Seminar — 15/04/2019
Ex. 1 For £ > 0, solve the problem in the unknown u(t, x)
8tu = 48mu
u(t,0) =u(t,f) =0
u(0, ) = xLjo,0/2(x) + (£ = 2)Lj/2,0(7)
Ex. 2 For ¢ > 0, solve the problem
Or +u = Ogzu
u(t,0) =wu(t, ) =0
u(0, ) = sin(327x /¢) + sin(23wx /)
Ex. 3 For v(z) a continuous function on [0, 1], consider the problem
3ttu = 8mu
u(t,0) =wu(t,1) =0
u(0,2) =0
(0ru)(0,2) = v(z)
Calculate the quantity

/0 (Opu)?(t, ) + (Opu)?(t, ) dx

Sol 1. We look for a solution u(t,z) = ), an(t)by(x), where actually each
addend a,, b, is a solution of the PDE (but not a solution of the problem at the
boundary ¢t = 0). We get

ab=4abd", b(0) =b(¢) =0
so that for some A € R
a=4\a
b = Ab, b(0)=0b(() =0
This yields b, (z) = oy, sin(nTz/l), A\, = —72n%/02, a,(t) = e 4 so that

u(t,x) = Zan sin(nmax/l) et nt

Now, since the sin(n 7z /) for an orthogonal eigenbase in Lo

an (/OZ sin(n7ra:/£)2dac> - /Ogu(O,x) sin(n 7 z/0) dz

Sol 2. Reasoning as above, we gather
a b -b

a b

for some constant A € R. Thus we must solve the Sturm-Liouville problem 4" =
(A + 1)b which is just the same as above, up to the change A — A + 1.
1
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Sol 3. In this case, reasoning as above (or by Fourier series) we get that

u(t,x) = ch sin(nmt) sin(nma)

where the ¢, are determined by

v(z) = (Opu)(0,x) = Zﬂncn sin(n x)

Moreover
(Opu)(t,z) = Z nwey, cos(nmt) sin(nmx)

n

(Ozu)(t,x) = Znﬂcn sin(nmt) cos(nmx)

n
and therefore [(9u)?(t,z)dz = 1> n?m? 2 cos(nmt)?, [(O,u)*(t,x)de = 13, n®n? 2 sin(nnt)?.
Thus their sums coincides with [|v]|7, .



