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Abstract

We consider Cauchy problem for a divergence form second order parabolic operator
with rapidly oscillating coefficients that are periodic in spatial variables and random
stationary ergodic in time. As was proved in Zhikov et al. (Mat Obshch 45:182-236,
1982) and Kleptsyna and Piatnitski (Homogenization and applications to material
sciences. GAKUTO Internat Ser Math Sci Appl vol 9, pp 241-255. Gakkotosho,
Tokyo, 1995) in this case the homogenized operator is deterministic. The paper focuses
on the diffusion approximation of solutions in the case of non-diffusive scaling, when
the oscillation in spatial variables is faster than that in temporal variable. Our goal is
to study the asymptotic behaviour of the normalized difference between solutions of
the original and the homogenized problems.
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1 Introduction

In this work we consider the asymptotic behaviour of solutions to the following Cauchy
problem

d t
—uf = div[a(f, —)Vus] inR? x (0, T]
Jat g &%

u®(x,0) = @(x). ey

Here ¢ is a small positive parameter that tends to zero, @ € (0, 2), a(z, s) is a positive
definite matrix whose entries are periodic in z variable and random stationary ergodic
in s.

It was shown in [29] and [17] that this problem admits homogenization and that
the homogenized operator is deterministic and has constant coefficients both in space
and in time. The homogenized Cauchy problem takes the form

)
—u¥ = div(@*vu?)
Jt

u’(x,0) = (). 2)

The formula for the effective matrix a®' is given in (5) in Sect. 2 (see also [17]).

The goal of this paper is to study the limit behaviour of the difference u® — u?, as
e — 0.

In applications problem (1) describes for instance various processes in porous media
in the presence of gas bubble formations. The gas bubble formations might essentially
affect the characteristics of the media. The artificial porous materials used in physical
experiments and in the industry often have a periodic microstructure, while the gas
bubble formations and migration are the processes which are random in time, see [24]
for further details.

Also, when studying the diffusion in porous media whose characteristics might
depend on the atmosphere pressure, humidity, etc. we often face the model problem
in (1).

The first rigorous homogenization results for second order elliptic operators with
random coefficients were obtained in pioneer works [21] and [25]. The approach
developed in [21] and [25] for random divergence form elliptic operators also applies
to the corresponding parabolic problems and yields the semigroup convergence.

In the existing literature there is a number of works devoted to homogenization of
random parabolic equations with time dependent coefficients.

In the presence of large lower order terms the limit dynamics might remain random
and show diffusive or even more complicated behaviour. The papers [6, 20, 26] focus on
time dependent parabolic operators with large lower order terms in the case of periodic
in spatial variables and random in time coefficients. Under the natural assumptions
the limit (effective) dynamics is described by a SPDE with a multiplicative noise. The
fully random case has been studied in [4, 5, 14, 27]. Here the structure of the limit
operator might depend on the dimension.
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One of the important aspects of homogenization theory is estimating the rate of
convergence. For random operators the first estimates have been obtained in [16]. An
important progress in this direction was achieved in the works [12, 13]. Further refer-
ences and a complete presentation of the theory that allows to obtain sharp estimates in
stochastic homogenization can be found in the recent book [2]. The pathwise structure
of fluctuations in stochastic homogenization has been studied in [8].

The paper [1] deals with stochastic homogenization of divergence form parabolic
equations with time dependent coefficients. The authors consider the diffusive scaling
and obtain optimal estimates for the rate of convergence.

Problem (1) in the case of diffusive scaling « = 2 was studied in our previous
work [18]. It was shown that, under proper mixing conditions, the difference u® — u°
is of order ¢, and that the normalized difference ¢! (u® — u?) after subtracting an
appropriate corrector, converges in law to a solution of some limit SPDE.

In the present paper we consider the case 0 < o < 2. In other words, bearing in
mind the diffusive scaling, we assume that the oscillation in spatial variables is faster
than that in time.

In this case, due to the disagreement with the diffusive scaling, the principal part
of the asymptotic expansion of u® — u® consists of a finite number of correctors, the
oscillating part of each of them being a solution of an elliptic PDE with periodic in
spatial variable coefficients. The number of correctors increases as « approaches 2.
After subtracting these correctors, the resulting expression divided by £*/2 converges
in law to a solution of the limit SPDE. See Sect. 2.4 for further details.

Previously, higher order correctors were used in stochastic homogenization of ellip-
tic operators for rather different purposes, see works [10] and [9]. In [10] the higher
order correctors are introduced in the context of the large-scale regularity. In [9] the
authors construct higher-order two-scale expansion and obtain improved large-scale
estimates using annealed Calderon—Zygmund estimates for elliptic operators with
random coefficients.

In contrast with the diffusive scaling, for « < 2 the interplay between the scalings
in spatial variables and time and the necessity to construct higher order correctors
results in additional regularity assumptions on the coefficients. Indeed, each corrector
is introduced as a solution of some elliptic equation in which time is a parameter,
thus this corrector has the same regularity in time as the coefficients of the equation.
When we construct the higher-order terms of the expansion, at each step the corrector
obtained at the previous step is differentiated in time, which reduces the regularity.
The result mentioned in the previous paragraph holds if the coefficients a%/ (z, s) in
(1) are sufficiently smooth in temporal variable.

We also consider in the paper the special case of diffusive dependence on time.
Namely, we assume in this case thata(z, s) = a(z, &), where €. is a stationary diffusion
process in R” and a(z, y) is a smooth deterministic function that is periodic in z.
It should be emphasized that in the said diffusive case Theorem 1 does not apply
because the coefficients @’/ do not possess the required regularity in time. This lack of
regularity leads to additional difficulties in treating the diffusive case. As was shown in
our previous work [19], the statement of Theorem 1 remains valid if & < 1. Also, for
1 < o < 2 in dimension one the issues can be addressed using the equation satisfied
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by the potential of the discrepancy. This technique fails to work in dimension higher
than 1. Here we treat the case @ = 1 in any dimension.
The paper is organized as follows.

— In Sect.2 we introduce the problem and provide all the assumptions. Then we
formulate the main result (Theorem 1) of the paper concerning the smooth case
foroa < 2.

Sect.2.4 focuses on the proof of Theorem 1. At the beginning we consider a
number of auxiliary problems and define the higher order terms of the asymptotics
of solution.

— In Sect. 3 we consider the special case of diffusive dependence on time for o < 1.
We extend to the dimension d the result of [19] in Theorem 2.

2 The smooth case

In this section we provide all the assumptions on the data of problem (1), introduce
some notations and formulate the main result.

For the Cauchy problem (1), where ¢ is a small positive parameter, we assume that
the following conditions hold true:

al. thematrixa(z, s) = {a" (z, 5) }14, =1 is symmetric and satisfies uniform ellipticity
condition: there exists A > 0 such that for any (z, s) € R? x R and any ¢ € R?:

Ml <a(zo )¢ -¢ <A

a2. g € C(‘)’O (Rd). In fact, this condition can be essentially relaxed, see Remark 3.

In the first setting it is assumed that the coefficients of matrix a are smooth functions
that have good mixing properties in time variable. The smoothness is important because
our approach relies on auxiliary elliptic equations that depend on time as a parameter,
and we have to differentiate these equations w.r.t. time.

In the case of smooth coefficients our assumptions read:

hl. The coefficients a'/(z, s) are periodic in z with the period [O, l]d and ran-
dom stationary ergodic in s. Given a probability space (§2, F,P) with an
ergodic measure-preserving dynamical system ty, we assume that a/ (z, s, ) =
a'(z, yw), where {a'/ (z, w)}f{ =1 is a collection of random periodic in z func-
tions that satisfy the above uniform ellipticity condition.

h2. Realizations a'/(z, s) are almost surely elements of C °°([0, +00); C 1’ﬁ(Td))
for some B > 0, and for any N > 0 and k > 1 there exist Cy y such that

N _ijk
E 11870 N cogo,00.c1.8payy = Chon

(see Remark 3).

Here and in what follows we identify periodic functions with functions on the
torus T¢, E stands for the expectation.
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Our last condition concerns the decay of the strong mixing coefficient of a(-). We
recall here the definition of the strong mixing coefficient. Let F<; and F>; be the
o-algebras generated by {a(z,t) : z € T, t < s} and {a(z,t) : z € T, ¢ > s},
respectively. We set

y(r) = sup |P(A N B) — P(A)P(B)

3

where the supremum is taken over all A € F<p and B € F-,. See among others [15,
Chapter 8.3.101] or [23, Chapter 5.8] for more details or different mixing conditions.

h3. Mixing condition. The strong mixing coefficient y (r) of a(z, -) satisfies the
inequality

/Oo(y(r))l/zdr < 00.
0

We say that Condition (H) holds if al, a2 and h1 — h3 are fulfilled.

Remark 1 In the proof of Theorem 1 formulated below we deal with stationary ergodic
processes taking on values in finite dimensional spaces. For such processes the law
of large number holds, however, the functional central limit theorem (invariance prin-
ciple) need not hold without additional assumptions. One of the typical conditions
that ensure the applicability of the CLT is condition h3. For an ergodic process the
o-algebras generated by the process evaluated at times # and 7 + s are getting less and
less dependent as s is growing. The strong mixing coefficient is one of the charac-
teristics that quantify this dependence, and condition h3. implies that this coefficient
decay fast enough so that the invariance principle holds.

2.1 Homogenized problem and first corrector

According to [17], under (H), the sequence u® converges in probability, as ¢ — 0, to a
solution u° of problem (2). For the reader convenience we provide here the definition
of the effective matrix a®T. We solve the following auxiliary problem

div(a(z, s, o)Vx @z, s, w)) =—diva(z,s,0), z€ T 3)

here s and @ are parameters, and x° is an unknown vector function: x° =
%1, ..., x%9). In what follows we usually do not indicate explicitly the depen-
dence of w. Due to ellipticity of the matrix a Eq. (3) has a unique, up to an additive

constant vector, periodic solution, x" e (LOO(T") NH! (']I‘d))d. This constant vector
is chosen in such a way that

/;rd x%z,5)dz =0 forall s and . 4)
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Then we define the effective matrix a° by
a°ft =E/ a(z,s)(I+V)(0(Z,S)) dz, (5)
Td

where I stands for the unit matrix, and {V x%(z, 5)}/ = aiz_xo'j.

It is known that the matrix a°™ is positive definite (see, for instance, [17]). Therefore,
problem (2) is well posed, and function «° is uniquely defined. Under assumption a2
the function «° is smooth and satisfies the estimates

%u(x, 1)

A+ )N —————
dtkogxf! .. gxhe

=Cnk (6)

for all N > 0 and all multi index k = (ko, k1, ..., kg), ki > 0.

2.2 Main result for smooth coefficients with good mixing properties

Here we assume that condition (H) holds. In order to formulate the main results
we need a number of auxiliary functions and quantities. For j = 1,2,...,J 0 with
JO = Lﬁj + 1, the higher order correctors are introduced as periodic solutions to
the equations

div(a(z,s)VXj(z,s)) =dx’ 'z, 9), )

where |-| stands for the integer part. Due to (4) for j = 1 this equation is solvable in
the space of periodic in z functions. A solution x ! is uniquely defined up to an additive
constant vector. Choosing the constant vector in a proper way yields

/ Xl(Z,S)dZ=O for all s and w
Td

and thus the solvability of the equation for x2. Iterating this procedure, we define all
xij=1,2,...,J°

Next, we introduce the functions u/ = u/ x,t),j=1,...,J 0, They solve the
following problems:

9 . ) J . .
—ul = div(@Vul) + > " div@ Vi), ul(x,00=0 (8)
ot P
with
. / a(2. )V . 5) dz. ©)
Td
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To characterize the diffusive term in the limit equation we introduce the matrix

Z(s) = /d [(a(z, ) +az. )V (z ) —Elaz ) +az, )V (G, s)}]dz(lO)
T

By construction the matrix function = is stationary and its entries satisfy condition
h3 (mixing condition). Denote

A= f E(E(s) ®E0)+E0)® E(s)) ds,  A={AUy 1)
0

where (& (s) ® Z(0))/¥ = 51 (5)E*(0) (see [15, Theorem VIIL.5.56] or [23, Chap-
ter 9, Theorem 2]). Under condition h3 the integral on the right-hand side converges.
Indeed we can use [15, Lemma VIII.3.102] to obtain that coordinate by coordinate

1/2

E(z0@20)| < [5(202)]" [E(E (g7 )2]
<4[E(s <0>2)]1/2 y ()" 1a@ + VXl 10,1000

Since y /2 is integrable, the claim follows.
The first main result of this paper is

Theorem 1 Let Condition (H) be fulfilled. Then the functions
Jo

Ut — S—Q/z(ug 0 Zgj(Z—a)uj>
j=1

converge in law, as ¢ — 0, in L>(R¢ x (0, T)) to the unique solution of the following
SPDE

. 92
dv® = div(@®vv?) dr + (AR — 0 gk
0x;0x

W0 (x,0) = 0; (12)

where W. = {W"} is the standard d*-dimensional Brownian motion.

Remark2 According to [7, Theorem 5.4] Eq. (12) is well-posed and has exactly one
weak solution. The definition of a solution to problem (12) can also be found in [7].

Remark 3 The regularity assumption on ¢ given in condition a2 can be weakened.
Namely, the statement of Theorem 1 holds if ¢ is J? + 1 times continuously differ-
entiable and the corresponding partial derivatives decay at infinity sufficiently fast.
The regularity assumptions imposed on a(-) in condition h2 can also be relaxed. Our
result holds if @ is J° + 1 times continuously differentiable w.r.t. the time variable as
a function from (—o0, +00) to C1A(T9).
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The scheme of the proof is the following. We write down the following ansatz

JO
Ve, ) =& 2 Luf(x, 1) — Zs’“s [uk(x, 1)
k=0

JO—k

(jé+D j<x _t ).v k
=+ & s u(x,t s
Z X & 80{ ( )

j=0

here and in what follows the symbol § = §, stands for 2 — «. Then we substitute
V¢ for u® in (1) and we obtain for V¢ a PDE with random coefficients when (H) is
in force. We prove that V¢ converges in law in the suitable functional space to the
solution of (12). We combine the definition of correctors, formula (8) and the Cental
Limit Theorem for stationary mixing processes. After some manipulations this yields
the desired convergence (see Sect.2.4). The rest of this section concerns the proof of
this result.

2.3 Heuristic scheme

As & — 0, the random solution u® converges to the deterministic limit u°. Since we
study the asymptotic behaviour of the difference u® — u°, we need to construct higher
order terms of the asymptotic expansion of u®. If we try to follow the same scheme as
in the case o = 2 (see [18]), then, letting t = 5—2, 7= f, for the first corrector x (z, )
we obtain the equation

s x (z,8) — div(a(z, s‘ss)Vx(é, s)) = —diva(z, s‘ss), (z,5) € T x (—00, +00),

which, in contrast with the case @ = 2, depends on ¢. It was shown in [18] that, for
each ¢ > 0, this equation has a unique up to an additive constant stationary solution.
Moreover, it is not difficult to see that, at least for continuous in time coefficients, the
solution of this equation is close to that of the elliptic equation

div(a(z, S5 VY, 85s)) = —diva(z, &%s), zeT9,

in the latter equation s is a parameter. Indeed, for time independent coefficients the
solution of parabolic equation stabilizes at exponential rate to the solution of the cor-
responding elliptic equation, and the desired closeness follows from the perturbation
theory arguments. In order to obtain a more precise asymptotics of x we represent it
as x(z,8) = Xo(z, es) + X (z, s). Substituting this expression in the above parabolic
equation we have

%X (z,5) —div(a(z, ) VI (E, 9)) = =05 x°(z, &%), (z,5) € T x (—00, +00).

Since 9, x%(z, €%s) = €99, x°(z, 7) |r=553, this suggests that the next term of the expan-
sion should be of order €. Repeating the above arguments we conclude that ¥ (z, s)

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations (2024) 12:2151-2180 2159

is close to the function % x ! (z, £%s) with x!(z, 7) being a solution of the equation
div(az, VX' (¢, 1) = =31 1), z€T,

Iterating this step we arrive at Egs. (7). Observe that the right hand side in the latter
equation and in the higher order equations in (7) is well defined only if a(z, s) is
sufficiently regular in the temporal variable.

Since the corrector x is represented as a sum of several terms, the regular part
of the asymptotics also takes the form uO(x, 1) 4+ ul(x, 1) + ..., see (8). Indeed,
collecting the terms of order £° in the asymptotic expansion and taking the average of
these terms with respect to the fast variables we obtain the homogenized equation, u°
being a solution to this equation. The terms of order &° also have a non-trivial average
w.r.t. the fast variables. Taking this average results in the equation for «!. Tterating this
procedure we obtain {u/} for all j such that §j < 5

Considering the difference u® — 1 and dividing it by &%, one can pass to the limit;
if the limit is deterministic we consider the difference u® — u® — &%u!, divide it by
2% and pass to the limit again. We iterate this procedure until at some stage we reach
a random limit; it happens as soon as j§ > % where j is the number of iterations.
Returning to u®, we obtain its expansion being a sum of terms of increasing order of
e, and the random term coming with the scaling factor £%/2.

It should be noted that the stochastic term in the expansion is of order €/~ even for
the coefficients having a finite range of dependence. This is just the normalization of
the central limit theorem.

/2

2.4 Proof of Theorem 1
Auxiliary problems.

We begin by considering problem (3). This equation has a unique up to an additive
constant vector periodic solution such that

1° 1l oo x[0.00)) < C- (13)

Indeed, multiplying Eq. (3) by x°, using the Schwartz and Poincaré inequalities and
considering (4), we conclude that %0, ) greray < C for all s € R. Estimate

(13) then follows from [11, Theorem 8.15]. And from [11, Theorem 8.24], XO(-, s)1s
Holder continuous in z. If a(-, s) € C1# for some B >0, —diva(-,s,w) € CP, and
from the Schauder estimates [11, Theorem 6.2], XO(-, s)eC 2.8 Now we can deduce
that 9y XO, solution of

div(a(z, s, @) V(@3 x°)(z, 5, w)) = —div da(z, s, ®)
— div(dsa(z, s, 0)Vx'(z,s, w)), z€ T4,

inherits the same regularity C>#.
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Since x°(-, ) only depends on a(:,s), the solution with zero average is
stationary and the strong mixing coefficient of the pair (a(-,s), x°(-,s)) coin-
cides with that for a(-,s). The same statement is valid for any finite collection
@, s), x°C.s), x o9, A

By the similar arguments, the solutions x/ of Eq. (7) are stationary, satisfy strong
mixing condition with the same coefficient y (r). Indeed from Schauder estimate [11,
Theorem 6.2], x ' belongs to C># and with the same arguments as before, 3 x| € C>£.

By recursion the same property holds for any j: forany k > Oand N = 1, ..., J°
j 11k N jik
E”X] ”CO([O,OO);Cz'ﬁ(Td)) + E”as X] ”CO([O‘OO);CZ‘ﬂ(Td)) S Ck,N- (14)
Solutions u° and u/, j=1,2,..., Jo,of problems (2) and (8) are smooth functions.
Moreover, for any k = (ko, k1, ..., kq) and N > O there exists a constant Ck y such
that
IDXu/| < Cen (14 |x)7N, (15)
ko gk okd
where DX f(x, 1) = — —— ... —— f(x, 1).
drko Bx{q 8x§d

The proof of Theorem 1.

For the sake of brevity we use the following notational conventions

dz; = i, 0 = 2’
/ 0z; at
X t
@, )(2) = 0, @ e ON(5) = SOy (16)

Denote

d
"z sy =dV@z )+ ) [aim(z, )05, X" (2. 8) + 0, (a™ (. )%™ (2, S))] :

m=1

andfork =1, 2,...

d
a5 =Y" [aim(z, )0z, x5 (2. 5) + 0., (a™ (2. )% (2. s>)] ,
m=1

and (see (9))

T — / [@(z, 9)]dz.

Td
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Substituting V? for u® in (1) yields

ave = divfa(, )vve]

£
JO
= ¢ 3 Zsk‘s [8 uk
k=0
JO—k JO—k ;
S+1 5+1 k
+ Z gloFI=) (3, 5 )(— —)Vu + Z gUotDyJ (5 Sa)&Vu ]
j=0 j=0
JO - ;
&2 Zek‘s 1[(dlva) - — Z ]5 dlv(aVX]))(— g—a)]Vuk
k=0 =0
JO J0—k 1 52
e % (k+)8 |:Aj,€m L ki|
¢ l; jgo ¢ lgz.ngd “ (8 8a)8)€£8)6mu
JO J0—k ; e
+ -5 (k+j)5+1 [ im_, jt , k:|’
¢ l;;)‘s 151';”54 (@ x )(e e“)axlaxmaxzu
(17)
with
! X
€ — (s+1) j(_ ) 0 .
VE(x,0) Z:s 1 (5 0)Vulix, 0)
Due to (3) and (7) and with § =2 — «a:
JO JO—k 1
k8 j54+1— j k
—Zé‘ Z 8(j + O‘)(B,Xj)(g, 8—0[)VM
k=0 j=0
JO - ;
ks—1 k
+k208 [(dlva) - — Z: le(aVX]))( ga)]Vu

— WO+ D51 s 0! L k
= Z "2 )Vu .

Considering our choice of J? we have: (J*+1)8 — 1 > «/2. Therefore, with the help
of (2) and (8) the first relation in (17) can be rearranged as follows

BtVe—div[a(z SV = 228k‘38u
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JO g0k
_ga k+j 25 Lyw2uk
e Z Z kD8 Ty [a’(;’ S_Q)V u ]+R8(x,t)
k=0 j=0
Jo JO*J. ) Xt .
=2 2(:) ,; kD3 [(ﬁf(g, s_a) - a”eﬁ)Vzu"] +R(x,1), (18)
20 ke

where we identify a%f with a°ff, Tr is the trace, V2 the Hessian matrix w.r.t. x, and
R? is the sum of all the terms on the right-hand side in (17) that are multiplied by a
positive power of €. One can easily check that

Jo
. /X t .
RE(x, 1) =e_°‘/2251+139/(—, —)fp/(x,t), (19)
- e &%
j=0
where 0/ (z, s) are periodic in z, stationary in s and satisfy the estimates

i1k .

@/ are smooth functions such that
IDX®T| < Gy (1 + 1x)7N; 1)

we do not specify these quantities explicitly because we do not need them. We represent
V¢ as the sum V¢ = V{ + V5, where V{ and V; solve the following problems:

t
o vi— divfa(Z, ) vvi]
e &%

JO IOk (22)
— gfa/zz Z ROt |:(»a\j(f’ La) _aj,eff> Vzuk} ,
k=0 j=0 & ¢
VE(x, 0) =0,
and
x t

0V —div[a(Z, ) VVi | =R (e,

12 Mg e 2 (. 1) (23)

VE(x,0) = VE(x,0).

From (13) and (14) it follows that the initial condition in the latter problem satisfies

for any k > 0 the estimate E||V(-, 0) ||’g &) = Ce®®/2 1f we multiply Eq. (23) by

V; and integrate the resulting relation over R x (0, T), then integrating by parts and
combining estimates (19), (20) and the estimates for @/, we obtain

E||Vs ce’. (24)

2
” LZ(R‘IX(O,T)) S
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Denote

<m%m=/1ﬁ@sz
Td

<a>"(s)=/ Gz, 5)dz, k=1,2,...
'ﬂ'd

It follows from the definition of @* that for any £ > O there is a constant C; such

that E|(@* — (a)k)llgcl(irdx[o,oo)) < Cy. Since for each s € R the mean value of

@k, s) — (@*@s)) is equal to zero, the problem
Az, 5) = @ (2 9) = (@) ()™
has for each i and m a unique up to an additive constant periodic solution. Letting

ekim (. s) = Vkim(z, 5), we obtain a stationary in s vector functions @% such
that

div %" (7, 5) = @ (z, s) — (@)*(s)"™, (25)
with

E||@%™m| Cy.

l
C1(T9x[0,00)) =

It is then straightforward to check that for the functions

JO JO—k 2
. /Xt ot \Ttm 0
Fe(x, 1) = e/ gk [;;](,’ 7) —(a)’ (7)] W (x, )

/; /,;0 1<§<d g &% v 0x¢0X;,
JO IOk ot 52

_ 1 (k)5 [ ojitm k

=Y Y 3 anfor (T 5) g ]
k=0 j=0 I<tm<d £ &%/ 9x40xp

; x t 33
_@.I,@m(g’ 870‘) zZ (Bxiaxgaxm (. t))}
the following estimate is fulfilled:

E|F¢ ce’. (26)

2
W220,7; 51 ey =
Therefore, a solution to the problem

t
8,V1€,2 — diVI:a(%, S—a)VVﬁ2] = Fg(x’ t),

Vi, (x,0) =0,

27)
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admits the estimate

EIlV}, 7 <ce. (28)

O.7;H'®RD) =
Splitting V{ = Vi, + V{,, we conclude that V{ ; solves the following problem
€ . x 1 £
B VE — leI:a(;, ;)vvl,l]

JO JO—k

) st . 29
— /2 Z Z ekt [<<a)/ (g_a> . a/,eff> V2uk:| ’ (29)
k=0 j=0
Vii(x, 0) =0.

By construction the strong mixing coefficient of ¥ remains unchanged and is equal
to ¥ (-). Denote by Vlo,’f the solution of the following problem:

8,V1 ) —le[ (8 8a)vvl"f] =¢ 2Tr[<(a)0<€%) _aeff) Vzuo]’

VYT (x, 0) = 0.

(30)

Lemma 1 The solution of problem (30) converges in law, ase¢ — 0, in L2 R % (0, T))
equipped with strong topology, to the solution of (12).

Proof We consider an auxiliary problem

t :
i nferoni] = () )],

(x,0) =0,

aux

and notice that this problem admits an explicit solution

VE (1) =Tr |:£°‘/2§ <8ia) Vzuo(x,t)] with £ (s) :/x [(@)°(r) — a*] dr
0
(32)

Since the matrix & defined by (10) is equal to (a) (—) — a°f | then, due to [15,

Lemma VIIIL.3.102], there exists a constant C that depends only on the LL.°°-norm
of the functions a, x° and of their first order spatial derivatives, such that for any
1 <4¢,m < d we have

2
E (E [(<a>°(r) — a*ytm foD < Cy(r).
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Hence with assumption h3,

/OO [E (E |:(<a>0(r) _ aeff)ﬁm
0

eff )

21/2 ~
fOD } dr < c/ y()'2dr < +o0.
0

are bounded, we have

Moreover, since (( ) ) —

E [(<a>°<0) _ aeff)”"]2 < +o0.

From [15, Theorem VIII.3.97] (with p = ¢ = 2 and r = 00), the invariance principle
holds for the process £*/2¢ (%), that is £%/2¢ (%), converges in law, as ¢ — 0, in

C([0, T])d2 to a d2-dimensional Brownian motion with the covariance matrix A given
by (11) (see [28, Theorem 3]). Since u" satisfies estimates (6), the last convergence
implies that V. converges in law in C((0, T); L2(R%)) to the solution of problem

can be expressed in terms of the third derivative of u?, it is suffi-

(12). Note that VV
cient to differentiate (32) inx. Thus V;, also converges inlaw in C((0, T'); H L(R?Y).
(x, 1). Then Z¢ solves the

Next, we represent V1,1 as Vl,l x,t)=Z%(x,)+V,

ﬁ.LlX

problem
a2 —aifa(7 5)va ] =av([o(. ) —a]oVinen) (33)
Z8(x,0) =0,

and our goal is to show that Z¢ goes to zero in probability in L2((0, T) x R?), as
& — 0. To this end we consider one more auxiliary problem that reads

a2 D))= an((o 2 e Tren)

Yé(x,0) =0.

We now prove that ) converges to zero in probability in L2((0, T) x R¢). The
arguments are basically the same as in [18, Lemma 5.1]. If the vector function 7" €
Lz((O, T) x Rd), then problem (34) has a unique solution, and, by the standard energy
estimate,

VN 20,7 1 ey + 10 VN 20,7 -1 Ry < CNY Nl L2¢0.7)xRY)-

According to [22, Lemma 1.5.2] the family {)* } is locally compact in Lz(]Rd x (0, T)).
Combining this with Aronson’s estimate (see [3]) we conclude that the family {)?} is
compact in L2((0, T) x RY).

Assume for a while that 7" is smooth and satisﬁes estimates (6). Multiplying Eq. (34)
by a test function of the form ¢ (x, 1) +ex (£, &) Vo(x, 1) withg € C((0, T) xRY)
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and integrating the resulting relation yields

T
=[] (e @O ) Ve ex (B )8t )dd
0 R4 & & & &
T
ox ot Xt
+f Z 8xmy£alm(;, 8_a)|:8x,-§0 + (8x,'XO’])(;’ S_Ot)axjw

g 1<i,j.m=d

0 R
0% 1y 0% ]
tex (8’ é‘a)axiax]' dxdi
T
t y , t
_ > [aG ) =@ g + (0 x™) (51 =5)e
0 Rd 1<i,j,m<d
0% 1y 9% :
tex (8’8“)8xi8xj]dxczt’

here we have used the relation ¢(-, 0) = ¢(-, T) = 0. Since de x%(z, )dz = 0, we
have (3, x°)(x /e, t/e)Vll 20,151 (rdy) < Cé. Therefore

’ e 1—a 0y (% !
Vee' 7@ x") (=, — ) Vedxdt
0 Rd g &¢
tends to zero, as ¢ — (. Considering (3) and (5) we obtain

T
. t . t
Yo oS ) [one + (00 (5. =)ok dxar
0 Rd 1<i,j,m=d

2

== [ [ X G D+ (G ) g dvar

- e ev e &¥ dx;0x;
0 Rd I<i,j=<d

0 R4 =
T
t t .
- // Z {a(%, E_a)[l + (VXO)(); 8_“)] - aeff}lm'fmaxiwdxdt
0 Rd 1<i,m=<d

T
—// > {aeﬁ}’me(ax,-XO’j)(g,S—Q)axjwdxdt.

0 Rd 1<i,j.m=d
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The last term tends to zero as e — 0, one can easily justify it by means of integration by
parts. For the other term, recalling the definition of ¢*" and using the ergodic theorem
we deduce that {a(X, £)[I+ (Vx°)(%, &)] — a*™} — 0 weakly in L*>(R? x
(0, T))dQ, as ¢ — 0. Therefore, this term also tends to zero. Denoting by )0 the limit
of V¢ for a subsequence, we conclude that

T B azw
0 eff i
— 0 — J———)dxdt = 0.
/0 /Rdy ( - @) 3xi3xj) *

Therefore, )° = 0, and the whole family )* converges a.s. to 0 in L2((0, T)x R4 ). By
the density argument this convergence also holds for any " € L2((0, T) x R?). Since
Vi converges in law in C((0, T'); H L(R9Y), the solution of problem (33) converges
to zero in probability in L?((0,T) x R4 ), and the statement of the lemma follows. O

From the last lemma it follows that the solution of problem (29) converges in law,
ase — 0,in L?>(R¢ x (0, T')) equipped with strong topology, to the solution of (12).
Combining this convergence with (24) and (28) we conclude that V¢ converges in law
in the same space to the solution of (12). This completes the proof of Theorem 1.

3 Diffusion case

In this second setting we assume that the matrix a(z, s) has the form

a(z,s) = a(z, &), (35)

where & is a stationary diffusion process in R" with a generator
1 2
L= zTr[q(y)D 1+0(y).V

(V stands for the gradient, D? for the Hessian matrix). In this case even for smooth
functions a(z, y) the coefficients of matrix a(z, &) are just Holder continuous in time
and not differentiable, and the method used in the smooth case fails to work.

We still assume that Conditions al and a2 hold. Moreover we suppose that the
matrix-functions a(z, y), ¢ (y) and vector-function b(y) possess the following proper-
ties:

cl. a = a(z, y) is periodic in z and belongs to C*°(R"; CL-B(T9)) for some B >0,
such that for each N > 0 there exists Cy > 0 such that

105 all cogn: c18rayy < CN-

c2. The matrix ¢ = ¢(y) satisfies the uniform ellipticity conditions: there exist A > 0
such that

AT <qOe ¢ < AlLlP, y, ¢ eRY
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Moreover there exists a matrix o = o (y) such that g(y) = o™ (y)o (v).
¢3. The matrix function o and vector-function b are smooth, for each N > 0 there
exists Cy > 0 such that

lollenv@ny < Cn,  IDleN@ny < Cn.
c4. The following inequality holds for some R > 0 and Cp > O and p > —1:
b(y)-y = —Coly|? forally € {y e R": |y| = R}.

We say that Condition (C) holds if al, a2 and c1 — c4 are satisfied. This case is called
the diffusive case.

3.1 Existing results

Again according to [17], under (C), the sequence u® converges in probability, as e — 0,
to a solution u° of problem (2). Corrector XO = Xo(z, y) is a periodic solution of the
equation

div, (a(z, V) V. x°(z, y)) = —div;a(z, y); (36)

here y € R" is a parameter. We choose an additive constant in such a way that
]Td x%(z, y)dz = 0. The arguments developed to solve problem (3) can also be used
here to obtain XO(', y) € C28(T9) and smooth in v, with the same estimate as in (13).
Let us emphasize that it follows from (3) and (36) that the zero order correctors XO
coincide in both settings: x°(z, s) = x°(z, &). The effective matrix is again given by

(5):
" — E / a8 (14 Vaxc. £) e
T

Let us recall that according to [27] under conditions ¢2 and ¢4 a diffusion process
& with the generator £ has an invariant measure in R” that has a smooth density
p = p(y). Forany N > 0 it holds

(I+1yhVp(y) < Cy

with some constant C. The function p is the unique up to a multiplicative constant
bounded solution of the equation £*p = 0; here * denotes the formally adjoint oper-
ator. We assume that the process &; is stationary and distributed with the density p.
The effective matrix can be written here as follows:

@ = [ (a3 + 2 09ex e ) o) ddy.
n Jd
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In [19], under the condition that d = 1, a result similar to Theorem 1 is proved. We
formulate this result under the assumption that condition (C) is fulfilled. As before we
introduce several correctors and auxiliary quantities.

Higher order correctors are defined as periodic solutions of the equations

div;(a(z, VVex?/ (2, v) = —Lyx/ '@y, j=1,2,...,J° (37)

Notice that [, x/~'(z, y)dz = Oforall j = 1, 2,..., JO, thus the compatibility
condition is satisfied and the equations are solvable. Let us give some details for .
Since x° belongs to C*®(R"; C>#(T?)), then due to condition a3, Lyxo(-, -) is also
an element of this space.
The solutions x/ defined by (37) satisfy the same estimate as (14): for any N > 0
there exists Cy such that
I/ leoo s c2.6¢ayy + 185 X7 | cor.c2.6¢1ay) < Cv.

Remark 4 We have already mentioned that according to (3) and (36) the zero order
correctors coincide in both studied cases. It is interesting to compare the correctors
defined in (37) with the ones given by (7) and to observe that the higher order correctors
need not coincide.

Remark 5 1In the diffusive case the regularity assumption on the initial condition ¢ can
be relaxed as in the case studied in the previous sections, see Remark 3 for the details.

However, since £, is a second order differential operator, the function a(-) should
be 2J° 4 2 times continuously differentiable w.r.t. y.

We introduce the matrices

atel = f /Td [aGz. »Vax o y) + Vi (ale, ) x* @ 9) o () dzdy,
k=1,2,...,

and matrix valued functions

%z, y) = a(z, y) +a(z »Vx2z ) + Vi (az x @ »),
*(, ) = al@ )Vax @ ) + Vo (a@ xF y), k=1,2,..., (38

(@°(y) = /T @@y —aT)dz,

(a)k(y)sz @z, y) —a*Mdz, k=1,2,... (39)

The functions u/ = u/ (x, ) are defined as solutions of problems (8):

9 . . J . 92 )
—u = div aeffvuj + ak,eff im u]*k
ot ( ) kZ—‘T{ ) 0X; 0 X,
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ul(x,0)=0

Since for each j = 1,2, ... problem (8) has a unique solution, the functions u’ are
uniquely defined. Finally, we consider the equation

£0°(y) = (@)°(y). (40)

According to [28, Theorems 1 and 2], this equation has a unique up to an additive
constant solution of at most polynomial growth. Denote

A=t = [ 2@ o] 5
1

R7 r 0 Yry

@) W] dy. @)

The matrix A is non-negative. Consequently its square root A'/2 is well defined.
In the diffusive case the following result holds:

Theorem 2 Under Condition (C), ifd = 1 or if a < 1, the normalized functions
Jo
Ué — 8—0{/2(u£ _ 0 Zgj(Z—a)uj>
j=1

converge in law, as ¢ — 0, in L*(R? x (0, T)) to the unique solution of (12) with the
standard d*-dimensional Brownian motion W and A defined in (41).

Let us again emphasize that the case d = 1 has been addressed in [19]. Here we only
deal with the case o < 1.

3.2 Proof of Theorem 2 fora < 1

The beginning is the same as in Sect.2.4 and is developed in [19, Section 3.1]. We
consider the following expression:

70 JO0—k
Ve =e P ut e = 3 (ke n+ Y eI (2 e, Vit )],
k=0 =0 e

where x/(z, y) and uk(x, 1) are defined in (37) and (8), respectively. We substitute
V¢ for u® in (1) using Itd’s formula:

dv© —divfa(=.&4,)VV*lds

Jo J0—k
= g% nga [a,u" + Z E(jHlfa)(Eij)(g’ £ ) Vit
k=0 =0
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JO0—k

+2 g<f'5+1>xf'(§,sa%)a,wk]d;

JO g0k
_ . /X
F3 3 o )V, 2ok, ) VutaB,
k=0 j=0
JO JO—k
Zek‘s 1[(dlva) + Z 8]8 le(aVX]))( 5%)]Vukdt
k=0 j=0 :
JO g0k X 52
-5 (k+j)8 =j,im k
& 2 —, &t dt
DD A (b )
k=0 j=0
JO IO~k 93
Z Z 8(k+])3+1 (alm ] l)( é ) Mkdt
0X;0X,,0X]
k=0 j=0

Here the n x n matrix o (y) is such that o (y)o*(y) = 2¢(y), B. is a standard n-
dimensional Brownian motion. Due to (36) and (37)

J0
ZEkBZE(J5+1 a)L X )( E ) k

JO

+Z¢9k‘s 1[(dlva) i (‘?J(3 le(aVX]))( &

k=0

L)]ve

(JO+])8 12 10 k ’EL)Vuk.

k,eff

Considering Eq. (8) and the definitions of a and 2% (z, y), we obtain an expression

similar to that in (18)

dVe(x.1) — div[a(g, gﬁ)vvﬂ dt

Jo JO_j

. 2 i
- ( fa/zz Z 8(k+1)8[ ( $L> _ak,eff]”” o“u’ )dt
por g & 0X; 00X,
JO JO—k ;
+ 30D o6 )V, (S g, ) Va0 dB
k=0 j=0 ' £
+ RE(x, 1) dt, (42)
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with a%¢ff = 4°ff and the initial condition

JO g0k .
VE(x,0) = gl—a/2 Z Z 8-’5)(/ (Z’ Eo)Vuk(x, 0)

k=0 j=0

and

JO
RE(x, 1) =s*“/zze‘ﬂ%f(f,a)qsf(x,r) (43)
g &

j=0

with periodic in z smooth functions #/ = 9/ (z, y) of at most polynomial growth in
y, and @/ satisfying (21).

We represent V® as the sum V® = V{ + V; 4 Vi where V| and V; solve problems
equivalent to (22) and (23):

o vi— diva(Z. g, ) Vi ]
g T e”

JO JO—k

; 2k
=23y (L, L) —alet]” AU S
=0 =0 g &% 0X; 00X,
VE(x, 0) =0,
and
VE — div[a(f, gL)vvzg] = R®(x, 1),
g @ (45)
VE(x,0) = Ve (x, 0).
We have

T
EIIR*’"IIiz(Rde))fCel‘Wf fd (L + DM+ [xD 72 p(y) dydxdr
’ 0 R4 JR"
< celmo2,

Similarly, E||V; (-, O)”iz(Rd) < Ce'=®/2 Therefore, V5 still satisfies (24) and thus

does not contribute in the limit.
The last term V; satisfies the SPDE:

. X
dVi(x, 1) — dlv[a(;, s%)vvés] dt
JO JO—k

R 8(k+j)50(§€%)vyxj(§,gﬁ)Vuk(x,t)dB; (46)

k=0 j=0
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with initial condition V3 (x,0) = 0. Let us again emphasize that the diffusive case
cannot be deduced from our first case because of the presence of V5.

We turn to V. The statement similar to that of Lemma 1 still holds. Indeed the
equivalent of F*

/2 Jo Jo—j (s iys [ok (X . im 52y)
Hé(x,t)=¢“ 7 [ (_, >_ L ]
on=¢ Z Z ‘ e S @) (ETF‘) 0x; 0
j=0 k=0
admits the estimate (26):
E|H 3200 7.1 ey < C&77% 47)

We split V{ = Vﬁ L+ Vﬁ ,» Where
— Vi, solves (27) with H? on the right-hand side instead of F*, it admits estimate
(28);
- Vﬁ | solves (29).
According to [28, Theorem 3] the processes

t
YO / (@) (&) — d“Mds
0
satisfy the functional central limit theorem (invariance principle), that is the process
« £ ‘
Ak =ef [ (ot - a s
0

converges in law in C ([0, T']; R4 )Jtoa d?-dimensional Brownian motion with covari-
ance matrix

[ @Y7 w]amo]

(Ap) = {(Ap)my = / %
r

0
@ ]p dy.
R~ Yry

3
with matrix-function Q° defined in (40) and QF given by

LOFy) = @k, k=1,.... (48)

By the same arguments as those in the proof of Theorem 1 (see also [18, Lemma 5.1]),
we obtain the same conclusions as in Lemma 1.

To finish the proof of Theorem 2, we need to control V38, solution of problem (46).
Here we distinguish two cases: « < 1 and @ = 1. As remarked in [19, Section 4.3],
ifa < 1, E|supg<,<7 V5 (, t)”iz(R“’) < Ce'™® and thus this term also does not
contribute in the limit equation. Nonetheless for o« = 1, the leading term in V5 solves
the SPDE

dré(x, 1) — div[a<§, ngﬁ] dt = vyxo(g, g§>w°(x, No(E)dB,. (49)
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Lemma 2 r¢ converges to zero in probability in L*(0, T; L2(R%)).

Assume for a while that this claim holds. Then due to positive powers of ¢ in the
other terms of (46), we deduce that V; also tends to zero in the same space and the
conclusion of Theorem 2 follows.

3.3 Proof of Lemma 2

Let us define
o = /R P 02dx = 1 D1 g
and
O (Zots 1) = VxS ) Vil (oo (6.

Note that v = 0. Itd’s formula and an integration by part lead to: forany 0 <t < T
t
& & X &
v, ~|—2/ / Vr (x,s)[a(—,fg)Vr (x,s)]dxds
0 JR? e ¢
t
X
=2/ / rs(x,s)@)‘g(—,&,x,s)ddes
0 JRY e ¢
t
gy
0 JR?

From condition al, taking + = T and the expectation, there exists a constant C
independent of ¢ such that

2
@g(f, fg,x,s) H dxds.
8 &

T
E/O |97 )]G ggay ds < C. (50)

Moreover by Burkholder-Davis—Gundy, Cauchy—Schwarz and Young inequalities we
have

t€l0,T] t€[0,T]

E|: sup Uf:| =E|: sup [[rf (., t)||L2(Rd):| <C. (51)
Indeed
E| sup v |=E| sup |riC, 0>
|:te[0,T] t:| |:te[0 T LR

<CE (/()T/Rr(xs)@( Esxs)dx

’ 172
ds)
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r T

+E / /
LJo JrA

E| sup v} —E |: / /

| 1€10,7] R?

+E / / é xs)” dxdsi|

L R?

Now we prove that the sequence ¢ is tight in

@e@,g;,x,s)”zdxds}

IA
R —

Es X, S)H dxds:|

Vr =L2(0,T; H'(RY) N C(, T; L% (RY)).

Remenber that the index w means that the corresponding space is equipped with the

weak topology. We turn to estimating the modulus of continuity of the inner product
of r¢ with a test function ¢.

For any function ¢ € C§° (R?) we define

7 = /R P ) (@00 + eV @x°(Z.8:) ) d = (0.8 (o) gy

Again by Itd’s formula forany 0 <t < T

! &€ : X &€
/0 /Rd¢ (x)dlv[a<8,§%>Vr (x,s)]dxds
! & of*
+/(; /Rdr (x, )V (x)Lyx <S,E%>dxds
1
+// ¢£(x,s)@5<£,§g,x,s)ddes
0 JR? e ¢

t
+81/2// r VeV (2, & )dxd By
0 JrI &

12 ! ef* of*
te e (—,si,x,s)w(x)vx (—,E;)dxds.
o Jrd e B & B

Evoke that 2° is defined by (38). With an integration by parts we obtain

t
=/ f r‘s(x, S)a0<£"§£>vz¢(x)dxds
0 JRr? g ¢
t
€ o0
+/O Adr (x, )V (x)Lyx (;,Eg)dxds
t . X
+/O /Rdﬂx,s)@ (E,Eg,x,s)dde‘Y

t
el [ s eovad(Se: Jaxds,
o JRr? e ¢
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1l /Ot /Rd @)8()26,%‘g,x,s)V(])(x)VZXO()S—C,S%)dxds
+8/(;t /Rd rg(x,s)xo(g,S%)V3¢(x)a(§,§%>dxds

+e/0t /Rd qu(x,s)xo(z,S%)@s(z,ég,x,s)ddes (52)

since from the very definition of XO, the two terms of order ¢!

! X
s—lf / (divza)<—,Eg)V(f)(x)rg(x,s)dxds
o Jr? e ¢

+£—1/0f/1‘§d V¢(x)divz[a<§,§%>VZX0<§,Eg)]rf(x,s)dxds

are equal to zero.
Using BDG inequality and the estimate (51) we deduce that there exists C > 0
such that forany0 <t <7 <T

E| sup [0 —70°|| = CVT —1 +Ce'/2.
K t

selt, 7]

Hence the sequence v° is tight in C(0, T; R), that.is rf is tightin C(0, T L%)(Rd)).
Foranyi =1, ..., n,since (Lyxo) = ((VyXO)’) = 0, we can define %/ such that
div,¢% = (V),XO)’ and dinEO = Ey)(o and we have

! X
/0 /Rd o (x, S)@E(Z’ gg,x, s)dx d By

t o x .
:/o /Rdfb(X,S)VyX (g,“g';;)VM (x,s)dxo(gg)dgs
! . 0 X 0
:e/ / ¢ (x, s)dive (—,&)Vu (x,s)dxo (£s) d By
0 JRY 1 € e
t
= [ [ 2 8)7 (e 0wl ) droean,
and
t
t
:8/ / ”S(x’S)V‘p(x)diVEO(f,Eg)dxds
0 JRY &€ B

— fl/ V(rs(x,s)qu(x))Eo(f,Eg)dxds.
0 JR? &
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From (50), these two quantities converge to zero. Therefore every term in (52), except
for the first one, converges to zero.
For the first one, we have

t
/ / ré(x, S)ﬁo(f, &)V%(x)dxds
0 Rd & B

! t
:/ / ré(x, S)aeffv2¢(X)dxds +f / ré(x,s) (<a>0(§1) _aeff) V2¢(X)dxds
0 RY 0 JRY €
t
2 ~0 (X 0 2
+/0 /Rd’ (o) (20261 ) - @°6) Vi )dxds.

where (a)? is defined by (39). Since
[~ (X 0 _
@ (&) - we)=o.

the last part converges to zero. Moreover by definition of a®, we also obtain the
convergence to zero of the penultimate term. Hence (52) becomes:

= fRd Pt ) (000 +eVo0x (.8, ) ) d
t
= / f r(x, $)a* V2 (x)dxds

0 JRY

t
4 / / re(x, 5) ((a)o(gg)—aeff) V26 (x)dxds

0 JRr? ¢

t
+/ / re(x, 5) (a“(f,s;) - (a)0(§;)> V2¢ (x)dxds + O(e'/?).

0 JR? e ¢ ¢

Here O(g!/?) stands for functions whose L2(£2; L>°(0, T)) norm is bounded by
a constant times £!/2. On the right-hand side, the last two integrals converge to
zero. Hence we have proved that the sequence rf converges in probability in
L*0,T; L2 (RY) N L?(0, T; L2 (RY)) to the unique solution r° of the PDE (2)
with initial value zero. Hence r° = 0.

To finish the proof of Lemma 2, we now show that the convergence holds in
L%(0, T; L2(R%)). Define a non-negative function 6z € C°(R?) equal to zero on
{|x| < R} and equal to one on {|x| > 3R} and such that || VOg|| < 1/R. For

X
O (. 1) = O () +eVOR (1) X" (= 6. )
we have

d(r (x, D05 (x)) — div[a(%c, £ )V0reoR) | di

zei(x)vyxo(g,g )Vuo(x,t)a(éé)dBt
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- 2a(§, gg)wf(x, $)VOR(x)d1
— o (x, s) [a +avy®+ div(axo)] (g S%)VZGR(x)dt

s
€

75 ) VOIRLy 1 (5 6 )
£

+81/2r€(x,s)V6R(x)VXO(£,E;)dBt

8 &
+81/2@8<£,é;,x,s)V@R(x)on(f,ég)dt
8 & S &
€ X of* 3

—erf a6 )10 8 ) VR,

If we apply 1t6’s formula to

o) = Ir (. 00RO e,

then

R ! X
2 V(¢ 0% —, & )Vt 65 dxd
v (1) + /O /Rd (rf(x,s) R(X))[a(g,%) (r*(x,s) R(X))] xds
! e e & of* 0
22/ /lr (x, $)0R (X)0R (X)Vy x (f,ég)Vu (x,5)0 (§:)dx d By
0 JRA &

t x
_ 4/0 /}Rd ré(x, S)Gfe(x)a(g, Sg)VrE(x, $)VOr(x)dxds

s
£

X
)
&

t
— 2/ /d ré(x, )05 (x)rf(x, s) [a +avx?+ div(a)(o)] ( £ )V29R(x)dxds
o Jr
! x
+ 2/ / (@ O (0 (8, )VORMLy X (%, &+ )dxds
0 JRY & ¢
! 2
+/ / 03 |V,x°(2. 62 )V, )0 €0 | dxds + 062,
0 JR? e ¢
Since u? is a Schwartz class function and || VOr | < 1/R, the expectation of the right-
1
hand side does not exceed C (E + \/§> It implies tightness in L2(0, T; L2(R%)).
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