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Ìîæíî ëè îòëè÷èòü äåòåðìèíèðîâàííóþ õàîòè÷åñêóþ äèíàìèêó îò ÷è-
ñòî ñëó÷àéíîé è èìååò ëè ýòîò âîïðîñ ñìûñë? Âëèÿåò ëè íåîáðàòèìîñòü äè-
íàìèêè íà êà÷åñòâåííûå õàðàêòåðèñòèêè ïðîöåññà? Ýðãîäè÷åñêàÿ òåîðèÿ
èçó÷àåò ýòè è äðóãèå ñòàòèñòè÷åñêèå ñâîéñòâà äèíàìè÷åñêèõ ñèñòåì. Èíòå-
ðåñ ê ýòîé ïðîáëåìàòèêå ñâÿçàí ñ òåì, ÷òî "òèïè÷íûå"äåòåðìèíèðîâàííûå
äèíàìè÷åñêèå ñèñòåìû (íàïðèìåð, äèôôåðåíöèàëüíûå óðàâíåíèÿ) äåìîí-
ñòðèðóþò õàîòè÷åñêîå ïîâåäåíèå: èõ òðàåêòîðèè ïîõîæè íà ðåàëèçàöèè
ñëó÷àéíûõ ïðîöåññîâ. Ìû íà÷íåì ñ êëàññè÷åñêèõ ðåçóëüòàòîâ Ïóàíêàðå,
Áèðêãîôà, Õèí÷èíà, Êîëìîãîðîâà è äîéäåì äî ñîâðåìåííûõ ïîñòàíîâîê (â
òîì ÷èñëå è íåðåøåííûõ) çàäà÷. Êóðñ ÿâëÿåòñÿ ââîäíûì è îðèåíòèðîâàí
íà áàêàëàâðîâ 2-4 êóðñà, ìàãèñòðàíòîâ è àñïèðàíòîâ. Ïðåäâàðèòåëüíûõ
çíàíèé êðîìå êóðñà ìàò. àíàëèçà íå òðåáóåòñÿ (õîòÿ îíè è æåëàòåëüíû).

Ïðîãðàììà êóðñà:

• Äèíàìè÷åñêèå ñèñòåìû: òðàåêòîðèè, èíâàðèàíòíûå ìíîæåñòâà, ïðî-
ñòûå è ñòðàííûå àòòðàêòîðû è èõ êëàññèôèêàöèÿ, õàîòè÷íîñòü.

• Äåéñòâèå â ïðîñòðàíñòâå ìåð, ïîíÿòèå òðàíñôåð-îïåðàòîðà, èíâàðè-
àíòíûå ìåðû. Ñðàâíåíèå ñî ñëó÷àéíûìè ìàðêîâñêèìè ïðîöåññàìè.

• Ýðãîäè÷íîñòü, òåîðåìà Áèðêãîôà, ïåðåìåøèâàíèå, ÖÏÒ. Ìåðû
Ñèíàÿ-Áîóýíà-Ðþýëëÿ è åñòåñòâåííûå/íàáëþäàåìûå ìåðû.

• Îñíîâíûå ýðãîäè÷åñêèå êîíñòðóêöèè: ïðÿìûå è êîñûå ïðîèçâåäåíèÿ,
ïðîèçâîäíîå è èíòåãðàëüíîå îòîáðàæåíèÿ, åñòåñòâåííîå ðàñøèðåíèå
è ïðîáëåìà íåîáðàòèìîñòè.

• Ýðãîäè÷åñêèé ïîäõîä ê çàäà÷àì òåîðèè ÷èñåë.

• Ãèïåðáîëè÷åñêèå äèíàìè÷åñêèå ñèñòåìû è ïîêàçàòåëè Ëÿïóíîâà.

• Ýíòðîïèÿ: ìåòðè÷åñêèé è òîïîëîãè÷åñêèé ïîäõîäû.

• Îïåðàòîðíûé ôîðìàëèçì. Ñïåêòðàëüíàÿ òåîðèÿ äèíàìè÷åñêèõ ñè-
ñòåì. Áàíàõîâû ïðîñòðàíñòâà ìåð, ñëó÷àéíûå âîçìóùåíèÿ.

• Ìíîãîêîìïîíåíòíûå ñèñòåìû: ñèíõðîíèçàöèÿ è ôàçîâûå ïåðåõîäû.

• Ìàòåìàòè÷åñêèå îñíîâàíèÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ õàîòè÷åñêîé
äèíàìèêè.

Ëèòåðàòóðà:

- Ì. Áëàíê. �Óñòîé÷èâîñòü è ëîêàëèçàöèÿ â õàîòè÷åñêîé äèíàìèêå�, ÌÖÍÌÎ, Ìîñêâà, 2001.

- È.Ï. Êîðíôåëüä, ß.Ã. Ñèíàé, Ñ.Â. Ôîìèí. �Ýðãîäè÷åñêàÿ òåîðèÿ�, Íàóêà, Ìîñêâà, 1980.

- A. Katok, B. Hasselblatt. �Introduction to the modern theory of dynamical systems�, 1995.

Êóðñ ÷èòàåòñÿ íà ô-òå ìàòåìàòèêè Âûñøåé øêîëû ýêîíîìèêè.



Introduction to Ergodic Theory
M.L. Blank (HSE and IITP RAS)

Is it possible to distinguish deterministic chaotic dynamics from a purely
random and whether this question makes sense? Does irreversibility in�uence
qualitative characteristics of the process? Ergodic theory studies these and
other statistical properties of dynamical systems. Interest in this subject stems
from the fact that �typical� deterministic dynamical systems (eg, di�erential
equations) exhibit chaotic behavior: their trajectories look similar to the
implementation of random processes. We begin with the classical results by
Poincare, Birkho�, Khinchin, Kolmogorov, and get to modern productions
(including yet unresolved) problems. This is an introductory course designed
for 2-4 bachelors and graduate students. Prior knowledge except for the course
in mathematical analysis is not required (although it is desirable).

Course program:

• Dynamical systems: trajectories, invariant sets, simple and strange
attractors and their classi�cation, the concept randomness.

• The action in the space of measures, the concept of the transfer operator,
invariant measures. Comparison with Markov chains.

• Ergodicity, Birkho� ergodic theorem, mixing, CLT. Sinai-Bowen-Ruelle
measures and natural / observable measures.

• Basic ergodic structures: direct and skew products, Poincare and integral
maps, a natural extension and the problem of irreversibility.

• Ergodic approach to number theoretical problems.

• Hyperbolic dynamical systems and Lyapunov exponents.

• Entropy: metric and topological approaches.

• Operator formalism. Spectral theory of dynamical systems. Banach space
of measures, random perturbations.

• Multicomponent systems: synchronization and phase transitions.

• Mathematical foundations of numerical simulations.
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