and let a be linear on [0, |r|] with a(0) = r* and a(|r|) = |r|~!, so that a is a
Lipschitz continuous function. Naturally, we take o = v/2a. Then o is also
Lipschitz continuous, and the corresponding process &; is well defined. Now
we can make precise what is stated before Exercise 3.

5. Theorem. Asr T 0 we have
7(r)
Er(r) — 1, E/ Iy (&) dt — 1.
0

Proof. Due to Exercise 4 the first relation follows from the second one,
which in turn by virtue of Theorem 2 can be rewritten as

0
/ 9(0,y)dy — 1. (7)

Next, in the notation from Lemma 1 the integral in (7) equals

w—l/olqb(s)ds/rom(/f@ﬁ(s)ds)dy
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o [Coras [ ([ o0)as) a5

o [Cotsras] [ o)ds - ®)

Furthermore, ¢(s) = el*l/™ if s < 0, whence

0 0 X
/¢(s)ds-/ eV ds — oo

as r 1 0. To investigate other terms in (8), observe that, for s € [0, |r|],

S S 2 2
-1 r r —6 -1
t)dt = dt = In(1 -
0= [ it = T 070 = b

2 _52

,
< — In(1 b _1) =
STohF n(1+ (|r| )

T BE In|r| — 0.

For s > |r|

[awars o i [y 5 (s )] — 0
a ——— In|r a =——— In|r|+(s—|r|)|r| — 0.
0 1P Ir| L—|rP

It follows that

[ oas 1 w=[oast [ oras~ [ ots)as o,

so that indeed the last expression in (8) tends to 1 as r T 0. The theorem is
proved.

11. The Markov property of solutions of
stochastic equations

1. Definition. A vector-valued random process & given for ¢ > 0 is called
Markov if for every Borel bounded function f(z), n = 1,2, ..., and t,t1, ..., t,,
such that 0 < ¢; < ... <t, <t we have (a.s.)

E(f(ft)|§t17 "'7€tn) = E(f(ft)|§tn)~



Ch 6 Section 11. Markov property of solutions 221

Remember that E(f(&)|&s -, &, ) was defined as the conditional expec-
tation of f(&;) given the o-field o (&, ...,&, ) generated by &, ...,&, . We
know that E(f(&)|&s, .-+, &, ) s the best (in the mean square sense) estimate
of f(&) which can be constructed on the basis of &, ..., &, . If we treat this
estimate as the prediction of f(&;) on the basis of &, ...,&, , then we see
that for Markov processes there is no need to remember the past to predict
the future: remembering the past does not affect our best prediction.

In this section we make the same assumptions as in Sec. 9, and first we
try to explain why the solution of equation (9.2) should possess the Markov
property.

Let 0 <t; < ... <t,. Obviously, for ¢ > t, the process & satisfies

t t
= 7sds basd-
& ftn—l-/tna(sf) w—i—/tn (s,&s)ds

This makes it more or less clear that & is completely defined by &;, and the
increments of w. after time ¢. For ¢ fixed one may write this fact as

gt = g(&tnawu — Wy, U Zv > tn)a f(gt) = h(gtnawu — Wy, U Zv > tn)-

Next, observe that & is Fi-measurable and w,, — w, is independent of F;
by definition. Then we see that w, — w, is independent of & if u > v > t,
and Theorem 3.1.13 seems to imply that

E(f(ét”étlu "'7§tn) = E(h(fhmwu — Wy, U Z v 2 tn)|§t17 "'7€tn)

= Eh(:c,wu — Wy, U >V > tn)|ﬂ¢:§tn (1)

(a.s.). Since one gets the same result for E(f(&)|&:,), we see that & is
a Markov process. Unfortunately this very convincing explanation cannot
count as a proof, since to apply Theorem 3.1.13 in (1) we have to know that
h(z, wy, — wy,u > v > t,) is measurable with respect to (z,w). Actually,
on the basis of Kolmogorov’s theorem for random fields one can prove that
g(x,wy, — wy,u > v > t,) has a modification which is continuous in z, so
that h(z,w, —wy,u > v > t,) has a modification measurable with respect
to (xz,w). However we prefer a different way of proving the Markov property,
because it is shorter and applicable in many other situations.

Let us fix  and consider the equation

t t
= ,&s) dwg b(s,&s) ds, 2 lp. 2
& x+/tna(85)w+/tn (s.6)ds, t>1 @)
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Above we have investigated such equations only with ¢, = 0. The case
tn, > 0 is not any different. Therefore, for ¢ > t,, equation (2) has a continu-
ous Fi-adapted solution. We denote this solution by &(z). As in Theorem
9.3, one proves that & (z,) £ & (x) if x,, — x. Among other things, this
implies the uniqueness of solutions to (2).

2. Lemma. For any t > t, and x € R the random wvariable &(x) is
measurable with respect to the completion of the o-field G; generated by w, —
wy,,, S € [t,ty].

Proof. It is easy to understand that the process w; := wits, — wy, is

n

a Wiener process and, by definition, G; = F* ¢, Letb S be the set S con-
structed from F* := (F*)”. It turns out that, for any R%-valued process
¢ €S, we have I;>4, (¢, € S and (a.s.)

t tn+t
/ Co diby — / Cos dwy Wt > 0. 3)
0 tn

Here the first statement is obvious since F¥ C Fy4+, and an F°-measurable
variable (; is also F44,-measurable. In (3) both sides are continuous in t.
Therefore, it suffices to prove (3) for each particular ¢. Since the equality
is obvious for step functions, a standard argument applied already at least
twice in previous sections proves (3) in the general case.

Next, by Theorem 9.2 there is an F’-adapted solution to

& :x—i—/ o(s+tn,&s) dws-i-/ b(s + tn,&s) ds.
0 0

By virtue of (3) the process &4, satisfies (2) for ¢ > ¢, and is Fi-adapted.
It follows from uniqueness that & (z) = &—¢, (a.s.), and since &y, is F{*, -
measurable (that is, Gi-adapted) the lemma is proved.

3. Lemma. The o-fields G; and F;, are independent. That is, P(AB) =
P(A)P(B) for each A € G, and B € F,.

Proof. Let B € F;,, Borel I'y,...,T,, C R%, and 0 < 51 < ... < 5,,,. By
using properties of conditional expectations we find that

P{B, (Ws,, Ws, — Wgy ..., Ws,, —Ws,_,) €1 x ... xTp}
= EIB‘[FI (wtn“l’sl - wtn) Tt IFm—l(wtn+5m—l - wtn+5m—2)

XE{IFm (wtn+5m - wtn+5m—l ) |‘Ftn+5m—l}

= P{B, (Ws,, Wy — Wg, ..., Ws,, ; —Ws, ,) €1 x . .xTp_1}
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X P(ws,, —ws,, , € I'y)

= P(B)P{(ws,,ws, — Ws,, ..., Ws,, — Ws,, ;) €1 x ... x T}
Therefore, P(AB) = P(A)P(B) for A from a m-system generating
O (W, , Wsy — Wy s +eey Wy, — W,y ) = O(Wey, Wy s ooy Wy, )

Since both sides of P(AB) = P(A)P(B) are measures in A, they coincide
on this o-field. Now P(AB) = P(A)P(B) for any A of type

{w : (Wsy, Weyy .oy Ws,, ) €T X oo X Ty}

The collection of those sets is again a mw-system, this time generating G;.
Since both sides of P(AB) = P(A)P(B) are measures, they coincide for all
A € G;. The lemma is proved.

Lemmas 2 and 3 imply the following.

4. Corollary. Fort > t, and x € RY the random vector &(x) and o-field
Fy,, are independent.

In the following lemma we use the notation [z] = ([z'], ..., [z%]) for
r=(x', ... %)
5. Lemma. Let £™ = 27™[2™¢&, ], where & is the solution of (2). Then

&(EM) L & as m — oo for each t > t,.

Proof. On the set {w : £ = z} (a.s.) for t > t, the process & (&™)
satisfies equation (2) with z replaced by £™. Since the union of such sets
is , the process £ (&™) satisfies equation (2) (a.s.) with = replaced by £™.
We have already noticed above that & for ¢ > ¢, satisfies (2) with &, in
place of z. By noticing that {™ — &, (uniformly in w) we get the result as
in Theorem 9.3. The lemma is proved.

6. Theorem. The solution of equation (9.2) is a Markov process.
Proof. Take t > t,, and a bounded continuous function f(x) > 0. Define

O(z) = Ef(&(x))

and let T',, be the countable set of all values of 27™[2™z],z € R%. Since
& (x) is continuous in probability, the function ® is continuous. Therefore,
for B € F;, by Corollary 4 and Lemma 5 we obtain

Elpf(&) = lim Blpf(&(™) = lim Y Elpf(&(r)len—

TGFm
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= lim Y Elgen_,®(r) = lim Elp®(¢™) = EIp®(&,).
’rfL*>OOTGF m—0oo

By definition and properties of conditional expectations this yields (a.s.)
E(f (&)1 Ft,) = (&),

E(f(&)r) = EXE(f (€)1 Ft.)1€0, } = E(P (&) [€r,) = P(&2),

E(f()1€es s &) = E(f(&0)I81,)-

It remains to extend the last equality to all Borel bounded f. Again fix
a B € F;, and consider two measures

u(l) = P(B,& €T), v(l') = Elr(&)P(BE,)-

If f is a step function, one easily checks that

/ f(2) uldr) = BI5f(&),

/ f(@) v(de) = Ef(€)E(Islé,) = EIRE(f(E)|6)-

These equalities actually hold for all Borel bounded functions, as one can
see upon remembering that such functions are approximated uniformly by
step functions. Hence, what we have proved above means that

[ utde) = [ fuian

for all bounded continuous f > 0. We know that in this case the measures
u and v coincide. Then the integrals against them also coincide, so that for
any Borel bounded f and B € F;, we have

Elpf(&) = EIBE(f ()&t )-

This yields E(f(&)|F,) = E(f(&)|&,). The theorem is proved.
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12. Hints to exercises

2.2 If & is right continuous, then & = lim ¢, (), where ki, (t) = 27"[2"t] +
27",

2.4 If a = —1 and b = 1, then for every t > 0

{w:ir>t}={w: sup & <1},
repu{t}
where p is the set of all rational numbers on [0, c0).
2.9 Define 7 = inf{t > 0 : |§| > ¢} and use Chebyshev’s inequality.

2.10 In Theorem 2.8 and Exercise 2.9 put N = ¢? and integrate with respect
to c over (0,00).

3.6 Use Exercise 2.9.
3.11 Use Davis’s inequality.

3.12 See the proof of Theorem 2.4.1 in order to get that 7 < 1 and
(1 —s)"'Is«, € S. Then prove that, for each ¢ > 0, on the set {t > 7}

we have (a.s.)
o T
/ — I dws —/ dws.
0 1—s 0 1—s

3.13 Use Davis’s inequality.

4.3 Use Exercise 3.2.5 and Fatou’s theorem for conditional expectations.
6.2 In (i) consider {7 < t}.

6.5 Approximate stopping times with simple ones and use Bachelier’s the-
orem.

7.4 In (iii) use the fact that

n n n|z| =2

/ s e lel?/(29) ds—/ s~le71/(29) ds-/ " s7te V) 4 — —21n |z
0 0 n

as n — 00.

8.4 For appropriate stopping times 7,, — 00, the processes pias,, are mar-

tingales on [0,7] and the processes pf,, are submartingales. By Doob’s
inequality conclude that E sup;<p pin,, < N.

8.10 Observe that for = ArY/2 and r = w,7~1/2 we have

exp(Mw; — N27/2) = exp(ur — p?/2) =: f(r, ).

Furthermore, Leibniz’s rule shows that f,ng)(r,O) is a polynomial (called a

Hermite polynomial) in r of degree 2k with nonzero free coefficient.
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10.3 In (i) take any smooth decreasing function u(z) such that u(x) > 0 for
x < ¢ and u(z) = 0 for x > ¢, and prove that u(&) = gu’(fs)b(fs)ds. By
comparing the signs of the sides of this formula, conclude that u(&) = 0

10.4 Observe that E§a -y = E(t A7(r)).
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