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Lecture 1. Birkhoff ergodic theorem [02.12.19] In L'(X, B, 1) we introduce an operator:

Sup = L3 o T and set S~ = liminf, o Snp, Sty = limsup, ., Su. The following resuls
shows that S* are well defined. .
Theorem 0.1 (Birkhoff ergodic theorem) Vu € Mp, o € LN X, B, 1) Sy, == ¢ € LY(X, B, 1), where ¢

is T-invariant and p(@) = p(e). Moreover, if u € M%, then Spo "= u(yp).

Corollary 0.1 Choosing p := 14 we get #{0 <k <n—1: TFz € AY/n"=3 w(A) for p € M% VA€ B
and p-a.a. v € X.

In other words, if u € MY then the time average is equal to the space average p-a.e.
Proof (formal and non-constructive) based on the notion of a conditional mathematical expectation
E,(f|Br) wrt the o-algebra of T', y-invariant sets Br := {B € B: u(T"'BAB) = 0}. Note that foT = f u-
a.e. iff f is Bp-measurable. Definition of E,(f|Br): u(E.(f|Br), B) = u(f,B) VB € Br, f € L' (X, B, u).

The idea is to show that S*¢ = E,[p|Br]. We begin as follows: for ¢» € L' we define a sequence
U, := max}_, {kSktb} € L'. Obviously, this sequence is non-decreasing and thus either diverges to oo or
otherwise converges. Let By 1= {v € X : sup,s; ¥,(r) < oo} € B, then on its complement By, this
sequence diverges. From the identity ¥, ., — ¥, 0 T = ¥; — min{0, ¥V,, o T'} we deduce that B, € Br.
We have 0 < p(1ge - (U1 — W) = p(lpg - (Vs = ¥, 0 T)) =5 p(lpe - ) = p(lp: - E,[¢|Br]) by

wfminga,\llnoT}

dominated convergence and the definition of conditional expectation, respectively. Thus, if E,[¢|Br| <0
on X we must have u(By) = 0.

Now we ready to complete the proof. Take any ¢ € L', > 0 and set ¢ := ¢ — E,[¢|Br] — . Then on
By the relation ST < 0 holds (otherwise, ¥, (x) should diverge), therefore,
0 > ST = limsup,,_,.,(Swp — Eulp|Br] —¢) = ST — E,[o|Br] — ¢ p-a.e. A similar argument for
Y= —p+ E,[¢|Br] —e shows that S™¢ — E,[¢|Br] +¢ > 0 p-a.e. Thus S~ = St = E,[p|Br] p-ae.
(since € > 0 is arbitrary) and hence the limit exists. If 4 € M% then ¢ = Const p-a.e.by the invariance
of ¢ from where the claim follows. [
Corollary 0.2 (von Neumann) S, "= ¢ in L.
Proof. If |¢| < oo then the claim follows from above result. For a general ¢ choose a bounded function
©e |l —ellLr < e. Then |[S,p—E,[e|Br]||L: < [|Snee — Eulee|Br]||L: +2¢. Now since € > 0 is arbitrary
we get the result. O
Theorem 0.2 (Structure of the set of invariant measures) Let p, i’ € Mrp. Then
(a) p € MY and i’ < p (absolutely continuous') yields p = p/;
(b) p, 1 € MY yields either p= ' or p Ly (mutually singular?®).
Proof. lim, .. S,14a = u(A) p-a.e. YA € B. Since 1/ < p this equality holds also p/-a.e. Now by Lebesgue
theorem on the limit transition for uniformly bounded sequences of functions we have lim,, ., 1/(S,14) =
p (u(A)) = p(A). On the other hand, p/(140T) = /(14) (since p/ € Mr), thus p/(S,14) = ¢/(A) and,
hence, pu(A) = p/(A). The statement (a) follows due to an arbitrary choice of A € B.

To prove (b) assume that ju # 11/, i.e. u(A) # 1/ (A) for some A € B. Denote B := {z € X : S,14(z) =%
(A} and B == {z € X : Spla(x) =5 i/(A)}. By Theorem 0.1 we have u(B) = 1/(B’) = 1. On the
other hand, by the construction BN B =0 = pu L /. O

Let us extend the action of the family of operators S,, to the space of measures: S} := %ZZ;& T .
Then Vo € L' we have Siu(p) = L3007 T u(p) = 132070 u(p o TF) = u(Snp) which explains the
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notation. Let 1 € MY, hence, by Birkhoff Theorem S*6, "3 1 p-a.e., where &, stays for the Dirac (0)

S odp

e, % e L! «= p(A) = 0= y/(A) =0 VA e B
2ie,JA€B: pu(A)=p(X\A) =0
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measure at the point z. Indeed, (S%0,)(¢) = Spp(x) — p(e) p-a.e. We shall say that a point = (and the
corresponding trajectory) is T, u-typical if S’4, "% 11. By Birkhoff Theorem p-a.a. points are T, pu-typical
if 1 € MY.. Question: are there typical points for a general invariant measure p € Mp?

Applications:

(1) For m-a.a. x € [0, 1] the average number of zeros in the decimal expansion x = 0.z125 ... is equal
to 1/10. Indeed, let Tiox := {10z}, hence the Lebesgue measure is invariant and ergodic (similar to 7).
Let Ag :=[0,1/10], then z; = 0 <= T’z € Ay. Thus the result follows by applying the Corollary 0.1. A
number is called normalif in its expansion in any integer base b the density of any ‘pattern’ of digits (from
the set {0,1,...,b— 1}) of length ¢ is equal to b=*. Prove that m-a.e. real numbers are normal. The proof
is almost the same: for the map T,z := {bxz} each pattern of digits corresponds to an interval (or a union
of several intervals if the pattern has ‘holes’). It remains to observe that for any b the Lebesgue measure
of the exceptional set is zero.

(2) A measure pu € MY is uniquely ergodic if this is the only invariant measure. If 7 € C° this is equivalent
to the statement that S, — Const Vi € C(X) and the convergence is either pointwise or uniform.
Proof. The family of functions S,y is equicontinuous. Thus by the Arzela-Ascoli Theorem there exists its
uniformly converging subsequence. On the other hand, the limit point is defined by the ergodic theorem.
(4) Benford Law: calculate the density of n such that the decimal number 2" starts from the digit b €
{1,...,9}. Observe that this is the case iff Ik € Z, such that 10*6 < 2" < 10%(b + 1), i.e., logb +
k < nlog2 < log(b+ 1) + k, which happens iff the point {nlog2} belongs to the interval of length
log(b+1)—log b. Considering the rotation of the unit circle by the angle log 2 we see that the answer is equal
to log(b+1)—logb. It is not hard to extend this result for the case of a given number (say 2) of the first digits
in the decimal expansion of 2", but not to the k-th digit with &£ > 1 in this expansion. On the other hand,
a completely different (uniform) distribution holds true for the last (few) digits (2 -4 — 8 — 6 — 2).

Theorem 0.3 (Kingman subadditive ergodic theorem) Let {p,} be a sequence of measurable functions such
that onir < @n+@roT™ p-a.e. Then there exists a T-invariant function @ such that lim,, %gpn = U-

a.e. and lim, o +p(y) = inf Lpu(pn) = p(@).
An immediate collorary to this result is the famous Furstenberg-Kesten theorem about the product of

random matrices. Let ® : X — R where we associate each element of R? with a d x d matrix. Set
®, = [[r—y ®oT"

Theorem 0.4 (Furstenberg-Kesten) If log™ ||®|| € LY(X,B,u), then for p-a.a. x € X there exists a
T-invariant function N(z) = lim,_, + log||®,|| € L*.
Moreover, the following multiplicative ergodic theorem holds.
Theorem 0.5 (Oseledets) If log™ ||®|| € LY(X, B, i), then
(a) the limit A(x) = lim, o X/ ()P, (x) is well defined p-a.e.;

(b) FeM @) < X2@) < < M@ —the ordered collection of eigenvalues of the matriz A(x), which together
with their multiplicities are measurable and T-invariant functions.

Lecture 2. Mixing [09.12.19] For an ergodic DS (T, X, B, ) and any ¢ € L*(X,B,u) by Birkhoff
theorem we have S, — pu(p) p-a.e. Multiplying both hands of this relation by an arbitrary function

¢ € L?(X, B, 1) and integrating we get & Sy (- o TR X (@) ().

Lemma 0.3 The relation L3770 (v - ¢ o T%) =3 p(p)u(y) Vo, € L2(X,B,u) is equivalent to
ergodicily.

Proof. The direct statement is already proven, so let us assume that this relation yields that for any pair
of T, p-invariant sets A, A" € B we have: lim %Zz;é p(lar-140Tk) = p(1ar-14) = u(ANA") = p(A)u(A).
n—oo
Hence, for A = A’ we get u(A) = (u(A))?, i.e. u(A) € {0,1}. O
Observe that p(la - 140 TF) = w(T"AN A') VA, A" € B. Thus lim, o = > 1— éu( T*ANA) =
p(A)u(A’) if the DS is ergodic. This relation is often called independence on the average.
A DS (T, X, B, p) is called weakly mizing it £ P (T AN B) — p(A)u(B)| =3 0 VA, B € B or

¥ iso lule o T - v) = p(@)u(¥)] = 0 v E L?(X B, ).
By Lemma 0.4 below this is equivalent to £ 7'~/ ( (po Tk - 1p) — u((p),u(g/)))Q X0 Vo, € LA(X, B, ).
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Lemma 0.4 For any sequence of bounded compler numbers {a,}2 the conditions £ >}~ olar] =30

1 n—1 92 N—00 .
and " |lag|> — 0 are equivalent.

Lemma 0.5 Weak mizing yields ergodicity.
Proof. Due to weak mixing

0= lim 35070 [u(p o T - v) — ple)p(@)| > lim |3 5707 plp o TF - 9) — p(e)u(¥)| > 0,
(since |a| + |b] > |a + b|) which is equivalent to ergod1c1ty by Lemma 0.3. O

n—o0

A DS is called mizing if (oo T™ ) == u(p)u(v) Vo, € L3(X, B, u). Setting ¢ 1= 14,9 = 1p, we
get that in the case of mixing (T "AN B) =3 u(A)u(B) VYA, B € B. In words this is equivalent to say
that under the action of the DS any set of positive measure is uniformly spreading out the phase space,
and in a such way any “nonequilibrium” distribution converges in time to the “equilibrium” one.

It is of interest that it is enough to check this property only in the case of equal test-functions ¢ = :

n—oo

Theorem 0.6 (Renyi) Let u(poT" - o) — u*(p) Vo € LA(X, B, ). Then the DS is mizing.
Proof. It is enough to consider test-functions with 0-average. Fix some ¢ and consider a linear subspace
Ly of L? spanned by the functions 1,¢,p o T", n € Z, and its orthogonal complement L;. Clearly both
these subspaces are T-invariant. Denoting projection operators to these subspaces by m; we represent any
function ¢ € L? as 1) = mytp + mye). Since pu(p o T™ - @ o T*) =30 for any k € Z, by the invariance of ,
we have (o T" - mo1h) =3 0. On the other hand, pu(p o T™ - m11)) = 0 by the construction. [J

In the Hilbert space L?(X, B, i) of measurable complex valued functions on X with the scalar product
(p,1) == p(p - ¥*), where 1p* stays for the complex conjugation of the function 1, we consider the so
called Koopman operator Ur defined by the formula Ury(z) := ¢(Tx). Due to this relation the Koopman
operator is conjugated to the map T on L2. Clearly, Urlx = 1y, hence, any constant is an eigenfunction
of this operator with the eigenvalue 1.

Lemma 0.6 Ur : L2(X, B, ) — L%(X, B, ) and this operator is isometric.

Proof. Due to the invariance of the measure p, we have u(|¢ o T|?) = u(lpl?) Ve € L2(X, B, 1), which
proves the first assertion. Further, for any p,v € L*(X, B, u) we get (Urp, Urt)) = u(p o T - (o T)*) =
w(p-1*) = (p,1), i.e. the operator Ur preserves the scalar product in L?(X, B, i), which proves the second
assertion. O

Two DS (T;, X;, B;, 11;), © = 1,2 are called spectrally isomorphic if there exists a linear isomorphism P of
Hilbert spaces L?(X;, B;, i), @ = 1,2 preserving the inner product, i.e. 1 (¢-9*) = pa(Py- (PY)*) Y, €
L?(u1) and having the property that PUp, = Ur, P. A property is called spectrally invariant if it is shared
by any spectrally isomorphic DSs. Examples: ergodicity, weak mixing, mixing (see Theorem 0.7).

Theorem 0.7 Let Ur be Koopman operator of the DS (T, X, B, ). The DS is (a) ergodic iff the space of
eigenfunctions corresponding to the eigenvalue 1 of the operator Ur is one dimensional; (b) weakly mizing
iff each eigenfunction of Ur is a constant; (¢c) mizing iff lim, o (Urp, ) = (u(p))? Ve € L.

Let us formulate also another important ergodic result, where in distinction to the Birkhoff theorem
the convergence is in Hilbert norm rather than a.e. Let U be an isometric operator in a (complex) Hilbert

space H, H™ :={p € H: Uyp = ¢}, and denote by Py the orthogonal projection operator to Hiv,
Theorem 0 8 (von Neumann) ||1 Y"1~ TUk — Pyl ’H

Observe that if the DS (7', i) is ergodic and U := Uy, then 1 =3 éU’“(p Spp and Py = p(e).

Lemma. The irrational rotation 7}, of the unit circle is ergodic but not weakly mixing.
Indeed, let A = B := [0,1/4]. Then liminf m(7,"A N B) = 0 while limsupm(7,"A N B) = 1/4 which
n—o0

n—oo
proves that the system is non mixing. To prove the absence of weak mixing, observe that the density of

the set N. of positive integers for which m(7T,"A N B) > ¢ is equal to . Therefore

ST (T AN B) = w(A)u(B)| > € Yoy, (T AN B) = p(A)u(B)| > ((1/4 =€) — 1/16) > 0. O
It is rather difficult to demonstrate a weak mixing but not mixing dynamical system. Example of weak

mixing — a “typical” interval exchange transformation for 3 intervals.

Lemma. The dyadic map 75 is mixing.

First we give a formal proof. Set z := 2™  then the dyadic map is equivalent to the map Tz = 22

restricted to the unit circle on the complex plane {z : |z| = 1}. Consider Fourier expansions of two

functions ¢, ¢ € L3(m), L.e. p(2) =3 1z anz®, ¥(2) ==Y,z bez" with ag = by = 0. Since @ 0 T"(z) =
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Swez () =3 akzznk, we have m(p o T™ - 4p) = >, k,eZm(aszkbk/zk/) = D ko Wkb—2nk =200,
Here we have used that m(z fl e2mivkdy — 0k # 0, m(1) = 1, and that b, "==5° 0 since ¢ € L2 O
To have a more geometrlcal” explanation, observe that any interval whose endpomts are binary
fractions after a finite number of iterations covers the entire phase space. A similar statement about the
covering for a general measurable set with positive Lebesgue measure follows since finite binary fractions
are dense in [0, 1]. This property of the dyadic map can be generalized as follows. A DS (T, X, B, u) is
called ezact if its tail o-algebra By := N,>oT "B is trivial, i.e. u(A) € {0,1} VA € B,.. The connection of
this property to the covering one is described by the following result.

Lemma 0.7 Let TA € BYA € B. Then u(T"A) =3 1 VA € B, ) > 0 iff the tail o- algebm is trivial.
Proof We start with the direct statement. Assume the exactness e collection of sets B,, := 1T "oT"A €

T~"B has the property: B, C B,,+1, and By = A. Thus U,>0B,, € Bw. Since A C B,, ¥n we have w(B,) >0,
and if the tail o-algebra is trivial, then 1 = u(U,>0B;) = lim, oo u(7T7A).

Conversely, let the covering property holds true. If A’ € By, then Vn 3A) e B: A’ =T7"A/. Assuming
that u(A") >0 we get 1 = limy, oo (T A") < pu(A]) <1 = p(A;,) = 1. Thus p(A’) = n(A;,) = 1. 0

An exact map is necessarily ergodic since every invariant set is contained in B... It is not so evident,
but still correct, that any exact map is mixing. Observe that an invertible map cannot be exact: u(T"A) =
p(T~™oT™A) = pu(A) does not depend on n.

Symbolic dynamics

A finite set A with #A4 = r < oo we shall call the alphabet. Let X = AZ be the space of two-sided
sequences with elements from the alphabet A, i.e. X>7:= = {z;}5° z; € A, and let )Z'+ be the space of
one-sided sequences {x;}52;.

We equip the finite set A with the discrete topology (i.e.7 all its subsets are open) and consider the

X generated by cylinders: ' teX:aw, =aV1<k<n,i,€Z ap A}.
In other words, the cylinder Cj/' " Consists of all sequences whose {ix} “coordinates” are fixed (equal
to the given letters {ax}). Cylinders make a countable basis in the product topology and play the same
important role as intervals in R.

EXERCISE 10.2. Let C = C“l’ 2 and O = C,

in 7,1, i

1=—00"

(117 -a

i " be two cylinders. Describe X \ c,cnc', CU

1’L

, C'\ C". (Finite unions of disjoint cylinders or empty sets.) Useful observation Cal’ = C’“

COROLLARY 10.3. Finite disjoint unions of cylinders make an algebra. This algebra generates the Borel
o-algebra on X and X+

REMARKS 10.4. (a) In the product topology, the convergence %) — Z is equivalent to the following:
for any n > 1 there is a k,, > 1 such that mgk) =x; V|i| < nforall k >k, i.e. the variable sequence 7k
stabilizes as k — oo.
(b) The product topology is metrisable. The corresponding metric on X can be defined by dist(Z,2") =
> %’;‘(Ig) =52 |@, —a|/rI7l. (in the space X, we only need to sum over n > 0).
(c) In the product topology, both spaces X and )?Jr are compact and totally disconnected.

DEFINITION 10.5. Let u be a probability measure on the finite set A. It is characterized by r numbers
p; = pto({i}) such that p; > 0and Y ), p; =1

Then 1 induces the product measure ;1 on X (and on )@) For any cylinder C’flllj’_‘_‘_;’f: its measure is
given by ,u(C’ff” ") = 11 pj.- The measure y is also called the Bernoulli measure on X (resp., on X,).

REMARKS 10.6. The measure p is nonatomic (has no atoms), unless p; = 1 for some i, in which case p
is concentrated on one sequence 7, for which z,, =i Vn. The product measure ; makes the coordinates x,,,
n € Z, independent random variables, in terms of probability theory. This explains the name Bernoulls.

DEFINITION 10.7. The left shift map o can be defined on the spaces X and )Z'+. For every 7 € X we
define i = o(Z) by 2} = x4, for all i € Z. For every & € X, we define & = o(%) by 2} = 2,4, for all i > 0.

EXERCISE 10.8. Show that the left shift map o is “onto” and continuous. On the space X it is a
homeomorphism, and on X+ it is an r-to-one map.

EXERCISE 10.9. Show that o preserves the Bernoulli measure p defined by 10.5. Hint: take a cylinder,
describe its image, and then use the algebra made by finite disjoint unions of cylinders.

DEFINITION 10.10. The symbolic space X (or X+) with a Bernoulli measure p defined by 10.5 and the
left shift map o is called a Bernoulli system (or a Bernoulli shift). We denote it by B.(p1,...,p,) (resp.,
B .(p1,...,pr)). Note: its only parameters are r and pq,...,p,.
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PROPOSITION 10.11. The doubling map T'(z) = 22 (mod 1) with the Lebesgue measure is isomorphic

to the (one-sided) Bernoulli shift B, 5(1/2,1/2). Denote the corresponding Bernoulli measure by .

Proof. Let B" C [0,1) be the set of binary rational numbers, i.e. B’ = {k/2" : n >0, 0 < k < 2"}.
Clearly, B’ is a countable set, so m(B’) = 0. Let r = 2 and X’ C X, be the set of eventually constant
sequences, i.e. X ={7: x; = x;41 Vi > ip}. Clearly, X+ is countable set, so ,u(X’ )=0.

Now, for each x € [0,1)\ B’ the binary representation x = 0.igi1iz . . .. We define a sequence 7 = ¢(x) €
X, by 2, = i, + 1 for all n > 0. This defines a bijection between [0, 1) \ B and X, \ )Z'jr One can check
by direct inspection that ¢ preserves the measure and dynamics, i.e. it is an isomorphism. [J

PROPOSITION 10.12. The baker’s map with the Lebesgue measure m is isomorphic to the (two-sided)
Bernoulli shift By(1/2,1/2).

Proof. Similar to the previous one. Define a map G : {0,1}? — Tor? as follows:

G7:= (u:= > x,/2, v:= > x_;/2%). Observe that this map is bijective except the Lebesgue measure
k=0 k=1
zero set of points (u,v) € Tor? such that either u or v is a finite dyadic fraction. Our aim is to show that
G o T = Thaker © G pp-a.e. For (u, U) defined as above, we have (G7'(u,v)); = x;, (Tg o G~ (u,v)); =
] <
Ty Vi. Thus GoTgo G Hu,v) = (Z g/ 2K+ Zx k28 = {E?gul}}/2+ 1)/2) itl)/azii/? -
Thaker (U, v), since g = 0 <= u € [0, 1/2) and zo = 1 = uell/2,1).

It remains to check that G maps pup to the Lebesgue measure. As above we shall do this only for the
simplest generating cylinders. Observe that GC? = {(35°, xr /20, 3200, 0.4/2%) © a; = j} is a set
consisting of 2/l rectangles with sides 1 x 27V1=1 i.e. m(GCY) = 1/2 = up(C?). O

EXERCISE 10.13. Let C' and C’ be two cylinders and p a Bernoulli measure. Show that there is an
no > 0 such that u(C' N o"(C")) = u(C) u(C") for all n > ny. Note: this applies to both X and X .

THEOREM 10.14. Every Bernoulli shift is mixing and hence ergodic.

Proof. Let A and B be two Borel subsets of X (or )Z}) By the approximation theorem 1.19, for
any ¢ > 0 there are sets A. and B., each being a finite disjoint union of some cylinders, such that
m(AAA.) < e and m(BAB.) < e. The result of Exercise 10.13 implies that there is an ng > 0 such that
p(A:No™(B.)) = u(A:) p(B:) for all n > ng. Since A, approximates A and B. approximates B, it is easy
to derive that [u(ANo~"(B)) — u(A) u(B)| < 4e for all n > ng. Hence, (AN o~"(B)) =3 u(A) u(B). O

CLAIM. Any two different Bernoulli measures p, v are mutually singular.

Let us give an ergodic proof of this result. We already know that these two measures are ergodic
measures for the shift map. This implies the desired result. However, it is worth to discuss the reason for
this observation. Using the notation Z, for the set of p-typical points and that p(Z,) = 1 we are getting
that Z, N Z, = 0 and hence u(Z,) = 0. To simplify the discussion assume that r = 2, i.e. we deal only
with binary sequences. For each p-typical point the density of indices corresponding to a given letter (say
1) is equal to the “probability” of this letter. Therefore the support of each of these measures is completely
defined by the density of ones on its support.

The definition of the Bernoulli measure may be rewritten as follows pu(C{57n711) = p(C{ 7" )p;. ..
Our aim now is to extend this definition to the case of Markov measures. Here we consider a subset
X of the space of sequences defined be the transition matrix M whose elements m;; € {0,1}. Then
v € Xy iff o, = 4, 2441 = 7 only if m;; = 1. We say that a stochastic matrix P is compatible with M
if p;;/mi; > 0 Vi, j (as usual we assume that 0/0—=1). Denote by p the left eigenvector (with the largest

cigenvalue) of the matrix P and introduce inductively the functional p(C{"77n 714y = u(CL 7" \pjojuis -

Finally setting u(C] ) := p,; we obtain a probabilistic measure, called Markov measure. It is straightforward
to check that this is indeed a measure and it is invariant with respect to the shift-map. Moreover, it is
positive on each finite cylinder in X,,.

CLAIM. If the matrix P is transitive, then Markov measures are mixing.

The prove of this result is not so obvious as in the case of Bernoulli measures. The point is that again
one can use the fact for a given finite cylinder C' its base and the base of the cylinder c™"C' are disjoint.
The problem is that the calculation of (0™ AN B) is not straightforward even for arbitrary large n. Here
one needs to sum up contributions from all admissible sequences connected these two bases. Denote by
« the first letter in the base of A, by (§ the last letter in the base of B, and by N > 0 the number of
letters between them. Then p(o™"AN B) = u(B)pf o - 11(A), where p, is the (3, a-element of the matrix
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PN . Now transitivity of the Markov matrix P implies that for any 7, j we have pf\; Noge p(7). Therefore
pgaz% N7%° 1, which proves the claim. O

Whenever we establish an isomorphism between a given dynamical system (X, T, ) and a symbolic
system ()?7 o,V) or ()ZJ” o,v) with some o-invariant measure v, we call this a symbolic representation of
(X, T, ). We now outline a standard method of constructing symbolic representations.

DEFINITION 10.15. Let X = X; U---U X, be a finite partition of X into disjoint parts, X; N X; =0
for i« # j. Let T': X — X be a map. For every point z € X its itinerary is a sequence defined by
{zn}o2,: T™(z) € X,, Vn >0.]If the map T is a bijection, i.e. T~ : X — X is also defined, then the
full itinerary® of a point x € X is a double infinite sequence defined by {z,}>°__ : T"(z) € X,, Vn € Z.

DEFINITION 10.16. A partition X = X; U---U X, is called a generating partition if distinct points
have distinct itineraries. Equivalently, Vo # y 3n such that 7"(z) € X; and T"(y) € X with some i # j.

10.17 CONSTRUCTION OF A SYMBOLIC REPRESENTATION. Let 7" : X — X be a map and X =
X, U---UX, a generating partition. Let ¢ : X — X, (or ¢ : X — X, if T is an automorphism) be the
map that takes every point x € X to its itinerary. This map is injective for any generating partition.

Let X := ©(X) be the image of X. Then X is o-invariant, i.e. o(X) C X. Moreover, poT = g o .
If T has an invariant measure g on X, one can define a measure v on X by v(B) = u(¢~1(B)). Then the
dynamical systems (X, 7T, ) and ()2, o,v) will be isomorphic.

This is a general principle for the construction of a symbolic representation.

REMARK 10.18. In the above symbolic representation of 7': X — X, any cylinder C' =
X corresponds to the set Np_ T-%X,, that is, ¢~ (C) = """ 17+ X, with w € C.

REMARKS 10.19. The symbolic representation of the doubling map corresponds to the partition X; =
[0,0.5) and X5 = [0.5,1). The symbolic representation of the baker’s map corresponds to the partition of
the square X by the line x = 0.5.

More generally one can define ‘symbolic’ maps using the so called transition matriz P with p; ; € {0,1}
and allow the symbol j to follow the symbol 7 from the alphabet A iff p;; = 1. Such DS are called subshifts

A1 5eeey an

m+n—1 -

7777

of finite type or topological Markov chains.  Discuss connections to one-dimensional maps. [*]
A DS is called mizing of multiplicity r € Z, if
p(pg - pr o TFL - - p, o Thithet.+hr) Kook 00 [Ti—on(wi) Ve; € B. In terms of measurable sets this

property reads: u(Ag NTMA N...NT k= A) ke roo [T;_o 1(A;). Clearly the usual mixing is
equivalent to the mixing of multiplicity 1, while for any r the mixing of multiplicity r yields the mixing of
multiplicity r for any r" < r.

PROPOSITION 11.17. If T' is mixing of multiplicity » > 2, then it is mixing of multiplicity (r — 1).

Proof. Just set A, = X in the above definition. []

REMARK 11.18. The mixing (of multiplicity r) properties are invariant under isomorphisms.

PROPOSITION 11.19. Every Bernoulli shift is mixing of multiplicity r for all » > 2.

Proof. As in 10.14, we can approximate arbitrary sets Ai,..., A, with finite unions of cylinders. Thus,
it is enough to prove the mixing of multiplicity r for cylinders only. We omit details. [

A DS is called K-mizing if suppegeo(a, ... a,) —

w(Ag N B) — u(Ag)u(B)| — 0 VA; € B,r > 0, where
B>®(Ay,. .., A,) is the smallest o-algebra generated by the sets T-*A; for k >n, i =1,2,...,r. The letter
“K” here stands for Kolmogorov. K-mixing means that the set Ay does not depend on any event defined

by a sufficiently faraway part of a ‘trajectory’ of pre-images of the sets A; for ¢ > 0.
Theorem 0.9 For an automorphism the K-mizing yields mizing of multiplicity r ¥r € Z., but there exists

a not K-mizing automorphism with the mizing of multiplicity r ¥r € Z,. (The case r = 1 will be proven
in Lemma 0.14)

Let us mention two important properties related to mixing. The first of them measures the ‘rate’ of
mixing and is called the correlation coefficient: Cor.(¢, ) = |u(@ o T™ - 1) — u(e)u()|, which depends
on the choice of observables ¢, € L2 In a number of interesting examples (which we shall discuss later)
the dependence on n here is exponential.

Another property describes the distribution of the Cesaro means around the limit value. We say that
the DS (T, X, B, i) satisfies the Central Limit Theorem (CLT) if Vo € L*(X,B,u) Jo = o(p) > 0

3itinerary = mapmpyT
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such that p{z € X : /n(S,p(zx) — pulp)) < t} =3 o fioo e~ /o) dx Yt € R, ie. to the normal

oz

distribution.*

Let us define also a few purely topological notions related to the mixing. A map T is called Lyapunov
stable if Ye > 0 39 > 0 such that if o(z,y) < J then o(T"z,T"y) < e Vn € Z,. Here g is a metric in X.

A map T is called sensitive to initial conditions if 30 > 0 such that Vo € X in any its open neighborhood
U > x there exists y € U and n € Z, for which o(T"z, T"y) > 4.

A map T is called topologically transitive if 3x € X such that Clos(U,>oT"x) = X, topologically ergodic
if limsup,,_, + Sy 15(T*A) > 0 for any two open sets A, B, and topologically mizing if for any two
open sets A, B there exists N € Z, such that T""AN B # () Yn > N. One often says that a DS is chaotic
if it is sensitive to initial conditions and topologically transitive.

Examples: T, with irrational « is topologically transitive (but neither sensitive, nor mixing); the dyadic
map 75 is topologically mixing.

Lecture 3. Ergodic constructions [16.12.19] Direct and skew products, induced and integral maps,
and the natural extension.

For a pair of DS {(T, X;, B;, pti) }iz1,2 by their direct product we mean a new DS (T, X; x X3, By X
By, 1y X pg) defined by the relation T'(zq, x2) := (Thx1, Thzs). Example: a 2-dimensional torus rotation.

Theorem 0.10 The direct product map is ergodic iff one is the only joint eigenvalue of the Koopman
operators corresponding to the original maps. (Counterezample: T, x Ty, X\ = €', o(x) = €'*.)
Proof. Let Ur,p; = A\p;, i = 1,2 with X # 1. Observe that Ur,05(z2) = 05(Taxs) = N 05(z2) = A7 b (22).
Consider ¢(x1,22) = w1(z1)p5(22). Then this function is orthogonal to the subspace of constants, and
Up = Urpp1-Unps = A 7Lo1 - 05 = o1 - 05 = ¢, which contradicts to the ergodicity of the direct product.
Conversely, let (A, ¢;),7 = 1,2 be two pairs of eigenvalue/eigenfunction of the Koopman operators
corresponding to the original maps. Then U(p1p2) = MAapips. On the other hand, due to general
properties of isometric operators (see details, e.g. in [KSF]|, p.187-188) all eigenpairs of the “product”
Koopman operator can be constructed in this way. Thus U has the unit eigenvalue iff I\, Ao 1 A\ Ay =1,
i.e., Ay = A1 = A1 (A} is an eigenvalue of Ur, since it is isometric), which contradicts the assumption that
the only joint eigenvalue is 1. a

Corollary. The direct product of a weakly mixing DS and an ergodic one is ergodic, and the direct product
of two (weakly) mixing DS is (weakly) mixing. Using spectral properties of isometric operators one can
derive these assertions from the above proof (see details, e.g. in [KSF|, p.188-189).

Note that the direct product system might have invariant measures not represented by direct product
of invariant measures. Example: direct square map and the restriction to the diagonal.

A DS (T, X', B, 1) is called a factor-system of a DS (T, X, B, ) if there exists a measurable map
¢ : X — X’ having the property that o o T = T" o . Observe that ¢*u € Mp whence u € Mp. Each DS
has at least two trivial factor-systems: the system itself (¢ is the identity) and a ‘trivial’ DS: X’ is a point

and ¢ maps X into this point. Each component of a direct product is its factor-system (p : X3 x Xy — X;).
Theorem 0.11 The transition to a factor-system preserves ergodicity, weak mizing and mizing.

Proof. If A ¢ B is T', /-invariant then ¢ 'A is T, p-invariant. Now, from the ergodicity we have
W (A) = u(p~tA) € {0,1}, which proves the preservation of ergodicity. Two other assertions can be proven
similarly. O

Let (X XY, Bx X By, pix X iy ) be a direct product of two measurable spaces. For a given DS (T, X, B, i)
we consider a family of maps 7)., © € X measurably depending on z, i.e. for any measurable function ¢(z, y)
on X x Y the function p(T"z, T"y) is measurable on X x Y x Z,. The map T(x,y) := (T'z, Toy) is called a
skew product with the base X. Let py € My, Vo € X, then fi := ux xpuy € M. Indeed, Uslayxa, (2,y) =
Lr—iay () - Loy, (y) and a(Uplayxay) = px(Ir-ray) - py (Lo a, ) = px (Ax)py (Ay) = p(Ax x Ay).

Let (T, X, B, 1) be a DS with the invariant measure p. Consider a set F € B with u(E) > 0. Setting
B :={ACE: A€ B} and ug := p(A)/u(E), we get a measurable space (E, Bg, ug). Introduce the
return time function ty : E — Z, by the relation tg(x) := min{n > 1: x € E, T"z € E}, and the first
return or Poincare or induced map wrt the set E as Trx := T'*@y for ¢ € E. By Poincare recurrence
result the function tg is finite pg-a.e. In what follows we always assume that t¢g is finite everywhere.

41t is of interest that the constant o called the asymptotic variance may vanish, and it can be shown (M. Ratner, “The
CPT for geodesic flows on n-dimensional manifolds of negative curvature”, Isr. J. Math., 16(1973), 181-197) that o(¢) =0
iff the homological equation ¢ — (@) = ® 0 o(p) — ® has a solution ® € L2(p).
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Lemma 0.8 u(lg-tg) = p(Up>oT"E) for each automorphism.
Proof. Let E, := {z € E: tg(x) = n}. Observe that E, € B, indeed, E, = (T""ENE) \ (Ug<nFEx).
The sets TFE, are mutually disjoint for all 0 < k< n < 00 and U,>oT"E = U,>; UpZ] TFE,,. Hence,
Un>0T"E) = (U1 UpZt TRE,) = 3007 S0 g (TR ER) = Y07 np(Ey) = il - te). O
Corollary. tg € LY (X, Bg, ug) for each automorphism.

Observe that the proof above does not work for endomorphisms, namely, in general, u(T*E,,) # u(E,).
Lemma 0.9 pup € My, for each automorphism.
Proof. By the characterization of invariant measures (Lemma 77) it is enough to check that ug(poTE) =
pe(p) Vo € LYE, By, up). For ¢ := 1p, we have pp(1p, 0 Tx) = g iu(le, oT") = imi(le,) = pe(ls,)
since the measure p € Mqp. On the other hand, each ¢ € L'(E, Bg, ug) can be approximated by a linear
combination of indicator functions, which yields the result. [

Now let T" be a general endomorphism.

Lemma 0.10 Let (T, X, B, i) be a measurable DS and let u(E) > 0. Then

(a) W(T5;'B) = w(B) VB € BN E;

(b) if p € MY then pg € MG,

Proof. Consider collections of sets:

E,={zxeFE: tg(x)=n}and G, :={xr € E°:Txz,...,T" 'v ¢ E,T"x € E}.
This collection may be viewed as a tower construction:

El E2 E3 E4 (E,l) =F
GlGQGg... (E,Q)ITE\E
G1 Gy ... (E,3):=TE\(EUTE)

Notice that £ = U,>1E, and T7'E = E,UG,, T'G, = E,;1 UGy, B, =N T"ECNENT"E.

We have Ty ' B = U,,>1(E, N Ty 'B) = Ups1(E, N T™"B). Hence u(T5'B) =Y, o, w(E, NT"B).

On the other hand, applying repeatedly the main property of the sets Ej, G}, one gets Vn > 1 that
w(T'B)=pu(ExNT'B)+ u(GiNT'B) = u(E1 N T—lB) +u(T~H Gy NT'B))
=u(EsNT'B)+ w(BEsNT2?B) + u(GoNT2B) =...=Y 1 _ u(ExNT*B) 4+ n(G, NT"B).

From 1 > fu(Ups1 (G NT7*B)) = 3,0, n(Ge N T~ ’“B) it follows that u(G, N T—*B) =% 0.

Thus u(B) = u(TB) = Y_,o, w(Ex N T*B) = u(T}' B), which proves (a).

To prove (b) consider a (u, T)-invariant set A C E (i.e. u(AATL'A) = 0). ¥n > 1 the set AN E, can
be pushed forward along its ‘trajectory’ to obtain the set A, := U,>1 UZ;& TF*(AN E,). One shows that
(A AT TAL) = 0. Thus by the ergodicity of (T, 1) we get pu(As) € {0,1}. The equality u(As) = 0
implies p(A) = 0, so it remains to consider the case u(Ax) = 1. In this case u(E \ A) = 0 and thus
p(A) = p(E) since p((Aw N E)AA) = 0. This finishes the proof, since it implies that each (u, Tg)-invariant
set has measure 0 or 1. J

Denote by t ( ) = 30" (tg o TE)(x) for n > 0 the n-th return time of the point = € E to E.

Lemma 0.11 (Kac’s recurrence Lemma) Let (T, X, B, u) be ergodic cmd let W/(E') > 0. Then

(a) pe(te) = 1/p(E); (b) n~ 't (x) =3 1/u(E) pe-a.e; (c) p(Ty'B) = u(B) VB € BNE.

Proof. Vo € L'(E, ;1) due to the ergodicity by Birkhoff’s Ergodic Theorem S, —= u(p) pg-a.e. For
x € E,k > 1 we have TFz € E iff k = t7(z) for some n > 0, i.e. T*2 = Tz Therefore

Ta(x)) if k=13 novs
(1 - 9)(T"x) = {g( #(z)) :)therwige (z) . Setting ¢ = 1g -t we get S,(1p-tg) — p(lp - ty) p-ae.
(k)

The Lh.s. of this relation can be rewritten passing from tg to t;’ as follows:

lim S,(1g-tg)(z) = klim W Z;:é tp(Thx) = 1 since t%) = zf;é tpoT%. Thus u(tg) = 1, which using
n—oo —0o0 lp (T

that pg(-) = p(-)/u(E) proves the first assertion.

The second assertion can be derlved similarly using ¢ := 1g:
J —
u(E) = T}LH;OS lg(z) = ]}1_{20 t%k)(:ﬁ) Z, o 1e(Thz) = kh_{f)lo t(}ée(x)

To prove (c) consider ¢ :=1goTg, BCE. Agam by Birkhoff’s Ergodic Theorem for p-a.a. v € E
wWTz'BNE) = nhj& Sn(1gpoTg)(x) = hm 1 =S ((lB oTg)-1p)(T*x) = lim t(% Z;:é lB(TfEHx)

)
( )
>ico Le(Th a) = Jim W - u(B) = u(B).

)

9 (@) 1

j+1
. tg“+1)(m) Z] 0 ]-B(Té .I) = hm W

= lim

koo t9)(x)




9
1) o ..
Here we used that —(()) b — 1 by (b), and the last 2 steps follow from the argument similar to the case
E X

(b) but applied to ¢ = 1. Note that T = (Tg)p for E' C Bg. O
One of the main applications of those constructions is the reduction of the analysis of ergodic properties

of a given map T to those of a suitably chosen Poincare or integral map. This approach is especially fruitful
in the former case. It turns out that by any invariant measure of a Poincare map we can explicitly construct
the invariant measure of the genuine map. Moreover, we can do it even in a much more general situation.
Setting tx(z) = 0 for all # ¢ E we extend the map Tgx := T**@)z to the map from the entire X into
itself, for which any measure invariant with respect to the original Poincare map remains invariant. This
simple extension shows that it is reasonable to make yet another step and to introduce a generalized
Poincare map Ty := T*®z by means of an arbitrary measurable function ¢ : X — Z, U {0}. Denote

Ey:={xe X: tx) =k}, Esp :=Upsp B ={x € X : t(x) >k}, k € Z, U{0}. The following result gives
an explicit formula for a T-invariant measure in terms of a given Tj-invariant measure fi;.
Theorem 0.12 Let u; € Mry,. The measure fir defined by the relation:

pr(A) =Y (T FANE.,) VAEB (0.1)

is T-invariant. Moreover, pur(X) < oo if Zkil ku(Ey) < oo, and, hence, iy € Mr.

Proof. Observe that T, 'A = U2, (T"*ANE}) VA € B which proves that Ty u(A) = > 00 w(T AN Ey)
for any p € M. Now let p, € My, i.e. Ty = py. Our next step is to prove that the measure defined by
the relation (0.1) is T-invariant. For any given set A € B by the formula (0.1) we get:

pr(T~1A) = Z pe(TF AN Bay) = 30 (T AN (Bspgr U Biya))
k=0

[e.e]

(T AN Eor) + 30 (T AN E) = 3 p(TFAN Bo) + T (A)

b=l k=1 k=1
= Z wi(T7*AN Esy) = pr(A). Here we used that p; € Moy, ie. Tj s = puy.

The last assertion follows from pr(X) = > 07 (T "X NEsy) <Y 0o tie(Esg) = > peg kpe(Er) < 0o, O

Note that the construction of 7; can be considered as a measurable time change for the dynamical
system (7, X, B, ). An important example of the application of above construction is the analysis of a
logistic (quadratic) map Tz := ax(l — x). It is worth note that the measure pr constructed by a finite
Ti-invariant measure is not necessarily finite, e.g. in the case of a Poincare map of a piecewise expanding
maps with a neutral singularity.

Consider now a dual construction. For a positive integer valued function I € L'(X, B, 1) construct a
new meastrable space X(I) ={(z,k): z € X kel1,2,...,1(x)}. Using a standard Borel o-algebra on this
set we define a measure p\!) by the relation u)((A, k)) := u(A)/u(I) Vk, A € B. On this space we consider
(x,k+1) itk+1<I(x)
(Tz,1)  otherwise

It is natural to think about the space X () as a tower whose base is the space X with I(z) floors above
each point x € X. Under the action of TU) a point (z, k) goes up vertically by 1 floor if it is possible, or
goes down till the first floor to the point (T'z,1) otherwise. In this construction we identify the original
space X with the set of pairs (x,1) — the first floor.

Lemma 0.12 T = (TW)x (1)) (derivative map), and if U,>oT"E = X then T = T ) (integral map).
Proof. The first statement follows immediately from the definition. To prove the second one, observe
that Ty € LY(E, Bg, ug) and each point x € T*E,, for 0 < k < n can be represented as (T %z, k) with
T~*x € E,. Therefore, X can be identified with X ®#) while T acts in this space as the integral map. 0O
Theorem 0.13 Let (T, X, B, 1) be ergodic (weak mizing, mizing) and let TB C B, then both Poincare and
integral maps are ergodic (weak mizing, mizing).
Proof. We prove only ergodicity and start with the Poincare map (which was already proven). Let u(A) >
0 and pup(T;'AAA) = 0, i.e. it is “measurably” invariant. Since u € MY we have pu(U,>oT"AAX) = 0
hence 0= pup(AA(E N (Up>oT™A))) = pe(AA(E N X)) and thus pup(AAE) = 0.

In the case of the integral map consider a 7! y-invariant set A with M(A) > 0. Then AN X is
T, p-invariant. Since p € My we have p((AN X)AX) = 0. But then u(AAX®) =0.0

Another important construction is related to the problem of the noninvertability of T i.e. that #{T 'z} #
1 for some = € X. By an invertible eztension of a DS (T, X) one means a bijective (one-to-one) map (T, X)

the so called integral map T (z, k) := { . Then p) € My (exercise).
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defined on the phase space X := X x Y and having the property f"’(m, y) = (T"z,y™) for all n and some
y™ = y™(z,y), ie. the projection to X of the point f”(:z:,y) is equal to T"x Vo € X,y € Y,n € Z,.
It turns out that in some cases there exist finite dimensional extensions, e.g. the baker map fQ(:c,y) =
{(2$’ y/2) if e [O’ /2 is an extension for the dyadic map. The latter construction can be

(2x —1,(y+1)/2) otherwise
further extended for any map T satisfying the property that there exists a partition {X;} of the phase
space X; on the components on each of which the map T is a homeomorphism onto X. In this case one
can define the extension as follows: T (x,y) := (Tx, T| Xy y) where i(x) stands for the index of the element
of the partition containing the point x. How this this Works for a non-complete tent map?

Now using a more sophisticated construction we shall construct an invertible extension for a general
endomorphism (T, X, B, ). Let X = {# := {2}, : Ta; = z;,_; € X Vi > 0}. Note that 7 is not a
trajectory of the point xy but rather a trajectory of the point x.,, and that not all possible sequences
with elements from X are contained in X. On this space we introduce the map T : X — X defined
by the relation (T'Z); := Ta; Vi > 0, which is called the natural extension of the map T. Observe that
this map is inwvertible, indeed, (f‘lf)i = 2,1 VZ € X,i > 0. Equipping the space X with the o-
algebra B generated by sets of type B; 4 := {7 € X: € A}, A € B, i > 0, we define on this
space a measure [ by the relation fi(B; 4) := u(A). To show that this measure is well defined, consider
f(z e X: zed, i=0,1,... o) =pu(T"AgNT ™A N...NA,). Thus, we obtained a collection of
compatible finite dimensional probability distributions, which by Kolmogorov’s theorem can be uniquely

extended to a probablllstlc measure on the o-algebra B.
Theorem 0.14 /i € Mz, and ET ) is ergodic/mizing iff (T, p) is ergodic/mizing respectively.

This result shows that (T', X, B, fi) is an automorphism, i.e. a measure preserving one-to-one system.
Proof. It is enough to check the question about the invariance on sets of type B; 4, where it follows from
the definition of 7. Indeed, ﬁ(f‘lB@A) = [(Bit1,4) = [i(B;a). To prove the ergodicity let B := {Z €
X : z0€ Ae B} If Ais T, p-invariant, then B is clearly T ji-invariant, and fi(B) = u(A). Hence, if
(T, 1) is nonergodic, then the same holds for (T, 7). Assume now that (7T, 1) is ergodic. Then S,p(zo) "=
1(p) peae. for each ¢ € LY(X, B, u). Thus, for any function ® € L1(X, B, i) of type ®(Z) = ¢(z;) we
have %ZZ;& ®(T*%) "=% [i(®). On the other hand, due to the condition Tz; = z;_1, for any function
U(zg,...,r;) there exists a function ¢ € L'(X, B, pu) for which ¥(z,...,7;) = ¥(x;). Therefore, such
functions are dense in Ll(f, B, i), which yields the ergodic theorem (and, hence, ergodicity) for (f, i).

To prove mixing, consider ¢ € L*(X, B, i) such that u(p) = 0 and let ®(F) := ¢(z;). Then (UZ®, ®) =
(UL, ) and both the right hand side and the left hand side vanish simultaneously when n — co. The
general case follows from this argument again due to the density of the functions ® in LQ(X' , Bj ). O

Now we are in a position to prove using the natural extension construction that an exact endomorphism
is mixing. This will be done in two steps. First we shall show that the natural extension of an exact
endomorphism is a K-automorphism, i.e. an invertible DS (T, X, B, ut) such that Vr € Z, and VAy, Ay, ..., A, €
B we have lirgo SUD pepoo(4y,...,4,) [1(A0 N B) — u(Ag)u(B)| = 0, where the supremum is taken over sets B

n—

from the minimal o-algebra B°(Ay,..., A,) generated by the sets of type T%A;, k >n, 1 <i <r. On
the second step we shall show that any K-automorphism is mixing, which proves the mixing of the initial

exact endomorphism by Theorem 0.14.
Lemma 0.13 If an endomorphism is exact then its natural extension is a K-automorphism. ([KSF], p.240)

Proof. Let (T, X, B, i) be an exact DS. Recall that its natural extension — the automorphism (T, X,B, i)
is a ji-measure preserving invertible map. One can show that the following is equivalent to the definition
of the K-automorphism: there exists a o-subalgebra 5° C B such that (a) TB° > B°, (b) \/,., T"B° = B,
(¢) NnezT™A belongs to the trivial o-algebra VA € B°. Here B \/ B’ means the minimal o-algebra generated
by sets of type AN A" with Ae B, A e€B.

We define B0 as a o-subalgebra consisting of sets A 1= {& = {xl} °, € X x € Ao € B} for all
Ay € B. To check the condition (a) observe that for A € B we have TA = {f e X : T-'# e A} = {i' e
X: 2y € Ay € BY. If 3A, € B such that Ay = T—'A; then TA={f e X : zyc A;} € B, i.e. (a) holds.

(b) The o-algebra T"B° consists of sets of type {# € X : z, € A, € B}. On the other hand, by
definition such sets generate the entire g-algebra B, which yields (b).

(c) For n > 0 the sets from the o-algebra T—B° are in an isometrical one-to-one correspondence with
the subsets of f‘”g, which finishes the proof. [
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Lemma 0.14 Any K-automorphism (T, X, B, u) is mizing. ([KSF], p.234)

Proof. Observe that it is enough to check the mixing for all functions ¢, € L(X,T"B°, ) for some
r € Z since such functions by the condition (b) (see the proof of the previous result) generate the entire
space L2(X, B, u). Observe now that ¢ o T% 1 o T* € L3(X, T"*B° 11). Therefore, denoting by Py the
orthogonal projecting operator to L(X,T7B°, i) from L3(X, T *B° 1), we get:

HpoT" ) = (- o T) = (9, (0 T )iz = (Prongy (0 T )iz < || Pl - [[91] 23 0, since
|1Pr_no|| =50 due to the condition (c). O

Entropy. Classical approach.

Let T be a continuous map 7' : X — X. Denote by & := {¢}] with & € B a finite measurable partition
of (X,B,pn), ie. pu(Ui&) =1, p(&) > 0 Vi, u(&NE;) = 0 Vi,j. For a pair of partitions &, 7 we define
their common refinement: £\/n = {& Nn; © w(& Nn;) > 0}. Observe that making the refinement of the
collection of sets {T71&;} we again get a finite measurable partition which we denote T71£. Consider the
n-th refinement £" of the partition &, which can be defined inductively & := ¢n1\/T1¢n1 €0 .= ¢
Then the measure p induces a distribution {u(£1)}. Setting H (&) = — >, p(&) Inpu(&;) we define the
conditional entropy of a partition: h,(T,§) = inf,_, %H(f”) = lim, 00 %H(f"), and finally the metric
entropy: h,(T) = supg hy (T, §).

Topological entropy. Now let £ := {&;}] be a covering of X by open sets. Define a transition matrix
M := {my;}, where m;; = 1if p(& NT71E) > 0 and = 0 otherwise. Then on the Cantor set X, —
the space of sequences with the alphabet A := {1,2,...,r} with the transition matrix M the left shift
map o defines a symbolic dynamical system. Denoting by Ag the set of all admissible words of length
n, i.e. different pieces of length n of all trajectories of (o, Xj/) and by #A¢ — their number, we define

1 1
h(T,§) == inf —log(#A¢) = lim —log(#Af). Then the topological entropy is h(T) := sup, h(T,§).

Variational principle. For “good enough” maps we have h(T) = sup e 0 1 (7).

Entropy. Approach based on Bowen’s metric.

Let (X, p) be a compact metric space and let T be a continuous map 7" : X — X. For any n € Z,
the n-th Bowen metric p, on X is defined by p,(z,y) := max {p (T*(2),T"(y)) : k=0,...,n—1}. For
every € > 0 we denote by B(x) the open ball of radius ¢ in the metric p,, around z.

The local measure-theoretical entropy of p € My (X) at a point x € X is defined by

h(T, ) = = lim lim —log p(B/(x)).

M. Brin and A. Katok (On local entropy. Geometric dynamics (Rio de Janeiro, 1981), 30-38, Lecture Notes
in Math., 1007, Springer, Berlin, 1983) proved that for an ergodic p € My (X), h,(T, ) is well defined
and does not depend on z for p-a.e x € X. Roughly speaking it measures the exponential rate of decay of
the measure of points that stay e-close to the point x under forward iterates of the map.

For a general (non-ergodic) u € M (X) one defines measure-theoretical entropy by h,,(T') := pu(h,(T,-)).
Finally, the topological entropy is defined by hiop(T') := sup{h,(T) : p e M(X)}.
Calculate the local entropy for contracting, rotation and doubling maps.
Lecture 4. Linear Toral Automorphisms [16.12.19]

Rich classes of dynamical systems can be constructed by using linear transformations on a torus.

DEFINITION 12.1. A d-dimensional torus Tor? (for short, a d-torus) is a unit cube in R whose opposite
faces are identified, i.e. we assume z; +1 = a; for all s = 1, ..., d. Alternatively, Tor? can be defined as the
factor space Tor? = R?/Z<.

The 1-torus Tor® is just the unit circle. The 2-torus Tor? is a square with identified opposite sides. One
is used to visualize Tor? as the surface of a doughnut.

DEFINITION 12.2. Let @ = (ay, ..., aq) € R%. A translation of the d-torus Tor? is Ty(Z) = £+a (mod 1)
e Ta(xy, ... xq) = (21 4+ aq,...,2q+ aq), and each z; + a; is taken modulo 1.

Note: if d = 1, the translation T} is just the rotation of the unit circle Tor' through the angle a;.

REMARK 12.3. Every translation 7; is a diffeomorphism of the torus Tor? . Moreover, Tj is a linear
map and an isometry (i.e., it preserves distances between points and angles between vectors). Also, for
each n € Z the nth iteration of T; is T} = T,a.

PROPOSITION 12.4. Tj preserves the Lebesgue measure m on the torus Tor?.

Proof. The derivative DT% is the identity matrix, hence det DTz = 1. Now the invariance of the Lebesgue
measure follows as in Exercise 5.6(a). O
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THEOREM 12.5. The following are equivalent:

(a) Ty is ergodic with respect to the Lebesgue measure;

(b) V& € Tor? the trajectory {T%(x)}>2, is dense in Tor?

(c) @ is non-resonant, namely the numbers ay, ..., a4 are rationally independent of 1, i.e. ko—l—Zf:l kia; # 0
for any integers k; € Z unless kg = k1 = --- = kg = 0.

Proof. We start with the implication (a)=-(b). By 7.25, if T; is ergodic, then the trajectory of almost
every point # € Tor? is dense. On the other hand, if the trajectory of at least one point # € Tor? is
dense, then the trajectory of every point Z € Tor? is dense. Indeed, T2 (%) = & +nd = Ty +nd + (¥ — 7°) =
T2(2%) 4 (Z — 27) (all calculations here are done modulo 1). So, to find a subsequence T.*(Z) converging
to a given point ¢ € Tor?, it is enough to find a subsequence 7.*(z°) converging to the point ¢ — 7 + 7°
(mod 1).

). Suppose (c) fails. Consider the trajectory of the point Zy = 0,

Next we prove the implication (b)=-(c).
which consists of the points 7" = T2(0) = nad (mod 1). Their coordinates must satisfy the relation
Skt =n Y0 kia; = —nko = 0 (mod 1). We now show that the sequence {Z,} cannot be dense in

Tor?. Let M = max{|k;|} and consider a small cube K’ C Tor? defined by K' = {#: 0 < x; < 1/(2dM)
for i = 1,...,d}. For every point & € K’ the relation ), k;z; = 0 (mod 1) is equivalent to ), kz; = 0
(without being taken modulo 1). This is just a hyperplane in RY, which cannot be dense in any open set,
in particular in K’.

Lastly, we prove the implication (c)=-(a). The proof uses Fourier analysis. Let T be not ergodic and
B C Tor be an invariant set with measure 0 < m(B) < 1. The function f = 1z — m(B) is Tz-invariant
and bounded, so it belongs in L2 (Tor?). Consider functions ¢ (%) = 2™ ®® = cos 2r(k, Z) + i sin 27 (k, 7)
where k € Z¢ and (k, T) = >, kix; is the scalar product in R These functions are periodic with period 1 in
each coordinate, so that they are well defined on Tor?. They make an orthonormal basis (the Fourier basis)
in the space L2 (Tor?) of complex-valued functions on Tor?. This means that if functions f and ¢y are
orthogonal Vk € Z4 (i.e. m(f-pz) = 0) then f(z) = 0 a.e. By using change of variable, for any T;-invariant
function f(Z) we get m(f - ¢p) = m(f(- +a)-op) = m(f-¢p(- —a)) = e2m 5@ m (f - 4%). By the assumption
(c), we have e?™(k@ £ 1 for all k ezl except k=0. Therefore, we get the orthogonality for all k £ (. For
k =0 we have ¢z(Z) = 1, hence the orthogonality holds as well for our function f(Z) = 15 —m(B). Thus,
f(Z) = 0 almost everywhere, a contradiction. [J

Note: the translation T is not mixing, not even weakly mixing (just like circle rotations).

An alternative proof is related to the observation that the map 77 is a direct product of one-
dimensional rotations. Therefore it is ergodic iff the corresponding one-dimensional Koopman operators
have no common eigenvalues. Remark, that the eigenvalue e implies also the eigenvalues e~ and
e?7(1=2) which explains the nontrivial form of the resonance condition.

2T

Next, we restrict ourselves to the 2-torus Tor? = {(z,%) : 0 < x,y < 1} (just for the sake of simplicity).
a b

Let A = ( e d

DEFINITION 12.6. Any matrix A with the above properties defines a linear toral automorphism Ty :
Tor? — Tor® by Tu(%) = AT (mod 1) i.e. Ta(z,y) = (ax + by (mod 1), cx + dy (mod 1)).

Note: T4 is well defined on Tor? whenever the entries of A are integers.

EXERCISE 12.7. Show that T is one-to-one. Hint: if T4(Z) = Tu(7), then T4(Z) = 0 (mod 1) for
Z =7 — ¢ (mod 1). Next consider the system az; + bze = my and cz; + dzy = my for some mq, my € Z and
show that its only solution (21, z2) is a pair of integers z1, zo.

REMARK 12.8. The map T4 is a linear diffeomorphism of the torus Tor?. Moreover, Vn € Z its nth
iterate T7 is Ty = Tyyn. In particular, T;' = Ty—1. The point 0= (0,0) is always a fixed point: TA(6) =0.
EXERCISE 12.9. Show that every point (z,y) € Tor? with rational coordinates x,y € Q is periodic.

Let us prove even more general statement for an arbitrary dimension d. First, we prove that if a point z is
periodic, then it has rational coordinates. Indeed, if it is periodic, then Im € Z A™r—x = (A™—1I)x € Z°.
Since det(A™ — I) # 0 we have (A™ — I)~! has rational entries. Hence z = (A™ — I)"}(A™x — ) €
(A™ — 1)717Z¢ C Q? - has rational entries. It remains to prove that a rational vector z is a periodic point.
Let r be the smallest common denominator of the entries of z. Denote by 7, the projector from the matrix
Ato A, := A (mod r). Then the matrix A, acts on the finite ring Z,. Therefore 3m € Z, such that

) be a matrix with integral entries a,b,c,d € Z,. Assume that det A = ad — bc = +1.
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7 A =m.(A™) = 1. Hence m.(A™ — I) =0 or A” = I (mod r). Hence all entries of the matrix (A™ — I)

are multiple by r and thus A™x —z € Z,, i.e. x and A™x correspond to the same torus point.

PROPOSITION 12.10. T4 preserves the Lebesgue measure m on the torus Tor?.
Proof. The derivative DT, is the matrix A itself, hence det DT, = +1. Now the invariance of the
Lebesgue measure follows as in Exercise 5.6(a).

ExXAMPLE 12.11. Let A = ( (1) (1)

other points are periodic with period 2, because T3 =id. The map T, “flips” the torus across its main
diagonal x = y. There are no dense orbits, hence the map is not ergodic. Note that the eigenvalues of A
are A = +1.

EXAMPLE 12.12. Let A = (

). The line x = y consists entirely of fixed points, while all the

1 m
0 1
Every line y = const is invariant under 74. No dense orbits exist, so the map T'4 is not ergodic. Note that
A has one eigenvalue A = 1 of multiplicity 2.

Note: if we picture Tor? as a cylinder with the base circle {(z,y) : 0 < z < 1, y = 0} and the
vertical coordinate y, then Ty rotates every horizontal section y = const by the angle my, since it acts by
x +— x + my (mod 1). The higher the section, the larger the angle of rotation, so that the whole cylinder
is twisted upward (unscrewed). Such maps are called twist maps.

REMARK 12.13. Examples 12.11 and 12.12 illustrate what ergodic components of a map may look
like. In 12.11, each ergodic component of T4 is either a periodic orbit of period 2 or a fixed point (the
latter can be ignored since they make a null set). In 12.12, most of the ergodic components are sections
y = c (precisely, such are all sections with irrational ¢). The sections y = ¢ for rational ¢ can be further
decomposed into periodic orbits or ignored altogether, since their total measure is zero.

EXAMPLE 12.14. Let A = ( b ) In this case, the only fixed point is 6, and the description of the

1 0
map T is not so simple. Note that the eigenvalues of A are A\, 5 = %‘F’ and the corresponding eigenvectors

v7 and vy are orthogonal. Let L; and Ly be the perpendicular lines on Tor? spanned by the vectors v; and
Vg, respectively. Both lines are invariant under T4. Since \; > 1, the line L; is expanded (“stretched out”)
by a factor of A\; under T4. On the other hand, |\y] < 1, so the other line Ly is compressed (contracted)
by a factor of |A;| under T, (and it is flipped over, because Ay < 0). Locally, near the fixed point 0, the
action of T4 is shown on Fig. 12, it looks like a “saddle”. The orbit of any point near 0 lies on a hyperbola
(or a pair of hyperbolas). In differential equations such fixed points are referred to as hyperbolic.

DEFINITION 12.15. A linear total automorphism T4 is hyperbolic if the eigenvalues of A are real
numbers different from =+1.

EXERCISE 12.16. For any hyperbolic toral automorphism eigenvalues are irrational. Hint: (a+d)?+4 #
n?Va,d,n € Z.

Let A = min{|\{|,|A2|}. Note that A™' = max{|\|,|\2|}. Note also that the inverse matrix A~! has
eigenvalues \;' and \;' and the same eigenvectors as A does. So, A~! contracts L; by a factor of A and
expands L, by a factor of \71.

DEFINITION 12.17. The line L, spanned by the eigenvector v; corresponding to the larger (in absolute
value) eigenvalue of A is called the unstable manifold. Tt is expanded (“stretched out”) under T4. The line
Ly spanned by the eigenvector vy corresponding to the other, smaller eigenvalue of A is called the stable
manifold. Note that both lines extend infinitely long, they wrap around the torus infinitely many times.

EXERCISE 12.18. Show that for any hyperbolic toral automorphism the lines L; and L, are dense on
the torus Tor?. Hint: verify that the equation of the line L; for i = 1,2 is y = & where v; = (\; — a)/b
is an irrational number by 12.16 (assume that b # 0 for simplicity). For any real number « the points
(na, nay;) (mod 1) for n = 0,1,2,... belong in L;. Now use Theorem 12.5 to show that for some a # 0
these points make a dense set. (Note: your a should be chosen carefully, so that (c¢) will be satisfied!)

Note: with a little extra effort one can show that for any € > 0 there is a d > 0 such that every segment
of length d on the line L; intersects every disk of radius € > 0 on the torus Tor?.

) with any m € Z. The line y = 0 consists entirely of fixed points.

RECTANGULAR PARTITIONS 12.19. Further analysis of the map T4 involves symbolic dynamics.
According to 10.17, one needs to start with a generating partition. Here we partition the torus Tor? into
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Puc. 1: Markov partition into 3 elements Ry, Ra, R3(left), its image (right).

rectangles with sides parallel to the stable and unstable lines. Figure 1 (left) [13(a)] shows the partition
of the torus into three rectangles for Example 12.14. The sides of the rectangles are made by pieces of the
lines Ly and Lo. Fig. 13(b) shows the images of those three rectangles under T4, respectively. Note that
each rectangle is stretched by T4 in the direction of L; (the unstable direction) and compressed in the
direction of Ly (the stable direction), but it retains its rectangular shape.

PROPER INTERSECTION 12.20. Denote the rectangles by Ry, Rs, R3 and let us examine the intersections
Ta(R;) N R; for each pair 4, j. If it is not empty, then it is a subrectangle in R;, which stretches completely
across R; in the unstable direction. Also, it is a subrectangle in T4 (R;), which stretches completely across
T4(R;) in the stable direction. In other words, T4 (R;) intersects R; properly (transversely).

DEFINITION 12.21. A partition into rectangles {R;}!/_; with sides parallel to L; and L, is called a
Markov partition if all intersections T4 (R;) N R;, 1 <4,j < r, with nonempty interior are connected and
proper.

LEMMA 12.22. Any Markov partition is generating.

Proof. 1f not, then some distinct points © # y have the same itinerary, i.e. z,y € ﬂ;‘;_ng’“Rik for
some sequence {i;}?° __ . However, the diameter of the set Nf__ T *R; is O(\"), which converges to zero
as n — 00, a contradiction. [

Note: it is essential for this proof that the intersections T'(R;) N R; are connected, without this
assumption Lemma 12.22 may fail.

Recall that a generating partition Tor® = Ry U --- U R, into r disjoint subsets gives rise to a symbolic
representation of an automorphism T4 : Tor? — Tor? by a shift o : X > Xona symbolic space with
r symbols as defined by 10.15-10.17. By 10.18, every cylinder C';,I[Ln’" corresponds to the intersection
Rypeoim = Mz, Th " (Ry,) that is, 7' Gl = Ry,

We now study the Lebesgue measure m and the induced measure p on X.

For each rectangle R;, denote by s; and u; its sides parallel to the stable direction (Ls) and the unstable
direction (L;), respectively. Then m(R;) = s;u;. Due to the properness of intersections, if T4R; N R; has
nonempty interior, then m(T4R; N R;) = As;u;, where A = min{|\], [A2|}.

LEMMA 12.23. (a) For any integers m < n and any iy, ip1,. . .,%, the set Rimin either has empty
interior (and then zero measure) or has measure m(Rjyin) = X'"™s; u;,

(b) The set Ry, 5 (im, - - -, i,) has nonempty interior if and only if T4(R;, )N R
for every k=m,...,n—1.  Proofis a simple geometric inspection. [

DEFINITION 12.24. The matriz of transition probabilities is an r x r matrix II = (m;;) with entries
m(TaR;NR;) )\U]/uZ if iIlt(TARZ' N Rj) 7é @

m(Ri) 0 otherwise
P = (p1,...,p) with components p; = m(R;) = s;u;.

Notes: (a) pIl = p, i.e. p'is a left eigenvector for the matrix IT with eigenvalue 1. In other words, it
remains invariant (stationary) under the right multiplication by II.

(b) For each i we have > ;mij = 1. Matrices with nonnegative entries whose rows sum up to one are called
stochastic matrices.
(c) m; is the fraction of R; that is mapped into R; by T4. We interpret m;; as the probability for a point

ir,, Das nonempty interior

Tij = . The stationary probability vector is the row vector
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starting in [?; to move into R;.

LEMMA 12.25. For any integers m < n and any ip,...,i, the intersection Rpr- " has measure
M) = Din Tisniar " Wi i

DEFINITION 12.26. A measure p on X is called a Markov measure with a transition probability matrix
IT = (m;;) of size r X r and a stationary probability vector § = (p1,...,p,) if for every cylinder Cjrin
its measure is 1(Clr ™) = Py Tipin oy *** iy _1in- Lhis model is known in probability theory as a Markov
chain. This analogy explains the term Markov partition.

COROLLARY 12.27. The Lebesgue measure m on Tor? corresponds to the Markov measure g on €.
The dynamical systems (Tor?, T4, m) and (X' , 0, 1) are isomorphic.

Now the study of the hyperbolic toral automorphism 7’4 reduces to the study of the shift ¢ on X with
the Markov measure p. Surprisingly, this reductlon makes things a lot simpler.

NOTATION 12.28. For k > 1, denote by 7T ) the elements of the matrix IT%. Note that pllF = ¢ Vk > 1.

EXERCISE 12.29. Show that 7 ( ) — %.

EXERCISE 12.30. Let C = C'Z;L” winoand C' = C’im"“"i"') be two cylinders such that n < m’. Let

t = m’ —n. Show that u(C N C") = u(C) (C”) W //pz ,. Hint: do that first for ¢ = 1 and then use

induction on . A helpful formula is C' = U}_ C’;;" n’j_f

LEMMA 12.31. There is an s > 1 such that the matrix II° has all positive entries.

Proof. For large s > 1, the set T(R;) is a very long narrow rectangle, one long side of which lies on
the line L;. Then by Exercise 12.18 (and the remark after it), 75 (R;) intersects every rectangle R; of the
Markov partition. Now 12.29 completes the proof. [

THEOREM 12.32 (LiMIT THEOREM FOR MARKOV CHAINS). If II* has all positive entries for some

s > 0, then for all 1 <1,j < r we have ()—>p]ast—>oo

Proof. Fix 1 < 4,5 < r and let n,t > 1. Since II"*" = II"II*, we have 7TUn+t P 17% 7T(t) Let
(n)

0, = miny WZ(;L) > 0. Note that max; 7" < 1 —9,. Now let m; = min, 7r,(§j) and M; = max; ngj). The

following estimate is rather elementary: (1—4,,)m;+6, M; < 7Ti(;-1+t) < 0,my+(1—46,)M,. Hence, M;,,, < M,
and my,, > my. Next we show that M; — m; — 0 ast — oco. Let £t = ms +n with 0 < n < s. Then
My — my < M5 — mps. Now, put n = s and t = (m — 1)s in the estimate for 7r("+t above and get
Mo —Mims < (1=28,) (Mm—1)s—M(m—1)s)- Since &5 > 0, we have M,,s—m,s < CA™ where C = M,—m,
and A =1— 20, < 1.

Therefore, WE;) — ¢; as t — oo with some ¢; > 0 (independent of 7). This implies &1I" — §'as t — oo for
each i = 1,...,7, where &; is the ith canonical basis row-vector and ¢ = (q1,. .., q,). By linearity, pII' — ¢
as t — oo, hence ¢=p. O

Two important facts follow from the above proof. First, the stationary vector p’is unique. Second, the
convergence 771-(;?) — pj; is exponentially fast (in ¢).

COROLLARY 12.33. For any two cylinders C, C" C Q, we have lim,,_,, u(C No™"(C")) = u(C) u(C").

Proof. This follows from 12.30, 12.31 and 12.32.

PROPOSITION 12.34. The shift o : X — X with the Markov measure 1 is mixing, and so is the original
hyperbolic toral automorphism T'y4.

Proof. This follows from 12.33 and standard approximation arguments used in the proof of 10.14.

REMARK 12.35. The hyperbolic toral automorphism T4 is actually Bernoulli, but the proof of this fact
is rather sophisticated, we omit it.

Lecture 5. Lyapunov Exponents [10.12.09]

In order to get a quantitative description of chaoticity people introduced some numerical characteristics.
One of them is the spectrum of Lyapunov exponents. We start with an abstract setting.

Let (T, X, B, 1) be a measurable DS. For (u-a.e.) x € X we associate a d x d matrix A(z) and consider
their products along the trajectories of the map T, i.e. A™ () := A(T"x) x A(T"'z)x...x A(z), z € X.
Those products generate a skew product dynamical system with our fixed DS in the base and are called
linear co-cycles. The phase space in the layers is R? with the Lebesgue measure m?. For a given x € X
for each n € Z, one calculates the spectrum of the matrix A™ (x) and ordering logarithms of modules of

the eigenvalues of A™ (z) normalized by 1/n obtain a collection of d ordered numbers: X" (z) := {Aﬁ”) >
)é") > ... 2> )\El")}. In particular Aﬁ”) = Aﬁ”) (x) is equal to the largest among the logarithms of the modules
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of eigenvalues multiplied by 1/n. Now we can study asymptotic properties of the vectors A (z) as n — oo.

Assuming that X C R? and that A(z) = D,T := (0(T'z);/0x;) is the matrix of partial derivatives of
the map T" we are coming to the definition of the Lyapunov exponents as the limits of X (x) as n — oo.
Note: D,T" = Dyn-1,T--- Dy, T - D, T by the chain rule and hence A™ (z) := D, T"(x).

EXERCISE. Consider examples T'x := Az with different A and discuss properties of solutions.

Let us study in detail Lyapunov exponents in the 1D case, i.e. d = 1. In this case we can write explicitly
Aa) = limy o £ S0 In(| 7 (T2)]) = limy s £ S, In(|(T2))).

EXAMPLE. Let T : X — X be a diffeomorphism of the unit circle X = S* given by T'(x) = x+5- sin 27z,
where 0 < x < 1 is the cyclic coordinate on X. We have two fixed points here, zg = 0 and z; = 1/2.
Lyapunov exponents exist at both fixed points: A(z¢) = In|T"(z¢)] = In2 > 0 and A(z1) = In|T"(z1)| =
In s < 0. Since A(zg) > 0, the point z¢ is unstable (a repeller). Likewise, xy is a stable point (an attractor).
For any point = # x¢ we have T"(z) — 1 while T7"(z) — o for  # x1 as n — oo. Hence, by the chain
rule, A(z) :=lim, o + In |(T"2)'| =In 3 m-a.e. , while lim, o = In|[(T™(20))'| = —In 3. This shows that
Lyapunov exponents may depend on x even if they are well defined.

Theorem 0.15 Let (T, X,B, 1) be an ergodic DS and let X C RY d = 1 and T be piecewise smooth.
Then the Lyapunov exponent is well defined and does not depend on x € X on the set of u-full measure.
If we assume only that p € My (but not ergodic) then we can only claim the existence of \(x).

Proof. Define ¢(z) := In|D,T(x)|. Then \(z) := lim,, ., + Zk _o ¢ oT(x), which converges by Birkhoff
ergodic theorem as n — oo to u(p) = p(In|D,T|) for p-a.a. z € X. If the measure p is invariant but not
ergodic then Birkhoff ergodic theorem implies only the convergence to a certain function of x. [J
Theorem 0.16 (Oseledets) Assume that X is a compact manifold and T : X — X is a C diffeomorphism
preserving a Borel probability measure p. Then there erists a T-invariant set X' C X, u(X') = 1, such

that for every point x € X all Lyapunov exponents erist.
Theorem 0.17 (Upper Lyapunov Ezponent). Under the above assumptions, there is a Ay € R such that

limy, s 4o0 = I || DT = Ay for p-a.e. x € X. Here ||Al| = supyg—, ||Ad]| is the norm of the matriz A.
Proof. By the chain rule, | D, 7™ < ||D,T"|| || DrneT™|. Defining @, (z) = In || D, T"||, for p-a.e. x € X
we get Ynim(z) < pn(z) + @m(T™z). This condition is referred to as the subadditivity of the sequence of
functions {¢, }. Now the required result follows from the next general statement:

Theorem 0.18 (Subadditive Ergodic Theorem) Let T : X — X be a transformation preserving an ergodic
measure pi, and {¢,} C L(X), n > 1 be a subadditive sequence of integrable functions on X for p-a.e.

x € X. Then there is a A ERU{ oo} such that lim,, o - gpn( )= A for p-a.e. v € X.
REMARKS. In Theorem 0.17, ¢y (z) = In||D,T| is a continuous function on X, because T is C'. Hence

there is an upper bound gomax = supl,eX ¢1(x) < oo. By iterating the subadd1t1v1ty condition we obtain
for all z € X that Lo, (z) < 230" ' 01 (T'z) < max. Also, by the chain rule (Dgn,T")(D,T") = I (the
identity matrix), hence 1 = ||I|| <N D T™|| || DynyT"|| therefore

Lop(z) = || DT > =L In || Do, T7"|| > —Inmaxzex [[DeT 7| =t @min > —00. As a result, Ay in
Theorem 0.17 is finite and A\, € [Fiin, Finax)-

Theorem 0.19 (Lyapunov Exponents versus Volume) Let J,(x) = | det D, T™| be the Jacobian of the map
T™ at x (this is the factor by which T™ changes volume in an infinitesimal neighborhood of x € X ). Then
lim,, %ln Jn(x) = Z;l:l Aj for almost every x i.e. the asymptotic rate of change of volume equals the
sum of all Lyapunov exponents (counting multiplicity).

COROLLARY 13.36. Assume that InJ;(z) € L,,(X). Then p(InJ,) = E;.lzl A; i.e. the average one-step
rate of change of volume equals the sum of all Lyapunov exponents (counting multiplicity).

Proof. By the chain rule, J,(z) = Ji(x)--- Jy(T"z). Taking the logarithm, dividing by n and letting
n — oo proves the theorem in view of the results above.

COROLLARY 13.37. Let the invariant measure p be absolutely continuous with density f(z) with
respect to the Lebesgue measure (volume). Assume that In f(z) € L, (X). Then ijl A; = 0 ie. the sum
of all Lyapunov exponents vanishes.

Proof. Ji(z) = f(x)/f(Tz), hence p(In Jy) = p(ln f) — p(ln f(Tx)) = 0 by the invariance of p. O

Let us discuss the multidimensional case in some more detail.

FacTs 13.1 (FROM LINEAR ALGEBRA). Let A be a d x d matrix (with real entries), and assume that
det A # 0. For a nonzero vector @ € R?, consider the sequence { A"}, n € Z. We would like to see if A"
expands or contracts the vector # as n — oo and n — —oc.

Let {v;}, 1 < j < ¢ (¢ < n), be all distinct roots (real and complex) of the characteristic polynomial
Ps(v) = det(vI—A). We arrange them so that v, ..., v, are all the distinct real roots and vy 1, Upy 1, - . ., Vs, Us
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are all the distinct conjugate pairs of complex roots. Denote by m;, 1 < j < s, the respective multiplicities

of the roots. Jordan theorem (the real canonical form) says that the roots v, (the eigenvalues of A)
are associated to A-invariant generalized eigenspaces F;, 1 < j < s, whose respective dimensions equal
dimE; = m; for 1 < j < r and dimE; = 2m; for r < j < s (note: in the latter case the space E;
is associated to the pair v;, ;, rather than to a single root v;). Moreover, R = i_1E;. We recall that
det A # 0, hence v; # 0 for all j.

Now, if @ € Ej; is an eigenvector (such a vector only exists for j < r), then A" = v}, hence

In||A™i|| = nln|v;| + In|u|| for all n € Z. While this is not true for any vector @ € Ej, it is still true
that lim LIn||A™d|| = In|y;| Vi € E;, @ # 0 This shows that when |v;| > 1, the vector A™d grows
n—o0

exponentially fast as n — oo and shrinks exponentially fast as n — —oo. If |v;| < 1, then it is vice versa.
If |v;| = 1, then there is no exponential growth or contraction, but there might be a slow (subexponential)
growth or contraction of the vector A™u.

EXERCISE 13.2. A complete proof of the equation for In |v;| above is quite lengthy and tedious. But
we can easily verify it in the simple case dim E; = 2. There are two principal subcases here. If v; is a real
Vj

in some basis.
O l/j

root of multiplicity 2, then A restricted to Ej; is given by a Jordan matrix J = (

0 %4

n n—1
Verify that J" = ( ) ) for all n € Z and then derive the result for In|v;|. If v; = a+bi is a
j

a

b .
b ) Verify that

complex root and b # 0, then the corresponding Jordan canonical block is J = (

Jr = |y|" < COSTIP SITY ) g1 some ¢ € [0,27) and all n € Z, and then derive the result for In |v;|.

—sinny cosny

DEFINITION 13.3. The numbers A\; = In|y;| are called the characteristic exponents or the Lyapunov
exponents of the matrix A, while v; are called Lyapunov multiplicators.

Note: some distinct eigenvalues v; # v; may correspond to the same Lyapunov exponent, this happens
whenever |v;| = |v;|. In this case each 0 # @ € E; @ E; satisfies nh_)rrolo Ln |A"d|| = Iny).

PROPOSITION 13.4 (LYAPUNOV DECOMPOSITION). Every nonsingular real matrix A has distinct
Lyapunov exponents A\; > Ay > ... > A\, (with m < s) and there is a decomposition Ri=E&ED---E,
such that A(&;) = &; and ,}LIEO%IHHAHGH = \; Vi € &, @ # 0. The number dim&; is called the
multiplicity of the Lyapunov exponent \;. We also call &; the characteristic spaces for A.

13.5 REMARK. We have »_ A; - dim&; = In|det A| because det(A) equals the product of all the

eigenvalues of A (counting multiplicity).

EXAMPLES 13.6. For the matrices A; = < (1) (1) ), Ay = < (1) 1 and Az = ( _(1) (1) ) all Lyapunov
exponents are zero. In the latter case eigenvalues are +i. Note that A} does expand and contract vectors,
but very slowly (at most linearly in n). On the other hand, for any matrix A defining a hyperbolic toral
automorphism T4 (see 12.15) one Lyapunov exponent is positive, \; = Inv~! > 0, and the other is negative,
Ao = Inv < 0. Note that A\; + Ay = 0, because det A = +1.

DEFINITION 13.7. A matrix A and the corresponding linear map A : RY — R? are called hyperbolic if
none of the eigenvalues of A (real or complex) lie on the unit circle |z| = 1.

Equivalently A is hyperbolic iff all the Lyapunov exponents of A are different from zero.

DEFINITION 13.8. The A-invariant subspaces £° = @y, «&j, £" = Dy, >0&; and £ = &;y,—o are called
stable, unstable, and neutral (or central) subspaces, respectively. Note that R? = £5@ E¥@ £°. If the matrix
A is hyperbolic, then £ = {0}, hence £° can be omitted from the above decomposition.

By definition we get limsup 1In||A™i| <0 V0 # @ € £° and ligigf%ln A" >0 V0 #1d € &

n—o0

Let the matrix A have at least one nonzero Lyapunov exponent \; # 0. Denote A = min{|\;| : \; # 0}
and v = e, Note that A > 0 and v < 1.

PROPOSITION 13.9. For any € > 0 there is a K > 0 such that for all n > 0
| A" < K(v +¢e)"||d| and ||A™"d|| > K~ (v +¢)™||u|| Vi € £ and
|A"G|| > K=Y (v +¢)™||d]| and |[A™™4| < K (v + &)"||u]| Vi € Ev
Proof. Tt is enough to prove the above bounds for unit vectors only. For every unit vector ¢ 3K = K(g, 4)
such that all these bounds hold, but K may depend on . Then we pick an orthonormal basis ey, ..., e in
E?® (resp., £*), ensure the above bounds with the same constant K (e) for all the vectors ey, ..., ez Then



18
we use the triangle inequality to derive the proposition for all unit vectors « in £° and £*. [

Thus, vectors © € £ grow exponentially fast under A™ as n — oo and shrink exponentially fast as
n — —oo. For vectors @ € £, it is exactly the opposite. Now what happens to other vectors in @ € R%?

COROLLARY 13.10. For any vector @ ¢ £* U E® and any € > 0 there is a K > 0 such that || A" >
K(v + ¢)~I"l||@]|| for all n € Z. That is, the vector @ grows under A" exponentially fast in both time
directions: as n — +o0o and as n — —oo.

Next, we extend the above results to nonlinear maps.

DEFINITION 13.11. Let U C R? be an open set and T : U — R? a smooth one-to-one map with a fixed
point z, i.e. T'(x) = z. Then the matrix A = D,T acts on tangent vectors @ € T,R% and the tangent space
T.R? can be naturally identified with R%. Note that D, 7" = (D,T)" = A" by the chain rule.

Assume that det A # 0. The Lyapunov exponents of the matrix A are called the Lyapunov exponents
of the map T at the point z. The corresponding subspaces £, %, £¢ C T,R? are called the stable, unstable,
and neutral (or central) subspaces, respectively, for the map 7" at the point x.

Note: the subspaces £, &Y, £¢ are invariant under D, T but not necessarily under the map T itself. On
the other hand, D,T is a linear approximation to the map 71" at the point x. This allows us to obtain the
following theorem, whose proof we omit.

THEOREM 13.12 (HADAMARD-PERRON). 3 two submanifolds W C U and W* C U such that
a) Wenw ={z};
b) the spaces £° and E" are tangent to W* and W™, respectively, at the point x;
c) T(W#) Cc W*and T-HW¥) C WY,
d) T"(y) — « for every y € W* and T~"(y) — x for every y € W", as n — 0.

We omit the proof, but remark that the manifold W*" is constructed as a limit of (7"&*) NV (x), as
n — oo, where V() is a sufficiently small neighborhood of z. The existence of this limit is proved by the
contraction mapping principle. Similarly, W is constructed as a limit of (T7"&€°) NV (z), as n — oo.

Since A = D,T is a linear part of the map T at x, it is easy to obtain the following corollary.

COROLLARY 13.13. For any € > 0 there is a neighborhood V' (z) of the point x and a K > 0 such that
dist(T"y, x) < K(v+¢)"-dist(y,z) for alln > 0, y € W*NV(z) and dist(T "y, z) < K(v+¢)" - dist(y, x)
for all y € W*NV(x).

DEFINITION 13.14. W* and W* are called the stable and unstable manifolds, respectively, for the map
T at the point x. The map T is called hyperbolic at a fixed point x (and then x is called a hyperbolic fized
point for T') if dim £¢ = 0. In this case dim W*+ dim W*" = d.

DEFINITION 13.15. A hyperbolic point z is called a source (a repeller) if dim £* = 0 (hence " coincides
with 7,R?). Tt is called a sink (an attractor) if dim ¥ = 0 (hence £° coincides with T,R?). It is called a
saddle (a truly hyperbolic point) if both £° and £* are not trivial.

REMARK 13.16. Let x be a saddle point and y # = another point very close to z. If y € W", then
the trajectory T™y moves away from z exponentially fast for n > 0, at least until 7"y leaves a certain
neighborhood of x. If y € W?, then the trajectory 17"y moves away from z exponentially fast for n < 0.
Now, if y ¢ W* U W?*, then the trajectory T"y moves away from z exponentially fast for both n > 0 and
n < 0. This fact is known as the separation principle: nearby trajectories tend to separate exponentially
fast, either in the future or in the past or (in most cases) both.

All the above definitions and results extend to any diffeomorphism 7' : U — T(U) C M on an open
subset U C M of a Riemannian manifold M, rather than U C R% A Riemannian structure in M is
necessary for the norm || - || to be well defined on M. Henceforth we assume that 7" is defined on an open
subset of a Riemannian manifold M. All the above definitions and results easily apply to a periodic point
x € U rather than a fixed point. If T?(z) = x, we can just consider T? instead of T.

Next, we turn to nonperiodic points. This is the most interesting and important part of the story.

DEFINITION 13.18. Let the map 7™ be differentiable at a point x € M for all n € Z. Assume that
there are numbers A\; > ... > ), and the tangent space 7,M is a direct sum of subspaces & & --- & &,
such that if 0 # @ € &, then nh_)rgo LIn||(D,T™)d|| = A; The values \; are called the Lyapunov exponents

of the map T at the point x. The number dim &; is called the multiplicity of the Lyapunov exponent \;.
The spaces &; are called characteristic subspaces at x.

The subspaces £° = @y, <&, & = ®y,>0&, and £° = €j|Aj:0 are called stable, unstable, and neutral
(or central) subspaces of T, M, respectively.

(
(
(
(
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The existence of the Lyapunov exponents )\; and the subspaces &; is not guaranteed for any point

x € U, as an example will show soon. We say that a point x has all Lyapunov exponents if \; and &; exist.

REMARK 13.19. If a point « € U has all Lyapunov exponents, then so do points 7"(x) for all n € Z.
Moreover, the points 7"(x) have the same Lyapunov exponents (with the same multiplicity) as x does,
and the characteristic subspaces are invariant along the trajectory of z: (D,T™)(&(x)) = &(T"x) for all
n € 7Z and each i. Observe that the Lyapunov exponents and their multiplicities are T-invariant functions.

EXAMPLE 13.20. Let T4 : Tor? — Tor? be a hyperbolic toral automorphism. Then all Lyapunov
exponents exist everywhere on Tor?, and they are A\; = Inv~" > 0 and A\, = Inv < 0. The corresponding
subspaces &, and &, are parallel to the lines L; and Lo, respectively.

EXAMPLE 13.21. Let T : X — X be the baker’s transformation of the unit square X. Let X' C X be
the set of points where T" is differentiable for all n € Z. Then for every x € X’ all Lyapunov exponents
exist, and they are Ay =1n2 > 0 and Ay = —In2 < 0. The corresponding subspaces & and & are parallel
to the z axis and y axis, respectively. Note that T=" fails to be differentiable on the lines z = k/2" and
y=m/2", with k,m =0,1,...,2". Hence m(X’) = 1, i.e. all Lyapunov exponents exist almost everywhere.

Theorem 0.20 (Shannon, McMillan, Breiman) Let (T, X, B, ) be ergodic and let § be an arbitrary finite
measurable partition. Then h,(T,§) = — lim 1 1np(¢™ ().
n—0o0

Thus h,(T,€) describes the rate of decay of measures of elements of the preimages of {. It is very
natural to make the next step in the construction of the entropy of a dynamical system, i.e. to maximize
it over all invariant measures. The result h(7T) := sup,ca, hu(T) is called the topological entropy. The
measure on which the supremum above is achieved (if it exists) is called the measure of mazimal entropy.

In the case of a Markov shift with the transition matrix 7 (consisting of zeros and ones) the topological
entropy is equal to the logarithm of the largest eigenvalue of the matrix m. The proof is based on the
simple observation that k(&™) = (1,7"1) for the partition £ consisting of the simplest cylinders.

Lecture 6. Phase space discretization in dynamical systems [16.12.19]

Definition 0.1 By an e-discretization, € > 0, of a compact set X C R? we mean a choice of an ordered
finite lattice (a collection of points) X, in the set X such that the distances between its neighboring
elements do not exceed . By an operator of e-discretization we mean a map D, : X — X, that associates
to each point x € X its nearest point on the lattice z. = D.(z) € X, (if there are several such points we
choose the point with the minimal index — the lattice X, is ordered). The value of the parameter € > 0 is
called the diameter of the e-discretization or the magnitude of the corresponding perturbation.

Definition 0.2 By an e-discretized (perturbed) system for the map 7" with the compact phase space X
we mean a pair (7., X.), where T. = D, o T.

Note that contrary to usual perturbation schemes, the discretized (perturbed) system here is given not
on the original phase space X but on the lattice X.. In the case of round-off errors in computer modeling
we deal with a uniform e-discretization. When the phase space X of the system is the unit d-dimensional
cube (or torus) and e = 1/N, N € Z,, the lattice X, consists of all points © € X with rational coordinates
with the denominator N. Actually only binary dicsretizations with e = 27" (i.e., N = 2™) may occur in the
computer arithmetic. Another interesting example is a random discretization, when all the points of the
lattice are chosen randomly according to some distribution law (for example, to the Poisson distribution).

We start with properties of periodic trajectories under discretization and consider the simplest case in
numerical simulations, which is to find the globally stable periodic orbit of the system. It seems that for
sufficiently high precision the only visible effect of perturbations is deformation and shift of the periodic
orbit. However, it turns out that here “period multiplication” may take place. This phenomenon consists
in the emergence in a neighborhood of the original cycle of a new cycle, the period of which is a multiple
of that of the parent cycle.

Theorem 0.21 Suppose that the map T has a cycle of period n such that T is a local homeomorphism
i some neighborhood of the cycle formed of disjoint neighborhoods of points of the cycle, and such that
there is a cycle of period k of the e-discretized system. Then the fraction k/n may take values 1 or 2 in
the one-dimensional case and may be an arbitrary integer in the general multidimensional case.
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Puc. 2: Period doubling. By black dots we denote the points of the parent cycle (fixed point), and by
vectors the cycle of the discretized system.

The general scheme of the period doubling of a stable fixed point is shown in Figure 2.

Proof. Let z = (z1,...,2,) be a cycle of the map T and let U = UU; be its neighborhood, consisting of
disjoint neighborhoods of the points x;. We assume also that in U there is a cycle y = (y1,...,yx) of the
e-discretized map (i.e., TFy; = y;, i =1,2,..., k).

We start with the one dimensional case (d = 1). The map T is a local homeomorphism of the collection
of intervals U into itself. Thus, the function 7'(z) is monotone in the set U, and, hence, the function 7, (z),
restricted to the set U N X,, is also monotone as a superposition of two monotone functions 7" and 7.
Denote by 7. the first return map, constructed for the dynamical system (T., X.) wrt to the set U; N X..

Let 21 < 23 < ... < 25, be the points of the cycle y lying in the interval U;. Since the map f is a local
homeomorphism, for any ¢ the number m; of points of the cycle ¢ belonging to U; does not depend on ¢
and is equal to an integer m (the period multiplier). There are three possibilities:

(a) T.z; = 7. This means that m = 1 and k = n, i.e., there is no period multiplication.

(b) T.zy # 7z and (Tg)zzl = z;. Then m = 2 and k = 2n, i.e., the discretized system has a cycle
of double period. Notice that the necessary condition for the period doubling is monotone decreasing of
T™(x) in the neighborhood of the cycle.

(¢) Tozy # 21 and (T%)%21 # 2.

Let us show that the last situation cannot take place. At first suppose that the value m is even, i.e.,
m = 2l. Since T, is monotone, then (TE)2 is monotonically nondecreasing. Hence we have:

2 < (1) < (T2)z <.

. S (Ts)zl = Z1.

This is a contradiction, because the first inequality is strict. It remains to prove that the multiplier m
cannot be odd, i.e., it cannot be represented in the form m = 2l + 1, | € Z,. Here there are also two
possibilities: the function 7.(z) is monotonically nondecreasing or monotonically nonincreasing. In the
former case the orientations of the pairs (z;, z;11) are the same for all i = 1,2,. — 1. Therefore such

a sequence of points cannot form a cycle. In the latter case the orientations of the subsequent pairs are
reversed, because T +2; = z;4+1 by the construction of the first return map. Hence the pairs (T 29141, T LZ9149)
and (21, zz) must have a reverse orientation. We come to a contradiction again, because T.z9;,41 = 21 and
z1 < zi for any 1 < i < m.

Consider the multidimensional case. In this case the discretized system may have a cycle of arbitrary
period integral multiple to the period of the parent cycle. Geometrically this result means that the orbit
of the e-discretized system curls around the original orbit. In the one-dimensional case only one sort of
the rotation around the original orbit may take place — the rotation by the angle 7, which we discussed
above. We now show that in the two-dimensional case this phenomenon may occur with an arbitrary
large multiplier. Consider a map of the two-dimensional plane R?, written in the polar coordinates (i, )

s (p,1) = (¢ + a, Ar). Here A € (0,1), and the irrational number o € [0,27) are parameters. Each
trajectory of this map has a spiral shape and tends to the zero point as time tends to infinity. Observe
that if (1 — \) < 1, then for a sufficiently fine uniform e-discretization any trajectory of the discretized
map, beginning at the point (¢, ), with 7 > 1 will end up into a nontrivial periodic trajectory around the
origin rather than to hit the origin itself. The shape of this periodic trajectory is close to a circle, whose a
radius is defined by the following inequality: e[Ar/e] > r, where by [2] we denote the nearest integer point
to x. Therefore, such a periodic trajectory corresponds to the rotation by an angle close to a around the
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origin and we may obtain arbitrary large periods by a suitable choice of the parameters A and a. O

Practically, there are only a few results showing that orbits of the discretized chaotic systems may be
related to the original orbits. Among these results the main one is the so called shadowing property, which
shows the connection of the orbit of a weakly perturbed system (with arbitrary type of perturbation)
with the original orbit. Introduction of this property (in its original form) is due to Anosov , who showed
that for a smooth hyperbolic system for each orbit of weakly perturbed system there exists a uniformly
closed orbit of the original one. However, this shadowing orbit may be non-typical in the sense that the
distribution of its points (which is the most important feature of a chaotic system) differs from the typical
one, defined by the corresponding SBR measure. The following statement shows that these situations may
often happen in the case of phase space discretizations.

Theorem 0.22 Assume that the set of all preimages of a certain cycle is dense in the phase space. Then
there is a sequence of discretizations with vanishing diameters such that each discretized system has only
one cycle that coincides with the original one.

Proof. Consider a sequence of discrete lattices { X ™} such that the points of the n-th lattice coincide with
the n-th preimage of the points of the cycle under consideration. Now the fact that the set of preimages is
dense in the entire phase space yields the vanishing of the diameters of the lattices {X}. On the other
hand, after n iterations of the discretized map each point of the lattice { X} ends up in one of the points
of our cycle. a

We can consider also a more general approach to this situation. For a given map 7' let us fix a family of
lattices { X.}. Then for each cycle Z. of the discretized map T, we associate the number p(Z.), defined as the
number of points in all preimages of this cycle (including the cycle itself) normalized by the total number
of points in the lattice {X.}. This number shows how often one can observe the given cycle when initial
points are chosen at random. To each discretization {X.} we assign the cycle . with the largest value of
p(Z.) and the probability measure p. uniformly distributed along this cycle. We ask the question about the
limit points (in the weak topology of measures) of these measures for the typical family of discretizations.
It may be shown that for a sufficiently “good” map these limit points are invariant measures of the map.
However, the family of invariant measures may be very rich (for example uniform measures on cycles and
their closure). We believe that the most likely answer is the following: the limit point coincides with one
of the measures: Sinai - Bowen - Ruelle measure or the measure of maximal entropy. Neither of these
possibilities can be ruled out at the moment.

It may seem that the situation described in Theorem 0.22 is unrealistic. Actually, the condition about
the density of preimages is typical for chaotic systems, and so the question is only about how often
such particular discretizations occur. It is worth noting that for any binary discretization (i.e., computer
discretization) of the dyadic map  — 2x (mod 1) the discretized system has only one cycle with period
equal to 1. The same is true also for the map  — kz (mod 1) with integer k& and the corresponding uniform
k=" discretizations. In the general case however, discretizations satisfying the assumptions of Theorem 0.22
are not uniform and this gives the hope to think that a resonance between the map and the discretization
in numerical simulations may appear only by chance.

From another point of view Theorem 0.22 shows that some sort of a “localization” phenomenon takes
place: trajectories that should normally be dense remain confined to a small number of points. Note that
one of the most frequently used numerical methods to calculate the density of an invariant measure of a
chaotic dynamical system is to compute the histogram of a sufficiently long numerical orbit of the system.
Theorem 0.22 tells us that the error here can be very large even in the L'-norm. Indeed, in the numerical
simulation (with the precision 27) of the simplest chaotic map # — 2z (mod 1) (dyadic map) every point
of the binary lattice will end up into the zero unstable fixed point of the original map. As a result this
unstable fixed point becomes a globally stable fixed point of the discretized map. For example, on a VAX
computer it could be verified that the orbit starting at the point 1/3 (which is a periodic point of period
2 in the true dyadic map) falls to 0 in 57 iterations, even with the double precision. One could think
that, for computational purposes, there is no need to study asymptotic properties but it is enough to stop
the count when the histogram is already stabilized and the accumulated error is not yet large. However,
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the analysis shows also that this method may not lead to the required result. In the case of the uniform

e-discretization the number of steps at which the count should be stopped is of order —In(e), while the
guaranteed precision is of order (—1In(g))~'/2,

Statistical probability for discretized systems. Now let us try to answer the question about
how “typical” is the behavior of the discretized systems. First let us consider the existence of a cycle of
an e-discretized system for sufficiently small ¢ > 0 in a small neighborhood of an unstable cycle of the
unperturbed system. For various values of € a cycle of an e-discretized system can appear and disappear
with arbitrary small changes in € and a given choice of X.. Therefore, to answer the above question it is
necessary to make some additional assumptions about the structure of discretizations. We restrict ourselves
to the most interesting case for applications, the case of uniform discretizations of the d-dimensional unit
cube X. In this case, ¢ takes values of the form ¢ = 1/n,n € Z,. Even in this case, the presence
or absence of a cycle for a uniform 1/n-discretized system depends on n in a very irregular way. The
statistical approach seems to be the most natural one for the description of such a situation.

Definition 0.3 By the statistical probability of some event (with respect to a given family of space
discretizations) we mean the fraction of the discretizations for which this event takes place.

Thus, the statistical probability p(xy, 29, - - -, x,,) of the stabilization of an unstable cycle (z1,xo, -+, ;)
of a map f is the density of the set of those natural numbers N for which (Dy/yz1, D1/n%2, -+, D1/nTn)
is a cycle of a uniformly 1/N-discretized system.

The meaning of this definition is that the existence, in the case of uniform discretizations, of a cycle of
a discretized system in a small neighborhood of the original cycle results in the possibility to observe an
unstable trajectory in the computer simulation. It is therefore natural to call this situation the “stabilization
of an unstable cycle”. Numerical experiments show that in the modelling of chaotic dynamical systems,
with all cycles unstable, some of the cycles are observed much more frequently than others. The following
statement provides an explanation for this phenomenon.

Theorem 0.23 Let & = (x1, 22, ...,x,) be an unstable cycle of the map T, that is continuously differentiable
i a neighborhood of the cycle, and let the coordinates of its points x1,x, ..., x, be rationally independent.
Then the statistical probability of the stabilization p(Z) is well defined and depends only on the derivatives of
the map f at the points of the cycle: it is equal to the volume of the dn-dimensional polyhedron Q = Q(f, x)
defined by the following system of semi-linear inequalities:

\T'(xl)zl — ZQ‘ S 1/2
‘T’(Z’Q)ZQ — 23| S 1/2

T (xp)2n — 21] < 1/2
|z <1/2, i=1,2,...,n,

where T'(x) is the matriz of partial derivatives of the map f at the point x, and |z| = max;{|z?|} for a
vector z € RY,

Proof. Clearly the density of the set of natural numbers depends only on the distribution of large elements
of the set, corresponding in our case to sufficiently fine discretizations. Therefore, working only in small
neighborhoods of the points of the cycle, we may assume that the map 7' is linear there. Let us fix a natural
number k£ > 1. The collection of points 7, = (Dl/kxb Dy, ..., Dl/kasn) is a cycle of the discretized
map 77, if and only if the following system of inequalities holds:

1
|l’2 + T/(Ilfl)(Dl/k.I'l — xl) — Dl/kx2| < ﬁ
1
|ZL’3 + T’(IQ)(Dl/k.IQ — 1’2) — Dl/kZL‘3| < %
1

|21+ T'(20) (D1 /@y — Tn) — Dyjpe| < o
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Indeed, if these inequalities hold, then T /(D1 k%) = D1 /x4 for alli. In addition, if one of the inequalities

fails, say the i-th inequality, then Tl/k(Dl/kiL'i) # Dypx;. Recall now that Dz, is the best rational
approximation of the vector z; with rational coordinates with the common denominator k. Therefore,
multiplying both sides of these inequalities by k and denoting by {v} the difference between a vector
v € R? and the nearest vector with integer coordinates, we have:

|T" (x1){kax1} — {kxa}| < 1/2
|T' (x2){kxo} — {kxs}] <1/2

T (x){kx,} — {kx1}| < 1/2.

Now, let us consider the rotation T, on the dn-dimensional unit torus Tor = [—0.5,0.5]"¢ by a (nd)-
dimensional angle o = (z1, 79, ..., 7,) € R™. Then the trajectory of this map starting at the point o € Tor
ends up into the domain €2, defined in the theorem if and only if there is a stabilization effect. Thus, p(Z)
coincides with the fraction of the time this trajectory spends in 2 and consequently coincides with the
F,-invariant measure of this domain. However, Lebesgue measure on the torus Tor is the only one invariant
measure of the irrational rotation, which yields the desired statement. O

To clarify this construction, consider a related but significantly simpler problem. Let x be an arbitrary
irrational number in the unit interval and let us compute how often the precision of a rational approximation
of this number with a denominator n is not worse than some fixed constant ¢ < 1 divided by n. This
amounts to calculating the density p(z) of those natural numbers n for which the inequality }:z: -1 <E
holds for some natural ¢ = ¢(n). Multiplying both sides of this inequality by n, we see that it is equivalent
to |nz (mod 1) | < e. Now, considering the two intervals on the unit circle defined by this inequality and
using the one-dimensional rotation by the angle x to calculate p(x), we come to the same situation as in
the proof of Theorem 0.23. In this case we can calculate this density in the explicit form: p(x) = 2. Note
that the considered situation coincides with the stabilization of a fixed point x of a one-dimensional map,
while the derivative at this point is equal to 1/(2¢).

Let us discuss briefly a question about the practical applicability of this statement: which magnitude
of k is needed to reach the value of p(«) (defined by Theorem 0.23 with a sufficiently good precision?
From the proof above it follows that the answer to the question depends on the rate of convergence of
the fraction of the points of a typical trajectory of the torus rotation which happen to be in the specified
region. In the “good” case, this convergence is of order In(k)/k, which demonstrates that it is quite fast.

Note that the statistical probability of the stabilization obtained in Theorem 0.23 does not depend on
the coordinates of the points of the cycle. It should be pointed out that such a uniform estimate holds
only for “typical” cycles. If the condition of rational independence of the coordinates (or irrationality of
the number x above) does not hold, there are “exceptional” cycles (and even maps for which all the cycles
are “exceptional”’) whose stabilization probability depends on the coordinates of its points. Among the
“exceptional” cycles there are cycles with abnormally high probability of stabilization (for example, equal
to 1) and also cycles for which this probability is abnormally small (in comparison with the “typical”
situation described in the theorem).

The method used in the proof of Theorem 0.23 enables us to study even finer properties of the discretized
systems. For example, one can calculate by this method the statistical probabilities of events that can
appear in the “period multiplication” phenomenon.

A closely related construction can be carried out also if we want to consider not all uniform discretizations
but only binary ones corresponding to the case ¢ = 27". In this case using the idea similar to the one
in the proof of Theorem 0.23 we obtain the multidimensional dyadic map T' (the direct product of (dn)
dyadic maps) rather than the rotation of the dn-dimensional unit torus by the angle z. In distinction to
the irrational rotation the map 7" has a rich family of invariant measures and therefore the answer depends
on the invariant measure represented by the trajectory of this system, starting at the point (x1, xo, ..., x,).
However, for almost all initial conditions this measure is still equal to the Lebesgue measure on the dn-
dimensional unit torus.

Theorem 0.24 Suppose that the map T is continuously differentiable in a neighborhood of its cycle T =
(v1,T9,...,2,). Then there is a map T arbitrary C'-close to f with a cycle & = (&1,%9,...,%,) close
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to initial one such that the statistical probability of the stabilization of the cycle T in the case of binary

discretizations of the map T is equal to 1.

Proof. Notice that the preimages of the zero fixed point of the dyadic map (which is the replacement
of the rotation map for binary discretizations) are dense on the interval [0, 1]. Therefore, we can choose a
map f such that the cycle Z on one hand, lies in this set of preimages, and on the other hand, is arbitrary
close to the initial one. However the trajectory of the dyadic map, starting at the point Z is far from
being typical, because it runs into the unstable zero fixed point and stays there. Therefore the statistical
probability of the stabilization of the cycle Z is equal to 1. O

For systems on the unit torus one can consider also another approach to study how typical the properties
of discretized systems are. For a torus (in contrast with a cube) it is natural to fix a discretization up to a
shift of the origin and a rotation around it. Therefore, in this case the parameter is not discrete and by the
statistical probability of the stabilization of the cycle (z1, z, - - -, x,,) we mean the value p(z1, xo,- -, Tp; &),
which is equal to the Lebesgue measure of the set of shifts (< 1) of the origin and rotations (by angles
from 0 to 27) around it, divided by 27 for normalization, for which the stabilization effect takes place.
Here ¢ is the diameter of the discretization. This definition gives a possibility obtain the dependence
of the probability of the stabilization on the fixed discretization diameter . Let us consider the map
¢ : RL — RY, defined by the following relation: p(z) = /(1 + x). The following statement demonstrates
a variant of the universality of the dependence of this probability on the parameter e.

Theorem 0.25 Suppose that the map T is continuously differentiable in a neighborhood of its cycle
(w1, 29, +,2,). Then for any sufficiently small e > 0 the sequence of quantities {p(x1, To, -+, n; 0" (€))}22,
is almost periodic. Here o*(x) is the value of the function ¢ applied k times recursively at the point x.

Case of neutral periodic trajectories. Now let us study the influence of the uniform discretizations
on systems whose trajectories are neither stable nor unstable, or such that they have a local invariant
component of this type. The main example here is the rotation 7@ of the d-dimensional unit torus
X :=Tor by an angle o € R% In this case the analysis of individual trajectories does not make sense, and
we study the influence of discretizations to certain global properties of the system, such as the ergodicity
property. In the case of a discretized system (i.e., a system with a finite phase space), ergodicity means that
the invariant set consists of only one cycle. Therefore any trajectory of this map ends up into this cycle
after a finite number of iterations. Since the discretized rotation preserves distances between the points
of the uniform lattice, in the ergodic case there is only one periodic trajectory filling in the entire phase
space (i.e., its period is equal to the number of points in X.). The ergodicity property of the discretized
rotation does not depend on a shift of the origin, or a rotation of our lattice around it. Thus we come to
the following definition.

Definition 0.4 By the statistical probability of ergodicity p(«) we mean the density of the set of those
natural numbers N for which uniformly 1/N-discretized systems (7' 1(7]2,, Xi/n) are ergodic.

Theorem 0.26 Let the coordinates of the vector a € R? be rationally independent. Then p(a) is well
defined and does not depend on «. In the one-dimensional case it satisfies the inequalities 0.3889 < p(a) <
0.5678, while in the multidimensional case p(«) exponentially goes to zero with the dimension.

The proof of this result is rather nontrivial and is based on the analysis of the distribution of prime
numbers. Let us discuss briefly the multidimensional case. The dynamical system (T1(7J2/> Xi/n) is ergodic
if and only if Vi # j the pairs of numbers N and D;(Ne«;) and D;(Ne;) and D;(Ney;) are coprime.

By the first part of the proof, the density of all integers /N satisfying the first condition is well defined and
is independent of «;. It remains to prove that the density of all integers N satisfying the second condition
is well defined. This can be done in the same manner as in the first part of the proof. Therefore in the

d-dimensional case p(a) < 0.5678<. O

This result shows the qualitative distinction between the influence of perturbations arising from space
discretizations and those due to smooth perturbations, since in the latter case the well known KAM theory
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says that it is ergodicity which is “typical”. However, it would be of interest to further specify the link

between the chaotic appearance and disappearance of periodic trajectories in the 1/N-discretized systems,
for N — oo, and the so called “subfurcation” phenomenon arising in the case of smooth perturbations.

The one-dimensional estimates for the upper and lower bounds for p(«) in Theorem 0.26 are very
raw and we actually use them only to prove the multidimensional case. D. Nucinkis proposed a heuristic
argument to calculate p(«), based on the well known fact that the density of the set of integer lattice
points with coprime coordinates is equal to 6/7%. The point, we are looking for the set of integers {n}
such that n and D;(na) are coprime. Thus if n and D;(n«a) would be random this would give the desired
answer. However, 6/7% ~ 0.6085 > 0.5678, which shows that a more delicate approach is needed.

We note that if the coordinates of the angle o are rationally dependent (i.e., the original system is
nonergodic), then the statistical probability of ergodicity is also well defined but can take more or less
arbitrary values (for instance, p(0) =0, p(1/3) = 2/3).

It is surprising that in the case of the binary discretizations the result differs significantly.

Theorem 0.27 For almost all vectors o € R? the statistical probability of ergodicity with respect to the
binary discretizations ps(c) is well defined and identically equal to (1/2)2.

Proof. Let us start from the one-dimensional version of this statement. Fix a natural number n. Then
the 27 "-discretized system (TQ@L, Xy-n) is ergodic if and only if |2"a — (2k +1)| < 1/2, which is equivalent
to 1/4 < 2" 'a(mod 1) < 3/4. Just as we did in the proof of Theorem 0.23, we consider now the dyadic
map * — 2z (mod 1) and then, for a typical initial point o = « we obtain that py(«) is equal to the
fraction of time that the trajectory beginning at the point zy spends in the segment (1/4,3/4). The latter
is equal to 1/2, because the Lebesgue measure is invariant for the map considered and the initial point is
assumed to be typical.

To prove the multidimensional case (d > 1) it is enough to notice that the only difference here is that
one needs to use systems of inequalities and to consider the direct product of dyadic maps. O

It is of interest that for non-typical angles «, the statistical probability of ergodicity can be far from
the value in Theorem 0.27 (for instance, p(1/2%) = 0 for any k € Z,).

Another problem arises in the analysis of a rotation 7@ of the two-dimensional plane R? by a fixed angle
« around the origin. It seems that the situation here is more or less the same as in the previous example,
but there is a significant difference between them. Indeed, although the map 7(®) preserves distances, the
discretized map does not preserve them (in contrast with the circle rotation). Moreover, if we consider
a piecewise linear curve, consisting of consecutive points of a numerical trajectory connected by straight
lines, then two such different curves may intersect each other. Without discretization, the trajectories of
the map 7@ lie on concentric circles. With round-off, it is not known when the trajectories go to the
origin and when they go to infinity (neither can be ruled out at the moment). Numerical simulations show
the evidence of a picture similar to the situation in the KAM theory, that is, we can see some quasi-circles
(invariant tori) with gaps between them. Notice that the distribution of points on these tori may not be
ergodic. In spite of this numerical evidence there is no analytical proof even of the eventual periodicity of
numerical trajectories in this case.

To show that similar neutral systems may behave under the discretization as dissipative ones, let us
consider a generalization of the previous model.

Definition 0.5 A map T : R? — R? is called the generalized rotation around the fixed point zo € R? if
T(xo) = xo, and for almost all x # xy the trajectory {T™(z)},>0 starting at this point fills in densely a
closed curve, homeomorphic to a circle.

An example of such a map is a usual rotation around the origin by an irrational angle. Another example
gives any twist map, i.e., a map represented in the polar coordinates (¢,7) as (p,r) = (¢ + ®(r),r) with
|d®(r)/dr| > 0. The latter map is Hamiltonian and, as it follows from Kolmogorov - Arnold - Moser
(KAM) theory , for sufficiently “good” rotation angles and “good” sufficiently small smooth perturbations,
the perturbed map has invariant curves (homeomorphic to a circle) around the origin and each trajectory
of the perturbed system is bounded by these invariant curves. We have noted before, that in the case of
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perturbations, arising in the computer simulations the behavior of the perturbed systems looks similar.

However in the case of the generalized rotation this is no longer true.

Let us fix in the two-dimensional plane R? a system of orthogonal coordinates (x,y) and a family of
“triangular” curves I';,t > 0, the i-th side of which satisfies the equality a;x+b;t =y, i=1,2,3. We now
define amap 7T, : R? — R? as a generalized rotation around the origin along the curves I'; with the unit rate,

. . . o) — 1 ai -
i.e., as a shift of the current point by means of one of the vectors: « i m) , 1=1,2,3,

where ¢ corresponds to the side of the “triangular” curve I'; on which the current point lies. If during the
shift we are going through the corner of the “triangle”, then we continue the shift along the next side. The
collection of the vectors ¥ we denote by .

We want to study the event that any point of the 1/n-discretized plane, outside the ball of radius 10/n
centered in the origin, goes to infinity under the action of the 1/n-discretized generalized rotation T,. To
do it consider a coarser situation, when after each iteration of the discretized map, we go to the “triangle”
with the larger value of the parameter t. We call the latter event the coarse destabilization.

Theorem 0.28 Let the vectors o'V and the unit vector be jointly rationally independent. Then the statistical
probability of the coarse destabilization is equal to 1/8.

Proof. For a fixed vector 3 = (31, B32) € R? with rationally independent coordinates, let us define a map
hs(x) = z + B, x € R? and a function Hg(z), which is equal to the distance from the point z to the line
Yy = %x Assume first that 818, > 0. Let us consider the unit square with sides parallel to the coordinate
axes and the left lower corner at the origin. We divide this square into four equal squares and consider a
set A, consisting of three parts: the left upper square, the part of the left lower square lying below the
line y = %x, and the part of the right upper square lying below the line y = 1 + %(m — 1). Then the
density p(f) of natural numbers n such that the 1/n-discretized map hg 1/, monotonically increases the
distance function Hy (i.e., Hg(x) < Hg(hgi/m(x)) for any ), is equal to the Lebesgue measure of the set
A.. The explanation is that the 1/n-discretized map hg increases the distance function if and only if the
n-th iterate of the map x — x + 8 (mod 1), applied to the point 8 € R?, lies in the set A,. Therefore,
p(p) is equal to the occurrence time of this set for the above rotation map, which is equal to the Lebesgue
measure of this set, i.e., to 1/2.

The situation when ;85 < 0 is considered in the same way. Now, applying this result coupled with the
rational independency of o?), we obtain the statement of the theorem, because the statistical probability
of the considered event is equal to the product of probabilities of events, relating to each a(®. O

Although this example shows that in the general case, trajectories of generalized rotations in the
computer modeling are not bounded, all numerical simulations with Hamiltonian generalized rotations
(for example, with usual rotations by irrational angles) give another result. Therefore we can formulate a
conjecture.

Proposition 0.15 Let T : R*> — R? be a Hamiltonian generalized rotation (and thus preserving the
Lebesgue measure). Then for any n each trajectory of the 1/n-discretized map is bounded.

If this statement holds, then since each computer trajectory is bounded and lies on the discrete lattice,
it ends up eventually into a finite cycle. As we mentioned above, the invariant cycles look like invariant
tori in the KAM theory (apart from the distribution of points on such a torus).

A KAM type theorem for systems with round-off errors. Now we construct a generalization
of the KAM theory for twist maps with round-off errors and discuss obstacles to apply this idea for the
rotational map.

Definition 0.6 A map T of the annulus A(r_,r}) := {(¢,r) € R*: 0 <r_ <r < r, < oo} into
R? is said to be twist if in polar coordinates (0 < ¢ < 1, 0 < r < o0) it can be written as (¢,r) —
(o + ®(r) (mod 1), r), where the function ®(r) is infinitely differentiable and |d®(r)/dr| > 0.

Theorem 0.29 For each ¢ > 0 any trajectory of the e-discretized twist map s eventually periodic.
Moreover, for any constants 0 < 7_ < r_ < rp < 7y < oo there exists ¢g > 0 such that for each
O<e<egifr_<r<rythent_ < (D.oT)"(p,r) <7y for anyn € Z* and any angles p € [0,1).



