Seminar — 22+29,/04,/2019
Ex. 1 Write the solution for the problem on [0, 00) x R¢
ou—Au+cu=f t>0
u=gqg t=20

Ex. 2 Find all the harmonic functions u(z,y) in R? such that (9,u) = (9yu).

Ex. 3 Let Q be a bounded open set in R?, and let u,, be a sequence of harmonic
functions in . Suppose that u,, converges uniformly to some u. What can we say
about u?

Ex. 4 Let u be a nonnegative harmonic function in the bi-dimensional unit disk.
We want to prove that

sup u(z) <9 inf wu(z
w2l <1/2 (@) <9 i ,u)
(a) Recall that the Poisson kernel for a ball of radius 7 in R? is given by

2 2
K(z, &) = w:ﬁlflﬂd Prove that in our case

1—|z| 1+4|z|
s S K28 < o

(b) Deduce

() < () < 1

(¢) From (b), obtain the thesis.

Ex. 5 A smooth nonnegative function u satisfies over a smooth bounded domain
Q

Au>u xz €N
dpu =0 x € 0N

Find w.

Ex. 6 Suppose that ug: R — [0,00), up € L2(R) N L1 (R), is such that uo(0) =
uo(1) = 0. Consider the following problems
Oru = Au t>0,zeR
u(t = 05 ‘T) = UO(x)

O = Av t>0,x€][0,1]
v(t =0,2) = up(z)
v(t,x=0)=wv(t,x=1)=0

Ow = Aw t>0, 28t
w(t =0,z) = up(x)

What inequalities hold between u, v and w? Find the limit of the solutions when
t — oo. [Beware: Why v is not a solution to the third problem?]
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Ex. 7 Find the solution to the following problems, where the functions wug(x)
and f(z,t) are smooth and compactly supported, t > 0 and = > 0
Ou = a’Au + f(t,z)
u(t =0,2) = up(x)
u(t,x =0)=0

Ou = Au+ f(t,x)
u(t =0,2) = up(x)
(Ozu)(t=0,2) =0

Ou = Au+ f(t,x)
u(t =0,z) = ug(x)
(Ozu)(t =0,2) = au(t =0, x)
What happens in the last problem when o — 0 and o@ — 4007
Ex. 8 Consider the heat equation on the real line

{ Ou = Au + f(t,x)
u(t - Oax) = uO(x)

We look for a solution u(t,x) such that u(t, z) = ug(x) e’

(a) Try to find a solution by taking the Fourier transform of the requirement
u(t, z) = ug et.

(b) Can ug be bounded?

(¢) Find the solution in the case ug(z) = e*.

Ex. 9 Consider the Schroedinger problem
{ih@tu = —h*Au+V(z)u

where & € [—a,a], u satisfies the condition (J,u)(x) = 0 for x = +a, and the
potential V' is given by (here 0 < £ < a)

i <
Vi) = 0 %f€<\x|_a
e/t if £ > |z

(a) Solve the associated Sturm-Liouville problem.

(b) Give an example of a solution for which (0,z) = 0 for x > —/¢, but ¢ is
not identically 0 on [—a,a]; and such that |1 (¢,z)|? > 0 for ¢t > 0.

(¢c) What happens when ¢ — co?



